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❆❜str❛❝t

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ✭✐✮ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ ✭✐✐✮ r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ♦♥ ✐♠♠✐❣r❛t✐♦♥

♣♦❧✐❝✐❡s ✉s✐♥❣ ❛♥ ♦✈❡r❧❛♣♣✐♥❣✲❣❡♥❡r❛t✐♦♥s ♠♦❞❡❧ ♦❢ ❡❧❡❝t✐♦♥s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s✳ ■♥

❡❛❝❤ ♣❡r✐♦❞✱ ②♦✉♥❣ ♣❡♦♣❧❡ ✇♦r❦ ❛♥❞ ♣❛② t❛①❡s ✇❤✐❧❡ ♦❧❞ ♣❡♦♣❧❡ r❡❝❡✐✈❡ s♦❝✐❛❧ s❡❝✉r✐t② ♣❛②♠❡♥ts✳

■♠♠✐❣r❛♥ts ❛r❡ ❣❡♥❡r❛❧❧② ②♦✉♥❣✱ ♠❡❛♥✐♥❣ t❤❡② ❝♦♥tr✐❜✉t❡ s✐❣♥✐✜❝❛♥t❧② t♦ ✜♥❛♥❝✐♥❣ t❤❡ ❝♦st ♦❢

♣✉❜❧✐❝ s❡r✈✐❝❡s ❛♥❞ s♦❝✐❛❧ s❡❝✉r✐t②✳ ❆♠♦♥❣ ♥❛t✐✈❡s✱ t❤❡ ❡❧❞❡r❧② ❛♥❞ t❤❡ ♣♦♦r ❜❡♥❡✜t t❤❡ ♠♦st ❢r♦♠

♣✉❜❧✐❝ s♣❡♥❞✐♥❣✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡s❡ t✇♦ t②♣❡s ♦❢ ✈♦t❡rs ❞♦ ♥♦t ❢✉❧❧② ✐♥t❡r♥❛❧✐③❡ t❤❡ ♣♦s✐t✐✈❡

✜s❝❛❧ ❡✛❡❝ts ♦❢ ✐♠♠✐❣r❛t✐♦♥✱ t❤❡② ❤❛✈❡ ❛ ❝♦♠♠♦♥ ✐♥t❡r❡st ✐♥ ❝♦❛❧❡s❝✐♥❣ ❛r♦✉♥❞ ❛ ♣♦♣✉❧✐st ♣❛rt②

✭♦r ♠✉❧t✐♣❧❡✮ s❡❡❦✐♥❣ t♦ ❝✉r❜ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ✐♥❝r❡❛s❡ t❤❡ t❛① ❜✉r❞❡♥ ♦♥ ❤✐❣❤✲✐♥❝♦♠❡ ✐♥❞✐✈✐❞✉❛❧s✳

P♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✐♥❝r❡❛s❡ t❤❡ s✐③❡ ❛♥❞✱ ✐♥ t✉r♥✱ t❤❡ ♣♦❧✐t✐❝❛❧ ♣♦✇❡r

♦❢ s✉❝❤ ♣❛rt✐❡s✱ r❡s✉❧t✐♥❣ ✐♥ ♠♦r❡ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✱ ❛ ❧❛r❣❡r ♣✉❜❧✐❝ s❡❝t♦r✱ ❤✐❣❤❡r

t❛① r❛t❡s✱ ❛♥❞ ❧♦✇❡r s♦❝✐❡t❛❧ ✇❡❧❧✲❜❡✐♥❣✳ ❈❛❧✐❜r❛t✐♥❣ t❤❡ ♠♦❞❡❧ t♦ ❯❑ ❞❛t❛ s✉❣❣❡sts t❤❛t t❤❡

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡s❡ ❡✛❡❝ts ✐s ❧❛r❣❡✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ♠♦❞❡❧ ❛r❡ s❤♦✇♥ t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤

♣❛tt❡r♥s ♦❜s❡r✈❡❞ ✐♥ ❯❑ ❛tt✐t✉❞✐♥❛❧ ❞❛t❛✳

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❉✼✷✱ ❈✼✶✱ ❏✻✶✵✱ ❍✺✺✵✳

❑❡②✇♦r❞s✿ ■♠♠✐❣r❛t✐♦♥✱ ❆❣❡✐♥❣✱ P♦❧✐❝②✱ ❱♦t✐♥❣✳
✯❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✿ ■ ❛♠ t❤❛♥❦❢✉❧ t♦ ❆♥t♦♥✐♦ ❈❛❜r❛❧❡s✱ ■❛♥ Pr❡st♦♥ ❛♥❞ ❏♦❤♥ ❘♦❡♠❡r ❢♦r t❤❡✐r ✐♥✈❛❧✉❛❜❧❡ ❛❞✈✐❝❡✳

■ t❤❛♥❦ ❱✳ ❇❤❛s❦❛r✱ ▼✐❝❤❡❧❡ ❇♦❧❞r✐♥✱ ❙❛✉♠②❛ ❉❡♦❥❛✐♥✱ ❈❤r✐st✐❛♥ ❉✉st♠❛♥♥✱ ❏♦❤❛♥♥❡s ❍♦r♥❡r✱ ❙✉❡❤②✉♥ ❑✇♦♥✱ ●✉②
▲❛r♦q✉❡✱ ●✐❧❛t ▲❡✈②✱ ❑♦♥r❛❞ ▼✐❡r❡♥❞♦r✛✱ ▼❛ss✐♠♦ ▼♦r❡❧❧✐✱ ❆✉r❡♦ ❞❡ P❛✉❧❛✱ ◆✐❦✐t❛ ❘♦❦❡ts❦✐② ❛♥❞ ▲❛rr② ❙❛♠✉❡❧s♦♥✳ ■
t❤❛♥❦ s❡♠✐♥❛r ❛♥❞ ❝♦♥❢❡r❡♥❝❡ ♣❛rt✐❝✐♣❛♥ts ❛t ❯❈▲ ❛♥❞ ❨❛❧❡ ❯♥✐✈❡rs✐t②✳ ■ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠
❊❙❘❈ ❛♥❞ ❯❈▲✳

❸❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❲❛s❤✐♥❣t♦♥ ❯♥✐✈❡rs✐t② ✐♥ ❙t✳ ▲♦✉✐s✱ ❖♥❡ ❇r♦♦❦✐♥❣s ❉r✳✱ ▼❖ ✻✸✶✸✵✱ ❯♥✐t❡❞ ❙t❛t❡s ♦❢
❆♠❡r✐❝❛✳ ❊♠❛✐❧✿ ✈❞♦tt✐❅✇✉st❧✳❡❞✉

❹❋✐rst ✈❡rs✐♦♥ ✷✻t❤ ❖❝t♦❜❡r ✷✵✶✺✳ ▲❛t❡st ✈❡rs✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✈❛❧❡r✐♦❞♦tt✐✳❣✐t❤✉❜✳✐♦✴✳

✶



❲❤❛t ❛r❡ t❤❡ ❡✛❡❝ts ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ♦♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝②❄ ❲❤② ❛r❡

❛♥t✐✲✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ✐♥❝r❡❛s✐♥❣❧② s✉❝❝❡ss❢✉❧ ✐♥ r❛♣✐❞❧② ❛❣❡✐♥❣ ❝♦✉♥tr✐❡s✱ ✇❤✐❝❤ ❛r❣✉❛❜❧②

♥❡❡❞ ♠♦r❡ ❧❡❣❛❧ ✐♠♠✐❣r❛t✐♦♥ t♦ ♠✐t✐❣❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ♦♥ ♣✉❜❧✐❝ ✜♥❛♥❝❡s❄ ❙❤♦✉❧❞

✇❡ ❡①♣❡❝t ✐♥❝r❡❛s✐♥❣ r❡str✐❝t✐♦♥s ♦♥ ✐♠♠✐❣r❛♥t ✇♦r❦❡rs ✐♥✢♦✇ ✐♥ t❤❡s❡ ❝♦✉♥tr✐❡s❄ ❚❤✐s ♣❛♣❡r ❛✐♠s t♦

❛♥s✇❡r t❤❡s❡ q✉❡st✐♦♥s ✉s✐♥❣ ❛ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ♣r♦✈✐❞✐♥❣ s✉❣❣❡st✐✈❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡✳

❚❤✐s st✉❞② ✐s ♠♦t✐✈❛t❡❞ ❜② ❢♦✉r ❦❡② ✜♥❞✐♥❣s ❢r♦♠ t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ♠✐❣r❛t✐♦♥✿

✶✳ ❆✈❡rs✐♦♥ t♦ ✐♠♠✐❣r❛t✐♦♥ ✭❉✉st♠❛♥♥ ✫ Pr❡st♦♥✱ ✷✵✵✼❀ ❋❛❝❝❤✐♥✐ ✫ ▼❛②❞❛✱ ✷✵✵✼❀ ❈❛r❞ ❡t ❛❧✳✱ ✷✵✶✶✮

❛♥❞ s✉♣♣♦rt ❢♦r ❛♥t✐✲✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ✭❇❡❝❦❡r ✫ ❋❡t③❡r✱ ✷✵✶✼❀ ❱❛♥ ❞❡r ❇r✉❣ ❡t ❛❧✳✱

✷✵✵✵✮ t❡♥❞ t♦ ❜❡ str♦♥❣ ❛♠♦♥❣ t❤❡ ❡❧❞❡r❧② ✭❋✐❣✳ ✶❆✮ ❛♥❞ t❤❡ ❧♦✇✲✐♥❝♦♠❡ ♥❛t✐✈❡ ❝✐t✐③❡♥s r❡❧❛t✐✈❡

t♦ ♣❡♦♣❧❡ ✐♥ ♦t❤❡r s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ ❣r♦✉♣s ✭❋✐❣✳ ✶❇✮✳✶

✷✳ ❊❝♦♥♦♠✐❝ ❤♦st✐❧✐t② t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ ✐s ♣r✐♠❛r✐❧② ♠♦t✐✈❛t❡❞ ❜② ❝♦♥❝❡r♥s ❛❜♦✉t ✐ts ❡✛❡❝ts ♦♥

♣✉❜❧✐❝ ✜♥❛♥❝❡s✱ s♣❡❝✐✜❝❛❧❧② t❤♦s❡ r❡❧❛t❡❞ t♦ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ♣♦❧✐❝✐❡s ✭❉✉st♠❛♥♥ ✫ Pr❡st♦♥✱ ✷✵✵✻✱

✷✵✵✼❀ ❇♦❡r✐✱ ✷✵✶✵✮✳ ❚❤✐s s✉❣❣❡sts ❛ ♣❡r❝❡♣t✐♦♥ ❛♠♦♥❣ ♥❛t✐✈❡s ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ✐♠♠✐❣r❛♥ts

♦✈❡r ✇❡❧❢❛r❡ ❜❡♥❡✜ts ❛♥❞ t❤❡ ✉s❡ ♦❢ ❝r♦✇❞❡❞✲♦✉t ♣✉❜❧✐❝ s❡r✈✐❝❡s✳

✸✳ ■♠♠✐❣r❛♥ts ❛r❡✱ ♦♥ ❛✈❡r❛❣❡✱ ♥❡t ✜s❝❛❧ ❝♦♥tr✐❜✉t♦rs✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ✐♥❞✐❝❛t❡s t❤❛t t❤✐s ✐s

tr✉❡ ❜♦t❤ ✐♥ t❤❡ ❯❑ ✭❉✉st♠❛♥♥ ❡t ❛❧✳✱ ✷✵✶✵❀ ❉✉st♠❛♥♥ ✫ ❋r❛tt✐♥✐✱ ✷✵✶✹✮✱ ❛♥❞ t❤❡ ❯❙ ✭▲❡❡ ✫

▼✐❧❧❡r✱ ✷✵✵✵❀ ❖rr❡♥✐✉s✱ ✷✵✶✼✮✱ ✐♠♣❧②✐♥❣ t❤❛t✱ ❛t ❧❡❛st ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ ✐♠♠✐❣r❛♥ts ❞♦ ♥♦t ❞✐r❡❝t❧②

♣✉❧❧ ✜s❝❛❧ r❡s♦✉r❝❡s ❢r♦♠ t❤❡ ♥❛t✐✈❡s✳✷

✹✳ ❆✈❡rs✐♦♥ t♦ ✐♠♠✐❣r❛t✐♦♥ ✐s ❛ ❦❡② ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ s✉❝❝❡ss ♦❢ t❤❡ s♦ ❝❛❧❧❡❞ r✐❣❤t✲✇✐♥❣ ♣♦♣✲

✉❧✐st ♣❛rt✐❡s ✐♥ ♥✉♠❡r♦✉s ❝♦✉♥tr✐❡s✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ■♥❞❡♣❡♥❞❡♥❝❡ P❛rt②

✭❯❑■P✮ ✐♥ t❤❡ ❯❑ ✭❇❡❝❦❡r ✫ ❋❡t③❡r✱ ✷✵✶✼✮✱ t❤❡ ◆❛t✐♦♥❛❧ ❋r♦♥t ✐♥ ❋r❛♥❝❡ ✭❊❞♦ ❡t ❛❧✳✱ ✷✵✶✾✮✱ ❛♥❞

t❤❡ ◆♦rt❤❡r♥ ▲❡❛❣✉❡ ✐♥ ■t❛❧② ✭❇❛r♦♥❡ ❡t ❛❧✳✱ ✷✵✶✻✮✳✸

❚❤❡s❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ❧❡❛❞ t♦ ❛ t✇♦✲❢♦❧❞ ♣✉③③❧❡✳ ❋✐rst❧②✱ ✇❤② ✐s ❤♦st✐❧✐t② t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥

♠♦t✐✈❛t❡❞ ❜② ❝♦♥❝❡r♥s ❛❜♦✉t ✐ts ✜s❝❛❧ ❡✛❡❝ts ✐♥ ❝♦✉♥tr✐❡s ✇❤❡r❡ t❤❡s❡ ❡✛❡❝ts ❛r❡ ❣❡♥❡r❛❧❧② ♣♦s✐✲

t✐✈❡❄ ❙❡❝♦♥❞❧②✱ ✇❤② ❛r❡ t❤❡ ❡❧❞❡r❧② ❛♥❞ t❤❡ ♣♦♦r✖✇❤♦ ❜❡♥❡✜t t❤❡ ♠♦st ❢r♦♠ t❤❡ ✜s❝❛❧ s✉r♣❧✉s

❢r♦♠ ✐♠♠✐❣r❛t✐♦♥✖♠♦r❡ ❛✈❡rs❡ t♦ ✐♠♠✐❣r❛t✐♦♥✲❢r✐❡♥❞❧② ♣♦❧✐❝✐❡s❄

✶❋♦r ✐♥st❛♥❝❡✱ ✐♥ ✷✵✶✼ ✻✶✪ ♦❢ t❤❡ ❇r✐t✐s❤ ❝✐t✐③❡♥s ♦✈❡r ✻✵ ✇❛♥t❡❞ ❧❡ss ✐♠♠✐❣r❛t✐♦♥✱ ✇❤✐❧❡ ❥✉st ✹✺✳✸✪ ♦❢ t❤♦s❡ ✉♥❞❡r
✸✺ ②❡❛rs ❢❡❧t t❤❡ s❛♠❡ ✇❛② ✭❇❙❆ ✷✵✶✼✮✳ ■♥ t❤❡ ❯❙✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ❢♦r ✷✵✶✻ ❛r❡ ✷✼✳✽✪ ❛♥❞ ✹✹✳✶✪ ✭●❡♥❡r❛❧
❙♦❝✐❛❧ ❙✉r✈❡②✱ ✷✵✶✻✮✳

✷❚❤❡ ❡✈✐❞❡♥❝❡ r❡❣❛r❞✐♥❣ ♦t❤❡r ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ✐s ❤❡t❡r♦❣❡♥❡♦✉s ✭❇♦❡r✐✱ ✷✵✶✵✮✳ ❋♦r ❛♥ ❡①t❡♥s✐✈❡ s✉r✈❡② ♦♥ t❤❡
✐ss✉❡s ✐♥✈♦❧✈❡❞ ✐♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♦♥ ♣✉❜❧✐❝ ✜♥❛♥❝❡s✱ s❡❡ Pr❡st♦♥ ✭✷✵✶✹✮✳

✸❆♥ ✐♥❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐s♠ ❛❞♦♣t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥❀
❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ ✸✳
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❋✐❣✉r❡ ✶✿ P❡r❝❡♥t❛❣❡ ♦❢ r❡s♣♦♥❞❡♥ts ✇❛♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts t♦ ❜❡ r❡❞✉❝❡❞ ❜② ❛❣❡ ❣r♦✉♣
✭✶❆✮ ❛♥❞ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ q✉✐♥t✐❧❡ ✭✶❇✮✱ ❇r✐t✐s❤ ❙♦❝✐❛❧ ❆tt✐t✉❞❡ ❙✉r✈❡② ✷✵✶✼✳

❲❡ ♣r♦♣♦s❡ ❛ ❝❤❛♥♥❡❧ t❤❛t ❝❛♥ ❡①♣❧❛✐♥ t❤✐s ♣✉③③❧❡✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈✐❞❡ t❤❡♦r❡t✐❝❛❧

❛♥❞ ❡♠♣✐r✐❝❛❧ ❛r❣✉♠❡♥ts t♦ ❛r❣✉❡ t❤❛t ✐t ✐s ❛ ❦❡② ❝❤❛♥♥❡❧✳

❲❡ st✉❞② ❛♥ ❡❝♦♥♦♠② ✐♥ ✇❤✐❝❤ t❤❡ ♥❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥✖t❤❡ ❝✐t✐③❡♥s✖✐♥ ❡❛❝❤ ♣❡r✐♦❞ ❝♦♥s✐sts ♦❢ t✇♦

❛❣❡ ❣r♦✉♣s✿ ②♦✉♥❣ ❛♥❞ ♦❧❞✳ ❆❧❧ ✐♠♠✐❣r❛♥ts ❛r❡ ②♦✉♥❣✳ ■♥❞✐✈✐❞✉❛❧s✱ ❜♦t❤ ❝✐t✐③❡♥s ❛♥❞ ✐♠♠✐❣r❛♥ts✱ ❧✐✈❡

❢♦r t✇♦ ♣❡r✐♦❞s ❛t ♠♦st✱ ✈❛r② ✐♥ ♣r♦❞✉❝t✐✈✐t② ❧❡✈❡❧✱ ❛♥❞ ❞❡r✐✈❡ ✉t✐❧✐t② ❢r♦♠ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ♣r✐✈❛t❡

❣♦♦❞s ❛♥❞ ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s✳ ❲❤✐❧❡ ❝✐t✐③❡♥s ❛❧s♦ ❤❛✈❡ ❛♥ ❡①♦❣❡♥♦✉s ❝♦♠♠♦♥ t❛st❡ ❢♦r ✐♠♠✐❣r❛t✐♦♥

✇❤✐❝❤ ✐s ♠❡❛♥t t♦ ❝❛♣t✉r❡ ❛♥② ♥♦♥✲❡❝♦♥♦♠✐❝ ❢❛❝t♦rs ❛✛❡❝t✐♥❣ t❤❡✐r ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s✱✹

r❡❧❛t✐✈❡ ♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s ❛r❡ ❡♥t✐r❡❧② ❞r✐✈❡♥ ❜② ❡❝♦♥♦♠✐❝ ❢❛❝t♦rs✳

■♥ ❡❛❝❤ ♣❡r✐♦❞ t❤❡ s♦❝✐❡t② ❝❤♦♦s❡s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② ❝♦♥s✐st✐♥❣ ♦❢ ❛♥ ✐♠♠✐❣r❛t✐♦♥ q✉♦t❛ ❛♥❞

❣♦✈❡r♥♠❡♥t❛❧ s❡r✈✐❝❡ ♣r♦✈✐s✐♦♥s✳ ❚❤❡ ❡❧❞❡r❧② r❡❝❡✐✈❡ ❛♥ ❡①♦❣❡♥♦✉s ♣✉❜❧✐❝ ♣❡♥s✐♦♥ ✜♥❛♥❝❡❞ ❜② t❛①

r❡✈❡♥✉❡s✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜❛❧❛♥❝❡❞ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ❚❤✉s✱ t❤❡ ♣♦❧✐❝② ❝❤♦✐❝❡

❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡s t❤❡ ✐♥❝♦♠❡ t❛① r❛t❡✳ ❚❤❡ ❛❣❡ ♣r♦✜❧❡ ♦❢ t❤❡ ✐♠♠✐❣r❛♥ts ✐♠♣❧✐❡s t❤❛t t❤❡② ❛r❡✱

♦♥ ❛✈❡r❛❣❡✱ ♥❡t ✜s❝❛❧ ❝♦♥tr✐❜✉t♦rs✳

■♥ t❤✐s s❡t✉♣✱ ✈♦t❡rs ❛r❡ ❛❜❧❡ t♦ ❝❤♦♦s❡ ❜♦t❤ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ ❤♦✇ s♦❝✐❡t② ❞✐✈✐❞❡s t❤❡ ♥❡t ✜s❝❛❧

❜❡♥❡✜ts ❢r♦♠ ✐♠♠✐❣r❛t✐♦♥✳ ❚❤✐s ♥♦✈❡❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ❣❡♥❡r❛t❡s t❤❡ ❦❡② tr❛❞❡✲♦✛ ✉♥❞❡r♣✐♥♥✐♥❣

♦✉r r❡s✉❧ts✱ ✇❤✐❝❤ ✐s ❛s ❢♦❧❧♦✇s✳

■♠♠✐❣r❛t✐♦♥ ❣❡♥❡r❛t❡s ❛ ✜s❝❛❧ s✉r♣❧✉s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ ✭✐✮ ✐♥❝r❡❛s❡ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❛♥❞✴♦r

✭✐✐✮ r❡❞✉❝❡ t❛①❡s✳ ❚❤❡ ❡❧❞❡r❧② ❛♥❞ t❤❡ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s ❛r❡ ❧❡ss ❛✛❡❝t❡❞ ❜② ✐♥❝♦♠❡ t❛① ❝❤❛♥❣❡s t❤❛♥

❛r❡ t❤❡ ②♦✉♥❣ ❛♥❞ r✐❝❤ ❝✐t✐③❡♥s✳ ❚❤✉s✱ ❝❤♦✐❝❡ ✭✐✮ ♠♦st❧② ❜❡♥❡✜ts t❤❡ ❢♦r♠❡r s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ ❣r♦✉♣s

✇❤✐❧❡ ❝❤♦✐❝❡ ✭✐✐✮ ❢❛✈♦✉rs t❤❡ ❧❛tt❡r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❡♥❞♦❣❡♥♦✉s ✜s❝❛❧ ♣♦❧✐❝② ❝❤♦✐❝❡s ❛r❡ ❝r✉❝✐❛❧ ✐♥

✹❚❤❡s❡ ❢❛❝t♦rs ✐♥❝❧✉❞❡✱ ❛♠♦♥❣ ♦t❤❡rs✱ t❤❡ ❡✛❡❝ts ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♦♥ ❝♦♠♣♦s✐t✐♦♥❛❧ ❛♠❡♥✐t✐❡s ❞♦❝✉♠❡♥t❡❞ ✐♥ ❈❛r❞
❡t ❛❧✳ ✭✷✵✶✷✮✳ ❚❤❡s❡ ❛r❡ ♣✉❜❧✐❝ ❣♦♦❞s ✇❤♦s❡ q✉❛❧✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ ❛♥❞ ❡t❤♥✐❝ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡
s♦❝✐❡t②✳ ❚❤❡② ❛r❡ t②♣✐❝❛❧❧② r❡❧❛t❡❞ t♦ t❤❡ s♣❡❝✐✜❝ r❡❧✐❣✐♦♥✱ tr❛❞✐t✐♦♥s✱ ❛♥❞ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ r❡❝❡✐✈✐♥❣ s♦❝✐❡t②✳
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s❤❛♣✐♥❣ t❤❡ ❛tt✐t✉❞❡s t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✈♦t❡rs✳

❆s ❛ r❡s✉❧t✱ t❤❡ ❡❧❞❡r❧② ❛♥❞ t❤❡ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s ✭❛✮ s✉♣♣♦rt ❤✐❣❤❡r ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ t❤❛♥ t❤❡ ②♦✉♥❣

❛♥❞ r✐❝❤ ❛♥❞ ✭❜✮ ♣r❡❢❡r t♦ ✜♥❛♥❝❡ t❤✐s s♣❡♥❞✐♥❣ t❤r♦✉❣❤ ❤✐❣❤❡r ✐♥❝♦♠❡ t❛① r❛t❡s r❛t❤❡r t❤❛♥ t❤r♦✉❣❤

❢✉rt❤❡r ✐♠♠✐❣r❛t✐♦♥✳ ❈❤❛♥♥❡❧s ✭❛✮ ❛♥❞ ✭❜✮ ✐♠♣❧② t❤❛t t❤❡ ♦❧❞ ❛♥❞ t❤❡ ♣♦♦r ❝✐t✐③❡♥s ❤❛✈❡ ❛ ❝♦♠✲

♠♦♥ ✐♥t❡r❡st✳ ❚❤✉s✱ t❤❡② ❝♦❛❧❡s❝❡ ❛r♦✉♥❞ ❛ ♣♦❧✐t✐❝❛❧ ♣❛rt② ✭♦r ♠✉❧t✐♣❧❡✮ ♦✛❡r✐♥❣ r❡❧❛t✐✈❡❧② r❡str✐❝t✐✈❡

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✱ ❤✐❣❤ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✱ ❛♥❞ ❤✐❣❤ t❛①❡s✳ ❲❡ r❡❢❡r t♦ s✉❝❤ ❝♦❛❧✐t✐♦♥s ❛s r✐❣❤t✲✇✐♥❣

♣♦♣✉❧✐st ♣❛rt✐❡s✳✺ ❈♦♥✈❡rs❡❧②✱ ②♦✉♥❣ ❛♥❞ r✐❝❤ ❝✐t✐③❡♥s✱ ✇❤♦ s✉♣♣♦rt ❧❡ss r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✱

❛ s♠❛❧❧❡r ❣♦✈❡r♥♠❡♥t✱ ❛♥❞ ❧♦✇❡r t❛①❡s✱ ❝♦❛❧❡s❝❡ ❛r♦✉♥❞ ❧✐❜❡rt❛r✐❛♥ ♣❛rt✐❡s✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ♠♦❞❡❧ ❣❡♥❡r❛t❡s ♥♦ ❛❝t✉❛❧ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✐♠♠✐❣r❛♥ts ❛♥❞ ♥❛✲

t✐✈❡s ♦✈❡r ✇❡❧❢❛r❡ ❜❡♥❡✜ts ❜❡❝❛✉s❡ t❤❡ ✜s❝❛❧ ❣❛✐♥s ❢r♦♠ ✐♠♠✐❣r❛t✐♦♥ ❛❧✇❛②s ♦✉t✇❡✐❣❤ ✐ts ❝r♦✇❞✐♥❣✲♦✉t

❡✛❡❝t ♦♥ ♣✉❜❧✐❝ s❡r✈✐❝❡s ✭✇✐t❤ ❛ ✜①❡❞ t❛① r❛t❡✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss ✐♥❞✉❝❡s ♣❡r❝❡✐✈❡❞

❝♦♠♣❡t✐t✐♦♥✳ ❖♣❡♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ❛r❡ ❛❧✇❛②s ❡♥❞♦❣❡♥♦✉s❧② ❜✉♥❞❧❡❞ ✇✐t❤ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ❣♦✈✲

❡r♥♠❡♥t ✐♥ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② ♣❧❛t❢♦r♠s✳ ❚❤❡ s✉❝❝❡ss ♦❢ t❤❡s❡ ♣❛rt✐❡s r❡s✉❧ts ✐♥ ❜♦t❤ ♠♦r❡ ✐♠♠✐❣r❛t✐♦♥

❛♥❞ ❧❡ss ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✳ ❚❤✐s ♣r♦♠♣ts ❡❧❞❡r❧② ❛♥❞ ♣♦♦r ✈♦t❡rs t♦ ❜❡❤❛✈❡ ❛s t❤♦✉❣❤ t❤❡② ❛r❡ ❝♦♠✲

♣❡t✐♥❣ ✇✐t❤ ✐♠♠✐❣r❛♥ts ♦✈❡r ♣✉❜❧✐❝ ❜❡♥❡✜ts✳✻ ❚❤❛t ✐s✱ t❤❡② ❥♦✐♥ t❤❡ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s ❛♥❞

s✉♣♣♦rt t❤❡♠ ✐♥ t❤❡ ❡❧❡❝t✐♦♥s✳

❉❡♠♦❣r❛♣❤✐❝ s❤♦❝❦s t✐❧t t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢ t❤❡ t✇♦ ♦♣♣♦s✐♥❣ ♣♦❧✐t✐❝❛❧ ❢❛❝t✐♦♥s❀ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣

❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② r❡s✉❧t ✐♥ ❛ ❧❛r❣❡r s❤❛r❡ ♦❢ ❡❧❞❡r❧② ❛♥❞ ♣♦♦r ✈♦t❡rs✳ ❚❤✉s✱ t❤❡② ❣❛✐♥

✐♥ ❜♦t❤ s✐③❡ ❛♥❞ ♣♦❧✐t✐❝❛❧ ♣♦✇❡r✱ ✇❤✐❝❤ ❢✉❡❧s t❤❡ ♣♦♣✉❧✐st ♣❛rt✐❡s✳ ❚❤✐s ②✐❡❧❞s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦❢

❧♦✇ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ❤✐❣❤ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✳ ❚❤✐s ❝❤❛♥♥❡❧ ✉♥❞❡r♣✐♥s t❤❡ ♠❛✐♥ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♦❢ t❤✐s

♣❛♣❡r✱ ✇❤✐❝❤ ❛r❡ ❛s ❢♦❧❧♦✇s✿

✶✳ ❆ r✐s❡ ✐♥ t❤❡ ❧♦♥❣❡✈✐t② ❛♥❞✴♦r ❛ ❢❛❧❧ ✐♥ t❤❡ ❜✐rt❤ r❛t❡ ❛♥❞✴♦r ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②

❧❡❛❞ t♦ ❛ t✐❣❤t❡♥✐♥❣ ✐♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✱ ❛♥❞ ❛ s❤❛r♣ ✐♥❝r❡❛s❡

✐♥ t❤❡ t❛① r❛t❡✳ ❍❡♥❝❡✱ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss t❡♥❞s t♦ ❡①❛❝❡r❜❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣

♦♥ ♣✉❜❧✐❝ ✜♥❛♥❝❡s✳

✷✳ ❚❤❡ ♣♦❧✐❝② ❝❤❛♥❣❡ ✐s ❞r✐✈❡♥ ❜② t❤❡ ❡❧❡❝t♦r❛❧ s✉❝❝❡ss ♦❢ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s✱ ✇❤✐❝❤ ❛r❡

❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛♥ ❛♥t✐✲✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ♣r♦✲♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ♣❧❛t❢♦r♠ ❛♥❞ ❛r❡ s✉♣♣♦rt❡❞ ❜②

❡❧❞❡r❧② ❛♥❞ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s✳
✺❚❤✐s t❡r♠ ✐s ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ t❤❡ r❡❝❡♥t st✉❞✐❡s✱ s✉♠♠❛r✐③❡❞ ✐♥ s❡❝t✐♦♥ ✷✱ t♦ r❡❢❡r❡♥❝❡ ♣❛rt✐❡s ♦♣♣♦s❡❞ t♦ ❜♦t❤

❧✐❜❡r❛❧ ❡❝♦♥♦♠✐❝ ♣♦❧✐❝② ❛♥❞ ✐♠♠✐❣r❛t✐♦♥✳ ❚❤❡ t❡r♠s ✉s❡❞ t♦ r❡❢❡r t♦ t❤✐s t②♣❡ ♦❢ ♣❛rt② ✐❞❡♦❧♦❣② ✈❛r② ❛❝r♦ss ❝♦✉♥tr✐❡s✳
■♥ ❝♦♥t✐♥❡♥t❛❧ ❊✉r♦♣❡✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡② ❛r❡ ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s s♦✉✈❡r❛✐♥✐st ♣❛rt✐❡s t♦ ❡♠♣❤❛s✐s❡ t❤❡ r♦❧❡ ♦❢ ♥❛t✐♦♥❛❧
s♦✈❡r❡✐❣♥t② ✐♥ t❤❡✐r ♣❧❛t❢♦r♠s✳

✻❚❤✐s ♠❡❝❤❛♥✐s♠ ❛♣♣❧✐❡s ❡✈❡♥ ✐❢ t❤❡ ❡❧❞❡r❧② ❛♥❞ t❤❡ ♣♦♦r ❜❡♥❡✜t ❢r♦♠ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✜♥❛♥❝❡❞ t❤r♦✉❣❤ ✐♠♠✐❣r❛t✐♦♥
❛s ♠✉❝❤ ❛s ♦r ♠♦r❡ t❤❛♥ t❤❡ r✐❝❤✳

✹



✸✳ ❚❤❡ t✐❣❤t❡♥✐♥❣ ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❣❡♥❡r❛t❡s ❛ ✇❡❧❢❛r❡ ❧♦ss ❢♦r t❤❡ ❡♥t✐r❡ s♦❝✐❡t②✱ t❤♦✉❣❤ ✐t

♠♦st❧② ❤❛r♠s ♠✐❞❞❧❡✲ ❛♥❞ ✉♣♣❡r✲❝❧❛ss ✇♦r❦❡rs ❛s ✇❡❧❧ ❛s ❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥s✳

▼♦r❡♦✈❡r✱ ✇❡ ♣r♦✈✐❞❡ t✇♦ s❡ts ♦❢ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts✿

✶✳ ❲❡ ❝❛❧✐❜r❛t❡ ❛ ♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ t♦ ❯❑ ❞❛t❛✳ ❚❤✐s ❡①❡r❝✐s❡ r❡✈❡❛❧s t❤❛t t❤❡

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡✛❡❝ts ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ♠❛② ❜❡ r❛t❤❡r ❧❛r❣❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✺ ♠♦r❡

②❡❛rs ♦❢ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❛t ✻✺ ②✐❡❧❞s ❛ ♣♦❧✐❝② ❛❧❧♦✇✐♥❣ ❢♦r ✶✶✳✸✪ ❢❡✇❡r ✇♦r❦✐♥❣✲❛❣❡ ✐♠♠✐❣r❛♥ts✳

❆ ✶✵✪ ❞❡❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✭♠❡❛s✉r❡❞ ✇✐t❤ t❤❡ ●✐♥✐ ❝♦❡✣❝✐❡♥t✮ ②✐❡❧❞s ✶✶✳✾✪ ♠♦r❡

✐♠♠✐❣r❛♥ts✳

✷✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♣❛tt❡r♥s ♦❜s❡r✈❡❞ ✐♥

❇r✐t✐s❤ ❙♦❝✐❛❧ ❆tt✐t✉❞❡s ❙✉r✈❡② ❞❛t❛ ❢r♦♠ t❤❡ ✶✾✾✺✲✷✵✶✼ ♣❡r✐♦❞✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛❣❡ ✐s ♣♦s✐t✐✈❡❧②

❝♦rr❡❧❛t❡❞ ✇✐t❤ ❛✈❡rs✐♦♥ t♦ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ✇✐t❤ s✉♣♣♦rt ❢♦r ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✜♥❛♥❝❡❞ t❤r♦✉❣❤

t❛①❡s✱ ❡✈❡♥ ❛❢t❡r ❝♦♥tr♦❧❧✐♥❣ ❢♦r ♥♦♥✲❡❝♦♥♦♠✐❝ ❢❛❝t♦rs✳ ❙✐♠✐❧❛r❧②✱ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ✐s ♥❡❣❛t✐✈❡❧②

❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤♦s❡ s❛♠❡ t✇♦ ❛tt✐t✉❞✐♥❛❧ ♠❡❛s✉r❡s✳

❚❤❡s❡ r❡s✉❧ts ♣r♦✈✐❞❡ ❛ r❛t✐♦♥❛❧❡ t♦ ❡①♣❧❛✐♥ ✇❤② ❛❣❡✐♥❣ ❝♦✉♥tr✐❡s✱ ✇❤✐❝❤ ✇♦✉❧❞ ❛r❣✉❛❜❧② ❜❡♥❡✜t ❢r♦♠

♠♦r❡ ✐♠♠✐❣r❛t✐♦♥✱ t❡♥❞ t♦ ❧✐♠✐t ✐t✳ ❆❣❡✐♥❣ s♦❝✐❡t✐❡s t❡♥❞ t♦ ❞✐sr❡❣❛r❞ t❤❡ ✇❡❧❧❜❡✐♥❣ ♦❢ ②♦✉♥❣ ♣❡♦♣❧❡✕

♥❛t✐✈❡s ❛♥❞ ✐♠♠✐❣r❛♥ts ❛❧✐❦❡✖❛♥❞ ❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥s✳ ❖✉r ❛♥❛❧②s✐s s✉❣❣❡sts t❤❛t t❤✐s ❞②♥❛♠✐❝✱ ✇❤✐❝❤

❤❛s ✇✐❞❡s♣r❡❛❞ ❡❝♦♥♦♠✐❝✱ ❞❡♠♦❣r❛♣❤✐❝✱ ❛♥❞ ♣♦❧✐t✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡s✱ ✐s ✉♥❧✐❦❡❧② t♦ ❝❤❛♥❣❡✳

✶ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❚❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ♣♦❧✐t✐❝❛❧ ❡❝♦♥♦♠② ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ✐s ✈❛st✳

❲❤✐❧❡ s♦♠❡ ♣❛♣❡rs ❢♦❝✉s ♦♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s r❡❧❛t❡❞ t♦ st❛♥❞❛r❞s✱ s✉❝❤ ❛s s❦✐❧❧ r❡q✉✐r❡♠❡♥ts

✭❇❡♥❤❛❜✐❜✱ ✶✾✾✻❀ ❖rt❡❣❛✱ ✷✵✵✺✮✱ t❤❡ ♠♦st ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ t❤✐s ♣❛♣❡r t❛❦❡s✱ ✐♥✈♦❧✈❡s ❛♥❛❧②s✐♥❣

♣♦❧✐❝✐❡s t❤❛t r❡str✐❝t t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts✱ s✉❝❤ ❛s ✐♠♠✐❣r❛t✐♦♥ q✉♦t❛s ✭s❡❡ Pr❡st♦♥✱ ✷✵✶✹ ❢♦r ❛

s✉r✈❡②✮✳ ❚❤❡s❡ st✉❞✐❡s ❡♠♣❤❛s✐③❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✐♥t❡r❣❡♥❡r❛t✐♦♥❛❧ ❛s♣❡❝ts r❡❧❛t❡❞ t♦ t❤❡ ♣❡♥s✐♦♥

s②st❡♠ ✭❡✳❣✳✱ ❘❛③✐♥ ✫ ❙❛❞❦❛✱ ✶✾✾✾❀ ❑❡♠♥✐t③✱ ✷✵✵✸❀ ▲❡❡rs ❡t ❛❧✳ ✷✵✵✸❀ ❑r✐❡❣❡r✱ ✷✵✵✸❀ ❇❡♥✲●❛❞✱ ✷✵✶✷✮✱

❛♥❞ ✐♠♠✐❣r❛♥t ❢❡rt✐❧✐t② ✭❇♦❤♥ ✫ ▲♦♣❡③✲❱❡❧❛s❝♦✱ ✷✵✶✾✮ t♦ ❡①♣❧❛✐♥ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♣♦❧✐t✐❝❛❧ ✈✐❡✇s

t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ▼♦st ♦❢ t❤❡s❡ ♣❛♣❡rs ❛ss✉♠❡ ❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡✳ ❚❤❛t ✐s✱

✈♦t❡rs ❝❤♦♦s❡ t❤❡ ✐♠♠✐❣r❛t✐♦♥ q✉♦t❛ ❜✉t ♥♦t t❤❡ ✜s❝❛❧ ♣♦❧✐❝②✳

❆ ❦❡② ✜♥❞✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐s t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡ ❣❡♥❡r❛t❡s

✐♥❝♦♥s✐st❡♥t ♣r❡❞✐❝t✐♦♥s✳ ❚❤✐s ✐ss✉❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❍❛✉♣t ❛♥❞ P❡t❡rs ✭✶✾✾✽✮ ❛♥❞ ❋❛❝❝❤✐♥✐ ❛♥❞ ▼❛②❞❛

✺



✭✷✵✵✾✮✳ ❚❤❡s❡ ♣❛♣❡rs st✉❞② ❛ s✐♠♣❧❡ ❡❝♦♥♦♠② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❧✐♥❡❛r ✐♥❝♦♠❡ t❛① ❛♥❞ ❛ss✉♠❡

t❤❛t r❡✈❡♥✉❡s ❛r❡ ♣r♦✈✐❞❡❞ t♦ ❛❧❧ ❝✐t✐③❡♥s ❛s ❧✉♠♣✲s✉♠ r❡❜❛t❡s✳ ■♥ t❤✐s s❡tt✐♥❣✱ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢

✉♥✐❞✐♠❡♥s✐♦♥❛❧✐t② ❝❛♥ ❜❡ s❛t✐s✜❡❞ ✐♥ t✇♦ ✇❛②s✳ ❊✐t❤❡r ✭✐✮ t❤❡ ❧❡✈❡❧ ♦❢ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ♦r ✭✐✐✮ t❤❡

✐♥❝♦♠❡ t❛① r❛t❡ ♠✉st ❜❡ ❡①♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ ❋❛❝❝❤✐♥✐ ❛♥❞ ▼❛②❞❛ ✭✷✵✵✾✮✱ t❤❡s❡ t✇♦

❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥s ❝♦rr❡s♣♦♥❞✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ t❤❡ ❝❧❛ss❡s ♦❢✿

✶✳ ❚❛① ❛❞❥✉st♠❡♥t ♠♦❞❡❧s ✭❚❆▼ s❀ ❡✳❣✳✱ ❙❝❤♦❧t❡♥ ❛♥❞ ❚❤✉♠✱ ✶✾✾✻✮

✷✳ ❇❡♥❡✜t ❛❞❥✉st♠❡♥t ♠♦❞❡❧s ✭❇❆▼ s❀ ❡✳❣✳✱ ❘❛③✐♥ ✫ ❙❛❞❦❛✱ ✶✾✾✾✱ ✷✵✵✵✮✱

❚❤❡s❡ t✇♦ ♠♦❞❡❧ t②♣❡s ❞❡❧✐✈❡r ♦♣♣♦s✐t❡ ♣r❡❞✐❝t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛❣❡✱ ♣r❡✲t❛①

✐♥❝♦♠❡✱ ❛♥❞ ❛tt✐t✉❞❡ t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥✳ ■❢ ✐♠♠✐❣r❛♥ts ❛r❡ ♥❡t ✜s❝❛❧ ❝♦♥tr✐❜✉t♦rs✱ ❚❆▼ s s❤♦✇ t❤❛t

❡❧❞❡r❧② ❛♥❞ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s ❛r❡ ♠♦r❡ ❤♦st✐❧❡ t♦ ✐♠♠✐❣r❛t✐♦♥ t❤❛♥ t❤❡ ②♦✉♥❣ ❛♥❞ r✐❝❤ ❝✐t✐③❡♥s❀ t❤❡

♦♣♣♦s✐t❡ ✐s tr✉❡ ❢♦r ❇❆▼ s✳

❚❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ✉♥❞❡r♣✐♥s t❤❡s❡ s❡❡♠✐♥❣❧② ❝♦♥tr❛❞✐❝t♦r② r❡s✉❧ts ✐s ❛s ❢♦❧❧♦✇s✳ ■❢ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✐s

❡①♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞✱ t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ t❛① ❜❛s❡ ✐s ❛ ❢❛❧❧ ✐♥ t❤❡ t❛① r❛t❡✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡

t❛① r❛t❡ ✐s ✉♥❛✛❡❝t❡❞ ❜② ✈♦t❡r ❝❤♦✐❝❡✱ t❤❡ ❡✛❡❝t ✐s ❛ r✐s❡ ✐♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ♣❡r ❝❛♣✐t❛✳ ■♥ t❤❡ ❢♦r♠❡r

❝❛s❡✱ ✐♠♠✐❣r❛t✐♦♥ ♠❛✐♥❧② ❜❡♥❡✜ts ②♦✉♥❣ ❛♥❞ ❤✐❣❤✲✐♥❝♦♠❡ ❝✐t✐③❡♥s❀ ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ❡❧❞❡r❧② ❛♥❞

❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s ❡♥❥♦② t❤❡ ❧❛r❣❡st s❤❛r❡ ♦❢ t❤❡ ❣❛✐♥s✳

■♥ ❜♦t❤ ♠♦❞❡❧s✱ t❤❡ ❡♥❞♦❣❡♥♦✉s ❡✛❡❝ts ♦❢ ✐♠♠✐❣r❛t✐♦♥ ❛r❡ ✇❡❛❦❧② ♥❡❣❛t✐✈❡ ♦♥ t❛①❡s ❛♥❞ ✇❡❛❦❧② ♣♦s✐t✐✈❡

♦♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✇❤❡♥ ✐♠♠✐❣r❛♥ts ❛r❡ ♥❡t ✜s❝❛❧ ❝♦♥tr✐❜✉t♦rs✳✼ ❚❤✉s✱ ♥❡✐t❤❡r ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s

♣r♦✈✐❞❡s ❛ r❛t✐♦♥❛❧❡ ❢♦r t❤❡ ✇❡❧❧✲❞♦❝✉♠❡♥t❡❞ ❛✈❡rs✐♦♥ t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ ❜❛s❡❞ ♦♥ ✐ts ✜s❝❛❧ ❡✛❡❝ts✳

Pr❡st♦♥ ✭✷✵✶✹✮ ❛r❣✉❡s t❤❛t t❤❡ s♦✉r❝❡ ♦❢ t❤✐s ❛♣♣❛r❡♥t ✐♥❝♦♥s✐st❡♥❝② ❧✐❡s ✐♥ ❤♦✇ s♦❝✐❡t② ❞✐str✐❜✉t❡s

t❤❡ ❣❛✐♥s ❢r♦♠ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ s✉❣❣❡sts t❤❛t t❤✐s ♣✉③③❧❡ ❝❛♥ ❜❡ ❛❞❞r❡ss❡❞ ❜② ❛ ♠♦❞❡❧ t❤❛t ❛❧❧♦✇s ❢♦r

✐♠♠✐❣r❛t✐♦♥✱ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✱ ❛♥❞ t❛① ♣♦❧✐❝② t♦ ❜❡ ❡♥❞♦❣❡♥♦✉s✳ ❉❡s♣✐t❡ t❤✐s✱ ♠♦st st✉❞✐❡s ❛r❡ ❜❛s❡❞

♦♥ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ♦♥ ❛❝❝♦✉♥t ♦❢ t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ✈♦t✐♥❣ ✭❡✳❣✳✱

P❧♦tt✱ ✶✾✻✼❀ ●r❛♥❞♠♦♥t✱ ✶✾✼✽✮ ❡st❛❜❧✐s❤❡s r❛t❤❡r r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈♦♥❞♦r❝❡t

❲✐♥♥❡r✖❛ ♣❧❛t❢♦r♠ t❤❛t ✐s ♣r❡❢❡rr❡❞ t♦ ❛♥② ❛❧t❡r♥❛t✐✈❡ ❜② ❛ ♠❛❥♦r✐t② ♦❢ ✈♦t❡rs✖✐❢ t❤❡ ♣♦❧✐❝② s♣❛❝❡

✐s ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❇❧❛❝❦✬s ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ✭✶✾✹✽✮ ❞♦❡s ♥♦t t②♣✐❝❛❧❧② ❤♦❧❞✳✽

✼❙♦♠❡ ♠♦❞❡❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ s❤♦✇ ❛ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✳ ■♥ ❍❛✉♣t ❛♥❞
P❡t❡rs ✭✶✾✾✽✮✱ ❢♦r ✐♥st❛♥❝❡✱ st❛t❡ ♣❡♥s✐♦♥s ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ ✐♠♠✐❣r❛t✐♦♥✳ ❚❤✐s ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ✐s t❤❡ ❞✐r❡❝t r❡s✉❧t
♦❢ ❛♥ ❛ss✉♠♣t✐♦♥❀ ✐♥ ♦✉r ❛♥❛❧②s✐s✱ t❤❡② ❛r❡ ❣♦✐♥❣ t♦ ❜❡ ❡♥❞♦❣❡♥♦✉s ♦✉t❝♦♠❡s ♦❢ ✈♦t❡r ❝❤♦✐❝❡✳ ❚❤✉s✱ ✇❤✐❧❡ t❤❡s❡ ♠♦❞❡❧s
♣r♦✈✐❞❡ ✐♥t❡r❡st✐♥❣ ♣r❡❞✐❝t✐♦♥s✱ t❤❡② ❛r❡ ✉♥s✉✐t❛❜❧❡ ❢♦r t❤❡ s♣❡❝✐✜❝ q✉❡st✐♦♥s ♦❢ t❤✐s ♣❛♣❡r✳

✽❚❤❡ ✉s❡ ♦❢ s✉❝❤ ❝♦♥❞✐t✐♦♥s ✐s t②♣✐❝❛❧❧② r❡str✐❝t❡❞ t♦ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ♣r♦❜❧❡♠s ♦❢ r❡❞✐str✐❜✉t✐♦♥ ✭❡✳❣✳✱ ❇♦r❣❡ ❛♥❞
❘❛ttsø ✷✵✵✹❀ ❈❛❧❛❜r❡s❡✱ ✷✵✵✼✮ ❜❡❝❛✉s❡ t❤❡② ✐♠♣❧② str♦♥❣ r❡str✐❝t✐♦♥s ♦♥ ✈♦t❡r ♣r❡❢❡r❡♥❝❡s✳ ❚❤❡s❡ r❡q✉✐r❡♠❡♥ts ❛r❡
❣❡♥❡r❛❧❧② t♦♦ r❡str✐❝t✐✈❡ t♦ ❜❡ s❛t✐s✜❡❞ ✐♥ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ❧✐❦❡ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡ t❡❝❤♥✐❝❛❧ r❡❛s♦♥
❢♦r t❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❛♥ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳ ❆❧t❡r♥❛t✐✈❡s t♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✈♦t✐♥❣ ♠♦❞❡❧s ❛r❡ ♣♦♣✉❧❛r ✐♥ t❤❡ ❧✐t❡r❛t✉r❡

✻



❚❤✉s✱ ✈♦t✐♥❣ ♠♦❞❡❧s t❤❛t ❛❧❧♦✇ ❢♦r ♠✉❧t✐♣❧❡ ❡♥❞♦❣❡♥♦✉s ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥s r❡q✉✐r❡ t❤❡ ✉s❡ ♦❢ ❛ ❞✐✛❡r❡♥t

s♦❧✉t✐♦♥ ❝♦♥❝❡♣t✳ ❚❤❡ ❞♦✇♥s✐❞❡ ♦❢ ♠♦st ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤❡s ✐s t❤❛t t❤❡② ❣❡♥❡r❛❧❧② ❞♦ ♥♦t ❞❡❧✐✈❡r

s❤❛r♣ ♣r❡❞✐❝t✐♦♥s ❛❜♦✉t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✭s❡❡ ❉✐❧❧❤♦♥ ✭✷✵✵✺✮ ❛♥❞ ❉♦tt✐✱ ✭✷✵✶✾❛✮ ❢♦r

r❡✈✐❡✇s✮✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♦♥❧② ❛tt❡♠♣t t♦ ❞❡♣❛rt ❢r♦♠ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✐t② ✐♥ ♠♦❞❡❧s ✐♥ ✈♦t✐♥❣ ♠♦❞❡❧s ♦♥

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ✐s ❘❛③✐♥ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❚❤❡② ♣r♦♣♦s❡ ❛♥ ❖▲● ♠♦❞❡❧ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞

✐♥ t❤✐s ♣❛♣❡r✱ ✐♥ ✇❤✐❝❤ t❤❡ ♥❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥ ❝♦♥s✐sts ♦❢ s❦✐❧❧❡❞ ✇♦r❦❡rs✱ ✉♥s❦✐❧❧❡❞ ✇♦r❦❡rs✱ ❛♥❞ t❤❡

❡❧❞❡r❧②✳ ❚❤❡② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣♦❧✐t✐❝❛❧ ❝♦❛❧✐t✐♦♥s t❤❛t ❝❛♥ ♣r❡✈❛✐❧ ❛♠♦♥❣ t❤❡s❡ t❤r❡❡ t②♣❡s ♦❢ ✈♦t❡rs

❛♥❞ ❞❡r✐✈❡ ✈❛r✐♦✉s ✐♥t❡r❡st✐♥❣ ♣r❡❞✐❝t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡✐r ❛♣♣r♦❛❝❤ ✐s ✉♥s✉✐t❛❜❧❡ t♦ ❛♥s✇❡r t❤❡

q✉❡st✐♦♥s ✐♥ t❤✐s ♣❛♣❡r✱ ❛s t❤❡② ❛ss✉♠❡ ❡①♦❣❡♥♦✉s t❛① r❛t❡s✳ ❚❤✉s✱ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡✐r ♠♦❞❡❧✱ ✐♥

t❡r♠s ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♣r❡❢❡r❡♥❝❡s✱ ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❢ ❛ st❛♥❞❛r❞ ❇❆▼✳

❚❤✐s ♣❛♣❡r ✐s ❜❛s❡❞ ♦♥ ❛ s✉❝❝❡ss❢✉❧ str❡❛♠ ♦❢ ❧✐t❡r❛t✉r❡ ✭▲❡✈②✱ ✷✵✵✹✱ ✷✵✵✺✮ t❤❛t ❡①♣❧♦✐ts t❤❡ r♦❧❡ ♦❢

♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ✐♥ ❡♥s✉r✐♥❣ st❛❜✐❧✐t② ✐♥ ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❡t❡r♠✐♥✐st✐❝ ✈♦t✐♥❣ ♠♦❞❡❧✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡

♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥ t❤❛t ❡①t❡♥❞s t❤❡ st❛t✐❝ ❢r❛♠❡✇♦r❦ ❢r♦♠ ❉♦tt✐ ✭✷✵✶✾❛✱ ✷✵✷✵✮

t♦ ❛ ❞②♥❛♠✐❝ s❡tt✐♥❣✳ ❯♥❞❡r ❛♣♣r♦♣r✐❛t❡ ♣r❡❢❡r❡♥❝❡s r❡str✐❝t✐♦♥s✱ t❤❡ ♠♦❞❡❧ ❞❡❧✐✈❡rs s❤❛r♣ ♣r❡❞✐❝t✐♦♥s

❛❜♦✉t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❛♥❞ ❝♦❛❧✐t✐♦♥ str✉❝t✉r❡s❀ ✐t ✐s✱ t❤❡r❡❢♦r❡✱ ✇❡❧❧✲s✉✐t❡❞ t♦ ❛♥s✇❡r

t❤❡ q✉❡st✐♦♥s ✐♥ t❤✐s ♣❛♣❡r✳

▲❛st❧②✱ t❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ r❛♣✐❞❧② ❣r♦✇✐♥❣ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ♣♦♣✉❧✐s♠ ✐♥ ❲❡st❡r♥

♣♦❧✐t✐❝s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ❡①♣❧❛✐♥s t❤❡ r✐s❡ ♦❢ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐s♠ ✐♥ ❊✉r♦♣❡ t❤r♦✉❣❤ ❛ ♥♦✈❡❧ ❝❤❛♥♥❡❧✳

❘✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s t❤♦s❡ t❤❛t ❝♦♠❜✐♥❡ ❛ ❝♦♥s❡r✈❛t✐✈❡ ❛❣❡♥❞❛

✭❡✳❣✳✱ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝②✱ ♥❛t✐♦♥❛❧✐s♠✱ ❡t❝✳✮ ✇✐t❤ ❛♥t✐✲❡❧✐t✐s♠ ✭❆❝❡♠♦❣❧✉ ❡t ❛❧✳ ✷✵✶✸✮✳

❚❤❡ ❛♥t✐✲❡❧✐t✐s♠ ❢❛❝t♦r ✐♠♣❧✐❡s t❤❛t t❤❡s❡ ♣❛rt✐❡s✱ ✐♥ ❝♦♥tr❛st t♦ tr❛❞✐t✐♦♥❛❧ ❝♦♥s❡r✈❛t✐✈❡ ♣❛rt✐❡s✱ ❛r❡

❣❡♥❡r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✈❡❤❡♠❡♥t r❤❡t♦r✐❝ ❛❣❛✐♥st ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ t❤❡② ❛✐♠ t♦ ❝♦♠❜❛t

❜② ♦✈❡r✲✐♥✢❛t✐♥❣ t❤❡ s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t ✭❉♦r♥❜✉s❝❤ ❛♥❞ ❊❞✇❛r❞s✱ ✶✾✾✶✮✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❧♦♥❣✲t❡r♠

❝♦♥s❡q✉❡♥❝❡s ♦❢ s✉❝❤ ❛ ♣♦❧✐❝② ✭●✉✐s♦ ❡t ❛❧✳✱ ✷✵✶✾✮✳✾

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ❞❡✜♥❡ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s ❛s t❤♦s❡ t❤❛t ❡①❤✐❜✐t ❛ t②♣✐❝❛❧❧②

❝♦♥s❡r✈❛t✐✈❡ st❛♥❝❡ ♦♥ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ❛ tr❛❞✐t✐♦♥❛❧❧② ❧❡❢t✲✇✐♥❣ ✜s❝❛❧ ♣♦❧✐❝② ♣❧❛t❢♦r♠✳ ❚❤✐s ❞❡s❝r✐♣t✐♦♥

❜✉t ❛r❡ ✉s✉❛❧❧② ♥♦t ✉s❡❢✉❧ ❢♦r ❛♥s✇❡r✐♥❣ q✉❡st✐♦♥s ❛❜♦✉t t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡✳ ❙❡❡
❉♦tt✐ ✭✷✵✶✾❛✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s ♦❢ ✈❛r✐♦✉s t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦s ✐♥ t❤❡ st✉❞②
♦❢ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✐♥ ✈♦t✐♥❣ ♠♦❞❡❧s✳

✾●✉✐s♦ ❡t ❛❧✳ ✭✷✵✶✾✮ ❞❡s❝r✐❜❡ t✇♦ ✐❞❡♥t✐❢②✐♥❣ ❢❡❛t✉r❡s ♦❢ ♣♦♣✉❧✐s♠✿ ✭✶✮ t❤❡ ❝❧❛✐♠ t♦ ❜❡ ✏♦♥ t❤❡ s✐❞❡ ♦❢ t❤❡ ♣❡♦♣❧❡
❛❣❛✐♥st t❤❡ ❡❧✐t❡✑❀ ✭✷✮ t❤❡ ♣r♦♠♦t✐♦♥ ♦❢ ✏♣♦❧✐❝✐❡s ✇✐t❤♦✉t r❡❣❛r❞ t♦ t❤❡ ❧♦♥❣✲t❡r♠ ♦r ✐♥❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s✑✳ ❚❤❡s❡ t✇♦
❝❤❛r❛❝t❡r✐st✐❝s ✐♠♣❧② s✉♣♣❧②✲♦r✐❡♥t❡❞ s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ t❤❡② ❝❛❧❧ ❡❝♦♥♦♠✐❝ ♣♦♣✉❧✐s♠✳ ❊❝♦♥♦♠✐❝ ♣♦♣✉❧✐s♠ t②♣✐❝❛❧❧② ❡♥t❛✐❧s
❛ ♣♦❧✐❝② ♣❧❛t❢♦r♠ t❤❛t ✐s ❜♦t❤ str♦♥❣❧② r❡❞✐str✐❜✉t✐✈❡ ✭❡✳❣✳✱ ❛ ♠✐♥✐♠✉♠ ✐♥❝♦♠❡✮✱ ❛♥❞ ♠②♦♣✐❝ ✐♥ ✐ts ❣♦❛❧s ✭❡✳❣✳✱ r❡❞✉❝❡❞
✐♠♠✐❣r❛t✐♦♥✱ ❤✐❣❤❡r ♣✉❜❧✐❝ ❞❡❜t✱ ❧♦✇❡r r❡t✐r❡♠❡♥t ❛❣❡✱ ❡t❝✳✮✳ ❙✐♠✐❧❛r❧②✱ ▼✉❞❞❡ ✭✷✵✵✼✮ ❞❡s❝r✐❜❡s r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐s♠ ❛s
✏♦♣♣♦s✐♥❣ ♥❡♦❧✐❜❡r❛❧✐s♠ ❛♥❞ ✐♠♠✐❣r❛t✐♦♥✑✳

✼



✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣♦❧✐t✐❝❛❧ tr❛❥❡❝t♦r✐❡s ♦❢ s❡✈❡r❛❧ ♣❛rt✐❡s t②♣✐❝❛❧❧② ❧❛❜❡❧❧❡❞ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st

♣❛rt✐❡s ✐♥ ❊✉r♦♣❡✱ s✉❝❤ ❛s t❤❡ ◆❛t✐♦♥❛❧ ❋r♦♥t ✐♥ ❋r❛♥❝❡✱ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ■♥❞❡♣❡♥❞❡♥❝❡ P❛rt②✶✵

❛♥❞ t❤❡ ◆♦rt❤❡r♥ ▲❡❛❣✉❡ ✐♥ ■t❛❧②✳ ❖✈❡r t❤❡ ❧❛st t✇♦ ❞❡❝❛❞❡s✱ t❤❡s❡ ♣❛rt✐❡s ❤❛✈❡ s❤✐❢t❡❞ ❛✇❛② ❢r♦♠

t❤❡✐r ❡❛r❧② ❧✐❜❡rt❛r✐❛♥ ❡❝♦♥♦♠✐❝ ♣♦s✐t✐♦♥s t♦ str♦♥❣ ✐♥t❡r✈❡♥t✐♦♥✐st ✈✐❡✇s ✭▼✐♥❦❡♥❜❡r❣✱ ✷✵✵✵❀ ▼✉❞❞❡✱

✷✵✵✼✮✱ ❡s♣❡❝✐❛❧❧② r❡❣❛r❞✐♥❣ ❝❡rt❛✐♥ ♣r♦✈✐s✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❤❡❛❧t❤❝❛r❡✱ s♦❝✐❛❧ s❡r✈✐❝❡s✱ ❛♥❞ ❡❧❞❡r❧② ❝❛r❡✳✶✶

✷ ❚❤❡ ▼♦❞❡❧

❚❤✐s s❡❝t✐♦♥ ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✿ ✭✶✮ t❤❡ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧ ♦❢ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❛♥❞

✭✷✮ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss✳

✷✳✶ ❚❤❡ ❊❝♦♥♦♠✐❝ ▼♦❞❡❧

❲❡ ♣r♦♣♦s❡ ❛♥ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ♦✈❡r❧❛♣♣✐♥❣✲❣❡♥❡r❛t✐♦♥s ♠♦❞❡❧ ♦❢ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣

❛❦✐♥ t♦ t❤♦s❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ♣❛rt✐❝✉❧❛r❧② t❤❡ ♠♦❞❡❧ ✐♥ ❘❛③✐♥ ❛♥❞ ❙❛❞❦❛ ✭✶✾✾✾✮✳ ❯♥❧✐❦❡ t❤❡✐r ♠♦❞❡❧✱

❤♦✇❡✈❡r✱ ❜♦t❤ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❛♥❞ ✐♠♠✐❣r❛t✐♦♥ ❛r❡ ❡♥❞♦❣❡♥♦✉s ✐♥ ♦✉r ♠♦❞❡❧✳

✷✳✶✳✶ ❉❡♠♦❣r❛♣❤✐❝ ❙tr✉❝t✉r❡

❊❛❝❤ ♣❡r✐♦❞ t ❤❛s ❧❡♥❣t❤ ♥♦r♠❛❧✐③❡❞ t♦ 1 ❛♥❞ ❢❡❛t✉r❡s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ✐♥❞✐✈✐❞✉❛❧s✶✷ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦

❣❡♥❡r❛t✐♦♥❛❧ ❣r♦✉♣s✿ t❤❡ ✇♦r❦✐♥❣✲❛❣❡ ♣♦♣✉❧❛t✐♦♥ ✭Y ✮ ❛♥❞ t❤❡ ❡❧❞❡r❧② ✭O✮✳ ❆❧❧ ✐♠♠✐❣r❛♥ts ❛r❡ ❛❧❧ ✐♥

t❤❡ ✇♦r❦✐♥❣✲❛❣❡ ❣r♦✉♣✳ ❲✐t❤✐♥ t❤❡ ✇♦r❦✐♥❣✲❛❣❡ ♣♦♣✉❧❛t✐♦♥ ❛r❡ nt ♥❛t✐✈❡s ❛♥❞ mt ✐♠♠✐❣r❛♥ts✳ ❚❤❡

❡❧❞❡r❧② ♣♦♣✉❧❛t✐♦♥ ❤❛s s✐③❡ ot✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤♦s❡ ✇❤♦ ✇❡r❡ ✐♠♠✐❣r❛♥ts ✐♥ ♣❡r✐♦❞ t− 1✳ ❚❤❡ s✐③❡ ♦❢

❡❛❝❤ ❣r♦✉♣ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✳ ✷✳

◆❛t✐✈❡s ❛♥❞ ✐♠♠✐❣r❛♥ts ♣♦t❡♥t✐❛❧❧② ❤❛✈❡ ❞✐✛❡r❡♥t ❡①♦❣❡♥♦✉s ❡①♣❡❝t❡❞ ❢❡rt✐❧✐t② r❛t❡s✱ ✇❤✐❝❤ ❛r❡ ❞❡♥♦t❡❞

❜② σ ❛♥❞ σm✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t ∆ ≡ σm−σ✳ ❲❡ ❛ss✉♠❡ t❤❛t ∆ ≥ 0✶✸ ❛♥❞ t❤❛t t❤❡ s✉♣♣❧② ♦❢ ♣♦t❡♥t✐❛❧

✶✵❲❤✐❧❡ ✐♥✐t✐❛❧❧② ❧❛❜❡❧❧❡❞ ❛ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② ❛❞✈♦❝❛t✐♥❣ ❛ s♠❛❧❧❡r st❛t❡✱ ❯❑■P ❤❛s ❝♦♥s✐st❡♥t❧② ♣r♦♣♦s❡❞ ❛ ♣♦❧✐❝②
♣❧❛t❢♦r♠ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s✉❜st❛♥t✐❛❧ ✐♥❝r❡❛s❡ ✐♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣❛rt② ♠❛♥✐❢❡st♦ ❢♦r t❤❡ ✷✵✶✺
♥❛t✐♦♥❛❧ ❡❧❡❝t✐♦♥s ♣❧❡❞❣❡❞ ✏❛♥ ❡①tr❛ ➾✸❜♥ ❛ ②❡❛r ✐♥t♦ t❤❡ ◆❍❙ ✐♥ ❊♥❣❧❛♥❞✑ ❛♥❞ ✏❛ ❝♦♠♠✐t♠❡♥t t♦ s♣❡♥❞ ✷✪ ♦❢ ●❉P
♦♥ ❞❡❢❡♥❝❡ ✐♥✐t✐❛❧❧②✱ ❧♦♦❦✐♥❣ t♦ ✐♥❝r❡❛s❡ ✐t s✉❜st❛♥t✐❛❧❧② ❛❢t❡r t❤❛t✑✳ ❚❤❡s❡ ✜❣✉r❡s ❢❛r ❡①❝❡❡❞❡❞ t❤❡ ♣❧❡❞❣❡s ♦❢ t❤❡✐r ♠❛✐♥
r✐✈❛❧s✱ t❤❡ ❈♦♥s❡r✈❛t✐✈❡s ❛♥❞ t❤❡ ▲❛❜♦✉r P❛rt②✳ ❙❡❡✿ ❈✉rt✐❝❡✱ ✷✵✶✷✳

✶✶❖t❤❡r ❡①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ ❋r❡❡❞♦♠ P❛rt② ✐♥ ❆✉str✐❛✱ t❤❡ ❉❛♥✐s❤ P❡♦♣❧❡✬s P❛rt② ✐♥ ❉❡♥♠❛r❦✱ ❛♥❞ ❋✐❞❡s③ ✐♥ ❍✉♥❣❛r②✳
■♥ s♦♠❡ ❝❛s❡s✱ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s st❡♠ ❢r♦♠ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣r❡✲❡①✐st✐♥❣ ❢❛r✲r✐❣❤t st❛t✐st ❣r♦✉♣s ✭❡✳❣✳✱ t❤❡ ❋✐♥♥s
P❛rt② ✐♥ ❋✐♥❧❛♥❞✱ t❤❡ ❙✇❡❞❡♥ ❉❡♠♦❝r❛ts ✐♥ ❙✇❡❞❡♥✱ ❛♥❞ ❇r♦t❤❡rs ♦❢ ■t❛❧②✮✳ ❖t❤❡r ❛r❡ ❡♥t✐r❡❧② ♥❡✇ ♣❛rt✐❡s ❢♦✉♥❞❡❞
✇✐t❤ t❤❡✐r ♠♦❞❡r♥ ♣♦♣✉❧✐st ♣❧❛t❢♦r♠s s♦♠❡t✐♠❡ ✐♥ t❤❡ ❧❛st ✷✵ ②❡❛rs ✭❡✳❣✳✱ ■♥❞❡♣❡♥❞❡♥t ●r❡❡❦s ✐♥ ●r❡❡❝❡✱ t❤❡ P❛rt② ❢♦r
❋r❡❡❞♦♠ ✐♥ t❤❡ ◆❡t❤❡r❧❛♥❞s✱ ❛♥❞ ▲❛✇ ❛♥❞ ❏✉st✐❝❡ ✐♥ P♦❧❛♥❞✮✳

✶✷❚❤✐s ❛ss✉♠♣t✐♦♥ r❡♣r❡s❡♥ts ❛ s♦❝✐❡t② ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝✐t✐③❡♥s✱ ❛♥❞ ✐s ❝♦♠♠♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❡✳❣✳ ❘❛③✐♥
❛♥❞ ❙❛❞❦❛✱ ✶✾✾✾✮✳

✶✸❲❡ ❛ss✉♠❡ ∆ t♦ ❜❡ ❝♦♥st❛♥t ❢♦r ❛❧❧ ♣❡r✐♦❞s t = 1, 2, ..T ✱ ✇✐t❤ T → +∞✳ ❚❤✉s✱ ❛♥② ❝❤❛♥❣❡ ✐♥ ∆ s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❛♥ ✉♥❛♥t✐❝✐♣❛t❡❞ s❤♦❝❦✳ ❲❡ ❛ss✉♠❡ ∆ = 0 ❢♦r ❛♥② ♣❡r✐♦❞ t > T ✳ ❚❤❡ ❧❛tt❡r ❛ss✉♠♣t✐♦♥ ✐s ✐♠♣♦s❡❞ ❢♦r t❡❝❤♥✐❝❛❧
r❡❛s♦♥s✳

✽



t− 1 t t+ 1

λ(nt−2 +mt−2) ✭O✮ → ×

nt−1 +mt−1 ✭Y ✮ → λ(nt−1 +mt−1) ✭O✮ → ×

❜♦r♥ nt +mt ✭Y ✮ → λ(nt +mt) ✭O✮
❜♦r♥ → nt+1 +mt+1 ✭Y ✮

❋✐❣✉r❡ ✷✿ ❙✐③❡ ♦❢ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✳

t✐♠❡

❜♦r♥
t− 2
❜♦r♥
t− 1
❜♦r♥
t

❜♦r♥
t+ 1

t− 1 t t+ 1

❖▲❉ ✭O✮ → ×

◆❆❚■❱❊ ✭nt−1✮ ✭Y ✮ → ❖▲❉ ✭O✮ → ×
■♠♠✐❣r❛♥t ✭mt−1✮

◆❆❚■❱❊ ✭nt✮ ✭Y ✮ → ❖▲❉ ✭O✮
■♠♠✐❣r❛♥t ✭mt✮

◆❆❚■❱❊ ✭nt+1✮ ✭Y ✮
■♠♠✐❣r❛♥t ✭mt+1✮

❋✐❣✉r❡ ✸✿ ❙tr✉❝t✉r❡ ♦❢ ❖✈❡r❧❛♣♣✐♥❣ ●❡♥❡r❛t✐♦♥s ❛♥❞ ❱♦t✐♥❣ ❘✐❣❤ts✳

✐♠♠✐❣r❛♥ts ✐s ❧❛r❣❡✳✶✹ ❆t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ♣❡r✐♦❞✱ t❤❡ ✐♠♠✐❣r❛♥ts ❛♥❞ t❤❡✐r ❝❤✐❧❞r❡♥ ❛r❡ ❢✉❧❧② ❛ss✐♠✐❧❛t❡❞

t♦ t❤❡ ♥❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥ ✭✐✳❡✳ t❤❡② ❜❡❝♦♠❡ ✐❞❡♥t✐❝❛❧ t♦ ♥❛t✐✈❡s ♦❢ t❤❡ s❛♠❡ ❛❣❡ ❣r♦✉♣✮✳✶✺ ❯♥❞❡r t❤❡s❡

❛ss✉♠♣t✐♦♥s✱ t❤❡ s✐③❡ ♦❢ t❤❡ ✇♦r❦✐♥❣✲❛❣❡ ♥❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ nt+1 = σnt+σ
mmt✳

❆ ②♦✉♥❣ ✐♥❞✐✈✐❞✉❛❧ ❛t t✐♠❡ t s✉r✈✐✈❡s t♦ ♣❡r✐♦❞ t+1 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② λ ∈ [0, 1]✳ ❚❤✉s✱ ❧✐❢❡ ❡①♣❡❝t❛♥❝②

❛t ❜✐rt❤ ✐s 1 + λ ≤ 2 ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❡❧❞❡r❧② ♣♦♣✉❧❛t✐♦♥ ✐s ot = λ(nt−1 +mt−1)✳ ◆♦t❡ t❤❛t ot ✐s ❛♥

✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ❧✐❢❡ ❡①♣❡❝t❛♥❝②✳

✷✳✶✳✷ ❈✐t✐③❡♥s❤✐♣ ❛♥❞ ❱♦t✐♥❣ ❘✐❣❤ts

❋✐❣✳ ✸ s✉♠♠❛r✐③❡s t❤❡ str✉❝t✉r❡ ♦❢ ✈♦t✐♥❣ r✐❣❤ts✳ ❲❡ ❛ss✉♠❡ t❤❛t ♦♥❧② t❤❡ nt + ot ❝✐t✐③❡♥s ✭②♦✉♥❣

♥❛t✐✈❡s ❛♥❞ t❤❡ ❡❧❞❡r❧②✱ ♠❛r❦❡❞ ❜② ❝❛♣✐t❛❧ ❧❡tt❡rs ✐♥ ❋✐❣✳ ✸ ✮ ✈♦t❡✖✐♠♠✐❣r❛♥ts ❞♦ ♥♦t✳ ■♠♠✐❣r❛♥ts ❝❛♥

❛❝q✉✐r❡ ✈♦t✐♥❣ r✐❣❤ts ❜② r❡s✐❞✐♥❣ ✐♥ t❤❡ ❝♦✉♥tr② ❢♦r ♦♥❡ ♣❡r✐♦❞ ✭✐✳❡✳✱ ❝✐t✐③❡♥s❤✐♣ t❤r♦✉❣❤ ♥❛t✉r❛❧✐③❛t✐♦♥✮✳

❚❤❡✐r ❝❤✐❧❞r❡♥ ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♥❛t✐✈❡ ❝✐t✐③❡♥s ✇✐t❤ ❢✉❧❧ r✐❣❤ts ✭✐✉s s♦❧✐✮✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤

t❤❡ r✉❧❡s t♦ ❛❝q✉✐r❡ ❝✐t✐③❡♥s❤✐♣ ✐♥ s❡✈❡r❛❧ ❲❡st❡r♥ ❝♦✉♥tr✐❡s✳✶✻ ■♥ ❙❡❝t✐♦♥ ✸✳✼✱ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡s✉❧ts

❝❛rr② ♦✈❡r ✉♥❞❡r ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❛❝q✉✐s✐t✐♦♥ ♦❢ ✈♦t✐♥❣ r✐❣❤ts✳

✶✹❚❤✐s ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t ❛♥② ✐♠♠✐❣r❛t✐♦♥ q✉♦t❛ ❛❞♦♣t❡❞ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ♦❢ ❛✈❛✐❧❛❜❧❡
♣♦❧✐❝✐❡s ✐s ❜✐♥❞✐♥❣✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts ✐s ❛❧✇❛②s ❡①❛❝t❧② ❡q✉❛❧ t♦ t❤❡ q✉♦t❛ ✐♥ ❡❛❝❤ t✳

✶✺❆ss✐♠✐❧❛t✐♦♥ ❛♣♣❧✐❡s t♦ ♠♦r❡ ❢❡❛t✉r❡s t❤❛♥ ❥✉st ❢❡rt✐❧✐t② ❜❡❤❛✈✐♦✉r ✭❡✳❣✳✱ ✐♠♠✐❣r❛t✐♦♥ ♣r❡❢❡r❡♥❝❡s❀ s❡❡ s❡❝t✐♦♥ ✷✳✶✳✸✮✳
✶✻■✉s s♦❧✐ ✐s t❤❡ ❝✐t✐③❡♥s❤✐♣ r✉❧❡ ✐♥ ❯❙ ❛♥❞ ❈❛♥❛❞❛ ❜✉t ♥♦t ✐♥ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✈✐rt✉❛❧❧② ❛❧❧ s❡❝♦♥❞✲

❣❡♥❡r❛t✐♦♥ ✐♠♠✐❣r❛♥ts ✐♥ ❊✉r♦♣❡ ❛❝q✉✐r❡ ❝✐t✐③❡♥s❤✐♣ ❜② t❤❡ t✐♠❡ t❤❡② r❡❛❝❤ ❧❡❣❛❧ ✈♦t✐♥❣ ❛❣❡✳ ❚❤✉s✱ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢
t❤✐s ❛♥❛❧②s✐s✱ t❤✐s ✐s ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥✳ ■♥ s♦♠❡ ❝♦✉♥tr✐❡s✱ s✉❝❤ ❛s ❏❛♣❛♥✱ t❤❡ ✐♠♠✐❣r❛♥ts ❛♥❞ t❤❡✐r ❝❤✐❧❞r❡♥ ❞♦
♥♦t ❛✉t♦♠❛t✐❝❛❧❧② ❜❡❝♦♠❡ ❝✐t✐③❡♥s ✉♥❧❡ss t❤❡② ❤❛✈❡ ❛ ♥❛t✐✈❡ ♣❛r❡♥t ✭✐✉s s❛♥❣✉✐♥✐s✮✳

✾
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❆ ❝✐t✐③❡♥ i ♦❢ ❣r♦✉♣ ✭Y ✮ ✐♥ ♣❡r✐♦❞ t ❤❛s ♣r❡❢❡r❡♥❝❡s ♦✈❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ ♣r✐✈❛t❡ ❣♦♦❞s Cit ✱ t❤❡ ❡①t❡♥t

♦❢ ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s Gt✱ ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ✐♠♠✐❣r❛♥ts ✐♥ s♦❝✐❡t② Mt = mt/(mt + nt)✱ r❡♣r❡s❡♥t❡❞ ❜②

t❤❡ ❢♦❧❧♦✇✐♥❣ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✿

U i,Yt

({
Cit+r,Mt+r, Gt+r

}1

r=0

)
= Cit + b(Gt) + c(Mt) + βλ

[
Cit+1 + d(Gt+1) + c(Mt+1)

]
✭✶✮

✇❤❡r❡ β ❝❛♣t✉r❡s ❤♦✇ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞✐s❝♦✉♥ts ❢✉t✉r❡ ✉t✐❧✐t② ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s b✱ d✱ ❛♥❞ c ❛r❡ str✐❝t❧②

❝♦♥❝❛✈❡ C∞ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❢✉♥❝t✐♦♥ c r❡♣r❡s❡♥ts ❛♥ ❡①♦❣❡♥♦✉s t❛st❡ ❢♦r ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ✐s t❤❡ s❛♠❡

❢♦r ❛❧❧ ❝✐t✐③❡♥s✳✶✼ ■t ❝❛♣t✉r❡s ❛❧❧ ♥♦♥✲❡❝♦♥♦♠✐❝ ❢❛❝t♦rs ❛✛❡❝t✐♥❣ ✈♦t❡r ♣r❡❢❡r❡♥❝❡s r❡❣❛r❞✐♥❣ ✐♠♠✐❣r❛t✐♦♥✳

■ts ❞♦♠❛✐♥ ✐s [0,M ]✱ ✇❤❡r❡ M < 1 ✐s t❤❡ ❧❡✈❡❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❢✉❧❧② ✉♥r❡❣✉❧❛t❡❞ ✐♠♠✐❣r❛t✐♦♥✳ ❲❡ ❞♦

♥♦t r❡str✐❝t t❤❡ s✐❣♥ ♦❢ c ❛♥❞ c′ ❢♦r ✐♥t❡r✐♦r ✈❛❧✉❡s ♦❢ Mt ❜✉t ✇❡ ❛ss✉♠❡ c′(0) ≥ 0 ❛♥❞ c′(M) = −∞

✭✐✳❡✳ ❝✐t✐③❡♥s ❛r❡ str♦♥❣❧② ❛✈❡rs❡ t♦ ❢✉❧❧② ✉♥r❡❣✉❧❛t❡❞ ✐♠♠✐❣r❛t✐♦♥ ❜✉t ❞♦♥✬t ♠✐♥❞ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢

✐♠♠✐❣r❛♥ts✮✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ c ✐♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❢❛❝✐❧✐t❛t❡s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ❛♥❞ ❞♦❡s

♥♦t ❛✛❡❝t t❤❡ ♠❡❝❤❛♥✐s♠s ✉♥❞❡r♣✐♥♥✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ✭❞❡t❛✐❧s ✐♥ ❆♣♣❡♥❞✐① ❇✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱

Gt ∈ [0, G] ❛♥❞ b s❛t✐s✜❡s b′(0) = +∞ ❛♥❞ b′(G) = 0✳

❋♦r r❡t✐r❡❞ ✐♥❞✐✈✐❞✉❛❧s ✐♥ ♣❡r✐♦❞ t t❤❡ ❞✐r❡❝t ✉t✐❧✐t② U i,Ot ✐s ❝♦♥str✉❝t❡❞ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ ❡①❝❡♣t ✐t

✐s s♦❧❡❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝♦♥s✉♠♣t✐♦♥✱ ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s ❛♥❞ ✐♠♠✐❣r❛t✐♦♥ ✐♥ t❤❡ ❝✉rr❡♥t ♣❡r✐♦❞✿

U i,Ot
(
Cit ,Mt, Gt

)
= Cit + d(Gt) + c(Mt) ✭✷✮

✇❤❡r❡ t❤❡ ❢❡❛t✉r❡s ♦❢ c ❛♥❞ d ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤s✳ ▲❛st❧②✱ ✐♠♠✐❣r❛♥ts ❝♦♥s✉♠❡

❜♦t❤ ♣r✐✈❛t❡ ❣♦♦❞s ❛♥❞ ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s ✐♥ t❤❡ s❛♠❡ ✇❛② ♥❛t✐✈❡s ❞♦❀ ❤♦✇❡✈❡r✱ t❤❡✐r ♣r❡❢❡r❡♥❝❡

s♣❡❝✐✜❝❛t✐♦♥ ✐s ✐rr❡❧❡✈❛♥t ❢♦r ❡❧❡❝t♦r❛❧ ♦✉t❝♦♠❡s✱ ❛s t❤❡② ❞♦ ♥♦t ✈♦t❡✳✶✽

✶✼❚❤✐s ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② r❡❧❛①❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ Mt ♦♥ t❤❡ t❛st❡ ❝♦♠♣♦♥❡♥t
✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ ✐♥❝♦♠❡✳ ❙✐♠✐❧❛r❧②✱ ■ ❝❛♥ ❛❧❧♦✇ ❢♦r ②♦✉♥❣ ❛♥❞ ♦❧❞ ❝✐t✐③❡♥s t♦ ❤❛✈❡ ❞✐✛❡r❡♥t ❡①♦❣❡♥♦✉s t❛st❡s ❢♦r
✐♠♠✐❣r❛t✐♦♥ ❛s ❧♦♥❣ ❛s t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ Mt ♦♥ t❤❡ t❛st❡ ❝♦♠♣♦♥❡♥t ♦❢ ♦❧❞ ✐♥❞✐✈✐❞✉❛❧s ✐s ❧♦✇❡r t❤❛♥ ✭♦r
❡q✉❛❧ t♦✮ t❤❛t ♦❢ ❛♥② ②♦✉♥❣ ❝✐t✐③❡♥✳

✶✽■♠♠✐❣r❛♥t ♣r❡❢❡r❡♥❝❡s ♣❧❛② ❛ r♦❧❡ ✐♥ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s❀ t❤✐s ❛s♣❡❝t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✺✳
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❊❛❝❤ ✇♦r❦✐♥❣✲❛❣❡ ✐♥❞✐✈✐❞✉❛❧ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ❡✐t❤❡r ✐♥ t❤❡ ♣r✐✈❛t❡ ♦r ♣✉❜❧✐❝ s❡❝t♦r ❛t ❛ ✇❛❣❡ r❛t❡ ❡q✉❛❧

t♦ t❤❡✐r ♣r♦❞✉❝t✐✈✐t②✳ ❚❤❡ ♣r✐✈❛t❡ s❡❝t♦r ♣r♦❞✉❝❡s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞ ✉s✐♥❣ ❛ ❧✐♥❡❛r t❡❝❤♥♦❧♦❣②

❛♥❞ ❧❛❜♦✉r ❛s ✐♥♣✉t✳ ❚❤✉s✱ t❤❡ t♦t❛❧ ♣r♦❞✉❝t✐♦♥ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s ❡q✉❛❧s t❤❡ t♦t❛❧ ❣r♦ss ✐♥❝♦♠❡

♦❢ ♣r✐✈❛t❡✲s❡❝t♦r ✇♦r❦❡rs✳ ❚❤❡ ♣✉❜❧✐❝ s❡❝t♦r ♣r♦❞✉❝❡s ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s✳ ❚❤❡ ♣❡r✲❝❛♣✐t❛ ♣r♦✈✐s✐♦♥

♦❢ ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s Gt ∈
[
0, G

]
✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s❤❛r❡ ♦❢ t♦t❛❧ ❡✛❡❝t✐✈❡ ❧❛❜♦✉r

❡♠♣❧♦②❡❞ ✐♥ t❤❡ ♣✉❜❧✐❝ s❡❝t♦r✳✶✾

❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ 1 ✉♥✐t ♦❢ t✐♠❡✱ ❛♥❞ t❤❡✐r ❧❛❜♦✉r s✉♣♣❧② ✐s ♣❡r❢❡❝t❧② ✐♥❡❧❛st✐❝✳

❚❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s ❛♥❞ ❞♦❡s ♥♦t ❞r✐✈❡ t❤❡ tr❛❞❡✲♦✛s t❤❛t ✉♥❞❡r♣✐♥ t❤✐s ♣❛♣❡r✬s

♣r❡❞✐❝t✐♦♥s✳✷✵ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❧❧ t❤❡ r❡s✉❧ts ❤♦❧❞ ✐❢ t❤❡ ✇❛❣❡ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦✉r s✉♣♣❧② ✐s ♣♦s✐t✐✈❡ ❢♦r

❛❧❧ ♣r♦❞✉❝t✐✈✐t② ❧❡✈❡❧s ✭❞❡t❛✐❧s ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✮✳

▲❡t yit = ξθit ❞❡♥♦t❡ t❤❡ ✐♥❝♦♠❡ ♦❢ ❝✐t✐③❡♥ i ✐♥ ♣❡r✐♦❞ t✱ ✇❤❡r❡ ξ ✐s ❛♥ ❛❣❣r❡❣❛t❡ ❝♦♠♣♦♥❡♥t ❛♥❞

θit ✐s i✬s ♣r♦❞✉❝t✐✈✐t② t②♣❡✳ ❚❤❡ t②♣❡ θit ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ t✐♠❡✲✐♥✈❛r✐❛♥t ❝✳❞✳❢✳ Q(θt; ρ)

❛♥❞ ♣✳❞✳❢✳ q(θt; ρ)✳ ❚❤❡ ♣❛r❛♠❡t❡r ρ ❝❛♣t✉r❡s t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❝✳❞✳❢✳

Q(θt; ρ) ✇✐t❤ ρ ∈ [0, 1] ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿

Q(θt; ρ) = ρQ2(θt) + (1− ρ)Q1(θt) ✭✸✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s Q1 ❛♥❞ Q2 s❛t✐s❢② ✭✐✮ Q1(θt) < Q2(θt) ❢♦r ❛❧❧ 0 < θt < θ̂ ❛♥❞ Q1(θt) ≥ Q2(θt) ❢♦r

❛❧❧ θt ≥ θ̂ ❢♦r ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ θ̂ t❤❛t s❛t✐s✜❡s Q1(θ̂) ≥ .5✱ ❛♥❞ ✭✐✐✮
✁
θtdQ1(θt) =

✁
θtdQ2(θt) = 1✳

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ♠❡❛♥ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ θt ✉♥❞❡r Q2 ✐s ❛ ♠❡❛♥✲♣r❡s❡r✈✐♥❣ s♣r❡❛❞ ♦❢ t❤❛t ✉♥❞❡r

Q1✳ ❆ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ρ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢

✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛t ❝♦♥st❛♥t ♠❡❛♥ ✐♥❝♦♠❡ ȳ = ξ❀ t❤✉s✱ ✐t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡

✐♥❡q✉❛❧✐t②✳✷✶

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♣r♦❞✉❝t✐✈✐t② ♦❢ ✐♠♠✐❣r❛♥ts ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❝✉rr❡♥t ♣♦❧✐❝✐❡s✳ ❲❤✐❧❡

s✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ ✐s ❛❞♠✐tt❡❞❧② r❡str✐❝t✐✈❡✱ ✐t ✐s ✐♥t❡♥❞❡❞ t♦ ❞❡s❝r✐❜❡ ❛♥ ❡❝♦♥♦♠② ❢❛❝✐♥❣ ❛ ❧❛r❣❡

✶✾❚❤✉s✱ ❣♦✈❡r♥♠❡♥t s❡r✈✐❝❡s ❛r❡ ❛ ♣❛rt✐❛❧❧② ❝♦♥❣❡st❡❞ ♣✉❜❧✐❝ ❣♦♦❞ ❡♥❥♦②❡❞ ❜② ❜♦t❤ ②♦✉♥❣ ❛♥❞ ♦❧❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤✐s
❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ t❛①✲♣r✐❝❡ ♦❢ Gt ✭✐✳❡✳✱ t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ Gt ♦♥ t❤❡ t❛① ♣❛✐❞ ❜② ❛ ❣✐✈❡♥
❝✐t✐③❡♥✮ ❞♦❡s ♥♦t ♠♦✈❡ t♦ ③❡r♦ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✳ ❊①❛♠♣❧❡s ♦❢ ♣✉❜❧✐❝ s❡r✈✐❝❡s t❤❛t
❞✐s♣❧❛② t❤❡s❡ ❢❡❛t✉r❡s ✐♥❝❧✉❞❡ ♣✉❜❧✐❝ tr❛♥s♣♦rt❛t✐♦♥✱ ♣✉❜❧✐❝ ♦✣❝❡s✱ ❛♥❞ t❤❡ ♣♦❧✐❝❡✳

✷✵❚❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t ✐s ❧✐♥❡❛r ✐♥ ❧❛❜♦✉r ✐s ❝♦♠♠♦♥ ✐♥ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡ ✭❡✳❣✳✱ ❘❛③✐♥ ✫ ❙❛❞❦❛✱
✷✵✵✵✮✳ ■t ✐s ❥✉st✐✜❡❞ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❛t✱ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❧❡① ❡❝♦♥♦♠②✱ t❤❡s❡ ❡✛❡❝ts t❡♥❞ t♦ ❜❡ ♦✛s❡t ❜② ❛❞❥✉st♠❡♥ts ✐♥ t❤❡
st♦❝❦ ♦❢ ❝❛♣✐t❛❧ ✭♥♦t ❡①♣❧✐❝✐t❧② ❛ss✉♠❡❞ ✐♥ t❤✐s ❛♥❛❧②s✐s✮ t❤❛t ♦❝❝✉rs ♦✈❡r t❤❡ r❡❧❛t✐✈❡❧② ❧♦♥❣ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❣❡♥❡r❛t✐♦♥✳
❚❤✐s ♠❡❝❤❛♥✐s♠ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♣❛rt✐❝✉❧❛r❧② ❡✛❡❝t✐✈❡ ❢♦r ♦✛s❡tt✐♥❣ ❧♦♥❣✲r✉♥ ❡✛❡❝ts ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♦♥ ✇❛❣❡s ✐❢ ✜r♠s
❤❛✈❡ ❛❝❝❡ss t♦ ✐♥t❡r♥❛t✐♦♥❛❧ ❝❛♣✐t❛❧ ♠❛r❦❡ts ✭s❡❡✿ ❇❡♥✲●❛❞✱ ✷✵✶✷✮✳

✷✶❆ s✐♠✐❧❛r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❡①❡r❝✐s❡ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❉♦tt✐ ✭✷✵✷✵✮ ❢♦r ❛ ♠♦❞❡❧ ♦❢ r❡❞✐str✐❜✉t✐♦♥✳

✶✶



s✉♣♣❧② ♦❢ ♣♦t❡♥t✐❛❧ ✐♠♠✐❣r❛♥ts t❤❛t ❝❛♥♥♦t ❡✛❡❝t✐✈❡❧② s❡❧❡❝t ✐♠♠✐❣r❛♥ts ♦♥ t❤❡ ❜❛s✐s ♦❢ ♦❜s❡r✈❛❜❧❡

❝❤❛r❛❝t❡r✐st✐❝s✳✷✷ ❯♣♦♥ ❛rr✐✈❛❧✱ t❤❡ ✐♠♠✐❣r❛♥ts ❞♦ ♥♦t ♣♦ss❡ss t❤❡ ❤♦st ❝♦✉♥tr②✲s♣❡❝✐✜❝ s❦✐❧❧s r❡q✉✐r❡❞

❜② ✐ts ♣r♦❞✉❝t✐♦♥ ❡♥✈✐r♦♥♠❡♥t ✭❡✳❣✳✱ ❧❛♥❣✉❛❣❡ ♣r♦✜❝✐❡♥❝②✱ s❡❡✿ Pr❡st♦♥✱ ✷✵✶✹✮✳ ❚❤✉s✱ t♦ ✜❧❧ t❤✐s ❣❛♣

t❤❡ ❣♦✈❡r♥♠❡♥t ✐♥✐t✐❛❧❧② ❢❛❝❡s ❛♥ ❛✈❡r❛❣❡ ❝♦st ♣❡r ✐♠♠✐❣r❛♥t ❡q✉❛❧ t♦ ❛ s❤❛r❡ l ♦❢ ♣❡r ❝❛♣✐t❛ ✐♥❝♦♠❡✳✷✸

◆❡t ♦❢ s✉❝❤ ❛ ❝♦st✱ ✐♠♠✐❣r❛♥ts ❛♥❞ ♥❛t✐✈❡s ❛r❡ ❛ss✉♠❡❞ t♦ ♣♦ss❡ss t❤❡ s❛♠❡ ❡①♣❡❝t❡❞ ♣r♦❞✉❝t✐✈✐t②✳

✷✳✶✳✺ ❙♦❝✐❛❧ ❙❡❝✉r✐t②

❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣✉❜❧✐❝ ♣❡♥s✐♦♥ s②st❡♠✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t✱ t❤❡ ❣♦✈❡r♥♠❡♥t

tr❛♥s❢❡rs ❛ ♥❡t ❛♠♦✉♥t pit = pt(y
i
t−1, gt) t♦ ❡❛❝❤ r❡t✐r❡❡✱ ✇❤❡r❡ pt ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ yit−1 ❛♥❞

gt = ot/nt ❞❡♥♦t❡s t❤❡ ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ✭✐✳❡✳ t❤❡ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ♠❡❛s✉r❡❞

❜❡❢♦r❡ ✐♠♠✐❣r❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ✐♥ ♣❡r✐♦❞ t✮✳✷✹

❚❤❡ t♦t❛❧ ❛♠♦✉♥t ❛❧❧♦❝❛t❡❞ t♦ s♦❝✐❛❧ s❡❝✉r✐t② ❢♦r t❤❡ ❡❧❞❡r❧② ✐♥ ♣❡r✐♦❞ t ✐s ❡q✉❛❧ t♦ ❛ ✜①❡❞ s❤❛r❡ γ ♦❢ t❤❡

❡①♣❡❝t❡❞ t♦t❛❧ ✐♥❝♦♠❡ ♦❢ t❤❡ ✇♦r❦✐♥❣✲❛❣❡ ❝✐t✐③❡♥s ✭✐✳❡✳✱ pt s❛t✐s✜❡s
[✁
pt(ξθ, gt)q(θ, ρ)dθ

]
× ot = γȳnt✮✳

❚❤✐s ♠❡❛♥s t❤❛t ✭✐✮ t❤❡ ♣❡♥s✐♦♥ s②st❡♠ ❢❡❛t✉r❡s ❛♥ ❛✉t♦♠❛t✐❝ ❜❛❧❛♥❝❡ ♠❡❝❤❛♥✐s♠✱✷✺ ❛♥❞ ✭✐✐✮ t❤❡ ❝♦st

♦❢ t❤❡ ♣❡♥s✐♦♥ s②st❡♠ ♣❡r ✇♦r❦❡r γȳ nt

nt+mt
= γȳ (1−Mt) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ s❤❛r❡ ♦❢ ✐♠♠✐❣r❛♥ts t♦

②♦✉♥❣ r❡s✐❞❡♥ts Mt✳

❚❤❡s❡ t✇♦ ❢❡❛t✉r❡s ❤❛✈❡ t✇♦ ❦❡② ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ♣❡♥s✐♦♥ s②st❡♠✿ ✭✐✮ ✐ts t♦t❛❧ ❝♦st ❛❞❥✉sts ❛❝❝♦r❞✐♥❣

t♦ ❛♥t✐❝✐♣❛t❡❞ ❝❤❛♥❣❡s ✐♥ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❛♥❞ ❢❡rt✐❧✐t② ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ✐ts s✉st❛✐♥❛❜✐❧✐t② ✐♥ t❤❡

❧♦♥❣ r✉♥ ❛♥❞ ❡♥s✉r❡ t❤❛t ❝❤❛♥❣❡s ✐♥ t❤❡ s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t ❛r❡ s♦❧❡❧② ❞r✐✈❡♥ ❜② ❡♥❞♦❣❡♥♦✉s ♣♦❧✐t✐❝❛❧

❝❤♦✐❝❡s❀ ✭✐✐✮ ✐ts t❛①✲❝♦st ♣❡r ✇♦r❦❡r ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② ✇✐❞❡♥✐♥❣ t❤❡ t❛① ❜❛s❡ t❤r♦✉❣❤ ❛ ❧❡ss r❡str✐❝t✐✈❡

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝②✳

❲❤✐❧❡ ✇❡ ❛ss✉♠❡ t❤❛t pit ✐s ❡①♦❣❡♥♦✉s t♦ ❝✉rr❡♥t ✈♦t❡r ❝❤♦✐❝❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣✉❜❧✐❝ ♣❡♥s✐♦♥ s②st❡♠

❝❛♥ ❜❡ ❥✉st✐✜❡❞ ✐♥ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❖▲● ♠♦❞❡❧s ❛s t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ s❡❧❢✲❡♥❢♦r❝✐♥❣ ✐♥t❡r❣❡♥❡r❛t✐♦♥❛❧

❛❣r❡❡♠❡♥t✱ ❛s s❤♦✇♥ ✐♥ ✐♥ ❘❛♥❣❡❧ ❛♥❞ ❩❡❝❦❤❛✉s❡r ✭✷✵✵✶✮ ❛♥❞ ❇♦❧❞r✐♥ ❛♥❞ ▼♦♥t❡s ✭✷✵✵✺✮✳ ❚❤❡s❡

✷✷❚❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t ✇❡ ❛ss✉♠❡ ❛✇❛② t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❡♥❞♦❣❡♥♦✉s s❡❧❢✲s❡❧❡❝t✐♦♥ ♦❢ ✇❡❧❢❛r❡✲❞❡♣❡♥❞❡♥t ✐♠♠✐❣r❛♥ts
❜❛s❡❞ ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ ♣✉❜❧✐❝ ❜❡♥❡✜ts ♣r♦✈✐❞❡❞ ❜② t❤❡ r❡❝❡✐✈✐♥❣ ❝♦✉♥tr②✳ ❲❤✐❧❡ t❤✐s ✐s ❛ t❤❡♦r❡t✐❝❛❧❧② ✐♠♣♦rt❛♥t ❝♦♥❝❡r♥
✭❇♦r❥❛s✱ ✶✾✾✾✮✱ t❤❡ s✐③❡ ♦❢ t❤✐s ❡✛❡❝t ✐s ❣❡♥❡r❛❧❧② ❞❡❡♠❡❞ t♦ ❜❡ ❢❛✐r❧② s♠❛❧❧ ✭Pr❡st♦♥✱ ✷✵✶✹✮✳ ❚❤✉s✱ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s
st✉❞②✱ ♦✉r ❛ss✉♠♣t✐♦♥ ✐s ❛ r❡❛s♦♥❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

✷✸❆❧t❡r♥❛t✐✈❡❧②✱ l ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ r❡❞✉❝❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❢♦r❣♦♥❡ t❛① r❡✈❡♥✉❡ ❞✉❡ t♦ t❤❡ ✐♥✐t✐❛❧ ❧❛❝❦
♦❢ s✉❝❤ ❝♦✉♥tr②✲s♣❡❝✐✜❝ s❦✐❧❧s ♦r t♦ ❛ ❧♦✇❡r ❛✈❡r❛❣❡ ♣r♦❞✉❝t✐✈✐t② ❛♠♦♥❣ ✐♠♠✐❣r❛♥ts r❡❧❛t✐✈❡ t♦ t❤❡ ♥❛t✐✈❡s✳

✷✹❚❤❡ ♦✉t❧✐♥❡❞ ♣❡♥s✐♦♥ s②st❡♠ ✐s ✈❡r② ✢❡①✐❜❧❡✳ ■t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❜♦t❤ ❛ ❇❡✈❡r✐❞❣❡❛♥ ✭✐❢ pt ✐s ❝♦♥st❛♥t ✐♥ yit−1✮

❛♥❞ ❛ ❇✐s♠❛r❝❦✐❛♥ ✭✐❢ pt ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❧✐♥❡❛r ✐♥ yit−1✮ ♣❡♥s✐♦♥ s②st❡♠✱ ❛s ✇❡❧❧ ❛s ✇✐t❤ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t✇♦✳
❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❝♦❧❧❡❝ts ♣❡♥s✐♦♥ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❡❛❝❤ ✇♦r❦❡r ❛♥❞ ❝♦♠♠✐ts t♦ ♣❛②
❛ ♣❡♥s✐♦♥ ✇❤✐❝❤ ✐s ✐♥❝r❡❛s✐♥❣ t❤❡ ✇♦r❦❡r✬s ❝♦♥tr✐❜✉t✐♦♥✳

✷✺❆✉t♦♠❛t✐❝ ❜❛❧❛♥❝❡ ♠❡❝❤❛♥✐s♠s ❛r❡ ❜❡❝♦♠✐♥❣ ✐♥❝r❡❛s✐♥❣❧② ❝♦♠♠♦♥✳ ❚❤❡s❡ ♠❡❝❤❛♥✐s♠s ❝♦♥s✐st ♦❢ ❛ ❢♦r♠✉❧❛ t❤❛t
tr❛♥s❧❛t❡s ❛ ❝❤❛♥❣❡ ✐♥ ❛✈❡r❛❣❡ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ✐♥t♦ ❛ ❝❤❛♥❣❡ ✐♥ ♠♦♥t❤❧② ♣❡♥s✐♦♥ ♣❛②♠❡♥ts ✭❡✳❣✳✱ ❋✐♥❧❛♥❞ ❛❢t❡r t❤❡ ✷✵✵✺
r❡❢♦r♠✮✱ ♦r ✐♥t♦ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ r❡t✐r❡♠❡♥t ❛❣❡ ✭❡✳❣✳✱ ■t❛❧② ❛❢t❡r r❡❢♦r♠s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✷✵✶✵ ❛♥❞ ❡①t❡♥❞❡❞ ✐♥ ✷✵✶✶✮✳
❆✉t♦♠❛t✐❝ ❜❛❧❛♥❝❡ ♠❡❝❤❛♥✐s♠s ❛r❡ ❛❧s♦ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ♣❡♥s✐♦♥ s②st❡♠s ♦❢ ❈❛♥❛❞❛✱ ●❡r♠❛♥②✱ ❏❛♣❛♥ ❛♥❞ ❙✇❡❞❡♥✳

✶✷



st✉❞✐❡s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❡①t❡♥t ❛t ✇❤✐❝❤ ✇♦r❦✐♥❣✲❛❣❡ ♣❡♦♣❧❡ ❝❛♥ r❡❞✉❝❡ t❤❡✐r ♥❡t tr❛♥s❢❡rs t♦ t❤❡

❡❧❞❡r❧② t❤r♦✉❣❤ t❛①❛t✐♦♥ ✐s ❧✐♠✐t❡❞✱ ❛s t❤❡ ❧♦♥❣✲r✉♥ s✉st❛✐♥❛❜✐❧✐t② ♦❢ t❤❡ ✐♥t❡r❣❡♥❡r❛t✐♦♥❛❧ ❛❣r❡❡♠❡♥t

❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ♥❡t ❜❡♥❡✜ts ②♦✉♥❣ ❡①♣❡❝t t♦ r❡❝❡✐✈❡ ✐♥ ♦❧❞ ❛❣❡✳ ■♥ ❧✐♥❡ ✇✐t❤ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥✱ pit

❞❡♥♦t❡s t❤❡ ♣r♦♠✐s❡❞ ♣❡♥s✐♦♥ ♥❡t ♦❢ t❛①❡s ♦♥ s♦❝✐❛❧ s❡❝✉r✐t② ❜❡♥❡✜ts✳✷✻

❲❤✐❧❡ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❛❞♠✐tt❡❞❧② r❡str✐❝t✐✈❡✱ t❤❡② ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣r✐♥❝✐♣❧❡ ❡♠❜❡❞❞❡❞

✐♥ ♠♦st s♦❝✐❛❧ s❡❝✉r✐t② s②st❡♠s✖✐♥❞✐✈✐❞✉❛❧ ♣❡♥s✐♦♥ ❜❡♥❡✜ts ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛t t❤❡ t✐♠❡ ♦❢ r❡t✐r❡♠❡♥t

♦r ❡❛r❧✐❡r ❛♥❞ ❛r❡ ♠♦st❧② ✉♥❛✛❡❝t❡❞ ❜② ♣♦❧✐❝② ❝❤❛♥❣❡s t❤❛t ♦❝❝✉r ❛❢t❡r✇❛r❞s✳

✷✳✶✳✻ P✉❜❧✐❝ ❋✐♥❛♥❝❡s

❚❤❡ ♣✉❜❧✐❝ s❡❝t♦r r❛✐s❡s r❡✈❡♥✉❡ t❤r♦✉❣❤ ❛ ❧✐♥❡❛r t❛① τt ♦♥ ❧❛❜♦✉r ✐♥❝♦♠❡ ❛♥❞ s♣❡♥❞ ✐t ♦♥ ♣✉❜❧✐❝ s❡❝t♦rs

s❛❧❛r✐❡s✱ ✐♠♠✐❣r❛t✐♦♥ ❝♦sts✱ ❛♥❞ ♣❡♥s✐♦♥s ❢♦r t❤❡ ❡❧❞❡r❧②✳

❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ♣✉❜❧✐❝ ❞❡❜t ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ✐s ❜❛❧❛♥❝❡❞ ✐♥ ❡✈❡r② ♣❡r✐♦❞✳

❚❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s ❜✉t ❞♦❡s ♥♦t ❛✛❡❝t ✈♦t❡r tr❛❞❡✲♦✛s✳ ❯s✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞

❢♦r♠✉❧❛s ❢♦r t❤❡ t♦t❛❧ ♣✉❜❧✐❝ s❡❝t♦r s❛❧❛r② ❝♦sts Gtȳ(mt + nt)✱ t♦t❛❧ ♣❡♥s✐♦♥ ❡①♣❡♥❞✐t✉r❡s γȳnt ❛♥❞

✐♠♠✐❣r❛t✐♦♥ ❝♦sts l mtȳ✱ t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿

τt ≥
Gt (nt +mt) ȳ + γȳnt + l mtȳ

(nt +mt) ȳ
=
Total Spendingt
Total Outputt

✭✹✮

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✮ ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t✱ ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ♦❢ t♦t❛❧ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣

t♦ t♦t❛❧ ♦✉t♣✉t✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❡❝♦♥♦♠✐❝ ❧✐❜❡r❛❧✐s♠ ✭✈s✳ ✐♥t❡r✈❡♥t✐♦♥✐s♠s✮ ♦❢ t❤❡ ✜s❝❛❧

♣♦❧✐❝②✱ ❞❡♥♦t❡❞ ❜② Lt✱ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠ s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t ✐♥ ♣❡r✐♦❞ t ❛t ❣✐✈❡♥

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝②Mt ❛♥❞ ✐ts ❛❝t✉❛❧ ❧❡✈❡❧✳ ●✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ♦♥ t❤❡ s♦❝✐❛❧ s❡❝✉r✐t② s②st❡♠✱

✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t Lt = G − Gt ✭✐✳❡✳✱ ✐t ❞❡♣❡♥❞s s♦❧❡❧② ♦♥ ❡♥❞♦❣❡♥♦✉s ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✮✳ ❚❤✐s

✈❛r✐❛❜❧❡ ❝❤❛♥❣❡ ✐s ❥✉st ❛ ♠❛tt❡r ♦❢ ❝♦♥✈❡♥✐❡♥❝❡✖t❤❡ r❡❛s♦♥s ❜❡❤✐♥❞ ✐t ✐s ♠❛❞❡ ❝❧❡❛r ✐♥ ❙❡❝t✐♦♥ ✸✳

❆ss✉♠✐♥❣ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ✇✐t❤ ❡q✉❛❧✐t②✱✷✼ ✇❡ ❝❛♥ s♦❧✈❡ ✭✹✮

❢♦r τt ❛♥❞ ❞❡✜♥❡ t❤❡ t❛① r❛t❡ ❢✉♥❝t✐♦♥ τ (Mt, Lt) ❛s ❢♦❧❧♦✇s✿

τ (Mt, Lt) = γ +G− Lt − (γ − l)Mt ✭✺✮

✷✻❖❢ ❝♦✉rs❡✱ ✐♥ r❡❛❧✐t② ♥❡t ♣❡♥s✐♦♥ ❜❡♥❡✜ts ♠❛② ❜❡ ❛✛❡❝t❡❞ ❜② ❝❤❛♥❣❡s ✐♥ t❤❡ t❛① ♣♦❧✐❝②✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ r❡❛s♦♥s
s✉♠♠❛r✐③❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ t❛① r❛t❡ ♦♥ s♦❝✐❛❧ s❡❝✉r✐t② ❜❡♥❡✜ts ✐s ✉♥❧✐❦❡❧② t♦ ❜❡ ✈❡r② r❡s♣♦♥s✐✈❡ t♦ ❡♥❞♦❣❡♥♦✉s ♣♦❧✐❝②
❝❤❛♥❣❡s✳ ▼♦r❡♦✈❡r✱ s♦❝✐❛❧ s❡❝✉r✐t② ❢♦r t❤❡ ❡❧❞❡r❧② ♦❢t❡♥ ✐♥❝❧✉❞❡s ❜❡♥❡✜ts t❤❛t ❛r❡ ❡①❡♠♣t ❢r♦♠ t❛①❡s✱ s✉❝❤ ❛s ♣✉❜❧✐❝
❤❡❛❧t❤ ✐♥s✉r❛♥❝❡ ✭❡✳❣✳✱ ▼❡❞✐❝❛r❡ ✐♥ t❤❡ ❯❙✮ ❛♥❞ s✉❜s✐❞✐③❡❞ ❤♦♠❡ s❡r✈✐❝❡s✳

✷✼❚❤✐s ♠✉st ❜❡ tr✉❡ ❛t ❛♥② ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ✈♦t✐♥❣ ❣❛♠❡✳ ❚❤✐s ❜❡❝♦♠❡s ❝❧❡❛r ❛❢t❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ✐s
❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳

✶✸



✇❤❡r❡ ✇❡ ❛ss✉♠❡ 0 < G < 1 − γ t♦ ❡♥s✉r❡ t❤❛t 0 < τ (Mt, Lt) < 1 ❢♦r ❛❧❧ (Mt, Lt) ∈ X✳✷✽ ❚❤❡

❝♦♥s❡q✉❡♥❝❡s ♦❢ r❡❧❛①✐♥❣ t❤✐s ❛ss✉♠♣t✐♦♥ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳

◆♦t❡ t❤❛t ❢♦r♠✉❧❛ ✭✺✮ s✉❣❣❡sts t❤❛t ✇♦r❦✐♥❣✲❛❣❡ ❝✐t✐③❡♥s ❝❛♥ ❡❛s❡ t❤❡✐r t❛① ❜✉r❞❡♥ ❜② ✈♦t✐♥❣ ❢♦r ♠♦r❡

♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s s♦ ❧♦♥❣ ❛s γ > l ✭✐✳❡✳✱ s♦ ❧♦♥❣ ❛s ✐♠♠✐❣r❛t✐♦♥ ❝♦sts ❛r❡ ♥♦t t♦♦ ❧❛r❣❡✮✳

❋♦r♠✉❧❛ ✭✺✮ ❛❧s♦ ✐❧❧✉str❛t❡s t❤❛t t❤❡ t❛① r❛t❡ τ (Mt, Lt) ✐s ❛❧s♦ ❡q✉❛❧ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t✳

❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❛ ✇♦r❦✐♥❣✲❛❣❡ ✐♥❞✐✈✐❞✉❛❧✬s ♣r✐✈❛t❡ ❣♦♦❞s ❝♦♥s✉♠♣t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❤❡r ♣♦st✲

t❛① ✐♥❝♦♠❡✱ s✉❝❤ t❤❛t Cit = [1− τ (Mt, Lt)] y
i
t✳

✷✳✶✳✼ P♦❧✐❝② ❙♣❛❝❡

❱♦t❡rs ❢❛❝❡ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t✳ P♦❧✐❝② ♣❧❛t❢♦r♠s ❝♦♥s✐st ♦❢ ❛♥ ✐♠♠✐❣r❛t✐♦♥

q✉♦t❛ Mt ❛♥❞ ❛ ❞❡❣r❡❡ ♦❢ ❡❝♦♥♦♠✐❝ ❧✐❜❡r❛❧✐s♠ Lt✳ ▲❡t M ∈
[
0,M

]
❜❡ t❤❡ ❧❡✈❡❧ ♦❢ Mt t❤❛t s❛t✐s✜❡s

c′ (M) = 0✳✷✾ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s t❤❡ s❡t X ≡
[
M,M

]
×

[
0, G

]
✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t (Mt, Lt)✳✸✵

✷✳✶✳✽ ❈✐t✐③❡♥s✬ ❖❜❥❡❝t✐✈❡ ❋✉♥❝t✐♦♥

▲❡t ϕ = (β, γ, λ,∆, σm, ξ, l, ρ) ❜❡ ❛ ✈❡❝t♦r ♦❢ ❝♦♠♠♦♥ ♣❛r❛♠❡t❡rs✳ ❯s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❢♦r pit ✐♥t♦

t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ❡❧❞❡r❧② ❝✐t✐③❡♥ ✐♥ ✭✷✮ ■ ♦❜t❛✐♥ t❤❡✐r ✐♥❞✐r❡❝t ✉t✐❧✐t②✱ ✇❤✐❝❤ ✐s s❤♦✇♥ t❤r♦✉❣❤

U i,Ot
(
pt(y

i
t−1, gt),Mt, G− Lt

)
= pt(y

i
t−1, gt)+d(G−Lt)+ c(Mt)✳ ❚❤✐s ❢♦r♠✉❧❛ s❤♦✇s t❤❛t ❛♥ ♦❧❞ ❝✐t✐✲

③❡♥s✬ ♣r❡❢❡r❡♥❝❡s ♦✈❡r (Mt, Lt) ✐♥ ♣❡r✐♦❞ t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡✐r ♣❡♥s✐♦♥ ❧❡✈❡❧s✱ ✐♥❝♦♠❡ ✇❤❡♥ ②♦✉♥❣✱

❡①♣❡❝t❛t✐♦♥s ♦❢ ❢✉t✉r❡ ♣♦❧✐❝✐❡s (Mt+1, Lt+1)✱ ❛♥❞ ❤✐st♦r② ✉♣ t♦ ♣❡r✐♦❞ t✳ ❚❤✉s✱ ❛❧❧ ❡❧❞❡r❧② ❤❛✈❡ t❤❡ s❛♠❡

♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s❀ ❛s s✉❝❤✱ t❤❡② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ui,Ot = u ((Mt, Lt), (Mt+1, Lt+1);−1, ϕ, gt)✱

✇❤✐❝❤ ❤❛s t❤❡ ❢♦r♠✉❧❛✿

ui,Ot = d(G− Lt) + c(Mt), ✭✻✮

✇❤❡r❡ θt = −1 ❞❡♥♦t❡s t❤❡ ♣r❡❢❡r❡♥❝❡ t②♣❡ ♦❢ ❛❧❧ ♦❧❞ ❝✐t✐③❡♥s✳

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❞r❛♠❛t✐❝❛❧❧② s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s✳ ❙✐♥❝❡ ui,Ot ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θit−1 ❛♥❞ Q (θt; ρ)

✐s t✐♠❡✲✐♥✈❛r✐❛♥t✱ t❤❡ ❞②♥❛♠✐❝ ❢r❛♠❡✇♦r❦ ❡ss❡♥t✐❛❧❧② ❜❡❝♦♠❡s ❡q✉✐✈❛❧❡♥t t♦ ♦♥❡ ✐♥ ✇❤✐❝❤ ❛♥ ❡♥t✐r❡❧②

♥❡✇ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝✐t✐③❡♥s r❡♣❧❛❝❡s t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ♣❡r✐♦❞✱ s✉❝❤ t❤❛t t❤❡ ❛❣❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✏♥❡✇✑ ✜❝t✐t✐♦✉s ♣♦♣✉❧❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ s♦❧❡❧② ❜② t❤❡ ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝②

✷✽❚❤✐s r❡str✐❝t✐♦♥ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ r❡s✉❧ts ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t♦ ❤♦❧❞✳ ■❢ t❤❡ t❛① r❛t❡ ❤✐ts t❤❡ ✉♣♣❡r ❜♦✉♥❞✱ t❤❡
♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❜❡❝♦♠❡ t❤♦s❡ ♦❢ ❛ st❛♥❞❛r❞ ❜❡♥❡✜t ❛❞❥✉st♠❡♥t ♠♦❞❡❧✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳

✷✾❙✉❝❤ ✈❛❧✉❡ ❛❧✇❛②s ❡①✐sts ✐♥
[

0,M
]

❣✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥s ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✳
✸✵◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❡①❝❧✉❞❡s ❢r♦♠ X ❛❧❧ t❤❡ ♣♦❧✐❝✐❡s ✇✐t❤ Mt < M ✭✐❢ ❛♥② ❡①✐sts ✐♥ X✮✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s

✐♥♥♦❝✉♦✉s ❜❡❝❛✉s❡ ♥♦♥❡ ♦❢ t❤❡s❡ ♣♦❧✐❝✐❡s ❛r❡ P❛r❡t♦ ❡✣❝✐❡♥t✱ ♠❡❛♥✐♥❣ t❤❡② ❝❛♥♥♦t ❜❡ ❝r❡❞✐❜❧② ♣r♦♣♦s❡❞ ❜② ❛♥② ♣❛rt②✳

✶✹



r❛t✐♦ gt✳ ❚❤✉s✱ t❤❡ ♠♦❞❡❧ ❡①❤✐❜✐ts ♥♦ ❞②♥❛♠✐❝ ❢❡❛t✉r❡s t②♣✐❝❛❧ ♦❢ ❛♥ ❖▲● ♠♦❞❡❧ ❛s✐❞❡ ❢r♦♠ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✉♥✐q✉❡ ❛❣❣r❡❣❛t❡ st❛t❡ gt✳✸✶

❆ ②♦✉♥❣ ❝✐t✐③❡♥ ❤❛s ♣r❡❢❡r❡♥❝❡ t②♣❡ ❡q✉❛❧ t♦ t❤❡✐r ♣r♦❞✉❝t✐✈✐t② ♣❛r❛♠❡t❡r θt ∈ [0,+∞)✳ ■ ❝♦♥str✉❝t

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝✐t✐③❡♥ t②♣❡s θt ✐♥ ♣❡r✐♦❞ t ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❤✐st♦r② ht✮✱ ✇❤✐❝❤ ♣♦ss❡ss❡s t❤❡ ❢♦❧❧♦✇✐♥❣

❝✳❞✳❢✳✿

Ft (θt; ρ | ht) =





0 if θt < −1

gt(ht)
1+gt(ht)

if −1 ≤ θt < 0

gt(ht)+Q(θt;ρ)
1+gt(ht)

if θt ≥ 0

✭✼✮

✇❤❡r❡ gt(ht) ❞❡♥♦t❡s t❤❡ ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ♣r❡✈❛✐❧✐♥❣ ❛❢t❡r ❤✐st♦r② ht ∈ Ht✳ ▲❛st❧②✱ ■

✉s❡ ✭✼✮ t♦ ❞❡✜♥❡ t❤❡ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t ♦❢ ❝✐t✐③❡♥s✬ t②♣❡s ❛t t✐♠❡ t ❛s Θt := {−1} ∪ [0,+∞) ✭✐✳❡✳✱ t❤❡

s❡t ♦❢ t②♣❡s t❤❛t ♣♦ss❡ss ♥♦♥✲③❡r♦ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❬♦r ♠❛ss❪✮✳

■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ ✇❡ ❞❡r✐✈❡ ❛ ②♦✉♥❣ ❝✐t✐③❡♥✬s ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝✐❡s ❛t t✐♠❡ t ❛s t❤❡✐r ❡①♣❡❝t❡❞

✐♥❞✐r❡❝t ✉t✐❧✐t② ui,Yt = u
(
(Mt, Lt), (Mt+1, Lt+1); θ

i
t, ϕ, gt

)
✳ ❯s✐♥❣ ❢♦r♠✉❧❛ ✭✶✮✱ t❤✐s ❜❡❝♦♠❡s✿

ui,Yt =
[1− τ (Mt, Lt)] ξθ

i
t + b(G− Lt) + c(Mt)+

+βλEt
[
pt+1(ξθ

i
t, gt+1) + d(G− Lt+1) + c(Mt+1) | (Mt, Lt), ht

] ✭✽✮

✇❤❡r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ❡①♣❡❝t❛t✐♦♥s r❡❣❛r❞✐♥❣ ❢✉t✉r❡ ♣♦❧✐❝✐❡s (Mt+1, Lt+1) ❣✐✈❡♥ t❤❡

❤✐st♦r② ht ❛♥❞ ❝✉rr❡♥t ♣♦❧✐❝② ❝❤♦✐❝❡s (Mt, Lt)✳

❋♦r♠✉❧❛s ✭✻✮ ❛♥❞ ✭✽✮ ❞❡♠♦♥str❛t❡ t❤❛t ❧♦✇✲✐♥❝♦♠❡ ❛♥❞ ❡❧❞❡r❧② ❝✐t✐③❡♥s ❛❧✇❛②s ♣r❡❢❡r✱ ❣✐✈❡♥ ❛ ❝❡rt❛✐♥

❧❡✈❡❧ ♦❢ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✱ ❛ ♣♦❧✐❝② t❤❛t ✜♥❛♥❝❡s ✐t t❤r♦✉❣❤ ❤✐❣❤❡r ✐♥❝♦♠❡ t❛①❡s r❛t❤❡r t❤❛♥ t❤r♦✉❣❤ ❛

❧❛r❣❡r ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts✳ ❚❤✐s tr❛❞❡♦✛ ❤♦❧❞s tr✉❡ ❞❡s♣✐t❡ t❤❡ ♥❡t ♣♦s✐t✐✈❡ ✜s❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢

✐♠♠✐❣r❛♥ts✱ ♦❢ ✇❤✐❝❤ t❤❡ ❡❧❞❡r❧② ❛♥❞ t❤❡ ♣♦♦r ❛r❡ ♥❡t ❜❡♥❡✜❝✐❛r✐❡s✳

✷✳✷ ❚❤❡ P♦❧✐t✐❝❛❧ Pr♦❝❡ss

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t✳

❆ ❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✳

✸✶❇❡❝❛✉s❡ ❡❛❝❤ ♦❧❞ ❝✐t✐③❡♥ i✬s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ ♣❡r✐♦❞ t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θit✱ t❤❡ st❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠② ✐s ❢✉❧❧②
s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❛❣❣r❡❣❛t❡ st❛t❡ gt✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ s✐♥❣❧❡ ❝♦❧❧❡❝t✐✈❡ ❛❣❡♥t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ✭❞❡t❛✐❧s ♣r♦✈✐❞❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✮✇✐t❤♦✉t ♥❡❡❞✐♥❣ t♦ ✐♥❝❧✉❞❡ ❡❛❝❤ ❝✐t✐③❡♥✬s ♣r♦❞✉❝t✐✈✐t② t②♣❡ ✐♥ t❤❡ st❛t❡ s♣❛❝❡✳

✶✺



❲❡ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ❡♥❞♦❣❡♥♦✉s ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s t❤❛t ✐♥❝♦r♣♦r❛t❡s t❤❡

❦❡② ✐♥s✐❣❤ts ❢r♦♠ ❉♦tt✐ ✭✷✵✶✾❛✱ ✷✵✷✵✮ ✐♥t♦ ❛ ❞②♥❛♠✐❝ s❡tt✐♥❣ ❜❛s❡❞ ♦♥ ▼❛s❦✐♥ ❛♥❞ ❚✐r♦❧❡ ✭✷✵✵✶✮✳

■♥ ❡❛❝❤ ♣❡r✐♦❞ t✱ ❛ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss tr❛♥s❧❛t❡s ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s ✐♥t♦ ❛ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t =

(M∗
t , L

∗
t ) ∈ X∪

{
x0

}
✱ ✇❤❡r❡ x0 ✐s t❤❡ ❞❡❢❛✉❧t ♣♦❧✐❝②✳✸✷ ❊❛❝❤ t②♣❡ ♦❢ ❝✐t✐③❡♥ ✐s ♠❡♠❜❡r ♦❢ ❛ s✐♥❣❧❡ ♣❛rt②

P jt ∈ Pt✱ ✇❤❡r❡ Pt =
{
P 1
t , P

2
t , ..., P

J
t

}
✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ Θ✳ ❊❛❝❤ ♣❛rt② P jt s❡❧❡❝ts ♦♥❡ t②♣❡ θj ∈ P jt ✱

✇❤♦ ❝❛♥ ❡✐t❤❡r r✉♥ ✐♥ ❡❧❡❝t✐♦♥s ❛s ❛ ❝❛♥❞✐❞❛t❡ ♦r r❡♠❛✐♥ ✐♥❛❝t✐✈❡✳ ❊❛❝❤ ❝❛♥❞✐❞❛t❡ ❝r❡❞✐❜❧② ❝♦♠♠✐ts

t♦ ❛ ♣❧❛t❢♦r♠ ajt ∈ X✳ ❚❤❡ ❝✐t✐③❡♥s ❝❤♦♦s❡ t❤❡ ✇✐♥♥✐♥❣ ❝❛♥❞✐❞❛t❡ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛❥♦r✐t② r✉❧❡✳

▲❡t
{
ajt

}
P

j
t ∈Pt

❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♣❛rt② ♣❧❛t❢♦r♠s ✐♥ ♣❡r✐♦❞ t✱ ✇❤❡r❡ ajt = ∅ ❞❡♥♦t❡s ❛♥

✐♥❛❝t✐✈❡ ♣❛rt②✱ ❛♥❞ At(Pt) ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ♣♦❧✐❝② ♣❧❛t❢♦r♠s ❛✈❛✐❧❛❜❧❡ t♦ ✈♦t❡rs ✐♥ ❣✐✈❡♥

♣❛rt② str✉❝t✉r❡ Pt✳

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ❜✉✐❧❞s ♦♥ ▼❛s❦✐♥ ❛♥❞ ❚✐r♦❧❡✬s ✭✷✵✵✶✮ ❞❡✜♥✐t✐♦♥ ♦❢ ▼❛r❦♦✈ ♣❡r❢❡❝t ❡q✉✐✲

❧✐❜r✐✉♠✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✳

❋✐rst✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② s ❛s ❛ ❢✉♥❝t✐♦♥ t❤❛t s❡❧❡❝ts ❛ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ ❛t ❡❛❝❤ ♣♦✐♥t

✐♥ t✐♠❡ t ❛♥❞ ❛❢t❡r ❛♥② ❤✐st♦r② ht ∈ Ht✱ ✇❤❡r❡ Ht ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❤✐st♦r✐❡s ✉♣ t♦ ♣❡r✐♦❞

t✳ ❆ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ ✐♥ ♣❡r✐♦❞ t ✐s ❛ t✉♣❧❡ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❝✐t✐③❡♥s ✐♥t♦ ♣❛rt✐❡s

Pt✱ ❛ s❡t ♦❢ ♣❛rt② ♣❧❛t❢♦r♠s At(Pt)✱ ❛♥❞ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② x∗t ✳

■♥ ❧✐♥❡ ✇✐t❤ ▼❛s❦✐♥ ❛♥❞ ❚✐r♦❧❡ ✭✷✵✵✶✮✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s♦❝✐❡t② ♣❧❛②s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦❧❧❡❝t✐✈❡

str❛t❡❣② ✐♥ ❡✈❡r② ♣❡r✐♦❞ ❛♥❞ ❛❢t❡r ❛♥② ❤✐st♦r② ❛♥❞ t❤❛t t❤✐s ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② ✐s ▼❛r❦♦✈✐❛♥✳ ■♥ ♦t❤❡r

✇♦r❞s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t tr❡❛ts t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝✐t✐③❡♥s ✐♥ ❡❛❝❤ ♣❡r✐♦❞✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ▼❛r❦♦✈ ♣❡r❢❡❝t✐♦♥✱ ❛s ❛ ❝♦❧❧❡❝t✐✈❡ ❛❣❡♥t✳✸✸

❲❡ ❞❡♣❛rt ❢r♦♠ ▼❛s❦✐♥ ❛♥❞ ❚✐r♦❧❡ ✭✷✵✵✶✮ ✐♥ t❤❡ t②♣❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✐s ♣❧❛②❡❞ ✐♥ ❡✈❡r② ♣❡r✐♦❞✳

❚❤❡② ❛❞♦♣t ❛ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t✿ t❤❡ ❛❣❡♥ts ❛r❡ r❡q✉✐r❡❞ t♦ ♣❧❛② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛❢t❡r

❛♥② ❤✐st♦r②✳ ■♥ ❝♦♥tr❛st✱ ✇❡ ❞❡✜♥❡ s✉❜❣❛♠❡ ♣❡r❢❡❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝♦♦♣❡r❛t✐✈❡ ❝♦♥❝❡♣t t❤❛t ✇❡

r❡❢❡r t♦ ❛s st❛❜❧❡ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ ✭❙P❖✮✳ ❚❤❡ ❙P❖ ✐s ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ st❛t✐❝ ❡q✉✐❧✐❜r✐✉♠

❝♦♥❝❡♣t ✐♥ ❉♦tt✐ ✭✷✵✶✾❛✮✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❛♥ ❡✈♦❧✉t✐♦♥ ♦❢ ▲❡✈② ✭✷✵✵✹✮✳

■♥❢♦r♠❛❧❧②✱ ❛ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ 〈Pt, At(Pt), x∗t 〉 ✐♥ ♣❡r✐♦❞ t ✐s ❛ ❙P❖ ❣✐✈❡♥ ht ❛♥❞ s ✐❢ s❛t✐s✜❡s✿

✭✐✮ ▼❛❥♦r✐t② r✉❧❡ ✭▼❘✮✿ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② x∗t ✐s s❡❧❡❝t❡❞ ❢r♦♠ At(Pt) t❤r♦✉❣❤ ♠❛❥♦r✐t② r✉❧❡

✇❤❡♥❡✈❡r s✉❝❤ ♠❡t❤♦❞ ❞❡❧✐✈❡rs ❛♥ ♦✉t❝♦♠❡❀ ♦t❤❡r✇✐s❡✱ ✐t ✐s t❤❡ ❞❡❢❛✉❧t ♣♦❧✐❝② x0✳✸✹

✸✷❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞❡❢❛✉❧t ♣♦❧✐❝② x0 s❛t✐s✜❡s u
(

x0, xt+1θt, ϕ, gt
)

= −∞ ❢♦r ❛❧❧ θt ∈ Θ ❛♥❞ ❛❧❧ ϕ ∈ Φ✳❚❤✐s ❛ss✉♠♣t✐♦♥
✐s ❝♦♠♠♦♥ ✐♥ s✐♠✐❧❛r ♠♦❞❡❧s ♦❢ ❡❧❡❝t✐♦♥s✱ s✉❝❤ ❛s ▲❡✈② ✭✷✵✵✹✱ ✷✵✵✺✮ ❛♥❞ ❉♦tt✐ ✭✷✵✷✵✮✳

✸✸❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ❞②♥❛♠✐❝ ♣r♦❜❧❡♠ ❢❡❛t✉r❡s ❛ ✉♥✐q✉❡ ❛❣❣r❡❣❛t❡ st❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✱ ❛s
✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

✸✹❲❡ ❛❞♦♣t t❤❡ tr❛❞✐t✐♦♥❛❧ s♦❝✐❛❧ ❝❤♦✐❝❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❝❤ ❛ ♠❡t❤♦❞✳ ❚❤✐s ❞✐✛❡rs ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♠❛❥♦r✐t② r✉❧❡
❛s ❛ ✈♦t✐♥❣ ♠❡t❤♦❞ ✐♥ ❡❧❡❝t✐♦♥s ✭s❡❡✿ ▼❛②✱ ✶✾✺✷✮✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❤♦♦s✐♥❣ t❤❡ ✇✐♥♥✐♥❣ ❝❛♥❞✐❞❛t❡ ✉s✐♥❣

✶✻



✭✐✐✮ ❈✐t✐③❡♥✲❝❛♥❞✐❞❛t❡s ✭❈❈✮✿ ❡❛❝❤ ♣❛rt②✬s ♣❧❛t❢♦r♠ ✐s ❝r❡❞✐❜❧❡ ♦♥❧② ✐❢ ✐t ✐s ❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ ❛ ♣❛rt②

♠❡♠❜❡r✱ ❛s ✐♥ ❖s❜♦r♥❡ ❛♥❞ ❙❧✐✈✐♥s❦✐ ✭✶✾✾✻✮ ❛♥❞ ❇❡s❧❡② ❛♥❞ ❈♦❛t❡ ✭✶✾✾✼✮✳✸✺

✭✐✐✐✮ P❛rt✐s❛♥ ▼❡♠❜❡rs❤✐♣ ✭P▼✮✿ ❛ ❝✐t✐③❡♥ ✐s ♠❡♠❜❡r ♦❢ ❛ ♣❛rt② ♦♥❧② ✐❢ t❤❡② ✇❡❛❦❧② ♣r❡❢❡r t❤❡ ♣❛rt②

♣❧❛t❢♦r♠ t♦ t❤❛t ♣r♦♣♦s❡❞ ❜② ❛♥② ♦t❤❡r ♣❛rt②✳✸✻

✭✐✈✮ ❈♦r❡ ❙t❛❜✐❧✐t② ✭❈❙✮✿ ❛ ♣❛rt✐t✐♦♥ ✐s st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ♥♦ ❝✐t✐③❡♥ ❝♦❛❧✐t✐♦♥ t❤❛t✖

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❛❝t✐♦♥s ❛♥❞ t❤❡ ♣❛rt② ♠❡♠❜❡rs❤✐♣ ♦❢ ♦t❤❡r ❝✐t✐③❡♥s✖❝❛♥ ♦❜t❛✐♥ ❛ str✐❝t❧② ❜❡tt❡r

♦✉t❝♦♠❡ ❢♦r ❛❧❧ ✐ts ♠❡♠❜❡rs ❜② ❢♦r♠✐♥❣ ❛ ♥❡✇ ♣❛rt② ❛♥❞ s❡❧❡❝t✐♥❣ ❛ ❝❛♥❞✐❞❛t❡ ❛♠♦♥❣ ✐ts ♠❡♠❜❡rs✳✸✼

❙❡❝♦♥❞✱ ✇❡ ❞❡✜♥❡ ❛ ▼❛r❦♦✈✲♣❡r❢❡❝t ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✭▼PP❊✮ ❛s ❛ ▼❛r❦♦✈✐❛♥ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣②

t❤❛t ❢♦r♠s ❛ ❙P❖ ❛❢t❡r ❛♥② ❤✐st♦r② ht ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t✱ ❢♦r ❛♥② t = 1, 2, ... ❚❤❡ ▼PP❊ ✐s ❣❡♥❡r❛❧❧②

♥♦t ✉♥✐q✉❡❀ ❤♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❛ ✉s❡❢✉❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛❧❧ ❡q✉✐❧✐❜r✐❛ ✉♥❞❡r r❡❧❛t✐✈❡❧② ♠✐❧❞

r❡str✐❝t✐♦♥s✳

❚❤✐r❞✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ✐♥ ♣❡r✐♦❞ t ✭❞❡♥♦t❡❞ ❜② θpt ✮ ❛s ❛ t②♣❡ ♦❢ ❝✐t✐③❡♥✖✐❢ ♦♥❡ ❡①✐sts✖

❢♦r ✇❤✐❝❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② x∗t ✐♥ ♣❡r✐♦❞ t ❣✐✈❡♥ ❤✐st♦r② ht ❢♦r ❛❧❧ st t❤❛t ❢♦r♠ ❛ ▼PP❊ ✐s t❤❡

✐❞❡❛❧ ♣♦❧✐❝②✖✐✳❡✳✱ x∗t = xpt ✇✐t❤ xpt ∈ argmax
xt∈X

Et
[
u
(
xt, x

∗
t+1; θ

p
t , ϕ, gt

)∣∣ st, ht
]
✳

✸ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠❛✐♥ r❡s✉❧ts✱ ♥❛♠❡❧② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈♦t✐♥❣

❡q✉✐❧✐❜r✐✉♠ ❛♥❞ st❡❛❞②✲st❛t❡ ❛s ✇❡❧❧ ❛s t❤❡ ❛♥❛❧②t✐❝❛❧ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts✳

✸✳✶ ❊q✉✐❧✐❜r✐✉♠ ❊①✐st❡♥❝❡ ❛♥❞ ❈❤❛r❛❝t❡r✐③❛t✐♦♥

❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❤✐❝❤ ✉♥❞❡r♣✐♥s t❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥✱ ❡①❤✐❜✐ts t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ X ✐s ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ t❤❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t (X,≤) ✐s ❛ ❝♦♠♣❧❡t❡ s✉❜❧❛tt✐❝❡

♦❢ (R2,≤)

✭✐✐✮ ❚❤❡ s❡t ♦❢ ❝✐t✐③❡♥ t②♣❡s Θ ✐s ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t✳

❛ ❈♦♥❞♦r❝❡t ♠❡t❤♦❞✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❛❜str❛❝t ❢r♦♠ t❤❡ ✐ss✉❡s t❤❛t t②♣✐❝❛❧❧② ❛r✐s❡ ✐♥ ❡❧❡❝t♦r❛❧ ❣❛♠❡s ✇✐t❤
str❛t❡❣✐❝ ✈♦t❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♠♦st ✈♦t✐♥❣ ♠❡t❤♦❞s ✭✐♥❝❧✉❞✐♥❣ ♣❧✉r❛❧✐t② r✉❧❡ ❛♥❞ ♠❛❥♦r✐t② r✉❧❡✮
②✐❡❧❞ ❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ t❤❡ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ✐s ♥♦t s❡❧❡❝t❡❞ ❡✈❡♥ ✐❢ ♣r❡❢❡r❡♥❝❡s ❛r❡ s✐♥❣❧❡✲♣❡❛❦❡❞✳ ❊①❝❡♣t✐♦♥s ❛r❡ t❤❡
❈♦♥❞♦r❝❡t ♣r♦❝❡❞✉r❡ ❛♥❞ t❤❡ ♠✉❧t✐✲st❛❣❡ r✉♥♦✛ ✭s❡❡✿ ❇❛❣ ❡t ❛❧✳✱ ✷✵✵✾✮✳

✸✺❈♦♥❞✐t✐♦♥ ❈❈ ❝❛♣t✉r❡s t❤❡ ✐❞❡❛ t❤❛t✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ r❡♣✉t❛t✐♦♥ ❝♦♥❝❡r♥s✱ ❛ ♣♦❧✐❝②✲♠♦t✐✈❛t❡❞ ❝❛♥❞✐❞❛t❡ ❝❛♥♥♦t
❝r❡❞✐❜❧② ❝♦♠♠✐t t♦ ❛♥② ♣❧❛t❢♦r♠ ♦t❤❡r t❤❛♥ t❤❡✐r ♠♦st ♣r❡❢❡rr❡❞ ♦♥❡✳

✸✻❈♦♥❞✐t✐♦♥ P▼ ❝❧♦s❡❧② r❡s❡♠❜❧❡s ▲❡✈②✬s ✭✷✵✵✺✮ ❝♦♥❝❡♣t ♦❢ P❛rt✐s❛♥ ❡q✉✐❧✐❜r✐✉♠✳
✸✼❈❙ r❡♣r❡s❡♥ts ❛ ❢❛✐r❧② ✇❡❛❦ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❆❧❧ t❤❡ r❡s✉❧ts ❤♦❧❞ tr✉❡ ❢♦r ❛ r❛♥❣❡ ♦❢ ♠♦r❡ r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥s✱

s❡❡ ❆♣♣❡♥❞✐① ❇✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❛ss✉♠♣t✐♦♥ r❡❣❛r❞✐♥❣ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥s ✐♥ ❝♦❛❧✐t✐♦♥ ❣❛♠❡s
✐♥ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r♠✱ s❡❡ ❘❛② ❛♥❞ ❱♦❤r❛ ✭✷✵✶✶✮✳

✶✼



✭✐✐✐✮ ❈✐t✐③❡♥s✬ ♣r❡❢❡r❡♥❝❡s ❣✐✈❡♥ ❤✐st♦r② ht ❛♥❞ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② s s❛t✐s❢② ◗✉❛s✐s✉♣❡r♠♦❞✉❧❛r✐t② ✭◗❙▼✮

✐♥ (Mt, Lt) ❛♥❞ t❤❡ ❙tr✐❝t ❙✐♥❣❧❡ ❈r♦ss✐♥❣ Pr♦♣❡rt② ✭❙❙❈✮ ✐♥ (Mt, Lt; θt) ✭♣r♦♦❢ ✐♥ ❆♣♣❡♥❞✐① ❇✮

❚❤❡ ❝♦♥❞✐t✐♦♥s ◗❙▼ ❛♥❞ ❙❙❈ ❛r❡ ❡ss❡♥t✐❛❧❧② t❤♦s❡ ❞❡✜♥❡❞ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳ ❚❤❡② ❛r❡

✇✐❞❡❧② ✉s❡❞ ✐♥ ♠❛♥② s✉❜✜❡❧❞s ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✳ ❋♦r♠❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ ◗❙▼ ❛♥❞ ❙❙❈ ❛r❡ ♣r♦✈✐❞❡❞

✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ❤✐❣❤❧✐❣❤t t❤❛t ❙❙❈ ✐s ❛ ♠✉❝❤ ❧❡ss r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥ t❤❛♥ ❜♦t❤ t❤❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

s✐♥❣❧❡ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✐♥ ●❛♥s ❛♥❞ ❙♠❛rt ✭✶✾✾✻✮ ❛♥❞ s✐♥❣❧❡ ♣❡❛❦❡❞♥❡ss ✐♥ ❇❧❛❝❦ ✭✶✾✹✽✮✳ ❆s ❛ r❡s✉❧t✱

t❤✐s ❝♦♥❞✐t✐♦♥ ❛❧♦♥❡ ✐s ✐♥s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r✳ ■♥ ❢❛❝t✱ ✐♥ ♦✉r

❡❝♦♥♦♠✐❝ ♠♦❞❡❧✱ ✈♦t❡r ♣r❡❢❡r❡♥❝❡s s❛t✐s❢② ◗❙▼ ❛♥❞ ❙❙❈ ❜✉t✱ t②♣✐❝❛❧❧②✱ ♥❡✐t❤❡r s✐♥❣❧❡ ♣❡❛❦❡❞♥❡ss ♥♦r

✉♥✐❞✐♠❡♥s✐♦♥❛❧ s✐♥❣❧❡ ❝r♦ss✐♥❣ ♦✈❡r X✳ ❚❤✉s✱ ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ♦✈❡r X ❣❡♥❡r❛❧❧② ❞♦❡s ♥♦t ❡①✐st✳✸✽

●✐✈❡♥ t❤❡s❡ t❤r❡❡ ♣r♦♣❡rt✐❡s✱ ■ ❝❛♥ s❤♦✇ t❤❛t ❛ st❛t✐♦♥❛r② ▼❛r❦♦✈✲♣❡r❢❡❝t ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✭▼PP❊ ✮

❛❧✇❛②s ❡①✐sts ❛♥❞ ❞❡r✐✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t ✳

❚❤❡s❡ r❡s✉❧ts ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ✭✐✮ ❆ st❛t✐♦♥❛r② ▼PP❊ ❛❧✇❛②s ❡①✐sts✳ ✭✐✐✮ ■♥ ❛♥② ▼PP❊ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t+r

❢♦r r = 0, 1, 2, ... ✐s ❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ θpt+r✳ ✭✐✐✐✮ ❚❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥✬s t②♣❡ θpt+r ✐s

✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ gt+r✳ ✭✐✈✮ ❚❤❡r❡ ❡①✐sts ∆̂ > 0✱ s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̂)✱ t❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝②

♦✉t❝♦♠❡ x∗t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ✐s ✉♥✐q✉❡ ❣✐✈❡♥ st❛t❡ gt✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳✶✳

Pr♦♣♦s✐t✐♦♥ ✶✭✐✈✮ ✐♠♣❧✐❡s t❤❛t ✭✶✮ ✐❢ ∆ ≥ ∆̂✱ t❤❡♥ t❤❡r❡ ♠❛② ❜❡ ♠♦r❡ t❤❛♥ ♦♥❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ t❤❛t ✐s

❝♦♥s✐st❡♥t ✇✐t❤ ▼PP❊✱✸✾ ❛♥❞ ✭✷✮ ❡✈❡♥ ✐❢ ∆ ∈ [0, ∆̂) ❤♦❧❞s✱ t❤❡ ▼PP❊ ♠❛② ♥♦t ❜❡ ✉♥✐q✉❡✳ ❤♦✇❡✈❡r✱ ✐♥

❛♥② ▼PP❊✱ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ✐s t❤❡ s❛♠❡✳ ❚❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ✐♥ ❡❛❝❤

♣❡r✐♦❞ t✱ t❤❡r❡ ❛r❡ t②♣✐❝❛❧❧② s❡✈❡r❛❧ ❙P❖s ❢❡❛t✉r✐♥❣ ❞✐✛❡r❡♥t ♣❛rt② str✉❝t✉r❡s Pt ❢♦r ❛♥② ❣✐✈❡♥ st❛t❡ gt

t❤❛t ❛❧❧ s✉♣♣♦rt t❤❡ s❛♠❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t = xpt ✳

✸✽❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛♥❞ ♣r♦♦❢ ♦❢ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ✐♥ ♦✉r s❡t✉♣ ❛r❡
♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳

✸✾■♥ s✉❝❤ ❛ ❝❛s❡ t❤❡r❡ ♠❛② ❜❡ ♠✉❧t✐♣❧❡ ❢✉t✉r❡ ❡q✉✐❧✐❜r✐✉♠ tr❛❥❡❝t♦r✐❡s ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♣❡r❢❡❝t ❢♦r❡s✐❣❤t✳

✶✽



✸✳✷ ■♥t✉✐t✐♦♥

❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r♣✐♥♥✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈♦t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✐s s✐♠♣❧❡✳ ❋♦r ✐❧❧✉s✲

tr❛t✐✈❡ ♣✉r♣♦s❡s✱ s✉♣♣♦s❡ ∆ ∈ [0, ∆̂)✱✹✵ ❛♥❞ ❝♦♥s✐❞❡r ❛ ♣❡r✐♦❞ t✳ ❋✐rst✱ t❤❡ ✈♦t❡r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s

str✐❝t❧② ❝♦♥❝❛✈❡✹✶ ❛♥❞ X ✐s ❛ ❝♦♠♣❛❝t s❡t✳ ❚❤✉s✱ ❡❛❝❤ ❝✐t✐③❡♥ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ✐❞❡❛❧ ♣♦❧✐❝②✳ ❙❡❝♦♥❞✱

✈♦t❡r ♣r❡❢❡r❡♥❝❡s s❛t✐s✜❡s ◗❙▼ ✐♥ (Mt, Lt) ❛♥❞ ❙❙❈ ✐♥ (Mt, Lt; θ
i
t) ♦✈❡r ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✳ ❚❤✉s✱

t❤❡♦r❡♠ ✹ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮ ✐♠♣❧✐❡s t❤❛t ❝✐t✐③❡♥s✬ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ❛r❡ t♦t❛❧❧② ♦r❞❡r❡❞ ✐♥

X✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✹✷✳ ❚❤✐r❞✱ ♦♥❧② ✐❞❡❛❧ ♣♦❧✐❝✐❡s ❝❛♥ ❜❡ ❝r❡❞✐❜❧② ♣r♦♣♦s❡❞ ✉♥❞❡r t❤❡ ❝✐t✐③❡♥✲

❝❛♥❞✐❞❛t❡ ❝♦♥❞✐t✐♦♥ ✭❈❈ ✮✱ ♠❡❛♥✐♥❣ t❤❛t ❛♥② ❝r❡❞✐❜❧❡ ♣❧❛t❢♦r♠ ♣r♦✜❧❡ At ✐s ❛❧s♦ ❛ t♦t❛❧❧② ♦r❞❡r❡❞

s❡t✳

❱♦t❡r ♣r❡❢❡r❡♥❝❡s ♦✈❡r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❤♦✐❝❡ ❞♦♠❛✐♥ X ❞♦ ♥♦t ❣❡♥❡r❛❧❧② s❛t✐s❢② s✐♥❣❧❡ ♣❡❛❦❡❞✲

♥❡ss✹✸ ✭P❧♦tt✱ ✶✾✻✼❀ ●r❛♥❞♠♦♥t✱ ✶✾✼✽✮✳ ◆❡✈❡rt❤❡❧❡ss✱ s✐♥❝❡ ❛♥② ❝r❡❞✐❜❧❡ ♣❧❛t❢♦r♠ ♣r♦✜❧❡ At ✐s t♦t❛❧❧②

♦r❞❡r❡❞✱ t❤❡ r❡str✐❝t❡❞ ♣♦❧✐❝② s♣❛❝❡ At ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝❤♦✐❝❡ ❞♦♠❛✐♥ ❣✐✈❡♥ ✈♦t❡r

♣r❡❢❡r❡♥❝❡s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ✐♥ t✉r♥✱ s✐♥❣❧❡ ♣❡❛❦❡❞♥❡ss ❤♦❧❞s tr✉❡ ♦✈❡r ❛♥② s✉❝❤ s❡ts✳ ■♥ ♦t❤❡r ✇♦r❞s✱

t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♠❛❥♦r✐t② ✈♦t✐♥❣ ❣❛♠❡ ♦✈❡r X ✐s r❡❞✉❝❡❞ t♦ ❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♦♥❡ ♦✈❡r At✳

❇❧❛❝❦✬s ✭✶✾✹✽✮ t❤❡♦r❡♠ st❛t❡s t❤❛t ✐❢ ✈♦t❡rs ♣♦ss❡ss s✐♥❣❧❡✲♣❡❛❦❡❞ ♣r❡❢❡r❡♥❝❡s✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡

❈♦♥❞♦r❝❡t ♠❡t❤♦❞ ✐s ❛❧✇❛②s t❤❡ ❛❧t❡r♥❛t✐✈❡ t❤❛t ✐s ♣r❡❢❡rr❡❞ ❜② t❤❡ ♠❡❞✐❛♥ ✈♦t❡r✳ ■♥ t❤❡ ♠♦❞❡❧

♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ s✉❝❤ ❛♥ ✐♥❞✐✈✐❞✉❛❧✖r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥✖✐s ♦♥❡ t❤❛t ♣♦ss❡ss❡s

t❤❡ ♠❡❞✐❛♥ t②♣❡ θpt ∈ Θ ✐♥ ♣❡r✐♦❞ t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡✜♥❡❞ ✐♥ ✭✼✮✳

●✐✈❡♥ t❤❛t t❤❡ ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ❤♦❧❞s ♦✈❡r ❛♥② ❝r❡❞✐❜❧❡ ♣❧❛t❢♦r♠ ♣r♦✜❧❡ At✱ ✐t ✐s ❡❛s② t♦ s❤♦✇

t❤❛t✱ ✐♥ ❛♥② st❛❜❧❡ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡✱ t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ♦❜t❛✐♥s t❤❡✐r ♠♦st ♣r❡❢❡rr❡❞ ♣♦❧✐❝②✳ ❙♣❡❝✐✜❝❛❧❧②✱

❢♦r ❛♥② t✉♣❧❡ 〈Pt, At (Pt) , x∗t 〉✱ s✉❝❤ t❤❛t xpt /∈ At (Pt) ❛♥❞ t❤❡r❡❢♦r❡ x∗t 6= xpt ✱ ❛❧❧ ❝✐t✐③❡♥s ♦❢ t②♣❡ θ
p
t ❝❛♥

❝♦♦♣❡r❛t✐✈❡❧② ❞❡✈✐❛t❡ ❜② ❢♦r♠✐♥❣ ❛ ♣❛rt② P̃ dt = {θpt } ❛♥❞ ♣r♦♣♦s✐♥❣ t❤❡ ♣❧❛t❢♦r♠ xpt ✳ ■♥ s✉❝❤ ❛ s❝❡♥❛r✐♦✱

t❤❡ ♥❡✇❧② ❢♦r♠❡❞ ♣❛rt② ✇✐♥s t❤❡ ❡❧❡❝t✐♦♥s ❣✐✈❡♥ ❛♥② ♣♦ss✐❜❧❡ ❝r❡❞✐❜❧❡ ❛❧t❡r♥❛t✐✈❡ t❤❛t ♦t❤❡r ♣❛rt✐❡s

❝❛♥ ♣✉t ❢♦r✇❛r❞❀ ❛❧❧ ♦❢ ✐ts ♠❡♠❜❡rs ❛r❡ ♠❛❞❡ str✐❝t❧② ❜❡tt❡r ♦✛ ❛s ❛ r❡s✉❧t ♦❢ t❤✐s ❞❡✈✐❛t✐♦♥✳ ❚❤✉s✱

t❤❡ ♣r♦♣♦s❡❞ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ ❞♦❡s ♥♦t s❛t✐s❢② ❈❙✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ♠❡❞✐❛♥ ✈♦t❡r r❡s✉❧t

✐s ✉s❡❞ t♦ ❞❡r✐✈❡ t❤✐s ♣❛♣❡r✬s ♠❛✐♥ ♣r❡❞✐❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❢❛❝✐❧✐t❛t❡ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ♠♦♥♦t♦♥❡

❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

✹✵❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❢♦r Pr♦♣♦s✐t✐♦♥ ✶ ♣❛rt ✭✐✮ ❛♥❞ ✭✐✐✮ t♦ ❤♦❧❞ tr✉❡ ❜✉t ❢❛❝✐❧✐t❛t❡s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡
♠❡❝❤❛♥✐s♠s ✉♥❞❡r♣✐♥♥✐♥❣ t❤❡ r❡s✉❧ts✳

✹✶❙❡❡ ▲❡♠♠❛ ✷ ✐♥ ❆♣♣❡♥❞✐① ❇✳✶✳
✹✷❚❤✐s ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s t❤❡ s✐♠♣❧❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ λ = 0✱ d(·) = 0.2 ln(·)✱ ❛♥❞ c(·) = − γ−l

2
(·)2✳

✹✸❚❤❡② ❛❧s♦ ❞♦ ♥♦t t②♣✐❝❛❧❧② s❛t✐s❢② ♦t❤❡r ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r✱ s✉❝❤ ❛s t❤❡
✉♥✐❞✐♠❡♥s✐♦♥❛❧ s✐♥❣❧❡✲❝r♦ss✐♥❣ ♣r♦♣❡rt② ✭●❛♥s ✫ ❙♠❛rt✱ ✶✾✾✻✮✳

✶✾



❋✐❣✉r❡ ✹✿ ❈✐t✐③❡♥s✬ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ✐♥ t❤❡ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✳

✸✳✸ ❙t❡❛❞②✲❙t❛t❡

❆♥ ▼PP❊ ❛ ✐s st❡❛❞②✲st❛t❡ ❛t t✐♠❡ t ✐❢✱ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+r ✇✐t❤ r = 0, 1, 2, ...✱ t❤❡ st❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②

✐s ❝♦♥st❛♥t✳ ❚❤❛t ✐s✱ gt+r = gt = gSS ✱ ✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t SS ❞❡♥♦t❡ t❤❡ st❡❛❞②✲st❛t❡ ✈❛❧✉❡ ♦❢ ❛ ✭st❛t❡

♦r ❝♦♥tr♦❧✮ ✈❛r✐❛❜❧❡✳ ◆♦t❡ t❤❛t ✐♥ ❛ st❡❛❞②✲st❛t❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② x∗t = x∗SS ✐s ❝♦♥st❛♥t ♦✈❡r

t✐♠❡✳✹✹

❲❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡r❡ ❡①✐sts ∆̌ > 0 s✉❝❤ t❤❛t ✐❢ ✭✐✮ ∆ ∈ [0, ∆̌)✱ t❤❡♥ ❛ st❡❛❞②✲st❛t❡ ❡①✐sts✱ ✇❤✐❝❤ ✐s

✉♥✐q✉❡ ❛♥❞ ❣❧♦❜❛❧❧② st❛❜❧❡✳ ■❢ ∆ = 0✱ t❤❡♥ ✭✐✐✮ ❛♥② ▼PP❊ ❛t t✐♠❡ t ✐s ❤✐st♦r②✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t❤❡

❡❝♦♥♦♠② ❝♦♥✈❡r❣❡s ✐♠♠❡❞✐❛t❡❧② t♦ t❤❡ st❡❛❞② st❛t❡ ❛❢t❡r ❛♥② ❤✐st♦r② ht✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳✷✳

✹✹❈♦♥✈❡rs❡❧②✱ Pt ❛♥❞ At (Pt) ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ t✐♠❡✲✐♥✈❛r✐❛♥t ❛t ❛ st❡❛❞②✲st❛t❡✳

✷✵



Pr♦♣♦s✐t✐♦♥ ✷ ❡♥s✉r❡s t❤❛t✱ ❛s ❧♦♥❣ ❛s t❤❡ ❢❡rt✐❧✐t② r❛t❡ ❛♠♦♥❣ ✐♠♠✐❣r❛♥ts ✐s s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦

t❤❛t ❛♠♦♥❣ t❤❡ ♥❛t✐✈❡s ✭✐✳❡✳✱ ∆ ∈ [0, ∆̌)✮✱ ❛ ✉♥✐q✉❡ st❡❛❞②✲st❛t❡ ❡①✐sts ❛♥❞ ❡①❤✐❜✐ts s❡✈❡r❛❧ ❞❡s✐r❛❜❧❡

♣r♦♣❡rt✐❡s t❤❛t ♠❛❦❡s ✐t s✉✐t❛❜❧❡ ❢♦r t❤❡ ❛♥❛❧②s✐s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✸✳✹ ❊✛❡❝t ♦❢ ❆❣❡✐♥❣✱ ❘✐s✐♥❣ ■♥❡q✉❛❧✐t② ❛♥❞ Pr♦❞✉❝t✐✈✐t② ❙❤♦❝❦s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②s❡ t❤❡ ❧♦♥❣✲r✉♥ ❡✛❡❝ts ♦❢ ♣❡r♠❛♥❡♥t s❤♦❝❦s ♦♥ s♦♠❡ ❦❡② ♣❛r❛♠❡t❡rs ✐♥ t❤❡

♠♦❞❡❧✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ∆ ∈ [0, ∆̌) st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷

✐s s❛t✐s✜❡❞✳ ❲❡ r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳ ■ ❛✐♠ t♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ❢♦✉r t②♣❡s ♦❢ s❤♦❝❦✱

✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✶✳

✭❛✮ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ❧♦♥❣❡✈✐t② ✐s ❛ ♣❡r♠❛♥❡♥t r✐s❡ ✐♥ t❤❡ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ♣❛r❛♠❡t❡r λ✳

✭❜✮ ❆ ❞❡❝r❡❛s❡ ✐♥ ❢❡rt✐❧✐t② ✐s ❛ ♣❡r♠❛♥❡♥t ❢❛❧❧ ✐♥ t❤❡ ❜✐rt❤ r❛t❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♥❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥ σ✳

✭❝✮ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✐s ❛s ❛ ♣❡r♠❛♥❡♥t r✐s❡ ✐♥ t❤❡ r❡❧❛t✐✈❡ ✐♥❡q✉❛❧✐t② ♣❛r❛♠❡t❡r ρ✳

✭❞✮ ❆♥ ❡❝♦♥♦♠✐❝ ❞❡♣r❡ss✐♦♥ ✐s ❛s ❛ ♣❡r♠❛♥❡♥t ❢❛❧❧ ✐♥ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t② ♣❛r❛♠❡t❡r ξ✳

❆ ❞❡❝r❡❛s❡ ✐♥ ❢❡rt✐❧✐t② ✐♥ ♣❡r✐♦❞ t ✐s ❝r✐t✐❝❛❧ ✐❢ gt ≥ ĝt ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ t❤r❡s❤♦❧❞ ĝt ∈ (0, 1)✹✺ ✭✐✳❡✳✱ ✐❢

t❤❡ ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ✐s s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1 ❜❡❢♦r❡ t❤❡ s❤♦❝❦ ♦❝❝✉rs✮✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r st❡♠s ❢r♦♠ st✉❞②✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❛ s❤♦❝❦ ♦❢ t②♣❡ ✭❛✮✱ ✭❜✮✱ ✭❝✮✱ ❛♥❞✴♦r

✭❞✮ ♦♥ t❤❡ st❡❛❞②✲st❛t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❦❡② ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡s ♦❢ t❤✐s ❡❝♦♥♦♠②✳ ❆ s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝

❛♥❞✴♦r ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦ ❛✛❡❝ts ❝✐t✐③❡♥s✬ ♣r❡❢❡r❡♥❝❡s ✐♥ t❤r❡❡ ♣♦ss✐❜❧❡ ✇❛②s✿

✭✐✮ ✐t ❝❤❛♥❣❡s t❤❡ ❞❡♠♦❣r❛♣❤✐❝ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✈♦t✐♥❣ ♣♦♣✉❧❛t✐♦♥ ❛♥❞✱ ✐♥ t✉r♥✱ t❤❡ ✐❞❡♥t✐t② ♦❢

t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ✭♣♦❧✐t✐❝❛❧ ❡✛❡❝t✮

✭✐✐✮ ✐t ❞✐r❡❝t❧② ❛✛❡❝ts t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭❡✳❣✳✱ ❤✐❣❤❡r ❝♦st ♦❢ ♣❡♥s✐♦♥s✱ s♠❛❧❧❡r t❛①

❜❛s❡✱ ❡t❝✳✮ ✭❜✉❞❣❡t ❡✛❡❝t✮

✭✐✐✐✮ ✐t ❛✛❡❝ts ✈♦t❡r ❡①♣❡❝t❛t✐♦♥s r❡❣❛r❞✐♥❣ ❢✉t✉r❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝✐❡s✱ ❜♦t❤ ❞✐r❡❝t❧② ❛♥❞ t❤r♦✉❣❤

t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣❡s ✐♥ ❝✉rr❡♥t ♣♦❧✐❝② ❝❤♦✐❝❡s ✭s♦♣❤✐st✐❝❛t❡❞ ❢❛rs✐❣❤t❡❞♥❡ss✮✳

❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣❡♥s✐♦♥ s②st❡♠ ❢❡❛t✉r❡s ❛♥ ❛✉t♦♠❛t✐❝ ❜❛❧❛♥❝❡ ♠❡❝❤❛♥✐s♠ ✐❧❧✉str❛t❡❞ ✐♥

❙❡❝t✐♦♥ ✷✳✶✳✺ ✐♠♣❧✐❡s t❤❛t ❡✛❡❝t ✭✐✐✮ ✐s ③❡r♦ ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞ ✐♥ ✇❤✐❝❤ t❤❡ s❤♦❝❦ ♦❝❝✉rs✳ ▼♦r❡♦✈❡r✱ t❤❡

❛ss✉♠♣t✐♦♥ ∆ ∈ [0, ∆̌) ✐♠♣❧✐❡s t❤❛t t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ♦♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥

♦❢ t❤❡ ✈♦t✐♥❣ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞ ✐s s♠❛❧❧✱ s✉❝❤ t❤❛t ❡✛❡❝t ✭✐✐✐✮ r♦✉❣❤❧② ❝♦rr❡s♣♦♥❞s

✹✺❚❤❡ ❡①❛❝t ❢♦r♠✉❧❛ ❢♦r t❤❡ t❤r❡s❤♦❧❞ ĝt ✐s ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✸✳

✷✶



t♦ t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ t❤❡ s❤♦❝❦ ♦♥ t❤❡ ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ gt✳ ❚❤✉s✱ t❤❡ r❡s✉❧ts ❛r❡

♣r✐♠❛r✐❧② ❞r✐✈❡♥ ❜② t❤❡ ♣♦❧✐t✐❝❛❧ ❡✛❡❝t ✭✐✮ ✐♥ t❤❡ s❤♦rt r✉♥ ❛♥❞ ❜② ❝❤❛♥❣❡s ✐♥ t❤❡ st❛t❡ gt ✐♥ t❤❡ ❧♦♥❣

r✉♥✳ ❚❤❡ ✜♥❞✐♥❣s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ✭❊✛❡❝t ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣✱ ✐♥❝r❡❛s✐♥❣ ✐♥❡q✉❛❧✐t②✱ ❛♥❞ ❡❝♦♥♦♠✐❝ ❞❡♣r❡ss✐♦♥✮✳ ❚❤❡r❡

❡①✐sts ∆̂ > 0 s✉❝❤ t❤❛t✱ ✐❢ ∆ ∈ [0, ∆̂)✱ t❤❡♥ ✭✐✮ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❧♦♥❣❡✈✐t② ❛♥❞✴♦r ✭✐✐✮ ❛♥ ✐♥❝r❡❛s❡

✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ❛♥❞✴♦r ✭✐✐✐✮ ❛ ❝r✐t✐❝❛❧ ❞❡❝r❡❛s❡ ✐♥ ❢❡rt✐❧✐t②✱ ❛♥❞✴♦r ✭✐✈✮ ❛♥ ❡❝♦♥♦♠✐❝ ❞❡♣r❡ss✐♦♥

tr❛♥s❧❛t❡ t♦ ✭✶✮ ❛ ❧❡ss ♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② MSS✱ ❛ ❧❡ss ❧✐❜❡r❛❧ ❡❝♦♥♦♠✐❝ ♣♦❧✐❝② LSS✱ ✭✸✮ ❛ ❧❛r❣❡r

s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t τSS✱ ❛♥❞ ✭✹✮ ❛ ❤✐❣❤❡r ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ gSS✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳✸✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r♣✐♥♥✐♥❣ t❤✐s r❡s✉❧t ✐s s✐♠♣❧❡❀ ✐t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣s✳ ✺✕✻✱ ✐♥ ✇❤✐❝❤ ✐♥❞✐✈✐❞✉❛❧

♣r♦❞✉❝t✐✈✐t② ♣♦ss❡ss❡s ❛ ❧♦❣✲❧♦❣✐st✐❝ ❞✐str✐❜✉t✐♦♥✳✹✻

❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ❜♦t❤ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ✭❋✐❣✳ ✺ ✮ ❛♥❞ r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✭❋✐❣✳ ✻ ✮

r❡s✉❧t ✐♥ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♠❡❞✐❛♥ t②♣❡ θpt ♦✈❡r Θ✳ ❆ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥ ✐s ❧❡ss ❛✛❡❝t❡❞ ❜② ✐♥❝♦♠❡ t❛①❡s

t❤❛♥ ❛ ❤✐❣❤✲✐♥❝♦♠❡ ❝✐t✐③❡♥ ❜✉t ❜♦t❤ t②♣❡s ❡q✉❛❧❧② ❜❡♥❡✜t ❡q✉❛❧❧② ❢r♦♠ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❛♥❞ r❡str✐❝t❡❞

✐♠♠✐❣r❛t✐♦♥✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ❢♦r♠❡r ❢❡❛t✉r❡s ❤✐❣❤❡r ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❛♥❞

❧❡ss ✐♠♠✐❣r❛t✐♦♥ t❤❛♥ t❤❛t ♦❢ t❤❡ ❧❛tt❡r✳ ❚❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ✐♥❞✐❝❛t❡s t❤❛t

t❤❡ ❝✐t✐③❡♥ ❢❡❛t✉r✐♥❣ t❤❡ ♠❡❞✐❛♥ t②♣❡ ♦✈❡r Θ ✐s ♣✐✈♦t❛❧✳ ❚❤✉s✱ ❛s t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ❜❡❝♦♠❡s ❛ ❧❡ss

♣r♦❞✉❝t✐✈❡ ✐♥❞✐✈✐❞✉❛❧✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② s❤✐❢ts ✐♥ ❢❛✈♦✉r ♦❢ ❡❧❞❡r❧② ❛♥❞ ✇❡❧❢❛r❡✲❞❡♣❡♥❞❡♥t ❝✐t✐③❡♥s✱

♣❡♥❛❧✐s✐♥❣✱ ✐♥ t✉r♥✱ t❤❡ ②♦✉♥❣ ❛♥❞ ♠♦st ♣r♦❞✉❝t✐✈❡ ♣❛rt ♦❢ t❤❡ s♦❝✐❡t②✳

❘❡❣❛r❞✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❛ ❞❡❝r❡❛s❡ ✐♥ ξ✱ t❤❡ ✐❞❡❛ ✐s t❤❛t ❛ ♥❡❣❛t✐✈❡ ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦ r❡❞✉❝❡s t❤❡

t♦t❛❧ ✜s❝❛❧ ❣❛✐♥s ❢r♦♠ ✐♠♠✐❣r❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ ❛ ❧♦✇❡r ♣r❡❢❡rr❡❞ ✐♠♠✐❣r❛t✐♦♥ ❧❡✈❡❧ ❢♦r ❛❧❧ ❝✐t✐③❡♥s✳

✹✻■♥ t❤✐s ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t✐✈✐t② ♣❛r❛♠❡t❡r θt ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ age = Y ✮ ✐s ❧♦❣✲❧♦❣✐st✐❝

✇✐t❤ ❝✳❞✳❢✳ Q(θt; ρ) =
(

1 + (θt/a(ρ))
−s(ρ)

)

−1
✱ ✇❤❡r❡ s(ρ) = 2−ρ

1−ρ
❛♥❞ a(ρ) =

s(ρ)
π

sin
(

π
s(ρ)

)

✳ ❚❤✉s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

❝✐t✐③❡♥s✬ t②♣❡s ✐s Ft (θt; ρ | ht) =

[

gt +
(

1 + (θt/a(ρ))
−s(ρ)

)

−1
]

/(1 + gt) ✳ ❚❤❡ ❧♦❣✲❧♦❣✐st✐❝ ❞✐str✐❜✉t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡

●✐♥✐ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ②♦✉♥❣ ❝✐t✐③❡♥s ✐s ❣✐✈❡♥ ❜②Gini = 1/s(ρ)✳ ❚❤❡ ♣r♦♣♦s❡❞ ♣❛r❛♠❡tr✐③❛t✐♦♥
❡♥s✉r❡s t❤❛t E [θt] = 1 ❢♦r ❛❧❧ ρ ∈ [0, 1) ❛♥❞ t❤❛t Gini ∈ [0, 1/2] ❢♦r ❛❧❧ ρ ∈ [0, 1)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ρ ✐♠♣❧✐❡s
❛ ♠❡❛♥✲♣r❡s❡r✈✐♥❣ ❞✐str✐❜✉t✐♦♥ s♣r❡❛❞✳

✷✷



❋✐❣✉r❡ ✺✿ P✐✈♦t❛❧ ❝✐t✐③❡♥✬s t②♣❡ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦✿ gt = 0.1 ✈s✳
g̃t = 0.5 ✐♠♣❧②✐♥❣ θpt ≃ 0.37 ❛♥❞ θ̃pt ≃ 0.52✳

❋✐❣✉r❡ ✻✿ P✐✈♦t❛❧ ❝✐t✐③❡♥✬s t②♣❡ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✿ Gini = 0.25 ✭ρ = 2/3✮ ✈s✳

G̃ini = 0.5 ✭ρ = 0✮ ✐♠♣❧②✐♥❣ θpt ≃ 0.52 ❛♥❞ θ̃pt ≃ 0.86✳

✷✸



✸✳✺ ❊q✉✐❧✐❜r✐✉♠ P❛rt② ❙tr✉❝t✉r❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ t②♣❡ ♦❢ ♣❛rt② str✉❝t✉r❡s t❤❛t ♣r❡✈❛✐❧ ✐♥ ❛♥② ▼PP❊✳ ❚♦ ❞♦ s♦✱ ✇❡

♣r♦♣♦s❡ ❛♥ ✐❞❡♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ ♣❛rt② str✉❝t✉r❡ Pt ❛♥❞ ♦❢ ❡❛❝❤ ♣❛rt② P jt ∈ Pt✱ ❜❛s❡❞ ♦♥

t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♣♦❧✐❝② r❡❢♦r♠s t❤❛t ❡❛❝❤ ♣❛rt② ♣r♦♣♦s❡s✳

❉❡✜♥✐t✐♦♥ ✷✳ ❆ ♣❛rt② P jt ∈ Pt ♣r♦♣♦s✐♥❣ ❛ ♣❧❛t❢♦r♠ (M j
t , L

j
t ) ✐♥ ♣❡r✐♦❞ t ✐s s❛✐❞ t♦ ❜❡✿

✶✳ ♣r♦❣r❡ss✐✈❡ ✐❢ ✐t ♣r♦♣♦s❡s ❛ ♠♦r❡ ♣❡r♠✐ss✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ ❛ ♠♦r❡ ✐♥t❡r✈❡♥t✐♦♥✐st ✜s❝❛❧

♣♦❧✐❝②✿ M j
t ≥M∗

t−1 ❛♥❞ Ljt ≤ L∗
t−1

✷✳ ❝♦♥s❡r✈❛t✐✈❡ ✐❢ ✐t ♣r♦♣♦s❡s ❛ ♠♦r❡ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ ❛ ♠♦r❡ ❧✐❜❡r❛❧ ✜s❝❛❧ ♣♦❧✐❝②✿

M j
t ≤M∗

t−1 ❛♥❞ Ljt ≥ L∗
t−1❀

✸✳ ❧✐❜❡rt❛r✐❛♥ ✐❢ ✐t ♣r♦♣♦s❡s ❛ ♠♦r❡ ♣❡r♠✐ss✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ ❛ ♠♦r❡ ❧✐❜❡r❛❧ ✜s❝❛❧ ♣♦❧✐❝②✿

M j
t ≥M∗

t−1 ❛♥❞ Ljt ≥ L∗
t−1❀

✹✳ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ✐❢ ✐t ♣r♦♣♦s❡s ❛ ♠♦r❡ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ ❛ ♠♦r❡ ✐♥t❡r✈❡♥t✐♦♥✐st

✜s❝❛❧ ♣♦❧✐❝②✿ M j
t ≤M∗

t−1 ❛♥❞ Ljt ≤ L∗
t−1✳

❆♥ ✐❞❡♦❧♦❣✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ t②♣❡ ✶✱ ✷✱ ✸✱ ♦r ✹ ✐s str✐❝t ✐❢ (M j
t , L

j
t ) 6= (M∗

t−1, L
∗
t−1)✳

❉❡✜♥✐t✐♦♥ ✸✳ ❆ t✉♣❧❡ 〈Pt, At (Pt)〉 ✐s s❛✐❞ t♦ ❜❡✿✹✼

✶✳ ❛ ❧❡❢t ✈s✳ r✐❣❤t ♣❛rt② s②st❡♠ ✐❢ ∄ P jt ✱ P
k
t ✐♥ Pt s✉❝❤ t❤❛t ✭✐✮ (M j

t , L
j
t ) 6= (Mk

t , L
k
t ) ❛♥❞ ✭✐✐✮ ❡✐t❤❡r

M j
t ≥Mk

t ❛♥❞ Ljt ≥ Lkt ✱ ♦r M
j
t ≤Mk

t ❛♥❞ Ljt ≤ Lkt ❀

✷✳ ❛ ♣♦♣✉❧✐st ✈s✳ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② s②st❡♠ ✐❢ ∄ P jt ✱ P
k
t ✐♥ Pt s✉❝❤ t❤❛t ✭✐✮ (M j

t , L
j
t ) 6= (Mk

t , L
k
t ) ❛♥❞

✭✐✐✮ ❡✐t❤❡r M j
t ≥Mk

t ❛♥❞ Ljt ≤ Lkt ✱ ♦r M
j
t ≤Mk

t ❛♥❞ Ljt ≥ Lkt ✳

■♥ ✇♦r❞s✱ ✐♥ ❛ ❧❡❢t ✈s✳ r✐❣❤t ♣❛rt② s②st❡♠ ♣❛rt✐❡s ❝❛♥ ❜❡ ♦r❞❡r❡❞ ❢r♦♠ t❤❡ ♠♦st ♣r♦❣r❡ss✐✈❡ t♦ t❤❡ ♠♦st

❝♦♥s❡r✈❛t✐✈❡✱ ✇❤✐❧❡ ✐♥ ❛ ♣♦♣✉❧✐st ✈s✳ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② s②st❡♠ ♣❛rt✐❡s ❝❛♥ ❜❡ ♦r❞❡r❡❞ ❢r♦♠ t❤❡ ♠♦st

❧✐❜❡rt❛r✐❛♥ t♦ t❤❡ ♠♦st r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st✳

●✐✈❡♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✱ ■ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ✭❊q✉✐❧✐❜r✐✉♠ ♣❛rt② s②st❡♠✮✳ ■❢ ∆ ∈ [0, ∆̂)✱ t❤❡♥ ✭✐✮ ✐♥ ❛♥② ▼PP❊✱ t❤❡ t✉♣❧❡

〈Pt+r, At+r (Pt+r)〉 ✐s ❛ ♣♦♣✉❧✐st ✈s✳ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② s②st❡♠ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t + r ❢♦r ❛❧❧ r = 1, 2, ...❀

✹✼◆♦t❡ t❤❛t ❛ ♣❛rt② s②st❡♠ ✇✐t❤ Pt = {P j
t } s❛t✐s✜❡s ❜♦t❤ ❉❡✜♥✐t✐♦♥ ✸✳✶ ❛♥❞ ✸✳✷✳

✷✹



✭✐✐✮ ❡❛❝❤ ♠❡♠❜❡r ♦❢ ❛♥② r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt② ✐s ✇❡❛❦❧② ♦❧❞❡r ❛♥❞ ✇❡❛❦❧② ❧♦✇❡r✲✐♥❝♦♠❡ t❤❛♥ ❛♥②

♠❡♠❜❡r ♦❢ ❛♥② str✐❝t❧② ❧✐❜❡rt❛r✐❛♥ ♣❛rt②❀ ✭✐✐✐✮ ✐❢ ❛ ♠❛r❣✐♥❛❧ s❤♦❝❦ ♦❢ t②♣❡ ✭❛✮✱ ✭❜✮✱ ✭❝✮✱ ❛♥❞✴♦r ✭❞✮

♦❝❝✉rs ✐♥ ♣❡r✐♦❞ t✱ t❤❡♥ ✐♥ ❛♥② ♣❡r✐♦❞ t+ r ✇✐t❤ r = 0, 1, 2, ... t❤❡ ✇✐♥♥✐♥❣ ♣❛rt② ✐s r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st❀

✐♥ ♣❛rt✐❝✉❧❛r✱ ✭✐✈✮ t❤❡r❡ ✐s ❛♥ ▼PP❊ s✉❝❤ t❤❛t✱ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r✱ t❤❡ t✉♣❧❡ 〈Pt+r, At+r (Pt+r) , xt+r〉

✐s ❛ st❛❜❧❡ t✇♦✲♣❛rt② str✉❝t✉r❡ ✐♥ ✇❤✐❝❤ t❤❡ ✇✐♥♥✐♥❣ ♣❛rt② ✐s r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ❛♥❞ ✐♥❝❧✉❞❡s ❛❧❧ ❝✐t✐③❡♥s

✇✐t❤ θit+r ≤ θpt+r ✭✐✳❡✳✱ t❤❡ ♦❧❞ ❛♥❞ t❤❡ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s✮✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳✹✳

Pr♦♣♦s✐t✐♦♥ ✹✭✐✮ st❛t❡s t❤❛t ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s❛❧✐❡♥t ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥✱ t❤❡ ❡❧❡❝t♦r❛❧

❝♦♠♣❡t✐t✐♦♥ t❡♥❞s t♦ ❜❡ ❜❡t✇❡❡♥ ❧✐❜❡rt❛r✐❛♥ ❛♥❞ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s✳ ▼♦r❡♦✈❡r✱ Pr♦♣♦s✐t✐♦♥

✹✭✐✐✮ st❛t❡s t❤❛t ♣♦♣✉❧✐st ♣❛rt✐❡s t❡♥❞ t♦ ❜❡ ❝♦❛❧✐t✐♦♥s ❝♦♠♣r✐s❡❞ ♦❢ ♣♦♦r✹✽ ❛♥❞ ♦❧❞ ❝✐t✐③❡♥s✳

❚❤❡ ♣♦✇❡r ♦❢ t❤❡ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s ❣r♦✇s ✐❢ t❤❡ ❡❝♦♥♦♠② ✐s ❤✐t ❜② ❛ s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ s❤♦❝❦✱

❜❡ ✐t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❧♦♥❣❡✈✐t②✱ ❢❛❧❧ ✐♥ ❢❡rt✐❧✐t②✱ ♦r ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ Pr♦♣♦s✐t✐♦♥

✹✭✐✐✐✮ ✐♠♣❧✐❡s t❤❛t t❤❡ tr❛♥s✐t✐♦♥ t♦ ♠♦r❡ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✱ ❛ ❧❛r❣❡r ♣✉❜❧✐❝ s❡❝t♦r ❛♥❞

❤✐❣❤❡r t❛①❡s ✭✐♠♣❧✐❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✷✮ ✐s ❞r✐✈❡♥ ❜② t❤❡ ❡❧❡❝t♦r❛❧ s✉❝❝❡ss ♦❢ t❤✐s ❦✐♥❞ ♦❢ ♣❛rt②✳ ■♥ ♦t❤❡r

✇♦r❞s✱ t❤❡ ♣♦❧✐❝② ❝❤❛♥❣❡ ✐s t❤❡ r❡s✉❧t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣♦❧✐t✐❝❛❧ ♣♦✇❡r ♦❢ t❤❡ ❝♦❛❧✐t✐♦♥ ♦❢ ♦❧❞ ❛♥❞

❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s r❡❧❛t✐✈❡ t♦ t❤❛t ♦❢ ♠✐❞❞❧❡✲ ❛♥❞ ✉♣♣❡r✲❝❧❛ss ②♦✉♥❣ ✐♥❞✐✈✐❞✉❛❧s✳

✸✳✻ ❲❡❧❢❛r❡ ❆♥❛❧②s✐s

❚❤❡ ✜♥❞✐♥❣s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♣r❡❞✐❝t❡❞ ♣♦❧✐❝② ❝❤❛♥❣❡s ❛r❡ ❞❡s✐r❛❜❧❡

❛♠♦♥❣ s♦❝✐❡t② ❛s ❛ ✇❤♦❧❡✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s ❞❡♠♦♥str❛t✐♥❣ t❤❛t ✐♥ ❛❣❡✐♥❣ s♦❝✐❡t✐❡s✱ ❛ ♠❛r❣✐♥❛❧ t✐❣❤t✲

❡♥✐♥❣ ✐♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ✐s t②♣✐❝❛❧❧② ✉♥❛♠❜✐❣✉♦✉s❧② ❤❛r♠❢✉❧✳ ■ ✉s❡ ❛

s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ✭❙❲❋ ✮ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ s♦❝✐❡t❛❧ ✇❡❧❧✲❜❡✐♥❣✳ ❚❤❡ ❙❲❋ ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡

♦❢ t❤❡ ✉t✐❧✐t② ♦❢ ❝✐t✐③❡♥s ❛t t✐♠❡ t ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥s✳ ▲❡t µt+r(θt+r) ❞❡♥♦t❡

t❤❡ P❛r❡t♦ ✇❡✐❣❤t ❛ss✐❣♥❡❞ t♦ ✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θt+r ✐♥ ♣❡r✐♦❞ t+ r✳✹✾

✹✽❙♣❡❝✐✜❝❛❧❧②✱ t❤❡② ❛r❡ t❤♦s❡ ✐♥ t❤❡ ζt✲♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤ ζt = (1− gt)× 50 < 50✳
✹✾❲❡ ❞♦ ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ✇❡❧❢❛r❡ ♦❢ ❝✉rr❡♥t ♣♦t❡♥t✐❛❧ ✐♠♠✐❣r❛♥ts✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❛❜str❛❝t ❢r♦♠ ❛ ❢✉❧❧ ❞❡s❝r✐♣t✐♦♥

♦❢ t❤❡✐r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ ✐♠♠✐❣r❛t✐♦♥ ❝❤♦✐❝❡s ❛r❡ ❡♥❞♦❣❡♥♦✉s✱ ❛♥② ♣♦t❡♥t✐❛❧ ✐♠♠✐❣r❛♥t s❤♦✉❧❞ ❜❡ ✇❡❛❦❧②
❜❡tt❡r ♦✛ ✐❢ ❛❜❧❡ t♦ ✐♠♠✐❣r❛t❡✱ ❜❡❝❛✉s❡ t❤❡② st✐❧❧ ❤❛✈❡ t❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ r❡♠❛✐♥✐♥❣ ✐♥ t❤❡✐r ❝♦✉♥tr② ♦❢ ♦r✐❣✐♥ ♦r t♦
❡♠✐❣r❛t✐♥❣ t♦ ❛ ❞✐✛❡r❡♥t ❝♦✉♥tr②✳ ❚❤✉s✱ ✇❤❡♥❡✈❡r ❛ t✐❣❤t❡♥✐♥❣ ✐♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ✐s ❤❛r♠❢✉❧ t♦ ❝✐t✐③❡♥s✱ t❤✐s
r❡s✉❧t s❤♦✉❧❞ ❤♦❧❞ tr✉❡ ✐❢ ✇❡ ❛❝❝♦✉♥t ❢♦r t❤❡ ✇❡❧❢❛r❡ ♦❢ ♣♦t❡♥t✐❛❧ ✐♠♠✐❣r❛♥ts✳

✷✺



❚❤❡ ❙❲❋ ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿

SWF ((Mt, Lt);ϕ | ht, st) = Et

[✁ +∞

−1
ut ((Mt, Lt), x

∗

t+1; θt, ϕ, gt(ht))µt(θt)dθt+

+
∑

∞

r=1

✁ +∞

0
ut+r ((M

∗

t+r, L
∗

t+r), x
∗

t+r+1; θt+r, ϕ | ht+r, st+r)µt+r(θt+r)dθt+r

∣

∣

∣
ht, st

]
✭✾✮

❲❡ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ❛ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡ ✐♥ Mt ❡✈❛❧✉❛t❡❞ ❛t Mt = M∗
t ♦♥ t❤❡ ❛❜♦✈❡ ♠❡❛s✉r❡ ♦❢

❛❣❣r❡❣❛t❡ ✇❡❧❧✲❜❡✐♥❣✳ ❚❤❡ ✐❞❡❛ ✉♥❞❡r♣✐♥♥✐♥❣ t❤✐s ❡①❡r❝✐s❡ ✐s s✐♠♣❧❡✿ ✐❢ ❛t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❛t

✇❤✐❝❤M∗
t < M t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥Mt ♦♥ t❤❡ ❙❲❋ ✐s ❣r❡❛t❡r t❤❛♥ t❤❛t ♦♥ t❤❡ ✉t✐❧✐t②

♦❢ t❤❡ ♠❡❞✐❛♥ ✈♦t❡r✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧✐❝② (M ′
t , L

∗
t ) ✇✐t❤ M

′
t > M∗

t ✇❤✐❝❤ ✐s ✇❡❧❢❛r❡✲✐♠♣r♦✈✐♥❣✳

❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ t✉r♥✱ ✐❢ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐s s✉❝❤ t❤❛t M∗
t < M∗

t−1 ❛s ❛

❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ♠❛r❣✐♥❛❧ ❞❡♠♦❣r❛♣❤✐❝ s❤♦❝❦✱ t❤❡ s♦❝✐❡t② ❜❡♥❡✜ts✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❢r♦♠ ♠♦✈✐♥❣ ❜❛❝❦

t♦✇❛r❞s t❤❡ ♣r❡✈✐♦✉s ❧❡✈❡❧M∗
t−1✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s♦❝✐❡t② ✐s ❤❛r♠❡❞ ❜② t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥

♣♦❧✐❝② ❛t t❤❡ ♠❛r❣✐♥✳ ❢r♦♠ t❤✐s✱ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❋♦r ❛♥② ❙♦❝✐❛❧ ❲❡❧❢❛r❡ ❋✉♥❝t✐♦♥ SWF ((Mt, Lt);ϕ | ht, st) t❤❛t ❛ss✐❣♥s ❛ str✐❝t❧②

♣♦s✐t✐✈❡ ✇❡✐❣❤t t♦ ❡❛❝❤ ♥❛t✐✈❡ ✐♥❞✐✈✐❞✉❛❧ ♦❢ ✇♦r❦✐♥❣ ❛❣❡✱ t❤❡r❡ ❡①✐st t❤r❡s❤♦❧❞s ǧt ∈ [0, 1) ❛♥❞ ∆̌ > 0

s✉❝❤ t❤❛t ✐❢ gt ∈ [ǧt, 1) ❛♥❞ ∆ ∈ [0, ∆̌)✱ t❤❡♥ ❛ ♠❛r❣✐♥❛❧ ❧♦♦s❡♥✐♥❣ ✐♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ✐s ✇❡❧❢❛r❡✲

❡♥❤❛♥❝✐♥❣✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳✺✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r♣✐♥♥✐♥❣ t❤✐s r❡s✉❧t ✐s ❛s ❢♦❧❧♦✇s✳ ❖♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ♠❛r❣✐♥❛❧ ✜s❝❛❧ ❜❡♥❡✜t ❢r♦♠

✐♠♠✐❣r❛t✐♦♥ ❢♦r ❛ ✇♦r❦✐♥❣✲❛❣❡ ✐♥❞✐✈✐❞✉❛❧ ✐s ❝♦♥st❛♥t ✐♥ Mt✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛r❣✐♥❛❧ t❛st❡

❝♦st ♦❢ ✐♠♠✐❣r❛t✐♦♥ t❡♥❞s t♦ ③❡r♦ ❛s Mt ❛♣♣r♦❛❝❤❡s M ✳ ❚❤❡ ✈❛❧✉❡ ♦❢ θpt t❡♥❞s t♦ 0 ❛s gt ❛♣♣r♦❛❝❤❡s 1

✭✐✳❡✳✱ ❛s t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ❛♣♣r♦❛❝❤❡s ③❡r♦ t❛①❛❜❧❡ ✐♥❝♦♠❡ ❛♥❞✱ ✐♥ t✉r♥✱ ✐s ❧❡ss ❛✛❡❝t❡❞ ❜② ❝❤❛♥❣❡s ✐♥

t❤❡ ✐♥❝♦♠❡ t❛① ❝❛✉s❡❞ ❜② ✐♠♠✐❣r❛t✐♦♥✮✳✺✵

❚❤✉s✱ ❛s gt → 1 t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉♦t❛ M∗
t t❡♥❞s t♦ M ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡

♠❛r❣✐♥❛❧ ❛❣❣r❡❣❛t❡ ✜s❝❛❧ ❣❛✐♥s ❢r♦♠ ✐♠♠✐❣r❛t✐♦♥ ❢♦r t❤❡ ✇♦r❦✐♥❣✲❛❣❡ ❝✐t✐③❡♥s ❛r❡ ✈❡r② ❧❛r❣❡ r❡❧❛t✐✈❡ t♦

✐ts ♠❛r❣✐♥❛❧ s♦❝✐❛❧ ❝♦sts ❞✉❡ t♦ t❛st❡✳ ❆s ❛ r❡s✉❧t✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ❛ss✐❣♥s ❛

♣♦s✐t✐✈❡✖❡✈❡♥ ✐❢ s♠❛❧❧✖✇❡✐❣❤t t♦ ②♦✉♥❣ ❝✐t✐③❡♥s✱ ✐❢ t❤❡ ❝✐t✐③❡♥s✬ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ✐s s✉✣❝✐❡♥t❧②

✺✵❚❤✐s ✐s ❛ s❡♥s✐❜❧❡ s❝❡♥❛r✐♦ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs ❛ ♠♦r❡ r❡❛❧✐st✐❝ t❛① s②st❡♠ ✐♥ ❝♦♥tr❛st t♦ t❤❡ s✐♠♣❧❡ t❛① s❝❤❡❞✉❧❡ ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✸✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡ t❛① s②st❡♠ ❢❡❛t✉r❡s ❛ ♣❡rs♦♥❛❧ ❛❧❧♦✇❛♥❝❡✱ ❛s ✐♥ t❤❡ ❯❑✱ t❤❡ ③❡r♦ t❛①❛❜❧❡ ✐♥❝♦♠❡ t❤r❡s❤♦❧❞
♠✉st ❜❡ ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳

✷✻



❝❧♦s❡ t♦ 1✱ ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ ✐♠♠✐❣r❛t✐♦♥ ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ❛❧✇❛②s r❡s✉❧ts ✐♥ ❤✐❣❤❡r s♦❝✐❛❧

✇❡❧❢❛r❡✳✺✶

Pr♦♣♦s✐t✐♦♥ ✺ s✉❣❣❡sts t❤❛t s♦❝✐❡t✐❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❤✐❣❤ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ❛r❡ ❧✐❦❡❧② t♦

✐♠♣❧❡♠❡♥t ❡①❝❡ss✐✈❡❧② r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ▼♦r❡♦✈❡r✱ ✐t ✐♠♣❧✐❡s t❤❛t ❛ ♠❛r❣✐♥❛❧ t✐❣❤t❡♥✐♥❣

✐♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❝❛✉s❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ✐s ❤❛r♠❢✉❧ t♦ s♦❝✐❡t②✳ ❚❤✐s r❡s✉❧t

✐s s✉❣❣❡st✐✈❡ ✐♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ ✐♥❝r❡❛s✐♥❣❧② ❝♦♥tr♦✈❡rs✐❛❧ r❡str✐❝t✐♦♥s t♦ ✐♠♠✐❣r❛t✐♦♥ t❤❛t ❤❛✈❡ ❜❡❡♥

♣r♦❣r❡ss✐✈❡❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❝♦✉♥tr✐❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② r❛♣✐❞❧② ❛❣❡✐♥❣ ♣♦♣✉❧❛t✐♦♥s✱ s✉❝❤ ❛s t❤❡ ❯❑

❛♥❞ ■t❛❧②✳

✹ ❈❛❧✐❜r❛t✐♦♥ ❛♥❞ ❙✐♠✉❧❛t❡❞ ❈♦✉♥t❡r❢❛❝t✉❛❧s

❚❤❡ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✸ ❛r❡ ♣✉r❡❧② q✉❛❧✐t❛t✐✈❡✳ ❆s s✉❝❤✱ t❤❡② ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥② ✐♥s✐❣❤t

✐♥t♦ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡✛❡❝ts✳ ❚❤✉s✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣❛r❛♠❡tr✐s❡ t❤❡ ♠♦❞❡❧ ❛♥❞ ❝❛❧✐❜r❛t❡ ✐t

t♦ ❯❑ ❞❛t❛✳ ❲❡ t❤❡♥ ✉s❡ t❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ ❦❡② ❝♦✉♥t❡r❢❛❝t✉❛❧s✳ ❲❤✐❧❡ t❤❡ ❡①❛❝t

q✉❛♥t✐t❛t✐✈❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ ❡①❡r❝✐s❡ s❤♦✉❧❞ ❜❡ ✈✐❡✇❡❞ ❛s ♣✉r❡❧② ✐❧❧✉str❛t✐✈❡✱ t❤❡② s✉❣❣❡st

t❤❛t t❤❡ ❡✛❡❝t ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❡q✉❛❧✐t② ♦♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ♠❛② ❜❡ r❛t❤❡r ❧❛r❣❡

✐♥ ♠❛❣♥✐t✉❞❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ❡①t❡♥s✐✈❡❧② ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡

❛♣♣❡♥❞✐① t♦ t❤✐s ♣❛♣❡r✳

■ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✿

U i,Yt
(
Cit ,Mt, Gt

)
= Cit + δ1 ln (Gt)− δ2M

2
t + βλ

[
Cit+1 + δ1 ln (Gt+1)− δ2M

2
t+1

]

U i,Ot
(
Cit ,Mt, Gt

)
= Cit + δ1 ln (Gt)− δ2M

2
t

✭✶✵✮

❢♦r ②♦✉♥❣ ❛♥❞ ♦❧❞ ❝✐t✐③❡♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r❡✲t❛① ❡q✉✐✈❛❧✐s❡❞ ✐♥❝♦♠❡ ♦❢ ❯❑ ❤♦✉s❡✲

❤♦❧❞s ✭❛♠♦♥❣ ♥♦♥✲r❡t✐r❡❞ ✐♥❞✐✈✐❞✉❛❧s✮ ♣♦ss❡ss❡s ❛ ❉❛❣✉♠ ❞✐str✐❜✉t✐♦♥ ✭❣❡♥❡r❛❧✐③❡❞ ❧♦❣✲❧♦❣✐st✐❝✮ ❛♥❞ ✇❡

❝❛❧✐❜r❛t❡ t❤❡ ♣❛r❛♠❡t❡rs t♦ ✜t t❤❡ ♠❡❛♥✱ ♠❡❞✐❛♥✱ ❛♥❞ ●✐♥✐ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ✷✵✶✼✲✷✵✶✽ ❯❑ ♣♦♣✉❧❛t✐♦♥

✭❖✣❝❡ ♦❢ ◆❛t✐♦♥❛❧ ❙t❛t✐st✐❝s✱ ✷✵✶✾✮✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❝❛♣t✉r✐♥❣ ❞❡♠♦❣r❛♣❤✐❝s s✉❝❤ ❛s ❧✐❢❡ ❡①♣❡❝t❛♥❝②

❛t ✻✺ ❛♥❞ t❤❡ ❢❡rt✐❧✐t② r❛t❡s ♦❢ ♥❛t✐✈❡s ❛♥❞ ✐♠♠✐❣r❛♥ts ❛r❡ ❛❧❧ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s

✺✶❈♦♥✈❡rs❡❧②✱ ❡✈❡♥ ✐❢ gt ✐s ❝❧♦s❡ t♦ ③❡r♦✱ ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ Mt ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛r♠ s♦❝✐❛❧
✇❡❧❢❛r❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛ t❤r❡s❤♦❧❞ ğt ∈ [0, 1] s✉❝❤ t❤❛t ✐❢ gt ≤ ğt t❤❡ s♦❝✐❡t② ✇♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ ❛ ♠❛r❣✐♥❛❧❧② ♠♦r❡
r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ♠❛② ♥♦t ❡①✐st ❢♦r ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❙❲❋s t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s st❛t❡❞ ❛❜♦✈❡ ❛♥❞ t❤❛t
❛ss✐❣♥ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✇❡✐❣❤t t♦ t❤❡ ❡❧❞❡r❧②✳ ◆❡✈❡rt❤❡❧❡ss✱ s✉❝❤ t❤r❡s❤♦❧❞ ğt ❡①✐sts ❢♦r s♦♠❡ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s✱
s✉❝❤ ❛s t❤❡ ✉t✐❧✐t❛r✐❛♥ ❙❲❋✳
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1 2 3 4 5 6 7
time

0.165

0.170

0.175

0.180

0.185

Mt

7.A Immigration Policy Mt

1 2 3 4 5 6 7
time

0.225

0.230

0.235

0.240

0.245

Gt

7.B Public Spending in Gt

❋✐❣✉r❡ ✼✿ ❊✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✺ ②❡❛rs ✐♥ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❛t ✻✺ ♦♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② Mt ✭❧❡❢t✮
❛♥❞ ♦♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ Gt ✭r✐❣❤t✮✳

♦❢ ✷✵✶✼✲✷✵✶✽ ✭✐❜✐❞❡♠✮✳ ▲❛st❧②✱ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣❡♥s✐♦♥ r❛t❡ γ ❛r❡ ❛❧❧

❝❛❧✐❜r❛t❡❞ ✉s✐♥❣ ❞❛t❛ ❛❜♦✉t ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✐♥ t❤❡ ❯❑ ❢r♦♠ t❤❡ ❍▼ ❚r❡❛s✉r②✬s P✉❜❧✐❝ ❊①♣❡♥❞✐t✉r❡

❙t❛t✐st✐❝❛❧ ❆♥❛❧②s✐s ✭P❊❙❆✮ ✷✵✶✽ r❡♣♦rt✳

■ ✉s❡ t❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ t❤❡ ❡✛❡❝ts ♦❢✿

✶✳ ❛ ♣❡r♠❛♥❡♥t ✐♥❝r❡❛s❡ ✐♥ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❛t ✻✺ ✭✰✺ ②❡❛rs✮

✷✳ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ●✐♥✐ ❝♦❡✣❝✐❡♥t ♦❢ ❡q✉✐✈❛❧✐③❡❞ ♣r❡✲t❛① ✐♥❝♦♠❡ ♦❢ ♥♦♥✲r❡t✐r❡❞ ❤♦✉s❡❤♦❧❞s ✭✲✶✵✪✮

❚❤❡ s✐♠✉❧❛t❡❞ ❝♦✉♥t❡r❢❛❝t✉❛❧s ✐♠♣❧② t❤❛t✱ ✐♥ t❤❡ ❯❑✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✺ ②❡❛rs ✐♥ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❛t

✻✺ ②❡❛rs ♦❧❞ tr❛♥s❧❛t❡s t♦ ❛ ♥❡✇ st❡❛❞②✲st❛t❡ ♣♦❧✐❝② ❢❡❛t✉r✐♥❣ 866, 768 ❧❡ss r❡s✐❞❡♥t ✐♠♠✐❣r❛♥ts ♦❢

✇♦r❦✐♥❣ ❛❣❡✖❡q✉❛❧ t♦ 11.27% ♦❢ t❤❡ ❢♦r❡✐❣♥✲❜♦r♥ ✇♦r❦✐♥❣✲❛❣❡ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❯❑ ✐♥ ✷✵✶✼✕✷✵✶✽

✭❋✐❣✳ ✼✳❆✮✱ ❛♥❞ ❛ 8.6% ✐♥❝r❡❛s❡ ✐♥ ✭♥♦♥✲♣❡♥s✐♦♥✮ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ♣❡r ✇♦r❦✐♥❣✲❛❣❡ ✐♥❞✐✈✐❞✉❛❧ ✭❋✐❣✳

✼✳❇✮✳ ❙✐♠✐❧❛r❧②✱ ❛ ❞❡❝r❡❛s❡ ♦❢ 10% ✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✖♠❡❛s✉r❡❞ ❛s t❤❡ ●✐♥✐ ❝♦❡✣❝✐❡♥t ♦❢ ❡q✉✐✈❛❧✐s❡❞

♣r❡✲t❛① ✐♥❝♦♠❡ ♦❢ ♥♦♥✲r❡t✐r❡❞ ❤♦✉s❡❤♦❧❞s✖tr❛♥s❧❛t❡s t♦ ❛ ♥❡✇ ♣♦❧✐❝② ❛❧❧♦✇✐♥❣ ❢♦r 913, 800 ✭+11.88%✮

❛❞❞✐t✐♦♥❛❧ ✇♦r❦✐♥❣✲❛❣❡ r❡s✐❞❡♥t ✐♠♠✐❣r❛♥ts ✭❋✐❣✳ ✽✳❆✮ ❛♥❞ ❛ 9.26% r❡❞✉❝t✐♦♥ ✐♥ ✭♥♦♥✲♣❡♥s✐♦♥✮ ♣✉❜❧✐❝

s♣❡♥❞✐♥❣ ♣❡r ✐♥❞✐✈✐❞✉❛❧ ♦❢ ✇♦r❦✐♥❣ ❛❣❡ ✭❋✐❣✳ ✽✳❇✮✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥t❡①t✉❛❧✐s❡ t❤❡s❡ r❡s✉❧ts✳ ■♥ t❤❡ ❯❑✱ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❛t ✻✺ ②❡❛rs ♦❧❞ ❤❛s

✐♥❝r❡❛s❡❞ ❜② ❛♣♣r♦①✐♠❛t❡❧② 6.8 ②❡❛rs ❜❡t✇❡❡♥ ✶✾✽✵ ❛♥❞ ✷✵✶✽✱ ❛♥❞ t❤❡ ♣r❡✲t❛① ❡q✉✐✈❛❧✐s❡❞ ●✐♥✐ ❝♦❡✣✲

❝✐❡♥t ❢♦r ♥♦♥✲r❡t✐r❡❞ ❤♦✉s❡❤♦❧❞s ❤❛s r✐s❡♥ ❜② 33.2% ♦✈❡r t❤❡ s❛♠❡ ♣❡r✐♦❞ ✭❖✣❝❡ ❢♦r ◆❛t✐♦♥❛❧ ❙t❛t✐st✐❝s✱

✷✵✶✾✮✳ ❆s ❛❧r❡❛❞② st❛t❡❞✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ♦✉r q✉❛♥t✐t❛t✐✈❡ ♣r❡❞✐❝t✐♦♥s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡

♠❡r❡❧② ✐❧❧✉str❛t✐✈❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦✉r r❡s✉❧ts s✉❣❣❡st t❤❛t ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❡q✉❛❧✐t② ✐♥ t❤❡

❯❑ ♣❧❛②❡❞ ❛ s✉❜st❛♥t✐❛❧ r♦❧❡ ✐♥ s❤❛♣✐♥❣ t❤❡ ✐♥❝r❡❛s❡❞ ❧❡✈❡❧s ♦❢ ❛✈❡rs✐♦♥ t♦✇❛r❞s ❛♥ ♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥

♣♦❧✐❝② ♦✈❡r t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s✳
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8.B Public Spending in Gt

❋✐❣✉r❡ ✽✿ ❊✛❡❝t ♦❢ ❛ ✶✵✪ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ●✐♥✐ ❝♦❡✣❝✐❡♥t ♦❢ ❡q✉✐✈❛❧✐s❡❞ ✐♥❝♦♠❡ ♦❢ ♥♦♥✲r❡t✐r❡❞ ❤♦✉s❡❤♦❧❞s
♦♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② Mt ✭❧❡❢t✮ ❛♥❞ ♦♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ Gt ✭r✐❣❤t✮✳

❚❤❡ r❡s✉❧ts ♦❢ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡s✱ s✉❝❤ ❛s ❛ ♥❛t✐✈❡ ❢❡rt✐❧✐t② r❛t❡ s❤♦❝❦✱ ❛r❡

❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ■ ✉s❡ t❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ t♦ ♣❡r❢♦r♠ ❛ ♥✉♠❜❡r

♦❢ r♦❜✉st♥❡ss ❝❤❡❝❦s ♦♥ ♦✉r ♠❛✐♥ r❡s✉❧ts✳

✺ ❊♠♣✐r✐❝❛❧ ❊✈✐❞❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ❇r✐t✐s❤ ❛❞✉❧t r❡s✐❞❡♥ts✬ ❛tt✐t✉❞❡s t♦✇❛r❞s ✐♠♠✐❣r❛✲

t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✉s✐♥❣ ❞❛t❛ ❢r♦♠ t❤❡ ❇r✐t✐s❤ ❙♦❝✐❛❧ ❆tt✐t✉❞❡ ❙✉r✈❡② ✭❇❙❆✮✳✺✷ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡

✉s❡ ✐ts ✶✾✾✺✱ ✷✵✵✸✱ ✷✵✵✽✱ ✷✵✶✶✱ ✷✵✶✸ ❛♥❞ ✷✵✶✼ r♦✉♥❞s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ❛ s♣❡❝✐✜❝ q✉❡st✐♦♥ ❛❜♦✉t ❛tt✐t✉❞❡s

t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥✳

❚❤✐s ❦✐♥❞ ♦❢ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ✐s ♥♦t ♥♦✈❡❧✳ ❉✉st♠❛♥♥ ❛♥❞ Pr❡st♦♥ ✭✷✵✵✼✮✱ ❢♦r ✐♥st❛♥❝❡✱ ✉s❡❞

❡❛r❧✐❡r r♦✉♥❞s ♦❢ t❤✐s s✉r✈❡② ✭✶✾✽✸✕✶✾✾✵✮ t♦ q✉❛♥t✐❢② ❤♦✇ r❛❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ❢❛❝t♦rs s❤❛♣❡ ❇r✐t✐s❤

❛tt✐t✉❞❡s t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥✳ ❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❛st r❡s❡❛r❝❤ ❛♥❞ t❤✐s st✉❞②✖✇❤✐❝❤ ✐s

♠♦r❡ ❧✐♠✐t❡❞ ✐♥ s❝♦♣❡✖❧✐❡s ✐♥ t❤❡ ❣♦❛❧ ♦❢ t❤❡ ❛♥❛❧②s✐s✳ ❲❤✐❧❡ ✇❡ ❞♦ ♥♦t ❝❧❛✐♠ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢

❛ ❝❛✉s❛❧ r❡❧❛t✐♦♥s❤✐♣✱ ✇❡ ❛✐♠ t♦ ♣r♦✈✐❞❡ s✉❣❣❡st✐✈❡ ❡✈✐❞❡♥❝❡ ❢♦r ❢♦✉r ❦❡② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧

♠♦❞❡❧✳

❚❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❛tt✐t✉❞❡s t♦✇❛r❞s ❛♥ ♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥

♣♦❧✐❝② ❛❝r♦ss s♦❝✐♦❡❝♦♥♦♠✐❝ ❣r♦✉♣s ✐s ❞r✐✈❡♥ ❜② t❤❡ ✈❛r②✐♥❣ ❡①t❡♥t ❛t ✇❤✐❝❤ ❣r♦✉♣s ✐♥t❡r♥❛❧✐③❡ t❤❡

♣♦s✐t✐✈❡ ✜s❝❛❧ ❡✛❡❝ts ♦❢ ✐♠♠✐❣r❛t✐♦♥✳ ■❢ t❤✐s ❦❡② ✐♠♣❧✐❝❛t✐♦♥ ✐s tr✉❡✱ t❤❡♥ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❛❣❡✱

✐♥❝♦♠❡✱ ❛♥❞ ❛tt✐t✉❞❡s t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✱ ✇❤✐❝❤ ❛r❡ ❡①t❡♥s✐✈❡❧② ❞♦❝✉♠❡♥t❡❞ ❜②

❡①✐st✐♥❣ ❡♠♣✐r✐❝❛❧ ✇♦r❦✱ s❤♦✉❧❞ ✭✐✮ s✉r✈✐✈❡ ❛❢t❡r ❝♦♥tr♦❧❧✐♥❣ ❢♦r ♥♦♥✲❡❝♦♥♦♠✐❝ ❢❛❝t♦rs✱ s✉❝❤ ❛s ❝♦❤♦rt

✺✷❚❤❡ ❇❙❆ ❞♦❡s ♥♦t ❝♦✈❡r t❤❡ ❡♥t✐r❡t② ♦❢ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ r❡s♣♦♥❞❡♥ts ❢r♦♠ ◆♦rt❤❡r♥
■r❡❧❛♥❞✳
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❡✛❡❝ts✱ ❡❞✉❝❛t✐♦♥ ❧❡✈❡❧s✱ r❡❧✐❣✐♦✉s ❜❡❧✐❡❢s✱ ❡t❝✳✱ ✇❤✐❝❤ ❛r❡ ✉♥❧✐❦❡❧② t♦ ❜❡ ❛✛❡❝t❡❞ ❜② t❤❡ ✜s❝❛❧ ♣♦❧✐❝②✱

❛♥❞ ✭✐✐✮ ❡①❤✐❜✐t t❤❡ s✐❣♥ ✐♠♣❧✐❡❞ ❜② t❤❡ ♦r❞❡r ♦❢ t②♣❡s ✐♥ Θ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❡st✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

❤②♣♦t❤❡s❡s✿

✶✳ ❚❤❡ ♣r❡❢❡rr❡❞ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts ✐s ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❛❣❡ ✭❍✶ ✮

✷✳ ❚❤❡ ♣r❡❢❡rr❡❞ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts ✐s ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✐♥❝♦♠❡ ✭❍✷ ✮

✸✳ ❚❤❡ ♣r❡❢❡rr❡❞ ❧❡✈❡❧ ♦❢ t❛①❛t✐♦♥ t♦ ✜♥❛♥❝❡ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✐s ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❛❣❡ ✭❍✸ ✮

✹✳ ❚❤❡ ♣r❡❢❡rr❡❞ ❧❡✈❡❧ ♦❢ t❛①❛t✐♦♥ t♦ ✜♥❛♥❝❡ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✐s ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✐♥❝♦♠❡

✭❍✹ ✮✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ❞❡t❛✐❧s t❤❡ ❞❛t❛✱ ♠❡t❤♦❞♦❧♦❣②✱ ❛♥❞ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s✳

✺✳✶ ❉❛t❛ ❛♥❞ ▼❡t❤♦❞s

❚❤❡ ❞❛t❛s❡t ❛❝❝♦✉♥ts ❢♦r ❛ t♦t❛❧ ♦❢ ✷✵✱✹✻✵ ♦❜s❡r✈❛t✐♦♥s✳✺✸ ❚❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ r❡s♣♦♥❞❡♥t

❛❣❡ ✭❘❆❣❡✮ ❛♥❞ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ❞❡❝✐❧❡ ✭❍❍■♥❝❉✮✳✺✹

❲❡ ❝♦♥tr♦❧ ❢♦r t❤❡ ❤✐❣❤❡st ❡❞✉❝❛t✐♦♥❛❧ q✉❛❧✐✜❝❛t✐♦♥ ❛tt❛✐♥❡❞ ❜② t❤❡ r❡s♣♦♥❞❡♥t ✭❍❊❞◗✉❛❧✮✱ ♦♥ ❛ s❝❛❧❡

❢r♦♠ ✶ ✭❣r❛❞✉❛t❡ ❞❡❣r❡❡✮ t♦ ✼ ✭♥♦ q✉❛❧✐✜❝❛t✐♦♥✮✳ ❉✉♠♠② ✈❛r✐❛❜❧❡s ❝❛♣t✉r❡ ✇❤❡t❤❡r t❤❡ ❤♦✉s❡❤♦❧❞

✐♥❝❧✉❞❡s ❝❤✐❧❞r❡♥ ✭❈❤✐❧❞❍❤✮✱ t❤❡ s❡① ♦❢ t❤❡ r❡s♣♦♥❞❡♥t ✭❘❙❡① ✮✱ ✐❢ t❤❡② ❧✐✈❡ ✐♥ r✉r❛❧ ❛r❡❛s ✭❘❡sPr❡s✮✱

✐❢ t❤❡② ❛r❡ ❜♦r♥ ❛❜r♦❛❞ ✭❇♦r♥❆❜r✮✱ ✐❢ t❤❡② ❛r❡ r❡❧✐❣✐♦✉s ✭❘❡❧✐❣✐♦♥✮✱ ❛♥❞ ✐❢ t❤❡② ❛r❡ ✉♥❡♠♣❧♦②❡❞ ✭❯♥✲

❡♠♣❧✮✳✺✺❚❤❡ ❞✉♠♠② ✈❛r✐❛❜❧❡ ❇r❡①✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ②❡❛r ✷✵✶✼ ✭✐✳❡✳✱ t❤❡ ♦♥❧② ✐♥❝❧✉❞❡❞ s✉r✈❡② r♦✉♥❞

t❤❛t ✇❛s ❝♦♥❞✉❝t❡❞ ❛❢t❡r t❤❡ r❡❢❡r❡♥❞✉♠ ♦♥ ❊❯ ♠❡♠❜❡rs❤✐♣✮✳

❚❤❡ ✜rst ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ▲❡ss■♠♠✐❣r ❝❛♣t✉r❡s t❤❡ r❡s♣♦♥❞❡♥t✬s ❛tt✐t✉❞❡ t♦✇❛r❞s ❢✉rt❤❡r ✐♠♠✐❣r❛t✐♦♥✳

❚❤❡ q✉❡st✐♦♥ ✐s ✏❉♦ ②♦✉ t❤✐♥❦ t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts t♦ ❇r✐t❛✐♥ ♥♦✇❛❞❛②s s❤♦✉❧❞ ❜❡ ✐♥❝r❡❛s❡❞ ❛

❧♦t✱ ✐♥❝r❡❛s❡❞ ❛ ❧✐tt❧❡✱ r❡♠❛✐♥ t❤❡ s❛♠❡ ❛s ✐t ✐s✱ r❡❞✉❝❡❞ ❛ ❧✐tt❧❡ ♦r r❡❞✉❝❡❞ ❛ ❧♦t❄✑ ❚❤❡ r❡s♣♦♥❞❡♥t

s❡❧❡❝ts ❛ ✈❛❧✉❡ ♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡ ❢r♦♠ ✶ ✭✏✐♥❝r❡❛s❡❞ ❛ ❧♦t✑✮ t♦ ✺ ✭✏r❡❞✉❝❡❞ ❛ ❧♦t✑✮✳✺✻ ❚❤✉s✱ t❤❡ ✈❛r✐❛❜❧❡

✺✸❖♥❧② ✶✸✱✸✾✽ ♦❜s❡r✈❛t✐♦♥ ✐♥❝❧✉❞❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❛tt✐t✉❞❡s t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥❀ ♦♥❧② ✶✼✱✽✾✺ ♦❜s❡r✈❛t✐♦♥s ✐♥❝❧✉❞❡
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛tt✐t✉❞❡s t♦✇❛r❞s ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✜♥❛♥❝❡❞ t❤r♦✉❣❤ t❛①❡s✳

✺✹❚❤❡ ✉s❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ✐♥st❡❛❞ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✐♥❝♦♠❡ ✐s ❥✉st✐✜❡❞ ❜❡❝❛✉s❡ t❤❡ ❡✛❡❝t ♦❢ t❛①❡s ♦♥ ✐♥❞✐✈✐❞✉❛❧
❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧s t②♣✐❝❛❧❧② ❞❡♣❡♥❞s ♦♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❛ ❤♦✉s❡❤♦❧❞ ✐♥ ✇❤✐❝❤ ♦♥❧② ♦♥❡ ♠❡♠❜❡r ❤❛s
♣♦s✐t✐✈❡ ✐♥❝♦♠❡✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧s ♦❢ ♦t❤❡r ❢❛♠✐❧② ♠❡♠❜❡rs ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥❝♦♠❡ t❛① r❛t❡✱ ❡✈❡♥ ✐❢ t❤❡② ❞♦ ♥♦t
❞✐r❡❝t❧② ♣❛② ❛♥ ✐♥❝♦♠❡ t❛①✳

✺✺❚❤❡ ✶✾✾✺ r♦✉♥❞ ♦❢ t❤❡ s✉r✈❡② ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ r❡s♣♦♥❞❡♥ts✬ ❝♦✉♥tr② ♦❢ ❜✐rt❤ ♦r t❤❡
♣r❡s❡♥❝❡ ♦❢ ❝❤✐❧❞r❡♥ ✐♥ t❤❡ ❤♦✉s❡❤♦❧❞✳ ❚❤✉s✱ ❞❛t❛ ❢r♦♠ t❤❛t r♦✉♥❞ ❛r❡ ♦♥❧② ✉s❡❞ ✐♥ s♣❡❝✐✜❝❛t✐♦♥ ✭✷✮ ✐♥ ❚❛❜❧❡ ✷✳

✺✻❋♦r t❤❡ ✷✵✶✼ r♦✉♥❞ ♦❢ ❇❙❆✱ t❤❡ q✉❡st✐♦♥ ❝❤❛♥❣❡❞ t♦ ✏❖♥❝❡ ❇r✐t❛✐♥ ❤❛s ❧❡❢t t❤❡ ❊❯✱ ❞♦ ②♦✉ t❤✐♥❦ ✐♠♠✐❣r❛t✐♦♥ ✐♥t♦
❇r✐t❛✐♥ s❤♦✉❧❞ ❜❡ ✐♥❝r❡❛s❡❞✱ r❡❞✉❝❡❞✱ ♦r st❛② ❛t ♠♦r❡ ♦r ❧❡ss t❤❡ s❛♠❡ ❧❡✈❡❧ ❛s ♥♦✇❄✑ ❉✉❡ t♦ t❤✐s ❝❤❛♥❣❡✱ ✇❡ ❝♦♥tr♦❧ ❢♦r
t❤❡ ❞✉♠♠② ❇r❡①✐t ✐♥ s♣❡❝✐✜❝❛t✐♦♥s ✭✶✮ ✲ ✭✷✮ ✲ ✭✸✮ ❛♥❞ ❡①❝❧✉❞❡ t❤❡ ♠♦st r❡❝❡♥t ❞❛t❛ r♦✉♥❞ ✭✷✵✶✼✮ ✐♥ s♣❡❝✐✜❝❛t✐♦♥ ✭✹✮✳

✸✵



❱❛r✐❛❜❧❡ ❖❜s ▼❡❛♥ ❙t❞✳ ❉❡✈✳ ▼✐♥ ▼❛①

▲❡ss■♠♠✐❣r ✶✸✱✸✾✽ ✹✳✶✻✷✻✸✻ ✳✾✻✺✾✻✻✷ ✶ ✺

■♥❝r❡❛s❡❚❛① ✶✼✱✽✾✺ ✷✳✹✸✾✷✽✺ ✳✻✵✹✺✺✹✹ ✶ ✸

❘❆❣❡ ✷✸✱✵✾✹ ✺✵✳✹✸✸✵✻ ✶✽✳✸✶✽✺✺ ✶✼ ✾✾

❍❍■♥❝❉ ✶✾✱✶✼✼ ✺✳✹✷✷✵✶✻ ✸✳✸✺✷✽✽✻ ✶ ✶✵

❚❛❜❧❡ ✶✿ ❙✉♠♠❛r② ❙t❛t✐st✐❝s✳

▲❡ss■♠♠✐❣r ♠❡❛s✉r❡s t❤❡ ❞❡❣r❡❡ ♦❢ ❛✈❡rs✐♦♥ t♦✇❛r❞s ♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ❚❤❡ ♠❛❥♦r✐t② ♦❢

r❡s♣♦♥❞❡♥ts ✐♥ ❛❧❧ ♣❡r✐♦❞s ❡①❤✐❜✐t ❛ str♦♥❣ ❛✈❡rs✐♦♥ t♦ ❢✉rt❤❡r ✐♠♠✐❣r❛t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ■♥❝r❡❛s❡❚❛① ♠❡❛s✉r❡s t❤❡ r❡s♣♦♥❞❡♥t✬s ❛tt✐t✉❞❡ t♦✇❛r❞s ♣✉❜❧✐❝ s♣❡♥❞✐♥❣

✜♥❛♥❝❡❞ t❤r♦✉❣❤ t❛①❛t✐♦♥✳ ❚❤❡ q✉❡st✐♦♥ ✐s ✏❙✉♣♣♦s❡ t❤❡ ❣♦✈❡r♥♠❡♥t ❤❛❞ t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ t❤❡ t❤r❡❡

♦♣t✐♦♥s ♦♥ t❤✐s ❝❛r❞✿ r❡❞✉❝❡ t❛①❡s ❛♥❞ s♣❡♥❞ ❧❡ss ♦♥ ❤❡❛❧t❤✱ ❡❞✉❝❛t✐♦♥ ❛♥❞ s♦❝✐❛❧ ❜❡♥❡✜ts✱ ❦❡❡♣ t❛①❡s

❛♥❞ s♣❡♥❞✐♥❣ ♦♥ t❤❡s❡ s❡r✈✐❝❡s ❛t t❤❡ s❛♠❡ ❧❡✈❡❧ ❛s ♥♦✇✱ ✐♥❝r❡❛s❡ t❛①❡s ❛♥❞ s♣❡♥❞ ♠♦r❡ ♦♥ ❤❡❛❧t❤✱

❡❞✉❝❛t✐♦♥ ❛♥❞ s♦❝✐❛❧ ❜❡♥❡✜ts✳ ❲❤✐❝❤ ❞♦ ②♦✉ t❤✐♥❦ ✐t s❤♦✉❧❞ ❝❤♦♦s❡❄✑ ❚❤❡ r❡s♣♦♥❞❡♥t s❡❧❡❝ts ❛ ✈❛❧✉❡

♦♥ ❛ ❞✐s❝r❡t❡ s❝❛❧❡ ❢r♦♠ ✶ ✭✏s♣❡♥❞ ❧❡ss✑✮ t♦ ✸ ✭✏s♣❡♥❞ ♠♦r❡✑✮✳ ❙✉♠♠❛r② st❛t✐st✐❝s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐t ✐s ♥♦t ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡ t♦ s❡♣❛r❛t❡❧② ✐❞❡♥t✐❢② ❛❣❡✱ ❝♦❤♦rt✱ ❛♥❞ ♣❡r✐♦❞ ❡✛❡❝ts

✐♥ ❧✐♥❡❛r ♠♦❞❡❧s ✭❍❡❝❦♠❛♥ ✫ ❘♦❜❜✱ ✶✾✽✺✮✳ ■ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ ❜② ✐♠♣♦s✐♥❣ ✈❛r✐♦✉s r❡str✐❝t✐♦♥s

♦♥ t❤❡ ♥❛t✉r❡ ♦❢ ❝♦❤♦rt ❛♥❞✴♦r ♣❡r✐♦❞ ❡✛❡❝ts✱ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡♠♣✐r✐❝❛❧ s♣❡❝✐✜❝❛t✐♦♥✱ ❛❧❧ ♦❢

✇❤✐❝❤ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❆❧❧ t❤❡ r❡s✉❧ts ❛r❡ ✈❡r② r♦❜✉st ❛❝r♦ss ✈❛r✐♦✉s s♣❡❝✐✜❝❛t✐♦♥s✳

■ ✉s❡ ❛ st❛♥❞❛r❞ ♦r❞❡r❡❞ ❧♦❣✐t ♠♦❞❡❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❛♥❞ ♦r❞❡r❡❞ ♥❛t✉r❡ ♦❢ ❡❛❝❤ ♦✉t❝♦♠❡

✈❛r✐❛❜❧❡✳ ❚❤❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ LessImmigr ❝❛♥ t❛❦❡ ✈❛❧✉❡s j ∈ {1, 2, 3, 4, 5}✳ ❆ ❧❛t❡♥t ✈❛r✐❛❜❧❡

LessImmigr∗ ✐s ❛ss✉♠❡❞ t❤r♦✉❣❤✿

LessImmigr∗it = β1RAgeit + β2HHIncD + β3HEdQual + . . .+ ǫit

❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ t❤❡ ♦✉t❝♦♠❡ LessImmigrit = j ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❝♦✈❛r✐❛t❡s ✐s✿

Prob (LessImmigrit = j | Xit) = F (αj − LessImmigr∗it)− F (αj−1 − LessImmigr∗it)

✇❤❡r❡ Xit ✐s t❤❡ ✈❡❝t♦r ♦❢ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛♥❞ αj−1, αj ❛r❡ t❤❡ ❡♥❞♦❣❡♥♦✉s t❤r❡s❤♦❧❞s ♦♥ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❛ s✇✐t❝❤ ❢r♦♠ ❝❤♦✐❝❡ j − 1 t♦ j ❛♥❞ ❢r♦♠ ❝❤♦✐❝❡ j ❛♥❞

j + 1✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r♦❜✉st st❛♥❞❛r❞ ❡rr♦rs ❛r❡ ❝❧✉st❡r❡❞ ❛t r❡❣✐♦♥❛❧ ❧❡✈❡❧✳✺✼

✺✼❈❧✉st❡r✐♥❣ ❢♦r s♣❡❝✐✜❝❛t✐♦♥s ✭✶✮ ✲ ✭✸✮ ✲ ✭✹✮ ✐s ❜❛s❡❞ ♦♥ ❛ t✇❡❧✈❡✲r❡❣✐♦♥ ♣❛rt✐t✐♦♥✳ ❋♦r s♣❡❝✐✜❝❛t✐♦♥ ✭✷✮✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s
❞❛t❛ ❢r♦♠ t❤❡ ✶✾✾✺ s✉r✈❡② r♦✉♥❞✱ ❝❧✉st❡r✐♥❣ ✐s ❜❛s❡❞ ♦♥ ❛ s✐①✲r❡❣✐♦♥ ♣❛rt✐t✐♦♥ ❞✉❡ t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss✐✜❝❛t✐♦♥ ✉s❡❞ ♣r✐♦r
t♦ ✷✵✵✸✳

✸✶



❚❤❡ s❛♠❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❛❞♦♣t❡❞ ❢♦r t❤❡ s❡❝♦♥❞ r❡❣r❡ss✐♦♥✱ ✇❤✐❝❤ ✉s❡s ■♥❝r❡❛s❡❚❛① ❛s ♦✉t❝♦♠❡

✈❛r✐❛❜❧❡✱ ❡①❝❡♣t t❤❛t ■♥❝r❡❛s❡❚❛① ❝❛♥ t❛❦❡ ✈❛❧✉❡s k ∈ {1, 2, 3}✳

✺✳✷ ❉❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ Pr❡❢❡rr❡❞ ◆✉♠❜❡r ♦❢ ■♠♠✐❣r❛♥ts

❚❛❜❧❡ ✷ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♦r❞❡r❡❞ ❧♦❣✐t r❡❣r❡ss✐♦♥ ✇✐t❤ st❛♥❞❛r❞ ❡rr♦rs ✐♥ ♣❛r❡♥t❤❡s❡s✳ ❚❛❜❧❡ ✸

s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♠❛r❣✐♥❛❧ ❡✛❡❝ts ♦❢ t❤❡ r❡❣r❡ss♦rs ♦❢ ✐♥t❡r❡st ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦✉t❝♦♠❡ ▲❡ss■♠♠✐❣r

❂ ✺ ✭✐✳❡✳✱ t❤❛t ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ str♦♥❣❡st ❤♦st✐❧✐t② t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥✮✳

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✱ r❡s♣♦♥❞❡♥t ❛❣❡ ❡①❤✐❜✐ts ❛ s✐❣♥✐✜❝❛♥t ♣♦s✐t✐✈❡

r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ t❤❡ ❛✈❡rs✐♦♥ t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥✱ ♣r♦✈✐❞✐♥❣ s✉♣♣♦rt t♦ ❤②♣♦t❤❡s✐s ❍✶✳ ❙♣❡❝✐✜❝❛❧❧②✱

❛♥ ❛❞❞✐t✐♦♥❛❧ ②❡❛r ♦❢ ❛❣❡ r❡s✉❧ts ✐♥ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❛✈❡r❛❣❡ ✐♥❝r❡❛s❡ ♦❢ ✶ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ✐♥ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ♦✉t❝♦♠❡ ▲❡ss■♠♠✐❣r ❂ ✺✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣❛r❛♠❡t❡r ♦♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ❞❡❝✐❧❡ ❛♥❞

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛r❣✐♥❛❧ ❡✛❡❝t ❛r❡ ♥❡❣❛t✐✈❡ ✐♥ ❛❧❧ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ✐♥ ♠♦st✱

♠❡❛♥✐♥❣ t❤❛t ❤✐❣❤✲✐♥❝♦♠❡ r❡s♣♦♥❞❡♥ts t❡♥❞ t♦ ❜❡ ❧❡ss ❛✈❡rs❡ t♦ ✐♠♠✐❣r❛t✐♦♥ r❡❧❛t✐✈❡ t♦ ❧♦✇✲✐♥❝♦♠❡

r❡s♣♦♥❞❡♥ts✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❤②♣♦t❤❡s✐s ❍✷✳

❙♣❡❝✐✜❝❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ✐♥❝❧✉❞❡ t✐♠❡ tr❡♥❞s ❛♥❞ ❞✉♠♠✐❡s ❢♦r t❤❡ r❡s♣♦♥❞❡♥t✬s ❝♦❤♦rt✳✺✽ ◆♦t❡

t❤❛t t❤❡ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛❣❡ ❛♥❞ ❛tt✐t✉❞❡ t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ s✉❣❣❡st❡❞ ❜② t❤❡ ♠♦❞❡❧

✐s s✉♣♣♦rt❡❞ ❜② t❤✐s ❛♥❛❧②s✐s ❡✈❡♥ ❛❢t❡r ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦❤♦rt ❡✛❡❝ts✳ ❙♣❡❝✐✜❝❛t✐♦♥s ✭✸✮

❛♥❞ ✭✹✮ ✐♥❝❧✉❞❡s ❝♦❤♦rt tr❡♥❞s ❛♥❞ ❞✉♠♠✐❡s ❢♦r t❤❡ s✉r✈❡② ②❡❛r✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♦♥ t❤❡ ❞✉♠♠② ❇r❡①✐t

✐s ♥❡❣❛t✐✈❡ ❛♥❞ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ✐♥ ❛❧❧ s♣❡❝✐✜❝❛t✐♦♥ t❤❛t ✐♥❝❧✉❞❡ t❤✐s ✈❛r✐❛❜❧❡✳

❋♦r ✐❧❧✉str❛t✐✈❡ ♣✉r♣♦s❡s✱ ✇❡ s✐♠✉❧❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r❡s♣♦♥s❡ ▲❡ss■♠♠✐❣r ❂ ✺ ❜② ❛♥ ❡♠♣❧♦②❡❞✱

♠❛❧❡✱ ❯❑✲❜♦r♥ ✐♥❞✐✈✐❞✉❛❧ ✐♥ ✷✵✶✼ ❡✈❛❧✉❛t❡❞ ❛t ❞✐✛❡r❡♥t ❛❣❡s✳ ❋✐❣✳ ✾ ♣❧♦ts t❤❡ ❡✛❡❝t ♦❢ ❛❣❡ ♦♥ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ▲❡ss■♠♠✐❣r ❂ ✺ r❡s♣♦♥s❡ ❢r♦♠ ❛ ✜❝t✐t✐♦✉s ✐♥❞✐✈✐❞✉❛❧ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡s

✐♥ ❚❛❜❧❡ ✷✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❋✐❣✳ ✾✳❆ ✐❧❧✉str❛t❡s t❤❡ ❡✛❡❝t ♦❢ ❛❣❡ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ❝♦❤♦rts ✭✶✾✵✻✲✶✾✶✺✱ ✶✾✸✻✲

✶✾✹✺ ❛♥❞ ✶✾✽✻✲✶✾✾✺✮ ❛♥❞ s❤♦✇s t❤❛t ♠♦r❡ r❡❝❡♥t ❝♦❤♦rts ❛r❡✱ ♦♥ ❛✈❡r❛❣❡✱ ♠♦r❡ ❛✈❡rs❡ t♦ ✐♠♠✐❣r❛t✐♦♥✳

❋✐❣✳ ✾✳❇ ♣❧♦ts t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞✉♠♠② ❇r❡①✐t ♦♥ t❤❡ s❛♠❡ ✜❝t✐t✐♦✉s ✐♥❞✐✈✐❞✉❛❧❀ ✐t s❤♦✇s t❤❛t ❛tt✐t✉❞❡s

t♦✇❛r❞s ✐♠♠✐❣r❛t✐♦♥ ❤❛✈❡ ✐♠♣r♦✈❡❞ ✐♥ ✷✵✶✼✱ ♣♦ss✐❜❧② ❞✉❡ t♦ t❤❡ r❡❢❡r❡♥❞✉♠ r❡s✉❧t✳

✺✽❲❡ ❣r♦✉♣ t❤❡ ❝♦❤♦rts ✉s✐♥❣ ✐♥t❡r✈❛❧s ♦❢ ✶✵ ②❡❛rs ✭❡✳❣✳✱ ✶✾✵✻✲✶✾✶✺✱ ✶✾✶✻✲✶✾✷✺✱ ❡t❝✳✮✳

✸✷



❚❛❜❧❡ ✷✿ Pr❡❢❡rr❡❞ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts ✭❇❙❆ ✶✾✾✺✲✷✵✶✼✮✳

✸✸



❚❛❜❧❡ ✸✿ Pr❡❢❡rr❡❞ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts✿ ♠❛r❣✐♥❛❧ ❡✛❡❝ts✳

❋✐❣✉r❡ ✾✿ Pr♦❜❛❜✐❧✐t② ♦❢ ▲❡ss■♠♠✐❣r ❂ ✺ ✈s ❆❣❡✿ s✐♠✉❧❛t❡❞ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❊✛❡❝t ♦❢ ❝♦❤♦rt ✭✾✳❆✮ ❛♥❞ ❇r❡①✐t

✭✾✳❇✮✳

✸✹



✺✳✸ ❉❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ Pr❡❢❡rr❡❞ ▲❡✈❡❧ ♦❢ ❚❛①❛t✐♦♥ ❛♥❞ P✉❜❧✐❝ ❙♣❡♥❞✐♥❣

❚❤❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ✐s ■♥❝r❡❛s❡❚❛①✳ ❚❤❡ ❝♦♥tr♦❧s ♦❢ ❡❛❝❤ s♣❡❝✐✜❝❛t✐♦♥ ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ❢♦r t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ s♣❡❝✐✜❝❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ❚❛❜❧❡ ✹ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♦r❞❡r❡❞ ❧♦❣✐t r❡❣r❡ss✐♦♥

✇✐t❤ st❛♥❞❛r❞ ❡rr♦rs ✐♥ ♣❛r❡♥t❤❡s❡s✳ ❚❛❜❧❡ ✺ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♠❛r❣✐♥❛❧ ❡✛❡❝ts ♦❢ t❤❡ r❡❣r❡ss♦rs ♦❢

✐♥t❡r❡st ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦✉t❝♦♠❡ ■♥❝r❡❛s❡❚❛① ❂ ✸ ✭✐✳❡✳✱ t❤❛t ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ str♦♥❣❡st

s✉♣♣♦rt ❢♦r ❛ ❧❛r❣❡ ❣♦✈❡r♥♠❡♥t✮✳

❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ■♥❝r❡❛s❡❚❛① ❛♥❞ ❜♦t❤ ❛❣❡ ❛♥❞ ✐♥❝♦♠❡ ❞❡❝✐❧❡ ❛r❡ s✐❣♥✐✲

✜❝❛♥t❀ t❤❡ s✐❣♥s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❤②♣♦t❤❡s❡s ❍✸ ❛♥❞ ❍✹ ♦❢ t❤❡ ♠♦❞❡❧ ❛s ✇❡❧❧ ❛s ✇✐t❤ t❤❡ ✜♥❞✐♥❣s

✐♥ t❤❡ r❡❝❡♥t ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝ts ✐s r❡❧❛t✐✈❡❧② ♠♦❞❡st✳

❚❤✐s ❛♥❛❧②s✐s ♣r♦✈✐❞❡s str♦♥❣ s✉♣♣♦rt ❢♦r t❤❡ ❢♦✉r ❦❡② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ r❡❣❛r❞✐♥❣ ✈♦t❡r

♣r❡❢❡r❡♥❝❡s✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ❞✐s❝✉ss❡s t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡s❡ ✜♥❞✐♥❣s✳

✻ ❉✐s❝✉ss✐♦♥✱ ❘♦❜✉st♥❡ss✱ ❛♥❞ ❊①t❡♥s✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ❢r♦♠ ❙❡❝t✐♦♥ ✺ ❛♥❞ ♣r♦✈✐❞❡ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧

r♦❜✉st♥❡ss r❡s✉❧ts✳

✻✳✶ ❊♠♣✐r✐❝❛❧ ❋✐♥❞✐♥❣s✿ ❉✐s❝✉ss✐♦♥

❚❤❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤♦s❡ ✐♥ s✐♠✐❧❛r st✉❞✐❡s t❤❛t ✉s❡ ❛❧t❡r♥❛t✐✈❡ ❞❛t❛s❡t ❛♥❞

❛♥❛❧②s❡ ♦t❤❡r ❝♦✉♥tr✐❡s ♦r r❡❣✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❉✉st♠❛♥♥ ❛♥❞ Pr❡st♦♥ ✭✷✵✵✼✮✱ ❋❛❝❝❤✐♥✐ ❛♥❞ ▼❛②❞❛

✭✷✵✵✼✮ ❛♥❞ ❈❛r❞ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✉s✐♥❣ ❞❛t❛ ❢r♦♠ t❤❡ ❇r✐t✐s❤ ❙♦❝✐❛❧ ❆tt✐t✉❞❡ ❙✉r✈❡②✱ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧

❙♦❝✐❛❧ ❙✉r✈❡② Pr♦❣r❛♠♠❡ ❛♥❞ t❤❡ ❊✉r♦♣❡❛♥ ❙♦❝✐❛❧ ❙✉r✈❡②✱ r❡s♣❡❝t✐✈❡❧②✱ ❛❧❧ s✉♣♣♦rt ❤②♣♦t❤❡s❡s ❍✶

❛♥❞ ❍✷✳ ❚♦❣❡t❤❡r✱ t❤❡s❡ st✉❞✐❡s ❝♦♥st✐t✉t❡ s✉❜st❛♥t✐❛❧ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ✐♥ s✉♣♣♦rt ♦❢ t❤❡ t✇♦ ❦❡②

✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

❆ ♠✉❝❤ ♠♦r❡ ❞❡♠❛♥❞✐♥❣ ❡♠♣✐r✐❝❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞✴♦r ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②

❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❛♥❞✱ ✐❢ s♦✱ t♦ ✇❤❛t ❡①t❡♥t t❤✐s ✐s ❞✉❡ t♦ ❛ ❝❛✉s❛❧ ❧✐♥❦✳ ❆♥

❛tt❡♠♣ts t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② ❇♦❡r✐ ❛♥❞ ❇r✉❝❦❡r ✭✷✵✵✺✮ ❢♦r ✶✺ ❊✉r♦♣❡❛♥

❝♦✉♥tr✐❡s ❝♦✉♥tr✐❡s ✉s✐♥❣ ❛ ✈❛r✐❡t② ♦❢ ❞❛t❛ s♦✉r❝❡s ❛♥❞ ❛♣♣r♦❛❝❤❡s✳ ❚❤❡✐r r❡s✉❧ts ❛r❡ ♠♦st❧② ✐♥ ❧✐♥❡ ✇✐t❤

t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ ♦✉r ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✱ t❤✐s r❡♠❛✐♥s

❛♥ ♦♣❡♥ ❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ q✉❡st✐♦♥ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

✸✺



❚❛❜❧❡ ✹✿ Pr❡❢❡rr❡❞ ❧❡✈❡❧ ♦❢ t❛①❛t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ✭❇❙❆ ✶✾✾✺✲✷✵✶✼✮✳

❚❛❜❧❡ ✺✿ Pr❡❢❡rr❡❞ ❧❡✈❡❧ ♦❢ t❛①❛t✐♦♥ ❛♥❞ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✿ ♠❛r❣✐♥❛❧ ❡✛❡❝ts✳

✸✻



✻✳✷ ❆♥❛❧②t✐❝❛❧ ❘❡s✉❧ts✿ ❘♦❜✉st♥❡ss ❛♥❞ ❊①t❡♥s✐♦♥s

❚❤❡ ♠❛✐♥ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ❛r❡ r♦❜✉st t♦ ❛ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥s✱ s♦♠❡ ♦❢

✇❤✐❝❤ ❛r❡ ♦✉t❧✐♥❡❞ ❜❡❧♦✇✳ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ r❡s✉❧ts ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡

❛♣♣❡♥❞✐①✳

✶✳ ❱♦t✐♥❣ r✐❣❤ts✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ✈♦t✐♥❣ r✐❣❤ts ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

❧❡❣❛❧ ♣r♦❝❡❞✉r❡s t♦ ♦❜t❛✐♥ ❝✐t✐③❡♥s❤✐♣ ✐♥ ♣❧❛❝❡ ✐♥ s❡✈❡r❛❧ ❝♦✉♥tr✐❡s ✐♥❝❧✉❞✐♥❣ t❤❡ ❯❙✱ ❈❛♥❛❞❛

❛♥❞ ❋r❛♥❝❡✳ ■♥ s♦♠❡ ❝♦✉♥tr✐❡s✱ ❤♦✇❡✈❡r✖s✉❝❤ ❛s t❤❡ ❯❑✱ ❏❛♣❛♥✱ ●❡r♠❛♥② ❛♥❞ ■t❛❧②✖t❤❡ ❧❡❣❛❧

r❡q✉✐r❡♠❡♥ts t♦ ♦❜t❛✐♥ ❝✐t✐③❡♥s❤✐♣ ❛r❡ ♠♦r❡ ❞❡♠❛♥❞✐♥❣✳ ❚②♣✐❝❛❧❧②✱ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ♣❛r❡♥ts

♠✉st ❜❡ ❛ ❝✐t✐③❡♥ ✐♥ ♦r❞❡r ❢♦r ❛ ❝❤✐❧❞ t♦ ♦❜t❛✐♥ ❝✐t✐③❡♥s❤✐♣ ❛t ❜✐rt❤ ✭✐✉s s❛♥❣✉✐♥✐s✮✳ ■t ✐s ❡❛s② t♦

s❤♦✇ t❤❛t ❛❧❧ t❤❡ r❡s✉❧ts ❤♦❧❞ tr✉❡ ✉♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✐♠♠✐❣r❛♥ts ❛♥❞ t❤❡✐r

❝❤✐❧❞r❡♥ ♥❡✈❡r ♦❜t❛✐♥ ✈♦t✐♥❣ r✐❣❤ts✳✺✾

✷✳ ▲❛❜♦✉r s✉♣♣❧②✳ ❆s ❧♦♥❣ ❛s t❤❡ ✇❛❣❡ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦✉r s✉♣♣❧② ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ ✇♦r❦❡rs✱ ❛❧❧ t❤❡

r❡s✉❧ts ❝❛rr② ♦✈❡r ✐❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ♣❡r❢❡❝t❧② ✐♥❡❧❛st✐❝ ❧❛❜♦✉r s✉♣♣❧② ✐s r❡❧❛①❡❞✳ ❚❤✐s ✐s tr✉❡✱

❢♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ q✉❛❞r❛t✐❝ ✉t✐❧✐t② ❝♦st ♦❢ ❧❛❜♦✉r✳

✸✳ ❊♥❞♦❣❡♥♦✉s ✇❛❣❡s✳ ❆s ❧♦♥❣ ❛s t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s s✉✣❝✐❡♥t❧②

s♠❛❧❧✱ ❛❧❧ t❤❡ r❡s✉❧ts ❝❛rr② ♦✈❡r ✐❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❧✐♥❡❛r ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s r❡❧❛①❡❞✱ s✉❝❤

t❤❛t ✇❛❣❡s ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts✳ ❚❤✐s ✐s tr✉❡✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❛♥ ❡❝♦♥♦♠②

✇✐t❤ ❝❛♣✐t❛❧ ❛♥❞ ❈♦❜❜✲❉♦✉❣❧❛s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✉♥❞❡r r❡❧❛t✐✈❡❧② ♠✐❧❞ r❡str✐❝t✐♦♥s✳

✹✳ ❊♥❞♦❣❡♥♦✉s ♣✉❜❧✐❝ ✐♥✈❡st♠❡♥t ✐♥ ❡❞✉❝❛t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t ❝✐t✐③❡♥s ❛❧s♦ ✈♦t❡ ❢♦r t❤❡ ❧❡✈❡❧ ♦❢

✉♥✐❢♦r♠ ♣✉❜❧✐❝ ✐♥✈❡st♠❡♥t ✐♥ ❡❞✉❝❛t✐♦♥✱✻✵ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡ ❛✈❡r❛❣❡ ♦✉t♣✉t ❧❡✈❡❧ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞ ✭❡✳❣✳✱ yit+1 = ξ(et)θt+1✱ ✇❤❡r❡ et ✐s t❤❡ ❧❡✈❡❧ ♦❢ ♣❡r✲♣✉♣✐❧ s♣❡♥❞✐♥❣ ✐♥ ♣✉❜❧✐❝

❡❞✉❝❛t✐♦♥✮✖❛❧❧ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ❤♦❧❞ tr✉❡ ✉♥❞❡r t❤✐s ❛❧t❡r♥❛t✐✈❡ s❡t✉♣✳ ▼♦r❡♦✈❡r✱ ❛ ❞❡❝r❡❛s❡

✐♥ t❤❡ ❢❡rt✐❧✐t② r❛t❡ ♦❢ t❤❡ ♥❛t✐✈❡s ❛❧s♦ tr❛♥s❧❛t❡s ✐♥t♦ ❛ r❛✐s❡ ✐♥ e∗t ✳

✺✳ P❛rt✐❛❧❧② ❢✉♥❞❡❞ ♣❡♥s✐♦♥ s②st❡♠✳ ■♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ■ ❛ss✉♠❡ ❛ ♣✉r❡ ♣✉❜❧✐❝ ♣❡♥s✐♦♥ s②st❡♠

✜♥❛♥❝❡❞ t❤r♦✉❣❤ ❣❡♥❡r❛❧ t❛①❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♣❛rt✐❛❧❧② ❢✉♥❞❡❞ s❝❤❡♠❡s ❛r❡ ❜❡❝♦♠✐♥❣ ✐♥❝r❡❛s✐♥❣❧②

❝♦♠♠♦♥✳✻✶ ❆❧❧ t❤❡ r❡s✉❧ts ❤♦❧❞ tr✉❡ ✐❢ ♦♥❡ ❛❞❞s ❛ ❢✉♥❞❡❞ ♣❛rt ♦❢ t❤❡ ♣❡♥s✐♦♥ s②st❡♠ ✐♥ t❤❡ ❢♦r♠ ♦❢

✺✾■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ ❛♥❛❧②s✐s ✐s s✐♠♣❧✐✜❡❞ ❜❡❝❛✉s❡ ✈♦t❡rs ❞♦ ♥♦t ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❛❝t ♦❢ t❤❡✐r ❝✉rr❡♥t ✐♠♠✐❣r❛t✐♦♥
♣♦❧✐❝② ❝❤♦✐❝❡s ♦♥ t❤❡ ❛❣❡ ♣r♦✜❧❡ ♦❢ t❤❡ ✈♦t✐♥❣ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞s ✭✐✳❡✳ t❤❡r❡ ❛r❡ ♥♦ s♦♣❤✐st✐❝❛t❡❞ ❡✛❡❝ts✮✳

✻✵❚❤✐s ✐s ❛ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ✐♥ ♣♦❧✐t✐❝❛❧ ❡❝♦♥♦♠② ♠♦❞❡❧s ♦❢ ✐♥t❡r❣❡♥❡r❛t✐♦♥❛❧ ✐♥✈❡st♠❡♥t ✐♥ ❡❞✉❝❛t✐♦♥✖❢♦r ❛ r❡✈✐❡✇
♦❢ t❤✐s t②♣❡ ♦❢ ♠♦❞❡❧ s❡❡ ❉♦tt✐ ✭✷✵✶✾❜✮✳

✻✶●❛❧❛ss♦ ❛♥❞ Pr♦❢❡t❛ ✭✷✵✵✹✮ ♣r♦✈✐❞❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣ s✐③❡ ♦❢ t❤❡ ❢✉♥❞❡❞ ♣♦rt✐♦♥ ♦❢ t❤❡ ♣❡♥s✐♦♥
r❡❧❛t✐✈❡ t♦ t❤❡ st❛t❡ ♣❡♥s✐♦♥ ✐♥ s❡✈❡r❛❧ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s✳
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❝♦♠♣✉❧s♦r② s❛✈✐♥❣s✳ ▼♦r❡♦✈❡r✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❢✉♥❞❡❞ ♣♦rt✐♦♥ ♦❢ t❤❡ ♣❡♥s✐♦♥ s②st❡♠ r❡❧❛t✐✈❡ t♦

t❤❡ ♣✉❜❧✐❝ ❝♦♠♣♦♥❡♥t r❡s✉❧ts ✐♥ ♠♦r❡ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ ❤✐❣❤❡r ♣✉❜❧✐❝ s♣❡♥❞✐♥❣

❧❡✈❡❧s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r♣✐♥♥✐♥❣ t❤✐s r❡s✉❧t ✐s t❤❛t ❛ tr❛♥s✐t✐♦♥ t♦✇❛r❞s ❛ ♣r✐✈❛t❡ ♣❡♥s✐♦♥

s②st❡♠ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❝♦st ♦❢ t❤❡ s♦❝✐❛❧ s❡❝✉r✐t② s②st❡♠ ♣❡r t❛①♣❛②❡r ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛

❞❡❝r❡❛s❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ✜s❝❛❧ ❣❛✐♥s ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♣❡r ♥❛t✐✈❡ ✇♦r❦❡r✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣✉r♣♦s❡❧② ❛❜str❛❝t ❢r♦♠ s♦♠❡ ❢❛❝t♦rs t❤❛t ❛r❡ ❧✐❦❡❧② t♦ ♣❧❛② ❛ r♦❧❡ ✐♥ s❤❛♣✐♥❣ ✈♦t❡rs✬

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ❝❤♦✐❝❡s✳ ❚❤❡s❡ ❛s♣❡❝ts ❞❡s❡r✈❡ ❢✉rt❤❡r ❞✐s❝✉ss✐♦♥✱ ❛s t❤❡② r❡♣r❡s❡♥t ❛ t♦♣✐❝ ❢♦r

❢✉t✉r❡ r❡s❡❛r❝❤✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦❢ t❤❡s❡ ❛s♣❡❝ts ❛r❡✿ ✭✐✮ ✐♠♠✐❣r❛♥ts✬ ❡♥❞♦❣❡♥♦✉s s❡❧❡❝t✐♦♥ ✇❤❡♥

❛ ❣❡♥❡r♦✉s ✇❡❧❢❛r❡ s②st❡♠ ❛ttr❛❝t r❡❧❛t✐✈❡❧② ❧♦✇✲s❦✐❧❧❡❞ ✐♠♠✐❣r❛♥ts ✭❇❡♥❤❛❜✐❜✱ ✶✾✾✻❀ ❇♦r❥❛s✱ ✶✾✾✾✮✱

✭✐✐✮ s❡❣♠❡♥t❡❞ ❧❛❜♦✉r ♠❛r❦❡ts ✇❤❡♥ ✐♠♠✐❣r❛♥ts ♣♦ss❡ss s♣❡❝✐✜❝ ❧❛❜♦✉r ♠❛r❦❡t s❦✐❧❧s t❤❛t ❛r❡ ♥♦t

❛✈❛✐❧❛❜❧❡ t♦ ♥❛t✐✈❡s ✇♦r❦❡rs ✭P❡r✐ ✫ ❙♣❛r❜❡r✱ ✷✵✵✾✮ ❛♥❞ ✭✐✐✐✮ ♥♦♥ ❡❝♦♥♦♠✐❝ ❞r✐✈❡rs✱ s✉❝❤ ❛s ❝✉❧t✉r❛❧

❛♥❞ ♣s②❝❤♦❧♦❣✐❝❛❧ ♠♦t✐✈❛t✐♦♥s ✭❇r❡tt❡❧❧ ✫ ❍♦❧❧✐✜❡❧❞✱ ✷✵✵✼❀ ❈❛r❞ ❡t ❛❧✳✱ ✷✵✶✶✮✳

✻✳✸ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts✿ ❘♦❜✉st♥❡ss

❚❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❧❡❛✈❡ s♦♠❡ ♦♣❡♥ q✉❡st✐♦♥s✳

❋✐rst✱ t❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ Pr♦♣♦s✐t✐♦♥ ✸ ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞ ♦♥ ∆ ❜❡✐♥❣ s✉✣❝✐❡♥t❧② s♠❛❧❧ ✐♥ ♠❛❣♥✐t✉❞❡✳

❚❤✐s ✐s ❛❞♠✐tt❡❞❧② ❛ str♦♥❣ r❡str✐❝t✐♦♥✱ ❛s ✐t ❝♦♥tr❛sts t❤❡ ❡♠♣✐r✐❝❛❧ ❢❛❝t t❤❛t ✐♥ s❡✈❡r❛❧ ❲❡st❡r♥

❝♦✉♥tr✐❡s✱ ✐♠♠✐❣r❛♥ts ❡①❤✐❜✐t s✉❜st❛♥t✐❛❧❧② ❤✐❣❤❡r ❢❡rt✐❧✐t② r❛t❡s t❤❛♥ t❤❡ ♥❛t✐✈❡s ✭❇♦❤♥ ✫ ▲♦♣❡③✲

❱❡❧❛s❝♦✱ ✷✵✶✾✮✳ ❚❤✉s✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ ❢r♦♠ ❙❡❝t✐♦♥ ✹ t♦ ♥✉♠❡r✐❝❛❧❧② ✈❡r✐❢②

t❤❛t t❤❡ ♠❛✐♥ r❡s✉❧ts ❤♦❧❞ tr✉❡ ❡✈❡♥ ✇✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥ r❡❧❛①❡❞✳

❙❡❝♦♥❞✱ r❡❧❛①✐♥❣ s✉❝❤ ❛ss✉♠♣t✐♦♥ ❛❧s♦ ❣❡♥❡r❛t❡s s♦♠❡ ♥❡✇ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ ❝❤❛r✲

❛❝t❡r✐③❡❞ ❛♥❛❧②t✐❝❛❧❧②✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ❡①❡r❝✐s❡ s❤♦✇s t❤❛t✱ ❛s ∆ ❣r♦✇s ❧❛r❣❡✿

✶✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸ ❝❛rr② ♦✈❡r ❢♦r s❡✈❡r❛❧ ♣❛r❛♠❡tr✐③❛t✐♦♥s✳

✷✳ ❚❤❡ ❡✛❡❝t ♦❢ ❝✉rr❡♥t ♣♦❧✐❝② ❝❤♦✐❝❡s ♦♥ ❡①♣❡❝t❡❞ ❢✉t✉r❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡s ✭s♦♣❤✐st✐❝❛t❡❞

❢❛rs✐❣❤t❡❞♥❡ss✮ ♠❛② ❜❡❝♦♠❡ s✉❜st❛♥t✐❛❧ ✐♥ ♠❛❣♥✐t✉❞❡✳ ❲❤✐❧❡ t❤✐s ❛✛❡❝ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝②✱ ✐t

❞♦❡s ♥♦t t②♣✐❝❛❧❧② r❡s✉❧t ✐♥ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ♣r❡❞✐❝t✐♦♥s r❡❣❛r❞✐♥❣ ♣♦❧✐❝② r❡s♣♦♥s❡ ❞✐r❡❝t✐♦♥

t♦ s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ s❤♦❝❦s✳

✸✳ ❆s ∆ ❣r♦✇s ❧❛r❣❡✱ ♠✉❧t✐♣❧✐❝✐t② ♠❛② ❛r✐s❡✱✻✷ s✉❝❤ t❤❛t t❤❡ ♣r❡❞✐❝t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❛
✻✷❋♦r ❛ ❧❛r❣❡ ✈❛❧✉❡ ♦❢∆ t❤❡ st❡❛❞②✲st❛t❡ ♠❛② ♥♦t ❜❡ ✉♥✐q✉❡ ❛♥❞ ❛ s❤♦❝❦ ♠❛② ❝❛✉s❡ ❛ tr❛♥s✐t✐♦♥ t♦ ❛ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠

♣❛t❤✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶ ♠❛② ❜❡ ♥♦ ❧♦♥❣❡r s❛t✐s✜❡❞✳
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s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ s❤♦❝❦ ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ s♣❡❝✐✜❝ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳

✹✳ ❚❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ st❡❛❞②✲st❛t❡ ❛❢t❡r ❛ s❤♦❝❦ ❞❡❝r❡❛s❡s ✐♥ ∆ ❢♦r ❛❧❧ ♦❢ t❤❡ ♣❛r❛♠❡t✲

r✐③❛t✐♦♥s t❤❛t ❣❡♥❡r❛t❡ ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳

❚❤✐s ❡①❡r❝✐s❡✱ ❛s ✇❡❧❧ ❛s ♦t❤❡r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✱ ❛r❡ ❡①t❡♥s✐✈❡❧② ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳

✼ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚❤✐s ♣❛♣❡r ✐♥✈❡st✐❣❛t❡s t❤❡ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ t❤r❡❡ ❦❡② ❞❡♠♦❣r❛♣❤✐❝✱ ❡❝♦♥♦♠✐❝ ❛♥❞ s♦❝✐❛❧ ♣r♦❝❡ss❡s✿

❛❣❡✐♥❣✱ r✐s✐♥❣ ✐♥❡q✉❛❧✐t② ❛♥❞ ✐♠♠✐❣r❛t✐♦♥✳ ❚❤❡ ❛✐♠ ✐s t♦ ❛♥❛❧②s❡ ❤♦✇ t❤❡s❡ ♣r♦❝❡ss❡s s❤❛♣❡ ✜s❝❛❧ ❛♥❞

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ✐♥ ❞❡♠♦❝r❛t✐❝ ❝♦✉♥tr✐❡s ✉s✐♥❣ t❤❡ ❯❑ ❛s ❛ ❝❛s❡ st✉❞②✳ ❲❡ ❞❡t❛✐❧ t❤❡ ❡✛❡❝ts ♦❢

✐♥❝r❡❛s✐♥❣ ❧✐❢❡ ❡①♣❡❝t❛♥❝②✱ ❞❡❝r❡❛s✐♥❣ ❜✐rt❤ r❛t❡s ❛♥❞ r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ♦♥ ♣♦❧✐❝✐❡s ❝❤♦✐❝❡s✱ t❤❡

♣♦❧✐t✐❝❛❧ s②st❡♠✱ ❛♥❞ s♦❝✐❡t❛❧ ✇❡❧❧❜❡✐♥❣✳

❚❤❡ ❦❡② ♥♦✈❡❧t② ♦❢ t❤✐s ❛♥❛❧②s✐s ✐s t❤❛t ✐t ❛❧❧♦✇s ✈♦t❡rs t♦ ❝❤♦♦s❡ ❜♦t❤ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ✜s❝❛❧ ♣♦❧✐❝②

✭✐✳❡✳✱ ♥♦t ♦♥❧② t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♠✐❣r❛♥ts ❜✉t ❛❧s♦ ❤♦✇ s♦❝✐❡t② ❞✐✈✐❞❡s ❝♦sts ❛♥❞ ❜❡♥❡✜ts ♦❢ ✐♠♠✐❣r❛t✐♦♥✮✳

❚❤✐s ❝❤♦✐❝❡ ✐s s❤♦✇♥ t♦ ❣❡♥❡r❛t❡ ♣❡r❝❡✐✈❡❞ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ♥❛t✐✈❡s ❛♥❞ ✐♠♠✐❣r❛♥ts ♦✈❡r ✇❡❧❢❛r❡

❜❡♥❡✜ts ❛♥❞✱ ✐♥ t✉r♥✱ ♠❛❦❡ t❤❡ ♠♦st ✇❡❧❢❛r❡✲❞❡♣❡♥❞❡♥t s❡❣♠❡♥ts ♦❢ t❤❡ ✈♦t✐♥❣ ♣♦♣✉❧❛t✐♦♥✖t❤❡ ❡❧❞❡r❧②

❛♥❞ t❤❡ ♣♦♦r✖str♦♥❣❧② ❤♦st✐❧❡ t♦ ♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✳

❚❤❡ ✜rst ✜♥❞✐♥❣ ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❛t ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✐♥❝r❡❛s❡ t❤❡

♣♦❧✐t✐❝❛❧ ♣r❡ss✉r❡ t♦ r❡str✐❝t t❤❡ ✐♥✢♦✇ ♦❢ ✐♠♠✐❣r❛♥t ✇♦r❦❡rs ❛♥❞ ✐♥✢❛t❡ t❤❡ s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t✳ ❚❤✐s

✜♥❞✐♥❣ s✉❣❣❡sts t❤❛t t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ♦♥ ♣✉❜❧✐❝ ✜♥❛♥❝❡s ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s✐♥❣

❝♦sts ♦❢ t❤❡ s♦❝✐❛❧ s❡❝✉r✐t② s②st❡♠ ♠❛② ❜❡ ❡①❛❝❡r❜❛t❡❞ ❜② ❡♥❞♦❣❡♥♦✉s ♣♦❧✐t✐❝❛❧ ❡✛❡❝ts✳ ❉✐r❡❝t ❛♥❞

✐♥❞✐r❡❝t ❡✛❡❝ts ♦❢ t❤❡ ❛❣❡✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ♠❛② ❛✛❡❝t t❤❡ ❧♦♥❣✲r✉♥ ✜s❝❛❧ s♦✉♥❞♥❡ss ♦❢ t❤❡ ♣✉❜❧✐❝ s❡❝t♦r✳

❚❤❡ s❡❝♦♥❞ ✜♥❞✐♥❣ ✐s ❛❜♦✉t t❤❡ ♣♦❧✐t✐❝❛❧ ❡✛❡❝ts ♦❢ t❤❡s❡ s♦❝✐♦❞❡♠♦❣r❛♣❤✐❝ s❤♦❝❦s✳ ❲❡ s❤♦✇ t❤❛t

❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❡q✉❛❧✐t② ❝❛♥ ❤❡❧♣ ❡①♣❧❛✐♥ t❤❡ r✐s❡ ♦❢ r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt✐❡s ✐♥ r❡❝❡♥t ②❡❛rs✳

❚❤❡ t❤✐r❞ ✜♥❞✐♥❣ ❝♦♥❝❡r♥s t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢ t❤❡ ♣r❡❞✐❝t❡❞ ♣♦❧✐❝② ❝❤❛♥❣❡s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ t✐❣❤t✲

❡♥✐♥❣ ♦❢ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ✐♥❞✉❝❡❞ ❜② ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ ❛♥❞ r✐s✐♥❣ ✐♥❡q✉❛❧✐t② ✐s ❣❡♥❡r❛❧❧② ❤❛r♠❢✉❧✱

t❤♦✉❣❤ t❤❡ ❤❛r♠ ✐s ♠♦st s❡✈❡r❡ ❢♦r ②♦✉♥❣ ♣❡♦♣❧❡ ❛♥❞ ❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥s✳

❚❤✐s ❛♥❛❧②s✐s ❞❡❧✐✈❡rs ❛ ♣❡ss✐♠✐st✐❝ ♣r❡❞✐❝t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ❛❜✐❧✐t② ♦❢ ♦✉r s♦❝✐❡t② t♦ ❛❞❥✉st t♦ ❞❡♠♦✲

❣r❛♣❤✐❝ ❝❤❛♥❣❡s ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ s✉❝❤ ❝❤❛♥❣❡s ♦♥ ②♦✉♥❣ ❣❡♥❡r❛t✐♦♥s✳ P♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣ r❡s✉❧ts

✐♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣♦✇❡r ♦❢ t❤❡ ❡❧❞❡r❧② t♦ s❤❛♣❡ ♣✉❜❧✐❝ ♣♦❧✐❝② ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♥❡❡❞s✳ ❆s ❛ r❡s✉❧t✱

②♦✉♥❣ ♥❛t✐✈❡s ❛♥❞ ②♦✉♥❣ ♣♦t❡♥t✐❛❧ ✐♠♠✐❣r❛♥ts ♣❛② ❛ ♣r✐❝❡✳ ❨♦✉♥❣ ♥❛t✐✈❡s ♠✉st s✉♣♣♦rt t❤❡ ✜♥❛♥❝✐❛❧

✸✾



❜✉r❞❡♥ ♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣❧② ❧❛r❣❡ ❛♥❞ ❧♦♥❣✲❧✐✈✐♥❣ ❡❧❞❡r❧② ♣♦♣✉❧❛t✐♦♥ ✇❤✐❧❡ ②♦✉♥❣ ♣♦t❡♥t✐❛❧ ✐♠♠✐❣r❛♥ts

❛r❡ ♣r❡✈❡♥t❡❞ ❢r♦♠ s❡❛r❝❤✐♥❣ ❢♦r ❜❡tt❡r ❡♠♣❧♦②♠❡♥t ❛♥❞ ❧✐❢❡ ♦♣♣♦rt✉♥✐t✐❡s ❜② ❡①❝❡ss✐✈❡❧② r❡str✐❝t✐✈❡

✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✳

❚❤✐s ✇♦rr✐s♦♠❡ ♥♦ ❝♦✉♥tr② ❢♦r ②♦✉♥❣ ♣❡♦♣❧❡ s❝❡♥❛r✐♦ ✇❛rr❛♥ts ❢✉rt❤❡r r❡s❡❛r❝❤ ♦♥ t❤✐s t♦♣✐❝ ❛♥❞

❝♦♥st✐t✉t❡ ❛ ❝❤❛❧❧❡♥❣❡ ❢♦r ♣♦❧✐❝② ❞❡s✐❣♥✳ ■t s✉❣❣❡sts t❤❛t ❛ ❦❡② ❣♦❛❧ ♦❢ s♦❝✐❛❧ s❡❝✉r✐t② r❡❢♦r♠s ✐♥

t❤❡ ✐♠♠❡❞✐❛t❡ ❢✉t✉r❡ s❤♦✉❧❞ ❜❡ t❤❡ ♣r♦♠♦t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ✜s❝❛❧ ❡✛❡❝ts ♦❢

✐♠♠✐❣r❛t✐♦♥ ❛♠♦♥❣ ❡❧❞❡r❧② ❛♥❞ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ❧✐♥❦✐♥❣

t❤❡ ❣❡♥❡r♦s✐t② ♦❢ t❤❡ s♦❝✐❛❧ s❡❝✉r✐t② s②st❡♠ t♦ t❤❡ ❡①♣❡❝t❡❞ ❢✉t✉r❡ ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ ♦❢ t❤❡

♥❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥✳ ❘❡❢♦r♠s ✐♥ t❤✐s ✈❡✐♥ ❤❛✈❡ ❜❡❡♥ ❛tt❡♠♣t❡❞ ✐♥ ✐♥ s❡✈❡r❛❧ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ♦✈❡r

t❤❡ ❧❛st t✇♦ ❞❡❝❛❞❡s✱ s✉❝❤ ❛s ❋✐♥❧❛♥❞ ✐♥ ✷✵✵✺ ❛♥❞ ■t❛❧② ✐♥ ✷✵✶✵✳

✹✵



❆♣♣❡♥❞✐①

❆ ❊q✉✐❧✐❜r✐✉♠ ❈♦♥❝❡♣t ❛♥❞ Pr♦♣❡rt✐❡s

❆♣♣❡♥❞✐① ❆ ✐♥❝❧✉❞❡s ❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ❛♥❞ ♦❢ t❤❡ t✇♦ ❦❡② ♣r♦♣❡rt✐❡s ♦❢

❝✐t✐③❡♥s✬ ♣r❡❢❡r❡♥❝❡s✳

❆✳✶ ▼❛r❦♦✈✲P❡r❢❡❝t P❛rt② ❊q✉✐❧✐❜r✐✉♠

❋♦r♠❛❧❧②✱ ❆ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② s ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t✱ ❢♦r ❛❧❧ ♣❡r✐♦❞s t ❛♥❞ ❡❛❝❤ ❤✐st♦r② ht ∈ Ht✱ s❡❧❡❝ts ❛

t✉♣❧❡ 〈Pt, At(Pt), x∗t 〉✳ ▲❡t S ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣✐❡s ❛♥❞ St(ht) ❞❡♥♦t❡ t❤❡ s❡t ♦❢

❝♦♥t✐♥✉❛t✐♦♥ str❛t❡❣✐❡s ✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t st ✭✐✳❡✳✱ t❤❡ s❡t ♦❢ ❛❧❧ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣✐❡s ✐♥ t❤❡ s✉❜❣❛♠❡

st❛rt✐♥❣ ❛❢t❡r ht✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❤✐st♦r② ht ❛♥❞ str❛t❡❣② st ♦❢ ❛ ❝✐t✐③❡♥

♦❢ t②♣❡ θt ∈ Θ✱ ❞❡♥♦t❡❞ ❜② vt✱ ❛s✿

vt (x; θt, ϕ | ht, st) ≡ Et
[
ut

(
x, x∗t+1; θt, ϕ, gt(ht)

)
| st

]
✭✶✶✮

❢♦r st ∈ St(ht) ❛♥❞ x ∈ X✳✻✸ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞❡❢❛✉❧t ♣♦❧✐❝② x0 s❛t✐s✜❡s vt
(
x0; θt, ϕ | ht, st

)
= −∞

❢♦r ❛❧❧ θt ∈ Θ ❛♥❞ ❛❧❧ ϕ ∈ Φ✳✻✹

●✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ s❡t ♦❢ ✈♦t❡r t②♣❡s Θ✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❡❛❝❤ ♣❡r✐♦❞ t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣ts✿

✭✶✮ ❆ ♣❛rt② str✉❝t✉r❡ Pt ✐s ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ✈♦t❡r t②♣❡s Θ✳

✭✷✮ ❆ ♣❧❛t❢♦r♠ ♣r♦✜❧❡ At(Pt) ✐s ❛ s✉❜s❡t ♦❢ X s✉❝❤ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t ajt ✐s t❤❡ ❛ ♣❧❛t❢♦r♠ ✭✐❢ ❛♥②✮

♣r♦♣♦s❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ♣❛rt② P jt ∈ Pt✿ At(Pt) =
{
x ∈ X | ajt = x for some P jt ∈ Pt

}
✳

✭✸✮ ❚❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ❢♦r ❛ ❝✐t✐③❡♥ i ♦❢ t②♣❡ θit✱ ✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t xit✱ ✐s t❤❡ s❡t ♦❢ ♠♦st✲

♣r❡❢❡rr❡❞ ♣♦❧✐❝✐❡s ✐♥ X ❜② s✉❝❤ ❛ ❝✐t✐③❡♥✿

I
(
θit | ht, st

)
:=

{
x ∈ X | vt

(
x; θit, ϕ | ht, st

)
≥ vt

(
x′; θit, ϕ | ht, st

)
∀x′ ∈ X

}

✭✹✮ ❚❤❡ ♠❛❥♦r✐t② ❝♦r❡ K (At | ht, st) ✐s t❤❡ s❡t ♦❢ ♣❧❛t❢♦r♠ ✐♥ At t❤❛t ❛r❡ ✐♥ t❤❡ ❝♦r❡ ♦❢ t❤❡ ♠❛❥♦r✐t②

✻✸■♥ ❧✐♥❡ ✇✐t❤ ▼❛s❦✐♥ ❛♥❞ ❚✐r♦❧❡✱ ♦♥❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❤✐st♦r② ht ♦❢ ❛ ❝✐t✐③❡♥ ♦❢ t②♣❡
θt ∈ Θ✱ ❞❡♥♦t❡❞ ❜② Vt✱ ❛s✿ Vt (st; θt, ϕ | ht) ≡ Et

[

ut

(

x∗

t , x
∗

t+1; θt, ϕ, gt(ht)
)

| st
]

✳
✻✹❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❝♦♠♠♦♥ ✐♥ ♠♦❞❡❧s ♦❢ ❡❧❡❝t✐♦♥s✱ s✉❝❤ ❛s ▲❡✈② ✭✷✵✵✹✱ ✷✵✵✺✮ ❛♥❞ ❉♦tt✐ ✭✷✵✷✵✮✳ ■t ✐s ❡❛s② t♦ s❤♦✇

t❤❛t ❛❧❧ t❤❡ r❡s✉❧ts ❤♦❧❞ tr✉❡ ✐❢ ♦♥❡ ❛ss✉♠❡s t❤❛t t❤❡ ❞❡❢❛✉❧t ♣♦❧✐❝② ✐s t❤❡ st❛t✉s q✉♦ x∗

t−1✱ ❜✉t ✐♥ s✉❝❤ ❝❛s❡ ♦♥❡ ❤❛s
t♦ ❛❞❞ x∗

t−1 ❛s ❛ s❡❝♦♥❞ ❡❧❡♠❡♥t ♦❢ t❤❡ st❛t❡ s♣❛❝❡✱ ✐✳❡✳ st = {gt, x∗

t−1}✳ ❚❤✉s✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r
s✐♠♣❧✐✜❡s t❤❡ ♥♦t❛t✐♦♥✳

✹✶



✈♦t✐♥❣ ❣❛♠❡ ❣✐✈❡♥ ✈♦t❡r ♣r❡❢❡r❡♥❝❡s vt ❛♥❞ ❤✐st♦r② ht✿

K (At | ht, st) :=

{
x ∈ At

∣∣∣∣
✂

1 [vt (x; θt, ϕ | ht, st) ≥ vt (at; θt, ϕ | ht, st)] ft (θt | ht) dθ ≥ 0.5 ∀at ∈ At

}
.

❉❡✜♥✐t✐♦♥ ❆✳✶✳ ✭❙t❛❜❧❡ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡✮✳ ✭✐✮ ❆ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ ✐♥ ♣❡r✐♦❞ t ❣✐✈❡♥ ❤✐st♦r② ht ❛♥❞

❝♦♥t✐♥✉❛t✐♦♥ str❛t❡❣② st ✐s ❛ t✉♣❧❡ 〈Pt, At(Pt), x∗t 〉 t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ ▼❛❥♦r✐t② ❘✉❧❡ ✭▼❘✮✳ ❚❤❡ s♦❝✐❛❧ ❝❤♦✐❝❡ x∗t ✐s s✉❝❤ t❤❛t✿ ✭❛✮ ✐❢ K (At(Pt) | ht, st) 6= ∅✱ t❤❡♥

x∗t ∈ K (At(Pt) | ht, st)❀ ✭❜✮ ♦t❤❡r✇✐s❡✱ xt = x0✳

✷✳ ❈✐t✐③❡♥✲❝❛♥❞✐❞❛t❡s ✭❈❈✮✳ ❆ ♣❛rt② ♣❧❛t❢♦r♠ ajt 6= ∅ ✐s s✉❝❤ t❤❛t ajt ∈ At(Pt) ♦♥❧② ✐❢ ajt ∈

I
(
θit | ht, st

)
❢♦r s♦♠❡ θit ∈ P jt ✳

✸✳ P❛rt✐s❛♥ ▼❡♠❜❡rs❤✐♣ ✭P▼✮✳ ❋♦r ❡❛❝❤ P jt ∈ Pt✱ ✐t ✐s tr✉❡ t❤❛t θit ∈ P jt ✭❛✮ ✐❢ vt
(
ajt ; θt, ϕ | ht, st

)
>

vt
(
akt ; θt, ϕ | ht, st

)
❢♦r ❛❧❧ akt ∈ At(Pt)\{a

j
t}✱ ❛♥❞ ✭❜✮ ♦♥❧② ✐❢ vt

(
ajt ; θt, ϕ | ht, st

)
≥ vt

(
akt ; θt, ϕ | ht, st

)

❢♦r ❛❧❧ akt ∈ At(Pt)✳

✭✐✐✮ ❆ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ 〈Pt, At(Pt), x∗t 〉 ✐s ❝♦r❡ st❛❜❧❡ ✭❈❙✮ ❣✐✈❡♥ ❤✐st♦r② ht✖❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s ❛ st❛❜❧❡

♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ ✭❙P❖✮✖✐❢ ❛♥❞ ♦♥❧② ✐❢ ∄P̃ jt ⊆ Θ s✉❝❤ t❤❛t ❢♦r ❛♥② ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ 〈P′
t, At(P

′
t), x

′
t〉

t❤❛t s❛t✐s✜❡s P̃ jt ∈ P′
t ❛♥❞ ãjt ∈ A (P′

t) ♦♥❡ ❣❡ts x∗t /∈ K (A (P′
t) | ht, st) ❛♥❞ vt (x

′
t; θt, ϕ | ht, st) >

vt (x
∗
t ; θt, ϕ | ht, st) ❢♦r ❛❧❧ t②♣❡s θt ∈ P̃ jt ✳

❚❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥ s✐♠♣❧② st❛t❡s t❤❛t t❤❡ ♥❡✇ ♣♦❧✐❝② ♦✉t❝♦♠❡ x′t ♠✉st ❜❡ ❛❜❧❡ t♦ str✐❝t❧②

❞❡❢❡❛t t❤❡ ♦r✐❣✐♥❛❧ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t ✐♥ ❛♥② ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡ t❤❛t ♠❛② ❢♦❧❧♦✇ t❤❡ ❞❡✈✐❛t✐♦♥ ✐♥ ✇❤✐❝❤

x∗t ✐s ♣r♦♣♦s❡❞ ❜② s♦♠❡ ❝❛♥❞✐❞❛t❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛ t✐❡✲❜r❡❛❦ r✉❧❡ ❢♦r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ✐❞❡❛❧

♣♦❧✐❝② ♦❢ t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ✐s ♥♦t ✉♥✐q✉❡✳ ❆s s✉❝❤✱ ✐t ✐s ✐rr❡❧❡✈❛♥t ❢♦r ❛❧❧ t❤❡ ♣r❡❞✐❝t✐♦♥s ✐♥ ♣r♦♣♦s✐t✐♦♥

✶✲✷✲✸✲✹✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳ ❆ ▼❛r❦♦✈✲♣❡r❢❡❝t ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✭▼PP❊✮ ✐s ❛ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② s∗ ∈ S t❤❛t

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ ❙✉❜❣❛♠❡ P❡r❢❡❝t✐♦♥✳ ❚❤❡ str❛t❡❣② s ❢♦r♠s ❛ ❙P❖ ❛❢t❡r ❛♥② ❤✐st♦r② ht ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ✭✐✳❡✳✱ ❢♦r

❛❧❧ t ❛♥❞ ❛❧❧ ht ∈ Ht t❤❡ t✉♣❧❡ 〈Pt, At(Pt), x∗t 〉 s❛t✐s✜❡s ▼❘✱ ❈❈✱ P▼✱ ❈❙ ✮❀

✷✳ ▼❛r❦♦✈✐❛♥ str❛t❡❣✐❡s✳ ❋♦r ❛❧❧ t ❛♥❞ ❛♥② h′t, h
′′
t ∈ Ht✱ gt(h′t) = gt(h

′′
t ) ✐♠♣❧✐❡s s∗t (h

′
t) = s∗t (h

′′
t )✳

✹✷



❉❡✜♥✐t✐♦♥ ❆✳✷ ❢♦r♠❛❧✐③❡s s♦♠❡ s✐♠♣❧❡ ✐♥s✐❣❤ts✳ ❋✐rst✱ ❝♦♥❞✐t✐♦♥ ✭✶✮ r❡str✐❝ts t❤❡ ❛tt❡♥t✐♦♥ t♦ ❝♦❧❧❡❝t✐✈❡

str❛t❡❣✐❡s t❤❛t s❛t✐s❢② s✉❜❣❛♠❡ ♣❡r❢❡❝t✐♦♥ ✭✐✳❡✳✱ ✐t r✉❧❡s ♦✉t ❡♠♣t② ♦r ✐♥❝r❡❞✐❜❧❡ t❤r❡❛ts✮✳ ❙❡❝♦♥❞✱

❝♦♥❞✐t✐♦♥ ✭✷✮ s✐♠♣❧② st❛t❡s t❤❛t t❤❡ ❝♦❧❧❡❝t✐✈❡ ❝❤♦✐❝❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✐s t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ ♣♦❧✐t✐❝❛❧

♣r♦❝❡ss ✐♥ ✇❤✐❝❤ t❤❡ ❝✐t✐③❡♥s ♦♥❧② ♣❧❛② ❝♦❧❧❡❝t✐✈❡ ▼❛r❦♦✈✐❛♥ str❛t❡❣✐❡s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t

♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡s✱ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t ✱ ❛r❡ s♦❧❡❧② ❢✉♥❝t✐♦♥s ♦❢ t❤❡

♣❛②♦✛✲r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❤✐st♦r② ht✱ ✇❤✐❝❤ ✐s ❢✉❧❧② s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❝✐t✐③❡♥s✬

♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ gt✳✻✺

❆✳✷ ◗✉❛s✐s✉♣❡r♠♦❞✉❧❛r✐t② ❛♥❞ ❙tr✐❝t ❙✐♥❣❧❡ ❈r♦ss✐♥❣ Pr♦♣❡rt②

❋♦❧❧♦✇✐♥❣ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✱ ✇❡ ❞❡✜♥❡ t✇♦ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♦❜❥❡❝t✐✈❡

❢✉♥❝t✐♦♥ vt✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳ ❚❤❡ ❢✉♥❝t✐♦♥ vt ✐♥ ♣❡r✐♦❞ t ❢♦r ❣✐✈❡♥ ❤✐st♦r② ht s❛t✐s✜❡s✿

✶✳ ◗✉❛s✐s✉♣❡r♠♦❞✉❧❛r✐t② ✭◗❙▼✮ ✐♥ (Mt, Lt) ✐❢✱ ❢♦r ❛♥② t✇♦ (M ′
t , L

′
t), (M

′′
t , L

′′
t ) ∈ X✱ ♦♥❡ ❣❡ts✿

vt ((M
′
t , L

′
t); θt, ϕ | ht, st)− vt ((M

′
t , L

′
t) ∧ (M ′′

t , L
′′
t ); θt, ϕ | ht, st) ≥ 0

→ vt ((M
′
t , L

′
t) ∨ (M ′′

t , L
′′
t ); θt, ϕ | ht, st)− vt ((M

′′
t , L

′′
t ); θt, ϕ | ht, st) ≥ 0;

✭✶✷✮

✷✳ ❙tr✐❝t s✐♥❣❧❡ ❝r♦ss✐♥❣ ✭❙❙❈✮ ✐♥ (Mt, Lt; θt) ✐❢✱ ❢♦r ❛♥② t✇♦ (M ′
t , L

′
t), (M

′′
t , L

′′
t ) ∈ X ′ ✇✐t❤ (M ′′

t , L
′′
t ) ≥

(M ′
t , L

′
t) ❛♥❞ (M ′′

t , L
′′
t ) 6= (M ′

t , L
′
t) ❛♥❞ ❛♥② t✇♦ θ̄t, θt ∈ Θ ✇✐t❤ θ̄t > θt✱ ♦♥❡ ❣❡ts✿

vt ((M
′′
t , L

′′
t ); θt, ϕ | ht, st)− vt ((M

′
t , L

′
t); θt, ϕ | ht, st) ≥ 0

→ vt
(
(M ′′

t , L
′′
t ); θ̄t, ϕ | ht, st

)
− vt

(
(M ′

t , L
′
t); θ̄t, ϕ | ht, st

)
> 0.

✭✶✸✮

◗❙▼ ❛♥❞ ❙❙❈ ♦✈❡r t❤❡ ❝♦♠♣❧❡t❡ s✉❜❧❛tt✐❝❡ (X,≤) ❛r❡ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s ❜❡❝❛✉s❡ t❤❡② ✐♠♣❧② t❤❛t

t❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s I (θt | ht, st) ✐s ♠♦♥♦t♦♥✐❝ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ θt ♦✈❡r X ❜② t❤❡♦r❡♠ ✹ ✐♥ ▼✐❧❣r♦♠

❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳

❇ Pr♦♦❢s

❆♣♣❡♥❞✐① ❇ ✐♥❝❧✉❞❡s t❤❡ ♣r♦♦❢s t♦ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r✳

✻✺❚❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ♣❡r❢❡❝t ❢♦r❡s✐❣❤t ❛♥❞ ▼❛r❦♦✈✐❛♥ str❛t❡❣✐❡s ✐♠♣❧② t❤❛t ❡❛❝❤ ❝✐t✐③❡♥✬s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❝♦♥❞✐t✐♦♥❛❧
♦♥ ht ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t s❛t✐s✜❡s vt (·; θt, ϕ | h′

t, st) = vt (·; θt, ϕ | h′′

t , st) ❢♦r ❛❧❧ ❤✐st♦r✐❡s h′

t✱ h
′′

t s✉❝❤ t❤❛t gt(h′

t) = gt(h′′

t )✱
❢♦r ❛❧❧ θt ∈ Θ ❛♥❞ ϕ ∈ Φ✳

✹✸



❇✳✶ ❊q✉✐❧✐❜r✐✉♠ ❊①✐st❡♥❝❡

Pr❡❧✐♠✐♥❛r✐❡s✳ ❉❡✜♥❡ ♣❛r❛♠❡t❡r ψ ≡ γ − l✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❡♥s✐♦♥ s②st❡♠

✐♠♣❧✐❡s pt+1 (ξθt, gt) = ξp̃t (ξθt) /gt ❢♦r s♦♠❡ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ p̃ t❤❛t s❛t✐s✜❡s
✁
p̃t (ξθt) q(θt)dθt = γξ

❢♦r ❛♥② ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ ξ✳ ❚❤✉s✱ ✐t ♠✉st ❤❛✈❡ ❢♦r♠ p̃t (ξθt) = ξp̂t (θt) ✇✐t❤
✁
p̂t (θt) q(θt)dθt = γ✳

❯s✐♥❣ ❢♦r♠✉❧❛ ✭✽✮ ❛♥❞ ✭✹✮✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ vt ♦❢ ❛ ②♦✉♥❣ ❝✐t✐③❡♥ ✭✐✳❡✳ θt ≥ 0✮ ✇r✐t❡s✿

vt ((Mt, Lt); θt, ϕ | ht, st) = γξθt + ψξMtθt + ξθtLt + b(G− Lt) + c(Mt) + βp̃t (ξθt) σ̄t︸ ︷︷ ︸
A((Mt,Lt);θt,ϕ,gt(ht))

+

+βλE
[
d
(
G− Lt+1

)
+ c (Mt+1) | (Mt, G− Lt), gt(ht)

]
︸ ︷︷ ︸

Bt+1(Mt,ϕ,gt(ht))

✭✶✹✮

◆♦t✐❝❡ t❤❛t ❣✐✈❡♥ Mt ❛♥❞ ϕ t❤❡ ♦❜❥❡❝t σ̄t ✐s ❦♥♦✇♥✱ ✐✳❡✳ σ̄t = σm − ∆(1 −Mt)✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t

Bt+1 (Mt, ϕ, gt(ht)) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θt ❛t t✐♠❡ t✳ ❯s✐♥❣ ❢♦r♠✉❧❛ ✭✻✮✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ vt ♦❢ ❛♥

♦❧❞ ❝✐t✐③❡♥ ✭✐✳❡✳ θt = −1✮ ✇r✐t❡s✿

vt ((Mt, Lt);−1, ϕ | ht, st) = d
(
G− Lt

)
+ c (Mt) ✭✶✺✮

❯s✐♥❣ ❢♦r♠✉❧❛s ✭✶✹✮ ❛♥❞ ✭✶✺✮ ■ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

▲❡♠♠❛ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ vt s❛t✐s✜❡s ✭✐✮ ◗❙▼ ✐♥ (Mt, Lt) ❛♥❞ ✭✐✐✮ ❙❙❈ ✐♥ (Mt, Lt; θt) ❢♦r ❛❧❧ ϕ ∈ Φ

❛♥❞ ❛❢t❡r ❛♥② ❤✐st♦r② ht✳

Pr♦♦❢✳ P❛rt ✭✐✮✳ ◗❙▼ ✐♥ (Mt, Lt)✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ❡❧❡♠❡♥ts (M ′′
t , L

′′
t ), (M

′
t , L

′
t) ∈ X ′✳ ❆ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r ◗❙▼ ✐s ❙✉♣❡r♠♦❞✉❧❛r✐t② ✭s❡❡ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✶✾✾✹✮✳ ❚❤✉s✱ ❢♦r ❝♦♥❞✐t✐♦♥ ✭✶✷✮ t♦

❤♦❧❞ tr✉❡ ✐t ✐s s✉✣❝✐❡♥t t❤❛t✿

vt ((M
′′
t , L

′′
t ) ∨ (M ′

t , L
′
t); θt, ϕ | ht, st)− vt ((M

′′
t , L

′′
t ); θt, ϕ | ht, st) ≥

vt ((M
′′
t , L

′′
t ); θt, ϕ | ht, st)− vt ((M

′′
t , L

′′
t ) ∧ (M ′

t , L
′
t); θt, ϕ | ht, st)

✭✶✻✮

❛❢t❡r ❛♥② ❤✐st♦r② ht✳ ▲❡t M̌t = max{M ′′
t ,M

′
t} ❛♥❞ M̂t = min{M ′′

t ,M
′
t}✱ Ľt = max{L′′

t , L
′
t} ❛♥❞

L̂t = min{L′′
t , L

′
t}✱ s✉❝❤ t❤❛t (M̌t, Ľt) = (M ′′

t , L
′′
t ) ∨ (M ′

t , L
′
t) ❛♥❞ (M̂t, L̂t) = (M ′′

t , L
′′
t ) ∧ (M ′

t , L
′
t)✳

✹✹



❯s✐♥❣ ❢♦r♠✉❧❛ ✭✶✹✮✱ ❢♦r ②♦✉♥❣ ❝✐t✐③❡♥s t❤❡ ❝♦♥❞✐t✐♦♥ ❛❜♦✈❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

(
ξψtθ

i
t + βp̃t

(
ξθit

)
∆
) (
M̌t −M ′′

t −M ′
t + M̂t

)
+ c(M̌t)− c(M ′′

t )− c(M ′
t) + c(M̂t)+

+βλ
[
Bt+1

(
M̌t, ϕ, gt(ht)

)
−Bt+1 (M

′′
t , ϕ, gt(ht))−Bt+1 (M

′
t , ϕ, gt(ht)) +Bt+1

(
M̂t, ϕ, gt(ht)

)]
+

+b(G− Ľt)− b(G− L′′
t )− b(G− L′

t) + b(G− L̂t) + ξθit

(
Ľt − L′′

t − L′
t + L̂t

)
≥ 0

✭✶✼✮

❋✐rst❧②✱ ❡✐t❤❡r M̌t =M ′′
t ❛♥❞ M̂t =M ′

t ✱ ♦r M̌t =M ′
t ❛♥❞ M̂t =M ′′

t ✭❛✮✳ ❙❡❝♦♥❞❧②✱ ❡✐t❤❡r Ľt = L′′
t ❛♥❞

L̂t = L′
t✱ ♦r Ľt = L′

t ❛♥❞ L̂t = L′′
t ✭❜✮✳ ❚❤❡♥ ✉s✐♥❣ r❡s✉❧ts ✭❛✮ ❛♥❞ ✭❜✮ ✐♥t♦ ❢♦r♠✉❧❛ ✭✶✼✮ ✇❡ ❣❡t t❤❛t

t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✼✮ ❛❧✇❛②s ❡q✉❛❧s ③❡r♦✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❝♦♥❞✐t✐♦♥ ✭✶✻✮ ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ❢♦r

❛♥② θt ≥ 0✳

❋♦r ♦❧❞ ❝✐t✐③❡♥s✱ ✉s✐♥❣ ❢♦r♠✉❧❛ ✭✶✺✮ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✶✻✮ r❡✇r✐t❡s✿

d(G− Ľt)− d(G− L′′
t )− d(G− L′

t) +−d(G− L̂t) + c(M̌t)− c(M ′′
t )− c(M ′

t) + c(M ′
t) ≥ 0 ✭✶✽✮

❆❣❛✐♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❡✐t❤❡r ❡✐t❤❡r M̌t =M ′′
t ❛♥❞ M̂t =M ′

t ✱ ♦r M̌t =M ′
t ❛♥❞ M̂t =M ′′

t ✱ ❛♥❞ t❤❛t

❡✐t❤❡r Ľt = L′′
t ❛♥❞ L̂t = L′

t✱ ♦r Ľt = L′
t ❛♥❞ L̂t = L′′

t ✱ ✇❡ ❣❡t t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✽✮ ❡q✉❛❧s

③❡r♦✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❝♦♥❞✐t✐♦♥ ✭✶✻✮ ✐s ❛❧s♦ ❛❧✇❛②s s❛t✐s✜❡❞ ❢♦r θt = −1✳ ❚❤✉s✱ ❝♦♥❞✐t✐♦♥ ✭✶✻✮ ✐s

s❛t✐s✜❡❞ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ t②♣❡s θt ∈ Θ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t vt s❛t✐s✜❡s ◗❙▼ ✐♥ (Mt, Lt)✳

P❛rt ✭✐✐✮✳ ❙❙❈ ✐♥ (Mt, Lt; θt)✳ ■ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② (M ′′
t , L

′′
t ) ≥ (M ′

t , L
′
t) ✐♥ X

′ ✇✐t❤ (M ′′
t , L

′′
t ) 6=

(M ′
t , L

′
t) ❛♥❞ ❛♥② θ̄t > θt ✐♥ Θ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✶✸✮ ❤♦❧❞s tr✉❡✳

❋✐rst ■ ❝♦♠♣❛r❡ ❛♥② t②♣❡s ♦❢ t✇♦ ②♦✉♥❣ ❝✐t✐③❡♥s✱ ✐✳❡✳ ❛♥② t✇♦ θ̄t > θt ≥ 0✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r

✭✶✸✮ t♦ ❤♦❧❞ tr✉❡ ❢♦r ❛♥② t✇♦ θ̄t > θt ≥ 0 ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

vt
(
(M ′′

t , L
′′
t ); θ̄t, ϕ | ht, st

)
− vt

(
(M ′

t , L
′
t); θ̄t, ϕ | ht, st

)
>

vt ((M
′′
t , L

′′
t ); θt, ϕ | ht, st)− vt ((M

′
t , L

′
t); θt, ϕ | ht, st)

, ✭✶✾✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❞✐✛❡r❡♥❝❡s ✐♥ (Mt, Lt; θt) ♦✈❡r {θ̄t, θt}✳ ❯s❡

t❤❡ ❢♦r♠✉❧❛ ✭✶✹✮✱ ❛♥❞ ♥♦t✐❝❡ t❤❛t
(
M∗
t+1(gt+1), L

∗
t+1(gt+1)

)
✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θt ❜❡❝❛✉s❡ ❡❛❝❤ t②♣❡

♣♦ss❡ss❡s ③❡r♦ ♣r♦❜❛❜✐❧✐t② ♠❛ss✳ ❚❤❡♥✱ ✉s✐♥❣ ❢♦r♠✉❧❛ ✭✶✹✮ ✐♥t♦ ❝♦♥❞✐t✐♦♥ ✭✶✾✮✱ t❤❡ ❧❛tt❡r ✇r✐t❡s✿

(
θ̄t − θt

)
ξ [ψt (M

′′
t −M ′

t) + (L′′
t − L′

t)] + β
[
p̃t

(
ξθ̄t

)
− p̃t (ξθt)

]
∆ (M ′′

t −M ′
t) > 0 ✭✷✵✮

✇❤✐❝❤ ✐s ❛❧✇❛②s tr✉❡ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ψ > 0 ❛♥❞ ∆ ≥ 0✳

✹✺



❙❡❝♦♥❞❧②✱ ■ ❝♦♠♣❛r❡ ❡❛❝❤ t②♣❡ ♦❢ ②♦✉♥❣ ❝✐t✐③❡♥ ✇✐t❤ θ̄t ≥ 0 t♦ ❡❛❝❤ ♦❧❞ ❝✐t✐③❡♥ ✇✐t❤ θt = −1✳ ❋♦r ❛♥②

♦❧❞ ✐♥❞✐✈✐❞✉❛❧✱ ✉s✐♥❣ ❢♦r♠✉❧❛ ✭✶✺✮ ■ ❣❡t✿

vt ((M
′′
t , L

′′
t );−1, ϕ | ht, st)− vt ((M

′
t , L

′
t);−1, ϕ | ht, st) =

= d(G− L′′
t )− d(G− L′

t) + c(M ′′
t )− c(M ′

t) < 0
✭✷✶✮

✇❤❡r❡ t❤❡ ✈❛❧✉❡ ♦❢ ✭✷✶✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ❜❡❝❛✉s❡ ❜② ❛ss✉♠♣t✐♦♥ d ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ c ✐s str✐❝t❧②

❞❡❝r❡❛s✐♥❣ ❢♦r Mt > M ✳ ❚❤✉s✱ ❝♦♥❞✐t✐♦♥ ✭✶✸✮ ✐s ❛❧✇❛②s tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❢♦r ❛♥② θ̄t, θt ✐♥ Θ s✉❝❤ t❤❛t

θ̄t ≥ 0 ❛♥❞ θt = −1✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♥❞✐t✐♦♥ vt ((M ′′
t , L

′′
t );−1, ϕ | ht, st) − vt ((M

′
t , L

′
t);−1, ϕ | ht, st) ≥

0 ✐s ♥❡✈❡r tr✉❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❢❛❝t t❤❛t ✭✷✶✮ ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦rr❡s✲

♣♦♥❞✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❙❙❈ ✿ vt
(
(M ′′

t , L
′′
t ); θ̄t, ϕ | ht, st

)
− vt

(
(M ′′

t , L
′′
t ); θ̄t, ϕ | ht, st

)
≤ 0

→ vt ((M
′′
t , L

′′
t );−1, ϕ | ht, st) − vt ((M

′
t , L

′
t);−1, ϕ | ht, st) < 0 ✐s ❛❧s♦ ❛❧✇❛②s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✱ ❣✐✈❡♥

t❤❛t t❤❡ ♦♥❧② ✐❢ ♣❛rt ♦❢ s✉❝❤ ❝♦♥❞✐t✐♦♥ ✐s ❛❧✇❛②s tr✉❡✳ ▲❛st❧②✱ ❜❡❝❛✉s❡ ❝♦♥❞✐t✐♦♥ ✭✶✸✮ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧

θ̄t, θt ✐♥ Θ✱ t❤❡♥ vt s❛t✐s✜❡s ❙❙❈ ✐♥ (Mt, Lt; θt)✳ ◗✳❊✳❉✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ✭✐✮ ❆ st❛t✐♦♥❛r② ▼PP❊ ❛❧✇❛②s ❡①✐sts✳ ✭✐✐✮ ■♥ ❛♥② ▼PP❊ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t+r ❢♦r

r = 0, 1, 2, ... ✐s ❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ✉♥✐q✉❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ θpt+r✳ ✭✐✐✐✮ ❚❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥✬s t②♣❡ θpt+r ✐s

✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ gt+r✳ ✭✐✈✮ ❚❤❡r❡ ❡①✐sts ∆̂ > 0✱ s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̂)✱ t❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝②

♦✉t❝♦♠❡ x∗t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ✐s ✉♥✐q✉❡ ❣✐✈❡♥ st❛t❡ gt✳

Pr♦♦❢✳ P❛rt ✭✐✮✳ ❙✉♣♣♦s❡ ❛▼PP❊ ❞♦❡s ♥♦t ❡①✐sts✳ ❈♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ t✉♣❧❡s
{〈

Pt+r, At+r(Pt+r), x
p
t+r

〉}∞

r=0

❛s ❢♦❧❧♦✇s✳ ■♥ ❡❛❝❤ ♣❡r✐♦❞ t+r ❢♦r r = 0, 1, 2, ... ❝♦♥str✉❝t t❤❡ ♣❛rt✐t✐♦♥ Pt+r =
{
P 1
t+r

}
❛♥❞ t❤❡ ♣❧❛t❢♦r♠

♣r♦✜❧❡ At+r(Pt+r) =
{
xpt+r

}
❢♦r s♦♠❡ ♣❧❛t❢♦r♠ xpt+r ∈ I

(
θpt+r | ht+r, st+r

)
✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t ❝♦♥❞✐t✐♦♥

✭▼❘✮ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ▼PP❊ ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❧❛t❢♦r♠ ✐♥ At+r(Pt+r)✳

❙❡❝♦♥❞❧②✱ ❝♦♥❞✐t✐♦♥ ✭❈❈✮ ✐s ❛❧s♦ tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❜❡❝❛✉s❡ xpt+r ∈ I
(
θpt+r | ht+r, st+r

)
✳ ❈♦♥❞✐t✐♦♥ ✭P▼✮

✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❜② Pt+r =
{
P 1
t+r

}
✳ ▲❛st❧②✱ s✉♣♣♦s❡ t❤❛t ✭❈❙✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❈♦♥s✐❞❡r ❛ ❞❡✈✐❛t✐♦♥

❛ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡
〈
P′
t+r, At+r(P

′
t+r), x

′
t+r

〉
t❤❛t s❛t✐s✜❡s P̃ jt+r ∈ P′

t+r s✉❝❤ t❤❛t ❛❧❧ t❤❡ t②♣❡s θjt+r

✐♥ P̃t+r ∈ P′
t+r ❛r❡ ♠❛❞❡ str✐❝t❧② ❜❡tt❡r ♦✛ r❡❧❛t✐✈❡❧② t♦ ♦✉t❝♦♠❡ xpt+r✳ ❋✐rst❧②✱ θpt+r /∈ P̃ jt+r ❜❡❝❛✉s❡

xpt+r ∈ I
(
θpt+r | ht+r, st+r

)
✱ t❤✉s s✉❝❤ t②♣❡ ♦❢ ❝✐t✐③❡♥ ❝❛♥♥♦t ❜❡ ♠❛❞❡ str✐❝t❧② ❜❡tt❡r ♦✛✳ ■♥ t✉r♥✱ t❤✐s

✐♠♣❧✐❡s t❤❛t ♦♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡s t❤❛t s❛t✐s❢② P̃ jt+r ∈ P′
t+r ❛♥❞ ãjt+r ∈ At+s(P′

t+r)

✐s s✉❝❤ t❤❛t
{
θpt+r

}
∈ P′

t+r ❛♥❞ xpt+r ∈ A
(
P′
t+r

)
✳ ■♥ s✉❝❤ ❛ ♣♦❧✐t✐❝❛❧ ♦✉t❝♦♠❡✱ ❝♦♥❞✐t✐♦♥ ✭❈❈✮ ❛♥❞

✭❈❙✮ ✐♠♣❧② t❤❛t t❤❡r❡ ♠✉st ❡①✐st ❛t ❧❡❛st ♦♥❡ ❝✐t✐③❡♥ ✇✐t❤ θit+r 6= θpt+r t❤❛t ♣♦ss❡ss❡s ✐♥ ❤✐s✴❤❡r s❡t ♦❢

✹✻



✐❞❡❛❧ ♣♦❧✐❝✐❡s ❛♥ ❡❧❡♠❡♥t xit+r 6= xpt+r s✉❝❤ t❤❛t xpt+r ❝❛♥♥♦t ❞❡❢❡❛t x
i
t+r ✉♥❞❡r t❤❡ ♠❛❥♦r✐t② r✉❧❡✳ ❙❛②

xit+r ∈ I
(
θit+r | ht+r, st+r

)
str✐❝t❧② ❞❡❢❡❛ts xpt+r✳ ❘❡❝❛❧❧ t❤❛t ▲❡♠♠❛ ✶ ✐♠♣❧✐❡s t❤❛t vt+r s❛t✐s✜❡s ✭✐✮

◗❙▼ ✐♥ (xt+r) ❛♥❞ ✭✐✐✮ ❙❙❈ ✐♥ (xt+r; θt+r)✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s✳

❈❛s❡ ✶✳ xit+r ≥ xpt+r ✭x
i
t+r ≤ xpt+r✮ ❛♥❞ x

i
t+r 6= xpt+r✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s vt+r

(
xpt+r; θ

p
t+r, ϕ | ht+r, st+r

)
≥

vt+r
(
xit+r; θ

p
t+r, ϕ | ht+r, st+r

)
✳ ❙❙❈ ✐♠♣❧✐❡s vt+r

(
xpt+r; θt+r, ϕ | ht+r, st+r

)
> vt+r

(
xit+r; θt+r, ϕ | ht+r, st+r

)

❢♦r ❛❧❧ θt+r < θpt+r ✭θt+r > θpt+r ✮✳ ❇❡❝❛✉s❡ θpt+r ✐s t❤❡ ♠❡❞✐❛♥ t②♣❡✱ t❤❡ ❝✐t✐③❡♥s ✇✐t❤ θt+r ≤ θpt+r

✭θt+r ≥ θpt+r ✮ r❡♣r❡s❡♥t ❛t ❧❡❛st ❤❛❧❢ ♦❢ t❤❡ ✈♦t✐♥❣ ♣♦♣✉❧❛t✐♦♥✳ ❚❤✉s✱ x
p
t+r ∈ K

(
At+r(P′

t+r) | ht+r, st+r
)
✱

✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✐s r❡s✉❧ts ❛❧s♦ ✐♠♣❧② t❤❛t xit+r ∈ K
(
At+r(P′

t+r) | ht+r, st+r
)
∈

K
(
At+r(P′

t+r) | ht+r, st+r
)
♦♥❧② ✐❢ xit+r ∈ I

(
θpt+r | ht+r, st+r

)
✳

❈❛s❡ ✷✳ xit+r � xpt+r ❛♥❞ x
i
t+r � xpt+r✳ ❈❛s❡ ✷✳❛ θ

i
t+r > θpt+r✳ ❇❡❝❛✉s❡ X

′ ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✱ (xit+r ∨

xpt+r), (x
i
t+r∨x

p
t+r) ∈ X ′ ✭s❡❡ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥✱ ✶✾✾✹✮✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s vt+r

(
xit+r; θ

i
t+r, ϕ | ht+r, st+r

)
≥

vt+r
(
xit+r ∨ x

p
t+r; θ

i
t+r, ϕ | ht+r, st+r

)
✳ ◗❙▼ ✐♠♣❧✐❡s

vt+r
(
xit+r ∧ x

p
t+r; θ

i
t+r, ϕ | ht+r, st+r

)
≥ vt+r

(
xpt+r; θ

i
t+r, ϕ | ht+r, st+r

)
✳ ❙❙❈ ❛♥❞ xit+r 6= xpt+r ✐♠♣❧②

vt+r
(
xit+r ∧ x

p
t+r; θ

p
t+r, ϕ | ht+r, st+r

)
> vt+r

(
xpt+r; θ

p
t+r, ϕ | ht+r, st+r

)
✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥ t✉r♥ xpt+r /∈

I
(
vt+r, θ

p
t+r | ht+r, st+r

)
✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❈❛s❡ ✷✳❜ θit+r < θpt+r✳ ❙✐♠✐❧❛r❧② t♦ ✷✳❛✱

♦♣t✐♠❛❧✐t② ✐♠♣❧✐❡s vt+r
(
xit+r; θ

i
t+r, ϕ | ht+r, st+r

)
≥ vt+r

(
xit+r ∧ x

p
t+r; θ

i
t+r, ϕ | ht+r, st+r

)
✳ ◗❙▼ ✐♠✲

♣❧✐❡s vt+r
(
xit+r ∨ x

p
t+r; θ

i
t+r, ϕ | ht+r, st+r

)
≥ vt+r

(
xpt+r; θ

i
t+r, ϕ | ht+r, st+r

)
✳ ❙❙❈ ❛♥❞ xit+r 6= xpt+r

✐♠♣❧② vt+r
(
xit+r ∨ x

p
t+r; θ

p
t+r, ϕ | ht+r, st+r

)
> vt+r

(
xpt+r; θ

p
t+r, ϕ | ht+r, st+r

)
✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥ t✉r♥

xpt+r /∈ I
(
vt+r, θ

p
t+r | ht+r, st+r

)
✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✉s✱ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t + r ❢♦r r = 0, 1, 2, ... t❤❡ t✉♣❧❡
〈{
P 1
t+r

}
,
{
xpt+r

}
), xpt+r

〉
s❛t✐s✜❡s t❤❡ ❢♦✉r

❝♦♥❞✐t✐♦♥s ❢♦r ❙P❖ ✐♥ ❉❡✜♥✐t✐♦♥ ❆✳✶ ❣✐✈❡♥ vt, ht✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② ✐♥ ❡❛❝❤ ♣❡r✐♦❞

t + r ✐s ▼❛r❦♦✈✐❛♥✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❛ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② st s✉❝❤ t❤❛t ❛ t✉♣❧❡ ✐♥ t❤❡ ❢♦r♠
〈{
P 1
t+r

}
,
{
xpt+r

}
), xpt+r

〉
✐s ♣❧❛②❡❞ ❛❢t❡r ❛♥② ❤✐st♦r② ht ✐s ❛ ▼PP❊✳ ❚❤✐s r❡♣r❡s❡♥ts ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❋♦r st❛t✐♦♥❛r✐t②✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♥♦t✐❝❡ t❤❛t ❢♦r T → ∞ ✉♥❞❡r t❤❡ ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥ t❤❡ ❞②♥❛♠✐❝

♣r♦❜❧❡♠ ✐s ✐❞❡♥t✐❝❛❧ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ❛t ❣✐✈❡♥ st❛t❡ gt✳ ❚❤✉s✱ ✐❢ ❛ str❛t❡❣② st ✐s ❛ ▼PP❊ ✐♥ ♣❡r✐♦❞ t

❣✐✈❡♥ st❛t❡ gt✱ t❤❡♥ st+r = st ✐s ❛ ▼PP❊ ✐♥ ♣❡r✐♦❞ t+ r ❣✐✈❡♥ st❛t❡ gt+r = gt✳

P❛rt ✭✐✐✮ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ▼PP❊ s∗t s✉❝❤ t❤❛t x∗t+r /∈ I
(
θpt+r | ht+r, st+r

)
❢♦r s♦♠❡ r = 0, 1, 2, ...✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t vt+r
(
xpt+r; θ

p
t+r, ϕ | ht+r, st+r

)
> vt+r

(
x∗t+r; θ

p
t+r, ϕ | ht+r, st+r

)
✳ ❈♦♥❞✐t✐♦♥ ✭❈❙✮

✐♥ ❉❡✜♥✐t✐♦♥ ❆✳✶ ✐♠♣❧✐❡s t❤❛t ❛♥② ♣❛rt✐t✐♦♥ P′
t+r s✉❝❤ t❤❛t P̃ dt+r ∈ P′

t+r ✇✐t❤ P̃ dt+r = {θpt+r} ❛♥❞

♣❧❛t❢♦r♠ ♣r♦✜❧❡ At+r(P′
t+r) ✇✐t❤ ãdt+r = xpt+r ✐s s✉❝❤ t❤❛t ❡✐t❤❡r xpt+r /∈ K

(
At+r(P′

t+r) | ht+r, st+r
)

✭✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡ ♦❢ ❛♥ ❡♠♣t② ❝♦r❡ ♦❢ t❤❡ ✈♦t✐♥❣ ❣❛♠❡✮ ♦r xjt+r ∈ K
(
At+r(P′

t+r) | ht+r, st+r
)

✹✼



❢♦r s♦♠❡ xjt+r 6= xpt+r ✐♥ At+r(P′
t+r)✱ ❡❧s❡ ❛❧❧ t❤❡ ❝✐t✐③❡♥s ♦❢ t②♣❡ θpt+r ❝❛♥ ❜❡ ♠❛❞❡ str✐❝t❧② ❜❡tt❡r ♦✛

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡r t②♣❡s✬ ❛❝t✐♦♥s ❜② ❝♦❛❧❡s❝✐♥❣ ✐♥ ♣❛rt② P̃ dt+r ❛♥❞ s❡tt✐♥❣ ãdt+r = xpt+r✳ ❇✉t ✐♥ t❤❡

♣r♦♦❢ t♦ ♣❛rt ✭✐✮ ✭❈❛s❡ ✶✲✷✮ ■ ❤❛✈❡ s❤♦✇♥ t❤❛t xpt+r ∈ K
(
At+r(P′

t+r) | ht+r, st+r
)
❢♦r ❛♥② ♣❛rt② s②st❡♠

❢❡❛t✉r✐♥❣ P̃ dt+r ∈ P′
t+r ❛♥❞ ãdt+r = xpt+r✱ ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ ❝✐t✐③❡♥ ✇✐t❤ θit+r 6= θpt+r t❤❛t ♣♦ss❡ss❡s

✐♥ ❤✐s✴❤❡r s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ❛♥ ❡❧❡♠❡♥t xit+r 6= xpt+r t❤❛t ❝❛♥ ❞❡❢❡❛t xpt+r ✉♥❞❡r t❤❡ ♠❛❥♦r✐t② r✉❧❡✱

✉♥❧❡ss xit+r ∈ I
(
θpt+r | ht+r, st+r

)
✳ ❇❡❝❛✉s❡ t❤❡ ❝♦r❡ ✐s ♥♦♥✲❡♠♣t②✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s t❤❡

❞❡✈✐❛t✐♦♥ ❧❡❛❞s t♦ ❛ ♣♦❧✐❝② ♦✉t❝♦♠❡ x′t ∈ I
(
θpt+r | ht+r, st+r

)
✳ ❚❤✉s✱ ❛ ❞❡✈✐❛t✐♦♥ ✇✐t❤ P̃ dt+r = {θpt+r}

❛♥❞ adt+r = xpt+r ✐s str✐❝t❧② ♣r♦✜t❛❜❧❡ ❢♦r ❛❧❧ ♠❡♠❜❡rs ♦❢ ♣❛rt② P̃ dt+r ❢♦r ❛❧❧ P
′
t+r s✉❝❤ t❤❛t {θpt+r} ∈ P′

t+r

❛♥❞ ❛❧❧ ❝♦rr❡s♣♦♥❞✐♥❣ At+s(P′
t+r) ✇✐t❤ ãjt+s ∈ At+s(P′

t+r)✳ ❚❤✉s✱ t❤❡ t✉♣❧❡
〈
Pt+s, At+s(Pt+s), x∗t+s

〉

✈✐♦❧❛t❡s ❝♦♥❞✐t✐♦♥ ✭❈❙ ✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✐t ✐s ♥♦t ❛ ❙P❖✱ ❛♥❞ ✐♥ t✉r♥ t❤❛t s∗t ✐s ♥♦t ❛ ▼PP❊✱ ❧❡❛❞✐♥❣

t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

P❛rt ✭✐✐✐✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ gt+s ✐♠♣❧✐❡s gt+s = λ
σ̄t+s−1

✳ ❚❤❡ ♣✐✈♦t❛❧ ✈♦t❡r θpt+s s♦❧✈❡s Ft
(
θpt+s; ρ | ht

)
nt+s+

λ(nt+s−1 +mt+s−1) =
[
1− Ft

(
θpt+s; ρ | ht

)]
nt+s✳ ❘❡❛rr❛♥❣✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ■ ❣❡t Ft

(
θpt+s; ρ | ht

)
=

1−gt+s

2 ❛♥❞ θpt+s(gt+s) = F−1
t

(
1−gt+s

2 ; ρ | ht
)
✳ ❚❤✉s✱

∂θ
p
t+s

(gt+s)

∂gt+s
= − 1

2ft(θpt+s
;ρ|ht)

< 0✳ ◗✳❊✳❉✳

P❛rt ✭✐✈✮✳ ❚❤❡ ♣r♦♦❢s r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✳✳

▲❡♠♠❛ ✷✳ ❚❤❡r❡ ❡①✐sts ∆̃ > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̃)✱ t❤❡♥ ✭✐✮ t❤❡ ❢✉♥❝t✐♦♥

vt+r
(
(Mt+r, Lt+r) ; θ

i
t+r, ϕ | ht+r, st+r

)
✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (Mt+r, Lt+r), gt+r, θ

i
t+r, ϕ✱ ❛♥❞ str✐❝t❧②

❝♦♥❝❛✈❡ ✐♥ (Mt+r, Lt+r) ❢♦r ❛❧❧ r = 1, 2, ..., T − t✱ ❛♥❞ ✭✐✐✮ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② x∗t+r(gt+r) ✐s ❛

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ gt+r, ϕ ❢♦r ❛❧❧ r = 1, 2, ..., T − t✳

Pr♦♦❢✳ P❛rt ✭✐✮✳ ▲❡t R = T − t✳ ❇❡❝❛✉s❡ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ✐s ✉♥✐q✉❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r ❣✐✈❡♥ t❤❡ st❛t❡

gt+r ❛♥❞ ❝♦❧❧❡❝t✐✈❡ ❝♦♥t✐♥✉❛t✐♦♥ str❛t❡❣② st+r ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮✱ ■ ❝❛♥ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ θpt+R(gt+R)

t❤❛t ♠❛♣s t❤❡ st❛t❡ ✐♥ ♣❡r✐♦❞ t+r t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣✐✈♦t❛❧ ✈♦t❡r✬s t②♣❡✳ ❙✉♣♣♦s❡ vt+r ✐s ♥♦t ❥♦✐♥t❧②

❝♦♥t✐♥✉♦✉s ✐♥ (Mt+r, Lt+r), gt+r, θ
i
t+r, ϕ ❛♥❞✴♦r ♥♦t str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ (Mt+r, Lt+r) ❢♦r s♦♠❡ r =

1, 2, ..., R ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢∆ s✉❝❤ t❤❛t∆ > 0✳ ❋♦r ♦❧❞ ✐♥❞✐✈✐❞✉❛❧s vt+r ((Mt+r, Lt+r) ;−1, ϕ | ht+r, st+r) =

d(G− Lt+r) + c(Mt+r)✱ t❤✉s ❛❧❧ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❣✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ❢✉♥❝✲

t✐♦♥s d✱ c✳ ❋♦r ❛ ②♦✉♥❣ ❝✐t✐③❡♥✱ st❛rt ❢r♦♠ r = R✳ ■♥ s✉❝❤ ♣❡r✐♦❞ gt+R+1 = λ/σ = ḡ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t

✹✽



✐♥ xt+R✳ ❚❤✉s✱

vt+R
(
(Mt+R, Lt+R); θ

i
t+R, ϕ | ht+R, st+R

)
= A((Mt+R, Lt+R); θ

i
t+R, ϕ, gt+R)+

+βλBt+R+1 (Mt+R, ϕ, gt+R(ht+R))
✭✷✷✮

✇❤❡r❡ A ✐s ❛ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ (Mt+R, Lt+R), θ
i
t+R, ϕ, gt+R ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ xt+R =

(Mt+R, Lt+R)✱ ❛♥❞ Bt+R+1 ✐s ❝♦♥st❛♥t ✐♥ Mt+R. ❚❤✉s✱ vt+R ✐s ❛ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢

(Mt+R, Lt+R), θ
i
t+R, ϕ, gt+R ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ xt+R = (Mt+R, Lt+R)✳ ❙tr✐❝t ❝♦♥❝❛✈✐t② ♦✈❡r ❛ ❝♦♠✲

♣❛❝t s❡t ✐♠♣❧✐❡s t❤❛t t❤❡ ♣✐✈♦t❛❧ ❝✐t✐③❡♥ ✐♥ ♣❡r✐♦❞ t+R ❤❛s ❛ ✉♥✐q✉❡ ✐❞❡❛❧ ♣♦✐♥t✱ ✐✳❡✳ I
(
θpt+R | ht+R, st+R

)
=

{xpt+R}✱ ✇❤✐❝❤ ❜② Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮ ✐s ❛❧s♦ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ✐♥ ❛❧❧ ❡q✉✐❧✐❜r✐❛✱ ✐✳❡✳ x∗t+R(gt+R) =

xpt+R✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ vt+R
(
(Mt+R, Lt+R); θ

p
t+R(gt+R), ϕ | ht+R, st+R

)
✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥

(Mt+R, Lt+R), ϕ, gt+R ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ (Mt+R, Lt+R)✱ ❛♥❞ X ′ ✐s ❛ ❝♦♥✈❡① s❡t✱ t❤❡ ♠❛①✐♠✉♠

t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t x∗t+R(gt+R) = xpt+R ✐s ❛ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ θit+R, ϕ, gt+R✳ ■♥ t✉r♥✱

t❤✐s ✐♠♣❧✐❡s t❤❛t Bt+R (Mt+R−1, ϕ, gt+R−1(ht+R−1)) = d
(
L∗
t+R

)
+ c

(
M∗
t+R

)
✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥

θit+R, ϕ, gt+R✳ ❚❤✉s✱ vt+R−1

(
(Mt+R−1, Lt+R−1); θ

i
t+R−1, ϕ | ht+R−1, st+R−1

)
=

A((Mt+R−1, Lt+R−1); θ
i
t+R−1, ϕ, gt+R−1)+βλBt+R (Mt+R−1, ϕ, gt+R−1(ht+R−1)) ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s

✐♥ (Mt+R−1, Lt+R−1), θ
i
t+R−1, ϕ, gt+R−1✱ ❛♥❞ t❤❛t vt+R−1

(
(Mt+R−1, Lt+R−1); θ

p
t+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)

✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (Mt+R−1, Lt+R−1), ϕ, gt+R−1✳ ▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t

lim∆→0 vt+R−1

(
(Mt+R−1, Lt+R−1); θ

p
t+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)
=

A((Mt+R−1, Lt+R−1); θ
p
t+R−1(gt+R−1), ϕ, gt+R−1)+βλBt+R

(
x∗t+R(ḡ), x

∗
t+R+1(ḡ); θ

p
t+R−1(gt+R−1), ϕ, ḡ

)
✱

✇❤❡r❡ Bt+R ✐s ❝♦♥st❛♥t ✐♥ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ xt+R = (Mt+R−1, Lt+R−1)

❛♥❞ A((Mt+R−1, Lt+R−1); θ
p
t+R−1(gt+R−1), ϕ, gt+R−1) ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥

(Mt+R−1, Lt+R−1)✳ ❙tr✐❝t ❝♦♥❝❛✈✐t② ✐♠♣❧✐❡s αvt+R−1

(
x′; θpt+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)
+ (1 −

α)vt+R−1

(
x′′; θpt+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)

−vt+R−1

(
αx′ + (1− α)x′′; θpt+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)
> 0 ❢♦r ❛❧❧ x′, x′′ ∈ X ✭❝♦♥❞✐t✐♦♥ ❆✮✳

❇❡❝❛✉s❡ vt+R−1 ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ x,∆✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r ✭❛✳✮ ❝♦♥❞✐t✐♦♥ ✭❆✮ ✐s s❛t✐s✜❡❞ ❢♦r

❛❧❧ ∆ ≥ 0 ❛♥❞ ❛❧❧ x′, x′′ ∈ X ′✱ ♦r ✭❜✳✮ t❤❡r❡ ❡①✐sts ∆̃t+R−1 > 0 s✉❝❤ t❤❛t ✐❢ ∆ < ∆̃t+R−1 ✭❇✱t+R− 1✮

t❤❡♥ vt+R−1 ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ x✳ ❙❡t ∆ s✉❝❤ t❤❛t ❝♦♥❞✐t✐♦♥ ✭❇✱t + R − 1✮ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡

♣✐✈♦t❛❧ ✈♦t❡r ✐♥ ♣❡r✐♦❞ t+R−1 ❤❛s ❛ ✉♥✐q✉❡ ✐❞❡❛❧ ♣♦✐♥t✱ ✐✳❡✳ I
(
θpt+R−1 | ht+R−1, st+R−1

)
= {xpt+R−1}✱

✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ✐♥ ❛❧❧ ❡q✉✐❧✐❜r✐❛ ❣✐✈❡♥ st❛t❡ gt+R−1✱ ✐✳❡✳ x∗t+R−1(gt+R−1) =

xpt+R−1✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ vt+R−1

(
xt+R−1; θ

p
t+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)
✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉✲

♦✉s ✐♥ (Mt+R−1, Lt+R−1), ϕ, gt+R−1 ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ xt+R−1 = (Mt+R−1, Lt+R−1)✱ ❛♥❞ X ′ ✐s

✹✾



❛ ❝♦♥✈❡① s❡t✱ t❤❡ ♠❛①✐♠✉♠ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t x∗t+R−1(gt+R−1) = xpt+R−1 ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s

✐♥ θit+R−1, ϕ, gt+R−1✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t Bt+R−1 (Mt+R−2, ϕ, gt+R−2(ht+R−2)) = d
(
L∗
t+R−1

)
+

c
(
M∗
t+R−1

)
✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ θit+R−1, ϕ, gt+R−1✳ ❚❤✉s✱ vt+R−2

(
xt+R−2; θ

i
t+R−2, ϕ | ht+R−2, st+R−2

)
=

A((Mt+R−2, Lt+R−2); θ
i
t+R−2, ϕ, gt+R−2) + βλBt+R−1 (Mt+R−2, ϕ, gt+R−2(ht+S−2)) ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉✲

♦✉s ✐♥ (Mt+R−2, Lt+R−2), θ
i
t+R−2, ϕ, gt+R−2✱ ❛♥❞ t❤❛t vt+R−2

(
xt+R−2; θ

p
t+R−2(gt+R−2), ϕ | ht+R−2, st+R−2

)

✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (Mt+R−2, Lt+R−2), ϕ, gt+R−2✳ ■t❡r❛t❡ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r ❡❛❝❤ ♣❡r✐♦❞ t+R− k

❛♥❞ ❢♦r k = 3, 4, ..., R− r✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t❤❡ ❝♦♥❞✐t✐♦♥ ∆ < ∆̃t+R−r ✭❇✱t+R− r✮ ✐s

s❛t✐s✜❡❞✳ ▲❛st❧②✱ s❡t ∆̃ = min
{
∆̃t+R−r

}R
r=2

✳ ❆s ❛ r❡s✉❧t✱ ✐❢ ∆ < ∆̃✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ vt+r ✐s ❥♦✐♥t❧②

❝♦♥t✐♥✉♦✉s ✐♥ (Mt+r, Lt+r), gt+r, θ
i
t+r, ϕ ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ (Mt+r, Lt+r) ❢♦r ❡❛❝❤ r = 1, 2, ..., R✳

❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

P❛rt ✭✐✐✮✳ ❙✉♣♣♦s❡ x∗t+r(gt+r) ✐s ♥♦t ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ gt+r ❢♦r s♦♠❡ r = 1, 2, ..., R✳ ❋r♦♠ ♣❛rt

✭✐✮ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ∆ ∈ [0, ∆̃)✱ vt+r
(
xt+r; θ

p
t+r(gt+r), ϕ | ht+r, st+r

)
✐s ❝♦♥t✐♥✉♦✉s ✐♥ xt+r, gt+r, ϕ

❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ xt+r = (Mt+r, Lt+r) ❢♦r ❡❛❝❤ r = 1, 2, ..., R✱ ❛♥❞ X ′ ✐s ❛ ❝♦♥✈❡① s❡t✳ ❚❤✉s✱

Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮ ✐♠♣❧✐❡s t❤❛t x∗t+r(gt+r) = xpt+r ✐s t❤❡ ✉♥✐q✉❡ ♣♦❧✐❝② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠

✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠❛①✐♠✉♠ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t x∗t+r(gt+r) = xpt+r ✐s ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ ♦❢ gt+r, ϕ✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳

Pr♦♣♦s✐t✐♦♥ ✶✳ P❛rt ✭✐✈✮✳ ∆̃ > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̃) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ x∗t ✐♥ ❡❛❝❤

♣❡r✐♦❞ t ✐s ✉♥✐q✉❡ ❣✐✈❡♥ st❛t❡ gt✳

Pr♦♦❢✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ▲❡♠♠❛ ✷ ✭✐✐✮✳

▲❡♠♠❛ ✸✳ ■ ❢ ∆ ∈ [0, ∆̃)✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ vt+r
(
xt+r; θ

i
t+r, ϕ | ht+r, st+r

)
✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r✲

❡♥t✐❛❜❧❡ ✐♥ (xt+r, gt+r, ∆) ❢♦r ❛❧❧ r = 0, 1, 2, ..., T − 1 ✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ ∆ ∈ [0, ∆̃)✳

Pr♦♦❢✳ ❆ss✉♠❡ ∆ ∈ [0, ∆̃) ❛♥❞ s✉♣♣♦s❡ vt+r
(
xt+r; θ

i
t+r, ϕ | gt+r, st+r

)
✐s ♥♦t ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r✲

❡♥t✐❛❜❧❡ ✐♥ xt+r, gt+r, ∆ ❢♦r s♦♠❡ r = 0, 1, 2, ..., R✳ ❘❡❝❛❧❧ t❤❛t ❢r♦♠ ♣❡r✐♦❞ T = t + R t❤❡ ❜✐rt❤ r❛t❡

♦❢ ✐♠♠✐❣r❛♥ts ✐s s✉❝❤ t❤❛t ∆T = 0✳ ❚❤✉s✱ ✐♥ ♣❡r✐♦❞ T ✇❡ ❤❛✈❡ gt+R+1 = λ/σ = ḡ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t

✐♥ (Mt+R, Lt+R)✳ ❚❤✉s✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ✐s ❛s ✐♥ ✭✷✷✮✱ ✐♥ ✇❤✐❝❤ Bt+R+1

✐s ❝♦♥st❛♥t ✐♥ Mt+R ❛♥❞ ∆✳ ❚❤✉s✱ vt+R ✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (Mt+R, Lt+R), gt+R, ∆✳

✺✵



❇❡❝❛✉s❡ vt+R ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ xt+R ❜② ▲❡♠♠❛ ✷ ✭✐✮✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ xt+R✱ ❛♥❞ X ′ ✐s ❝♦♠♣❛❝t✱

t❤❡ ❝♦♥❞✐t✐♦♥s c′(M) = 0✱ c′(M) = −∞✱ b′(0) = +∞✱ ❛♥❞ c′(G) = 0✱ ❛r❡ s✉✣❝✐❡♥t ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣♦❧✐❝② t♦ ❜❡ ✐♥t❡r✐♦r✱ s♦❧✈✐♥❣ t❤❡ ❈❋❖s✿

ψξθpt+R(gt+R) + c′(M∗
t+R) + βp̃t+R

(
ξθpt+R(gt+R)

)
∆ = 0

−ξθpt+R(gt+R) + b′(G− Lt+R) = 0
✭✷✸✮

❚❤✉s✱ ■ ❝❛♥ s♦❧✈❡ t❤❡ ❈❋❖s ❛♥❞ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s M∗
t+R ❛♥❞ L∗

t+R r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧s

♦❢ Mt+R ❛♥❞ Lt+R✱ r❡s♣❡❝t✐✈❡❧②✱ ◆♦t✐❝❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ x∗t+R(gt+R) = (M∗
t+R, L

∗
t+R) ✐s

✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ gt+R ❜❡❝❛✉s❡ t❤❡ ❢✉♥❝t✐♦♥ θpt+R(gt+R) ✐s ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥

gt+R ✭s❡❡ ♣r♦♦❢ t♦ Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮✮ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s c′, b′ ❛r❡ C∞ ❜② ❛ss✉♠♣t✐♦♥✳ ▼♦r❡♦✈❡r✱

x∗t+R(gt+R) = (M∗
t+R, L

∗
t+R) ✐s ❛❧s♦ ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ∆ ❜❡❝❛✉s❡ ❛❧❧ ✐ts ❝♦♠♣♦♥❡♥ts ❛r❡

✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ∆ ✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ ∆ ∈ [0, ∆̃)✳ ❚❤✉s✱ ✐♥ ♣❡r✐♦❞ t + R − 1 t❤❡ ♦❜❥❡❝t✐✈❡

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ❜❡❝♦♠❡s✿

vt+R−1

(
xt+R−1; θ

p
t+R−1(gt+R−1), ϕ | ht+R−1, st+R−1

)
=

= γξθt+R−1 + ψξMt+R−1θt+R−1 + ξθt+R−1Lt+R−1 + b(G− Lt+R−1)+

+c(Mt+R−1) + βp̃t+R (ξθt+R−1) σ̄t+R−1 + βλ
[
d(G− L∗

t+R) + c(M∗
t+R)

]
✭✷✹✮

✇❤✐❝❤ ✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (Mt+R−1, Lt+R−1), gt+R−1✱∆ ❜❡❝❛✉s❡ x∗t+R(gt+R) = (M∗
t+R, L

∗
t+R)

✐s ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ gt+R✱ ∆❀ θpt+R−1(gt+R−1)✱ b(G − Lt+R−1)✱ c(Mt+R−1) ❛r❡ ✐♥✜♥✐t❡❧②

❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (Mt+R−1, Lt+R−1), gt+R−1✱ ∆ ❛♥❞ p̃t+R−1 (ξθt+R−1)∆ ✐s C∞ ✐♥ ξθpt+R−1, ∆✳

▼♦r❡♦✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ∆ ∈ [0, ∆̃)✱ vt+R−1 ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ xt+R−1✱ X ′ ✐s

❛ ❝♦♠♣❛❝t s❡t✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ ❢✉♥❝t✐♦♥s b ❛♥❞ c ❡♥s✉r❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ✐♥t❡r✐♦r✳ ❚❤✉s✱

x∗t+R−1(gt+R−1) = (M∗
t+S−1, L

∗
t+S−1) s♦❧✈❡s t❤❡ ❈❋❖s✿

ψξθpt+R−1(gt+R−1) + c′(Mt+R−1) + βp̃t+R−1

(
ξθpt+R−1(gt+R−1)

)
∆+

−β
[
d′(G− L∗

t+R)
∂L∗

t+S(gt+R)

∂gt+R
+ c′(M∗

t+R)
∂M∗

t+R(gt+R)

∂gt+R

]
∆g2t+R = 0

−ξθpt+R−1(gt+R−1) + b′(G− Lt+R−1) = 0

✭✷✺✮

❆❣❛✐♥✱ ❢♦r ∆ ∈ [0, ∆̃)✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ (M∗
t+R−1, L

∗
t+R−1) ✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥

gt+R−1, ∆✱ ❜❡❝❛✉s❡ x∗t+R(gt+R) = (M∗
t+R, L

∗
t+R) ✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ gt+R−1, ∆ ❛t ❡❛❝❤

st❛t❡ gt+R✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ✐♥ ♣❡r✐♦❞ t+R− 2 ✐s

✺✶



✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (Mt+R−2, Lt+R−2), gt+R−2, ∆✳ ❇② ■t❡r❛t✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r ❡❛❝❤

♣❡r✐♦❞ t+R− k ❛♥❞ ❢♦r k = 3, 4, ..., R− r ■ ❣❡t t❤❛t vt+r
(
xt+r; θ

i
t+r, ϕ | ht+r, st+r

)
✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧②

❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (Mt+r, Lt+r), gt+r, ∆ ❢♦r ❛❧❧ r = 1, 2, ..., R ❛♥❞ s♦❧✈❡s t❤❡ ❈❋❖s✿

ψξθpt+r(gt+r) + c′(Mt+r) + βp̃t+r
(
ξθpt+r(gt+r)

)
ξ∆+

−β
[
d′(G− L∗

t+r+1)
∂L∗

t+r+1(gt+r+1)

∂gt+r+1
+ c′(M∗

t+r+1)
∂M∗

t+r+1(gt+r+1)

∂gt+r+1

]
∆g2t+r+1 = 0

−ξθpt+r(gt+r) + b′(G− Lt+r) = 0

✭✷✻✮

❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳

▲❡♠♠❛ ✹✳ ■❢ ∆ ∈ [0, ∆̃)✱ t❤❡♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② x∗t+r(gt+r) = (M∗
t+r, L

∗
t+r) ✐s s✉❝❤ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s

{
∂kM∗

t+r(gt+r)

∂gk
t+r

,
∂kL∗

t+r(gt+r)

∂gk
t+r

}+∞

k=1
❡①✐st ❛♥❞ ❛r❡ ✭✐✮ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (gt+r, ∆)✳ ✭✐✐✮ ❚❤❡r❡ ❡①✐sts

∆́ > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆́) ❛♥❞ gt+r ∈ [0, 1) ❢♦r ❛❧❧ r = 1, 2, ..., R✱ t❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡
∂M∗

t+r(gt+r)

∂gt+r

♣♦ss❡ss❡s ✇❡❛❦❧② ♥❡❣❛t✐✈❡ ✜♥✐t❡ ✈❛❧✉❡s ❢♦r ❛❧❧ r = 0, 1, 2, ..., R✳

Pr♦♦❢✳ P❛rt ✭✐✮ ❙✉♣♣♦s❡
∂kM∗

t+r(gt+r)

∂gk
t+r

✭
∂kL∗

t+r(gt+r)

∂gk
t+r

) ❞♦❡s ♥♦t ❡①✐st ♦r ✐t ✐s ♥♦t ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥

(gt+r, ∆)✳ ❇❡❝❛✉s❡ ❢♦r ∆ ∈ [0, ∆̃) t❤❡ s♦❧✉t✐♦♥ ✐s ❛❧✇❛②s ✐♥t❡r✐♦r✱ vt+r ✐s ✐♥✜♥✐t❡❧② ❥♦✐♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡

✐♥ (xt+r, gt+r, ∆) ❜② ▲❡♠♠❛ ✸✱ t❤❡♥ ❛❧❧ ✐ts ❞❡r✐✈❛t✐✈❡s ✭♦❢ ❛♥② ♦r❞❡r✮ ✇✐t❤ r❡s♣❡❝t t♦ (gt+r, ∆) ❛r❡ ❥♦✐♥t❧②

❝♦♥t✐♥✉♦✉s ✐♥ (gt+r, ∆)✳ ■♥ t✉r♥✱ t❤❡ ❈❋❖s ✐♥ ✭✷✻✮ ❛r❡ ❛❧s♦ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (gt+r, ∆) ✐♥ ❡❛❝❤ ♣❡r✐♦❞

t + r ✇✐t❤ r = 1, 2, ..., R✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s
{
∂kL∗

t+r+1(gt+r+1)

∂gk
t+r+1

,
∂kM∗

t+r+1(gt+r+1)

∂gk
t+r+1

}∞

k=1

❡①✐st ❛♥❞ ❛r❡ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (gt+r, ∆)✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

P❛rt ✭✐✐✮ ❙❡t ∆ = 0✳ ■♥ ❡❛❝❤ ♣❡r✐♦❞ r = 1, 2, ..., R✱ ❜❡❝❛✉s❡ t❤❡ st❛t❡ gt+r+1 ✐s ❝♦♥st❛♥t ✐♥ (Mt+r, Lt+r)

❛♥❞ t❤❡ ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥✱ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t
dM∗

t+r+1(gt+r+1)

dMt+r
= 0✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s

dM∗

t+r+(gt+r)

dgt+r
=

−
ψξθ

′p

t+R
(gt+R)

c′′(Mt+R) < 0 ❛♥❞
dL∗

t+r(gt+r)

dgt+r
= −

θ
′p
t+r

(gt+r)

b′′(G−L∗

t+r
(gt+r))

< 0✱ ✇❤✐❝❤ ❜♦t❤ ♣♦ss❡ss str✐❝t❧② ♥❡❣❛t✐✈❡ ✜♥✐t❡

✈❛❧✉❡s ❢♦r ❛♥② gt+r ∈ [0, 1)✳ ❇❡❝❛✉s❡
dM∗

t+r+(gt+r)

dgt+r
✭
dL∗

t+r(gt+r)

dgt+r
✮ ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (gt+r, ∆) ❜②

♣❛rt ✭✐✮✱ t❤✐s ✐♠♣❧✐❡s ❡✐t❤❡r ✭❛✮
dM∗

t+r+(gt+r)

dgt+r
✭
dL∗

t+r(gt+r)

dgt+r
✮ ♣♦ss❡ss❡s ✇❡❛❦❧② ♥❡❣❛t✐✈❡ ✜♥✐t❡ ✈❛❧✉❡s ❢♦r ❛❧❧

∆ ≥ 0✱ ♦r ✭❜✮ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ ∆́M,t+r > 0 ✭∆́L,t+r✮ s✉❝❤

t❤❛t ✐❢ ∆ ≤ ∆́M,t+r ✭∆ ≤ ∆́M,t+r✮✱ t❤❡♥
dM∗

t+r+(gt+r)

dgt+r
✭
dL∗

t+r(gt+r)

dgt+r
✮ ♣♦ss❡ss❡s ✇❡❛❦❧② ♥❡❣❛t✐✈❡ ✜♥✐t❡

✈❛❧✉❡s✳ ❙❡t ∆́ = min
{
∆́M,t+r, ∆́L,t+r, ∆̃

}R
r=0

✳ ❚❤❡♥
dM∗

t+r+(gt+r)

dgt+r
❛♥❞

dL∗

t+r(gt+r)

dgt+r
♣♦ss❡ss❡s ✇❡❛❦❧②

♥❡❣❛t✐✈❡ ✜♥✐t❡ ✈❛❧✉❡s ❢♦r ❛❧❧ r = 1, 2, ..., R✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳

✺✷



❇✳✷ ❙t❡❛❞②✲❙t❛t❡

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡r❡ ❡①✐sts ∆̌ > 0 s✉❝❤ t❤❛t ✐❢ ✭✐✮ ∆ ∈ [0, ∆̌)✱ t❤❡♥ ❛ st❡❛❞②✲st❛t❡ ❡①✐sts✱ ✇❤✐❝❤ ✐s

✉♥✐q✉❡ ❛♥❞ ❣❧♦❜❛❧❧② st❛❜❧❡✳ ■❢ ∆ = 0✱ t❤❡♥ ✭✐✐✮ ❛♥② ▼PP❊ ❛t t✐♠❡ t ✐s ❤✐st♦r②✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t❤❡

❡❝♦♥♦♠② ❝♦♥✈❡r❣❡s ✐♠♠❡❞✐❛t❡❧② t♦ t❤❡ st❡❛❞② st❛t❡ ❛❢t❡r ❛♥② ❤✐st♦r② ht✳

Pr♦♦❢✳ P❛rt ✭✐✮✳ ❙✉♣♣♦s❡ ❛ st❡❛❞② st❛t❡ ❞♦❡s ♥♦t ❡①✐sts ❢♦r ❛♥② ∆ > 0✳ ❈♦♥s✐❞❡r ∆ ∈ [0, ∆̃)✳ ❇②

▲❡♠♠❛ ✷ ✭✐✮ ❛♥❞ ▲❡♠♠❛ ✸ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r✬s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r ✐s str✐❝t❧② ❝♦♥❝❛✈❡

❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (Mt+r, Lt+r)✱ t❤✉s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② s❛t✐s✜❡s t❤❡ ❈❋❖s✳ ❚❤✉s✱ t♦ ♣r♦✈❡ t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ st❡❛❞②✲st❛t❡ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts MSS ∈ [M,M ] t❤❛t s♦❧✈❡s

ψξθp(g̃(MSS ;∆)) + c′(MSS) + βp̃ (θp(g̃(MSS ;∆)))∆− βD(g̃(MSS ;∆))∆g̃(MSS ;∆)2 = 0 ✭✷✼✮

✇❤❡r❡ g̃(MSS ;∆) = λ/[σm −∆(1−MSS)] ❛♥❞

D(g̃(MSS ;∆)) = d′(G− L∗
t+r+1(g))

∂L∗

t+r+1(g)

∂g
+ c′(M∗

t+r+1(g))
∂M∗

t+r+1(g)

∂g

∣∣∣
g=g̃(MSS ;∆)

✳ ■❢ s✉❝❤ MSS ✱

t❤❡♥ ❜♦t❤ t❤❡ st❛t❡ gt = g̃(MSS ;∆) = gSS ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ L∗
t+r ❞♦ ♥♦t ✈❛r② ✇✐t❤ t✐♠❡✱ ✐✳❡✳

−θp(g(MSS ;∆))+b′(G−LSS) = 0✳ ❋✐rst❧②✱ ♥♦t✐❝❡ t❤❛t ❛tM =M ❜② ❛ss✉♠♣t✐♦♥ c′(M) = 0✳ ❙❡❝♦♥❞❧②✱

❛t M =M ❜② ❛ss✉♠♣t✐♦♥ c′(M) = −∞✳ ❙❡❝♦♥❞❧②✱ ▲❡♠♠❛ ✹ ✭✐✐✮ ✐♠♣❧✐❡s t❤❛t ✐❢ ∆ ∈ [0, ∆̃)✱ t❤❡♥ D(g)

❤❛s ✜♥✐t❡ ✈❛❧✉❡ ❢♦r ❛❧❧ g ∈ [0, 1)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛t ∆ = 0 t❤❡ ▲❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✷✼✮ ✐s str✐❝t❧②

♣♦s✐t✐✈❡ ❢♦r M = M ✭✸✳❆✮ ❛♥❞ str✐❝t❧② ♥❡❣❛t✐✈❡ ❢♦r M = M ✭✸✳❇✮✳ ❚❤✉s✱ ❡✐t❤❡r ❝♦♥❞✐t✐♦♥s ✭✸✳❆✮ ❛♥❞

✭✸✳❇✮ ❤♦❧❞ tr✉❡ ❢♦r ❛❧❧ ∆ ∈ [0, ∆̃)✱ ♦r ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ t❤❡r❡ ❡①✐sts ∆̃ ≥ ∆̌1 > 0 s✉❝❤

t❤❛t ✐❢ ∆ ∈ [0, ∆̌1) t❤❡♥ ✭✸✳❆✮ ❛♥❞ ✭✸✳❇✮ ❤♦❧❞ tr✉❡✳ ❈♦♥s✐❞❡r ∆ ∈ [0, ∆̌1)✳ ▲❡♠♠❛ ✷ ✭✐✮ ✐♠♣❧✐❡s t❤❛t

t❤❡ ❢✉♥❝t✐♦♥ ✐♥ ✭✷✼✮ ✐s ❝♦♥t✐♥✉♦✉s ✐♥M ✳ ❚❤✉s✱ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts

MSS ∈ [M,M ] s✉❝❤ t❤❛t ❡q✉❛t✐♦♥ ✭✷✼✮ ✐s s❛t✐s✜❡❞✳ ❚❤✉s✱ ❛ st❡❛❞② st❛t❡ ❡①✐sts ❢♦r ❛♥② ∆ ∈ [0, ∆̌1)✱

✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◆♦✇ s✉♣♣♦s❡ t❤❡ st❡❛❞②✲st❛t❡ ✐s ♥♦t ✉♥✐q✉❡ ♦r ❣❧♦❜❛❧❧② st❛❜❧❡ ❢♦r s♦♠❡

∆ ∈ [0, ∆̌1)✳ ◆♦t✐❝❡ t❤❛t (M∗
t+r, L

∗
t+r) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ gt+r ❜② ▲❡♠♠❛ ✸ ❛♥❞ gt+r ✐s ✐ts❡❧❢

❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ Mt+r−1 ❢♦r ❡❛❝❤ r = 0, 1, 2, ..., R✳ ❚❤✉s✱ ❢♦r ✉♥✐q✉❡♥❡ss ❛♥❞ ❣❧♦❜❛❧ st❛❜✐❧✐t②

♦❢ t❤❡ st❡❛❞②✲st❛t❡ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t −1 <
dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
< 1 ❢♦r ❛❧❧ Mt+r−1 ∈ [M,M ]

✐♥ ❡❛❝❤ ♣❡r✐♦❞ t + r ❢♦r r = 0, 1, 2, ..., R ✭✸✳❈✮✳ ◆♦t✐❝❡ t❤❛t
dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
= −

dM∗

t+r

dgt+r

∆
λ
g2t+r✱ ✇❤❡r❡

dM∗

t+r

dgt+r
❤❛s ✜♥✐t❡ ✈❛❧✉❡ ❜② ▲❡♠♠❛ ✹ ✭✐✐✮ ❛♥❞ gt+r ∈ [0, 1)✳ ❚❤✉s✱ ❛t ∆ = 0 ■ ❣❡t

dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
= 0

❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ▲❛st❧②✱ ❝♦♥t✐♥✉✐t② ♦❢
dM∗

t+r

dgt+r
❜② ▲❡♠♠❛ ✸ ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r ✭❛✮ t❤❡

❝♦♥❞✐t✐♦♥ ✭✸✳❈✮ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ ∆ ∈ [0, ∆̌1)✱ ♦r ✭❜✮ t❤❡r❡ ❡①✐sts ∆̌2 > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̌2)✱

✺✸



t❤❡♥ 0 <
dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
< 1 ❢♦r ❛❧❧ Mt+r−1 ∈ [M,M ] ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t + r ❢♦r r = 0, 1, 2, ..., R✳ ❙❡t

∆̌ = min
{
∆̌1, ∆̌2

}
✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ ∆ ∈ [0, ∆̌)✱ t❤❡♥ t❤❡ st❡❛❞②✲st❛t❡ ❡①✐sts✱ ✐t ✐s ✉♥✐q✉❡

❛♥❞ ❣❧♦❜❛❧❧② st❛❜❧❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

P❛rt ✭✐✐✮✳ ❙✉♣♣♦s❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❤✐st♦r②✲❞❡♣❡♥❞❡♥t✳ ■❢ ∆ = 0✱ t❤❡♥ ∂gt+r

∂Mt+r−1
= 0 ✐♥ ❡❛❝❤ ♣❡r✐♦❞

t + r ❢♦r r = 0, 1, 2, ..., R✳ ▼♦r❡♦✈❡r✱ ❛t ∆ = 0✱
dM∗

t+r

dgt+r
❤❛s ✜♥✐t❡ ✈❛❧✉❡ ❜② ▲❡♠♠❛ ✹ ✭✐✐✮✳ ❚❤❡♥

dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
= 0 ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ −1 <

dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
< 1 ❢♦r ❛❧❧ Mt+r−1 ∈ [0,M ]

✐♥ ❡❛❝❤ ♣❡r✐♦❞ t + r ❢♦r r = 0, 1, 2, ..., R ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳ ▼♦r❡♦✈❡r✱
dM∗

t+r

dgt+r

∂gt+r

∂Mt+r−1
= 0 ❛❧s♦

✐♠♣❧✐❡s t❤❛t M∗
t+r = M∗

t = MSS ✱ L∗
t+r = L∗

t = LSS ✱ ❛♥❞ gt+r+1 = gt+1 = gSS ❢♦r ❛♥② st❛t❡ gt✱ ❛♥❞

❢♦r ❛❧❧ r = 1, 2, ..., R✱ ✐✳❡✳ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ✐s ❤✐st♦r②✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t❤❡ ❡❝♦♥♦♠② ❝♦♥✈❡r❣❡s

✐♠♠❡❞✐❛t❡❧② t♦ t❤❡ st❡❛❞②✲st❛t❡ ❛❢t❡r ❛♥② ❤✐st♦r② ht✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳

❇✳✸ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

Pr♦♣♦s✐t✐♦♥ ✸✳ ✭❊✛❡❝t ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣❡✐♥❣✱ ✐♥❝r❡❛s✐♥❣ ✐♥❡q✉❛❧✐t②✱ ❛♥❞ ❡❝♦♥♦♠✐❝ ❞❡♣r❡ss✐♦♥✮✳ ❚❤❡r❡

❡①✐sts ∆̂ > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̂)✱ t❤❡♥ ✭✐✮ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❧♦♥❣❡✈✐t② ❛♥❞✴♦r ✭✐✐✮ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡

✐♥❡q✉❛❧✐t② ❛♥❞✴♦r ✭✐✐✐✮ ❛ ❝r✐t✐❝❛❧ ❞❡❝r❡❛s❡ ✐♥ ❢❡rt✐❧✐t②✱ ❛♥❞✴♦r ✭✐✈✮ ❛♥ ❡❝♦♥♦♠✐❝ ❞❡♣r❡ss✐♦♥ tr❛♥s❧❛t❡ t♦ ✭✶✮

❛ ❧❡ss ♦♣❡♥ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② MSS✱ ❛ ❧❡ss ❧✐❜❡r❛❧ ❡❝♦♥♦♠✐❝ ♣♦❧✐❝② LSS✱ ✭✸✮ ❛ ❧❛r❣❡r s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t

τSS✱ ❛♥❞ ✭✹✮ ❛ ❤✐❣❤❡r ♦❧❞✲❛❣❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦ gSS✳

Pr♦♦❢✳ P❛rt ✭✐✮✲✭✶✮✱ ✲✭✷✮✳ ❙✉♣♣♦s❡ ✭✐✮✲✭✶✮ ♦r ✲✭✷✮ ❞♦❡s ♥♦t ❤♦❧❞ tr✉❡ ✭♦r ❜♦t❤✮✳ ❈♦♥s✐❞❡r ❛♥② λ′, λ′′ ∈

[λ, 1] s✉❝❤ t❤❛t λ′ > λ′′✳ ■ ❞❡✜♥❡ t❤❡ s❡t Φλ(ϕ) := {ϕ̂ ∈ Φ | ϕ̂j = ϕj ∀j 6= 3} ❛♥❞ t❤❡ ♦r✲

❞❡r✐♥❣ ≤λ ♦✈❡r Φλ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ λ′ ≥ λ′′✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ❡❧❡♠❡♥ts

ϕ′ = (β, γ, λ′′, ∆, σm, ξ, l, ρ) ❛♥❞ ϕ′′ = (β, γ, λ′, ∆, σm, ξ, l, ρ) ♦❢ Φλ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′✳ ▲❛st❧②✱ ❧❡t

g′t(ht) = λ′/ [σm −∆(1−Mt−1)] ❛♥❞ t g′′t (ht) = λ′′/ [σm −∆(1−Mt−1)]✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ♣♦❧✐❝✐❡s

(M ′′
t , L

′′
t ), (M

′
t , L

′
t) ∈ X ′ s✉❝❤ t❤❛t (M ′′

t , L
′′
t ) ≥ (M ′

t , L
′
t)✳ ❚❤❡♥ v

p
t s❛t✐s✜❡s t❤❡ s✐♥❣❧❡ ❝r♦ss✐♥❣ ♣r♦♣❡rt②

✭❙❈✮ ✐♥ (Mt, Lt, ϕ) ♦✈❡r Φλ(ϕ) ✐❢✿

vt ((M
′′
t , L

′′
t ); θ

p
t (g

′′
t (ht)) , ϕ

′′ | ht, st)− vt ((M
′
t , L

′
t); θ

p
t (g

′′
t (ht)) , ϕ

′′ | ht, st) ≥

vt ((M
′′
t , L

′′
t ); θ

p
t (g

′
t(ht)) , ϕ

′ | ht, st)− vt ((M
′
t , L

′
t); θ

p
t (g

′
t(ht)) , ϕ

′ | h′t, st)
✭✷✽✮

❘❡❝❛❧❧ gt ∈ [0, 1)✳ ✐♠♣❧✐❡s θpt > 0✳ ❯s✐♥❣ ✭✶✹✮ ❝♦♥❞✐t✐♦♥ ✭✷✽✮ r❡✇r✐t❡s✿

✺✹



ξ [ψ (M ′′
t −M ′

t) + (L′′
t − L′

t)] [θ
p
t (g

′′
t (ht))− θpt (g

′
t(ht))] +

+β [p̃ (ξθpt (g
′′
t (ht)))− p̃ (ξθpt (g

′
t(ht)))]∆ (M ′′

t −M ′
t)+

+βλ′′ [Bt+1 (M
′′
t , ϕ

′′, g′′t (ht))−Bt+1 (M
′
t , ϕ

′′, g′′t (ht))] +

−βλ′ [Bt+1 (M
′′
t , ϕ

′′, g′′t (ht))−Bt+1 (M
′
t , ϕ

′′, g′′t (ht))] ≥ 0

✭✷✾✮

❘❡❝❛❧❧ gt ∈ [0, 1)✳ ◆♦t✐❝❡ t❤❛t ❢♦r ∆ ∈ [0, ∆̃) t❤❡ ▲❍❙ ♦❢ ✭✷✾✮ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ ∆ ❜② ▲❡♠♠❛ ✷ ✭✐✮ ❛♥❞

t❤❛t lim∆→0 [Bt+1 (M
′′
t , ϕ, gt(ht))−Bt+1 (M

′
t , ϕ, gt(ht))] = 0 ❢♦r ❛❧❧ gt(ht)✳ ❚❤✉s✱ ❡✐t❤❡r t❤❡ ✐♥❡q✉❛❧✐t②

❛❜♦✈❡ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ ∆ ∈ [0, ∆̃) ❢♦r ❛♥② t✇♦ ϕ′, ϕ′′ ∈ Φλ(ϕ) ❛♥❞ ❢♦r ❛❧❧ (Mt, Lt) ∈ X ′✱

♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ∆̊1 > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̊1)✱ t❤❡♥ t❤❡

✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② t✇♦ ϕ′, ϕ′′ ∈ Φλ(ϕ) ❛♥❞ ❢♦r ❛❧❧ (Mt, Lt) ∈ X ′✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts

t❤r❡s❤♦❧❞ ∆̊1 > 0 s✉❝❤ t❤❛t ❢♦r ∆ ∈ [0, ∆̊1) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② (Mt, Lt) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ϕ

♦✈❡r Φλ(ϕ)✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ λ✳ ▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ (Mt, Lt) ✐♠♣❧✐❡s

gt+1 ≥ gt✱ ✇❤✐❝❤ ❢♦r ∆ ≤ ∆́ ❛♥❞ gt+r ∈ [0, 1) ❜② ▲❡♠♠❛ ✹ ✭✐✐✮ ✐♠♣❧✐❡s (Mt+1, Lt+1) ≤ (Mt, Lt)✳ ❙❡t

∆̂1 ≤ min
{
∆̊1, ∆́

}
✳ ■t❡r❛t✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r ❡❛❝❤ ♣❡r✐♦❞ t + r ❛♥❞ ❢♦r r = 1, 2, ...✱ t❤✐s ✐♠♣❧✐❡s

(Mt+r+1, Lt+r+1) ≤ (Mt+r, Lt+r) ❢♦r ❛❧❧ r = 0, 1, 2, ..., R✳ ❚❤✉s✱ t❤❡ ♥❡✇ st❡❛❞②✲st❛t❡ ♠✉st ❜❡ s✉❝❤

t❤❛t (MSS , LSS) ≤ (Mt−1, Lt−1)✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ P❛rt ✭✐✮✲✭✸✮✱ ✲✭✹✮ ❛r❡ str❛✐❣❤t❢♦r✇❛r❞

❢r♦♠ ✭✐✮✲✭✶✮✱ ✲✭✷✮ ❣✐✈❡♥ t❤❛t τSS = τ (MSS , LSS)✱ ✇❤✐❝❤ ❜② ❢♦r♠✉❧❛ ✭✺✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ MSS ❛♥❞

LSS ❛♥❞ ❝♦♥st❛♥t ✐♥ λ✱ ❛♥❞ t❤❛t gSS ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ MSS ✱ ❝♦♥st❛♥t ✐♥ LSS ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ λ✳

P❛rt ✭✐✐✮✲✭✶✮✱ ✲✭✷✮✳ ❙✉♣♣♦s❡ ✭✐✐✮✲✭✶✮ ♦r ✲✭✷✮ ❞♦❡s ♥♦t ❤♦❧❞ tr✉❡ ✭♦r ❜♦t❤✮✳ ❋✐rst✱ ■ ♣r♦✈❡ t❤❛t t❤❡ t②♣❡ ♦❢

t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ρ✳ ❘❡❝❛❧❧ gt ∈ [0, 1)✳ ❯s✐♥❣ ✭✼✮ ■ ❣❡t θpt = Q−1 (0.5(1− gt); ρ) ✇✐t❤

Q(θt; ρ) = ρQ2(θt) + (1 − ρ)Q1(θt)✳ ❆ss✉♠♣t✐♦♥ Q1(θ̌) ≥ 0.5 ✐♠♣❧✐❡s Q(θpt ; ρ) < 0.5 ❛♥❞ Q2(θ
p
t ) −

Q1(θ
p
t ) < 0✳ ❚❤✉s✱ ■ ❣❡t

∂θpt
∂ρ

=
Q1(θ

p
t )−Q2(θ

p
t )

ρq2(θ
p
t ) + (1− ρ)q1(θ

p
t )
< 0 ✭✸✵✮

✐✳❡✳✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ρ s✐♠♣❧② ♠❡❛♥s t❤❛t θpt ❞❡❝r❡❛s❡s ❛t ❝♦♥st❛♥t ♠❡❛♥ ✐♥❝♦♠❡✳

❈♦♥s✐❞❡r ❛♥② t✇♦ ✈❛❧✉❡s ♦❢ ρ ∈ [0, 1] s✉❝❤ t❤❛t ρ′′ < ρ′✳ ■ ❞❡✜♥❡ t❤❡ s❡t Φρ(ϕ) := {ϕ̂ ∈ Φ | ϕ̂j =

ϕj ∀j 6= 8} ❛♥❞ t❤❡ ♦r❞❡r✐♥❣ ≤ρ ♦✈❡r Φρ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ′′ < ρ′✳ ❈♦♥s✐❞❡r ❛♥②

t✇♦ ❡❧❡♠❡♥ts ϕ′ = (β, γ, λ,∆, σm, ξ, l, ρ′) ❛♥❞ ϕ′′ = (β, γ, λ,∆, σm, ξ, l, ρ′′) ♦❢ Φρ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′✳

▲❛st❧②✱ ❧❡t (θpt )
′ ❛♥❞ (θpt )

′′ ❞❡♥♦t❡ t❤❡ t②♣❡ ♦❢ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ✉♥❞❡r ρ′ ❛♥❞ ρ′′✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞

♥♦t❡ t❤❛t ✭✸✵✮ ✐♠♣❧✐❡s (θpt )
′′ > (θpt )

′✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ♣♦❧✐❝✐❡s (M ′′
t , L

′′
t ), (M

′
t , L

′
t) ∈ X ′ s✉❝❤ t❤❛t

✺✺



(M ′′
t , L

′′
t ) ≥ (M ′

t , L
′
t)✳ ❚❤❡♥ v

p
t s❛t✐s✜❡s ✭❙❈✮ ✐♥ (Mt, Lt, ϕ) ♦✈❡r Φρ(ϕ) ✐❢✿

vt ((M
′′
t , L

′′
t ); (θ

p
t )

′′, ϕ′′ | ht, st)− vt ((M
′
t , L

′
t); (θ

p
t )

′′, ϕ′′
t | ht, st) ≥

vt ((M
′
t , L

′
t); (θ

p
t )

′, ϕ′
t | ht, st)− vt ((M

′
t , L

′
t); (θ

p
t )

′, ϕ′
t | ht, st)

✭✸✶✮

❯s✐♥❣ ✭✶✹✮ ❝♦♥❞✐t✐♦♥ ✭✷✽✮ r❡✇r✐t❡s✿

ξ [ψ (M ′′
t −M ′

t) + (L′′
t − L′

t)] [(θ
p
t )

′′ − (θpt )
′] +

+β [p̃ (ξ(θpt )
′′)− p̃ (ξ(θpt )

′)]∆ (M ′′
t −M ′

t)

+βλ [Bt+1 (M
′′
t , ϕ

′′, gt(ht))−Bt+1 (M
′
t , ϕ

′′, gt(ht))] +

−βλ [Bt+1 (M
′′
t , ϕ

′, gt(ht))−Bt+1 (M
′
t , ϕ

′, gt(ht))] ≥ 0

✭✸✷✮

❘❡❝❛❧❧ gt ∈ [0, 1)✳ ◆♦t✐❝❡ t❤❛t ❢♦r ∆ ∈ [0, ∆̃) t❤❡ ▲❍❙ ♦❢ ✭✸✷✮ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ ∆ ❜② ▲❡♠♠❛ ✷ ✭✐✮ ❛♥❞

t❤❛t lim∆→0 [Bt+1 (M
′′
t , ϕ, gt(ht))−Bt+1 (M

′
t , ϕ, gt(ht))] = 0 ❢♦r ❛❧❧ gt(ht)✳ ❚❤✉s✱ ❡✐t❤❡r t❤❡ ✐♥❡q✉❛❧✐t②

❛❜♦✈❡ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ ∆ ∈ [0, ∆̃) ❢♦r ❛♥② t✇♦ ϕ′, ϕ′′ ∈ Φρ(ϕ) ❛♥❞ ❢♦r ❛❧❧ (Mt, Lt) ∈ X ′✱

♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ∆̊2 > 0 s✉❝❤ t❤❛t ✐❢ ∆ ∈ [0, ∆̊2)✱ t❤❡♥

t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② t✇♦ ϕ′, ϕ′′ ∈ Φρ(ϕ) ❛♥❞ ❢♦r ❛❧❧ (Mt, Lt) ∈ X ′✳ ❚❤✉s✱ t❤❡r❡

❡①✐sts t❤r❡s❤♦❧❞ ∆̊2 > 0 s✉❝❤ t❤❛t ❢♦r ∆ ∈ [0, ∆̊2) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② (Mt, Lt) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣

✐♥ ϕ ♦✈❡r Φρ(ϕ)✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ ρ✳ ▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ (Mt, Lt)

✐♠♣❧✐❡s g+1 ≥ gt✱ ✇❤✐❝❤ ❢♦r ∆ ≤ ∆́ ❛♥❞ gt+r ∈ [0, 1) ❜② ▲❡♠♠❛ ✹ ✭✐✐✮ ✐♠♣❧✐❡s (Mt+1, Lt+1) ≤ (Mt, Lt)✳

❙❡t ∆̂2 ≤
{
∆̊2, ∆́

}
✳ ■t❡r❛t✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r ❡❛❝❤ ♣❡r✐♦❞ t + r ✇✐t❤ r = 1, 2, ...✱ t❤✐s ✐♠♣❧✐❡s

(Mt+r+1, Lt+r+1) ≤ (Mt+r, Lt+r) ❢♦r ❛❧❧ r = 0, 1, 2, ..., R✳ ❚❤✉s✱ t❤❡ ♥❡✇ st❡❛❞②✲st❛t❡ ♠✉st ❜❡ s✉❝❤

t❤❛t (MSS , LSS) ≤ (Mt−1, Lt−1)✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ P❛rt ✭✐✐✮✲✭✸✮✱ ✲✭✹✮ ❛r❡ str❛✐❣❤t❢♦r✇❛r❞

❢r♦♠ ✭✐✐✮✲✭✶✮✱ ✲✭✷✮ ❣✐✈❡♥ t❤❛t τSS = τ (MSS , LSS)✱ ✇❤✐❝❤ ❜② ❢♦r♠✉❧❛ ✭✺✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ MSS ❛♥❞

LSS ❛♥❞ ❝♦♥st❛♥t ✐♥ ρ✱ ❛♥❞ t❤❛t gSS ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ MSS ✱ ❝♦♥st❛♥t ✐♥ LSS ❛♥❞ ❛♥❞ ❝♦♥st❛♥t ✐♥ ρ✱

P❛rt ✭✐✐✐✮✲✭✶✮✱ ✲✭✷✮✳ ❙✉♣♣♦s❡ ✭✐✐✐✮✲✭✶✮ ♦r ✲✭✷✮ ❞♦❡s ♥♦t ❤♦❧❞ tr✉❡ ✭♦r ❜♦t❤✮✳ ❈♦♥s✐❞❡r ❛♥② ∆′, ∆′′ ∈ [0, ∆̂3]

❢♦r s♦♠❡ t❤r❡s❤♦❧❞ ∆̂3 ≤ ∆̃ s✉❝❤ t❤❛t ∆′ > ∆′′✳ ■ ❞❡✜♥❡ t❤❡ s❡t Φ∆(ϕ) := {ϕ̂ ∈ Φ | ϕ̂j = ϕj ∀j 6=

4, ϕ̂4 ≤ ∆̂3} ❛♥❞ t❤❡ ♦r❞❡r✐♥❣ ≤∆ ♦✈❡r Φ∆(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∆′ ≥ ∆′′✳ ❈♦♥s✐❞❡r

❛♥② t✇♦ ❡❧❡♠❡♥ts ϕ′ = (β, γ, λ,∆′′, σm, ξ, l) ❛♥❞ ϕ′′ = (β, γ, λ,∆′, σm, ξ, l) ♦❢ Φλ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′✳

▲❛st❧②✱ ❧❡t g′t(ht) = λ/ [σm −∆′(1−Mt−1)] ❛♥❞ t g′′t (ht) = λ/ [σm −∆′′(1−Mt−1)]✳ ❈♦♥s✐❞❡r ❛♥② t✇♦

♣♦❧✐❝✐❡s (M ′′
t , L

′′
t ), (M

′
t , L

′
t) ∈ X ′ s✉❝❤ t❤❛t (M ′′

t , L
′′
t ) ≥ (M ′

t , L
′
t)✳ ❚❤❡♥ v

p
t s❛t✐s✜❡s ✭❙❈✮ ✐♥ (Mt, Lt, ϕ)

✺✻



♦✈❡r Φ∆(ϕ) ✐❢✿

vt ((M
′′
t , L

′′
t ); θ

p
t (g

′′
t (ht)) , ϕ

′′ | ht, st)− vt ((M
′
t , L

′
t); θ

p
t (g

′′
t (ht)) , ϕ

′′ | ht, st) ≥

vt ((M
′′
t , L

′′
t ); θ

p
t (g

′
t(ht)) , ϕ

′ | ht, st)− vt ((M
′
t , L

′
t); θ

p
t (g

′
t(ht)) , ϕ

′ | ht, st)
✭✸✸✮

❯s✐♥❣ ✭✶✹✮ ❝♦♥❞✐t✐♦♥ ✭✸✸✮ r❡✇r✐t❡s✿

ξ [ψ (M ′′
t −M ′

t) + (L′′
t − L′

t)] [θ
p
t (g

′′
t (ht))− θpt (g

′
t(ht))] +

+β {p̃ (ξθpt (g
′′
t (ht)))∆

′′ − p̃ (ξθpt (g
′
t(ht)))∆

′} (M ′′
t −M ′

t)+

βλ [Bt+1 (M
′′
t , ϕ

′, g′t(ht))−Bt+1 (M
′
t , ϕ

′, g′t(ht))] +

−βλ [Bt+1 (M
′′
t , ϕ

′′, g′′t (ht))−Bt+1 (M
′
t , ϕ

′′, g′′t (ht))] ≥ 0

✭✸✹✮

❋✐rst❧②✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✜rst t✇♦ ❧✐♥❡s ♦❢ ✭✸✹✮ t♦ ❜❡ ♣♦s✐t✐✈❡ ✐s 1−Mt−1

2q(θpt (g
′

t(ht));ρ)
g′t(ht)

2

λ
>

βp̃ (ξθpt (g
′′
t (ht)))✳ ◆♦t✐❝❡ t❤❛t ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s limθt→0+ q (θt; ρ) = 0 ❛♥❞ M < 1 s✉❝❤ ❝♦♥❞✐t✐♦♥

✐s ❛❧✇❛②s s❛t✐s✜❡❞ ❢♦r gt → 1✳ ❚❤✉s✱ ❡✐t❤❡r ✐t ✐s ❛❧s♦ s❛t✐s✜❡s ❢♦r ❛❧❧ gt ∈ [0, 1)✱ ♦r ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡

✈❛❧✉❡ t❤❡♦r❡♠ t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ ĝt ∈ (0, 1) s✉❝❤ t❤❛t ❢♦r ❛♥② st❛t❡ gt ∈ [ĝt, 1) t❤❡ t❤❡ ✜rst t✇♦

❧✐♥❡s ♦❢ ✭✸✹✮ ❤❛✈❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡✳ ❙❡❝♦♥❞❧②✱ ♥♦t✐❝❡ t❤❛t ❢♦r ∆ ∈ [0, ∆̃) t❤❡ ▲❍❙ ♦❢ ✭✸✹✮ ✐s ❝♦♥t✐♥✉♦✉s

✐♥ ∆ ❜② ▲❡♠♠❛ ✷ ✭✐✮ ❛♥❞ t❤❛t lim∆→0 [Bt+1 (M
′
t , ϕ, gt(ht))−Bt+1 (M

′′
t , ϕ, gt(ht))] = 0✳ ❚❤✉s✱ ❢♦r

gt ∈ [ĝt, 1) ❡✐t❤❡r t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ ∆ ∈ [0, ∆̃) ✱ ❢♦r ❛♥② t✇♦ ϕ′, ϕ′′ ∈ Φ∆(ϕ)

❛♥❞ ❢♦r ❛❧❧ (Mt, Lt) ∈ X ′✱ ♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ∆̊3 > 0 s✉❝❤

t❤❛t ✐❢ ∆ ∈ [0, ∆̊3)✱ t❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② t✇♦ ϕ′, ϕ′′ ∈ Φ∆(ϕ) ❛♥❞ ❢♦r ❛❧❧

(Mt, Lt) ∈ X ′✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts t❤r❡s❤♦❧❞ ∆̊3 > 0 s✉❝❤ t❤❛t ❢♦r ∆ ∈ [0, ∆̊3) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝②

(Mt, Lt) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ϕ ♦✈❡r Φ∆(ϕ)✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ ∆✳ ▲❛st❧②✱ ♥♦t✐❝❡

t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ (Mt, Lt) ✐♠♣❧✐❡s gt+1 ≥ gt✱ ✇❤✐❝❤ ❢♦r ∆ ∈ [0, ∆́) ❛♥❞ gt+r ∈ [0, 1) ❜② ▲❡♠♠❛ ✹ ✭✐✐✮

✐♠♣❧✐❡s (Mt+1, Lt+1) ≤ (Mt, Lt)✳ ❙❡t ∆̂3 ≤ min{∆̊3, ∆́}✳ ■t❡r❛t✐♥❣ ❢♦r ❡❛❝❤ ♣❡r✐♦❞ t+ r ❢♦r r = 1, 2, ...

t❤✐s ✐♠♣❧✐❡s (Mt+r+1, Lt+r+1) ≤ (Mt+r, Lt+r) ❢♦r ❛❧❧ r = 0, 1, 2, ..., R✳ ❚❤✉s✱ t❤❡ ♥❡✇ st❡❛❞②✲st❛t❡

♠✉st ❜❡ s✉❝❤ t❤❛t (MSS , LSS) ≤ (Mt−1, Lt−1)✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ P❛rt ✭✐✐✐✮✲✭✸✮✱ ✲✭✹✮ ❛r❡

str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ✭✐✮✲✭✶✮✱ ✲✭✷✮ ❣✐✈❡♥ t❤❛t τSS = τ (MSS , LSS)✱ ✇❤✐❝❤ ❜② ❢♦r♠✉❧❛ ✭✺✮ ✐s ❞❡❝r❡❛s✐♥❣

✐♥ ❜♦t❤ MSS ❛♥❞ LSS ❛♥❞ ❝♦♥st❛♥t ✐♥ ∆✱ ❛♥❞ t❤❛t gSS ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ MSS ✱ ❝♦♥st❛♥t ✐♥ LSS ❛♥❞

❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ ∆✳

P❛rt ✭✐✈✮✲✭✶✮✱ ✲✭✷✮✳ ❙✉♣♣♦s❡ ✭✐✈✮✲✭✶✮ ♦r ✲✭✷✮ ❞♦❡s ♥♦t ❤♦❧❞ ✭♦r ❜♦t❤✮✳ ❈♦♥s✐❞❡r ❛♥② ξ′, ξ′′ ∈ (0,+∞)

s✉❝❤ t❤❛t ξ′′ > ξ′✳ ■ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳ Φξ(ϕ) := {ϕ̂ ∈ Φ | ϕ̂j = ϕj ∀j 6= 6} ❛♥❞

t❤❡ ♦r❞❡r✐♥❣ ≤ξ ♦✈❡r Φξ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ξ′′ > ξ′✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ❡❧❡♠❡♥ts

ϕ′ = (β, γ, λ,∆, σm, ξ′, l) ❛♥❞ ϕ′′ = (β, γ, λ,∆, σm, ξ′′, l) ♦❢ Φξ(ϕ) s✉❝❤ t❤❛t ϕ′ ≤ ϕ′′ ❛♥❞ ❛♥② t✇♦

✺✼



♣♦❧✐❝✐❡s (M ′′
t , L

′′
t ), (M

′
t , L

′
t) ∈ X ′ s✉❝❤ t❤❛t (M ′′

t , L
′′
t ) ≥ (M ′

t , L
′
t)✳ ❚❤❡♥ v

p
t s❛t✐s✜❡s ✭❙❈✮ ✐♥ (Mt, Lt, ϕ)

♦✈❡r Φξ(ϕ) ✐❢✿

vt ((M
′′
t , L

′′
t ); θ

p
t (gt(ht)) , ϕ

′′ | ht, st)− vt ((M
′
t , L

′
t); θ

p
t (gt(ht)) , ϕ

′′ | ht, st) ≥

vt ((M
′′
t , L

′′
t ); θ

p
t (gt(ht)) , ϕ

′ | ht, st)− vt ((M
′
t , L

′
t); θ

p
t (gt(ht)) , ϕ

′ | ht, st)
✭✸✺✮

❯s✐♥❣ ✭✶✹✮ ❝♦♥❞✐t✐♦♥ ✭✸✺✮ r❡✇r✐t❡s✿

[ψ (M ′′
t −M ′

t) + (L′′
t − L′

t)] θ
p
t (gt(ht)) (ξ

′′ − ξ′)+

+β {p̃ (ξ′′θpt (gt(ht)))− p̃ (ξ′θpt (gt(ht)))}∆ (M ′′
t −M ′

t)+

βλ [Bt+1 (M
′′
t , ϕ

′′, gt(ht))−Bt+1 (M
′
t , ϕ

′′, gt(ht))] +

−βλ [Bt+1 (M
′′
t , ϕ

′, gt(ht))−Bt+1 (M
′
t , ϕ

′′, gt(ht))] ≥ 0

✭✸✻✮

◆♦t✐❝❡ t❤❛t gt+1 ✐s ❝♦♥st❛♥t ✐♥ ξ′✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t Bt+1 (M
′′
t , ϕ

′′, gt(ht)) − Bt+1 (M
′′
t , ϕ

′, gt(ht)) =

d
(
G− L∗

t+1(gt+1(h
′′
t+1))

)
+c

(
M∗
t+1(gt+1(h

′′
t+1)

)
−d

(
G− L∗

t+1(gt+1(h
′′
t+1))

)
−c

(
M∗
t+1(gt+1(h

′′
t+1)

)
= 0✱

✇❤❡r❡ h′′t ❞❡♥♦t❡s t❤❡ ❤✐st♦r② ❛❢t❡r ♣♦❧✐❝② ❝❤♦✐❝❡ M ′′
t ✳ ❚❤✉s✱ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ✭✸✻✮ ✐s ❛❧✇❛②s s❛t✐s✜❡❞

❣✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t p̃ ✐s ❛ ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ (Mt, Lt)

✐♠♣❧✐❡s gt+1 ≥ gt✱ ✇❤✐❝❤ ❢♦r ∆ ∈ [0, ∆́) ❛♥❞ gt+r ∈ [0, 1) ❜② ▲❡♠♠❛ ✹ ✭✐✐✮ ✐♠♣❧✐❡s (Mt+1, Lt+1) ≤

(Mt, Lt)✳ ❙❡t ∆̂4 = ∆́✳ ■t❡r❛t✐♥❣ ❢♦r ❡❛❝❤ ♣❡r✐♦❞ t+ r ❢♦r r = 1, 2, ... t❤✐s ✐♠♣❧✐❡s (Mt+r+1, Lt+r+1) ≤

(Mt+r, Lt+r) ❢♦r ❛❧❧ r = 0, 1, 2, ..., R✳ ❚❤✉s✱ t❤❡ ♥❡✇ st❡❛❞②✲st❛t❡ ♠✉st ❜❡ s✉❝❤ t❤❛t (MSS , LSS) ≤

(Mt−1, Lt−1)✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ P❛rt ✭✐✮✲✭✸✮✱ ✲✭✹✮ ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ✭✐✮✲✭✶✮✱ ✲

✭✷✮ ❣✐✈❡♥ t❤❛t τSS = τ (MSS , LSS)✱ ✇❤✐❝❤ ❜② ❢♦r♠✉❧❛ ✭✺✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ MSS ❛♥❞ LSS ❛♥❞

❝♦♥st❛♥t ✐♥ ξ✱ ❛♥❞ t❤❛t gSS ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ MSS ✱ ❝♦♥st❛♥t ✐♥ LSS ❛♥❞ ❝♦♥st❛♥t ✐♥ ξ✳ ▲❛st❧②✱ ❞❡✜♥❡

∆̂ = min
{
∆̂1, ∆̂2, ∆̂3, ∆̂4

}
❛♥❞ ♥♦t❡ t❤❛t ∆̂ > 0 ✳ ❚❤❡♥ ❢♦r∆ ∈ [0, ∆̂) ❛❧❧ t❤❡ st❛t❡♠❡♥ts ✐♥ ♣❛rts

✭✐✮✲✭✐✐✮✲✭✐✐✐✮✲✭✐✈✮ ❤♦❧❞ tr✉❡✳ ◗✳❊✳❉✳

❇✳✹ ❊q✉✐❧✐❜r✐✉♠ P❛rt② ❙②st❡♠

Pr♦♣♦s✐t✐♦♥ ✹✳ ✭❊q✉✐❧✐❜r✐✉♠ ♣❛rt② s②st❡♠✮✳ ■❢ ∆ ∈ [0, ∆̂)✱ t❤❡♥ ✭✐✮ ✐♥ ❛♥② ▼PP❊✱ t❤❡ t✉♣❧❡

〈Pt+r, At+r (Pt+r)〉 ✐s ❛ ♣♦♣✉❧✐st ✈s✳ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② s②st❡♠ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t + r ❢♦r ❛❧❧ r = 1, 2, ...❀

✭✐✐✮ ❡❛❝❤ ♠❡♠❜❡r ♦❢ ❛♥② r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ♣❛rt② ✐s ✇❡❛❦❧② ♦❧❞❡r ❛♥❞ ✇❡❛❦❧② ❧♦✇❡r✲✐♥❝♦♠❡ t❤❛♥ ❛♥②

♠❡♠❜❡r ♦❢ ❛♥② str✐❝t❧② ❧✐❜❡rt❛r✐❛♥ ♣❛rt②❀ ✭✐✐✐✮ ✐❢ ❛ ♠❛r❣✐♥❛❧ s❤♦❝❦ ♦❢ t②♣❡ ✭❛✮✱ ✭❜✮✱ ✭❝✮✱ ❛♥❞✴♦r ✭❞✮

♦❝❝✉rs ✐♥ ♣❡r✐♦❞ t✱ t❤❡♥ ✐♥ ❛♥② ♣❡r✐♦❞ t+ r ✇✐t❤ r = 0, 1, 2, ... t❤❡ ✇✐♥♥✐♥❣ ♣❛rt② ✐s r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st❀

✐♥ ♣❛rt✐❝✉❧❛r✱ ✭✐✈✮ t❤❡r❡ ✐s ❛♥ ▼PP❊ s✉❝❤ t❤❛t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+r t❤❡ t✉♣❧❡ 〈Pt+r, At+r (Pt+r) , xt+r〉 ✐s

❛ st❛❜❧❡ t✇♦✲♣❛rt② str✉❝t✉r❡ ✐♥ ✇❤✐❝❤ t❤❡ ✇✐♥♥✐♥❣ ♣❛rt② ✐s r✐❣❤t✲✇✐♥❣ ♣♦♣✉❧✐st ❛♥❞ ✐♥❝❧✉❞❡s ❛❧❧ ❝✐t✐③❡♥s

✺✽



✇✐t❤ θit+r ≤ θpt+r ✭✐✳❡✳✱ t❤❡ ♦❧❞ ❛♥❞ t❤❡ ❧♦✇✲✐♥❝♦♠❡ ❝✐t✐③❡♥s✮✳

Pr♦♦❢✳ P❛rt ✭✐✮ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ▼PP❊ s✉❝❤ t❤❛t 〈Pt+r, At+r (Pt+r)〉 ✐s ♥♦t ❛ ♣♦♣✉❧✐st ✈s✳ ❧✐❜❡rt❛r✐❛♥

♣❛rt② s②st❡♠✳ ❯s✐♥❣ ❉❡✜♥✐t✐♦♥ ✸✱ t❤✐s ✐s tr✉❡ ♦♥❧② ✐❢ At+r (Pt+r) ✐s ♥♦t t♦t❛❧❧② ♦r❞❡r❡❞ ✉♥❞❡r ≤✳

❇❡❝❛✉s❡ ❢♦r ∆ ∈ [0, ∆̃) t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤ ❝✐t✐③❡♥✬s t②♣❡ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❜② ▲❡♠♠❛ ✷

✭✐✮ ❛♥❞ s❛t✐s✜❡s ◗❙▼ ❛♥❞ ❙❙❈ ✐♥ (xt, θt)❜② ▲❡♠♠❛ ✶✱ ❚❤❡♦r❡♠ ✹ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮

✐♠♣❧✐❡s t❤❛t t❤❡ s❡t ♦❢ ❛❧❧ ❝✐t✐③❡♥✬s ✐❞❡❛❧ ♣♦❧✐❝✐❡s UI (ht+r, st+r) ≡ ∪θt+r∈ΘI (θt+r | ht+r, st+r) ✐♥ ❡❛❝❤

♣❡r✐♦❞ t + r ✐s t♦t❛❧❧② ♦r❞❡r❡❞ ✉♥❞❡r ≤✳ ❆♥② ♣♦ss✐❜❧❡ ♣♦❧✐❝② ♣r♦✜❧❡ At+r(Pt+r) ✐♥ ♣❡r✐♦❞ t + r t❤❛t

✐s ♣❛rt ♦❢ ❛ ▼PP❊ ✐♥ ♣❡r✐♦❞ t ✐s s✉❝❤ t❤❛t At+r(Pt+r) ⊆ UI (ht+r, st+r) ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥

✭❈❈✮✳ ❚❤✉s✱ At+r(Pt+r) ✐s ❛❧s♦ t♦t❛❧❧② ♦r❞❡r❡❞ ✉♥❞❡r ≤✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

P❛rt ✭✐✐✮✳ ❋✐rst✱ t❤✐s st❛t❡♠❡♥t tr✐✈✐❛❧❧② ❤♦❧❞s tr✉❡ ❢♦r ♦♥❡✲♣❛rt② s②st❡♠s✳ ■❢ |Pt+r| > 1 ❝♦♥s✐❞❡r t✇♦

♣❛rt✐❡s P jt+r, P
k
t+r ∈ Pt+r ✇✐t❤M

j
t+r ≥Mk

t+r ❛♥❞ L
j
t+r ≥ Lkt+r ❛♥❞ (M j

t+r, L
j
t+r) 6= (Mk

t+r, L
k
t+r)✳ ❙✉♣✲

♣♦s❡ ✭✐✐✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts θit+r ∈ P jt+r ❛♥❞ θ
l
t+r ∈ P kt+r ✇✐t❤ θ

i
t+r < θlt+r✳ P❛rt ✭✐✮ ✐♠✲

♣❧✐❡s t❤❛t ♣❛rt② ♣❧❛t❢♦r♠s ❛r❡ t♦t❛❧❧② ♦r❞❡r❡❞✳ ✭P▼✮ ✐♠♣❧✐❡s vt
(
ajt ; θ

i
t, ϕ | ht, st

)
≥ vt

(
akt ; θ

i
t, ϕ | ht, st

)
✳

❚❤❡ ❙❙❈ ❛♥❞ ajt ≥ akt ✐♠♣❧② vt
(
ajt ; θ

l
t, ϕ | ht, st

)
> vt

(
akt ; θ

l
t, ϕ | ht, st

)
✳ ❇✉t t❤❡♥ ✭P▼✮ ✐♠♣❧✐❡s t❤❛t

θlt /∈ P kt ✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

P❛rt ✭✐✐✐✮✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳

P❛rt ✭✐✈✮✳ ❙✉♣♣♦s❡ ❛ s❤♦❝❦ ♦❢ t②♣❡ ✭❛✮ ♦❝❝✉rs ✐♥ ♣❡r✐♦❞ t s✉❝❤ t❤❛t λ′′ > λ′✱ ❛♥❞ t❤❛t ❛ ▼PP❊ t❤❛t s❛t✲

✐s✜❡s ✭✐✈✮ ❞♦❡s ♥♦t ❡①✐sts✳ ❈♦♥s✐❞❡r ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r ❛ t✉♣❧❡
〈
{P 1

t+r, P
2
t+r}, At+r, x

p
t+r

〉
✇✐t❤ At+r =

{
xpt+r, x

j
t+r

}
✇❤❡r❡ xpt+r ∈ I

(
θpt+r | ht+r, st+r

)
❛♥❞ xjt+r ∈ I

(
θjt+r | ht+r

)
❢♦r s♦♠❡ θjt+r > θpt+r✳ ❚❤❡

❧❛tt❡r ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s xjt+s ≥ xpt+s ❜❡❝❛✉s❡ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② ✭▼✐❧❣r♦♠ ❛♥s

❙❤❛♥♥♦♥ ✶✾✾✹✮✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s vt+r
(
xpt+r; θ

p
t+r, ϕ | ht+r, st+r

)
≥ vt+s

(
xjt+r; θ

p
t+r, ϕ | ht+r, st+r

)

❛♥❞ vt+r

(
xpt+r; θ

j
t+r, ϕ | ht+r, st+r

)
≤ vt+r

(
xjt+r; θ

j
t+r, ϕ | ht+r, st+r

)
✳ ❇❡❝❛✉s❡ vt+r ✐s ❝♦♥t✐♥✉♦✉s

✐♥ θt+r ❜② ▲❡♠♠❛ ✷ ✭✐✮✱ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ t❤❡r❡ ❡①✐sts θkt+r ∈ [θpt+r, θ
j
t+r] s✉❝❤

t❤❛t vt+r
(
xpt+r; θ

k
t+r, ϕ | ht+r, st+r

)
= vt+r

(
xjt+r; θ

k
t+r, ϕ | ht+r, st+r

)
✳ ❚❤✉s✱ ❝♦♥str✉❝t t❤❡ ♣❛rt✐✲

t✐♦♥ {P 1
t+r, P

2
t+r} s✉❝❤ t❤❛t ❛❧❧ t②♣❡s θit+r ≤ θkt+r ❛r❡ ♠❡♠❜❡rs ♦❢ t❤❡ r✐❣❤t✲♣♦♣✉❧✐st ♣❛rt② P 1

t+r✱ ✐✳❡✳

P 1
t+r =

{
θt+r ∈ Θ | θt+r ≤ θkt+r

}
❛♥❞ P 2

t+r = Θ \ P 1
t+r✳ ❚❤❡ t✉♣❧❡

〈
{P 1

t+r, P
2
t+r}, At+r, x

p
t+r

〉
✐s ❛ ❙P❖

❜❡❝❛✉s❡ ✐t s❛t✐s❢② ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❉❡✜♥✐t✐♦♥ ❆✳✶✳ ❈♦♥s✐❞❡r ❛ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣② st t❤❛t ❝♦♥s✐sts

✐♥ ❝♦❧❧❡❝t✐✈❡❧② ♣❧❛②✐♥❣ ❛ t✉♣❧❡ ♦❢ s✉❝❤ ❦✐♥❞ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r ❛❢t❡r ❛♥② ❤✐st♦r② ht✱ ❛♥❞ t❤❛t s❛t✐s✜❡s

t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛♥❞ s✉❜❣❛♠❡ ♣❡r❢❡❝t✐♦♥✳ ❚❤❡♥✱ st ✐s ❛ ▼PP❊ s✉❝❤ t❤❛t 〈Pt+r, At+r (Pt+r)〉 ✐s ❛

♣♦♣✉❧✐st ✈s✳ ❧✐❜❡rt❛r✐❛♥ ♣❛rt② s②st❡♠ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t+ r✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ■♥ ❛ s✐♠✐❧❛r

✺✾



✇❛② ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❛ s❤♦❝❦ ♦❢ t②♣❡ ✭❜✮✱ ✭❝✮✱ ❛♥❞✴♦r ✭❞✮✳ ◗✳❊✳❉✳

❇✳✺ ❲❡❧❢❛r❡ ❆♥❛❧②s✐s

Pr♦♣♦s✐t✐♦♥ ✺✳ ❋♦r ❛♥② ❙♦❝✐❛❧ ❲❡❧❢❛r❡ ❋✉♥❝t✐♦♥ SWF ((Mt, Lt);ϕ | ht, st) t❤❛t ❛ss✐❣♥s ❛ str✐❝t❧②

♣♦s✐t✐✈❡ ✇❡✐❣❤t t♦ ❡❛❝❤ ♥❛t✐✈❡ ✐♥❞✐✈✐❞✉❛❧ ♦❢ ✇♦r❦✐♥❣ ❛❣❡✱ t❤❡r❡ ❡①✐st t❤r❡s❤♦❧❞s ǧt ∈ [0, 1) ❛♥❞ ∆̌ > 0

s✉❝❤ t❤❛t ✐❢ gt ∈ [ǧt, 1) ❛♥❞ ∆ ∈ [0, ∆̌)✱ t❤❡♥ ❛ ♠❛r❣✐♥❛❧ ❧♦♦s❡♥✐♥❣ ✐♥ t❤❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝② ✐s ✇❡❧❢❛r❡✲

❡♥❤❛♥❝✐♥❣✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ Mt ❡✈❛❧✉❛t❡❞ ❛t M∗
t ✐s ♥♦t ✇❡❧❢❛r❡✲❡♥❤❛♥❝✐♥❣ ❢♦r s♦♠❡ SWF

✇✐t❤ µ(θt) > 0 ❢♦r ❛❧❧ θt ✇✐t❤ ft (θt; ρ | ht) > 0✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t ❢♦r ∆ ≤ ∆̃ t❤❡ ❢✉♥❝t✐♦♥ SWF ✐s

❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ Mt ❜❡❝❛✉s❡ ✐s t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r ❢✉♥❝t✐♦♥s vt+r ✇❤✐❝❤ ❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❜② ▲❡♠♠❛ ✸✳

❚❤✉s✱ ■ ❞❡✜♥❡ t❤❡ ♠❛r❣✐♥❛❧ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿

MSW ((M∗
t , L

∗
t );ϕ | ht, st) :=

∂SWF ((Mt, L
∗
t );ϕ | ht, st)

∂Mt

∣∣∣∣
Mt=M∗

t

✭✸✼✮

✇❤✐❝❤ ❡①✐sts ❛♥❞ ✐t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳ ❙❡t ∆ = 0✳

❈♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ Mt ♦♥ t❤❡ ✐♥❞✉❝❡s ✉t✐❧✐t② ♦❢ ❛ ②♦✉♥❣ ✐♥❞✐✈✐❞✉❛❧✿

∂vt
(
(Mt, L

∗
t ); θ

i
t, ϕ | ht, st

)

∂Mt

∣∣∣∣∣
Mt=M∗

t

= ψξθit + c′(M∗
t ) ✭✸✽✮

❛♥❞ ❢♦r ❛♥ ♦❧❞ ✐♥❞✐✈✐❞✉❛❧✿

∂vt ((Mt, L
∗
t );−1, ϕ | ht, st)

∂Mt

∣∣∣∣
Mt=M∗

t

= c′(M∗
t ) ✭✸✾✮

▲❛st❧②✱ ❝♦♥s✐❞❡r ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❜♦r♥ ✐♥ ♣❡r✐♦❞ t+ r ❢♦r r > 0✳ ❣✐✈❡♥ ∆ = 0 ■ ❣❡t✿

∂
∂Mt

Et
[
vt+r

(
(Mt+r, Lt+r); θ

i
t+r, ϕ | ht+r, st+r

)
| ht, st, (Mt, L

∗
t )
]
=

dvt+r((M∗

t+r,L
∗

t+r);θ
i
t+r,ϕ|ht+r,st+r)

dgt+r

(∏r
l=1

dgt+l

dgt+l−1

)
dgt+1

dMt
= 0

✭✹✵✮

✐✳❡✳ ✐❢ ∆ = 0 ❝✉rr❡♥t ♣♦❧✐❝② ❝❤♦✐❝❡s ❞♦ ♥♦t ❛✛❡❝t ❢✉t✉r❡ ♦✉t❝♦♠❡s✳ ❚❤✉s✱ ❢♦r ∆ = 0 ■ ❣❡t✿

MSW ((M∗
t , L

∗
t );ϕ | ht, st) = ψξ

✂

θ

µ(θt)θtq(θt, ρ)dθt +



✂

θ

µ(θt)q(θt, ρ)dθt + µt(−1)


 c′(M∗

t ) ✭✹✶✮

▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ✐❢ gt → 1 t❤❡♥ limgt→1 θ
p
t (gt) = limgt→1Q

−1 (0.5− 0.5gt; ρ) = Q−1 (0; ρ) = 0 ❛♥❞

✻✵



t❤❡r❡❢♦r❡✿

lim
gt→1

∂vt ((Mt, L
∗
t ); θ

p
t , ϕ | ht, st)

∂Mt

= c′(Mt)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡r ✐s limgt→1

{
argmax(Mt,Lt)∈X′ vt ((Mt, Lt); 0, ϕ | ht, st)

}
=

(M,L∗
t ) ✇❤❡r❡ M s♦❧✈❡s c′(M) = 0✳ ❙❡t M∗

t =M ✐♥t♦ ✭✹✶✮ ❛♥❞ t❛❦❡ t❤❡ ❧✐♠✐t ❢♦r gt → 1 t♦ ❣❡t

lim
gt→1

MSW ((M∗
t , L

∗
t );ϕ | ht, st) = ψξ

✂

θ

µt(θt)θtq(θt, ρ)dθt > 0 ✭✹✷✮

✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛♥② ✇❡✐❣❤t ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s µt(θt) > 0 ❢♦r ❛❧❧ θt ∈ Θ ✇✐t❤

ft (θt; ρ | ht) > 0✳ ❇❡❝❛✉s❡ MSW ((M∗
t , L

∗
t );ϕ | ht, st) ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ✐♥ (gt, ∆) ❜② ▲❡♠♠❛ ✷✱

t❤❡♥ ❡✐t❤❡r MSW ((M∗
t , L

∗
t );ϕ | ht, st) > 0 ❢♦r ❛❧❧ (gt, ∆) ∈ [0, 1] × [0, ∆̃)✱ ♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡

t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts t❤r❡s❤♦❧❞ (ǧt, ∆̌) ✇✐t❤ ǧt ∈ [0, 1) ❛♥❞ ∆̌ > 0 s✉❝❤ t❤❛t ✐❢ gt ∈ [ǧt, 1)

❛♥❞ ∆ ∈ [0, ∆̌)✱ t❤❡♥ MSW ((M∗
t , L

∗
t );ϕ | ht, st) > 0✳ ■♥ t✉r♥✱ MSW ((M∗

t , L
∗
t );ϕ | ht, st) > 0 ✐♠♣❧✐❡s

t❤❛t ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥Mt ❡✈❛❧✉❛t❡❞ ❛tM∗
t ✐s str✐❝t❧② ✇❡❧❢❛r❡✲❡♥❤❛♥❝✐♥❣ ❢♦r ❛♥② SWF t❤❛t s❛t✐s✜❡s

µ(θt) > 0 ❢♦r ❛❧❧ θt ∈ Θ ✇✐t❤ ft (θt; ρ | ht) > 0✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳

✻✶



❘❡❢❡r❡♥❝❡s
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