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Abstract

■ ❛♥❛❧②s❡ ❝♦♥❣❡st✐♦♥ ❝♦sts ✐♥ t❤❡ ❱✐❝❦r❡② ❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧ ♦❢ ❛

❝♦♥❣❡st✐❜❧❡ ❢❛❝✐❧✐t② ✇✐t❤ ❛ ♣❡❛❦ ❧♦❛❞ ✐♥ ❞❡♠❛♥❞✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡

♣❡❛❦ ✐s ❡♥❞♦❣❡♥♦✉s✱ ❜❡✐♥❣ t❤❡ s✉♠ ♦❢ ✐♥❞✐✈✐❞✉❛❧ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s✳

❈❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞ ❛r❡ r❛♥❞♦♠✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ✉♥❝❡rt❛✐♥t② ✐♥t♦

t❤❡ ✐♥❞✐✈✐❞✉❛❧ s❝❤❡❞✉❧✐♥❣ ❝❤♦✐❝❡s✳ ❚❤❡s❡ ❛r❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s ♦❢ ❛❝✲

t✉❛❧ ♣❡❛❦ ❧♦❛❞s✳ ❇❛s❡❞ ♦♥ ✇♦r❦ ❜② ❆r♥♦tt✱ ❞❡ P❛❧♠❛ ❛♥❞ ▲✐♥❞s❡②✱ ■

❞❡r✐✈❡ t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ ❛♥❞ t♦t❛❧ ❝♦♥❣❡st✐♦♥ ❝♦sts ❛♥❞ ❝♦♠♣❛r❡

t♦ t❤❡ ❝❛s❡ ✇✐t❤ ☞①❡❞ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞✳ ❯s✐♥❣ st②❧✐s❡❞ ✈❛❧✉❡s ❢♦r

s❝❤❡❞✉❧✐♥❣ ❝♦sts r❡❧❛t✐✈❡ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t✐♠❡✱ ■ ☞♥❞ t❤❛t r❛♥❞♦♠♥❡ss

♦❢ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s ❝♦♥❣❡st✐♦♥s ❝♦st ❜② ✉♣ t♦ ✺✵ ♣❡r✲

❝❡♥t r❡❧❛t✐✈❡ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❚❤❡ ❜♦✉♥❞ ✐s ❣❡♥❡r❛❧ ❢♦r ❛♥②

❞✐str✐❜✉t✐♦♥ ♦❢ r❛♥❞♦♠ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞✳

❑❊❨❲❖❘❉❙✿ ❇♦tt❧❡♥❡❝❦ ♠♦❞❡❧❀ ❙❝❤❡❞✉❧✐♥❣❀ ❘❡❧✐❛❜✐❧✐t②❀ ❈♦♥❣❡st✐♦♥

❏❊▲ ❝♦❞❡s✿ ❉✵✶❀ ❉✽✶

∗❚❤❛♥❦s t♦ ❇r✉♥♦ ❞❡ ❇♦r❣❡r ❢♦r ❝♦♠♠❡♥ts t♦ ❛ ❞r❛❢t ♦❢ t❤✐s ♣❛♣❡r✳ ❋✐♥❛♥❝✐❛❧ s✉♣♣♦rt

❢r♦♠ t❤❡ ❉❛♥✐s❤ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✐s ❛❝❦♥♦✇❧❡❞❣❡❞✳

✶



1 Introduction

❚r❛✍❝ ❝♦♥❣❡st✐♦♥ ✐♠♣♦s❡s s✐❣♥✐☞❝❛♥t ❝♦sts ♦♥ s♦❝✐❡t✐❡s ❛♥❞ ✉♥❞❡rst❛♥❞✲

✐♥❣ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✐s ✐♠♣♦rt❛♥t ✐♥ ♦r❞❡r t♦ ❞❡✈✐s❡ ❛♣♣r♦♣r✐❛t❡ ♣♦❧✐❝②

r❡s♣♦♥s❡s✳ ❈♦♥❣❡st✐♦♥ ❛s ❛ ❧❛r❣❡ ❝♦♠♣♦♥❡♥t ♦❢ tr❛✈❡❧ ❝♦st ✐s ❛❧s♦ ❛♥ ✐♠✲

♣♦rt❛♥t ❞❡t❡r♠✐♥❛♥t ♦❢ ✉r❜❛♥ s♣r❛✇❧ ✭❡✳❣✳ ❆♥❛s ❛♥❞ ❘❤❡❡✱ ✷✵✵✼✮✳ ❚r❛✍❝

❝♦♥❣❡st✐♦♥ ✐s ❛♥ ❡①tr❡♠❡❧② ❝♦♠♣❧✐❝❛t❡❞ ♣❤❡♥♦♠❡♥♦♥✳ ◆♦t ♦♥❧② ❞♦ tr❛✈❡❧

t✐♠❡s ✐♥❝r❡❛s❡ ❛s tr❛✍❝ ✈♦❧✉♠❡s ✐♥❝r❡❛s❡ t♦✇❛r❞s ❝❛♣❛❝✐t②✱ tr❛✈❡❧ t✐♠❡s

❛❧s♦ ❜❡❝♦♠❡ ✐♥❝r❡❛s✐♥❣❧② r❛♥❞♦♠ ❛♥❞ ✉♥♣r❡❞✐❝t❛❜❧❡ ❞✉❡ t♦ t❤❡ ❝❤❛♦t✐❝ ❜❡✲

❤❛✈✐♦✉r ♦❢ tr❛✍❝ ❛t t❤❡ ♠✐❝r♦ ❧❡✈❡❧✳ ❉❛②✲t♦✲❞❛② ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢

tr❛✈❡❧❧❡rs ❛r❡ ❤❛r❞ t♦ ♣r❡❞✐❝t ❛♥❞ ❝❛✉s❡s ❢✉rt❤❡r ✈❛r✐❛t✐♦♥ ✐♥ tr❛✈❡❧ t✐♠❡s✳

❋✐♥❛❧❧②✱ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s ❜② tr❛✈❡❧❧❡rs ❛❞❞ t♦ t❤❡ ❝♦♠♣❧❡①✐t②✳ ❋♦r ❡①❛♠✲

♣❧❡ ✐♥ t❤❡ ♠♦r♥✐♥❣ ♣❡❛❦✱ ❝♦♠♠✉t❡rs ♠❛② ❞❡❝✐❞❡ t♦ ❞❡♣❛rt ❡❛r❧✐❡r ♦r ❧❛t❡r

✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❤✐❣❤ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ tr❛✈❡❧ t✐♠❡ ✐♥

t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ♣❡❛❦✳ ❚❤❡♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❡❛❦ ✐s ❡♥❞♦❣❡♥♦✉s✱ ❜❡✐♥❣

❛♥ ❛❣❣r❡❣❛t❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s✳

❚❤✐s ♣❛♣❡r ❛♥❛❧②s❡s t❤❡ s✐♠♣❧❡st str✉❝t✉r❛❧ ♠♦❞❡❧ ❢♦r ❝♦♥❣❡st✐♦♥✱ t❤❡

❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧✱ ❛❧❧♦✇✐♥❣ ❢♦r t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ s❝❤❡❞✉❧✐♥❣ ❝❤♦✐❝❡s✳ ❚❤❡

❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧ ✇❛s ♣r♦♣♦s❡❞ ❜② ❱✐❝❦r❡② ✭✶✾✻✾✮ ❛♥❞ ❛♥❛❧②s❡❞ ✐♥ ❞❡t❛✐❧ ❜②

❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✸✮✳ ❚❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡s ❛♥ ✐s♦❧❛t❡❞ ❢r❡❡ ❛❝❝❡ss ❢❛❝✐❧✐t②✱

✇❤❡r❡ ❝❛♣❛❝✐t② ✐s ❣♦✈❡r♥❡❞ ❜② ❛ ❜♦tt❧❡♥❡❝❦ ✇✐t❤ s♦♠❡ ♠❛①✐♠✉♠ s❡r✈✐❝❡

✷



r❛t❡ ♦r ❝❛♣❛❝✐t②✳ ❚❤❡ ♠♦❞❡❧ ✐s ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥❣❡st❡❞ r♦❛❞✳

■t ❝♦✉❧❞ ❛❧s♦ ❜❡ t❛❦❡♥ t♦ ❞❡s❝r✐❜❡ ♦t❤❡r ❢❛❝✐❧✐t✐❡s s✉❝❤ ❛s ♠❛♥② ♣✉❜❧✐❝ r❡❝r❡✲

❛t✐♦♥❛❧ ❢❛❝✐❧✐t✐❡s✱ ❛♥❞ ❝♦♠♣✉t❡r s②st❡♠s✳ ❘♦❛❞s ❛r❡ ❛r❣✉❛❜❧② t❤❡ ❜❡st ❛♥❞

♠♦st ♣r❛❝t✐❝❛❧❧② ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡ ✭❆r♥♦tt ❡t ❛❧✳✱ ✶✾✾✾✮✳

❆ q✉❡✉❡ ❜✉✐❧❞s ✉♣ ✇❤❡♥❡✈❡r t❤❡ r❛t❡ ♦❢ ❛rr✐✈❛❧s ❛t t❤❡ ❜♦tt❧❡♥❡❝❦ ✐s

❣r❡❛t❡r t❤❛♥ t❤❡ s❡r✈✐❝❡ r❛t❡ ❛♥❞ ❞✐♠✐♥✐s❤❡s ❛❣❛✐♥ ✇❤❡♥ t❤❡ r❛t❡ ♦❢ ❛rr✐✈❛❧s

✐s ❧❡ss t❤❛♥ t❤❡ s❡r✈✐❝❡ r❛t❡✳ ❯s❡rs ❝❤♦♦s❡ ❞❡♣❛rt✉r❡ t✐♠❡ ✐♥ ♦r❞❡r t♦ ♠✐♥✲

✐♠✐s❡ tr❛✈❡❧ ❝♦sts ❛♥❞ s❝❤❡❞✉❧✐♥❣ ❝♦sts✱ ✇❤❡r❡ t❤❡ s❝❤❡❞✉❧✐♥❣ ❝♦sts ❞❡♣❡♥❞

♦♥ ✇❤❡t❤❡r t❤❡ ✉s❡r ✐s ❡❛r❧② ♦r ❧❛t❡ r❡❧❛t✐✈❡ t♦ s♦♠❡ ♣r❡❢❡rr❡❞ ❛rr✐✈❛❧ t✐♠❡✳

■♥ ❡q✉✐❧✐❜r✐✉♠✱ ♥♦ ✉s❡r ❝❛♥ r❡❞✉❝❡ ❝♦sts ❜② ❝❤❛♥❣✐♥❣ ❞❡♣❛rt✉r❡ t✐♠❡✱ ✇❤✐❝❤

♠❡❛♥s t❤❡ ✉s❡r ❝♦st ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ✉s❡rs✳ ■t t✉r♥s ♦✉t t❤❡ ♠❛r❣✐♥❛❧ ❡①✲

t❡r♥❛❧ ❝♦♥❣❡st✐♦♥ ❝♦st✱ t❤❡ ❝♦st t♦ ❡✈❡r②❜♦❞② ❡❧s❡ ♦❢ ❛❞❞✐♥❣ ♦♥❡ ✉s❡r✱ ✐s

❡①❛❝t❧② ❡q✉❛❧ t♦ t❤❡ ✉s❡r ❝♦st ♦❢ ♦♥❡ ✉s❡r✳

❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✾✮ ♣r❡s❡♥t ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧ ✇❤❡r❡

❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ r❛♥❞♦♠✱ ❛s ✐s t❤❡ ❝❛s❡ ♦♥ ❛❝t✉❛❧

❝♦♥❣❡st❡❞ r♦❛❞s✳ ❚❤❡② ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥

t♦ tr❛✈❡❧❧❡rs ❛♥❞ ❞♦ ♥♦t ❝♦♥s✐❞❡r ♠❛r❣✐♥❛❧ ❝♦sts✳ ❚❤❡ ♠❛✐♥ ❞✐✍❝✉❧t② ❤❡r❡

✐s t❤❛t t❤❡② ❞♦ ♥♦t ❞❡s❝r✐❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①♣❧✐❝✐t❧②✱ t❤❡② ❛r❡ ♦♥❧② ❛❜❧❡

t♦ ❞❡r✐✈❡ s♦♠❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡ ❡①♣❧✐❝✐t ❡①♣r❡s✲

s✐♦♥s ❢♦r t❤❡ ❡①♣❡❝t❡❞ ❝♦sts ✐♥ t❤✐s ♠♦❞❡❧✳ ❚❤✐s ❤❛s ♥♦t ♣r❡✈✐♦✉s❧② ❜❡❡♥

✸



❛❝❤✐❡✈❡❞ ✉♥❞❡r r❛♥❞♦♠ ❝❛♣❛❝✐t②✱ ❜✉t ❛s ✇✐❧❧ ❜❡ s❤♦✇♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠❛❦❡

t❤❡ ❞❡r✐✈❛t✐♦♥ ✇✐t❤♦✉t ❡①♣❧✐❝✐t❧② ☞♥❞✐♥❣ t❤❡ ❞❡♣❛rt✉r❡ r❛t❡ ✐♥ t❤❡ r❛♥❞♦♠

❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❡♠♣❧♦②❡❞ t♦ ☞♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢

r❛♥❞♦♠♥❡ss t♦ t♦t❛❧ ❛♥❞ ♠❛r❣✐♥❛❧ ❡①t❡r♥❛❧ ❝♦♥❣❡st✐♦♥ ❝♦sts✳ ❆ ❜♦✉♥❞ ✐s

♣r♦✈✐❞❡❞ ❢♦r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦sts ❞✉❡ t♦ r❛♥❞♦♠ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞✱ t❤✐s

❜♦✉♥❞ ❤♦❧❞s ❢♦r ❛♥② ❞✐str✐❜✉t✐♦♥ ♦❢ r❛♥❞♦♠ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞✳

❉❛♥✐❡❧ ✭✶✾✾✺✮ ❛♣♣❧✐❡❞ t❤❡ ❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧ ✇✐t❤ r❛♥❞♦♠ ❛rr✐✈❛❧s ❛♥❞

☞①❡❞ ❝❛♣❛❝✐t② t♦ ❛♥❛❧②s❡ ❝♦♥❣❡st✐♦♥ ♣r✐❝✐♥❣ ❛t ❛ ❧❛r❣❡ ❤✉❜ ❛✐r♣♦rt✳ ❚❤❡

s❝❤❡❞✉❧✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ ✇❛s ✉s❡❞ ❜② ❙♠❛❧❧ ✭✶✾✽✷✮✱ ✇❤♦ ❝♦♥s✐❞❡r❡❞ t❤❡ ✐♥✲

❞✐✈✐❞✉❛❧ t✐♠✐♥❣ ♦❢ tr✐♣s✱ ✇❤❡♥ t❤❡ tr❛✈❡❧ t✐♠❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡♣❛rt✉r❡

t✐♠❡✳ ❚❤✐s ♣❛♣❡r ❞✐❞ ♥♦t ❝♦♥s✐❞❡r ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❞✐❞ ♥♦t ❝♦♥s✐❞❡r r❛♥✲

❞♦♠ tr❛✈❡❧ t✐♠❡s✳ ◆♦❧❛♥❞ ❛♥❞ ❙♠❛❧❧ ✭✶✾✾✺✮ ✐♥tr♦❞✉❝❡❞ r❛♥❞♦♠ tr❛✈❡❧ t✐♠❡s

✐♥t♦ t❤❡ s❝❤❡❞✉❧✐♥❣ ♠♦❞❡❧✳ ❚❤❡② ✇❡r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ✈❛❧✉❡ ♦❢ r❡❧✐❛❜✐❧✐t②

❢♦r s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s✱ t❛❦✐♥❣ t❤❡ tr❛✈❡❧ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ❡①♦❣❡♥♦✉s ❛♥❞

✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦s❣❡r❛✉ ❛♥❞ ❑❛r❧str♦♠ ✭✷✵✵✼✮ s♦❧✈❡❞ t❤❡

❣❡♥❡r❛❧ ❝❛s❡ t♦ s❤♦✇ t❤❛t t❤❡ ✉s❡r ❝♦st ✐s ❧✐♥❡❛r ✐♥ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ st❛♥✲

❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ r❛♥❞♦♠ tr❛✈❡❧ t✐♠❡✱ ❛ss✉♠✐♥❣ t❤❡ s✐♠♣❧❡st ❢♦r♠✉❧❛t✐♦♥ ♦❢

s❝❤❡❞✉❧✐♥❣ ❝♦sts ❛♥❞ ❛♥② ❡①♦❣❡♥♦✉s✱ ♣♦ss✐❜❧② t✐♠❡✲❞❡♣❡♥❞❡♥t✱ ❞✐str✐❜✉t✐♦♥

♦❢ tr❛✈❡❧ t✐♠❡s✳ ❋♦s❣❡r❛✉ ❛♥❞ ❑❛r❧str♦♠ st✐❧❧ t❛❦❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❡rs♣❡❝t✐✈❡

❛♥❞ ❞♦ ♥♦t t❛❦❡ ❛❝❝♦✉♥t ♦❢ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❛♥❞♦♠

tr❛✈❡❧ t✐♠❡✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤✐s ❡♥❞♦❣❡♥❡✐t② ♠✉st ❜❡ ❤❛♥❞❧❡❞ t❤r♦✉❣❤ ❛♥
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❛❞❞✐t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r tr❛✍❝ ✌♦✇✳ ❚❤✐s ✐ss✉❡ ❞♦❡s ♥♦t ❛r✐s❡ ✇✐t❤ t❤❡ ♣r❡s❡♥t

❛♥❛❧②s✐s t❤❛t t❛❦❡s ❜♦t❤ r❛♥❞♦♠♥❡ss ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥t♦ ❛❝❝♦✉♥t✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ t❤❡

r❛♥❞♦♠ ❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ❞❡r✐✈❡s ❡①♣r❡ss✐♦♥s ❢♦r ❝♦♥❣❡st✐♦♥

❝♦sts ❢♦r t❤❡ r❛♥❞♦♠ ❜♦tt❧❡♥❡❝❦ ♠♦❞❡❧ ❛♥❞ ❝♦♠♣❛r❡s t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝

❝❛s❡✳ ❙❡❝t✐♦♥ ✹ ❝♦♥❝❧✉❞❡s ✇✐t❤ s♦♠❡ ♣❡rs♣❡❝t✐✈❡s ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳

2 Review of the bottleneck model

2.1 The deterministic bottleneck model

❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s ❢r♦♠ ❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✸✮ ❛♥❞ ✐s ❛♥ ❡①t❡♥s✐♦♥

♦❢ t❤❡ ❱✐❝❦r❡② ✭✶✾✻✾✮ ❞❡t❡r♠✐♥✐st✐❝ ❜♦tt❧❡♥❡❝❦ q✉❡✉✐♥❣ ♠♦❞❡❧✳ ■t ❞❡s❝r✐❜❡s

❛♥ ✐s♦❧❛t❡❞ ❢r❡❡ ❛❝❝❡ss ❢❛❝✐❧✐t②✱ ✇❤❡r❡ ❝❛♣❛❝✐t② ✐s ❣♦✈❡r♥❡❞ ❜② ❛ ❜♦tt❧❡♥❡❝❦

✇✐t❤ ❛ ♠❛①✐♠✉♠ s❡r✈✐❝❡ r❛t❡ ♦r ❝❛♣❛❝✐t② ♦❢ 1/φ ✈❡❤✐❝❧❡s ♣❡r t✐♠❡ ✉♥✐t✱

✇❤❡r❡ φ ✐s t❤❡ s❡r✈❡ t✐♠❡✳ ❙❡r✈✐❝❡ ✇✐t❤✐♥ ❝❛♣❛❝✐t② ✐s ✐♥st❛♥t❛♥❡♦✉s✳✶ ❆

q✉❡✉❡ ❜✉✐❧❞s ✉♣ ✇❤❡♥❡✈❡r t❤❡ r❛t❡ ♦❢ ❛rr✐✈❛❧s ❛t t❤❡ ❜♦tt❧❡♥❡❝❦ ✐s ❣r❡❛t❡r

t❤❛♥ t❤❡ s❡r✈✐❝❡ r❛t❡✳ ❚❤❡r❡ ❛r❡ N ✐♥❞✐✈✐❞✉❛❧s✱ tr❡❛t❡❞ ❛s ❛ ❝♦♥t✐♥✉✉♠✳

❚❤❡② ❛rr✐✈❡ ❛t t❤❡ ❜♦tt❧❡♥❡❝❦ ❛t t❤❡ r❛t❡ ρ(t)✱ st❛rt✐♥❣ ❛t s♦♠❡ t✐♠❡ t0 ❛♥❞

❡♥❞✐♥❣ ❛t t✐♠❡ tL✳ ❚❤❡ ❝✉♠✉❧❛t✐✈❡ ♥✉♠❜❡r ♦❢ ❛rr✐✈❛❧s ❛t t✐♠❡ t ✐s ❞❡♥♦t❡❞

✶❆ ☞①❡❞ tr❛✈❡❧ t✐♠❡ ♦♥ ❛ s❡❝t✐♦♥ ♦❢ r♦❛❞ ❝❛♥ ❜❡ ❛❞❞❡❞ ❛t ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳
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❜② R(t) =
∫t
t0
ρ(t)dt ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ q✉❡✉❡ ❛t t✐♠❡ t ✐s

Q(t) =

(

R(t) −
t− t0

φ

)+

,

✇❤❡♥ R ✐s ❝♦♥❝❛✈❡✱ φρ(t0) > 1 ❛♥❞ ✇❤❡r❡ x+ ✐s t❤❡ ♣♦s✐t✐✈❡ ♣❛rt ♦❢ x✳✷ ❚❤❡

q✉❡✉✐♥❣ t✐♠❡ ✐s t❤❡♥

q(t, φ) = Q(t)φ = (t0+ φR(t) − t)+

❛♥❞ ✐♥❞✐✈✐❞✉❛❧s ❞❡♣❛rt✐♥❣ ❛t t✐♠❡ t ❛r❡ s❡r✈❡❞ ❛t t✐♠❡ t+ q(t, φ)✳

■♥❞✐✈✐❞✉❛❧s ❛❧❧ ❤❛✈❡ t✐♠❡ ✵ ❛s t❤❡✐r ♣r❡❢❡rr❡❞ ❛rr✐✈❛❧ t✐♠❡✳ ❲❤❡♥ t❤❡②

❛rr✐✈❡ ❡❛r❧✐❡r ♦r ❧❛t❡r t❤❛♥ t❤✐s t✐♠❡ t❤❡② ✐♥❝✉r ❛ s❝❤❡❞✉❧❡ ❞❡❧❛② ❝♦st✱ ❞❡☞♥❡❞

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡r✈❡ t✐♠❡ ❛♥❞ t❤❡ ♣r❡❢❡rr❡❞

❛rr✐✈❛❧ t✐♠❡✳ ❚❛❦❡ t❤❡ s❝❤❡❞✉❧❡ ❞❡❧❛② ❝♦st t♦ ❜❡ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❛❝❝♦r❞✐♥❣

t♦

D(t) = βt− + γt+.

❚❤❡ ✉s❡r ❝♦st ✐s ❞❡☞♥❡❞ ❛s

C(t) = D(t+q(t, φ))+αq(t, ψ) = D (t+ (t0+ φR(t) − t)+)+α(t0+φR(t)−t)+,

✇❤❡r❡ α ✐s t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ♦❢ tr❛✈❡❧ t✐♠❡ ♣❡r s❡ ✭❉❡❙❡r♣❛✱ ✶✾✼✶✮✳

✷▼♦r❡ ♣r❡❝✐s❡❧②✱ x+ = x ✐❢ x > 0 ❛♥❞ x+ = 0 ♦t❤❡r✇✐s❡✳ x− ✐s ❞❡☞♥❡❞ ❜② x = x+ − x−✳
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❆ss✉♠❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t0, tL ❛♥❞ R(t) ❛r❡ s✉❝❤ t❤❛t C(t) ✐s ❝♦♥✲

st❛♥t ❢♦r t ∈ [t0 : tL]✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛❧✇❛②s q✉❡✉❡ ✐♥s✐❞❡ t❤✐s ✐♥t❡r✈❛❧✱

s✐♥❝❡ ♦t❤❡r✇✐s❡ tr❛✈❡❧❧❡rs ❝♦✉❧❞ ❝❤❛♥❣❡ t❤❡✐r ❞❡♣❛rt✉r❡ t✐♠❡ t♦✇❛r❞s t❤❡

♣r❡❢❡rr❡❞ ❛rr✐✈❛❧ t✐♠❡ ❛♥❞ r❡❞✉❝❡ ❝♦sts✳ ■♥ ♦r❞❡r t♦ ☞♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❡

♠❛② t❤❡r❡❢♦r❡ ❞✐☛❡r❡♥t✐❛t❡ t❤❡ ✉s❡r ❝♦st ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ t ❛♥❞ s❡t t❤❡

❞❡r✐✈❛t✐✈❡ t♦ ③❡r♦✳ ▲❡t t∗ ❞❡☞♥❡❞ ✐♠♣❧✐❝✐t❧② ❜② φR(t∗) + t0 = 0 ❜❡ t❤❡ t✐♠❡

✇❤❡r❡ tr❛✈❡❧❧❡rs ❝❤❛♥❣❡ ❢r♦♠ ❜❡✐♥❣ ❡❛r❧② t♦ ❜❡✐♥❣ ❧❛t❡✳ ❚❤❡♥

C ′(t) = φρ(t)
(

γ− (γ+ β)1{t<t∗}

)

+ α(φρ(t) − 1) = 0.

❙♦❧✈❡ ❢♦r ρ(t) t♦ ☞♥❞

ρ(t) =
α

φ(α+ γ− (γ+ β)1{t<t∗})
,

s✉❝❤ t❤❛t t❤❡ ❞❡♣❛rt✉r❡ r❛t❡ ρ ✐s ❝♦♥st❛♥t ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t∗✳ ❲❡ ♠❛② ♥♦✇

☞♥❞ t❤❛t

R(t0) = 0

R(t∗) = (t∗ − t0)
α

φ(α− β)

R(tL) = N = R(t∗) + (tL− t∗)
α

φ(α+ γ)

❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ q✉❡✉❡ ✐s ❡①❛❝t❧② ❣♦♥❡ ❛t t✐♠❡ tL✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ t❤❡

✼



❧❛st tr❛✈❡❧❧❡r ❝♦✉❧❞ ❞❡❧❛② ❞❡♣❛rt✉r❡ t♦ s❛✈❡ tr❛✈❡❧ t✐♠❡ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣

t❤❡ ❛rr✐✈❛❧ t✐♠❡✳ ❚❤❛t ✐s✱

φN = tL− t0.

❈♦♠❜✐♥✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✇❡ ☞♥❞ t❤❛t

t∗ =
β

α
t0

t0 = −φN
γ

β+ γ

tL = φN
β

β+ γ

❚❤❡ ✉s❡r ❝♦sts ♦❢ ❛❧❧ tr❛✈❡❧❧❡rs ❛r❡ ❡q✉❛❧✱ s♦ ✇❡ ☞♥❞ ❢♦r ❡①❛♠♣❧❡ t❤❡ ✉s❡r

❝♦st ♦❢ t❤❡ ☞rst tr❛✈❡❧❧❡r t♦ ❜❡

C(t0) = −βt0 = φN
βγ

β+ γ
. ✭✶✮

❚❤❡ t♦t❛❧ ✉s❡r ❝♦st ❢♦r ❛❧❧ ✉s❡rs ✐s t❤❡♥ TC = NC(t0) ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧

❝♦st ✐s

dTC

dN
= 2φN

βγ

β+ γ
, ✭✷✮

✇❤❡r❡ ❤❛❧❢ ♦❢ t❤✐s ✐s ✐♥t❡r♥❛❧ ❝♦st t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ tr❛✈❡❧❧❡r ❛♥❞ t❤❡ ♦t❤❡r

❤❛❧❢ ✐s t❤❡ ♠❛r❣✐♥❛❧ ❡①t❡r♥❛❧ ❝♦♥❣❡st✐♦♥ ❝♦st✱ ❞❡♥♦t❡❞ ❜② MECd ❛♥❞ t❤❡

s✉❜s❝r✐♣t d ❞❡♥♦t❡s t❤❛t t❤✐s ✐s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳

✽



2.2 The stochastic bottleneck model

■ ✉s❡ t❤❡ r❡s✉❧ts ♦❢ ❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✾✮ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤❡ ♣r❡s❡♥t

❛♥❛❧②s✐s✳ ❆ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡✐r ☞♥❞✐♥❣s ❢♦❧❧♦✇s✳ ■ ✉s❡ t❤❡ ♣✐❡❝❡✇✐s❡ ❧✐♥✲

❡❛r s❝❤❡❞✉❧❡ ❞❡❧❛② ❝♦st ❢✉♥❝t✐♦♥✱ ❛❧t❤♦✉❣❤ ❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✾✮ ✉s❡ ❛ ♠♦r❡

❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ❞✐☛❡r❡♥❝❡ r❡❧❛t✐✈❡ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❜♦tt❧❡♥❡❝❦

♠♦❞❡❧ ❛❜♦✈❡ ✐s t❤❛t ♥♦✇ t❤❡ s❡r✈❡ t✐♠❡ φ ✐s t❛❦❡♥ ❛s r❛♥❞♦♠ ✇✐t❤ ❝✉♠✉✲

❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ J ❛♥❞ ❞❡♥s✐t② j✳ ❆ss✉♠❡ t❤❛t φ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜②

φ+✳ ◆♦r♠❛❧✐s❡ ❛t ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t♦ ❧❡t N = R(tL) = 1. ❲❡ ❛ss✉♠❡ ❛♥

❡q✉✐❧✐❜r✐✉♠ t❤❛t ❡q✉❛❧✐s❡s t❤❡ ❡①♣❡❝t❡❞ ❝♦sts EC(t) ❢♦r ❛❧❧ tr❛✈❡❧❧❡rs✳ ❚❤❡

❡①♣❡❝t❡❞ ❝♦st ❢♦r ❛ tr❛✈❡❧❧❡r ❞❡♣❛rt✐♥❣ ❛t t✐♠❡ t ✐s

EC(t) = D(t)J

(

t− t0

R(t)

)

+

∫φ+

φQ(t)

[D(t+ q(t, φ)) + αq(t, φ)]j(φ)dφ,

✇❤❡r❡ φQ(t) ✐s t❤❡ ♠✐♥✐♠❛❧ s❡r✈❡ t✐♠❡ φ ❛t ✇❤✐❝❤ q✉❡✉❡ ♦❝❝✉rs ❛t t✐♠❡ t✳

❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✾✮ t❤❡♥ ♣r❡s❡♥t t❤❡ ❢♦❧❧♦✇✐♥❣ ☞♥❞✐♥❣s✳

✎ ❚❤❡ ❝✉♠✉❧❛t✐✈❡ ❞❡♣❛rt✉r❡ r❛t❡ R(t) ✐s ❝♦♥❝❛✈❡ ✐♥ t✳

✎ ❚❤❡ ☞rst tr❛✈❡❧❧❡r ❞❡♣❛rts ❡❛r❧✐❡r t❤❛♥ t❤❡ ♣r❡❢❡rr❡❞ ❛rr✐✈❛❧ t✐♠❡ ❛♥❞

t❤❡ ❧❛st tr❛✈❡❧❧❡r ❞❡♣❛rts ❧❛t❡r✿ t0 < 0 < tL✳

✎ ❚❤❡ ♠✐♥✐♠❛❧ s❡r✈❡ t✐♠❡ ❛t ✇❤✐❝❤ q✉❡✉❡ ♦❝❝✉rs ❛t t✐♠❡ t ✐s φQ(t) =

t−t0
R(t)

✳ ■♥ ♣❛rt✐❝✉❧❛r✱ qQ(tL) = tL−t0✳ ◗✉❡✉❡ ♦❝❝✉rs ❛t t✐♠❡ t ✇❤❡♥❡✈❡r

✾



φ > φQ(t)✳

✎ ❚❤❡ ❡①♣❡❝t❡❞ ❝♦st ❛t t❤❡ ☞rst ❞❡♣❛rt✉r❡ t✐♠❡ ✐s EC(t0) = −βt0✳

✎ ❚❤✐s ✐s ❡q✉❛❧ t♦ t❤❡ ❡①♣❡❝t❡❞ ❝♦st ❛t t❤❡ ❧❛st ❞❡♣❛rt✉r❡✱ ✇❤✐❝❤ ✐s

EC(tL) = γtLJ(tL−t0)+γ

∫φ+

tL−t0

(t0+φ)j(φ)dφ+α

∫φ+

tL−t0

(φ−tL+t0)j(φ)dφ.

✎ ❚❤❡ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ☞rst ❛♥❞ ❧❛st ❞❡♣❛rt✉r❡s ✐s ❣✐✈❡♥ ❜②

tL− t0 = J−1
(

α

α+ γ

)

.

3 Congestion costs

■♥ t❤✐s s❡❝t✐♦♥ ■ ❡①t❡♥❞ t❤❡ r❡s✉❧ts ♦❢ ❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✾✮ ❜② ❞❡r✐✈✐♥❣

❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡①♣❡❝t❡❞ t♦t❛❧✱ ✐♥t❡r♥❛❧ ❛♥❞ ♠❛r❣✐♥❛❧ ❡①t❡r♥❛❧ ❝♦st✳

❊①♣❡❝t❡❞ ❝♦sts ❛r❡ ❡q✉❛❧ ❛t ❛❧❧ ❞❡♣❛rt✉r❡ t✐♠❡s ❛♥❞ ❤❡♥❝❡ ✐t s✉✍❝❡s t♦

☞♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ❛t t0. ■♥ ❞♦✐♥❣ t❤✐s ✇❡ ♠❛② ✉t✐❧✐s❡ t❤❛t t❤❡ t✐♠❡s

✇❤❡r❡ tr❛✈❡❧ st❛rts ❛♥❞ ❡♥❞s✱ t0 ❛♥❞ tL ❛r❡ ❣✐✈❡♥ ❜② EC(t0) = EC(tL) ❛♥❞

tL − t0 = J−1
(

α
α+γ

)

✳ ■t ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ t❤❛t t❤❡ ❝♦st ❢♦r t❤❡ ☞rst

tr❛✈❡❧❧❡r ✐s ♥♦t r❛♥❞♦♠✱ s✐♥❝❡ s❤❡ ♥❡✈❡r ❡①♣❡r✐❡♥❝❡s ❛ q✉❡✉❡ ❜✉t ♦♥❧② t❤❡

❞❡❧❛②s ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜❡✐♥❣ ❡❛r❧②✳

❊❧❛❜♦r❛t❡ t❤❡ ♠♦❞❡❧ s❧✐❣❤t❧② ❜② ❧❡tt✐♥❣ t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r ♦❢ tr❛✈❡❧❧❡rs

✶✵



❜❡ NνN✱ ✇❤❡r❡ E(NνN) = N✳ ❙✐♠✐❧❛r❧②✱ t❤❡ r❛♥❞♦♠ s❡r✈❡ t✐♠❡ ✐s ψνψ✱

✇❤❡r❡ E(ψνψ) = ψ✳ ◆♦✇ ❧❡t φ = NνNψνψ✱ σ = Nψ ❛♥❞ ν = νNνψ

s✉❝❤ t❤❛t J(φ) = H(ν) ❛♥❞ h(ν)dν = j(φ)dφ✳ ❲❡ ♠❛② t❤❡♥ r❡✇r✐t❡ t❤❡

❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ st❛rt ❛♥❞ ❡♥❞ t✐♠❡s ❛s ❢♦❧❧♦✇s✳

EC(t0) = C(t0) = −βt0 ✭✸✮

EC(tL) = tL
αγ

α+ γ
+ γ

∫ν+

H−1( α
α+γ )

(t0+ σν)h(ν)dν

+ ασ

∫ν+

H−1( α
α+γ )

(

ν−H−1

(

α

α+ γ

))

h(ν)dν ✭✹✮

tL− t0 = σH−1

(

α

α+ γ

)

✭✺✮

❲❡ ❛r❡ t❤❡♥ r❡❛❞② t♦ ☞♥❞ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❝❤❛♥❣❡s t♦ σ✳

Proposition 1 ❚❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❝❤❛♥❣❡s ✐♥ σ ✐s ❝♦♥st❛♥t ❛♥❞ ❣✐✈❡♥

❜②

dEC(t0)

dσ
= β

α+ γ

γ+ β

∫1
α

α+γ

H−1(x)dx.

Proof ❉✐☛❡r❡♥t✐❛t❡ ✭✺✮ ✇✐t❤ r❡s♣❡❝t t♦ σ t♦ ☞♥❞ t❤❛t

dtL

dσ
−
dt0

dσ
= H−1

(

α

α+ γ

)

. ✭✻✮

✶✶



❉✐☛❡r❡♥t✐❛t❡ ❛❧s♦ t❤❡ ❡①♣❡❝t❡❞ ❝♦sts ❛t t✐♠❡s t0 ❛♥❞ tL✳

dEC(t0)

dσ
= −β

dt0

dσ

dEC(tL)

dσ
=

dtL

dσ

αγ

α+ γ
+ γ

∫ν+

H−1( α
α+γ )

(

dt0

dσ
+ ν

)

h(ν)dν

+ α

∫ν+

H−1( α
α+γ )

(

ν−H−1

(

α

α+ γ

))

h(ν)dν

=

(

H−1

(

α

α+ γ

)

+
dt0

dσ

)

αγ

α+ γ
+
dt0

dσ

γ2

α+ γ

+ (α+ γ)Γ

(

α

α+ γ

)

− αH−1

(

α

α+ γ

)

γ

α+ γ

=
dt0

dσ

αγ

α+ γ
+
dt0

dσ

γ2

α+ γ
+ (α+ γ)Γ

(

α

α+ γ

)

✇❤❡r❡

Γ (x) =

∫ν+

H−1(x)

νh(ν)dν =

∫1
x

H−1 (x)dx

◆♦✇ s♦❧✈❡ t♦ ☞♥❞ t❤❛t dt0
dσ

= −α+γ

γ+β
Γ

(

α
α+γ

)

s✉❝❤ t❤❛t ✇❡ ♠❛② ✉s❡ ✭✸✮ t♦

☞♥❞ t❤❛t dEC(t0)

dσ
= βα+γ

γ+β

∫1
α

α+γ

H−1(x)dx✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❛❧❧ t❤❛t ✇❡ r❡q✉✐r❡ t♦ ❡st❛❜❧✐s❤ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s

❢♦r ✉s❡r ❝♦sts ✐♥ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ st❛t❡s t❤❡ r❡s✉❧ts✳

Proposition 2 ❚❤❡ t♦t❛❧ ❡①♣❡❝t❡❞ ❝♦st ❢♦r ❛❧❧ tr❛✈❡❧❧❡rs ✐♥ ❡q✉✐❧✐❜r✐✉♠

✶✷



✐s

E(TC) = N2β
α+ γ

γ+ β
ψ

∫1
α

α+γ

H−1(x)dx.

❍❡♥❝❡ t❤❡ ♠❛r❣✐♥❛❧ ❡①♣❡❝t❡❞ ❝♦st ♣❡r ✉s❡r ✐s

2Nβ
α+ γ

γ+ β
ψ

∫1
α

α+γ

H−1(x)dx,

♦❢ ✇❤✐❝❤ ❤❛❧❢ ✐s t❤❡ ✐♥t❡r♥❛❧ ❡①♣❡❝t❡❞ ❝♦st ❛♥❞ ❤❛❧❢ ✐s t❤❡ ♠❛r❣✐♥❛❧

❡①♣❡❝t❡❞ ❡①t❡r♥❛❧ ❝♦st✱ MECr✳

Proof ❚❤❡ ♠❛r❣✐♥❛❧ t♦t❛❧ ❡①♣❡❝t❡❞ ❝♦st ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✈✲

❡❧❧❡rs ✐s

dE(TC)

dN
=

dE(NνNC(t0))

dN
=
dNC(t0)E(νN)

dN

=
dNC(t0)

dN
= C(t0) +N

dC(t0)

dN
.

Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s t❤❛t

dC(t0)

dN
= β

α+ γ

γ+ β
ψ

∫1
α

α+γ

H−1(x)dx.

❚❤✐s✱ ✐♥ t✉r♥✱ ❧❡❛❞s t♦

dE(TC)

dN
= −βt0+Nβ

α+ γ

β+ γ
ψ

∫1
α

α+γ

H−1(x)dx,
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✇❤❡r❡ −βt0 ✐s t❤❡ ✐♥t❡r♥❛❧ ❡①♣❡❝t❡❞ ❝♦st ❛♥❞MECr = Nβα+γ

γ+β
ψ

∫1
α

α+γ

H−1(x)dx

✐s t❤❡ ♠❛r❣✐♥❛❧ ❡①♣❡❝t❡❞ ❡①t❡r♥❛❧ ❝♦st✳ ❚❤❡ ❡①♣❡❝t❡❞ ❝♦st ❢♦r ♦♥❡ tr❛✈❡❧❧❡r

✐s

EC = C(t0) =

∫N
0

dC(t0)

dN
dN = Nβ

α+ γ

γ+ β
ψ

∫1
α

α+γ

H−1(x)dx.

◆♦✇ t❤❡ t♦t❛❧ ❡①♣❡❝t❡❞ ❝♦st ✐s NE(C)✳

■t ✐s ✐♥❢♦r♠❛t✐✈❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❞✐☛❡r❡♥❝❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ❡①t❡r♥❛❧

❝♦st ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ tr❛✈❡❧❧❡rs ❜❡t✇❡❡♥ t❤❡ r❛♥❞♦♠

❛♥❞ ❞❡t❡r♠✐♥✐st✐❝ ❜♦tt❧❡♥❡❝❦ ❝❛s❡s✳ ❲❡ t❛❦❡ t❤❡ ☞①❡❞ s❡r✈❡ t✐♠❡ φ ✐♥ t❤❡

❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ t♦ ❜❡ ψ
∫1
0
H−1(x)dx✳

∆MEC = Nβ
α+ γ

β+ γ
ψ

∫1
α

α+γ

H−1(x)dx−N
βγ

β+ γ
ψ

∫1
0

H−1(x)dx

= N
β

β+ γ
ψ

[

α

∫1
α

α+γ

H−1(x)dx− γ

∫ α
α+γ

0

H−1(x)dx

]

✭✼✮

◆♦t❡ t❤❛t t❤❡ ❞✐☛❡r❡♥❝❡ ✐s ③❡r♦ ✇❤❡♥❡✈❡r ♦♥❡ ♦❢ α,β, γ ♦r N ✐s ③❡r♦✳ ❚❤❡

❞✐☛❡r❡♥❝❡ t❡♥❞s t♦ ③❡r♦ ❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ν ❝♦❧❧❛♣s❡s ♦♥ ✐ts ♠❡❛♥✳ ❯s✐♥❣

t❤❛t H−1 ✐s ✐♥❝r❡❛s✐♥❣✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❞✐☛❡r❡♥❝❡ ✐s ♣♦s✐t✐✈❡✳

∆MEC > N
β

β+ γ
ψ

[

α

(

1−
α

α+ γ

)

H−1

(

α

α+ γ

)

− γ

(

α

α+ γ
− 0

)

H−1

(

α

α+ γ

)]

= 0

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ☞♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❞✐☛❡r❡♥❝❡✱ ✉s✐♥❣ t❤❛t
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H−1(x) > 0✳ ❋r♦♠ ✭✼✮✱

∆MEC < N
αβ

β+ γ
ψ

∫1
0

H−1(x)dx

= N
αβ

β+ γ
ψE(ν)

=
α

γ
MECd.

❚❤✐s ❜♦✉♥❞ ❝❛♥♥♦t ❜❡ ✐♠♣r♦✈❡❞ ✐♥ ❣❡♥❡r❛❧✱ s✐♥❝❡ t❤❡ ❞✐str✐❜✉t✐♦♥ H ♠❛②

❤❛✈❡ ❛r❜✐tr❛r✐❧② ♠✉❝❤ ♦❢ t❤❡ ♠❛ss ❜❡❧♦✇ t❤❡ α
α+γ

✲q✉❛♥t✐❧❡ ❧♦❝❛t❡❞ ❛t ③❡r♦✳

❲❡ ❝♦❧❧❡❝t t❤❡s❡ ✐♥s✐❣❤ts ✐♥t♦ ❛ ♣r♦♣♦s✐t✐♦♥✳

Proposition 3 ❚❤❡ ♠❛r❣✐♥❛❧ ❡①t❡r♥❛❧ ❝♦♥❣❡st✐♦♥ ❝♦st ✐♥ t❤❡ ❝❛s❡ ✇✐t❤

✉♥❝❡rt❛✐♥ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s ❜② ❛ ❢❛❝t♦r ❜❡t✇❡❡♥ 1 ❛♥❞

1+α
γ
r❡❧❛t✐✈❡ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❚❤❡ ❞✐☛❡r❡♥❝❡ ✐s ③❡r♦ ✇❤❡♥❡✈❡r

α = 0✱γ = 0 ♦r β = 0✳ ❚❤❡ ❞✐☛❡r❡♥❝❡ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t✐♠❡ α

❛♥❞ ✐♥ t❤❡ ❝♦st ♦❢ ❡❛r❧✐♥❡ss β✳

❚❤❡ s❛♠❡ r❡s✉❧ts ❤♦❧❞ ❢♦r t♦t❛❧ ❝♦sts ❛♥❞ ✐♥t❡r♥❛❧ ❝♦sts✳

❙t②❧✐s❡❞ ✈❛❧✉❡s ♦❢ α = 2✱ β = 1 ❛♥❞ γ = 4 ❛r❡ ♦❢t❡♥ ✉s❡❞✳ ❲✐t❤ t❤❡s❡

✈❛❧✉❡s ✇❡ ☞♥❞ t❤❛t t❤❡ ❞✐☛❡r❡♥❝❡ ✐s ❛t ♠♦st ❛ ❢❛❝t♦r ✶✳✺✳
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4 Perspectives

●✐✈❡♥ t❤❡ ❝♦st ♦❢ ❝❛♣❛❝✐t② ♣r♦✈✐s✐♦♥✱ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r ♠❛② ❜❡ ❛♣✲

♣❧✐❡❞ ❞✐r❡❝t❧② t♦ ☞♥❞ t❤❡ ♦♣t✐♠❛❧ ❝❛♣❛❝✐t②✳ ■t ✐s ❛❧s♦ ❡❛s② t♦ ❡q✉✐♣ t❤❡

❛✈❡r❛❣❡ ❞❡♠❛♥❞ ✇✐t❤ ❛♥ ❡❧❛st✐❝✐t② ❧✐❦❡ ✐♥ ❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✾✮ ✐♥ ♦r❞❡r t♦

❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ t✐♠❡✲✐♥✈❛r✐❛♥t t♦❧❧✳

❆r♥♦tt ❡t ❛❧✳ ✭✶✾✾✸✮ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ t✐♠❡✲✈❛r②✐♥❣ t♦❧❧ ❢♦r t❤❡

❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ s✉❝❤ t❤❛t t❤❡ ❛✈❡r❛❣❡ ❝♦st ❡①❝❧✉❞✐♥❣ t❤❡ t♦❧❧ ✐s ♠✐♥✐♠❛❧✳

❆ ♠❛✐♥ ♦✉tst❛♥❞✐♥❣ q✉❡st✐♦♥ ✐s t♦ ❞❡t❡r♠✐♥❡ ❛♥ ♦♣t✐♠❛❧ t✐♠❡✲✈❛r②✐♥❣ t♦❧❧

❢♦r t❤❡ ❝❛s❡ ♦❢ r❛♥❞♦♠ ❝❛♣❛❝✐t② ❛♥❞ ❞❡♠❛♥❞✳ ❍❡r❡ ✐t s❡❡♠s t♦ ❜❡ ❤❛r❞

t♦ ♠❛❦❡ ♣r♦❣r❡ss ✇✐t❤♦✉t ❜❡✐♥❣ ❛❜❧❡ t♦ ☞♥❞ t❤❡ ❡♥❞♦❣❡♥♦✉s ❛rr✐✈❛❧ r❛t❡

ρ✳ ▼♦r❡♦✈❡r✱ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❛rr✐✈❛❧ r❛t❡ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡

♠♦❞❡❧✳ ■t ✐s ♥♦t ♦❜✈✐♦✉s t❤❛t ❝♦♥❝❛✈✐t② ❤♦❧❞s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧

t✐♠❡✲✈❛r②✐♥❣ t♦❧❧✳
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