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❋♦r t❤❡ ♣❡r✐♦❞ ♦❢ ✶✾✼✸ t♦ ✷✵✵✼✱ t❤❡ t♦t❛❧ ❝r❡❞✐t ♠❛r❦❡t ❞❡❜t t♦ ●❉P r❛t✐♦ ❢♦r t❤❡ ❯❙

❡❝♦♥♦♠② ❤❛s r✐s❡♥ ❢r♦♠ ✶✺✼✳✷✪ t♦ ✸✻✷✳✻✪✳ ❚❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❢❛st❡r ✜♥❛♥❝✐❛❧ s❡❝t♦r ❞❡❜t

❝♦♠♣❛r❡❞ t♦ t❤❡ ♥♦♥✲✜♥❛♥❝✐❛❧ s❡❝t♦r✬s ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ✜♥❛♥❝✐❛❧ s❡❝t♦r✬s ❞❡❜t t♦

●❉P r❛t✐♦ ❤❛s r✐s❡♥ ♠❛❦✐♥❣ t❤❡ ♥♦♥✲✜♥❛♥❝✐❛❧ s❡❝t♦r✬s s❤❛r❡ t♦ ❢❛❧❧ ✭P❛❧❧❡②❀ ✷✵✶✸✱ ♣♣✳ ✷✷✮✳

❆ s✐❣♥✐✜❝❛♥t ❡♠♣❤❛s✐s ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ ✜♥❛♥❝❡✱ ✐♥s✉r❛♥❝❡✱ ❛♥❞ r❡❛❧ ❡st❛t❡ ✭❋■❘❊✮

s❡❝t♦r ❢♦r t❤❡ ❧❛st ❢♦✉r ❞❡❝❛❞❡s✳ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❋■❘❊ s❡❝t♦r t♦ ●❉P ❤❛s r✐s❡♥ ❢r♦♠

✶✻✳✵✷ ♣❡r❝❡♥t t♦ ✷✵✳✸✼ ♣❡r❝❡♥t ❜❡t✇❡❡♥ ✶✾✽✵ ❛♥❞ ✷✵✵✼ ✇✐t❤ ❛ ♣❡❛❦ ♦❢ ✷✵✳✾✺ ✐♥ ✷✵✵✶ ✭s❡❡

❋✐❣✉r❡ ✶✳✸✮✳ ❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ✶✾✽✵s t❤❡r❡ ✇❛s ❛ s❤❛r♣ r✐s❡ ✐♥ t❤❡ ♥❡t ✜♥❛♥❝✐❛❧ ✇❡❛❧t❤ t♦

●❉P r❛t✐♦ t✐❧❧ ✷✵✵✵ ❛♥❞ t❤❡r❡❛❢t❡r ❛ s❤❛r♣ r✐s❡ ✐♥ t❤❡ ❣r♦ss ❤♦✉s✐♥❣ ✇❡❛❧t❤ t♦ ●❉P r❛t✐♦

✭❖♥❛r❛♥ ❡t✳ ❛❧✳❀ ✷✵✶✶✱ ♣♣✳ ✻✹✵✮✳

❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❛♠♦♥❣ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✭❛♥❞ ❤❡♥❝❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✮✱ ✐♥❝♦♠❡ ❞✐str✐✲

❜✉t✐♦♥✱ ❛♥❞ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✇♦ t②♣❡s ♦❢ ✇♦r❦❡rs ✭❜❧✉❡ ❛♥❞ ✇❤✐t❡✲❝♦❧❧❛r

✇♦r❦❡rs✮ ✐s t❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜rst ❢♦❝✉s ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧❧②

✸



❙♦✉r❝❡✿ ❊❝♦♥♦♠✐❝ ❘❡♣♦rt ♦❢ t❤❡ Pr❡s✐❞❡♥t✱ ❋❡❜r✉❛r② ✷✵✶✷✱ t❛❜❧❡ ❇✲✶✷❀ ❛✉t❤♦r✬s ❝❛❧❝✉❧❛✲
t✐♦♥s✳

❋✐❣✉r❡ ✶✳✸✿ ❋■❘❊ s❡❝t♦r✬s s❤❛r❡ ✐♥ ●❉P ✭✶✾✽✵✲✷✵✶✵✮

♦❜s❡r✈❡❞ r❡❧❛t✐♦♥s❤✐♣ ❛♠♦♥❣ t❤❡♠✳ ❋✐❣✉r❡s ✶✳✹ s❤♦✇s t❤❡ ❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❜❡✲

t✇❡❡♥ ❛♥♥✉❛❧ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ s❤❛r❡ ♦❢ ✇❛❣❡s ✭✈❡rt✐❝❛❧ ❛①✐s✮ ❛♥❞ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡ ✭❤♦r✐③♦♥t❛❧ ❛①✐s✮ ❢r♦♠ ✶✾✽✵ t♦ ✷✵✶✾✳ ❋✐❣✉r❡ ✶✳✺ ♣r❡s❡♥ts t❤❡ ❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❜❡t✇❡❡♥

r❡♥t✐❡rs✬ s❤❛r❡ ✐♥ ✐♥❝♦♠❡✶ ✭✈❡rt✐❝❛❧ ❛①✐s✮ ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ✇❛❣❡s ✭❤♦r✐③♦♥t❛❧ ❛①✐s✮✳ ❋✐❣✉r❡

✶✳✻ ❞❡♠♦♥str❛t❡s t❤❡ ❝②❝❧❡s ❜❡t✇❡❡♥ r❡♥t✐❡rs✬ s❤❛r❡ ✐♥ ✐♥❝♦♠❡ ✭✈❡rt✐❝❛❧ ❛①✐s✮ ❛♥❞ t❤❡ r❛t❡

♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭❤♦r✐③♦♥t❛❧ ❛①✐s✮✳ ❍❡r❡ t❤❡ ♣❛tt❡r♥ ✐s s♦♠❡✇❤❛t ✉♥❝❧❡❛r✳ ❋♦r s♦♠❡

♣❡r✐♦❞s ✇❡ ❣❡t ❛ ❝❧♦❝❦✇✐s❡ ♣❛tt❡r♥ ❛♥❞ ❢♦r s♦♠❡ ♣❡r✐♦❞ t❤❡ ❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡✳

P♦st✲❑❡②♥❡s✐❛♥✴ ❑❛❧❡❝❦✐❛♥ ❧✐t❡r❛t✉r❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡rs t✇♦ ❝❧❛ss❡s✿ t❤❡ ❝❛♣✐t❛❧✐st ❝❧❛ss

❛♥❞ t❤❡ ✇♦r❦✐♥❣ ❝❧❛ss ❛♥❞ ❞❡❛❧s ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✳ ❙❛s❛❦✐ ❡t✳

❛❧✳ ✭✷✵✶✸✮ ❛r❡ ❛♠♦♥❣ ❛ ❢❡✇ ❡①❝❡♣t✐♦♥s✳ ■♥tr♦❞✉❝✐♥❣ t✇♦ t②♣❡s ♦❢ ❧❛❜♦✉r ✭r❡❣✉❧❛r ❛♥❞

♥♦♥✲r❡❣✉❧❛r ❡♠♣❧♦②♠❡♥t✮✷ ✐♥ ❛ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧✱ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮ ❡①♣❧❛✐♥ ❤♦✇

t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ r❡❣✉❧❛r ❛♥❞ ♥♦♥✲r❡❣✉❧❛r ❡♠♣❧♦②♠❡♥t ❛✛❡❝ts t❤❡

❡❝♦♥♦♠②✳ ❚❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs✱ ❛s t❤❡② ❛ss✉♠❡✱ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t

♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✇❛❣❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ r❡❣✉❧❛r

✇♦r❦❡rs ❛r❡ s♣❡❝✐✜❡❞ ❡①♣❧✐❝✐t❧② ❛♥❞ t❤❡ ✇❛❣❡s ♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs ❛r❡ t❤❡♥ ❞❡t❡r♠✐♥❡❞

❛s ❛♥ ❡①♦❣❡♥♦✉s ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✇❛❣❡✲

❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡ ✐s ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡

✶■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ r❡♥t✐❡rs✬ s❤❛r❡ ✐♥ ✐♥❝♦♠❡ ✭✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❡q✉❛❧ t♦ t❤❡ r❛t✐♦ ♦❢ ♥❡t
❞✐✈✐❞❡♥❞s ❛♥❞ ♥❡t ✐♥t❡r❡st ✐♥❝♦♠❡ t♦ t❤❡ ♥❛t✐♦♥❛❧ ✐♥❝♦♠❡✮ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣r♦①② ❢♦r t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✳
❋♦r ❡①❛♠♣❧❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❍❡✐♥ ✭✷✵✶✷✱ ♣♣✳ ✷✮ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❤❛s ❜❡❡♥ ❜❡♥❡✜❝✐❛❧ t♦ ❛
r✐s❡ ✐♥ ❣r♦ss ♣r♦✜t s❤❛r❡ ✇❤✐❝❤ ✐♥❝❧✉❞❡s r❡t❛✐♥❡❞ ♣r♦✜ts✱ ❞✐✈✐❞❡♥❞s✱ ❛♥❞ ✐♥t❡r❡st ♣❛②♠❡♥ts✱ ❛♥❞ ♦♥ t❤❡
♦t❤❡r ❤❛♥❞ t♦ ❛ ❢❛❧❧ ✐♥ ❧❛❜♦✉r ✐♥❝♦♠❡ s❤❛r❡✳ ■t ✭✜♥❛♥❝✐❛❧✐③❛t✐♦♥✮ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ ✐♥❡q✉❛❧✐t② ♦❢ ✇❛❣❡s
❛♥❞ t♦♣ ♠❛♥❛❣❡♠❡♥t s❛❧❛r✐❡s ❛s ✇❡❧❧✳

✷❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮ ❝♦♥s✐❞❡r ✜①❡❞ ❛♥❞ ✈❛r✐❛❜❧❡ ❧❛❜♦✉r ❛s r❡❣✉❧❛r ❛♥❞ ♥♦♥✲r❡❣✉❧❛r ❡♠♣❧♦②♠❡♥t
r❡s♣❡❝t✐✈❡❧②✳
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❋✐❣✉r❡ ✶✳✹✿ ❈❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ ✇❛❣❡ s❤❛r❡ ❝②❝❧❡s ✐♥ t❤❡ ❯❙ ❊❝♦♥♦♠②✱
✶✾✽✵✕✷✵✶✾✳ ❲❛❣❡ s❤❛r❡ ❂ ✭✇❛❣❡s ❛♥❞ s❛❧❛r✐❡s ✴ ♥❛t✐♦♥❛❧ ✐♥❝♦♠❡✮✯✶✵✵❀ ❝❛♣❛❝✐t② ✉t✐✲
❧✐③❛t✐♦♥ r❛t❡ ❂ ✭●❉P ✴ ♣♦t❡♥t✐❛❧ ●❉P✮❀ ♣♦t❡♥t✐❛❧ ●❉P ❂ ❍♦❞r✐❝❦✕Pr❡s❝♦tt tr❡♥❞ ♦❢
❛♥♥✉❛❧ ●❉P✱ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r ♦❢ ✶✵✵✳ ❙♦✉r❝❡✿ ❈♦♠♣✉t❡❞ ✉s✐♥❣ ❯❙
❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❆♥❛❧②s✐s✬ ◆■P❆ ❚❛❜❧❡s ✶✳✶✳✺✳ ❛♥❞ ✶✳✶✷ ❛t ❤tt♣✿✴✴✇✇✇✳ ❜❡❛✳❣♦✈

✇❛❣❡ ❣❛♣✳ ❍♦✇❡✈❡r✱ t❤❡ st❛❜✐❧✐t② ❞❡♣❡♥❞s ♥❡❣❛t✐✈❡❧② ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ r❡s❡r✈❡ ❛r♠②

❡✛❡❝t✳✸ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣ ❝❛♥

❧❡❛❞ t♦ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋♦r ❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ ♦❢ t❤❡ ✇❛❣❡ ❣❛♣✱ ❡♥❞♦❣❡♥♦✉s

❛♥❞ ♣❡r♣❡t✉❛❧ ❜✉s✐♥❡ss ❝②❝❧❡s ♠❛② ❡♠❡r❣❡✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ✇❛❣❡ ✐s

❞❡s✐r❛❜❧❡ ❛s ✐t ❝❛♥ ♠✐t✐❣❛t❡ ✢✉❝t✉❛t✐♦♥s ♦❢ ❜✉s✐♥❡ss ❝②❝❧❡s✳

❙♦♥♦❞❛ ❛♥❞ ❙❛s❛❦✐ ✭✷✵✶✾✮ ❝♦♥str✉❝t ❛ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ✐♥st✐t✉t✐♦♥❛❧

❞✐✛❡r❡♥❝❡s ✐♥ ❡♠♣❧♦②♠❡♥t ❛❞❥✉st♠❡♥t ❛♥❞ ✇❛❣❡ ❞❡t❡r♠✐♥❛t✐♦♥ ❜❡t✇❡❡♥ r❡❣✉❧❛r ✇♦r❦❡rs

❛♥❞ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs ❛♥❞ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❧❛❜♦✉r ♠❛r❦❡t ✐♥st✐t✉t✐♦♥s ❛✛❡❝t t❤❡ ❞②✲

♥❛♠✐❝s ♦❢ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ♦✉t♣✉t✳ ■♥ t❤❡✐r ♠♦❞❡❧✱ r❡❣✉❧❛r ✇♦r❦❡rs ❝❛rr② ♦✉t

❝♦❧❧❡❝t✐✈❡ ✇❛❣❡ ❜❛r❣❛✐♥✐♥❣ t♦ s❡❝✉r❡ ❡♠♣❧♦②♠❡♥t✳ ❆s t❤❡ ❡♠♣❧♦②♠❡♥t ❛❞❥✉st♠❡♥t ♦❢ r❡❣✲

✉❧❛r ✇♦r❦❡rs ✐s ❞✐✣❝✉❧t✱ ✜r♠s ❛tt❡♠♣t t♦ ❛❞❥✉st ✇♦r❦✐♥❣ ❤♦✉rs ❜② r❡❞✉❝✐♥❣ t❤❡ ❛♠♦✉♥t

♦❢ ♦✈❡rt✐♠❡ ✇♦r❦✳ ❍♦✇❡✈❡r✱ ❛s ✜r♠s ❛r❡ ✉♥❛❜❧❡ t♦ r❡❞✉❝❡ ❧❛❜♦✉r ✐♥♣✉ts ♣r♦♣♦rt✐♦♥❛t❡❧②✱

❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs ❞❡❝r❡❛s❡s ✐♥ ❛ s❧✉♠♣ ❜✉t r✐s❡s ✐♥ ❛ ❜♦♦♠✳ ❆s t❤❡

♣r✐♦r✐t② ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs ✐s t♦ s❡❝✉r❡ ❡♠♣❧♦②♠❡♥t✱ r❡❣✉❧❛r ✇♦r❦❡rs ♠❛② ❛❝❝❡♣t ✇❛❣❡

❝✉ts ❞✉r✐♥❣ ❛ r❡❝❡ss✐♦♥✳ ❚❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢ t❤❡ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs ✈❛r✐❡s ♣♦s✐t✐✈❡❧②

✸❇② ✏r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✑ t❤❡② ❝❛♣t✉r❡ t❤❡ ♥♦t✐♦♥ t❤❛t t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ✇❛❣❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥
t❤❡ r❛t❡ ♦❢ ❡♠♣❧♦②♠❡♥t✳

✺



❋✐❣✉r❡ ✶✳✺✿ ❙❤❛r❡ ♦❢ ✇❛❣❡s ❛♥❞ r❡♥t✐❡rs✬ ✐♥❝♦♠❡ s❤❛r❡ ❝②❝❧❡s ✐♥ t❤❡ ❯❙ ❊❝♦♥♦♠②✱
✶✾✽✵✕✷✵✶✾✳ ❘❡♥t✐❡rs✬ s❤❛r❡ ✐♥ ✐♥❝♦♠❡ ❂ ✭◆❡t ❞✐✈✐❞❡♥❞s ❛♥❞ ◆❡t ✐♥t❡r❡st ✐♥❝♦♠❡ ✴ ♥❛t✐♦♥❛❧
✐♥❝♦♠❡✮✯✶✵✵✳ ❙♦✉r❝❡✿ ❇❊❆✬ ◆■P❆ ❚❛❜❧❡s ✶✳✶✳✺✳ ❛♥❞ ✶✳✶✷❀ ❛✉t❤♦rs ❝❛❧❝✉❧❛t✐♦♥✳

❋✐❣✉r❡ ✶✳✻✿ ❈❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ r❡♥t✐❡rs✬ ✐♥❝♦♠❡ s❤❛r❡ ❝②❝❧❡s ✐♥ t❤❡ ❯❙ ❊❝♦♥♦♠②✱
✶✾✽✵✕✷✵✶✾✳ ❙♦✉r❝❡✿ ❇❊❆✬ ◆■P❆ ❚❛❜❧❡s ✶✳✶✳✺✳ ❛♥❞ ✶✳✶✷❀ ❛✉t❤♦rs ❝❛❧❝✉❧❛t✐♦♥✳

✻



✇✐t❤ t❤❡ st❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❉✉r✐♥❣ t❤❡ ❜♦♦♠✱ ❛s t❤❡ ❧❛❜♦✉r ♠❛r❦❡t t✐❣❤t❡♥s✱ t❤❡✐r

r❡❛❧ ✇❛❣❡ r❛t❡ ✐♥❝r❡❛s❡s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ✇❛❣❡ r❛t❡ ❢❛❧❧s ❞✉r✐♥❣ t❤❡ r❡❝❡ss✐♦♥✳ ■❢

❧❛❜♦✉r ✉♥✐♦♥s ❛r❡ ❝♦♥❝❡r♥❡❞ ♦♥❧② ♦♥ t❤❡ ✐♥t❡r❡sts ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs✱ t❤❡ ❢r✉✐ts ♦❢ ✇❛❣❡

❜❛r❣❛✐♥✐♥❣ ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs ❛♥❞ ❤❡♥❝❡ t❤❡ ❧❛❜♦✉r ✉♥✐♦♥s ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ r❡❛❧ ✇❛❣❡

♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❧❛❜♦✉r ✉♥✐♦♥ ❝♦♥s✐sts ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢

♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs ❛s ✇❡❧❧✱ t❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs ♣♦s✐t✐✈❡❧② ♠❛② ❛✛❡❝t

t❤❡ r❡❛❧ ✇❛❣❡ ♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs✳ ■❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs ✐s ✈❡r② ✇❡❛❦✱

❢♦r ❛ r✐s❡ ✐♥ t❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢ r❡❣✉❧❛r ✇♦r❦❡rs✱ ✜r♠s r❡st♦r❡ t❤❡ ❞❡❝r❡❛s❡ ✐♥ ♣r♦✜ts ❜②

❧♦✇❡r✐♥❣ t❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs✳ ❍❡♥❝❡✱ t❤❡ r✐s❡ ✐♥ t❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ♦❢

r❡❣✉❧❛r ✇♦r❦❡rs ❤❡r❡ ❤❛♣♣❡♥s ❛t t❤❡ ❝♦st ♦❢ t❤❡ ✇❛❣❡ r❛t❡ ♦❢ ♥♦♥✲r❡❣✉❧❛r ✇♦r❦❡rs✳ ❚❤❡r❡✲

❢♦r❡✱ t❤r❡❡ ✇❛❣❡ ❜❛r❣❛✐♥✐♥❣ r❡❣✐♠❡s ❛r❡ ♣♦ss✐❜❧❡✿ r❡❣✉❧❛r ♥♦♥✲r❡❣✉❧❛r ✐♥❞❡♣❡♥❞❡♥t r❡❣✐♠❡✱

r❡❣✉❧❛r ♥♦♥✲r❡❣✉❧❛r ❝♦♦♣❡r❛t✐✈❡ r❡❣✐♠❡✱ ❛♥❞ t❤❡ r❡❣✉❧❛r ♥♦♥✲r❡❣✉❧❛r ❝♦♥✢✐❝t r❡❣✐♠❡✳

❇❡s✐❞❡s ✇♦r❦❡rs ❛♥❞ ❝❛♣✐t❛❧✐sts✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♠❛♥❛❣❡r✐❛❧ ❝❧❛ss ✐♥ ❛ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧✱

❚❛✈❛♥✐ ❛♥❞ ❱❛s✉❞❡✈❛♥ ✭✷✵✶✹✮ ❛♥❛❧②③❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛ ♠❛♥❛❣❡r✐❛❧ ❝❧❛ss ❢♦r t❤❡ ❞②✲

♥❛♠✐❝s ♦❢ ❞❡♠❛♥❞ ❛♥❞ ❞✐str✐❜✉t✐♦♥✳ ▼❛♥❛❣❡rs ♦r❣❛♥✐③❡ ♣r♦❞✉❝t✐♦♥✱ s✉♣❡r✈✐s❡ ✇♦r❦❡rs✱

❛♥❞ ❡①tr❛❝t t❤❡ ♣r♦❞✉❝t✐✈✐t② ❣❛✐♥s ❢r♦♠ ✇♦r❦❡rs✳ ❚❤❡ ✇❛❣❡ ❣❛♣ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ ♠❛♥✲

❛❣❡rs ❛♥❞ ✇♦r❦❡rs ✐s ♥❡❣❛t✐✈❡❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❆ r✐s❡ ✐♥

t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ t✐❣❤t❡♥s t❤❡ ❧❛❜♦✉r ♠❛r❦❡ts ❛♥❞ ❤❡♥❝❡ ❞❛♠♣❡♥s t❤❡ ♣❛❝❡

♦❢ ❣r♦✇t❤ ♦❢ ✐♥❡q✉❛❧✐t②✳ ❆s ♠❛♥❛❣❡rs ❛r❡ ♠♦r❡ ♣♦✇❡r❢✉❧ t❤❛♥ ✇♦r❦❡rs✱ ✇❛❣❡ ✐♥❡q✉❛❧✐t②

❤❛s ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ♦♥t♦ ✐ts❡❧❢✳ ❍❡♥❝❡✱ ❛ r✐s❡ ✐♥ ✇❛❣❡ ✐♥❡q✉❛❧✐t② ❡①❛❝❡r❜❛t❡s t❤❡ ♣❛❝❡

♦❢ t❤❡ ❣r♦✇t❤ ♦❢ ✐♥❡q✉❛❧✐t②✳ ❍♦✇❡✈❡r✱ t❤❡✐r ♠♦❞❡❧ ❧❛❝❦s t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧✐③❛✲

t✐♦♥ ❞②♥❛♠✐❝s ✇❤✐❝❤ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❯❙ ❡❝♦♥♦♠② ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥

s❤❛♣✐♥❣ t❤❡ ❡❝♦♥♦♠②✳

◆♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡✲❞✐s❝✉ss❡❞ ❧✐t❡r❛t✉r❡✱ ❤♦✇❡✈❡r✱ ❝♦♥s✐❞❡rs t❤❡ ✜♥❛♥❝✐❛❧ ❜❡❤❛✈✐♦✉r✳✹ ■♥

t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❯❙ ❡❝♦♥♦♠②✱ ❝♦♥s✐❞❡r✐♥❣ t✇♦ t②♣❡s ♦❢ ✇♦r❦❡rs ✭❜❧✉❡ ❛♥❞ ✇❤✐t❡✲❝♦❧❧❛r✮

❛♥ ❛tt❡♠♣t ✐s t❛❦❡♥ ✐♥ t❤✐s ♣❛♣❡r ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ❝❤❛♥❣❡s ✐♥ ✜♥❛♥❝✐❛❧ ❜❡❤❛✈✐♦✉r ❛♥❞

✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡✐r ♠❛❝r♦❡❝♦♥♦♠✐❝ ❝❛✉s❡s ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s✳ ❆❧♦♥❣ ✇✐t❤ t❤❡

❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✭♦r t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✮ ❛♥❞ t❤❡ ♣r♦✜t s❤❛r❡✱ ✜♥❛♥❝✐❛❧✐③❛✲

t✐♦♥ ❛❧s♦ ✐♥✢✉❡♥❝❡s ✜r♠s✬ ✐♥✈❡st♠❡♥t ❞❡❝✐s✐♦♥s ✐♥ ♦✉r ♠♦❞❡❧✳ ■t ✭✜♥❛♥❝✐❛❧✐③❛t✐♦♥✮ ❛❧s♦

❛✛❡❝ts ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✳ ■♥ ♦✉r ♠♦❞❡❧✱ ✇❤✐❧❡ ✜r♠s s❡t t❤❡✐r ♣r✐❝❡ t♦ ♥❛rr♦✇ t❤❡ ❣❛♣

❜❡t✇❡❡♥ ✜r♠s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ ❛♥❞ t❤❡ ❛❝t✉❛❧ ♣r♦✜t s❤❛r❡✱ ❧❛❜♦✉r ✉♥✐♦♥s ♥❡❣♦t✐❛t❡

t♦ ♥❛rr♦✇ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❧❛❜♦✉r ✉♥✐♦♥s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ ❛♥❞ t❤❡ ❛❝t✉❛❧ ♣r♦✜t

s❤❛r❡✳ ❋♦❧❧♦✇✐♥❣ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❧❛❜♦✉r ✉♥✐♦♥s✬ t❛r❣❡t ♣r♦✜t

s❤❛r❡ ✐s ♥❡❣❛t✐✈❡❧② ❛✛❡❝t❡❞ ❜② t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❆ ❤✐❣❤❡r r❛t❡ ♦❢ ❝❛♣❛❝✐t②

✹■♥tr♦❞✉❝✐♥❣ ❡♥❞♦❣❡♥♦✉s ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧ ✇✐t❤ ♣r♦✜t✲s❤❛r✐♥❣✱ ❙❛s❛❦✐ ✭✷✵✶✻✮
✐♥✈❡st✐❣❛t❡s t❤❡ ❡✛❡❝t ♦❢ ♣r♦✜t✲s❤❛r✐♥❣ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❙❛s❛❦✐ ✭✷✵✶✻✮ t♦♦ ✐♥tr♦❞✉❝❡s t✇♦ t②♣❡s ♦❢ ❧❛❜♦✉r
❛♥❞ ❝♦♥s✐❞❡rs t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ t❤♦s❡ t✇♦ t②♣❡s ♦❢ ❧❛❜♦✉r ✐♥ ❤✐s ❛♥❛❧②s✐s✳ ▲❛✈♦✐❡ ✭✷✵✵✾✮✱ ❉✉tt ✭✷✵✶✷✱
✷✵✶✻✮✱ ❉✉tt ❡t✳ ❛❧✳ ✭✷✵✶✺✮✱ P❛❧❧❡② ✭✷✵✶✺✱ ✷✵✶✼✮ ❛r❡ ❛♠♦♥❣ ♦t❤❡rs ✇❤♦ ❤❛✈❡ ❞✐✈✐❞❡❞ t❤❡ ❧❛❜♦✉r ❝❧❛ss ✐♥t♦
t✇♦ t②♣❡s ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♠❛♥❛❣❡r✐❛❧✴ s✉♣❡r✈✐s♦r② ✇♦r❦❡rs✳

✼



✉t✐❧✐③❛t✐♦♥ t✐❣❤t❡♥s t❤❡ ❧❛❜♦✉r ♠❛r❦❡t ❛♥❞ ✐♠♣r♦✈❡s ✇♦r❦❡rs✬ ❞❡♠❛♥❞s ✐♥ ❜❛r❣❛✐♥✐♥❣ ❛♥❞

t❤✉s ❧❡❛❞s ✇♦r❦❡rs t♦ s❡t ❛ ❤✐❣❤❡r t❛r❣❡t ✇❛❣❡ s❤❛r❡ ❛♥❞ ❤❡♥❝❡ ❛ ❧♦✇❡r t❛r❣❡t ♣r♦✜t s❤❛r❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✜r♠s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥✲

❝✐❛❧✐③❛t✐♦♥✳ ❆ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ❢♦r t❤✐s ✐s ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ■♥❝r❡❛s✐♥❣ ✐♥❡q✉❛❧✐t②

r❛✐s❡s t❤❡ ♣r♦♣❡♥s✐t② t♦ s♣❡❝✉❧❛t❡ ❜② t❤❡ r❡♥✐t❡rs ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥

❧❡✈❡❧ ✐♥❝r❡❛s❡s✳ ❯♥❧✐❦❡ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✱ ❛♥ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ♣❡r♣❡t✉❛❧ ❜✉s✐♥❡ss ❝②✲

❝❧❡s ♠❛② ❡♠❡r❣❡ ❡✈❡♥ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❋♦r ❛ str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✱

❛ ❝♦♥tr❛❝t✐♦♥ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ✇❤✐t❡ ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥ts ❝❛♥ ♠❛❦❡ t❤❡

st❡❛❞② st❛t❡ ✉♥st❛❜❧❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ t❤❡ ✇❛❣❡

❣❛♣ ❝❛♥ ❞❡st❛❜✐❧✐③❡ t❤❡ ❡❝♦♥♦♠②✳ ❆ r✐s❡ ✐♥ t❤❡ s❛✈✐♥❣ ♣r♦♣❡♥s✐t② ♦❢ r❡♥t✐❡rs ✭❛♥❞ ❝❛♣✐t❛❧✲

✐sts✮ ✐s ❞❡tr✐♠❡♥t❛❧ t♦ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✱ ✇♦rs❡♥s t❤❡ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❡s❝❛❧❛t❡s

t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✳ ❆ ♠♦r❡ r❡❣✉❧❛t❡❞ ❧❛❜♦✉r ♠❛r❦❡t ❛♥❞ ❛ r✐s❡ ✐♥ ✉♥✐♦♥✐③❛t✐♦♥ ❛r❡

❞❡s✐r❛❜❧❡ ❛s t❤❡s❡ ❝❛♥ ♠✐t✐❣❛t❡ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♦✉t❧✐♥❡s t❤❡ str✉❝t✉r❡ ♦❢

t❤❡ ♠♦❞❡❧ ❛♥❞ ❞❡r✐✈❡s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛♥❛❧②s✐s✳ ❙❡❝t✐♦♥ ✸ ❛♥❛❧②s❡s t❤❡

st❡❛❞② st❛t❡ ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ s❤♦✇s t❤❛t ❧✐♠✐t ❝②❝❧❡s ❝❛♥ ♦❝❝✉r ❛♥❞ ❝♦♥❞✉❝ts

s♦♠❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s t❤r♦✉❣❤

t❤❡ ✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✺ ♦✛❡rs s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✷ ❚❤❡ ♠♦❞❡❧

❲❡ ❛ss✉♠❡ ❛ s✐♠♣❧❡ ♦♥❡✲s❡❝t♦r✱ ❝❧♦s❡❞ ❡❝♦♥♦♠②✱ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤

t❤❡ ❡❝♦♥♦♠② ❝♦♥s✐sts ♦❢ t✇♦ t②♣❡s ♦❢ ✇♦r❦❡rs ✭✇❤✐t❡✲❝♦❧❧❛r ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r✮✱ ❝❛♣✐t❛❧✐sts✱

❛♥❞ r❡♥t✐❡rs✳ ◆❡✐t❤❡r ❣♦✈❡r♥♠❡♥t ✐♥t❡r✈❡♥t✐♦♥ ♥♦r t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss ✐s t❤❡r❡✱ ❛♥❞ t❤❡r❡

✐s ♥♦ ❞❡♣r❡❝✐❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ st♦❝❦✳ ■♥❝♦♠❡ ✐s ❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥ ✇❛❣❡s ❛♥❞ ♣r♦✜ts ❛s

Y = W +R ✭✷✳✶✮

✇❤❡r❡✱ Y ✐s ♥♦♠✐♥❛❧ ✐♥❝♦♠❡✱ W ✐s ♥♦♠✐♥❛❧ ✇❛❣❡ ✐♥❝♦♠❡ ❛♥❞ R ✐s ♥♦♠✐♥❛❧ ♣r♦✜t ✐♥❝♦♠❡✳

❲♦r❦❡rs ❤❛✈❡ ♦♥❧② ♦♥❡ s♦✉r❝❡ ♦❢ ✐♥❝♦♠❡✲ ✇❛❣❡s✱ ❛♥❞ t❤❡② s♣❡♥❞ ❛❧❧ t❤❡ ✇❛❣❡s ♦♥ ❝♦♥✲

s✉♠♣t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❛♣✐t❛❧✐sts ❣❡t t❤❡ ❡♥t✐r❡ ♣r♦✜t✱ ❛ ♣❛rt ♦❢ ✇❤✐❝❤ ✐s r❡t❛✐♥❡❞

❜② t❤❡ ❝❛♣✐t❛❧✐sts (RC) ❛♥❞ t❤❡ r❡st ✐s ❞✐str✐❜✉t❡❞ ❛s ❞✐✈✐❞❡♥❞s ✭♣❛✐❞ ♦♥ ❡q✉✐t② ❤❡❧❞ ❜②

r❡♥t✐❡rs (RDiv)✮ ❛♥❞ ❛s ✐♥t❡r❡st ♣❛②♠❡♥t ✭♣❛✐❞ ♦♥ ❞❡❜t t♦ t❤❡ r❡♥t✐❡rs (RInt)✮✳ ❚❤✉s t♦t❛❧

❞✐str✐❜✉t❡❞ ♣r♦✜t (RR) ❝♦♥s✐sts ♦❢ ❞✐✈✐❞❡♥❞s ❛♥❞ t❤❡ ✐♥t❡r❡st ♣❛②♠❡♥ts t♦ t❤❡ r❡♥t✐❡rs✳

❚❤✐s ❛r❣✉♠❡♥t ✐s ❝❛♣t✉r❡❞ ✐♥ t❤❡ ♥❡①t ❡q✉❛t✐♦♥ ❛s

R = RC +RInt +RDiv = RC +RR ✭✷✳✷✮
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❉✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦♠✐♥❛❧ ✈❛❧✉❡ ♦❢ ❝❛♣✐t❛❧

st♦❝❦ ✇❡ ❣❡t t❤❡ r❛t❡ ♦❢ ♣r♦✜t ❛s ❛ s✉♠♠❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧✐sts✬ ♣r♦✜t r❛t❡ (rC) ❛♥❞ r❡♥t✐❡rs✬

♣r♦✜t r❛t❡ (rR) ✐✳❡✳

r = rC + rR ✭✷✳✸✮

❲❡ ❛ss✉♠❡ t❤❛t ❜♦t❤ t❤❡ ❝❛♣✐t❛❧✐sts ❛♥❞ r❡♥t✐❡rs ❝♦♥s✉♠❡ ❛ ♣❛rt ♦❢ t❤❡✐r ❡❛r♥✐♥❣s ❛♥❞

s❛✈❡ t❤❡ r❡st✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❧❡t✬s ❛ss✉♠❡ ❝❛♣✐t❛❧✐sts ❛♥❞ r❡♥t✐❡rs ❤❛✈❡ t❤❡ s❛♠❡ s❛✈✐♥❣s

r❛t❡ s✳✺ ❍❡♥❝❡ t❤❡ s❛✈✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

S = sRC + sRR = s(RC +RR) = sR

=⇒
S

K
= gs = s

R

K
= sr = smu, s ∈ (0, 1) ✭✷✳✹✮

✇❤❡r❡ r r❡♣r❡s❡♥ts t❤❡ r❛t❡ ♦❢ ♣r♦✜t✱ m r❡♣r❡s❡♥ts t❤❡ ♣r♦✜t s❤❛r❡ ❛♥❞ u r❡♣r❡s❡♥ts t❤❡

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ✇❤✐t❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t Lw ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t✱

✇❤✐❧❡ t❤❡ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t Lb ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛❝t✉❛❧ ♦✉t♣✉t✳

Lw = αY F , α > 0 ✭✷✳✺✮

Lb = βY, β > 0 ✭✷✳✻✮

✇❤❡r❡ α ❛♥❞ β ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ ❋♦❧❧♦✇✐♥❣ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮ ✇❡ ❛ss✉♠❡ t❤❛t

t❤❡ ✇❤✐t❡✲❝♦❧❧❛r ❡♠♣❧♦②❡❡s ❛r❡ ♥♦t ❤✐r❡❞ ❛♥❞ ✜r❡❞ ❢r❡q✉❡♥t❧② ❡✈❡♥ ✐❢ ♦✉t♣✉t ✢✉❝t✉❛t❡s✳

❘❛t❤❡r✱ ✇❤✐t❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t ❝❤❛♥❣❡s ✇❤❡♥ s❝❛❧❡ ♦❢ ♣❧❛♥ts ❝❤❛♥❣❡s✱ ❛♥❞ s❝❛❧❡ ♦❢

♣❧❛♥ts ❝❤❛♥❣❡s ✇❤❡♥ t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t ❝❤❛♥❣❡s✳ ❆s ❛ r❡s✉❧t✱ ✇❤✐t❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t✱

r❛t❤❡r t❤❛t ❛❝t✉❛❧ ♦✉t♣✉t✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❡ ❛ss✉♠❡

❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t ❞❡♣❡♥❞s ♦♥ ❛❝t✉❛❧ ♦✉t♣✉t ❛♥❞ ✈❡r② ❢r❡q✉❡♥t❧② ✐s ✜r❡❞ ♦r ❤✐r❡❞

❞❡♣❡♥❞✐♥❣ ♦♥ ♦✉t♣✉t ✢✉❝t✉❛t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t t♦

t❤❡ ❝❛♣✐t❛❧ st♦❝❦ (Y
F

K
) ✐s ✜①❡❞✳ ❲✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡

r❛t✐♦ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t t♦ t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ✐s ❡q✉❛❧ t♦ ✉♥✐t② ✐✳❡✳ ✐❢ Y F

K
= 1 t❤❡♥

t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s t❤❡ r❛t✐♦ ♦❢ ❛❝t✉❛❧ ♦✉t♣✉t t♦ ❝❛♣✐t❛❧

st♦❝❦ ✐✳❡✳ u = Y
K
✳✻ ❋♦r r❡st ♦❢ t❤❡ ♣❛♣❡r ✇❡ ❛ss✉♠❡ Y F

K
= 1. ❚❤❡ r❛t✐♦ ♦❢ t❤❡ ✇❤✐t❡✲❝♦❧❧❛r

❡♠♣❧♦②♠❡♥t t♦ t❤❡ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t ✐s Lw

Lb

= α
βu
. ❍✐❣❤❡r t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡✱ ❤✐❣❤❡r ✐s t❤❡ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ❡♠♣❧♦②❡❞ ❛♥❞ ❤❡♥❝❡ ❧♦✇❡r ✐s t❤❡ r❛t✐♦ ♦❢ ✇❤✐t❡

t♦ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t✳ ❆s ❧♦♥❣ ❛s α ❛♥❞ β ❛r❡ ❝♦♥st❛♥ts✱ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t✐♦ ♦❢ ✇❤✐t❡ t♦ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t✳
β
α
✐s t❤❡ r❛t✐♦ ❛t ❢✉❧❧ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❜❧✉❡✲❝♦❧❧❛r t♦ ✇❤✐t❡✲❝♦❧❧❛r ✇♦r❦❡rs✳

✺❚❤✉s ❡✛❡❝t✐✈❡❧② t❤❡ r❡t❛✐♥❡❞ ♣r♦✜t ♦❢ ✜♠rs✴❝❛♣✐t❛❧✐sts ✐s t❤❡♥ sRc ✇❤✐❝❤ t❤❡② ✉s❡ ❢♦r ✐♥✈❡st♠❡♥t
♣✉r♣♦s❡s✳

✻❈❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ = u = Y

Y F = Y

K
. K

Y F = Y

K
✱ ❛s ✇❡ ❛ss✉♠❡ Y

F

K
= 1.

✾



■♥ ❧✐♥❡ ✇✐t❤ ❇❤❛❞✉r✐ ❛♥❞ ▼❛r❣❧✐♥ ✭✶✾✾✵✮✱ ▼❛r❣❧✐♥ ❛♥❞ ❇❤❛❞✉r✐ ✭✶✾✾✵✮✱ ❛♥❞ ❙❛s❛❦✐ ❡t✳

❛❧✳ ✭✷✵✶✸✮✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠s✬ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ u ❛♥❞ t❤❡ ♣r♦✜t s❤❛r❡ m✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡

✜r♠s✬ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ Ω✳

❚♦ ♠❛❦❡ t❤❡ ♠♦❞❡❧ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ❢♦❧❧♦✇✐♥❣ ❉✉♠❡♥✐❧ ❛♥❞ ▲❡✈② ✭✷✵✵✹✮✱ ✇❡ ❞❡✜♥❡ t❤❡

❝♦♥❝❡♣t ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛s t❤❡ ❣r♦✇t❤ ♦❢ ✜♥❛♥❝✐❛❧ ❡♥t❡r♣r✐s❡s✱ t❤❡ ✐♥❝r❡❛s✐♥❣ ✐♥✈♦❧✈❡✲

♠❡♥t ♦❢ ♥♦♥✲✜♥❛♥❝✐❛❧ ❡♥t❡r♣r✐s❡s ✐♥ ✜♥❛♥❝✐❛❧ ♦♣❡r❛t✐♦♥s✱ t❤❡ ❤♦❧❞✐♥❣ ♦❢ ❧❛r❣❡ ♣♦rt❢♦❧✐♦s ♦❢

s❤❛r❡s ❛♥❞ ♦t❤❡r s❡❝✉r✐t✐❡s ❜② ❤♦✉s❡❤♦❧❞s ❛♥❞ s♦ ♦♥✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ✜♥❛♥❝✐❛❧✐③❛t✐♦♥

✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❵s❤❛r❡❤♦❧❞❡r ✈❛❧✉❡ ♦r✐❡♥t❛t✐♦♥✬✳✼ ❘❡❣❛r❞✐♥❣ t❤❡ ❡✛❡❝ts ♦❢

✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♦♥ ✐♥✈❡st♠❡♥t ❜❡❤❛✈✐♦✉r✱ t❤❡ ✐♥❝r❡❛s❡❞ r♦❧❡ ♦❢ s❤❛r❡❤♦❧❞❡rs ✐♥ t❤❡ ✜r♠

❛♥❞ t❤❡ ❵♦✇♥❡r✲♠❛♥❛❣❡r ❝♦♥✢✐❝t✬ ✐s ❤✐❣❤❧✐❣❤t❡❞ ❜② s♦♠❡ ❛✉t❤♦rs ✭❈r♦tt②✱ ✶✾✾✵❀ ❇♦②❡r✱

✷✵✵✵❀ ❙t♦❝❦❤❛♠♠❡r✱ ✷✵✵✹✱ ✷✵✵✻❀ ❉❛❧❧❡r②✱ ✷✵✵✾✮✳ ❇❡❝❛✉s❡ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✱ ❛s ❙t♦❝❦✲

❤❛♠♠❡r ❛♥❞ ●r❛✢ ✭✷✵✶✵✮ ♣♦✐♥t ♦✉t✱ ✜r♠s ❛❧s♦ ❢❛❝❡ ❛ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢ ✉♥❝❡rt❛✐♥t②✱ ✇❤✐❝❤

♠❛② ♠❛❦❡ ♣❤②s✐❝❛❧ ✐♥✈❡st♠❡♥t ♣r♦❥❡❝ts ❧❡ss ❛ttr❛❝t✐✈❡✳ ❋✐♥❛♥❝✐❛❧✐③❛t✐♦♥ ❝❛✉s❡s ❤✐❣❤❡r

❞✐✈✐❞❡♥❞s ♦r ✐♥t❡r❡st ♣❛②♠❡♥ts t❤❛t ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ ✐♥✈❡st♠❡♥t ✭❍❡✐♥ ✭✷✵✵✻✱

✷✵✵✼✱ ✷✵✵✽❛✱ ✷✵✵✽❜✮✱ ▲❛✈♦✐❡ ✭✶✾✾✺✱ ✷✵✵✽✮✱ ▲❛✈♦✐❡ ❛♥❞ ●♦❞❧❡② ✭✷✵✵✷✮✱ ✈❛♥ ❚r❡❡❝❦ ✭✷✵✵✾❛✱

✷✵✵✾❜✮✱ ❙❦♦tt ❛♥❞ ❘②♦♦ ✭✷✵✵✽✮✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❍❡✐♥ ✭✷✵✶✷✮✱ ✐♥❝r❡❛s✐♥❣ s❤❛r❡❤♦❧❞❡r ♣♦✇❡r

✈✐s✲à✲✈✐s ♠❛♥❛❣❡♠❡♥t ❛♥❞ ✇♦r❦❡rs ✐♠♣♦s❡ s❤♦rt✲t❡r♠✐s♠ ♦♥ ♠❛♥❛❣❡♠❡♥t ❛♥❞ ❝❛✉s❡ ❛

❢❛❧❧ ✐♥ ♠❛♥❛❣❡♠❡♥ts✬ ❛♥✐♠❛❧ s♣✐r✐ts ✇✐t❤ r❡s♣❡❝t t♦ r❡❛❧ ✐♥✈❡st♠❡♥t ✐♥ ❝❛♣✐t❛❧ st♦❝❦ ❛♥❞

❧♦♥❣✲r✉♥ ❣r♦✇t❤ ♦❢ t❤❡ ✜r♠ ✭♣r❡❢❡r❡♥❝❡ ❝❤❛♥♥❡❧✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❤❛r❡❤♦❧❞❡rs ♣✉t

♣r❡ss✉r❡ ♦♥ ✜r♠s ❢♦r ❤✐❣❤❡r ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦✜ts✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s ❛ ❤✐❣❤❡r

❞✐✈✐❞❡♥❞ ♣❛②♦✉t r❛t✐♦ ❛♥❞ ❤❡♥❝❡ ❛ ❧♦✇❡r r❡t❡♥t✐♦♥ r❛t✐♦✳ ❆❧s♦✱ ❛ ❧♦✇❡r ❝♦♥tr✐❜✉t✐♦♥ ♦❢

♥❡✇ ❡q✉✐t② ✐ss✉❡s t♦ t❤❡ ✜♥❛♥❝✐♥❣ ♦❢ ✐♥✈❡st♠❡♥t✱ ♦r ❡✈❡♥ s❤❛r❡ ❜✉②❜❛❝❦s ✐s ♣♦ss✐❜❧❡ ♥♦✇✳

❆❧❧ ♦❢ t❤❡s❡ ❞r❛✐♥ ✐♥t❡r♥❛❧ ♠❡❛♥s ♦❢ ✜♥❛♥❝❡ ❢♦r r❡❛❧ ✐♥✈❡st♠❡♥t ♣✉r♣♦s❡s ✭✐♥t❡r♥❛❧ ♠❡❛♥s

♦❢ ✜♥❛♥❝❡ ❝❤❛♥♥❡❧✮✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❵♣r❡❢❡r❡♥❝❡✬ ❛♥❞ ❵✐♥t❡r♥❛❧ ♠❡❛♥s ♦❢ ✜♥❛♥❝❡✬ ❝❤❛♥♥❡❧s

♣♦s❡s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ ✜r♠s✬ r❡❛❧ ✐♥✈❡st♠❡♥t ✐♥ ❝❛♣✐t❛❧✲st♦❝❦ ❛♥❞ ❤❡♥❝❡ t❤❡ ❧♦♥❣✲r✉♥

❣r♦✇t❤ ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❖r❤❛♥❣❛③✐✭✷✵✵✽ ✮ ❞✐s❝✉ss❡s t❤❡ ✐♠♣❛❝t ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♦♥ r❡❛❧

❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❯❙ ❡❝♦♥♦♠② ✉s✐♥❣ ✜r♠✲❧❡✈❡❧ ❞❛t❛ ❢r♦♠ ✶✾✼✸ t♦ ✷✵✵✸ ❛♥❞

✜♥❞s ❛ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ r❡❛❧ ✐♥✈❡st♠❡♥t ❛♥❞ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✳ ❚✇♦ ❝❤❛♥♥❡❧s

❛r❡ t❤❡r❡ ❢♦r ❡①♣❧❛✐♥✐♥❣ t❤✐s ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣✿ ✜rst✱ ❛ r✐s❡ ✐♥ ✜♥❛♥❝✐❛❧ ✐♥✈❡st♠❡♥t ❛♥❞

✜♥❛♥❝✐❛❧ ♣r♦✜t ♦♣♣♦rt✉♥✐t✐❡s ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❝❡♥t✐✈❡s ♦❢ ✜r♠ ♠❛♥❛❣❡rs ❛♥❞ ❞✐r❡❝t✐♥❣

❢✉♥❞s ❛✇❛② ❢r♦♠ t❤❡ r❡❛❧ ✐♥✈❡st♠❡♥t ♠❛② ❝r♦✇❞ ♦✉t r❡❛❧ ✐♥✈❡st♠❡♥t✳ ❙❡❝♦♥❞✱ ❜② ❞❡❝r❡❛s✲

✼❆❝❝♦r❞✐♥❣ t♦ ▲❛③♦♥✐❝❦ ❛♥❞ ❖✬❙✉❧❧✐✈❛♥ ✭✷✵✵✵❀ ♣♣✳ ✶✸✮✱ t❤❡r❡ ✐s ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❯❙ ❝♦r♣♦r❛t❡
str❛t❡❣② ❢r♦♠ r❡t❛✐♥✐♥❣ t❤❡ ♣r♦✜t ❛♥❞ r❡✐♥✈❡st✐♥❣ ✐t ❢♦r ❣r♦✇t❤ ♣✉r♣♦s❡s t♦ ❞♦✇♥s✐③✐♥❣ t❤❡ ❧❛❜♦✉r ❢♦r❝❡s
❛♥❞ ❞✐str✐❜✉t✐♥❣ t❤❡ ❝♦r♣♦r❛t❡ ❡❛r♥✐♥❣s t♦ s❤❛r❡❤♦❧❞❡rs✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❵s❤❛r❡❤♦❧❞❡r ✈❛❧✉❡ ♦r✐❡♥t❛t✐♦♥✬
❝❛♣t✉r❡s t❤✐s ✈❡r② ❝❤❛♥❣❡ ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ✜r♠ ♠❛♥❛❣❡♠❡♥t✳ ❋♦r ♠♦r❡ ♦♥ ❵s❤❛r❡❤♦❧❞❡r ✈❛❧✉❡✬ s❡❡ ❋r♦✉❞
❡t✳ ❛❧✳ ✭✷✵✵✵✮ ❛s ✇❡❧❧✳ ◆♦t❡ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛❞♦♣t❡❞ ❤❡r❡ ✐s s✐♠✐❧❛r t♦ P❛r✉✐ ✭✷✵✷✵✮✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❯❙ ❡❝♦♥♦♠②✱ P❛r✉✐ ✭✷✵✷✵✮ ❢♦❝✉s❡s ♦♥ ❤♦✇ t❡❝❤♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡ ❛♥❞ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥
❡✈♦❧✈❡s ❛♥❞ ❤♦✇ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡ ❛♥❞ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡❛❞s
t♦ ❢r❛❣✐❧✐t② ❛♥❞ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳
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✐♥❣ ❛✈❛✐❧❛❜❧❡ ✐♥t❡r♥❛❧ ❢✉♥❞s✱ s❤♦rt❡♥✐♥❣ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥s ♦❢ t❤❡ ✜r♠ ♠❛♥❛❣❡♠❡♥t✱

❛♥❞ ✐♥❝r❡❛s✐♥❣ ✉♥❝❡rt❛✐♥t②✱ ✐♥❝r❡❛s❡❞ ♣❛②♠❡♥ts t♦ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ♠❛② r❡❞✉❝❡ t❤❡

r❡❛❧ ✐♥✈❡st♠❡♥t✳ ❆❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❢♦r ❡①♣❧❛✐♥✐♥❣ t❤❡

✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❜② ❛ss✉♠✐♥❣ t❤❛t ✜r♠s✬ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥

♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ Ω✳ ❚❤✉s t❤❡ r❛t✐♦ ♦❢ t❤❡ r❡❛❧ ✐♥✈❡st♠❡♥t I t♦ t❤❡ ❝❛♣✐t❛❧ st♦❝❦

❝❛♥ ❜❡ ❞❡♥♦t❡❞ ❛s✱

I

K
= gd = gd(u,m,Ω), gdu > 0, gdm > 0, gdΩ < 0, ✭✷✳✼✮

✇❤❡r❡ gdu r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛t❡

♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ gdm ❞❡♥♦t❡s t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✐♥✈❡st♠❡♥t ✇✳r✳t✳ ♣r♦✜t s❤❛r❡

❛♥❞ gdΩ r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✐♥✈❡st♠❡♥t ✇✳r✳t✳ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✳ ❲❡

❛ss✉♠❡ t❤❛t ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❝❤❛♥❣❡s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

✐♥✈❡st♠❡♥t ❛♥❞ s❛✈✐♥❣s ✐✳❡✳

u̇ = φ(gd − gs), φ > 0 ✭✷✳✽✮

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r φ ❞❡♥♦t❡s t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ✐♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t✳

◆♦✇ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t②✳ ❆✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ❝❛♥ ❜❡

❡①♣r❡ss❡❞ ❛s

a =
Y

L
=

Y

Lw + Lb
=

Y

αY F + βY
=

u

α + βu
✭✷✳✾✮

◆♦t❡ t❤❛t ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✾✮ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ✭a✮ ✐s ❛♥

✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ■♥ t❤❡ st❡❛❞② st❛t❡ ❛s u ✐s ❝♦♥st❛♥t✱

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ✐s ❝♦♥st❛♥t t♦♦✳ ◆♦♠✐♥❛❧ ✇❛❣❡ r❛t❡ ♦❢ t❤❡

✇❤✐t❡✲❝♦❧❧❛r ❧❛❜♦✉r (ww)✱ ✇❡ ❛ss✉♠❡✱ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ❜❧✉❡✲❝♦❧❧❛r ❧❛❜♦✉r (wb). ❲❡ ❛❧s♦

❛ss✉♠❡

ww = γwb, γ > 1 ✭✷✳✶✵✮

❙♦ t❤❡ ❛✈❡r❛❣❡ ✇❛❣❡ ♦❢ t❤❡ ❡❝♦♥♦♠② ✐s

w =
wwLw + wbLb

L
=

[
γα + βu

α + βu

]

wb = Γ(u).wb, Γ(u) =
γα + βu

α + βu
✭✷✳✶✶✮

◆♦✇ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣r♦✜t s❤❛r❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ✜r♠s s❡t t❤❡✐r ♣r✐❝❡

t♦ ♥❛rr♦✇ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ✜r♠s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ (mf ) ❛♥❞ t❤❡ ❛❝t✉❛❧ ♣r♦✜t s❤❛r❡

(m)✱ ❛♥❞ ❛❝❝♦r❞✐♥❣❧②✱ t❤❡ ♣r✐❝❡ ❝❤❛♥❣❡s✳ ▲❛❜♦✉r ✉♥✐♦♥s ♥❡❣♦t✐❛t❡ s♦ ❛s t♦ ♥❛rr♦✇ t❤❡

❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❧❛❜♦✉r ✉♥✐♦♥s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ (mw) ❛♥❞ t❤❡ ❛❝t✉❛❧ ♣r♦✜t s❤❛r❡✱ ❛♥❞

❛❝❝♦r❞✐♥❣❧②✱ t❤❡ ♥♦♠✐♥❛❧ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t ✇❛❣❡ ❝❤❛♥❣❡s✳ ❚❤❡ t✇♦ ❛ss✉♠♣t✐♦♥s

❝❛♥ ❜❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s✿

ṗ

p
= θ(mf −m), mf ∈ (0, 1), θ ∈ (0, 1) ✭✷✳✶✷✮
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ẇb

wb
= (1− θ)(m−mw), mw ∈ (0, 1) ✭✷✳✶✸✮

❍❡r❡✱ θ ❛♥❞ (1 − θ) r❡♣r❡s❡♥ts t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ t❤❡ ✜r♠s ❛♥❞ t❤❡ ❧❛❜♦✉r ✉♥✐♦♥s

r❡s♣❡❝t✐✈❡❧②✳

❆❝❝♦r❞✐♥❣ t♦ ❍❡✐♥ ✭✷✵✶✷✱ ♣♣✳ ✷✮✱ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❢❛✈♦✉r❛❜❧❡ t♦ ❛ r✐s✐♥❣ ❣r♦ss

♣r♦✜t s❤❛r❡ ✭✇❤✐❝❤ ✐♥❝❧✉❞❡s r❡t❛✐♥❡❞ ♣r♦✜ts✱ ❞✐✈✐❞❡♥❞s✱ ❛♥❞ ✐♥t❡r❡st ♣❛②♠❡♥ts✮ ❛♥❞ ❛❞✲

✈❡rs❡ t♦ ❛ r✐s❡ ✐♥ ❧❛❜♦✉r ✐♥❝♦♠❡ s❤❛r❡✳ ■t ✭✜♥❛♥❝✐❛❧✐③❛t✐♦♥✮ ✐s ❛❧s♦ ❝♦♥❞✉❝✐✈❡ t♦ r✐s✐♥❣

✐♥❡q✉❛❧✐t② ♦❢ ✇❛❣❡s ❛♥❞ t♦♣ ♠❛♥❛❣❡♠❡♥t s❛❧❛r✐❡s✳ ❋❛❧❧✐♥❣ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ tr❛❞❡

✉♥✐♦♥s✱ ✐♥❝r❡❛s✐♥❣ ♣r♦✜t ❝❧❛✐♠s ❢♦r❝❡❞ ♣❛rt✐❝✉❧❛r❧② ❜② ✐♥❝r❡❛s✐♥❣❧② ♣♦✇❡r❢✉❧ r❡♥t✐❡rs✱ ❛♥❞

❛ ❝❤❛♥❣❡ ✐♥ t❤❡ s❡❝t♦r❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠② ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ❝♦r♣♦r❛t❡

s❡❝t♦r✱ ❛s ❍❡✐♥ ✭✷✵✶✷✱ ♣♣✳ ✷✮ ♣♦✐♥ts ♦✉t✱ ❛r❡ t❤❡ ♠❛❥♦r r❡❛s♦♥s ❜❡❤✐♥❞ t❤✐s✳ ❚❤❡r❡❢♦r❡

✇❡ ❝❛♥ s❛❢❡❧② ❛ss✉♠❡ t❤❛t ✜r♠s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ (mf ) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢

✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✐✳❡✳

mf = mf (Ω), mfΩ > 0. ✭✷✳✶✹✮

mfΩ r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✜r♠s✬ t❛r❣❡t ♣r♦✜t s❤❛r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✇❤✐t❡✲❝♦❧❧❛r ❧❛❜♦✉rs ❞♦ ♥♦t ❞✐r❡❝t❧② ♣❛rt✐❝✐♣❛t❡

✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣r♦❝❡ss ❜❡t✇❡❡♥ ✇♦r❦❡rs ❛♥❞ ✜r♠s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡✐r r❡✇❛r❞ ❜❛s❡❞

♦♥ s❤♦rt✲r✉♥ ♣❡r❢♦r♠❛♥❝❡✲r❡❧❛t❡❞ ♣❛② s❝❤❡♠❡s✱ ❜♦♥✉s❡s✱ st♦❝❦ ♦♣t✐♦♥ ♣r♦❣r❛♠s✱ ❡t❝✳ ♦♥

t❤❡ ♦♥❡ ❤❛♥❞ ✐♥❝❡♥t✐✈✐③❡ t❤❡♠ t♦ ❜❡ ✐♥ ❛❧✐❣♥♠❡♥t ✇✐t❤ t❤❡ ✐♥t❡r❡st ♦❢ s❤❛r❡❤♦❧❞❡rs✳✽ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ✇❤✐t❡✲❝♦❧❧❛r ✇♦r❦❡rs ❣❡t ❛ ✜①❡❞ ♣r♦♣♦rt✐♦♥ ♦❢ ♠♦r❡ ✇❛❣❡s t❤❛♥ ❜❧✉❡✲

❝♦❧❧❛r ✇♦r❦❡rs✱ ❛ ❤✐❣❤❡r ✇❛❣❡ r❛t❡ t♦ t❤❡ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ✐s ❜❡♥❡✜❝✐❛❧ ❢♦r t❤❡ ✇❤✐t❡✲

❝♦❧❧❛r ✇♦r❦❡rs t♦♦✳ ❚❤❡s❡ t✇♦ t♦❣❡t❤❡r ♠❛② ❧❡❛❞ t❤❡♠ t♦ ❜❡ ♣❛ss✐✈❡ ✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣

♣r♦❝❡ss✳ ▼♦r❡♦✈❡r✱ ♠♦r❡ ✜♥❛♥❝✐❛❧✐③❡❞ t❤❡ ❡❝♦♥♦♠② ✐s✱ str♦♥❣❡r ✐s t❤❡ ✏❝❛♣✐t❛❧✐sts✲r❡♥t✐❡rs✲

♠❛♥❛❣❡♠❡♥ts ♥❡①✉s✑ ❛♥❞ s♦ ❤✐❣❤❡r ✇✐❧❧ ❜❡ t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ✇❛❣❡s ❜❡t✇❡❡♥ ✇❤✐t❡✲❝♦❧❧❛r

✇♦r❦❡rs ✭♠❛♥❛❣❡rs✮ ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs✳

❋♦❧❧♦✇✐♥❣ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✱ ✇❡ ❛ss✉♠❡ t❤❛tmw ✐s

♥❡❣❛t✐✈❡❧② ❛✛❡❝t❡❞ ❜② t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❋♦r ❛ ❣✐✈❡♥ ❝❛♣✐t❛❧ st♦❝❦✱ ❛ ❤✐❣❤❡r

r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ✇❤✐❝❤ ✐♥ t✉r♥ ✐s

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥t✳ ❙♦ ❢♦r ❛ ✜①❡❞ ❧❡✈❡❧ ♦❢ ❜❧✉❡✲❝♦❧❧❛r

❧❛❜♦✉r s✉♣♣❧②✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞

t❤❡ ❡♠♣❧♦②♠❡♥t r❛t❡✳ ❚❤✉s✱ ❛s u r✐s❡s✱ ✇♦r❦❡rs✬ ❞❡♠❛♥❞s ✐♥ ❜❛r❣❛✐♥✐♥❣ r✐s❡✱ ❛♥❞ t❤✐s

❧❡❛❞s ✇♦r❦❡rs t♦ s❡t ❛ ❤✐❣❤❡r t❛r❣❡t ✇❛❣❡ s❤❛r❡ ❛♥❞ ❤❡♥❝❡ ❛ ❧♦✇❡r t❛r❣❡t ♣r♦✜t s❤❛r❡✳✾

❚❤✉s✱

mw = mw(u), mwu < 0. ✭✷✳✶✺✮

✽❍❡✐♥ ✭✷✵✶✷✱ ♣♣✳ ✷✮✳
✾❖♥❡ ❝❛♥ ❛r❣✉❡ t❤❛t ❛ ❤✐❣❤❡r r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜❛r❣❛✐♥✐♥❣

♣♦✇❡r ♦❢ ❧❛❜♦✉r ✉♥✐♦♥s ✈✐s✲à✲✈✐s ✜r♠s✳ ❆❧t❤♦✉❣❤ t❤✐s ♠❛② ❜❡ tr✉❡✱ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛✇❛② t❤✐s
♣♦ss✐❜✐❧✐t②✳ ❘❛t❤❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ❧❛❜♦✉r ✉♥✐♦♥s ✈✐s✲à✲✈✐s ✜r♠s ❞❡♣❡♥❞s ♦♥
s♦♠❡ ✐♥st✐t✉t✐♦♥❛❧ ❢❡❛t✉r❡s s✉❝❤ ❛s ❧❛❜♦✉r ❧❛✇✳

✶✷



mwu r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ mw ✇✳r✳t✳ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❲❡ ❦♥♦✇ t❤❡

✇❛❣❡ s❤❛r❡ ❂wL
pY

= 1−m. ❉✐✛❡r❡♥t✐❛t✐♥❣ ❜♦t❤ s✐❞❡ ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✐t ✇❡ ❣❡t✱

ṁ

1−m
=
ṗ

p
+
ȧ

a
−
ẇ

w
✭✷✳✶✻✮

❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✶✶✮✱ ✭✷✳✶✸✮✱ ❛♥❞ ✭✷✳✶✺✮✱ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ ❛✈❡r❛❣❡ ✇❛❣❡ r❛t❡ ✐s ❣✐✈❡♥ ❛s

ẇ

w
=
ẇb

wb
−

(γ − 1)αβu̇

(γα + βu)(α + βu)
✭✷✳✶✼✮

=⇒
ẇ

w
= (1− θ)[m−mw(u)]−

(γ − 1)αβu̇

(γα + βu)(α + βu)
✭✷✳✶✽✮

❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✾✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ✐s ❡①♣r❡ss❡❞ ❛s✱

ȧ

a
=

αu̇

(α + βu)u
✭✷✳✶✾✮

❙t♦❝❦❤❛♠♠❡r ✭✷✵✶✺✮ ♣♦✐♥ts ♦✉t t❤❛t ✐♥❝r❡❛s✐♥❣ ✐♥❡q✉❛❧✐t② ✭✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❣r♦✇t❤ ♦❢

s♠❛❧❧ ❣r♦✉♣ ♦❢ s✉♣❡r✲r✐❝❤ ✐♥❞✐✈✐❞✉❛❧s✮ ❤❛s r❛✐s❡❞ t❤❡ ♣r♦♣❡♥s✐t② t♦ s♣❡❝✉❧❛t❡✳ ❚❤✐s ♦❝❝✉rs

❜❡❝❛✉s❡ ❛s ✐♥❝♦♠❡ r✐s❡s✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s ❣❡t ❡①❤❛✉st❡❞ ❛♥❞ s♣❡❝✉❧❛t✐✈❡ ✉s❡

♦❢ ✇❡❛❧t❤ ✐♥❝r❡❛s❡s✳ ❙♦ ❤✐❣❤❡r ✐♥❡q✉❛❧✐t② ✭❤❡r❡ t❤❡ ♣r♦✜t s❤❛r❡ m ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t

t❤❡ ✐♥❡q✉❛❧✐t②✮ ❧❡❛❞s t♦ ♠♦r❡ ❡♥❣❛❣❡♠❡♥t ✐♥ s♣❡❝✉❧❛t✐♦♥ ❜② t❤❡ r❡♥✐t❡rs ❛♥❞ ❛s ❛ r❡s✉❧t

♠♦r❡ ✐s t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ ❤❛s

❛ s❡❧❢ ❧✐♠✐t✐♥❣ ❡✛❡❝t ✐✳❡✳ ❛ r✐s❡ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ ❝❡t❡r✐s ♣❛r✐❜✉s r❡❞✉❝❡s ✐ts r❛t❡

♦❢ ✐♥❝r❡❛s❡ ✐♥ ❢✉t✉r❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♣t✉r❡s t❤✐s ❛r❣✉♠❡♥t✳

Ω̇ = µ [h(m)− Ω] , hm > 0, µ > 0 ✭✷✳✷✵✮

✇❤❡r❡ Ω r❡♣r❡s❡♥ts t❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛♥❞ µ r❡♣r❡s❡♥ts t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t

♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✭h(m)✮ ❛t

✇❤✐❝❤ t❤❡ ❡❝♦♥♦♠② ✇♦✉❧❞ s❡tt❧❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✈❛r✐❡s

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ h(m) ❛♥❞ t❤❡ ❛❝t✉❛❧ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✱ Ω✳

❈❡t❡r✐s ♣❛r✐❜✉s✱ ✇❤❡♥❡✈❡r h(m) ✐s ❛❜♦✈❡ t❤❡ ❛❝t✉❛❧ ❧❡✈❡❧✱ t❤❡ ❛❝t✉❛❧ ❧❡✈❡❧ r✐s❡s ❛♥❞ ✈✐❝❡

✈❡rs❛✳ hm✱ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ h ✇✳r✳t✳ m✱ r❡♣r❡s❡♥ts t❤❡ s♣❡❝✉❧❛t✐♦♥ ♣r♦♣❡♥s✐t② ♦❢ t❤❡

❣r♦✉♣ ♦❢ s✉♣❡r✲r✐❝❤ ✭♠❛✐♥❧② r❡♥t✐❡rs ✐♥ ♦✉r ♠♦❞❡❧✮ ❞✉❡ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ♣r♦✜t s❤❛r❡✳

❇② s✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✹✮ ❛♥❞ ✭✷✳✼✮ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✽✮❀ ❛♥❞ ❛❧s♦ ❡q✉❛t✐♦♥s ✭✷✳✶✷✮✱

✭✷✳✶✹✮✱ ✭✷✳✶✽✮ ❛♥❞ ✭✷✳✶✾✮ ✐♥ ✭✷✳✶✻✮❀ ❛♥❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✷✵✮ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ t❤❡ ♣r♦✜t s❤❛r❡ ❛♥❞ t❤❡

❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✳

u̇ = φ [gd(u,m,Ω)− smu] , φ > 0 ✭✷✳✷✶✮

✶✸



ṁ = −(1−m) [m− θmf (Ω)− (1− θ)mw(u)− f(u, γ).u̇] ✭✷✳✷✷✮

Ω̇ = µ [h(m)− Ω] ✭✷✳✷✸✮

✇❤❡r❡ f(u, γ) = αγ
(γα+βu)u

, fu(u, γ) < 0 ❛♥❞ fγ(u, γ) =
αβ

(αγ+βu)2
> 0✳

✸ ❙t❡❛❞② st❛t❡ ❛♥❛❧②s✐s

■♥ t❤❡ st❡❛❞② st❛t❡ u̇ = ṁ = Ω̇ = 0✳ ❋r♦♠ ❡q✉❛t✐♦♥s ✭✷✳✷✶✮✱ ✭✷✳✷✷✮✱ ❛♥❞ ✭✷✳✷✸✮ ✇❡ ❣❡t

s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ u∗, m∗ ❛♥❞ Ω∗ ❛s

gd(u
∗,m∗,Ω∗) = sm∗u∗ ✭✸✳✶✮

m∗ = θmf (Ω
∗) + (1− θ)mw(u

∗) ✭✸✳✷✮

Ω∗ = h(m∗)✳ ✭✸✳✸✮

❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s❡t ♦❢ u∗ ∈ (0, 1), m∗ ∈ (0, 1), ❛♥❞ Ω∗ > 0 t❤❛t

s✐♠✉❧t❛♥❡♦✉s❧② s❛t✐s✜❡s ❡q✉❛t✐♦♥s ✭✸✳✶✮✱ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐✲

❧✐③❛t✐♦♥ r❛t❡✱ ♣r♦✜t s❤❛r❡ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❞❡♣❡♥❞ ♦♥ t❤❡

❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✱ t❤❡ t❛r❣❡t ♣r♦✜t s❤❛r❡ ♦❢ ✜r♠s✱ ❛♥❞ t❤❡ t❛r❣❡t ♣r♦✜t s❤❛r❡ ♦❢ ❧❛❜♦✉r

✉♥✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ st❡❛❞② st❛t❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs✱ φ✱ γ✱ α ❛♥❞ β✳

❚♦ ❛♥❛❧②③❡ t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ s②st❡♠ ♦❢

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✷✳✷✶✮✱ ✭✷✳✷✷✮✱ ❛♥❞ ✭✷✳✷✸✮ ❛r♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❣❡t






u̇

ṁ

Ω̇




 =






J11 J12 J13

J21 J22 J23

0 J32 J33











u− u∗

m−m∗

Ω− Ω∗




 ✭✸✳✹✮

✇❤❡r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J ❛r❡ ❣✐✈❡♥ ❜②

J11 =
∂u̇

∂u
= φ [gdu − sm] ✭✸✳✺✮

J12 =
∂u̇

∂m
= φ [gdm − su] ✭✸✳✻✮

J13 =
∂u̇

∂Ω
= φgdΩ < 0 ✭✸✳✼✮

J21 =
∂ṁ

∂u
= (1−m) [(1− θ)mwu + f(u, γ)J11] ✭✸✳✽✮

J22 =
∂ṁ

∂m
= −(1−m) [1− f(u, γ)J12] ✭✸✳✾✮

✶✹



J23 =
∂ṁ

∂Ω
= (1−m) [θmfΩ + f(u, γ)J13] ✭✸✳✶✵✮

J31 =
∂Ω̇

∂u
= 0 ✭✸✳✶✶✮

J32 =
∂Ω̇

∂m
= µhm > 0 ✭✸✳✶✷✮

J33 =
∂Ω̇

∂Ω
= −µ < 0 ✭✸✳✶✸✮

❆❧❧ t❤❡ ❛❜♦✈❡ ❡❧❡♠❡♥ts ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ♦♠✐t ✏∗✑ t♦ ❛✈♦✐❞

tr♦✉❜❧❡s♦♠❡ ♥♦t❛t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✶✳ sm > gdu✳

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ s❛✈✐♥❣s t♦ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐s ❧❛r❣❡r

t❤❛♥ t❤❛t ♦❢ ✐♥✈❡st♠❡♥ts✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♠❛❦❡s t❤❡ q✉❛♥t✐t② ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s

♠❛r❦❡t st❛❜❧❡✳ ◆♦t❡ t❤❛t ❆ss✉♠♣t✐♦♥ 1 ❡♥s✉r❡s J11 = ∂u̇
∂u
< 0.

❉❡✜♥✐t✐♦♥ ✶✳ ❲❤❡♥❡✈❡r [gdm − su] < 0 ❤♦❧❞s✱ t❤❡ st❡❛❞② st❛t❡ ✐s ❝❛❧❧❡❞ t❤❡ ✇❛❣❡✲❧❡❞

❞❡♠❛♥❞ r❡❣✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ [gdm − su] > 0 ❤♦❧❞s✱ t❤❡ st❡❛❞② st❛t❡ ✐s ❝❛❧❧❡❞

t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳

■❢ t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t t♦ t❤❡ ♣r♦✜t s❤❛r❡ ✐s ❧❡ss t❤❛♥ t❤❛t ♦❢ s❛✈✐♥❣s✱ t❤❡♥

t❤❡ st❡❛❞② st❛t❡ ❡①❤✐❜✐ts t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ r❡s♣♦♥✲

s✐✈❡♥❡ss ♦❢ t❤❡ ✐♥✈❡st♠❡♥t t♦ t❤❡ ♣r♦✜t s❤❛r❡ ✐s ♠♦r❡ t❤❛♥ t❤❛t ♦❢ s❛✈✐♥❣s✱ t❤❡ st❡❛❞②

st❛t❡ ❡①❤✐❜✐ts t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤ r❡❣✐♠❡ ✐s r❡❛❧✐③❡❞ ✐♥

t❤❡ st❡❛❞② st❛t❡✱ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ♦r t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ✇❡ ❤❛✈❡

J12 < 0 ♦r J12 > 0✳

❆ss✉♠♣t✐♦♥ ✷✳ {1− θmfΩhm} > 0.

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ✇❡ ❛ss✉♠❡ {1− θmfΩhm} > 0✳ ❆s θ ∈ (0, 1)✱ ✐❢ mfΩ ❛♥❞ hm ❛r❡

♥♦t ✈❡r② ❧❛r❣❡✱ {1− θmfΩhm} > 0 ✐s ✈❡r② ♠✉❝❤ ♣♦ss✐❜❧❡✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❡①♣❧❛✐♥ ❡q✉❛t✐♦♥s ✭✸✳✽✮✱ ✭✸✳✾✮✱ ❛♥❞ ✭✸✳✶✵✮ ♥♦✇✳ J21 r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t

♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❆ ❝❤❛♥❣❡ ✐♥

t❤❡ ♣r♦✜t s❤❛r❡ ❝♦♥s✐sts ♦❢ ❝❤❛♥❣❡ ✐♥ ♣r✐❝❡✱ ❛✈❡r❛❣❡ ✇❛❣❡ ❛♥❞ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t②

✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✶✻✮✮✳ ❊q✉❛t✐♦♥ ✭✷✳✶✷✮ ❞❡♣✐❝ts t❤❛t t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ♣r✐❝❡ ✐s ✉♥❛✛❡❝t❡❞

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✶✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥

❛✈❡r❛❣❡ ✇❛❣❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ r❛t❡s ♦❢ ❝❤❛♥❣❡ ✐♥ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs✬ ✇❛❣❡s ❛♥❞ ✐♥

Γ(u)✳ ❚❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs✬ ✇❛❣❡s ✐s ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ r❛t❡ t❤r♦✉❣❤ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✺✮✮✳ ❊❛❝❤

✶✺



✉♥✐t r✐s❡ ✐♥ u, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮✱ r❛✐s❡ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ✇❛❣❡ ❜② −(1− θ)mwu ✉♥✐t✳

❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② ✉♥✐t ❝❤❛♥❣❡ ✐♥ u, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✼✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ Γ(u)

❝❤❛♥❣❡s ❜② (γ−1)αβ
(γα+βu)(α+βu)

∂u̇
∂u

✉♥✐t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❛✈❡r❛❣❡ ✇❛❣❡ r❛t❡ ♦❢ ✇♦r❦❡rs r✐s❡s ❜②

−{(1− θ)mwu+
(γ−1)αβ

(γα+βu)(α+βu)
∂u̇
∂u
} ✉♥✐t ✭❛s mwu < 0, ❛♥❞ ❢r♦♠ ❛ss✉♠♣t✐♦♥ ✶✱ ∂u̇

∂u
< 0✮✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t②

❞❡❝r❡❛s❡s ❜② α
(α+βu)u

∂u̇
∂u

✉♥✐t✳ ◆♦t❡ t❤❛t { (γ−1)αβ
(γα+βu)(α+βu)

+ α
(α+βu)u

} = αγ
(αγ+βu)u

= f(u, γ) ❛♥❞

s♦ ❞✉❡ t♦ ❛ r✐s❡ ✐♥ u, t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ Γ(u) ❛♥❞ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ❛✈❡r❛❣❡ ❧❛❜♦✉r

♣r♦❞✉❝t✐✈✐t② t♦❣❡t❤❡r ②✐❡❧❞ f(u, γ)∂u̇
∂u
✳ ❋✐♥❛❧❧②✱ s✉♠♠✐♥❣ ✉♣ t❤❡s❡ ❡✛❡❝ts✱ ✇❡ ✜♥❞ t❤❛t t❤❡

r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ ✐s ♥❡❣❛t✐✈❡❧② ❛✛❡❝t❡❞ ❜② t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛s
∂
∂u
( ṁ
1−m

) = [(1− θ)mwu + f(u, γ)∂u̇
∂u
] < 0✳

J22 r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡

✐ts❡❧❢✳ ❆ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ ❝♦♥s✐sts ♦❢ ❝❤❛♥❣❡ ✐♥ ♣r✐❝❡✱ ❛✈❡r❛❣❡ ✇❛❣❡ ❛♥❞ ❛✈❡r❛❣❡

❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✶✻✮✮✳ ❊q✉❛t✐♦♥ ✭✷✳✶✷✮ ❞❡♣✐❝ts t❤❛t ❞✉❡ t♦ ❛ ❝❤❛♥❣❡

✐♥ t❤❡ ♣r♦✜t s❤❛r❡✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ♣r✐❝❡ ❢❛❧❧s ❜② θ ✉♥✐t✳ ❋♦r ❡❛❝❤ ✉♥✐t ❝❤❛♥❣❡ ✐♥

m, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮✱ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ✇❛❣❡ ♠✉st r✐s❡ ❜② (1 − θ) ✉♥✐t✳ ❙✐♠✐❧❛r❧②✱

❢♦r ❡✈❡r② ✉♥✐t ❝❤❛♥❣❡ ✐♥ m, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✼✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ Γ(u) ❝❤❛♥❣❡s ❜②
(γ−1)αβ

(γα+βu)(α+βu)
∂u̇
∂m

✉♥✐t✳ ❚❤✐s ❝❤❛♥❣❡ ♠❛② ❜❡ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✭✐✳❡✳ ∂u̇
∂m

< 0✮ ♦r ✐♥ ❛♥ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡ ✭✐✳❡✳ ∂u̇
∂m

> 0✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥

❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ❝❤❛♥❣❡s ❜② α
(α+βu)u

∂u̇
∂m

✉♥✐t✳ ❆s { (γ−1)αβ
(γα+βu)(α+βu)

+ α
(α+βu)u

} =
αγ

(αγ+βu)u
= f(u, γ)✱ ❢♦r ❛ r✐s❡ ✐♥ m, t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ Γ(u) ❛♥❞ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥

❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② t♦❣❡t❤❡r ②✐❡❧❞ f(u, γ) ∂u̇
∂m

✳ ❋✐♥❛❧❧②✱ s✉♠♠✐♥❣ ✉♣ t❤❡s❡ ❡✛❡❝ts✱

✇❡ ✜♥❞ t❤❛t t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ ✐s ❛✛❡❝t❡❞ ❜② t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ✐ts❡❧❢

❛s ∂
∂m

( ṁ
1−m

) = [−θ− (1−θ)+f(u, γ) ∂u̇
∂m

] = [−1+f(u, γ) ∂u̇
∂m

]✳ ■❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲

❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ∂u̇
∂m

< 0 ❛♥❞ ❤❡♥❝❡ ∂
∂m

( ṁ
1−m

) ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✳ ❍♦✇❡✈❡r✱

✐❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛♥ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ∂u̇
∂m

> 0 ❛♥❞ ❤❡♥❝❡ t❤❡ ✜♥❛❧ r❡s✉❧t ✐s

❛♠❜✐❣✉♦✉s✳

J23 r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡

♣r♦✜t s❤❛r❡✳ ❊q✉❛t✐♦♥ ✭✷✳✶✷✮ ❞❡♣✐❝ts t❤❛t ❞✉❡ t♦ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✱

t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ♣r✐❝❡ r✐s❡s ❜② θmfΩ ✉♥✐t✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮✱ ❤♦✇❡✈❡r✱ ❜❧✉❡✲

❝♦❧❧❛r ✇♦r❦❡rs ✇❛❣❡ r❛t❡ ✐s ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❝❤❛♥❣❡ ✐♥ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✳ ❘❛t❤❡r✱

❢♦r ❡✈❡r② ✉♥✐t ❝❤❛♥❣❡ ✐♥ Ω, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✼✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ Γ(u) ❝❤❛♥❣❡s ❜②
(γ−1)αβ

(γα+βu)(α+βu)
∂u̇
∂Ω

✉♥✐t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥

❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ❢❛❧❧s ❜② α
(α+βu)u

∂u̇
∂Ω

✉♥✐t ✭❛s ∂u̇
∂Ω

< 0)✳ ❍❡♥❝❡✱ ❢♦r ❛ r✐s❡ ✐♥ Ω,

t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ Γ(u) ❛♥❞ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ❛✈❡r❛❣❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② t♦❣❡t❤❡r

②✐❡❧❞ f(u, γ) ∂u̇
∂Ω

✳ ❋✐♥❛❧❧②✱ s✉♠♠✐♥❣ ✉♣ t❤❡s❡ ❡✛❡❝ts✱ ✇❡ ✜♥❞ t❤❛t t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥

t❤❡ ♣r♦✜t s❤❛r❡ ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ ❛s ∂
∂Ω

( ṁ
1−m

) = [θmfΩ + f(u, γ) ∂u̇
∂Ω

]

✇❤✐❝❤ ✐s ❛♠❜✐❣✉♦✉s ✐♥ s✐❣♥✳

✶✻



❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J ✐s ❣✐✈❡♥ ❜②

λ3 + a1λ
2 + a2λ+ a3 = 0 ✭✸✳✶✹✮

✇❤❡r❡ λ ❞❡♥♦t❡s ❛ ❝❤❛r❛❝t❡r✐st✐❝ r♦♦t✳ ❊❛❝❤ ❝♦❡✣❝✐❡♥t ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮ ✐s ❣✐✈❡♥ ❜②

a1 = −trJ = −(J11 + J22 + J33), ✭✸✳✶✺✮

a2 =

∣
∣
∣
∣
∣

J22 J23

J32 J33

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

J11 J13

0 J33

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

J11 J12

J21 J22

∣
∣
∣
∣
∣
= J22J33−J23J32+J11J33+J11J22−J12J21,

✭✸✳✶✻✮

a3 = −❞❡tJ = J32(J11J23 − J13J21)− J33(J11J22 − J12J21) ✭✸✳✶✼✮

✇❤❡r❡ −a1 = trJ ❞❡♥♦t❡s t❤❡ tr❛❝❡ ♦❢ J ❀ a2 ✱ t❤❡ s✉♠ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ♠✐♥♦rs✬ ❞❡t❡r♠✐✲

♥❛♥ts❀ ❛♥❞ −a3 = ❞❡tJ , t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ J ✳

❚❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ✐s t❤❛t ❛❧❧ ❝❤❛r❛❝t❡r✐st✐❝

r♦♦ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♠✉st ❤❛✈❡ ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rts✱ ✇❤✐❝❤✱ ❢r♦♠ ❘♦✉t❤✕❍✉r✇✐t③

❝♦♥❞✐t✐♦♥✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ a1 > 0✱ a2 > 0✱ a3 > 0✱ ❛♥❞ a1a2 − a3 > 0. ▲❡t ✉s ✐♥✈❡st✐❣❛t❡

✇❤❡t❤❡r t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✳ ❲❡ ❛rr❛♥❣❡ t❤❡ ❝♦❡✣❝✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ φ ❛s ❢♦❧❧♦✇s✳

a1(φ) = −{(gdu − sm) + (1−m)f(u, γ)(gdm − su)}
︸ ︷︷ ︸

≡A≷0

φ+(1−m+ µ)
︸ ︷︷ ︸

≡B>0

= −Aφ+B. ✭✸✳✶✽✮

a2(φ) = E − Cφ = +(1−m)µ{1− θmfΩhm}
︸ ︷︷ ︸

≡E>0

−[(1−m+ µ)(gdu − sm)
︸ ︷︷ ︸

−

+ (1−m)µfhmgdΩ
︸ ︷︷ ︸

−

+ (1−m){µf + (1− θ)mwu}
︸ ︷︷ ︸

+/−

(gdm − su)
︸ ︷︷ ︸

+/−

]

︸ ︷︷ ︸

≡C≷0

φ

✭✸✳✶✾✮

a3(φ) = −Dφ

= −(1−m)µ [{1− θmfΩhm}(gdu − sm) + (1− θ)mwu{hmgdΩ + (gdm − su)}]
︸ ︷︷ ︸

≡D≷0

φ. ✭✸✳✷✵✮

a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

+/−

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+/−

φ+ BE
︸︷︷︸

+

✭✸✳✷✶✮

✶✼



AE +BC −D ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

AE +BC −D = (1−m+ µ)2(gdu − sm)
︸ ︷︷ ︸

−

+(1−m)µhm{(1−m+ µ)− (1− θ)mwu}gdΩ
︸ ︷︷ ︸

−

+(1−m)[(1−m)µf{1− θmfΩhm} − (1− θ)mwuµ
︸ ︷︷ ︸

+

](gdm − su)
︸ ︷︷ ︸

+/−

+(1−m)[(1−m+ µ){µf + (1− θ)mwu}
︸ ︷︷ ︸

+/−

](gdm − su)
︸ ︷︷ ︸

+/−

✭✸✳✷✷✮

=⇒ AE +BC −D = (1−m+ µ)C
︸ ︷︷ ︸

+/−

− (1−m)(1− θ)hmµmwugdΩ
︸ ︷︷ ︸

+

+(1−m)[(1−m)µf{1− θmfΩhm} − (1− θ)mwuµ
︸ ︷︷ ︸

+

](gdm − su)
︸ ︷︷ ︸

+/−

✭✸✳✷✸✮

✸✳✶ ❲❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡

❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙♦✱ J12 < 0. ❚❤✐s ✐♠♣❧✐❡s ✭❢r♦♠

❡q✉❛t✐♦♥ ✭✸✳✾✮✮ t❤❛t J22 < 0. ❙♦ A < 0 ❛♥❞ ❤❡♥❝❡ ❡q✉❛t✐♦♥ ✭✸✳✶✽✮ ②✐❡❧❞s a1 > 0.

❈❡t❡r✐s ♣❛r✐❜✉s✱ ❛ ♥♦t s♦ str♦♥❣ ✭✐✳❡✳ ❡✐t❤❡r ❛ ✇❡❛❦ ♦r ❛ ♠♦❞❡r❛t❡✮ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s

r❡q✉✐r❡❞ ❢♦rD t♦ ❜❡ ♥❡❣❛t✐✈❡✳ ❆s ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ {hmgdΩ+(gdm−su)} < 0,

❛♥❞ ❛s mwu < 0✱ ✐❢ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t (mwu) ✐s r❡❧❛t✐✈❡❧② ✇❡❛❦ ✭✐✳❡✳ ❡✐t❤❡r ❛ s♠❛❧❧ ♦r

❛ ♠♦❞❡r❛t❡ ✈❛❧✉❡ ♦❢ |mwu|✮ t❤❡♥ {1− θmfΩhm}(gdΩ − sm) ✭✇❤✐❝❤ ✐s ♥❡❣❛t✐✈❡✮ ❞♦♠✐♥❛t❡s

(1− θ)mwu{hmgdΩ + (gdm − su)} ✭✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡✮ ❛♥❞ ❛s ❛ r❡s✉❧t D ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡

❛♥❞ a3 > 0 ❤♦❧❞s ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✳✷✵✮✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t

♠❛❦❡s a3 ♥❡❣❛t✐✈❡ ❛♥❞ ❤❡♥❝❡ t❤❡ st❡❛❞② st❛t❡ ❜❡❝♦♠❡s ✉♥st❛❜❧❡✳

❍♦✇❡✈❡r a2 ✐s st✐❧❧ ❛♠❜✐❣✉♦✉s✳ ❙✉♣♣♦s❡ {µf + (1 − θ)mwu} > 0✳ ❚❤✐s ❡♥s✉r❡s C t♦ ❜❡

♥❡❣❛t✐✈❡ ❛♥❞ s♦ a2 > 0 ❤♦❧❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ {µf + (1 − θ)mwu} < 0 ✐s ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ❛♠❜✐❣✉♦✉s s✐❣♥ ♦❢ C. ❙♦ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ {µf + (1− θ)mwu} t✇♦ ❝❛s❡s

❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶✿ {µf + (1 − θ)mwu} > 0. ❚❤✐s ✐s ♣♦ss✐❜❧❡ ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ✐♥

t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✐s r❡❧❛t✐✈❡❧② str♦♥❣ ❛♥❞ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s r❡❧❛t✐✈❡❧② ✇❡❛❦✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1− θ)mwu} > 0 ❛♥❞ D < 0✳ ❚❤❡♥✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ φ✱ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠

✐s ❧♦❝❛❧❧② st❛❜❧❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✶✳

✶✽



▲❡t ✉s ❞✐s❝✉ss Pr♦♣♦s✐t✐♦♥ ✶ ✐♥t✉✐t✐✈❡❧②✳ ❙✉♣♣♦s❡ ❞✉❡ t♦ ❛♥② r❡❛s♦♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡ ❡①❝❡❡❞s ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✺✮✱ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ♠✉st

❢❛❧❧ ✉♥❞❡r t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ r✐s❡ ✐♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡ ❞❡❝r❡❛s❡s t❤❡ ♣r♦✜t s❤❛r❡ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✸✳✽✮✳ ❆s ❛ r❡s✉❧t✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✻✮ ✭❛s

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ J12 < 0✮ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ r✐s❡s✳

❚❤✐s ✐s t❤❡ ✜rst ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❆ ❢❛❧❧ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ r❡❞✉❝❡s t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧

♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛♥❞ ❤❡♥❝❡ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✷✮ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ ❢❛❧❧s✳ ❚❤✐s

❢❛❧❧ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✼✮ ✐♥❝r❡❛s❡s t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡✳ ❚❤✐s ✐s t❤❡ s❡❝♦♥❞ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ■❢ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s ✇❡❛❦✱ t❤❡

♣r♦✜t s❤❛r❡ ❢❛❧❧s ♠❛r❣✐♥❛❧❧② ❞✉❡ t♦ t❤❡ ✇❡❛❦ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J21✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

t❤r♦✉❣❤ t❤❡s❡ t✇♦ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐♥❝r❡❛s❡s ❜② ❛

s♠❛❧❧ ❛♠♦✉♥t✳ ❍❡♥❝❡ t❤❡s❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝ts ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞✐r❡❝t st❛❜❧❡

❡✛❡❝t ❛♥❞ ❛s ❛ r❡s✉❧t t❤❡ ❡❝♦♥♦♠② ❜❡❝♦♠❡s st❛❜❧❡✳

u ↑ =⇒ m ↓ ✭❤❡r❡ mwu ✐s ✇❡❛❦✮ =⇒







u ↑

Ω ↓ =⇒ u ↑
✭❞❡st❛❜✐❧✐③✐♥❣ ✐♥❞✐r❡❝t ❡✛❡❝ts✮

u ↑ =⇒ u ↓↓ ✭st❛❜✐❧✐③✐♥❣ ❞✐r❡❝t ❡✛❡❝t ✇❤✐❝❤ ❞♦♠✐♥❛t❡s ❤❡r❡✮

❈❛s❡ ✷✿ {µf + (1 − θ)mwu} < 0. ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❢♦r ❛ r❡❧❛t✐✈❡❧② ✇❡❛❦ s♣❡❡❞ ♦❢

❛❞❥✉st♠❡♥t ✐♥ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ❛♥❞ ❛ r❡❧❛t✐✈❡❧② str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✳

❲❤❡♥ {µf + (1 − θ)mwu} < 0✱ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ C ≷ 0 ❝❛♥ ❤♦❧❞ ✭s❡❡

❡q✉❛t✐♦♥ ✭✸✳✶✾✮✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1 − θ)mwu} < 0✱ C < 0 ❛♥❞ D < 0✳ ❚❤❡♥✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ φ t❤❡ ❧♦♥❣✲r✉♥

❡q✉✐❧✐❜r✐✉♠ ✐s ❧♦❝❛❧❧② st❛❜❧❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✷✳

Pr♦♣♦s✐t✐♦♥ ✷ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ µ ❛♥❞ f ❛r❡ s♠❛❧❧ ❛♥❞ t❤❡ r❡s❡r✈❡✲❛r♠② ❡✛❡❝t ✭mwu✮ ✐s

♥♦t ✈❡r② ✇❡❛❦ ✭s♦ t❤❛t {µf + (1 − θ)mwu} < 0 ❤♦❧❞✱ ❜✉t mwu ✐s ✇❡❛❦ ❡♥♦✉❣❤ t♦ ♠❛❦❡

C < 0 ❛♥❞ D < 0✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1 − θ)mwu} < 0✱ C > 0, φ < E
C

❛♥❞ D < 0✳ ❚❤❡♥✱ ❛ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs ✇❤❡♥ t❤❡ s♣❡❡❞

♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✸✳

✶✾



Pr♦♣♦s✐t✐♦♥ ✸ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ µ ❛♥❞ f ❛r❡ s♠❛❧❧ ❛♥❞ t❤❡ r❡s❡r✈❡✲❛r♠② ❡✛❡❝t ✭mwu✮

✐s ♠♦❞❡r❛t❡❧② str♦♥❣ ✭s♦ t❤❛t {µf + (1− θ)mwu} < 0✱ C > 0✱ ❜✉t mwu ✐s ✇❡❛❦ ❡♥♦✉❣❤ t♦

♠❛❦❡ D ♥❡❣❛t✐✈❡✮✳

❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ✐♥ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✱ ❛ ✇❡❛❦

r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ❡♥s✉r❡s ❧♦❝❛❧ st❛❜✐❧✐t② ✇❤❡r❡❛s ✐❢ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s str♦♥❣✱

t❤❡ st❡❛❞② st❛t❡ ❜❡❝♦♠❡s ❧♦❝❛❧❧② ✉♥st❛❜❧❡✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ ❛❧t❤♦✉❣❤ ❢♦r ❛♥ ✉♥✲

❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ❛ ✇❡❛❦ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s ♥❡❝❡ss❛r②✱ ✐t ✐s ♥♦t s✉✣❝✐❡♥t✳ ❆❧♦♥❣

✇✐t❤ ❛ ✇❡❛❦ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✱ ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ s♣❡❝✉❧❛t✐♦♥ ♣r♦♣❡♥s✐t② ♦❢ t❤❡ r❡♥t✐❡rs

✭✐✳❡✳ ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ hm✮ ✐s ❛❧s♦ r❡q✉✐r❡❞ ✭♦t❤❡r✇✐s❡ D ✇✐❧❧ ❜❡ ♣♦s✐t✐✈❡✮✳ ■❢ ✇❡ ❝♦♥s✐❞❡r

❛ ❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ✭✇❤❡r❡ t❤❡ st❛❜✐❧✐t② ✐s ❝♦♥t✐♥❣❡♥t ✉♣♦♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t

♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t✮✱ ❛ r❡❧❛t✐✈❡❧② str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛

❝♦♥❞✐t✐♦♥❛❧ ❧♦❝❛❧ st❛❜✐❧✐t② ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✮✳ ❋✉rt❤❡r✱ ✉♥❧✐❦❡ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✱ ❛

❧✐♠✐t ❝②❝❧❡ ❝❛♥ ❡♠❡r❣❡ ❡✈❡♥ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✮✳

✸✳✷ Pr♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡

❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ❛♥❞ s♦ J12 > 0. ❍❡r❡ {hmgdΩ +

(gdm − su)} ≷ 0. ■❢ {hmgdΩ + (gdm − su)} > 0, t❤❡♥ D ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡ ❛♥❞ s♦

a3 > 0✳ ■❢ {hmgdΩ + (gdm − su)} < 0✱ D ≷ 0✳ ❲❤❡♥ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s r❡❧❛t✐✈❡❧②

✇❡❛❦✱ t❤❡♥ D ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳

❈❛s❡ ✶ ✿ {µf + (1 − θ)mwu} > 0✳

❍❡r❡ ❛s {µf + (1 − θ)mwu} > 0✱ C ≷ 0✳ ❆s J12 > 0✱ A ≷ 0✳ ❙✉♣♣♦s❡ D < 0. ❚❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ s✉❜✲❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1 − θ)mwu} > 0✱ C < 0, A < 0 ❛♥❞ D < 0✳ ❚❤❡♥✱ (AE + BC − D) < 0 ❡♥s✉r❡s t❤❡

❡❝♦♥♦♠② t♦ ❜❡ ❧♦❝❛❧❧② st❛❜❧❡ ✇❤❡r❡❛s ❢♦r (AE + BC −D) > 0✱ ❛ ❧✐♠✐t ❝②❝❧❡s ♦❝❝✉r ✇❤❡♥

t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✹✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1 − θ)mwu} > 0✱ D < 0 ❜✉t A ❛♥❞ C ❛r❡ ♥♦t ❤❛✈✐♥❣ ♥❡❣❛t✐✈❡ s✐❣♥s t♦❣❡t❤❡r✳ ❙✉♣♣♦s❡

✇❤❡♥ C > 0✱ φ < E
C

❛♥❞ ✇❤❡♥ A > 0✱ φ < B
A
✳ ❚❤❡♥ ❛ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs ✇❤❡♥ t❤❡ s♣❡❡❞

♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✺✳

✷✵



❈❛s❡ ✷ ✿ {µf + (1 − θ)mwu} < 0✳

■♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ {µf + (1 − θ)mwu} < 0 ❡♥s✉r❡s C t♦ ❜❡ ♥❡❣❛t✐✈❡ ✭s❡❡

❡q✉❛t✐♦♥ ✭✸✳✶✾✮✮✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1 − θ)mwu} < 0✱ A < 0 ❛♥❞ D < 0✳ ❚❤❡♥✱ (AE + BC − D) < 0 ❡♥s✉r❡s t❤❡ ❡❝♦♥♦♠②

t♦ ❜❡ ❧♦❝❛❧❧② st❛❜❧❡ ✇❤❡r❡❛s ❢♦r (AE +BC −D) > 0✱ ❧✐♠✐t ❝②❝❧❡s ♦❝❝✉r ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢

❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✻✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❙✉♣♣♦s❡ {µf +

(1− θ)mwu} < 0✱ A > 0✱ φ < B
A
, ❛♥❞ D < 0✳ ❚❤❡♥ ❛ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢

❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✼✳

▲❡t ✉s ❞✐s❝✉ss Pr♦♣♦s✐t✐♦♥s ✹✲✼ ✐♥t✉✐t✐✈❡❧②✳ ❙✉♣♣♦s❡ ❞✉❡ t♦ ❛♥② r❡❛s♦♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐✲

❧✐③❛t✐♦♥ r❛t❡ ❡①❝❡❡❞s ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✺✮✱ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡ ♠✉st ❢❛❧❧ ✉♥❞❡r t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ r✐s❡ ✐♥ t❤❡ ❝❛♣❛❝✲

✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❞❡❝r❡❛s❡s t❤❡ ♣r♦✜t s❤❛r❡ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✸✳✽✮✳ ❆s ❛ r❡s✉❧t✱ ❢r♦♠

❡q✉❛t✐♦♥ ✭✸✳✻✮ ✭❛s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ J12 > 0✮ t❤❡ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ r❛t❡ ❢❛❧❧s✳ ❚❤✐s ✐s t❤❡ ✜rst ✐♥❞✐r❡❝t ❜✉t st❛❜❧❡ ❡✛❡❝t✳ ❆ ❢❛❧❧ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡

r❡❞✉❝❡s t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✷✮✳ ❚❤✐s ❢❛❧❧ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥

❧❡✈❡❧ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✼✮ ✐♥❝r❡❛s❡s t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❚❤✐s ✐s t❤❡ s❡❝♦♥❞

✐♥❞✐r❡❝t ❡✛❡❝t ✇❤✐❝❤ ✐s ✉♥st❛❜❧❡✳ ■❢ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s ✇❡❛❦✱ t❤❡ ♣r♦✜t s❤❛r❡ ❢❛❧❧s

♠❛r❣✐♥❛❧❧② ❞✉❡ t♦ t❤❡ ✇❡❛❦ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J21✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡s❡ ✐♥❞✐r❡❝t ❡❢✲

❢❡❝ts ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞✐r❡❝t ✭st❛❜✐❧✐③✐♥❣✮ ❡✛❡❝t ❛♥❞ s♦ t❤❡ ❡❝♦♥♦♠② ❜❡❝♦♠❡s st❛❜❧❡

✭✜rst ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✮✳ ❍♦✇❡✈❡r✱ ✐❢ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s ♥♦t ✈❡r② ✇❡❛❦✱ ✇❤❡t❤❡r

t❤❡ ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ✭s❡❝♦♥❞ ✐♥❞✐r❡❝t ❡✛❡❝t✮ ❞♦♠✐♥❛t❡s t❤❡ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ✭t❤❡ ❞✐r❡❝t

❡✛❡❝t ❛♥❞ t❤❡ ✜rst ✐♥❞✐r❡❝t ❡✛❡❝t✮ ❞❡♣❡♥❞s ♦♥ t❤❡ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s

♠❛r❦❡t φ✳

u ↑ =⇒ m ↓ =⇒







u ↓ ✭st❛❜✐❧✐③✐♥❣ ✐♥❞✐r❡❝t ❡✛❡❝t✮

Ω ↓ =⇒ u ↑ ✭❞❡st❛❜✐❧✐③✐♥❣ ✐♥❞✐r❡❝t ❡✛❡❝t✮

u ↑ =⇒ u ↓ ✭st❛❜✐❧✐③✐♥❣ ❞✐r❡❝t ❡✛❡❝t ✮

✷✶



✸✳✸ ❲❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ❜❧✉❡ ❛♥❞ ✇❤✐t❡✲❝♦❧❧❛r ✇♦r❦❡rs

◆♦✇ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣❛r❛♠❡t❡r γ t❤❛t r❡♣r❡s❡♥ts t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ❜❧✉❡ ❛♥❞ ✇❤✐t❡✲

❝♦❧❧❛r ✇♦r❦❡rs✳ ❆❧t❤♦✉❣❤ γ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ st❡❛❞② st❛t❡✱ ❜✉t ✐t ❝❛♥ ❛✛❡❝t t❤❡ ♦✈❡r❛❧❧

st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳

◆♦t❡ t❤❛t✱ a1 ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ f ❛♥❞ f ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ γ✳

a1 ≡ a1(f) = −φ [gdu − sm] + (1−m) [1− f.φ {gdm − su}] + µ

= {(1−m+ µ)− φ(gdu − sm)}
︸ ︷︷ ︸

≡F>0

− {(1−m)φ(gdm − su)}
︸ ︷︷ ︸

≡G≷0

f = F −Gf ✭✸✳✷✹✮

■❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ G < 0 ❛♥❞ s♦ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢

f, a1 ✐s ♣♦s✐t✐✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛♥ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱

G ✐s ♣♦s✐t✐✈❡ ❛♥❞ s♦ a1 ≷ 0 ❞❡♣❡♥❞✐♥❣ ♦♥ f ≶ F
G
.

❘❡❛rr❛♥❣✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ ✇❡ ❣❡t a2 ❛s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ f ❛s a2 ≡ a2(f)

= (1−m)µ{1− θmfΩhm}
︸ ︷︷ ︸

+

−







(1−m+ µ)(gdu − sm)
︸ ︷︷ ︸

−

+ (1−m)(1− θ)mwu(gdm − su)
︸ ︷︷ ︸

+/−







φ

︸ ︷︷ ︸

≡M≷0

−(1−m)µφ{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

f

≡N≷0

✭✸✳✷✺✮

=M −Nf

■❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ {(1−m)(1− θ)mwu(gdm − su)} > 0 ❛♥❞

s♦ M ≷ 0 ♦❝❝✉rs✳ ❇❡s✐❞❡✱ {hmgdΩ + (gdm − su)} < 0 ❛♥❞ s♦ N < 0 ❤♦❧❞s✳ ■❢ M > 0

❤♦❧❞s✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ f, a2 ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r✱ ✐❢ M < 0 ❤♦❧❞s✱ a2 ≷ 0

❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r f ≷ f1 =
M
N
✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r❡❧❛t✐✈❡❧②

str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s r❡q✉✐r❡❞ t♦ ♠❛❦❡ M ♥❡❣❛t✐✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡

r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s ✇❡❛❦✱ {(1−m)(1− θ)mwu(gdm − su)} ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♦t❤❡r

t✇♦ t❡r♠s ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ M ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳

■❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ {(1−m)(1− θ)mwu(gdm − su)} < 0

❛♥❞ s♦ M > 0 ♦❝❝✉rs✳ ❍♦✇❡✈❡r✱ {hmgdΩ + (gdm − su)} ≷ 0 ❛♥❞ s♦ N ≷ 0 ❤♦❧❞s✳

■❢ {hmgdΩ + (gdm − su)} < 0 ❤♦❧❞s✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ f, a2 ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳

❍♦✇❡✈❡r✱ ✐❢ {hmgdΩ + (gdm − su)} > 0 ❤♦❧❞s✱ a2 ≷ 0 ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r f ≶ f1 =
M
N
✳

❍♦✇❡✈❡r✱ a3 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ f. ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s r❡❧❛t❡❞

t♦ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ t✇♦ t②♣❡s ♦❢ ✇♦r❦❡rs✳

✷✷



Pr♦♣♦s✐t✐♦♥ ✽✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛♥ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛♥❞ D < 0✳

❚❤❡♥ ❢♦r ❛ r❡❧❛t✐✈❡❧② str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✱ ❛ ❝♦♥tr❛❝t✐♦♥ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥

✇❤✐t❡ ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥ts ❝❛♥ ♠❛❦❡ t❤❡ st❡❛❞② st❛t❡ ✉♥st❛❜❧❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✽✳

Pr♦♣♦s✐t✐♦♥ ✾✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛♥ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛♥❞ D < 0✳

❚❤❡♥✱ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ✇❤✐t❡ ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥ts ❝❛♥ ♠❛❦❡

t❤❡ st❡❛❞② st❛t❡ ✉♥st❛❜❧❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✾✳

Pr♦♣♦s✐t✐♦♥ ✽ s❛②s t❤❛t ✐♥ ❝❛s❡ ♦❢ ❛ r❡❧❛t✐✈❡❧② str♦♥❣ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥

t❤❡ ✇❛❣❡ ❣❛♣ ✐s ❡ss❡♥t✐❛❧ t♦ ♠❛❦❡ t❤❡ ❡❝♦♥♦♠② st❛❜❧❡ ✇❤❡r❡❛s ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ✇❛❣❡✲❣❛♣

❧❡❛❞s t♦ t❤❡ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣✱ ✐♥

t❡r♠s ♦❢ st❛❜✐❧✐t②✱ ♠❛❦❡s t❤❡ ❡❝♦♥♦♠② ♠♦r❡ ✈✉❧♥❡r❛❜❧❡ ✐♥ t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡

✭Pr♦♣♦s✐t✐♦♥ ✾✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t♦ ❡♥s✉r❡ st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✱ ❛ s❤r✐♥❦ ✐♥ t❤❡

✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ✇❤✐t❡ ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r ❧❛❜♦✉rs ❛r❡ ❞❡s✐r❛❜❧❡ ✐♥ t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡✳

✸✳✹ ❈♦♠♣❛r❛t✐✈❡ st❛t✐❝s

❋♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s✱ ✇❡ ❛ss✉♠❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳

❉✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✸✳✶✮✱ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮ ✇✳r✳t✳ s ②✐❡❧❞s✱

du

ds
=

+
︷ ︸︸ ︷

mu{1− θmfΩhm}

(gdu − sm)(1− θmfΩhm) + (1− θ)mwu{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

−

< 0 ✭✸✳✷✻✮

dm

ds
=

−

︷ ︸︸ ︷

(1− θ)mumwu

(gdu − sm)(1− θmfΩhm) + (1− θ)mwu{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

−

> 0 ✭✸✳✷✼✮

dΩ

ds
=

−

︷ ︸︸ ︷

(1− θ)mumwuhm

(gdu − sm)(1− θmfΩhm) + (1− θ)mwu{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

−

> 0 ✭✸✳✷✽✮

❋♦r st❛❜✐❧✐t② a3 > 0 ♠✉st ❤♦❧❞✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✵✮✱ ❢♦r a3 t♦ ❜❡ ♣♦s✐t✐✈❡ D ♠✉st ❜❡

♥❡❣❛t✐✈❡ ❛♥❞ ❢♦r D t♦ ❜❡ ♥❡❣❛t✐✈❡ [{1−θmfΩhm}(gdu−sm)+(1−θ)mwu{hmgdΩ+(gdm−

✷✸



su)}] ❤❛s t♦ ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ❛ss✉♠❡ [{1−θmfΩhm}(gdu−sm)+(1−θ)mwu{hmgdΩ+

(gdm − su)}] < 0✳ ❆s {1 − θmfΩhm} > 0✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✻✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛s s

r✐s❡s t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❢❛❧❧s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s mwu < 0✱ ✭❢r♦♠ ❡q✉❛t✐♦♥

✭✸✳✷✼✮✮ ❛ r✐s❡ ✐♥ s ✇♦rs❡♥s ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✈✐s✲à✲✈✐s ✇♦r❦❡rs✳ ❙✐♠✐❧❛r❧②✱ ❡q✉❛t✐♦♥ ✭✸✳✷✽✮

r❡✈❡❛❧s t❤❛t ❛ r✐s❡ ✐♥ s ✐♥❝r❡❛s❡s t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✳ ❚❤✉s ❛s ❧♦♥❣ ❛s t❤❡ ❡❝♦♥♦♠② ✐s

✐♥ ❛ st❛❜❧❡ st❡❛❞② st❛t❡✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ r❡❣✐♠❡✱ t❤❡ ♣❛r❛❞♦① ♦❢ t❤r✐❢t ❤♦❧❞s✳ ❍♦✇❡✈❡r✱

❛ r✐s❡ ✐♥ s ✐♥❝r❡❛s❡s t❤❡ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✈✐s✲à✲✈✐s ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ❛♥❞ ❡s❝❛❧❛t❡s t❤❡

✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❧❡✈❡❧✳

❉✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✸✳✶✮✱ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮ ✇✳r✳t✳ θ ②✐❡❧❞s✱

du

dθ
=

+/−
︷ ︸︸ ︷

−

︷ ︸︸ ︷

−(mf −mw)

+/−
︷ ︸︸ ︷

{hmgdΩ + (gdm − su)}

(gdu − sm)(1− θmfΩhm) + (1− θ)mwu{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

−

≷ 0 ✭✸✳✷✾✮

dm

dθ
=

−

︷ ︸︸ ︷

(mf −mw)(gdu − sm)

(gdu − sm)(1− θmfΩhm) + (1− θ)mwu{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

−

> 0 ✭✸✳✸✵✮

dΩ

dθ
=

−

︷ ︸︸ ︷

hm(mf −mw)(gdu − sm)

(gdu − sm)(1− θmfΩhm) + (1− θ)mwu{hmgdΩ + (gdm − su)}
︸ ︷︷ ︸

−

> 0 ✭✸✳✸✶✮

❆ r✐s❡ ✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ✜r♠s ❝❛♥ ❤❛✈❡ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r {hmgdΩ + (gdm − su)} ✐s ♣♦s✐t✐✈❡ ♦r ♥♦t✳ ■♥ t❤❡ ✇❛❣❡✲❧❡❞

❞❡♠❛♥❞ r❡❣✐♠❡✱ {hmgdΩ+(gdm−su)} ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡ ❛♥❞ s♦ du
dθ
< 0✳ ❍♦✇❡✈❡r✱

✐♥ t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ✜r♠s ♦♥ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✐s ❛♠❜✐❣✉♦✉s ❛♥❞ du
dθ

≷ 0 ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r

{hmgdΩ+(gdm−su)} ≷ 0✳ ❆s mf > mw, ❡q✉❛t✐♦♥ ✭✸✳✸✵✮ s❛②s t❤❛t ❛ r✐s❡ ✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣

♣♦✇❡r ♦❢ ✜r♠s ✉❧t✐♠❛t❡❧② ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❋♦r ❧❛st s❡✈❡r❛❧ ❞❡❝❛❞❡s ✐♥

t❤❡ ❯❙ ❡❝♦♥♦♠② t❤❡r❡ ❤❛s ❜❡❡♥ ✐♥st✐t✉t✐♦♥❛❧ ❝❤❛♥❣❡s ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❧❡ss s✉♣♣♦rt✐✈❡ t♦

✇♦r❦❡rs ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ❜② r❡❞✉❝✐♥❣ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ✉♥✐♦♥✐s♠✶✵ ❛♥❞ t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢

t❤❡ ✏t❤r❡❛t ❡✛❡❝t✑ ♦❢ ✉♥✐♦♥✐s♠ ✭❙t❛♥s❜✉r② ❛♥❞ ❙✉♠♠❡rs ✭✷✵✷✵✮✮✳ ❚❤❡r❡❢♦r❡ ✐♥st✐t✉t✐♦♥❛❧

❝❤❛♥❣❡s s✉❝❤ ❛s ❛ str✐♥❣❡♥t ❧❛❜♦✉r ❧❛✇ ❛♥❞ ♠♦r❡ r❡❣✉❧❛t❡❞ ❧❛❜♦✉r ♠❛r❦❡t ✇❤✐❝❤ ❢❛✈♦✉rs

t❤❡ ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ❝❛♥ ♠✐t✐❣❛t❡ t❤❡ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✳ ❆❧s♦ ♥♦t❡ t❤❛t✱ ❛s mf > mw

❛♥❞ hm > 0✱ ❛ r✐s❡ ✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ✜r♠s ✈✐s✲à✲✈✐s ❜❧✉❡✲❝♦❧❧❛r ✇♦r❦❡rs ✉❧t✐♠❛t❡❧②

❧❡❛❞s t♦ t❤❡ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✳✸✶✮✮✳

✶✵❚❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❞❡❝❧✐♥❡ ✐♥ ♣r✐✈❛t❡ s❡❝t♦r ✉♥✐♦♥ ♠❡♠❜❡rs❤✐♣ r❛t❡ ❢r♦♠ ♦✈❡r ♦♥❡ t❤✐r❞ ❛t ✐ts ♣❡❛❦ ✐♥
t❤❡ ✶✾✺✵s t♦ ✻✪ ✐♥ ✷✵✶✾ ✭❙t❛♥s❜✉r② ❛♥❞ ❙✉♠♠❡rs ✭✷✵✷✵✱ ♣♣✳ ✾✮✮✳

✷✹



✹ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✉s✐♥❣ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❡ s❤♦✇ t❤❛t ❧✐♠✐t ❝②❝❧❡s ❝❛♥ ♦❝❝✉r✳ ❋♦r

t❤✐s✱ ✇❡ ✜rst s♣❡❝✐❢② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ♦❢ ❡q✉❛t✐♦♥s ✭✷✳✼✮✱ ✭✷✳✶✹✮✱ ✭✷✳✶✺✮ ❛♥❞ ✭✷✳✷✵✮✳ ❲❡

❛ss✉♠❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛s ❢♦❧❧♦✇s✿

gd(u,m,Ω) = uδmεΩψ, δ > 0, ε > 0, ψ < 0 ✭✹✳✶✮

mf (Ω) = i+ jΩ, i > 0, j > 0 ✭✹✳✷✮

mw(u) = k − lu, k > 0, l > 0 ✭✹✳✸✮

h(m) = σ0 + σ1m, σ0 > 0, σ1 > 0 ✭✹✳✹✮

◆♦t❡ t❤❛t t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ st✉❞② ✐s ♥♦t t♦ ❝❛❧✐❜r❛t❡ ❛ r❡❛❧ ❡❝♦♥♦♠②✳ ❘❛t❤❡r✱

t❤❡ ♣r✐♠❛r② ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝♦♥✜r♠ ✇❤❡t❤❡r t❤❡ ♠♦❞❡❧ ♣r♦❞✉❝❡s t❤❡ ❧✐♠✐t ❝②❝❧❡ ❛♥❞ t♦

♦❜s❡r✈❡ ✐ts ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❛❧✉❡s ✐♥tr♦❞✉❝❡❞ ❜❡❧♦✇ ❛r❡ s❡t ❢♦r t❤❡s❡

♣✉r♣♦s❡s t♦ ♦❜t❛✐♥ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ♦✉t❝♦♠❡s✳ ◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs

❛❧♦♥❣ ✇✐t❤ ✈❛❧✉❡s ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ st❡❛❞② st❛t❡ ✈❛❧✉❡s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✳

❋♦r ❡❛❝❤ ❝❛s❡✱ ✇❡ ❞r❛✇ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ❢r♦♠ t = 0 t♦ t = 200✳

❚❛❜❧❡ ✹✳✶✿ ▲✐st ♦❢ ♣❛r❛♠❡t❡rs✱ ✐♥✐t✐❛❧ ✈❛❧✉❡s✱ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s

P❛r❛♠❡t❡rs
δ ε ψ s θ i j k l α γ β σ0 σ1 µ φ̂

Pr✳ 5 III ♣❛rt ✵✳✺ ✷✳✷ ✲✶✳✷ ✵✳✺ ✵✳✹ ✵✳✺ ✵✳✸ ✵✳✽ ✵✳✽ ✶ ✸ ✶✳✷ ✵✳✻ ✵✳✸ ✷ ✹✳✸✺
Pr✳ 5 II ♣❛rt ✵✳✺ ✷✳✷ ✲✶✳✷ ✵✳✺ ✵✳✹ ✵✳✺ ✵✳✸ ✵✳✽ ✵✳✽ ✶ ✸ ✶✳✷ ✵✳✻ ✵✳✸ ✵✳✺✸ ✹✳✷

Pr✳ 7 ✵✳✺ ✷✳✷ ✲✶✳✷ ✵✳✺ ✵✳✹ ✵✳✺ ✵✳✸ ✵✳✽ ✵✳✽ ✶ ✸ ✶✳✷ ✵✳✻ ✵✳✸ ✵✳✸ ✸✳✻✶✼

■♥✐t✐❛❧ ❱❛❧✉❡s ❊q✉✐❧✐❜r✐✉♠ ❱❛❧✉❡s

u(0) m(0) Ω(0) u∗ m∗ Ω∗

III ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ 5 ✵✳✽ ✵✳✸ ✵✳✼ ✵✳✽✷✻✽✷ ✵✳✸✻✽✸✾ ✵✳✼✶✵✺✷
II ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ 5 ✵✳✽ ✵✳✹ ✵✳✻ ✵✳✽✷✻✽✷ ✵✳✸✻✽✸✾ ✵✳✼✶✵✺✷

Pr♦♣♦s✐t✐♦♥ 7 ✵✳✽ ✵✳✸ ✵✳✼ ✵✳✽✷✻✽✷ ✵✳✸✻✽✸✾ ✵✳✼✶✵✺✷

III P❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✿ ❋♦r III ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✇❡ ❣❡t J11
φ

= −0.092097004 <

0, J12
φ

= 0.4960969 > 0, J13
φ

= −0.25721488 < 0, {µf + (1 − θ)mwu} > 0. A =

0.192686771 > 0, B = 2.63161 > 0, C = 0.088209669 > 0, E = 1.21774408 > 0,

D = −0.366168421 < 0, φ̂ < B
A

= 13.657450308, φ̂ < E
C

= 13.805108825✳ ❙♦ ❛❧❧ t❤❡

❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ❢♦r t❤❡ III ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ❛r❡ s❛t✐s✜❡❞✳

✷✺



✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,m,Ω)
♣❧❛♥❡

✭❜✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,m) ♣❧❛♥❡ ✭❝✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (m,Ω) ♣❧❛♥❡

✭❞✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,Ω) ♣❧❛♥❡ ✭❡✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ III
♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✭✇❤❡♥ φ =

φ̂ = 4.2)

✭❢✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ III
♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✭✇❤❡♥ φ =
4)✳

❋✐❣✉r❡ ✹✳✶✿ III ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺

❋✐❣✉r❡ ✹✳✶❛ ❞✐s♣❧❛②s t❤❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❋✐❣✉r❡ ✹✳✶❜✱

✹✳✶❝✱ ❛♥❞ ✹✳✶❞ s❤♦✇ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡ (u,m)✱ (m,n)✱ ❛♥❞ (u, n)✲♣❧❛♥❡s✳ ■♥ t❤❡ (u,m)

❛♥❞ (u,Ω)✲ ♣❧❛♥❡s✱ ❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❡♠❡r❣❡ ✇❤❡r❡❛s ✐♥ t❤❡ (m,Ω)✲ ♣❧❛♥❡✱ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡

❝②❝❧❡ ❡♠❡r❣❡s✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✹✳✶❡ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ ✭❜❧❛❝❦ ❝♦❧♦✉r✮ ❛♥❞ t❤❡ ♣r♦✜t s❤❛r❡ ✭r❡❞ ❝♦❧♦✉r✮ ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥

✭♦r❛♥❣❡ ❝♦❧♦✉r✮✳ ❈♦♥s✐❞❡r✐♥❣ φ = 4 < φ̂ ✇❡ ❣❡t t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ st❛❜❧❡

st❡❛❞② st❛t❡ ✐♥ ❋✐❣✉r❡ ✹✳✶❢✳

II P❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✿ ❋♦r II ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✇❡ ❣❡t {µf + (1− θ)mwu} =

0.001698841 > 0, J11
φ
< 0, J12

φ
> 0, J13

φ
< 0, A > 0, B > 0, E > 0, D = −0.097034632 < 0,

❜✉t C = −0.1299254451 < 0✳ ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ❢♦r t❤❡ II ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥

✺ ❛r❡ s❛t✐s✜❡❞✳

❋✐❣✉r❡ ✹✳✷❛ ❞✐s♣❧❛②s t❤❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❋✐❣✉r❡ ✹✳✷❜✱

✹✳✷❝✱ ❛♥❞ ✹✳✷❞ s❤♦✇ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡ (u,m)✱ (m,n)✱ ❛♥❞ (u, n)✲♣❧❛♥❡s✳ ■♥ t❤❡

(u,m) ♣❧❛♥❡✱ ❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❡♠❡r❣❡ ✇❤❡r❡❛s ✐♥ t❤❡ (m,Ω)✲ ♣❧❛♥❡✱ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡

❝②❝❧❡ ❡♠❡r❣❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❛tt❡r♥ ✐s ♥♦t ❝❧❡❛r ❢♦r (u,Ω) ♣❧❛♥❡✳ ❋✐❣✉r❡ ✹✳✷❡ s❤♦✇s

t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭❜❧❛❝❦ ❝♦❧♦✉r✮ ❛♥❞ t❤❡ ♣r♦✜t

s❤❛r❡ ✭r❡❞ ❝♦❧♦✉r✮ ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✭♦r❛♥❣❡ ❝♦❧♦✉r✮✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✹✳✷❢

❞✐s♣❧❛②s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡✳

✷✻



✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,m,Ω)
♣❧❛♥❡

✭❜✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,m) ♣❧❛♥❡ ✭❝✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (m,Ω) ♣❧❛♥❡

✭❞✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,Ω) ♣❧❛♥❡ ✭❡✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ III
♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✭✇❤❡♥ φ =

φ̂ = 4.2)

✭❢✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ II

♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✭✇❤❡♥ φ =
3.5)

❋✐❣✉r❡ ✹✳✷✿ II ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺

Pr♦♣♦s✐t✐♦♥ ✼✿ ❋♦r Pr♦♣♦s✐t✐♦♥ ✼ ✇❡ ❣❡t {µf + (1 − θ)mwu} = −0.207340279 > 0,
J11
φ
< 0, J12

φ
> 0, J13

φ
< 0, A = 0.19268677 > 0, B = 0.93161 > 0, E = 0.182661612 > 0,

D = −0.054925263 < 0, ❛♥❞ C = −0.164055292 < 0✳ ❆❧s♦ ♥♦t❡ t❤❛t ❤❡r❡ φ̂ = 3.515 <
B
A
= 4.834841516. ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ❢♦r Pr♦♣♦s✐t✐♦♥ ✼ ❛r❡ s❛t✐s✜❡❞✳

❋✐❣✉r❡ ✹✳✸❛ ❞✐s♣❧❛②s t❤❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❋✐❣✉r❡ ✹✳✸❜✱

✹✳✸❝✱ ❛♥❞ ✹✳✸❞ s❤♦✇ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡ (u,m)✱ (m,n)✱ ❛♥❞ (u, n)✲♣❧❛♥❡s✳ ■♥ t❤❡

(u,m) ♣❧❛♥❡✱ ❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❡♠❡r❣❡ ✇❤❡r❡❛s ✐♥ t❤❡ (m,Ω)✲ ♣❧❛♥❡✱ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡

❝②❝❧❡ ❡♠❡r❣❡s✳ ❆❧t❤♦✉❣❤✱ t❤❡ ♣❛tt❡r♥ ✐s ♥♦t ❝❧❡❛r ❢♦r (u,Ω) ♣❧❛♥❡✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✹✳✸❡

s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭❜❧❛❝❦ ❝♦❧♦✉r✮ ❛♥❞ t❤❡

♣r♦✜t s❤❛r❡ ✭r❡❞ ❝♦❧♦✉r✮ ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ✭♦r❛♥❣❡ ❝♦❧♦✉r✮✳ ❈♦♥s✐❞❡r✐♥❣

φ = 3.9 < φ̂ ✇❡ ❣❡t t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✐♥ ❋✐❣✉r❡ ✹✳✸❢✳

❈♦♥s✐❞❡r✐♥❣ φ = 3.3 < φ̂ ✇❡ ❣❡t t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✐♥

❋✐❣✉r❡ ✹✳✸❢✳

◆♦t❡ t❤❛t ♦✉r ✜♥❞✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ ❝❧♦❝❦✇✐s❡ ❝②❝❧❡ ✐♥ t❤❡ (u,m)−♣❧❛♥❡ ✭✐♥ ❋✐❣✉r❡s

✹✳✶❜✱ ✹✳✷❜✱ ❛♥❞ ✹✳✸❜✮ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✶✶ ✱ ❇❛r❜♦s❛✲❋✐❧❤♦ ❛♥❞

✶✶❇② ✉s✐♥❣ ❍♦❞r✐❝❦✲Pr❡s❝♦tt ✜❧t❡r ❢♦r s♠♦♦t❤✐♥❣ t❤❡ ❞❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ♣r♦✜t s❤❛r❡ ❢♦r
❏❛♣❛♥ ❢♦r t❤❡ ♣❡r✐♦❞ ✶✾✽✵✲✷✵✵✼✱ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮ ✜♥❞s t❤❛t t❤❡r❡ ✐s ❛ ❝❧♦❝❦✇✐s❡ ♠♦✈❡♠❡♥t ✐♥ t❤❡
❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ t❤❡ ♣r♦✜t s❤❛r❡✳ ❙❡❡ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✱ ♣♣✳ ✻✽✮✳

✷✼



✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,m,Ω)
♣❧❛♥❡

✭❜✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,m) ♣❧❛♥❡ ✭❝✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (m,Ω) ♣❧❛♥❡

✭❞✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (u,Ω) ♣❧❛♥❡ ✭❡✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✲
✐❝s ♦❢ Pr♦♣♦s✐t✐♦♥ ✼ ✭✇❤❡♥

φ = φ̂ = 3.617)

✭❢✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢
Pr♦♣♦s✐t✐♦♥ ✼ ✭✇❤❡♥ φ = 3.3)✳

❋✐❣✉r❡ ✹✳✸✿ Pr♦♣♦s✐t✐♦♥ ✼

❚❛②❧♦r ✭✷✵✵✻✮✶✷✱ ❩✐♣♣❡r❡r ❛♥❞ ❙❦♦tt ✭✷✵✶✶✮✱ ❛♥❞ ♦♣♣♦s✐t❡ t♦ t❤❛t ♦❢ ❙❛s❛❦✐ ✭✷✵✶✸✮✶✸✳ ❖✉r

✜♥❞✐♥❣ ❛❧s♦ s✉♣♣♦rts t❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧t ✇❡ ❣❡t ✭s❡❡ ❋✐❣✉r❡ ✶✳✹✮✳ ❖✉r ✜♥❞✐♥❣ r❡❧❛t❡❞

t♦ t❤❡ ❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ✐♥ t❤❡ (m,Ω)−♣❧❛♥❡ ✐♥ ❋✐❣✉r❡s ✹✳✶❝✱ ✹✳✷❝✱ ❛♥❞ ✹✳✸❝ ❛r❡

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧t ✐♥ ❋✐❣✉r❡ ✶✳✺✳ ❋✐♥❛❧❧②✱ ✇❡ ❣❡t ❝❧♦❝❦✇✐s❡ ❝②❝❧❡ ✐♥ t❤❡

(u,Ω)−♣❧❛♥❡ ✐♥ ❋✐❣✉r❡ ✹✳✶❞✱ ❛❧t❤♦✉❣❤ t❤❡ ♣❛tt❡r♥ ✐s s♦♠❡✇❤❛t ✉♥❝❧❡❛r ✐♥ ❋✐❣✉r❡ ✹✳✷❞✱

❛♥❞ ✹✳✸❞✳ ❚❤❡s❡ ❛r❡ ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ✐♥ ❋✐❣✉r❡ ✶✳✻✳

✺ ❈♦♥❝❧✉s✐♦♥

■♥tr♦❞✉❝✐♥❣ t✇♦ t②♣❡s ♦❢ ✇♦r❦❡rs ✐♥ t❤❡ ♣♦st✲❑❡②♥❡s✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞

❝❤❛♥❣❡s ✐♥ ✜♥❛♥❝✐❛❧ ❜❡❤❛✈✐♦✉r ❛♥❞ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡✐r ♠❛❝r♦❡❝♦♥♦♠✐❝ ❝❛✉s❡s

❛♥❞ ❝♦♥s❡q✉❡♥❝❡s✳ ❲❡ s❤♦✇❡❞ t❤❛t ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ✐♥ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t

✶✷❇❛r❜♦s❛✲❋✐❧❤♦ ❛♥❞ ❚❛②❧♦r ✭✷✵✵✻✮ ✜♥❞ ❛ ❝♦✉♥t❡r ❝❧♦❝❦✇✐s❡ ❝②❝❧❡ ✐♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ t❤❡
❧❛❜♦✉r s❤❛r❡ ✐♥ ♥❛t✐♦♥❛❧ ✐♥❝♦♠❡ ✐♥ t❤❡ ❯❙ ❡❝♦♥♦♠② s✐♥❝❡ ✶✾✷✾✳

✶✸❙❛s❛❦✐ ✭✷✵✶✸✮ ✐♥❝♦r♣♦r❛t❡s t❤❡ r❛t❡ ♦❢ ❡♠♣❧♦②♠❡♥t ❛♥❞ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ●♦♦❞✇✐♥✱
✐♥❞❡♣❡♥❞❡♥t ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ❛♥❞ ♦❧✐❣♦♣♦❧✐st✐❝ ♠❛r❦✲✉♣ ♣r✐❝✐♥❣ ❢r♦♠ ❑❛❧❡❝❦✐✱ ❛♥❞ t❤❡ r❡s❡r✈❡✲❛r♠②
❛♥❞ r❡s❡r✈❡✲❛r♠②✲❝r❡❛t✐♦♥ ❡✛❡❝ts ❢r♦♠ ▼❛r① ❛♥❞ ❛♥❛❧②s❡s t❤❡ st❛❜✐❧✐t② ❛♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❝②❝❧❡s ✐♥
t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♦❢ ✉t✐❧✐③❛t✐♦♥✱ ♣r♦✜t s❤❛r❡✱ ❛♥❞ t❤❡ ❡♠♣❧♦②♠❡♥t r❛t❡✳ ❚❤❡r❡ ✐s ❛ ❝♦✉♥t❡r✲
❝❧♦❝❦✇✐s❡ ❝②❝❧❡ ✐♥ t❤❡ (u,m)−♣❧❛♥❡ ✐♥ ❤✐s ❡♠♣✐r✐❝❛❧ ❛s ✇❡❧❧ ❛s t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✜♥❞✐♥❣ r❡❧❛t❡❞
t♦ ❏❛♣❛♥✳

✷✽



✐s r❡❧❛t✐✈❡❧② str♦♥❣ ❛♥❞ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s r❡❧❛t✐✈❡❧② ✇❡❛❦ ❛ st❛❜❧❡ st❡❛❞② st❛t❡

✐s ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❍♦✇❡✈❡r✱ ✉♥❧✐❦❡ ❙❛s❛❦✐ ❡t✳ ❛❧✳ ✭✷✵✶✸✮✱

❛♥ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ♣❡r♣❡t✉❛❧ ❜✉s✐♥❡ss ❝②❝❧❡s ♠❛② ❡♠❡r❣❡ ❡✈❡♥ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡✳ ■♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✐❢ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s r❡❧❛t✐✈❡❧② str♦♥❣✱ ❛

❝♦♥tr❛❝t✐♦♥ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ✇❤✐t❡ ❛♥❞ ❜❧✉❡✲❝♦❧❧❛r ❡♠♣❧♦②♠❡♥ts ❝❛♥ ♠❛❦❡ t❤❡

st❡❛❞② st❛t❡ ✉♥st❛❜❧❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ t❤❡
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❬✶✻❪ ❍❡✐♥✱ ❊✳✱ ✷✵✶✷✳ ❚❤❡ ▼❛❝r♦❡❝♦♥♦♠✐❝s ♦❢ ❋✐♥❛♥❝❡✲❉♦♠✐♥❛t❡❞ ❈❛♣✐t❛❧✐s♠ ❛♥❞ ✐ts ❈r✐✲

s✐s✱ ❈❤❡❧t❡♥❤❛♠✿ ❊❞✇❛r❞ ❊❧❣❛r✳

❬✶✼❪ ❍❡✐♥✱ ❊✳✱ ✷✵✶✹✳ ❉✐str✐❜✉t✐♦♥ ❛♥❞ ●r♦✇t❤ ❛❢t❡r ❑❡②♥❡s✿ ❆ P♦st✲❑❡②♥❡s✐❛♥ ●✉✐❞❡✱

❈❤❡❧t❡♥❤❛♠✿ ❊❞✇❛r❞ ❊❧❣❛r✳

❬✶✽❪ ▲❛✈♦✐❡✱ ▼✳✱ ✶✾✾✺✳ ■♥t❡r❡st r❛t❡s ✐♥ ♣♦st✲❑❡②♥❡s✐❛♥ ♠♦❞❡❧s ♦❢ ❣r♦✇t❤ ❛♥❞ ❞✐str✐❜✉t✐♦♥✳

▼❡tr♦❡❝♦♥♦♠✐❝❛✳ ✹✻✱ ✶✹✻✕✶✼✼✳
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❬✶✾❪ ▲❛✈♦✐❡✱ ▼✳✱ ✷✵✵✽✳ ❋✐♥❛♥❝✐❛❧✐s❛t✐♦♥ ✐ss✉❡s ✐♥ ❛ ♣♦st✲❑❡②♥❡s✐❛♥ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t

♠♦❞❡❧✳ ■♥t❡r✈❡♥t✐♦♥✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝ P♦❧✐❝✐❡s✳ ✺✭✷✮✱

✸✸✶✕✸✺✻✳

❬✷✵❪ ▲❛✈♦✐❡✱ ▼✳✱ ✷✵✵✾✳ ❈❛❞r✐s♠❡ ✇✐t❤✐♥ ❛ ♣♦st✲❑❡②♥❡s✐❛♥ ♠♦❞❡❧ ♦❢ ❣r♦✇t❤ ❛♥❞ ❞✐str✐❜✉✲

t✐♦♥✳ ❘❡✈✐❡✇ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✳ ✷✶✭✸✮✱ ✸✻✾✕✸✾✶✳

❬✷✶❪ ▲❛✈♦✐❡✱ ▼✳✱ ●♦❞❧❡②✱ ❲✳✱ ✷✵✵✷✳ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧s ♦❢ ❣r♦✇t❤ ✐♥ ❛ ❝♦❤❡r❡♥t st♦❝❦✲✢♦✇

♠♦♥❡t❛r② ❢r❛♠❡✇♦r❦✿ ❛ ❑❛❧❞♦r✐❛♥ ✈✐❡✇✳ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✳ ✷✹✱

✷✼✼✕✸✶✶✳

❬✷✷❪ ▲❛③♦♥✐❝❦✱ ❲✳✱ ❖✬❙✉❧❧✐✈❛♥✱ ▼✳✱ ✷✵✵✵✳ ▼❛①✐♠✐③✐♥❣ s❤❛r❡❤♦❧❞❡r ✈❛❧✉❡✿ ❛ ♥❡✇ ✐❞❡♦❧♦❣②

❢♦r ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡✳ ❊❝♦♥♦♠② ❛♥❞ ❙♦❝✐❡t②✳ ✷✾✱ ✶✸✕✸✺✳

❬✷✸❪ ▼❛r❣❧✐♥✱ ❙✳✱ ❇❤❛❞✉r✐✱ ❆✳✱ ✶✾✾✵✳ Pr♦✜t sq✉❡❡③❡ ❛♥❞ ❑❡②♥❡s✐❛♥ t❤❡♦r②✱ ✐♥✿ ▼❛r❣❧✐♥✱

❙✳✱ ❙❝❤♦r✱ ❏✳ ✭❊❞s✳✮✱ ❚❤❡ ●♦❧❞❡♥ ❆❣❡ ♦❢ ❈❛♣✐t❛❧✐s♠✿ ❘❡✐♥t❡r♣r❡t✐♥❣ t❤❡ P♦st✇❛r

❊①♣❡r✐❡♥❝❡✳ ❈❧❛r❡♥❞♦♥ Pr❡ss✱ ❖①❢♦r❞✱ ♣♣✳ ✶✺✸✕✶✽✻✳

❬✷✹❪ ❖♥❛r❛♥✱ Ö✳✱ ❙t♦❝❦❤❛♠♠❡r✱ ❊✳✱ ●r❛✢✱ ▲✳✱ ✷✵✶✶✳ ❋✐♥❛♥❝✐❛❧✐s❛t✐♦♥✱ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥

❛♥❞ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✐♥ t❤❡ ❯❙❆✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✸✺✭✹✮✱ ✻✸✼✕✻✻✶✳

❬✷✺❪ ❖r❤❛♥❣❛③✐✱ ❖✳✱ ✷✵✵✽✳ ❋✐♥❛♥❝✐❛❧✐s❛t✐♦♥ ❛♥❞ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ♥♦♥✲✜♥❛♥❝✐❛❧

❝♦r♣♦r❛t❡ s❡❝t♦r✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✸✷ ✭✻✮✱ ✽✻✸✲✽✽✻✳

❬✷✻❪ P❛❧❧❡②✱ ❚✳✱ ✷✵✶✸✳ ❋✐♥❛♥❝✐❛❧✐③❛t✐♦♥✿ ❚❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❋✐♥❛♥❝❡ ❈❛♣✐t❛❧ ❉♦♠✐♥❛t✐♦♥✳

P❛❧❣r❛✈❡✱ ▼❛❝♠✐❧❧❛♥✳

❬✷✼❪ P❛❧❧❡②✱ ❚✳✱ ✷✵✶✺✳ ❚❤❡ ♠✐❞❞❧❡ ❝❧❛ss ✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝s ❛♥❞ ❣r♦✇t❤ t❤❡♦r②✿ ❆ t❤r❡❡

❝❧❛ss ♥❡♦✲❑❛❧❡❝❦✐❛♥✖●♦♦❞✇✐♥ ♠♦❞❡❧✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✸✾ ✭✶✮✱

✷✷✶✕✷✹✸✳

❬✷✽❪ P❛❧❧❡②✱ ❚✳✱ ✷✵✶✼✳ ❲❛❣❡ ✈s✳ ♣r♦✜t✲❧❡❞ ❣r♦✇t❤✿ ❚❤❡ r♦❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✇❛❣❡s

✐♥ ❞❡t❡r♠✐♥✐♥❣ r❡❣✐♠❡ ❝❤❛r❛❝t❡r✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✹✶✭✶✮✱ ✹✾✕✻✶✳

❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✾✸✴❝❥❡✴❜❡✇✵✵✹

❬✷✾❪ P❛r✉✐✱ P✳✱ ✷✵✷✵✳ ❋✐♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛♥❞ ❊♥❞♦❣❡♥♦✉s ❚❡❝❤♥♦❧♦❣✐❝❛❧ ❈❤❛♥❣❡✿

❛ P♦st✲❑❛❧❡❝❦✐❛♥ P❡rs♣❡❝t✐✈❡✳ ▼P❘❆ ❲♦r❦✐♥❣ P❛♣❡r ✶✵✵✼✺✽✱ ❯♥✐✈❡r✲

s✐t② ▲✐❜r❛r② ♦❢ ▼✉♥✐❝❤✱ ●❡r♠❛♥②✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴♠♣r❛✳✉❜✳✉♥✐✲

♠✉❡♥❝❤❡♥✳❞❡✴✶✵✵✼✺✽✴✶✴▼P❘❆❴♣❛♣❡r❴✶✵✵✼✺✽✳♣❞❢

❬✸✵❪ P✐❦❡tt②✱ ❚✳✱ ❙❛❡③✱ ❊✳✱ ✷✵✵✸✳ ■♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ✶✾✶✸✕✶✾✾✽✳

◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✹✸✱ ✶✕✸✾✳ ✭❚❛❜❧❡s ❛♥❞ ❋✐❣✉r❡s r❡tr✐❡✈❡❞ ❢r♦♠

❤tt♣s✿✴✴❡♠❧✳❜❡r❦❡❧❡②✳❡❞✉✴⑦s❛❡③✴✮✳
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❬✸✶❪ ❙❛s❛❦✐✱ ❍✳✱ ✷✵✶✸✳ ❈②❝❧✐❝❛❧ ❣r♦✇t❤ ✐♥ ❛ ●♦♦❞✇✐♥✕❑❛❧❡❝❦✐✕▼❛r① ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s✳ ✶✵✽ ✭✷✮✱ ✶✹✺✕✶✼✶✳

❬✸✷❪ ❙❛s❛❦✐✱ ❍✳✱ ✷✵✶✻✳ Pr♦✜t s❤❛r✐♥❣ ❛♥❞ ✐ts ❡✛❡❝t ♦♥ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ♦✉t♣✉t✿ ❛

❑❛❧❡❝❦✐❛♥ ❛♣♣r♦❛❝❤✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✹✵✭✷✮✱ ✹✻✾✕✹✽✾✳

❬✸✸❪ ❙❛s❛❦✐✱ ❍✳✱ ▼❛ts✉②❛♠❛✱ ❏✳✱ ❙❛❦♦✱ ❑✳✱ ✷✵✶✸✳ ❚❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❡✛❡❝ts ♦❢ t❤❡ ✇❛❣❡

❣❛♣ ❜❡t✇❡❡♥ r❡❣✉❧❛r ❛♥❞ ♥♦♥✲r❡❣✉❧❛r ❡♠♣❧♦②♠❡♥t ❛♥❞ ♦❢ ♠✐♥✐♠✉♠ ✇❛❣❡s✳ ❙tr✉❝t✉r❛❧

❈❤❛♥❣❡ ❛♥❞ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✳ ✷✻✱ ✻✶✕✼✷✳

❬✸✹❪ ❙❡tt❡r✜❡❧❞✱ ▼✳✱ ✷✵✶✸✳ ❲❛❣❡s✱ ❉❡♠❛♥❞✱ ❛♥❞ ❯✳❙✳ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❚r❛✈❛✐❧s✿ ❉✐❛❣♥♦s✐s

❛♥❞ Pr♦❣♥♦s✐s✱ ✐♥✿ ❋❛③③❛r✐✱ ❙✳▼✳✱ ❈②♥❛♠♦♥✱ ❇❛rr②✱ ❩✳✱ ❙❡tt❡r✜❡❧❞✱ ▼✳ ✭❊❞s✳✮✱ ❆❢t❡r

t❤❡ ●r❡❛t ❘❡❝❡ss✐♦♥✿ ❚❤❡ ❙tr✉❣❣❧❡ ❢♦r ❊❝♦♥♦♠✐❝ ❘❡❝♦✈❡r② ❛♥❞ ●r♦✇t❤✱ ❈❛♠❜r✐❞❣❡

❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ♣♣✳ ✶✺✽✕✶✽✹✳

❬✸✺❪ ❙❦♦tt✱ P✳✱ ❘②♦♦✱ ❙✳✱ ✷✵✵✽✳ ▼❛❝r♦❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ✜♥❛♥❝✐❛❧✐s❛t✐♦♥✳ ❈❛♠❜r✐❞❣❡

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✸✷✱ ✽✷✼✕✽✻✷✳

❬✸✻❪ ❙♦♥♦❞❛✱ ❘✳✱ ❙❛s❛❦✐✱ ❍✳✱ ✷✵✶✾✳ ❉✐✛❡r❡♥❝❡s ✐♥ ✇❛❣❡✲❞❡t❡r♠✐♥❛t✐♦♥ s②st❡♠s ❜❡t✇❡❡♥

r❡❣✉❧❛r ❛♥❞ ♥♦♥✲r❡❣✉❧❛r ❡♠♣❧♦②♠❡♥t ✐♥ ❛ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧✳ ❘❡✈✐❡✇ ♦❢ ❑❡②♥❡s✐❛♥

❊❝♦♥♦♠✐❝s✳ ✼✭✸✮✱ ✸✹✶✲✸✻✵✳

❬✸✼❪ ❙t❛♥s❜✉r②✱ ❆✳✱ ❙✉♠♠❡rs✱ ▲✳ ❍✳✱ ✷✵✷✵✳ ❚❤❡ ❉❡❝❧✐♥✐♥❣ ❲♦r❦❡r P♦✇❡r ❍②✲

♣♦t❤❡s✐s✿ ❛♥ ❊①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ❘❡❝❡♥t ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥✲

♦♠②✳ ◆❇❊❘ ✇♦r❦✐♥❣ ♣❛♣❡r s❡r✐❡s✱ ❲♦r❦✐♥❣ P❛♣❡r ✷✼✶✾✸✳ ❘❡tr✐❡✈❡❞ ❢r♦♠

❤tt♣✿✴✴✇✇✇✳♥❜❡r✳♦r❣✴♣❛♣❡rs✴✇✷✼✶✾✸

❬✸✽❪ ❙t♦❝❦❤❛♠♠❡r✱ ❊✳✱ ✷✵✵✹✳ ❋✐♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛♥❞ t❤❡ s❧♦✇❞♦✇♥ ♦❢ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❈❛♠✲

❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✷✽✭✺✮✱ ✼✶✾✕✼✹✶✳

❬✸✾❪ ❙t♦❝❦❤❛♠♠❡r✱ ❊✳✱ ✷✵✵✻✳ ❙❤❛r❡❤♦❧❞❡r ❱❛❧✉❡ ❖r✐❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ■♥✈❡st♠❡♥t✲Pr♦✜t

P✉③③❧❡✳ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✳ ✷✽✭✷✮✱ ✶✾✸✲✷✶✺✳

❬✹✵❪ ❙t♦❝❦❤❛♠♠❡r✱ ❊✳✱ ✷✵✶✺✳ ❘✐s✐♥❣ ■♥❡q✉❛❧✐t② ❛s ❛ ❈❛✉s❡ ♦❢ t❤❡ Pr❡s❡♥t ❈r✐s✐s✳❈❛♠❜r✐❞❣❡

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✸✾✭✸✮✱ ✾✸✺✕✾✺✽✳

❬✹✶❪ ❙t♦❝❦❤❛♠♠❡r✱ ❊✳✱ ●r❛✢✱ ▲✳✱ ✷✵✶✵✳ ❋✐♥❛♥❝✐❛❧ ✉♥❝❡rt❛✐♥t② ❛♥❞ ❜✉s✐♥❡ss ✐♥✈❡st♠❡♥t✳

❘❡✈✐❡✇ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✳ ✷✷✭✹✮✱ ✺✺✶✕✺✻✽✳

❬✹✷❪ ❚❛✈❛♥✐✱ ❉✳✱ ❛♥❞ ❘✳✱ ❱❛s✉❞❡✈❛♥✳ ✷✵✶✹✳ ❈❛♣✐t❛❧✐sts✱ ✇♦r❦❡rs✱ ❛♥❞ ♠❛♥❛❣❡rs✿ ❲❛❣❡

✐♥❡q✉❛❧✐t② ❛♥❞ ❡✛❡❝t✐✈❡ ❞❡♠❛♥❞✳ ❙tr✉❝t✉r❛❧ ❈❤❛♥❣❡ ❛♥❞ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ✸✵✱

✶✷✵✕✶✸✶✳ ❞♦✐✿✶✵✳✶✵✶✻✴❥✳str✉❡❝♦✳✷✵✶✹✳✵✺✳✵✵✶

❬✹✸❪ ✈❛♥ ❚r❡❡❝❦✱ ❚✳✱ ✷✵✵✾❛✳ ❆ s②♥t❤❡t✐❝✱ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t ♠❛❝r♦❡❝♦♥♦♠✐❝ ♠♦❞❡❧ ♦❢

✜♥❛♥❝✐❛❧✐③❛t✐♦♥✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳ ✸✸✭✸✮✱ ✹✻✼✕✹✾✸✳

✸✷



❬✹✹❪ ❱❛♥ ❚r❡❡❝❦✱ ❚✳✱ ✷✵✵✾❜✳ ❚❤❡ ♣♦❧✐t✐❝❛❧ ❡❝♦♥♦♠② ❞❡❜❛t❡ ♦♥ ❵✜♥❛♥❝✐❛❧✐③❛t✐♦♥✬✖❛ ♠❛❝r♦❡✲

❝♦♥♦♠✐❝ ♣❡rs♣❡❝t✐✈❡✱ ❘❡✈✐❡✇ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✳ ✶✻✱ ✾✵✼✕✾✹✹✳

❬✹✺❪ ❩✐♣♣❡r❡r✱ ❇✳✱ ❙❦♦tt✱ P✳✱ ✷✵✶✶✳ ❈②❝❧✐❝❛❧ ♣❛tt❡r♥s ♦❢ ❡♠♣❧♦②♠❡♥t✱ ✉t✐❧✐③❛t✐♦♥✱ ❛♥❞ ♣r♦❢✲

✐t❛❜✐❧✐t②✳ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✳ ✸✹✭✶✮✱ ✷✺✕✺✼✳

❆ ❆♣♣❡♥❞✐①

❆✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

Pr♦♦❢✳ ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ a1 > 0✳ {µf + (1− θ)mwu} > 0

✐♠♣❧✐❡s C < 0, ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥s✉r❡s a2 = E − Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❆s

C < 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✇❡ ❣❡t (AE+BC −D) < 0.

❚❤✉s a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

+

φ2 − (AE +BC −D)
︸ ︷︷ ︸

−

φ + BE
︸︷︷︸

+

> 0✳ ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢

st❛❜✐❧✐t② ✭✐✳❡✳ a1 > 0✱ a2 > 0✱ a3 > 0✱ ❛♥❞ a1a2 − a3 > 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✶❛ ❢♦r t❤❡ ❞✐❛❣r❛♠

♦❢ a1a2❂a3 ✮✮ ❛r❡ s❛t✐s✜❡❞✱ ♥♦ ♠❛tt❡r ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ s✐③❡ ♦❢ φ✳

✭❛✮ AC > 0 ❛♥❞ (AE+BC−D) <
0

✭❜✮ AC < 0 ❛♥❞ (AE + BC −
D) > 0

✭❝✮ AC < 0 ❛♥❞ (AE + BC −
D) < 0

❋✐❣✉r❡ ❆✳✶✿ ❉✐❛❣r❛♠ ♦❢ a1a2❂a3 ≡ ξ(φ)✿ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡

❆✳✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷

Pr♦♦❢✳ ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ a1 > 0✳ {µf + (1− θ)mwu} < 0

✐♠♣❧✐❡s C ≷ 0✳ ❍❡r❡ C < 0 ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥s✉r❡s a2 = E−Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0.

❆s C < 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✇❡ ❣❡t (AE+BC−D) < 0.

❚❤✉s a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

+

φ2 − (AE +BC −D)
︸ ︷︷ ︸

−

φ + BE
︸︷︷︸

+

> 0✳ ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢

st❛❜✐❧✐t② ✭✐✳❡✳ a1 > 0✱ a2 > 0✱ a3 > 0✱ ❛♥❞ a1a2 − a3 > 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✶❛ ❢♦r t❤❡ ❞✐❛❣r❛♠

♦❢ a1a2❂a3 ✮✮ ❛r❡ s❛t✐s✜❡❞✱ ♥♦ ♠❛tt❡r ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ s✐③❡ ♦❢ φ✳

✸✸



❆✳✸ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸

Pr♦♦❢✳ ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ a1 > 0✳ C > 0 ❛♥❞ φ < E
C

❡♥s✉r❡ a2 = E − Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ❛s C > 0, ❤❡r❡

(AE + BC − D) ≷ 0. ❚❤✉s a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

−

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+/−

φ + BE
︸︷︷︸

+

R 0✳

❙✉♣♣♦s❡ (AE+BC−D) > 0. ❚❤❡♥ ❛t φ = φ̂ > 0, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✶❜✮✳

❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂

6= 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞

φ = φ̂✳

◆♦✇ s✉♣♣♦s❡ (AE + BC −D) < 0. ❚❤❡♥ ❛t φ = φ̂ > 0, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡

❆✳✶❝✮✳ ❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂

6= 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛

r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠

❛r♦✉♥❞ φ = φ̂✳

❆✳✹ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹

Pr♦♦❢✳ A < 0 ✐♠♣❧✐❡s a1 > 0✳ C < 0 ✐♠♣❧✐❡s a2 = E−Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❋r♦♠

❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ❛s C < 0, ✐♥ t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ (AE + BC − D) ≷ 0. ❚❤✉s

a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

+

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+/−

φ+ BE
︸︷︷︸

+

R 0✳ ❙✉♣♣♦s❡ (AE+BC −D) < 0.

❚❤❡♥ a1a2❂a3 ≡ ξ(φ) > 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❛✮✳ ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ st❛❜✐❧✐t② ✭✐✳❡✳ a1 > 0✱

a2 > 0✱ a3 > 0✱ ❛♥❞ a1a2 − a3 > 0✮ ❛r❡ s❛t✐s✜❡❞✱ ♥♦ ♠❛tt❡r ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ s✐③❡ ♦❢ φ✳

◆♦✇ s✉♣♣♦s❡ (AE +BC −D) > 0.

❚❤❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ξ(φ) ✐s ❝♦♥✈❡① ❛♥❞ ✐ts ✐♥t❡r❝❡♣t ✐s ♣♦s✐t✐✈❡✳ ❙✉♣♣♦s❡ t❤❡ ❞✐s❝r✐♠✲

✐♥❛♥t ♦❢ ξ(φ) = 0 ✐s ♣♦s✐t✐✈❡✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ξ(φ) = 0 ❤❛s t✇♦ ♣♦s✐t✐✈❡ r❡❛❧ r♦♦ts✿ φ̂1 ❛♥❞

φ̂2. ❋♦r φ ∈ (0, φ̂1)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0❀ ❢♦r φ ∈ (φ̂1, φ̂2)✱

✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 < 0❀ ❛♥❞ ❢♦r φ > φ̂2✱ ✇❡ ❤❛✈❡ a1 > 0,

a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0✳ ❍❡♥❝❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛t φ = φ̂1 ❛♥❞

φ = φ̂2 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❜✮✳ ■♥❞❡❡❞✱ ❛t φ = φ̂1 ❛♥❞ φ = φ̂2✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0,

a3 > 0 ❛♥❞ a1a2 − a3 = 0✳ ❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

= 2ACφ− (AE +D −BC) ❛♥❞ s♦ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂1

=

{2ACφ̂1
︸ ︷︷ ︸

+

− (AE +D − BC)
︸ ︷︷ ︸

+

} < 0 ❛♥❞ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂2

= {2ACφ̂2
︸ ︷︷ ︸

+

− (AE +D − BC)
︸ ︷︷ ︸

−

} > 0.

❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥✲

t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ φ = φ̂1 ❛♥❞

φ = φ̂2✳

✸✹



✭❛✮ AC > 0 ❛♥❞ (AE +BC −D) < 0 ✭❜✮ AC > 0 ❛♥❞ (AE +BC −D) > 0

✭❝✮ AC < 0 ❛♥❞ (AE +BC −D) > 0 ✭❞✮ AC < 0 ❛♥❞ (AE +BC −D) < 0

❋✐❣✉r❡ ❆✳✷✿ ❉✐❛❣r❛♠ ♦❢ a1a2❂a3 ≡ ξ(φ)✿ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡

❆✳✺ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺

Pr♦♦❢✳ ❚❤r❡❡ s✐t✉❛t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡ ❤❡r❡✳ ❋✐rst✱ ✇❤❡r❡ A < 0 ❜✉t C > 0❀ s❡❝♦♥❞✱ ✇❤❡r❡

A > 0 ❜✉t C < 0❀ ❛♥❞ t❤✐r❞✱ ✇❤❡r❡ A ❛♥❞ C ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡✳ ▲❡t ✉s ❞✐s❝✉ss ❛❧❧ t❤♦s❡

❝❛s❡s st❡♣ ❜② st❡♣✳

■✳ ❍❡r❡ A < 0 ❜✉t C > 0. A < 0 ✐♠♣❧✐❡s a1 > 0✳ C > 0 ❛♥❞ φ < E
C

t♦❣❡t❤❡r ✐♠♣❧②

a2 = E − Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ❛s C > 0, A < 0, ❛♥❞

❛s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ (AE +BC −D) ≷ 0. ❚❤✉s a1a2❂a3 ≡

ξ(φ) = AC
︸︷︷︸

−

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+/−

φ + BE
︸︷︷︸

+

R 0✳ ❙✉♣♣♦s❡ (AE + BC −D) > 0. ❚❤❡♥ ❛t

φ = φ̂, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❝✮✳ ❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

= 2ACφ− (AE +BC −D)

❛♥❞ s♦ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂

< 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞

φ = φ̂✳

◆♦✇ ❛ss✉♠❡ (AE+BC−D) < 0. ❚❤❡♥ ❛t φ = φ̂, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❞✮✳

❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

∣
∣
φ̂
6= 0✳ ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞

φ = φ̂✳

■■✳ ❍❡r❡ A > 0 ❜✉t C < 0. A > 0 ❛♥❞ φ < B
A

t♦❣❡t❤❡r ✐♠♣❧② a1 > 0✳ C < 0 ✐♠♣❧✐❡s

a2 = E − Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ❛s C < 0, A > 0, ❛♥❞

✸✺



❛s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ (AE +BC −D) ≷ 0. ❚❤✉s a1a2❂a3 ≡

ξ(φ) = AC
︸︷︷︸

−

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+/−

φ + BE
︸︷︷︸

+

R 0✳ ❙✉♣♣♦s❡ (AE + BC −D) > 0. ❚❤❡♥ ❛t

φ = φ̂, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❝✮✳ ❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

= 2ACφ− (AE +BC −D)

❛♥❞ s♦ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂

< 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞

φ = φ̂✳

◆♦✇ ❛ss✉♠❡ (AE+BC−D) < 0. ❚❤❡♥ ❛t φ = φ̂, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❞✮✳

❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

∣
∣
φ̂
6= 0✳ ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞

φ = φ̂✳

■■■✳ ❍❡r❡ A ❛♥❞ C ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡✳ A > 0 ❛♥❞ φ < B
A

t♦❣❡t❤❡r ✐♠♣❧② a1 > 0✳ C > 0

❛♥❞ φ < E
C
t♦❣❡t❤❡r ✐♠♣❧② a2 = E−Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❆s A > 0✱ C > 0,❛♥❞

D < 0✱ ❤❡r❡ (AE +BC −D) > 0. ❚❤✉s a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

+

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+

φ+

BE
︸︷︷︸

+

R 0✳ ❚❤❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ξ(φ) ✐s ❝♦♥✈❡① ❛♥❞ ✐ts ✐♥t❡r❝❡♣t ✐s ♣♦s✐t✐✈❡✳ ❙✉♣♣♦s❡

t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ ξ(φ) = 0 ✐s ♣♦s✐t✐✈❡✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ξ(φ) = 0 ❤❛s t✇♦ ♣♦s✐t✐✈❡ r❡❛❧

r♦♦ts✿ φ̂1 ❛♥❞ φ̂2. ❋♦r φ ∈ (0, φ̂1)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0❀ ❢♦r

φ ∈ (φ̂1, φ̂2)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 < 0❀ ❛♥❞ ❢♦r φ > φ̂2✱ ✇❡ ❤❛✈❡

a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0✳ ❍❡♥❝❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛t φ = φ̂1

❛♥❞ φ = φ̂2 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❜✮✳ ■♥❞❡❡❞✱ ❛t φ = φ̂1 ❛♥❞ φ = φ̂2✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0,

a3 > 0 ❛♥❞ a1a2 − a3 = 0✳ ❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂1 ♦r φ=φ̂2

6= 0✳ ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢

❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱

♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ φ = φ̂1 ❛♥❞ φ = φ̂2✳

❆✳✻ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻

Pr♦♦❢✳ A < 0 ✐♠♣❧✐❡s a1 > 0✳ ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ {µf +

(1 − θ)mwu} < 0 ❡♥s✉r❡s C t♦ ❜❡ ♥❡❣❛t✐✈❡ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s a2 = E − Cφ > 0.

D < 0 ❡♥s✉r❡s a3 > 0. ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ❛s C < 0, A < 0, ❛♥❞ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥

❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ (AE + BC − D) ≷ 0. ❚❤✉s a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

+

φ2 −

(AE +BC −D)
︸ ︷︷ ︸

+/−

φ+ BE
︸︷︷︸

+

R 0✳ ❘❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s s❛♠❡ ❛s ✐♥ ❆✳✹✳

✸✻



❆✳✼ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼

Pr♦♦❢✳ A > 0 ❛♥❞ φ < B
A

t♦❣❡t❤❡r ✐♠♣❧② a1 > 0✳ {µf + (1 − θ)mwu} < 0 ❡♥s✉r❡s C

t♦ ❜❡ ♥❡❣❛t✐✈❡ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s a2 = E − Cφ > 0. D < 0 ❡♥s✉r❡s a3 > 0. ❋r♦♠

❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ❛s C < 0, A > 0, ❛♥❞ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱

(AE + BC − D) ≷ 0. ❚❤✉s a1a2❂a3 ≡ ξ(φ) = AC
︸︷︷︸

−

φ2 − (AE +BC −D)
︸ ︷︷ ︸

+/−

φ + BE
︸︷︷︸

+

R 0✳

❙✉♣♣♦s❡ (AE + BC − D) > 0. ❚❤❡♥ ❛t φ = φ̂, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❝✮✳

❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

= 2ACφ−(AE+BC−D) ❛♥❞ s♦ ∂ξ(φ)
∂φ

∣
∣
φ=φ̂

< 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢

❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱

♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ φ = φ̂✳

◆♦✇ ❛ss✉♠❡ (AE+BC−D) < 0. ❚❤❡♥ ❛t φ = φ̂, a1a2❂a3 ≡ ξ(φ) = 0 ✭s❡❡ ❋✐❣✉r❡ ❆✳✷❞✮✳

❋✉rt❤❡r✱ ∂ξ(φ)
∂φ

∣
∣
φ̂
6= 0✳ ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞

φ = φ̂✳

❆✳✽ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛♥ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❊q✉❛t✐♦♥ ✭✸✳✷✺✮ ②✐❡❧❞s

a2 =M−Nf. ■❢M > 0 ❤♦❧❞s✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ f, a2 ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r✱

✇❤❡♥ t❤❡ r❡s❡r✈❡ ❛r♠② ❡✛❡❝t ✐s str♦♥❣✱ M < 0 ❤♦❧❞s ❛♥❞ t❤❡r❡❢♦r❡ a2 ≷ 0 ❞❡♣❡♥❞✐♥❣ ♦♥

✇❤❡t❤❡r f ≷ f1 =
M
N
✳ ❆s fγ(u, γ) =

αβ
(αγ+βu)2

> 0, ❆ ❢❛❧❧ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥

f ❛♥❞ ✇❤❡♥ f ❢❛❧❧s ❜❡❧♦✇ M
N
✱ a2 ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡ ❡❝♦♥♦♠② ❜❡❝♦♠❡s ✉♥st❛❜❧❡✳

❆✳✾ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛♥ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ❛♥❞ {hmgdΩ+(gdm−su)} >

0 ❤♦❧❞s✳ ❊q✉❛t✐♦♥ ✭✸✳✷✺✮ ②✐❡❧❞s a2 = M − Nf. ❆s fγ(u, γ) =
αβ

(αγ+βu)2
> 0, ❆ r✐s❡ ✐♥ t❤❡

✇❛❣❡ ❣❛♣ r❛✐s❡s f ❛♥❞ ✇❤❡♥ f r✐s❡s ❜❡②♦♥❞ M
N
✱ a2 ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡ ❡❝♦♥♦♠②

❜❡❝♦♠❡s ✉♥st❛❜❧❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡q✉❛t✐♦♥ ✭✸✳✷✹✮ ②✐❡❧❞s G ✐s ♣♦s✐t✐✈❡ ❛♥❞ s♦ a1 ≷ 0 ❞❡♣❡♥❞✐♥❣ ♦♥

f ≶ F
G
✳ ❆s ❛ r✐s❡ ✐♥ t❤❡ ✇❛❣❡ ❣❛♣ r❛✐s❡s f ✳ ❲❤❡♥ f r✐s❡s ❜❡②♦♥❞ F

G
✱ a1 ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡

❛♥❞ t❤❡ ❡❝♦♥♦♠② ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐❣♥ ♦❢ {hmgdΩ + (gdm − su)}✳

✸✼
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