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Abstract. Institutional investors, especially high frequency traders, employ the order in-
formation contained in the Limit Order Book (LOB). The main purpose of the paper is
to investigate how full information about the LOB can help in predicting the price jump.
Normally, a full LOB contains total volumes of orders for hundreds of prices. Using the full
information runs into the curse of dimensionality which manifests itself in multicollinearity,
insignificant coefficients, inflated estimate variances and high computation time. Due to
these problems, order volumes for prices that are distant from ask and bid prices are usually
not used in prediction procedures. For this reason we call such information a silent crowd.
Here we propose a summary measure of the silent crowd and quantify its influence on trade
jump prediction. We use a realistically simulated LOB as a vehicle for experiments and
logistic regression as the prediction tool. The full code in Matlab includes 18 blocks.
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1 Introduction

The advent of information technologies made possible the transition from quote-driven mar-
kets to order-driven trading platforms. On many stock exchanges, including NYSE, NAS-
DAQ), and the London Stock Exchange, trade orders are submitted and executed electroni-
cally [1]. Outstanding orders are recorded in what is called a Limit Order Book (LOB). For
a fee, clients can have access to either partial or full information contained in the LOB. High
speed communications, fast computers and computer algorithms enabled high frequency
trading, when orders are submitted every millisecond. Analysing the LOB and making pre-
dictions regarding possible market moves in real time is essential for participants of this
market.

One direction of research focuses on mathematical models of the LOB [5, 6, 3, 2, 4]. They
provide kind of a common denominator for financial phenomena but are too judgmental in
the sense that they typically impose restrictions which are hard to validate in practice [7, 8].

On the other hand, machine learning methods do not impose any a priori conditions
and attempt to reveal the regularities that are in the data [11, 12, 9, 10]. In particular,
statistical methods are used to predict quantities that can be used profitably. The paper
[13] presents a non-parametric model for trade sign inference. [14] uses logistic regression
to predict occurrence of price jumps. [15, 16] employ support vector machines to capture
the dynamics of price movements. [17] suggest a model that describes the evolution of the
distribution of limit orders and whose estimates can be used in a regression. [18] analyze the
contribution to price discovery of market and limit orders by high-frequency traders (HFTs)
and non-HFTs. See the last paper for a valuable review and latest references.

The above references use real-world data. We work with a simulated LOB. The two
approaches have different focuses.

The main value of real-world data is that it contains traces of investors’ decisions, which



are influenced by the shape of the LOB, among other things. The challenge is to infer about
investors decisions and use that inference to successfully predict future price movements.
This is complicated by many realities: different investors react differently to the market
signals contained in the LOB, there are events outside the LOB influencing investors moves
and the very invention of successful prediction mechanisms affects investors behaviour.

A simulated LOB should incorporate and exhibit the stylized facts of the real LOB.
Different types of orders are posted in accordance with distributional patterns observed in
practice, but other than that they are random and independent, at least in our implementa-
tion. There are no built-in behavioral assumptions. The simulated LOB is impartial, so to
speak. It serves better the purpose of revealing relative importance of quantities contained
in the LOB, as opposed to inferring about investors motivations. A real LOB is a snapshot
of what has happened, while a simulated LOB can be produced as many times as needed
and allows one to fine-tune model parameters to achieve the desired patterns.

In Section 2 we describe the standard features of limit order books. In Section 3 we detail
the simulations. Section 4 presents the main results. Section 5 contains conclusions. The

Matlab code is available on request.

2 Order types and LOB structure

In order-driven markets investors can submit three order types: limit orders, cancel orders
and market orders. The minimum allowed price increment is called a tick. For simulation
purposes the tick can be taken to be 1 without loss of generality.

A sell limit order is an order to sell a certain number of shares at a certain price (called
ask) or higher. A buy limit order is an order to buy a certain number of shares at a certain
price (called bid) or lower. If there is no offsetting order at the same price, a limit order

is recorded in the LOB. Limit orders are executed against offsetting incoming orders in the



order they (limit orders) were recorded. Limit orders have an expiration date, unless the
investor specifies that the order is good until canceled. Order expiration dates are not seen
in the LOB investors have access to. For modeling purposes all limit orders are considered
as orders with no expiration date.

An investor can cancel his/her limit order (or its remaining part) at any time. In fact,
most limit orders are canceled before their execution.

It is useful to imagine the LOB as consisting of two parts, with a vertical price axis. The
upper part contains all sell orders, and the lower one contains all buy orders (more precisely,
total volumes against each tick). The lowest sell price is called the best ask and the highest
buy price is called the best bid. Because of opposite order matching the best ask is always
higher than the best bid. The midprice is defined by midprice = (best ask + best bid) /2.
The difference best ask — best bid is called a spread. The prices and total volumes at the
best ask and bid are called first level quotes, the prices and total volumes one tick away from
the best ask and bid are called second level quotes and so on.

A market sell order is an order to sell a certain number of shares at the best available
price, that is at the best bid. Similarly, a market buy order is an order to buy a certain
number of shares at the best available price, that is at the best ask. When a market sell
order arrives, the total volume at the best bid may be smaller than the market order size.
In this case the market order consumes all of the volume at the best bid, the best bid moves
down and the remaining part of the market order is executed against the limit orders at the
new best bid. Some exchanges use a different rule: if, say, a sell market order size is larger
than the outstanding volume at the best bid, the remaining part of the market order stays in
the LOB as a sell limit order. The difference between the first case, when the market order
may be executed at several prices, and the second one, when it may be partially executed
and the remainder stays as a limit order at the best bid, is that in the first case the best bid

moves down (and the spread increases), while in the second case it is the best ask that moves



down. In the first case the downward move of the midprice is determined by the relative size
of the market order and liquidity at the bid side. In the second case this downward move
depends on the spread, and the midprice right after execution of the market order will be
lower than the best bid right before the execution. The midprice is more stable under the
first arrangement, which we adopt in our simulations. Stability of market prices is one of
desirable features.

Market orders are executed immediately, so in case of a real LOB, one can know about
their arrival and size only from a change in total volumes of limit orders at the best ask and
bid. HFT’s often place orders just to cancel them a moment later. There also can be errors
in the way the LOB is recorded. This kind of problems do not arise with a simulated LOB.
Experiments on a real stock exchange are costly and likely to disrupt its operations; in case
of a change in rules governing an exchange, large and technologically advanced players will
win at the expense of small investors.

All the information above the ask price characterizes the supply, whereas all the infor-

mation below the bid price characterizes the demand side.

3 Simulation description

The task of modeling the LOB is complex because the impact of an order on the book
depends on the state of the book. Therefore one cannot sum the incoming orders over a
period of time and post the sum to the book. The orders have to be generated and posted
immediately one by one. This requires a lot of calculation, only a small part of which can
be made faster using parallel computing. We have not been able to use the CUDA (parallel
computing language from NVIDIA™) because it can handle only specific types of code.
Application of logit requires measuring depths at equally spaced moments, and their

number should be large enough. With short time intervals (on the order of several millisec-



onds) the LOB is too poor. Increasing the lengths of time intervals increases the complexity
of calculations.

Following the empirical pattern [7], the distribution of orders is defined in such a way
that the spread of limit orders is very large, £50% of the midprice or more. On both sides
of the midprice the distribution declines as a power law, up to 100 ticks from the midprice,
and then falls to zero. Orders arrive independently at exponential rates.

Cancel order sizes are given as a fraction of the order depth.

The Matlab code consists of 18 programs. The first character in the program name
indicates its level. The lowest-level programs start with A, next-level programs start with
B and so on. The level of a program is determined by the references contained in it. For
example, the program C_AllOrdersTimesAndPrices.m may refer to levels A and B but not
higher.

The function A_InDistr creates the initial distribution of orders.

The function A_OrderTimes generates a sequence of order placement times up to given
moment.

The function A_Revert just makes some code more convenient to read.

A _NormConstant realizes an empirically observed pattern in the distribution of orders
from [7].

B_OrderTimesFixedPrice generates lists of limit, cancel and market order times (for all
price ticks from 1 to MaxPrice).

B_AskAndBid finds the best ask (the lowest ask price at which order size is not zero) and
the best bid (the highest bid price at which order size is not zero).

The function B_FindCum creates cumulative sums starting from the lower end of B_T.
This is the most important part of the method. The silent crowd should be summarized in
such a way that the prices close to the midprice should have larger weights. The weights

should not be so heavy as to dampen the tail of the silent crowd.



B_LODensity generates sizes of limit orders in the range (midprice—dist, midprice+dist),
currently under condition MaxPrice = 4 x dist.

C_AllOrdersTimesAndPrices puts into one Max Price x 3 matrix M

o all order times from lists of limit, cancel and market orders, unsorted (first column of

M),
o order types (1 for Limit, 2 for Cancel, 3 for Market) (second column of M),

« and corresponding prices, numbered 1 through MaxPrice (third column of M).

This is necessary to create a line of orders that later will be posted to the LOB.

Next there are three functions that post three types of orders: C_PostCancelOrder,
C_PostLimitOrder and C_PostMarketOrder.

E_Inference_A_B collects statistical characteristics of the LOB. It is important that after
about 50 orders the simulated LOB stabilizes and its two-humped shape corresponds to what
is observed in practice.

Next we need to see how informative are the prices close to the midprice, compared to
the informativeness of the silent crowd.

F_band_A B finds bands of order sizes of width band (band up from ask in A_T and band
down from bid in B_T).

F_weight_A_B prepares weights for averaging order sizes.

Finally, comparison is made between contribution of the prices that are close to the

midprice (in the band) and contribution of the silent crowd.

4 Simulation results

The density of incoming limit orders is generated according to what is observed in practice.

200 ticks up and down from the initial midprice the density tapers off. After that, we set it
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to zero, see Figure 1.

Figure 1: Density of limit orders

As it was mentioned above, after about 50 orders the simulated LOB stabilizes. The
midprice falls from the one defined in the initial distribution and afterwards is pretty stable

(Figure 2).
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Figure 2: Stabilization of the midprice

The standard deviation of the midprice also stabilizes (Figure 3).

Its two-humped shape corresponds to what is observed in practice, see Figure 4. This
is a sign that relative order sizes have been chosen correctly (orders do not accumulate to
infinity and are not consumed entirely by incoming buy orders).

Another sign that the LOB is being simulated correctly is that the order lists in the LOB

behave pretty irregularly. See in Figure 5 the behavior of the first five ask sizes.



0 100 200 300 400 500 600 700 800 800 1000

Figure 3: Stabilization of the standard deviation of the midprice

Figure 4: Two-humped distribution of order sizes
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Figure 5: Ask sizes at the first 5 prices



We use the logit model to predict the price jump. This is done with two sets of predictors:
one includes only prices close to the midprice and the other additionally includes the index
of the silent crowd. Specifically, let a;,b;; denote the ask and bid sizes at time t, where
i =1,2,... is the quote level. The price jump j, = sgn(midprice;;1 — midprice;) is regressed
on ag, by, i =1,...,1, in the first regression and on a;, by, i = 1,...,1,index; in the second

Maaz Price

regression. Here indexr = Y2270 w;(a; + bi1) is a weighted sum of the representatives of

the "silent crowd”. We change I = 1,2, ...,24 to see how the two regressions compare. From
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Figure 6: R squared for two sets f predictors

Figure 6 it is clear that the silent crowd significantly improves prediction if the number of
prices included is low (less than or equal to five). Then its contribution falls and becomes

negligible after the number of prices included exceeds eight.

5 Conclusions

We have been able to reproduce the stylized facts of the LOB. Those include the hump-shaped
density distribution of order sizes. Using a simulated LOB allows one to achieve desirable
distributional properties while preserving unpredictability and to test various forecasting
techniques in different scenarios. In our simulations, the midprice stabilizes, which is not
a feature observed in practice. It can be easily avoided by introducing a random-walk-like

disturbances. However, to obtain distributions of order sizes one would have to detrend the



resulting midprice series using moving averages. Because of the lagging nature of moving
averages, this would introduce an additional error in estimation. However, we believe that
reversion to the mean would at least partially mitigate this problem and the final result

would not be very different from ours.
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