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❆❜str❛❝t

■♥ ❛ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t ♥❡♦✲❑❛❧❡❝❦✐❛♥ ♠❛❝r♦✲♠♦❞❡❧✱ ❛❧♦♥❣ ✇✐t❤ ✇♦r❦❡r ❤♦✉s❡✲

❤♦❧❞s✬ ❞❡❜t ❞②♥❛♠✐❝s✱ ✐♥ t❤❡ ❧♦♥❣✲r✉♥✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s✱ ❛♥❞

❞❡♠♦♥str❛t❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳ ❉②♥❛♠✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠②

✐s ❛❧s♦ ❡①❛♠✐♥❡❞✳ ❇♦t❤ ❞❡❜t✲❧❡❞ ❛♥❞ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡s ❛r❡

♣♦ss✐❜❧❡ ✐♥ s❤♦rt✲r✉♥ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ❧♦♥❣✲r✉♥✳ ❲❡ ✜♥❞ t❤❛t ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s

❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ❢♦r ✭❞❡✮st❛❜✐❧✐③✐♥❣ t❤❡ ❡❝♦♥♦♠②✳ ■♥ s♦♠❡

✐♥st❛♥❝❡s✱ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s

❜❡❝♦♠❡s ❝r✉❝✐❛❧ ❢♦r st❛❜✐❧✐③✐♥❣ t❤❡ ❡❝♦♥♦♠②✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❡❝♦♥♦♠② ♠❛② ❧♦s❡ ✐ts

st❛❜✐❧✐t② ❛♥❞ ❣✐✈❡s ❜✐rt❤ t♦ ❧✐♠✐t ❝②❝❧❡s✳

❑❡②✇♦r❞s✿ ❈❛♣✐t❛❧ ❆❝❝✉♠✉❧❛t✐♦♥✱ ■♥❝♦♠❡ ❉✐str✐❜✉t✐♦♥✱ ❲♦r❦❡r ❍♦✉s❡❤♦❧❞ ❉❡❜t✱

❑❛❧❡❝❦✐❛♥ ▼♦❞❡❧✱ ▲✐♠✐t ❈②❝❧❡✱ ❙t♦❝❦✲✢♦✇ ❈♦♥s✐st❡♥❝②✱

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❈✻✷✱ ❊✶✷✱ ❊✷✺✱ ●✸✹✱ ❖✹✶✳

∗❚❤✐s ♣❛♣❡r ✐s ♣❛rt ♦❢ ♦♥❣♦✐♥❣ ✇♦r❦ ♦♥ t❤❡ ❛✉t❤♦r✬s ❞♦❝t♦r❛❧ t❤❡s✐s t♦ ❜❡ s✉❜♠✐tt❡❞ t♦ ❏❛✇❛❤❛r❧❛❧
◆❡❤r✉ ❯♥✐✈❡rs✐t②✱ ◆❡✇ ❉❡❧❤✐✱ ■♥❞✐❛✳ ❚❤❡ ❛✉t❤♦r ✐s ✐♥❞❡❜t❡❞ t♦ ❙✉❜r❛t❛ ●✉❤❛✱ ●♦❣♦❧ ▼✐tr❛ ❚❤❛❦✉r✱
▼❛✉s✉♠✐ ❉❛s ❛♥❞ ❙♦✉♠②❛ ❉❛tt❛ ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦r ✐s s♦❧❡❧② r❡s♣♦♥s✐❜❧❡
❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❡rr♦rs✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❙✐♥❝❡ t❤❡ ✶✾✽✵s✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ♠❛ss✐✈❡ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥❝♦♠❡ ❞✐s✲

tr✐❜✉t✐♦♥ ❢r♦♠ ✇♦r❦❡rs✬ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐♥ t❤❡ ❯❙ ❡❝♦♥♦♠②✳ ❖✈❡r t❤❡ ❧❛st ❢♦✉r ❞❡❝❛❞❡s✱

t❤❡ r❡❛❧ ✇❛❣❡ r❛t❡ ✐♥❝r❡❛s❡❞ ❛t ❛ ❧♦✇❡r r❛t❡ t❤❛♥ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ✭❙❡tt❡r✜❡❧❞❀ ✷✵✶✸✱

♣♣✳ ✶✻✸✮✳ ▲❛❜♦✉r ✐♥❝♦♠❡ s❤❛r❡ ❞❡❝❧✐♥❡❞ ❢r♦♠ ✻✼✳✷✻✪ ✐♥ ✶✾✻✶✲✼✸ t♦ ✻✸✳✻✻✪ ✐♥ ✷✵✵✶✲✵✽

✭❍❡✐♥❀ ✷✵✶✹✱ ♣♣✳ ✶✹✮✳ ❍♦✇❡✈❡r✱ t❤❡ s❤❛r❡ ♦❢ ♦✈❡r❛❧❧ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✐♥ ●❉P ❤❛s

♥♦t ❞❡❝❧✐♥❡❞ ♦✈❡r t❤❡ s❛♠❡ ♣❡r✐♦❞ ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✮✳ ❚❤✐s ❤❛s ❤❛♣♣❡♥❡❞ ❞✉❡ t♦ ✇♦r❦❡rs✬

❜♦rr♦✇✐♥❣ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✳✷✮✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ ❛♥ ✉♥♣r❡❝❡❞❡♥t❡❞ ❛♠♦✉♥t

♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ✐♥ t❤❡ ✶✾✽✵s ❛♥❞ ✶✾✾✵s ✐♥ t❤❡ ❯❙ ❡❝♦♥♦♠②

✭❘♦❤✐t❀ ✷✵✶✸✱ ♣♣✳ ①①✐✈❀ s❡❡ ❋✐❣✉r❡ ✶✳✸ ❛s ✇❡❧❧✮✶✳ ❘✐s✐♥❣ ✐♥❞❡❜t❡❞♥❡ss ♦❢ ✇♦r❦❡r ❤♦✉s❡✲

❤♦❧❞s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ ❛ ❞❡❝❧✐♥✐♥❣ ✐♥❝♦♠❡ s❤❛r❡ ♦❢ ✇♦r❦❡rs ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛r❡

t✇♦ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❤❡♥♦♠❡♥❛ ✐♥ t❤❡ ❯❙ ❡❝♦♥♦♠② ❢♦r t❤❡ ❧❛st s❡✈❡r❛❧ ❞❡❝❛❞❡s✳

❲❤✐❧❡ ♠♦st ♦❢ t❤❡ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❧✐t❡r❛t✉r❡ ❢♦❝✉s❡s ♦♥ t❤❡ ♠❛❝r♦✲❞②♥❛♠✐❝s ♦❢ ❝♦♥s✉♠❡r

❞❡❜t ✭♦r ❞❡❜t ♦❢ ✇♦r❦❡rs✮✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❡❜t ❞②♥❛♠✐❝s ❛♥❞ ❞✐str✐❜✉t✐♦♥❛❧

❞②♥❛♠✐❝s ✐s ♠✐ss✐♥❣ ✐♥ t❤✐s ❦✐♥❞ ♦❢ ❧✐t❡r❛t✉r❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✐♥ ❛ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t

♥❡♦✲❑❛❧❡❝❦✐❛♥ ♠❛❝r♦✲♠♦❞❡❧✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❧♦♥❣✲r✉♥ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡

❡❝♦♥♦♠② ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞❡❜t ❞②♥❛♠✐❝s ♦❢ ✇♦r❦❡r ❤♦✉s❡❤♦❧❞s✱ ❛♥❞ ❞❡♠♦♥str❛t❡ t❤❡ ♣♦ss✐✲

❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳ ❲❡ ❡①❛♠✐♥❡ t❤❡ ❞②♥❛♠✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❲❡ ✜♥❞

t❤❛t ❜♦t❤ ❞❡❜t✲❧❡❞ ❛♥❞ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ ✭❛♥❞ ❞❡♠❛♥❞✮ r❡❣✐♠❡s ❛r❡ ♣♦ss✐❜❧❡ ✐♥ t❤❡

s❤♦rt✲r✉♥ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ❧♦♥❣✲r✉♥✳ ❚❤❡r❡ ❝❛♥ ❛r✐s❡ ❛ ✉♥✐q✉❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡

❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❚❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡ ❝❛♥

❜❡ ❝❛t❡❣♦r✐③❡❞ ❛s (i) ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ (ii) ♠♦❞❡r❛t❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❛♥❞ (iii) str♦♥❣

❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ■♥ ❝❛s❡ ♦❢ ❛ ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞

✭❛♥❞ ❣r♦✇t❤✮ r❡❣✐♠❡✱ t❤❡r❡ ✐s ❛ ♣♦ss✐❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ ♦♥❡ ♦❢ t❤❡♠ ✐s

st❛❜❧❡ ✭t❤❡ ♦t❤❡r ♦♥❡ ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡✮✳ ❍♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ ❛ ♠♦❞❡r❛t❡ ♦r ❛

str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛❧♦♥❣ ✇✐t❤ st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✱ ❧✐♠✐t

❝②❝❧❡s ❛r❡ ❛❧s♦ ♣♦ss✐❜❧❡✳ ■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r r❡❧❛t❡❞ t♦ t❤❡

❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s t❤❛t r❡♣r❡s❡♥ts t❤❡ ❛❜✐❧✐t② ♦❢ ✜r♠s t♦ ❛❞❥✉st t❤❡✐r ❛❝t✉❛❧ s❤❛r❡ ♦❢

♣r♦✜t t♦ t❤❡ ❞❡s✐r❡❞ ♦♥❡ ❡①♣❧❛✐♥s t❤❡ ❧✐♠✐t ❝②❝❧❡s ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❲❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇

♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ✐♥✢✉❡♥❝❡ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ♣r♦✜t s❤❛r❡

❛♥❞ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳

❙t❛rt✐♥❣ ❢r♦♠ ✶✺✪ ✐♥ t❤❡ ✶✾✽✵s✱ t❤❡ ✜♥❛♥❝✐❛❧ s❡❝t♦r✬s ♣r♦✜t s❤❛r❡ ✭♦✉t ♦❢ ❛❧❧ ♣r♦✜ts✮

tr✐♣❧❡❞ ✐♥ ✷✵✵✼ ✇✐t❤ ❛ ♣❡❛❦ ♦❢ ✹✺✪ ✐♥ ✷✵✵✷ ✭❚♦♠❛s❦♦✈✐❝✲❉❡✈❡② ❛♥❞ ▲✐♥✱ ✷✵✶✶❀ ▲✐♥ ❛♥❞

✶▼❡r❣❡rs ✐♥ t❤❡ ✶✾✽✵s ✇❡r❡ ❞✐✛❡r❡♥t ✐♥ ♥❛t✉r❡ ❢r♦♠ t❤♦s❡ ♦❢ ✶✾✾✵s✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❞✐st✐♥❝t✐♦♥
❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✇❛s ❛ ♠❛ss✐✈❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ st♦❝❦ ❛s ❛ ♠❡t❤♦❞ ♦❢ ♣❛②♠❡♥t ❞✉r✐♥❣ t❤❡
✶✾✾✵s✳ ❆s q✉♦t❡❞ ❜② ❆♥❞r❛❞❡ ❡t ❛❧✳ ✭✷✵✵✶✱ ♣♣✳ ✶✵✺✮✱ ✏❬❆❪❜♦✉t ✼✵ ♣❡r ❝❡♥t ♦❢ ❛❧❧ ❞❡❛❧s ✐♥ t❤❡ ✶✾✾✵s ✐♥✈♦❧✈❡❞
st♦❝❦ ❝♦♠♣❡♥s❛t✐♦♥✱ ✇✐t❤ ✺✽ ♣❡r ❝❡♥t ❡♥t✐r❡❧② st♦❝❦ ✜♥❛♥❝❡❞✳ ❚❤❡s❡ ♥✉♠❜❡rs ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② ✺✵ ♣❡r
❝❡♥t ♠♦r❡ t❤❛♥ ✐♥ t❤❡ ✶✾✽✵s✳✑

✷



❙♦✉r❝❡✿ ❊❝♦♥♦♠✐❝ ❘❡♣♦rt ♦❢ t❤❡ Pr❡s✐❞❡♥t✱ ❋❡❜r✉❛r② ✷✵✶✷✱ t❛❜❧❡ ❇✲✶❀ ❛✉t❤♦r✬s ❝❛❧❝✉❧❛✲
t✐♦♥s✳

❋✐❣✉r❡ ✶✳✶✿ P❡rs♦♥❛❧ ❝♦♥s✉♠♣t✐♦♥ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✭✶✾✽✵✲✷✵✶✵✮

❙♦✉r❝❡✿ ❇❛r❜❛ ❛♥❞ P✐✈❡tt✐❀ ✷✵✵✾✱ ♣♣✳ ✶✶✺

❋✐❣✉r❡ ✶✳✷✿ ❈♦♥s✉♠❡r ❝r❡❞✐t ♦✉tst❛♥❞✐♥❣ ❛s ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ ❞✐s♣♦s❛❜❧❡ ♣❡rs♦♥❛❧ ✐♥❝♦♠❡
❢♦r t❤❡ ❯❙✱ ✶✾✻✺✲✷✵✵✻✳

❙♦✉r❝❡✿ ❆♥❞r❛❞❡ ❡t ❛❧✳ ✷✵✵✶✱ ♣♣✳ ✶✵✺

❋✐❣✉r❡ ✶✳✸✿ ❆❣❣r❡❣❛t❡ ▼❡r❣❡r ❆❝t✐✈✐t② ❙✐♥❝❡ ✶✵✻✵s ❢♦r t❤❡ ❯❙✳

✸



❚♦♠❛s❦♦✈✐❝✲❉❡✈❡②✱ ✷✵✶✸✮✳ ■♥ ❝❛s❡ ♦❢ ♥♦♥✲✜♥❛♥❝✐❛❧ s❡❝t♦r ✜r♠s✱ t❤❡ r❛t✐♦ ♦❢ ✜♥❛♥❝✐❛❧

✐♥❝♦♠❡ t♦ r❡❛❧✐③❡❞ ♣r♦✜ts ♠♦r❡ t❤❛♥ ❞♦✉❜❧❡❞ ❢r♦♠ ✶✺✪ t♦ ✸✷✪ ✇✐t❤ ❛ ♣❡❛❦ ♦❢ ✹✷✪ ✐♥

✷✵✵✶ ✭▲✐♥ ❛♥❞ ❚♦♠❛s❦♦✈✐❝✲❉❡✈❡②✱ ✷✵✶✸✮✳ ❇♦t❤ t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ♥❛t✐♦♥❛❧ ✐♥❝♦♠❡

❛♥❞ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ t♦♣ ❝♦r♣♦r❛t❡ ❡①❡❝✉t✐✈❡s ✐♥❝r❡❛s❡❞ s✐❣♥✐✜❝❛♥t❧②✳ ◆❡❡❞❧❡ss t♦

s❛②✱ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✐♥❝r❡❛s❡❞ tr❡♠❡♥❞♦✉s❧②✳ ❚❤❡ s❤✐❢t ♦❢ ♣♦✇❡r t♦✇❛r❞s r❡♥t✐❡rs ❛♥❞

❛✇❛② ❢r♦♠ ✇♦r❦❡rs ✭❜❡❝❛✉s❡ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✮✱ ❛s ❱❛♥ ❆r♥✉♠ ❛♥❞ ◆❛♣❧❡s ✭✷✵✶✸✮ ♣♦✐♥t

♦✉t✱ ✐s ♦♥❡ ♦❢ t❤❡ ♣r✐♠❛r② r❡❛s♦♥ ❢♦r r✐s✐♥❣ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥

✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛♥❞ ✐♥❡q✉❛❧✐t②✱ t❤❡r❡❢♦r❡✱ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❈r♦tt②

✭✷✵✵✸✮✱ P❛❧❧❡② ✭✷✵✶✷✮ ❛♥❞ ❙t♦❝❦❤❛♠♠❡r ✭✷✵✶✺✮✳

❆❝❝♦r❞✐♥❣ t♦ ❖r❤❛♥❣❛③✐ ✭✷✵✵✽✮✱ ♥♦♥✲✜♥❛♥❝✐❛❧ ❝♦r♣♦r❛t✐♦♥s✱ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡✐r ✜♥❛♥❝✐❛❧

✐♥✈❡st♠❡♥ts ✭r❡❧❛t✐✈❡ t♦ r❡❛❧ ✐♥✈❡st♠❡♥ts✮✱ ❞❡r✐✈❡ ✐♥❝r❡❛s✐♥❣ ♣❛rt ♦❢ t❤❡✐r ✐♥❝♦♠❡ ❢r♦♠ ✜✲

♥❛♥❝✐❛❧ s♦✉r❝❡s✳ ❚❤r♦✉❣❤ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❢✉♥❞s✱ ❛✇❛② ❢r♦♠ r❡❛❧ ✐♥✈❡st♠❡♥t ✐♥t♦ ✜♥❛♥❝✐❛❧

✐♥✈❡st♠❡♥t✱ ✜♥❛♥❝✐❛❧ ✐♥✈❡st♠❡♥ts ❝r♦✇❞ ♦✉t r❡❛❧ ✐♥✈❡st♠❡♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❤❛r❡✲

❤♦❧❞❡rs✱ ✇✐t❤ t❤❡✐r ✐♥❝r❡❛s❡❞ ♣♦✇❡r✱ ♣r❡ss✉r✐③❡ ♠❛♥❛❣❡rs t♦ ❛❞♦♣t ❤✐❣❤❡r ✜♥❛♥❝✐❛❧ ♣❛②♦✉t

r❛t✐♦s ❛♥❞ s❤♦rt✲t❡r♠ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥s✱ ✇❤✐❝❤ ❧❡❛❞ t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❧❡✈❡❧s ♦❢ ✐♥✈❡st✲

♠❡♥t✳ ❙t♦❝❦❤❛♠♠❡r ✭✷✵✵✹✮ ✜♥❞s str♦♥❣ s✉♣♣♦rt ❢r♦♠ t❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❯❙❆

❛♥❞ ❋r❛♥❝❡ r❡❣❛r❞✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛✛❡❝ts ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥

♥❡❣❛t✐✈❡❧②✳

❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ❧✐t❡r❛t✉r❡ ❢♦❝✉s❡s ♦♥❧② ♦♥ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❛♥❞ ♥❡❣❧❡❝ts t♦ ❝❛♣t✉r❡

t❤❡ ❡✛❡❝t ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♦♥ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❛❧②s✐s ❝❛♥ ❜❡

❢♦✉♥❞ ✐♥ ❖♥❛r❛♥ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❖♥❛r❛♥ ❡t ❛❧✳ ✭✷✵✶✶✮ ♣♦✐♥t ♦✉t ❤♦✇ t❤❡ r❡❞✉❝t✐♦♥

✐♥ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞✱ ❞✉❡ t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ✐♥ ❢❛✈♦✉r ♦❢ ❝❛♣✐t❛❧

✭❜❡❝❛✉s❡ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✮✱ ❤❛s ❜❡❡♥ ❝♦♠♣❡♥s❛t❡❞ ❜② ❛ r✐s❡ ✐♥ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞

t❤r♦✉❣❤ t❤❡ ✇❡❛❧t❤ ❡✛❡❝t ✇❤✐❝❤ ❤❛s ❝♦♠❡ ❢r♦♠ t❤❡ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❝♦♠❡ ❜❡❝❛✉s❡ ♦❢

✜♥❛♥❝✐❛❧✐③❛t✐♦♥✳ ❆s ✇♦r❦❡r ✐♥❝♦♠❡s ❞❡❝r❡❛s❡ ❞r❛♠❛t✐❝❛❧❧②✱ t♦ ❦❡❡♣ ✉♣ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥

♣❛tt❡r♥s✱ ✇♦r❦❡rs ❜♦rr♦✇ ❢r♦♠ r❡♥t✐❡rs✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ✇♦r❦❡r ❜♦rr♦✇✐♥❣ ♦♥ t❤❡ ❡❝♦♥♦♠②

✐s ❝❛♣t✉r❡❞ ❜② ❑✐♠ ❡t ❛❧✳ ✭✷✵✶✹✮✱ ❙❡tt❡r✜❡❧❞ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❉✉tt ✭✷✵✵✻✮ ❛♥❞ ❍❡✐♥ ✭✷✵✶✷❛✮

❛s ✇❡❧❧✷✳

❊♠♣❤❛s✐③✐♥❣ t❤❡ r❡❧❛t✐✈❡ ✐♥❝♦♠❡ ❤②♣♦t❤❡s✐s ✭♦❢ ❉✉❡s❡♥❜❡rr② ✭✶✾✹✾✮✮ ❛♥❞ ❞❡❜t ✜♥❛♥❝❡✱ t♦

✉♥❞❡rst❛♥❞ t❤❡ ❤♦✉s❡❤♦❧❞ ❝♦♥s✉♠♣t✐♦♥ ❜❡❤❛✈✐♦✉r✱ ❑✐♠ ❡t ❛❧✳ ✭✷✵✶✹✮ ❝♦♥str✉❝t ❛ ❑❡②♥❡✲

s✐❛♥ ♠♦❞❡❧ ♦❢ ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠♣t✐♦♥✳ ■♥ t❤✐s ♠♦❞❡❧✱ t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❤♦✉s❡❤♦❧❞s

✭✇♦r❦✐♥❣ ❛♥❞ r❡♥t✐❡r ❤♦✉s❡❤♦❧❞s✮ t❤❛t ❝♦♥s✐st ♦❢ t❤r❡❡ t②♣❡s ♦❢ ✐♥❝♦♠❡ r❡❝✐♣✐❡♥ts ✭♣r♦❞✉❝✲

t✐♦♥ ❛♥❞ ♥♦♥✲s✉♣❡r✈✐s♦r② ✇♦r❦❡rs✱ s✉♣❡r✈✐s♦r② ✇♦r❦❡rs✱ ❛♥❞ ❝❛♣✐t❛❧✐sts✮✳ ■♥ t❤✐s ♠♦❞❡❧✱

✉♥❞❡r t❤❡ ❵❝♦♥✈❡♥t✐♦♥❛❧✬ ❝❛s❡ ♦❢ ❞❡❜t✲s❡r✈✐❝✐♥❣ ✭✇❤❡r❡ ✇♦r❦❡rs s❡r✈✐❝❡ t❤❡✐r ❞❡❜t t❤r♦✉❣❤

❛♥ ✐♥✐t✐❛❧ ❞❡❞✉❝t✐♦♥ ❢r♦♠ ✐♥❝♦♠❡ ❛♥❞ t❤❡♥ ❝♦♥s✉♠❡ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡st✮✱ ✇❡ ✜♥❞ t❤❛t

✷❈②♥❛♠♦♥ ❛♥❞ ❋❛③③❛r✐ ✭✷✵✶✺✮✱ ❑❛♣❡❧❧❡r ❛♥❞ ❙❝❤üt③ ✭✷✵✶✺✮✱ ❑✐♠ ✭✷✵✶✷✮✱ ❛♥❞ ❙❡tt❡r✜❡❧❞ ❛♥❞ ❑✐♠
✭✷✵✶✻✮✱ ❛r❡ ❛♠♦♥❣ ♦t❤❡rs ✇❤♦ ❝♦♥tr✐❜✉t❡ ✐♥ t❤✐s ❛r❡❛✳

✹



❝✉rr❡♥t ❜♦rr♦✇✐♥❣ ❜② ✇♦r❦❡rs ❡♥❤❛♥❝❡s t❤❡ ❛❣❣r❡❣❛t❡ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✇❤✐❧❡ ❛ r✐s❡ ✐♥

✐♥❞❡❜t❡❞♥❡ss ❧❡❛❞s t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ s❛♠❡✳ ❯♥❞❡r t❤❡ ❵✉♥❝♦♥✈❡♥t✐♦♥❛❧✬ ❝❛s❡ ♦❢ ❞❡❜t✲

s❡r✈✐❝✐♥❣ ✭✇❤❡r❡ ✇♦r❦❡rs✱ ❝♦♥s✐❞❡r✐♥❣ s❛✈✐♥❣s ❛s ❛ ❧✉①✉r② t❤❛t ♠✉st ❜❡ ❢♦r❡❣♦♥❡ ✜rst✱

❝♦♥s✉♠❡ ❛ ♣❛rt ♦❢ t❤❡✐r ❝✉rr❡♥t ✐♥❝♦♠❡ ❛♥❞ t❤❡♥ s❡r✈✐❝❡ t❤❡✐r ❞❡❜ts✮✱ ♦♥❡ ❝❛♥ ♥♦♥❡t❤❡❧❡ss

✜♥❞ t❤❛t ❝✉rr❡♥t ❜♦rr♦✇✐♥❣ ♦❢ ✇♦r❦❡rs ❡♥❤❛♥❝❡s t❤❡ ❛❣❣r❡❣❛t❡ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✇❤✐❧❡

t❤❡ ❛❣❣r❡❣❛t❡ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛ r✐s❡ ✐♥ ✐♥❞❡❜t❡❞♥❡ss✳ ❚❤✐s

r❡s✉❧t ❝❛♥ ❜❡ s✉st❛✐♥❡❞ ✉♥❧❡ss ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐s ❛rr✐✈❡❞ ✇❤❡r❡ ❞❡❜t✲s❡r✈✐❝✐♥❣ ♦❜❧✐❣❛t✐♦♥s

❡①❝❡❡❞ ❝✉rr❡♥t ✐♥❝♦♠❡ ❧❡ss ❝♦♥s✉♠♣t✐♦♥ ❡①♣❡♥❞✐t✉r❡s✳ ❆t t❤✐s ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ❤♦✇❡✈❡r✱

t❤❡ ❜✉r❞❡♥ ♦❢ ❛❝❝✉♠✉❧❛t❡❞ ❞❡❜t ♠❛② ❡①❡rt ❛ s✉❞❞❡♥ ♥❡❣❛t✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ ❛❣❣r❡❣❛t❡ ❝♦♥✲

s✉♠♣t✐♦♥ s♣❡♥❞✐♥❣✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ✇♦rt❤ r❡♠❡♠❜❡r✐♥❣ t❤❛t t❤✐s ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥

❛ st❛t✐❝ ♠♦❞❡❧ ✇❤❡r❡ ✜r♠s ❞♦ ♥♦t ❡♥❣❛❣❡ ✐♥ ✐♥✈❡st♠❡♥t✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s

♥♦ ❣r♦✇t❤ ✐♥ t❤❡ ❡❝♦♥♦♠②✳

■♥ ❛ ♥❡♦✲❑❛❧❡❝❦✐❛♥ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t ♠❛❝r♦✲♠♦❞❡❧✱ ❙❡tt❡r✜❡❧❞ ❡t ❛❧✳ ✭✷✵✶✻✮ s❤♦✇ t❤❛t

t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ❞❡❜t♦r ❤♦✉s❡❤♦❧❞s ✭❛ s❡❝t✐♦♥ ♦❢ ✇♦r❦❡rs✮ s❡r✈✐❝❡ t❤❡✐r ❞❡❜t ♣❧❛②s ❛ ❝r✉✲

❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ♦✈❡r❛❧❧ ♠❛❝r♦❡❝♦♥♦♠✐❝ ♣❡r❢♦r♠❛♥❝❡ ❜♦t❤ ✐♥ t❤❡ s❤♦rt r✉♥ ❛s ✇❡❧❧ ❛s ✐♥

t❤❡ ❧♦♥❣ r✉♥✳ ■♥ t❤✐s ♠♦❞❡❧✱ ✇♦r❦❡r ❜♦rr♦✇✐♥❣ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡

t❛r❣❡t ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ t♦ ✇❤✐❝❤ ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞s ❛s♣✐r❡ ❛♥❞ t❤❡ ❛❝t✉❛❧ ❧❡✈❡❧ ♦❢

❝♦♥s✉♠♣t✐♦♥ ❜② ✇♦r❦❡rs ♦✉t ♦❢ t❤❡✐r ✇❛❣❡ ✐♥❝♦♠❡✳ ❚❤✐s t❛r❣❡t ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ t♦

✇❤✐❝❤ ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞s ❛s♣✐r❡ ❞❡♣❡♥❞s ♦♥ ❤♦✇ ♠✉❝❤ r❡♥t✐❡r ❤♦✉s❡❤♦❧❞s ❝♦♥s✉♠❡✳ ❙♦✱

✇♦r❦❡r ❤♦✉s❡❤♦❧❞s tr② t♦ ❡♠✉❧❛t❡ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣❛tt❡r♥ ♦❢ t❤❡ r❡♥t✐❡r ❝❧❛ss✳ ❯♥❞❡r t❤❡

❵❝♦♥✈❡♥t✐♦♥❛❧✬ ❝❛s❡ ♦❢ ❞❡❜t✲s❡r✈✐❝✐♥❣ ✭✇❤❡r❡ ❞❡❜t♦rs s❡r✈✐❝❡ t❤❡✐r ❞❡❜t t❤r♦✉❣❤ ❛♥ ✐♥✐t✐❛❧

❞❡❞✉❝t✐♦♥ ❢r♦♠ ✐♥❝♦♠❡ ❛♥❞ t❤❡♥ ❝♦♥s✉♠❡ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡st✮✱ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st

r❛t❡ ♦r t❤❡ ❞❡❜t t♦ ❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛♥ ❛♠❜✐❣✉♦✉s ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡

♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ s❤♦rt r✉♥✳ ❚❤❡ r❡❛s♦♥ ✐s t✇♦✲❢♦❧❞✳ ❋✐rst✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❛

r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❝♦♠❡ ❢r♦♠ ✇♦r❦❡rs t♦ r❡♥t✐❡rs ✭✇❤♦ ❤❛✈❡ ❛ ❧♦✇❡r ♠❛r❣✐♥❛❧ ♣r♦♣❡♥s✐t②

t♦ ❝♦♥s✉♠❡✮ ✐♠♠❡❞✐❛t❡❧② r❡❞✉❝❡s t♦t❛❧ ❝♦♥s✉♠♣t✐♦♥ s♣❡♥❞✐♥❣✳ ❙❡❝♦♥❞✱ ❛s r❡❞✐str✐❜✉t✐♦♥

♦❢ ✐♥❝♦♠❡ t♦ t❤❡ r❡♥t✐❡rs ❛s ❛ r❡s✉❧t ♦❢ ❞❡❜t s❡r✈✐❝✐♥❣ ✐♥❝r❡❛s❡s r❡♥t✐❡r ✐♥❝♦♠❡ ❛♥❞ t❤❡✐r

❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✱ ✐t ✐♥ t✉r♥ ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ t❛r❣❡t ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ t♦ ✇❤✐❝❤

✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞s ❛s♣✐r❡✳ ❚❤✉s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ✇♦r❦❡rs✬ t❛r❣❡t❡❞ ❧❡✈❡❧ ♦❢ ❝♦♥✲

s✉♠♣t✐♦♥ ❛♥❞ ❛❝t✉❛❧ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ r✐s❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ✐s ❛♥ ✐♥❝r❡♠❡♥t ✐♥

✇♦r❦❡rs✬ ❝♦♥s✉♠♣t✐♦♥ s♣❡♥❞✐♥❣ ❛s ✇❡❧❧✳ ■♥ t❤❡ ❧♦♥❣ r✉♥✱ ✉♥❞❡r t❤❡ ❵❝♦♥✈❡♥t✐♦♥❛❧✬ ❝❛s❡

♦❢ ❞❡❜t✲s❡r✈✐❝✐♥❣✱ ♦♥❡ ❝❛♥ ❣❡t t✇♦ ❡q✉✐❧✐❜r✐✉♠ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦s ✇❤❡r❡ t❤❡ ❧♦✇❡r ✈❛❧✉❡

♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❝♦rr❡s♣♦♥❞s t♦ ❛ st❛❜❧❡ st❡❛❞② st❛t❡ ❛♥❞ t❤❡ ❤✐❣❤❡r ✈❛❧✉❡ t♦

❛♥ ✉♥st❛❜❧❡ ♦♥❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r t❤❡ ❵✉♥❝♦♥✈❡♥t✐♦♥❛❧✬ ❝❛s❡ ♦❢ ❞❡❜t✲s❡r✈✐❝✐♥❣

✭✇❤❡r❡ ❞❡❜t♦rs ✜rst ❝♦♥s✉♠❡ ❛ ♣❛rt ♦❢ t❤❡✐r ❝✉rr❡♥t ✐♥❝♦♠❡ ❛♥❞ t❤❡♥ s❡r✈✐❝❡ t❤❡✐r ❞❡❜ts✮✱

♦♥❡ ❝❛♥ ❛❣❛✐♥ ❣❡t t✇♦ ❡q✉✐❧✐❜r✐✉♠ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦s✳ ❍♦✇❡✈❡r✱ ❤❡r❡ t❤❡ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢

t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✱ ✇❤❡r❡❛s t❤❡ ❧♦✇❡r ✈❛❧✉❡ ✐s ✉♥st❛❜❧❡✳

❉✉tt ✭✷✵✵✻✮✱ ✐♥ ❛ ❙t❡✐♥❞❧✐❛♥ ❢r❛♠❡✇♦r❦✱ ❛r❣✉❡s t❤❛t ❛s ❧♦♥❣ ❛s ✇♦r❦❡rs ❛r❡ ❛❜❧❡ t♦ ❜♦rr♦✇✱

✺



t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ❝❛♥ ✐♥❝r❡❛s❡ ❜❡②♦♥❞ t❤❡✐r ✇❛❣❡ ✐♥❝♦♠❡ ❛t ❧❡❛st ✐♥ t❤❡ s❤♦rt r✉♥✳ ❆♥

✐♥❝r❡❛s❡ ✐♥ ❜♦rr♦✇✐♥❣ ❜② ✇♦r❦❡rs✱ t❤r♦✉❣❤ ❛ r✐s❡ ✐♥ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✱ ✐♠♣r♦✈❡s t❤❡

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡ ✐♥ t❤❡ s❤♦rt r✉♥✳ ❍♦✇❡✈❡r✱ ✇♦r❦❡r ❜♦rr♦✇✐♥❣

❤❛s ❛ ❧✐♠✐t✳ ❚❤❡ ❞❡s✐r❡❞ ❧❡♥❞✐♥❣ ♦❢ ❝❛♣✐t❛❧✐sts ✭♦r r❡♥t✐❡rs✮ t♦ ✇♦r❦❡rs✱ ♦r t❤❡ ❞❡s✐r❡❞ ❞❡❜t

♦❢ ✇♦r❦❡rs ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ t❤❡ ❝❛♣✐t❛❧✐sts ✭♦r r❡♥t✐❡rs✮ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✇♦r❦❡r

✐♥❝♦♠❡s ♥❡t ♦❢ ✐♥t❡r❡st ♣❛②♠❡♥ts✳ ■♥ t❤❡ ❧♦♥❣ r✉♥✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ ❜♦rr♦✇✐♥❣ ♦♥

❣r♦✇t❤ ✐s ❛♠❜✐❣✉♦✉s✱ s✐♥❝❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❜♦rr♦✇✐♥❣ ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ ❞❡❜t ❜✉r❞❡♥ ♦♥

t❤❡ ✇♦r❦❡rs✳ ❆s t❤❡ ❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s✱ ♥❡t ✐♥❝♦♠❡ ♦❢ t❤❡ ✇♦r❦❡rs ❞❡❝❧✐♥❡s ✇❤✐❝❤

✐♥ t✉r♥ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❞❡♣r❡ss t❤❡✐r ❝❛♣❛❝✐t② t♦ ❜♦rr♦✇ ❢✉rt❤❡r✳ ❚❤❡ ✐♥❝r❡❛s❡❞ ✐♥t❡r❡st

♣❛②♠❡♥t✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧❧② ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❝♦♠❡ ❛✇❛② ❢r♦♠ t❤❡ ✇♦r❦❡rs t♦ t❤❡

❝❛♣✐t❛❧✐sts ✭♦r r❡♥t✐❡rs✮✱ ❝❛♥ ❝❛✉s❡ ❛♥❞ ❡①❛❝❡r❜❛t❡ ✉♥❞❡r✲❝♦♥s✉♠♣t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❆t

t❤❡ s❛♠❡ t✐♠❡✱ ✐❢ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✐s ♥♦t s✉✣❝✐❡♥t❧② ❤✐❣❤ t♦ ❝♦♠♣❡♥s❛t❡ t❤✐s ✉♥❞❡r✲

❝♦♥s✉♠♣t✐♦♥✱ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡ ✇✐❧❧ ❞❡t❡r✐♦r❛t❡ ✐♥ t❤❡ ❧♦♥❣

r✉♥✳

❯♥❧✐❦❡ ❉✉tt ✭✷✵✵✻✮✱ ✐♥ ❍❡✐♥ ✭✷✵✶✷❛✱ ✷✵✶✷❜✮✱ ❜♦rr♦✇✐♥❣ ❜② ✇♦r❦❡rs ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

t❤❡✐r ♥❡t ✐♥❝♦♠❡ ❛♥❞ ✐s ❞❡t❡r♠✐♥❡❞ ❝♦♠♣❧❡t❡❧② ❜② ❤♦✇ ♠✉❝❤ r❡♥t✐❡rs ✇❛♥t t♦ ❧❡♥❞✳ ❚❤✐s

❞❡♣❛rt✉r❡ ❢r♦♠ ❉✉tt ✭✷✵✵✻✮ ❛❧❧♦✇s ❢♦r ♣♦t❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳

❯s✐♥❣ ❛ ❑❛❧❡❝❦✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❣r♦✇t❤ ♠♦❞❡❧✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ✇♦r❦❡rs✱ r❡♥t✐❡rs ❛♥❞

✜r♠s✱ ❍❡✐♥ ✭✷✵✶✷❛✮ ❡①♣❧❛✐♥s t❤❡ ❡✛❡❝t ♦❢ ✇♦r❦❡rs✬ ❞❡❜t ♦♥ ❛ ✜♥❛♥❝❡✲❞♦♠✐♥❛t❡❞ ❝❛♣✐t❛❧✐st

❡❝♦♥♦♠② ✐♥ t❤❡ s❤♦rt ❛♥❞ ❧♦♥❣ r✉♥✳ ❈♦♥s✉♠♣t✐♦♥ ♦❢ ✇♦r❦❡rs ❞❡♣❡♥❞s ♦♥ t❤❡✐r ✐♥❝♦♠❡

✭✐✳❡✳ ♦♥ ✇❛❣❡s s✐♥❝❡ ♥♦ ❛ss❡ts ❛r❡ ❜❡✐♥❣ ❤❡❧❞ ❜② t❤❡ ✇♦r❦❡rs✮✱ ❢r❡s❤ ❜♦rr♦✇✐♥❣ ❛♥❞ ✐♥t❡r❡st

♣❛②♠❡♥t ♦♥ ❞❡❜t✳ ❋r❡s❤ ❜♦rr♦✇✐♥❣ ✭♦r ♥❡✇ ❧♦❛♥s✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✇♦r❦❡rs✬ ✐♥❝♦♠❡ ❛♥❞

❡♥t✐r❡❧② ❞❡♣❡♥❞s ♦♥ ❤♦✇ ♠✉❝❤ r❡♥t✐❡rs ♣r♦✈✐❞❡ ❛s ❧♦❛♥s t♦ t❤❡ ✇♦r❦❡rs✳ ❍❡✐♥ ❛ss✉♠❡s ❛

✜①❡❞ ♣r♦♣♦rt✐♦♥ ♦❢ r❡♥t✐❡rs✬ s❛✈✐♥❣s ❣♦❡s t♦ t❤❡ ✇♦r❦❡rs ❛s ❧♦❛♥s✳ ❚✇♦ t②♣❡s ♦❢ ❛ss❡ts✱ ❤❡

❛ss✉♠❡s✱ ❡①✐st ✐♥ t❤❡ ❡❝♦♥♦♠② ✲ ❞❡♣♦s✐ts ✭♦r ❧♦❛♥s t♦ t❤❡ ✇♦r❦❡rs✮ ❛♥❞ ❡q✉✐t✐❡s✳ ❋✐r♠s

❤❛✈❡ ♦♥❧② ♦♥❡ s♦✉r❝❡ ♦❢ ❢✉♥❞s ❢♦r ✐♥✈❡st♠❡♥t ✲ ❡q✉✐t✐❡s✳ ❚❤❡ ❡♥t✐r❡ ♣r♦✜t ✐s ❝♦♠♣❧❡t❡❧②

❞✐str✐❜✉t❡❞ ❛s ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥ts t♦ r❡♥t✐❡rs ❛♥❞ ❤❡♥❝❡ t❤❡ ❞✐✈✐❞❡♥❞ r❛t❡ ❛♥❞ t❤❡ ♣r♦✜t

r❛t❡ ❛r❡ s❛♠❡ ✐♥ ❤✐s ♠♦❞❡❧✳ ❘❡♥t✐❡rs ❤❛✈❡ t✇♦ s♦✉r❝❡s ♦❢ ✐♥❝♦♠❡✿ ❞✐✈✐❞❡♥❞s✱ ❛♥❞ ✐♥t❡r❡st

✐♥❝♦♠❡ ✭✇❤✐❝❤ t❤❡② ❡❛r♥ ♦♥ ✐ss✉✐♥❣ ❧♦❛♥s t♦ t❤❡ ✇♦r❦❡rs✮✳ ❘❡♥t✐❡rs ❝♦♥s✉♠❡ ❛ ❢r❛❝t✐♦♥

♦❢ t❤❡✐r ✐♥❝♦♠❡ ❛♥❞ s❛✈❡ t❤❡ r❡st ❢♦r ♣✉r❝❤❛s✐♥❣ ♥❡✇ ❛ss❡ts✳ ■♥ ❍❡✐♥✬s ♠♦❞❡❧✱ ✐♥ t❤❡

s❤♦rt r✉♥✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❧♦❛♥s t♦ t❤❡ ✇♦r❦❡rs ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡✳ ❇✉t t❤❡ ❡✛❡❝t ♦❢ ❛♥

✐♥❝r❡❛s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ♦r t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❝♦♥tr❛❝t✐♦♥❛r② ♦♥ t❤❡ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ t❤❡ r❛t❡ ♦❢ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇♦r❦❡rs ❤❛✈❡

❛ ❤✐❣❤❡r ♣r♦♣❡♥s✐t② t♦ ❝♦♥s✉♠❡ t❤❛♥ t❤❡ r❡♥t✐❡r ❝❧❛ss✱ ❛♥❞ s♦✱ ❛s t❤❡ ✐♥t❡r❡st r❛t❡ ♦r t❤❡

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s✱ t❤❡r❡ ✐s ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❝♦♠❡ ❢r♦♠ ✇♦r❦❡rs t♦ t❤❡ r❡♥t✐❡rs✳

P❛r❛❞♦① ♦❢ ❝♦st ❛❧s♦ ♣r❡✈❛✐❧s ✐♥ t❤❡ s❤♦rt r✉♥ ✐✳❡✳ ❤✐❣❤❡r r❡❛❧ ✇❛❣❡s ❧❡❛❞ t♦ ❤✐❣❤❡r ♣r♦✜t

✻



r❛t❡s✸✳ ❍❡✐♥ ❡♥❞♦❣❡♥✐③❡s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❛♥❞ ♦❜t❛✐♥s t✇♦ ❡q✉✐❧✐❜r✐✉♠

✈❛❧✉❡s ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✇❤❡r❡ t❤❡ ❧♦✇❡r ♦♥❡ ✐s st❛❜❧❡✳ ❚❤❡ ❡✛❡❝t ♦❢ ❤✐❣❤❡r ❧❡♥❞✐♥❣

❜② r❡♥t✐❡rs t♦ ✇♦r❦❡rs ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❝❛♥ ❜❡ ❞❡❜t✲❧❡❞ ♦r ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

✐♥t❡r❡st r❛t❡ ♦♥ ❞❡❜t ❛♥❞ t❤❡ ♣r♦✜t r❛t❡✳ ❆s ❧♦♥❣ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧✐❡s ❜❡❧♦✇ t❤❡

✉♥st❛❜❧❡ ✉♣♣❡r st❡❛❞② st❛t❡ ✈❛❧✉❡✱ t❤❡ ✇♦r❦❡rs✬ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✇✐❧❧ ❛♣♣r♦❛❝❤ t♦✇❛r❞s

t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❲❤❡♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❡①❝❡❡❞s t❤✐s ✉♥st❛❜❧❡ ✉♣♣❡r

st❡❛❞② st❛t❡ ✈❛❧✉❡✱ t❤❡ s②st❡♠ ❧♦s❡s ✐ts st❛❜✐❧✐t②✳ ❆ ❤✐❣❤❡r ❛♥✐♠❛❧ s♣✐r✐ts✱ ❧♦✇❡r ✐♥t❡r❡st

r❛t❡s ❛♥❞ ❛ ❤✐❣❤❡r ♣r♦✜t s❤❛r❡ ❡❛❝❤ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ✉♣♣❡r ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡

♦❢ ✇♦r❦❡rs✬ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤✉s ✐♠♣r♦✈❡s t❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ st❛❜✐❧✐t②✳

❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ ♦✉r ♠♦❞❡❧ ✐♥ t❤✐s ♣❛♣❡r ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❍❡✐♥ ✭✷✵✶✷❛✮✳ ❍♦✇❡✈❡r✱

❝♦♠♣❛r❡❞ t♦ ❍❡✐♥ ✭✷✵✶✷❛✮✱ ♦✉r ✇♦r❦ ❤❛s ❛ ❢❡✇ ❞✐st✐♥❝t ❢❡❛t✉r❡s✳

❋✐rst✱ ♥♦♥❡ ❛♠♦♥❣ ❉✉tt ✭✷✵✵✻✮✱ ❍❡✐♥ ✭✷✵✶✷❛✮✱ ❑✐♠ ❡t ❛❧✳ ✭✷✵✶✹✮ ❛♥❞ ❙❡tt❡r✜❡❧❞ ❡t ❛❧✳

✭✷✵✶✻✮ ✐♥ t❤❡✐r ❛♥❛❧②s❡s ❛❝❝♦✉♥t ❢♦r t❤❡ ❡✛❡❝t ♦❢ ✇❡❛❧t❤ ♦♥ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✳

■♥ t❤❡ ❯❙❆✱ ✐♥ t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s ✭❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ✶✾✽✵s✱ ✶✾✾✵s✱ ❛♥❞ ❡❛r❧② ✷✵✵✵s✮ ❛

♠❛ss✐✈❡ ✐♥❝r❡♠❡♥t ❤❛s ♦❝❝✉rr❡❞ ✐♥ r❡♥t✐❡rs✬ ✇❡❛❧t❤✱ ❛♥❞ ✐t ❤❛s ❤❛❞ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t

♦♥ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✳ ■♥ ♦✉r ❛♥❛❧②s✐s✱ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ♥♦t ♦♥❧② ❞❡♣❡♥❞s

♦♥ t❤❡✐r ✐♥❝♦♠❡ ❜✉t ❛❧s♦ ♦♥ t❤❡✐r ❛ss❡ts✳

❙❡❝♦♥❞✱ ✐♥ t❤❡ ❡r❛ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✱ ❵s❤❛r❡❤♦❧❞❡r ✈❛❧✉❡ ♦r✐❡♥t❛t✐♦♥✬ ❧❡❛❞s t♦ ❛ s❤✐❢t ✐♥ t❤❡

♣r❡❢❡r❡♥❝❡s ♦❢ ♠❛♥❛❣❡rs ✭❤❡r❡ ✜r♠s✮ ❢r♦♠ r❡t❛✐♥✐♥❣ ♣r♦✜t ❛♥❞ r❡✐♥✈❡st✐♥❣ ✐t ❢♦r ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ t♦ ❞♦✇♥s✐③✐♥❣ t❤❡ ❧❛❜♦✉r ❢♦r❝❡ ❛♥❞ ❞✐str✐❜✉t✐♥❣ t❤❡ ♣r♦✜t t♦ s❤❛r❡❤♦❧❞❡rs

✭▲❛③♦♥✐❝❦ ❛♥❞ ❖✬❙✉❧❧✐✈❛♥❀ ✷✵✵✵✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞✐✈✐❞❡♥❞✲♣❛②♦✉t r❛t✐♦ t♦ r❡♥t✐❡rs

❤❛s ✐♥❝r❡❛s❡❞ ✐♥ t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s ✭s❡❡ ❍❡✐♥ ✭✷✵✶✷❜✮✱ ❘♦❤✐t ✭✷✵✶✸✮✮✳ ❚❤❡ ♥♦✈❡❧t② ♦❢

♦✉r ♠♦❞❡❧ ❝♦♠♣❛r❡❞ t♦ ❍❡✐♥ ✭✷✵✶✷❛✮ ✐s t❤❛t ✇❡ ❡①♣❧✐❝✐t❧② ❝❛♣t✉r❡ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥

t❤❡ ❞✐✈✐❞❡♥❞✲♣❛②♦✉t r❛t✐♦ ♦♥ t❤❡ s❤♦rt r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ♦❢ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞

♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ■♥ ❍❡✐♥ ✭✷✵✶✷❛✮✱ ♦♥❡ ❝❛♥♥♦t ❛♥❛❧②s❡ t❤✐s

✐♠♣❛❝t ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♣r♦✜t ✐s ❝♦♠♣❧❡t❡❧② ❞✐str✐❜✉t❡❞ t♦ r❡♥t✐❡rs✳

❚❤✐r❞✱ ♠♦st ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✭❛♥❞ ❛❧❧ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✮ tr❡❛t s❤❛r❡ ♦❢

♣r♦✜t ❛s ❛ ♣❛r❛♠❡t❡r ❛♥❞ ❛♥❛❧②s❡ t❤❡ ✐♠♣❛❝t ♦❢ ❢❡✇ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭❢♦r ❡✳❣✳

✐♥t❡r❡st r❛t❡✱ ❞✐✈✐❞❡♥❞✕♣❛②♦✉t r❛t✐♦ ❡t❝✳✮ ♦♥ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t✳ ❍♦✇❡✈❡r✱ ✇❡ ❛tt❡♠♣t t♦

❛♥❛❧②s❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡❝♦♥♦♠② ✐♥ t❤❡ ❧♦♥❣ r✉♥ ✐✳❡✳ ❤♦✇ t❤❡

s❤❛r❡ ♦❢ ♣r♦✜t ❡✈♦❧✈❡s t❤r♦✉❣❤ t✐♠❡ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❲❡ t❤❡♥ s❤♦✇✱ ❤♦✇ t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ t✇♦ s✉❜s②st❡♠s ❝❛♥ ❝❛✉s❡ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ✇❤♦❧❡ s②st❡♠✳

❋♦✉rt❤✱ t❤❡r❡ ✇❛s ❛ ♠❛ss✐✈❡ ✈♦❧✉♠❡ ♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ✐♥ t❤❡

✶✾✽✵s ❛♥❞ ✶✾✾✵s ✐♥ t❤❡ ❯❙ ❡❝♦♥♦♠② ✭❘♦❤✐t✱ ✷✵✶✸❀ ❍❡✐♥✱ ✷✵✶✷❜✮✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ♠❡r❣❡rs

❛♥❞ ❛❝q✉✐s✐t✐♦♥s ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ♠❛r❦✲✉♣ ❛♥❞ ❤❡♥❝❡ ♦♥ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t

✸❙❡❡ ❘♦✇t❤♦r♥ ✭✶✾✽✶✱ ♣♣✳ ✶✽✮ ❢♦r ♠♦r❡ ♦♥ P❛r❛❞♦① ♦❢ ❝♦st✳
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✐♥ t❤❡ s❤♦rt r✉♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ t♦ ❦♥♦✇ ✇❤❡t❤❡r t❤✐s ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ♣r❡✈❛✐❧s ✐♥

t❤❡ ❧♦♥❣ r✉♥ ❛s ✇❡❧❧✳ ❲❡ s❤♦✇ t❤❛t ✐♥ ❛ ♣❛rt✐❝✉❧❛r s❝❡♥❛r✐♦✱ ❛ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs✱

❛❝q✉✐s✐t✐♦♥s ❡t❝✳ ❝❛♥ ❝❛✉s❡ ✐♥st❛❜✐❧✐t② ❢♦r ❛♥ ♦t❤❡r✇✐s❡ st❛❜❧❡ ❡❝♦♥♦♠②✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ s❡ts ✉♣ t❤❡ ♠♦❞❡❧✱ t❛❧❦s

❛❜♦✉t t❤❡ s❤♦rt r✉♥ ❛♥❛❧②s✐s ❛♥❞ t❤❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ❙❡❝t✐♦♥ ✸ ❞✐s❝✉ss❡s

t❤❡ ❧♦♥❣ r✉♥ ✇❤❡r❡ ✇❡ ❡♥❞♦❣❡♥✐③❡ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❙❡❝t✐♦♥ ✹ ❡①♣❧❛✐♥s ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝❛s❡s ✇❤✐❝❤ ♠❛② ❛r✐s❡ ❞✉❡ t♦ t❤❡

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❡❜t ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s✳ ❚❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡

❞✐s❝✉ss✐♦♥ ♦❢ s♦♠❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✐♥ s❡❝t✐♦♥ ✺✳ ❙❡❝t✐♦♥ ✻ ❞✐s❝✉ss❡s ❛ s♣❡❝✐❛❧ ❝❛s❡

✇❤❡r❡ ♥♦ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✐s ❣❡♥❡r❛t❡❞ ♦✉t ♦❢ ✇❡❛❧t❤ ✭♦❢ r❡♥t✐❡rs✮✳ ❙❡❝t✐♦♥ ✼ ♦✛❡rs

s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✷ ❚❤❡ ▼♦❞❡❧

❲❡ ❛ss✉♠❡ ❛ s✐♠♣❧❡ ♦♥❡✲s❡❝t♦r✱ ❝❧♦s❡❞ ❡❝♦♥♦♠②✱ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤

t❤❡ ❡❝♦♥♦♠② ❝♦♥s✐sts ♦❢ ✇♦r❦❡rs✱ r❡♥t✐❡rs ❛♥❞ ✜r♠s✳ ◆❡✐t❤❡r ❣♦✈❡r♥♠❡♥t ✐♥t❡r✈❡♥t✐♦♥ ♥♦r

t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss ✐s t❤❡r❡✳ ■♥❝♦♠❡ ✐s ❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥ ✇❛❣❡s ❛♥❞ ♣r♦✜ts ❛s

Y = W +R ✭✷✳✶✮

✇❤❡r❡✱ Y ✐s ♥♦♠✐♥❛❧ ✐♥❝♦♠❡✱ W ✐s ♥♦♠✐♥❛❧ ✇❛❣❡ ✐♥❝♦♠❡ ❛♥❞ R ✐s ♥♦♠✐♥❛❧ ♣r♦✜t ✐♥❝♦♠❡✳

❲❡ ❛ss✉♠❡ t❤❛t ❡①❝❡ss s✉♣♣❧② ♦❢ ❧❛❜♦✉r ❛♥❞ ✉♥❞❡r✲✉t✐❧✐③❛t✐♦♥ ♦❢ ❝❛♣❛❝✐t② ♣r❡✈❛✐❧ ✐♥ t❤❡

❡❝♦♥♦♠②✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ r❡❢r❛✐♥ ❢r♦♠ ❞❡♣r❡❝✐❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ st♦❝❦✱ ♦✈❡r❤❡❛❞ ❧❛❜♦✉r✱

r❛✇ ♠❛t❡r✐❛❧s ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝ts✳ ❲❡ ❛ss✉♠❡ t❤❛t t✇♦ t②♣❡s ♦❢ ❤♦✉s❡❤♦❧❞s ❛r❡

t❤❡r❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✲ ✇♦r❦❡rs ❛♥❞ r❡♥t✐❡rs✳ ❲♦r❦❡rs ❞♦ ♥♦t ❤♦❧❞ ❛♥② ❦✐♥❞ ♦❢ ❛ss❡ts ❛♥❞

❝♦♥s✉♠❡ t❤❡✐r ❡♥t✐r❡ ✇❛❣❡ ✐♥❝♦♠❡ ❛♥❞ ✇❤❛t❡✈❡r t❤❡② ❜♦rr♦✇ ✭♥❡t ♦❢ ✐♥t❡r❡st ♣❛②♠❡♥t✮

❢r♦♠ t❤❡ ❜❛♥❦s ✭❡✛❡❝t✐✈❡❧② t❤❡② ❜♦rr♦✇ ❢r♦♠ t❤❡ r❡♥t✐❡rs✮✳ ❙♦✱

CW = W + Ḋ − iD = [(1− π)u+
Ḋ

K
− id]K ✭✷✳✷✮

✇❤❡r❡✱ CW ✐s ❝♦♥s✉♠♣t✐♦♥ ♦❢ ✇♦r❦❡rs✱ K ✐s t❤❡ ❡①✐st✐♥❣ ❝❛♣✐t❛❧ st♦❝❦✱ u = Y
K

✐s t❤❡

❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✹✱ D ✐s t♦t❛❧ ❞❡❜t ♦❢ ✇♦r❦❡rs t♦ t❤❡ r❡♥t✐❡rs✱ d ✐s ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦✱ Ḋ ✐s t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡❜t ✭❛♠♦✉♥t ❜♦rr♦✇❡❞ ❢r♦♠ r❡♥t✐❡rs ✐♥ t❤❛t ♣❡r✐♦❞✮✱ π = R
Y

✐s s❤❛r❡ ♦❢ ♣r♦✜t✱ ❛♥❞ r = R
K

✐s ♣r♦✜t r❛t❡✳ ❙♦✱ r = π✉✳ ❘❡♥t✐❡rs ❤♦❧❞ t✇♦ t②♣❡s ♦❢

❛ss❡ts (i) ❞❡♣♦s✐t ✇✐t❤ t❤❡ ❜❛♥❦s ❛♥❞ (ii) ❡q✉✐t✐❡s t❤❛t ❛r❡ ✐ss✉❡❞ ❜② ✜r♠s✳ ❊q✉✐t✐❡s ❛r❡

✹❆s ❧♦♥❣ ❛s ♣♦t❡♥t✐❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ✜①❡❞✱ ❛❝t✉❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣r♦①②
❢♦r ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳
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❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ ♠♦r❡ r✐s❦② ❛ss❡t ❝♦♠♣❛r❡❞ t♦ ❜❛♥❦ ❞❡♣♦s✐ts✳ ❇❛♥❦s ♣❧❛② ❛ ♣❛ss✐✈❡

r♦❧❡ ♦❢ ❛❧❧♦tt✐♥❣ t❤♦s❡ ❞❡♣♦s✐ts t♦ t❤❡ ✇♦r❦❡rs ❛s ❝r❡❞✐t✺✳ ❘❡♥t✐❡rs ❡❛r♥ t❤❡✐r ✐♥❝♦♠❡ ❢r♦♠

t✇♦ s♦✉r❝❡s✱ ✐♥t❡r❡st ✐♥❝♦♠❡ ♦♥ t❤❡ ❢✉♥❞s t❤❡② ❧❡♥❞ t♦ t❤❡ ✇♦r❦❡rs ❛♥❞ ❢r♦♠ ❛ ❢r❛❝t✐♦♥ ♦❢

♣r♦✜t ✭1− sf ✮ ❣✐✈❡♥ t♦ t❤❡♠ ❛s ❞✐✈✐❞❡♥❞ ❜② t❤❡ ✜r♠s✳ ❘❡♥t✐❡rs s♣❡♥❞ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡✐r

✐♥❝♦♠❡ ❛♥❞ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡✐r ❛ss❡ts ❢♦r ❝♦♥s✉♠♣t✐♦♥ ♣✉r♣♦s❡s ✭s❡❡ ▼♦❞✐❣❧✐❛♥✐ ✭✶✾✽✻✮✱

❇♦②❡r ✭✷✵✵✵✮✱ ▼❛❦✐ ❛♥❞ P❛❧✉♠❜♦ ✭✷✵✵✶✮✱ ❛♥❞ ●♦❞❧❡② ❛♥❞ ▲❛✈♦✐❡ ✭✷✵✵✼✱ ♣♣✳ ✻✻✮✱ ❢♦r

❡①❛♠♣❧❡✮✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥s✉♠♣t✐♦♥ ♦❢ r❡♥t✐❡rs (CR) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

CR = cr{(1− sf )R + iD}+ cq(PeE +D) ✭✷✳✸✮

✇❤❡r❡ cr ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣r♦♣❡♥s✐t② ♦❢ r❡♥t✐❡rs ♦✉t ♦❢ ✐♥❝♦♠❡ ❛♥❞ cq ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥

♣r♦♣❡♥s✐t② ♦✉t ♦❢ ✇❡❛❧t❤✻✱ i ✐s t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥ ❜♦t❤ ❞❡♣♦s✐ts ❛♥❞ ❧♦❛♥s✱ sf ✐s t❤❡

r❡t❡♥t✐♦♥ r❛t❡ ♦❢ ✜r♠s✳ ❊q✉❛t✐♦♥ ✭✷✳✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

CR/K = cr{(1− sf )πu+ id}+ (1 + λ)cqd ✭✷✳✹✮

✇❤❡r❡ (PeE+D)/K = (1+λ)d✱ ❛♥❞ λ = PeE
D

✐s t❤❡ ❡q✉✐t② ✭♦r ✈❛❧✉❡ ♦❢ ❡q✉✐t②✮ t♦ ❞❡♣♦s✐t

✭♦r ❞❡❜t✮ r❛t✐♦✳ ❚♦t❛❧ s❛✈✐♥❣s ♦❢ t❤❡ r❡♥t✐❡rs ✐s ✉s❡❞ ❢♦r ♣✉r❝❤❛s✐♥❣ ♥❡✇ ❛ss❡ts ✐✳❡✳

SR = PeĖ + Ḋ ✭✷✳✺✮

❘❡♥t✐❡rs✬ s❛✈✐♥❣s ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t♦t❛❧ ✐♥❝♦♠❡ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱

SR
K

= [(1− cr){(1− sf )πu+ id} − (1 + λ)cqd] ✭✷✳✻✮

▲❡t✬s ❛ss✉♠❡ ❛ ✜①❡❞ ❢r❛❝t✐♦♥ (δ) ♦❢ r❡♥t✐❡rs✬ s❛✈✐♥❣ ✐s ❜❡✐♥❣ s♣❡♥t ♦♥ ♣✉r❝❤❛s✐♥❣ ♥❡✇

❡q✉✐t✐❡s ❜② t❤❡♠ ✐✳❡✳

PeĖ

K
= δ

SR
K

= δ(1− cr){(1− sf )πu+ id} − δ(1 + λ)cqd ✭✷✳✼✮

❍❡♥❝❡✱ t❤❡ r❡st ❢r❛❝t✐♦♥ (1 − δ) ♦❢ t❤❡ s❛✈✐♥❣s ✐s ❞❡♣♦s✐t❡❞ ✐♥ ❜❛♥❦s ✭✇❤✐❝❤ ❡✛❡❝t✐✈❡❧②

❣♦❡s t♦ t❤❡ ✇♦r❦❡rs ❛s ❧❡♥❞✐♥❣✼✮ ✐✳❡✳

Ḋ

K
= (1− δ)

SR
K

= (1− δ)(1− cr){(1− sf )πu+ id} − (1− δ)(1 + λ)cqd ✭✷✳✽✮

✺❙♦ ❡✛❡❝t✐✈❡❧② t❤❡ r❡♥t✐❡rs ❧❡♥❞ ♠♦♥❡② t♦ t❤❡ ✇♦r❦❡rs✳
✻cr ∈ (0, 1)✱ cq ∈ (0, 1) ❛♥❞ ✇❡ ❛ss✉♠❡ cr > cq✳
✼❋♦❧❧♦✇✐♥❣ ❍❡✐♥ ✭✷✵✶✷❛✮ ✇❡ ❛ss✉♠❡ t❤✐s ❢r❛❝t✐♦♥ (1−δ) ✭♦r δ✮ ❞❡♣❡♥❞s ♦♥ s❡✈❡r❛❧ ❢❛❝t♦rs ❧✐❦❡ ✇♦r❦❡rs✬

✇✐❧❧✐♥❣♥❡ss t♦ ❜♦rr♦✇✱ r❡♥t✐❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ s✉♣♣❧② ❝r❡❞✐t t♦ ✇♦r❦❡rs✱ ✇♦r❦❡rs✬ ❝r❡❞✐t✇♦rt❤✐♥❡ss ❛s
♣❡r❝❡✐✈❡❞ ❜② r❡♥t✐❡rs✱ r❡❣✉❧❛t✐♦♥s ♦❢ t❤❡ ❝r❡❞✐t ♠❛r❦❡ts ❛♥❞ t❤❡ st❛♥❞❛r❞s ❢♦r ❝r❡❞✐t✇♦rt❤✐♥❡ss s❡t ❜②
✈❛r✐♦✉s ✐♥st✐t✉t✐♦♥s ✭❡✳❣✳ ❜❛♥❦s✮ ❛♥❞ s♦ ♦♥ s♦ ❢♦rt❤✳ ❲❡ ❛ss✉♠❡ δ t♦ ❜❡ ❛♥ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡ ✇❤✐❝❤
♠❛② s❤✐❢t ♦✈❡r t✐♠❡✳

✾



❚❛❜❧❡ ✷✳✶✿ ❇❛❧❛♥❝❡ s❤❡❡t ♠❛tr✐①

❲♦r❦❡rs✬ ❤♦✉s❡❤♦❧❞s ❘❡♥t✐❡rs✬ ❤♦✉s❡❤♦❧❞s ❋✐r♠s
∑

▲♦❛♥s −D +D 0
❊q✉✐t✐❡s +PeE −PeE 0
❈❛♣✐t❛❧ K K

∑ −D D + PeE K − PeE K

❚❛❜❧❡ ✷✳✷✿ ❚r❛♥s❛❝t✐♦♥ ✢♦✇ ♠❛tr✐①

❲♦r❦❡rs✬ ❤♦✉s❡❤♦❧❞s ❘❡♥t✐❡rs✬ ❤♦✉s❡❤♦❧❞s ❋✐r♠s ❝✉rr❡♥t ❋✐r♠s ❝❛♣✐t❛❧
∑

❈♦♥s✉♠♣t✐♦♥ −CW −CR CW + CR 0
■♥✈❡st♠❡♥t I −I 0
❲❛❣❡s W −W 0

❘❡t❛✐♥❡❞ ♣r♦✜ts −sfR sfR 0
❉✐str✐❜✉t❡❞

♣r♦✜ts
✭❞✐✈✐❞❡♥❞s✮

(1− sf )R −(1− sf )R 0

✭❱❛❧✉❡ ♦❢✮
❈❤❛♥❣❡ ✐♥
❡q✉✐t✐❡s

−PeĖ PeĖ 0

■♥t❡r❡st ♦♥ ❧♦❛♥s −iD iD 0

❈❤❛♥❣❡ ✐♥ ❧♦❛♥s Ḋ −Ḋ 0
∑

0 0 0 0 0

❋♦❧❧♦✇✐♥❣ ❑❛❧❡❝❦✐❛♥ ❧✐t❡r❛t✉r❡ ✇❡ ❛ss✉♠❡ ❛ ❢r❛❝t✐♦♥ ♦❢ ♣r♦✜t✱ (1 − sf ), ✐s ❣✐✈❡♥ t♦ t❤❡

r❡♥t✐❡rs ❛s ❞✐✈✐❞❡♥❞s✳ ❋♦❧❧♦✇✐♥❣ ❍❡✐♥ ✭✷✵✶✷❛✱ ✷✵✶✷❜✮ ✇❡ ❛ss✉♠❡ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ (I)

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡①♣❡❝t❡❞ s❛❧❡s ❛♥❞ ❤❡♥❝❡ ❜② t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭❛s ✐t ✐s

✉s❡❞ ❛s ❛ ♣r♦①② ❢♦r ❡①♣❡❝t❡❞ r❛t❡ ♦❢ s❛❧❡s✮ ❛♥❞ ❜② t❤❡ ❛♥✐♠❛❧ s♣✐r✐ts ♦❢ t❤❡ ✜r♠s (α) s♦

t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ ❜❛s✐❝ ❑❛❧❡❝❦✐❛♥ ❢✉♥❝t✐♦♥ ❢♦r ✐♥✈❡st♠❡♥t ✐♥ t❤❡ ♥❡①t ❡q✉❛t✐♦♥ ❛s

I = [α + βu]K ✭✷✳✾✮

❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❜❛❧❛♥❝❡ s❤❡❡t ♠❛tr✐① ✐♥ ❚❛❜❧❡ ✷✳✶

❛♥❞ t❤❡ tr❛♥s❛❝t✐♦♥ ✢♦✇ ♠❛tr✐① ✐♥ ❚❛❜❧❡ ✷✳✷✳

■♥ t❤❡ s❤♦rt r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ Y = CW + CR + I ♠✉st ❤♦❧❞ ✇❤✐❝❤ ✐♠♣❧✐❡s✱

u∗ =
α + δ{(1 + λ)cq − (1− cr)i}d
{sf + (1− sf )(1− cr)δ}π − β

=
α + δAd

ψπ − β
✭✷✳✶✵✮

❲❤❡r❡ ψ = {sf + (1− sf )(1− cr)δ} > 0✱ ❛♥❞ A = {(1 + λ)cq − (1− cr)i} R 0. ❑❡②♥❡s✐❛♥

st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❞✉❡ t♦ ❛ ✉♥✐t ❝❤❛♥❣❡ ✐♥

❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ t♦ ❜❡ ❧❡ss t❤❛♥ t❤❛t ♦❢ t❤❡ s❛✈✐♥❣s ❢♦r t❤❡ s❛♠❡ ✉♥✐t ❝❤❛♥❣❡ ✐♥ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞✱ ✐✳❡✳ β < ψπ. ▲❡t✬s ❛ss✉♠❡ t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❋♦r ❛

♠❡❛♥✐♥❣❢✉❧ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✶✵✮ ♠✉st ❜❡

♣♦s✐t✐✈❡ ✐✳❡✳ [α + δAd] > 0. ❲❡ ❛ss✉♠❡ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ s❛t✐s✜❡❞✳

✶✵



❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ g∗ ✐s ❡q✉❛❧ t♦ α + βu∗ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s

g∗ =
απ{sf + (1− sf )(1− cr)δ}+ βδAd

ψπ − β
✭✷✳✶✶✮

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ♣r♦✜t ✐s

r∗ = πu∗ ✭✷✳✶✷✮

❉✐✛❡r❡♥t✐❛t✐♥❣ u∗✱ g∗ ❛♥❞ r∗ ✇✳r✳t✳ π ✇❡ ❣❡t✱

∂u∗

∂π
= − [α + δAd]ψ

[ψπ − β]2
< 0,

∂g∗

∂π
= −β [α + δAd]ψ

[ψπ − β]2
< 0,

∂r∗

∂π
= −β [α + δAd]

[ψπ − β]2
< 0

✭✷✳✶✸✮

❆s ♣r♦✜t s❤❛r❡ r✐s❡s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ t❤❡ ♣r♦✜t r❛t❡ ❛♥❞

t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✱ ❛❧❧ ❞❡❝r❡❛s❡ ✐✳❡✳ t❤❡ ♣❛r❛❞♦① ♦❢ ❝♦sts ♦❝❝✉rs

✐♥ ♦✉r ❛♥❛❧②s✐s✳ ❙♦ t❤❡ ❡❝♦♥♦♠② ✐s ❛❧✇❛②s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ✇❛❣❡✲❧❡❞ ❣r♦✇t❤

r❡❣✐♠❡✳

❚❤❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛r❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

∂u∗

∂δ
= − [(1− sf )(1− cr)πu

∗ − Ad]

{sf + (1− sf )(1− cr)δ}π − β
R 0,

∂u∗

∂i
=

−δ(1− cr)d

ψπ − β
< 0,

∂u∗

∂d
=

δA

ψπ − β
R 0,

∂u∗

∂λ
=

δcqd

ψπ − β
> 0,

∂u∗

∂cq
=
δ(1 + λ)d

ψπ − β
> 0,

∂u∗

∂cr
=

(1− sf )δπu
∗ + idδ

ψπ − β
> 0,

∂u∗

∂sf
= −{α + δAd} {1− (1− cr)δ} π

[ψπ − β]2
< 0

❋♦r ❛ ❣✐✈❡♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡♥t✐❡rs✬ s❛✈✐♥❣s ❧❡♥t t♦

✇♦r❦❡rs ✐♥ ❍❡✐♥ ✭✷✵✶✷✮ ✐s ❡①♣❛♥s✐♦♥❛r② ✐♥ t❤❡ s❤♦rt r✉♥ ✐✳❡✳ ∂u∗

∂δ
< 0✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r

♠♦❞❡❧ t❤❛t ♠❛② ♥♦t ♥❡❝❡ss❛r✐❧② ❜❡ t❤❡ ❝❛s❡ ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ❛♥❞ t❤❡ ❛❜s♦❧✉t❡

✈❛❧✉❡ ♦❢ A. ❚❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t ∂u∗

∂δ
✐s ♣♦s✐t✐✈❡ ❛r✐s❡s ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡

♣♦ss✐❜✐❧✐t② ♦❢ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ♦✉t ♦❢ ✇❡❛❧t❤✳ ■❢ r❡♥t✐❡rs✬ ♣r♦♣❡♥s✐t② t♦ ❝♦♥s✉♠❡ ♦✉t ♦❢

✇❡❛❧t❤ ❛♥❞ t❤❡ ❡q✉✐t② t♦ ❞❡❜t r❛t✐♦ ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✱ t❤❡s❡ ❝❛♥ ♠♦r❡ t❤❛♥ ❝♦♠♣❡♥s❛t❡

t❤❡ ❧♦ss ✐♥ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ♦❢ ✇♦r❦❡rs ❞✉❡ t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡♥t✐❡rs✬

s❛✈✐♥❣s ❧❡♥t t♦ ✇♦r❦❡rs ❛♥❞ ✇❡ ❣❡t ∂u∗

∂δ
> 0✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢

❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛s ✇❡❧❧✳

❆ r✐s❡ ✐♥ t❤❡ r❛t❡ ♦❢ ✐♥t❡r❡st ❧♦✇❡rs t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞

❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡✳ ❚❤✐s ✐s ❤❛♣♣❡♥✐♥❣ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✐♥❝♦♠❡ ✐s r❡❞✐str✐❜✉t❡❞ ❢r♦♠

✇♦r❦❡rs ✭✇❤♦ ❤❛✈❡ ❤✐❣❤❡r ♣r♦♣❡♥s✐t② t♦ ❝♦♥s✉♠❡ t❤❛♥ r❡♥t✐❡rs✮ t♦ r❡♥t✐❡rs t❤r♦✉❣❤ ✐♥t❡r❡st

♣❛②♠❡♥ts✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ t❤❡ r❡s✉❧t ✐s ❛♠❜✐❣✉♦✉s✳ ❋♦r ❡❛❝❤ ✉♥✐t r✐s❡

✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✷✳✷✮ ✫ ✭✷✳✽✮ ✐t ✐s ❝❧❡❛r t❤❛t ✇♦r❦❡rs✬ ❝♦♥s✉♠♣t✐♦♥

❞❡♠❛♥❞ ✭✐♥ ❢♦r♠ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝❛♣✐t❛❧ st♦❝❦✮ ❢❛❧❧s ❜② [(1− δ)A+ i] ✉♥✐t ✇❤✐❧❡ ❢r♦♠

✶✶



❡q✉❛t✐♦♥ ✭✷✳✹✮ ✇❡ ❣❡t t❤❛t r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✭✐♥ ❢♦r♠ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢

❝❛♣✐t❛❧ st♦❝❦✮ r✐s❡s ❜② [(1 + λ)cq + cri] ✉♥✐t✳ ❚❤✉s ♦✈❡r❛❧❧ ❝❤❛♥❣❡ ✐♥ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞

✐♥ t❤❡ ❡❝♦♥♦♠② ❡q✉❛❧s t♦ δA. ❆s ❧♦♥❣ ❛s A > 0, ❛ r✐s❡ ✐♥ d r✐s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡

♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❖t❤❡r✇✐s❡ ❛ r✐s❡ ✐♥ d ❤❛s ❛ ❝♦♥tr❛❝t✐♦♥❛r② ❡✛❡❝t ♦♥ t❤❡ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞✳ ❚❤✉s ✇❤❡t❤❡r ❛ ❞❡❜t✲❧❡❞ ♦r ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ♣r❡✈❛✐❧s ✐♥ t❤❡

❡❝♦♥♦♠② ❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ♦❢ A. ❙❛♠❡ ✐s ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❛ ❞❡❜t✲❧❡❞ ♦r ❛ ❞❡❜t✲❜✉r❞❡♥❡❞

❣r♦✇t❤ r❡❣✐♠❡✳ ❍❡♥❝❡ A > 0 ❡♥s✉r❡s t❤❛t t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞

❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ A < 0 ❡♥s✉r❡s t❤❛t t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛

❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳

❋♦r ❛ ❣✐✈❡♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ (d), ✐❢ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ (λ) r✐s❡s ❜② ♦♥❡ ✉♥✐t✱ r❡♥t✐❡rs✬

❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✭♣❡r ✉♥✐t ♦❢ ❝❛♣✐t❛❧✮ r✐s❡s ❜② cqd ✉♥✐ts ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✸✮✮ ✳ ❍♦✇✲

❡✈❡r✱ ❤✐❣❤❡r t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✭✐♥ ❢♦r♠ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝❛♣✐t❛❧ st♦❝❦✮ ♦❢ t❤❡

r❡♥t✐❡rs✱ ❧♦✇❡r ✐s t❤❡✐r s❛✈✐♥❣s ❛♥❞ s♦ ❧♦✇❡r ✐s t❤❡ ❛❞❞✐t✐♦♥ t♦ ❛ss❡t ✐♥ t❡r♠s ♦❢ ❞❡♣♦s✐ts

✇❤✐❝❤ ❣♦ ❛s ❧♦❛♥s t♦ t❤❡ ✇♦r❦❡rs✳ ❆s ❛ r❡s✉❧t✱ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✷✳✷✮ ✫ ✭✷✳✽✮✱ ✇♦r❦❡rs✬

❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✭♣❡r ✉♥✐t ♦❢ ❝❛♣✐t❛❧ st♦❝❦✮ ❢❛❧❧s ❜② (1− δ)cqd ✉♥✐t✳ ❚❤✉s t❤❡ r✐s❡ ✐♥

❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✭♣❡r ✉♥✐t ♦❢ ❝❛♣✐t❛❧✮ ♦❢ r❡♥t✐❡rs✬ ✐s ♠✐t✐❣❛t❡❞ t♦ s♦♠❡ ❡①t❡♥t ❜② t❤❡

❢❛❧❧ ✐♥ ✇♦r❦❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ λ ♦♥ ❛❣✲

❣r❡❣❛t❡ ❞❡♠❛♥❞ ✐s ♣♦s✐t✐✈❡✳ ❆ r✐s❡ ✐♥ λ r❛✐s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥

❛♥❞ ♣r♦✜t r❛t❡ ❛s ✇❡❧❧✳

❙♦✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❤✐❣❤❡r t❤❡ ❞✐✈✐❞❡♥❞ ♣❛②♦✉t r❛t✐♦ ✭♦r ❧♦✇❡r t❤❡ r❡t❡♥t✐♦♥ r❛t❡ sf ✮✱

❤✐❣❤❡r ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡✳ ❚❤❡ r❡❛s♦♥

✐s t✇♦ ❢♦❧❞✳ ❋✐rst✱ ❛ r✐s❡ ✐♥ ❞✐✈✐❞❡♥❞✲♣❛②♦✉t r❛t✐♦ r❛✐s❡s t❤❡ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞

t❤r♦✉❣❤ ❛ r✐s❡ ✐♥ t❤❡✐r ✐♥❝♦♠❡✳ ❙❡❝♦♥❞✱ t❤❡ r❡st ♦❢ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✐s s❛✈❡❞ ❜②

r❡♥t✐❡rs✳ ❆s ✇❡ ❦♥♦✇✱ ❛ ❢r❛❝t✐♦♥ ♦❢ r❡♥t✐❡rs ❛ss❡ts ✐s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❜❛♥❦ ❞❡♣♦s✐t✳ ❙♦✱

✇❤❡♥ r❡♥t✐❡rs✬ s❛✈✐♥❣ ✐♥❝r❡❛s❡s✱ ✇♦r❦❡rs ❜♦rr♦✇✐♥❣ ❛❧s♦ r✐s❡s✱ ❛♥❞ ❛s ❛ r❡s✉❧t ✇♦r❦❡rs

❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ r✐s❡s✳ ❙♦✱ ❛ ❤✐❣❤❡r ❞✐✈✐❞❡♥❞✲♣❛②♦✉t r❛t✐♦ ♠❡❛♥s ❤✐❣❤❡r ❝♦♥s✉♠♣t✐♦♥

❞❡♠❛♥❞ ❢♦r t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠② s✐♥❝❡ ✜r♠s s❛✈❡ t❤❡ ❡♥t✐r❡ ✉♥❞✐str✐❜✉t❡❞ ♣r♦✜t✳ ◆♦t❡ t❤❛t

✐♥ ♦✉r ♠♦❞❡❧✱ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✐s ♥♦t ❝♦♥str❛✐♥❡❞ ❜② ❛♥② ❦✐♥❞ ♦❢ s❛✈✐♥❣s ✐♥❝❧✉❞✐♥❣ t❤❡

✐♥t❡r♥❛❧ s♦✉r❝❡ ♦❢ ❢✉♥❞s✳ ■♥ ❢❛❝t ✐♥ ♦✉r ♠♦❞❡❧✱ ❛s ✐t r❡♣r❡s❡♥ts t❤❡ ❞❡♠❛♥❞✲❝♦♥str❛✐♥❡❞

❡❝♦♥♦♠②✱ s❛✈✐♥❣s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥✈❡st❡❞✳

❚❤❡ ❛❜♦✈❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝ r❡s✉❧ts ❛r❡ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ ❚❛❜❧❡ ✷✳✸✳

✸ ▲♦♥❣ ❘✉♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②s❡ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡❝♦♥♦♠② ❛♥❞ t❤❡ ❞②♥❛♠✐❝s

♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s❤♦rt r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ❛r❡ ❛❧✇❛②s

✶✷



❚❛❜❧❡ ✷✳✸✿ ■♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ u∗, g∗ ❛♥❞ r∗

u∗ g∗ r∗

π ✲ ✲ ✲
δ ✰✴✲ ✰✴✲ ✰✴✲
i ✲ ✲ ✲
d ✰✴✲ ✰✴✲ ✰✴✲
λ ✰ ✰ ✰
cq ✰ ✰ ✰
cr ✰ ✰ ✰
sf ✲ ✲ ✲

❛tt❛✐♥❡❞ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❚❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ❞❡✜♥❡❞ ❛s ✇❤❡r❡ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t

❛♥❞ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r❡♠❛✐♥ ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳

✸✳✶ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

❆s d = D
K
✱ ❝❤❛♥❣❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

ḋ =
Ḋ

K
− dg ✭✸✳✶✮

■♥s❡rt✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ Ḋ
K
✱ g∗, ❛♥❞ u∗ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✷✳✽✮✱ ✭✷✳✶✶✮ ❛♥❞ ✭✷✳✶✵✮ ②✐❡❧❞s✱

ḋ =
−βδAd2 + [A(1− δ)(β − sfπ)− ψπα] d+ (1− δ)(1− sf )(1− cr)απ

ψπ − β
✭✸✳✷✮

■♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ḋ = 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✇❡ ❣❡t✱

Aβ {δd− (1− δ)} d+ {Ed− F} π = 0 ✭✸✳✸✮

=⇒ π
∣
∣
∣
ḋ=0

=

{−βAd{δd− (1− δ)}
Ed− F

}

(♣r♦✈✐❞❡❞ d 6= F

E
) ✭✸✳✹✮

✇❤❡r❡ E = {A(1− δ)sf + ψα} R 0 ❛♥❞ F = (1 − δ)(1 − sf )(1 − cr)α > 0✳ ❱❡rt✐❝❛❧

✐♥t❡r❝❡♣t ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s π
∣
∣d=0
ḋ=0

= 0. ❚❤❡r❡ ❛r❡ t✇♦ ♥♦♥✲♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ d ❢♦r

✇❤✐❝❤ π
∣
∣
ḋ=0

= 0✿ d = 0 ❛♥❞ d = 1−δ
δ
. ❲❡ ❝❛♥ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ❛s✱

ḋ =
−hd2 + ld+m

ψπ − β
✭✸✳✺✮

✇❤❡r❡ h = βδA, m = (1−δ)(1−sf )(1−cr)απ > 0 ❛♥❞ l = [A(1−δ)(β−sfπ)−ψπα]✳ ■❢ t❤❡
❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✭✐✳❡✳ ✐❢ A < 0✮ t❤❡♥ h = βδA < 0. ❚❤❡♥ ❢♦r

❛❝❤✐❡✈✐♥❣ ❛ st❡❛❞② st❛t❡ d ✇❡ ♥❡❡❞ l t♦ ❜❡ ♥❡❣❛t✐✈❡ ❤❡r❡✳ l = [A(1− δ)(β − sfπ)− ψπα] =

✶✸



[A(1− δ)β − Eπ]✳ ■❢ E > 0 t❤❡♥ l ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✳ ❇✉t ✐❢ E < 0 t❤❡♥ l < 0

♣r♦✈✐❞❡❞ β > Eπ
A(1−δ)

. ❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✺✮ ✇✳r✳t✳ ❞ ✇❡ ❣❡t✱

J11 =
∂ḋ

∂d
=

−2hd+ l

ψπ − β
R 0 ❞❡♣❡♥❞✐♥❣ ♦♥d R d̂ =

l

2h
✭✸✳✻✮

❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✇✳r✳t✳ π ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✐t ✇❡ ❣❡t✱

J12 =
∂ḋ

∂π
=

−(Ed− F )

ψπ − β
✭✸✳✼✮

❋✐rst ✇❡ ❛ss✉♠❡ a < 0 ✐✳❡ Eδ < 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s E < 0. ❙♦ (Ed − F ) ✐s ✉♥❛♠❜✐❣✉♦✉s❧②

♥❡❣❛t✐✈❡✳ ❍❡♥❝❡ J12 = ∂ḋ
∂π

> 0✳ ◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r a > 0 ✐✳❡ Eδ > 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

E > 0. ■❢ d > F
E
t❤❡♥ (Ed − F ) > 0✱ ❛♥❞ t❤❡r❡❢♦r❡ J12 = ∂ḋ

∂π
< 0. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

d < F
E
, (Ed − F ) ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ ❍❡♥❝❡✱ J12 = ∂ḋ

∂π
> 0. ❙❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s

dπ
dd

∣
∣
∣
ḋ=0

= −J11
J12

= −2hd+l
(Ed−F )

✳ ■❢ (Ed−F ) < 0, t❤❡ s❧♦♣❡ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ d < l
2h
✱ ❛♥❞ ♥❡❣❛t✐✈❡

❢♦r ❛❧❧ d > l
2h
. ❙❡❡ ❋✐❣✉r❡ ✸✳✸❛ ✫ ✸✳✸❜ ❢♦r t❤❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞ ✐❢ (Ed− F ) > 0, t❤❡ s❧♦♣❡ ✐s ♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ d < l
2h

❛♥❞ ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ d > l
2h
. ❙❡❡

❋✐❣✉r❡ ✸✳✸❛ ❢♦r t❤❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❘❡♠❡♠❜❡r t❤❛t −2hd + l = 0 ✐♠♣❧✐❡s

π = A(1−δ)β
E

− 2βδA
E
d.❲❤❡♥ a < 0 ✇❡ ❣❡t ❛ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ str❛✐❣❤t ❧✐♥❡ ❢♦r −2hd+ l = 0✱

❛♥❞ ✇❤❡♥ a > 0✱ ✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ str❛✐❣❤t ❧✐♥❡ ❢♦r −2hd+ l = 0.

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❡①♣❧❛✐♥ ❡q✉❛t✐♦♥s ✭✸✳✻✮✱ ❛♥❞ ✭✸✳✼✮ r❡s♣❡❝t✐✈❡❧②✳ J11 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢

❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐ts❡❧❢✳ ❲❤❡♥

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❢♦r d ∈ (F
E
, 1−δ

δ
)✱ ❛ r✐s❡ ✐♥ d ❤❛s ❛ ♥❡❣❛t✐✈❡

❡✛❡❝t ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐ts❡❧❢ ✐✳❡✳ J11 < 0. ❚❤❡ r❡❛s♦♥ ✐s ❛s ❢♦❧❧♦✇s✳

❆ r✐s❡ ✐♥ d ✐♥❝r❡❛s❡s t❤❡ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❜② Aδ
ψπ−β

✉♥✐t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❞❡❜t

❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮ ❝❤❛♥❣❡s ❜② A(1−δ)(β−sfπ)

ψπ−β
✉♥✐t ✭❛s ❢r♦♠ ❡q✉❛t✐♦♥

✭✷✳✽✮ ✇❡ ❣❡t
∂
(

Ḋ
K

)

∂d
=

A(1−δ)(β−sfπ)

ψπ−β
✮✳ ❋♦r ❛ r✐s❡ ✐♥ d, s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢

❡q✉❛t✐♦♥ ✭✸✳✶✮ ✐✳❡✳ dg r✐s❡s ❜② 2Aδβd+αψπ
ψπ−β

✉♥✐t ✭❛s ∂(dg)
∂d

= g + d∂g
∂d

= 2Aδβd+αψπ
ψπ−β

✮✳ ❆s ✇❡

❦♥♦✇ ḋ = Ḋ
K
− dg✱ ❢♦r ❛ r✐s❡ ✐♥ d✱ ḋ ❝❤❛♥❣❡s ❜② −Aβ{2δd−(1−δ)}−{A(1−δ)sf+αψ}π

ψπ−β
✉♥✐t✳ ❍❡r❡

{A(1− δ)sf + αψ}π = Eπ > 0 ❛♥❞ ❞♦♠✐♥❛t❡s Aβ{2δd− (1− δ)} ✭❛s ❤❡r❡ t❤❡ ✈❛❧✉❡ ♦❢ d

✐s s♦ ❤✐❣❤ t❤❛t Aβ{2δd − (1 − δ)} ❜❡❝♦♠❡s s♠❛❧❧ ✐♥ s✐③❡ ♠❛❦✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

2δd ❛♥❞ (1− δ) ✐s ✈❡r② s♠❛❧❧✮ ❛♥❞ ❤❡♥❝❡ ✇❡ ❣❡t J11 = ∂d∗

∂d
< 0 ✐✳❡✳ t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t

♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ♥❡❣❛t✐✈❡ ✐♥ F
E
< d ≤ 1−δ

δ
r❡❣✐♦♥ ✳

❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d ❤❛s ❛♥

❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❚❤❡ r❡❛s♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❆ r✐s❡ ✐♥ d ✐♥❝r❡❛s❡s t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

r❛t❡ ❜② Aδ
ψπ−β

✉♥✐t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❞❡❜t ❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮ ❝❤❛♥❣❡s

❜② A(1−δ)(β−sfπ)

ψπ−β
✉♥✐t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ḋ = Ḋ

K
− dg∗✱ ✐♥ t❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

✶✹



r❡❣✐♠❡ ❛ r✐s❡ ✐♥ d r❡❞✉❝❡s g∗ ❛♥❞ s♦ t❤❡ ♥❡t ❡✛❡❝t ♦♥ (dg∗) ✐s ❛♠❜✐❣✉♦✉s✳ ❙♦ t❤❡ ✜♥❛❧

r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ d ♦♥ ḋ ✐s ❛♠❜✐❣✉♦✉s ❤❡r❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ d ❛♥❞ π✳✽

■❢ d < l
2h
, ❛ r✐s❡ ✐♥ d ♥❡❣❛t✐✈❡❧② ❛✛❡❝ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐✳❡✳ J11 < 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ d ✭✐✳❡✳ ✐❢ d > l
2h
✮ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❝❤❛♥❣❡

✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ s♦ J11 > 0.

J12 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣r♦✜t s❤❛r❡ ♦♥ ❝❤❛♥❣❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ▲❡t ✉s

✜rst ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✮ ✐✳❡✳ ♦♥ Ḋ
K
. ❆s

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ r❡❞✉❝❡s u∗✳ ❚❤✐s ❢❛❧❧ ✐♥

u∗ ♦✈❡r❝♦♠♣❡♥s❛t❡s t❤❡ r✐s❡ ✐♥ π. ❙♦✱ t❤❡r❡ ✐s ❛ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ r❡♥t✐❡rs✬ ❧❡✈❡❧ ♦❢ ✐♥❝♦♠❡✳

❆s ❛ r❡s✉❧t✱ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❛s ✇❡❧❧ ❛s s❛✈✐♥❣s ❜♦t❤ ❢❛❧❧✳ ❆s r❡♥t✐❡rs s❛✈❡ ❛ ❢r❛❝t✐♦♥

(1 − δ) ♦❢ t❤❡✐r s❛✈✐♥❣s ✐♥ ❜❛♥❦s ❛s ❞❡♣♦s✐ts ✭✇❤✐❝❤ ❡✛❡❝t✐✈❡❧② ❣♦❡s t♦ t❤❡ ✇♦r❦❡rs ❛s

❧❡♥❞✐♥❣✮✱ t❤❡ ❞❡❜t ❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮ ❞❡❝r❡❛s❡s✳ ❚❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛

✇❛❣❡✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ❛s ✇❡❧❧✳ ❍❡♥❝❡✱ ❢♦r ❛ ❣✐✈❡♥ d, ❛ r✐s❡ ✐♥ π ❧❡❛❞s t♦ ❛ ❞❡t❡r✐♦r❛t✐♦♥

✐♥ t❤❡ ✐♥✈❡st♠❡♥t r❛t❡✳ ❍❡♥❝❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✮

✐✳❡✳ dg∗ ❢❛❧❧s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ π ♦♥ ḋ ✐s ❛♠❜✐❣✉♦✉s ❛♥❞ ❞❡♣❡♥❞s

♦♥ t❤❡ ❧❡✈❡❧ ♦❢ d✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ✇❛② ♦❢ ❞❡r✐✈✐♥❣ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❚❤✐s ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r

❞r❛✇✐♥❣ t❤❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❡①♣❧❛✐♥ t❤❡ ♦t❤❡r ♠❡t❤♦❞

♥♦✇✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✹✮ ✇✳r✳t✳ d ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✐t ✇❡ ❣❡t t❤❡ s❧♦♣❡ ❛s✱

dπ

dd

∣
∣
∣
ḋ=0

=
−Aβ [ad2 − bd+ c]

[Ed− F ]2
✭✸✳✽✮

✇❤❡r❡ a = Eδ R 0✱ c = F (1 − δ) > 0✱ b = 2δF > 0 ❛♥❞ η = [A(1− δ)sf + sfα] R 0.✾

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ A t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿ ❝❛s❡ ✶ ❛♥❞ ❝❛s❡ ✷ r❡s♣❡❝t✐✈❡❧②✳

❈❛s❡ ✶✿ ■♥ ❝❛s❡ ✶ ✇❡ ❛ss✉♠❡ A > 0. ❚❤❡r❡❢♦r❡✱ η > 0✱ E > 0, ❛♥❞ a > 0✳ ❆s A > 0✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐♥ ❝❛s❡ ✶✱ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤✶✵ r❡❣✐♠❡✳

❈❛s❡ ✶ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷❛✳✶✶

❲❤❡♥ 0 < d < F
E
< 1−δ

δ
✱ Aβ{δd − (1 − δ)} ❛♥❞ (Ed − F ) ❜♦t❤ ❛r❡ ♥❡❣❛t✐✈❡✳ ❙♦ ❤❡r❡

t❤❡ ♣r♦✜t s❤❛r❡ ✐s ♥❡❣❛t✐✈❡ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✳✹✮✳ ❋r♦♠ d = 0, ❛s d r✐s❡s✱ ✜rst t❡r♠ ♦❢ t❤❡

✽❆s l ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ π.

✾❖♥❡ ❝❛♥ s❤♦✇ t❤❛t dπ
dd

∣
∣
∣
ḋ=0

=
−Aβ[ad2−bd+c]

[Ed−F ]2
= −2hd+l

(Ed−F ) ✳ ❈♦♥s✐❞❡r (−2hd+l). (−2hd+l) = [−2βδAd+

Aβ(1 − δ) − Eπ]. ◆♦✇ ♣✉tt✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ π ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✹✮ ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✇❡ ❣❡t

[−2βδAd + Aβ(1 − δ) − Eπ] = (−2βδAd+Aβ(1−δ))(Ed−F )+AβδEd2−(1−δ)AβEd
(Ed−F )2 = −Aβ{δEd2−2δFd+(1−δ)F}

(Ed−F )2

= −Aβ{ad2−bd+c}
(Ed−F )2 ✳ ❙♦ −2hd+l

(Ed−F ) =
−Aβ[ad2−bd+c]

[Ed−F ]2
.

✶✵❆s ∂g∗

∂d
= β ∂u

∗

∂d
> 0 ❤❡r❡✳

✶✶❍❡r❡✱ F
E

=
(1−δ)(1−sf )(1−cr)α

{A(1−δ)sf+ψα} =
(1−δ)(1−sf )(1−cr)α

[A(1− δ)sf + sfα]
︸ ︷︷ ︸

+

+(1−sf )(1−cr)αδ
<

(1−δ)(1−sf )(1−cr)α
(1−sf )(1−cr)αδ = 1−δ

δ
.

✶✺



❋✐❣✉r❡ ✸✳✶✿ ❋❧♦✇❝❤❛rt ♦❢ ✈❛r✐♦✉s ❝❛s❡s r❡❧❛t❡❞ t♦ ḋ = 0 ✐s♦❝❧✐♥❡

❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s ✭✐✳❡✳ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ Aβ{δd − (1 − δ)}d r✐s❡s✮✳

❚❤✐s ✐s ❤❛♣♣❡♥✐♥❣ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❛s d ✐s ✈❡r② s♠❛❧❧ ✐♥ s✐③❡✱ t❤❡ ❧✐♥❡❛r t❡r♠ (1− δ)d

❞♦♠✐♥❛t❡s t❤❡ q✉❛❞r❛t✐❝ t❡r♠ δd2. ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠

✭✐✳❡✳ ❢♦r ḋ = 0 t♦ ❛❝❤✐❡✈❡✮✱ ♣r♦✜t s❤❛r❡ ♠✉st ❢❛❧❧✳ ◆♦t❡ t❤❛t ❛s d ❛♣♣r♦❛❝❤❡s t♦✇❛r❞ F
E
,

(Ed− F ) ❜❡❝♦♠❡s s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r✳ ❚❤❡r❡❢♦r❡ ❢♦r ❛ s♠❛❧❧ r✐s❡ ✐♥ d, ❛ ❧❛r❣❡r ❞❡❝r❡❛s❡

✐♥ π ✐s r❡q✉✐r❡❞✳ ❚❤❛t ✐s ✇❤② ✇❡ ❣❡t ❛ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t d = F
E
✳

◆♦✇ ❝♦♥s✐❞❡r F
E
< d < 1−δ

δ
r❡❣✐♦♥✳ ❍❡r❡ Aβ{δd − (1 − δ)} < 0 ❜✉t (Ed − F ) > 0✳

❆s ❛ r❡s✉❧t✱ ❡q✉❛t✐♦♥ ✭✸✳✹✮ s✉❣❣❡sts π t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❋r♦♠ F
E
, ❛s d r✐s❡s t♦✇❛r❞s 1−δ

δ
✱

t❤❡ q✉❛❞r❛t✐❝ t❡r♠ δd2 ❞♦♠✐♥❛t❡s t❤❡ ❧✐♥❡❛r t❡r♠ (1 − δ)d, ❛♥❞ s♦ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢

Aβ{δd− (1− δ)}d ♥♦✇ ❢❛❧❧s✳ ❋♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s (Ed− F ) > 0

❤❡r❡✱ ♣r♦✜t s❤❛r❡ ♠✉st ❢❛❧❧✳ ◆♦t❡ t❤❛t ♥❡❛r F
E
, ❛s (Ed − F ) ❜❡❝♦♠❡s ✈❡r② s♠❛❧❧✱ ❢♦r ❛

s♠❛❧❧ ❢❛❧❧ ✐♥ d, ❛ ❧❛r❣❡r ✐♥❝r❡❛s❡ ✐♥ π ✐s r❡q✉✐r❡❞ ❢♦r ❛❝❤✐❡✈✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❞❡❜t

♠❛r❦❡t✳

∀d ∈ (0, F
E
) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

+

︷︸︸︷

βAd

−

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

−







< 0❀ ∀d ∈ (F
E
, 1−δ

δ
) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

+

︷︸︸︷

βAd

−

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

+







> 0 ❛♥❞ ∀d ∈ ( 1−δ
δ
,∞) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

+

︷︸︸︷

βAd

+

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

+







< 0✳ ◆♦t❡

t❤❛t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❤❛s ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t d = F
E
.

❲❤❡♥ d = 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ✇❡ ❣❡t dπ
dd

∣
∣
∣

d=0

ḋ=0
= −Aβc

F 2 < 0 ❛♥❞ ❛s d ❛♣♣r♦❛❝❤❡s t♦ ✐♥✜♥✐t② ✇❡

❣❡t limd→∞
{
dπ
dd

∣
∣
∣
ḋ=0

}

= −Aβδ
E

< 0✳ ◆♦✇ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ✇❡ ❣❡t✱ d
2π
dd2

∣
∣
∣
ḋ=0

= 2AFβ
(Ed−F )3 (1 −

δ) {(1− δ)Asf + sfα}✳ ❚❤❡r❡❢♦r❡✱ ∀d < F
E
, ✇❡ ❣❡t d2π

dd2

∣
∣
∣
ḋ=0

< 0 ❛♥❞ ∀d > F
E

✇❡ ❣❡t d2π
dd2

∣
∣
∣
ḋ=0

> 0.

✶✻



❚❛❜❧❡ ✸✳✶✿ ■❧❧✉str❛t✐✈❡ ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ ✈❛r✐❛❜❧❡s ✐♥ ❞✐✛❡r❡♥t ❝❛s❡s

❈❛s❡ cr cq sf α β δ λ i π d
❈❛s❡ ✶ ✵✳✹ ✵✳✵✸ ✵✳✸✸ ✵✳✵✷ ✵✳✶✷✺ ✵✳✺ ✵✳✽ ✵✳✵✶ ✵✳✸✹ ✵✳✺

❈❛s❡ ✷✳✶✳✶ ✵✳✸ ✵✳✵✶ ✵✳✸✸ ✵✳✵✷ ✵✳✶✷✺ ✵✳✺ ✵✳✺ ✵✳✵✸ ✵✳✸✹ ✵✳✺
❈❛s❡ ✷✳✶✳✷ ✵✳✹ ✵✳✵✶ ✵✳✸✸ ✵✳✵✶ ✵✳✶✷✺ ✵✳✸ ✵✳✸ ✵✳✵✺ ✵✳✸✹ ✵✳✺
❈❛s❡ ✷✳✷ ✵✳✹ ✵✳✵✵✼ ✵✳✸✸ ✵✳✵✶ ✵✳✶✷✺ ✵✳✸ ✵✳✷ ✵✳✵✺ ✵✳✸✹ ✵✳✺

✭❛✮ ḋ = 0 ✐s♦❝❧✐♥❡✿ ❝❛s❡ ✶ ✭❜✮ ḋ = 0 ✐s♦❝❧✐♥❡✿ ❝❛s❡ ✷✳✶✳✶

❋✐❣✉r❡ ✸✳✷

❇❡②♦♥❞ 1−δ
δ
✱ ❤♦✇❡✈❡r✱ ❛ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ d ✐s r❡❧❛t❡❞ t♦ ❛ ♥❡❣❛t✐✈❡ s❤❛r❡ ♦❢ ♣r♦✜t✳ ❚❤✐s

✐s ❤❛♣♣❡♥✐♥❣ ❜❡❝❛✉s❡ ❤❡r❡ Aβ{δd− (1− δ)} ❛♥❞ (Ed− F ) ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡✳

▲❡t ✉s t❛❦❡ ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✳ ❚❛❜❧❡ ✸✳✶ r❡♣r❡s❡♥ts ❛♥ ✐❧❧✉str❛t✐✈❡ s❡t ♦❢ ♣♦ss✐❜❧❡

✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ ✈❛r✐❛❜❧❡s✶✷✳ ❋r♦♠ t❤♦s❡ ✈❛❧✉❡s ✇❡ ❣❡t ψ = 0.531✱ ψπ = 0.18054,

A = 0.048 > 0, η = 0.01452 > 0✱ E = 0.016932 > 0 ❛♥❞ u∗ = 0.57616✳ ❑❡②♥❡s✐❛♥

st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭ψπ > β✮ ✐s ❛❧s♦ s❛t✐s✜❡❞ ❤❡r❡✳ ❚❤❡r❡❢♦r❡✱ ❝❛s❡ ✶ ✐s ✈❡r② ♠✉❝❤ ♣♦ss✐❜❧❡✳

❈❛s❡ ✷✿ ❍❡r❡ A < 0 ✐✳❡✳ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳

❚✇♦ s✉❜✲❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡ ❤❡r❡✳ ❈❛s❡ ✷✳✶✱ ✇❤❡r❡ E > 0✱ ❛♥❞ ❝❛s❡ ✷✳✷✱ ✇❤❡r❡ E < 0.

❍♦✇❡✈❡r✱ ❝❛s❡ ✷✳✶ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ ♠♦r❡ s✉❜✲❝❛s❡s (i) ❝❛s❡ ✷✳✶✳✶ ✇❤❡r❡ η > 0 ❛♥❞

(ii) ❝❛s❡ ✷✳✶✳✷ ✇❤❡r❡ η < 0. ▲❡t✬s ❛♥❛❧②s❡ ❛❧❧ ♦❢ t❤❡♠ ♦♥❡ ❜② ♦♥❡✳

❈❛s❡ ✷✳✶✳✶✿ ❍❡r❡ A < 0✱ E > 0, a > 0, ❛♥❞ η > 0✳ ❙♦✱ ❤❡r❡ ❡✈❡♥ t❤♦✉❣❤ A < 0✱ ✐t ✐s ♥♦t

str♦♥❣ ❡♥♦✉❣❤ t♦ ♠❛❦❡ E ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞

❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡ ✐♥ ❝❛s❡ ✷✳✶✳✶✳ ❋✐❣✉r❡ ✸✳✷❜ ✐❧❧✉str❛t❡s ✐t ❞✐❛❣r❛♠♠❛t✐❝❛❧❧②✳✶✸

✶✷❲❡ t❛❦❡ π = 0.34 ❢r♦♠ ❙t♦❝❦❤❛♠♠❡r ✭✷✵✵✻✮✱ β = 0.125 ❢r♦♠ ❙❦♦tt ❛♥❞ ❘②♦♦ ✭✷✵✵✽✮ ❛♥❞ sf = 0.33
❢r♦♠ ❘②♦♦ ✭✷✵✶✻✮ ❛♥❞ cr ✐♥ ❜❡t✇❡❡♥ 0.3 ❛♥❞ 0.4 ❢r♦♠ ●♦❞❧❡② ❛♥❞ ▲❛✈♦✐❡ ✭✷✵✵✼✮✳ ❖♥❛r❛♥ ❡t ❛❧✳ ✭✷✵✶✶✮
✜♥❞s cq t♦ ❜❡ 0.007 ✇❤❡r❡❛s cq = 0.02 ✐s t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✈❛❧✉❡ ❢♦r t❤❡ ❯❙❆ ✭●✐r♦✉❛r❞ ❛♥❞ ❇❧♦♥❞❛❧✱
✷✵✵✶✮✳

✶✸❍❡r❡✱ F
E

=
(1−δ)(1−sf )(1−cr)α

{A(1−δ)sf+ψα} =
(1−δ)(1−sf )(1−cr)α

[A(1− δ)sf + sfα]
︸ ︷︷ ︸

+

+(1−sf )(1−cr)αδ
<

(1−δ)(1−sf )(1−cr)α
(1−sf )(1−cr)αδ = 1−δ

δ
✳

✶✼



▲❡t ✉s ❞✐s❝✉ss t❤❡ ❞✐❛❣r❛♠ ✐♥t✉✐t✐✈❡❧②✳ ❆s A < 0✱ ❛s ❧♦♥❣ ❛s d < 1−δ
δ
, Aβ{δd−(1−δ)} > 0

❛♥❞ ❛s ❧♦♥❣ ❛s d < F
E
, (Ed−F ) < 0✳ ❲❤❡♥ d ✐s ✈❡r② s♠❛❧❧✱ ❢♦r ❛ r✐s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

✭d✮✱ ✜rst t❡r♠ ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ r✐s❡s ❜② Aβ{2δd − (1 − δ)} ✉♥✐t✱✶✹

❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ r✐s❡s ❜② Eπ ✉♥✐t✳ ❙♦✱ ❛ r✐s❡ ✐♥ d ❧❡❛❞s t♦

❛ r✐s❡ ✐♥ t❤❡ ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❜② Aβ{2δd− (1− δ)}+Eπ ✉♥✐t✳✶✺ ❆s (Ed−F ) < 0✱

❢♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✸✮✱ π ♠✉st r✐s❡✳ ❆s ❛ r❡s✉❧t✱

✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡ ❢♦r d ∈ (0, F
E
). ❍♦✇❡✈❡r✱ ❛s d ❛♣♣r♦❛❝❤❡s t♦✇❛r❞s

F
E
✱ (Ed− F ) ❛♣♣r♦❛❝❤❡s t♦ ③❡r♦✳ ❍❡♥❝❡✱ ❢♦r ❛ s♠❛❧❧ r✐s❡ ✐♥ d, ❢♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡

✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ♥♦✇ ❛ ✈❡r② ❧❛r❣❡ ✐♥❝r❡♠❡♥t ✐♥ π ✐s r❡q✉✐r❡❞✳ ❚❤❛t ✐s ✇❤② ḋ = 0 ✐s♦❝❧✐♥❡

❤❛s ❛ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t d = F
E
.

❲❤❡♥ F
E
< d < 1−δ

δ
✱ Aβ{δd − (1 − δ)} ❛♥❞ (Ed − F ) ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱

π ✐s ♥❡❣❛t✐✈❡ ✐♥ t❤✐s r❡❣✐♦♥ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✳✹✮✮✳ ■❢ d r✐s❡s✱ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ δd ❛♥❞

(1− δ) s❤r✐♥❦s ❛♥❞ ✐t s❤r✐♥❦s s♦ ♠✉❝❤ t❤❛t ❛ ❢❛❧❧ ✐♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ Aβ{δd− (1− δ)}
♦✈❡r❝♦♠♣❡♥s❛t❡ t❤❡ r✐s❡ ✐♥ d✳ ❍❡♥❝❡ t❤❡ ✜rst t❡r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s✳ ❋♦r t❤❡ ❞❡❜t

♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♠✉st r✐s❡ ❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ ✐❢ t❤❡ ♣r♦✜t

s❤❛r❡ r✐s❡s✳ ❚❤✉s ❢♦r d ∈ (F
E
, 1−δ

δ
), ✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❍♦✇❡✈❡r✱

❢♦r d > 1−δ
δ
, Aβ{δd − (1 − δ)} < 0 ❛♥❞ (Ed − F ) > 0. ❈♦♥s❡q✉❡♥t❧②✱ d ❛♥❞ π ❜♦t❤ ❛r❡

♣♦s✐t✐✈❡ ❤❡r❡✳ ❆s ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❜❡②♦♥❞ 1−δ
δ
✱ ✜rst t❡r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s ✭t❤❡

♠❛❣♥✐t✉❞❡ Aβ{δd−(1−δ)}d r✐s❡s✮✳ ❆s ❛ r❡s✉❧t✱ ❢♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱

s❤❛r❡ ♦❢ ♣r♦✜t ♠✉st r✐s❡✳ ❚❤✉s ❢♦r d > 1−δ
δ
, ✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶ s✉❣❣❡sts ψ = 0.5645, ψπ = 0.19193, A = −0.006 < 0,

η = 0.00561 > 0, E = 0.0103 > 0, ❛♥❞ u∗ = 0.276408188✳ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

✭ψπ > β✮ ✐s ❛❧s♦ s❛t✐s✜❡❞ ❤❡r❡✳

❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✹✮ ✇❡ ❣❡t t❤❛t ❛t d = 0 ❛♥❞ ❛t d =
(
1−δ
δ

)
✱ π

∣
∣
∣
ḋ=0

= 0. ∀d ∈ (0, F
E
) ✇❡ ❣❡t

π
∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

−

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

−







> 0❀ ∀d ∈ (F
E
, 1−δ

δ
) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

−

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

+







< 0

❛♥❞ ∀d ∈ ( 1−δ
δ
,∞) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

+

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

+







> 0✳ ◆♦t❡ t❤❛t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❤❛s

✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t d = F
E
.

❲❤❡♥ d = 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ✇❡ ❣❡t dπ
dd

∣
∣
∣

d=0

ḋ=0
= −Aβc

F 2 > 0 ❛♥❞ ❛s d ❛♣♣r♦❛❝❤❡s t♦ ✐♥✜♥✐t② ✇❡ ❣❡t

limd→∞
{
dπ
dd

∣
∣
∣
ḋ=0

}

= −Aβδ
E

> 0✳ ◆♦✇ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ✇❡ ❣❡t✱

d2π

dd2

∣
∣
∣
ḋ=0

=
2AFβ

(Ed− F )3
(1− δ) {(1− δ)Asf + sfα} ✭✸✳✾✮

❙♦✱ ∀d < F
E
, ✇❡ ❣❡t d2π

dd2

∣
∣
∣
ḋ=0

> 0 ❛♥❞ ∀d > F
E

✇❡ ❣❡t d2π
dd2

∣
∣
∣
ḋ=0

< 0.
✶✹❚❤✐s ✐s ❜❡❝❛✉s❡ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ d t❤❡ ❧✐♥❡❛r t❡r♠ (1− δ)d ❞♦♠✐♥❛t❡s t❤❡ q✉❛❞r❛t✐❝ t❡r♠ δd2✳
✶✺ ∂
∂d

[Aβ{δd− (1− δ)}d+ (Ed− F )π] = Aβ{2δd− (1− δ)}+ Eπ

✶✽



❈❛s❡ ✷✳✶✳✷✿ ❍❡r❡ A < 0✱ E > 0, η < 0✱ ❛♥❞ a > 0✳ ❆❧t❤♦✉❣❤ A ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ✐t ♠❛❦❡s

η ♥❡❣❛t✐✈❡✱ ✐t ✭A✮ ✐s ♥♦t str♦♥❣ ❡♥♦✉❣❤ t♦ ♠❛❦❡ E ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ❤❡r❡ t❤❡ ❡❝♦♥♦♠②

✐s ✐♥ ❛ ♠♦❞❡r❛t❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❈❛s❡ ✷✳✶✳✷ ✐s r❡♣r❡s❡♥t❡❞ ✐♥

❋✐❣✉r❡ ✸✳✸❛✳✶✻

▲❡t ✉s ❞✐s❝✉ss ❋✐❣✉r❡ ✸✳✸❛ ✐♥t✉✐t✐✈❡❧②✳ ❆s A < 0✱ ❛s ❧♦♥❣ ❛s d < 1−δ
δ
, Aβ{δd− (1− δ)} >

0. ❙t❛rt✐♥❣ ❢r♦♠ ③❡r♦ ❛s ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭d✮ r✐s❡s✱ ✐♥✐t✐❛❧❧② t❤❡ ❧✐♥❡❛r t❡r♠ (1 − δ)d

❞♦♠✐♥❛t❡s t❤❡ q✉❛❞r❛t✐❝ t❡r♠ δd2 ❛♥❞ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ✜rst t❡r♠ Aβ{δd− (1− δ)}d
♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✭▲✳❍✳❙✳✮ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❜② Aβ{2δd− (1− δ)} ✉♥✐t✳ ❆t t❤❡ s❛♠❡

t✐♠❡✱ s❡❝♦♥❞ t❡r♠ (Ed−F )π ♦❢ t❤❡ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ r✐s❡s ❜② Eπ ✉♥✐t✳

❚❤✉s✱ ❢♦r ❛ r✐s❡ ✐♥ d✱ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ r✐s❡s ❜② Aβ{2δd− (1−δ)}+Eπ ✉♥✐t✳

❚♦ ❛❝❤✐❡✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❞❡❜t ♠❛r❦❡t✱ ❛s (Ed−F ) < 0✱ ♣r♦✜t s❤❛r❡ ♠✉st r✐s❡✳ ❚❤❛t

✐s ✇❤② ✐♥✐t✐❛❧❧② ✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❆s d r✐s❡s ❢✉rt❤❡r✱ t❤❡ q✉❛❞r❛t✐❝

t❡r♠ δd2 ❞♦♠✐♥❛t❡s t❤❡ ❧✐♥❡❛r t❡r♠ (1 − δ)d. ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ Aβ{2δd − (1 − δ)}d
❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❛♥❞ ❞♦♠✐♥❛t❡s Eπ✶✼✳ ❙♦✱ ❢♦r ❛ r✐s❡ ✐♥ d, ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s✳

❆s (Ed − F ) < 0✱ ♣r♦✜t s❤❛r❡ ♠✉st ❢❛❧❧ t♦ s❛t✐s❢② ḋ = 0✳ ❍❡♥❝❡✱ ❢♦r ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭✐✳❡✳ ✇❤❡♥ d ∈ (d′′, 1−δ
δ
]✮✱ ❛ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♦❜t❛✐♥❡❞✳

❚❤✉s✱ ❢♦r d ∈ [0, 1−δ
δ
]✱ ✇❡ ❣❡t ❛♥ ✐♥✈❡rt❡❞ ✏❯✑ s❤❛♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡✳

✶✻❍❡r❡✱ F
E

=
(1−δ)(1−sf )(1−cr)α

{A(1−δ)sf+ψα} =
(1−δ)(1−sf )(1−cr)α

[A(1− δ)sf + sfα]
︸ ︷︷ ︸

−

+(1−sf )(1−cr)αδ
>

(1−δ)(1−sf )(1−cr)α
(1−sf )(1−cr)αδ = 1−δ

δ
. ❋r♦♠

❡q✉❛t✐♦♥ ✭✸✳✹✮ ✇❡ ❣❡t t❤❛t ❛t d = 0 ❛♥❞ ❛t d =
(
1−δ
δ

)
✱ π

∣
∣
∣
ḋ=0

= 0. ∀d ∈ (0, 1−δ
δ

) ✇❡ ❣❡t π
∣
∣
∣
ḋ=0

=






−

−

︷︸︸︷

βAd

−

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

−







> 0❀ ∀d ∈ ( 1−δ
δ
, F
E
) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

+

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

−







< 0 ❛♥❞ ∀d ∈

(F
E
,∞) ✇❡ ❣❡t π

∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

+

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

+







> 0✳ ◆♦t❡ t❤❛t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❤❛s ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡

❛t d = F
E
. ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✽✮✱

[
ad2 − bd+ c

]
= 0 ✐♠♣❧✐❡s d′ = b+

√
b2−4ac
2a ❛♥❞ d′′ = b−

√
b2−4ac
2a ✳

❈♦♥s✐❞❡r t❤❡ ❞✐s❝r✐♠✐♥❛♥t ∆ = b2 − 4ac. ❋♦r t❤❡ ❞✐s❝r✐♠✐♥❛♥t t♦ ❜❡ ♣♦s✐t✐✈❡ ✇❡ ♥❡❡❞ ∆ = b2 − 4ac > 0.
❆❢t❡r s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❣❡t t❤❛t ∆ = b2 − 4ac > 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ [A(1− δ)sf + sfα] = η < 0.
❙♦✱ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ✭∆) ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ η < 0✳ ❚❤✐s ✐s s❛t✐s✜❡❞ ❤❡r❡✳ ❘❡❛rr❛♥❣❡♠❡♥t ♦❢

❡q✉❛t✐♦♥ ✭✸✳✽✮ ②✐❡❧❞s dπ
dd

∣
∣
∣
ḋ=0

=
−Aβa(d−d′)(d−d′′)

[Ed−F ]2
. ❍❡r❡ d′ =

+

︷ ︸︸ ︷

b+
√

b2 − 4ac
2a
︸︷︷︸

+

> 0. d′′ ✐s ❛❧s♦ ♣♦s✐t✐✈❡

❛s b > ∆ > 0. ❚❤✉s ✇❡ ❣❡t 0 < d′′ < d′. ❍❡r❡ dπ
dd

∣
∣
∣
ḋ=0

=

+

︷ ︸︸ ︷

−Aβa(d−d′)(d−d′′)
[Ed−F ]2

❛♥❞ s♦ ∀d ∈ [0, d′′)✱

dπ
dd

∣
∣
∣
ḋ=0

> 0 ❀ ∀d ∈ (d′′, d′)✱ dπ
dd

∣
∣
∣
ḋ=0

< 0 ❛♥❞ ✜♥❛❧❧② ∀d ∈ (d′,∞), dπ
dd

∣
∣
∣
ḋ=0

> 0. ❆❣❛✐♥ d′ =

+

︷ ︸︸ ︷

b+
√

b2 − 4ac
2a
︸︷︷︸

+

=

b
2a +

√
b2−4ac
2a =

(1−δ)(1−sf )(1−cr)α
{A(1−δ)sf+ψα} +

√
b2−4ac
2a = F

E
+

√
b2−4ac
2a > F

E
> 1−δ

δ
> 0.

✶✼❆s −2hd+ l = −2βδAd+ (1− δ)Aβ − Eπ = −[Aβ{2δd− (1− δ)}+ Eπ] > 0 ❤❡r❡✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡
♦♥❧② ✇❤❡♥ Aβ{2δd− (1− δ)} ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ❞♦♠✐♥❛t❡s Eπ✳

✶✾



✭❛✮ ḋ = 0 ✐s♦❝❧✐♥❡✿ ❝❛s❡ ✷✳✶✳✷ ✭❜✮ ḋ = 0 ✐s♦❝❧✐♥❡✿ ❝❛s❡ ✷✳✷

❋✐❣✉r❡ ✸✳✸

■❢ d r✐s❡s ❜❡②♦♥❞ 1−δ
δ
, Aβ{δd − (1 − δ)} ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ ❚❤❡♥✱ ❛s ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

r✐s❡s✱ t❤❡ ✜rst t❡r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s✳ ❋♦r ḋ = 0 t♦ ❛❝❤✐❡✈❡✱ ♥♦t ♦♥❧② π ♠✉st ❜❡

♥❡❣❛t✐✈❡ ♥♦✇✱ ✐❢ d r✐s❡s✱ π ♠✉st ❢❛❧❧✳ ❆s d ❛♣♣r♦❛❝❤❡s t♦✇❛r❞s F
E
✱ (Ed − F ) ❛♣♣r♦❛❝❤❡s

t♦ ③❡r♦✳ ❍❡♥❝❡✱ ❢♦r ❛ s♠❛❧❧ ❢❛❧❧ ✐♥ d, ❢♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ♥♦✇ ❛

✈❡r② ❧❛r❣❡ r✐s❡ ✐♥ π ✐s r❡q✉✐r❡❞✳ ❚❤❛t ✐s ✇❤② ❢♦r ❛❧❧ d ∈ (1−δ
δ
, F
E
)✱ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐♥

♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ❛♥❞ ❤❛s ❛ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t d = F
E
.

❋♦r d > F
E
, Aβ{δd − (1 − δ)} < 0 ❛♥❞ (Ed − F ) > 0. ❍❡♥❝❡✱ ❛s ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

r✐s❡s ❜❡②♦♥❞ F
E
✱ ❢♦r ❡✈❡r② ✉♥✐t r✐s❡ ✐♥ d ✜rst t❡r♠ ♦❢ t❤❡ ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s ❜②

Aβ{2δd− (1− δ)}d ✉♥✐t✶✽ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ t❡r♠ r✐s❡s ❜② Eπ ✉♥✐t✳ ■♥✐t✐❛❧❧②✱ ❢♦r ❛ r✐s❡

✐♥ d✱ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ r✐s❡s ✭❜❡❝❛✉s❡ Eπ ♦✉t✇❡✐❣❤s Aβ{2δd− (1− δ)}d✮✳✶✾
❋♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s (Ed−F ) > 0✱ s❤❛r❡ ♦❢ ♣r♦✜t ♠✉st ❢❛❧❧✳ ❚❤✉s

✇❡ ❣❡t ❛ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❍♦✇❡✈❡r✱ ❛s d r✐s❡s ❢✉rt❤❡r✱ Aβ{2δd− (1− δ)}d
♦✈❡r❝♦♠♣❡♥s❛t❡s Eπ✱ ❛♥❞ s♦ t❤❡ ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s✳ ❋♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡

✐♥ ❡q✉✐❧✐❜r✐✉♠ ♥♦✇ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ♠✉st r✐s❡✳ ❍❡♥❝❡ ✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ḋ = 0

✐s♦❝❧✐♥❡ ♥♦✇✳

❋r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶ ✇❡ ♦❜t❛✐♥ ψ = 0.4506, ψπ = 0.153204, A =

−0.017 < 0, η = −0.000627 < 0, E = 0.000579 > 0, ❛♥❞ u∗ = 0.26414693✳ ❑❡②♥❡s✐❛♥

st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭ψπ > β✮ ✐s ❢✉❧✜❧❧❡❞ t♦♦✳

❈❛s❡ ✷✳✷✿ ❍❡r❡ A < 0✱ ❛♥❞ E < 0✳ E < 0 ❡♥s✉r❡s t❤❛t η =< 0✱ ❛♥❞ a < 0✳ ❙♦✱ ❤❡r❡

A < 0✱ ❛♥❞ ✐t ✐s str♦♥❣ ❡♥♦✉❣❤ t♦ ♠❛❦❡ E ♥❡❣❛t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❤❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s

✶✽◆♦t❡ t❤❛t A < 0 ❛♥❞ Aβ{δd− (1− δ)} < 0 ✐♠♣❧✐❡s Aβ{2δd− (1− δ)}d < 0✳
✶✾❆s −2hd+l = −2βδAd+(1−δ)Aβ−Eπ = −[Aβ{2δd−(1−δ)}+Eπ] < 0 ❤❡r❡✳ ❆s Aβ{2δd−(1−δ)}

✐s ♥❡❣❛t✐✈❡✱ t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐❢ Eπ ❞♦♠✐♥❛t❡s✳

✷✵



✐♥ ❛ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❈❛s❡ ✷✳✷ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡

✸✳✸❜✳✷✵

(Ed − F ) ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ✐♥ ❝❛s❡ ✷✳✷✳ ❆s ❧♦♥❣ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s✉✣❝✐❡♥t❧②

s♠❛❧❧ ✭✐✳❡✳ ✇❤❡♥ d < 1−δ
δ
✮✱ Aβ{δd− (1− δ)} ✐s ♣♦s✐t✐✈❡✳ ❙t❛rt✐♥❣ ❢r♦♠ ③❡r♦✱ ❢♦r ❡✈❡r② ✉♥✐t

r✐s❡ ✐♥ d, ✜rst t❡r♠ ♦❢ t❤❡ ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ r✐s❡s ❜② Aβ{2δd− (1− δ)} ✉♥✐t ✭❛s ❢♦r

t❤❡ s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ d t❤❡ ❧✐♥❡❛r t❡r♠ (1−δ)d ❞♦♠✐♥❛t❡s t❤❡ q✉❛❞r❛t✐❝ t❡r♠ δd2✮ ✇❤❡r❡❛s

t❤❡ s❡❝♦♥❞ t❡r♠ ❢❛❧❧s ❜② Eπ ✉♥✐t✳ ■♥✐t✐❛❧❧②✱ ❢♦r ❛ r✐s❡ ✐♥ d✱ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮

r✐s❡s ✭❜❡❝❛✉s❡ Aβ{2δd − (1 − δ)} ❞♦♠✐♥❛t❡s Eπ✮✳✷✶ ❆s (Ed − F ) < 0✱ ❢♦r t❤❡ ❞❡❜t

♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ♣r♦✜t s❤❛r❡ ♠✉st r✐s❡✳ ❊✈❡♥t✉❛❧❧②✱ ❛s d r✐s❡s ❢✉rt❤❡r✱ t❤❡ ❣❛♣

❜❡t✇❡❡♥ 2δd ❛♥❞ (1 − δ) s❤r✐♥❦s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ Eπ ♦✉t✇❡✐❣❤s Aβ{2δd − (1 − δ)}✱
❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡ ▲✳❍✳❙✳ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❢❛❧❧s✳ ❋♦r t❤❡ ❞❡❜t ♠❛r❦❡t t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠

♥♦✇ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ♠✉st ❢❛❧❧ t♦♦✳ ❍❡♥❝❡✱ ✇❡ ❣❡t ❛♥ ✐♥✈❡rt❡❞ ✏❯✑ s❤❛♣❡❞ ḋ = 0 ✐s♦❝❧✐♥❡

✐♥ t❤❡ 0 < d 6 1−δ
δ

r❡❣✐♦♥✳

❋r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶ ✇❡ ❣❡t ψ = 0.4506, ψπ = 0.153204, A =

−0.0216 < 0, η = −0.0016896 < 0, E = −0.00051 < 0, u∗ = 0.239682315✳ ❑❡②♥❡s✐❛♥

st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭ψπ > β✮ ❛♥❞ β = 0.125 > Eπ
A(1−δ)

= 0.011468254 ❛r❡ ❛❧s♦ s❛t✐s✜❡❞

❤❡r❡✳

✸✳✷ ❉✐str✐❜✉t✐♦♥❛❧ ❉②♥❛♠✐❝s

▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ✐♥

t❤❡ ❧♦♥❣ r✉♥ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ❝❤❛♥❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❡s✐r❡❞

s❤❛r❡ ♦❢ ♣r♦✜t ♦❢ t❤❡ ✜r♠s ❛♥❞ t❤❡ ❛❝t✉❛❧ s❤❛r❡ ♦❢ ♣r♦✜t✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞❡s✐r❡❞

✷✵◆♦t❡ t❤❛t ❤❡r❡ F
E

< 0. ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✹✮ ✇❡ ❣❡t t❤❛t ❛t d = 0 ❛♥❞ ❛t d =
(
1−δ
δ

)
✱

π
∣
∣
∣
ḋ=0

= 0. ∀d ∈ (0, 1−δ
δ

) ✇❡ ❣❡t π
∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

−

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

−







> 0❀ ∀d ∈ ( 1−δ
δ
,∞), π

∣
∣
∣
ḋ=0

=







−

−

︷︸︸︷

βAd

+

︷ ︸︸ ︷

{δd− (1− δ)}
(Ed− F )
︸ ︷︷ ︸

−







< 0✳ ❙✐♠✐❧❛r t♦ ❝❛s❡ ✷✳✶✳✷✱ ❛s η < 0✱ ❤❡r❡ ❛❧s♦ ✇❡ ♦❜t❛✐♥ ∆ > 0 ❘❡✲

❛rr❛♥❣✐♥❣ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ✇❡ ♦❜t❛✐♥ dπ
dd

∣
∣
∣
ḋ=0

=
−Aβa(d−d′)(d−d′′)

[Ed−F ]2
. ❍❡r❡ d′ =

+

︷ ︸︸ ︷

b+
√

b2 − 4ac
2a
︸︷︷︸

−

< 0✳

❙✐♥❝❡ a < 0,
(
b−

√
b2 − 4ac

)
< 0 ❛♥❞ d′′ =

(b−
√
b2−4ac)
2a > 0✳ ❚❤✉s ✇❡ ❣❡t d′ < 0 < d′′. ❍❡r❡

dπ
dd

∣
∣
∣
ḋ=0

=

−

︷ ︸︸ ︷

−Aβa(d−d′)(d−d′′)
[Ed−F ]2

❛♥❞ s♦ ∀d ∈ [0, d′′)✱ dπ
dd

∣
∣
∣
ḋ=0

> 0 ❀ ❛♥❞ ∀d ∈ (d′′,∞), dπ
dd

∣
∣
∣
ḋ=0

< 0✳
✷✶❍❡r❡ −2hd+ l = −2βδAd+ (1− δ)Aβ − Eπ = −[Aβ{2δd− (1− δ)}+ Eπ] < 0✳ ❆s Eπ < 0, t❤✐s ✐s

♣♦ss✐❜❧❡ ♦♥❧② ✇❤❡♥ Aβ{2δd− (1− δ)} ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❞♦♠✐♥❛t❡s Eπ✳

✷✶



s❤❛r❡ ♦❢ ♣r♦✜t ♦❢ ✜r♠s ❞❡♣❡♥❞s ♣♦s✐t✐✈❡❧② ♦♥ t❤❡ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐s ❝❛♣t✉r❡❞

❜② t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❉✉tt ✭✶✾✾✷✱ ♣♣✳✺✽✸✮ ❛r❣✉❡s ✏✜r♠s ❛tt❡♠♣t t♦ r❛✐s❡

♠❛r❦✉♣s t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜✉♦②❛♥t ♠❛r❦❡ts ❛♥❞ r❡❞✉❝❡ ♠❛r❦✉♣s ✇❤❡♥ s❛❧❡s ❛r❡ ❧♦✇✑✳✷✷

❙✐♠✐❧❛r❧②✱ ✐♥ ❧✐♥❡ ✇✐t❤ ❘♦✇t❤♦r♥ ✭✶✾✼✼✱ ♣♣✳ ✶✶✾✮ ✇❡ ❝❛♥ ❛r❣✉❡ t❤❛t ✇❤❡♥ t❤❡r❡ ✐s ❛♠♣❧❡

❛♠♦✉♥t ♦❢ ✉♥✉t✐❧✐③❡❞ ❝❛♣❛❝✐t②✱ ✜r♠s ❝❛♥♥♦t ❛s♣✐r❡ ❢♦r ❤✐❣❤❡r ♣r♦✜t s❤❛r❡ ✐♥ t❤❡ ❢❡❛r t❤❛t

♦t❤❡r ✜r♠s ♠❛② ✐♥✈❛❞❡ t❤❡✐r ♠❛r❦❡ts✳ ❍♦✇❡✈❡r✱ ❤✐❣❤❡r t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ✜r♠s

❜❡❝♦♠❡ str♦♥❣❡r ❛♥❞ ❝❛♥ ✉s❡ t❤❡✐r ♠❛r❦❡t ♣♦✇❡r ❛s❦✐♥❣ ❢♦r ❤✐❣❤❡r ♣r♦✜t s❤❛r❡✳ ❙♦ ♠✉❝❤

s♦✱ ❤✐❣❤❡r t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✭t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✮✱ ♠♦r❡ t❤❡ ♣r❡ss✉r❡

♣✉t ❜② t❤❡ r❡♥t✐❡rs ♦♥ ✜r♠s ❢♦r ❤✐❣❤❡r ❞✐✈✐❞❡♥❞s✳ ❆s ❛ r❡s✉❧t✱ ✜r♠s ❞❡s✐r❡ ❤✐❣❤❡r s❤❛r❡

♦❢ ♣r♦✜t t♦ ❦❡❡♣ r❡♥t✐❡rs ✭s❤❛r❡❤♦❧❞❡rs✮ ❤❛♣♣②✳

▼❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ❛❧s♦ ✐♥✢✉❡♥❝❡ t❤❡ ❞❡s✐r❡❞ s❤❛r❡ ♦❢ ♣r♦✜t ♦❢

✜r♠s✳ ❍✐❣❤❡r t❤❡ t❡♥❞❡♥❝② t♦ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs✱ ❤✐❣❤❡r ✐s t❤❡

❞❡s✐r❡❞ s❤❛r❡ ♦❢ ♣r♦✜t ♦❢ ✜r♠s✳ ▼♦r❡ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s ❧❡❛❞ t♦ ❤✐❣❤❡r ♠❛r❦❡t

❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ✜r♠s ✭❛s t❤❡r❡ ❛r❡ ❢❡✇ ✜r♠s ❛❢t❡r t❤❡ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s✮✱ ❛♥❞

t❤❡r❡❢♦r❡ ✜♠rs✴❝❛♣✐t❛❧✐sts ❜❡❝♦♠❡ str♦♥❣❡r ✐♥ t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t✳ ❙♦✱ t❤❡② ❝❛♥ ❛s♣✐r❡

❢♦r ♦❜t❛✐♥✐♥❣ ❤✐❣❤❡r ♣r♦✜t s❤❛r❡✳

❋✐♥❛❧❧②✱ ❛ r✐s❡ ✐♥ π ✐s ❡①♣❡❝t❡❞ t♦ r❡❞✉❝❡ π̇. ❚❤✐s ✐s ❤❛♣♣❡♥✐♥❣ ❜❡❝❛✉s❡✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱

❤✐❣❤❡r ♣r♦✜t s❤❛r❡ ✇✐❧❧ ♣r♦✈✐❞❡ ✐♥❝❡♥t✐✈❡ t♦ ♦✉ts✐❞❡rs ✭♦✉ts✐❞❡ ✜r♠s✮ t♦ ❡♥t❡r ✐♥ t❤❡ ♠❛r❦❡t

❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠♦♥♦♣♦❧② ♣♦✇❡r ✇✐❧❧ ❜❡ ❞❡❝r❡❛s❡❞ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❉✉tt❀ ✷✵✶✷✮✳

❚❤❡r❡❢♦r❡ t❤❡ ♣r♦✜t s❤❛r❡ ❝❤❛♥❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❛s

π̇ = ρ[πd − π] = ρ[γ0 + γ1u
∗ − π]; ρ > 0 ✭✸✳✶✵✮

✇❤❡r❡ πd(= γ0+γ1u
∗) ✐s t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ❞❡s✐r❡❞ ❜② t❤❡ ✜r♠s ✭♠❛♥❛❣❡rs✮✳ γ0 ❛♥❞ γ1 ❛r❡

♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✳ ❍❡r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ✐s

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r γ0✳ γ1 r❡♣r❡s❡♥ts t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ ❞❡s✐r❡❞ s❤❛r❡ ♦❢

♣r♦✜t ♦❢ ✜r♠s t♦ ❛ ✉♥✐t ❝❤❛♥❣❡ ✐♥ t❤❡ s❤♦rt✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳

❋♦r t❤❡ ♠♦❞❡❧ t♦ ❜❡ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ✇❡ ❛ss✉♠❡ πd ∈ (0, 1). ✷✸ ❍♦✇❡✈❡r t❤❡ ❝❤❛♥❣❡

✐s ♥♦t ✐♥st❛♥t❛♥❡♦✉s ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡r ρ✱ ✇❤❡r❡ ρ > 0. ❲❡ ❛ss✉♠❡ t❤❛t t❤❡

✈❛❧✉❡ ♦❢ ρ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ✜r♠s t♦ ❛❞❥✉st ✐ts ❛❝t✉❛❧ s❤❛r❡ ♦❢ ♣r♦✜t t♦ t❤❡

✷✷❍♦✇❡✈❡r✱ ❉✉tt ✭✶✾✾✷✮ ♣♦✐♥ts ♦✉t t❤❛t ❛ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✜r♠s ❞❡s✐r❡❞✴t❛r❣❡t ♣r♦✜t
s❤❛r❡ ❛♥❞ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐s ❛❧s♦ ♣♦ss✐❜❧❡✳

✷✸❖♥❡ ♦❜✈✐♦✉s q✉❡st✐♦♥ t❤❛t ♠❛② ❛r✐s❡ ✐s t❤❛t ✇❤② ✇❡ ❤❛✈❡ ♥♦t ✐♥❝♦r♣♦r❛t❡❞ ❡①♣❧✐❝✐t❧② t❤❡ ✇♦r❦❡rs✬
❜❛r❣❛✐♥✐♥❣ ❞②♥❛♠✐❝s ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮✳ ■♥ t❤❡ ❡r❛ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ s❤✐❢t ✐♥ ♠❛♥❛❣❡✲
♠❡♥t str❛t❡❣✐❡s ✏❢r♦♠ r❡t❛✐♥ ❛♥❞ r❡✐♥✈❡st t♦ ❞♦✇♥s✐③❡ ❛♥❞ ❞✐str✐❜✉t❡✑ ✭▲❛③♦♥✐❝❦ ❛♥❞ ❖✬❙✉❧❧✐✈❛♥✱ ✷✵✵✵✮✳
❍❡✐♥ ✭✷✵✶✷❜✮ ♣♦✐♥ts ♦✉t t❤❛t t❤❡r❡ ❤❛s ❜❡❡♥ ❛ s❡❝t♦r❛❧ s❤✐❢t ✐♥ t❤❡ ❡❝♦♥♦♠✐❝ str✉❝t✉r❡ ❢r♦♠ ♣✉❜❧✐❝ ❛♥❞
♥♦♥✲✜♥❛♥❝✐❛❧ ❝♦r♣♦r❛t❡ s❡❝t♦rs ✭✇❤♦ ❤❛✈❡ str♦♥❣ tr❛❞❡ ✉♥✐♦♥s✮ t♦ t❤❡ ✜♥❛♥❝✐❛❧ s❡❝t♦rs ✇✐t❤ ✇❡❛❦❡r tr❛❞❡
✉♥✐♦♥s✳ ❆t t❤❡ s❛♠❡ t✐♠❡ t❤❡r❡ ❤❛s ❜❡❡♥ ✐♠♠❡♥s❡ ❞❡r❡❣✉❧❛t✐♦♥ ♦❢ ❧❛❜♦✉r ♠❛r❦❡ts✳ ❆❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ♣❧❛②
❛ ❝r✉❝✐❛❧ r♦❧❡ ❢♦r ✇❡❛❦❡♥✐♥❣ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ✇♦r❦❡rs✳ ❚❤✐s ✐s ✇❤② ✇❡ ❢❡❡❧ t❤❛t ❡①❝❧✉s✐♦♥ ♦❢ t❤❡
✇♦r❦❡rs✬ r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❝❤❛♥❣❡ ✐♥ s❤❛r❡ ♦❢ ♣r♦✜t ✭♦r π ❞②♥❛♠✐❝s✮ ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ t❤❡ q✉❛❧✐t❛t✐✈❡
r❡s✉❧ts s✐❣♥✐✜❝❛♥t❧②✳

✷✷



❞❡s✐r❡❞ ♦♥❡✳ ❚❤✐s ❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥st✐t✉t✐♦♥❛❧ ❢❡❛t✉r❡s s✉❝❤ ❛s ❧❛❜♦✉r ❧❛✇✱ tr❛❞❡

✉♥✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥✱✷✹ t❤❡ ❞❡❣r❡❡ t♦ ✇❤✐❝❤ ❞♦✇♥s✐③✐♥❣✱ ♦✉ts♦✉r❝✐♥❣ ♦r ♣❧❛♥t r❡❧♦❝❛t✐♦♥

❡t❝✳ ❛r❡ ♣r❛❝t✐❝❡❞✱ ❛♥❞ s♦ ♦♥ ✭❙❡tt❡r✜❡❧❞❀ ✷✵✵✼✱ ✷✵✵✾✮✳ ❆ ♠♦r❡ str✐♥❣❡♥t ❧❛❜♦✉r ❧❛✇ ❛♥❞

❛ ❤✐❣❤❡r ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ✇♦r❦❡rs ✈✐s✲à✲✈✐s ✜r♠s ❧❡❛❞s t♦ t❤❡ ❞❡t❡r✐♦r❛t✐♦♥ ♦❢ ρ✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳ d ❛♥❞ π r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✇❡

❣❡t✱

J21 =
∂π̇

∂d
= ρ

(
γ1δA

ψπ − β

)

R 0 ✭✸✳✶✶✮

J22 =
∂π̇

∂π
= ρ

[−2ψπ + (ψγ0 + β)

ψπ − β

]

< 0 ✭✸✳✶✷✮

❙♦✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐s

dπ

dd

∣
∣
∣
π̇=0

= −J21
J22

=
γ1Aδ

2ψπ − (ψγ0 + β)
✭✸✳✶✸✮

◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t ❛s ✐♥ ❡q✉✐❧✐❜r✐✉♠ π = γ0 + γ1u
∗ > γ0 ✭❢♦r ❛❧❧ u∗ > 0✮✱ ❛♥❞ ❛s

✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ψπ > β ❤♦❧❞s✱ 2ψπ − (ψγ0 + β) =

ψ

+
︷ ︸︸ ︷

(π − γ0) +

+
︷ ︸︸ ︷

(ψπ − β) > 0. ❍❡♥❝❡✱ t❤❡ s❧♦♣❡ ❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ♦❢ A✳ ❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r

t❤❡ ♠❡❛♥✐♥❣❢✉❧ ❝❛s❡ ♦♥❧② ✐✳❡✳ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r π > π0 = γ0ψ+β
2ψ

. ❲❤❡♥ A > 0, t❤❡ s❧♦♣❡

♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡✱ ❛♥❞ ❢♦r A < 0, t❤❡ s❧♦♣❡ ✐s ♥❡❣❛t✐✈❡✳

▲❡t ✉s ❡①♣❧❛✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✶✮✱ ❛♥❞ ✭✸✳✶✷✮ r❡s♣❡❝t✐✈❡❧②✳ J21 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ ♣r♦✜t s❤❛r❡✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d r❛✐s❡s t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✇❤✐❝❤ ✐♥ t✉r♥ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ♣r♦✜t

s❤❛r❡ ♦❢ ✜r♠s✳ ❍❡♥❝❡✱ ✇❤❡♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s✱ ❢♦r ❛ ❣✐✈❡♥ π, t❤❡ ❝❤❛♥❣❡ ✐♥ ♣r♦✜t

s❤❛r❡ ❜❡❝♦♠❡s ♣♦s✐t✐✈❡ ✐✳❡✳ J21 = ∂π̇
∂d
> 0 ❤♦❧❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥

❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ t❤❡ r❡✈❡rs❡ ♦❝❝✉rs✳

J22 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣r♦✜t s❤❛r❡ ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ♣r♦✜t s❤❛r❡ ✐ts❡❧❢✳ ❆s

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ π ❝❛✉s❡s ❛ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ t❤❡

❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✇❤✐❝❤ ✐♥ t✉r♥ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ ✜r♠s✬ ❞❡s✐r❡❞ ♣r♦✜t s❤❛r❡✳ ❉✉❡ t♦ ❛

r✐s❡ ✐♥ π✱ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ ❢❛❧❧s ❜② ργ1 ∂u
∗

∂π
= ργ1ψ(α+δAd)

(ψπ−β)2
✉♥✐t✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ t❤❡ ♣r♦✜t s❤❛r❡ ✇✐❧❧ ❡r♦❞❡ ✐ts ♦✇♥ ❝❤❛♥❣❡ ❛t ❛ s♣❡❡❞ ♦❢ ρ✱ ❤♦❧❞✐♥❣ πd ❝♦♥st❛♥t✳

❚❤✉s✱ t❤❡ ♥❡t ❡✛❡❝t ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❣❡t J22 < 0✳

❋♦r ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t✱ ✇❡ ✐♥s❡rt d = 0 ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❛♥❞ ♦❜t❛✐♥ π
∣
∣
d=0

π̇=0
= γ0 +

γ1α

(ψπ−β)
.

❚❤❡r❡❢♦r❡✱ ❢♦r d = 0, ✇❡ ❣❡t t✇♦ ✈❛❧✉❡s ♦❢ π✱ π1 =
(ψγ0+β)+

√
(ψγ0+β)2−4ψ(γ0β−γ1α)

2ψ
❛♥❞

π2 =
(ψγ0+β)−

√
(ψγ0+β)2−4ψ(γ0β−γ1α)

2ψ
✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ✐s (ψγ0 + β)2 − 4ψ(γ0β − γ1α) =

✷✹❚❤❡s❡ ❛✛❡❝t t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡rs ♦❢ ✇♦r❦❡rs ✈✐s✲à✲✈✐s ✜r♠s

✷✸



✭❛✮ ❈❛s❡ ✶ ✭A > 0✮ ✭❜✮ ❈❛s❡ ✷ ✭A < 0✮

❋✐❣✉r❡ ✸✳✹✿ π̇ = 0 ✐s♦❝❧✐♥❡

(ψγ0 − β)2 + 4ψγ1α ✇❤✐❝❤ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ❲❤❡♥ (γ0β − γ1α) < 0 ❤♦❧❞s✱ ✇❡ ❣❡t

(ψγ0 + β)2 − 4ψ(γ0β − γ1α) > (ψγ0 + β)2✱ ❛♥❞ t❤❡r❡❢♦r❡ π1 > 0 > π2. ❲❤❡♥ t❤❡ r❡✈❡rs❡

♦❢ t❤❛t ♦❝❝✉rs ✐✳❡✳ ✇❤❡♥ (γ0β− γ1α) > 0, (ψγ0+β)
2− 4ψ(γ0β− γ1α) < (ψγ0+β)

2 ❤♦❧❞s✳

❆s ❛ r❡s✉❧t✱ ✇❡ ❣❡t π1 > π2 > 0. ❋♦r ❡❝♦♥♦♠✐❝❛❧❧② ✈✐❛❜❧❡ r❡s✉❧ts✱ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r

✇❡ ❛ss✉♠❡ π1 < 1.

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ A t✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿ ❝❛s❡ ✶ ❛♥❞ ❝❛s❡ ✷ r❡s♣❡❝t✐✈❡❧②✳

❈❛s❡ ✶✿ ❆ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡ ♣r❡✈❛✐❧s ✐♥ ❝❛s❡ ✶ ✭❛s A > 0 ❤❡r❡✮✳ ❆s

❛ r❡s✉❧t✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ dπ
dd

∣
∣
∣
π̇=0

= γ1Aδ

2ψπ−(ψγ0+β)
> 0 ❢♦r ❛❧❧ π > γ0ψ+β

2ψ
❛♥❞

dπ
dd

∣
∣
∣
π̇=0

= γ1Aδ

2ψπ−(ψγ0+β)
< 0 ❢♦r ❛❧❧ π < γ0ψ+β

2ψ
. ❇✉t ❢♦r ❛ ♠❡❛♥✐♥❣❢✉❧ ❛♥❛❧②s✐s ✇❡ ❤❛✈❡ t♦

r❡str✐❝t ♦✉rs❡❧✈❡s t♦ π > γ0ψ+β
2ψ

= π0 s✐♥❝❡ {2ψπ − (ψγ0 + β)} > 0 ✭s❡❡ ❋✐❣✉r❡ ✸✳✹❛✮✳

❈❛s❡ ✷✿ ■♥ ❝❛s❡ ✷ ♦♥❡ ♦❜t❛✐♥s ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡ ✐✳❡✳ A < 0

❤♦❧❞s ❤❡r❡✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ dπ
dd

∣
∣
∣
π̇=0

= γ1Aδ

2ψπ−(ψγ0+β)
< 0 ❢♦r ❛❧❧ π > γ0ψ+β

2ψ

❛♥❞ dπ
dd

∣
∣
∣
π̇=0

= γ1Aδ

2ψπ−(ψγ0+β)
> 0 ❢♦r ❛❧❧ π < γ0ψ+β

2ψ
. ❇✉t ❢♦r ❛ ♠❡❛♥✐♥❣❢✉❧ ❛♥❛❧②s✐s ✇❡ ❤❛✈❡

t♦ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ π > γ0ψ+β
2ψ

= π0 ❛s {2ψπ − (ψγ0 + β)} > 0 ✭s❡❡ ❋✐❣✉r❡ ✸✳✹❜✮✳

✹ P♦ss✐❜❧❡ ❈❛s❡s

❚❤✐s s❡❝t✐♦♥ ❡①♣❧❛✐♥s ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝❛s❡s ✇❤✐❝❤ ♠❛② ❛r✐s❡ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❞❡❜t ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s✳ ❲❡ ❣❡t ❢♦✉r ❞✐✛❡r❡♥t ❝❛s❡s✳ ❚❤❡s❡

❛r❡ (i) ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡ (ii) ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤

r❡❣✐♠❡✱ (iii) ♠♦❞❡r❛t❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛♥❞ (iv) str♦♥❣ ❞❡❜t✲

❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞✱ ♥♦t❡ t❤❛t t❤❡ s✐❣♥ ♦❢ J22 ✐s

❛❧✇❛②s ♥❡❣❛t✐✈❡✳ ❍♦✇❡✈❡r✱ t❤❡ s✐❣♥ ♦❢ J11✱ J12✱ ❛♥❞ J21 ❛r❡ ❛♠❜✐❣✉♦✉s✳

✷✹



❋✐❣✉r❡ ✹✳✶✿ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡ ✶

✹✳✶ ❈❛s❡ ✶✿ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡

❍❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡ ✭✐✳❡✳ A > 0✮✳ A > 0

✐♠♣❧✐❡s E > 0, a > 0 ❛♥❞ η = [A(1− δ)sf + sfα] > 0. A > 0 ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ✐♠♣❧②

t❤❛t J21 > 0. ❋r♦♠ ❋✐❣✉r❡ ✹✳✶ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞✳

❋♦r π ∈ (0, 1)✱ t❤❡r❡❢♦r❡✱ dπ
dd

∣
∣
∣
ḋ=0

= −J11
J12

< 0. ❆t t❤❡ st❡❛❞② st❛t❡ E1, d >
F
E
. ❊q✉❛t✐♦♥

✭✸✳✼✮ t❤❡r❡❢♦r❡ ✐♠♣❧✐❡s J12 < 0. ❈♦♥s❡q✉❡♥t❧②✱ J11 ♠✉st ❜❡ ♥❡❣❛t✐✈❡ ❛t E1. ❍❡r❡✱ ❛s t❤❡

π̇ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ❛♥❞ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞✱ t❤❡ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r ❛♥ ❡q✉✐❧✐❜r✐✉♠ t♦ ❡①✐st ✐s t❤❛t t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ♠✉st ❝r♦ss t❤❡ d = F
E
❧✐♥❡

✇✐t❤✐♥ t❤❡ r❡❧❡✈❛♥t r❛♥❣❡ ♦❢ π.✷✺ ❆t ♣♦✐♥t E1✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

❉❡t✭❏✮ = (

−
︷︸︸︷

J11

−
︷︸︸︷

J22 −
−

︷︸︸︷

J12

+
︷︸︸︷

J21 ) > 0✱ ❛♥❞ t❤❡ tr❛❝❡ ♦❢ t❤❡ ♠❛tr✐① tr✭❏✮ = J11 + J22 < 0.

❆s ❛ r❡s✉❧t✱ ♣♦✐♥t E1 ❡♠❡r❣❡s ❛s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳ ■t ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✳ ❆s

t❤❡ ❛rr♦✇s s❤♦✇✱ t❤❡ ❡❝♦♥♦♠② ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ E1 ❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ♦r ❜② s♣✐r❛❧✐♥❣

❛r♦✉♥❞ E1✳

▲❡t ✉s ❡①♣❧❛✐♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡ E1 ✐♥t✉✐t✐✈❡❧②✳ ❈♦♥s✐❞❡r t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ❞❡✈✐❛t❡s ❢r♦♠ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡ ❞✉❡ t♦ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s♦♠❡ ❡①♦❣❡♥♦✉s s❤♦❝❦✳

❙✉♣♣♦s❡ t❤❛t t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ❢♦r ✐♥st❛♥❝❡✳

❋✐rst✱ ✐♥ t❤❡ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ✐❢ d ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ st❡❛❞② st❛t❡

✈❛❧✉❡ d∗✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡ t♦ J11 < 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ❡✛❡❝t✳ ❙❡❝♦♥❞✱ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ t❤❡ ♣r♦✜t s❤❛r❡ ✐♥❝r❡❛s❡s ❞✉❡ t♦ J21 > 0✱ ✇❤✐❝❤

❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❚❤✐s ✐s t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝t✳ ■♥ t❤❡

❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❜♦t❤ t❤❡ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ❡✛❡❝ts ❛r❡ st❛❜❧❡✳ ❆s

❛ r❡s✉❧t✱ ✐♥ t❤✐s ❝❛s❡✱ ✐❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ❛❣❛✐♥

❝♦♠❡s ❜❛❝❦ t♦ t❤❡ st❡❛❞② st❛t❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ st❡❛❞② st❛t❡ ✐s st❛❜❧❡✳

✷✺◆♦t❡ t❤❛t t❤❡ r❡❧❡✈❛♥t r❛♥❣❡ ♦❢ π ❧✐❡s ❜❡t✇❡❡♥ π0 ❛♥❞ ✶✳
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✭❛✮ ◆♦ ❡q✉✐❧✐❜r✐✉♠✿ ❈❛s❡ ✷✳✶✳✶ ✭❜✮ ❈❛s❡ ✷✳✶✳✶

❋✐❣✉r❡ ✹✳✷

✹✳✷ ❈❛s❡ ✷✳✶✳✶✿ ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡

❍❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ✐✳❡✳ A < 0 ❤♦❧❞s

❤❡r❡✳ ◆❡✈❡rt❤❡❧❡ss✱ A ✐s t♦♦ ✇❡❛❦ t♦ ♠❛❦❡ E ❛♥❞ η ♥❡❣❛t✐✈❡ ✭E > 0 ❛♥❞ η > 0 ❤❡r❡✮✳ ❚❤✐s

✐s ✇❤② ✐♥ ❝❛s❡ ✷✳✶✳✶✱ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳

A < 0 ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ✐♠♣❧② t❤❛t J21 < 0. ■t ✐s ♥♦t✐❝❡❛❜❧❡ t❤❛t d = F
E

❧✐♥❡ ❞✐✈✐❞❡s

t❤❡ ❞✐❛❣r❛♠ ✭✐✳❡ ❋✐❣✉r❡ ✹✳✷❛✱ ♦r ✹✳✷❜✮ ✐♥t♦ t✇♦ s❡❣♠❡♥ts✳ ❚❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r ♥♦ ♠❡❛♥✐♥❣❢✉❧ ❡q✉✐❧✐❜r✐✉♠ t♦ ❡①✐st ✐s t❤❛t t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts

s❧♦♣❡ ✭❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡✮ t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ✉♣✇❛r❞ s❧♦♣❡❞ ♣♦rt✐♦♥ ♦❢ t❤❡ ḋ = 0

✐s♦❝❧✐♥❡✳ ■♥ t❤❛t ❝❛s❡✱ d ✇✐❧❧ ❡✐t❤❡r ❝♦♥✈❡r❣❡ t♦ ③❡r♦ ♦r ✐♥❝r❡❛s❡ ✇✐t❤♦✉t ❜♦✉♥❞ ✭s❡❡ ❋✐❣✉r❡

✹✳✷❛✮✳ ❚❤✉s ✐❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s❧♦♣❡ ✭❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡✮ t♦ t❤❡ r✐❣❤t

♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐♥ t❤❡ ❧❡❢t s❡❣♠❡♥t✱ t❤✐s ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣♦✐♥t E2✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s❧♦♣❡ ✭❢r♦♠ ♥❡❣❛t✐✈❡ t♦

♣♦s✐t✐✈❡✮ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐♥ t❤❡ r✐❣❤t s❡❣♠❡♥t✱ t❤✐s ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡

♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✿ E2 ❛♥❞ E3✳

❈♦♥s✐❞❡r ♣♦✐♥t E2 : ❆t t❤❡ st❡❛❞② st❛t❡ E2, d <
F
E
✱ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✼✮ t♦❣❡t❤❡r ✐♠♣❧②

t❤❛t J12 > 0. ❆s t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ✭s❡❡ ❋✐❣✉r❡ ✹✳✷❜✮✱ J11 < 0 ♠✉st

❤♦❧❞ ❛t E2. ❍❡r❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ❉❡t✭❏✮ = (

−
︷︸︸︷

J11

−
︷︸︸︷

J22 −
+

︷︸︸︷

J12

−
︷︸︸︷

J21 ) > 0✱ ❛♥❞ t❤❡ tr❛❝❡ ✐s

♥❡❣❛t✐✈❡ ✭tr✭❏✮ = J11 + J22 < 0✮✳ ❚❤❡r❡❢♦r❡✱ E2 ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳ ▲❡t ✉s ❡①♣❧❛✐♥

✐t ✐♥t✉✐t✐✈❡❧②✳ ❙✉♣♣♦s❡✱ ❜❡❝❛✉s❡ ♦❢ s♦♠❡ ❡①♦❣❡♥♦✉s s❤♦❝❦✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞❡✈✐❛t❡s

❛♥❞ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts ✐♥✐t✐❛❧ st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋✐rst✱ ♥❡❛r E2✱ ❛s d > d∗, ✐t ♠✉st ❢❛❧❧

❞✉❡ t♦ J11 < 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❛❞❥✉st♠❡♥t ♣r♦❝❡ss✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s t❤❡

❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ d ❞❡❝r❡❛s❡s u∗ ✇❤✐❝❤

✐♥ t✉r♥ r❡❞✉❝❡s πd. ❆s ❛ r❡s✉❧t✱ t❤❡ ♣r♦✜t s❤❛r❡ ❞❡❝r❡❛s❡s ❞✉❡ t♦ J21 < 0✳ ❚❤✐s ✐♥ t✉r♥

✷✻



❞❡❝r❡❛s❡s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 > 0✳ ❚❤✐s ✐s t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝t ✇❤✐❝❤ ✐s ❛❧s♦

st❛❜❧❡✳ ❆s t❤❡ ❞✐r❡❝t ❛♥❞ t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝ts ❜♦t❤ ❛r❡ st❛❜❧❡✱ ✐♥ t❤✐s s❝❡♥❛r✐♦✱ ✐❢ t❤❡ ❞❡❜t✲

❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ❛❣❛✐♥ ❝♦♠❡s ❜❛❝❦ t♦ t❤❡ st❡❛❞② st❛t❡✳

❍❡♥❝❡✱ t❤❡ st❡❛❞② st❛t❡ ✐s st❛❜❧❡✳

❈♦♥s✐❞❡r ♣♦✐♥t E3 : ❆t t❤❡ st❡❛❞② st❛t❡ E3, d >
F
E
✳ ❚❤❡r❡❢♦r❡✱ ❡q✉❛t✐♦♥ ✭✸✳✼✮ ✐♠♣❧✐❡s

J12 < 0. ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✷❜✱ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ❛r♦✉♥❞

E3✳ ❚❤❡r❡❢♦r❡✱ J11 ♠✉st ❜❡ ♣♦s✐t✐✈❡ ❤❡r❡✳ ❍❡♥❝❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ❉❡t✭❏✮ = (

+
︷︸︸︷

J11

−
︷︸︸︷

J22 −
−

︷︸︸︷

J12

−
︷︸︸︷

J21 ) < 0, ✇❤✐❝❤ r❡s✉❧ts E3 ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡✳ ▲❡t ✉s ❡①♣❧❛✐♥ t❤❡ st❛❜✐❧✐t② ♦❢

t❤❡ st❡❛❞② st❛t❡ E3 ✐♥t✉✐t✐✈❡❧②✳ ❙✉♣♣♦s❡ t❤❡ ♣r♦✜t s❤❛r❡ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡

✈❛❧✉❡✳ ❍❡r❡ t✇♦ ♦♣♣♦s✐♥❣ ❡✛❡❝ts ❡①✐st✳ ❋✐rst✱ ❛s t❤❡ ♣r♦✜t s❤❛r❡ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞②

st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡ t♦ J22 < 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❙❡❝♦♥❞✱ t❤❡ r✐s❡

✐♥ ♣r♦✜t s❤❛r❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❆s J21 < 0✱ t❤✐s ❢❛❧❧

✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t

✉♥st❛❜❧❡ ❡✛❡❝t✳ ❆s ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ✈❡r② ❤✐❣❤ ♥❡❛r E3 ✭∵ d > 1−δ
δ
> F

E
)✱ ❢♦r ❛ r✐s❡

✐♥ π, t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❢❛❧❧s s✐❣♥✐✜❝❛♥t❧② ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✳✼✮✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡

♣r♦✜t s❤❛r❡ ✐♥❝r❡❛s❡s ❜② ❛ ❧❛r❣❡ ❛♠♦✉♥t ✈✐❛ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✳ ❍❡♥❝❡✱ t❤❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡

❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✱ ❛♥❞ ♠❛❦❡s t❤❡ st❡❛❞② st❛t❡ ✉♥st❛❜❧❡✳ ❚❤❡r❡ ✐s

♦♥❧② ♦♥❡ st❛❜❧❡ ❛r♠ t❤❛t r❡❛❝❤❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E3. ❍❡♥❝❡ ♣♦✐♥t E3 ❡♠❡r❣❡s ❛s

❛ s❛❞❞❧❡ ♣♦✐♥t✳

✹✳✸ ❈❛s❡ ✷✳✶✳✷✿ ♠♦❞❡r❛t❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡

❆ ♥❡❣❛t✐✈❡ ✈❛❧✉❡ ♦❢ A ❛♥❞ η ❜✉t ❛ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ E ✭✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s a > 0✮ ✐s

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❛s❡ ✷✳✶✳✷✳ ❚❤❡s❡ ✐♠♣❧② t❤❡ ❡❝♦♥♦♠② t♦ ❜❡ ✐♥ ❛ ♠♦❞❡r❛t❡ ❞❡❜t✲❜✉r❞❡♥❡❞

❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ ❛✇❛② t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t π̇ = 0

❛♥❞ ḋ = 0 ✐s♦❝❧✐♥❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤✉s ✇❤❡♥❡✈❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✱ ✐t

✐s ❜❡❝❛✉s❡ ❡✐t❤❡r t❤❡s❡ ✐s♦❝❧✐♥❡s ✐♥t❡rs❡❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ♦r t❤❡② ❛r❡ t❛♥❣❡♥t t♦ ❡❛❝❤

♦t❤❡r ❢♦r ❛ s✐♥❣❧❡ ♣♦✐♥t✳ ❲❡ ❝♦♥s✐❞❡r s✐① ❞✐✛❡r❡♥t s✉❜✲❝❛s❡s ❤❡r❡✳ ❚❤❡s❡ ❛r❡ ❝❛s❡s ✷✳✶✳✷✳❛✱

✷✳✶✳✷✳❜✱ ✷✳✶✳✷✳❝✱ ✷✳✶✳✷✳❞✱ ✷✳✶✳✷✳❡✱ ❛♥❞ ✷✳✶✳✷✳❢ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❋✐❣✉r❡ ✹✳✸❛✱ ✹✳✸❜✱ ✹✳✸❝✱

✹✳✸❞✱ ✹✳✸❡✱ ❛♥❞ ✹✳✸❢ ❢♦r r❡s♣❡❝t✐✈❡ ❞✐❛❣r❛♠s✮✳ ❙✐♠✐❧❛r t♦ ❈❛s❡ ✷✳✶✳✷✱ ❤❡r❡ ❛❧s♦ t❤❡ d = F
E

❧✐♥❡ ❞✐✈✐❞❡s t❤❡ ❞✐❛❣r❛♠ ✐♥t♦ t✇♦ s❡❣♠❡♥ts✳ ❆s ❧♦♥❣ ❛s t❤❡ st❡❛❞② st❛t❡ ❡①✐sts✱ ❢♦r t❤❡

❧❡❢t s❡❣♠❡♥t ♦❢ t❤❡ ❞✐❛❣r❛♠ ✭✇❤❡r❡ d < F
E
)✱ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r

❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❡①✐st ✐s t❤❛t ✇✐t❤✐♥ t❤❡ r❡❧❡✈❛♥t r❛♥❣❡ ♦❢ π✱ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡

♠✉st ♥♦t ✐♥t❡rs❡❝t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❢r♦♠ ❜❡❧♦✇✳ ❈❛s❡s ✷✳✶✳✷✳❛✱ ✷✳✶✳✷✳❜✱ ❛♥❞ ✷✳✶✳✷✳❞

s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❣❡t ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ✐♥ ❝❛s❡ ✷✳✶✳✷✳❝✳ ❋♦r

t❤❡ r✐❣❤t s❡❣♠❡♥t ♦❢ t❤❡ ❞✐❛❣r❛♠ ✭✇❤❡r❡ d > F
E
)✱ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r

✷✼



♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ t♦ ❡①✐st ✐s t❤❛t ✇✐t❤✐♥ t❤❡ r❡❧❡✈❛♥t r❛♥❣❡ ♦❢ π✱ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ♠✉st

✐♥t❡rs❡❝t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❚❤✉s ✇❤❡♥❡✈❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✱ ❛s ❧♦♥❣ ❛s t❤❡s❡ t✇♦

✐s♦❝❧✐♥❡s ❛r❡ ♥♦t t❛♥❣❡♥t t♦ ❡❛❝❤ ♦t❤❡r✱ t❤❡r❡ ♠✉st ❜❡ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳

■♥ ❝❛s❡s ✷✳✶✳✷✳❛✱ ✷✳✶✳✷✳❜✱ ✷✳✶✳✷✳❝✱ ❛♥❞ ✷✳✶✳✷✳❞✱ ✇❡ ❣❡t ❛❧❧ t❤❡ ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ d < F
E
✳

❈♦♥s❡q✉❡♥t❧②✱ ❡q✉❛t✐♦♥ ✭✸✳✼✮ ❡♥s✉r❡s J12 > 0✳ ❚❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s ✐♥ ❝❛s❡s ✷✳✶✳✷❡✱ ❛♥❞

✷✳✶✳✷❢✳ ❋♦r ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤❡r ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭∀d > l
2h
✮✱ t❤❡ s✐❣♥ ♦❢ J11 ✐s ♣♦s✐t✐✈❡✱

✇❤❡r❡❛s d < l
2h

♠❛❦❡s J11 ♥❡❣❛t✐✈❡✳ ❋✐♥❛❧❧②✱ A < 0 ✐♠♣❧✐❡s ✭❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✮ J21 < 0✳

❆♥❛❧②s✐s ♦❢ ❝❛s❡s ✷✳✶✳✷✳❛✱ ✷✳✶✳✷✳❜✱ ✷✳✶✳✷✳❝✱ ❛♥❞ ✷✳✶✳✷✳❞ r❡s❡♠❜❧❡ ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ ❝❛s❡s

✷✳✷✳❛✱ ✷✳✷✳❜✱ ✷✳✷✳❝✱ ❛♥❞ ✷✳✷✳❡ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ❧❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♦♥ ❝❛s❡s ✷✳✶✳✷✳❡

❛♥❞ ✷✳✶✳✷✳❢ ♦♥❧②✳

✹✳✸✳✶ ❈❛s❡ ✷✳✶✳✷✳❡

❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸❡✱ t✇♦ ❡q✉✐❧✐❜r✐❛✲ E7, ❛♥❞ E8 ❛r❡ ♣♦ss✐❜❧❡ ❤❡r❡✳ ❆s ❛t E7✱

d < l
2h
, J11 ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ ❙❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❧❡ss t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡

π̇ = 0 ✐s♦❝❧✐♥❡ ❛t E7 ✐✳❡✳

0 >
dπ

dd

∣
∣
∣
π̇=0

= −J21
J22

>
dπ

dd

∣
∣
∣
ḋ=0

= −J11
J12

⇒ (J11J22 − J12J21) > 0 (∵ J12 < 0 ❛♥❞ J22 < 0✮

❍❡♥❝❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♣♦s✐t✐✈❡✱ ❛♥❞ t❤❡ tr❛❝❡ ✐s ♥❡❣❛t✐✈❡ ✭tr✭❏✮ = J11 + J22 < 0✮✳ ❆s

❛ r❡s✉❧t✱ ♣♦✐♥t E7 ❡♠❡r❣❡s ❛s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳✷✻

❙❤❛r❡ ♦❢ ♣r♦✜t✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❞❡✈✐❛t❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ❛♥❞ ✐s ♥♦✇

❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚✇♦ ♦♣♣♦s✐t❡ ❡✛❡❝ts ❛r❡ ✐♥ ✇♦r❦ ❤❡r❡✳ ❆s t❤❡ ♣r♦✜t

s❤❛r❡ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✷✮✳ ❚❤✐s ✐s

t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❙❡❝♦♥❞✱ t❤❡ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❆s J21 < 0✱ t❤✐s ❢❛❧❧ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ♣r♦✜t

s❤❛r❡✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

✐s ✈❡r② ❝❧♦s❡ t♦ F
E
✱ (Ed − F ) ✐s ✈❡r② s♠❛❧❧ ✐♥ s✐③❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J12 ✐s

✈❡r② ✇❡❛❦ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✳✼✮✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ ❧❡❛❞s t♦ ❛ ♥❡❣❧✐❣✐❜❧❡

❛♠♦✉♥t ♦❢ ❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ✇❤✐❝❤ ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❧❡❛❞s t♦ ❛

♥❡❣❧✐❣✐❜❧❡ ❛♠♦✉♥t ♦❢ r✐s❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s

t❤❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t ❛♥❞ r❡s✉❧ts t❤❡ st❡❛❞② st❛t❡ t♦ ❜❡ st❛❜❧❡✳

❆s d > l
2h

❛t E8, J11 > 0. ❍❡r❡✱ ❉❡t✭❏✮ = (

+
︷︸︸︷

J11

−
︷︸︸︷

J22 −
−

︷︸︸︷

J12

−
︷︸︸︷

J21 ) < 0✳ ❈♦♥s❡q✉❡♥t❧②✱

♣♦✐♥t E8 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳ ❚❤❡ ✐♥t✉✐t✐✈❡ ❛♥❛❧②s✐s ❤❡r❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ st❡❛❞②
✷✻❍❡r❡ ❛s J12 < 0 ❛♥❞ J21 < 0 s♦✱ tr(J)2− 4Det(J) = (J11−J22)2+4J12J21 > 0 ❛♥❞ ❤❡♥❝❡ t❤❡ st❡❛❞②

st❛t❡ ✐s ❛ st❛❜❧❡ ♥♦❞❡✳

✷✽



✭❛✮ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡

✷✳✶✳✷✳❛

✭❜✮ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡

✷✳✶✳✷✳❜

✭❝✮ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡

✷✳✶✳✷✳❝

✭❞✮ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡

✷✳✶✳✷✳❞

✭❡✮ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡

✷✳✶✳✷✳❡

✭❢✮ ▼✉❧t✐♣❧❡ ❝❛s❡s ♦❢ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐❛✿ ❈❛s❡

✷✳✶✳✷✳❢

❋✐❣✉r❡ ✹✳✸
✷✾



st❛t❡ E7✳ ❖♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ ♥❡❛r E8 ✭❛♥❞

d > F
E
)✱ (Ed − F ) ✐s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡ ✐♥ s✐③❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❢❛❧❧s

s✐❣♥✐✜❝❛♥t❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ str♦♥❣ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J12✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♣r♦✜t

s❤❛r❡ ✐♥❝r❡❛s❡s ❜② ❛ ❧❛r❣❡ ❛♠♦✉♥t ✈✐❛ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✳ ❍❡♥❝❡✱ t❤❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t

❞♦♠✐♥❛t❡s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❛♥❞ ♠❛❦❡s t❤❡ st❡❛❞② st❛t❡ ✉♥st❛❜❧❡✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡

st❛❜❧❡ ❛r♠ t❤❛t r❡❛❝❤❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E8. ❍❡♥❝❡ ♣♦✐♥t E8 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡

♣♦✐♥t✳

✹✳✸✳✷ ❈❛s❡ ✷✳✶✳✷✳❢

❆s ❋✐❣✉r❡ ✹✳✸❢ s❤♦✇s✱ t✇♦ ❡q✉✐❧✐❜r✐❛ E7 ❛♥❞ E9 ♠❛② ❡♠❡r❣❡ ❤❡r❡✳ ❲❡ ❛❧r❡❛❞② ❤❛✈❡

❞✐s❝✉ss❡❞ ❛❜♦✉t t❤❡ st❡❛❞② st❛t❡ E7 ✐♥ ❝❛s❡ ✷✳✶✳✷✳❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E9✱ s❧♦♣❡ ♦❢

t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dπ

dd

∣
∣
∣
ḋ=0

− J11
J12

>
dπ

dd

∣
∣
∣
π̇=0

= −J21
J22

⇒ (J11J22 − J12J21) < 0 (∵ J12 < 0 ❛♥❞ J22 < 0✮

❙♦ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① Det(J) = (J11J22 − J12J21) < 0✳ ❆s ❛ r❡s✉❧t✱

♣♦✐♥t E9 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

✹✳✹ ❈❛s❡ ✷✳✷✿ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡

❍❡r❡✱ A < 0✱ E < 0✷✼ ✭✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s a < 0✮ ❛♥❞ η < 0. ❚❤✉s ❤❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s

✐♥ ❛ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ ❛✇❛②

t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t π̇ = 0 ❛♥❞ ḋ = 0 ✐s♦❝❧✐♥❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤✉s ✇❤❡♥❡✈❡r

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✱ ✐t ✐s ❜❡❝❛✉s❡ ❡✐t❤❡r t❤❡s❡ ✐s♦❝❧✐♥❡s ✐♥t❡rs❡❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ♦r t❤❡②

❛r❡ t❛♥❣❡♥t t♦ ❡❛❝❤ ♦t❤❡r ❢♦r ❛ s✐♥❣❧❡ ♣♦✐♥t✳ ❋✐✈❡ ❞✐✛❡r❡♥t s✉❜✲❝❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳

❚❤❡s❡ ❛r❡ ❝❛s❡s ✷✳✷✳❛✱ ✷✳✷✳❜✱ ✷✳✷✳❝✱ ✷✳✷✳❞ ❛♥❞ ✷✳✷✳❡ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥

❋✐❣✉r❡ ✹✳✹✳ ❆s ❧♦♥❣ ❛s t❤❡ st❡❛❞② st❛t❡ ❡①✐sts✱ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r

❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❡①✐st ✐s t❤❛t ✇✐t❤✐♥ t❤❡ r❡❧❡✈❛♥t r❛♥❣❡ ♦❢ π✱ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡

♠✉st ♥♦t ✐♥t❡rs❡❝t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❢r♦♠ ❜❡❧♦✇✳ ❈❛s❡s ✷✳✷✳❛✱ ✷✳✷✳❜ ❛♥❞ ✷✳✷✳❡ s❛t✐s❢② t❤✐s

✈❡r② ❝♦♥❞✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ♠✉❧t✐♣❧❡

❡q✉✐❧✐❜r✐❛ t♦ ❡①✐st ✐s t❤❛t t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ♠✉st ✐♥t❡rs❡❝t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❢r♦♠ ❜❡❧♦✇

✐♥ t❤❡ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ s❡❝t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ❝✉r✈❡✳ ❈❛s❡ ✷✳✷✳❝ ❛♥❞ ✷✳✷✳❞ s❛t✐s❢② t❤✐s

❝♦♥❞✐t✐♦♥✳ ❆s E < 0, ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ d ✇❡ ❣❡t (Ed − F ) < 0✳ ❊q✉❛t✐♦♥ ✭✸✳✼✮✱

✷✼❙♦ ❤❡r❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ A ✐s str♦♥❣ ❡♥♦✉❣❤ t♦ ♠❛❦❡ E ♥❡❣❛t✐✈❡✳

✸✵



t❤❡r❡❢♦r❡✱ s✉❣❣❡sts J12 > 0✳ ❋♦r ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭∀d > l
2h
✮✱ J11 > 0✱

✇❤✐❧❡ d < l
2h

s✉❣❣❡sts J11 < 0. A < 0 ✐♠♣❧✐❡s ✭❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✮ J21 < 0.

❋✐❣✉r❡ ✹✳✹❛ ❛♥❞ ✹✳✹❜ ❞❡♣✐❝ts t✇♦ ♣♦ss✐❜❧❡ s❝❡♥❛r✐♦s ✇❤❡r❡ ♥♦ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✳ ❈♦♥s✐❞❡r

❋✐❣✉r❡ ✹✳✹❛ ✜rst✳ ❍❡r❡✱ s✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② st❛rts ❢r♦♠ ♣♦✐♥t T. ❆t ♣♦✐♥t T, ❛❧t❤♦✉❣❤

π̇ = 0 ✐s s❛t✐s✜❡❞✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥ t❤❡ r❡q✉✐r❡❞ ♦♥❡ t♦ ♠❛❦❡ t❤❡ ❞❡❜t

♠❛r❦❡t ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❛ r❡s✉❧t ✭❛s ❤❡r❡J11 < 0) d ♠✉st r✐s❡✳ ❍♦✇❡✈❡r✱ ❛s d r✐s❡s✱

✐t ♣✉ts ♣r❡ss✉r❡ ♦♥ ♣r♦✜t s❤❛r❡ t❤r♦✉❣❤ ∂π̇
∂d
, ❛♥❞ t❤❡r❡❜②✱ ❞❡❝r❡❛s❡s t❤❡ ♣r♦✜t s❤❛r❡ ✭❛s

∂π̇
∂d

= J21 < 0 ❤❡r❡✮✳ ❇❡❝❛✉s❡ ♦❢ ❢❛❧❧ ✐♥ π ❛♥❞ r✐s❡ ✐♥ d✱ ♣♦✐♥t T ′ ✐s ❛❝❤✐❡✈❡❞✳ ❍♦✇❡✈❡r✱

❛t T ′ ❛❧t❤♦✉❣❤ ❞❡❜t ♠❛r❦❡t ✐s ✐♥ ❡q✉✐❧✐❜r✐♠✱ ❛s d ✐s ❤✐❣❤❡r t❤❛♥ ♥❡❡❞ t♦ ❛❝❤✐❡✈❡ π̇ = 0✱

π ❢❛❧❧ ❢✉rt❤❡r ✭t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✱ ✇❤✐❝❤ ✐s ♥❡❣❛t✐✈❡ ✐♥ t❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡✮✳ ❇❡❝❛✉s❡ ♦❢ ❛ ❢❛❧❧ ✐♥ π, t❤❡ ❞❡❜t ♠❛r❦❡t ✐s ♥♦ ♠♦r❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❘❛t❤❡r✱ ♥♦✇

d ✐s ♠♦r❡ t❤❛♥ ♥❡❡❞❡❞ t♦ ❛❝❤✐❡✈❡ ḋ = 0 ❛♥❞ t❤❡r❡❢♦r❡ d ❢❛❧❧s ❞✉❡ t♦ J11 < 0✳ ❚❤❡s❡ ❢❛❧❧

✐♥ π ❛♥❞ d ✉❧t✐♠❛t❡❧② ♣✉s❤❡s t❤❡ ❡❝♦♥♦♠② ❜❡❧♦✇ t❤❡ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ r❛♥❣❡ ♦❢

♣r♦✜t s❤❛r❡ ✭✐✳❡✳ π ✐s ❜❡❧♦✇ π0 ♥♦✇✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r ❋✐❣✉r❡ ✹✳✹❜✱ s✉♣♣♦s❡ t❤❡

❡❝♦♥♦♠② st❛rts ❢r♦♠ ♣♦✐♥t V. ❆t ♣♦✐♥t V, ❛❧t❤♦✉❣❤ π̇ = 0 ✐s s❛t✐s✜❡❞✱ ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r ❛❝❤✐❡✈✐♥❣ t❤❡ ❞❡❜t ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❛ r❡s✉❧t ✭❛s

❤❡r❡J11 > 0) d r✐s❡s ❢✉rt❤❡r ✳ ❆ r✐s❡ ✐♥ d ✐♥s❡rts ♥❡❣❛t✐✈❡ ♣r❡ss✉r❡ ♦♥ ♣r♦✜t s❤❛r❡ t❤r♦✉❣❤

❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❛♥❞ ❝❛✉s❡s ❛ ❞❡❝❧✐♥❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❚❤✐s ❢❛❧❧ ✐♥ π ❛♥❞ t❤❡ r✐s❡ ✐♥

d ✉❧t✐♠❛t❡❧② ♣✉s❤ t❤❡ ❡❝♦♥♦♠② ❜❡❧♦✇ t❤❡ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ r❛♥❣❡ ♦❢ ♣r♦✜t s❤❛r❡

✭✐✳❡✳ π ✐s ❜❡❧♦✇ π0 ♥♦✇✮✳ ❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡ ❡❝♦♥♦♠② st❛rts ❢r♦♠ ♣♦✐♥t T ✐♥ ❋✐❣✉r❡ ✹✳✹❜✱ ✐t

✉❧t✐♠❛t❡❧② r❡❛❝❤❡s ❜❡❧♦✇ t❤❡ t❤❡ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ r❛♥❣❡ ♦❢ ♣r♦✜t s❤❛r❡✳

✹✳✹✳✶ ❈❛s❡ ✷✳✷✳❛

❍❡r❡ ♦♥❧② ♦♥❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✭E4✮ ✐s ♣♦ss✐❜❧❡ ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✹❝✳ ❆t E4✱

❛s d < l
2h
, J11 < 0. ❙♦✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❉❡t✭❏✮ = (

−
︷︸︸︷

J11

−
︷︸︸︷

J22 −
+

︷︸︸︷

J12

−
︷︸︸︷

J21 ) > 0, ❛♥❞ t❤❡ tr❛❝❡ tr✭❏✮ = J11 + J22 < 0. ❆s ❛ r❡s✉❧t✱ ♣♦✐♥t E4 ❡♠❡r❣❡s ❛s

❛ st❛❜❧❡ st❡❛❞② st❛t❡✳ ❆s t❤❡ ❛rr♦✇s ❛r♦✉♥❞ E4 s❤♦✇✱ t❤❡ ❡❝♦♥♦♠② ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ E4

❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ♦r ❜② s♣✐r❛❧✐♥❣ ❛r♦✉♥❞ E4✳

▲❡t ✉s ❡①♣❧❛✐♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡ E4 ✐♥t✉✐t✐✈❡❧②✳ ❙✉♣♣♦s❡ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✐s ❛❜♦✈❡ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋✐rst✱ ❛s d > d∗, d ♠✉st ❢❛❧❧ ❞✉❡ t♦ t❤❡ ♥❡❣❛t✐✈❡

s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t (∵ J11 < 0✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❤✐❣❤❡r

t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ t❤❡ ♣r♦✜t s❤❛r❡ ❞❡❝r❡❛s❡s ✭❞✉❡ t♦ J21 < 0✮✱ ✇❤✐❝❤ ✐♥ t✉r♥

❝❛✉s❡s ❛ ❞❡❝❧✐♥❡ ✐♥ t❤❡ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭∵ J12 > 0✮✳ ❚❤✐s ✐s t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝t✳ ❍❡r❡✱

❜♦t❤ t❤❡ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ❡✛❡❝ts ❛r❡ st❛❜❧❡✳ ❆s ❛ r❡s✉❧t✱ ✐♥ t❤✐s ❝❛s❡✱ ✐❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ r✐s❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ❛❣❛✐♥ ❝♦♠❡s ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ st❡❛❞② st❛t❡✳

✸✶



✭❛✮ ❲❤❡♥ t❤❡ ✐s♦❝❧✐♥❡s ❞♦ ♥♦t ✐♥t❡rs❡❝t✿ ❈❛s❡ ✷✳✷ ✭❜✮ ❲❤❡♥ t❤❡ ✐s♦❝❧✐♥❡s ❞♦ ♥♦t ✐♥t❡rs❡❝t✿ ❈❛s❡ ✷✳✷

✭❝✮ ❝❛s❡ ✷✳✷✳❛ ✭❞✮ ❝❛s❡ ✷✳✷✳❜ ✭❡✮ ❝❛s❡ ✷✳✷✳❝

✭❢✮ ❈❛s❡ ✷✳✷✳❞ ✭❣✮ ❈❛s❡ ✷✳✷✳❡

❋✐❣✉r❡ ✹✳✹✿ ❈❛s❡ ✷✳✷

✸✷



✹✳✹✳✷ ❈❛s❡ ✷✳✷✳❜

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✹❞✱ ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ E5 ✐s ♣♦ss✐❜❧❡ ❤❡r❡✳ ❆s d > l
2h
, ❡q✉❛t✐♦♥

✭✸✳✻✮ s✉❣❣❡sts J11 t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❆t ♣♦✐♥t E5✱ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥

t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dπ

dd

∣
∣
∣
ḋ=0

= −J11
J12

>
dπ

dd

∣
∣
∣
π̇=0

= −J21
J22

⇒ (J11J22 − J12J21) > 0 (∵ J12 > 0 ❛♥❞ J22 < 0✮

❍❡♥❝❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♣♦s✐t✐✈❡✳ ❚r❛❝❡ ♦❢ t❤❡ ♠❛tr✐① tr✭❏✮ = J11+J22 =

−

︷ ︸︸ ︷

ρ[−2ψπ + (ψγ0 + β)]
(ψπ−β)

+

+

(

︷ ︸︸ ︷

l − 2hd)
(ψπ−β)

R 0✳ ❆s ❛ r❡s✉❧t✱ ♣♦✐♥t E5 ❝❛♥ ❜❡ ❡✐t❤❡r st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡✲

♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ρ > ρ̂ = l−2hd
[2ψπ−(ψγ0+β)]

♦r ρ < ρ̂

r❡s♣❡❝t✐✈❡❧②✳ ■❢ ρ = ρ̂✱ ❧✐♠✐t ❝②❝❧❡s ♦❝❝✉r ❞✉❡ t♦ ❍♦♣❢✲❜✐❢✉r❝❛t✐♦♥✳ ▼♦r❡ ❞✐s❝✉ss✐♦♥ r❡✲

❣❛r❞✐♥❣ ❍♦♣❢✲❜✐❢✉r❝❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✺✳

■♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ st❛❜✐❧✐t② ❛t ♣♦✐♥t E5 ✐s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❤❡♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

r✐s❡s ❛❜♦✈❡ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ❛s J11 > 0✱ t❤❡ ♣♦s✐t✐✈❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ❧❡❛❞s t♦ ❛

❢✉rt❤❡r r✐s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❙❡❝♦♥❞✱ ❛ r✐s❡ ✐♥

d t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ✭∵ J21 < 0✮ ✇❤✐❝❤ ✐♥ t✉r♥

t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✼✮ ❝❛✉s❡s ❛ ❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭∵ J12 > 0✮✳ ❚❤✐s ✐s t❤❡

✐♥❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❲❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♣r♦✜t s❤❛r❡ (ρ) ✐s

s✉✣❝✐❡♥t❧② ❤✐❣❤✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❝♦✉❧❞ ❜❡❝♦♠❡ st❛❜❧❡ ❜❡❝❛✉s❡ t❤❡ ♥❡❣❛t✐✈❡

✐♥❞✐r❡❝t✲❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❜❡❝♦♠❡s str♦♥❣ ❛♥❞ ❞♦♠✐♥❛t❡s t❤❡

✉♥st❛❜❧❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛ ❧♦✇❡r ✈❛❧✉❡ ♦❢ ρ ✭✐✳❡✳ ✇❤❡♥ ρ < ρ̂✮✱

t❤❡ st❡❛❞② st❛t❡ E5 ❜❡❝♦♠❡s ✉♥st❛❜❧❡✳

✹✳✹✳✸ ❈❛s❡ ✷✳✷✳❝

❚✇♦ ❡q✉✐❧✐❜r✐❛✱ E4 ❛♥❞ E6✱ ❛r❡ ♣♦ss✐❜❧❡ ❤❡r❡ ✭s❡❡ ❋✐❣✉r❡ ✹✳✹❡✮✳ ❆♥❛❧②s✐s ♦❢ E4 ✐s t❤❡ s❛♠❡

❛s ✐♥ ❝❛s❡ ✷✳✷✳❛✳ ❆t E6, ❛s d > l
2h
,J11 ✐s ♣♦s✐t✐✈❡✳ ❆t E6✱ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s

st❡❡♣❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dπ

dd

∣
∣
∣
π̇=0

= −J21
J22

>
dπ

dd

∣
∣
∣
ḋ=0

= −J11
J12

⇒ (J11J22 − J12J21) < 0 (∵ J12 > 0 ❛♥❞ J22 < 0✮

❍❡♥❝❡✱ E6 ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

✸✸



❚❛❜❧❡ ✹✳✶✿ ❙✉♠♠❛r② ♦❢ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡s

❈❛s❡ st❡❛❞②
st❛t❡

❙✐❣♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❏❛❝♦❜✐❛♥
▼❛tr✐①

◆❛t✉r❡ ♦❢ t❤❡ st❡❛❞② st❛t❡

✶ E1 J11 < 0✱ J12 < 0✱ J21 > 0✱ J22 < 0 st❛❜❧❡

✷✳✶✳✶ E2 J11 < 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡
E3 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡

✷✳✶✳✷✳❛ s❛♠❡ ❛s ✐♥ ❝❛s❡ ✷✳✷✳❛
✷✳✶✳✷✳❜ s❛♠❡ ❛s ✐♥ ❝❛s❡ ✷✳✷✳❜
✷✳✶✳✷✳❝ s❛♠❡ ❛s ✐♥ ❝❛s❡ ✷✳✷✳❝
✷✳✶✳✷✳❞ s❛♠❡ ❛s ✐♥ ❝❛s❡ ✷✳✷✳❡
✷✳✶✳✷✳❡ E7 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡

E8 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡
✷✳✶✳✷✳❢ E7 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡

E9 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡

✷✳✷✳❛ E4 J11 < 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡
✷✳✷✳❜ E5 J11 > 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡✴✉♥st❛❜❧❡✴❧✐♠✐t ❝②❝❧❡
✷✳✷❝ E4 J11 < 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡

E6 J11 > 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡
✷✳✷✳❞ E4 J11 < 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡

E6 J11 > 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡
E5 J11 > 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡✴✉♥st❛❜❧❡✴❧✐♠✐t ❝②❝❧❡

✷✳✷✳❡ E10 J11 > 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡

✹✳✹✳✹ ❈❛s❡ ✷✳✷✳❞

❚❤r❡❡ ❡q✉✐❧✐❜r✐❛✱ E4, E5 ❛♥❞ E6 ❛r❡ ♣♦ss✐❜❧❡ ❤❡r❡ ✭s❡❡ ❋✐❣✉r❡ ✹✳✹❢✮✳

✹✳✹✳✺ ❈❛s❡ ✷✳✷✳❡

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✹❣✱ ❜♦t❤ t❤❡ ✐s♦❝❧✐♥❡s ❛r❡ t❛♥❣❡♥t t♦ ❡❛❝❤ ♦t❤❡r ❛t E10✱ ❛♥❞

♠❛❦❡s E10 ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡✳

❋r♦♠ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s ♦❢ ❞✐✛❡r❡♥t ❝❛s❡s✱ t❤❡ ♥❡①t ♣♦✐♥t ✐s ✇♦rt❤ r❡♠❡♠❜❡r✐♥❣✳

❘❡♠❛r❦ ✶✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ❡✐t❤❡r ✐♥ ❛ ♠♦❞❡r❛t❡ ♦r ✐♥ ❛ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞

❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❆s ❧♦♥❣ ❛s ❛ ✉♥✐q✉❡ st❡❛❞② st❛t❡ ❡①✐sts✱ d < l
2h

✐s s✉✣❝✐❡♥t

❢♦r ❡♥s✉r✐♥❣ st❛❜✐❧✐t②✳ ❋♦r d < l
2h
, ✐❢ ✇❡ ♦❜s❡r✈❡ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✱ ♦♥❡ ♦❢ t❤❡♠ ♠✉st

❜❡ st❛❜❧❡ ✭❢♦r ❡①❛♠♣❧❡ s❡❡ ❝❛s❡ ✷✳✶✳✷✳❢✱ ❋✐❣✉r❡ ✹✳✸❢✮✳ ❍♦✇❡✈❡r✱ d < l
2h

✐s ♥♦t ❛ ♥❡❝❡ss❛r②

❝♦♥❞✐t✐♦♥ ❢♦r ❛❝❤✐❡✈✐♥❣ st❛❜✐❧✐t② ✭❢♦r ❡①❛♠♣❧❡ s❡❡ ❝❛s❡ ✷✳✷❜✱ ❋✐❣✉r❡ ✹✳✹❞✮✳

✸✹



✹✳✺ ❍♦♣❢ ❇✐❢✉r❝❛t✐♦♥

❈♦♥s✐❞❡r t❤❡ st❡❛❞② st❛t❡ E5 ♦❢ t❤❡ ❝❛s❡ ✷✳✷✳❜✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r✱ ρ✱ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✸✳✷✮ ✫ ✭✸✳✶✵✮ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ st❡❛❞② st❛t❡ E5 ♦❢ t❤❡ ❝❛s❡ ✷✳✷✳❜

❤❛s ♣✉r❡❧② ✐♠❛❣✐♥❛r② r♦♦ts✱ ❛♥❞ ❢♦r t❤❡ s❛♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ ρ = ρ̂ = l−2hd
2ψπ−(ψγ0+β)

♣r♦✈✐❞❡s ❛ ♣♦✐♥t ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✶✳

◆♦t❡ t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✈❡r② ♥✉♠❡r✐❝❛❧ st✉❞② ✐s ♥♦t t♦ ❝❛❧✐❜r❛t❡ ❛ r❡❛❧ ❡❝♦♥♦♠②✳

❘❛t❤❡r✱ t❤❡ ♣r✐♠❡ ♣✉r♣♦s❡ ✐s t♦ ❝♦♥✜r♠ ✇❤❡t❤❡r t❤❡ ♠♦❞❡❧ ♣r♦❞✉❝❡s t❤❡ ❧✐♠✐t ❝②❝❧❡ ❛♥❞

t♦ ♦❜s❡r✈❡ ✐ts ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❛❧✉❡s ✐♥tr♦❞✉❝❡❞ ❛r❡ s❡t ❢♦r t❤❡s❡ ♣✉r♣♦s❡s

t♦ ♦❜t❛✐♥ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ♦✉t❝♦♠❡s✳ ❯s✐♥❣ ❳PP❆❯❚ s♦❢t✇❛r❡✱ ✇❡ ✜♥❞ t❤❛t t❤❡

❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s s✉❜✲❝r✐t✐❝❛❧ ✐♥ ♥❛t✉r❡ ✐✳❡✳ ❛♥ ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ❡①✐sts✳ ❲❡ ❞r❛✇ t❤❡

s♦❧✉t✐♦♥ ♣❛t❤ ❢r♦♠ t = 0 t♦ t = 12000✱ ❛♥❞ ✇❡ ✜♥❞ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ✐s ♥♦t ❛ ♣❡r❢❡❝t

❝❧♦s❡❞ ♦r❜✐t ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❧♦s❡ t♦ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠

t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡❛s ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢✉rt❤❡r

❛✇❛② ❢r♦♠ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ❞✐✈❡r❣❡s ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❛

r❡s✉❧t✱ ✇❡ ❝♦♥✜r♠ t❤❛t ✐♥ t❤✐s ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✱ t❤❡ s✉❜✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs

❛♥❞ t❤❡ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ✐s ✉♥st❛❜❧❡✳ ◆♦t❡ t❤❛t t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ st✉❞② ✐s

♥♦t t♦ ❝❛❧✐❜r❛t❡ ❛ r❡❛❧ ❡❝♦♥♦♠②✳ ❘❛t❤❡r✱ t❤❡ ♣r✐♠❛r② ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝♦♥✜r♠ ✇❤❡t❤❡r

t❤❡ ♠♦❞❡❧ ♣r♦❞✉❝❡s t❤❡ ❧✐♠✐t ❝②❝❧❡ ❛♥❞ t♦ ♦❜s❡r✈❡ ✐ts ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡❢♦r❡✱ ❢♦r

t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❡ s❡t α = 0.01✱ β = 0.132, δ = 0.298, λ = 0.2, cq = 0.007, sf = 0.33,

i = 0.05, cr = 0.4, γ0 = 0.27, γ1 = 0.7, ρ̂ = 0.0024523✳ ❲❡ ❣❡t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ♦❢

d ❛♥❞ π ❢♦r t❤❡ st❡❛❞② st❛t❡ E5 ♦❢ ❝❛s❡ ✷✳✷✳❜ ❛s d∗ = 1.1572 ❛♥❞ π∗ = 0.34583✳

◆♦t❡ t❤❛t ❢♦r ρ > ρ̂, t❤❡ tr❛❝❡ ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡ ❛♥❞ ❤❡♥❝❡ ✇❡ ❤❛✈❡ ❛ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✳

❍♦✇❡✈❡r ✇❤❡♥ ρ < ρ̂, t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥st❛❜❧❡✳ ❲❤❡♥ ρ ❢❛❧❧s t♦ ρ̂✱ t❤❡ s②st❡♠ ✇✐t❤ ❛

st❛❜❧❡ st❡❛❞② st❛t❡ ❧♦s❡s ✐ts st❛❜✐❧✐t② ❛♥❞ ❣✐✈❡s ❜✐rt❤ t♦ ❛ ❧✐♠✐t ❝②❝❧❡✳

❆ ♠♦r❡ ✢❡①✐❜❧❡ ❧❛❜♦✉r ❧❛✇ ❛♥❞ ❛ ✇❡❛❦❡r ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ✇♦r❦❡rs ✈✐s✲à✲✈✐s ✜r♠s ♠❛②

r❡s✉❧t ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ρ ❛♥❞ ♠❛❦❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛❜❧❡✳ ❍❡♥❝❡✱ ✇❤❡♥ t❤❡r❡ ✐s ❛ str♦♥❣

❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ✐❢ t❤❡ ❡❝♦♥♦♠② ✐s ❛t t❤❡ st❡❛❞② st❛t❡ E4, ❛

✢❡①✐❜❧❡ ❧❛❜♦✉r ❧❛✇ ✐s ❞❡s✐r❛❜❧❡ ❢♦r ❡♥s✉r✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳

✸✺



✭❛✮ ❯♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❞✉❡ t♦ s✉❜✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥

✭❜✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭❝✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ ♣r♦✜t s❤❛r❡

❋✐❣✉r❡ ✹✳✺✿ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s

✺ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

■♥ ♦✉r ♠♦❞❡❧✱ γ0 r❡♣r❡s❡♥ts t❤❡ ♣♦s✐t✐✈❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡

t❛❦❡♦✈❡rs ♦♥ t❤❡ ❞❡s✐r❡❞ ♣r♦✜t s❤❛r❡ ♦❢ ✜r♠s ✭♠❛♥❛❣❡rs✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡

st❛t✐❝ ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ γ0 ❞❡s❡r✈❡s s♦♠❡ ❛tt❡♥t✐♦♥✳ ❋♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s✱ ✇❡

❛ss✉♠❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳✷✽ ❚❤❡ t♦t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s

✭✸✳✷✮ ❛♥❞ ✭✸✳✶✵✮ s❤♦✇s t❤❡ ❡✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝ ❝❤❛♥❣❡ ♦❢ γ0 ✐♥ t❤❡ ❡❝♦♥♦♠② ✇❤✐❝❤ ✐♠♣❧②

[

J11 J12

J21 J22

][

dd

dπ

]

=

[

0

−ρ

]

dγ0 ✭✺✳✶✮

✷✽❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ρ✱ st❡❛❞② st❛t❡ E5 ❝❛♥ ❜❡ ❡✐t❤❡r st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ♦r ❧✐♠✐t
❝②❝❧❡s ❝❛♥ ❡♠❡r❣❡✳ ❍♦✇❡✈❡r✱ ❢♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s ✇❡ ❛ss✉♠❡ E5 t♦ ❜❡ ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳

✸✻



❚❛❜❧❡ ✺✳✶✿ ❙✉♠♠❛r② ♦❢ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ❢♦r ❛ ❝❤❛♥❣❡ ✐♥ γ0

❈❛s❡ st❡❛❞②
st❛t❡

❙✐❣♥ ♦❢ ❡❧❡♠❡♥ts ♦❢ ❏❛❝♦❜✐❛♥
▼❛tr✐①

❊✛❡❝t ♦♥
d∗

❊✛❡❝t ♦♥
π∗

❊✛❡❝t ♦♥ g∗

✶ E1 J11 < 0✱ J12 < 0✱ J21 > 0✱ J22 < 0 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡
✷✳✶✳✶ E2 J11 < 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡
✷✳✶✳✷ E7 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s
✷✳✷ E4 J11 < 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡

E5 J11 > 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s
E10 J11 = 0✱ J12 > 0✱ J21 < 0✱ J22 < 0 ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t✱ dd
∗

dγ0
= ρJ12

(J11J22−J12J21)
❛♥❞ dπ∗

dγ0
= −ρJ11

(J11J22−J12J21)
✳ ❚❛❜❧❡ ✺✳✶ s✉♠♠❛r✐③❡s t❤❡

r❡s✉❧ts ♦❢ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳

❈❛s❡ ✶✿ ❆t E1, ❛s γ0 ✐♥❝r❡❛s❡s✱ d∗ ❞❡❝r❡❛s❡s ❛♥❞ π∗ ✐♥❝r❡❛s❡s✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✲

✉r❡ ✺✳✶❛✱ ❛ r✐s❡ ✐♥ γ0 s❤✐❢ts t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✉♣✇❛r❞✳✷✾ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❣❡t ❛ ♥❡✇

❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❛t E ′
1. ■♥t✉✐t✐✈❡❧②✱ ❛ r✐s❡ ✐♥ γ0✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ♣r♦✜t

s❤❛r❡ ♦❢ ✜r♠s ❛♥❞ t❤❡r❡❜② ♣✉s❤❡s t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ π, ❛t t❤❡ ♦❧❞

st❡❛❞② st❛t❡ E1✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r π̇ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳

❚❤✐s ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ d ♣✉ts ✉♣✇❛r❞ ♣r❡ss✉r❡ ♦♥ ♣r♦✜t s❤❛r❡ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭3.11) ✭❛s

J21 > 0 ❤❡r❡✮✳ ❆s ❛ r❡s✉❧t✱ ♣r♦✜t s❤❛r❡ st❛rts r✐s✐♥❣✳ ❆s s♦♦♥ ❛s ♣r♦✜t s❤❛r❡ r✐s❡s✱ ❞❡❜t

♠❛r❦❡t ❞❡✈✐❛t❡s ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥✳ ●✐✈❡♥ t❤❡ ❧❡✈❡❧ ♦❢ d, ♣r♦✜t s❤❛r❡ ✐s ♥♦✇

❤✐❣❤❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r ḋ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❆s J12 = ∂ḋ
∂π
< 0✱ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♠✉st

❢❛❧❧✳ ❈♦♠❜✐♥❛t✐♦♥ ♦❢ ❤✐❣❤❡r ♣r♦✜t s❤❛r❡ ❛♥❞ ❧♦✇❡r ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✉❧t✐♠❛t❡❧② ❡♥s✉r❡ t♦

❛❝❤✐❡✈❡ t❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E2 ❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ♦r s♣✐r❛❧✐♥❣ ❛r♦✉♥❞ E2.

❆t ♣♦✐♥t E1✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✱ ❛♥❞ ❝❛♥ ❜❡ s❤♦✇♥ ♠❛t❤❡♠❛t✐❝❛❧❧② ❛s✱ dg∗

dγ0
=







+
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

∂d∗

∂γ0
+

−
︷︸︸︷

∂g∗

∂π

+
︷︸︸︷

∂π∗

∂γ0







< 0. ❆t ♣♦✐♥t E1, ❛s γ0 r✐s❡s✱ π∗ ✐♥❝r❡❛s❡s ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s

t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ r✐s❡ ✐♥ γ0 ❞❡❝r❡❛s❡s d∗.

❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❢❛❧❧ ✐♥ d∗ ❞❡❝r❡❛s❡s g∗. ❚❤❡r❡❢♦r❡✱ ❢♦r ❛

r✐s❡ ✐♥ γ0, g∗ ❞❡❝r❡❛s❡s✳ ❙✉♠♠❛r② ♦❢ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

✷✾ ❙❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐s dπ
dd

∣
∣
∣
π̇=0

= γ1Aδ
2ψπ−(ψγ0+β)

. P❛rt✐❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦

γ0 ✇❡ ❣❡t✱ ∂
∂γ0

(
dπ
dd

∣
∣
∣
π̇=0

)

= γ1Aδψ

{2ψπ−(ψγ0+β)}2 > 0✳ ❚❤✉s ❛s γ0 r✐s❡s✱ π̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s st❡❡♣❡r✳

❚❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐s π1 =
(ψγ0+β)+

√
(ψγ0+β)2−4ψ(γ0β−γ1α)

2ψ . ❙♦ ♣❛rt✐❛❧❧② ❞✐❢✲

❢❡r❡♥t✐❛t✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ γ0 ✇❡ ❣❡t✱ ∂π1

∂γ0
=

ψ+{(ψγ0+β)2−4ψ(γ0β−γ1α)}−
1
2 ψ(ψγ0−β)

2ψ > 0✳ ◆♦t❡

t❤❛t ✐❢ (ψγ0 − β) > 0, ∂π1

∂γ0
✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡✳ ❇✉t ✐❢ (ψγ0 − β) < 0✱ t❤❡♥ ∂π1

∂γ0
> 0 ⇐⇒

1 +
{
(ψγ0 + β)2 − 4ψ(γ0β − γ1α)

}− 1
2 (ψγ0 − β) > 0. ❋✉rt❤❡r ❝❛❧❝✉❧❛t✐♦♥ ✐♠♣❧✐❡s ∂π1

∂γ0
> 0 ✐❢ ❛♥❞ ♦♥❧②

✐❢ (ψγ0 − β)2 <
{
(ψγ0 − β)2 + 4ψγ1α

}
❤♦❧❞s✳ ❚❤✐s ✐♥❞❡❡❞ ✐s s❛t✐s✜❡❞✳ ❚❤✉s ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐❣♥ ♦❢

(ψγ0 − β), ∂π1

∂γ0
✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡✳

✸✼



Pr♦♣♦s✐t✐♦♥ ✷✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E1✳ ❚❤❡♥ ❛ r✐s❡ ✐♥

γ0, t❤❡ ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ❝❛✉s❡s ❜♦t❤ d∗ ❛♥❞ g∗ t♦ ❢❛❧❧✱

❡✈❡♥ t❤♦✉❣❤ ✐t ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ π∗.

❈❛s❡ ✷✳✶✳✶✿ ❍❡r❡✱ ❛s γ0 ✐♥❝r❡❛s❡s✱ ❜♦t❤ d∗ ❛♥❞ π∗ r✐s❡s✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶❜✱

❢♦r ❛ r✐s❡ ✐♥ γ0, t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts ✉♣✇❛r❞ ❛♥❞ ❜❡❝♦♠❡s st❡❡♣❡r✱ ❛♥❞ ✐♥t❡rs❡❝ts t❤❡

ḋ = 0 ✐s♦❝❧✐♥❡ ❛t E ′
2 ❛♥❞ E ′

3✳
✸✵

❚❤❡ ❡❝♦♥♦♠② ✐♥ ♦✉r ♠♦❞❡❧ ✐s ❛❧✇❛②s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❍❡♥❝❡✱ ∂g∗

∂π
< 0.

▼♦r❡♦✈❡r✱ ∂g
∗

∂d
✐s ❛❧s♦ ♥❡❣❛t✐✈❡ ❤❡r❡ ✭❛s A < 0✮✳ ❆t ♣♦✐♥t E2✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥

t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡ ❛♥❞ ❝❛♥

❜❡ s❤♦✇♥ ❛s dg∗

dγ0
=







−
︷︸︸︷

∂g∗

∂d

+
︷︸︸︷

∂d∗

∂γ0
+

−
︷︸︸︷

∂g∗

∂π

+
︷︸︸︷

∂π∗

∂γ0







< 0. ❆t ♣♦✐♥t E2, ❛s γ0 ✐♥❝r❡❛s❡s✱ π∗ r✐s❡s✳

❚❤✐s ✐♥ t✉r♥ r❡❞✉❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛

r✐s❡ ✐♥ γ0 r❛✐s❡s d∗ ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s g∗. ❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥ g∗ ✐s

✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✳ ❙✉♠♠❛r② ♦❢ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E2✳ ❚❤❡♥ ❛ r✐s❡ ✐♥ γ0

✐♥❝r❡❛s❡s π∗✱ ❜✉t ❜♦t❤ d∗ ❛♥❞ g∗ ❢❛❧❧✳

❈❛s❡ ✷✳✶✳✷✿ ❆♥❛❧②s✐s ♦❢ ❝❛s❡s ✷✳✶✳✷✳❛✱ ✷✳✶✳✷✳❜✱ ✷✳✶✳✷✳❝ ❛♥❞ ✷✳✶✳✷✳❞ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥

❝❛s❡ ✷✳✷✳❛✱ ✷✳✷✳❜✱ ✷✳✷✳❝ ❛♥❞ ✷✳✷✳❡ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ ❝❛s❡s ✷✳✶✳✷✳❡✱

❛♥❞ ✷✳❛✳✷✳❢✳ ❆t E7✱ ❛s γ0 ✐♥❝r❡❛s❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶❝✱ d∗ ❢❛❧❧s ❛♥❞ π∗ r✐s❡s✳ ❆t ♣♦✐♥t

E7✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s

❛♠❜✐❣✉♦✉s ❛♥❞ ✐s s❤♦✇♥ ❛s dg∗

dγ0
=







−
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

∂d∗

∂γ0
+

−
︷︸︸︷

∂g∗

∂π

+
︷︸︸︷

∂π∗

∂γ0







R 0. ❙✉♠♠✐♥❣ ✉♣ t❤❡ ❛❜♦✈❡

❛♥❛❧②s✐s ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E7✳ ❚❤❡♥ ❛ r✐s❡ ✐♥ γ0

✐♥❝r❡❛s❡s π∗ ❛♥❞ ❞❡❝r❡❛s❡s d∗✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ γ0 ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳

❈❛s❡ ✷✳✷✿ ❆ r✐s❡ ✐♥ γ0 ❡♥❤❛♥❝❡s ❜♦t❤ d∗ ❛♥❞ π∗ ✐♥ E4✳ ❋♦r ❛ ❞✐❛❣r❛♠♠❛t✐❝ ✐❧❧✉s✲

tr❛t✐♦♥✱ s❡❡ ❋✐❣✉r❡ ✺✳✷❛✳ ❆ r✐s❡ ✐♥ γ0 ❞❡❝r❡❛s❡s t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✭❛s
∂
∂γ0

(
dπ
dd

∣
∣
∣
π̇=0

)

= γ1Aδψ

{2ψπ−(ψγ0+β)}
2 < 0✮ ✇❤❡r❡❛s ✐t ❝❛✉s❡s t❤❡ r✐s❡ ✐♥ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t

✸✵P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✇✐t❤ r❡s♣❡❝t t♦ γ0 ②✐❡❧❞s ∂
∂γ0

(
dπ
dd

∣
∣
∣
π̇=0

)

=

γ1Aδψ

{2ψπ−(ψγ0+β)}2 < 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ r✐s❡ ✐♥ γ0 ♠❛❦❡s t❤❡ s❧♦♣❡ st❡❡♣❡r✳ P❛rt✐❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ✈❡r✲

t✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✇✐t❤ r❡s♣❡❝t t♦ γ0 ✇❡ ❣❡t
∂π1

∂γ0
=

1+{(ψγ0+β)2−4ψ(γ0β−γ1α)}−
1
2 (ψγ0−β)

2 >

0. ❚❤✉s ✇❤❡♥ γ0 r✐s❡s✱ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t r✐s❡s✳

✸✽



✭❛✮ ❝❛s❡ ✶ ✭❜✮ ❝❛s❡ ✷✳✶✳✶

✭❝✮ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ γ0 ✭❞✮ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ γ0

❋✐❣✉r❡ ✺✳✶

✸✾



✭∵ ∂π1
∂γ0

=
1+{(ψγ0+β)2−4ψ(γ0β−γ1α)}−

1
2 (ψγ0−β)

2
> 0). ❍❡♥❝❡ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts ✉♣✇❛r❞

❛♥❞ ❜❡❝♦♠❡s st❡❡♣❡r✱ ❛♥❞ ✐♥t❡rs❡❝ts t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❛t E ′
4✳

❚❤❡ ❡❝♦♥♦♠② ✐♥ ♦✉r ♠♦❞❡❧✱ ✐♥ ❝❛s❡ ✷✳✷✳❛✱ ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❛♥❞ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡✳ ❍❡♥❝❡ ∂g∗

∂π
❛♥❞ ∂g∗

∂d
❛r❡ ❜♦t❤ ♥❡❣❛t✐✈❡✳ ❆t ♣♦✐♥t E4✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ γ0

♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✱ ❛♥❞

❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ❛s dg∗

dγ0
=







−
︷︸︸︷

∂g∗

∂d

+
︷︸︸︷

∂d∗

∂γ0
+

−
︷︸︸︷

∂g∗

∂π

+
︷︸︸︷

∂π∗

∂γ0







< 0. ❆ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs✱

❛❝q✉✐s✐t✐♦♥s ❛♥❞ s♦ ♦♥ ❛❧✇❛②s ✐♥❝r❡❛s❡s t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ✐♥ t❤❡ s❤♦rt r✉♥✱ ❛♥❞ ❛s ❛

r❡s✉❧t✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✉♥❛♠❜✐❣✉♦✉s❧② ❞❡❝r❡❛s❡s ✐♥ t❤❡ s❤♦rt

r✉♥ ✭❛s t❤❡r❡ ✐s ✇❛❣❡✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✮✳ ■♥ ❝❛s❡ ✷✳✷✳❛✱ ❛ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢

♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ❛❧s♦ ❞❡❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❇✉t t❤❡ r❡❛s♦♥ ✐s ❞✐✛❡r❡♥t✳ ❆t ♣♦✐♥t E4, ❛s γ0 ✐♥❝r❡❛s❡s✱

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ π∗ ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ r✐s❡ ✐♥ γ0 ❛❧s♦ ✐♥❝r❡❛s❡s d∗, ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s g∗.

❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥ g∗ ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✳ ❲❡ s✉♠ ✉♣ t❤✐s

❛♥❛❧②s✐s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E4✳ ❚❤❡♥ ❛ r✐s❡ ✐♥ γ0

✐♥❝r❡❛s❡s ❜♦t❤ π∗ ❛♥❞ d∗✱ ❜✉t g∗ ❢❛❧❧s✳

❆t E5, ❛s γ0 ✐♥❝r❡❛s❡s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ d∗ ✐♥❝r❡❛s❡s ❛♥❞ π∗ ❞❡❝r❡❛s❡s ✭s❡❡ ❋✐❣✉r❡

✺✳✷❜✮✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦❜❥❡❝t✐✈❡ ❢♦r ✜r♠s✱ ❛s t❤❡② ❣♦ ❢♦r ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s

❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs✱ ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r♦✜t s❤❛r❡✳ ❆❧t❤♦✉❣❤ t❤✐s ♦❜❥❡❝t✐✈❡ ✐s ❢✉❧✜❧❧❡❞

✐♥ t❤❡ s❤♦rt r✉♥✱ ✇❡ ❣❡t ♦♣♣♦s✐t❡ r❡s✉❧t ✐♥ t❤❡ ❧♦♥❣ r✉♥ ✐♥ ❝❛s❡ ✷✳✷✳❜✳ ❚❤❡ r❡❛s♦♥ ✐s ❛s

❢♦❧❧♦✇s✳ ❆s γ0 ✐♥❝r❡❛s❡s✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❤❡ ❞❡s✐r❡❞ s❤❛r❡ ♦❢ ♣r♦✜t ♦❢ ✜r♠s r✐s❡s ❛♥❞ ✐t

♣✉s❤❡s t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ π, ❛t t❤❡ ♦❧❞ st❡❛❞② st❛t❡ E5✱ t❤❡ ❞❡❜t✲

❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r π̇ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❚❤✐s ❧♦✇❡r ❧❡✈❡❧ ♦❢ d ♣✉ts

♣r❡ss✉r❡ ♦♥ ♣r♦✜t s❤❛r❡ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭3.11) ✭❛s J21 < 0 ❤❡r❡✮✳ ❆s ❛ r❡s✉❧t✱ ♣r♦✜t

s❤❛r❡ st❛rts r✐s✐♥❣ ✐♥✐t✐❛❧❧②✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛

r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ r❡❞✉❝❡s u∗✳ ❚❤✐s ❢❛❧❧ ✐♥ u∗ ♦✈❡r❝♦♠♣❡♥s❛t❡s t❤❡ r✐s❡ ✐♥ π. ❙♦✱ t❤❡r❡ ✐s ❛

❞❡t❡r✐♦r❛t✐♦♥ ✐♥ r❡♥t✐❡rs✬ ❧❡✈❡❧ ♦❢ ✐♥❝♦♠❡✸✶✳ ❆s ❛ r❡s✉❧t✱ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ s❛✈✐♥❣s

❜♦t❤ ❢❛❧❧✳ ❘❡♥t✐❡rs s❛✈❡ ❛ ❢r❛❝t✐♦♥ (1−δ) ♦❢ ✐ts s❛✈✐♥❣s ✐♥ ❜❛♥❦s ❛s ❞❡♣♦s✐ts ✇❤✐❝❤ ❣♦❡s t♦

t❤❡ ✇♦r❦❡rs ❛s ❧❡♥❞✐♥❣ ❛♥❞ t❤❡r❡❢♦r❡ ✇♦r❦❡rs✬ ❞❡❜t ❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮

❞❡❝r❡❛s❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❢♦r ❛ ❣✐✈❡♥

d, ❛ r✐s❡ ✐♥ π ❧❡❛❞s t♦ ❛ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ✭✐✳❡✳ dg∗ ❢❛❧❧s✮✳ ❍❡r❡ t❤❡

✸✶❋♦r ❡✈❡r② ✉♥✐t r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ r❡♥t✐❡rs✬ ✐♥❝♦♠❡ ❧❡✈❡❧ ❢❛❧❧s ❜② (1−sf ){u∗+π ∂u
∗

∂π
} =

−(1−sf )(α+δAd)β
(ψπ−β)2 ✉♥✐t✳
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✭❛✮ ❝❛s❡ ✷✳✷✳❛ ✭❜✮ ❝❛s❡ ✷✳✷✳❜

✭❝✮ ❝❛s❡ ✷✳✷✳❝ ✭❞✮ ❝❛s❡ ✷✳✷✳❞

❋✐❣✉r❡ ✺✳✷✿ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ γ0

❧❛tt❡r ❞♦♠✐♥❛t❡s t❤❡ ❢♦r♠❡r ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐♥❝r❡❛s❡s✳ ❋✉rt❤❡r✱

❛s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ♠❛❣♥✐t✉❞❡ ♦❢ A

✐s ✈❡r② ❤✐❣❤ ❤❡r❡✳ ◆❡❛r E5✱ π ✐s ❛❧s♦ s♠❛❧❧ ✇❤✐❝❤ ♠❛❦❡s (ψπ−β) ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✳

❉✉❡ t♦ ❛ ❤✐❣❤ ♠❛❣♥✐t✉❞❡ ♦❢ A ❛♥❞ ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ (ψπ − β)✱ ❛s ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ r✐s❡s✱ ❣✐✈❡♥ t❤❡ ♣r♦✜t s❤❛r❡✱ t❤❡ ❞❡s✐r❡❞ ♣r♦✜t s❤❛r❡ (πd) ❢❛❧❧s ❜② ❛ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡

❛♠♦✉♥t✳ ❚❤❡r❡❢♦r❡✱ t♦ ❛❝❤✐❡✈❡ π̇ = 0✱ π ❢❛❧❧s ❜② ❛ ❧❛r❣❡ ❛♠♦✉♥t✳ ❚❤✐s ❢❛❧❧ ✐♥ π ♠♦r❡ t❤❛♥

❝♦♠♣❡♥s❛t❡s t❤❡ ✐♥✐t✐❛❧ r✐s❡ ✐♥ π. ❍❡♥❝❡✱ ❜❡❝❛✉s❡ ♦❢ ❛ r✐s❡ ✐♥ γ0, t❤❡r❡ ✐s ✜♥❛❧❧② ❛ ❢❛❧❧ ✐♥

t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t✳

❆t ♣♦✐♥t E5✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉✲

❧❛t✐♦♥ ✐s ❛♠❜✐❣✉♦✉s ✭❛s dg∗

dγ0
=







−
︷︸︸︷

∂g∗

∂d

+
︷︸︸︷

∂d∗

∂γ0
+

−
︷︸︸︷

∂g∗

∂π

−
︷︸︸︷

∂π∗

∂γ0







R 0✮✳ ❆t ♣♦✐♥t E5, ❛s γ0 ✐♥❝r❡❛s❡s✱

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ π∗ ❞❡❝r❡❛s❡s ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥❤❛♥❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✲

✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ r✐s❡ ✐♥ γ0 ✐♥❝r❡❛s❡s d∗ ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s g∗.
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❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ γ0 ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✱ ❛♥❞ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r ✐ts

✐♠♣❛❝t ♦♥ g∗ t❤r♦✉❣❤ ❛ r❡❞✉❝t✐♦♥ ✐♥ π∗ ❞♦♠✐♥❛t❡s t❤❡ ♦t❤❡r ♦♥❡ ♦r ♥♦t✳ Pr♦♣♦s✐t✐♦♥ ✻

s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E5✳ ❚❤❡♥ ❛ r✐s❡ ✐♥ γ0

✐♥❝r❡❛s❡s d∗ ❛♥❞ ❞❡❝r❡❛s❡s π∗✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ γ0 ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳

◆♦t❡ t❤❛t t❤❡ t❤❡ ❛♥❛❧②s✐s ✐♥ ❝❛s❡ ✷✳✷✳❝ ✐s s❛♠❡ ❛s ✐♥ ❝❛s❡ ✷✳✷✳❛✳ ❍♦✇❡✈❡r✱ ✐❢ γ0 ✐♥❝r❡❛s❡s

s✐❣♥✐✜❝❛♥t❧②✱ t❤❡ t✇♦ ❡q✉✐❧✐❜r✐❛ E4 ❛♥❞ E6 ❝❛♥ ❝♦✐♥❝✐❞❡✳ ❆s ❛ r❡s✉❧t✱ ❛ s❛❞❞❧❡ ♣♦✐♥t

✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✭E10) ❡♠❡r❣❡s ✭s❡❡ ❋✐❣✉r❡ ✺✳✷❝✮✳ ❚❤✉s✱ ❢♦r ❛ ♠❛ss✐✈❡ r✐s❡ ✐♥ ♠❡r❣❡rs✱

❛❝q✉✐s✐t✐♦♥ ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs✱ ✐♥st❛❜✐❧✐t② ❛r✐s❡s ✐♥ t❤❡ ❡❝♦♥♦♠② ✇❤✐❝❤ ✇❛s ✐♥✐t✐❛❧❧②

st❛❜❧❡ ✭❛t E4✮✳ Pr♦♣♦s✐t✐♦♥ ✼ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E4 ✐♥ ❝❛s❡ ✷✳✷✳❝✳ ❚❤❡♥

❛ r✐s❡ ✐♥ γ0 ✐♥❝r❡❛s❡s d∗ ❛♥❞ ❞❡❝r❡❛s❡s π∗✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ γ0 ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳

▼♦r❡♦✈❡r✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ r✐s❡ ✐♥ γ0, ✐♥st❛❜✐❧✐t② ❛r✐s❡s ✐♥ t❤❡ ❡❝♦♥♦♠②✳

❋r♦♠ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s ♦❢ ❞✐✛❡r❡♥t ❝❛s❡s✱ ❢❡✇ ♣♦✐♥ts ❛r❡ ✇♦rt❤ r❡♠❡♠❜❡r✐♥❣✳

❘❡♠❛r❦ ✷ ✳ ❆ r✐s❡ ✐♥ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ♥❡❡❞ ♥♦t ♥❡❝❡ss❛r✐❧②

✐♥❝r❡❛s❡ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ■♥ ❝❡rt❛✐♥ ❝❛s❡s✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ❛ r✐s❡ ✐♥

γ0 ♠❛② ❞❡❝r❡❛s❡ t❤❡ ♣r♦✜t s❤❛r❡ ✭❡✳❣✳ ❝❛s❡ ✷✳✷✳❜✮✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ❛ s♣❡❝✐❛❧ ❝❛s❡ ✇❤✐❝❤ ✐s ✈❡r② s✐♠✐❧❛r t♦ ❍❡✐♥ ✭✷✵✶✷❛✮✳✸✷

❍❡r❡✱ ✇❡ ✜rst ✐♥✈❡st✐❣❛t❡ t❤❡ ❧♦♥❣ r✉♥ ❞②♥❛♠✐❝s✱ ❛♥❞ t❤❡♥ ❝♦♥s✐❞❡r ❤♦✇ γ0 ♣❛r❛♠❡t❡r

✐♥✢✉❡♥❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t✳

✻ ❆ ❙♣❡❝✐❛❧ ❈❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ✜r♠s ❞✐str✐❜✉t❡ t❤❡✐r ❡♥t✐r❡ ♣r♦✜t t♦ t❤❡ r❡♥t✐❡rs ✭✐✳❡✳

sf = 0✮ ❛♥❞ r❡♥t✐❡rs ❤❛✈❡ ③❡r♦ ❝♦♥s✉♠♣t✐♦♥ ♣r♦♣❡♥s✐t② ♦✉t ♦❢ ❛ss❡ts ✭✐✳❡✳ cq = 0 ✇❤✐❝❤ ✐♥

t✉r♥ ✐♠♣❧✐❡s A = −(1 − cr)i < 0✮✱ ❛♥❞ ❤❡♥❝❡✱ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ❝♦♠❡s ♦✉t

♦❢ t❤❡✐r ✐♥❝♦♠❡ ♦♥❧②✳ ❙♦ ❡✛❡❝t✐✈❡❧② ✇❡ ❛r❡ ❣♦✐♥❣ ❜❛❝❦ t♦ ❍❡✐♥✬s ✭✷✵✶✷❛✮ ♠♦❞❡❧✳ ■♥s❡rt✐♥❣

sf = 0✱ ❛♥❞ cq = 0 ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✇❡ ❣❡t✱

ḋ =
(1− cr){δd− (1− δ)}{βid− απ}

ψπ − β
✭✻✳✶✮

✸✷❖♥❧② ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ✐s t❤❛t r❛t❤❡r t❤❛♥ ❛ ♣❛r❛♠❡t❡r✱ ❤❡r❡ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ✐s tr❡❛t❡❞ ❛s ❛ ❧♦♥❣
r✉♥ ✈❛r✐❛❜❧❡✳

✹✷



■♥ ❡q✉✐❧✐❜r✐✉♠✱ ḋ = 0, ✇❤✐❝❤ ✐♠♣❧✐❡s ❡✐t❤❡r d
∣
∣
ḋ=0

= 1−δ
δ

♦r d
∣
∣
ḋ=0

= απ
βi
.✸✸ ❲❤❡♥ d

∣
∣
ḋ=0

= απ
βi
✱

❛ str❛✐❣❤t ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥ ✇✐t❤ s❧♦♣❡ βi

α
r❡♣r❡s❡♥ts t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ d
∣
∣
ḋ=0

= 1−δ
δ
, t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ str❛✐❣❤t ❧✐♥❡

♣❛r❛❧❧❡❧ t♦ t❤❡ ♦r❞✐♥❛t❡ ✭π✲❛①✐s✮✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛ss✉♠❡ d = απ
βi
✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✶✮✱

t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✭g∗✮ ❜❡❝♦♠❡ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ t♦ ❛❝❤✐❡✈❡ ❛

♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ g∗, ❧❡t ✉s ❛ss✉♠❡ d < απ
βi
✳ ❚❤✉s ḋ = 0 ✐♠♣❧✐❡s d

∣
∣
ḋ=0

= 1−δ
δ
. ◆♦t❡ t❤❛t

t❤❡ ♦♥❧② ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ r❡❣✐♦♥ ❧✐❡s ❛❜♦✈❡ t❤❡ d
∣
∣
ḋ=0

= απ
βi

❧✐♥❡ ✇❤❡r❡ π ∈ (π0, 1)✳

❚❤❡ ♦♥❧② ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ s❡❣♠❡♥t ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❧✐❡s ♦♥ t❤❡ d
∣
∣
ḋ=0

= 1−δ
δ

❧✐♥❡ ✇❤❡r❡ π > βid

α
✳✸✹ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✻✳✶❜ r❡♣r❡s❡♥ts t❤✐s✳

P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✻✳✶✮ ✇✳r✳t✳ d ②✐❡❧❞s✱

J11 =
∂ḋ

∂d
=

(1− cr)δ{βid− απ}
ψπ − β

✭∵ {δd− (1− δ)} = 0✮ ✭✻✳✷✮

❆s ✇❡ ♦♥❧② ❢♦❝✉s ♦♥ d < απ
βi

✇❡ ❣❡t✱ J11 < 0✳ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✻✳✶✮

✇✳r✳t✳ π ②✐❡❧❞s✱

J12 =
∂ḋ

∂π
=

(1− cr) [αβ(δd− 1 + δ))− βid(δd− 1 + δ)ψ]

(ψπ − β)2
= 0 (∵ {δd− (1− δ)} = 0)

✭✻✳✸✮

▲❡t✬s ❢♦❝✉s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ♥♦✇✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ✇❡ ❣❡t

π̇ = ρ

[−ψπ2 + (γ0ψ + β)π − (βγ0 − γ1α)− γ1ψid

ψπ − β

]

✭✻✳✹✮

P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✻✳✹✮ ✇✳r✳t✳ d ❛♥❞ π ②✐❡❧❞s

J21 =
∂π̇

∂d
= ρ

( −γ1ψi
ψπ − β

)

< 0 ✭✻✳✺✮

J22 =
∂π̇

∂π
= ρ

[−2ψπ + (ψγ0 + β)

ψπ − β

]

✭✻✳✻✮

❙♦✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ dπ
dd

∣
∣
∣
π̇=0

= −J21
J22

= − γ1ψi

2ψπ−(ψγ0+β)
< 0 ❢♦r π > π0 =

γ0ψ+β
2ψ

✱

❛♥❞ dπ
dd

∣
∣
∣
π̇=0

> 0 ❢♦r π < π0✳✸✺

✸✸◆♦t❡ t❤❛t ♥♦✇✱ A = −(1−cr)i < 0; ψ = (1−cr)δ > 0; E = ψα = (1−cr)δα > 0❀ F = (1−δ)(1−cr)α >
0; h = βAδ = −(1−cr)iβδ < 0❀ l = −(1−cr)[(1−δ)βi+δαπ] < 0;m = (1−δ)(1−cr)απ > 0; u∗ = α−ψid

ψπ−β ;

❛♥❞ g∗ = ψαπ−ψβid
ψπ−β ✳

✸✹■♥s❡rt✐♥❣ d
∣
∣
ḋ=0

= 1−δ
δ

✐♥t♦ t❤✐s ✐♥❡q✉❛❧✐t② ✇❡ ❣❡t π > (1−δ)βi
αδ

✳
✸✺❋♦r ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t✱ ✇❡ ✐♥s❡rt d = 0 ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✹✮ ❛♥❞ ♦❜t❛✐♥ π

∣
∣
d=0

π̇=0
= γ0 + γ1α

(ψπ−β) .

❚❤❡r❡❢♦r❡✱ ❢♦r d = 0, ✇❡ ❣❡t t✇♦ ✈❛❧✉❡s ♦❢ π✱ π1 =
(ψγ0+β)+

√
(ψγ0+β)2−4ψ(γ0β−γ1α)

2ψ ❛♥❞ π2 =

(ψγ0+β)−
√

(ψγ0+β)2−4ψ(γ0β−γ1α)
2ψ ✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ✐s (ψγ0 + β)2 − 4ψ(γ0β − γ1α) = (ψγ0 − β)2 +4ψγ1α

✹✸



◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❛t t❤❡ π̇ = 0

✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s❧♦♣❡ ✭❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡✮ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳

❙✉♣♣♦s❡ ✐t ✐s ♦❝❝✉rr✐♥❣ ❤❡r❡✳✸✻ ❆s ❛ r❡s✉❧t ✇❡ ❣❡t ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ X ✇❤❡r❡ ❉❡t✭❏✮=

(J11J22 − J12J21) > 0 ❛♥❞ tr✭❏✮ = J11 + J22 < 0. ❙♦✱ ♣♦✐♥t X ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡ ✭s❡❡

❋✐❣✉r❡ ✻✳✶❜✮✳

❙✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥ t❤❡ ♣r♦✜t s❤❛r❡ r✐s❡s ❛❜♦✈❡ ✐ts st❡❛❞② st❛t❡ ❧❡✈❡❧✳ ❆s t❤❡

♣r♦✜t s❤❛r❡ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✻✳✻✮✳ ❚❤✐s

✐s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ♣r♦✜t s❤❛r❡ ❤❛s ♥♦ ❡✛❡❝t ♦♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

✭❜❡❝❛✉s❡ J12 = 0✮✱ π ❝❛♥♥♦t ❤❛✈❡ ❛♥② ✐♥❞✐r❡❝t ❡✛❡❝t ♦♥ π̇. ❚❤✉s✱ ❜❡❝❛✉s❡ ♦❢ t❤✐s ❞✐r❡❝t

st❛❜❧❡ ❡✛❡❝t✱ ♣r♦✜t s❤❛r❡ ❛❣❛✐♥ ♠✉st ❢❛❧❧ t♦ ✐ts ✐♥✐t✐❛❧ st❡❛❞② st❛t❡ ❧❡✈❡❧✳ ❙✐♠✐❧❛r❧②✱ ✐❢ ❞✉❡

t♦ s♦♠❡ r❡❛s♦♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❛❜♦✈❡ ✐ts st❡❛❞② st❛t❡✱ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✻✳✷✮ ✐t

♠✉st ❢❛❧❧✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❙❡❝♦♥❞✱ t❤❡ r✐s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦

❛ ❢❛❧❧ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡ ❞✉❡ t♦ J21 < 0 ✭s❡❡ ❡q✉❛t✐♦♥ ✭✻✳✺✮✮✳ ❍♦✇❡✈❡r✱ ♣r♦✜t s❤❛r❡ ✐ts❡❧❢

❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭❛s J12 = 0✮✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ♥♦ ✐♥❞✐r❡❝t ❡✛❡❝t✳

❚❤✉s✱ ❛s t❤❡r❡ ✐s ♦♥❧② ❛ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✱ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛❣❛✐♥ ♠✉st ❢❛❧❧ t♦ ✐ts ✐♥✐t✐❛❧

st❡❛❞② st❛t❡ ❧❡✈❡❧✳

◆♦✇ ❧❡t ✉s ❢♦❝✉s ♦♥ ❤♦✇ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❡t❝✳ ✐♥✢✉❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧s ♦❢

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t✳ ❚♦t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✻✳✶✮ ❛♥❞

✭✻✳✹✮ s❤♦✇s t❤❡ ❡✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝ ❝❤❛♥❣❡ ♦❢ γ0 ✐♥ t❤❡ ❡❝♦♥♦♠② ✇❤✐❝❤ ✐♠♣❧②

[

J11 J12

J21 J22

][

dd

dπ

]

=

[

0

−ρ

]

dγ0 ✭✻✳✼✮

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t✱ dd∗

dγ0
= ρJ12

(J11J22−J12J21)
= 0 ❛♥❞ dπ∗

dγ0
= −ρJ11

(J11J22−J12J21)
> 0✳✸✼ ❋✐❣✉r❡ ✻✳✶❝

❡①♣❧❛✐♥s ✐t ❞✐❛❣r❛♠♠❛t✐❝❛❧❧②✳✸✽

◆♦t❡ t❤❛t ❛s γ0 ✐♥❝r❡❛s❡s✱ π∗ r✐s❡s✳ ❍♦✇❡✈❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ d∗ r❡♠❛✐♥s ✉♥✲

❝❤❛♥❣❡❞✳ ❚❤❡ r❡❛s♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❆s γ0 r✐s❡s✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❤❡ ❞❡s✐r❡❞ ♣r♦✜t s❤❛r❡

♦❢ ✜r♠s ✐♥❝r❡❛s❡s ❛♥❞ t❤❡r❡❜② ♣✉s❤❡s t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ d, ❛t t❤❡

✇❤✐❝❤ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ❲❤❡♥ (γ0β − γ1α) < 0 ❤♦❧❞s✱ ✇❡ ❣❡t (ψγ0 + β)2 − 4ψ(γ0β − γ1α) >

(ψγ0 + β)2✱ ❛♥❞ t❤❡r❡❢♦r❡ π1 > 0 > π2. ❲❤❡♥ t❤❡ r❡✈❡rs❡ ♦❢ t❤❛t ♦❝❝✉rs ✐✳❡✳ ✇❤❡♥ (γ0β − γ1α) > 0,
(ψγ0 + β)2 − 4ψ(γ0β − γ1α) < (ψγ0 + β)2 ❤♦❧❞s✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❣❡t π1 > π2 > 0.

✸✻❖t❤❡r✇✐s❡ t❤❡r❡ ✇✐❧❧ ♥♦t ❜❡ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❡❝♦♥♦♠② ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡
d = 1−δ

δ
❛♥❞ π = 0✳ ■t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✶❛✳

✸✼❆s J11 < 0✱ ❛♥❞ J12 = 0✳
✸✽❙❧♦♣❡ ♦❢ t❤❡ π̇ = 0 ✐s♦❝❧✐♥❡ ✐s dπ

dd

∣
∣
∣
π̇=0

= γ1ψi
−[2ψπ−(ψγ0+β)]

. ❙♦ ♣❛rt✐❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t

t♦ γ0 ✇❡ ❣❡t✱ ∂
∂γ0

(
dπ
dd

∣
∣
∣
π̇=0

)

= − γ1ψ
2i

{2ψπ−(ψγ0+β)}2 < 0. ❚❤❡r❡❢♦r❡✱ t❤❡ s❧♦♣❡ ❞❡❝r❡❛s❡s ❢✉rt❤❡r ❢♦r ❛ r✐s❡

✐♥ ✐♥ γ0✳ ❚❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ π̇ = 0 ❝✉r✈❡ ✐s π1 =
(ψγ0+β)+

√
(ψγ0+β)2−4ψ(γ0β−γ1α)

2ψ . ❚❤❡r❡❢♦r❡✱

∂π1

∂γ0
=

1+{(ψγ0+β)2−4ψ(γ0β−γ1α)}−
1
2 (ψγ0−β)

2 > 0✳ ❍❡♥❝❡✱ ✇❤❡♥ γ0 r✐s❡s✱ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ π̇ = 0

✐s♦❝❧✐♥❡ r✐s❡s ✭❙❡❡ ❢♦♦t♥♦t❡ ✷✾ ❢♦r ✇❤② ∂π1

∂γ0
> 0✮✳

✹✹



✭❛✮ ❲❤❡♥ t❤❡ ✐s♦❝❧✐♥❡s ❞♦ ♥♦t ✐♥t❡rs❡❝t ✭❜✮ ▲♦♥❣ r✉♥ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠

✭❝✮ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ γ0

❋✐❣✉r❡ ✻✳✶✿ ❉✐❛❣r❛♠ ❢♦r ❛ s♣❡❝✐❛❧ ❝❛s❡

♦❧❞ st❡❛❞② st❛t❡ X✱ t❤❡ ♣r♦✜t s❤❛r❡ ✐s ❧♦✇❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r π̇ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❚❤✐s

❧♦✇❡r ❧❡✈❡❧ ♦❢ π ♣✉ts ✉♣✇❛r❞ ♣r❡ss✉r❡ ♦♥ ♣r♦✜t s❤❛r❡ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭6.6) ✭❛s J22 < 0✮✳

❆s ❛ r❡s✉❧t✱ ♣r♦✜t s❤❛r❡ st❛rts r✐s✐♥❣✳ ❍♦✇❡✈❡r✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ♣r♦✜t s❤❛r❡✱

❤❡r❡ t❤❡ ❞❡❜t ♠❛r❦❡t ✐s ❛❧✇❛②s ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ d. ❚❤❡

♣r♦✜t s❤❛r❡✱ ❤♦✇❡✈❡r✱ ♠✉st r✐s❡ t✐❧❧ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❞❡s✐r❡❞ ♣r♦✜t s❤❛r❡ ♦❢ ✜r♠s ❛♥❞

t❤❡ ❛❝t✉❛❧ ❧❡✈❡❧ ♦❢ π ✈❛♥✐s❤❡s✳ ❚❤✉s ❡✈❡♥t✉❛❧❧② t❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t X ′ ✐s ❛❝❤✐❡✈❡❞

✇❤❡r❡ π∗ r✐s❡s ❜✉t d∗ r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳ ◆♦t❡ t❤❛t ❤❡r❡ t❤❡ ♠♦✈❡♠❡♥t ❢r♦♠ X t♦ X ′

❤❛♣♣❡♥s ❛❧♦♥❣ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳

❚❤❡ ❡❝♦♥♦♠② ✐♥ ♦✉r ♠♦❞❡❧ ✐s ❛❧✇❛②s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛♥❞ ❤❡♥❝❡ ∂g∗

∂π
< 0.

▼♦r❡♦✈❡r✱ ∂g∗

∂d
= −ψβi

ψπ−β
✐s ❛❧s♦ ♥❡❣❛t✐✈❡ ❤❡r❡✳ ❆t ♣♦✐♥t X✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ γ0

♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡ ❛s

dg∗

dγ0
=







−
︷︸︸︷

∂g∗

∂d

0
︷︸︸︷

∂d∗

∂γ0
+

−
︷︸︸︷

∂g∗

∂π

+
︷︸︸︷

∂π∗

∂γ0







= ∂g∗

∂π
∂π
∂γ0

< 0. ❙✉♠♠❛r② ♦❢ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s ②✐❡❧❞s t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✽✳ ❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ X✳ ❚❤❡♥✱ ❛ r✐s❡ ✐♥ γ0

❝❛✉s❡s π∗ t♦ r✐s❡ ❛♥❞ g∗ t♦ ❢❛❧❧✳ ❍♦✇❡✈❡r d∗ r❡♠❛✐♥s ✉♥❛✛❡❝t❡❞✳

✹✺



✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡❛❧t ✇✐t❤ ❛ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ t❤❡

s❤❛r❡ ♦❢ ♣r♦✜t ❛♥❞ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦❢ ✇♦r❦❡rs ❡✈♦❧✈❡ ❡♥❞♦❣❡♥♦✉s❧②✳ ❲❡ ❡①❛♠✐♥❡❞

t❤❡ s❤♦rt✲r✉♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❛♥❞ ❛♥❛❧②s❡❞ s♦♠❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ❲❡ r❡❛❝❤❡❞ t❤❡

❝♦♥❝❧✉s✐♦♥ t❤❛t t❤❡ ❡❝♦♥♦♠② ❝❛♥ ❜❡ ❡✐t❤❡r ✐♥ ❛ ❞❡❜t✲❧❡❞ ♦r ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞

❣r♦✇t❤ r❡❣✐♠❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❡❝♦♥♦♠② ✐s ❛❧✇❛②s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳

❯♥❧✐❦❡ ❍❡✐♥ ✭✷✵✶✷❛✮✱ ✇❡ ❢♦✉♥❞ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ r❡♥t✐❡rs✬ ❧♦❛♥s t♦ t❤❡ ✇♦r❦❡rs ✐s ♥♦t

♥❡❝❡ss❛r✐❧② ❡①♣❛♥s✐♦♥❛r② ❢♦r t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✳

■♥st❡❛❞✱ ✐❢ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ ♦✉t ♦❢ ✇❡❛❧t❤ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ✐t ❝❛♥ ♦✈❡r❝♦♠♣❡♥s❛t❡

t❤❡ ❧♦ss ✐♥ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ♦❢ ✇♦r❦❡rs ❞✉❡ t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡♥t✐❡rs✬

❧❡♥❞✐♥❣ t♦ ✇♦r❦❡rs✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ (d), ✐❢ t❤❡ ❡q✉✐t②✲❞❡❜t

r❛t✐♦ (λ) r✐s❡s✱ ❜♦t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥

r✐s❡ ✉♥❛♠❜✐❣✉♦✉s❧②✳ ❲❡ ✜♥❞ t❤❛t ❤✐❣❤❡r t❤❡ ❞✐✈✐❞❡♥❞ ♣❛②♦✉t r❛t✐♦ ✭♦r ❧♦✇❡r t❤❡ r❡t❡♥t✐♦♥

r❛t❡ ♦❢ ✜r♠s✮✱ ❤✐❣❤❡r ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♦♥

r❛t❡✳

❚❤❡ ♠❛✐♥ ❞❡♣❛rt✉r❡ ♦❢ ♦✉r ❛♥❛❧②s✐s ❢r♦♠ t❤❡ ❡❛r❧✐❡r ❧✐t❡r❛t✉r❡✱ ❤♦✇❡✈❡r✱ ❧✐❡s ✐♥ t❤❡ ❧♦♥❣

r✉♥✱ ✇❤❡r❡ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ✇❡ ❡♥❞♦❣❡♥✐③❡❞ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ❛s ✇❡❧❧✳ ■♥

t❤❡ ❧♦♥❣✲r✉♥✱ ✇❡ ❢♦✉♥❞ r✐❝❤❡r ❞②♥❛♠✐❝s t❤❛♥ ❍❡✐♥ ✭✷✵✶✷❛✮✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥

♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

❛♥❞ ❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ❝❛♥ ❧❡❛❞ t♦ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ❡❝♦♥♦♠② ❝❛♥ ❜❡

❡✐t❤❡r ✐♥ ❛ ❞❡❜t✲❧❡❞ ♦r ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ■t ✐s ❢♦✉♥❞ t❤❛t

t❤❡r❡ ✐s ❛❧✇❛②s ❛ ✉♥✐q✉❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ s❡✈❡r❛❧ ❝❛s❡s ❝❛♥ ♦❝❝✉r✳ ■❢

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ t❤❡ st❡❛❞②✲st❛t❡

❡q✉✐❧✐❜r✐✉♠ ✐s ❡✐t❤❡r st❛❜❧❡ ♦r s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐♥ ❛ ♠♦❞❡r❛t❡ ♦r ✐♥ ❛ str♦♥❣

❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛❧♦♥❣ ✇✐t❤ st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛

❧✐♠✐t ❝②❝❧❡ ✐s ❛❧s♦ ♣♦ss✐❜❧❡✳

❲❡ ❢♦✉♥❞ t❤❛t ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ❡✐t❤❡r ✐♥ ❛ ♠♦❞❡r❛t❡ ♦r ✐♥ ❛ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞

❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡✱ t❤❡ ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❢♦r

❛❝❤✐❡✈✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❆s ❧♦♥❣ ❛s ❛ ✉♥✐q✉❡ st❡❛❞② st❛t❡ ❡①✐sts✱ ❛ ❧♦✇❡r

✈❛❧✉❡ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭d < l
2h
✮ ❡♥s✉r❡s t❤❡ st❡❛❞② st❛t❡ t♦ ❜❡ st❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐♥

❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✱ ❛ ❧♦✇❡r ✈❛❧✉❡ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭d < l
2h
✮ ❡♥s✉r❡s ♦♥❡ ♦❢

t❤♦s❡ ❡q✉✐❧✐❜r✐❛ t♦ ❜❡ st❛❜❧❡✳ ❚❤✐s st❛❜✐❧✐t② ♦❝❝✉rs ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ❛s

❧♦♥❣ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥ l
2h
✱ ✐t ❤❛s ❛ ❞✐r❡❝t st❛❜❧❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦♥

✐ts❡❧❢✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥❞✐r❡❝t ❢❡❡❞❜❛❝❦ ♦♥ d ✐s ❡✐t❤❡r st❛❜❧❡✱ ♦r ✉♥st❛❜❧❡ ❛♥❞

✇❡❛❦✳ ❲❤❡♥❡✈❡r ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❜❡②♦♥❞ l
2h
, ❡✐t❤❡r t❤❡ ❡❝♦♥♦♠② ✐s ✉♥st❛❜❧❡ ✭s❛❞❞❧❡

♣♦✐♥t✮ ♦r ✐ts st❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ρ✱ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡

✹✻



❞✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ✭❢♦r ❡①❛♠♣❧❡ ✐♥ ❝❛s❡ ✷✳✷❜✱ ♣♦✐♥t E5✮✳ ❍❡r❡✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

❤❛s ❛♥ ✉♥st❛❜❧❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t✳ ❋✉rt❤❡r✱ t❤❡ ✐♥❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ✐s ❡✐t❤❡r r❡❧❛t✐✈❡❧②

✇❡❛❦ ✭✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ ρ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ✐t ❝❛✉s❡s s❛❞❞❧❡ ♣♦✐♥t ✐♥st❛❜✐❧✐t②✮ ♦r

t❤❡ ✐♥❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❞❡♣❡♥❞s ♦♥ t❤❡ s✐③❡ ♦❢ ρ✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ ρ

✭✇❤❡♥ ρ ❡①❝❡❡❞s ρ̂✮ ❡♥s✉r❡s st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋✉rt❤❡r✱ ✭✐♥ ❝❛s❡ ✷✳✶✳✷✳❜ ❛♥❞ ❝❛s❡

✷✳✷✳❜✮✱ ✇❤❡♥ ρ ❢❛❧❧s t♦ ρ̂ t❤❡ s②st❡♠ ✇✐t❤ ❛ st❛❜❧❡ st❡❛❞② st❛t❡ ❧♦s❡s ✐ts st❛❜✐❧✐t② ❛♥❞ ❣✐✈❡s

❜✐rt❤ t♦ ❧✐♠✐t ❝②❝❧❡s✳

❲❡ ♦❜s❡r✈❡❞ t❤❛t ✐♥ t❤❡ s❤♦rt r✉♥✱ ❛ r✐s❡ ✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡

t❛❦❡♦✈❡rs ❡t❝✳ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱

t❤❡ r❡s✉❧t ✐s ♥❡❡❞ ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ s❛♠❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❝❛s❡ ✷✳✷✳❜ ❛♥❞ ✷✳✷✳❡✱ ❤♦st✐❧❡

t❛❦❡♦✈❡rs✱ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❆ r✐s❡ ✐♥

t❤❡ ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ❡t❝✳ ❝❛✉s❡s ❛ r✐s❡ ✐♥ t❤❡ ❞❡s✐r❡❞

♣r♦✜t s❤❛r❡ ♦❢ ✜r♠s✳ ❈❡t❡r✐s ♣❛r✐❜✉s✱ ✐t ❧❡❛❞s t♦ ❛♥ ✐♥✐t✐❛❧ r✐s❡ ✐♥ t❤❡ ♣r♦✜t s❤❛r❡✳ ❆s s♦♦♥

❛s ♣r♦✜t s❤❛r❡ r✐s❡s✱ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭3.5) ✐t ✐♥❝r❡❛s❡s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭❛s J12 > 0

❤❡r❡✮✳ ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ str♦♥❣ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d ❧❡❛❞s t♦

❛ r❡♠❛r❦❛❜❧❡ ❢❛❧❧ ✐♥ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s t❤❡ ❞❡s✐r❡❞ ♣r♦✜t

s❤❛r❡ ♦❢ ✜r♠s s✐❣♥✐✜❝❛♥t❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♣r♦✜t s❤❛r❡ ❢❛❧❧s✳ ❚❤✐s ❢❛❧❧ ✐♥ ♣r♦✜t s❤❛r❡

♠♦r❡ t❤❛♥ ❝♦♠♣❡♥s❛t❡s t❤❡ ✐♥✐t✐❛❧ r✐s❡ ✐♥ π✳

❲❡ ❢♦✉♥❞ t❤❛t ✉♥❞❡r ❝❛s❡ ✷✳✷✳❝ ♣♦✐♥t E4✱ t♦ ❛❝❤✐❡✈❡ ❛ ❤✐❣❤❡r ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ t♦ ❛❝❤✐❡✈❡ ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ✭✈✐s✲

à✲✈✐s ✇♦r❦❡rs✮✱ ♠♦r❡ str✐♥❣❡♥t r✉❧❡s r❡❣❛r❞✐♥❣ ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs

❛r❡ ❞❡s✐r❛❜❧❡✳✸✾ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r s✉✣❝✐❡♥t❧② ❤✐❣❤ ✐♥❝r❡♠❡♥t ✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs✱

❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs✱ t❤❡ ❡❝♦♥♦♠② ❝❛♥ ♠♦✈❡ ❛✇❛② ❢r♦♠ t❤❡ st❛❜❧❡ st❡❛❞②

st❛t❡ ✭E4) t♦ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ✭E10) ✐✳❡✳ ✐♥st❛❜✐❧✐t② ❡♠❡r❣❡s ✐♥ t❤❡ ❡❝♦♥♦♠②✹✵ ✭s❡❡ ❋✐❣✉r❡

✺✳✷❝✮✳

❯♥❞❡r ❛ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ ✜r♠s ❞✐str✐❜✉t❡ t❤❡✐r ❡♥t✐r❡ ♣r♦✜t t♦ t❤❡ r❡♥t✐❡rs ❛♥❞ r❡♥t✐❡rs

❤❛✈❡ ③❡r♦ ❝♦♥s✉♠♣t✐♦♥ ♣r♦♣❡♥s✐t② ♦✉t ♦❢ ✇❡❛❧t❤✱ ♦♥❧② ❛ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞② st❛t❡ ❛r✐s❡s

✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❍❡r❡ ✇❡ ❢♦✉♥❞ t❤❛t ♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ❤❛✈❡

❛♥ ✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ s❤❛r❡ ♦❢ ♣r♦✜t ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❍♦✇❡✈❡r✱ ✐♥

t❤❡ ❧♦♥❣ r✉♥✱ ❛ r✐s❡ ✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ ♠❡r❣❡rs ❛♥❞ s♦ ♦♥ ❤❛✈❡ ♥♦ ❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡s❡ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s ♥❡❣❛t✐✈❡❧② ❛✛❡❝t t❤❡ ❧♦♥❣ r✉♥

❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✉♥❞❡r t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t♦

❛❝❤✐❡✈❡ ❛ ❤✐❣❤❡r ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ t♦ ❛❝❤✐❡✈❡ ❛♥ ✐♠♣r♦✈❡♠❡♥t

✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ✭✈✐s✲à✲✈✐s ✇♦r❦❡rs✮✱ ♠♦r❡ str✐♥❣❡♥t r✉❧❡s r❡❣❛r❞✐♥❣

♠❡r❣❡rs✱ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ❤♦st✐❧❡ t❛❦❡♦✈❡rs ❛r❡ ❞❡s✐r❛❜❧❡✳

✸✾❙❛♠❡ ✐s tr✉❡ ❢♦r ♣♦✐♥t E4 ♦❢ ❝❛s❡ ✷✳✶✳✷✳❛✱ ✷✳✶✳✷✳❝✱ ✷✳✷✳❛✱ ❛♥❞ ✷✳✷✳❞ ❛s ✇❡❧❧✳
✹✵❙❛♠❡ ✐s tr✉❡ ✐♥ ❝❛s❡ ✷✳✶✳✷✳❝ ❛♥❞ ✷✳✷✳❞ ❛s ✇❡❧❧✳

✹✼



❚❤❡ ❛♥❛❧②t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐♥ t❤✐s ♣❛♣❡r ✐s s✉❜❥❡❝t t♦ ❛ ❢❡✇ ❧✐♠✐t❛t✐♦♥s✳ ❋✐rst✱ ✇❡ ❞✐❞ ♥♦t

❢♦❝✉s ♦♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✜r♠s✬ ✐♥❞❡❜t❡❞♥❡ss✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❛ss✉♠❡❞ t❤❛t t❤❡ ✜r♠s✬

r❡t❡♥t✐♦♥ r❛t✐♦ ✐s ✜①❡❞✳ ❚❤❛t ❝❛♥ ❜❡ ❡♥❞♦❣❡♥✐③❡❞ t♦ ♠❛❦❡ t❤❡ ♠♦❞❡❧ ♠♦r❡ r❡❛❧✐st✐❝✳ ❚❤✐s✱

❤♦✇❡✈❡r✱ ✇✐❧❧ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❛♥♦t❤❡r ♣❛♣❡r✳ ❙❡❝♦♥❞✱ ✐♥ ♦✉r ♠♦❞❡❧✱ ❜❛♥❦s ❤❛✈❡ ♣❧❛②❡❞ ❛

♣❛ss✐✈❡ r♦❧❡✳ ❋✐♥❛❧❧②✱ ♦✉r ♠♦❞❡❧ ✐s t❤❛t ♦❢ ❛ ❝❧♦s❡❞ ❡❝♦♥♦♠② ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ r♦❧❡ ❢♦r t❤❡

❣♦✈❡r♥♠❡♥t✳ ❚❤❡s❡ ✐ss✉❡s ❛r❡✱ ❤♦✇❡✈❡r✱ ❧❡❢t ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆♥❞r❛❞❡✱ ●✳✱ ▼✐t❝❤❡❧❧✱ ▼✳✱ ✫ ❙t❛✛♦r❞✱ ❊✳ ✭✷✵✵✶✮✳ ◆❡✇ ❊✈✐❞❡♥❝❡ ❛♥❞ P❡r✲

s♣❡❝t✐✈❡s ♦♥ ▼❡r❣❡rs✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡✱ ✶✺✭✷✮✱ ♣♣✳ ✶✵✸✲✶✷✵✳

❞♦✐✿✶✵✳✶✷✺✼✴❥❡♣✳✶✺✳✷✳✶✵✸

❬✷❪ ❇❛r❜❛✱ ❆✳✱ ✫ P✐✈❡tt✐✱ ▼✳ ✭✷✵✵✾✮✳ ❘✐s✐♥❣ ❤♦✉s❡❤♦❧❞ ❞❡❜t✿ ■ts ❝❛✉s❡s ❛♥❞ ♠❛❝r♦❡❝♦✲

♥♦♠✐❝ ✐♠♣❧✐❝❛t✐♦♥s✲ ❛ ❧♦♥❣✲♣❡r✐♦❞ ❛♥❛❧②s✐s✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✸✸✭✶✮✱

✶✶✸✕✶✸✼✳ ❞♦✐✿✶✵✳✶✵✾✸✴❝❥❡✴❜❡♥✵✸✵

❬✸❪ ❇❤❛❞✉r✐✱ ❆✳ ✭✷✵✶✶✮✳ ❆ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t❤❡♦r② ♦❢ ✜♥❛♥❝✐❛❧ ❢r❛❣✐❧✐t② ❛♥❞ ❝r✐s✐s✳

❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✸✺✭✻✮✱ ✾✾✺✕✶✵✶✹✳ ❞♦✐✿✶✵✳✶✵✾✸✴❝❥❡✴❜❡r✵✶✶

❬✹❪ ❇♦②❡r✱ ❘✳ ✭✷✵✵✵✮✳ ■s ❛ ✜♥❛♥❝❡✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ❛ ✈✐❛❜❧❡ ❛❧t❡r♥❛t✐✈❡ t♦

❋♦r❞✐s♠❄ ❆ ♣r❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s✳ ❊❝♦♥♦♠② ❛♥❞ ❙♦❝✐❡t②✱ ✷✾✭✶✮✱ ✶✶✶✕✶✹✺✳

❞♦✐✿✶✵✳✶✵✽✵✴✵✸✵✽✺✶✹✵✵✸✻✵✺✽✼

❬✺❪ ❈r♦tt②✱ ❏✳ ✭✷✵✵✸✮✳ ❚❤❡ ◆❡♦❧✐❜❡r❛❧ P❛r❛❞♦①✿ ❚❤❡ ■♠♣❛❝t ♦❢ ❉❡str✉❝t✐✈❡ Pr♦❞✲

✉❝t ▼❛r❦❡t ❈♦♠♣❡t✐t✐♦♥ ❛♥❞ ■♠♣❛t✐❡♥t ❋✐♥❛♥❝❡ ♦♥ ◆♦♥ ✜♥❛♥❝✐❛❧ ❈♦r♣♦r❛t✐♦♥s

✐♥ t❤❡ ◆❡♦✲❧✐❜❡r❛❧ ❊r❛✳ ❘❡✈✐❡✇ ♦❢ ❘❛❞✐❝❛❧ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠✐❝s✱ ✸✺✭✸✮✱ ✷✼✶✕✷✼✾✳

❞♦✐✿✶✵✳✶✶✼✼✴✵✹✽✻✻✶✸✹✵✸✷✺✺✺✸✸

❬✻❪ ❈②♥❛♠♦♥✱ ❇✳ ❩✳✱ ✫ ❋❛③③❛r✐✱ ❙✳ ▼✳ ✭✷✵✶✺✮✳ ❘✐s✐♥❣ ■♥❡q✉❛❧✐t② ❛♥❞

❙t❛❣♥❛t✐♦♥ ✐♥ t❤❡ ❯❙ ❊❝♦♥♦♠②✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞

❊❝♦♥♦♠✐❝ P♦❧✐❝✐❡s✿ ■♥t❡r✈❡♥t✐♦♥✱ ✶✷✭✷✮✱ ✶✼✵✕ ✶✽✷✳ ❘❡tr✐❡✈❡❞ ❢r♦♠

❤tt♣s✿✴✴♣❞❢s✳s❡♠❛♥t✐❝s❝❤♦❧❛r✳♦r❣✴✻❝❜❝✴❝✷✾❝✶✽✽✺✶❛✺❡❛✻❛✺❜❜✶✹✷✻✹✾❢✺❞✵❜✷✶✹❛✹✸❜✳♣❞❢

❬✼❪ ❉✉❡s❡♥❜❡rr②✱ ❏✳ ❙✳ ✭✶✾✹✾✮✳ ■♥❝♦♠❡✱ ❙❛✈✐♥❣ ❛♥❞ t❤❡ ❚❤❡♦r② ♦❢ ❈♦♥s✉♠❡r ❇❡❤❛✈✐♦rs✳

❈❛♠❜r✐❞❣❡✱ ▼❆✿ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❬✽❪ ❉✉tt ❆✳ ❑✳ ✭✶✾✾✷✮✳ ❈♦♥✢✐❝t ■♥✢❛t✐♦♥✱ ❉✐str✐❜✉t✐♦♥✱ ❈②❝❧✐❝❛❧ ❆❝❝✉♠✉❧❛t✐♦♥ ❛♥❞

❈r✐s✐s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✽✭✹✮✱ ✺✼✾✕✺✾✼✳ ❞♦✐✿✶✵✳✶✵✶✻✴✵✶✼✻✲

✷✻✽✵✭✾✷✮✾✵✵✹✷✲❢
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❬✾❪ ❉✉tt ❆✳ ❑✳ ✭✷✵✵✻✮✳ ▼❛t✉r✐t②✱ st❛❣♥❛t✐♦♥ ❛♥❞ ❝♦♥s✉♠❡r ❞❡❜t✿ ❛ ❙t❡✐♥❞❧✐❛♥ ❛♣♣r♦❛❝❤✳

▼❡tr♦❡❝♦♥♦♠✐❝❛✱ ✺✼✭✸✮✱ ✸✸✾✲✸✻✹✳ ❞♦✐✿✶✵✳✶✶✶✶✴❥✳✶✹✻✼✲✾✾✾①✳✷✵✵✻✳✵✵✷✹✻✳①

❬✶✵❪ ❉✉tt✱ ❆✳ ❑✳ ✭✷✵✶✷✮✳ ❉✐str✐❜✉t✐♦♥❛❧ ❞②♥❛♠✐❝s ✐♥ ♣♦st✲❑❡②♥❡s✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧s✳ ❏♦✉r✲

♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✱ ✸✹✭✸✮✱ ✹✸✶✕✹✺✶✳ ❞♦✐✿✶✵✳✷✼✺✸✴♣❦❡✵✶✻✵✲✸✹✼✼✸✹✵✸✵✸

❬✶✶❪ ●❛♥❞♦❧❢♦✱ ●✳ ✭✶✾✾✼✮✳ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ❙♣r✐♥❣❡r✳

❬✶✷❪ ●✐r♦✉❛r❞✱ ◆✳✱ ✫ ❇❧ö♥❞❛❧✱ ❙✳ ✭✷✵✵✶✮✳ ❍♦✉s❡ Pr✐❝❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ❖❊❈❉

❊❝♦♥♦♠✐❝s ❉❡♣❛rt♠❡♥t✱ ❲♦r❦✐♥❣ P❛♣❡rs✱ ◆♦✳ ✷✼✾✱ ❖❊❈❉ P✉❜❧✐s❤✐♥❣✳ ❘❡tr✐❡✈❡❞ ❢r♦♠

❤tt♣✿✴✴s❡❛r❝❤✳♦❡❝❞✳♦r❣✴❢r✴❡❝♦♥♦♠✐❡✴♠♦♥❡t❛✐r❡✴✸✹✺✺✸✷✹✶✳♣❞❢

❬✶✸❪ ●♦❞❧❡②✱ ❲✳✱ ✫ ▲❛✈♦✐❡✱ ▼✳ ✭✷✵✵✼✮✳ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✿ ❆♥ ■♥t❡❣r❛t❡❞ ❆♣♣r♦❛❝❤ t♦

❈r❡❞✐t✱ ▼♦♥❡②✱ ■♥❝♦♠❡✱ Pr♦❞✉❝t✐♦♥ ❛♥❞ ❲❡❛❧t❤✳ P❛❧❣r❛✈❡ ▼❛❝♠✐❧❧❛♥

❬✶✹❪ ❍❡✐♥✱ ❊✳ ✭✷✵✶✷❛✮✳ ❋✐♥❛♥❝❡✲❞♦♠✐♥❛t❡❞ ❝❛♣✐t❛❧✐s♠✱ r❡✲❞✐str✐❜✉t✐♦♥✱ ❤♦✉s❡✲

❤♦❧❞ ❞❡❜t ❛♥❞ ✜♥❛♥❝✐❛❧ ❢r❛❣✐❧✐t② ✐♥ ❛ ❑❛❧❡❝❦✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞
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❛♥❞ ♣r♦❣♥♦s✐s✳ ■♥✿ ❈②♥❛♠♦♥✱ ❇✳ ❩✳✱ ❋❛③③❛r✐✱ ❙✳ ▼✳✱ ✫ ❙❡tt❡r✜❡❧❞✱ ▼✳ ✭❊❞s✳✮✱ ❆❢t❡r

t❤❡ ●r❡❛t ❘❡❝❡ss✐♦♥✿ ❚❤❡ ❙tr✉❣❣❧❡ ❢♦r ❊❝♦♥♦♠✐❝ ❘❡❝♦✈❡r② ❛♥❞ ●r♦✇t❤✱ ❈❛♠❜r✐❞❣❡
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❆ ❆♣♣❡♥❞✐①

❆✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

Pr♦♦❢✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✸✳✷✮ ✫ ✭✸✳✶✵✮ ✐s

µ2 + (−tr✭❏✮)µ+❉❡t✭❏✮ = 0.
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❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢♦r ❝♦♠♣❧❡① r♦♦ts ✐s ❉❡t✭❏✮ > 0✱ ✇❤✐❝❤ ✐s

s❛t✐s✜❡❞ ❛t E5 ♦❢ ❝❛s❡ ✷✳✷✳❜✳ ❚❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❝❛♥ ❜❡ ♠❛❞❡ ❡✐t❤❡r ♣♦s✐t✐✈❡

♦r ♥❡❣❛t✐✈❡ ❜② ❛♣♣r♦♣r✐❛t❡❧② s❡❧❡❝t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ρ ✇❤✐❧❡ ❧❡❛✈✐♥❣ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs

❝♦♥st❛♥t✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t tr✭❏✮ = J11 + J22 = −2hd+l
ψπ−β

+ ρ
[
−2ψπ+(ψγ0+β)

ψπ−β

]

✳ ❍❡♥❝❡

✇❤❡♥ ρ = ρ̂ = l−2hd
2ψπ−(ψγ0+β)

> 0 ✭ ∵(l − 2hd) > 0,{2ψπ − (ψγ0 + β)} > 0), t❤❡ ❢♦❧❧♦✇✐♥❣

❡q✉❛t✐♦♥ ❤♦❧❞s ❡①❛❝t❧②✿

tr✭❏✮ = 2 ∗ ❘❡µ =
−2hd+ l

ψπ − β
+ ρ

[−2ψπ + (ψγ0 + β)

ψπ − β

]

= 0

✇❤❡r❡ tr✭❏✮ ✐s t❤❡ tr❛❝❡ ♦❢ J ❛♥❞ ❘❡µ ✐s t❤❡ r❡❛❧ ♣❛rt ♦❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ r♦♦ts✳ ❆s t❤❡

❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ r♦♦ts ✐s ♣♦s✐t✐✈❡ ✐♥ ❛

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛ss✉r✐♥❣ ■♠µ 6= 0✳ ◆♦✇ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ tr❛❝❡ ♦❢ t❤❡

❏❛❝♦❜✐❛♥ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ ρ ❛♥❞ t❤❡♥ ❡✈❛❧✉❛t✐♥❣ ✐t ❛t ρ = ρ̂ ✇❡ ❣❡t

∂( tr✭❏✮
2

)

∂ρ

∣
∣
∣
ρ=ρ̂

=
−2ψπ + (ψγ0 + β)

2(ψπ − β)
< 0 ✭ ∵ (ψγ0 + β)− 2ψπ < 0)

❙♦ t❤❡ tr❛❝❡ ✐s s♠♦♦t❤✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞✲

❥✉st♠❡♥t ♣❛r❛♠❡t❡r✱ ρ✳ ❚❤❡ tr❛❝❡ ❞✐s❛♣♣❡❛rs ❛t ρ = ρ̂. ❆❧s♦ ♥♦t❡ t❤❛t tr✭❏✮ R 0 ⇐⇒
ρ ⋚ ρ̂. ❋r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❛t

ρ = ρ̂✳✹✶

✹✶❚❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ●❛♥❞♦❧❢♦ ✭✶✾✾✼✮✳
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