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Pr✐❝❡ ❆❞✈❡rt✐s✐♥❣✱ ❉♦✉❜❧❡ ▼❛r❣✐♥❛❧✐s❛t✐♦♥ ❛♥❞ ❱❡rt✐❝❛❧

❘❡str❛✐♥ts

▲✉❦❡ ●❛rr♦❞✱ ▼❛tt❤❡✇ ❖❧❝③❛❦ ❛♥❞ ❈❤r✐s ▼✳ ❲✐❧s♦♥✯

❆✉❣✉st ✷✻✱ ✷✵✷✵

❆❜str❛❝t

❚❤❡ ❞❡✈❡❧♦♣✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ✈❡rt✐❝❛❧ r❡❧❛t✐♦♥s ❤❛s

②❡t t♦ ❝♦♥s✐❞❡r ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✈✐❛ ❝♦st❧② r❡t❛✐❧ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✳ ❇② ❡①♣❧♦r✲

✐♥❣ t❤✐s✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥ ♣r♦❜❧❡♠ ❡①✐sts ✐♥ ❡q✉✐❧✐❜r✐✉♠

❞❡s♣✐t❡ ❛♥ ✉♣str❡❛♠ s✉♣♣❧✐❡r ♦✛❡r✐♥❣ ❛ t✇♦✲♣❛rt t❛r✐✛ t❤❛t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡

t♦ ❝♦♥s✉♠❡rs✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ s✉♣♣❧✐❡r ❡❧✐❝✐ts ❤✐❣❤❡r r❡t❛✐❧ ♣r✐❝❡s t♦ str❛t❡❣✐❝❛❧❧②

r❡❞✉❝❡ r❡t❛✐❧❡rs✬ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t ❛❞❞✐t✐♦♥❛❧ r❡♥ts✳ ❲❡

t❤❡♥ ❞❡♠♦♥str❛t❡ ❤♦✇ ✈❡rt✐❝❛❧ r❡str❛✐♥ts✱ s✉❝❤ ❛s r❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡✱ ❝❛♥ ✐♥✲

❝r❡❛s❡ s✉♣♣❧②✲❝❤❛✐♥ ♣r♦✜ts ❛♥❞ ❝♦♥s✉♠❡r ✇❡❧❢❛r❡ ❜② ❧♦✇❡r✐♥❣ r❡t❛✐❧ ♣r✐❝❡s ❞❡s♣✐t❡

♣❛r❛❞♦①✐❝❛❧❧② ❞✐s❝♦✉r❛❣✐♥❣ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✳

❑❡②✇♦r❞s✿ Pr✐❝❡ ❆❞✈❡rt✐s✐♥❣❀ ❈♦♥s✉♠❡r ❙❡❛r❝❤❀ ❉♦✉❜❧❡ ▼❛r❣✐♥❛❧✐s❛t✐♦♥❀ ❱❡rt✐❝❛❧ ❘❡✲

str❛✐♥ts❀ ❈❧❡❛r✐♥❣❤♦✉s❡

❏❊▲ ❈♦❞❡s✿ ❉✹✵❀ ❉✽✸❀ ▲✹✷

❲♦r❞ ❈♦✉♥t✿ ✶✾✾✻

✯●❛rr♦❞ ❛♥❞ ❲✐❧s♦♥✿ ❙❝❤♦♦❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝s✱ ▲♦✉❣❤❜♦r♦✉❣❤ ❯♥✐✈❡rs✐t②✱ ▲♦✉❣❤❜♦r♦✉❣❤✱
▲❊✶✶ ✸❚❯✱ ❯❑❀ ❧✳❣❛rr♦❞❅❧❜♦r♦✳❛❝✳✉❦ ❛♥❞ ❝✳♠✳✇✐❧s♦♥❅❧❜♦r♦✳❛❝✳✉❦✳ ❖❧❝③❛❦✿ ❆st♦♥ ❇✉s✐♥❡ss ❙❝❤♦♦❧✱
❆st♦♥ ❯♥✐✈❡rs✐t②✱ ❇✐r♠✐♥❣❤❛♠✱ ❇✹ ✼❊❚✱ ❯❑❀ ♠✳♦❧❝③❛❦❅❛st♦♥✳❛❝✳✉❦✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r ✐s
❈❤r✐s ❲✐❧s♦♥✳ ❉❡❝❧❛r❛t✐♦♥s ♦❢ ✐♥t❡r❡st✿ ♥♦♥❡✳ ❲❡ t❤❛♥❦ ❍❡s❦✐ ❇❛r✲■s❛❛❝✱ ❉❛♥✐❡❧ ●❛r❝✐❛ ❛♥❞ ▼❛❛rt❡♥
❏❛♥ss❡♥ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡r❡ ✐s ❛ ❞❡✈❡❧♦♣✐♥❣ ❧✐t❡r❛t✉r❡ t❤❛t s❤♦✇s ❤♦✇ ❧✐♠✐t❡❞ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

♣r✐❝❡s ✐s ✐♠♣♦rt❛♥t ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ✈❡rt✐❝❛❧ r❡❧❛t✐♦♥s ❛♥❞ t❤❡ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢

✈❡rt✐❝❛❧ r❡str❛✐♥ts ✭❡✳❣✳ ❆s❦❡r ❛♥❞ ❇❛r✲■s❛❛❝ ✷✵✷✵✱ ❏❛♥ss❡♥ ❛♥❞ ❑❡ ✷✵✷✵✱ ❏❛♥ss❡♥ ✷✵✷✵✮✳

❖♥❡ str❛♥❞ ♦❢ t❤✐s ❧✐t❡r❛t✉r❡ ❞❡♠♦♥str❛t❡s t❤❛t ✇❤❡♥ ❝♦♥s✉♠❡rs ❛❝q✉✐r❡ ✐♥❢♦r♠❛t✐♦♥

❛❜♦✉t r❡t❛✐❧ ♣r✐❝❡s t❤r♦✉❣❤ ❝♦st❧② s❡❛r❝❤✱ t❤❡ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡✲

❝♦♠❡ ❡①❛❣❣❡r❛t❡❞ ✇❤❡♥ ❝♦♥s✉♠❡rs ❛r❡ ❛❧s♦ ✉♥✐♥❢♦r♠❡❞ ♦❢ ✇❤♦❧❡s❛❧❡ ♣r✐❝❡s✱ ❧❡❛❞✐♥❣ t♦

❧♦✇❡r ✇❡❧❢❛r❡ ✭❡✳❣✳ ❏❛♥ss❡♥ ❛♥❞ ❙❤❡❧❡❣✐❛ ✷✵✶✺✱ ●❛r❝✐❛ ❡t ❛❧ ✷✵✶✼✮✳

❲❤✐❧❡ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❜② ❝♦♥s✉♠❡rs ✐s ✉♥❞♦✉❜t❡❞❧② ✐♠♣♦rt❛♥t ✐♥ ✉♥✲

❞❡rst❛♥❞✐♥❣ ✈❡rt✐❝❛❧ r❡❧❛t✐♦♥s✱ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s ②❡t t♦ ❝♦♥s✐❞❡r ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥

t♦ ❝♦♥s✉♠❡rs ✈✐❛ r❡t❛✐❧❡rs✬ ❝♦st❧② ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✳ ❚❤✐s ♦♠✐ss✐♦♥ ✐s s✐❣♥✐✜❝❛♥t ❜❡❝❛✉s❡✱

✉♥❧✐❦❡ t❤❡ ❝♦sts ♦❢ ❝♦♥s✉♠❡r s❡❛r❝❤✱ t❤❡ ❝♦sts ♦❢ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣ ❛r❡ ❜♦r♥❡ ❜② r❡t❛✐❧❡rs✳

❆s s✉❝❤ ❡①♣❡♥❞✐t✉r❡s ✇✐❧❧ ❛✛❡❝t t❤❡ ♣r♦✜ts ♦❢ t❤❡ s✉♣♣❧② ❝❤❛✐♥✱ t❤❡② ♠❛② ♥♦t ❜❡ ✐♥ ❛

s✉♣♣❧✐❡r✬s ✐♥t❡r❡sts✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ s✉♣♣❧✐❡r ♠❛② ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ str❛t❡❣✐❝❛❧❧②

❞❡t❡r r❡t❛✐❧ ❛❞✈❡rt✐s✐♥❣ ✇✐t❤ ❞✐✛❡r❡♥t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ♣r✐❝❡s ❛♥❞ ✇❡❧❢❛r❡✳

❚♦ ❡①♣❧♦r❡ t❤✐s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✉♣str❡❛♠ ♠♦♥♦♣♦❧② s✉♣♣❧✐❡r ✐♥t♦ ❛ ❝❧❡❛r✐♥❣❤♦✉s❡✲

st②❧❡ ♠♦❞❡❧ ✇❤❡r❡ r❡t❛✐❧❡rs ❝❛♥ ❛❞✈❡rt✐s❡ t❤❡✐r ♣r✐❝❡ t♦ ❝♦♥s✉♠❡rs ✭❡✳❣✳ ❇❛②❡ ❛♥❞ ▼♦r❣❛♥

✷✵✵✶✮✳ ❲❡ s❤♦✇ ❤♦✇ t❤❡ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥ ♣r♦❜❧❡♠ ❡①✐sts ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥

r❡t❛✐❧❡rs✬ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✐s ♣♦s✐t✐✈❡ ❞❡s♣✐t❡ ✐✮ t❤❡ s✉♣♣❧✐❡r ♦✛❡r✐♥❣ ❛ t✇♦✲♣❛rt

t❛r✐✛✱ ❛♥❞ ✐✐✮ t❤❡ t❛r✐✛ ❜❡✐♥❣ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ t♦ ❝♦♥s✉♠❡rs✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ s✉♣✲

♣❧✐❡r ❡❧✐❝✐ts ❤✐❣❤❡r r❡t❛✐❧ ♣r✐❝❡s t♦ r❡❞✉❝❡ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t

❧❛r❣❡r r❡♥ts ❢r♦♠ r❡t❛✐❧❡rs✳ ❲❡ t❤❡♥ ❞❡♠♦♥str❛t❡ ❤♦✇ ✈❡rt✐❝❛❧ r❡str❛✐♥ts✱ s✉❝❤ ❛s r❡s❛❧❡

♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡ ✭❘P▼✮✱ ❝❛♥ ✐♥❝r❡❛s❡ s✉♣♣❧②✲❝❤❛✐♥ ♣r♦✜ts ❛♥❞ ❝♦♥s✉♠❡r ✇❡❧❢❛r❡ ❜②

❧♦✇❡r✐♥❣ r❡t❛✐❧ ♣r✐❝❡s ❞❡s♣✐t❡ ♣❛r❛❞♦①✐❝❛❧❧② ❞✐s❝♦✉r❛❣✐♥❣ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✳

❆ ❧♦♦s❡❧② r❡❧❛t❡❞ ♣❛♣❡r ✐s ❆s❦❡r ❛♥❞ ❇❛r✲■s❛❛❝ ✭✷✵✷✵✮✳ ■♥ ❛ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❝♦st❧❡ss

♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✱ t❤❡② ❛♥❛❧②s❡ ♠❛♥✉❢❛❝t✉r❡rs✬ ✉s❡ ♦❢ ♠✐♥✐♠✉♠✲❛❞✈❡rt✐s❡❞✲♣r✐❝❡ ✭▼❆P✮

r❡str✐❝t✐♦♥s t❤❛t ❡♥❢♦r❝❡ ❛ ♣r✐❝❡ ✢♦♦r ♦♥ r❡t❛✐❧❡rs✬ ❛❞✈❡rt✐s❡❞ ♣r✐❝❡s ✇✐t❤♦✉t r❡str✐❝t✲

✐♥❣ tr❛♥s❛❝t✐♦♥ ♣r✐❝❡s✳ ●✐✈❡♥ ✐t ✐s ❝♦st❧❡ss✱ r❡t❛✐❧❡rs ❛❧✇❛②s ❛❞✈❡rt✐s❡ ❛♥❞ ♠❛♥✉❢❛❝t✉r❡rs

❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡t❡r ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡✳ ■♥ ❝♦♥tr❛st✱ r❛t❤❡r t❤❛♥ ❢♦❝✉ss✐♥❣ ♦♥

▼❆Ps✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦st❧② ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣ ♦♥ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✲

✐s❛t✐♦♥ ❛♥❞ ✈❡rt✐❝❛❧ r❡str❛✐♥ts ♠♦r❡ ✇✐❞❡❧②✳
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✷ ▼♦❞❡❧

❙✉♣♣♦s❡ ❛ ♠♦♥♦♣♦❧② s✉♣♣❧✐❡r✱ S, s❡❧❧s ✐ts ♣r♦❞✉❝t t♦ ❝♦♥s✉♠❡rs t❤r♦✉❣❤ n ≥ 2 ✐❞❡♥t✐❝❛❧

r❡t❛✐❧❡rs✱ i = {1, ..., n}. ❚❤❡ s✉♣♣❧✐❡r✬s ♠❛r❣✐♥❛❧ ❝♦st ✐s c ≥ 0 ❛♥❞ ✜①❡❞ ❝♦sts ❛r❡

③❡r♦✳ ❚♦ ❝♦♥str❛st ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ✭❡✳❣✳ ❏❛♥ss❡♥ ❛♥❞ ❙❤❡❧❡❣✐❛ ✷✵✶✺✮✱ ✇❡

❞❡❧✐❜❡r❛t❡❧② ❢♦❝✉s ♦♥ ❛ s✐♠♣❧❡ s❡tt✐♥❣✱ ✇❤❡r❡ ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ t❤❛t t❤❡ s✉♣♣❧✐❡r

♦✛❡rs ❛❧❧ r❡t❛✐❧❡rs t❤❡ s❛♠❡ t✇♦✲♣❛rt t❛r✐✛ ✇✐t❤ ❛ ✇❤♦❧❡s❛❧❡ ♣r✐❝❡✱ w✱ ❛♥❞ ❛ ✜①❡❞ ❢❡❡✱

F ✳ ❘❡t❛✐❧❡rs ❤❛✈❡ ♥♦ ❛❞❞✐t✐♦♥❛❧ ♣r♦❞✉❝t✐♦♥ ❝♦sts✳ ❘❡t❛✐❧❡r i ❝❤❛r❣❡s ❛ ✉♥✐t ♣r✐❝❡✱ pi✱

❛♥❞ ❝❤♦♦s❡s ✇❤❡t❤❡r t♦ ❛❞✈❡rt✐s❡ t❤✐s t♦ ❝♦♥s✉♠❡rs✱ ai = 1✱ ♦r ♥♦t✱ ai = 0✱ ✇❤❡r❡

❛❞✈❡rt✐s✐♥❣ ✐♥❝✉rs ❛ ❝♦st✱ φ ≥ 0✳

❚❤❡r❡ ✐s ❛ ✉♥✐t ♠❛ss ♦❢ ❝♦♥s✉♠❡rs✳ ❆t ❛ r❡t❛✐❧ ♣r✐❝❡✱ p, ❡❛❝❤ ❝♦♥s✉♠❡r ❞❡♠❛♥❞s

q (p) = ♠❛①
{

v−p

b
, 0
}
✉♥✐ts✱ ✇❤❡r❡ v > c ❛♥❞ b > 0. ❈♦♥s✉♠❡rs ❛r❡ ✉♥✐♥❢♦r♠❡❞ ❛❜♦✉t

❛ r❡t❛✐❧❡r✬s ♣r✐❝❡ ✉♥❧❡ss ✐t ✐s ❛❞✈❡rt✐s❡❞✳ ❈♦♥s✐st❡♥t ✇✐t❤ ❇❛②❡ ❛♥❞ ▼♦r❣❛♥ ✭✷✵✵✶✮✱

❝♦♥s✉♠❡rs ❜❡❤❛✈❡ ❛s ❢♦❧❧♦✇s✳ ■❢ ♦♥❡ ♦r ♠♦r❡ r❡t❛✐❧❡rs ❛❞✈❡rt✐s❡ ❛ ♣r✐❝❡ ✭✇❡❛❦❧②✮ ❜❡❧♦✇

v✱ t❤❡♥ ❛❧❧ ❝♦♥s✉♠❡rs ❜✉② ❛t t❤❡ ❝❤❡❛♣❡st ❛❞✈❡rt✐s❡❞ ♣r✐❝❡ ✭s❡❧❡❝t✐♥❣ ❛t r❛♥❞♦♠ ❛♠♦♥❣st

❛♥② t✐❡❞ r❡t❛✐❧❡rs✮✳ ■❢ ♥♦ r❡t❛✐❧❡r ❛❞✈❡rt✐s❡s✱ t❤❡♥ ❝♦♥s✉♠❡rs ✈✐s✐t ❛ r❡t❛✐❧❡r ❛t r❛♥❞♦♠

❛♥❞ ❜✉② ♣r♦✈✐❞❡❞ t❤❡ ♣r✐❝❡ ❞♦❡s ♥♦t ❡①❝❡❡❞ v✳

❚❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙t❛❣❡ ✶✱ S ♦✛❡rs ✐ts t❛r✐✛✱ {w, F}✳ ■♥

❙t❛❣❡ ✷✱ r❡t❛✐❧❡rs ❛♥❞ ❝♦♥s✉♠❡rs ♦❜s❡r✈❡ {w, F}✱ t❤❡♥ ❡❛❝❤ r❡t❛✐❧❡r i s✐♠✉❧t❛♥❡♦✉s❧②

s❡❧❡❝ts pi ❛♥❞ ai ∈ {0, 1}✳ ❚♦ ❛❧❧♦✇ ❢♦r ♠✐①❡❞ str❛t❡❣✐❡s✱ ❞❡✜♥❡ αi ≡ Pr(ai = 1) ∈

[0, 1]✱ ❛♥❞ HA
i (p) ❛♥❞ HN

i (p) ❛s r❡t❛✐❧❡r i✬s ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ ai = 1 ❛♥❞ ai = 0✱

r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❙t❛❣❡ ✸✱ ❝♦♥s✉♠❡rs ♦❜s❡r✈❡ ❛♥② ❛❞✈❡rts ❛♥❞ ❜❡❤❛✈❡ ❛s ❛❜♦✈❡✳ ❲❡

❛♥❛❧②s❡ t❤❡ s②♠♠❡tr✐❝ s✉❜❣❛♠❡ ♣❡r❢❡❝t ◆❛s❤ ❡q✉✐❧✐❜r✐❛✳ ❋✐♥❛❧❧②✱ ❞❡♥♦t❡ ✐✮ ✭❡①♣❡❝t❡❞✮

t♦t❛❧ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ❛s A = φ
∑

i αi✱ ❛♥❞ ✐✐✮ r❡t❛✐❧❡rs✬ ♣❡r✲❝♦♥s✉♠❡r

♣r♦✜ts ❛s π (p;w) ≡ (p− w) q (p)✱ ✇❤✐❝❤ ❛r❡ ✉♥✐q✉❡❧② ♠❛①✐♠✐s❡❞ ❛t pm (w) = v+w
2

s♦

π (pm (w) ;w) = (v−w)2

4b
> 0 ∀ w ≤ v✳

✸ ❱❡rt✐❝❛❧ ■♥t❡❣r❛t✐♦♥ ❇❡♥❝❤♠❛r❦

❇❡❢♦r❡ ❝♦♥s✐❞❡r✐♥❣ ✈❡rt✐❝❛❧ s❡♣❛r❛t✐♦♥✱ ✇❡ ♦✉t❧✐♥❡ t❤❡ ♠❛①✐♠✉♠ ♣r♦✜ts t❤❡ s✉♣♣❧② ❝❤❛✐♥

❝❛♥ ❛❝❤✐❡✈❡✳ ❚❤❡s❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r ❛ ✈❡rt✐❝❛❧❧② ✐♥t❡❣r❛t❡❞ ♠♦♥♦♣♦❧② ✇❤✐❝❤ s❡ts ✐✮

pi = pm (c) = v+c
2

∀i✱ ❛♥❞ ✐✐✮ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ t♦ ③❡r♦✱ AV I = φ
∑

i αi = 0.

✸



❚❤✉s✱ ✐♥❞✉str② ♣r♦✜ts ❛♥❞ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛r❡

ΠV I = π (pm (c) ; c) =
(v − c)2

4b
❛♥❞ CSV I =

✂ v

pm(c)

q (p) dp =
(v − c)2

8b

❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐s

W V I = ΠV I + CSV I =
3 (v − c)2

8b
.

✹ ❱❡rt✐❝❛❧ ❙❡♣❛r❛t✐♦♥

◆♦✇ s✉♣♣♦s❡ t❤❡ ✜r♠s ♠❛❦❡ ❞❡❝✐s✐♦♥s ✐♥❞❡♣❡♥❞❡♥t❧②✳

✹✳✶ ❘❡t❛✐❧❡rs✬ ❉❡❝✐s✐♦♥s

❋♦r ❛ ❣✐✈❡♥ {w, F}, t❤❡ r❡t❛✐❧❡rs✬ ❞❡❝✐s✐♦♥s ❢♦❧❧♦✇ ❢r♦♠ ❇❛②❡ ❛♥❞ ▼♦r❣❛♥ ✭✷✵✵✶✱ Pr♦♣♦✲

s✐t✐♦♥ ✸✮✱ s♦ ✇❡ ❥✉st ♣r❡s❡♥t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ s❦❡t❝❤ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❧♦✇✳ ❚♦ ♣r♦❝❡❡❞✱

❞❡♥♦t❡ φ̃ (w) ≡ π (pm (w) ;w)
(
n−1
n

)
> 0 ❛♥❞

α∗ (w, φ) = ♠❛①

{
0, 1−

(
φ

φ̃ (w)

) 1

n−1

}
✭✶✮

▲❡♠♠❛ ✶✳ ❋♦r ❛ ❣✐✈❡♥ {w, F}, t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡✿

❛✮ ■❢ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ❤✐❣❤✱ φ ≥ φ̃ (w)✱ ❛♥❞ F ≤ π(pm(w);w)
n

, ❡❛❝❤ r❡t❛✐❧❡r ❡❛r♥s
π(pm(w);w)

n
− F ≥ 0 ❜② ♥❡✈❡r ❛❞✈❡rt✐s✐♥❣✱ α∗ (w, φ) = 0✱ ❛♥❞ s❡tt✐♥❣ pi = pm (w)✳

❜✮ ■❢ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ❧♦✇✱ φ < φ̃ (w)✱ ❛♥❞ F ≤ φ

n−1
, ❡❛❝❤ r❡t❛✐❧❡r ❡❛r♥s φ

n−1
−F ≥ 0

❜② ✐✮ ♥♦t ❛❞✈❡rt✐s✐♥❣ ❛♥❞ s❡tt✐♥❣ pi = pm (w) ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− α∗ (w, φ) ∈ (0, 1)✱ ❛♥❞

✐✐✮ ❛❞✈❡rt✐s✐♥❣ ❛ ♣r✐❝❡✱ pi ∈ [p (w, φ) , pm (w)]✱ ✉s✐♥❣ ❞✐str✐❜✉t✐♦♥

HA (p) =
1

α∗ (w, φ)

(
1−

(
n

n− 1

φ

π (p;w)

) 1

n−1

)

✇✐t❤ ♣r♦❜❛❜✐❧✐t② α∗ (w, φ) ∈ (0, 1)✱ ✇❤❡r❡ p (w, φ) s❛t✐s✜❡s π (p;w)❂ φn

n−1
✳

❝✮ ❖t❤❡r✇✐s❡✱ t❤❡ r❡t❛✐❧❡rs ❛r❡ ✐♥❛❝t✐✈❡✳

❚♦ ♦✉t❧✐♥❡ t❤❡ ✐♥t✉✐t✐♦♥✱ ✜rst ❞❡♥♦t❡ r❡t❛✐❧❡r i✬s ❡①♣❡❝t❡❞ ♣r♦✜ts ✇❤❡♥ ❛❧❧ r❡t❛✐❧❡rs

✹



❛❞✈❡rt✐s❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② α ❛♥❞ ✉s❡ ❛❞✈❡rt✐s❡❞ ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥ H(p) ❛s✿

ΠRi (pi, ai;α) =




π (pi;w) (1− αH (pi))

n−1 − F − φ ✐❢ ai = 1

π(pi;w)
n

(1− α)n−1 − F ✐❢ ai = 0.

❚❤✐s st❛t❡s t❤❛t r❡t❛✐❧❡r i ♠✉st ❛❧✇❛②s ♣❛② F. ■❢ ✐t ❛❞✈❡rt✐s❡s✱ ai = 1, r❡t❛✐❧❡r i ✐♥❝✉rs

φ ❜✉t ❡①♣❡❝ts t♦ ❡❛r♥ π (pi;w) ✐❢ ✐t ❤❛s t❤❡ ❧♦✇❡st ❛❞✈❡rt✐s❡❞ ♣r✐❝❡✱ ✇❤✐❝❤ ♦❝❝✉rs ✇✐t❤

♣r♦❜❛❜✐❧✐t② (1− αH (pi))
n−1✳ ■❢ ✐t ❞♦❡s ♥♦t ❛❞✈❡rt✐s❡✱ ai = 0, ✐t ❡❛r♥s π(pi;w)

n
♣r♦✈✐❞❡❞

♥♦ ♦t❤❡r r❡t❛✐❧❡r ❛❞✈❡rt✐s❡s ✇❤✐❝❤ ♦❝❝✉rs ✇✐t❤ ♣r♦❜❛❜✐❧✐t② (1− α)n−1
. ❍❡♥❝❡✱ r❡t❛✐❧❡r i

♦♣t✐♠❛❧❧② s❡ts pi = pm (w) ✇❤❡♥❡✈❡r ai = 0✳

■♥ ❝❛s❡ ❛✮ ♦❢ ▲❡♠♠❛ ✶✱ ♥♦ r❡t❛✐❧❡r ❡✈❡r ❛❞✈❡rt✐s❡s✱ α∗ (w, φ) = 0✱ ❛♥❞ s♦ r❡t❛✐❧❡r i

❡❛r♥s ΠRi (p
m (w) , 0; 0) = π(pm(w);w)

n
− F ≥ 0✳ ❚❤✐s ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❜❡❝❛✉s❡ ❛ ❞❡✈✐❛♥t

❛❞✈❡rt✐s✐♥❣ r❡t❛✐❧❡r ✇♦✉❧❞ ♦❜t❛✐♥✱ ❛t ♠♦st✱ π (pm (w) ;w) − F − φ ❜② ❛ttr❛❝t✐♥❣ ❛❧❧

❝♦♥s✉♠❡rs ❛t pm (w)✳ ❍❡♥❝❡✱ φ ≥ φ̃ (w) ≡ π (pm (w) ;w)
(
n−1
n

)
❡♥s✉r❡s t❤❡ ❛❞✈❡rt✐s✐♥❣

❝♦st ❛❧✇❛②s ❡①❝❡❡❞s t❤❡ ♣r♦✜ts ❢r♦♠ ❣❛✐♥✐♥❣ ❛♥ ❡①tr❛
(
n−1
n

)
❝♦♥s✉♠❡rs✳

■♥ ❝❛s❡ ❜✮✱ r❡t❛✐❧❡rs ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❛❞✈❡rt✐s❡ s✐♥❝❡ φ < φ̃ (w)✳ ❚❤❡ r❡s✉❧t✲

✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐♥✈♦❧✈❡s t❤❡ r❡t❛✐❧❡rs ♠✐①✐♥❣ ♦✈❡r ❛❞✈❡rt✐s✐♥❣✱ α∗ (w, φ) ∈ (0, 1), ❛♥❞

♠✐①✐♥❣ ♦✈❡r ❛❞✈❡rt✐s❡❞ ♣r✐❝❡s ✇✐t❤ HA(p)✳ ❚❤✐s ❜❛❧❛♥❝❡s t❤❡ ✐♥❝❡♥t✐✈❡s t♦ ♣r✐❝❡ ❤✐❣❤

✇✐t❤♦✉t ❛❞✈❡rt✐s✐♥❣ ❛♥❞ t♦ ❝♦♠♣❡t❡ ✇✐t❤ ❧♦✇❡r ❛❞✈❡rt✐s❡❞ ♣r✐❝❡s✳ ❚❤✉s✱ ❡❛❝❤ r❡✲

t❛✐❧❡r ♠✉st ❜❡ ✐♥❞✐✛❡r❡♥t ♦✈❡r t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ ❛❝t✐♦♥s s♦ α∗ (w, φ) ✐s ❞❡r✐✈❡❞ ❢r♦♠

ΠRi (p
m (w) , 0;α) = ΠRi (p

m (w) , 1;α) ❛♥❞ t❤❡ ♦t❤❡r ❡q✉✐❧✐❜r✐✉♠ ❡①♣r❡ss✐♦♥s ❡♥s✉r❡

ΠRi (p
m (w) , 0;α∗ (w, φ)) = φ

n−1
− F = ΠRi (p, 1;α

∗ (w, φ)) ≥ 0 ∀ p ∈ [p (w, φ) , pm (w)]✳

❋✐♥❛❧❧②✱ ❝❛s❡ ❝✮ ❛♣♣❧✐❡s ✇❤❡♥ F ✐s s♦ ❤✐❣❤ t❤❛t t❤❡ r❡t❛✐❧❡rs ✇♦✉❧❞ ♠❛❦❡ ♥❡❣❛t✐✈❡

♣r♦✜ts ✐♥ ❛✮ ♦r ❜✮✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❲❤❡♥ r❡t❛✐❧❡rs ❛r❡ ❛❝t✐✈❡✱ t❤❡ ❡①♣❡❝t❡❞ ♠✐♥✐♠✉♠ r❡t❛✐❧ ♣r✐❝❡ ❡q✉❛❧s

p̂ (w, φ) =





pm (w) ✐❢ φ ≥ φ̃ (w)

p (w, φ) +

✂ pm(w)

p(w,φ)

G (p;w, φ)
n

n−1 dp ∈ (w, pm (w)) ✐❢ φ < φ̃ (w) ,
✭✷✮

✇❤❡r❡ G(p;w, φ) = n
n−1

φ

π(p;w)
✱ ❛♥❞ ❡①♣❡❝t❡❞ t♦t❛❧ r❡t❛✐❧❡r ♣r♦✜ts✱ nΠR (F, φ)✱ ❡q✉❛❧

π (p̂ (w, φ) ;w)− φnα∗ (w, φ)− nF =




π (pm (w) ;w)− nF ✐❢ φ ≥ φ̃ (w)

n
(

φ

n−1
− F

)
✐❢ φ < φ̃ (w)

✭✸✮

✺



✹✳✷ ❙✉♣♣❧✐❡r✬s ❉❡❝✐s✐♦♥

S ✇✐s❤❡s t♦ ♠❛①✐♠✐s❡ ✐ts ❡①♣❡❝t❡❞ ♣r♦✜ts s✉❜❥❡❝t t♦ ❡❛❝❤ r❡t❛✐❧❡r ❡❛r♥✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡

❡①♣❡❝t❡❞ ♣r♦✜ts✿

♠❛①w,F ΠS (w, F ; p̂ (w, φ)) = (w − c) q (p̂ (w, φ)) + nF

s✳t✳ ΠR (F, φ) = π(p̂(w,φ);w)
n

− φα∗ (w, φ)− F ≥ 0

❖r✱ s✐♥❝❡ t❤❡ ❝♦♥str❛✐♥t ✐s ❝❧❡❛r❧② ❜✐♥❞✐♥❣✿

♠❛①w ΠS (w, F
∗; p̂ (w, φ)) = (p̂ (w, φ)− c) q (p̂ (w, φ))− nφα∗ (w, φ) ✭✹✮

✇❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✜①❡❞ ❢❡❡✱ F ∗✱ s❡ts ΠR (F ∗, φ) = 0 s✉❝❤ t❤❛t

F ∗ ≡
π (p̂ (w, φ) ;w)

n
− φα∗ (w, φ) ✭✺✮

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✹✮ ✇✐t❤ r❡s♣❡❝t t♦ w ②✐❡❧❞s

dΠS (w, F
∗; p̂ (w, φ))

dw
=

∂p̂(w, φ)

∂w

[
q (p) + (p− c)

∂q

∂p

]

p=p̂(w,φ)

− nφ
∂α∗(w, φ)

∂w
, ✭✻✮

✇❤❡r❡ ✭✻✮ ✐s ✉s❡❞ ❧❛t❡r t♦ ❛♥❛❧②s❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤♦❧❡s❛❧❡ ♣r✐❝❡✱ w∗✳

✹✳✷✳✶ ❖✉t❝♦♠❡s ✉♥❞❡r ❩❡r♦ ❆❞✈❡rt✐s✐♥❣ ❊①♣❡♥❞✐t✉r❡

❇❡❢♦r❡ ❞❡t❛✐❧✐♥❣ ♦✉r ♠❛✐♥ r❡s✉❧ts✱ ♥♦t❡ t❤❡ s✉♣♣❧② ❝❤❛✐♥ ♦❜t❛✐♥s t❤❡ ❜❡♥❝❤♠❛r❦ ✈❡rt✐❝❛❧❧②✲

✐♥t❡r❣r❛t❡❞ ♣r♦✜ts ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ③❡r♦ ❡q✉✐❧✐❜r✐✉♠ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡✱ A∗ ≡

nφα∗ (w, φ) = 0✳ ❚❤✐s ❛r✐s❡s ✐♥ t✇♦ s✐t✉❛t✐♦♥s✳ ❋✐rst✱ ✇❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ③❡r♦✱

φ = 0✱ r❡t❛✐❧❡rs ❛❞✈❡rt✐s❡ ✇✐t❤ ❝❡rt❛✐♥t②✱ α∗ (w, φ) = 1✱ s♦ t❤❡ ♠♦❞❡❧ ❝♦♥✈❡r❣❡s t♦ ❛

s✐♠♣❧❡ s❡tt✐♥❣ ✇✐t❤ ❛ ❢✉❧❧② ❝♦♠♣❡t✐t✐✈❡ r❡t❛✐❧ s❡❝t♦r✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ③❡r♦✱ φ = 0✱ t❤❡ s✉♣♣❧✐❡r s❡ts w∗ = pm (c) >

c ❛♥❞ F ∗ = 0✳ ❚❤❡r❡ ✐s ♥♦ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥✱ p̂ (w∗, 0) = pm (c)✱ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧❧②✲

✐♥t❡r❣r❛t❡❞ ♣r♦✜ts ❛r❡ ♦❜t❛✐♥❡❞✱ ΠS (p
m (c) , 0; pm (c)) = ΠV I ✳

Pr♦♦❢✳ ❙✉❜st✐t✉t✐♥❣ p̂ (w, 0) = w ❛♥❞ φ = 0 ✐♥t♦ ✭✹✮✲✭✻✮ ②✐❡❧❞s w∗ = v+c
2

≡ pm (c) ❛♥❞

F ∗ = 0✳

✻



❙❡❝♦♥❞✱ ✇❤❡♥ φ ≥ φ̃ (w)✱ r❡t❛✐❧❡rs r❡❢r❛✐♥ ❢r♦♠ ❛❞✈❡rt✐s✐♥❣ ❝♦♠♣❧❡t❡❧②✱ α∗ (w, φ) = 0✱

❛♥❞ s♦ r❡t❛✐❧❡rs ❛r❡ ❧♦❝❛❧ ♠♦♥♦♣♦❧✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❲❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ❤✐❣❤✱ φ ≥ φ̃ (c)✱ t❤❡ s✉♣♣❧✐❡r s❡ts w∗ = c

❛♥❞ F ∗ = π(pm(c);c)
n

✳ ❚❤❡r❡ ✐s ♥♦ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥✱ p̂ (w∗, φ) = pm (c)✱ ❛♥❞ t❤❡

✈❡rt✐❝❛❧❧②✲✐♥t❡r❣r❛t❡❞ ♣r♦✜ts ❛r❡ ♦❜t❛✐♥❡❞✱ ΠS

(
c,

π(pm(c);c)
n

; pm (c)
)
= ΠV I ✳

Pr♦♦❢✳ ❙✉❜st✐t✉t✐♥❣ p̂ (w, φ) = pm (c) ❛♥❞ α∗ (w, φ) = 0 ✐♥t♦ ✭✹✮✲✭✻✮ ②✐❡❧❞s w∗ = c ❛♥❞

F ∗ = π(pm(c);c)
n

✳

■♥ ❜♦t❤ Pr♦♣♦s✐t✐♦♥s✱ t❤❡ s✉♣♣❧✐❡r ✉s❡s w t♦ ✐♥❝❡♥t✐✈✐s❡ r❡t❛✐❧❡rs t♦ s❡t pm (c) ❛♥❞

❡①tr❛❝ts ❛♥② r❡♠❛✐♥✐♥❣ r❡♥ts t❤r♦✉❣❤ F ✳ ❚❤❡s❡ t✇♦ s♣❡❝✐✜❝ ❝❛s❡s ❢♦❧❧♦✇ st❛♥❞❛r❞

r❡s✉❧ts ✇❤❡r❡ ❛ ♠♦♥♦♣♦❧② s✉♣♣❧✐❡r ❝❛♥ ✉s❡ ❛ t✇♦✲♣❛rt t❛r✐✛ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❞♦✉❜❧❡

♠❛r❣✐♥❛❧✐s❛t✐♦♥ ♣r♦❜❧❡♠✳

✹✳✷✳✷ ❖✉t❝♦♠❡s ✉♥❞❡r P♦s✐t✐✈❡ ❆❞✈❡rt✐s✐♥❣ ❊①♣❡♥❞✐t✉r❡

❋♦r ♦✉r ♠❛✐♥ r❡s✉❧t✱ ✇❡ ♥♦✇ s❤♦✇ t❤❛t ✇❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✐s ♣♦s✐t✐✈❡✱ A∗ ≡

nφα∗ (w, φ) > 0✱ S ✇✐❧❧ s✉r♣r✐s✐♥❣❧② ✐♥❝❡♥t✐✈✐s❡ t❤❡ ❡①♣❡❝t❡❞ ♠✐♥✐♠✉♠ r❡t❛✐❧ ♣r✐❝❡ ❛❜♦✈❡

pm (c)✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❲❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ❧♦✇✱ φ ∈ (0, φ̃ (c))✱ t❤❡ s✉♣♣❧✐❡r s❡ts w∗ > c

❛♥❞ F ∗ <
π(pm(c);c)

n
✐♥ ❛♥② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡r❡ ✐s ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥✱

p̂ (w∗, φ) > pm (c)✱ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧❧②✲✐♥t❡r❣r❛t❡❞ ♣r♦✜ts ❛r❡ ♥♦t ♦❜t❛✐♥❡❞✱ ΠS (w
∗, F ∗; p̂ (w∗, φ)) ∈(

0,ΠV I
)
✳

■♥t✉✐t✐✈❡❧②✱ ❞❡s♣✐t❡ ♦✛❡r✐♥❣ ❛ t✇♦✲♣❛rt t❛r✐✛✱ S ♦♣t✐♠❛❧❧② ✐♥❝❡♥t✐✈✐s❡s ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✲

✐s❛t✐♦♥ t❤r♦✉❣❤ ❛ ❤✐❣❤❡r w ✐♥ ♦r❞❡r t♦ ❧♦✇❡r r❡t❛✐❧❡rs✬ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡✳ ❚❤✐s

❡♥❛❜❧❡s ✐t t♦ ✉s❡ F t♦ ❡①tr❛❝t ♠♦r❡ r❡♥ts t❤❛t r❡t❛✐❧❡rs ✇♦✉❧❞ ❤❛✈❡ ♦t❤❡r✇✐s❡ s♣❡♥t ♦♥

❛❞✈❡rt✐s✐♥❣✳ ❚♦ ✉♥❞❡rst❛♥❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✇❤② t❤✐s tr❛❞❡♦✛ ❜❡t✇❡❡♥ ❞♦✉❜❧❡ ♠❛r❣✐♥❛❧✐s❛✲

t✐♦♥ ❛♥❞ ❧♦✇❡r r❡t❛✐❧ ❛❞✈❡rt✐s✐♥❣ ✐s ❜❡♥❡✜❝✐❛❧ ❢♦r S✱ ❝♦♥s✐❞❡r ❛ s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ w ❛t t❤❡

❧❡✈❡❧ ✇❤❡r❡ p̂(w, φ) = pm (c)✳ ❋r♦♠ ✭✻✮✱ t❤✐s r❛✐s❡s t❤❡ ❡①♣❡❝t❡❞ ♠✐♥✐♠✉♠ r❡t❛✐❧ ♣r✐❝❡✱
∂p̂(w,φ)

∂w
> 0✱ ❜✉t t❤❡r❡ ✐s ♥♦ ✜rst✲♦r❞❡r ❡✛❡❝t ♦♥ S✬s ♣r♦✜t✱

[
q (p) + (p− c) ∂q

∂p

]
p=pm(c)

= 0❀

❤♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ ✜rst✲♦r❞❡r ✐♥❝r❡❛s❡ ✐♥ ♣r♦✜t ❞✉❡ t♦ t❤❡ ❧♦✇❡r ❛❞✈❡rt✐s✐♥❣ ♣r♦❜❛❜✐❧✐t②✱
∂α∗(w,φ)

∂w
< 0✳ ❚❤✐s ❢❛❧❧ ✐♥ α∗(w, φ) ❛r✐s❡s ❜❡❝❛✉s❡ ❛ s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ w r❡❞✉❝❡s ❡❛❝❤

r❡t❛✐❧❡r✬s ♠❛①✐♠✉♠ ❣❛✐♥ ❢r♦♠ ❛❞✈❡rt✐s✐♥❣✱ r❡♣r❡s❡♥t❡❞ ❜② φ̃ (w) ≡ π (pm (w) ;w)
(
n−1
n

)

✐♥ ✭✶✮✳

◆❡①t✱ ❝♦♥s✐❞❡r t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts✳

✼



Pr♦♣♦s✐t✐♦♥ ✺✳ ❲❤❡♥ φ ∈ (0, φ̃ (c))✱ r❡❧❛t✐✈❡ t♦ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ❜❡♥❝❤♠❛r❦✱ t❤❡

❡①♣❡❝t❡❞ ♠✐♥✐♠✉♠ r❡t❛✐❧ ♣r✐❝❡ ❛♥❞ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ❛r❡ ❤✐❣❤❡r✱ p̂ (w∗, φ) >

pm (c) ❛♥❞ A∗ ≡ nφα∗ (w, φ) > AV I = 0✱ ✇❤✐❧❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ❛r❡

❧♦✇❡r✱

CS∗ =

✂ v

p̂(w∗,φ)

q (p) dp < CSV I ❛♥❞ W ∗ = Π∗ + CS∗ < W V I .

❚❤✐s ✐♠♣❧✐❡s t❤❛t ✈❡rt✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✇♦✉❧❞ ❜❡♥❡✜t t❤❡ ✜r♠s ❛♥❞ ❝♦♥s✉♠❡rs ❞❡s♣✐t❡

♣❛r❛❞♦①✐❝❛❧❧② ❡❧✐♠✐♥❛t✐♥❣ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✳

✺ ❱❡rt✐❝❛❧ ❘❡str❛✐♥ts

◆♦✇ ❝♦♥s✐❞❡r ❤♦✇ ✈❡rt✐❝❛❧ r❡str❛✐♥ts ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❛❝❤✐❡✈❡ t❤❡ ✈❡rt✐❝❛❧❧②✲✐♥t❡❣r❛t❡❞

❜❡♥❝❤♠❛r❦ ♣r♦✜ts ✇❤❡♥ φ ∈ (0, φ̃ (c))✳ ❲❡ ❢♦❝✉s ♦♥ r❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡ ✭❘P▼✮

❜✉t ♦t❤❡r ✈❡rt✐❝❛❧ r❡str❛✐♥ts t❤❛t r❡str✐❝t ❞♦✇♥str❡❛♠ ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ ❛❧s♦ ❛❝❤✐❡✈❡ t❤❡

s❛♠❡ ♦✉t❝♦♠❡ ✭❡✳❣✳ q✉❛♥t✐t② r❛t✐♦♥✐♥❣✱ ❡①❝❧✉s✐✈❡ t❡rr♦r✐t✐❡s✱ ❛❞✈❡rt✐s✐♥❣ r❡str✐❝t✐♦♥s

✐♥❝❧✉❞✐♥❣ ▼❆Ps✮✳

❯♥❞❡r ❘P▼✱ r❡t❛✐❧ ♣r✐❝❡s ❛♥❞ t❤❡ t✇♦✲♣❛rt t❛r✐✛ ❛r❡ s❡t ❜② S✱ ❜✉t r❡t❛✐❧❡rs st✐❧❧

❝♦♥tr♦❧ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡✳ ❍♦✇❡✈❡r✱ ❜② ✐♠♣♦s✐♥❣ r❡t❛✐❧ ♣r✐❝❡s ♦❢ pi = pm (c)

∀i ❛♥❞ s❡tt✐♥❣ w = pm (c) ❛♥❞ F = 0✱ S ❡♥s✉r❡s ❡❛❝❤ r❡t❛✐❧❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❡♥❣❛❣❡

✐♥ ❝♦st❧② ❛❞✈❡rt✐s✐♥❣ s✐♥❝❡ r❡t❛✐❧ ♣r✐❝❡✲❝♦st ♠❛r❣✐♥s ❛r❡ ③❡r♦✱ s✉❝❤ t❤❛t φ > φ̃ (w) ≡

π (pm (c) ; pm (c))
(
n−1
n

)
= 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❡❛❝❤ r❡t❛✐❧❡r ❡❛r♥s π (pm (c) ; pm (c)) = 0

❛♥❞ S ♦❜t❛✐♥s ΠV I = π (pm (c) ; c)✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❲❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❝♦sts ❛r❡ ❧♦✇✱ φ ∈ (0, φ̃ (c))✱ ❘P▼ ❡❧✐♠✐♥❛t❡s ❞♦✉✲

❜❧❡ ♠❛r❣✐♥❛❧✐s❛t✐♦♥✱ ✇❤✐❝❤ r❛✐s❡s ♣r♦✜ts✱ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡✱ ΠRPM =

ΠV I > Π∗✱ CSRPM = CSV I > CS∗ ❛♥❞ WRPM = W V I > W ∗✱ ❞❡s♣✐t❡ ❞❡❝r❡❛s✐♥❣ t♦t❛❧

❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡✱ ARPM = AV I = 0 < A∗✳

✻ ❉✐s❝✉ss✐♦♥

❉❡s♣✐t❡ r❡❞✉❝✐♥❣ r❡t❛✐❧ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✱ ✇❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ ✈❡rt✐❝❛❧ r❡str❛✐♥ts t❤❛t

r❡❞✉❝❡ ✐♥tr❛❜r❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ ❞❡❝r❡❛s❡ r❡t❛✐❧ ♣r✐❝❡s ❛♥❞ ✐♥❝r❡❛s❡ ✇❡❧❢❛r❡ ❜② ❧♦✇❡r✲

✐♥❣ ✇❤♦❧❡s❛❧❡ ♣r✐❝❡s✳ ❚❤✐s ❝♦♥tr❛sts st❛r❦❧② t♦ t❤❡ ♠❡❝❤❛♥✐s♠ ❝✐t❡❞ ❜② t❤❡ ❯❙ ❙✉♣r❡♠❡

✽



❈♦✉rt ✐♥ ✐ts ❧❛♥❞♠❛r❦ ▲❡❡❣✐♥ ❞❡❝✐s✐♦♥ t❤❛t ♦✈❡rt✉r♥❡❞ t❤❡ ❧♦♥❣st❛♥❞✐♥❣ ♣❡r✲s❡ ✐❧❧❡❣❛❧✲

✐t② ♦❢ ❘P▼ ✐♥ ✷✵✵✻✳ ❚❤❡r❡✱ t❤❡ ❛ss♦❝✐❛t❡❞ r❡❞✉❝t✐♦♥ ✐♥ ✐♥tr❛❜r❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ✇❛s

s✉♣♣♦rt❡❞ ♣❛rt❧② ❜❡❝❛✉s❡ ✐t ✏✳✳✳ ❡♥❝♦✉r❛❣❡s r❡t❛✐❧❡rs t♦ ✐♥✈❡st ✐♥ s❡r✈✐❝❡s ♦r ♣r♦♠♦✲

t✐♦♥❛❧ ❡✛♦rts ✳✳✳✑✳✶ ❚❤✐s ❢♦❧❧♦✇❡❞ tr❛❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥ts r❡❧❛t❡❞ t♦ t❤❡ ✉♥❞❡r♣r♦✈✐s✐♦♥

♦❢ ❞❡♠❛♥❞✲✐♥❝r❡❛s✐♥❣ ❛❝t✐✈✐t✐❡s✱ ✇❤✐❝❤ ❝❛♥ ✐♠♣♦s❡ ♣♦s✐t✐✈❡ ❡①t❡r♥❛❧✐t✐❡s t❤r♦✉❣❤♦✉t t❤❡

s✉♣♣❧② ❝❤❛✐♥ ✭❡✳❣✳ ❚❡❧s❡r✱ ✶✾✻✵❀ ❲✐♥t❡r✱ ✶✾✾✸✮✳ ❙✉❝❤ ❛❝t✐✈✐t✐❡s ✐♥❝❧✉❞❡ ♣❡rs✉❛s✐✈❡ ❛❞✈❡r✲

t✐s✐♥❣✱ ✇❤✐❝❤ r❛✐s❡ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r ♣r♦❞✉❝ts✱ ❛♥❞ ❡①✐st❡♥❝❡ ❛❞✈❡rt✐s✐♥❣✱

✇❤✐❝❤ r❛✐s❡s ❝♦♥s✉♠❡r ❛✇❛r❡♥❡ss ♦❢ ♣r♦❞✉❝ts✳ ■♥ ❝♦♥tr❛st✱ ✇❡ ❤❛✈❡ ❢♦❝✉ss❡❞ ♦♥ ❝♦st❧②

♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣ t❤❛t ❤❛s ❜✉s✐♥❡ss✲st❡❛❧✐♥❣ ❡✛❡❝ts✱ r❛t❤❡r t❤❛♥ ❞❡♠❛♥❞✲✐♥❝r❡❛s✐♥❣ ❡❢✲

❢❡❝ts✳ ❙✉❝❤ ❛❞✈❡rt✐s✐♥❣ ✐s ♦✈❡r♣r♦✈✐❞❡❞ ❜❡❝❛✉s❡ ✐t ✐♠♣♦s❡s ❛ ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t② ♦♥

t❤❡ s✉♣♣❧✐❡r ❜② ❧✐♠✐t✐♥❣ t❤❡ r❡♥t t❤❛t ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ r❡t❛✐❧❡rs✳ ❈♦♥s❡q✉❡♥t❧②✱

♦✉r ♠♦❞❡❧ s✉❣❣❡sts t❤❛t ✈❡rt✐❝❛❧ r❡str❛✐♥ts ❝❛♥ ❡♥❤❛♥❝❡ ❡✣❝✐❡♥❝② ❞❡s♣✐t❡ ❞✐s❝♦✉r❛❣✐♥❣

♣r♦♠♦t✐♦♥❛❧ ❡✛♦rts ✐♥✈♦❧✈✐♥❣ ♣r✐❝❡ ❛❞✈❡rt✐s✐♥❣✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆s❦❡r✱ ❏✳✱ ❛♥❞ ❇❛r✲■s❛❛❝✱ ❍✳ ✭✷✵✷✵✮✳ ❱❡rt✐❝❛❧ ■♥❢♦r♠❛t✐♦♥ ❘❡str❛✐♥ts✿ Pr♦✲ ❛♥❞ ❆♥✲

t✐❝♦♠♣❡t✐t✐✈❡ ■♠♣❛❝ts ♦❢ ▼✐♥✐♠✉♠✲❆❞✈❡rt✐s❡❞✲Pr✐❝❡ ❘❡str✐❝t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ▲❛✇

❛♥❞ ❊❝♦♥♦♠✐❝s✱ ✻✸✭✶✮✱ ✶✶✶✲✶✹✽✳

❬✷❪ ❇❛②❡✱ ▼✳✱ ❛♥❞ ▼♦r❣❛♥✱ ❏✳ ✭✷✵✵✶✮✳ ■♥❢♦r♠❛t✐♦♥ ●❛t❡❦❡❡♣❡rs ♦♥ t❤❡ ■♥t❡r♥❡t ❛♥❞ t❤❡

❈♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❍♦♠♦❣❡♥❡♦✉s Pr♦❞✉❝t ▼❛r❦❡ts✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱

✾✶✭✸✮✱ ✹✺✹✲✹✼✹✳

❬✸❪ ●❛r❝✐❛✱ ❉✳✱ ❍♦♥❞❛✱ ❏✳✱ ❛♥❞ ❏❛♥ss❡♥✱ ▼✳ ✭✷✵✶✼✮✳ ❚❤❡ ❉♦✉❜❧❡ ❉✐❛♠♦♥❞ P❛r❛❞♦①✳

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✱ ✾✭✸✮✱ ✻✸✲✾✾✳

❬✹❪ ❏❛♥ss❡♥✱ ▼✳ ✭✷✵✷✵✮✳ ❱❡rt✐❝❛❧ ❈♦♥tr❛❝ts ✐♥ ❙❡❛r❝❤ ▼❛r❦❡ts✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢

■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✱ ✼✵✱ ✶✵✷✺✷✼✳

❬✺❪ ❏❛♥ss❡♥✱ ▼✳✱ ❛♥❞ ❑❡✱ ❚✳ ✭✷✵✷✵✮✳ ❙❡❛r❝❤✐♥❣ ❢♦r ❙❡r✈✐❝❡✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿

▼✐❝r♦❡❝♦♥♦♠✐❝s✱ ✶✷✭✶✮✱ ✶✽✽✲✷✶✾✳

❬✻❪ ❏❛♥ss❡♥✱ ▼✳✱ ❛♥❞ ❙❤❡❧❡❣✐❛✱ ❙✳ ✭✷✵✶✺✮✳ ❈♦♥s✉♠❡r ❙❡❛r❝❤ ❛♥❞ ❉♦✉❜❧❡ ▼❛r❣✐♥❛❧✐③❛t✐♦♥✳

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✺✭✻✮✱ ✶✻✽✸✲✶✼✶✳

✶❙❡❡ ❤tt♣s✿✴✴✇✇✇✳❥✉st✐❝❡✳❣♦✈✴❛tr✴❝❛s❡✲❞♦❝✉♠❡♥t✴✜❧❡✴✺✵✶✷✸✶✴❞♦✇♥❧♦❛❞✳ ❆❝❝❡ss❡❞ ✵✽✴✷✻✴✷✵✳

✾



❬✼❪ ▼♦r❣❛♥✱ ❏✳✱ ❖r③❡♥✱ ❍✳✱ ❛♥❞ ❙❡❢t♦♥✱ ▼✳ ✭✷✵✵✻✮✳ ❆ ▲❛❜♦r❛t♦r② ❙t✉❞② ♦❢ ❆❞✈❡rt✐s✐♥❣

❛♥❞ Pr✐❝❡ ❈♦♠♣❡t✐t✐♦♥✳ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✺✵✭✷✮✱ ✸✷✸✲✸✹✼✳

❬✽❪ ❚❡❧s❡r✱ ▲✳ ✭✶✾✻✵✮✳ ❲❤② ❙❤♦✉❧❞ ▼❛♥✉❢❛❝t✉r❡rs ❲❛♥t ❋❛✐r ❚r❛❞❡❄✳ ❏♦✉r♥❛❧ ♦❢ ▲❛✇

❛♥❞ ❊❝♦♥♦♠✐❝s✱ ✸✱ ✽✻✲✶✵✺✳

❬✾❪ ❲✐♥t❡r✱ ❘✳ ✭✶✾✾✸✮✳ ❱❡rt✐❝❛❧ ❈♦♥tr♦❧ ❛♥❞ Pr✐❝❡ ❱❡rs✉s ◆♦♥♣r✐❝❡ ❈♦♠♣❡t✐t✐♦♥✳ ◗✉❛r✲

t❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✵✽✱ ✻✶✲✼✻✳

❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ φ ≥ φ̃ (w) ❛♥❞ F ≤ π(pm(w);w)
n

, t❤❡♥ ❝❧❡❛r❧② p̂ (w, φ) =

pm (w)✳ ■❢ φ < φ̃ (w) ❛♥❞ F ≤ φ

n−1
, t❤❡♥ p̂ (w, φ) ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ ▼♦r❣❛♥ ❡t ❛❧

✭✷✵✵✻✱ ♣✳✸✷✽✲✾✮✳ ❚♦ ♣r♦✈❡ p̂ (w, φ) ∈ (w, pm (w)) ∀ φ ∈ (0, φ̃ (w))✱ ♥♦t❡ ✐✮ p̂ (w, 0) =

w ❜❡❝❛✉s❡ p (w, 0) = w ❛♥❞ G (p;w, 0) = 0❀ ✐✐✮ ❧✐♠φ→φ̃(w)p̂ (w, φ) = pm (w) ❜❡❝❛✉s❡

❧✐♠φ→φ̃(w)p (w, φ) = pm (w)❀ ❛♥❞ ✐✐✐✮ ∂p̂

∂φ
= n

(n−1)

✂ pm(w)

p(w,φ)

G (p;w, φ)
n

n−1
−1 ∂G(p;w,φ)

∂φ
dp > 0✳

❋✐♥❛❧❧②✱ ❛s q(p) ✐s ❧✐♥❡❛r✱ ❡①♣❡❝t❡❞ ❞❡♠❛♥❞ ❡q✉❛❧s q(p) ❡✈❛❧✉❛t❡❞ ❛t p̂ (w, φ)✳ ❚❤✉s✱

π (p̂ (w, φ) ;w) ≡ (p̂ (w, φ)− w) q (p̂ (w, φ))✳ ❚♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✶✱ t❤✐s ❣✐✈❡s ✭✸✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❋✐rst✱ ♥♦t❡ φ̃ (w) = n(v−w)2

4b(n−1)
s✉❝❤ t❤❛t φ̃ (w) < φ̃ (c) ❢♦r ❛♥②

w > c ❢r♦♠ ∂φ̃

∂w
< 0 ∀w ∈ (c, v)✳ ❙❡❝♦♥❞✱ ❢♦r ❛♥② φ ∈

(
0, φ̃ (c)

)
✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

w̃ (φ) ≡ v − 2
√

φbn

n−1
∈ (c, v) ✇❤❡r❡ w ∈ (c, w̃ (φ)) ⇐⇒ φ ∈

(
0, φ̃ (w)

)
✳

◆❡①t✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ w′ ∈ (c, w̃ (φ)) t❤❛t s❡ts p̂ (w′, φ) =

pm (c)✱ ✇❤❡r❡ p̂ (w, φ) ≤ pm (c) ∀ w ≤ w′✳ ●✐✈❡♥ φ < φ̃ (c) ❣✉❛r❛♥t❡❡s p̂ (c, φ) < pm (c)

❛♥❞ p̂ (w̃ (φ) , φ) = pm (w̃ (φ)) > pm (c)✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ∂p̂

∂w
> 0 ∀w ∈ (c, w̃ (φ))✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✮ ✇✐t❤ r❡s♣❡❝t t♦ w ②✐❡❧❞s

∂p̂

∂w
=

∂p (·)

∂w
+G (pm (w) ;w, φ)

n

n−1 ·
∂pm (w)

∂w
−

∂p (·)

∂w
+

✂ pm(w)

p(w,φ)

∂

∂w

[
G (p;w, φ)

n

n−1

]
dp

✶✵



✇❤❡r❡ ∂p̂

∂w
> 0 ❛s t❤❡ s❡❝♦♥❞ t❡r♠ ❡q✉❛❧s G (pm (w) ;w, φ)

n

n−1 · 1
2
> 0 ❛♥❞

∂

∂w

[
G (p;w, φ)

n

n−1

]
=

n

n− 1

(
n

n− 1

φ

π (p;w)

) n

n−1
−1

nφ

n− 1

q(p)

π (p;w)2

=
q(p)

φ
G (p;w, φ)

2n−1

n−1 > 0.

◆❡①t✱ ❡✈❛❧✉❛t❡ ✭✻✮ ❛t ❛♥② w ≤ w′✳ ❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ ❘❍❙ ✐s ♥♦♥✲♥❡❣❛t✐✈❡✱ s✐♥❝❡
∂p̂

∂w
> 0 ❛♥❞ p̂ (w, φ) ≤ pm (c) ∀ w ≤ w′✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡

∂α∗

∂w
< 0 ❣✐✈❡♥ ∂φ̃

∂w
< 0 ∀w ∈ (c, v)✳ ❚❤✉s✱ ✭✻✮ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ∀ w ≤ w′✳ ❍❡♥❝❡✱

w∗ > w′ > c s✉❝❤ t❤❛t p̂ (w∗, φ) > p̂ (w′, φ) = pm (c)✳

❲❡ ❦♥♦✇ΠS (w
∗, F ∗; p̂ (w∗, φ)) > 0 ❢r♦♠ΠS (w

∗, F ∗; p̂ (w∗, φ)) > ΠS (w
′, F ∗; pm (c)) >

0 ❛s w′ ∈ (c, v)✳ ❋✉rt❤❡r✱ ❣✐✈❡♥ p̂ (w∗, φ) > pm (c)✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✮ t❤❛t F ∗ <
π(pm(c);c)

n

❛♥❞ ΠS (w
∗, F ∗; p̂ (w∗, φ)) < ΠV I ✳

✶✶


