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❆❜str❛❝t

❍❛❧❢ ♦❢ t❤❡ ❥♦❜s ✐♥ t❤❡ ❯✳❙✳ ❢❡❛t✉r❡ ♣❛②✲❢♦r✲♣❡r❢♦r♠❛♥❝❡✳ ❲❡ st✉❞② ♥♦♥❧✐♥❡❛r ✐♥✲

❝♦♠❡ t❛①❛t✐♦♥ ✐♥ ❛ ♠♦❞❡❧ ✇❤❡r❡ s✉❝❤ ❧❛❜♦r ❝♦♥tr❛❝ts ❛r✐s❡ ❛s ❛ r❡s✉❧t ♦❢ ♠♦r❛❧ ❤❛③❛r❞

❢r✐❝t✐♦♥s ✇✐t❤✐♥ ✜r♠s✳ ❲❡ ❞❡r✐✈❡ ♥♦✈❡❧ ❢♦r♠✉❧❛s ❢♦r t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛r❜✐tr❛r✐❧② ♥♦♥❧✐♥✲

❡❛r r❡❢♦r♠s ♦❢ ❛ ❣✐✈❡♥ t❛① ❝♦❞❡ ♦♥ ❜♦t❤ ❛✈❡r❛❣❡ ❡❛r♥✐♥❣s ❛♥❞ t❤❡✐r s❡♥s✐t✐✈✐t② t♦ ♦✉t♣✉t

r✐s❦✳ ❲❡ s❤♦✇ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② t❤❛t✱ ❢♦❧❧♦✇✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦✲

❣r❡ss✐✈✐t②✱ t❤❡ ❤✐❣❤❡r s❡♥s✐t✐✈✐t② ♦❢ ❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡ ❝❛✉s❡❞ ❜② t❤❡ ❝r♦✇❞✐♥❣✲♦✉t

♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ✐s ❛❧♠♦st ❢✉❧❧② ♦✛s❡t ❜② ❛ ❝♦✉♥t❡r✈❛✐❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t

❞r✐✈❡♥ ❜② ❧❛❜♦r s✉♣♣❧② r❡s♣♦♥s❡s✳ ❆s ❛ r❡s✉❧t✱ ❡❛r♥✐♥❣s r✐s❦ ✐s ❤❛r❞❧② ❛✛❡❝t❡❞ ❜② ♣♦❧✲

✐❝②✳ ❲❡ t❤❡♥ t✉r♥ t♦ t❤❡ ♥♦r♠❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ❛ ❣♦✈❡r♥♠❡♥t t❤❛t ❧❡✈✐❡s t❛①❡s ❛♥❞

tr❛♥s❢❡rs t♦ r❡❞✐str✐❜✉t❡ ✐♥❝♦♠❡ ❛❝r♦ss ✇♦r❦❡rs ✇✐t❤ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ✉♥✐♥s✉r❛❜❧❡ ♣r♦✲

❞✉❝t✐✈✐t②✳ ❲❡ ✜♥❞ t❤❛t s❡tt✐♥❣ t❛①❡s ✇✐t❤♦✉t ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡ ✐s ❝❧♦s❡ t♦ ♦♣t✐♠❛❧✳ ❚❤✉s✱ t❤❡ ❝♦♠♠♦♥ ❝♦♥❝❡r♥ t❤❛t st❛♥❞❛r❞ ♠♦❞❡❧s ♦❢ t❛①✲

❛t✐♦♥ ✉♥❞❡r❡st✐♠❛t❡ t❤❡ ❝♦st ♦❢ r❡❞✐str✐❜✉t✐♦♥ ✐s✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞

❝♦♠♣❡♥s❛t✐♦♥✱ ♦✈❡r❜❧♦✇♥✳

✯❲❡ t❤❛♥❦ ➪r♣á❞ ➪❜r❛❤á♠✱ ●❛❞✐ ❇❛r❧❡✈②✱ ❑❛t❤❡r✐♥❡ ❈❛r❡②✱ ❆♥t♦✐♥❡ ❋❡r❡②✱ ❳❛✈✐❡r ●❛❜❛✐①✱
❉❛♥✐❡❧ ●❛rr❡tt✱ ▲♦✉✐s ❑❛♣❧♦✇✱ ❙t❡❢❛♥ P♦❧❧✐♥❣❡r✱ ▼♦rt❡♥ ❘❛✈♥✱ ❑❥❡t✐❧ ❙t♦r❡s❧❡tt❡♥✱ ❋❧♦r✐❛♥ ❙❝❤❡✉❡r✱
❑❛r❧ ❙❝❤✉❧③✱ ❙t❡❢❛♥✐❡ ❙t❛♥t❝❤❡✈❛✱ ❆❧❡❤ ❚s②✈✐♥s❦✐✱ ❍é❧è♥❡ ❚✉r♦♥✱ ❱❡♥❦② ❱❡♥❦❛t❡s✇❛r❛♥✱ P❤✐❧✐♣♣
❲❛♥❣♥❡r✱ ❛♥❞ ♥✉♠❡r♦✉s s❡♠✐♥❛r ❛♥❞ ❝♦♥❢❡r❡♥❝❡ ♣❛rt✐❝✐♣❛♥ts✱ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳
◆✐❝♦❧❛s ❲❡rq✉✐♥ ❛❝❦♥♦✇❧❡❞❣❡s s✉♣♣♦rt ❢r♦♠ ❆◆❘ ✉♥❞❡r ❣r❛♥t ❆◆❘✲✶✼✲❊❯❘❊✲✵✵✶✵ ✭■♥✈❡st✐ss❡♠❡♥ts
❞✬❆✈❡♥✐r ♣r♦❣r❛♠✮✳



■♥tr♦❞✉❝t✐♦♥

❲❤❛t ❞♦ ❢r✉✐t ❤❛r✈❡st❡rs✱ r❡❛❧ ❡st❛t❡ ❜r♦❦❡rs✱ ❜❛♥❦❡rs ❛♥❞ ❈❊❖s ❤❛✈❡ ✐♥ ❝♦♠♠♦♥❄

❆❧❧ ♦❢ t❤❡♠ ❛r❡ ♣❛✐❞ ❜❛s❡❞ ♦♥ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡✳ P❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥tr❛❝ts ❤❛✈❡

❜❡❝♦♠❡ ✐♥❝r❡❛s✐♥❣❧② ♣♦♣✉❧❛r ❛❝r♦ss t❤❡ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✳ ❊♠♣✐r✐❝❛❧❧②✱ ❛ ❧❛r❣❡ s❤❛r❡

✕ r♦✉❣❤❧② ❤❛❧❢ ✕ ♦❢ ❛❧❧ t❤❡ ❥♦❜s ✐♥ t❤❡ ❯✳❙✳ ✐♥✈♦❧✈❡s ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ❝♦♠♣❡♥s❛t✐♦♥

✭▲❡♠✐❡✉①✱ ▼❛❝▲❡♦❞✱ ❛♥❞ P❛r❡♥t ✭✷✵✵✾✮✮ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♣✐❡❝❡ r❛t❡s✱ ❝♦♠♠✐ss✐♦♥s✱

❜♦♥✉s❡s✱ ❛♥❞ st♦❝❦ ♦♣t✐♦♥s✳ ❚❤❡s❡ ❝♦♥tr❛❝ts ❛r❡ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ❢r♦♠ ✉s✉❛❧

✇❛❣❡ ❝♦♥tr❛❝ts✳ ■♥❞❡❡❞✱ t❤❡ str✉❝t✉r❡ ♦❢ ❡❛r♥✐♥❣s ✐s ❞❡s✐❣♥❡❞ ♥♦t ♦♥❧② t♦ ❝♦♠♣❡♥s❛t❡

t❤❡ ❡♠♣❧♦②❡❡ ❢♦r ❝♦♠♣❧❡t✐♥❣ t❤❡ ❥♦❜✱ ❜✉t ❛❧s♦ t♦ ♣r♦✈✐❞❡ ✐♥❝❡♥t✐✈❡s ❢♦r ❡✛♦rt ✐♥ t❤❡

✜rst ♣❧❛❝❡✳ ❲❤❡♥ ✇❛❣❡s ❛r❡ ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ ♣❡r❢♦r♠❛♥❝❡ ✕ ✐♥❝❡♥t✐✈❡s ❛r❡ ❤✐❣❤✲

♣♦✇❡r❡❞ ✕ ❡♠♣❧♦②❡❡s ❛r❡ ❣❡♥❡r♦✉s❧② r❡✇❛r❞❡❞ ❢♦r ❜❡tt❡r ♦✉t❝♦♠❡s✱ ❜✉t ❛t t❤❡ s❛♠❡

t✐♠❡ t❤❡② ❛r❡ ❛❧s♦ ♠♦r❡ ❡①♣♦s❡❞ t♦ r✐s❦✳ ❈r✉❝✐❛❧❧②✱ ✇❡ ❡①♣❡❝t ❜♦t❤ t❤❡ ❧❡✈❡❧ ❛♥❞

t❤❡ ♣❡r❢♦r♠❛♥❝❡✲s❡♥s✐t✐✈✐t② ♦❢ t❤❡s❡ ❝♦♥tr❛❝ts t♦ ❜❡ ❡♥❞♦❣❡♥♦✉s t♦ t❤❡ t❛① ♣♦❧✐❝②

✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t✳ ❨❡t ❞❡s♣✐t❡ t❤❡ ♣r❡✈❛❧❡♥❝❡ ♦❢ t❤❡s❡ ❝♦♠♣❡♥s❛t✐♦♥

s❝❤❡♠❡s✱ t❤❡② ❤❛✈❡ ♥♦t ❜❡❡♥ s②st❡♠❛t✐❝❛❧❧② st✉❞✐❡❞ ✐♥ t❤❡ t❛①❛t✐♦♥ ❧✐t❡r❛t✉r❡✳ ❲❡ ✜❧❧

t❤✐s ❣❛♣✳ ■♥ ❛ ❣❡♥❡r❛❧ ❛♥❞ tr❛❝t❛❜❧❡ ❢r❛♠❡✇♦r❦ ✇❡ ❞❡r✐✈❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠ t❤❡ ✐♥❝✐❞❡♥❝❡

♦❢ t❛① r❡❢♦r♠s ♦♥ t❤❡ ❡❛r♥✐♥❣s ❛♥❞ ✉t✐❧✐t② t❤❛t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs r❡❝❡✐✈❡ ✐♥

❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ❛❧s♦ ❞❡r✐✈❡ t❤❡ ✐♠♣❛❝t ♦❢ t❛①❡s ♦♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❛♥❞ s♦❝✐❛❧

✇❡❧❢❛r❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ t❛① ♣r♦❣r❡ss✐✈✐t② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✉❝❤ r❡❛❧✐st✐❝

❧❛❜♦r ❝♦♥tr❛❝ts✳

❆ ✇✐❞❡s♣r❡❛❞ ❝♦♥❝❡r♥ ✐s t❤❛t tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧s ♦❢ ✐♥❝♦♠❡ t❛①❛t✐♦♥ ✐♥ t❤❡ tr❛❞✐✲

t✐♦♥ ♦❢ ▼✐rr❧❡❡s ✭✶✾✼✶✮ s✉❜st❛♥t✐❛❧❧② ♦✈❡rst❛t❡ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ t❛①❡s✱ ❜② ❛ss✉♠✐♥❣

t❤❛t ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ✇❛❣❡ r❛t❡s ✐s ❡①♦❣❡♥♦✉s ❛♥❞ ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t✳✶ ■♥st❡❛❞✱ ✇❤❡♥

✇❛❣❡ r✐s❦ ✐s ❡♥❞♦❣❡♥♦✉s✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣r♦❣r❡ss✐✈✐t② ♦❢ ✐♥❝♦♠❡ t❛①❡s s❤♦✉❧❞ ❧❡❛❞ t♦ ❛

❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ♣r♦✈✐❞❡❞ ❜② ✜r♠s✱ t❤❛t ✐s✱ ❛ ♦♥❡✲❢♦r✲♦♥❡ s♣r❡❛❞ ♦❢

t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ t❤✐s ❝r♦✇❞✐♥❣✲♦✉t ❤❛s ❜❡❡♥ s❤♦✇♥ t♦

❜❡ ♦❢ ❝r✐t✐❝❛❧ ✐♠♣♦rt❛♥❝❡ ✐♥ ✈❛r✐♦✉s ❝♦♥t❡①ts ✕ ✐♥ ♣❛rt✐❝✉❧❛r ❜② ❆tt❛♥❛s✐♦ ❛♥❞ ❘✙♦s✲

❘✉❧❧ ✭✷✵✵✵✮✱ ●♦❧♦s♦✈ ❛♥❞ ❚s②✈✐♥s❦✐ ✭✷✵✵✼✮✱ ❛♥❞ ❑r✉❡❣❡r ❛♥❞ P❡rr✐ ✭✷✵✶✶✮ ✕ ✇❤❡r❡

✐t s❡✈❡r❡❧② ❧✐♠✐ts t❤❡ ❛❜✐❧✐t② ♦❢ ❣♦✈❡r♥♠❡♥ts t♦ ♣r♦✈✐❞❡ s♦❝✐❛❧ ✐♥s✉r❛♥❝❡✳ ❊♠♣✐r✐❝❛❧❧②✱

❡✈✐❞❡♥❝❡ ♦❢ s✉❝❤ ❝r♦✇❞✐♥❣✲♦✉t ❤❛s ❜❡❡♥ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ s❡✈❡r❛❧ ♠❛r❦❡ts✱ ❢♦r ✐♥st❛♥❝❡

✉♥❡♠♣❧♦②♠❡♥t ♦r ❤❡❛❧t❤ ✐♥s✉r❛♥❝❡ ✕ s❡❡ ❈✉❧❧❡♥ ❛♥❞ ●r✉❜❡r ✭✷✵✵✵✮❀ ❙❝❤♦❡♥✐ ✭✷✵✵✷✮❀

✶❚❤✐s ✐s t❤❡ ❝❛s❡ ❜♦t❤ ✐♥ t❤❡ st❛t✐❝ ✭❢♦r ✐♥st❛♥❝❡ ❙❛❡③ ✭✷✵✵✶✮✮ ❛♥❞ ❞②♥❛♠✐❝ ✭❢♦r ✐♥st❛♥❝❡ ●♦❧♦s♦✈✱
❑♦❝❤❡r❧❛❦♦t❛✱ ❛♥❞ ❚s②✈✐♥s❦✐ ✭✷✵✵✸✮❀ ❋❛r❤✐ ❛♥❞ ❲❡r♥✐♥❣ ✭✷✵✶✸✮❀ ●♦❧♦s♦✈✱ ❚r♦s❤❦✐♥✱ ❛♥❞ ❚s②✈✐♥s❦✐
✭✷✵✶✻✮✮ ❢r❛♠❡✇♦r❦s✳

✶



❈✉t❧❡r ❛♥❞ ●r✉❜❡r ✭✶✾✾✻❛✱❜✮✳ ❨❡t t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ t❤❛t st✉❞✐❡s t❤❡ ✐♠♣❛❝t

♦❢ ✐♥❝♦♠❡ t❛①❡s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥tr❛❝ts ♦❢t❡♥ ❢❛✐❧s t♦ ✜♥❞ s✐❣✲

♥✐✜❝❛♥t ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝ts✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❘♦s❡ ❛♥❞ ❲♦❧❢r❛♠ ✭✷✵✵✷✮❀ ❋r②❞♠❛♥

❛♥❞ ▼♦❧❧♦② ✭✷✵✶✶✮✳ ❖✉r ♣❛♣❡r r❡❝♦♥❝✐❧❡s t❤❡s❡ ✜♥❞✐♥❣s ❜② ❤✐❣❤❧✐❣❤t✐♥❣ ❛ ❝♦✉♥t❡r✲

✈❛✐❧✐♥❣ ❢♦r❝❡ t❤❛t ❦❡❡♣s ❡❛r♥✐♥❣s r✐s❦ ♣r❛❝t✐❝❛❧❧② ✉♥❛✛❡❝t❡❞ ❜② t❛① ♣♦❧✐❝②✳ ❚❤✐s ♥♦✈❡❧

✏♣❡r❢♦r♠❛♥❝❡✲♣❛②✑ ❡✛❡❝t ✐s ❞r✐✈❡♥ ❜② ❧❛❜♦r s✉♣♣❧② ❛❞❥✉st♠❡♥ts✳ ❯♥❞❡r ❛ ♠♦r❡ ♣r♦✲

❣r❡ss✐✈❡ t❛① ❝♦❞❡✱ t❤❡ ✇♦r❦❡r✬s ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt ✐s ❧♦✇❡r✳ ❚❤❡ ✜r♠ ❡❧✐❝✐ts t❤✐s

❧❛❜♦r s✉♣♣❧② r❡❞✉❝t✐♦♥ ❜② ♣r♦✈✐❞✐♥❣ ♠♦r❡ ✐♥s✉r❛♥❝❡ ✭❝r♦✇❞✐♥❣✲✐♥✮✳ ❲❡ ✜♥❞ t❤❛t t❤✐s

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❛❧♠♦st ❢✉❧❧② ♦✛s❡ts t❤❡ ❝r♦✇❞✐♥❣✲♦✉t✳

❲❡ s❡t ✉♣ ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ❛r✐s❡s ❢r♦♠ t✇♦ ❞✐st✐♥❝t s♦✉r❝❡s✱

♥❛♠❡❧②✱ ✐♥♥❛t❡ ❛❜✐❧✐t② ❞✐✛❡r❡♥❝❡s✱ ❛♥❞ ❡①✲♣♦st ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s t❤❛t ❛✛❡❝t t❤❡ ♦✉t✲

♣✉t ♦❢ ❡q✉❛❧❧② t❛❧❡♥t❡❞ ✇♦r❦❡rs✳ ❲❤✐❧❡ t❤❡ ❢♦r♠❡r s♦✉r❝❡ ♦❢ ✇❛❣❡ ❞✐s♣❛r✐t✐❡s ❝❛♥♥♦t

❜❡ ✐♥s✉r❡❞ ❜② ♣r✐✈❛t❡ ♠❛r❦❡ts✱ t❤❡ ❧❛tt❡r ✐s ✈❡r② ♠✉❝❤ s❤❛♣❡❞ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✱ ✇❛❣❡ r✐s❦ ❤❛s ❛ ♣r♦❞✉❝t✐✈❡ r♦❧❡✿ ❡♠♣❧♦②❡rs

❝❤♦♦s❡ t❤❡ ❛♠♦✉♥t ♦❢ r✐s❦ ❢❛❝❡❞ ❜② t❤❡✐r ❡♠♣❧♦②❡❡s t❤r♦✉❣❤ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ♣❛②

❝♦♥tr❛❝ts ✐♥ ♦r❞❡r t♦ str✐❦❡ ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ✐♥s✉r❛♥❝❡ ❛♥❞ ✐♥❝❡♥t✐✈❡s ❢♦r ❡✛♦rt✳ ❖✉r

♠♦❞❡❧✐♥❣ ♦❢ ❧❛❜♦r ♠❛r❦❡ts ✐s ❜❛s❡❞ ♦♥ t❤♦s❡ ♦❢ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ ❢♦r ♦✉r

st❛t✐❝ s❡tt✐♥❣✱ ❛♥❞ ❊❞♠❛♥s✱ ●❛❜❛✐①✱ ❙❛❞③✐❦✱ ❛♥❞ ❙❛♥♥✐❦♦✈ ✭✷✵✶✷✮ ❢♦r ♦✉r ❞②♥❛♠✐❝ s❡t✲

t✐♥❣✳ ❚❤❡✐r ❢r❛♠❡✇♦r❦s ❤❛✈❡ ❜❡❡♥ ✈❡r② s✉❝❝❡ss❢✉❧ ❛t ❡①♣❧❛✐♥✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❢❡❛t✉r❡s

♦❢ ❛❝t✉❛❧ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ❝♦♥tr❛❝ts ✭s❡❡ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✻✮✮✳ ❲❡ ❡①t❡♥❞

t❤❡♠ t♦ ✐♥❝♦r♣♦r❛t❡ s♦♣❤✐st✐❝❛t❡❞ ♥♦♥❧✐♥❡❛r ♣♦❧✐❝② ✐♥str✉♠❡♥ts✳ ❚❤❡ ❦❡② t❡❝❤♥✐❝❛❧

❜r❡❛❦t❤r♦✉❣❤ ✐s t❤❛t ✇❡ ❛❧❧♦✇ ❢♦r ❛r❜✐tr❛r✐❧② ♥♦♥❧✐♥❡❛r t❛① ✐♥str✉♠❡♥ts✳ Pr❡✈✐♦✉s

♠♦❞❡❧s ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ✇❡r❡ tr❛❝t❛❜❧❡ ♦♥❧② ✉♥❞❡r ✈❡r② r❡str✐❝t❡❞ ❢♦r♠s ♦❢ t❤❡ ✉t✐❧✐t②

♦❢ ❝♦♥s✉♠♣t✐♦♥ ✕ ❢♦r ✐♥st❛♥❝❡✱ ❍♦❧♠str♦♠ ❛♥❞ ▼✐❧❣r♦♠ ✭✶✾✽✼✮ ✐♠♣♦s❡ ❡①♣♦♥❡♥t✐❛❧

✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❚❤✐s ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r ❛ ✇✐❞❡ ❝❧❛ss ♦❢ t❛① s❝❤❡❞✉❧❡s

✕ t②♣✐❝❛❧❧②✱ t❤❡② ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ r❡str✐❝t❡❞ t♦ ❜❡✐♥❣ ❛✣♥❡ ✕ s✐♥❝❡ ♥♦♥❧✐♥❡❛r t❛①❡s

❡✛❡❝t✐✈❡❧② ♠♦❞✐❢② t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✉t✐❧✐t② t❤❛t ✇♦r❦❡rs r❡❝❡✐✈❡ ❢r♦♠ t❤❡✐r s❛❧❛r✐❡s✳

■♥st❡❛❞✱ t❤❡ ❛♥❛❧②s✐s ♦❢ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ r❡♠❛✐♥s tr❛❝t❛❜❧❡ ❢♦r ✈❡r② ❣❡♥❡r❛❧

✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ✐t ❛❧❧♦✇s ✉s t♦ st✉❞② t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛r❜✐tr❛r② t❛① r❡❢♦r♠s

✭s❛②✱ ✐♥❝r❡❛s✐♥❣ t❛①❡s ♦♥ t❤❡ r✐❝❤✱ ♦r ❛❧t❡r✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❊■❚❈✮ ♦❢ ❛♥② ✐♥✐t✐❛❧ t❛①

s❝❤❡❞✉❧❡ ✭s❛②✱ t❤❡ ❯✳❙✳ t❛① ❝♦❞❡✮✳ ❖✉r ❛♥❛❧②s✐s ✐s t❤✉s ✈❡r② ❣❡♥❡r❛❧ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞

❢♦r ❜♦t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥♦r♠❛t✐✈❡ ✐♥✈❡st✐❣❛t✐♦♥✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ❤❛s ❛♥ ❡✛❡❝t✐✈❡ r♦❧❡ t♦

♣❧❛② ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ♠❛r❦❡ts ❛r❡ ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥t✳ ■♥❞❡❡❞✱

✇❤✐❧❡ ✜r♠s ♦♣t✐♠❛❧❧② ♣r♦✈✐❞❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ❡①✲♣♦st ♦✉t♣✉t r✐s❦✱ t❤❡ ❣♦✈❡r♥♠❡♥t

✷



✉s❡s t❛① ♣♦❧✐❝② ❢♦r r❡❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ ✇♦r❦❡rs ✇✐t❤ ❞✐✛❡r❡♥t ❡①✲❛♥t❡ ❛❜✐❧✐t②✳

❲❡ st❛rt ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❛① r❡❢♦r♠s ♦♥ t❤❡ ✇♦r❦❡rs✬

❧❛❜♦r ❝♦♥tr❛❝ts ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✉t✐❧✐t✐❡s✳ ■♥ st❛♥❞❛r❞ ♠♦❞❡❧s ✇✐t❤ ❡①♦❣❡♥♦✉s

✇❛❣❡ r✐s❦✱ t❛①❡s ❛✛❡❝t ❡❛r♥✐♥❣s ♦♥❧② ❜② ♠♦❞✐❢②✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❧❛❜♦r ❡✛♦rt ❞❡❝✐s✐♦♥s✳ ■♥

♦✉r ❢r❛♠❡✇♦r❦✱ ✇❛❣❡ r✐s❦ ✐s ❡♥❞♦❣❡♥♦✉s t♦ ♣♦❧✐❝② ❛s ✇❡❧❧✳ ❲❡ s❤♦✇ t❤❛t ✐t r❡s♣♦♥❞s t♦

t❛① ❝❤❛♥❣❡s ✈✐❛ t✇♦ ❝❤❛♥♥❡❧s✿ ❛ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t✱ ❛♥❞ ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✳ ❖♥

t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✐s t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ ♦❢ ✜r♠s t♦ ❛ ❝❤❛♥❣❡ ✐♥

s♦❝✐❛❧ ✐♥s✉r❛♥❝❡✿ t❤❡② ❛❞❥✉st t❤❡ ❡❛r♥✐♥❣s ❝♦♥tr❛❝t ❡♥❞♦❣❡♥♦✉s❧② s♦ t❤❛t t❤❡ ✇♦r❦❡rs✬

✐♥❝❡♥t✐✈❡s ❢♦r ❡✛♦rt ❛♥❞ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts r❡♠❛✐♥ s❛t✐s✜❡❞ ❛❢t❡r t❤❡ r❡❢♦r♠✳

❚❤✉s✱ ❢♦❧❧♦✇✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ s♦❝✐❛❧ ✐♥s✉r❛♥❝❡ ✭❤✐❣❤❡r t❛① ♣r♦❣r❡ss✐✈✐t②✮✱ ✜r♠s

r❡s♣♦♥❞ ❜② s♣r❡❛❞✐♥❣ t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✱ ♦♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛r✐s❡s ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ❧❛❜♦r s✉♣♣❧② ❛❞❥✉st♠❡♥t t♦ t❤❡ t❛① r❡❢♦r♠✳

❆s ✐♥ st❛♥❞❛r❞ ♠♦❞❡❧s ♦❢ ✐♥❝♦♠❡ t❛①❛t✐♦♥✱ ✇♦r❦❡rs✬ ♦♣t✐♠❛❧ ❡✛♦rt ✐s ❧♦✇❡r ✐♥ r❡s♣♦♥s❡

t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♠❛r❣✐♥❛❧ t❛① r❛t❡s ♦r t❛① ♣r♦❣r❡ss✐✈✐t②✳ ❇✉t ❡❧✐❝✐t✐♥❣ ❛ ❧♦✇❡r ❡✛♦rt

❧❡✈❡❧ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s ✐s ❛❝❤✐❡✈❡❞ ❜② ❧♦✇❡r✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ♦❢

♣r❡✲t❛① ❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡✱ t❤❛t ✐s✱ ❜② ❝♦♠♣r❡ss✐♥❣ t❤❡ ✇❛❣❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s

❡✛❡❝t ❝♦✉♥t❡r❛❝ts t❤❡ ❞✐r❡❝t ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ t❤❛t t❤❡ t❛① r❡❢♦r♠

✐♥❞✉❝❡s✳ ❈r✉❝✐❛❧❧②✱ ❜❡❝❛✉s❡ ♦✉r ♠♦❞❡❧ ✐s tr❛❝t❛❜❧❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ t❤✐s t❛①

✐♥❝✐❞❡♥❝❡ ❛♥❛❧②s✐s ❡♥t✐r❡❧② ✐♥ ❝❧♦s❡❞ ❢♦r♠ ❢♦r ❛♥ ❛r❜✐tr❛r② ❜❛s❡❧✐♥❡ t❛① s②st❡♠ ❛♥❞

❛r❜✐tr❛r② t❛① r❡❢♦r♠s✳

❲❡ s❤♦✇ ❜♦t❤ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② ✐♥ ❛ ❝❛❧✐❜r❛t❡❞ ✈❡rs✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧

t❤❛t t❤❡ t✇♦ ❡❛r♥✐♥❣s r✐s❦ ❛❞❥✉st♠❡♥ts ❛❧♠♦st ❢✉❧❧② ♦✛s❡t ❡❛❝❤ ♦t❤❡r ✐♥ r❡s♣♦♥s❡ t♦

❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦❣r❡ss✐✈✐t② ♦❢ t❤❡ t❛① ❝♦❞❡✳ ❚❛❦❡♥ s❡♣❛r❛t❡❧② t❤❡s❡ ❡✛❡❝ts ❛r❡

❜♦t❤ s✐❣♥✐✜❝❛♥t✱ ❜✉t s✉♠♠✐♥❣ t❤❡♠ ✐♠♣❧✐❡s t❤❛t t❛①❡s ❜❛r❡❧② ❛✛❡❝t t❤❡ s❡♥s✐t✐✈✐t②

♦❢ ♣❛② t♦ ❝♦♠♣❡♥s❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤✐s r❡s✉❧t ✐s r♦❜✉st t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧❛❜♦r

s✉♣♣❧② ❡❧❛st✐❝✐t②✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡❛s♦♥ ✐s t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t t♦

♣❡r❢♦r♠❛♥❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ♦❢ ❧❛❜♦r✳ ❆s ❛ r❡s✉❧t✱ ✐♥ ♦r❞❡r

t♦ ❡❧✐❝✐t ❛ ❣✐✈❡♥ ✐♥❝r❡❛s❡ ✐♥ ❧❛❜♦r ❡✛♦rt✱ t❤❡ ✜r♠ ♠✉st ✐♥❝r❡❛s❡ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ♦❢

♦✉t♣✉t r✐s❦ t♦ ❡❛r♥✐♥❣s ♣r♦♣♦rt✐♦♥❛❧❧② t♦ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t②✳

❚❤❡r❡❢♦r❡✱ ✐❢ ❧❛❜♦r ❡✛♦rt ✐s r❡❧❛t✐✈❡❧② ✐♥❡❧❛st✐❝✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ♣❡r❢♦r♠❛♥❝❡✲s❡♥s✐t✐✈✐t②

♥❡❝❡ss❛r② t♦ ❡❧✐❝✐t t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❝❤❛♥❣❡ ♠✉st ❜❡ ❧❛r❣❡✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❲❡ ❡✈❛❧✉❛t❡

t❤❡ r♦❜✉st♥❡ss ♦❢ t❤✐s r❡s✉❧t t♦ ♦t❤❡r ❝❛♥♦♥✐❝❛❧ t❛① r❡❢♦r♠s ❛♥❞ s❤♦✇ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s✱

t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ♦✛s❡ts ❛t ❧❡❛st ✜❢t② ♣❡r❝❡♥t✱ ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s ❡✈❡♥ ❞♦♠✐♥❛t❡s✱

t❤❡ ❞✐r❡❝t ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t✳

✸



❆r♠❡❞ ✇✐t❤ t❤✐s t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❛❧②s✐s✱ ✇❡ t❤❡♥ ❞❡r✐✈❡ t❤❡ ✐♠♣❛❝t ♦❢ t❛① r❡❢♦r♠s

♦♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❛♥❞ s♦❝✐❛❧ ✇❡❧❢❛r❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ t❛① ♣r♦❣r❡s✲

s✐✈✐t②✳ ❚❤✐s ❛♥❛❧②s✐s ❡①t❡♥❞s ❈❤❡tt② ❛♥❞ ❙❛❡③ ✭✷✵✶✵✮ t♦ ♦✉r ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ❛r❜✐✲

tr❛r✐❧② ♥♦♥❧✐♥❡❛r t❛①❡s✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ st❛♥❞❛r❞ ❡✛❡❝ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦

♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s ✇❛❣❡ r✐s❦✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝ts ❝r❡✲

❛t❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s✿ ❣✐✈❡♥ ❛♥ ✐♥✐t✐❛❧❧② ♣r♦❣r❡ss✐✈❡ t❛① ❝♦❞❡✱ ❛ s♣r❡❛❞ ✭r❡s♣❡❝t✐✈❡❧②✱

❝♦♥tr❛❝t✐♦♥✮ ♦❢ t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥ ✐♠♣❛❝ts ♣♦s✐t✐✈❡❧② ✭r❡s♣✳✱ ♥❡❣❛t✐✈❡❧②✮

t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❤❛s ❛ ✜rst✲♦r❞❡r ♥❡❣❛t✐✈❡

✐♠♣❛❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱ ❢♦❧❧♦✇✐♥❣ ❛ t❛① r❡❢♦r♠✱ ✜r♠s ❛❞❥✉st ✇❛❣❡s

✐♥ ❛ ✇❛② t❤❛t r❡♥❞❡rs t❛① ❝✉ts ❧❡ss ❛❝❝✉r❛t❡❧② t❛r❣❡t❡❞ t❤❛♥ ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡✲

♥♦✉s r✐s❦✳ ❚❤✐s ♠♦❞✐✜❡s t❤❡ r❡❧❡✈❛♥t s♦❝✐❛❧ ✇❡❧❢❛r❡ ✇❡✐❣❤ts ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❧❡ss

r❡❞✐str✐❜✉t✐♦♥✳ ❲❡ t❤❡♥ ✐♠♣♦s❡ ❛ ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❛ss✉♠♣t✐♦♥s t♦ ♠❛❦❡

t❤❡ ❛♥❛❧②s✐s ❛s tr❛♥s♣❛r❡♥t ❛s ♣♦ss✐❜❧❡ ❛♥❞ ♦❜t❛✐♥ s❤❛r♣❡r r❡s✉❧ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡

❛ss✉♠❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r t❛① s❝❤❡❞✉❧❡ ✐s r❡str✐❝t❡❞ t♦ ❤❛✈✐♥❣ ❛ ❝♦♥st❛♥t r❛t❡ ♦❢ ♣r♦✲

❣r❡ss✐✈✐t② ✭❛s ✐♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❍❡❛t❤❝♦t❡✱ ❙t♦r❡s❧❡tt❡♥✱ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✼✮✮✳ ❲✐t❤✐♥

t❤✐s ❝❧❛ss ♦❢ t❛① s❝❤❡❞✉❧❡s✱ ✇❡ ❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐♥ ❝❧♦s❡❞ ❢♦r♠

❛♥❞ s❤♦✇ t❤❛t ✐t ✐s s♠❛❧❧❡r t❤❛♥ ✇❤❡♥ ✇❛❣❡ r✐s❦ ✐s ❝♦♥s✐❞❡r❡❞ ❡①♦❣❡♥♦✉s✳ ❍♦✇❡✈❡r✱

t❤❡ ✇❡❧❢❛r❡ ❧♦ss❡s ❢r♦♠ s❡tt✐♥❣ t❛①❡s s✉❜♦♣t✐♠❛❧❧② ❜② ✐❣♥♦r✐♥❣ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ✇❛❣❡

r✐s❦ ❛r❡ q✉❛♥t✐t❛t✐✈❡❧② ❧✐♠✐t❡❞✱ ❡q✉✐✈❛❧❡♥t t♦ ❛ ♠❡r❡ ✵✳✷✹✪ ❞r♦♣ ✐♥ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤✐s

✐s ❜❡❝❛✉s❡ ♦♥❧② r♦✉❣❤❧② ❤❛❧❢ ♦❢ t❤❡ ❥♦❜s ✐♥ ♦✉r ❝❛❧✐❜r❛t✐♦♥ ❛r❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛②✱ ✇❤✐❝❤

r❡❞✉❝❡s t❤❡ ❛❣❣r❡❣❛t❡ ✇❡❧❢❛r❡ ❧♦ss❡s ❢r♦♠ ✐❣♥♦r✐♥❣ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ✇❛❣❡ r✐s❦ t♦ ❛

q✉❛rt❡r ♦❢ ✇❤❛t t❤❡② ✇♦✉❧❞ ❜❡ ✐❢ ❛❧❧ ❥♦❜s ✇❡r❡ s✉❜❥❡❝t t♦ ❛❣❡♥❝② ❢r✐❝t✐♦♥s✳ ❲❡ ❝♦♥✲

❝❧✉❞❡ t❤❛t t❤❡ ❝♦♠♠♦♥ ❝♦♥❝❡r♥ t❤❛t st❛♥❞❛r❞ ♠♦❞❡❧s ♦✈❡rst❛t❡ ♦♣t✐♠❛❧ t❛① ♣♦❧✐❝② ❜②

✐❣♥♦r✐♥❣ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ✐s ✕ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❥♦❜s ✕ ♦✈❡r❜❧♦✇♥✳

▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇✳ ❚❤❡ t✇♦ ♣❛♣❡rs t❤❛t ❛r❡ ❝❧♦s❡st t♦ ♦✉rs ❛r❡ ●♦❧♦s♦✈ ❛♥❞

❚s②✈✐♥s❦✐ ✭✷✵✵✼✮ ❛♥❞ ❈❤❡tt② ❛♥❞ ❙❛❡③ ✭✷✵✶✵✮✳ ●♦❧♦s♦✈ ❛♥❞ ❚s②✈✐♥s❦✐ ✭✷✵✵✼✮ st✉❞②

❛♥ ❡❝♦♥♦♠② ✐♥ ✇❤✐❝❤ ✜r♠s ✐♥s✉r❡ t❤❡✐r ✇♦r❦❡rs s✉❜❥❡❝t t♦ ✉♥♦❜s❡r✈❛❜❧❡ ♣r♦❞✉❝t✐✈✐t②

❛♥❞ ❤✐❞❞❡♥ ❛ss❡t tr❛❞❡s✳ ❚❤❡② s❤♦✇ t❤❛t t❛① r❡❢♦r♠s ❣❡♥❡r❛t❡ ❛ ❧❛r❣❡ ❝r♦✇❞✐♥❣

♦✉t ❡✛❡❝t ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ❣❛✐♥s ❢r♦♠ ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ♦♣t✐♠❛❧❧②

r❡❢r❛✐♥s ❢r♦♠ ♣r♦✈✐❞✐♥❣ ✐♥s✉r❛♥❝❡ ❛♥❞ ✐♥st❡❛❞ ✉s❡s t❛① ♣♦❧✐❝② t♦ ❝♦rr❡❝t t❤❡ ❡①t❡r♥❛❧✐t②

❣❡♥❡r❛t❡❞ ❜② ❤✐❞❞❡♥ tr❛❞❡s✳ ■♥ ♦✉r ❡♥✈✐r♦♥♠❡♥t✱ ♠❛r❦❡ts ❛r❡ ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥t✳

■♥st❡❛❞✱ ✇❡ st✉❞② ❤♦✇ t❤❡ r❡❞✐str✐❜✉t✐✈❡ ♠♦t✐✈❡ ❢♦r ❣♦✈❡r♥♠❡♥t ✐♥t❡r✈❡♥t✐♦♥ ✐♥t❡r❛❝ts

✹



✇✐t❤ t❤❡ ❡♥❞♦❣❡♥♦✉s ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ♦♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳ ❈❤❡tt② ❛♥❞ ❙❛❡③ ✭✷✵✶✵✮

❞❡r✐✈❡ ❛ s✉✣❝✐❡♥t st❛t✐st✐❝s ❢♦r♠✉❧❛ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r t❛① ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢

❧✐♥❡❛r ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝ts✳ ❲❡ ❡①t❡♥❞ t❤❡✐r ❛♥❛❧②s✐s ✐♥ t✇♦ ✇❛②s✳ ❋✐rst✱ ❛♥❞

♠♦st ✐♠♣♦rt❛♥t❧②✱ r❛t❤❡r t❤❛♥ ❢♦❧❧♦✇✐♥❣ ❛♥ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♣✉r❡❧② ♦♥ ❡♥❞♦❣❡♥♦✉s

s✉✣❝✐❡♥t st❛t✐st✐❝s ✕ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❝r♦✇❞✲♦✉t ✇✐t❤ r❡s♣❡❝t t♦ t❛①

♣♦❧✐❝② ✕ ✇❡ st✉❞② ❛ tr❛❝t❛❜❧❡ str✉❝t✉r❛❧ ♠✐❝r♦❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❛❜♦r

❝♦♥tr❛❝ts✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝❤❛r❛❝t❡r✐③❡ ❛♥❛❧②t✐❝❛❧❧② t❤❡ ❡✛❡❝ts ♦❢ ❣♦✈❡r♥♠❡♥t ♣♦❧✐❝②

♦♥ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝ts ✈✐❛ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲♣❛② r❡s♣♦♥s❡s✱ ❛♥❞

❞❡r✐✈❡ ❡①♣❧✐❝✐t t❤❡♦r❡t✐❝❛❧ ❢♦r♠✉❧❛s ❢♦r t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❞ ♦♣t✐♠❛❧ t❛①❡s✳ ❙❡❝♦♥❞✱

✇❡ ❛❧❧♦✇ ❢♦r ❛r❜✐tr❛r✐❧② ♥♦♥❧✐♥❡❛r t❛①❡s ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♥♦♥❧✐♥❡❛r ✐♥❝❡♥t✐✈❡

❝♦♥tr❛❝ts✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t s❡✈❡r❛❧ ♥♦✈❡❧ ❡✛❡❝ts ❛r✐s❡ ❢r♦♠ t❤❡s❡s ♥♦♥❧✐♥❡❛r✐t✐❡s✳

❖✉r ♣❛♣❡r ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ t❤❛t st✉❞✐❡s ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥✲

tr❛❝ts ❛s ❛♥ ♦♣t✐♠❛❧ ✇❛② ❢♦r ✜r♠s t♦ ✐♥❝❡♥t✐✈✐③❡ ✇♦r❦❡rs✬ ❡✛♦rt ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢

♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✳ ❖♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ♦✉r ❜❛s❡❧✐♥❡ ❢r❛♠❡✇♦r❦ ✐s t❤❡ ♠♦❞❡❧

♦❢ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ ❢♦r ♦✉r st❛t✐❝ s❡tt✐♥❣✱ ❛♥❞ t❤❛t ♦❢ ❊❞♠❛♥s ❡t ❛❧✳ ✭✷✵✶✷✮

❢♦r ♦✉r ❞②♥❛♠✐❝ s❡tt✐♥❣✳ ❚❤❡s❡ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ✈❡r② s✉❝❝❡ss❢✉❧ ❛t ❡①♣❧❛✐♥✐♥❣ t❤❡

str✉❝t✉r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥tr❛❝ts ♦❢ ❈❊❖s ✭❋r②❞♠❛♥ ❛♥❞ ❏❡♥t❡r ✭✷✵✶✵✮❀ ❊❞♠❛♥s

❛♥❞ ●❛❜❛✐① ✭✷✵✶✻✮❀ ❊❞♠❛♥s✱ ●❛❜❛✐①✱ ❛♥❞ ❏❡♥t❡r ✭✷✵✶✼✮✮✳ ❖♥ t❤❡ ❡♠♣✐r✐❝❛❧ s✐❞❡✱ t❤❡r❡

✐s ❣r♦✇✐♥❣ r❡❞✉❝❡❞✲❢♦r♠ ❛♥❞ str✉❝t✉r❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ♠♦r❛❧ ❤❛③❛r❞ ✐♥ ❧❛❜♦r ♠❛r❦❡ts ✐s

♣❡r✈❛s✐✈❡ ✭❋♦st❡r ❛♥❞ ❘♦s❡♥③✇❡✐❣ ✭✶✾✾✹✮❀ Pr❡♥❞❡r❣❛st ✭✶✾✾✾✮❀ ❙❤❡❛r❡r ✭✷✵✵✹✮❀ ▲❛③❡❛r

❛♥❞ ❖②❡r ✭✷✵✶✵✮❀ ❇❛♥❞✐❡r❛✱ ❇❛r❛♥❦❛②✱ ❛♥❞ ❘❛s✉❧ ✭✷✵✶✶✮❀ ➪❜r❛❤á♠✱ ❆❧✈❛r❡③✲P❛rr❛✱

❛♥❞ ❋♦rst♥❡r ✭✷✵✶✻❛✮✮✱ t❤❛t ❡♠♣❧♦②❡rs ❛r❡ ✐♠♣♦rt❛♥t ♣r♦✈✐❞❡rs ♦❢ ✐♥s✉r❛♥❝❡ ❢♦r t❤❡✐r

❡♠♣❧♦②❡❡s ✭●✉✐s♦✱ P✐st❛❢❡rr✐✱ ❛♥❞ ❙❝❤✐✈❛r❞✐ ✭✷✵✵✺✮❀ ▲❛♠❛❞♦♥ ✭✷✵✶✻✮❀ ❋r✐❡❞r✐❝❤✱ ▲❛✉♥✱

▼❡❣❤✐r✱ ❛♥❞ P✐st❛❢❡rr✐ ✭✷✵✶✾✮❀ ▲❛♠❛❞♦♥✱ ▼♦❣st❛❞✱ ❛♥❞ ❙❡t③❧❡r ✭✷✵✶✾✮✮✱ ❛♥❞ t❤❛t

t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❥♦❜s ✇✐t❤ ❡①♣❧✐❝✐t ♣❛②✲❢♦r✲♣❡r❢♦r♠❛♥❝❡ ✐s ❤✐❣❤ ❛♥❞ r✐s✐♥❣ ✭▲❡♠✐❡✉①✱

▼❛❝▲❡♦❞✱ ❛♥❞ P❛r❡♥t ✭✷✵✵✾✮❀ ❇❧♦♦♠ ❛♥❞ ❱❛♥ ❘❡❡♥❡♥ ✭✷✵✶✵✮❀ ❇❡❧❧ ❛♥❞ ❱❛♥ ❘❡❡♥❡♥

✭✷✵✶✹✮❀ ●r✐❣s❜②✱ ❍✉rst✱ ❛♥❞ ❨✐❧❞✐r♠❛③ ✭✷✵✶✾✮✮✳ ❆♥❛❧♦❣♦✉s t♦ ❑❛♣❧♦✇ ✭✶✾✾✶✮✱ ♦✉r ❦❡②

❝♦♥tr✐❜✉t✐♦♥ t♦ t❤✐s ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝ts ♦❢ ♣♦❧✐❝② ✐♥ s✉❝❤ ❡♥✈✐✲

r♦♥♠❡♥ts ✇❤❡r❡ t❤❡ ✇♦r❦❡r✲✜r♠ r❡❧❛t✐♦♥s❤✐♣ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ♠♦r❛❧ ❤❛③❛r❞ ♣r♦❜❧❡♠✳

❈r✉❝✐❛❧❧②✱ ♦✉r ♣♦❧✐❝② ✐♥str✉♠❡♥ts ❛r❡ ✈❡r② ❣❡♥❡r❛❧✱ ②❡t ♦✉r ❛♥❛❧②s✐s r❡♠❛✐♥s tr❛❝t❛❜❧❡✳

❖✉r r❡s✉❧ts ❝❛♥ ❤❡❧♣ ❣✉✐❞❡ ❢✉t✉r❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ t❛①❡s ♦♥ t❤❡

❧❡✈❡❧ ❛♥❞ str✉❝t✉r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ♣❛❝❦❛❣❡s ✐♥ t❤❡ s♣✐r✐t ♦❢ ❘♦s❡ ❛♥❞ ❲♦❧❢r❛♠

✭✷✵✵✷✮❀ ❋r②❞♠❛♥ ❛♥❞ ▼♦❧❧♦② ✭✷✵✶✶✮❀ ❇✐r❞ ✭✷✵✶✽✮❀ ❉❛❧❡✲❖❧s❡♥ ✭✷✵✶✷✮✳

❙❡✈❡r❛❧ ♦t❤❡r ♣❛♣❡rs st✉❞② ♦♣t✐♠❛❧ t❛①❛t✐♦♥ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❡❛r♥✐♥❣s r✐s❦✳ ❚❤❡s❡

✺



♣❛♣❡rs ❢♦❝✉s ♦♥ r✐s❦ ❣❡♥❡r❛t❡❞ ❜② ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✭❑❛♣✐❝❦❛ ❛♥❞ ◆❡✐r❛

✭✷✵✶✸✮❀ ❋✐♥❞❡✐s❡♥ ❛♥❞ ❙❛❝❤s ✭✷✵✶✻✮❀ ❙t❛♥t❝❤❡✈❛ ✭✷✵✶✼✮❀ ▼❛❦r✐s ❛♥❞ P❛✈❛♥ ✭✷✵✶✼✮✮✱

❥♦❜ s❡❛r❝❤ ✭❙❧❡❡t ❛♥❞ ❨❛③✐❝✐ ✭✷✵✶✼✮✮✱ ♦r ✇❛❣❡ r❛♥❞♦♠✐③❛t✐♦♥ ✐♥ r❡s♣♦♥s❡ t♦ ❡①❝❡s✲

s✐✈❡ t❛① r❡❣r❡ss✐✈✐t② ✭❉♦❧✐❣❛❧s❦✐ ✭✷✵✶✾✮✮✳ ❇❧♦♠q✈✐st ❛♥❞ ❍♦r♥ ✭✶✾✽✹✮❀ ❘♦❝❤❡t ✭✶✾✾✶✮❀

❈r❡♠❡r ❛♥❞ P❡st✐❡❛✉ ✭✶✾✾✻✮ st✉❞✐❡❞ t❤❡ ❥♦✐♥t ❞❡s✐❣♥ ♦❢ ♦♣t✐♠❛❧ ✐♥s✉r❛♥❝❡ ❛♥❞ r❡✲

❞✐str✐❜✉t✐♦♥ ❜✉t ✐♥ t❤❡s❡ ♣❛♣❡rs t❤❡ ❣♦✈❡r♥♠❡♥t ✐s t❤❡ s♦❧❡ ♣r♦✈✐❞❡r ♦❢ ✐♥s✉r❛♥❝❡✳

❆♥♦t❤❡r str❛♥❞ ✐♥ t❤❡ t❛①❛t✐♦♥ ❧✐t❡r❛t✉r❡ st✉❞✐❡s ❣♦✈❡r♥♠❡♥t t❛①❛t✐♦♥ ✐♥ t❤❡ ♣r❡s✲

❡♥❝❡ ♦❢ ❡♥❞♦❣❡♥♦✉s ❝♦♥s✉♠♣t✐♦♥ ✐♥s✉r❛♥❝❡✱ ✉♥❞❡rst♦♦❞ ❡✐t❤❡r ❛s ✐♥❢♦r♠❛❧ ❡①❝❤❛♥❣❡s

✐♥ ❢❛♠✐❧② ♥❡t✇♦r❦s ♦r ❛ss❡t tr❛❞❡s✳ ❆tt❛♥❛s✐♦ ❛♥❞ ❘✙♦s✲❘✉❧❧ ✭✷✵✵✵✮ ❛♥❞ ❑r✉❡❣❡r

❛♥❞ P❡rr✐ ✭✷✵✶✶✮ ❞❡♠♦♥str❛t❡ ❛ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡

✐♥ r❡s♣♦♥s❡ t♦ ✐♥❝r❡❛s❡❞ ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡✳ P❛r❦ ✭✷✵✶✹✮❀ ➪❜r❛❤á♠ ❡t ❛❧✳ ✭✷✵✶✻❜✮❀

❍❡❛t❤❝♦t❡ ❡t ❛❧✳ ✭✷✵✶✼✮❀ ❈❤❛♥❣ ❛♥❞ P❛r❦ ✭✷✵✶✼✮❀ ❘❛❥ ✭✷✵✶✾✮✱ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧

t❛① s②st❡♠s ✐♥ s✉❝❤ ❡❝♦♥♦♠✐❡s✳ ■♥ ❝♦♥tr❛st t♦ t❤❡s❡ ♣❛♣❡rs✱ ✐t ✐s ♣r❡✲t❛① ❡❛r♥✐♥❣s

r✐s❦ ✕ r❛t❤❡r t❤❛♥ ❝♦♥s✉♠♣t✐♦♥ r✐s❦ ✕ t❤❛t ✐s ❡♥❞♦❣❡♥♦✉s t♦ ♣♦❧✐❝② ✐♥ ♦✉r ♠♦❞❡❧✳

❋✐♥❛❧❧②✱ s❡✈❡r❛❧ ♣❛♣❡rs ✐♥ t❤❡ ♦♣t✐♠❛❧ t❛①❛t✐♦♥ ❧✐t❡r❛t✉r❡ ❛❧❧♦✇ ✇❛❣❡s t♦ ❜❡ ❞❡t❡r✲

♠✐♥❡❞ ♦♥ ♣r✐✈❛t❡ ❧❛❜♦r ♠❛r❦❡ts✱ ❢♦r ✐♥st❛♥❝❡ ❍✉♥❣❡r❜ü❤❧❡r✱ ▲❡❤♠❛♥♥✱ P❛r♠❡♥t✐❡r✱

❛♥❞ ❱❛♥ ❞❡r ▲✐♥❞❡♥ ✭✷✵✵✻✮❀ ❘♦t❤s❝❤✐❧❞ ❛♥❞ ❙❝❤❡✉❡r ✭✷✵✶✸✱ ✷✵✶✻✱ ✷✵✶✹✮❀ ❙t❛♥t❝❤❡✈❛

✭✷✵✶✹✮❀ P✐❦❡tt②✱ ❙❛❡③✱ ❛♥❞ ❙t❛♥t❝❤❡✈❛ ✭✷✵✶✹✮❀ ❙❝❤❡✉❡r ❛♥❞ ❲❡r♥✐♥❣ ✭✷✵✶✼✱ ✷✵✶✻✮❀ ❆❧❡s✱

❑✉r♥❛③✱ ❛♥❞ ❙❧❡❡t ✭✷✵✶✺✮❀ ❆❧❡s ❛♥❞ ❙❧❡❡t ✭✷✵✶✻✮❀ ❆❧❡s✱ ❇❡❧❧♦❢❛tt♦✱ ❛♥❞ ❲❛♥❣ ✭✷✵✶✼✮❀

❙❛❝❤s✱ ❚s②✈✐♥s❦✐✱ ❛♥❞ ❲❡rq✉✐♥ ✭✷✵✷✵✮✳ ❚❤❡s❡ ♣❛♣❡rs ❞♦ ♥♦t ❛❝❝♦✉♥t ❢♦r ✇❛❣❡✲r❛t❡

r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ❡❛r♥✐♥❣s ❝❛✉s❡❞ ❜② ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✳

❖✉t❧✐♥❡ ♦❢ t❤❡ P❛♣❡r✳ ❖✉r ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ s❡t ✉♣ ♦✉r ❜❛s❡❧✐♥❡

st❛t✐❝ ❡♥✈✐r♦♥♠❡♥t ✐♥ ❙❡❝t✐♦♥ ✶✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛r❜✐tr❛r②

♥♦♥❧✐♥❡❛r t❛① r❡❢♦r♠s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ❝♦♠♣❡♥s❛t✐♦♥ ❛♥❞ ♦♥

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✉t✐❧✐t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ❛♥❞ t❤❡ s♦❝✐❛❧

✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ t❛① r❡❢♦r♠s✳ ❲❡ t❤❡♥ ❢♦❝✉s ♦♥ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♦✉r ♠♦❞❡❧ t♦ ❞❡r✐✈❡

s❤❛r♣❡r r❡s✉❧ts✱ ❛s ✇❡❧❧ ❛s t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②✱ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❲❡ st✉❞②

♦✉r r❡s✉❧ts q✉❛♥t✐t❛t✐✈❡❧② ✐♥ ❙❡❝t✐♦♥ ✺✳ ❚❤❡ ♣r♦♦❢s✱ ❡①t❡♥s✐♦♥s ♦❢ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱

❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❛♥❛❧②s✐s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❆♣♣❡♥❞✐❝❡s ❆ t♦ ❍✳

✻



✶ ❊♥✈✐r♦♥♠❡♥t

✶✳✶ ▲❛❜♦r ▼❛r❦❡t

■♥❞✐✈✐❞✉❛❧s✳ ❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♠❛ss ♦♥❡ ♦❢ ❛❣❡♥ts ✐♥❞❡①❡❞ ❜② t❤❡✐r ❡①♦❣❡♥♦✉s

✐♥♥❛t❡ ❛❜✐❧✐t② θ ∈ Θ ⊂ R+ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✳❞✳❢✳ F (θ)✳ ❚❤❡✐r ♣r❡❢❡r❡♥❝❡s

♦✈❡r ❝♦♥s✉♠♣t✐♦♥ c ❛♥❞ ❧❛❜♦r ❡✛♦rt a ≥ 0 ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ s❡♣❛r❛❜❧❡ ✉t✐❧✐t②

❢✉♥❝t✐♦♥ u (c)−h (a)✱ ✇❤❡r❡ u ❛♥❞ h ❛r❡ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ u ✐s ❝♦♥❝❛✈❡✱

❛♥❞ h ✐s str✐❝t❧② ❝♦♥✈❡①✳ ❆♥ ❛❣❡♥t ✇✐t❤ ❡❛r♥✐♥❣s✷ w ♣❛②s ❛ t❛① ❧✐❛❜✐❧✐t② T (w) ❛♥❞

❝♦♥s✉♠❡s c = w − T (w)✳ ❚❤❡ t❛① s❝❤❡❞✉❧❡ T : R+ → R ✐s t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② R (w) ≡ w−T (w) t❤❡ r❡t❡♥t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❜② r (w) ≡

R′ (w) = 1− T ′ (w) t❤❡ r❡t❡♥t✐♦♥ ✭♦r ♥❡t✲♦❢✲t❛①✮ r❛t❡✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✉t✐❧✐t② ♦❢

❡❛r♥✐♥❣s w 7→ v (w) ≡ u (R (w)) ✐s ❝♦♥❝❛✈❡✳✸

▲❛❜♦r ❈♦♥tr❛❝t✳ ❆ ✇♦r❦❡r ✇✐t❤ ❛❜✐❧✐t② θ ✇❤♦ ♣r♦✈✐❞❡s ❡✛♦rt a ♣r♦❞✉❝❡s ♦✉t♣✉t

y = θ (a+ η) , ✭✶✮

✇❤❡r❡ t❤❡ ✏♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦✑ η ∈ R ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♠❡❛♥ 0✱ ❞✐str✐❜✉t❡❞

♦♥ ❛ ✭♣♦ss✐❜❧② ✉♥❜♦✉♥❞❡❞✮ ✐♥t❡r✈❛❧ ✇✐t❤ ✐♥t❡r✐♦r (η, η̄)✳ ❚❤❡ ✜r♠ ♦❜s❡r✈❡s ❜♦t❤ t❤❡

❛❣❡♥t✬s ❛❜✐❧✐t② θ ❛♥❞ ❤❡r r❡❛❧✐③❡❞ ♦✉t♣✉t y✱ ❜✉t ❝❛♥♥♦t ❞✐s❡♥t❛♥❣❧❡ ❤❡r ❡✛♦rt a ❢r♦♠

❤❡r ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η✳ ❆ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ❝♦♥tr❛❝t s♣❡❝✐✜❡s ❛♥ ❡✛♦rt ❧❡✈❡❧ ❛♥❞

❛♥ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❡❛❧✐③❡❞ ♦✉t♣✉t✳ ❋♦❧❧♦✇✐♥❣ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐①

✭✷✵✶✶✮✱ ✇❡ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ✐♥ ♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧

❝♦♥tr❛❝t ❛♥❛❧②t✐❝❛❧❧②✳

❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡ ❛❣❡♥t ❝❤♦♦s❡s ❡✛♦rt ❛❢t❡r ♦❜s❡r✈✐♥❣ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❤❡r ♣❡r✲

❢♦r♠❛♥❝❡ s❤♦❝❦ η✳ ❚❤❡ ✜r♠ r❡❝♦♠♠❡♥❞s t❤❡ s❛♠❡ ❡✛♦rt ❧❡✈❡❧ a (θ) ❢♦r ❛❧❧ ❛❣❡♥ts ✇✐t❤

❛❜✐❧✐t② θ✳

❲❡ ❞✐s❝✉ss ❆ss✉♠♣t✐♦♥ ✶ ✐♥ ❙❡❝t✐♦♥ ✶✳✸ ❜❡❧♦✇✳ ❲❡ r❡❧❛① ✐ts s❡❝♦♥❞ ♣❛rt ❛♥❞ ❡①t❡♥❞

♦✉r ❛♥❛❧②s✐s t♦ ❛r❜✐tr❛r② ❡✛♦rt s❝❤❡❞✉❧❡s a (θ, η) ✐♥ ❆♣♣❡♥❞✐① ❈✳ ◆♦t❡ t❤❛t t❤❡ ✜r♠

✷❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✇❡ ❞❡♥♦t❡ ❛ ✇♦r❦❡r✬s ❡❛r♥✐♥❣s ♦r ✐♥❝♦♠❡ ❜② w✱ ✇❤✐❧❡ t❤❡ t❡r♠ ✇❛❣❡✲r❛t❡
st❛♥❞s ❢♦r ❡❛r♥✐♥❣s ♣❡r ✉♥✐t ♦❢ ❡✛♦rt w/a✳

✸❚❤✐s ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❛s ❧♦♥❣ ❛s t❤❡ t❛① s❝❤❡❞✉❧❡ T ✐s ♥♦t t♦♦ r❡❣r❡ss✐✈❡❀ s❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r
❞❡t❛✐❧s✳ ■t ✐s ❛ ♥❛t✉r❛❧ r❡str✐❝t✐♦♥✿ ❉♦❧✐❣❛❧s❦✐ ✭✷✵✶✾✮ s❤♦✇s t❤❛t ✇❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✈✐♦❧❛t❡❞✱
✜r♠s ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ♦✛❡r st♦❝❤❛st✐❝ ❡❛r♥✐♥❣s ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ t❛① s❝❤❡❞✉❧❡ ✇❤✐❝❤ ❡♥❝♦✉r❛❣❡s s✉❝❤ ❡❛r♥✐♥❣s r❛♥❞♦♠✐③❛t✐♦♥ ✐s P❛r❡t♦ ✐♥❡✣❝✐❡♥t✳

✼



❝❛♥ ✐♥❢❡r t❤❡ ✇♦r❦❡r✬s ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η̂ = y/θ − a (θ) ✉♣♦♥ ♦❜s❡r✈✐♥❣ ❤❡r ♦✉t♣✉t

y✱ ❛ss✉♠✐♥❣ t❤❛t s❤❡ ❤❛s ❡①❡rt❡❞ t❤❡ r❡❝♦♠♠❡♥❞❡❞ ❡✛♦rt ❧❡✈❡❧ a (θ)✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❡❛r♥✐♥❣s ❝♦♥tr❛❝t ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥❢❡rr❡❞

♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η̂ r❛t❤❡r t❤❛♥ t❤❡ r❡❛❧✐③❡❞ ♦✉t♣✉t y✳ ❙✐♥❝❡ r❡❝♦♠♠❡♥❞❡❞ ❡✛♦rt ✐s

✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜❧❡ ❜② ❝♦♥str✉❝t✐♦♥✱ ✐♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ✜r♠ ✐♥❢❡rs t❤❡ ✇♦r❦❡r✬s tr✉❡

♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦✱ t❤❛t ✐s✱ η̂ = η✳ ❚❤✉s✱ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✇❡ s✐♠♣❧② ❞❡♥♦t❡ t❤❡

❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❜② t❤❡ ♠❛♣ η 7→ w (θ, η)✳

❚❤❡ ✜r♠ ❝❤♦♦s❡s t❤❡ ❝♦♥tr❛❝t {a (θ) , w (θ, ·)} t❤❛t ♠❛①✐♠✐③❡s ✐ts ❡①♣❡❝t❡❞ ♣r♦✜t

❣✐✈❡♥ t❤❡ t❛① s❝❤❡❞✉❧❡ T ❛♥❞ t❤❡ ✇♦r❦❡r✬s r❡s❡r✈❛t✐♦♥ ✉t✐❧✐t② U (θ)✱ t❤❛t ✐s✱✹

Π(θ) = max
a(θ),w(θ,·)

E [y − w (θ, η)] , ✭✷✮

s✉❜❥❡❝t t♦ t❤❡ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥ts✿

a (θ) = argmax
a≥0

u (R (w (θ, η)))− h (a) , ∀η, ✭✸✮

❛♥❞ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✿

E [u (R (w (θ, η)))]− h (a (θ)) ≥ U (θ) . ✭✹✮

❙✐♥❝❡ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✭✹✮ ❜✐♥❞s ❛t t❤❡ ♦♣t✐♠✉♠✱ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢

✇♦r❦❡rs ✇✐t❤ ❛❜✐❧✐t② θ ✐s ❡q✉❛❧ t♦ U (θ)✳ ❚❤❡ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥ts ✭✸✮

❞❡s❡r✈❡ s♦♠❡ ❡①♣❧❛♥❛t✐♦♥✳ ❙✐♥❝❡ ❡✛♦rt ✐s ❝❤♦s❡♥ ❛❢t❡r t❤❡ ✇♦r❦❡r ♦❜s❡r✈❡s ❤❡r ♣❡r✲

❢♦r♠❛♥❝❡ s❤♦❝❦ η✱ ✐t ♠✉st ♠❛①✐♠✐③❡ ✉t✐❧✐t② st❛t❡✲❜②✲st❛t❡ r❛t❤❡r t❤❛♥ ✐♥ ❡①♣❡❝t❛t✐♦♥✳

❚❤✉s✱ ❡q✉❛t✐♦♥ ✭✸✮ ♠✉st ❤♦❧❞ ❢♦r ❡✈❡r② ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ r❡❛❧✐③❛t✐♦♥ η✳

▲❛❜♦r ▼❛r❦❡t ❊q✉✐❧✐❜r✐✉♠✳ ❚♦ ❝❧♦s❡ t❤❡ ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❢r❡❡

❡♥tr② ♦❢ ✜r♠s ✐♥ ❡❛❝❤ ❧❛❜♦r ♠❛r❦❡t θ✳✺ ❚❤✉s✱ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜ts ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✱

Π(θ) = 0. ✭✺✮

✹❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ t❤❡ ♦♣❡r❛t♦r E ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦✈❡r ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s η✱ ♦r
❡q✉✐✈❛❧❡♥t❧② ♦✉t♣✉t y✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛❜✐❧✐t② θ✳

✺❲❡ ❝❛♥ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡ ♦✉r ❛♥❛❧②s✐s t♦ ❡♥✈✐r♦♥♠❡♥ts ✇❤❡r❡ ✜r♠s ❤❛✈❡ ♠❛r❦❡t ♣♦✇❡r ❛♥❞
♠❛❦❡ ♣♦s✐t✐✈❡ ♣r♦✜ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✻✱ ✼✮ ❤♦❧❞s ❢♦r ❛♥②
r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ U (θ)✱ ♥♦t ♥❡❝❡ss❛r✐❧② ❞❡t❡r♠✐♥❡❞ ❜② ❢r❡❡✲❡♥tr②✳ ❋♦r ✐♥st❛♥❝❡ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
t❤❡ ✇♦r❦❡r✬s r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✉♥❞❡r ❢r❡❡ ❡♥tr② ❛♥❞
s♦♠❡ ❡①♦❣❡♥♦✉s ♦✉ts✐❞❡ ♦♣t✐♦♥✳

✽



❚❤✐s ❝♦♥❞✐t✐♦♥ ♣✐♥s ❞♦✇♥ t❤❡ ✇♦r❦❡rs✬ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ U (θ)✱ ✇❤✐❝❤ ✐s ❥✉st ❤✐❣❤

❡♥♦✉❣❤ s♦ t❤❛t ♥♦ ❛❞❞✐t✐♦♥❛❧ ✜r♠ ✜♥❞s ✐t ♣r♦✜t❛❜❧❡ t♦ ❡♥t❡r t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

✶✳✷ ❊q✉✐❧✐❜r✐✉♠ ▲❛❜♦r ❈♦♥tr❛❝t

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❜❡t✇❡❡♥ t❤❡ ✜r♠ ❛♥❞ ❛

✇♦r❦❡r ✇✐t❤ ❛❜✐❧✐t② θ✳ ■t ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮

t♦ ♦✉r ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ❛ ♥♦♥❧✐♥❡❛r t❛① s❝❤❡❞✉❧❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t {a (θ) , w (θ, ·)} ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❡①♣❡❝t❡❞ ✉t✐❧✐t②

U (θ) ♦❢ ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t② θ ✇❤❡♥ a (θ) > 0 ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡

❡q✉❛t✐♦♥s✳✻ ❚❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ w (θ, ·) s❛t✐s✜❡s

u (R (w (θ, η)))− h (a (θ)) = U (θ) + h′ (a (θ)) η, ∀η. ✭✻✮

❚❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ a (θ) s❛t✐s✜❡s

E

[

h′ (a (θ))

v′ (w (θ, η))

]

+ E

[

h′′ (a (θ))

v′ (w (θ, η))
η

]

= θ. ✭✼✮

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❛t✐♦♥ ✉t✐❧✐t② U (θ) ✐s ❞❡t❡r♠✐♥❡❞ ❜②

E
[

v−1 (U (θ) + h (a (θ)) + h′ (a (θ)) η)
]

= θa (θ) . ✭✽✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❊❛r♥✐♥❣s ❙❝❤❡❞✉❧❡✳ ■♥ ♦r❞❡r t♦ ♠♦t✐✈❛t❡ ❤✐❣❤✲♣❡r❢♦r♠✐♥❣ ✇♦r❦❡rs t♦ ♣r♦✈✐❞❡ ❛s

♠✉❝❤ ❡✛♦rt a (θ) ❛s t❤♦s❡ ✇✐t❤ ❧♦✇❡r ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✱ t❤❡ ✜r♠ ♥❡❡❞s t♦ r❡✇❛r❞

t❤❡♠ ✇✐t❤ ❤✐❣❤❡r ❡❛r♥✐♥❣s✳ ❊q✉❛t✐♦♥ ✭✻✮ s❤♦✇s t❤❛t t❤❡ ❛❣❡♥t✬s ❡①✲♣♦st ✉t✐❧✐t②

u (R (w (θ, η))) − h (a (θ)) ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η t❤❛t t❤❡

✜r♠ ✐♥❢❡rs✳ ❚❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t ✐♥ t❤❡ ✉t✐❧✐t② s♣❛❝❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♦✉r

❛ss✉♠♣t✐♦♥ ♦❢ ❛ s❡♣❛r❛❜❧❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳✼ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ✉t✐❧✐t② ♦❢ ❡❛r♥✲

✻❲❤❡♥ t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ ✐s ③❡r♦✱ t❤❡ ✇♦r❦❡r ♦♣t✐♠❛❧❧② r❡❝❡✐✈❡s ♥♦ ❝♦♠♣❡♥s❛t✐♦♥ ❢r♦♠ t❤❡
✜r♠✳ ❖✉r ❛♥❛❧②s✐s ❣♦❡s t❤r♦✉❣❤ ✇✐t❤♦✉t ❛ss✉♠✐♥❣ a (θ) > 0 ✐❢ h′ (0) = 0✳

✼◆♦t❡ t❤❛t t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✭✻✮ ✐s ♥♦♥✲tr✐✈✐❛❧ ❡✈❡♥ ✐❢ t❤❡ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ u (·) ✐s ❧✐♥❡❛r✿
✐♥ t❤✐s ❝❛s❡✱ ❛ ♣r♦❣r❡ss✐✈❡ ✐♥❝♦♠❡ t❛① s❝❤❡❞✉❧❡ ✐♠♣❧✐❡s t❤❛t t❤❡ ✉t✐❧✐t② ♦❢ ❡❛r♥✐♥❣s v (w) = R (w) ✐s
str✐❝t❧② ❝♦♥❝❛✈❡✱ s♦ t❤❛t t❤❡ ✇♦r❦❡r ✐s ❡✛❡❝t✐✈❡❧② ❛✈❡rs❡ t♦ ♣r❡✲t❛① ❡❛r♥✐♥❣s r✐s❦ ❛♥❞ ✈❛❧✉❡s ✐♥s✉r❛♥❝❡
❛❣❛✐♥st ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳

✾



✐♥❣s w 7→ v (w) ≡ u (R (w)) ✐s ❝♦♥❝❛✈❡✱ t❤✐s tr❛♥s❧❛t❡s ✐♥t♦ ❛ ❝♦♥✈❡① ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡

w (θ, ·)✳ ❊♠♣✐r✐❝❛❧❧②✱ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥tr❛❝ts ❛r❡ ✐♥❞❡❡❞ ♦❢t❡♥ ❝♦♥✈❡①✱ ❡✐t❤❡r ❞✉❡

t♦ ♥♦♥❧✐♥❡❛r ❝♦♠♠✐ss✐♦♥ r❛t❡s ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ st♦❝❦ ❛♥❞ tr❛✈❡❧ ❜r♦❦❡rs ✭▲❡✈✐tt ❛♥❞

❙②✈❡rs♦♥ ✭✷✵✵✽✮✮✽ ♦r t♦ st♦❝❦ ♦♣t✐♦♥s ✭❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✱ ✷✵✶✻✮✮✳

❚❤❡ t✇♦ ❦❡② ❢❡❛t✉r❡s ♦❢ t❤❡ ✉t✐❧✐t② s❝❤❡❞✉❧❡ ✭✻✮ ❛r❡ ✐ts ❞❡♠♦❣r❛♥t ❛♥❞ ✐ts s❧♦♣❡✳

■ts ❞❡♠♦❣r❛♥t ✐♥ ✭✻✮ ✐s ❡q✉❛❧ t♦ U (θ)✿ ❛ ❤✐❣❤❡r r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ❧❡❛❞s t❤❡ ✜r♠ t♦

r❛✐s❡ t❤❡ ✉t✐❧✐t② ♦❢ ✇♦r❦❡rs ✉♥✐❢♦r♠❧② r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ s♦ ❛s t♦ ♣r❡s❡r✈❡

✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜✐❧✐t②✳ ■ts s❧♦♣❡ ✐s ❡q✉❛❧ t♦ h′ (a (θ))✿ ✐♥❞✉❝✐♥❣ ❛♥ ❛❣❡♥t ✇✐t❤ ❧❛r❣❡

✉♥♦❜s❡r✈❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ t♦ ♣r♦✈✐❞❡ ❝♦st❧② ✇♦r❦ ❡✛♦rt r❡q✉✐r❡s ❛ ❧❛r❣❡r r❡✇❛r❞

✐❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ♦❢ ❧❛❜♦r ✐s ❤✐❣❤❡r✳ ❈r✉❝✐❛❧❧②✱ s✐♥❝❡ t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t②

h′ (·) ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ✉t✐❧✐t② t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

✐♥ ❧❛❜♦r ❡✛♦rt a (θ)✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❝❛♣t✉r❡s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♥s✐❣❤t t❤❛t ❡❧✐❝✐t✐♥❣

❤✐❣❤❡r ❡✛♦rt ❢r♦♠ ❛ ✇♦r❦❡r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ r❡q✉✐r❡s ❛ ❤✐❣❤❡r ❡①♣♦s✉r❡

t♦ ♦✉t♣✉t r✐s❦✳

❊✛♦rt ▲❡✈❡❧✳ ❊q✉❛t✐♦♥ ✭✼✮ ♣✐♥s ❞♦✇♥ t❤❡ ✈❛❧✉❡ ♦❢ ❡✛♦rt t❤❛t ♠❛①✐♠✐③❡s t❤❡ ✜r♠✬s

♣r♦✜t✳ ❚❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ a (θ) ✐s s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ❣❛✐♥ ✐♥ ♦✉t♣✉t θâ ❞✉❡ t♦

❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ â > 0 ✐♥ t❤❡ ✇♦r❦❡rs✬ ❡✛♦rt ✐s ❡①❛❝t❧② ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ ♣❛②

r❛✐s❡ ♥❡❝❡ss❛r② t♦ ❡❧✐❝✐t t❤✐s ❤✐❣❤❡r ❡✛♦rt✳ ❚❤✐s ❝♦st ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts✳ ❋✐rst✱

t♦ ❡♥s✉r❡ t❤❛t ❛❣❡♥ts✬ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✭✹✮ r❡♠❛✐♥s s❛t✐s✜❡❞ ❞❡s♣✐t❡ t❤❡✐r

❤✐❣❤❡r ❧❛❜♦r s✉♣♣❧②✱ t❤❡✐r ❡❛r♥✐♥❣s ♠✉st ✐♥❝r❡❛s❡ t♦ ❝♦♠♣❡♥s❛t❡ t❤❡✐r ✉t✐❧✐t② ❧♦ss

−∆h (a (θ)) = −h′ (a (θ)) â✳ ■♥ ❛ ❢r✐❝t✐♦♥❧❡ss ❡❝♦♥♦♠②✱ t❤✐s ✇♦✉❧❞ ❜❡ t❤❡ ♦♥❧② ❡✛❡❝t

❛♥❞ ✭✼✮ ✇♦✉❧❞ r❡❞✉❝❡ t♦ t❤❡ ❢❛♠✐❧✐❛r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ h′(a(θ))
v′(w(θ,η))

= θ✱ ❛❝❝♦r❞✐♥❣ t♦

✇❤✐❝❤ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥ ✭▼❘❙✮ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❡❛r♥✐♥❣s ✐s ❡q✉❛❧

t♦ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥✱ ♦r ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t② θ✳

■♥ ♦✉r s❡tt✐♥❣ ✇✐t❤ ♠♦r❛❧ ❤❛③❛r❞✱ ❛❣❡♥❝② ❢r✐❝t✐♦♥s ❝r❡❛t❡ ❛ ✇❡❞❣❡ ❜❡t✇❡❡♥ ❧❛❜♦r

♣r♦❞✉❝t✐✈✐t② ❛♥❞ t❤❡ ✭❡①♣❡❝t❡❞✮ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥✱ ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡

♦❢ ❛♥② ❞✐st♦rt✐♦♥❛r② t❛①❡s✳✾ Pr♦✈✐❞✐♥❣ ✐♥❝❡♥t✐✈❡s t♦ ✇♦r❦ ❤❛r❞❡r r❡q✉✐r❡s ✐♥❝r❡❛s✐♥❣

✽❲❤✐❧❡ ✐t ✐s ❝♦♠♠♦♥ ❢♦r r❡❛❧✲❡st❛t❡ ❜r♦❦❡rs t♦ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ✇✐t❤ ❛ ✜①❡❞ ❝♦♠♠✐s✐♦♥ r❛t❡✱
t❤✉s ❧❡❛❞✐♥❣ t♦ ❛ ❧✐♥❡❛r ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡✱ ▲❡✈✐tt ❛♥❞ ❙②✈❡rs♦♥ ✭✷✵✵✽✮ s❤♦✇ t❤❛t s✉❝❤ ❝♦♥tr❛❝ts ❛r❡
s✉❜♦♣t✐♠❛❧ ❛♥❞ ❝♦✉❧❞ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❝♦♥✈❡①✐t②✳

✾❚❤❡ t❡r♠ h′′(a(θ))
v′(w(θ,η)) ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s 1

ε(θ)a(θ)
h′(a(θ))

v′(w(θ,η)) ✇❤❡r❡ ε (θ) ✐s t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢
❧❛❜♦r s✉♣♣❧②✳ ❚❤✉s✱ t❤❡ ✇❡❞❣❡ τ▼❈■ ❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡
♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ❛t ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ r❡❛❧✐③❛t✐♦♥ η✱ ❞❡✜♥❡❞ ❜② (1 + τ▼❈■)

h′(a(θ))
v′(w(θ,η)) = θ✱ ✐s ❡q✉❛❧

t♦ η
ε(θ)a(θ) ✳

✶✵



t❤❡ s❡♥s✐t✐✈✐t② h′ (a (θ)) ♦❢ ✉t✐❧✐t② t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ❜② ∆h′ (a (θ)) = h′′ (a (θ)) â✱

❛♥❞ ❤❡♥❝❡ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❜② h′′(a(θ))â
v′(w(θ,η))

✳ ❚❤✐s ♠❡❝❤❛♥✐❝❛❧❧② ❝❤❛♥❣❡s

t❤❡ ❧❛❜♦r ❝♦st ♦❢ ❛♥ ❛❣❡♥t ✇✐t❤ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η ∈ R ❜② h′′(a(θ))â
v′(w(θ,η))

η✳ ❚❤✐s ❧❡❛❞s

t♦ t❤❡ s❡❝♦♥❞ ❡①♣❡❝t❛t✐♦♥ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✮ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ♠❛r❣✐♥❛❧

❝♦st ♦❢ ✐♥❝❡♥t✐✈❡s ✭▼❈■✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡❧✐❝✐t✐♥❣ ❛ ❤✐❣❤❡r ❡✛♦rt ❧❡✈❡❧ r❡q✉✐r❡s r❛✐s✐♥❣

✭r❡s♣❡❝t✐✈❡❧②✱ ❧♦✇❡r✐♥❣✮ t❤❡ ❡❛r♥✐♥❣s ♦❢ ❤✐❣❤✲ ✭r❡s♣✳✱ ❧♦✇✲✮ ♣❡r❢♦r♠❡rs✳ ❨❡t✱ s✐♥❝❡

t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② v′ (w) = r (w) u′ (R (w)) ✐s ❞❡❝r❡❛s✐♥❣ t❤❡ ♣r♦✜t ❣❡♥❡r❛t❡❞ ❜② ❛

s♠❛❧❧❡r ✇❛❣❡ ❜✐❧❧ ❢♦r ✉♥❧✉❝❦② ✇♦r❦❡rs ❞♦❡s ♥♦t ❢✉❧❧② ❝♦♠♣❡♥s❛t❡ t❤❡ ✜r♠ ❢♦r t❤❡ ❝♦st

♦❢ r❛✐s✐♥❣ t❤❡ ✇❛❣❡s ♦❢ ❧✉❝❦② ✇♦r❦❡rs✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❡①♣❡❝t❡❞ ❝♦st ♦❢ ♣r♦✈✐❞✐♥❣

✐♥❝❡♥t✐✈❡s ✐s ♣♦s✐t✐✈❡✳

❊①♣❡❝t❡❞ ❯t✐❧✐t②✳ ❋✐♥❛❧❧②✱ ❡q✉❛t✐♦♥ ✭✽✮ ✐s s✐♠♣❧② ❛ r❡✇r✐t✐♥❣ ♦❢ t❤❡ ❢r❡❡✲❡♥tr②

❝♦♥❞✐t✐♦♥ ✭✺✮✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡ ❛✈❡r❛❣❡ ✐♥❝♦♠❡ E [w (θ, η)] ♦❢ ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t② θ

✐s ❡q✉❛❧ t♦ t❤❡✐r ❡①♣❡❝t❡❞ ♦✉t♣✉t E [y] = θa (θ)✳ ❯s✐♥❣ ❢♦r♠✉❧❛ ✭✻✮✱ t❤✐s ❡q✉✐❧✐❜r✐✉♠

❝♦♥❞✐t✐♦♥ ♣✐♥s ❞♦✇♥ t❤❡ ✇♦r❦❡rs✬ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ U (θ)✳

✶✳✸ ❉✐s❝✉ss✐♦♥ ♦❢ ❆ss✉♠♣t✐♦♥s

❚♦ ♦❜t❛✐♥ t❤❡ tr❛❝t❛❜❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t ❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✱

♦✉r ❛♥❛❧②s✐s r❡❧✐❡❞ ♦♥ s❡✈❡r❛❧ ❦❡② ❛ss✉♠♣t✐♦♥s✳

❯t✐❧✐t② ❋✉♥❝t✐♦♥✳ ❚❤❡ ✜rst r❡str✐❝t✐♦♥ ✐s t❤❡ s❡♣❛r❛❜✐❧✐t② ♦❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥

❜❡t✇❡❡♥ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡✛♦rt✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❡ss❡♥t✐❛❧ ❛♥❞ ✐s ♦♥❧② ♠❛❞❡

❢♦r ❝❧❛r✐t② ♦❢ ❡①♣♦s✐t✐♦♥✳ ❆s ✐♥ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦

❡①t❡♥❞ ♦✉r ❛♥❛❧②s✐s t♦ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ ♥❛♠❡❧②✱ φ (u (c)− h (a)) ✇❤❡r❡

φ ❡①❤✐❜✐ts ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥ ✭◆■❆❘❆✮✳✶✵ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✇♦✉❧❞

❛❧❧♦✇ ✉s t♦ ♥❡st t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❛ss✉♠❡❞ ❜② ❍♦❧♠str♦♠ ❛♥❞ ▼✐❧❣r♦♠ ✭✶✾✽✼✮✳ ❚❤❡

❢❛❝t t❤❛t t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ✐s ❡q✉❛❧ t♦ h′ (a (θ))✱ ✇❤✐❝❤ ✐s ❝r✉❝✐❛❧ ❢♦r ♦✉r ♠❛✐♥

r❡s✉❧ts✱ ✐s r♦❜✉st t♦ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t t❤✐s ♠♦r❡

❣❡♥❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥ ✇♦✉❧❞ ♠❛❦❡ ✐s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❡♥t ❜② t❤❡ ✜r♠ ✇♦✉❧❞

♥♦ ❧♦♥❣❡r ❧❡❛❞ t♦ ❛ ✉♥✐❢♦r♠ s❤✐❢t ✐♥ ❡①✲♣♦st ✉t✐❧✐t✐❡s ✈✐❛ t❤❡ ❞❡♠♦❣r❛♥t U (θ)✳ ❖✉r

❛r❣✉♠❡♥ts ❝❛♥ ❤♦✇❡✈❡r ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❡①t❡♥❞❡❞ t♦ ❛❧t❡r♥❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢

r❡♥ts✳

✶✵▼♦st ❝♦♠♠♦♥ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤♦s❡ ✇✐t❤ ❝♦♥st❛♥t ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥ ✭❈❆❘❆✮
♦r ❝♦♥st❛♥t r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ✭❈❘❘❆✮✱ ❜❡❧♦♥❣ t♦ t❤❡ ◆■❆❘❆ ❝❧❛ss✳

✶✶



❚✐♠✐♥❣✳ ❚❤❡ ✜rst ♣❛rt ♦❢ ❆ss✉♠♣t✐♦♥ ✶ ✐♠♣♦s❡s t❤❛t t❤❡ ✇♦r❦❡r ❝❤♦♦s❡s ❡✛♦rt

a ❛❢t❡r ♦❜s❡r✈✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η✳ ❚❤✐s t✐♠✐♥❣ ❛ss✉♠♣t✐♦♥ ✇❛s ♦r✐❣✐♥❛❧❧②

✐♥tr♦❞✉❝❡❞ ❜② ▲❛✛♦♥t ❛♥❞ ❚✐r♦❧❡ ✭✶✾✽✻✮ ❛♥❞ ✇❛s s✉❜s❡q✉❡♥t❧② ✉s❡❞ ❜②✱ ❢♦r ✐♥st❛♥❝❡✱

❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮❀ ●❛rr❡tt ❛♥❞ P❛✈❛♥ ✭✷✵✶✺✮✳ ■t ❛❧❧♦✇s ✉s t♦ s♦❧✈❡ t❤❡

✜r♠✬s ♣r♦❜❧❡♠ ❢♦r ❛ ✈❡r② ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❆❧❧♦✇✐♥❣ ❢♦r ❛r❜✐tr❛r②

✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✐s ❝r✉❝✐❛❧ ❢♦r ♦✉r ❛♥❛❧②s✐s✳ ■♥❞❡❡❞✱ ♥♦♥❧✐♥❡❛r t❛①❡s ❡✛❡❝t✐✈❡❧② ♠♦❞✐❢②

t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✉t✐❧✐t② t❤❛t ✇♦r❦❡rs ❞❡r✐✈❡ ❢r♦♠ t❤❡✐r ❣r♦ss ❡❛r♥✐♥❣s✳ ■❢ ✇❡ ❤❛❞

t♦ r❡str✐❝t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ t♦ ❛ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✭❢♦r ✐♥st❛♥❝❡✱ ❈❆❘❆ ❛s ✐♥

❍♦❧♠str♦♠ ❛♥❞ ▼✐❧❣r♦♠ ✭✶✾✽✼✮✮ ✇❡ ✇♦✉❧❞ ♦♥❧② ❜❡ ❛❜❧❡ t♦ st✉❞② t❛① s❝❤❡❞✉❧❡s t❤❛t

♣r❡s❡r✈❡ t❤✐s ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✭❢♦r ✐♥st❛♥❝❡✱ ❧✐♥❡❛r ♦r ❛✣♥❡✮✳ ■♥st❡❛❞✱ t❤❡ tr❛❝t❛❜✐❧✐t②

❛❧❧♦✇❡❞ ❜② ♦✉r t✐♠✐♥❣ ❛ss✉♠♣t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛r❜✐tr❛r✐❧②

♥♦♥❧✐♥❡❛r t❛①❡s✳

❊✛♦rt✳ ■♥ t❤❡ ♠❛✐♥ ❜♦❞② ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ✐♠♣♦s❡ t❤❛t t❤❡ ✜r♠ ❝❤♦♦s❡s t♦ ❡❧✐❝✐t t❤❡

s❛♠❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✇♦r❦❡r✬s ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ✕ t❤✐s ✐s t❤❡ s❡❝♦♥❞

♣❛rt ♦❢ ❆ss✉♠♣t✐♦♥ ✶✳ ❚❤✐s r❡str✐❝t✐♦♥ ✐s ❛❧s♦ ✐♠♣♦s❡❞ ❜② ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮

✐♥ t❤❡✐r ♠❛✐♥ ♠♦❞❡❧✱ ❛♥❞ ❜② ❊❞♠❛♥s✱ ●❛❜❛✐①✱ ❙❛❞③✐❦✱ ❛♥❞ ❙❛♥♥✐❦♦✈ ✭✷✵✶✷✮✳ ■t ✐s ❛♥

❡①♦❣❡♥♦✉s r❡str✐❝t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❝♦♥tr❛❝ts t❤❛t ✐s ♥♦t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

■t s✉❜st❛♥t✐❛❧❧② s✐♠♣❧✐✜❡s ♦✉r ❛♥❛❧②s✐s ✇✐t❤♦✉t r❡str✐❝t✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❡❛r♥✐♥❣s

s❝❤❡❞✉❧❡✱ ✇❤✐❝❤ ✐s ❝r✉❝✐❛❧ ❢♦r ♦✉r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛♥❞ ♥♦♥❧✐♥❡❛r

t❛①❛t✐♦♥✳ ❈❛rr♦❧❧ ❛♥❞ ▼❡♥❣ ✭✷✵✶✻✮ ♣r♦✈✐❞❡ ❛ ♠✐❝r♦❢♦✉♥❞❛t✐♦♥ ♦❢ t❤✐s r❡str✐❝t✐♦♥❀ t❤❡②

❝❛❧❧ t❤✐s ♣r♦♣❡rt② r❡❧✐❛❜✐❧✐t② ❛♥❞ s❤♦✇ t❤❛t ✐t ♠❛② ❜❡ ♦♣t✐♠❛❧ ✇❤❡♥ ✜r♠s ❛✐♠ t♦ ❞❡s✐❣♥

❛ ❝♦♥tr❛❝t t❤❛t ✐s r♦❜✉st t♦ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡

s❤♦❝❦✳✶✶ ❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ r❡❧❛① t❤✐s ✏❝♦♥st❛♥t✲❡✛♦rt✑ ❛ss✉♠♣t✐♦♥ ❛♥❞ ❣❡♥❡r❛❧✐③❡

♦✉r ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✶✮ t♦ ❢✉❧❧② ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ✐♥ ❆♣♣❡♥❞✐① ❈ ✕ ♦✉r t❤❡♦r❡t✐❝❛❧

❛♥❛❧②s✐s r❡♠❛✐♥s t❡❝❤♥✐❝❛❧❧② str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❝❛rr✐❡s q✉❛❧✐t❛t✐✈❡❧② ♦✈❡r t♦ t❤✐s ❝❛s❡✳

P❡r❢♦r♠❛♥❝❡ ❙❤♦❝❦s✳ ❋✐♥❛❧❧②✱ ❛♥❞ ✐♠♣♦rt❛♥t❧②✱ ♥♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ✐♠♣♦s❡ ❛♥②

r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s η✱ ♦t❤❡r t❤❛♥ ✐t ♠✉st t❛❦❡ ✈❛❧✉❡s

✐♥ ❛♥ ✐♥t❡r✈❛❧ ✭❜♦✉♥❞❡❞ ♦r ✉♥❜♦✉♥❞❡❞✮✳ ❲❡ ✈✐❡✇ t❤✐s ❣❡♥❡r❛❧✐t② ❛s ❛♥ ✐♠♣♦rt❛♥t

❢❡❛t✉r❡ ♦❢ ♦✉r ❛♥❛❧②s✐s✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ❝❛♣t✉r❡ t❤❡ str✉❝t✉r❡ ♦❢

❝♦♥tr❛❝ts t❤❛t s♣❡❝✐❢② ♦❢ ❛ ✜①❡❞ ❜❛s❡❧✐♥❡ ✐♥❝♦♠❡ ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❜♦♥✉s ♣❛✐❞ ✇✐t❤

✶✶■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ♦✉r ❡♥✈✐r♦♥♠❡♥t s✉❝❤ ❛ ❝♦♥tr❛❝t ❧❡❛❞s t♦ t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ❡①♣❡❝t❡❞ ♦✉t♣✉t
Ey = θa (θ) r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ η✳ ❍♦✇❡✈❡r✱ t❤❡ ✜r♠✬s ❡①♣❡❝t❡❞ ♣r♦✜t ❞❡♣❡♥❞s ♦♥ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ η ❛s ❡❛r♥✐♥❣s w (θ, η) ❛r❡ ♥♦t ❧✐♥❡❛r ✐♥ η✳

✶✷



♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❜② ❧❡tt✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ η ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t t❤❡ ❧♦✇❡r

❜♦✉♥❞ η✱ ❛♥❞ ❛ s♠♦♦t❤ ❞❡♥s✐t② ♦♥ (η, η̄)✳ ■♠♣♦rt❛♥t❧②✱ ✐t ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ❧❡t t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ η✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❞❡❣r❡❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛②✱ ❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ t❤❡

❛❜✐❧✐t② ❧❡✈❡❧ θ✳

✷ ●❡♥❡r❛❧ ❚❛① ■♥❝✐❞❡♥❝❡ ❆♥❛❧②s✐s

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣♦s✐t✐✈❡ ❛♥❛❧②s✐s ♦❢ ♥♦♥❧✐♥❡❛r t❛① ✐♥❝✐❞❡♥❝❡✳ ❲❡ ❞❡r✐✈❡

t❤❡ ✐♠♣❛❝t ♦❢ t❛① r❡❢♦r♠s ♦♥ ❡❛r♥✐♥❣s✱ ✜rst ✐♥ ❙❡❝t✐♦♥ ✷✳✶ ✐♥ ❛ ❜❡♥❝❤♠❛r❦ s❡tt✐♥❣

✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✱ t❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✐♥ ♦✉r ❣❡♥❡r❛❧ ❡♥✈✐r♦♥♠❡♥t t❤❛t t❛❦❡s ✐♥t♦

❛❝❝♦✉♥t t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ ❞❡r✐✈❡ t❤❡ ✐♠♣❛❝t

♦❢ t❛① r❡❢♦r♠s ♦♥ ✐♥❞✐✈✐❞✉❛❧ ✉t✐❧✐t✐❡s✳ ❲❡ ✜♥❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ r❡❧❡✈❛♥t ♥♦t✐♦♥s ♦❢

❡❛r♥✐♥❣s ❡❧❛st✐❝✐t✐❡s ✐♥ ❙❡❝t✐♦♥ ✷✳✹ ✐♥ ♦r❞❡r t♦ ❡①♣r❡ss ♦✉r t❛① ✐♥❝✐❞❡♥❝❡ ❢♦r♠✉❧❛s ✐♥

t❡r♠s ♦❢ ❡♠♣✐r✐❝❛❧❧② ❡st✐♠❛❜❧❡ ✈❛r✐❛❜❧❡s✳

◆♦♥❧✐♥❡❛r ❚❛① ❘❡❢♦r♠s✳ ❲❡ st❛rt ❜② ❢♦r♠❛❧❧② ❞❡✜♥✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ ♥♦♥❧✐♥❡❛r

r❡❢♦r♠s ♦❢ ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛❧ t❛① s②st❡♠✳ ❈♦♥s✐❞❡r ❛ ❣✐✈❡♥ ✭♣♦t❡♥t✐❛❧❧② s✉❜♦♣t✐♠❛❧✮

t❛① s❝❤❡❞✉❧❡ T ✱ s❛② t❤❡ ❯✳❙✳ t❛① ❝♦❞❡✱ ❛♥❞ ❛♥♦t❤❡r ❢✉♥❝t✐♦♥ T̂ : R+ → R✳ ❖✉r ❣♦❛❧ ✐s

t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ♣❡rt✉r❜✐♥❣ t❤❡ ✐♥✐t✐❛❧ t❛① s❝❤❡❞✉❧❡ T ❜② δT̂ ✱ ✇❤❡r❡ δ > 0 ✐s ❛

s❝❛❧❛r t❤❛t ♣❛r❛♠❡tr✐③❡s t❤❡ s✐③❡ ♦❢ t❤❡ r❡❢♦r♠ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ T̂ ✳ ❋♦r♠❛❧❧②✱ ❝♦♥s✐❞❡r

❛♥ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ Ψ✱ ❢♦r ✐♥st❛♥❝❡ ✐♥❞✐✈✐❞✉❛❧ ❡❛r♥✐♥❣s✱ ✉t✐❧✐t②✱ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡✱

♦r s♦❝✐❛❧ ✇❡❧❢❛r❡✱ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ t❛① s❝❤❡❞✉❧❡ T ✳ ❚❤❡ ✜rst✲♦r❞❡r ❝❤❛♥❣❡ ✐♥ t❤❡

✈❛❧✉❡ ♦❢ t❤✐s ❢✉♥❝t✐♦♥❛❧ T 7→ Ψ(T ) ❢♦❧❧♦✇✐♥❣ ❛ ♠❛r❣✐♥❛❧ t❛① r❡❢♦r♠ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥

T̂ ✐s ❣✐✈❡♥ ❜② t❤❡ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡

Ψ̂(T, T̂ ) ≡ lim
δ→0

Ψ(T + δT̂ )−Ψ(T )

δ
. ✭✾✮

❲❡ ❛♥❛❧②③❡ s❡✈❡r❛❧ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s ♦❢ t❛① r❡❢♦r♠s ✐♥ ❙❡❝t✐♦♥ ✹ ❛♥❞ ❆♣♣❡♥❞✐① ❇✳

✷✳✶ ❊①♦❣❡♥♦✉s ❘✐s❦ ❇❡♥❝❤♠❛r❦

❆s ❛ ♣r❡❧✐♠✐♥❛r② st❡♣ t♦✇❛r❞s ♦✉r ❣❡♥❡r❛❧ ❛♥❛❧②s✐s✱ ✇❡ ❞❡r✐✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡

✐♥❝✐❞❡♥❝❡ ♦❢ t❛① r❡❢♦r♠s T̂ ♦♥ ❡❛r♥✐♥❣s w (θ, η) ❛♥❞ ✉t✐❧✐t✐❡s U (θ) t❤❛t ✇♦✉❧❞ ❛r✐s❡

✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ❢✉❧❧② ❡①♦❣❡♥♦✉s r✐s❦✳ ■♥ t❤✐s ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✱ ❛s ✐♥ ♦✉r

✶✸



❢r❛♠❡✇♦r❦✱ t❤❡r❡ ❛r❡ t✇♦ s♦✉r❝❡s ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✿ ✐♥♥❛t❡ ❛❜✐❧✐t② θ ❛♥❞ ❥♦❜✲s♣❡❝✐✜❝

♣r♦❞✉❝t✐✈✐t② s❤♦❝❦s η✳ ❆ ✇♦r❦❡r ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s (θ, η) ✐s ♦✛❡r❡❞ ❛ ✜①❡❞ ✇❛❣❡ r❛t❡

x (θ, η) t❤❛t r❡✢❡❝ts ❤❡r ❡①♦❣❡♥♦✉s ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②✳ ❚♦ ♠❛❦❡ t❤✐s ♠♦❞❡❧ ❝♦♠♣❛r❛❜❧❡

t♦ ♦✉rs ✇❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ ✇♦r❦❡r✬s ❧❛❜♦r ❡✛♦rt a (θ) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ η✳✶✷

❆ ✇♦r❦❡r✬s ✐♥❝♦♠❡ w (θ, η) ✐s t❤❡♥ t❤❡ ♣r♦❞✉❝t ♦❢ ❤❡r ❡①♦❣❡♥♦✉s ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②

x (θ, η) ❛♥❞ ❤❡r ❧❛❜♦r s✉♣♣❧② a (θ)✳ ❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ✇✐t❤ ♦✉r ❣❡♥❡r❛❧ ❡♥✈✐r♦♥♠❡♥t

✐s t❤❛t ✐♥ t❤✐s ❜❡♥❝❤♠❛r❦ s❡tt✐♥❣✱ ✇❛❣❡ r❛t❡s w(θ,η)
a(θ)

= x (θ, η) ❛r❡ ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t✳

■♥❝✐❞❡♥❝❡ ♦❢ ❚❛① ❘❡❢♦r♠s ♦♥ ❊❛r♥✐♥❣s✳ ■♥ s✉❝❤ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ t❛① r❡❢♦r♠s

♦♥❧② ❛✛❡❝t ❡❛r♥✐♥❣s w (θ, η) ❜② t❤❡ ❡♥❞♦❣❡♥♦✉s ❝❤❛♥❣❡ ✐♥ ❡✛♦rt â (θ) ❝❛✉s❡❞ ❜② t❤❡

r❡❢♦r♠✱ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❝♦♥st❛♥t ✇❛❣❡ r❛t❡ x (θ, η)✳ ❚❤✉s✱ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❛①

r❡❢♦r♠s ✐s ❣✐✈❡♥ ❜②✶✸

ŵ❡① (θ, η) = x (θ, η) â (θ) = w (θ, η)
â (θ)

a (θ)
. ✭✶✵✮

❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ❜❡❤❛✈✐♦r❛❧ r❡s♣♦♥s❡ t♦ t❛①❡s t❤r♦✉❣❤ ❧❛❜♦r s✉♣♣❧② ❝❤♦✐❝❡s ❛♥❛✲

❧②③❡❞ ✐♥ ♠♦st ♦❢ t❤❡ ♦♣t✐♠❛❧ t❛①❛t✐♦♥ ❧✐t❡r❛t✉r❡ ❢♦❧❧♦✇✐♥❣ ▼✐rr❧❡❡s ✭✶✾✼✶✮✳✶✹ ■♠♣♦r✲

t❛♥t❧②✱ ♥♦t❡ t❤❛t t❤❡ ❡✛♦rt ❝❤❛♥❣❡ â (θ) ✐♥ ❢♦r♠✉❧❛ ✭✶✵✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r

r❡❢♦r♠ t❤❛t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✕ ❢♦r♠❛❧❧②✱ ✐t ✐s t❤❡ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡✛♦rt ❢✉♥❝✲

t✐♦♥❛❧ a (θ) ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ T̂ ✳ ❚❤✉s✱ ❛t t❤✐s st❛❣❡ â(θ)
a(θ)

✐s ❛ ♣♦❧✐❝② ❡❧❛st✐❝✐t② ✐♥ t❤❡

s❡♥s❡ ♦❢ ❍❡♥❞r❡♥ ✭✷✵✶✺✮✳✶✺ ❙❡❝t✐♦♥ ✷✳✹ ❜❡❧♦✇ ✐s ❞❡✈♦t❡❞ t♦ ❡①♣r❡ss✐♥❣ t❤✐s ❧❛❜♦r s✉♣✲

♣❧② r❡s♣♦♥s❡ ✐♥ t❡r♠s ♦❢ st❛♥❞❛r❞ ❡❧❛st✐❝✐t✐❡s ❛♥❞ ✐♥❝♦♠❡ ❡✛❡❝t ♣❛r❛♠❡t❡rs t❤❛t ❝❛♥

❜❡ ❡st✐♠❛t❡❞ ❡♠♣✐r✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ t❛① r❡❢♦r♠✳

❋♦r♠✉❧❛ ✭✶✵✮ ✐♠♣❧✐❡s t❤❛t ŵ❡① (θ, η) > 0 ✐✛ â (θ) > 0✳ ❚❤❛t ✐s✱ t❤❡ ❡❛r♥✐♥❣s

s❝❤❡❞✉❧❡ ✐s s❤✐❢t❡❞ ✉♣ ✭r❡s♣✳✱ ❞♦✇♥✮ ✐❢ ❡✛♦rt ✐♥❝r❡❛s❡s ✭r❡s♣✳✱ ❞❡❝r❡❛s❡s✮ ❢♦❧❧♦✇✐♥❣ t❤❡

✶✷❚❤✐s ❝❛♥ ❜❡ ❥✉st✐✜❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t ✐♥ t❤✐s ♠♦❞❡❧ ❡✛♦rt ✐s ❝❤♦s❡♥ ❜❡❢♦r❡ ♦❜s❡r✈✐♥❣ t❤❡
r❡❛❧✐③❛t✐♦♥ ♦❢ η✳

✶✸❋♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✱ ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ✇❡ ✐❣♥♦r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ â (θ) ♦♥ t❤❡ ✐♥✐t✐❛❧ t❛① s❝❤❡❞✉❧❡ T ❛♥❞ t❤❡ t❛① r❡❢♦r♠ T̂ ✳

✶✹◆♦t❡ t❤❛t ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ▼✐rr❧❡❡s ♠♦❞❡❧ ✇✐t❤♦✉t ✇✐t❤✐♥✲
❣r♦✉♣ ✐♥❡q✉❛❧✐t②✱ t❤❛t ✐s✱ σ2

η = 0✳ ■♥ t❤✐s ❝❛s❡✱ ❛❧❧ ❡❛r♥✐♥❣s ❞✐✛❡r❡♥❝❡s ❛r❡ ❞✉❡ t♦ ✐♥♥❛t❡ ❛❜✐❧✐t②
✭♦r ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②✮ θ ❛♥❞ ❡✛♦rt a (θ)✱ s♦ t❤❛t t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ s❝❤❡❞✉❧❡ w (θ, ·) ❝♦♥❞✐t✐♦♥❛❧ ♦♥
❛❜✐❧✐t② ✐s ❞❡❣❡♥❡r❛t❡✳ ❊q✉❛t✐♦♥ ✭✶✵✮ t❤❡♥ r❡❞✉❝❡s t♦ ŵ❡① (θ, η) = θâ (θ)✳

✶✺❚❤✐s ✐s t❤❡ ❝♦♥❝❡♣t ♦❢ ❡❧❛st✐❝✐t② ✉s❡❞ ✐♥ s❡✈❡r❛❧ ♣❛♣❡rs ✐♥ t❤❡ t❛①❛t✐♦♥ ❧✐t❡r❛t✉r❡✱ ❢♦r ✐♥st❛♥❝❡✱
❈❤❡tt② ❛♥❞ ❙❛❡③ ✭✷✵✶✵✮✳

✶✹



r❡❢♦r♠✳ ❊❛r♥✐♥❣s ❛❞❥✉st ♦♥ ❛✈❡r❛❣❡ ❜②

E

[

w (θ, η)
â (θ)

a (θ)

]

= θâ (θ) . ✭✶✶✮

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ r❡❢♦r♠ ♦♥ ❡❛r♥✐♥❣s r✐s❦ ❛r♦✉♥❞ t❤✐s ♠❡❛♥ ❛❞❥✉st✲

♠❡♥t✳ ❲❡ ♠❡❛s✉r❡ ❡❛r♥✐♥❣s r✐s❦ ❜② t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛❜✐❧✐t②

θ✳ ❙✐♥❝❡ ❡✛♦rt a (θ) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ η✱ ❡q✉❛t✐♦♥ ✭✶✵✮ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t

❡❛r♥✐♥❣s r✐s❦ ❛❢t❡r t❤❡ r❡❢♦r♠ ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡ t❤❡ r❡❢♦r♠✱ t❤❛t ✐s✱

❱❛r [log (w (θ, η) + δŵ❡① (θ, η)) | θ] = ❱❛r [log (w (θ, η)) | θ] ✭✶✷✮

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ t❤❛t ✐❣♥♦r❡s t❤❡ ❡♥❞♦✲

❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡✱ t❛① r❡❢♦r♠s ❛✛❡❝t t❤❡ ❛✈❡r❛❣❡ ❧❡✈❡❧ ♦❢ ❡❛r♥✐♥❣s ❜✉t ❞♦

♥♦t ♠♦❞✐❢② t❤❡ ❛♠♦✉♥t ♦❢ r✐s❦ t♦ ✇❤✐❝❤ ✇♦r❦❡rs ❛r❡ ❡①♣♦s❡❞✳✶✻

■♥❝✐❞❡♥❝❡ ♦❢ ❚❛① ❘❡❢♦r♠s ♦♥ ❲❡❧❢❛r❡✳ ❋✐♥❛❧❧②✱ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇✐t❤

❡①♦❣❡♥♦✉s r✐s❦✱ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❤❡ t❛① r❡❢♦r♠ ♦♥ t❤❡ ❛✈❡r❛❣❡ ✉t✐❧✐t② ♦❢ ❛❣❡♥ts ✇✐t❤

❛❜✐❧✐t② θ ✐s ❣✐✈❡♥ ❜②

Û (θ) = −E

[

u′ (R (w (θ, η))) T̂ (w (θ, η))
]

. ✭✶✸✮

■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛① ♣❛②♠❡♥t ♦❢ ❛♥ ❛❣❡♥t ❜② T̂ (w (θ, η)) ❧♦✇❡rs ❤❡r

❡①✲♣♦st ✉t✐❧✐t② ❜② t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ u′ (R (w (θ, η)))✳ ❚❤✐s ✐s ❛

s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✿ s✐♥❝❡ ❧❛❜♦r ❡✛♦rt ✐s ❝❤♦s❡♥ ♦♣t✐♠❛❧❧②

❜② ❡q✉❛t✐♦♥ ✭✸✮✱ t❤❡ ❡♥❞♦❣❡♥♦✉s ❝❤❛♥❣❡ ✐♥ ❡✛♦rt â (θ) tr✐❣❣❡r❡❞ ❜② t❤❡ r❡❢♦r♠ ❤❛s ♥♦

✜rst✲♦r❞❡r ✐♠♣❛❝t ♦♥ ✇❡❧❢❛r❡✳✶✼ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ❧❡❛❞s t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ ❡①♣❡❝t❡❞

✉t✐❧✐t② ✭✶✸✮✳

✶✻❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❡❛r♥✐♥❣s r✐s❦ ❛t ❛ ❞✐s❛❣❣r❡❣❛t❡❞ ❧❡✈❡❧ ❜② t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❢✉♥❝t✐♦♥ ∂ logw(θ,η)
∂η

✱
t❤❛t ✐s✱ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❧♦❣✲❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳ ❊q✉❛t✐♦♥ ✭✶✵✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣❛ss✲
t❤r♦✉❣❤ ✐s ✉♥❛✛❡❝t❡❞ ❜② t❤❡ r❡❢♦r♠ ❢♦r ❡✈❡r② ✈❛❧✉❡ ♦❢ η✳ ■❢ ✇❡ ❞❡✜♥❡ ✐♥st❡❛❞ ❡❛r♥✐♥❣s r✐s❦ ❛s t❤❡
s❡♥s✐t✐✈✐t② ♦❢ ❡❛r♥✐♥❣s ✭r❛t❤❡r t❤❛♥ ❧♦❣✲❡❛r♥✐♥❣s✮ ✇✐t❤ r❡s♣❡❝t t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✱ t❤❛t ✐s✱ ∂w(θ,η)

∂η
✱

t❛① r❡❢♦r♠s ✇♦✉❧❞ r❛✐s❡ ❡❛r♥✐♥❣s r✐s❦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∂ŵ(θ,η)
∂η

> 0✳ ■♥ t❤❡ s❡tt✐♥❣ ❛♥❛❧②③❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱
❢♦r♠✉❧❛ ✭✶✵✮ ✐♠♣❧✐❡s t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥❡✈❡r t❤❡ r❡❢♦r♠ r❛✐s❡s ❡✛♦rt✱ t❤❛t ✐s✱ â (θ) > 0✳

✶✼■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤✐s ❡♥✈✐r♦♥♠❡♥t ❛ ❝❤❛♥❣❡ ✐♥ ♠❛r❣✐♥❛❧ t❛① r❛t❡s t❤❛t ❦❡❡♣s t❤❡ t♦t❛❧ t❛①
♣❛②♠❡♥t ✉♥❝❤❛♥❣❡❞ ❤❛s ♥♦ ✜rst✲♦r❞❡r ✐♠♣❛❝t ♦♥ ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛r❡✳

✶✺



✷✳✷ ■♥❝✐❞❡♥❝❡ ♦❢ ❚❛① ❘❡❢♦r♠s ♦♥ ❊❛r♥✐♥❣s

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛♥ ❛r❜✐tr❛r② t❛① r❡❢♦r♠ T̂ ♦♥ t❤❡

❝♦♠♣❡♥s❛t✐♦♥ s❝❤❡❞✉❧❡ w (θ, ·) ♦❢ ✇♦r❦❡rs ✇✐t❤ ❛❜✐❧✐t② θ ✐♥ ♦✉r ❣❡♥❡r❛❧ ❡♥✈✐r♦♥♠❡♥t✳

❚❤✐s ✐s t❤❡ ✜rst ♠❛✐♥ r❡s✉❧t ♦❢ ♦✉r ♣❛♣❡r✳

❚❤❡♦r❡♠ ✶✳ ❙✉♣♣♦s❡ t❤❛t a (θ) > 0✳ ❉❡♥♦t❡ ❜② â (θ) t❤❡ ❝❤❛♥❣❡ ✐♥ ❡✛♦rt ✐♥❞✉❝❡❞

❜② t❤❡ r❡❢♦r♠✱ ✇❤✐❝❤ ✇❡ st✉❞② ✐♥ ❙❡❝t✐♦♥ ✷✳✹ ❜❡❧♦✇✳ ❚❤❡ ✜rst✲♦r❞❡r ❡✛❡❝t ♦❢ t❤❡ t❛①

r❡❢♦r♠ T̂ ♦♥ ❡❛r♥✐♥❣s w (θ, ·) ✐s ❣✐✈❡♥ ❜②

ŵ (θ, η) = ŵ❡① (θ, η) + ŵ❝♦ (θ, η) + ŵ♣♣ (θ, η) , ✭✶✹✮

✇❤❡r❡ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ŵ❝♦ ❤❛s ♠❡❛♥ ③❡r♦ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

ŵ❝♦ (θ, η) =
T̂ (w (θ, η))

r (w (θ, η))
−

(v′ (w (θ, η)))−1

E
[

(v′ (w (θ, ·)))−1] E

[

T̂ (w (θ, ·))

r (w (θ, ·))

]

, ✭✶✺✮

❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ŵ♣♣ ❤❛s ♠❡❛♥ ③❡r♦ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

ŵ♣♣ (θ, η) =

[

h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))
−
w (θ, η)

a (θ)

]

â (θ) . ✭✶✻✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳

❊q✉❛t✐♦♥ ✭✶✹✮ ❣✐✈❡s t❤❡ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❢♦❧❧♦✇✐♥❣ ❛♥ ❛r❜✐tr❛r②

t❛① r❡❢♦r♠ T̂ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t❛① r❛t❡s✱ ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❧❛❜♦r s✉♣♣❧②

r❡s♣♦♥s❡s ✐♥ t❤❡ ✐♥✐t✐❛❧ ✭♣r❡✲r❡❢♦r♠✮ ❡❝♦♥♦♠②✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ❢♦r♠✉❧❛ ♦♥❧② r❡q✉✐r❡s

❝❤♦♦s✐♥❣ ❛ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u ❛♥❞ t❤❡ ❞✐s✉t✐❧✐t② ♦❢ ❡✛♦rt h ✐♥

♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛♥② ♣♦t❡♥t✐❛❧ r❡❢♦r♠ ♦❢ t❤❡ ❝✉rr❡♥t t❛① ❝♦❞❡✳

❚❤❡♦r❡♠ ✶ s❤♦✇s t❤❛t t❤❡ ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ t❛① r❡❢♦r♠✱

ŵ (θ, η)✱ ✐s ✐♥ ❣❡♥❡r❛❧ ❞✐✛❡r❡♥t t❤❛♥ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✱

ŵ❡① (θ, η)✱ ❛♥❛❧②③❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ t❛① r❡❢♦r♠ ♠♦❞✐✜❡s t❤❡ ❡❛r♥✲

✐♥❣s s❝❤❡❞✉❧❡ ❜② t❤❡ s❛♠❡ ❛✈❡r❛❣❡ ❛♠♦✉♥t ❛s ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✭s❡❡ ❡q✉❛t✐♦♥

✭✶✶✮✮✱ s✐♥❝❡ E[ŵ❝♦ (θ, η)] = E[ŵ♣♣ (θ, η)] = 0✳ ❍♦✇❡✈❡r✱ ✐t ❛❧s♦ ✐♥tr♦❞✉❝❡s t✇♦ ❛❞✲

❥✉st♠❡♥ts t♦ ❡❛r♥✐♥❣s r✐s❦ ❛r♦✉♥❞ t❤✐s ♠❡❛♥ s❤✐❢t✳ ❚❤❡ ✜rst✱ ŵ❝♦ (θ, η)✱ ❝❛♣t✉r❡s t❤❡

❝r♦✇❞✐♥❣✲♦✉t ♦❢ t❤❡ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝t ❜② t❤❡ t❛① ❝❤❛♥❣❡✱ ❦❡❡♣✐♥❣ ❡✛♦rt ❝♦♥✲

st❛♥t✳ ❚❤❡ s❡❝♦♥❞✱ ŵ♣♣ (θ, η)✱ ✐s t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❞✉❡ t♦ t❤❡ ❡♥❞♦❣❡♥♦✉s

❝❤❛♥❣❡ ✐♥ ❧❛❜♦r ❡✛♦rt✳ ❲❡ ❛♥❛❧②③❡ t❤❡♠ ✐♥ t✉r♥✳

✶✻



❈r♦✇❞✐♥❣✲❖✉t ♦❢ Pr✐✈❛t❡ ■♥s✉r❛♥❝❡✳ ❊q✉❛t✐♦♥ ✭✶✺✮ ❣✐✈❡s t❤❡ ❛❞❥✉st♠❡♥t t♦ t❤❡

❝♦♠♣❡♥s❛t✐♦♥ s❝❤❡❞✉❧❡ t❤❛t t❤❡ ✜r♠ ♠✉st ✐♠♣❧❡♠❡♥t ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ ✇♦r❦❡r✬s

✐♥❝❡♥t✐✈❡ ❛♥❞ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts ❜♦t❤ s❛t✐s✜❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡❢♦r♠✳ ❋✐rst✱

❝♦♥s✐❞❡r t❤❡ ❛❞❥✉st♠❡♥t T̂ (w(θ,η))
r(w(θ,η))

♦❢ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✭✜rst t❡r♠ ✐♥ ✭✶✺✮✮✳ ❚❤✐s

t❡r♠ ✐♠♣❧✐❡s t❤❛t t❤❡ ❛❣❡♥t✬s ❝♦♥s✉♠♣t✐♦♥ c (θ, η) = w (θ, η)−T (w (θ, η)) ❝❤❛♥❣❡s ❜②

ĉ (θ, η) = −T̂ (w (θ, η)) + (1− T ′ (w (θ, η))) ŵ (θ, η)

= −T̂ (w (θ, η)) + (1− T ′ (w (θ, η)))
T̂ (w (θ, η))

1− T ′ (w (θ, η))
= 0.

❚❤✉s✱ ❛❜s❡♥t ❛♥② ♦t❤❡r ❢♦r❝❡s ✕ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❡✛♦rt ✇❡r❡ ❦❡♣t ❝♦♥st❛♥t ✕ t❤❡ ✜r♠

✇♦✉❧❞ ❛❞❥✉st t❤❡ ❝♦♥tr❛❝t s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ r❡❛❧✐③❛t✐♦♥ η✱ t❤❡

❛❣❡♥t✬s ❞✐s♣♦s❛❜❧❡ ✐♥❝♦♠❡ c (θ, η)✱ ❛♥❞ ❤❡♥❝❡ ❤❡r r❡❛❧✐③❡❞ ✉t✐❧✐t②✱ r❡♠❛✐♥ ✜①❡❞✳ ■♥

♦t❤❡r ✇♦r❞s✱ ❛♥② ❛tt❡♠♣t ❜② t❤❡ ❣♦✈❡r♥♠❡♥t t♦ ❛✛❡❝t ❝♦♥s✉♠♣t✐♦♥ ✐♥s✉r❛♥❝❡ ✇♦✉❧❞

❜❡ ❢✉❧❧② ❛❜s♦r❜❡❞ ❜② t❤❡ ✜r♠ s♦ ❛s t♦ ❦❡❡♣ t❤❡ ✇♦r❦❡r✬s ♣❛②♦✛s ✉♥❝❤❛♥❣❡❞✳

❙❡❝♦♥❞✱ s✉♣♣♦s❡ t❤❛t t❤❡ t❛① r❡❢♦r♠ ✐s s✉❝❤ t❤❛t t❤❡ t❛① ❧✐❛❜✐❧✐t✐❡s ♦❢ ✇♦r❦❡rs

✇✐t❤ ❛❜✐❧✐t② θ ❛r❡ r❡❞✉❝❡❞✱ t❤❛t ✐s✱ T̂ (w (θ, η)) < 0 ❢♦r ❛❧❧ η✳ P❡r ♦✉r ❞✐s❝✉ss✐♦♥ ✐♥ t❤❡

♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ t❤✐s r❡❢♦r♠ ❣❡♥❡r❛t❡s ❛ r❡♥t ❢♦r t❤❡ ✜r♠ ❡q✉❛❧ t♦−E[ T̂ (w(θ,·))
r(w(θ,·))

] > 0✿

✐♥t✉✐t✐✈❡❧②✱ t❤❡ ✜r♠ ❝♦♠♣❡♥s❛t❡s t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❛① ♣❛②♠❡♥ts ❜② ❛♥ ❡q✉✐✈❛❧❡♥t

r❡❞✉❝t✐♦♥ ✐♥ ✇❛❣❡s✳ ◆♦✇✱ ❜② t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥✱ t❤✐s r❡♥t ♠✉st ❜❡ s❤❛r❡❞ ✇✐t❤

✇♦r❦❡rs✱ ✇❤♦s❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② r✐s❡s ❛s ❛ r❡s✉❧t✳✶✽ ❘❡❝❛❧❧ t❤❛t✱ ❜② ❡q✉❛t✐♦♥ ✭✻✮✱ t❤✐s

✐♥❝r❡❛s❡ ✐♥ ✉t✐❧✐t② ♠✉st ❜❡ ❞✐str✐❜✉t❡❞ ✉♥✐❢♦r♠❧② ❛♠♦♥❣ ❛❧❧ ❛❣❡♥ts ✕ r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r

♣❡r❢♦r♠❛♥❝❡ η ✕ ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❡✐r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❡✛♦rt✳

❇✉t t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ s❛❧❛r② ♦❢ ❤✐❣❤✲♣❡r❢♦r♠❡rs ♠✉st ✐♥❝r❡❛s❡ ❜② ❛ ❧❛r❣❡r ❛♠♦✉♥t✱

s✐♥❝❡ t❤❡✐r ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❡❛r♥✐♥❣s v′ (w (θ, η)) ✐s ❧♦✇❡r✳ ❆s ❛ r❡s✉❧t✱ t❤❡ s❤❛r❡ ♦❢

t❤❡ r❡♥t ❛ss✐❣♥❡❞ t♦ ✇♦r❦❡rs ✇✐t❤ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦

t❤❡✐r ♠❛r❣✐♥❛❧ ✉t✐❧✐t②✱ t❤❛t ✐s✱ ❡q✉❛❧ t♦ (v′(w(θ,η)))−1

E[(v′(w(θ,·)))−1]
✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ s❡❝♦♥❞ t❡r♠

✐♥ ✭✶✺✮✳

P❡r❢♦r♠❛♥❝❡✲P❛② ❊✛❡❝t✳ ◆♦✇✱ s✉♣♣♦s❡ t❤❛t ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ t❛① r❡❢♦r♠ T̂ ✱

t❤❡ ✜r♠ ✜♥❞s ✐t ♦♣t✐♠❛❧ t♦ ❡❧✐❝✐t ❛ ❤✐❣❤❡r ❡✛♦rt ❧❡✈❡❧✱ s♦ t❤❛t â (θ) > 0✳ ■♥ ♦r❞❡r

t♦ ❞♦ s♦✱ ✇❡ s❤♦✇❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷ t❤❛t ✐t ♠✉st ❜♦t❤ ❝♦♠♣❡♥s❛t❡ ✇♦r❦❡rs ❢♦r t❤❡✐r

✉t✐❧✐t② ❧♦ss✱ ❛♥❞ ✐♥❝r❡❛s❡ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s t♦ ❡❛r♥✐♥❣s✳ ❚❤❡s❡

t✇♦ ❛❞❥✉st♠❡♥ts ❛r❡ ❝❛♣t✉r❡❞ ❜② t❤❡ t❡r♠ h′(a(θ))+h′′(a(θ))η
v′(w(θ,η))

✐♥ ❡q✉❛t✐♦♥ ✭✶✻✮✳ ❙✐♥❝❡

✶✽❲❡ ❛♥❛❧②③❡ t❤✐s ❝❤❛♥❣❡ ✐♥ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ Û (θ) ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ❜❡❧♦✇✳

✶✼



h′(a(θ))+h′′(a(θ))η
v′(w(θ,η))

â (θ) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ η✱ ❡❧✐❝✐t✐♥❣ ❛ ❤✐❣❤❡r ❡✛♦rt ❧❡✈❡❧ r❡✲

q✉✐r❡s ✐♥❝r❡❛s✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡✳ ◆♦✇✱ ŵ♣♣ ✐s ❞❡✜♥❡❞ ❜②

s✉❜tr❛❝t✐♥❣ t❤❡ ✐♥❝♦♠❡ ❝❤❛♥❣❡ ŵ❡① (θ, η) t❤❛t ✇♦✉❧❞ ❛r✐s❡ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧

✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ s❛♠❡ ❝❤❛♥❣❡ ✐♥ ❡✛♦rt ✭❡q✉❛t✐♦♥ ✭✶✵✮✮✳ ❆s ❛

r❡s✉❧t✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❤❛s ♠❡❛♥ ③❡r♦ ❛♥❞ ✐s t❤❡ ♣✉r❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♠♦r❛❧

❤❛③❛r❞ t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ ❡❛r♥✐♥❣s r✐s❦ ✈✐❛ ❧❛❜♦r s✉♣♣❧② ❞❡❝✐s✐♦♥s✳

●❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❛♥ ❊✛♦rt ❙❝❤❡❞✉❧❡✳ ■♥ ❆♣♣❡♥❞✐① ❈ ✇❡ ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦

t❤❡ ❡♥✈✐r♦♥♠❡♥t ✇❤❡r❡ t❤❡ ✜r♠ ❝❛♥ ❡❧✐❝✐t ❛♥ ❛r❜✐tr❛r② ✭♥♦♥✲❝♦♥st❛♥t✮ ❡✛♦rt s❝❤❡❞✉❧❡

a (θ, η)✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✐s ✐❞❡♥t✐❝❛❧ t♦ ✭✶✺✮✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ❡✛❡❝t ✐s ❛♥❛❧♦❣♦✉s t♦ ✭✶✻✮ ❡①❝❡♣t t❤❛t ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡♥t✐r❡

❡✛♦rt s❝❤❡❞✉❧❡ r❛t❤❡r t❤❛♥ ✐♥ t❤❡ s✐♥❣❧❡ ❡✛♦rt ❧❡✈❡❧✳

✷✳✸ ■♥❝✐❞❡♥❝❡ ♦❢ ❚❛① ❘❡❢♦r♠s ♦♥ ❯t✐❧✐t✐❡s

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ❛♥❛❧②③✐♥❣ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❛① r❡❢♦r♠s ♦♥ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②

U (θ) ♦❢ ✇♦r❦❡rs ✇✐t❤ ❛❜✐❧✐t② θ ✐♥ ♦✉r ❣❡♥❡r❛❧ ❡♥✈✐r♦♥♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ✜rst✲♦r❞❡r ❡✛❡❝t ♦❢ t❤❡ t❛① r❡❢♦r♠ T̂ ♦♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t② Û (θ) ✐s

❣✐✈❡♥ ❜②

Û (θ) = −
1

E

[

1
v′(w(θ,η))

]E

[

T̂ (w (θ, η))

r (w (θ, η))

]

. ✭✶✼✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳

❚♦ ✉♥❞❡rst❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✱ r❡❝❛❧❧ t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ t❛① ♣❛②♠❡♥t ♦❢ ❛♥

❛❣❡♥t ❜② T̂ (w (θ, η)) < 0 ❛❧❧♦✇s t❤❡ ✜r♠ t♦ ❞❡❝r❡❛s❡ ❤❡r ❡❛r♥✐♥❣s ❜② T̂ (w(θ,η))
r(w(θ,η))

✐♥

♦r❞❡r t♦ ❦❡❡♣ ❤❡r ❝♦♥s✉♠♣t✐♦♥ ✭❛♥❞✱ ❤❡♥❝❡✱ ✐♥❝❡♥t✐✈❡s✮ ✉♥❝❤❛♥❣❡❞✳ ▼♦r❡♦✈❡r✱ ❜②

t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✱ ❛♥② ❝❤❛♥❣❡ ✐♥ ♣❛② t❤❛t ♦♣❡r❛t❡s ✈✐❛ ❧❛❜♦r s✉♣♣❧② ✭ŵ❡①, ŵ♣♣✮

❣❡♥❡r❛t❡s ♦♥❧② s❡❝♦♥❞✲♦r❞❡r ❝❤❛♥❣❡s ✐♥ t♦t❛❧ ❧❛❜♦r ❝♦sts✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❛① r❡❢♦r♠

❝r❡❛t❡s ❛♥ ❡①♣❡❝t❡❞ r❡♥t ❢♦r t❤❡ ✜r♠ ❡q✉❛❧ t♦ −E[ T̂ (w(θ,η))
r(w(θ,η))

] > 0✱ ✇❤✐❝❤ ✐s t❤❡♥ s❤❛r❡❞

✇✐t❤ t❤❡ ✇♦r❦❡rs ❛♥❞ ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡✐r r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ❜② Û (θ) > 0✳

◆♦✇✱ t❤✐s ✐♥❝r❡❛s❡ ✐♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t② Û (θ) > 0 ♠✉st ❜❡ ❞✐str✐❜✉t❡❞ ❛❝r♦ss ✇♦r❦✲

❡rs ✇✐t❤ ❞✐✛❡r❡♥t ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s η✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❡✈❡r②

✇♦r❦❡r✬s ✉t✐❧✐t② ♠✉st ✐♥❝r❡❛s❡ ✉♥✐❢♦r♠❧②✳ ❚❤❡r❡❢♦r❡✱ r❡❛❧✐③❡❞ ❡❛r♥✐♥❣s w (θ, η) ♠✉st

✶✽



✐♥❝r❡❛s❡ ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ ✐♥✈❡rs❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② 1/v′ (w (θ, η))✳ ❍❡♥❝❡✱ t❤✐s s❤❛r✲

✐♥❣ r✉❧❡ ❝♦sts t❤❡ ✜r♠ E[ Û(θ)
v′(w(θ,η))

]✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✈❛❧✉❡ ♦❢ Û (θ) ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t

♣r♦✜ts r❡♠❛✐♥ ❡q✉❛❧ t♦ ③❡r♦ ✭❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥✮ s❛t✐s✜❡s✿

E

[

T̂ (w (θ, η))

r (w (θ, η))

]

+ E

[

Û (θ)

v′ (w (θ, η))

]

= 0.

❙♦❧✈✐♥❣ ❢♦r Û (θ) ❡❛s✐❧② ❧❡❛❞s t♦ ❡q✉❛t✐♦♥ ✭✶✹✮✳

❆♥❛❧♦❣♦✉s t♦ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✇❤❡r❡ t❛① ❝❤❛♥❣❡s ❛✛❡❝t ✐♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠♣✲

t✐♦♥ ❞✐r❡❝t❧② r❛t❤❡r t❤❛♥ ❜❡✐♥❣ ✐♥t❡r♠❡❞✐❛t❡❞ ❜② ✜r♠s✱ ❡q✉❛t✐♦♥ ✭✶✼✮ ✐♠♣❧✐❡s t❤❛t

✇♦r❦❡rs✬ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥❝r❡❛s❡s ✇❤❡♥ t❤❡✐r ❡①♣❡❝t❡❞ t❛① ♣❛②♠❡♥ts ✭✇❡✐❣❤t❡❞ ❜②

r❡t❡♥t✐♦♥ r❛t❡s✮ ❛r❡ r❡❞✉❝❡❞✳ ❈♦♥✈❡rs❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡✐r ❡①♣❡❝t❡❞ t❛① ❜✐❧❧ ❧♦✇❡rs

t❤❡✐r ✉t✐❧✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❡✈❡❧ ♦❢ ❝❤❛♥❣❡ ✐♥ ✉t✐❧✐t② Û (θ) ❞✐✛❡rs ❢r♦♠ t❤❛t ♦❜t❛✐♥❡❞ ✐♥

t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✭❡q✉❛t✐♦♥ ✭✶✸✮✮ ✉♥❧❡ss σ2
η = 0✳ ❆s ❛ s✐♠♣❧❡

❡①❛♠♣❧❡✱ s✉♣♣♦s❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ t❛① s❝❤❡❞✉❧❡ ✐s ❛✣♥❡✱ s♦ t❤❛t t❤❡ r❡t❡♥t✐♦♥ r❛t❡

r (w (θ, η)) ✐s ❝♦♥st❛♥t✳ ❈♦♥s✐❞❡r ❛ t❛① r❡❢♦r♠ t❤❛t ❝♦♥s✐sts ♦❢ ❛ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠

tr❛♥s❢❡r ❢♦r ❛❧❧ ❛❣❡♥ts✳ ❲❡ s❤♦✇ ✐♥ t❤❡ ❆♣♣❡♥❞✐① t❤❛t t❤✐s r❡❢♦r♠ ✐s r❡♣r❡s❡♥t❡❞ ❜②

T̂ (w) = −1 ❢♦r ❛❧❧ w✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✱ ❡q✉❛t✐♦♥ ✭✶✸✮

s❤♦✇s t❤❛t ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛r❡ ✇♦✉❧❞ ✐♥❝r❡❛s❡ ♦♥ ❛✈❡r❛❣❡ ❜② t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧

✉t✐❧✐t②✱ E [u′ (R (w (θ, η)))]✳ ◆♦✇✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✇✐t❤ ❛❣❡♥❝② ❢r✐❝t✐♦♥s✱ ❛♣♣❧②✐♥❣

❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② t♦ ❡q✉❛t✐♦♥ ✭✶✼✮ ②✐❡❧❞s 0 < Û (θ) < E [u′ (R (w (θ, η)))]✳ ❚❤❡r❡✲

❢♦r❡✱ ❛ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r ❧❡❛❞s t♦ ❛ str✐❝t❧② s♠❛❧❧❡r r✐s❡ ✐♥ ✉t✐❧✐t② ✇❤❡♥ t❛① ❝✉ts ❛r❡

❞✐str✐❜✉t❡❞ ❜② ✜r♠s t❤❛♥ ✇❤❡♥ t❤❡② ❛r❡ ❞✐r❡❝t❧② t❛r❣❡t❡❞ t♦ ✇♦r❦❡rs✳

✷✳✹ ❊❧❛st✐❝✐t✐❡s ♦❢ ❆✈❡r❛❣❡ ❊❛r♥✐♥❣s

❚❤❡ ❧❛st st❡♣ ♦❢ ♦✉r t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❛❧②s✐s ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✐♠♣❛❝t ♦❢ ❛ t❛①

r❡❢♦r♠ T̂ ♦♥ t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ a (θ)✳ ❲❡ t❛❝❦❧❡ t❤✐s ✐♥ t✇♦ ✭❝♦♠♣❧❡♠❡♥t❛r②✮

✇❛②s✳ ❋✐rst✱ ✇❡ ✉s❡ ❛ str✉❝t✉r❛❧ ❛♣♣r♦❛❝❤ ❛♥❞ ❞❡r✐✈❡ ❛♥❛❧②t✐❝❛❧❧② t❤❡ ✐♠♣❛❝t ♦❢ t❛①

r❡❢♦r♠s ♦♥ ❧❛❜♦r ❡✛♦rt ✐♥ t❡r♠s ♦❢ ♣r✐♠✐t✐✈❡s✳ ❙❡❝♦♥❞✱ ✇❡ ❡①♣r❡ss t❤❡s❡ ❧❛❜♦r s✉♣♣❧②

r❡s♣♦♥s❡s ✐♥ t❡r♠s ♦❢ s✉✣❝✐❡♥t st❛t✐st✐❝s t❤❛t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❡♠♣✐r✐❝❛❧❧② r❡❣❛r❞❧❡ss

♦❢ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐♠✐t✐✈❡s✳

❙tr✉❝t✉r❛❧ ❆♣♣r♦❛❝❤✳ ❲❤❡♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s s✐♠♣❧❡ ❡♥♦✉❣❤✱ ✐t ✐s

✇♦rt❤✇❤✐❧❡ t♦ ❞❡r✐✈❡ ❡①♣❧✐❝✐t❧② t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛rt✐❝✉❧❛r

✶✾



t❛① r❡❢♦r♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ t❤❛t ✐s✱ â(θ)
a(θ)

✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♠♣❛r❡ t❤❡ ✐♥❝✐❞❡♥❝❡

♦❢ t❛①❡s ❛❝r♦ss ❞✐✛❡r❡♥t ❝♦♥tr❛❝t✉❛❧ ❡♥✈✐r♦♥♠❡♥ts✳ ❚❤❡ ♥❡①t r❡s✉❧t ❛♥❞ ▲❡♠♠❛ ✷

❜❡❧♦✇ ✐❧❧✉str❛t❡ t❤✐s ❛♣♣r♦❛❝❤ t❤r♦✉❣❤ t❤❡ ❧❡♥s ♦❢ s✐♠♣❧❡ ❡①❛♠♣❧❡s✳

▲❡♠♠❛ ✶✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ ❝♦♥s✉♠♣t✐♦♥✱ t❤❛t ✐s u (c) = c✱

❛♥❞ t❤❛t ❡❛r♥✐♥❣s w (θ, η) ❛r❡ ❧♦❝❛t❡❞ ✐♥ ❛ ❜r❛❝❦❡t ✇✐t❤ ❝♦♥st❛♥t ♠❛r❣✐♥❛❧ t❛① r❛t❡ τ

❢♦r ❛❧❧ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s η✳ ❚❤❡ r❡s♣♦♥s❡ ♦❢ ❧❛❜♦r ❡✛♦rt t♦ ❛♥ ❛r❜✐tr❛r② t❛① r❡❢♦r♠

T̂ ✐s t❤❡♥ ❣✐✈❡♥ ❜②

â (θ)

a (θ)
= −

1

1− τ
ε (θ)E

[

T̂ ′ (w (θ, η))
]

−
1

1− τ
❈♦✈

(

T̂ ′ (w (θ, η)) ;
η

a (θ)

)

, ✭✶✽✮

✇❤❡r❡ ε (θ) ≡ h′(a(θ))
a(θ)h′′(a(θ))

✐s t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧②✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳

❊q✉❛t✐♦♥ ✭✶✽✮ s❤♦✇s t❤❛t t❤❡ r❡s♣♦♥s❡ ♦❢ ❧❛❜♦r ❡✛♦rt t♦ t❤❡ t❛① r❡❢♦r♠ T̂ ✐s

t❤❡ s✉♠ ♦❢ t✇♦ t❡r♠s✱ ✇❤✐❝❤ r❡✢❡❝t ❜♦t❤ ❡❧❡♠❡♥ts ✭▼❘❙ ❛♥❞ ▼❈■✮ ♦❢ t❤❡ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥ ✭✼✮✳ ❋✐rst✱ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥ ✭✜rst ❡①♣❡❝t❛t✐♦♥ ✐♥ ✭✼✮✮ ✐♠♣❧✐❡s

t❤❛t t❤❡ ❝❤❛♥❣❡ ✐♥ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ t❛① r❛t❡s✱ E[T̂ ′ (w (θ, η))]✱ r❡❞✉❝❡s ❧❛❜♦r s✉♣♣❧②

❜② t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ε (θ)✳ ❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ r❡s♣♦♥s❡ ♦♥❡ ✇♦✉❧❞ ♦❜t❛✐♥ ✐♥

♠♦❞❡❧s ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✳ ❙❡❝♦♥❞✱ r❡❝❛❧❧ t❤❛t ✐♥ ♦✉r ♠♦r❛❧ ❤❛③❛r❞ ❡♥✈✐r♦♥♠❡♥t

t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ a (θ) ✐s ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡s

✭s❡❝♦♥❞ ❡①♣❡❝t❛t✐♦♥ ✐♥ ✭✼✮✮✳ ❇✉t t❤❡ ▼❈■ ✐s ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❣r❡ss✐✈✐t② ♦❢

t❤❡ t❛① s❝❤❡❞✉❧❡✿ ✇✐t❤ q✉❛s✐❧✐♥❡❛r ✉t✐❧✐t② ✇❡ ❤❛✈❡ ▼❈■ ∝ ❈♦✈( 1
r(w(θ,η))

; η)✱ ✇❤✐❝❤ ✐s

❡q✉❛❧ t♦ ③❡r♦ ✭r❡s♣❡❝t✐✈❡❧②✱ ♣♦s✐t✐✈❡✮ ✇❤❡♥ t❤❡ ♠❛r❣✐♥❛❧ t❛① r❛t❡s ❛r❡ ❝♦♥st❛♥t ✭r❡s♣✳✱

✐♥❝r❡❛s✐♥❣ ✇✐t❤ ✐♥❝♦♠❡✮✳ ❈♦♥s❡q✉❡♥t❧②✱ st❛rt✐♥❣ ❢r♦♠ ❛♥ ❛✣♥❡ t❛① ❝♦❞❡✱ ✇❡ ❡①♣❡❝t ❛

♣r♦❣r❡ss✐✈❡ t❛① r❡❢♦r♠ ✕ ❢♦r ✇❤✐❝❤ t❤❡ ♠❛r❣✐♥❛❧ t❛① r❛t❡ ❛❞❥✉st♠❡♥ts T̂ ′ (·) ✐♥❝r❡❛s❡

✇✐t❤ ✐♥❝♦♠❡ ✕ t♦ r❛✐s❡ t❤❡ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥✱ ❛♥❞ ❤❡♥❝❡ tr✐❣❣❡r ❛♥ ❛❞❞✐t✐♦♥❛❧

❞♦✇♥✇❛r❞ ❛❞❥✉st♠❡♥t ✐♥ ❡✛♦rt✳ ❋♦r♠❛❧❧②✱ t❤✐s ✐s ✐♥❞❡❡❞ ✐♠♣❧✐❡❞ ❜② t❤❡ ♥❡❣❛t✐✈❡

❝♦✈❛r✐❛♥❝❡ t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✶✽✮✳ ❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢

♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♦✉t♣✉t r✐s❦ ♠❛❣♥✐✜❡s t❤❡ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦❢ r❛✐s✐♥❣ t❛①

♣r♦❣r❡ss✐✈✐t② ♦♥ ❧❛❜♦r ❡✛♦rt✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤✐s r❡s✉❧t t♦ t❤❡ ❝❛s❡ ♦❢ ❛

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✇✐t❤ ✐♥❝♦♠❡ ❡✛❡❝ts ❛♥❞ ❛ ♥♦♥❧✐♥❡❛r ❜❛s❡❧✐♥❡ t❛① s❝❤❡❞✉❧❡ ❛♥❞ s❤♦✇

t❤❛t t❤❡ s❛♠❡ ✐♥s✐❣❤t ❝❛rr✐❡s ♦✈❡r✳
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❙✉✣❝✐❡♥t✲❙t❛t✐st✐❝ ❆♣♣r♦❛❝❤✳ ■♥ ♦✉r ♠♦st ❣❡♥❡r❛❧ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❛♥❛❧②t✐❝❛❧

❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♣♦❧✐❝② ❡❧❛st✐❝✐t✐❡s â(θ)
a(θ)

❛r❡ t❡❝❤♥✐❝❛❧❧② str❛✐❣❤t❢♦r✇❛r❞ t♦ ❞❡r✐✈❡✱ ❜✉t

t❤❡② ♠❛② ❢❛✐❧ t♦ ❞❡❧✐✈❡r s❤❛r♣ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡r✲

❢♦r♠❛♥❝❡ s❤♦❝❦s σ2
η ♦r t❤❡ str❡♥❣t❤ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✳ ■♥st❡❛❞✱ ✐t ✐s st❛♥❞❛r❞

s✐♥❝❡ ❙❛❡③ ✭✷✵✵✶✮ t♦ ❡①♣r❡ss t❤❡s❡ ❧❛❜♦r s✉♣♣❧② r❡s♣♦♥s❡s ✐♥ t❡r♠s ♦❢ s✉❜st✐t✉t✐♦♥

❛♥❞ ✐♥❝♦♠❡ ❡✛❡❝ts t❤❛t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ❞❛t❛✱ ❛♥❞ tr❡❛t t❤❡ r❡s✉❧t✐♥❣ ❡❧❛s✲

t✐❝✐t✐❡s ❛s s✉✣❝✐❡♥t st❛t✐st✐❝s ✐♥ ♦✉r t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❛❧②s✐s ✭❈❤❡tt② ✭✷✵✵✾✮✮✳ ◆❛♠❡❧②✱

♦✉r t❛① ❢♦r♠✉❧❛s ❞❡♣❡♥❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ r❡❣❛r❞❧❡ss ♦❢

t❤❡ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ t❤❛t ❣❡♥❡r❛t❡s t❤❡♠ ✕ t❤❛t ✐s✱ ✐♥ ♦✉r ❝❛s❡✱

r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ✐s ❡①♦❣❡♥♦✉s ♦r

❡♥❞♦❣❡♥♦✉s✳ ❖✉r ❣♦❛❧ ✐s t❤❡r❡❢♦r❡ t♦ ❡①♣r❡ss t❤❡ ❧❛❜♦r s✉♣♣❧② r❡s♣♦♥s❡ â(θ)
a(θ)

t♦ ❛♥② ♣♦✲

t❡♥t✐❛❧ t❛① r❡❢♦r♠ T̂ ✐♥ t❡r♠s ♦❢ st❛♥❞❛r❞ ❡❧❛st✐❝✐t② ♣❛r❛♠❡t❡rs t❤❛t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r r❡❢♦r♠✳

❚♦ ❞♦ s♦✱ r❡❝❛❧❧ t❤❛t✱ ❜② t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥ ✭✺✮✱ ❛✈❡r❛❣❡ ❡❛r♥✐♥❣s ❝♦♥❞✐t✐♦♥❛❧

♦♥ ❛❜✐❧✐t② θ✱ E [w (θ, ·)]✱ ❛r❡ ❡q✉❛❧ t♦ θa (θ)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡❧❛st✐❝✐t✐❡s ♦❢

❡✛♦rt a (θ) ✇✐t❤ r❡s♣❡❝t t♦ t❛① ❝❤❛♥❣❡s ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❛st✐❝✐t✐❡s ♦❢

❛✈❡r❛❣❡ ❡❛r♥✐♥❣s E [w (θ, ·)]✳ ◆♦t❡ t❤❛t t♦ ❡✈❛❧✉❛t❡ ❛✈❡r❛❣❡ ❡❛r♥✐♥❣s E [w (θ, ·)] t❤❡

❡❝♦♥♦♠❡tr✐❝✐❛♥ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ♦❜s❡r✈❡ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ♦❢ ❛❜✐❧✐t② θ ✕ ✐t ✐s ❡♥♦✉❣❤

t♦ ❣r♦✉♣ ✇♦r❦❡rs ✐♥t♦ ♦r❞✐♥❛❧ ❛❜✐❧✐t② ❣r♦✉♣s ♣r♦①✐❡❞ ❜② ❡❞✉❝❛t✐♦♥✱ ❡①♣❡r✐❡♥❝❡✱ ❡t❝✳

❲❡ ❝❛♥ t❤✉s ❞❡✜♥❡ t❤❡ ✭❝♦♠♣❡♥s❛t❡❞✮ ❡❧❛st✐❝✐t② ♦❢ ❛✈❡r❛❣❡ ❡❛r♥✐♥❣s ♦❢ ❛❣❡♥ts ✇✐t❤

❛❜✐❧✐t② θ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡t❡♥t✐♦♥ r❛t❡ ❛t ✐♥❝♦♠❡ ❧❡✈❡❧ w (θ, η) ❜②

εEw,r (θ, η) ≡
r (w (θ, η))

E [w (θ, ·)]

∂E [w (θ, ·)]

∂r (w (θ, η))
. ✭✶✾✮

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✐♥❝♦♠❡ ❡✛❡❝t ♣❛r❛♠❡t❡r ❛s t❤❡ s❡♠✐✲❡❧❛st✐❝✐t② ♦❢ ❛✈❡r❛❣❡ ❡❛r♥✐♥❣s

♦❢ ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t② θ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r ❛t ✐♥❝♦♠❡ ❧❡✈❡❧ w (θ, η)✱

t❤❛t ✐s✱

εEw,R (θ, η) ≡
1

E [w (θ, ·)]

∂E [w (θ, ·)]

∂R (w (θ, η))

∣

∣

∣

∣

U

. ✭✷✵✮

❚❤❡s❡ ❡❧❛st✐❝✐t✐❡s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❡♠♣✐r✐❝❛❧❧②✱ ❛♥❞ t❤❡✐r ❡①♣❧✐❝✐t ❛♥❛❧②t✐❝❛❧ ❡①♣r❡s✲

s✐♦♥s ✐♥ t❡r♠s ♦❢ ♣r✐♠✐t✐✈❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ✜rst✲♦r❞❡r ❡✛❡❝t ♦❢ t❤❡ t❛① r❡❢♦r♠ T̂ ♦♥ ❧❛❜♦r ❡✛♦rt a (θ) ❝❛♥ ❜❡
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❡①♣r❡ss❡❞ ❛s

â (θ)

a (θ)
= −E

[

εEw,r (θ, η)
T̂ ′ (w (θ, η))

r (w (θ, η))

]

+ E

[

εEw,R (θ, η)
T̂ (w (θ, η))

w (θ, η)

]

✭✷✶✮

✇❤❡r❡ εEw,r (θ, η) ❛♥❞ εEw,R (θ, η) ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✾✮ ❛♥❞ ✭✷✵✮✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳

❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✸ ✐s st❛♥❞❛r❞✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ t❛① r❛t❡ ❜②

T̂ ′ (w (θ, η)) ✭r❡s♣✳✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❛✈❡r❛❣❡ t❛① r❛t❡ ❜② T̂ (w(θ,η))
w(θ,η)

✮ ❛t t❤❡ ✐♥❝♦♠❡ ❧❡✈❡❧

w (θ, η) ❛✛❡❝ts t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ a (θ) ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡❧❛st✐❝✐t②

εEw,r (θ, η) ✭r❡s♣✳✱ t❤❡ ✐♥❝♦♠❡ ❡✛❡❝t ♣❛r❛♠❡t❡r εEw,R (θ, η)✮✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r❧②✐♥❣

t❤❡s❡ s✉❜st✐t✉t✐♦♥ ❛♥❞ ✐♥❝♦♠❡ ❡✛❡❝ts ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ♥♦♥❧✐♥❡❛r

✐♥❝♦♠❡ t❛①❛t✐♦♥✳ ◆❛♠❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♠❛r❣✐♥❛❧ t❛① r❛t❡s ✭r❡s♣❡❝t✐✈❡❧②✱ ✐♥ ❧✉♠♣✲s✉♠

❧✐❛❜✐❧✐t✐❡s✮ ❧♦✇❡rs ✭r❡s♣✳✱ r❛✐s❡s✮ t❤❡ ✇♦r❦❡r✬s ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ ❜② ❝r❡❛t✐♥❣ ❛ ✇❡❞❣❡

❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥

✐♥ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✼✮✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ✐t ✐s

t❤❡ ✜r♠ r❛t❤❡r t❤❛♥ t❤❡ ✇♦r❦❡r t❤❛t ❝❤♦♦s❡s ❤♦✇ ♠✉❝❤ ❡✛♦rt s❤♦✉❧❞ ♦♣t✐♠❛❧❧② ❜❡

♣r♦✈✐❞❡❞✱ ❛♥❞ ✐t ❛❝❤✐❡✈❡s t❤✐s ❜② s♣r❡❛❞✐♥❣ ♦r ❝♦♠♣r❡ss✐♥❣ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡✳

◆❡✈❡rt❤❡❧❡ss✱ st❛♥❞❛r❞ ♠❡t❤♦❞s ♦❢ ❡st✐♠❛t✐♥❣ t❛①❛❜❧❡ ✐♥❝♦♠❡ ❡❧❛st✐❝✐t✐❡s ✇♦✉❧❞ ❣✐✈❡

t❤❡ ❝♦rr❡❝t ✈❛❧✉❡s ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ✭✶✾✮ ❛♥❞ ✭✷✵✮✳

✸ ❆❣❣r❡❣❛t❡ ❊✛❡❝ts ♦❢ ❚❛① ❘❡❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ ♦✉r t❛① ✐♥❝✐❞❡♥❝❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡

❛❣❣r❡❣❛t❡ ❝♦sts ❛♥❞ ❜❡♥❡✜ts ♦❢ t❛① r❡❢♦r♠s✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❣♦✈❡r♥♠❡♥t ❛♥❞ ❞❡✜♥❡

❢♦r♠❛❧❧② t❤❡ ❝♦♥❝❡♣ts ♦❢ ❡①❝❡ss ❜✉r❞❡♥ ❛♥❞ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ ♣♦❧✐❝✐❡s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳

❲❡ ❞❡r✐✈❡ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❘❡❛❞❡rs ♣r✐♠❛r✐❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡

✐♥❝✐❞❡♥❝❡ ♦❢ t❛① r❡❢♦r♠s ♦♥ ✐♥❞✐✈✐❞✉❛❧ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥tr❛❝ts ❝❛♥ s❦✐♣ t♦ ❙❡❝t✐♦♥

✹✳

✸✳✶ ●♦✈❡r♥♠❡♥t

■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ❣♦✈❡r♥♠❡♥t ♦❜s❡r✈❡s ❜♦t❤ ❜❡t✇❡❡♥✲ ❛♥❞ ✇✐t❤✐♥✲❣r♦✉♣ ✐♥❡q✉❛❧✐t②✱

t❤❛t ✐s✱ ❡❛r♥✐♥❣s ❞✐✛❡r❡♥❝❡s ❞✉❡ t♦ ❡①✲❛♥t❡ ❛❜✐❧✐t② θ ✭♣r♦①✐❡❞ ❜② ❡❞✉❝❛t✐♦♥✱ ❡①♣❡r✐❡♥❝❡✱

✷✷



❡t❝✳✮ ❛♥❞ ❡①✲♣♦st ❥♦❜✲s♣❡❝✐✜❝ s❤♦❝❦s η✳ ❍♦✇❡✈❡r✱ t❛①❡s ❛♥❞ tr❛♥s❢❡rs ❝❛♥ ♦♥❧② ❜❡

❝♦♥❞✐t✐♦♥❡❞ ♦♥ r❡❛❧✐③❡❞ ❡❛r♥✐♥❣s w ❛♥❞ ♥♦t ♦♥ ❛❜✐❧✐t② θ✳ ❚❤❡ ❧❛❜♦r ✐♥❝♦♠❡ t❛① s❝❤❡❞✉❧❡

✐s ❢✉♥❝t✐♦♥ T ∈ C2(R+,R)✳

●♦✈❡r♥♠❡♥t ❘❡✈❡♥✉❡ ❛♥❞ ❙♦❝✐❛❧ ❲❡❧❢❛r❡✳ ●✐✈❡♥ t❤❡ t❛① s❝❤❡❞✉❧❡ T ✱ ❣♦✈❡r♥✲

♠❡♥t r❡✈❡♥✉❡ ✐s ❣✐✈❡♥ ❜②

R (T ) =

ˆ

Θ

E [T (w (θ, η))] ❞F (θ) . ✭✷✷✮

❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❢❛❝❡s ❛♥ ❡①♦❣❡♥♦✉s ❡①♣❡♥✲

❞✐t✉r❡ r❡q✉✐r❡♠❡♥t G ≥ 0✳ ❆♥② ❡①tr❛ r❡✈❡♥✉❡ ✐s ✉s❡❞ ❢♦r r❡❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥

✇♦r❦❡rs ✇✐t❤ ❞✐✛❡r❡♥t ✭✉♥✐♥s✉r❛❜❧❡✮ ❧❡✈❡❧s ♦❢ ❛❜✐❧✐t② θ✳ ❙♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❡✈❛❧✉❛t❡❞ ❜②

❛ ✇❡✐❣❤t❡❞✲✉t✐❧✐t❛r✐❛♥ ❢✉♥❝t✐♦♥❛❧

W (T ) =

ˆ

Θ

α (θ)U (θ) ❞F (θ) , ✭✷✸✮

✇❤❡r❡ t❤❡ ♠❛♣ ♦❢ P❛r❡t♦ ✇❡✐❣❤ts θ 7→ α (θ) ✐s ♣♦s✐t✐✈❡✱ ❞❡❝r❡❛s✐♥❣✱ ❛♥❞ s❛t✐s✜❡s
´

Θ
α (θ) ❞F (θ) = 1✳

▼❡❝❤❛♥✐❝❛❧ ❊✛❡❝t ♦❢ ❚❛① ❘❡❢♦r♠s✳ ❈♦♥s✐❞❡r ❛ t❛① r❡❢♦r♠ T̂ ♦❢ t❤❡ ✐♥✐t✐❛❧ t❛①

s❝❤❡❞✉❧❡ T ✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧✱ ♦r st❛t✉t♦r②✱ ❡✛❡❝t ♦❢ t❤✐s r❡❢♦r♠ ✐s ❡q✉❛❧ t♦ ✐ts ✐♠♣❛❝t

♦♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❛ss✉♠✐♥❣ t❤❛t ❡✈❡r②♦♥❡✬s ❡❛r♥✐♥❣s r❡♠❛✐♥ ✜①❡❞✳ ■t ✐s ❣✐✈❡♥

❜②

ME(T, T̂ ) =

ˆ

Θ

E[T̂ (w (θ, η))]❞F (θ) . ✭✷✹✮

❚❤❛t ✐s✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡♥❞♦❣❡♥♦✉s ❡❛r♥✐♥❣s r❡s♣♦♥s❡s✱ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ✇♦✉❧❞

s✐♠♣❧② ❝❤❛♥❣❡ ❜② t❤❡ s✉♠ ♦❢ ✭♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡✮ ❛❞❞✐t✐♦♥❛❧ t❛① ♣❛②♠❡♥ts T̂ (w (θ, η))

♦❢ ❛❧❧ ❛❣❡♥ts✳

❊①❝❡ss ❇✉r❞❡♥ ♦❢ ❚❛① ❘❡❢♦r♠s✳ ❚❤❡ ❡①❝❡ss ❜✉r❞❡♥✱ ♦r ❞❡❛❞✇❡✐❣❤t ❧♦ss✱ ♦❢ ❛

t❛① r❡❢♦r♠ T̂ ✐s ✭♠✐♥✉s✮ t❤❡ ❝❤❛♥❣❡ ✐♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❝❛✉s❡❞ ❜② t❤❡ ❡♥❞♦❣❡✲

♥♦✉s ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥ts✳ ❙✐♥❝❡ t❤❡ ❣♦✈❡r♥♠❡♥t r❡t❛✐♥s ❛ s❤❛r❡ T ′ (w (θ, η)) ♦❢ t❤❡

✷✸



✇♦r❦❡rs✬ ❡❛r♥✐♥❣s ❣❛✐♥s ♦r ❧♦ss❡s ŵ (θ, η)✱ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ✐s ❣✐✈❡♥ ❜②

EB(T, T̂ ) = −

ˆ

Θ

E[T ′ (w (θ, η)) ŵ (θ, η)]❞F (θ) , ✭✷✺✮

✇❤❡r❡ ŵ (θ, η) ✐s ❣✐✈❡♥ ❜② ✭✶✹✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ❛ t❛① r❡❢♦r♠ ♠❡❝❤❛♥✐❝❛❧❧② r❛✐s❡s ✩✶ ♦❢

r❡✈❡♥✉❡ ❛❜s❡♥t ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥ts✱ ❜✉t ❝❛✉s❡s ❞✐st♦rt✐♦♥s ✕ s❛②✱ r❡❞✉❝t✐♦♥s ✐♥ ❧❛❜♦r

s✉♣♣❧② ✕ ✇❤✐❝❤ ❧♦✇❡r ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❜② ➣✷✵✱ t❤❡♥ t❤❡ ♠❛r❣✐♥❛❧ ❡①❝❡ss ❜✉r❞❡♥ ✐s

❡q✉❛❧ t♦ ❛ ❢r❛❝t✐♦♥ 20% ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t✳ ❚❤❡ t♦t❛❧ ✐♠♣❛❝t ♦❢ t❤❡ t❛① r❡❢♦r♠

♦♥ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ✭t❤❛t ✐s✱ t❤❡ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t❛① r❡✈❡♥✉❡ ❢✉♥❝t✐♦♥❛❧

R (T )✮ ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦ R̂(T, T̂ ) = ME(T, T̂ )− EB(T, T̂ )✳

❲❡❧❢❛r❡ ●❛✐♥s ♦❢ ❚❛① ❘❡❢♦r♠s✳ ❚❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ ❛ t❛① r❡❢♦r♠ T̂ ✐s t❤❡ ❝❤❛♥❣❡

✐♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ W (T ) t❤❛t ✐t ❝❛✉s❡s✱ ❡①♣r❡ss❡❞ ✐♥ ♠♦♥❡t❛r② ✉♥✐ts✳ ❚❤❡ ❝❤❛♥❣❡ ✐♥

s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❡q✉❛❧ t♦ Ŵ(T, T̂ ) =
´

α (θ) Û (θ) ❞F (θ)✱ ✇❤❡r❡ Û (θ) ✐s t❤❡ ❝❤❛♥❣❡ ✐♥

❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥❝✉rr❡❞ ❜② ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t② θ ❛♥❞ α (θ) ♠❡❛s✉r❡s t❤❡✐r ✇❡✐❣❤t ✐♥

t❤❡ s♦❝✐❛❧ ♦❜❥❡❝t✐✈❡✳ ❚♦ ❝♦♥✈❡rt t❤✐s ✇❡❧❢❛r❡ ♠❡❛s✉r❡ ✐♥t♦ ✉♥✐ts ♦❢ r❡✈❡♥✉❡✱ ❝♦♥s✐❞❡r

❛♥♦t❤❡r✱ ❜❡♥❝❤♠❛r❦ r❡❢♦r♠ T̂ ∗ ✇✐t❤✐♥ t❤❡ ❛✈❛✐❧❛❜❧❡ s❡t ♦❢ t❛① ✐♥str✉♠❡♥ts✱ t❤❛t ❝♦sts

♦♥❡ ❞♦❧❧❛r ♦❢ r❡✈❡♥✉❡✳✶✾ ▲❡t t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ♣✉❜❧✐❝ ❢✉♥❞s λ ❜❡ t❤❡ ✐♥❝r❡❛s❡ ✐♥

s♦❝✐❛❧ ✇❡❧❢❛r❡ ❜r♦✉❣❤t ❛❜♦✉t ❜② t❤✐s r❡❢♦r♠ T̂ ∗✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥ ♦❢

t❤❡ t❛① r❡❢♦r♠ T̂ ❜②

WG(T, T̂ ) =
1

λ

ˆ

Θ

α (θ) Û (θ) ❞F (θ) . ✭✷✻✮

❖♣t✐♠✉♠ ❚❛① ❙❝❤❡❞✉❧❡✳ ❚❤❡ ♦♣t✐♠❛❧ t❛① s❝❤❡❞✉❧❡ ✐s s✉❝❤ t❤❛t ♥♦ t❛① r❡❢♦r♠ ♦❢

t❤❡ ✐♥✐t✐❛❧ t❛① s❝❤❡❞✉❧❡ t❤❛t ❦❡❡♣s t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥str❛✐♥t s❛t✐s✜❡❞ ❤❛s ❛

♣♦s✐t✐✈❡ ✜rst✲♦r❞❡r ✐♠♣❛❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❲❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❉ t❤❛t t❤❡ ♦♣t✐♠❛❧

t❛① s❝❤❡❞✉❧❡ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♦♣t✐♠✉♠ ✇✐t❤✐♥ ❛ r❡str✐❝t❡❞ ❝❧❛ss ♦❢ t❛① ✐♥str✉♠❡♥ts✮

✶✾■❢ ✉♥✐✈❡rs❛❧ ❧✉♠♣✲s✉♠ t❛①❡s ❛♥❞ tr❛♥s❢❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❛s ✐♥ ▼✐rr❧❡❡s ✭✶✾✼✶✮✱ ✇❡ ♥❛t✉r❛❧❧②
❝❤♦♦s❡ T̂ ∗ t♦ ❜❡ ❛ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r✳ ❲❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❇ t❤❛t ❛ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r
♦❢ ✩✶ ♣❡r ✇♦r❦❡r ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ −1 ❢♦r ❛❧❧ w✳ ❉❡♥♦t❡ ❜② R̂(T,−1) < 0 t❤❡
❧♦ss ✐♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❢r♦♠ t❤✐s tr❛♥s❢❡r✱ ♦♥❝❡ ❛❧❧ ❜❡❤❛✈✐♦r❛❧ r❡s♣♦♥s❡s ❤❛✈❡ ❜❡❡♥ t❛❦❡♥ ✐♥t♦

❛❝❝♦✉♥t✳ ❚❤❡♥ t❤❡ r❡❢♦r♠ T̂ ∗ (w) = −1/
∣

∣

∣
R̂(T,−1)

∣

∣

∣
❢♦r ❛❧❧ w ✐s ❛ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r t❤❛t

r❡❞✉❝❡s ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❜② ✩✶ ❜② ❝♦♥str✉❝t✐♦♥✳ ■❢ ✐♥st❡❛❞ t❤❡ ♣♦❧✐❝② ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❈❘P
t❛① s❝❤❡❞✉❧❡s ❛s ✐♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ❜❡♥❝❤♠❛r❦ r❡❢♦r♠ T̂ ∗ ❝♦♥s✐sts ♦❢ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♣❛r❛♠❡t❡r τ ✱
♥♦r♠❛❧✐③❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ②✐❡❧❞ ✩✶ ♦❢ r❡✈❡♥✉❡✳ ❙❡❡ ❆♣♣❡♥❞✐① ❉ ❢♦r ❞❡t❛✐❧s✳

✷✹



✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

EB(T, T̂ ) = ME(T, T̂ ) +WG(T, T̂ ), ✭✷✼✮

❢♦r ❛❧❧ t❛① r❡❢♦r♠s T̂ ✭r❡s♣✳✱ ❛❧❧ t❛① r❡❢♦r♠s ✐♥ t❤❡ r❡str✐❝t❡❞ ❝❧❛ss✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱

t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ♦❢ ❛♥② r❡❢♦r♠ ♠✉st ❜❡ ❡q✉❛❧ ❛t t❤❡ ♦♣t✐♠✉♠✳

✸✳✷ ❊①❝❡ss ❇✉r❞❡♥ ❛♥❞ ❲❡❧❢❛r❡ ●❛✐♥s

❙✉❜st✐t✉t✐♥❣ ❡①♣r❡ss✐♦♥ ✭✶✹✮ ❢♦r ŵ (θ, η) ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✺✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r✲

❛❝t❡r✐③❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ♦❢ ♦✉r ♣❛♣❡r✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❤❡ t❛① r❡❢♦r♠ T̂ ✐s ❣✐✈❡♥ ❜②

EB(T, T̂ ) = −

ˆ

Θ

E [T ′ (w (θ, η)) ŵ❡① (θ, η)] ❞F (θ) ✭✷✽✮

−
∑

i∈{❝♦,♣♣}

ˆ

Θ

❈♦✈ (T ′ (w (θ, η)) , ŵi (θ, η)) ❞F (θ)

❚❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ t❤❡ t❛① r❡❢♦r♠ T̂ ❛r❡ ❣✐✈❡♥ ❜②

WG(T, T̂ ) = −
1

λ

ˆ

Θ

E

[

α̃ (θ; η) u′ (R (w (θ, η))) T̂ (w (θ, η))
]

❞F (θ) , ✭✷✾✮

✇❤❡r❡ t❤❡ ♠♦❞✐✜❡❞ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✇❡✐❣❤ts ❛r❡ ❣✐✈❡♥ ❜② α̃ (θ; η) ≡ (v′(w(θ,η)))−1

E[(v′(w(θ,·)))−1]
α (θ)✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❉✳

❋♦r♠✉❧❛s ✭✷✽✮ ❛♥❞ ✭✷✾✮ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡ t♦ ❡✈❛❧✉❛t❡ ✇❤❡t❤❡r ❛ ❝♦♥❝r❡t❡ t❛①

r❡❢♦r♠ ♣r♦♣♦s❛❧ ❤❛s ❛ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❛♥❞ s♦❝✐❛❧

✇❡❧❢❛r❡✱ st❛rt✐♥❣ ❢r♦♠ ❛♥② ✭♥♦t ♥❡❝❡ss❛r✐❧② ♦♣t✐♠❛❧✮ t❛① ❝♦❞❡✳

❊①❝❡ss ❇✉r❞❡♥ ♦❢ ❚❛① ❘❡❢♦r♠s✳ ❚❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ ✭✷✽✮ ✐s ❡q✉❛❧ t♦ t❤❡ ❞❡❛❞✲

✇❡✐❣❤t ❧♦ss ♦♥❡ ✇♦✉❧❞ ♦❜t❛✐♥ ✐♥ st❛♥❞❛r❞ ♠♦❞❡❧s ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✕ r❡❝❛❧❧ t❤❛t

✐♥ t❤✐s ❝❛s❡✱ t❤❡ t❛① r❡❢♦r♠ ❛✛❡❝ts ❡❛r♥✐♥❣s ✈✐❛ t❤❡ st❛♥❞❛r❞ ❧❛❜♦r s✉♣♣❧② ❝❤❛♥♥❡❧

❜② ŵ❡① (θ, η) = w (θ, η) â(θ)
a(θ)

✳ ❚❤✐s ❞❡❛❞✇❡✐❣❤t ❧♦ss ❞❡♣❡♥❞s ♦♥ t❤❡ ❛✈❡r❛❣❡ ❡❛r♥✐♥❣s

❡❧❛st✐❝✐t✐❡s s✉♠♠❛r✐③❡❞ ✐♥ â(θ)
a(θ)

✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ▲❡♠♠❛ ✸✳ ❚❤✐s ✐♥t❡❣r❛❧ ✐s ❛♥❛❧♦❣♦✉s

t♦ t❤♦s❡ t②♣✐❝❛❧❧② ❞❡r✐✈❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ t❛①❛t✐♦♥ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❙❛❡③

✭✷✵✵✶✮✮✳

✷✺



◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ✐s t❛❦❡♥ ✐♥t♦

❛❝❝♦✉♥t✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❢✉❧❧ ❛❞❥✉st♠❡♥t t♦ ❡❛r♥✐♥❣s ŵ (θ, η) ❤❛s t❤❡ s❛♠❡ ♠❡❛♥ ❛s ✐♥

t❤❡ ❢r✐❝t✐♦♥❧❡ss ❜❡♥❝❤♠❛r❦✳ ❚❤✉s✱ ❛♥② ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s ❞✉❡ t♦ ♠♦r❛❧ ❤❛③❛r❞ ♠✉st

❝♦♠❡ ❢r♦♠ t❤❡ ❝❤❛♥❣❡ ✐♥ ❡❛r♥✐♥❣s r✐s❦ ❞✉❡ t♦ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ❡✛❡❝ts ŵ❝♦ (θ, η)✱ ŵ♣♣ (θ, η)✳ ❚❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✷ ✐s t❤❛t ✐❢ t❤❡

♠❛r❣✐♥❛❧ t❛① r❛t❡s T ′ (w (θ, η)) ❛r❡ ✐♥✐t✐❛❧❧② ❝♦♥st❛♥t ✕ ❛s ✐♥ ❈❤❡tt② ❛♥❞ ❙❛❡③ ✭✷✵✶✵✮

✕ ❜♦t❤ ❝♦✈❛r✐❛♥❝❡s ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✽✮ ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❤❡ t❛① r❡❢♦r♠ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✱ ❞❡s♣✐t❡

t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s ❛♥❞ ❡♥❞♦❣❡♥♦✉s r✐s❦✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡

♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ♥❛t✉r❡ ♦❢ ❝♦♥tr❛❝ts ❛♥❞ t❤❡ ❡♥❞♦❣❡♥♦✉s ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡ ❞♦ ♥♦t ❣✐✈❡ r✐s❡ t♦ ❛❞❞✐t✐♦♥❛❧ ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s ✇❤❡♥ t❤❡ t❛① ❝♦❞❡ T ✐s

✐♥✐t✐❛❧❧② ❛✣♥❡✱ ❡✈❡♥ ✐❢ t❤❡ t❛① r❡❢♦r♠ T̂ ✐ts❡❧❢ ✐s ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r✳✷✵

❈♦♥s✐❞❡r ✜♥❛❧❧② t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ t❛① s❝❤❡❞✉❧❡ T ✐s ✐♥✐t✐❛❧❧② ♥♦♥❧✐♥❡❛r✳ ■♥ t❤✐s

❝❛s❡✱ t❤❡ ❝♦✈❛r✐❛♥❝❡s ✐♥ ✭✷✽✮ ❛r❡ ♥♦ ❧♦♥❣❡r ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ ❝❛♣t✉r❡ t❤❡ ✐♠♣❛❝t ♦♥

❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ♦❢ t❤❡ ♥♦✈❡❧ s♦✉r❝❡s ♦❢ ❡❛r♥✐♥❣s r✐s❦ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❢♦r♠✉❧❛ ✭✶✹✮✳

❙✉♣♣♦s❡ ❢♦r ❝♦♥❝r❡t❡♥❡ss t❤❛t t❤❡ t❛① s❝❤❡❞✉❧❡ ✐s ✐♥✐t✐❛❧❧② ♣r♦❣r❡ss✐✈❡✱ t❤❛t ✐s✱ t❤❡

♠❛r❣✐♥❛❧ t❛① r❛t❡s T ′ (·) ❛r❡ ✐♥❝r❡❛s✐♥❣✳ ■♥ t❤✐s ❝❛s❡✱ ❈♦✈ (T ′ (w (θ, η)) , ŵi (θ, η)) > 0

✇❤❡♥❡✈❡r ∂ŵi(θ,η)
∂η

> 0✱ t❤❛t ✐s✱ ✇❤❡♥❡✈❡r t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♣r❡✲t❛① ❡❛r♥✐♥❣s t♦ ♣❡r❢♦r✲

♠❛♥❝❡ s❤♦❝❦s ✐♥❝r❡❛s❡s ❢♦❧❧♦✇✐♥❣ t❤❡ r❡❢♦r♠✳ ❚❤❡r❡❢♦r❡✱ ❛ s♣r❡❛❞ ✭r❡s♣✳✱ ❝♦♥tr❛❝t✐♦♥✮

♦❢ t❤❡ ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥ ❝❛✉s❡s ❛ ♣♦s✐t✐✈❡ ✭r❡s♣✳✱ ♥❡❣❛t✐✈❡✮ ✜s❝❛❧ ❡①t❡r♥❛❧✐t②✱ t❤❛t

✐s✱ ❛ ✜rst✲♦r❞❡r ❣❛✐♥ ✭r❡s♣✳✱ ❧♦ss✮ ✐♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢

❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✿ ❛ ♣r♦❣r❡ss✐✈❡ ✭❝♦♥❝❛✈❡✮ t❛① ❝♦❞❡ ❣❡♥❡r❛t❡s ♠♦r❡ t❛① r❡✈❡♥✉❡ ❢♦r

t❤❡ ❣♦✈❡r♥♠❡♥t ✐❢ ❡❛r♥✐♥❣s ❛r❡ ♠♦r❡ ✈♦❧❛t✐❧❡✱ ❦❡❡♣✐♥❣ t❤❡✐r ♠❡❛♥ ❝♦♥st❛♥t✳ ❋♦r ❜✉❞❣❡t

♣✉r♣♦s❡s✱ t❤❡ ❣♦✈❡r♥♠❡♥t ✐s t❤❡r❡❢♦r❡ t❡♠♣t❡❞ t♦ ✐♥❞✉❝❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞✐s♣❡rs✐♦♥

♦❢ ♣r❡✲t❛① ❡❛r♥✐♥❣s✳

❲❡❧❢❛r❡ ●❛✐♥s ♦❢ ❚❛① ❘❡❢♦r♠s✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✱

t❤❡ ✐♥❝r❡❛s❡ ✐♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❛❝❤✐❡✈❡❞ ❜② ❣✐✈✐♥❣ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ✉♥✐t ♦❢ ❝♦♥s✉♠♣t✐♦♥

✭s❛②✱ ✈✐❛ ❛ t❛① ❜r❡❛❦✮ t♦ ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t② θ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η ✐s ❣✐✈❡♥

❜② t❤❡ ♠❛r❣✐♥❛❧ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✇❡✐❣❤t α (θ) u′ (R (w (θ, η)))✱ ❡q✉❛❧ t♦ t❤❡✐r ♠❛r❣✐♥❛❧

✷✵■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❞❡r t❤❡ ❤✐❣❤❡st✲✐♥❝♦♠❡ ❡❛r♥❡rs ❢♦r ✇❤♦♠ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥tr❛❝ts ❛r❡
♣❛rt✐❝✉❧❛r❧② ♣r❡✈❛❧❡♥t✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡✐r ❜❛s❡❧✐♥❡ ✐♥❝♦♠❡ ❛❜s❡♥t ❛♥② ❜♦♥✉s ✕ t❤❛t ✐s✱ t❤❡✐r
❡❛r♥✐♥❣s ❣✐✈❡♥ t❤❡ ❧♦✇❡st r❡❛❧✐③❛t✐♦♥ η ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ✕ ✐s ❧♦❝❛t❡❞ ✐♥ t❤❡ ❤✐❣❤❡st t❛①
❜r❛❝❦❡t✳ ❚❤❡♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲s❡♥s✐t✐✈✐t② ♦❢ t❤❡✐r s❛❧❛r② ✐s ✐rr❡❧❡✈❛♥t ❢♦r t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ t♦
❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡✳

✷✻



✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ t✐♠❡s t❤❡✐r ✇❡✐❣❤t α (θ) ✐♥ t❤❡ s♦❝✐❛❧ ♦❜❥❡❝t✐✈❡✳ ◆♦✇✱ ✐♥ t❤❡

❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❜②

t❛① ♣♦❧✐❝② ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ ❤❛s ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s t❤❛t ♠✉st ❜❡ t❛❦❡♥

✐♥t♦ ❛❝❝♦✉♥t✳✷✶

■♥❞❡❡❞✱ ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ t❤❛t t❤❡ t❛① ❜r❡❛❦ r❛✐s❡s t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢

t❤❡ ✇♦r❦❡rs ✭Pr♦♣♦s✐t✐♦♥ ✷✮✱ ❛s ✐♥ ❛ st❛♥❞❛r❞ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✳ ❈r✉❝✐❛❧❧②✱

❤♦✇❡✈❡r✱ r❡❝❛❧❧ t❤❛t t❤✐s ✉t✐❧✐t② ❣❛✐♥ ♠✉st ❜❡ s❤❛r❡❞ ✉♥✐❢♦r♠❧② ❛❝r♦ss ❛❣❡♥ts ✐♥ ♦r❞❡r

t♦ ♣r❡s❡r✈❡ t❤❡✐r ❡✛♦rt ✐♥❝❡♥t✐✈❡s✳ ❇✉t s✐♥❝❡ t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ✐s ❞❡❝r❡❛s✐♥❣✱ t❤✐s

✐♠♣❧✐❡s t❤❛t ✇♦r❦❡rs ✇✐t❤ ❛ ❤✐❣❤❡r ♦✉t♣✉t r❡❛❧✐③❛t✐♦♥ y ❡♥❞ ✉♣ ❣❡tt✐♥❣ ❛ ❤✐❣❤❡r ✐♥❝r❡❛s❡

✐♥ ❝♦♥s✉♠♣t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ ❡①♣r❡ss✐♦♥ ✭✷✾✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛r❣✐♥❛❧ s♦❝✐❛❧ ✇❡❧❢❛r❡

✇❡✐❣❤ts t❤❛t ✇♦✉❧❞ ❛r✐s❡ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ❛r❡ ♥♦✇ ✇❡✐❣❤t❡❞ ❜② t❤❡ s❤❛r❡
(v′(w(θ,η)))−1

E[(v′(w(θ,·)))−1]
♦❢ t❤❡ t❛① ❝✉t t❤❛t ✇♦r❦❡rs ❛❝t✉❛❧❧② r❡❝❡✐✈❡✳ ❚❤❡s❡ ✇❡✐❣❤ts ❛r❡ r❡❣r❡ss✐✈❡

✕ r✐❝❤❡r ❛❣❡♥ts ❡♥❞ ✉♣ ✇✐t❤ ❤✐❣❤❡r ❡✛❡❝t✐✈❡ ✇❡❧❢❛r❡ ✇❡✐❣❤ts ✐♥ t❤❡ s♦❝✐❛❧ ♦❜❥❡❝t✐✈❡✳

■♥t✉✐t✐✈❡❧②✱ t❛① ❝✉ts ❛❝❝r✉❡ ♠♦st❧② t♦ t❤❡ ❤✐❣❤❡st✲♣❡r❢♦r♠✐♥❣ ❛❣❡♥ts ♦❢ ❛ ❣✐✈❡♥ ❛❜✐❧✐t②

❣r♦✉♣✳ ❚❤❡② ❛r❡ t❤✉s ❧❡ss ❡✣❝✐❡♥t❧② t❛r❣❡t❡❞ t❤❛♥ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✇✐t❤♦✉t ✜r♠

✐♥t❡r♠❡❞✐❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ❣♦✈❡r♥♠❡♥t ❝♦✉❧❞ ❞✐r❡❝t❧② ❛❧t❡r ✇♦r❦❡rs✬ ❝♦♥s✉♠♣t✐♦♥✳

❚❤✐s r❡❣r❡ss✐✈❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡♥ts ✐♥ t✉r♥ r❡❞✉❝❡s t❤❡ ✇❡❧❢❛r❡ ❜❡♥❡✜ts ♦❢ ♣r♦✈✐❞✐♥❣

s♦❝✐❛❧ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♦❣❡♥♦✉s✲r✐s❦ ❡♥✈✐r♦♥♠❡♥t✳

✹ ❚❤❡ ▲♦❣❧✐♥❡❛r ❋r❛♠❡✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♦✉r ❣❡♥❡r❛❧ ♠♦❞❡❧ t❤❛t ❛❧❧♦✇s ✉s t♦

❞❡r✐✈❡ s❤❛r♣ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♦✉r r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥s ✷ ❛♥❞ ✸✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉♥❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ r❡str✐❝t✐♦♥s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❛❜♦r ❝♦♥tr❛❝t ✐s ❧♦❣❧✐♥❡❛r ❛♥❞

♦✉r t❛① ✐♥❝✐❞❡♥❝❡ ❢♦r♠✉❧❛s ❜❡❝♦♠❡ ♣❛rt✐❝✉❧❛r❧② tr❛♥s♣❛r❡♥t✳

❆ss✉♠♣t✐♦♥ ✷✳ ❚❤❡ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐s ❧♦❣❛r✐t❤♠✐❝✱ u (c) = log c✳ ❚❤❡ ❋r✐s❝❤

❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ε > 0 ✐s ❝♦♥st❛♥t✱ t❤❛t ✐s h (a) = (1 + 1
ε
)−1a1+

1
ε ✳ ❚❤❡

♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ❛r❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✱ η ∼ N
(

0, σ2
η

)

✳ ❚❤❡ t❛① s❝❤❡❞✉❧❡ ❤❛s ❛

❝♦♥st❛♥t r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✭❈❘P✮✱✷✷ t❤❛t ✐s✱ t❤❡r❡ ❡①✐st τ ∈ R ❛♥❞ p < 1 s✉❝❤ t❤❛t

✷✶❇❡❝❛✉s❡ ♦❢ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✭❡q✉❛t✐♦♥ ✭✶✻✮✮ ✐♥❞✉❝❡s ♦♥❧②
s❡❝♦♥❞✲♦r❞❡r ✇❡❧❢❛r❡ ❣❛✐♥s ♦r ❧♦ss❡s✳ ❚❤❡ ✜rst ♣❛rt ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ✭✜rst t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✶✺✮✮
❛❧s♦ ❦❡❡♣s ✇❡❧❢❛r❡ ❝♦♥st❛♥t s✐♥❝❡ ✐t ❡♥s✉r❡s t❤❛t ✇♦r❦❡rs✬ ❝♦♥s✉♠♣t✐♦♥ r❡♠❛✐♥s ✜①❡❞✳

✷✷❚❤❡ ❈❘P t❛① ❝♦❞❡ ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❯✳❙✳ t❛① s②st❡♠✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❍❡❛t❤❝♦t❡✱
❙t♦r❡s❧❡tt❡♥✱ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✼✮✳ ❚❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ✐s ❡q✉❛❧ t♦ ✭♠✐♥✉s✮ t❤❡ ❡❧❛st✐❝✐t② ♦❢
t❤❡ r❡t❡♥t✐♦♥ r❛t❡ 1− T ′ (w) ✇✐t❤ r❡s♣❡❝t t♦ ✐♥❝♦♠❡ w✳ ❆❧t❡r♥❛t✐✈❡❧②✱ 1− p ✐s ❡q✉❛❧ t♦ t❤❡ r❛t✐♦ ♦❢

✷✼



T (w) = w − 1−τ
1−p

w1−p✳

❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❛❜♦r ❝♦♥tr❛❝t ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❲❡ t❤❡♥ ❢♦❝✉s ♦♥ ❛

♣❛rt✐❝✉❧❛r t❛① r❡❢♦r♠✱ ♥❛♠❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✭❝♦♥st❛♥t✮ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ♦❢ t❤❡

✐♥✐t✐❛❧ t❛① s❝❤❡❞✉❧❡✳ ❲❡ ❞❡r✐✈❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❤✐s r❡❢♦r♠ ♦♥ ❡❛r♥✐♥❣s ❛♥❞ ✉t✐❧✐t✐❡s

✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ❛♥❞ ✐ts ❡①❝❡ss ❜✉r❞❡♥ ❛♥❞ ✇❡❧❢❛r❡ ❣❛✐♥s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ❲❡ ❝♦♥❝❧✉❞❡

✐♥ ❙❡❝t✐♦♥ ✹✳✹ ❜② ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐♥ t❤✐s ❡❝♦♥♦♠②✳ ■♥

❆♣♣❡♥❞✐① ● ❛♥❞ ❍✱ ✇❡ ❣❡♥❡r❛❧✐③❡ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② t♦

t❤❡ ❞②♥❛♠✐❝ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❊❞♠❛♥s✱ ●❛❜❛✐①✱ ❙❛❞③✐❦✱ ❛♥❞ ❙❛♥♥✐❦♦✈ ✭✷✵✶✷✮✳

✹✳✶ ❊q✉✐❧✐❜r✐✉♠ ▲❛❜♦r ❈♦♥tr❛❝t

❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❧❛❜♦r ❝♦♥tr❛❝t ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶ ❝❛♥ ❜❡

s✐♠♣❧✐✜❡❞ ❛s ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✶✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✳ ❉❡♥♦t❡ ❜② ψ ≡ ∂ logw(θ,η)
∂η

t❤❡ ♣❛ss✲

t❤r♦✉❣❤ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s t♦ ❧♦❣✲❡❛r♥✐♥❣s✳ ❚❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✐s ❧♦❣✲❧✐♥❡❛r ❛♥❞

❣✐✈❡♥ ❜②

logw (θ, η) = log (θa) + ψ η −
1

2
ψ2σ2

η ✇✐t❤ ψ =
a1/ε

1− p
. ✭✸✵✮

❊✛♦rt a ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θ ❛♥❞ s❛t✐s✜❡s

a =
[

(1− p)
(

1− εψ,aψ
2σ2

η

)] ε
1+ε , ✭✸✶✮

✇❤❡r❡ εψ,a ≡
∂ logψ
∂ log a

= 1
ε
✳ ❊①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ❣✐✈❡♥ ❜②

U (θ) = log (R (θa))− h (a)−
1

2
(1− p)ψ2σ2

η. ✭✸✷✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❊✳

■♥ t❤❡ st❛♥❞❛r❞ ▼✐rr❧❡❡s ✭✶✾✼✶✮ ♠♦❞❡❧✱ t❤❡ ✇♦r❦❡r✬s ✇❛❣❡ r❛t❡ ✐s ❡q✉❛❧ t♦ ❤❡r

♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② θ✱ ❛♥❞ ❤❡r ❡❛r♥✐♥❣s ❛r❡ θa✳ ■♥ ♦✉r ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✱ ❡q✉❛t✐♦♥

✭✸✵✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ✜r♠ ❞❡s✐❣♥s ❛♥ ✐♥❝❡♥t✐✈❡✲❜❛s❡❞ ❝♦♠♣❡♥s❛t✐♦♥ ❝♦♥tr❛❝t t❤❛t ❤❛s

♠❡❛♥ θa✱ ❜✉t ✐s ❛❧s♦ ❞✐s♣❡rs❡❞ ❛r♦✉♥❞ t❤✐s ♠❡❛♥✳ ❚❤❡ ❛♠♦✉♥t ♦❢ r✐s❦ t♦ ✇❤✐❝❤ t❤❡

♠❛r❣✐♥❛❧ r❡t❛✐♥❡❞ ✐♥❝♦♠❡ 1− T ′ (w) t♦ ❛✈❡r❛❣❡ r❡t❛✐♥❡❞ ✐♥❝♦♠❡ 1− T (w) /w✳

✷✽



✜r♠ ❡①♣♦s❡s t❤❡ ✇♦r❦❡r ✐s s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❝♦♥st❛♥t ✭t❤❛t ✐s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ η✮

♣❛ss✲t❤r♦✉❣❤ ψ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s t♦ ❧♦❣✲❡❛r♥✐♥❣s✳

❈r✉❝✐❛❧❧②✱ t❤✐s ♣❛r❛♠❡t❡r ψ ≡ ∂ logw(θ,η)
∂η

= a1/ε

1−p
✐s ❡♥❞♦❣❡♥♦✉s t♦ ♣♦❧✐❝②✿ ✐t ❞❡♣❡♥❞s

♦♥ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ♦❢ t❤❡ t❛① s❝❤❡❞✉❧❡ ❜♦t❤ ❞✐r❡❝t❧② ❛♥❞ ✐♥❞✐r❡❝t❧② t❤r♦✉❣❤

t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ a✳ ■❢ t❤❡ ❡❧❛st✐❝✐t✐❡s

εψ,a =
∂ logψ

∂ log a
, ❛♥❞ εψ,1−p =

∂ logψ

∂ log (1− p)
✭✸✸✮

✇❡r❡ ❜♦t❤ ❡q✉❛❧ t♦ ③❡r♦✱ t❤❡ ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ♦♥❡ ✇✐t❤ ❛♥ ❡①♦❣❡♥♦✉s

❛♥❞ ✉♥✐♥s✉r❛❜❧❡ s❤♦❝❦ η ❛♥❛❧♦❣♦✉s t♦ θ✳

■♥ ❣❡♥❡r❛❧✱ ❤♦✇❡✈❡r✱ t❤❡ ❡❧❛st✐❝✐t② εψ,a ✐s ♣♦s✐t✐✈❡ ❛♥❞ ♠❡❛s✉r❡s t❤❡ str❡♥❣t❤ ♦❢

t❤❡ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥✿ ✐t ❞❡t❡r♠✐♥❡s ❤♦✇ ♠✉❝❤ ♠♦r❡ ❡①♣♦s✉r❡ t♦ ♣❡r❢♦r♠❛♥❝❡

s❤♦❝❦s ✐s ♥❡❝❡ss❛r② t♦ ❡❧✐❝✐t ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❡✛♦rt ❢r♦♠ t❤❡ ❛❣❡♥t✳ ❙✐♥❝❡ εψ,a = 1
ε
✱ ♦✉r

♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡❛r♥✐♥❣s r✐s❦ t♦ t❤❡ ❞❡s✐r❡❞ ❡✛♦rt ❧❡✈❡❧ ✐s ✐♥✈❡rs❡❧②

♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧②✳ ■❢ ✐♥ r❡s♣♦♥s❡ t♦ ❛ t❛① r❡❢♦r♠ t❤❡

✜r♠ ✇❛♥ts t♦ r❡❞✉❝❡ t❤❡ ❡✛♦rt ♣r♦✈✐❞❡❞ ❜② t❤❡ ✇♦r❦❡r✱ ✐t ✐♠♣❧❡♠❡♥ts ✐t ❜② r❡❞✉❝✐♥❣

❤❡r ❡①♣♦s✉r❡ t♦ r✐s❦✱ t❤❛t ✐s✱ ❜② ♣r♦✈✐❞✐♥❣ ♠♦r❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳

■♥ t❤❡ s❡q✉❡❧ ✇❡ r❡❢❡r t♦ εψ,a ❛s t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡❧❛st✐❝✐t②✳

❙❡❝♦♥❞✱ t❤❡ ❡❧❛st✐❝✐t② εψ,1−p = −1 < 0 ✐♠♣❧✐❡s t❤❛t ❤✐❣❤❡r t❛① ♣r♦❣r❡ss✐✈✐t② ❧❡❛❞s

t♦ ❛ st❡❡♣❡r ♣r❡✲t❛① ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ❝❡t❡r✐s ♣❛r✐❜✉s ✭t❤❛t ✐s✱ ❦❡❡♣✲

✐♥❣ ❡✛♦rt ❝♦♥st❛♥t✮✱ ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡ ❝r♦✇❞s ♦✉t ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♦✉t♣✉t r✐s❦✳

■♥t✉✐t✐✈❡❧②✱ t❤✐s ✐s ❜❡❝❛✉s❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦❣r❡ss✐✈✐t② ❝♦♠♣r❡ss❡s t❤❡ ❞✐s♣♦s❛❜❧❡

✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤✉s r❡❞✉❝❡s t❤❡ ❛♠♦✉♥t ♦❢ r✐s❦ t❤❛t ✇♦r❦❡rs ❛r❡ ❡✛❡❝t✐✈❡❧②

❢❛❝✐♥❣❀ ❛s ❛ r❡s♣♦♥s❡✱ t❤❡ ✜r♠ s♣r❡❛❞s ♦✉t t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✐♥ ♦r❞❡r t♦

♣r❡s❡r✈❡ ✐♥❝❡♥t✐✈❡s ❢♦r ❡✛♦rt✳ ■♥ t❤❡ s❡q✉❡❧ ✇❡ r❡❢❡r t♦ εψ,1−p ❛s t❤❡ ❝r♦✇❞✐♥❣✲♦✉t

❡❧❛st✐❝✐t②✳

❋✐♥❛❧❧②✱ ❡q✉❛t✐♦♥s ✭✸✶✮ ❛♥❞ ✭✸✷✮ ✐♠♣❧② t❤❛t t❤❡ ✇♦r❦❡r✬s ❡✛♦rt ❛♥❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t②

❛r❡ ❜♦t❤ str✐❝t❧② ❧♦✇❡r ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ♠♦r❛❧ ❤❛③❛r❞ ❛♥❞ ❡♥❞♦❣❡♥♦✉s ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡✱ ✇❤❡r❡ εψ,a > 0 ❛♥❞ εψ,1−p < 0✱ t❤❛♥ ✐♥ t❤❡ ❡①♦❣❡♥♦✉s✲r✐s❦ ♠♦❞❡❧ ✇❤❡r❡

εψ,a = εψ,1−p = 0✳ ❊✛♦rt ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛t❡ ♦❢ t❛① ♣r♦❣r❡ss✐✈✐t② p✳

✷✾



✹✳✷ ❚❛① ■♥❝✐❞❡♥❝❡ ❆♥❛❧②s✐s

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ❛ t❛① r❡❢♦r♠ t❤❛t ♠❛r❣✐♥❛❧❧② r❛✐s❡s t❤❡ r❛t❡ ♦❢

♣r♦❣r❡ss✐✈✐t② p✳ ❚❤✐s ♣♦❧✐❝② ✐s r❡♣r❡s❡♥t❡❞ ❜② ✭s❡❡ ❆♣♣❡♥❞✐① ❊ ❢♦r t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✮

T̂ (w) =

(

logw −
1

1− p

)

1− τ

1− p
w1−p, ∀w > 0. ✭✸✹✮

❚♦ ❞❡r✐✈❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❤✐s t❛① r❡❢♦r♠✱ ✇❡ ❝❛♥ ❡✐t❤❡r ❞✐r❡❝t❧② ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤

r❡s♣❡❝t t♦ p t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❛❜♦r ❝♦♥tr❛❝t ❣✐✈❡♥ ❜② ❈♦r♦❧❧❛r② ✶✱ ♦r ❛♣♣❧② ❚❤❡♦r❡♠ ✶

t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ ✭✸✹✮✳ ❲❡ ✜rst ❞❡r✐✈❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s t❛① r❡❢♦r♠ ♦♥

❧❛❜♦r ❡✛♦rt ❜❡❢♦r❡ ❛♥❛❧②③✐♥❣ ✐ts ❡✛❡❝t ♦♥ ❡❛r♥✐♥❣s ❛♥❞ ✉t✐❧✐t②✳

▲❡♠♠❛ ✷✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✳ ❚❤❡ ❡❧❛st✐❝✐t② ♦❢ ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦

♣r♦❣r❡ss✐✈✐t② εa,1−p =
∂ log a

∂ log(1−p)
✐s ❣✐✈❡♥ ❜②

εa,1−p =
ε

1 + ε
·

1 + εψ,a ψ
2σ2

η

1 + 1−ε
1+ε

εψ,a ψ2σ2
η

, ✭✸✺✮

✇❤❡r❡ εψ,a = 1
ε
❞❡♥♦t❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡❧❛st✐❝✐t② ✭✸✸✮✳ ❚❤✉s✱ t❤❡ ❧❛❜♦r s✉♣♣❧②

❡❧❛st✐❝✐t② εa,1−p ✐s str✐❝t❧② ❧❛r❣❡r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ✭εψ,a > 0✮ t❤❛♥ ✐♥

t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✭εψ,a = 0✮✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❊✳

❊q✉❛t✐♦♥ ✭✸✺✮ ❣✐✈❡s ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② t❤❛t

❞r✐✈❡s t❤❡ r❡s♣♦♥s❡ ♦❢ ❧❛❜♦r s✉♣♣❧② t♦ t❤❡ t❛① r❡❢♦r♠ ✭✸✹✮✱ â(θ)
a(θ)

= − 1
1−p

εa,1−p✳ ❚❤✐s

❡❧❛st✐❝✐t② ✐s str✐❝t❧② ❧❛r❣❡r ✐♥ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ♠♦r❛❧ ❤❛③❛r❞ ❛♥❞ ❡♥❞♦❣❡♥♦✉s ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡ t❤❛♥ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ s❡tt✐♥❣ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐♥ t❤❡

♣♦❧❛r ❝❛s❡ ✇❤❡r❡ εψ,a = 0✱ ✇❡ ♦❜t❛✐♥ εa,1−p = ε
1+ε

✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ε✳ ■♥st❡❛❞✱ ✇❤❡♥ t❤❡ ❡①♣♦s✉r❡ t♦ r✐s❦ ✈❛r✐❡s ❡♥❞♦❣❡♥♦✉s❧② ✇✐t❤

❡✛♦rt s♦ t❤❛t εψ,a > 0✱ ✇❡ ❤❛✈❡ εa,1−p > ε
1+ε

✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r❧②✐♥❣ t❤✐s r❡s✉❧t

✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✉t✐❧✐t② ✇✐t❤♦✉t ✐♥❝♦♠❡ ❡✛❡❝ts ❛♥❛❧②③❡❞ ✐♥ ▲❡♠♠❛ ✶✳

❘❡❝❛❧❧ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❡❧✐❝✐t✐♥❣ ❤✐❣❤❡r ❡✛♦rt ✐s ❡q✉❛❧ t♦ t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧

r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥ ✭▼❘❙✱ ✜rst t❡r♠ ✐♥ ✭✼✮✮ ♣❧✉s✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞✱

t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥ ✭▼❈■✱ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✼✮✮✳ ❇✉t t❤❡

❧❛tt❡r ✐♥❝r❡❛s❡s ✇❤❡♥ t❤❡ t❛① ❝♦❞❡ ❜❡❝♦♠❡s ♠♦r❡ ♣r♦❣r❡ss✐✈❡✱ s✐♥❝❡ ✐t ✐s ♣r♦♣♦rt✐♦♥❛❧

t♦ 1
v′(w(θ,η))

= w(θ,η)
1−p

✐❢ t❤❡ ✉t✐❧✐t② ✐s ❧♦❣❛r✐t❤♠✐❝ ❛♥❞ t❤❡ t❛① s❝❤❡❞✉❧❡ ✐s ❈❘P✳ ◆♦t❡
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t❤❛t t❤❡ ❣r❡❛t❡r t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t②✱ t❤❡ ♠♦r❡ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✉♥❞❡r❡st✐♠❛t❡s

t❤❡ tr✉❡ ❞✐st♦rt✐♦♥❛r② ❝♦st ♦❢ r❛✐s✐♥❣ t❛① ♣r♦❣r❡ss✐✈✐t②✳

❈♦r♦❧❧❛r② ✷✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣r♦❣r❡ss✐✈✐t② ♦♥ ❡❛r♥✐♥❣s ✐s ❣✐✈❡♥ ❜②

❢♦r♠✉❧❛ ✭✶✹✮✱ ✇❤❡r❡ t❤❡ st❛♥❞❛r❞ ❛❞❥✉st♠❡♥t ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✐s ❣✐✈❡♥

❜②

ŵ❡① (θ, η)

w (θ, η)
= −

1

1− p
εa,1−p, ✭✸✻✮

t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✐s ❣✐✈❡♥ ❜②✷✸

ŵ❝♦ (θ, η)

w (θ, η)
= −

1

1− p
εψ,1−p

(

ψη − ψ2σ2
η

)

, ✭✸✼✮

❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✐s ❣✐✈❡♥ ❜②

ŵ♣♣ (θ, η)

w (θ, η)
= −

1

1− p
εψ,a εa,1−p

(

ψη − ψ2σ2
η

)

, ✭✸✽✮

✇❤❡r❡ εψ,a = 1
ε
❛♥❞ εψ,1−p = −1 ❞❡♥♦t❡ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❧❛st✐❝✐t✐❡s ✭✸✸✮✳ ❖✈❡r❛❧❧✱

♣r❡✲t❛① ❡❛r♥✐♥❣s ❛r❡ str✐❝t❧② ♠♦r❡ ❡①♣♦s❡❞ t♦ ♦✉t♣✉t r✐s❦ ❛❢t❡r t❤❡ r❡❢♦r♠✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❊✳

❊q✉❛t✐♦♥s ✭✸✻✮ t♦ ✭✸✽✮ ❣✐✈❡ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ t❤r❡❡ s♦✉r❝❡s ♦❢ ❡❛r♥✲

✐♥❣s ❛❞❥✉st♠❡♥ts ❝❛✉s❡❞ ❜② t❤❡ t❛① r❡❢♦r♠✿ t❤❡ st❛♥❞❛r❞ ❧❛❜♦r s✉♣♣❧② ❡✛❡❝t✱ t❤❡

❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t✱ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✳ ❚❤❡ ✜rst✱ ŵ❡① (θ, η)✱ ✐s str❛✐❣❤t✲

❢♦r✇❛r❞✿ ✐t s✐♠♣❧② st❛t❡s t❤❛t ✐❢ ✇❛❣❡ r❛t❡s ❛r❡ ❡①♦❣❡♥♦✉s✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ❡❛r♥✐♥❣s

r❡s♣♦♥s❡ t♦ t❤❡ r❡❢♦r♠✱ ŵ❡①(θ,η)
w(θ,η)

✱ ✐s ❡q✉❛❧ t♦ t❤❡ ♣❡r❝❡♥t❛❣❡ ❡✛♦rt r❡s♣♦♥s❡✱ â(θ)
a(θ)

=

− 1
1−p

εa,1−p✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ②✐❡❧❞s t❤❡ ♦t❤❡r

t✇♦ ❡✛❡❝ts✱ ŵ❝♦ (θ, η) ❛♥❞ ŵ♣♣ (θ, η)✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ❛❜♦✈❡✱ t❤❡ ❝r♦✇❞✐♥❣✲

♦✉t ❡✛❡❝t str✐❝t❧② r❛✐s❡s t❤❡ ❛♠♦✉♥t ♦❢ r✐s❦ t♦ ✇❤✐❝❤ ✇♦r❦❡rs ❛r❡ ❡①♣♦s❡❞✱ ♠❡❛s✉r❡❞

❜② t❤❡ ♣❛ss✲t❤r♦✉❣❤ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s t♦ ❧♦❣✲❡❛r♥✐♥❣s✱ ✈✐❛ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡❧❛s✲

t✐❝✐t② εψ,1−p < 0✳ ❚❤✐s ♣r❡✲t❛① ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t ❡♥s✉r❡s t❤❛t t❤❡✐r ✐♥❝❡♥t✐✈❡s ❛r❡

♣r❡s❡r✈❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r❡❢♦r♠ ❧♦✇❡rs t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt t❤❛t ✜r♠s ✇♦✉❧❞

✷✸❚❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ♣r♦✈✐❞❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ŵ❝♦ (θ, η) ✐♥t♦ ✐ts t✇♦ ❡✛❡❝ts ❤✐❣❤✲
❧✐❣❤t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✶✺✮✳
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❧✐❦❡ ✇♦r❦❡rs t♦ ❡①❡rt ❜② εa,1−p > 0✳ ❚❤✐s r❡❞✉❝t✐♦♥ ✐♥ ❡✛♦rt ✐s ❡❧✐❝✐t❡❞ ❜② ✐♠♣r♦✈✲

✐♥❣ t❤❡ ✇♦r❦❡r✬s ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♦✉t♣✉t s❤♦❝❦s✳ ❚❤✉s✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t

str✐❝t❧② r❡❞✉❝❡s ❡①♣♦s✉r❡ t♦ r✐s❦ ✈✐❛ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡❧❛st✐❝✐t② εψ,a > 0✳ ❚❤✐s

✐♥❞✐r❡❝t ✐♥❝r❡❛s❡ ✐♥ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❝♦✉♥t❡r❛❝ts t❤❡ ❞✐r❡❝t ❝r♦✇❞✐♥❣✲♦✉t r❡s♣♦♥s❡ t♦

t❤❡ ♣♦❧✐❝② ❝❤❛♥❣❡✳

❖✈❡r❛❧❧✱ ✉s✐♥❣ t❤❡ str✉❝t✉r❛❧ ❡①♣r❡ss✐♦♥ ✭✸✺✮ ❢♦r t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② εa,1−p✱

✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t

εψ,1−p + εψ,a εa,1−p < 0. ✭✸✾✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ t♦t❛❧ ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t ❞✉❡ t♦ ♠♦r❛❧ ❤❛③❛r❞

❢r✐❝t✐♦♥s✱ ŵ❝♦ (θ, η) + ŵ♣♣ (θ, η)✱ ✉♥❛♠❜✐❣✉♦✉s❧② ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s❡♥s✐t✐✈✲

✐t② ♦❢ ♣r❡✲t❛① ❧♦❣✲❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳ ❚❤❛t ✐s✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t

♦✉t✇❡✐❣❤s t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❛♥❞ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ✐s r❡❞✉❝❡❞ ♦♥ ♥❡t✳

❚❤❡ ❈r♦✇❞✐♥❣✲❖✉t ❛♥❞ P❡r❢♦r♠❛♥❝❡✲P❛② ❊✛❡❝ts ❆❧♠♦st ❖✛s❡t ❊❛❝❤ ❖t❤❡r✳

❲❡ ♥♦✇ st✉❞② t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❡✛❡❝ts✳ ❖✉r ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t✱ ✇❤✐❧❡ ❡❛❝❤ ♦❢ t❤❡♠ t❛❦❡♥ s❡♣❛r❛t❡❧② ❤❛s ❛ ❧❛r❣❡ ✐♠♣❛❝t

♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ❝♦♠♣❡♥s❛t✐♦♥✱ ♦♥ ♥❡t t❤❡② ❛❧♠♦st ❢✉❧❧② ♦✛s❡t ❡❛❝❤ ♦t❤❡r s♦ t❤❛t

t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✐s ♦♥❧② ❜❛r❡❧② r✐s❦✐❡r ❢♦❧❧♦✇✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦❣r❡ss✐✈✐t②✳

❘❡❝❛❧❧ t❤❛t t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡❧❛st✐❝✐t② εψ,1−p ✐s ❡q✉❛❧ t♦ 1 ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✿ t❤✐s

✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣ t❤❛t ❦❡❡♣✐♥❣ ❡✛♦rt ❝♦♥st❛♥t✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❝♦♥s✉♠♣t✐♦♥

r❡♠❛✐♥s ❝♦♥st❛♥t ❛❢t❡r t❤❡ t❛① r❡❢♦r♠ ❛♥❞ t❤❡ ❡♥❞♦❣❡♥♦✉s ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t✳ ❚❤❡

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐s ❞r✐✈❡♥ ❜② t❤❡ ♦♣t✐♠❛❧ ❝❤❛♥❣❡ ✐♥ ❡✛♦rt

❣✐✈❡♥ ❜② t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② εa,1−p✳ ❚❤❡ ✜r♠ ✐♠♣❧❡♠❡♥ts t❤✐s ❝❤❛♥❣❡ ✐♥ ❡✛♦rt

❜② ❛❞❥✉st✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t ✈✐❛ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❧❛st✐❝✐t② εψ,a✳ ❲❤②

❞♦❡s t❤✐s ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t εψ,aεa,1−p ❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡

❞✐r❡❝t ❝r♦✇❞✐♥❣✲♦✉t ❛❞❥✉st♠❡♥t εψ,1−p❄

❚❤❡ ❦❡② ✐♥s✐❣❤t ✐s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡❧❛st✐❝✐t② εψ,a ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡

✐♥✈❡rs❡ ♦❢ t❤❡ ✭❋r✐s❝❤✮ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ε✳ ❚❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡

♦❢ ♦✉r ❦❡② r❡s✉❧t t❤❛t t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ✭✻✮ ✭♦r ✭✸✵✮ ✐♥ t❤❡ ❧♦❣❧✐♥❡❛r ♠♦❞❡❧✮ ✐s

❡q✉❛❧ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ♦❢ ❧❛❜♦r h′ (a (θ))✳ ❚❤✉s✱ t♦ r❛✐s❡ t❤❡ ✇♦r❦❡r✬s ❡✛♦rt ❜②

â✱ t❤❡ ✜r♠ ♠✉st r❛✐s❡ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ✐♥ ♣❡r❝❡♥t❛❣❡ t❡r♠s ❜② h′′(a(θ))â
h′(a(θ))

= 1
ε(θ)

â
a
✱

✇❤❡r❡ ε (θ) ✐s t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧②✳

✸✷



❆s ❛ r❡s✉❧t✱ t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② εa,1−p ❤❛s ❛ s✐♠✐❧❛r ♦r❞❡r

♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ε✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✐s

❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ 1
ε
× εa,1−p ≈ 1✱ t❤❛t ✐s✱ ❛❜♦✉t t❤❡ s❛♠❡ ❛s t❤❡ ❝r♦✇❞✐♥❣✲♦✉t

❡✛❡❝t✳ ❈r✉❝✐❛❧❧②✱ t❤✐s r❡s✉❧t ✐s r♦❜✉st t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t②✳ ■♥❞❡❡❞✱

✐❢ t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② ✐s s♠❛❧❧✱ s♦ t❤❛t ❡✛♦rt ♠♦✈❡s ♦♥❧② ❛ ❧✐tt❧❡ ✐♥ r❡s♣♦♥s❡ t♦

❛ t❛① ❝❤❛♥❣❡✱ t❤❡♥ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ♠✉st ♠❡❝❤❛♥✐❝❛❧❧② ✐♥❝r❡❛s❡ ❜② ❛ ❧❛r❣❡ ❛♠♦✉♥t

✐♥ ♦r❞❡r t♦ ❡❧✐❝✐t t❤✐s ❝❤❛♥❣❡ ✐♥ ❡✛♦rt✱ s♦ t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ❡❧❛st✐❝✐t✐❡s ✐s

❛❧✇❛②s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ ✶✳ ■♥t✉✐t✐✈❡❧②✱ ✐❢ ❧❛❜♦r s✉♣♣❧② ✐s ✈❡r② ✐♥❡❧❛st✐❝✱ ❡✛♦rt

✇✐❧❧ ❜❛r❡❧② ❝❤❛♥❣❡ ✐♥ r❡s♣♦♥s❡ t♦ t❛① r❡❢♦r♠s❀ ❜✉t ♣r❡❝✐s❡❧② ❜❡❝❛✉s❡ ♦❢ t❤✐s ✐♥❡❧❛st✐❝

❜❡❤❛✈✐♦r✱ ❛ ✈❡r② ❧❛r❣❡ ❝❤❛♥❣❡ ✐♥ ♣❡r❢♦r♠❛♥❝❡✲s❡♥s✐t✐✈✐t② ✇✐❧❧ t❤❡♥ ❜❡ ♥❡❝❡ss❛r② t♦

❝♦♥✈✐♥❝❡ ✇♦r❦❡rs t♦ ❛❞❥✉st t❤❡✐r ❡✛♦rt ❜② t❤✐s s♠❛❧❧ ❛♠♦✉♥t✳

❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ✐s ❝♦rr❡❝t ✐❢ t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② εa,1−p ✭♦r✱ ♠♦r❡

❣❡♥❡r❛❧❧②✱ â
a
✐♥ ♦✉r ❣❡♥❡r❛❧ ♠♦❞❡❧✮ ✐s ✐♥❞❡❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t②

ε✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ♥❡❡❞ ♥♦t ❜❡ ❡①❛❝t❧② t❤❡ ❝❛s❡✳ ❋♦r♠✉❧❛ ✭✸✺✮ ❣✐✈❡s t❤❡ str✉❝t✉r❛❧

❡①♣r❡ss✐♦♥ ❢♦r εa,1−p ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ε ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s σ2
η✳ ❲❡

s❤♦✇❡❞ t❤❛t t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ r❛✐s❡s t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t②

✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦❣r❡ss✐✈✐t②✱ r❡❧❛t✐✈❡ t♦ t❤❡ ❜❡♥❝❤♠❛r❦ s❡tt✐♥❣

✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❦♥♦✇ t❤❛t εa,1−p ♠✉st ❜❡ ❛t ❧❡❛st ❛s ❧❛r❣❡ ❛s ✐ts

✈❛❧✉❡ ✐♥ t❤✐s ❡♥✈✐r♦♥♠❡♥t✱ ♥❛♠❡❧②✱ ε
1+ε

✳✷✹ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡

εψ,a εa,1−p >
1

ε
×

ε

1 + ε
=

1

1 + ε
.

❋♦r ❛ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ε ≈ 1
2
✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♣❛② ❡✛❡❝t ♦✛s❡ts ❛t

❧❡❛st 1
1+0.5

= 2
3
♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t εψ,1−p = −1✳ ❚♦ r❡✜♥❡ t❤✐s ❡st✐♠❛t❡✱ ✇❡ ✉s❡

t❤❡ str✉❝t✉r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② εa,1−p ❞❡r✐✈❡❞ ✐♥ ▲❡♠♠❛ ✷✳ ❆

❚❛②❧♦r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ψ2σ2
η ②✐❡❧❞s

−
ŵ❝♦ (θ, η)

ŵ♣♣ (θ, η)
=

εa,1−p
ε

≈ 1 +
(

ε− 2ψ2σ2
η

)

. ✭✹✵✮

❖✉r ❝❛❧✐❜r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✹ ✐♠♣❧✐❡s t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❡❛r♥✐♥❣s ❝♦♥❞✐t✐♦♥❛❧ ♦♥

❛❜✐❧✐t② t❤❛t ❜❡st ♠❛t❝❤❡s t❤❡ ❞❛t❛ ✐s ❡q✉❛❧ t♦ ψ2σ2
η ≈ 0.2✳ ❲❡ t❤✉s ❣❡t

(

ε− 2ψ2σ2
η

)

≈

0.1✱ s♦ t❤❛t t❤❡ ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t ❞✉❡ t♦ ❝r♦✇❞✐♥❣✲♦✉t ❛♠♦✉♥ts t♦ ❛❜♦✉t ✶✶✵✪

✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ♦❢ t❤❡ ❛❞❥✉st♠❡♥t ❝❛✉s❡❞ ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✳ ■♥ ♦t❤❡r

✷✹❚❤✐s ✈❛❧✉❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ε ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝♦♠❡ ❡✛❡❝ts ♦♥ ❧❛❜♦r s✉♣♣❧②✳

✸✸



✇♦r❞s✱ t❤❡ ❧❛❜♦r s✉♣♣❧② r❡s♣♦♥s❡s ♦✛s❡t ❛❜♦✉t ✾✵✪ ♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡ ❜② t❛① ♣r♦❣r❡ss✐✈✐t②✳

❉✐s❝✉ss✐♦♥✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ♦✉r q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥ ✺ ❝♦♥✜r♠s t❤❛t t❤❡

❝r♦✇❞✐♥❣ ♦✉t ❡✛❡❝t ✭✶✺✮ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✭✶✻✮ ❛r❡ ❜♦t❤ s✐❣♥✐✜❝❛♥t ❜✉t

♦✛s❡t ❡❛❝❤ ♦t❤❡r ❛❧♠♦st ❡♥t✐r❡❧②✱ s♦ t❤❛t t❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦❢ t❛① ♣r♦❣r❡ss✐✈✐t② ♦♥ ❡❛r♥✲

✐♥❣s r✐s❦ ✐s s♠❛❧❧✳ ■♥ ❙❡❝t✐♦♥ ✺✳✻ ❛♥❞ ❆♣♣❡♥❞✐① ❇✱ ✇❡ ❛♥❛❧②③❡ ❜♦t❤ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞

♥✉♠❡r✐❝❛❧❧② t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ s❡✈❡r❛❧ ♦t❤❡r t❛① r❡❢♦r♠s✿ ❧✉♠♣✲s✉♠ t❛① ❛♥❞ ♠❛r❣✐♥❛❧

t❛① r❛t❡ ✐♥❝r❡❛s❡s ♦♥ ❤✐❣❤ ✐♥❝♦♠❡s✱ ❛♥❞ ❛ ❝♦♥st❛♥t ♣❡r❝❡♥t❛❣❡ ✐♥❝r❡❛s❡ ✐♥ r❡t❡♥t✐♦♥

r❛t❡s✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ r❡❢♦r♠s✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦❣r❡ss✐✈✐t②✱

t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❝♦✉♥t❡r❛❝ts✱ ❛♥❞ s♦♠❡t✐♠❡s ❡✈❡♥ ❞♦♠✐♥❛t❡s✱ t❤❡ ❞✐r❡❝t

❝r♦✇❞✐♥❣✲♦✉t ♦❢ t❤❡ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝t✳ ■♥t✉✐t✐✈❡❧②✱ r❛✐s✐♥❣ ♠❛r❣✐♥❛❧ t❛① r❛t❡s

❧❡❛❞s t♦ ❛ s♣r❡❛❞ ♦❢ t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥✱ ❜✉t t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ❧❛❜♦r s✉♣✲

♣❧② t❤❛t ✐t ❝❛✉s❡s t❡♥❞s t♦ ❝♦♥tr❛❝t ✐t✳ ❈♦♥✈❡rs❡❧②✱ r❛✐s✐♥❣ ❧✉♠♣✲s✉♠ t❛① ♣❛②♠❡♥ts

❧❡❛❞s t♦ ❛ ❝r♦✇❞✐♥❣✲✐♥ ♦❢ ♣r✐✈❛t❡ ♣r❡✲t❛① ✐♥s✉r❛♥❝❡✱ ❜✉t t❤❡ ✐♥❝♦♠❡ ❡✛❡❝t ♦♥ ❧❛❜♦r

s✉♣♣❧② ❛❣❛✐♥ r✉♥s ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡♠✲

♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❋r②❞♠❛♥ ❛♥❞ ▼♦❧❧♦② ✭✷✵✶✶✮ ❡①♣❧♦✐t t❤❡ r❡❧❛t✐✈❡ t❛①

❛❞✈❛♥t❛❣❡ ♦❢ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ❈❊❖ ♣❛② ❢r♦♠ ✶✾✹✻ t♦ ✷✵✵✺ ❛♥❞ ✜♥❞ t❤❛t t❤❡ str✉❝t✉r❡

♦❢ ❝♦♠♣❡♥s❛t✐♦♥ r❡s♣♦♥❞s ❧✐tt❧❡ t♦ ❝❤❛♥❣❡s ✐♥ t❛① r❛t❡s ♦♥ ❧❛❜♦r ✐♥❝♦♠❡✳ ❇② ❤✐❣❤✲

❧✐❣❤t✐♥❣ t❤❡ t✇♦ ❝♦✉♥t❡r❛❝t✐♥❣ ❢♦r❝❡s ❛t ♣❧❛② ✕ ❝r♦✇❞✐♥❣✲♦✉t ✈❡rs✉s ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❛❞❥✉st♠❡♥ts ✕ ♦✉r ❛♥❛❧②s✐s ♣r♦✈✐❞❡s ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡s❡ ✜♥❞✐♥❣s✳

✹✳✸ ❊①❝❡ss ❇✉r❞❡♥ ❛♥❞ ❲❡❧❢❛r❡ ●❛✐♥s

❲❡ ♥♦✇ ❞❡r✐✈❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ❛♥❞ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ r❛✐s✐♥❣ t❤❡

r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ♦❢ t❤❡ t❛① s❝❤❡❞✉❧❡✳

❈♦r♦❧❧❛r② ✸✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✳ ❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t ❛❜✐❧✐t② t②♣❡s

❛r❡ ❧♦❣♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✱ log θ ∼ N (µθ, σ
2
θ)✳ ❚❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥

t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ♦❢ t❤❡ ❈❘P t❛① s❝❤❡❞✉❧❡ ✐s ❣✐✈❡♥ ❜②

EB =

(

1

(1− g) (1− p)
− 1

)

εa,1−pC + (εψ,1−p + εψ,a εa,1−p) pψ
2 σ2

η C, ✭✹✶✮

✇❤❡r❡ C ✐s t❤❡ ❡❝♦♥♦♠②✬s ❛❣❣r❡❣❛t❡ ♣r✐✈❛t❡ ❝♦♥s✉♠♣t✐♦♥✱ g ✐s t❤❡ r❛t✐♦ ♦❢ ❣♦✈❡r♥♠❡♥t

❡①♣❡♥❞✐t✉r❡s G t♦ ❛❣❣r❡❣❛t❡ ♦✉t♣✉t Y = C + G✱ εa,1−p ✐s t❤❡ ❧❛❜♦r ❡✛♦rt ❡❧❛st✐❝✐t②
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❣✐✈❡♥ ❜② ✭✸✺✮✱ ❛♥❞ εψ,a =
1
ε
✱ εψ,1−p = −1 ❛r❡ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❧❛st✐❝✐t✐❡s✳

❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ ♣❧❛♥♥❡r ✐s ✉t✐❧✐t❛r✐❛♥✱ t❤❛t ✐s✱ α (θ) = 1 ❢♦r ❛❧❧ θ✳✷✺ ❚❤❡

✇❡❧❢❛r❡ ❣❛✐♥s ✭✐♥❝❧✉❞✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t✮ ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡s✲

s✐✈✐t② ❛r❡ ❣✐✈❡♥ ❜②

ME+WG = (1− p)
(

σ2
θ + ψ2σ2

η

)

C + εψ,1−p ψ
2 σ2

η C. ✭✹✷✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❊✳

❊①❝❡ss ❇✉r❞❡♥ ♦❢ ❘❛✐s✐♥❣ Pr♦❣r❡ss✐✈✐t②✳ ❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡

♦❢ ✭✹✶✮✱ [((1− g) (1− p))−1−1]εa,1−pC✱ ✐s t❤❡ st❛♥❞❛r❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss ❢r♦♠ ❞✐st♦rt✐♥❣

❧❛❜♦r ❡✛♦rt✱ t❤❛t ✐s✱ t❤❡ ❜❡❤❛✈✐♦r❛❧ ❡✛❡❝t ♦❢ t❛①❛t✐♦♥ t❤❛t ✇♦✉❧❞ ❛r✐s❡ ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤

❡①♦❣❡♥♦✉s r✐s❦✳ ❚❤✐s ❡✛❡❝t✱ ❡q✉❛❧ t♦ t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ ❡q✉❛t✐♦♥ ✭✷✽✮✱ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥

t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❣r❡ss✐✈✐t② ✭✸✺✮ t❤❛t ♠❡❛s✉r❡s t❤❡ ❞✐s✐♥❝❡♥t✐✈❡

❡✛❡❝ts ♦❢ r❛✐s✐♥❣ t❛① r❛t❡s✱ ❛♥❞ ✐♥ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ♦❢ t❤❡ t❛① ❝♦❞❡ t❤❛t ❝❛♣t✉r❡s

t❤❡ s❤❛r❡ ♦❢ ✐♥❝♦♠❡ ❧♦ss❡s ❜♦r♥❡ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t ❛s r❡❞✉❝❡❞ r❡✈❡♥✉❡✳ ▼♦r❡♦✈❡r✱

❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s r❛✐s❡ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❛① ♣r♦❣r❡ss✐✈✐t②✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s

✐s ❜❡❝❛✉s❡ ❛ ❣✐✈❡♥ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦❣r❡ss✐✈✐t② ✐♠♣❧✐❡s ❛ ❧❛r❣❡r ❞❡❛❞✇❡✐❣❤t

❧♦ss ✐❢ t❤❡ t❛① ❜✉r❞❡♥ ✐s ❛❧r❡❛❞② ❧❛r❣❡ ❞✉❡ t♦ ❤✐❣❤ s♣❡♥❞✐♥❣ ♥❡❡❞s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❡q✉❛t✐♦♥ ✭✹✶✮ ❝❛♣t✉r❡s t❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s t❤❛t ❛r✐s❡ ✇❤❡♥

♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♦✉t♣✉t r✐s❦ ✐s ❡♥❞♦❣❡♥♦✉s✱ t❤❛t ✐s✱ t❤❡ t✇♦ ❝♦✈❛r✐❛♥❝❡ t❡r♠s

✐♥ ❡q✉❛t✐♦♥ ✭✷✽✮✳ ❚❤❡ t❡r♠ εψ,1−pp(ψση)
2C ✐s t❤❡ ✈❛❧✉❡ ♦❢

´

❈♦✈(T ′, ŵ❝♦)❞F ✱ ❛♥❞

t❤❡ t❡r♠ εψ,aεa,1−pp(ψση)
2C ✐s t❤❡ ✈❛❧✉❡ ♦❢

´

❈♦✈(T ′, ŵ♣♣)❞F ✳ ❙✐♥❝❡ εψ,1−p < 0✱ t❤❡

❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❝♦♥tr✐❜✉t❡s t♦ r❡❞✉❝✐♥❣ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❤❡ r❡❢♦r♠✱ ❜❡❝❛✉s❡

✐t ✐♥❝r❡❛s❡s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡❛r♥✐♥❣s t♦ ♦✉t♣✉t r✐s❦ ✕ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✱ t❤✐s

❣❡♥❡r❛t❡s ♠♦r❡ t❛① r❡✈❡♥✉❡ ✇❤❡♥ t❤❡ t❛① s❝❤❡❞✉❧❡ ✐s ✐♥✐t✐❛❧❧② ♣r♦❣r❡ss✐✈❡ ✭p > 0✮✳

❈♦♥✈❡rs❡❧②✱ s✐♥❝❡ εψ,a, εa,1−p > 0 t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❝♦♥tr✐❜✉t❡s t♦ r❛✐s✐♥❣

t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ✭❧♦✇❡r✐♥❣ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡✮ ✈✐❛ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❡✛♦rt ❛♥❞ ❤❡♥❝❡

r✐s❦ ❡①♣♦s✉r❡✳ ◆♦✇ r❡❝❛❧❧ t❤❛t✱ ❜② ❈♦r♦❧❧❛r② ✷✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❞♦♠✐♥❛t❡s

t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t s♦ t❤❛t t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❜❡❝♦♠❡s ♠♦r❡ r✐s❦② ♦✈❡r❛❧❧✳

❚❤❡r❡❢♦r❡✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧❛❜♦r ❡✛♦rt ❡❧❛st✐❝✐t②✱ t❤❡ ❞❡❛❞✇❡✐❣❤t ❧♦ss

♦❢ r❛✐s✐♥❣ t❛①❡s ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✳

✷✺■♥ t❤❡ ❆♣♣❡♥❞✐① ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✇❡✐❣❤ts ❛r❡ ❣✐✈❡♥
❜② α (θ) = e−α log θ

´

e−α log θ′❞F (θ′)
❢♦r ❛❧❧ θ✱ ✇❤❡r❡ α ≥ 0✳
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❍♦✇❡✈❡r✱ ✇❡ s❤♦✇❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ t❤❛t t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝ts

❛❧♠♦st ❢✉❧❧② ♦✛s❡t ❡❛❝❤ ♦t❤❡r✳ ❲❡ t❤❡r❡❢♦r❡ ❡①♣❡❝t t❤❡ ♥❡t ♣♦s✐t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t②

t♦ ❜❡ s♠❛❧❧ ✐♥ ♠❛❣♥✐t✉❞❡✳ ❲❡ ❝♦♥✜r♠ t❤✐s ✐♥t✉✐t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳

❲❡❧❢❛r❡ ●❛✐♥s ♦❢ ❘❛✐s✐♥❣ Pr♦❣r❡ss✐✈✐t②✳ ❋✐♥❛❧❧②✱ ❡q✉❛t✐♦♥ ✭✹✷✮ s❤♦✇s t❤❛t t❤❡

✇❡❧❢❛r❡ ❣❛✐♥s ✭✐♥❝❧✉❞✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t✮ ME+WG ♦❢ t❤❡ t❛① r❡❢♦r♠ ✐s t❤❡ s✉♠

♦❢ t✇♦ t❡r♠s✳ ❚❤❡ ✜rst✱ (1− p) (σ2
θ + (ψση)

2)✱ ❝❛♣t✉r❡s t❤❡ ✐♥s✉r❛♥❝❡ ❣❛✐♥s ♦❜t❛✐♥❡❞

❜② r❛✐s✐♥❣ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ♦❢ t❤❡ t❛① s❝❤❡❞✉❧❡✱ ❛s ✐♥ ❛ st❛♥❞❛r❞ ♦♣t✐♠❛❧

t❛①❛t✐♦♥ ♠♦❞❡❧✳ ◆♦t❡ t❤❛t t❛① ♣r♦❣r❡ss✐✈✐t② ✐♥s✉r❡s ❜♦t❤ t❤❡ ✐♥✐t✐❛❧ ❛❜✐❧✐t② ❞✐✛❡r❡♥❝❡s

θ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η ♣❛ss❡❞✲t❤r♦✉❣❤ t♦ ❡❛r♥✐♥❣s✱ t❤❛t ✐s✱ ❜♦t❤ ❜❡t✇❡❡♥✲

❛♥❞ ✇✐t❤✐♥✲❣r♦✉♣ ❤❡t❡r♦❣❡♥❡✐t②✳ ❚❤❡ ❧❛r❣❡r t❤❡✐r r❡s♣❡❝t✐✈❡ ✈❛r✐❛♥❝❡s σ2
θ ❛♥❞ ψ2σ2

η

❛♥❞ t❤❡ ❧♦✇❡r t❤❡ ✐♥✐t✐❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ∈ (−∞, 1)✱ t❤❡ ❤✐❣❤❡r t❤❡ ❣❛✐♥s ♦❢

♠❛r❣✐♥❛❧❧② r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t②✳

❍♦✇❡✈❡r✱ r❡❝❛❧❧ t❤❛t t❤❡ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝t ❛❞❥✉sts ❡♥❞♦❣❡♥♦✉s❧② t♦ t❤❡

♣♦❧✐❝② r❡❢♦r♠✳ ❙✐♥❝❡ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❧❛st✐❝✐t② ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❣r❡ss✐✈✐t② ✐s ❡q✉❛❧

t♦ εψ,1−p = −1✱ t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝t ♦❢ t❤✐s ❝r♦✇❞✐♥❣✲♦✉t ✭❧❛st t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✹✷✮✮

s❛t✐s✜❡s

εψ,1−pψ
2σ2

η < εψ,1−p (1− p)ψ2σ2
η = − (1− p)ψ2σ2

η.

❆s ❛ r❡s✉❧t✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ♠♦r❡ t❤❛♥ ❢✉❧❧② ♦✛s❡ts t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st

♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ♣r♦✈✐❞❡❞ ❜② ♣✉❜❧✐❝ ♣♦❧✐❝②✱ (1− p)ψ2σ2
η✳ ■♥t✉✐t✐✈❡❧②✱ ✐♥ r❡s♣♦♥s❡ t♦

✐♥❝r❡❛s❡❞ ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡ t❤r♦✉❣❤ ❤✐❣❤❡r t❛① ♣r♦❣r❡ss✐✈✐t②✱ t❤❡ ✜r♠ ❛❞❥✉sts t❤❡ ♣r❡✲

t❛① ❡❛r♥✐♥❣s ❝♦♥tr❛❝t s♦ t❤❛t t♦t❛❧ ✭♣✉❜❧✐❝ ♣❧✉s ♣r✐✈❛t❡✮ ✐♥s✉r❛♥❝❡ r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞

✕ t❤❡r❡ ✐s ❛ ♦♥❡✲❢♦r✲♦♥❡ ❝r♦✇❞✐♥❣✲♦✉t✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢♦r❝❡ ❛t ♣❧❛②✳

❘❡❝❛❧❧ t❤❛t ✐♥ ♦✉r ♠♦❞❡❧✱ t❛① ❝❤❛♥❣❡s ❛r❡ ✐♥t❡r♠❡❞✐❛t❡❞ ❜② ✜r♠s r❛t❤❡r t❤❛♥ ❜❡✐♥❣

❞✐r❡❝t❧② ❞✐str✐❜✉t❡❞ t♦ ✐♥❞✐✈✐❞✉❛❧ ✇♦r❦❡rs✳ ❲❡ s❛✇ t❤❛t ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❜❡♥❡✜ts

♦❢ ❛ t❛① ❝✉t ❛❝❝r✉❡ ♣r✐♠❛r✐❧② t♦ t❤❡ r✐❝❤❡st ✇♦r❦❡rs ♦❢ ❛ ❣✐✈❡♥ ❛❜✐❧✐t② ❣r♦✉♣✳ ❚❤✐s

str✐❝t❧② r❡❞✉❝❡s t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t② r❡❧❛t✐✈❡ t♦ t❤❡ ❜❡♥❝❤♠❛r❦

♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✳

◆♦t❡ ✜♥❛❧❧② t❤❛t✱ ✇❤✐❧❡ t❤❡ ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ r❡♠❛✐♥

♣r❛❝t✐❝❛❧❧② ✉♥❝❤❛♥❣❡❞ ❢♦❧❧♦✇✐♥❣ ❛ t❛① r❡❢♦r♠ ❛s t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ❡✛❡❝ts ❛❧♠♦st ♦✛s❡t ❡❛❝❤ ♦t❤❡r✱ t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢ r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t②✱ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❝❛♥ ❜❡ ❧❛r❣❡ ✐♥ ♠❛❣♥✐t✉❞❡✳ ■♥❞❡❡❞✱ ❧❛❜♦r s✉♣♣❧② ❛❞❥✉st♠❡♥ts ❝❛✉s❡ ♦♥❧②
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s❡❝♦♥❞✲♦r❞❡r ❝❤❛♥❣❡s ✐♥ ✇❡❧❢❛r❡ ❜② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✇❡❧❢❛r❡

✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ❛r❡ ♥♦t ❝♦✉♥t❡r❛❝t❡❞ ❜② t❤♦s❡ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❡✛❡❝t✳ ❲❡ ❡✈❛❧✉❛t❡ q✉❛♥t✐t❛t✐✈❡❧② t❤❡ ✇❡❧❢❛r❡ ❝♦st ♦❢ ✐❣♥♦r✐♥❣ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢

♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳

✹✳✹ ❖♣t✐♠❛❧ ❘❛t❡ ♦❢ Pr♦❣r❡ss✐✈✐t②

❲❡ ✜♥❛❧❧② ❣❛t❤❡r ♦✉r r❡s✉❧ts ♦♥ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ❛♥❞ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥ ♦❢ t❛① r❡❢♦r♠s

t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ ❈❘P t❛① s❝❤❡❞✉❧❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✱ t❤❛t ❛❜✐❧✐t② t②♣❡s ❛r❡ ❧♦❣♥♦r♠❛❧❧②

❞✐str✐❜✉t❡❞✱ ❛♥❞ t❤❛t t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ♦❜❥❡❝t✐✈❡ ✐s ✉t✐❧✐t❛r✐❛♥✳ ❚❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢

♣r♦❣r❡ss✐✈✐t② s❛t✐s✜❡s

p∗

(1− p∗)2
=

σ2
θ + (1 + εψ,1−p)ψ

2σ2
η

(

1 + g
(1−g)p∗

)

εa,1−p + (1− p∗) εψ,aεa,1−pψ2σ2
η

, ✭✹✸✮

✇❤❡r❡ g = G/Y ✐s t❤❡ r❛t✐♦ ♦❢ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ t♦ ♦✉t♣✉t✱ εa,1−p ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢

❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ❣✐✈❡♥ ❜② ✭✸✺✮✱ ❛♥❞ εψ,a =
1
ε
❛♥❞ εψ,1−p =

−1 ❛r❡ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❧❛st✐❝✐t✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐s

str✐❝t❧② s♠❛❧❧❡r ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ t❤❛♥ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦

❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✇❤❡r❡ εψ,1−p = εψ,a = 0✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❊✳

❋♦r♠✉❧❛ ✭✹✸✮ ✐s ♦❜t❛✐♥❡❞ ❜② ❡q✉❛t✐♥❣ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ EB t♦ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥

✭✐♥❝❧✉❞✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t✮ ME +WG ♦❢ r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t②✱ ❜♦t❤ ❞❡r✐✈❡❞ ✐♥

❈♦r♦❧❧❛r② ✸✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ♣♦❧❛r ❝❛s❡ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✱ t❤❛t ✐s✱ ✇❤❡r❡ ❛❧❧

❡❛r♥✐♥❣s ❞✐✛❡r❡♥❝❡s ❛r❡ ❛ttr✐❜✉t❡❞ t♦ ❡①♦❣❡♥♦✉s ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦s θ ❛♥❞ η✳

■♥ t❤✐s ❝❛s❡✱ ❧❡tt✐♥❣ εψ,1−p = εψ,a = 0 ✐♥ ❢♦r♠✉❧❛ ✭✹✸✮ ❧❡❛❞s t♦

p∗

(1− p∗)2
=

(

1 +
g

(1− g) p∗

)−1 σ2
θ + ψ2σ2

η

εa,1−p
. ✭✹✹✮

❚❤✉s✱ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐♥ t❤✐s ♠♦❞❡❧ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ✈❛r✐❛♥❝❡s ♦❢

t❤❡ ❛❜✐❧✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢

❡✛♦rt εa,1−p = ε
1+ε

✳ ■♥ t❤✐s ❜❡♥❝❤♠❛r❦ s❡tt✐♥❣✱ t❤❡ ❣♦✈❡r♥♠❡♥t tr❛❞❡s✲♦✛ t❤❡ ❜❡♥❡✜ts
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♦❢ ✐♥s✉r✐♥❣ t❤❡ ❡♥t✐r❡ ❡❛r♥✐♥❣s r✐s❦✱ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s

❱❛r (logw) = σ2
θ + ψ2σ2

η✱ ✇✐t❤ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t②✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♣❛rt✐❛❧ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st ♣❡r✲

❢♦r♠❛♥❝❡ s❤♦❝❦s✱ s♦ t❤❛t εψ,1−p < 0 ❛♥❞ εψ,a > 0✳ ❊q✉❛t✐♥❣ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ t♦ t❤❡

✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t② ✐♠♣❧✐❡s t❤❛t p∗ ✐s t❤❡ s♦❧✉t✐♦♥ t♦

(

1

(1− g) (1− p∗)
− 1

)

εa,1−p + (εψ,1−p + εψ,aεa,1−p) p
∗ψ2σ2

η

= (1− p∗)
[

σ2
θ + ψ2σ2

η

]

+ εψ,1−pψ
2σ2

η, ✭✹✺✮

❢r♦♠ ✇❤✐❝❤ ✭✹✸✮ ❢♦❧❧♦✇s✳ ❚❤✐s ❢♦r♠✉❧❛ ✐♠♣❧✐❡s t❤❛t p∗ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ σ2
η✱ ❛♥❞

❤❡♥❝❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ♣♦s✐t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❛♥❞ t❤❡ ✇❡❧❢❛r❡ ❧♦ss ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ❡①✲

❛❝t❧② ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ♦✉t✱ ❛s t❤❡② ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ εψ,1−pp∗❱❛r (logw | θ)

❛♥❞ [(1− p∗)+εψ,1−pp
∗]❱❛r (logw | θ)✱ ✇❤❡r❡ ❱❛r (logw | θ) = ψ2σ2

η ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢

❧♦❣✲❡❛r♥✐♥❣s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛❜✐❧✐t② θ✳ ❚❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ t❡r♠ ✐s t❤❡r❡❢♦r❡ t❤❡ ♥❡❣✲

❛t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✱ εψ,aεa,1−pp∗❱❛r (logw | θ)✳

❚❤✐s ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✹✸✮✳

❖✈❡r❛❧❧✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❜② ✐❣♥♦r✐♥❣ t❤❡s❡ ❡✛❡❝ts✱ ❛ ♣❧❛♥♥❡r t❤❛t ✇♦✉❧❞ ✐❣♥♦r❡ t❤❡

❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ✇♦✉❧❞ ♦✈❡r❡st✐♠❛t❡ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ t❛① ♣r♦❣r❡s✲

s✐✈✐t②✳

✺ ◗✉❛♥t✐t❛t✐✈❡ ❆♥❛❧②s✐s

■♥ ❙❡❝t✐♦♥ ✺✳✶ ✇❡ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✹ t♦ ♠❛❦❡ ✐t s✉✐t❛❜❧❡ ❢♦r ♣♦❧✐❝② ❛♥❛❧②s✐s✳

❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ ❥♦❜s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ♣❡r❢♦r♠❛♥❝❡ ♣❛②

❛♥❞ ❛ P❛r❡t♦ t❛✐❧ ❢♦r ♣r♦❞✉❝t✐✈✐t② t②♣❡s✳ ❲❡ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ ♠❛t❝❤ s❡✈❡r❛❧

❦❡② ♠♦♠❡♥ts ♦❢ ❯✳❙✳ ❞❛t❛ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ❲❡ t❤❡♥ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ t✇♦ t❛①

r❡❢♦r♠s ✐♥ ❙❡❝t✐♦♥s ✺✳✸ ❛♥❞ ✺✳✹✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r ❛ s♠❛❧❧ r❡❢♦r♠ t❤❛t ✐♥❝r❡❛s❡s t❤❡

r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ❜② ♦♥❡ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ❛r♦✉♥❞ t❤❡ ❝✉rr❡♥t t❛① ❝♦❞❡✳ ❙❡❝♦♥❞✱

✇❡ st✉❞② ❛ ❧❛r❣❡ r❡❢♦r♠ t❤❛t ♥❡❛r❧② ❞♦✉❜❧❡s t❤❡ ❝✉rr❡♥t r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ❛♥❞

❜r✐♥❣s t❤❡ ❡❝♦♥♦♠② t♦ t❤❡ ✉t✐❧✐t❛r✐❛♥ ♦♣t✐♠✉♠✳ ❲❡ ✜♥❛❧❧② ❝♦♠♣❛r❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✺ t❤❡

♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐♥ ♦✉r ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ ✇✐t❤ t✇♦ ✐♠♣♦rt❛♥t ❜❡♥❝❤♠❛r❦s✿

t❤❡ ♦♣t✐♠✉♠ ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✱ ❛♥❞ t❤❡ ♣r♦❣r❡ss✐✈✐t② r❛t❡

✸✽



❝❤♦s❡♥ ❜② ❛ ❣♦✈❡r♥♠❡♥t t❤❛t ✇♦✉❧❞ ✇r♦♥❣❧② ❛ss✉♠❡ t❤❛t ✇❛❣❡ r✐s❦ ✐s ❡①♦❣❡♥♦✉s✳

✺✳✶ ◗✉❛♥t✐t❛t✐✈❡ ▼♦❞❡❧

❲❡ ❡①t❡♥❞ t❤❡ ❧♦❣❧✐♥❡❛r ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✹ ❜② ❛❞❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥ts✳ ❆

s❤❛r❡ π ♦❢ ✇♦r❦❡rs ❤❛✈❡ ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜✱ ❞❡♥♦t❡❞ ✇✐t❤ ❛ s✉❜s❝r✐♣t m✱ ❛♥❞ t❤❡

r❡♠❛✐♥✐♥❣ s❤❛r❡ 1− π ♦❢ ✇♦r❦❡rs ❤❛✈❡ ❛ ♥♦r♠❛❧ ❥♦❜ ✭s✉❜s❝r✐♣t n✮✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤❡

✇♦r❦❡r ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② θ ❛♥❞ ❛ ❥♦❜ t②♣❡ j ∈ {m,n} ✐s θ(aj + η)✱ ✇❤❡r❡ aj ✐s t❤❡

❡✛♦rt ❧❡✈❡❧ ❛♥❞ η ∼ N
(

0, σ2
η,j

)

✐s t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦✳ P❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ❛r❡

s✉❜❥❡❝t t♦ t❤❡ ❛❣❡♥❝② ❢r✐❝t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳ ❆t t❤❡s❡ ❥♦❜s✱ t❤❡ ❡♠♣❧♦②❡r

♦❜s❡r✈❡s t❤❡ ♦✉t♣✉t ❜✉t ♥♦t t❤❡ ❡✛♦rt ♦❢ t❤❡ ✇♦r❦❡r ♥♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ❛♥❞✱

❤❡♥❝❡✱ ♦✛❡rs ❛ ✇❛❣❡ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ st♦❝❤❛st✐❝ ♦✉t♣✉t r❡❛❧✐③❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦

t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❝♦❡✣❝✐❡♥t ψ✳ ◆♦r♠❛❧ ❥♦❜s✱ ✐♥ ❝♦♥tr❛st✱ ❛r❡ ❢r❡❡ ❢r♦♠ ❛❣❡♥❝② ❢r✐❝t✐♦♥s

❛♥❞ ❣✉❛r❛♥t❡❡ ❛ r✐s❦✲❢r❡❡ ✇❛❣❡✳

❲❡ tr❡❛t t❤❡ ❥♦❜ t②♣❡ ♦❢ ❛ ✇♦r❦❡r ❛s ❡①♦❣❡♥♦✉s✳ ■♥ t❤❡ ❞❛t❛✱ t❤❡ s❤❛r❡ ♦❢ ♣❡r❢♦r✲

♠❛♥❝❡ ♣❛② ❥♦❜s ✐♥❝r❡❛s❡s ✇✐t❤ ❡❛r♥✐♥❣s ✭s❡❡ ▲❡♠✐❡✉①✱ ▼❛❝▲❡♦❞✱ ❛♥❞ P❛r❡♥t ✭✷✵✵✾✮❀

●r✐❣s❜②✱ ❍✉rst✱ ❛♥❞ ❨✐❧❞✐r♠❛③ ✭✷✵✶✾✮✮✳ ❲❡ ❛❧❧♦✇ t❤❡ s❤❛r❡ ♦❢ ❥♦❜ t②♣❡s t♦ ❜❡ ❝♦r✲

r❡❧❛t❡❞ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ❜② ❛ss✉♠✐♥❣ t❤❛t ♣r♦❞✉❝t✐✈✐t② ✐s ❞r❛✇♥ ❢r♦♠ ❛ ❥♦❜✲t②♣❡✲

s♣❡❝✐✜❝ P❛r❡t♦✲❧♦❣♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭❈♦❧♦♠❜✐ ✭✶✾✾✵✮✮✳ ❚❤❛t ✐s✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡

❥♦❜ t②♣❡ j ∈ {n,m}✱ t❤❡ ❧♦❣ ♣r♦❞✉❝t✐✈✐t② ✐s t❤❡ s✉♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥t❧② ❞r❛✇♥ ♥♦r✲

♠❛❧ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿ log θ = θ1 + θ2 ✇❤❡r❡ θ1 ∼ N
(

µθ,j, σ
2
θ,j

)

❛♥❞

θ2 ∼ Exp (λθ,j)✳ ❲❡ ❦❡❡♣ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s G ✜①❡❞ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ ❞✐✛❡r❡♥t

♣♦❧✐❝② s❝❡♥❛r✐✐✳ ❲❡ ❞❡r✐✈❡ ❛♥❞ ❛♥❛❧②③❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢

♣r♦❣r❡ss✐✈✐t② ✐♥ t❤✐s ❣❡♥❡r❛❧✐③❡❞ ❡♥✈✐r♦♥♠❡♥t ✐♥ ❆♣♣❡♥❞✐① ❋✳

✺✳✷ ❈❛❧✐❜r❛t✐♦♥

❲❡ ❝❛❧✐❜r❛t❡ t♦ ♠♦❞❡❧ t♦ ♠❛t❝❤ t❤❡ ❡✈✐❞❡♥❝❡ ♦♥ ❡❧❛st✐❝✐t✐❡s ❛♥❞ ✇❛❣❡ ❞✐str✐❜✉t✐♦♥

✐♥ t❤❡ ❯✳❙✳ ❲❡ ❝❤♦♦s❡ t❤❡ ✈❛❧✉❡ ε = 0.5 ❢♦r t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t②✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛

❝♦♠♣❡♥s❛t❡❞ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ❛t ♥♦r♠❛❧ ❥♦❜s ♦❢ ❛♣♣r♦①✐♠❛t❡❧② ✵✳✸✳ ❇♦t❤

✈❛❧✉❡s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ✭❑❡❛♥❡ ✭✷✵✶✶✮❀ ❈❤❡tt② ✭✷✵✶✷✮✮✳

❲❡ ❛ss✉♠❡ t❤❛t ❧♦❣✲♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥s ❢♦r ❜♦t❤ ❥♦❜ t②♣❡s ❤❛✈❡ ❛ ❝♦♠♠♦♥

♥♦r♠❛❧ ✈❛r✐❛♥❝❡ σ2
θ,m = σ2

θ,n = σ2
θ ❛♥❞ t❛✐❧ ♣❛r❛♠❡t❡r λθ,m = λθ,n = λθ✳ ❆s ❛ r❡s✉❧t✱

✸✾



♦✉r ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣ ❡❛r♥✐♥❣s ✐s ❣✐✈❡♥ ❜②

❱❛r (logw) =

(

σ2
θ +

1

λ2θ

)

+ πψ2σ2
η + π (1− π)

(

µm − µn + log
am
an

−
ψ2σ2

η

2

)2

,

✇❤❡r❡ σ2
θ +

1
λ2θ

✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲♣r♦❞✉❝t✐✈✐t②✱ ψ2σ2
η ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s

❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ❞✉❡ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✱ ❛♥❞ t❤❡ ❧❛st t❡r♠ ❝❛♣✲

t✉r❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡❛♥ ❧♦❣✲❡❛r♥✐♥❣s ❛t ♥♦r♠❛❧ ❛♥❞

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✳

▲❡♠✐❡✉①✱ ▼❛❝▲❡♦❞✱ ❛♥❞ P❛r❡♥t ✭✷✵✵✾✮ st✉❞② ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ✉s✐♥❣ P❛♥❡❧

❙t✉❞② ♦❢ ■♥❝♦♠❡ ❉②♥❛♠✐❝s ✭P❙■❉✮ ❛♥❞ ✜♥❞ t❤❛t t❤❡✐r ❢r❛❝t✐♦♥ π ✇❛s ✵✳✹✺ ✐♥ ✶✾✾✽✱

t❤❡ ♠♦st r❡❝❡♥t ②❡❛r ✐♥❝❧✉❞❡❞ ✐♥ t❤❡✐r ❛♥❛❧②s✐s✳ ❚❤❡② r❡♣♦rt t❤❛t ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❥♦❜s ❤❛✈❡ ♠❡❛♥ ❤♦✉r❧② ✇❛❣❡s ❤✐❣❤❡r ❜② ✸✵✪✱ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✇❛❣❡s ❤✐❣❤❡r ❜②

✹✷✪✱ r❡❧❛t✐✈❡ t♦ ♥♦r♠❛❧ ❥♦❜s✳✷✻ ❚❤❡ ✜rst st❛t✐st✐❝ ♣✐♥s ❞♦✇♥ µm−µn = log (1.3)✳ ❚❤❡

s❡❝♦♥❞ ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ ✐♥ ❞❡t❡r♠✐♥✐♥❣ σ2
η,m✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ❛t

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✳

❋♦r t❤❡ ❧❡✈❡❧s ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s ✐♥ t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠②✱ ✇❡

t✉r♥ t♦ t❤❡ ❙✉r✈❡② ♦❢ ❈♦♥s✉♠❡r ❋✐♥❛♥❝❡s ✭❙❈❋✮ ✇❤✐❝❤ ✉s❡s ❞❛t❛ ❢r♦♠ t❤❡ ■♥t❡r♥❛❧

❘❡✈❡♥✉❡ ❙❡r✈✐❝❡ ❙t❛t✐st✐❝s ♦❢ ■♥❝♦♠❡ ♣r♦❣r❛♠ t♦ ❛❝❝✉r❛t❡❧② r❡♣r❡s❡♥t t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ ❤✐❣❤ ✐♥❝♦♠❡ ❤♦✉s❡❤♦❧❞s✳ ❇❛s❡❞ ♦♥ t❤❡ ❙❈❋✱ ❍❡❛t❤❝♦t❡ ❛♥❞ ❚s✉❥✐②❛♠❛ ✭✷✵✶✾✮ r❡♣♦rt

❛ ♠❡❛♥ ❤♦✉s❡❤♦❧❞ ❧❛❜♦r ✐♥❝♦♠❡ ♦❢ $77, 325 ❛♥❞ ❛♥ ♦✈❡r❛❧❧ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣ ❧❛❜♦r ✐♥❝♦♠❡

♦❢ 0.618 ✐♥ ✷✵✵✼✳ ❚❤❡② ❛❧s♦ ❡st✐♠❛t❡ t❤❡ t❛✐❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❧♦❣ ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥

λθ ❛t 2.2✳

❘❡❣❛r❞✐♥❣ t❤❡ ❣♦✈❡r♥♠❡♥t ♣♦❧✐❝②✱ ❍❡❛t❤❝♦t❡✱ ❙t♦r❡s❧❡tt❡♥✱ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✼✮

❡st✐♠❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ r❛t❡ ♦❢ t❛① ♣r♦❣r❡ss✐✈✐t② ❛t ✵✳✶✽✶ ❛♥❞ ❍❡❛t❤❝♦t❡ ❛♥❞ ❚s✉❥✐②❛♠❛

✭✷✵✶✾✮ r❡♣♦rt ❛ r❛t✐♦ ♦❢ ❣♦✈❡r♥♠❡♥t ♣✉r❝❤❛s❡s t♦ ♦✉t♣✉t ♦❢ ✶✽✳✽ ♣❡r❝❡♥t✳

●✐✈❡♥ t❤❡s❡ ❡st✐♠❛t❡s✱ ✇❡ ❝❤♦♦s❡ σ2
θ = 0.31 ❛♥❞ σ2

η,m = 0.4 t♦ ♠❛t❝❤ t❤❡ ♦✈❡r❛❧❧

✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s ❛s ✇❡❧❧ ❛s t❤❡ r❡❧❛t✐✈❡ ✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❛♥❞

♥♦r♠❛❧ ❥♦❜s✳ ▼❛t❝❤✐♥❣ ♠❡❛♥ ❧❛❜♦r ✐♥❝♦♠❡ ❛s ✇❡❧❧ ❛s t❤❡ r❛t✐♦ ♦❢ ♠❡❛♥ ✇❛❣❡ r❛t❡s

❛t t❤❡ t✇♦ ❥♦❜ t②♣❡s ✐♠♣❧✐❡s µθ,m = 3.88 ❛♥❞ µθ,n = 3.62✳ ❚❤❡ ✐♠♣❧✐❡❞ ❞✐str✐❜✉t✐♦♥

♦❢ ✇❛❣❡ r❛t❡s ❛♥❞ ❥♦❜ t②♣❡s ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ s❤❛r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❥♦❜s ✐s ❧❛r❣❡st ✐♥ t❤❡ t♦♣ q✉❛rt✐❧❡ ♦❢ t❤❡ ✇❛❣❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

✷✻❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ❜❛s❡❞ ♦♥ ❚❛❜❧❡ ✶✱ ❋✐❣✉r❡ ■❱ ❛♥❞ ❋✐❣✉r❡ ❱ ✐♥ ▲❡♠✐❡✉①✱ ▼❛❝▲❡♦❞✱ ❛♥❞ P❛r❡♥t
✭✷✵✵✾✮✳ ❲❤❡♥ st❛t✐st✐❝s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ♠✉❧t✐♣❧❡ ②❡❛rs✱ t❤❡ ❧❛st ②❡❛r ❛✈❛✐❧❛❜❧❡ ✐s ✉s❡❞ ✭❡✐t❤❡r ✶✾✾✻
♦r ✶✾✾✽✮✳

✹✵



❋✐❣✉r❡ ✶✿ ❏♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ ✇❛❣❡ r❛t❡s ❛♥❞ ❥♦❜ t②♣❡s

✭❛✮ ✭❜✮
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❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ❜♦♥✉s❡s ❛♥❞ ♦t❤❡r ❢♦r♠s ♦❢ ♣❡r❢♦r♠❛♥❝❡✲r❡❧❛t❡❞ ♣❛② ❛r❡ ♠♦r❡

♣r❡✈❛❧❡♥t ❛t ❤✐❣❤❡r ✐♥❝♦♠❡ ❧❡✈❡❧s ✭▲❡♠✐❡✉①✱ ▼❛❝▲❡♦❞✱ ❛♥❞ P❛r❡♥t ✭✷✵✵✾✮❀ ●r✐❣s❜②✱

❍✉rst✱ ❛♥❞ ❨✐❧❞✐r♠❛③ ✭✷✵✶✾✮✮✳

✺✳✸ ▼❛r❣✐♥❛❧ ❘❡❢♦r♠ ♦❢ ❚❛① Pr♦❣r❡ss✐✈✐t②

❚❛❜❧❡ ✶ s❤♦✇s t❤❡ ✐♠♣❛❝t ♦❢ ❛ s♠❛❧❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ❜② ♦♥❡ ♣❡r✲

❝❡♥t❛❣❡ ♣♦✐♥t✱ ❢r♦♠ ✵✳✶✽✶ t♦ ✵✳✶✾✶✱ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✱ t❤❡ ♥♦r♠❛❧ ❥♦❜s✱ ❛♥❞

❛❧❧ ❥♦❜s✳ ◆♦t❡ t❤❛t t❤❡ ❡✛❡❝ts ♦♥ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ❛r❡ ❣❡♥❡r❛❧❧② ❧❛r❣❡r ✐♥ ❛❜s♦❧✉t❡

✈❛❧✉❡✱ s✐♥❝❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs ❤❛✈❡ ❤✐❣❤❡r ❛✈❡r❛❣❡ ♦✉t♣✉t ❛♥❞ ❡❛r♥✐♥❣s t❤❛♥

t❤♦s❡ ✐♥ ♥♦r♠❛❧ ❥♦❜s✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ♣r♦❣r❡ss✐✈✐t② ❧❡❛❞s t♦ ❛ ❧❛r❣❡ r❡❞✐str✐❜✉t✐✈❡ ❣❛✐♥

❢♦r ❜♦t❤ t②♣❡s ♦❢ ❥♦❜s✳ ❋♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②

✇♦✉❧❞ ❛❧s♦ ❧❡❛❞ t♦ ❛ s✉❜st❛♥t✐❛❧ ❣❛✐♥ ❢r♦♠ ❜❡tt❡r ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st t❤❡ ❡❛r♥✐♥❣ r✐s❦ ✐❢

t❤✐s r✐s❦ ✇❛s ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t✳ ❍♦✇❡✈❡r✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣r♦❣r❡ss✐✈✐t② ❣❡♥❡r❛t❡s ❛ ❧❛r❣❡

❝r♦✇❞✐♥❣✲♦✉t ✇❤✐❝❤✱ ❛s ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❢✉❧❧② ♦✛s❡ts t❤❡ ❣❛✐♥s ❢r♦♠ ✐♥s✉r❛♥❝❡

❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ s♦♠❡✇❤❛t r❡❞✉❝❡s t❤❡ ❣❛✐♥s ❢r♦♠ r❡❞✐str✐❜✉t✐♦♥✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡

❧❛tt❡r ❡✛❡❝t✱ ♥♦t❡ t❤❛t ✇♦r❦❡rs ✇❤♦ ♦♥ ❛✈❡r❛❣❡ ❣❛✐♥❡❞ ❢r♦♠ t❤❡ r❡❢♦r♠ ✇✐❧❧ s❡❡ t❤❡✐r

❡❛r♥✐♥❣s str✉❝t✉r❡ ❛❞❥✉st❡❞ t♦ ❦❡❡♣ ✐♥❝❡♥t✐✈❡s ✐♥t❛❝t✿ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ✇✐❧❧ ✐♥❝r❡❛s❡

❞✐s♣r♦♣♦rt✐♦♥❛❧❧② ✐♥ ❤✐❣❤✲♦✉t♣✉t ❝♦♥t✐♥❣❡♥❝✐❡s✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡✐r ❡①♣❡❝t❡❞ ✉t✐❧✐t②

❣❛✐♥✳ ❍❡♥❝❡✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ♠❛❦❡s r❡❞✐str✐❜✉t✐♦♥ ❧❡ss ♣♦t❡♥t✳ ❲❡ ✜♥❞ t❤❛t✱

q✉❛♥t✐t❛t✐✈❡❧②✱ t❤❡ r❡❞✐str✐❜✉t✐✈❡ ❣❛✐♥ ❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ✐s r❡❞✉❝❡❞ ❜② ✻✪✳

❚❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❤❡ r❡❢♦r♠✱ EB✱ ✐s s✉❜st❛♥t✐❛❧❧② ❧❛r❣❡r ❢♦r ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ❥♦❜s✱ ❜❡❝❛✉s❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❡✛♦rt εa,1−p ✐s ✷✺✪ ❣r❡❛t❡r ❢♦r t❤❡s❡ ✇♦r❦❡rs✳ ❚❤✐s

❞✐✛❡r❡♥❝❡ ✐♥ ❡❧❛st✐❝✐t✐❡s ✐s ♦♥❧② s❧✐❣❤t❧② ♠✐t✐❣❛t❡❞ ❜② t❤❡ ❝♦♠❜✐♥❡❞ ✐♠♣❛❝t ♦❢ t❤❡ ✜s❝❛❧

✹✶



❡①t❡r♥❛❧✐t✐❡s ❝❛✉s❡❞ ❜② t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝ts✳ ❚❤❡s❡ ❡✛❡❝ts

❤❛✈❡ ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ✇❤❡♥ ❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧②✱ ❜✉t

r♦✉❣❤❧② ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ♦✉t ❛♥❞ ❧❡❛❞ t♦ ❛ ✈❡r② ♠♦❞❡st ♣♦s✐t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t②✳

❚♦ ✉♥❞❡rst❛♥❞ t❤✐s r❡s✉❧t✱ r❡❝❛❧❧ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ✐♥ ❈♦r♦❧❧❛r② ✸✳

❙✐♥❝❡ εψ,1−p = −1✱ t❤❡ ♣♦s✐t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ ❝r♦✇❞✐♥❣✲♦✉t r❡❧❛t✐✈❡ t♦ t❤❡

st❛♥❞❛r❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss ✐♥❞✉❝❡❞ ❜② ❧❛❜♦r s✉♣♣❧② r❡s♣♦♥s❡s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡

✐♥✈❡rs❡ ❧❛❜♦r ❡✛♦rt ❡❧❛st✐❝✐t② 1/εa,1−p ❛♥❞ ❣✐✈❡♥ ❜②

1

εa,1−p
×

(

1

(1− g) (1− p)
− 1

)−1

pψ2σ2
η ≈ 17.85%.

❙✐♥❝❡ εψ,a = 1
ε
✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥❡❣❛t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

r❡❧❛t✐✈❡ t♦ t❤❡ st❛♥❞❛r❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥✈❡rs❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t②

1/ε ❛♥❞ ❣✐✈❡♥ ❜②

−
1

ε
×

(

1

(1− g) (1− p)
− 1

)−1

pψ2σ2
η ≈ −14.9%.

❚❤❡r❡❢♦r❡✱ ❡❛❝❤ ♦❢ t❤❡s❡ ❡✛❡❝ts s✐❣♥✐✜❝❛♥t❧② ❛❧t❡rs t❤❡ st❛♥❞❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡

❡①❝❡ss ❜✉r❞❡♥ ♦❢ r❛✐s✐♥❣ t❛① ♣r♦❣r❡ss✐✈✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ s✉♠ ♦❢ t❤❡s❡ ❡✛❡❝ts ✐s

♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❛❜♦r s✉♣♣❧② ❛♥❞ t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t✐❡s✱

1/εa,1−p − 1/ε✳ ❙✐♥❝❡ t❤✐s ❞✐✛❡r❡♥❝❡ ✐s s♠❛❧❧✱ t❤❡ ♦✈❡r❛❧❧ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❝❛✉s❡❞ ❜②

♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s ✐s ❡q✉❛❧ t♦ ❛ ♠❡r❡ 2.94% ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss ♦❢

r❛✐s✐♥❣ t❛① ♣r♦❣r❡ss✐✈✐t②✳ ❚❤❡r❡❢♦r❡✱ t❤✐s r❡❢♦r♠ ✐s ♦♥❧② s❧✐❣❤t❧② ❧❡ss ❝♦st❧② ❢♦r t❤❡

❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t t❤❛♥ ♦♥❡ ✇♦✉❧❞ ❡st✐♠❛t❡ ❜② ✐❣♥♦r✐♥❣ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡✳

✺✳✹ ▲❛r❣❡ ❘❡❢♦r♠✿ ❋r♦♠ ❙t❛t✉s ◗✉♦ t♦ ❖♣t✐♠✉♠

❲❡ ❡①t❡♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♣t✐♠❛❧ ♣r♦❣r❡ss✐✈✐t② ❢♦r♠✉❧❛ t♦ ♦✉r q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧

✇✐t❤ t✇♦ t②♣❡s ♦❢ ❥♦❜s ✐♥ ❆♣♣❡♥❞✐① ❋✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ✉t✐❧✐t❛r✐❛♥ ♦♣t✐♠✉♠ ♣r♦❣r❡s✲

s✐✈✐t② r❛t❡ ✐s ❣✐✈❡♥ ❜② p∗ = 0.356✳ ❚❤✐s r❛t❡ ✐s ❛❧♠♦st ❞♦✉❜❧❡ t❤❡ ❝✉rr❡♥t ♣r♦❣r❡ss✐✈✐t②

r❛t❡ ✐♥ t❤❡ ❯✳❙✳✱ ❛♥❞ t❤❡ ✐♠♣❧✐❡❞ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐♥❝r❡❛s❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ✸✪ ✐♥❝r❡❛s❡

✐♥ ❝♦♥s✉♠♣t✐♦♥✳ ❚♦ ❣❡t ❛ s❡♥s❡ ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤✐s r❡❢♦r♠✱ ♥♦t❡ t❤❛t t❤❡ ❛✈❡r❛❣❡

t❛① r❛t❡✱ ✐♥❝❧✉❞✐♥❣ tr❛♥s❢❡rs✱ ♦❢ ❛ ✇♦r❦❡r ✇✐t❤ ❧❛❜♦r ✐♥❝♦♠❡ $33, 000 ✇♦✉❧❞ ❞❡❝r❡❛s❡

❢r♦♠ −0.7% t♦ −14.2%✳ ❚❤❡ t❛① r❛t❡ ❛t t❤❡ ♠❡❛♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ $77, 325 ✇♦✉❧❞

✹✷



❚❛❜❧❡ ✶✿ ■♠♣❛❝t ♦❢ ❛ s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②

P❡r❢✳✲♣❛② ❥♦❜s ◆♦r♠❛❧ ❥♦❜s ❆❧❧ ❥♦❜s

❲❡❧❢❛r❡ ❣❛✐♥ ME ✰ WG ✸✺✹ ✷✾✷ ✸✷✵
❞✉❡ t♦ r❡❞✐str✐❜✉t✐♦♥ ✸✼✻ ✷✾✷ ✸✸✵
❞✉❡ t♦ ✐♥s✉r❛♥❝❡ ✶✶✹ ✵ ✺✶
❞✉❡ t♦ ❝r♦✇❞✐♥❣✲♦✉t ✲✶✸✻ ✵ ✲✻✶

❊①❝❡ss ❜✉r❞❡♥ EB ✶✸✼ ✾✾ ✶✶✻
❞✉❡ t♦ st❛♥❞❛r❞ ❡✛❡❝t ✶✹✶ ✾✾ ✶✶✽
❞✉❡ t♦ ❝r♦✇❞✐♥❣✲♦✉t ✲✷✺ ✵ ✲✶✶
❞✉❡ t♦ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✷✶ ✵ ✾

❚♦t❛❧✿ ME ✰ WG ✲ EB ✷✶✼ ✶✾✷ ✷✵✸

◆♦t❡✿ ❚❤❡ t❤r❡❡ ❝♦❧✉♠♥s s❤♦✇ t❤❡ ♠❡❛♥ ✐♠♣❛❝t ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ❜② ✶ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ✭✵✳✵✶✮ ♦♥
t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✱ t❤❡ ♥♦r♠❛❧ ❥♦❜s✱ ❛♥❞ ❛❧❧ ❥♦❜s✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧❧ t❤❡ ❡✛❡❝ts ❛r❡ ❡①♣r❡ss❡❞ ✐♥ ❯❙❉ ♣❡r

✇♦r❦❡r ✐♥ ❛ ❣✐✈❡♥ ❥♦❜ ❝❛t❡❣♦r②✳

✐♥❝r❡❛s❡ ❢r♦♠ 13.6% t♦ 15.6%✳ ❚❤❡ t❛① r❛t❡ ❛t $500, 000✱ ✇❤✐❝❤ r♦✉❣❤❧② ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ t♦♣ ✶✪ t❤r❡s❤♦❧❞✱ ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❢r♦♠ 38.4% t♦ 56.6%✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡

❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ ❛ ❧❛r❣❡ r❡❢♦r♠ ♦❢ t❤❡ ❝✉rr❡♥t t❛① ❝♦❞❡ t❤❛t ✐♠♣❧❡♠❡♥ts t❤❡ ♦♣✲

t✐♠❛❧ ♣r♦❣r❡ss✐✈✐t② ❛♥❞ ❛❞❥✉sts t❤❡ ♦t❤❡r t❛① ♣❛r❛♠❡t❡r t♦ ❦❡❡♣ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡

✉♥❝❤❛♥❣❡❞✳

❚❤❡ ✐♠♣❛❝t ♦❢ t❤✐s r❡❢♦r♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷ ❛♥❞ ❛♥❛❧②③❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❋♦❧✲

❧♦✇✐♥❣ ❛ ❧❛r❣❡ ✐♥❝r❡❛s❡ ✐♥ t❛① ♣r♦❣r❡ss✐✈✐t②✱ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✐s ❜❛r❡❧② ❛❧t❡r❡❞✿

t❤❡ ♣❛ss✲t❤r♦✉❣❤ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s t♦ ❧♦❣✲❡❛r♥✐♥❣s ✐♥❝r❡❛s❡s ♦♥❧② ♠♦❞❡st❧② ❢r♦♠

✵✳✼✸✶ t♦ ✵✳✼✻✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♣r♦❞✉❝t✐✈✐t②

✐♥❝r❡❛s❡s ❜② ✽✪✱ ✇❤✐❧❡ t❤❡ ♦✈❡r❛❧❧ ❞✐s♣❡rs✐♦♥ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s ❛♠♦♥❣ ♣❡r❢♦r♠❛♥❝❡ ♣❛②

✇♦r❦❡rs ✐♥❝r❡❛s❡s ❜② ✷✳✸✪✳ ●✐✈❡♥ t❤❛t t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❤❛r❞❧② ♠♦✈❡s✱

t❤✐s ♣r♦❣r❡ss✐✈✐t②✲✐♥❝r❡❛s✐♥❣ r❡❢♦r♠ s✉❜st❛♥t✐❛❧❧② ✢❛tt❡♥s t❤❡ ❝♦♥s✉♠♣t✐♦♥ s❝❤❡❞✉❧❡✱

❧❡❛❞✐♥❣ t♦ ❛ ♠✉❝❤ ❜❡tt❡r ❝♦♥s✉♠♣t✐♦♥ ✐♥s✉r❛♥❝❡✳ ■♥❞❡❡❞✱ ❜♦t❤ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥✲

s✉♠♣t✐♦♥ r✐s❦ ❛♥❞ ♦✈❡r❛❧❧ ❝♦♥s✉♠♣t✐♦♥ ❞✐s♣❡rs✐♦♥ ❛♠♦♥❣ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs

❢❛❧❧ ❜② ♠♦r❡ t❤❛♥ ✸✵✪✳ ❇❡tt❡r ✐♥s✉r❡❞ ✇♦r❦❡rs ❤❛✈❡ ✇❡❛❦❡r ✐♥❝❡♥t✐✈❡s t♦ ❡①❡rt ❡✛♦rt

✇❤✐❝❤✱ ❢♦r ♦✉r ❝❛❧✐❜r❛t❡❞ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t②✱ ❢❛❧❧s ❜② ❛ s✉❜st❛♥t✐❛❧ 9.6% ❞✉❡ t❤❡

❧❛r❣❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ t❛① r❡❢♦r♠✳

❯♥❞❡r❧②✐♥❣ t❤❡ ✇❡❛❦ r❡s♣♦♥s❡ ♦❢ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ❛r❡ t✇♦ ❝♦✉♥t❡r✈❛✐❧✐♥❣

❢♦r❝❡s✿ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✳ ■❢ ✜r♠s

❛tt❡♠♣t❡❞ t♦ ♠♦t✐✈❛t❡ ✇♦r❦❡rs t♦ ♠❛✐♥t❛✐♥ t❤❡✐r ♦r✐❣✐♥❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt✱ ❜❡tt❡r ♣r✐✈❛t❡

✹✸



❋✐❣✉r❡ ✷✿ ❊❛r♥✐♥❣s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ s❝❤❡❞✉❧❡s ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs

✭❛✮ ❊❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✭❜✮ ❈♦♥s✉♠♣t✐♦♥ s❝❤❡❞✉❧❡
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◆♦t❡✿ ❚❤❡ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❡❛r♥✐♥❣s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ s❝❤❡❞✉❧❡s ❢♦r ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡r ✇✐t❤ ❛ ♠❡❛♥
♣r♦❞✉❝t✐✈✐t② ❢♦❧❧♦✇✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ❢r♦♠ t❤❡ ❝✉rr❡♥t ✭✵✳✶✽✶✮ t♦ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ✭✵✳✸✺✻✮✳

❚❛❜❧❡ ✷✿ ❊❛r♥✐♥❣s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ❞✐str✐❜✉t✐♦♥ st❛t✐st✐❝s ❢♦❧❧♦✇✐♥❣ t❤❡ ❧❛r❣❡ r❡❢♦r♠

✐♥s✉r❛♥❝❡ ✈✐❛ t❤❡ ✐♥❝♦♠❡ t❛① ✇♦✉❧❞ ❝r♦✇❞✲♦✉t ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ s♦ ❛s t♦ ❧❡❛✈❡ t❤❡

✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s ✉♥❝❤❛♥❣❡❞✱ s✐♥❝❡ εψ,1−p = −1✳ ❋♦r t❤❛t t♦ ❤❛♣♣❡♥✱ t❤❡ ♣❛ss✲

t❤r♦✉❣❤ ✇♦✉❧❞ ♥❡❡❞ t♦ ✐♥❝r❡❛s❡ ❛❧❧ t❤❡ ✇❛② t♦ ✵✳✾✸✱ r❛✐s✐♥❣ t❤❡ ❧♦❣✲❡❛r♥✐♥❣s r✐s❦ ♦❢ ❡❛❝❤

♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡r ❜② ✻✷✪✳ ❍♦✇❡✈❡r✱ ✜r♠s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❝❤♦♦s❡ ❛ ❧♦✇❡r ❡✛♦rt

❧❡✈❡❧ ❛♥❞ r❡❞✉❝❡ t❤❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡✲♣❛② ❛❝❝♦r❞✐♥❣❧②✳ ❚❤✐s ❢♦r❝❡ ✕ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ❡✛❡❝t ✕ ❝♦✉♥t❡r❛❝ts t❤❡ ❡✛❡❝t ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ❜r✐♥❣s t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❜❛❝❦

t♦ t❤❡ ✈✐❝✐♥✐t② ♦❢ ✐ts ♦r✐❣✐♥❛❧ ❧❡✈❡❧✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ❡✛❡❝ts ✐♠♣❧✐❡s t❤❛t✱

str✐❦✐♥❣❧②✱ t❤❡ r❡❧❛t✐✈❡ ❢❛❧❧ ♦❢ ❧♦❣✲❝♦♥s✉♠♣t✐♦♥ ✈❛r✐❛♥❝❡ ✐♥ t❤❡ ❛❢t❡r♠❛t❤ ♦❢ t❤❡ t❛①

r❡❢♦r♠ ✐s ♥❡❛r❧② ✐❞❡♥t✐❝❛❧ ❢♦r t❤❡ ✇♦r❦❡rs ❛t ❥♦❜s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛❣❡♥❝② ❢r✐❝t✐♦♥s✳

✹✹



✺✳✺ P❡r❢♦r♠❛♥❝❡✲P❛② ❏♦❜s ❛♥❞ ❖♣t✐♠❛❧ Pr♦❣r❡ss✐✈✐t②

❲❡ ♥♦✇ st✉❞② t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❝♦♥s✐❞❡r❛t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠❛❧ t❛①

♣r♦❣r❡ss✐✈✐t② ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ❛r✐s✐♥❣ ✐♥ t❤❡ ❝❛❧✐❜r❛t❡❞

♠♦❞❡❧ t♦ t✇♦ ✐♠♣♦rt❛♥t ❜❡♥❝❤♠❛r❦s✳ ❚❤❡ ✜rst ✐s t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐♥

t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡❝♦♥♦♠② ✇✐t❤♦✉t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✱ ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ t❤❡

✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ σ2
η,m t♦ ③❡r♦✳ ❚❤❡ s❡❝♦♥❞ ✐s t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②

t❤❛t ✇♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t ✇❤♦ ✇♦✉❧❞ ❡rr♦♥❡♦✉s❧② ❛ss✉♠❡ t❤❛t t❤❡

❡♥t✐r❡ ✇❛❣❡ r✐s❦ ✐s ❡①♦❣❡♥♦✉s✳ ❚❤✐s r❛t❡ ✐s ❢♦✉♥❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡

♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ❢r♦♠ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ t♦ ♦✉r ❝❛❧✐❜r❛t❡❞

♠♦❞❡❧ ❡❝♦♥♦♠②✱ ✇❤❡r❡ ✇❛❣❡✲r❛t❡ r✐s❦ ✐s ❛❝t✉❛❧❧② ❡♥❞♦❣❡♥♦✉s✳ ❋♦❧❧♦✇✐♥❣ ❘♦t❤s❝❤✐❧❞

❛♥❞ ❙❝❤❡✉❡r ✭✷✵✶✻✮✱ ✇❡ ❝❛❧❧ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ❛ s❡❧❢✲❝♦♥✜r♠✐♥❣ ♣♦❧✐❝②

❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ♣❛♥❡❧ ✭❛✮ ♦❢ ❋✐❣✉r❡ ✸✳

❋✐rst✱ ✐♥ ❛♥ ❡❝♦♥♦♠② ✇✐t❤♦✉t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s✱ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡s✲

s✐✈✐t② ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❢r♦♠ ✵✳✸✺✻ t♦ ✵✳✹✶✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡

tr✉❡ ♦♣t✐♠✉♠ ❛♥❞ t❤✐s ❜❡♥❝❤♠❛r❦✱ ✇❡ ❣r❛❞✉❛❧❧② s✇✐t❝❤ ♦♥ t❤❡ ✈❛r✐♦✉s ❝❤❛♥♥❡❧s r❡✲

❧❛t❡❞ t♦ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ✐♥ t❤❡ ♦♣t✐♠✉♠ ❢♦r♠✉❧❛ ✭✹✸✮✱ st❛rt✐♥❣ ❢r♦♠ ❛♥ ❡❝♦♥♦♠②

❞❡✈♦✐❞ ♦❢ ❛❣❡♥❝② ❢r✐❝t✐♦♥s ✭s❡❡ ♣❛♥❡❧ ✭❜✮ ♦❢ ❋✐❣✉r❡ ✸✮✳ ❋✐rst✱ ✇♦r❦❡rs ❛t ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ❥♦❜s ❡①❡rt ❧♦✇❡r ❡✛♦rt t❤❛♥ t❤♦s❡ ❛t ♥♦r♠❛❧ ❥♦❜s✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❧♦✇❡r ♦✉t♣✉t ❛♥❞

❤❡♥❝❡ ❛ ❤✐❣❤❡r s❤❛r❡ ♦❢ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐♥ ●❉P✱ G/Y ✳ ❚❤✐s ✐♥ t✉r♥ ❝♦♥tr✐❜✉t❡s

t♦ ❧♦✇❡r ♣r♦❣r❡ss✐✈✐t② ❛♥❞ ❡①♣❧❛✐♥s ❛♣♣r♦①✐♠❛t❡❧② ✸✵✪ ♦❢ t❤❡ ♦✈❡r❛❧❧ ♣r♦❣r❡ss✐✈✐t②

❝❤❛♥❣❡✳ ❙❡❝♦♥❞✱ ✇♦r❦❡rs ❛t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ❢❛❝❡ ❤✐❣❤❡r ✇❛❣❡ r✐s❦✳ ❚❤❛t r❛✐s❡s

t❤❡ ❣❛✐♥s ♦❢ ♣r♦✈✐❞✐♥❣ s♦❝✐❛❧ ✐♥s✉r❛♥❝❡ ✈✐❛ t❛① ♣r♦❣r❡ss✐✈✐t②✳ ❍♦✇❡✈❡r✱ t❤✐s ❛❞❞✐t✐♦♥❛❧

❜❡♥❡✜t ♦❢ ✐♥s✉r❛♥❝❡ ✐s ❢✉❧❧② ❝❛♥❝❡❧❡❞ ❜② t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡✳ ❚❤✐r❞✱

t❤❡ ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs ✐s ❤✐❣❤❡r✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ❡①❝❡ss

❜✉r❞❡♥ ♦❢ r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t② ❛♥❞ ❡①♣❧❛✐♥✐♥❣ ✹✵✪ ♦❢ t❤❡ ♣r♦❣r❡ss✐✈✐t② ❞✐✛❡r❡♥❝❡✳

❋✐♥❛❧❧②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❝♦♥tr✐❜✉t❡s t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡

✈✐❛ ❛ ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ❡①♣❧❛✐♥s t❤❡ r❡♠❛✐♥✐♥❣ ✸✵✪✳

❙❡❝♦♥❞✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✇✐t❤ t❤❡ ❙❈P❊✳ ■♥ t❤✐s

❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t✱ t❤❡ ❣♦✈❡r♥♠❡♥t ❝❛♥ ❝♦rr❡❝t❧② ❡st✐♠❛t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❡✛♦rt✱ ❜✉t

tr❡❛ts ✇❛❣❡ r✐s❦ ❛s ❢✉❧❧② ❡①♦❣❡♥♦✉s✳ ❙✉❝❤ ❛ ♣♦❧✐❝②♠❛❦❡r ✇♦✉❧❞ ♠✐st❛❦❡♥❧② ❛tt❡♠♣t

t♦ ✐♥s✉r❡ t❤❡ ❡♥❞♦❣❡♥♦✉s ♣❛rt ♦❢ t❤❡ ✇❛❣❡ r✐s❦ ❛♥❞ ❝❤♦♦s❡ t♦♦ ❤✐❣❤ ❛ ♣r♦❣r❡ss✐✈✐t②

r❛t❡✱ ❡q✉❛❧ t♦ ✵✳✹✳ ❍♦✇❡✈❡r✱ ❧♦❣✲❡❛r♥✐♥❣s r✐s❦ ❛t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ✐♥❝r❡❛s❡s ❜② ❛

♠❡r❡ ✷✳✸✪ r❡❧❛t✐✈❡ t♦ ✐ts ✈❛❧✉❡ ✐♥ t❤❡ tr✉❡ ♦♣t✐♠✉♠✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤✐s ✐s ❞✉❡ t♦ t❤❡

❝♦✉♥t❡r❛❝t✐♥❣ ❢♦r❝❡s ♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♣❛② ❡✛❡❝ts✳ ❋✐♥❛❧❧②✱
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❋✐❣✉r❡ ✸✿ ❖♣t✐♠❛❧ ♣r♦❣r❡ss✐✈✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♣❛② ❥♦❜s

✭❛✮ ❙♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥s ✭❜✮ ❖♣t✐♠❛ ❞✐✛❡r❡♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥

0.0 0.1 0.2 0.3 0.4 0.5 0.6

progressivity rate p
-5

0

5

10

15

w
el

fa
re

 c
ha

ng
e 

re
l. 

to
 s

ta
tu

s 
qu

o 
(%

 o
f c

on
s.

)

optimum in the calibrated model 
p = 0.356, welfare change: 2.98%

optimum w/o performance-pay jobs 
p = 0.41, welfare change: 14.22%

self-confirming policy equilib. 
 p = 0.4, welfare change: 2.74%

status quo
 p = 0.181

SWF in the calibrated model
SWF without performance-pay jobs

lower
 effort

higher
 earnings risk

crowding-out
 effect

higher effort
 elasticity

performance-pay
 effect

60

40

20

0

20

40

60

ch
an

ge
 in

 p
ro

gr
es

si
vi

ty
 ra

te
 (%

 o
f t

ot
al

 c
ha

ng
e)

◆♦t❡✿ P❛♥❡❧ ✭❜✮ s❤♦✇s t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ✈❛r✐♦✉s ❝❤❛♥♥❡❧s t❤r♦✉❣❤ ✇❤✐❝❤ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ❛✛❡❝t t❤❡ ♦♣t✐♠❛❧

♣r♦❣r❡ss✐✈✐t② r❛t❡✳ ❚❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② s✉❝❝❡ss✐✈❡❧② s✇✐t❝❤✐♥❣ ♦♥ t❤❡ r❡s♣❡❝t✐✈❡ ❝❤❛♥♥❡❧s ✐♥ t❤❡

♦♣t✐♠❛❧ ♣r♦❣r❡ss✐✈✐t② ❢♦r♠✉❧❛✳ ❆❧❧ t❤❡ ❝❤❛♥♥❡❧s ❝♦♠❜✐♥❡❞ s✉♠ ✉♣ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ❜❡t✇❡❡♥ t❤❡

♦♣t✐♠✉♠ ✇✐t❤♦✉t ♣❡r❢♦r♠❛♥❝❡ ♣❛② ❥♦❜s ❛♥❞ t❤❡ ♦♣t✐♠✉♠ ✐♥ t❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧✳

✐❣♥♦r✐♥❣ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ✇❛❣❡ r✐s❦ ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛ ❧❛r❣❡ ♠✐s❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧

t❛① ♣♦❧✐❝②✿ t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❝♦st ♦❢ ❝❤♦♦s✐♥❣ t❤❡ ❙❈P❊ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ✵✳✷✹✪ ❞r♦♣

✐♥ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤✐s ✈❛❧✉❡ ✐♠♣❧✐❡s t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❯✳❙✳ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②

❢r♦♠ t❤❡ st❛t✉s q✉♦ t♦ t❤❡ ❙❈P❊ r❡❛♣s ✾✸✪ ♦❢ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ ♠♦✈✐♥❣ ❢r♦♠ t❤❡

st❛t✉s q✉♦ t♦ t❤❡ ❢✉❧❧ ♦♣t✐♠✉♠✳ ❘❡❝❛❧❧ t❤❛t t❤✐s s♠❛❧❧ ✇❡❧❢❛r❡ ❝♦st ♦❢ s✉❜✲♦♣t✐♠✐③✐♥❣

✐s ♥♦t ❛ ♥❡❝❡ss❛r② ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✳✷✼ ■♥ ❢❛❝t✱ ✐❢ t❤❡r❡ ✇❡r❡

♦♥❧② ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ✐♥ t❤❡ ❡❝♦♥♦♠②✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♣r♦❣r❡ss✐✈✐t② ❜❡t✇❡❡♥

t❤❡ ❙❈P❊ ❛♥❞ t❤❡ ❢✉❧❧ ♦♣t✐♠✉♠ ✇♦✉❧❞ ❜❡ ✵✳✵✾ ✇✐t❤ ❛ ✇❡❧❢❛r❡ ❞✐✛❡r❡♥❝❡ ❡q✉✐✈❛❧❡♥t t♦

✶✪ ❝❤❛♥❣❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥✳ ❙✐♥❝❡ ✐♥ ♦✉r ❝❛❧✐❜r❛t✐♦♥ ♦♥❧② r♦✉❣❤❧② ❤❛❧❢ ♦❢ t❤❡ ❥♦❜s ❛r❡

♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞✱ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ✐s ❤❛❧❢ ♦❢ t❤❛t✳ ❋✉rt❤❡r♠♦r❡✱

❛s t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥❝❛✈❡ ✐♥ p✱ ❤❛❧❢ ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ ♣r♦❣r❡ss✐✈✐t②

tr❛♥s❧❛t❡s ✐♥t♦ ❛ q✉❛rt❡r ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ s♦❝✐❛❧ ✇❡❧❢❛r❡✳

✺✳✻ ■♥❝✐❞❡♥❝❡ ♦❢ ❖t❤❡r ❚❛① ❘❡❢♦r♠s

❘❡❝❛❧❧ t❤❛t ♦✉r t❤❡♦r❡t✐❝❛❧ t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❛❧②s✐s ♦❢ ❙❡❝t✐♦♥ ✷ ❣✐✈❡s ✉s ✐♥ ❝❧♦s❡❞✲❢♦r♠

t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛r❜✐tr❛r② t❛① r❡❢♦r♠s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ t❤❡♦r❡t✐❝❛❧

❢♦r♠✉❧❛s ♦❢ ❚❤❡♦r❡♠ ✶ t♦ r❡❢♦r♠s t❤❛t ❞♦ ♥♦t ❦❡❡♣ t❤❡ ❈❘P str✉❝t✉r❡ ♦❢ t❤❡ t❛①

✷✼■♥❞❡❡❞✱ ❜② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✐s ✭❛t ❧❡❛st ❧♦❝❛❧❧②✮ ♦♥❧② s❡❝♦♥❞✲
♦r❞❡r r❡❧❛t✐✈❡ t♦ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❢r♦♠ ❛ ✇❡❧❢❛r❡ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤✉s✱ t❤❡ t✇♦ ❡✛❡❝ts ❞♦ ♥♦t
♦✛s❡t ❡❛❝❤ ♦t❤❡r ❛s t❤❡② ❞✐❞ ✇❤❡♥ ✇❡ st✉❞✐❡❞ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦♥ ❡❛r♥✐♥❣s ❛♥❞ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡✳
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❝♦❞❡✳✷✽ ❲❡ s♣❡❝✐❛❧✐③❡ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s t♦ s✉❝❤ r❡❢♦r♠s ❛♥❞ st✉❞② t❤❡ ❞✐r❡❝t✐♦♥

♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝ts ✐♥ ❆♣♣❡♥❞✐① ❊✳ ❍❡r❡ ✇❡ ♣r♦♣♦s❡

t✇♦ q✉❛♥t✐t❛t✐✈❡ ❡①♣❡r✐♠❡♥ts✳

❋✐rst✱ ✐♥ ❋✐❣✉r❡ ✹ ✇❡ ❞❡♣✐❝t t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❝❛♥♦♥✐❝❛❧ t❛① r❡❢♦r♠s ♦♥ t❤❡ ❡❛r♥✐♥❣s

s❝❤❡❞✉❧❡ ♦❢ ❛ ✇♦r❦❡r ✇✐t❤ ♠❡❛♥ ❛❜✐❧✐t② ❛♥❞ ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡

❝♦♥s✐❞❡r ❛ ✩✶✵✵ ✐♥❝r❡❛s❡ ✐♥ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r ❛s ✇❡❧❧ ❛s ❛ ✶ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ✐♥❝r❡❛s❡

✐♥ ♠❛r❣✐♥❛❧ t❛① r❛t❡s ♦✈❡r ❛ ✈❛r②✐♥❣ r❛♥❣❡ ♦❢ ❡❛r♥✐♥❣s✱ ♥❛♠❡❧②✱ ❢♦r ❛❧❧ ❡❛r♥✐♥❣s✱ ❢♦r t❤❡

t♦♣ ✺✵✪ ❡❛r♥✐♥❣s✱ ❛♥❞ ❢♦r t❤❡ t♦♣ ✶✵✪ ❡❛r♥✐♥❣s✳ ❖✉r r♦❜✉st ✜♥❞✐♥❣ ✐s t❤❛t ❛❧t❤♦✉❣❤

t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✭❞❛s❤❡❞ ❜❧❛❝❦ ❝✉r✈❡s✮ ❝♦♥tr✐❜✉t❡s t♦ ❤✐❣❤❡r ❡❛r♥✐♥❣s r✐s❦✱

✐t ✐s ♠♦st❧② ♦✛s❡t ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✭❞❛s❤❡❞✲❞♦tt❡❞ ❜❧✉❡ ❝✉r✈❡s✮✳ ■♥ t❤❡

❝❛s❡ ♦❢ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ♦✛s❡ts ♠♦r❡ t❤❛♥

✺✵✪ ♦❢ t❤❡ ✐♠♣❛❝t ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ♦♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣✲❡❛r♥✐♥❣s✳ ❋♦r ❛ ✉♥✐❢♦r♠

✐♥❝r❡❛s❡ ✐♥ ♠❛r❣✐♥❛❧ t❛① r❛t❡s✱ t❤❡ ♦✛s❡t ✐s ♠♦r❡ t❤❛♥ ✾✵✪✳ ❲❤❡♥ ♠❛r❣✐♥❛❧ t❛①

r❛t❡s ❛r❡ ✐♥❝r❡❛s❡❞ ♦♥❧② ❢♦r ❤✐❣❤❡st ✐♥❝♦♠❡s✱ t❤❡ ♦✛s❡t r❛t❡ ❡✈❡♥ ❡①❝❡❡❞s ✶✵✵✪✿ t❤❡

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❛♥❞ t❤❡ ❡❛r♥✐♥❣s r✐s❦ ❢❛❧❧s ♦♥

♥❡t✳ ❚♦ ✉♥❞❡rst❛♥❞ ✇❤② t❤❡ ♦✛s❡t r❛t❡ ❝❛♥ ❜❡ s♦ ❤✐❣❤✱ r❡❝❛❧❧ t❤❛t t❛① r❡❢♦r♠s ✇❤✐❝❤

✐♥❝r❡❛s❡ ♣r♦❣r❡ss✐✈✐t② ❣❡♥❡r❛t❡ ❧❛r❣❡r ❡✛♦rt r❡s♣♦♥s❡s ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs

t❤❛♥ r❡❢♦r♠s ✇❤✐❝❤ s♣r❡❛❞ t❤❡ s❛♠❡ t❛① ❜✉r❞❡♥ ✐♥ ❛ ♠♦r❡ ✉♥✐❢♦r♠ ♠❛♥♥❡r ✕ s❡❡

▲❡♠♠❛s ✶ ❛♥❞ ✷ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ❞✐s❝✉ss✐♦♥s✳ ■♥❝r❡❛s✐♥❣ ♠❛r❣✐♥❛❧ t❛① r❛t❡s ♦✈❡r

❛ s♠❛❧❧❡r r❛♥❣❡ ♦❢ ❤✐❣❤ ♣♦t❡♥t✐❛❧ ❡❛r♥✐♥❣s ✕ ❛ ♣r♦❣r❡ss✐✈❡ t❛① r❡❢♦r♠ ✕ ❣❡♥❡r❛t❡s ❛

r❡❧❛t✐✈❡❧② ❧❛r❣❡r ❡✛♦rt r❡s♣♦♥s❡ ❛♥❞✱ ❤❡♥❝❡✱ ❛ ♠♦r❡ s✉❜st❛♥t✐❛❧ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t

✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t✳

❙❡❝♦♥❞✱ ✐♥ ❋✐❣✉r❡ ✺✱ r❛t❤❡r t❤❛♥ ❢♦❝✉s✐♥❣ ♦♥ ❛ s✐♥❣❧❡ ❡❛r♥✐♥❣s ❝♦♥tr❛❝t ❛s ✐♥

t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✇❡ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t♦♣ ♠❛r❣✐♥❛❧

t❛① r❛t❡ ✐♥ ♦✉r ❝❛❧✐❜r❛t❡❞ ❡❝♦♥♦♠② ✇✐t❤ ✇♦r❦❡rs t❤❛t ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ ❡①✲❛♥t❡

❛❜✐❧✐t②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✶ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ t❛①

r❛t❡ ❢❛❝❡❞ ❜② t❤❡ t♦♣ ✶✪ ✐♥❝♦♠❡ ❡❛r♥❡rs✱ t❤❛t ✐s✱ ❛❜♦✈❡ ✩✹✹✶✱✵✵✵ ✐♥ ✷✵✵✼ ❞♦❧❧❛rs✳ ❚❤✐s

❤②♣♦t❤❡t✐❝❛❧ t♦♣ t❛① ❜r❛❝❦❡t ✐s ❞❡♣✐❝t❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ❧❡❢t ♣❛♥❡❧✳

❚❤❡ ❧❡❢t ✭r❡s♣✳✱ r✐❣❤t✮ ♣❛♥❡❧ ❣✐✈❡s t❤❡ r❡s✉❧ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠❡❛♥ ❡❛r♥✐♥❣s ✭r❡s♣✳✱

♠❡❛♥ ❡❛r♥✐♥❣s ♣❡r❝❡♥t✐❧❡✮✳ ❚❤✐s r❡❢♦r♠ ❧❡❛❞s t♦ ❛ ❞✐r❡❝t ❝r♦✇❞✲♦✉t ✇❤✐❝❤✱ ❝❡t❡r✐s

♣❛r✐❜✉s✱ ✐♥❝r❡❛s❡s t❤❡ ❡❛r♥✐♥❣s r✐s❦ ❢♦r ❛❧❧ ✇♦r❦❡rs ✐♥ t❤❡ t♦♣ ✺✪ ♦❢ ♠❡❛♥ ❡❛r♥✐♥❣s✱

♣❛rt✐❝✉❧❛r❧② s♦ ✐♥ t❤❡ t♦♣ ✶✪✳ ❚❤✐s ❝r♦✇❞✐♥❣✲♦✉t ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛s❤❡❞ ❜❧❛❝❦

✷✽❚❤❡ ♦♥❧② ❞✐✣❝✉❧t② ❝♦♥s✐sts ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❡✛♦rt ❝❤❛♥❣❡ â (θ) ✐♥ r❡s♣♦♥s❡ t♦ t❤❡s❡ r❡❢♦r♠s✳
❲❡ ❞♦ s♦ ❜② s♦❧✈✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✼✮ ♥✉♠❡r✐❝❛❧❧②✳
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◆♦t❡✿ ❚❛① ✐♥❝✐❞❡♥❝❡ ❝♦♠♣✉t❡❞ ❢♦r ❛ ✇♦r❦❡r ✇✐t❤ ♠❡❛♥ ♣r♦❞✉❝t✐✈✐t②✳ P❛♥❡❧ ✭❛✮ ❞❡♣✐❝ts ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❧✉♠♣✲s✉♠

tr❛♥s❢❡r ❜② ✩✶✵✵ ✭✐♥ ✷✵✵✼ ❞♦❧❧❛rs✮✳ P❛♥❡❧s ✭❜✲❞✮ ❞❡♣✐❝t ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ t❛① r❛t❡ ❜② ✶ ♣♣ ❢♦r ❛❧❧ ❡❛r♥✐♥❣s✱

❢♦r t❤❡ t♦♣ ✺✵✪ ❡❛r♥✐♥❣s ❛♥❞ ❢♦r t❤❡ t♦♣ ✶✵✪ ❡❛r♥✐♥❣s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ♦✛s❡ts t❤❡ ✐♠♣❛❝t

♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ♦♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❧♦❣ ❡❛r♥✐♥❣s ❜② ✺✷✪ ✭❛✮✱ ✾✷✪ ✭❜✮✱ ✶✸✻✪ ✭❝✮ ❛♥❞ ✸✶✹✪ ✭❞✮✳
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◆♦t❡✿ ▲♦❣✲❡❛r♥✐♥❣s r✐s❦ ✐s ♠❡❛s✉r❡❞ ❜② V ar(log(w(θ, η) | θ)✳ ❚❤❡ ✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡ ✐♥ t❤❡ ❧❡❢t ♣❛♥❡❧ ✐♥❞✐❝❛t❡s t❤❡

❤②♣♦t❤❡t✐❝❛❧ t♦♣ t❛① ❜r❛❝❦❡t t❤r❡s❤♦❧❞✳

❝✉r✈❡s ✐♥ ❜♦t❤ ♣❛♥❡❧s✳ ❍♦✇❡✈❡r✱ t❤❡ r❡s✉❧ts ❝❤❛♥❣❡ ❞r❛♠❛t✐❝❛❧❧② ✇❤❡♥ ✇❡ t❛❦❡ ✐♥t♦

❛❝❝♦✉♥t ❧❛❜♦r ❡✛♦rt r❡s♣♦♥s❡s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ♠♦r❡ t❤❛♥ ♦✛s❡ts t❤❡

❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❡✈❡r②✇❤❡r❡ ❛♣❛rt ❢r♦♠ t❤❡ ✈❡r② t♦♣ ❡❛r♥❡rs✱ ❧❡❛❞✐♥❣ t♦ ❛ ❧♦✇❡r

❡❛r♥✐♥❣s r✐s❦ ❢♦r ❛❧❧ ✇♦r❦❡rs ❜❡❧♦✇ ✾✾✳✺ ♣❡r❝❡♥t✐❧❡✳ ❖♥❧② t❤❡ ✈❡r② t♦♣ ✵✳✺✪ ❡①♣❡r✐❡♥❝❡

❛♥② ♥❡t ❝r♦✇❞✐♥❣✲♦✉t✱ ❜✉t ❡✈❡♥ ❢♦r t❤❡♠ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ♦✛s❡ts ♠♦r❡ t❤❛♥

✼✵✪ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r❡✲t❛① ❡❛r♥✐♥❣s r✐s❦✳

❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ s❡t ✉♣ ❛♥❞ ❛♥❛❧②③❡❞ ❛ tr❛❝t❛❜❧❡ ❡♥✈✐r♦♥♠❡♥t ✐♥ ✇❤✐❝❤ ✜r♠s ♣r♦✈✐❞❡ ✇♦r❦✲

❡rs ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st st♦❝❤❛st✐❝ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ✐♥ t❤❡

❢❛❝❡ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ❢r✐❝t✐♦♥s✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ✉s❡s t❤❡ t❛①✲❛♥❞✲tr❛♥s❢❡r s②st❡♠ t♦

r❡❞✐str✐❜✉t❡ ✐♥❝♦♠❡ ❛❝r♦ss ✇♦r❦❡rs ✇❤♦ ❞✐✛❡r ✐♥ ✉♥✐♥s✉r❛❜❧❡ ✐♥♥❛t❡ ❛❜✐❧✐t②✳ ❚❤❡ ❦❡②

❢❡❛t✉r❡ ♦❢ ♦✉r ♠♦❞❡❧ ✐s t❤❛t ❡❛r♥✐♥❣s r✐s❦ ✐s ❡♥❞♦❣❡♥♦✉s ❛♥❞ ❤❛s ❛ ♣r♦❞✉❝t✐✈❡ r♦❧❡✳

❚❤❡ ♠❛✐♥ ❛♥❞ s✉r♣r✐s✐♥❣ ❝♦♥❝❧✉s✐♦♥ ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s t❤❛t st❛♥❞❛r❞ ♠♦❞❡❧s t❤❛t ✐❣✲

♥♦r❡ t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ ✇❛❣❡✲r❛t❡ r✐s❦ ❛❝t✉❛❧❧② ❝♦♠❡ ✈❡r② ❝❧♦s❡ t♦ ❡✈❛❧✉❛t✐♥❣ t❤❡

✐♥❝✐❞❡♥❝❡ ♦❢ t❛①❡s ♦♥ ❡❛r♥✐♥❣s ❝♦♥tr❛❝t✱ ❛s ✇❡❧❧ ❛s t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ t❛① ♣r♦❣r❡s✲

s✐✈✐t②✳ ❯♥❞❡r❧②✐♥❣ t❤✐s r❡s✉❧t ❛r❡ t✇♦ ❝♦✉♥t❡r✈❛✐❧✐♥❣ ❢♦r❝❡s ❛t ♣❧❛② ✕ ❛ ❝r♦✇❞✐♥❣✲♦✉t

❛♥❞ ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✕ ✇❤✐❝❤ ♣r❡✈❡♥t t❛①❡s ❢r♦♠ ❤❛✈✐♥❣ ❛ ❧❛r❣❡ ✐♠♣❛❝t ♦♥

t❤❡ str✉❝t✉r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲❜❛s❡❞ ❝♦♠♣❡♥s❛t✐♦♥✳

■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❡①t❡♥❞ ♦✉r ❛♥❛❧②s✐s ✐♥ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s✳ ❋✐rst✱ ✇❡ ♦♥❧②

❝♦♥s✐❞❡r❡❞ t❤❡ ✐♠♣❛❝t ♦❢ t❛①❡s ♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ❢♦r ❛❧r❡❛❞② ❡①✐st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❥♦❜s✳ ❖♥❡ ❝♦✉❧❞ ❛❧s♦ ♠♦❞❡❧ t❤❡ ✐♥❝❡♥t✐✈❡s ❢♦r ✜r♠s t♦ ❝r❡❛t❡ s✉❝❤ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

✹✾



❥♦❜s ✭r❛t❤❡r t❤❛♥ ✏♥♦r♠❛❧✑ ❥♦❜s✮ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✱ ❛♥❞ st✉❞② t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❛①

r❡❢♦r♠s ♦♥ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ s✇✐t❝❤✐♥❣ ❢r♦♠ ♦♥❡ t②♣❡ ♦❢ ❥♦❜ t♦ ❛♥♦t❤❡r✳ ❙❡❝✲

♦♥❞✱ ✐♥ ♦✉r ♠♦❞❡❧✱ ♣r✐✈❛t❡ ♠❛r❦❡ts ❛r❡ ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥t ❛♥❞ ♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❣❛✈❡ ♣r✐✈❛t❡ ♠❛r❦❡ts t❤❡✐r ✏❜❡st ❝❤❛♥❝❡✑ ✐♥ ♠❛❦✐♥❣ ❣♦✈❡r♥♠❡♥t

♣♦❧✐❝② r❡❞✉♥❞❛♥t✳ ■♥tr♦❞✉❝✐♥❣ ❢r✐❝t✐♦♥s s✉❝❤ ❛s ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥ ♣r✐✈❛t❡ ♠❛r❦❡ts ✕

✇❤❡r❡❜② ✜r♠s ❝❛♥♥♦t ♣❡r❢❡❝t❧② ♦❜s❡r✈❡ ❛ ✇♦r❦❡r✬s ✐♥♥❛t❡ ❛❜✐❧✐t② ✕ ❛♥❞ ♠❛r❦❡t ♣♦✇❡r

❛r❡ ♥❛t✉r❛❧ ♥❡①t st❡♣s✳ ❚❤✐r❞✱ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ❞❡❧✐✈❡rs ♣r❡❞✐❝t✐♦♥s r❡❣❛r❞✐♥❣

t❤❡ ✐♠♣❛❝t ♦❢ ✈❛r✐♦✉s t②♣❡s ♦❢ t❛① r❡❢♦r♠s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ✐♥❝❡♥t✐✈❡✲❜❛s❡❞ ❝♦♠✲

♣❡♥s❛t✐♦♥ ✈✐❛ ❝♦✉♥t❡r❛❝t✐♥❣ ❝r♦✇❞✐♥❣✲♦✉t ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝ts✳ ❚❡st✐♥❣ t❤❡s❡

♣r❡❞✐❝t✐♦♥s ❡♠♣✐r✐❝❛❧❧② s❤♦✉❧❞ ❜❡ ♣❛rt✐❝✉❧❛r❧② ❢r✉✐t❢✉❧✳

✺✵



❘❡❢❡r❡♥❝❡s

➪❜r❛❤á♠✱ ➪✳✱ ❋✳ ❆❧✈❛r❡③✲P❛rr❛✱ ❛♥❞ ❙✳ ❋♦rst♥❡r ✭✷✵✶✻❛✮✿ ✏❚❤❡ ❡✛❡❝ts ♦❢

♠♦r❛❧ ❤❛③❛r❞ ♦♥ ✇❛❣❡ ✐♥❡q✉❛❧✐t② ✐♥ ❛ ❢r✐❝t✐♦♥❛❧ ❧❛❜♦r ♠❛r❦❡t✱✑ ❯♥♣✉❜❧✐s❤❡❞ ✇♦r❦✐♥❣

♣❛♣❡r✳

➪❜r❛❤á♠✱ ➪✳✱ ❙✳ ❑♦❡❤♥❡✱ ❛♥❞ ◆✳ P❛✈♦♥✐ ✭✷✵✶✻❜✮✿ ✏❖♣t✐♠❛❧ ✐♥❝♦♠❡ t❛①❛t✐♦♥

✇❤❡♥ ❛ss❡t t❛①❛t✐♦♥ ✐s ❧✐♠✐t❡❞✱✑ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s✱ ✶✸✻✱ ✶✹✕✷✾✳

❆❧❡s✱ ▲✳✱ ❆✳ ❆✳ ❇❡❧❧♦❢❛tt♦✱ ❛♥❞ ❏✳ ❏✳ ❲❛♥❣ ✭✷✵✶✼✮✿ ✏❚❛①✐♥❣ ❆t❧❛s✿ ❊①❡❝✉t✐✈❡

❝♦♠♣❡♥s❛t✐♦♥✱ ✜r♠ s✐③❡✱ ❛♥❞ t❤❡✐r ✐♠♣❛❝t ♦♥ ♦♣t✐♠❛❧ t♦♣ ✐♥❝♦♠❡ t❛① r❛t❡s✱✑ ❘❡✈✐❡✇

♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ✷✻✱ ✻✷✕✾✵✳

❆❧❡s✱ ▲✳✱ ▼✳ ❑✉r♥❛③✱ ❛♥❞ ❈✳ ❙❧❡❡t ✭✷✵✶✺✮✿ ✏❚❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡✱ ✇❛❣❡ ✐♥❡q✉❛❧✐t②✱

❛♥❞ t❛①❡s✱✑ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✺✱ ✸✵✻✶✕✸✶✵✶✳

❆❧❡s✱ ▲✳ ❛♥❞ ❈✳ ❙❧❡❡t ✭✷✵✶✻✮✿ ✏❚❛①✐♥❣ t♦♣ ❈❊❖ ✐♥❝♦♠❡s✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇✱ ✶✵✻✱ ✸✸✸✶✕✻✻✳

❆tt❛♥❛s✐♦✱ ❖✳ ❛♥❞ ❏✳✲❱✳ ❘✙♦s✲❘✉❧❧ ✭✷✵✵✵✮✿ ✏❈♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣ ✐♥ ✐s❧❛♥❞

❡❝♦♥♦♠✐❡s✿ ❈❛♥ ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡ r❡❞✉❝❡ ✇❡❧❢❛r❡❄✑ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✹✹✱

✶✷✷✺✕✶✷✺✽✳

❇❛♥❞✐❡r❛✱ ❖✳✱ ■✳ ❇❛r❛♥❦❛②✱ ❛♥❞ ■✳ ❘❛s✉❧ ✭✷✵✶✶✮✿ ✏❋✐❡❧❞ ❡①♣❡r✐♠❡♥ts ✇✐t❤

✜r♠s✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ✷✺✱ ✻✸✕✽✷✳

❇❡❧❧✱ ❇✳ ❛♥❞ ❏✳ ❱❛♥ ❘❡❡♥❡♥ ✭✷✵✶✹✮✿ ✏❇❛♥❦❡rs ❛♥❞ t❤❡✐r ❜♦♥✉s❡s✱✑ ❚❤❡ ❊❝♦♥♦♠✐❝

❏♦✉r♥❛❧✱ ✶✷✹✱ ❋✶✕❋✷✶✳

❇✐r❞✱ ❆✳ ✭✷✵✶✽✮✿ ✏❚❛①❛t✐♦♥ ❛♥❞ ❡①❡❝✉t✐✈❡ ❝♦♠♣❡♥s❛t✐♦♥✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ st♦❝❦ ♦♣✲

t✐♦♥s✱✑ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✷✼✱ ✷✽✺✕✸✵✷✳

❇❧♦♠q✈✐st✱ ➴✳ ❛♥❞ ❍✳ ❍♦r♥ ✭✶✾✽✹✮✿ ✏P✉❜❧✐❝ ❤❡❛❧t❤ ✐♥s✉r❛♥❝❡ ❛♥❞ ♦♣t✐♠❛❧ ✐♥❝♦♠❡

t❛①❛t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s✱ ✷✹✱ ✸✺✸✕✸✼✶✳

❇❧♦♦♠✱ ◆✳ ❛♥❞ ❏✳ ❱❛♥ ❘❡❡♥❡♥ ✭✷✵✶✵✮✿ ✏❲❤② ❞♦ ♠❛♥❛❣❡♠❡♥t ♣r❛❝t✐❝❡s ❞✐✛❡r

❛❝r♦ss ✜r♠s ❛♥❞ ❝♦✉♥tr✐❡s❄✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ✷✹✱ ✷✵✸✕✷✹✳

❈❛rr♦❧❧✱ ●✳ ❛♥❞ ❉✳ ▼❡♥❣ ✭✷✵✶✻✮✿ ✏❘♦❜✉st ❝♦♥tr❛❝t✐♥❣ ✇✐t❤ ❛❞❞✐t✐✈❡ ♥♦✐s❡✱✑

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✻✻✱ ✺✽✻✕✻✵✹✳
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❈❤❛♥❣✱ ❨✳ ❛♥❞ ❨✳ P❛r❦ ✭✷✵✶✼✮✿ ✏❖♣t✐♠❛❧ ❚❛①❛t✐♦♥ ✇✐t❤ Pr✐✈❛t❡ ■♥s✉r❛♥❝❡✱✑

❘♦❝❤❡st❡r ❈❡♥t❡r ❢♦r ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤ ❲♦r❦✐♥❣ P❛♣❡r✳

❈❤❡tt②✱ ❘✳ ✭✷✵✵✾✮✿ ✏❙✉✣❝✐❡♥t ❙t❛t✐st✐❝s ❢♦r ❲❡❧❢❛r❡ ❆♥❛❧②s✐s✿ ❆ ❇r✐❞❣❡ ❇❡t✇❡❡♥

❙tr✉❝t✉r❛❧ ❛♥❞ ❘❡❞✉❝❡❞✲❋♦r♠ ▼❡t❤♦❞s✱✑ ❆♥♥✉❛❧ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✱ ✹✺✶✕✹✽✽✳

✖✖✖ ✭✷✵✶✷✮✿ ✏❇♦✉♥❞s ♦♥ ❡❧❛st✐❝✐t✐❡s ✇✐t❤ ♦♣t✐♠✐③❛t✐♦♥ ❢r✐❝t✐♦♥s✿ ❆ s②♥t❤❡s✐s ♦❢

♠✐❝r♦ ❛♥❞ ♠❛❝r♦ ❡✈✐❞❡♥❝❡ ♦♥ ❧❛❜♦r s✉♣♣❧②✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✽✵✱ ✾✻✾✕✶✵✶✽✳

❈❤❡tt②✱ ❘✳ ❛♥❞ ❊✳ ❙❛❡③ ✭✷✵✶✵✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ❛♥❞ s♦❝✐❛❧ ✐♥s✉r❛♥❝❡ ✇✐t❤

❡♥❞♦❣❡♥♦✉s ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ❊❝♦♥♦♠✐❝ P♦❧✐❝②✱ ✷✱

✽✺✕✶✶✹✳

❈♦❧♦♠❜✐✱ ❘✳ ✭✶✾✾✵✮✿ ✏❆ ♥❡✇ ♠♦❞❡❧ ♦❢ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✿ ❚❤❡ ♣❛r❡t♦✲❧♦❣♥♦r♠❛❧

❞✐str✐❜✉t✐♦♥✱✑ ✐♥ ■♥❝♦♠❡ ❛♥❞ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥✱ ✐♥❡q✉❛❧✐t② ❛♥❞ ♣♦✈❡rt②✱ ❙♣r✐♥❣❡r✱

✶✽✕✸✷✳

❈r❡♠❡r✱ ❍✳ ❛♥❞ P✳ P❡st✐❡❛✉ ✭✶✾✾✻✮✿ ✏❘❡❞✐str✐❜✉t✐✈❡ t❛①❛t✐♦♥ ❛♥❞ s♦❝✐❛❧ ✐♥s✉r✲

❛♥❝❡✱✑ ■♥t❡r♥❛t✐♦♥❛❧ ❚❛① ❛♥❞ P✉❜❧✐❝ ❋✐♥❛♥❝❡✱ ✸✱ ✷✽✶✕✷✾✺✳

❈✉❧❧❡♥✱ ❏✳ ❇✳ ❛♥❞ ❏✳ ●r✉❜❡r ✭✷✵✵✵✮✿ ✏❉♦❡s ✉♥❡♠♣❧♦②♠❡♥t ✐♥s✉r❛♥❝❡ ❝r♦✇❞ ♦✉t

s♣♦✉s❛❧ ❧❛❜♦r s✉♣♣❧②❄✑ ❏♦✉r♥❛❧ ♦❢ ▲❛❜♦r ❊❝♦♥♦♠✐❝s✱ ✶✽✱ ✺✹✻✕✺✼✷✳

❈✉t❧❡r✱ ❉✳ ▼✳ ❛♥❞ ❏✳ ●r✉❜❡r ✭✶✾✾✻❛✮✿ ✏❉♦❡s ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡ ❝r♦✇❞ ♦✉t ♣r✐✈❛t❡

✐♥s✉r❛♥❝❡❄✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✶✶✱ ✸✾✶✕✹✸✵✳

✖✖✖ ✭✶✾✾✻❜✮✿ ✏❚❤❡ ❡✛❡❝t ♦❢ ▼❡❞✐❝❛✐❞ ❡①♣❛♥s✐♦♥s ♦♥ ♣✉❜❧✐❝ ✐♥s✉r❛♥❝❡✱ ♣r✐✈❛t❡ ✐♥✲

s✉r❛♥❝❡✱ ❛♥❞ r❡❞✐str✐❜✉t✐♦♥✱✑ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✽✻✱ ✸✼✽✕✸✽✸✳

❉❛❧❡✲❖❧s❡♥✱ ❍✳ ✭✷✵✶✷✮✿ ✏❉♦ ❚❛① ❘❡❢♦r♠s ❆✛❡❝t ❋✐r♠ P❡r❢♦r♠❛♥❝❡ ❛♥❞ ❊①❡❝✉t✐✈❡

❘❡♠✉♥❡r❛t✐♦♥❄ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❛ ❈♦♠♣r❡ss❡❞ ❲❛❣❡ ❊♥✈✐r♦♥♠❡♥t✱✑ ❊❝♦♥♦♠✐❝❛✱ ✼✾✱

✹✾✸✕✺✶✺✳

❉♦❧✐❣❛❧s❦✐✱ P✳ ✭✷✵✶✾✮✿ ✏❖♣t✐♠❛❧ ■♥❝♦♠❡ ❚❛①❛t✐♦♥ ❛♥❞ ❈♦♠♠✐t♠❡♥t ♦♥ t❤❡ ▲❛❜♦r

▼❛r❦❡t✱✑ ❲♦r❦✐♥❣ P❛♣❡r✳

❊❞♠❛♥s✱ ❆✳ ❛♥❞ ❳✳ ●❛❜❛✐① ✭✷✵✶✶✮✿ ✏❚r❛❝t❛❜✐❧✐t② ✐♥ ✐♥❝❡♥t✐✈❡ ❝♦♥tr❛❝t✐♥❣✱✑ ❚❤❡

❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s✱ ✷✹✱ ✷✽✻✺✕✷✽✾✹✳

✺✷



✖✖✖ ✭✷✵✶✻✮✿ ✏❊①❡❝✉t✐✈❡ ❝♦♠♣❡♥s❛t✐♦♥✿ ❆ ♠♦❞❡r♥ ♣r✐♠❡r✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝

▲✐t❡r❛t✉r❡✱ ✺✹✱ ✶✷✸✷✕✽✼✳

❊❞♠❛♥s✱ ❆✳✱ ❳✳ ●❛❜❛✐①✱ ❛♥❞ ❉✳ ❏❡♥t❡r ✭✷✵✶✼✮✿ ✏❊①❡❝✉t✐✈❡ ❝♦♠♣❡♥s❛t✐♦♥✿ ❆

s✉r✈❡② ♦❢ t❤❡♦r② ❛♥❞ ❡✈✐❞❡♥❝❡✱✑ ✐♥ ❚❤❡ ❍❛♥❞❜♦♦❦ ♦❢ t❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❈♦r♣♦r❛t❡

●♦✈❡r♥❛♥❝❡✱ ❊❧s❡✈✐❡r✱ ✈♦❧✳ ✶✱ ✸✽✸✕✺✸✾✳

❊❞♠❛♥s✱ ❆✳✱ ❳✳ ●❛❜❛✐①✱ ❚✳ ❙❛❞③✐❦✱ ❛♥❞ ❨✳ ❙❛♥♥✐❦♦✈ ✭✷✵✶✷✮✿ ✏❉②♥❛♠✐❝ ❈❊❖

❝♦♠♣❡♥s❛t✐♦♥✱✑ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✻✼✱ ✶✻✵✸✕✶✻✹✼✳

❋❛r❤✐✱ ❊✳ ❛♥❞ ■✳ ❲❡r♥✐♥❣ ✭✷✵✶✸✮✿ ✏■♥s✉r❛♥❝❡ ❛♥❞ t❛①❛t✐♦♥ ♦✈❡r t❤❡ ❧✐❢❡ ❝②❝❧❡✱✑

❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✽✵✱ ✺✾✻✕✻✸✺✳

❋✐♥❞❡✐s❡♥✱ ❙✳ ❛♥❞ ❉✳ ❙❛❝❤s ✭✷✵✶✻✮✿ ✏❊❞✉❝❛t✐♦♥ ❛♥❞ ♦♣t✐♠❛❧ ❞②♥❛♠✐❝ t❛①❛t✐♦♥✿

❚❤❡ r♦❧❡ ♦❢ ✐♥❝♦♠❡✲❝♦♥t✐♥❣❡♥t st✉❞❡♥t ❧♦❛♥s✱✑ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s✱ ✶✸✽✱

✶✕✷✶✳

❋♦st❡r✱ ❆✳ ❉✳ ❛♥❞ ▼✳ ❘✳ ❘♦s❡♥③✇❡✐❣ ✭✶✾✾✹✮✿ ✏❆ t❡st ❢♦r ♠♦r❛❧ ❤❛③❛r❞ ✐♥ t❤❡

❧❛❜♦r ♠❛r❦❡t✿ ❈♦♥tr❛❝t✉❛❧ ❛rr❛♥❣❡♠❡♥ts✱ ❡✛♦rt✱ ❛♥❞ ❤❡❛❧t❤✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦✲

♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✷✶✸✕✷✷✼✳

❋r✐❡❞r✐❝❤✱ ❇✳✱ ▲✳ ▲❛✉♥✱ ❈✳ ▼❡❣❤✐r✱ ❛♥❞ ▲✳ P✐st❛❢❡rr✐ ✭✷✵✶✾✮✿ ✏❊❛r♥✐♥❣s ❞②✲

♥❛♠✐❝s ❛♥❞ ✜r♠✲❧❡✈❡❧ s❤♦❝❦s✱✑ ❚❡❝❤✳ r❡♣✳✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

❋r②❞♠❛♥✱ ❈✳ ❛♥❞ ❉✳ ❏❡♥t❡r ✭✷✵✶✵✮✿ ✏❈❊❖ ❝♦♠♣❡♥s❛t✐♦♥✱✑ ❆♥♥✉❛❧ ❘❡✈✐❡✇ ♦❢

❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✷✱ ✼✺✕✶✵✷✳

❋r②❞♠❛♥✱ ❈✳ ❛♥❞ ❘✳ ❙✳ ▼♦❧❧♦② ✭✷✵✶✶✮✿ ✏❉♦❡s t❛① ♣♦❧✐❝② ❛✛❡❝t ❡①❡❝✉t✐✈❡ ❝♦♠✲

♣❡♥s❛t✐♦♥❄ ❊✈✐❞❡♥❝❡ ❢r♦♠ ♣♦st✇❛r t❛① r❡❢♦r♠s✱✑ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s✱ ✾✺✱

✶✹✷✺✕✶✹✸✼✳

●❛rr❡tt✱ ❉✳ ❋✳ ❛♥❞ ❆✳ P❛✈❛♥ ✭✷✵✶✺✮✿ ✏❉②♥❛♠✐❝ ♠❛♥❛❣❡r✐❛❧ ❝♦♠♣❡♥s❛t✐♦♥✿ ❆

✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✺✾✱ ✼✼✺✕✽✶✽✳

●♦❧♦s♦✈✱ ▼✳✱ ◆✳ ❑♦❝❤❡r❧❛❦♦t❛✱ ❛♥❞ ❆✳ ❚s②✈✐♥s❦✐ ✭✷✵✵✸✮✿ ✏❖♣t✐♠❛❧ ■♥❞✐r❡❝t

❛♥❞ ❈❛♣✐t❛❧ ❚❛①❛t✐♦♥✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✼✵✱ ✺✻✾✕✺✽✼✳

●♦❧♦s♦✈✱ ▼✳✱ ▼✳ ❚r♦s❤❦✐♥✱ ❛♥❞ ❆✳ ❚s②✈✐♥s❦✐ ✭✷✵✶✻✮✿ ✏❘❡❞✐str✐❜✉t✐♦♥ ❛♥❞

s♦❝✐❛❧ ✐♥s✉r❛♥❝❡✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✻✱ ✸✺✾✕✽✻✳

✺✸



●♦❧♦s♦✈✱ ▼✳ ❛♥❞ ❆✳ ❚s②✈✐♥s❦✐ ✭✷✵✵✼✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✐♥✲

s✉r❛♥❝❡ ♠❛r❦❡ts✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✷✱ ✹✽✼✕✺✸✹✳

●r✐❣s❜②✱ ❏✳✱ ❊✳ ❍✉rst✱ ❛♥❞ ❆✳ ❨✐❧❞✐r♠❛③ ✭✷✵✶✾✮✿ ✏❆❣❣r❡❣❛t❡ ♥♦♠✐♥❛❧ ✇❛❣❡

❛❞❥✉st♠❡♥ts✿ ◆❡✇ ❡✈✐❞❡♥❝❡ ❢r♦♠ ❛❞♠✐♥✐str❛t✐✈❡ ♣❛②r♦❧❧ ❞❛t❛✱✑ ❚❡❝❤✳ r❡♣✳✱ ◆❛t✐♦♥❛❧

❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

●✉✐s♦✱ ▲✳✱ ▲✳ P✐st❛❢❡rr✐✱ ❛♥❞ ❋✳ ❙❝❤✐✈❛r❞✐ ✭✷✵✵✺✮✿ ✏■♥s✉r❛♥❝❡ ✇✐t❤✐♥ t❤❡ ✜r♠✱✑

❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✶✸✱ ✶✵✺✹✕✶✵✽✼✳

❍❡❛t❤❝♦t❡✱ ❏✳✱ ❑✳ ❙t♦r❡s❧❡tt❡♥✱ ❛♥❞ ●✳ ▲✳ ❱✐♦❧❛♥t❡ ✭✷✵✶✼✮✿ ✏❖♣t✐♠❛❧ t❛①

♣r♦❣r❡ss✐✈✐t②✿ ❆♥ ❛♥❛❧②t✐❝❛❧ ❢r❛♠❡✇♦r❦✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✸✷✱

✶✻✾✸✕✶✼✺✹✳

❍❡❛t❤❝♦t❡✱ ❏✳ ❛♥❞ ❍✳ ❚s✉❥✐②❛♠❛ ✭✷✵✶✾✮✿ ✏❖♣t✐♠❛❧ ■♥❝♦♠❡ ❚❛①❛t✐♦♥✿ ▼✐rr❧❡❡s

▼❡❡ts ❘❛♠s❡②✱✑ ❲♦r❦✐♥❣ P❛♣❡r✳

❍❡♥❞r❡♥✱ ◆✳ ✭✷✵✶✺✮✿ ✏❚❤❡ P♦❧✐❝② ❊❧❛st✐❝✐t②✱✑ ✐♥ ❚❛① P♦❧✐❝② ❛♥❞ t❤❡ ❊❝♦♥♦♠②✱ ❱♦❧✲

✉♠❡ ✸✵✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✳

❍♦❧♠str♦♠✱ ❇✳ ❛♥❞ P✳ ▼✐❧❣r♦♠ ✭✶✾✽✼✮✿ ✏❆❣❣r❡❣❛t✐♦♥ ❛♥❞ ❧✐♥❡❛r✐t② ✐♥ t❤❡ ♣r♦✲

✈✐s✐♦♥ ♦❢ ✐♥t❡rt❡♠♣♦r❛❧ ✐♥❝❡♥t✐✈❡s✱✑ ❊❝♦♥♦♠❡tr✐❝❛✿ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦✲

❝✐❡t②✱ ✸✵✸✕✸✷✽✳

❍✉♥❣❡r❜ü❤❧❡r✱ ▼✳✱ ❊✳ ▲❡❤♠❛♥♥✱ ❆✳ P❛r♠❡♥t✐❡r✱ ❛♥❞ ❇✳ ❱❛♥ ❞❡r ▲✐♥❞❡♥

✭✷✵✵✻✮✿ ✏❖♣t✐♠❛❧ r❡❞✐str✐❜✉t✐✈❡ t❛①❛t✐♦♥ ✐♥ ❛ s❡❛r❝❤ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧✱✑ ❚❤❡ ❘❡✲

✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✼✸✱ ✼✹✸✕✼✻✼✳

❑❛♣✐❝❦❛✱ ▼✳ ❛♥❞ ❏✳ ◆❡✐r❛ ✭✷✵✶✸✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ✐♥ ❛ ❧✐❢❡✲❝②❝❧❡ ❡❝♦♥♦♠②

✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❤✉♠❛♥ ❝❛♣✐t❛❧ ❢♦r♠❛t✐♦♥✱✑ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❙❛♥t❛ ❇❛r❜❛r❛

❲P✳

❑❛♣❧♦✇✱ ▲✳ ✭✶✾✾✶✮✿ ✏■♥❝❡♥t✐✈❡s ❛♥❞ ❣♦✈❡r♥♠❡♥t r❡❧✐❡❢ ❢♦r r✐s❦✱✑ ❏♦✉r♥❛❧ ♦❢ ❘✐s❦ ❛♥❞

❯♥❝❡rt❛✐♥t②✱ ✹✱ ✶✻✼✕✶✼✺✳

❑❡❛♥❡✱ ▼✳ P✳ ✭✷✵✶✶✮✿ ✏▲❛❜♦r s✉♣♣❧② ❛♥❞ t❛①❡s✿ ❆ s✉r✈❡②✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝

▲✐t❡r❛t✉r❡✱ ✹✾✱ ✾✻✶✕✶✵✼✺✳

❑r✉❡❣❡r✱ ❉✳ ❛♥❞ ❋✳ P❡rr✐ ✭✷✵✶✶✮✿ ✏P✉❜❧✐❝ ✈❡rs✉s ♣r✐✈❛t❡ r✐s❦ s❤❛r✐♥❣✱✑ ❏♦✉r♥❛❧

♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✹✻✱ ✾✷✵✕✾✺✻✳

✺✹



▲❛❢❢♦♥t✱ ❏✳✲❏✳ ❛♥❞ ❏✳ ❚✐r♦❧❡ ✭✶✾✽✻✮✿ ✏❯s✐♥❣ ❝♦st ♦❜s❡r✈❛t✐♦♥ t♦ r❡❣✉❧❛t❡ ✜r♠s✱✑

❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✾✹✱ ✻✶✹✕✻✹✶✳

▲❛♠❛❞♦♥✱ ❚✳ ✭✷✵✶✻✮✿ ✏Pr♦❞✉❝t✐✈✐t② s❤♦❝❦s✱ ❧♦♥❣✲t❡r♠ ❝♦♥tr❛❝ts ❛♥❞ ❡❛r♥✐♥❣s ❞②✲

♥❛♠✐❝s✱✑ ♠❛♥✉s❝r✐♣t✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦✳

▲❛♠❛❞♦♥✱ ❚✳✱ ▼✳ ▼♦❣st❛❞✱ ❛♥❞ ❇✳ ❙❡t③❧❡r ✭✷✵✶✾✮✿ ✏■♠♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥✱

❝♦♠♣❡♥s❛t✐♥❣ ❞✐✛❡r❡♥t✐❛❧s ❛♥❞ r❡♥t s❤❛r✐♥❣ ✐♥ t❤❡ ❯❙ ❧❛❜♦r ♠❛r❦❡t✱✑ ❚❡❝❤✳ r❡♣✳✱

◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

▲❛③❡❛r✱ ❊✳ P✳ ❛♥❞ P✳ ❖②❡r ✭✷✵✶✵✮✿ ✏P❡rs♦♥♥❡❧ ❊❝♦♥♦♠✐❝s✱✑ ❍❛♥❞❜♦♦❦ ♦❢ ❖r❣❛♥✐✲

③❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✳

▲❡♠✐❡✉①✱ ❚✳✱ ❲✳ ❇✳ ▼❛❝▲❡♦❞✱ ❛♥❞ ❉✳ P❛r❡♥t ✭✷✵✵✾✮✿ ✏P❡r❢♦r♠❛♥❝❡ ♣❛② ❛♥❞

✇❛❣❡ ✐♥❡q✉❛❧✐t②✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✹✱ ✶✕✹✾✳

▲❡✈✐tt✱ ❙✳ ❉✳ ❛♥❞ ❈✳ ❙②✈❡rs♦♥ ✭✷✵✵✽✮✿ ✏▼❛r❦❡t ❞✐st♦rt✐♦♥s ✇❤❡♥ ❛❣❡♥ts ❛r❡

❜❡tt❡r ✐♥❢♦r♠❡❞✿ ❚❤❡ ✈❛❧✉❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐♥ r❡❛❧ ❡st❛t❡ tr❛♥s❛❝t✐♦♥s✱✑ ❚❤❡ ❘❡✈✐❡✇

♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✾✵✱ ✺✾✾✕✻✶✶✳

▲✉❡♥❜❡r❣❡r✱ ❉✳ ●✳ ✭✶✾✾✼✮✿ ❖♣t✐♠✐③❛t✐♦♥ ❜② ✈❡❝t♦r s♣❛❝❡ ♠❡t❤♦❞s✱ ❏♦❤♥ ❲✐❧❡② ✫

❙♦♥s✳

▼❛❦r✐s✱ ▼✳ ❛♥❞ ❆✳ P❛✈❛♥ ✭✷✵✶✼✮✿ ✏❚❛①❛t✐♦♥ ✉♥❞❡r ❧❡❛r♥✐♥❣✲❜②✲❞♦✐♥❣✱✑ ❚❡❝❤✳ r❡♣✳✱

❲♦r❦✐♥❣ P❛♣❡r✳

▼✐rr❧❡❡s✱ ❏✳ ❆✳ ✭✶✾✼✶✮✿ ✏❆♥ ❊①♣❧♦r❛t✐♦♥ ✐♥ t❤❡ ❚❤❡♦r② ♦❢ ❖♣t✐♠✉♠ ■♥❝♦♠❡ ❚❛①❛✲

t✐♦♥✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✸✽✱ ✶✼✺✕✷✵✽✳

P❛r❦✱ ❨✳ ✭✷✵✶✹✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ✐♥ ❛ ❧✐♠✐t❡❞ ❝♦♠♠✐t♠❡♥t ❡❝♦♥♦♠②✱✑ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✽✶✱ ✽✽✹✕✾✶✽✳

P✐❦❡tt②✱ ❚✳✱ ❊✳ ❙❛❡③✱ ❛♥❞ ❙✳ ❙t❛♥t❝❤❡✈❛ ✭✷✵✶✹✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ♦❢ t♦♣

❧❛❜♦r ✐♥❝♦♠❡s✿ ❆ t❛❧❡ ♦❢ t❤r❡❡ ❡❧❛st✐❝✐t✐❡s✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ❊❝♦♥♦♠✐❝

P♦❧✐❝②✱ ✻✱ ✷✸✵✕✷✼✶✳

Pr❡♥❞❡r❣❛st✱ ❈✳ ✭✶✾✾✾✮✿ ✏❚❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ✐♥❝❡♥t✐✈❡s ✐♥ ✜r♠s✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦✲

♥♦♠✐❝ ▲✐t❡r❛t✉r❡✱ ✸✼✱ ✼✕✻✸✳

✺✺



❘❛❥✱ ❆✳ ✭✷✵✶✾✮✿ ✏❖♣t✐♠❛❧ ✐♥❝♦♠❡ t❛①❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❡t✇♦r❦s ♦❢ ❛❧tr✉✐s♠✱✑

❲♦r❦✐♥❣ P❛♣❡r✳

❘♦❝❤❡t✱ ❏✳✲❈✳ ✭✶✾✾✶✮✿ ✏■♥❝❡♥t✐✈❡s✱ r❡❞✐str✐❜✉t✐♦♥ ❛♥❞ s♦❝✐❛❧ ✐♥s✉r❛♥❝❡✱✑ ❚❤❡ ●❡♥❡✈❛

P❛♣❡rs ♦♥ ❘✐s❦ ❛♥❞ ■♥s✉r❛♥❝❡ ❚❤❡♦r②✱ ✶✻✱ ✶✹✸✕✶✻✺✳

❘♦❣❡rs♦♥✱ ❲✳ P✳ ✭✶✾✽✺✮✿ ✏❘❡♣❡❛t❡❞ ▼♦r❛❧ ❍❛③❛r❞✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✺✸✱ ✻✾✕✼✻✳

❘♦s❡✱ ◆✳ ▲✳ ❛♥❞ ❈✳ ❲♦❧❢r❛♠ ✭✷✵✵✷✮✿ ✏❘❡❣✉❧❛t✐♥❣ ❡①❡❝✉t✐✈❡ ♣❛②✿ ❯s✐♥❣ t❤❡ t❛①

❝♦❞❡ t♦ ✐♥✢✉❡♥❝❡ ❝❤✐❡❢ ❡①❡❝✉t✐✈❡ ♦✣❝❡r ❝♦♠♣❡♥s❛t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ ▲❛❜♦r ❊❝♦♥♦♠✐❝s✱

✷✵✱ ❙✶✸✽✕❙✶✼✺✳

❘♦t❤s❝❤✐❧❞✱ ❈✳ ❛♥❞ ❋✳ ❙❝❤❡✉❡r ✭✷✵✶✸✮✿ ✏❘❡❞✐str✐❜✉t✐✈❡ ❚❛①❛t✐♦♥ ✐♥ t❤❡ ❘♦②

▼♦❞❡❧✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✽✱ ✻✷✸✕✻✻✽✳

✖✖✖ ✭✷✵✶✹✮✿ ✏❆ t❤❡♦r② ♦❢ ✐♥❝♦♠❡ t❛①❛t✐♦♥ ✉♥❞❡r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❦✐❧❧ ❤❡t❡r♦❣❡♥❡✲

✐t②✱✑ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡r ◆♦✳ ✶✾✽✷✷✳

✖✖✖ ✭✷✵✶✻✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ✇✐t❤ r❡♥t✲s❡❡❦✐♥❣✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✲

✐❡s✱ ✽✸✱ ✶✷✷✺✕✶✷✻✷✳

❙❛❝❤s✱ ❉✳✱ ❆✳ ❚s②✈✐♥s❦✐✱ ❛♥❞ ◆✳ ❲❡rq✉✐♥ ✭✷✵✷✵✮✿ ✏◆♦♥❧✐♥❡❛r t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❞

♦♣t✐♠❛❧ t❛①❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✽✽✱ ✹✻✾✕✹✾✸✳

❙❛❡③✱ ❊✳ ✭✷✵✵✶✮✿ ✏❯s✐♥❣ ❊❧❛st✐❝✐t✐❡s t♦ ❉❡r✐✈❡ ❖♣t✐♠❛❧ ■♥❝♦♠❡ ❚❛① ❘❛t❡s✱✑ ❘❡✈✐❡✇

♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✻✽✱ ✷✵✺✕✷✷✾✳

❙❝❤❡✉❡r✱ ❋✳ ❛♥❞ ■✳ ❲❡r♥✐♥❣ ✭✷✵✶✻✮✿ ✏▼✐rr❧❡❡s ♠❡❡ts ❉✐❛♠♦♥❞✲▼✐rr❧❡❡s✱✑ ◆❇❊❘

❲♦r❦✐♥❣ P❛♣❡r ◆♦✳ ✷✷✵✼✻✳

✖✖✖ ✭✷✵✶✼✮✿ ✏❚❤❡ t❛①❛t✐♦♥ ♦❢ s✉♣❡rst❛rs✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱

✶✸✷✱ ✷✶✶✕✷✼✵✳

❙❝❤♦❡♥✐✱ ❘✳ ❋✳ ✭✷✵✵✷✮✿ ✏❉♦❡s ✉♥❡♠♣❧♦②♠❡♥t ✐♥s✉r❛♥❝❡ ❞✐s♣❧❛❝❡ ❢❛♠✐❧✐❛❧ ❛ss✐st❛♥❝❡❄✑

P✉❜❧✐❝ ❈❤♦✐❝❡✱ ✶✶✵✱ ✾✾✕✶✶✾✳

❙❤❡❛r❡r✱ ❇✳ ✭✷✵✵✹✮✿ ✏P✐❡❝❡ r❛t❡s✱ ✜①❡❞ ✇❛❣❡s ❛♥❞ ✐♥❝❡♥t✐✈❡s✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❛ ✜❡❧❞

❡①♣❡r✐♠❡♥t✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✼✶✱ ✺✶✸✕✺✸✹✳

❙❧❡❡t✱ ❈✳ ❛♥❞ ❍✳ ❨❛③✐❝✐ ✭✷✵✶✼✮✿ ✏❚❛①❛t✐♦♥✱ r❡❞✐str✐❜✉t✐♦♥ ❛♥❞ ❢r✐❝t✐♦♥❛❧ ❧❛❜♦r

s✉♣♣❧②✱✑ ❲♦r❦✐♥❣ P❛♣❡r✳

✺✻



❙t❛♥t❝❤❡✈❛✱ ❙✳ ✭✷✵✶✹✮✿ ✏❖♣t✐♠❛❧ ✐♥❝♦♠❡ t❛①❛t✐♦♥ ✇✐t❤ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥ t❤❡

❧❛❜♦✉r ♠❛r❦❡t✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✽✶✱ ✶✷✾✻✕✶✸✷✾✳

✖✖✖ ✭✷✵✶✼✮✿ ✏❖♣t✐♠❛❧ t❛①❛t✐♦♥ ❛♥❞ ❤✉♠❛♥ ❝❛♣✐t❛❧ ♣♦❧✐❝✐❡s ♦✈❡r t❤❡ ❧✐❢❡ ❝②❝❧❡✱✑

❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✷✺✱ ✶✾✸✶✕✶✾✾✵✳

✺✼



❆ Pr♦♦❢s ♦❢ ❙❡❝t✐♦♥ ✶

❈♦♥❝❛✈✐t② ♦❢ t❤❡ ❯t✐❧✐t② ♦❢ ❊❛r♥✐♥❣s✳ ❖✉r ❛♥❛❧②s✐s r❡q✉✐r❡s t❤❛t t❤❡ ✉t✐❧✐t② ♦❢

❡❛r♥✐♥❣s w 7→ v (w) ≡ u (R (w)) ✐s ❝♦♥❝❛✈❡✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t

t♦

π1 (w) π2 (w) > −γ (w) ✭✹✻✮

✇❤❡r❡ γ (w) ≡ −R(w)u′′(R(w))
u′(R(w))

✐s t❤❡ ❛❣❡♥t✬s ❝♦❡✣❝✐❡♥t ♦❢ r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥✱ ❛♥❞

π1 (w) ≡
1−T (w)/w
1−T ′(w)

✱ π2 (w) ≡
wT ′′(w)
1−T ′(w)

❛r❡ t✇♦ ♠❡❛s✉r❡s ♦❢ t❤❡ ❧♦❝❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②

♦❢ t❤❡ t❛① s❝❤❡❞✉❧❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣❛r❛♠❡t❡rπ1 (w) ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❛♥❞

♠❛r❣✐♥❛❧ r❡t❡♥t✐♦♥ r❛t❡s✱ ❛♥❞ π2 (w) ✐s ✭♠✐♥✉s✮ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ r❡t❡♥t✐♦♥ r❛t❡ ✇✐t❤

r❡s♣❡❝t t♦ ✐♥❝♦♠❡✳ ■❢ t❤❡ t❛① s❝❤❡❞✉❧❡ ❤❛s ❛ ❝♦♥st❛♥t r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ✭❈❘P✮✱

t❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ 1
1−p

❛♥❞ p✳ ◆♦t❡ t❤❛t ♠♦st ♦❢ ♦✉r ❛♥❛❧②s✐s

✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❛① r❡❢♦r♠s ❛r♦✉♥❞ ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ t❛① s❝❤❡❞✉❧❡ T ✳

■♥ t❤✐s ❝❛s❡✱ ✭✹✻✮ ✐s ❛ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ✐♥✐t✐❛❧ t❛① ❝♦❞❡ T ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ✈❡r✐✜❡❞

✐♥ t❤❡ ❞❛t❛ ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ◆♦t❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ t❛① r❡❢♦r♠ ✐ts❡❧❢ ✐s ♥♦t

r❡str✐❝t❡❞✳ ❲❤❡♥ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ t❛① s❝❤❡❞✉❧❡ ✇✐t❤✐♥ t❤❡ ❈❘P ❝❧❛ss✱ ✇❡

❛ss✉♠❡ t❤❛t u (c) = log c ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t γ (w) = −1✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t ✐♥

t❤✐s ❝❛s❡ ❝♦♥❞✐t✐♦♥ ✭✹✻✮ ✐s ❛❧✇❛②s s❛t✐s✜❡❞ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ p✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡

r❡s✉❧ts ♦❢ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ s✐♥❝❡ t❤❡ ✉t✐❧✐t② ♦❢ ❡❛r♥✐♥❣s v (·) ✐s ❝♦♥❝❛✈❡✳

❲❡ ❣✐✈❡ ❤❡r❡ ❛ ❤❡✉r✐st✐❝ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ ❛r❣✉♠❡♥ts✳ ●✐✈❡♥ t❤❡ ❡❛r♥✐♥❣s ❝♦♥tr❛❝t

{w (θ, η) : y ∈ R}✱ ❛♥ ❛❣❡♥t ✇✐t❤ ❛❜✐❧✐t② θ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η ❝❤♦♦s❡s ❡✛♦rt a (θ)

t♦ ♠❛①✐♠✐③❡ ✉t✐❧✐t② u (R (w (θ, η)))− h (a (θ)) ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✮✮✳ ❙✐♥❝❡ y = θ (a+ η)✱

✇❡ ❤❛✈❡ ∂w(θ,η)
∂η

= ∂w(θ,η)
∂a

s♦ t❤❛t t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ r❡❛❞s

r (w (θ, η)) u′ (R (w (θ, η)))
∂w (θ, η)

∂η
= h′ (a (θ)) . ✭✹✼✮

❚❤✐s ❡q✉❛t✐♦♥ ♣✐♥s ❞♦✇♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ t❤❛t t❤❡ ✜r♠ ♠✉st ✐♠✲

♣❧❡♠❡♥t ✐♥ ♦r❞❡r t♦ ✐♥❞✉❝❡ t❤❡ ❡✛♦rt ❧❡✈❡❧ a (θ)✳ ■♥t❡❣r❛t✐♥❣ t❤✐s ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t

♦✈❡r η ❣✐✈❡♥ a (θ) ❧❡❛❞s t♦

u (R (w (θ, η))) = h′ (a (θ)) η + k, ✭✹✽✮

✺✽



❢♦r s♦♠❡ ❝♦♥st❛♥t k ∈ R✳ ❙✐♥❝❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✭✹✮ ♠✉st

❤♦❧❞ ✇✐t❤ ❡q✉❛❧✐t②✱ t❤❡ ❛❣❡♥t✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♠✉st ❜❡ ❡q✉❛❧ t♦ ❤✐s r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡

U (θ)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❛❧✉❡ ♦❢ k ♠✉st ❜❡ ❝❤♦s❡♥ ❜② t❤❡ ✜r♠ s✉❝❤ t❤❛t t❤❡ ❛❣❡♥t✬s

♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t②✳ ■♠♣♦s✐♥❣ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t

✇✐t❤ E [η] = 0 ✐♠♣❧✐❡s

k = U (θ) + h (a (θ)) . ✭✹✾✮

❚❤❡ ♣r❡✈✐♦✉s t✇♦ ❡q✉❛t✐♦♥s ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✇❛❣❡ ❝♦♥tr❛❝t ❣✐✈❡♥ t❤❡ ❞❡s✐r❡❞

❡✛♦rt ❧❡✈❡❧ a (θ) ❛♥❞ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ U (θ)✳ ❚❤❡② ✐♠♣❧② t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ ♣❛✐r

(a (θ) , U (θ))✱ t❤❡ ✇❛❣❡ ❣✐✈❡♥ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η s❛t✐s✜❡s✿

u (R (w (θ, η))) = h′ (a (θ)) η + [U (θ) + h (a (θ))] . ✭✺✵✮

◆❡①t✱ ❡q✉❛t✐♦♥ ✭✼✮ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ a (θ)

✐♥ t❤❡ ✜r♠✬s ♣r♦❜❧❡♠ ✭✷✮✱ t❛❦✐♥❣ ❛s ❣✐✈❡♥ t❤❡ ❡❛r♥✐♥❣s ❝♦♥tr❛❝t ✭✻✮ r❡q✉✐r❡❞ t♦ s❛t✐s❢②

t❤❡ ✇♦r❦❡rs✬ ✐♥❝❡♥t✐✈❡ ❛♥❞ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts ✭✸✱ ✹✮✳ ❋✐♥❛❧❧②✱ ❡q✉❛t✐♦♥ ✭✽✮ ✐s

s✐♠♣❧② ❛ r❡✇r✐t✐♥❣ ♦❢ ✭✺✮✳

❇ Pr♦♦❢s ♦❢ ❙❡❝t✐♦♥ ✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❘❡❝❛❧❧ t❤❛t✱ ❣✐✈❡♥ t❤❡ ❡✛♦rt ❧❡✈❡❧ a ❛♥❞ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡

U (θ)✱ ❡❛r♥✐♥❣s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦✐s❡ r❡❛❧✐③❛t✐♦♥ η ✭♦r ❡q✉✐✈❛❧❡♥t❧② ♦✉t♣✉t y =

θ (a+ η)✮ s❛t✐s✜❡s✿

u (w (θ, η)− T (w (θ, η))) = U (θ) + h (a (θ)) + h′ (a (θ)) η.

■♥ r❡s♣♦♥s❡ t♦ t❤❡ t❛① r❡❢♦r♠ δT̂ ✱ t❤❡ ♣❡rt✉r❜❡❞ ✇❛❣❡ ❝♦♥tr❛❝t s❛t✐s✜❡s

u
[

w (θ, η) + δŵ (θ, η)− T (w (θ, η) + δŵ (θ, η))− δT̂ (w (θ, η))
]

= U (θ) + δÛ (θ) + h (a (θ) + δâ (θ)) + h′ (a (θ) + δâ (θ)) η.

✺✾



❉✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ δ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ ❛t δ = 0 ❧❡❛❞s t♦

[

(1− T ′ (w (θ, η))) ŵ (θ, η)− T̂ (w (θ, η))
]

u′ (w (θ, η)− T (w (θ, η)))

= Û (θ) + [h′ (a (θ)) + h′′ (a (θ)) η] â (θ) .

❙♦❧✈✐♥❣ ❢♦r ŵ (θ, η) ❧❡❛❞s t♦

ŵ (θ, η) =
T̂ (w (θ, η))

r (w (θ, η))
+

Û (θ)

r (w (θ, η)) u′ (R (w (θ, η)))

+
h′ (a (θ)) + h′′ (a (θ)) η

r (w (θ, η)) u′ (R (w (θ, η)))
â (θ) .

❆❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ w (θ, η) â(θ)
a(θ)

✱ t❤❛t ✐s✱ t❤❡ ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t ♦❜t❛✐♥❡❞ ✐♥ t❤❡

♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❡①♣r❡ss✐♦♥ ✭✶✼✮ ❞❡r✐✈❡❞ ❜❡❧♦✇ ❢♦r t❤❡

✐♠♣❛❝t ♦❢ t❤❡ r❡❢♦r♠ ♦♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t② Û (θ)✱ ❡❛s✐❧② ②✐❡❧❞s ✭✶✹✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❘❡❝❛❧❧ t❤❛t t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ s❛t✐s✜❡s E [w (θ, η)] =

θa (θ)✳ ❍❡♥❝❡✱ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ t❛① r❡❢♦r♠✱ ✇❡ ❣❡t

E [w (θ, η) + δŵ (θ, η)] = θ (a (θ) + δâ (θ)) ,

t❤❛t ✐s✱ E [ŵ (θ, η)] = θâ (θ)✳ ❙✉❜st✐t✉t✐♥❣ ❡①♣r❡ss✐♦♥ ✭✶✹✮ ❢♦r ŵ (θ, η) ✐♥ t❤✐s ❡q✉❛t✐♦♥

❧❡❛❞s t♦

θâ (θ) = E

[

T̂ (w (θ, η))

r (w (θ, η))

]

+ E

[

1

r (w (θ, η)) u′ (R (w (θ, η)))

]

Û (θ)

+E

[

h′ (a (θ)) + h′′ (a (θ)) η

r (w (θ, η)) u′ (R (w (θ, η)))

]

â (θ) .

❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✼✮ t❤❛t ❞❡✜♥❡s ♦♣t✐♠❛❧ ❡✛♦rt ❛♥❞ s♦❧✈✐♥❣ ❢♦r Û (θ) ❧❡❛❞s t♦ ✭✶✼✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❘❡❝❛❧❧ t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❝♦♥❞✐t✐♦♥

E

[

h′ (a (θ)) + h′′ (a (θ)) η

(1− T ′ (w (θ, η))) u′ (w (θ, η)− T (w (θ, η)))

]

= θ.
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❋♦❧❧♦✇✐♥❣ ❛ t❛① r❡❢♦r♠ T̂ ✱ t❤❡ ♣❡rt✉r❜❡❞ ❧❡✈❡❧ ♦❢ ❡✛♦rt s❛t✐s✜❡s

E





h′ (a (θ) + δâ (θ)) + h′′ (a (θ) + δâ (θ)) η
{

1− T ′ (w̃ (θ, η))− δT̂ ′ (w̃ (θ, η))
}

u′
{

R (w̃ (θ, η))− δT̂ (w̃ (θ, η))
}



 = θ,

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ w̃ (θ, η) ≡ w (θ, η)+δŵ (θ, η)✳ ❚❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❡①♣r❡ss✐♦♥

✇✐t❤ r❡s♣❡❝t t♦ δ ❡✈❛❧✉❛t❡❞ ❛t δ = 0 ❣✐✈❡s

0 = E

[

h′′ (a (θ)) + h′′′ (a (θ)) η

r (w (θ, η)) u′ (R (w (θ, η)))
â (θ)

]

− E

[

h′ (a (θ)) + h′′ (a (θ)) η

{r (w (θ, η)) u′ (R (w (θ, η)))}2
✭✺✶✮

×
{[

−T ′′ (w) ŵ − T̂ ′ (w)
]

u′ (R (w)) + r (w)
[

r (w) ŵ − T̂ (w)
]

u′′ (R (w))
}

]

✇❤❡r❡ t❤❡ ❛r❣✉♠❡♥ts (θ, η) ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ❢♦r ♥♦t❛t✐♦♥❛❧

❝♦♥❝✐s❡♥❡ss✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s q✉❛s✐❧✐♥❡❛r ✐♥ ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ t❤❡

t❛① s❝❤❡❞✉❧❡ ✐s ✐♥✐t✐❛❧❧② ❛✣♥❡✳ ❊q✉❛t✐♦♥ ✭✺✶✮ ❝❛♥ t❤❡♥ ❜❡ r❡✇r✐tt❡♥ ❛s

0 = E

[

h′′ (a (θ)) + h′′′ (a (θ)) η

1− τ
â (θ)

]

+ E

[

h′ (a (θ)) + h′′ (a (θ)) η

(1− τ)2
T̂ ′ (w (y | θ))

]

=
h′′ (a (θ))

1− τ
â (θ) +

h′ (a (θ))

(1− τ)2
E

[

T̂ ′ (w (y | θ))
]

+
h′′ (a (θ))

(1− τ)2
E

[

ηT̂ ′ (w (y | θ))
]

.

❙♦❧✈✐♥❣ ❢♦r â (θ) ❛♥❞ ❧❡tt✐♥❣ ε (θ) = h′(a(θ))
a(θ)h′′(a(θ))

❡❛s✐❧② ❧❡❛❞s t♦ ✭✶✽✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❙♦❧✈✐♥❣ ❢♦r â (θ) ✐♥ ❡q✉❛t✐♦♥ ✭✺✶✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ●❛t❡❛✉①

❞❡r✐✈❛t✐✈❡ ♦❢ ❡✛♦rt ✐s ❣✐✈❡♥ ❜②

â (θ) = −E

[

ε̄a,R (θ, η)
T̂ (w (θ, η))

r (w (θ, η))w (θ, η)

]

− E

[

ε̄a,r (θ, η)
T̂ ′ (w (θ, η))

r (w (θ, η))

]

+E

[

(ε̄a,R (θ, η)− p (w (θ, η)) ε̄a,r (θ, η))
ŵ (θ, η)

w (θ, η)

]

,

✇❤❡r❡ p (w) ≡ wT ′′(w)
1−T ′(w)

✐s t❤❡ ❧♦❝❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ♦❢ t❤❡ t❛① s❝❤❡❞✉❧❡✱ ❛♥❞ ✇❤❡r❡

ε̄a,R, ε̄a,r ❞❡♥♦t❡ t❤❡ ✐♥❝♦♠❡ ❡✛❡❝t ♣❛r❛♠❡t❡r ❛♥❞ ❝♦♠♣❡♥s❛t❡❞ ❡❧❛st✐❝✐t② ❛❧♦♥❣ t❤❡

✻✶



❧✐♥❡❛r✐③❡❞ ❜✉❞❣❡t ❝♦♥str❛✐♥t✱ ❡q✉❛❧ t♦

ε̄a,r (θ, η) =
h′ (a (θ))

a (θ)h′′ (a (θ))

(

1 + h′′(a(θ))
h′(a(θ))

η
)

1
r(w(θ,η))u′(R(w(θ,η)))

E

[(

1 + h′′′(a(θ))
h′′(a(θ))

η
)

1
r(w(θ,η))u′(R(w(θ,η)))

]

❛♥❞

ε̄a,R (θ, η) =
h′ (a (θ))

a (θ)h′′ (a (θ))

(

1 + h′′(a(θ))
h′(a(θ))

η
)

w(θ,η)u′′(R(w(θ,η)))

(u′(R(w(θ,η))))2

E

[(

1 + h′′′(a(θ))
h′′(a(θ))

η
)

1
r(w(θ,η))u′(R(w(θ,η)))

] .

◆♦✇ s✉❜st✐t✉t❡ ❡q✉❛t✐♦♥s ✭✶✹✱ ✶✼✮ ❢♦r ŵ (θ, η) ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ❛♥❞ s♦❧✈❡ ❢♦r

â (θ) t♦ ❣❡t

{

1− E

[

(ε̄a,R (θ, η)− p (w (θ, η)) ε̄a,r (θ, η))
h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))w (θ, η)

]}

â (θ)

= −E

[

ε̄a,R (θ, η)
T̂ (w (θ, η))

(1− T ′ (w (θ, η)))w (θ, η)

]

− E

[

ε̄a,r (θ, η)
T̂ ′ (w (θ, η))

1− T ′ (w (θ, η))

]

+E

[

(ε̄a,R (θ, η)− p (w (θ, η)) ε̄a,r (θ, η))
T̂ (w (θ, η))

r (w (θ, η))w (θ, η)

]

−E

[

(ε̄a,R (θ, η)− p (w (θ, η)) ε̄a,r (θ, η))

1
v′(w(θ,η))w(θ,η)

E
[

(v′ (w (θ, ·)))−1]

]

E

[

T̂ (w (θ, η))

r (w (θ, η))

]

.

❈♦❧❧❡❝t✐♥❣ t❡r♠s ❧❡❛❞s t♦

â (θ)

a (θ)
= −E

[

εEw,R (θ, η)
T̂ (w (θ, η))

r (w (θ, η))w (θ, η)

]

− E

[

εEw,r (θ, η)
T̂ ′ (w (θ, η))

r (w (θ, η))

]

✇❤❡r❡ t❤❡ ✐♥❝♦♠❡ ❡✛❡❝t ♣❛r❛♠❡t❡r ❛♥❞ ❝♦♠♣❡♥s❛t❡❞ ❡❧❛st✐❝✐t② ♥♦✇ ❛❝❝♦✉♥t ❢♦r t❤❡

♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ŵ ❞❡♣❡♥❞s ♦♥ T̂ ✮ ❛♥❞ t❤❡

❡♥❞♦❣❡♥❡✐t② ♦❢ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✭❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ŵ ❞❡♣❡♥❞s ♦♥ Û✮ ❛♥❞ ❛r❡

❣✐✈❡♥ ❜②

εEw,R (θ, η) =

p (w (θ, η)) ε̄a,r (θ, η) +
E

[

(ε̄a,R(θ,·)−p(w(θ,·))ε̄a,r(θ,·)) 1
v′(w(θ,·))w(θ,·)

]

E

[

1
v′(w(θ,·))

] w (θ, η)

1 + E

[

(p (w (θ, η′)) ε̄a,r (θ, η′)− ε̄a,R (θ, η′))
(

1 + h′′(a(θ))
h′(a(θ))

η′
)

a(θ)h′(a(θ))
v′(w(θ,η′))w(θ,η′)

]

✻✷



❛♥❞

εEw,r (θ, η) =
ε̄a,r (θ, η)

1 + E

[

(p (w (θ, η′)) ε̄a,r (θ, η′)− ε̄a,R (θ, η′))
(

1 + h′′(a(θ))
h′(a(θ))

η′
)

a(θ)h′(a(θ))
v′(w(θ,η′))w(θ,η′)

] .

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❈ ❆❧❧♦✇✐♥❣ ❢♦r ◆♦♥✲❈♦♥st❛♥t ❊✛♦rt

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ ♦✉r t❛① ✐♥❝✐❞❡♥❝❡ ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✜r♠ ❝❛♥ ♦✛❡r ❛♥

❡✛♦rt s❝❤❡❞✉❧❡ a(θ, η)✱ r❛t❤❡r t❤❛♥ ✐♠♣♦s✐♥❣ ❛ ❝♦♥st❛♥t ❡✛♦rt ❧❡✈❡❧ a(θ) ❛s ✐♥ t❤❡ ♠❛✐♥ ❜♦❞②

♦❢ t❤❡ ♣❛♣❡r✳ ❚❤❡ ✜r♠ ✇❤✐❝❤ ❡♠♣❧♦②s ❛ ✇♦r❦❡r ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② θ s♦❧✈❡s

max
w(θ,·),a(θ,·)

E[θa(θ, η)− w(θ, η)]

s✉❜❥❡❝t t♦ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥ts

a(θ, η) ∈ argmax
a

v(w(θ, η))− h(a(θ, η)) ❢♦r ❛❧❧ η,

❛♥❞ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t

E [v(w(θ, η))− h(a(θ, η))] ≥ U(θ).

❋r♦♠ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t s❛t✐s✜❡s

v(w(θ, η)) = K + h(a(θ, η)) +

ˆ η

η
h′(a(θ, x))dx,

✇❤❡r❡ K ∈ R✳ ❯s✐♥❣ t❤❡ ❜✐♥❞✐♥❣ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t t♦ s♦❧✈❡ ❢♦r K✱ ✇❡ ♦❜t❛✐♥

v(w(θ, η)) = U(θ) + h(a(θ, η)) +

ˆ η

η
h′(a(θ, x))dx− E

[

ˆ η

η
h′(a(θ, x))dx

]

. ✭✺✷✮

❯♥❧✐❦❡ ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❛ s✐♥❣❧❡ ❡✛♦rt ❧❡✈❡❧✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❡①✲♣♦st ✉t✐❧✐t② ♣♦t❡♥t✐❛❧❧②

✈❛r✐❡s ✇✐t❤ ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ t❤❡ ❡✛♦rt s❝❤❡❞✉❧❡ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ ✇❡ ❤❛✈❡

∂v(w(θ, η))

∂η
= h′(a(θ, η))

(

1 +
∂a(θ, η)

∂η

)

.

❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ s❤♦✇ t❤❛t ❛❧❧ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜❧❡ ❡✛♦rt s❝❤❡❞✉❧❡s ❛r❡ s✉❝❤ t❤❛t
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a(θ, η) + η ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ η✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❛❜♦✈❡ s❧♦♣❡ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ t❤❛t

❡❛r♥✐♥❣s ❛r❡ ✐♥❝r❡❛s✐♥❣ ✇✐t❤ ♣❡r❢♦r♠❛♥❝❡✳

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❡✛♦rt ❧❡✈❡❧ a(θ, η′)✱ ❛ss✉♠✐♥❣ ❛♥ ✐♥t❡r✐♦r s♦❧✉✲

t✐♦♥✱ r❡❛❞s

θfη(η
′) =

∂E [w(θ, η)]

∂a(θ, η′)
, ✭✺✸✮

✇❤❡r❡ fη ❞❡♥♦t❡s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡

❡①♣❡❝t❡❞ ✇❛❣❡ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✜rst ❝♦♥s✐❞❡r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✇❛❣❡ w(θ, η) ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❡✛♦rt ❧❡✈❡❧ a(θ, η′)✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✺✷✮✿

∂w(θ, η)

∂a(θ, η′)
=



















−(1− Fη(η
′))h

′′(a(θ,η′))
v′(w(θ,η)) ✐❢ η < η′,

h′(a(θ,η′))
v′(w(θ,η′)) − (1− Fη(η

′))h
′′(a(θ,η′))
v′(w(θ,η′)) ✐❢ η = η′,

h′′(a(θ,η′))
v′(w(θ,η)) − (1− Fη(η

′))h
′′(a(θ,η′))
v′(w(θ,η)) ✐❢ η > η′.

✭✺✹✮

◆♦t✐❝❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❡✛♦rt ❧❡✈❡❧ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♦✉t♣✉t s❤♦❝❦ η′ r❡q✉✐r❡s ❧♦✇❡r✐♥❣

❡❛r♥✐♥❣s ❢♦r ✇♦rs❡ ♣❡r❢♦r♠❛♥❝❡ ✭η < η′✮ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❡❛r♥✐♥❣s ❢♦r ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡

✭η > η′✮✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ♦✈❡r η ②✐❡❧❞s

∂E [w(θ, η)]

∂a(θ, η′)
=

h′(a(θ, η′))

v′(w(θ, η′))
fη(η

′)

+(1− Fη(η
′))

(

E

[

h′′(a(θ, η′))

v′(w(θ, η))
| η ≥ η′

]

− E

[

h′′(a(θ, η′))

v′(w(θ, η))

])

.

P❧✉❣❣✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥t♦ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✺✸✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❡✛♦rt✿

θfη(η
′) =

h′(a(θ, η′))

v′(w(θ, η′))
fη(η

′) ✭✺✺✮

+(1− Fη(η
′))

(

E

[

h′′(a(θ, η′))

v′(w(θ, η))
| η ≥ η′

]

− E

[

h′′(a(θ, η′))

v′(w(θ, η))

])

.

❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s t❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ❢r♦♠ ♣r♦✈✐❞✐♥❣ ❤✐❣❤❡r ❡✛♦rt✱ ❡q✉❛❧ t♦ t❤❡ ❡①♣❡❝t❡❞

♦✉t♣✉t ❣❛✐♥✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝♦♥s✐sts ♦❢ t✇♦ t❡r♠s✿ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥

✭▼❘❙✮ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡s ✭▼❈■✮✳ ❚❤❡ ▼❘❙ ✐s t❤❡ ❡①♣❡❝t❡❞ ✇❛❣❡ ❝♦st ♦❢

❝♦♠♣❡♥s❛t✐♥❣ t❤❡ ❛❣❡♥t ❢♦r ❤✐❣❤❡r ❡✛♦rt ✐♥ ❝♦♥t✐♥❣❡♥❝② η′✳ ❚❤❡ ▼❈■✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐s

t❤❡ ❡①♣❡❝t❡❞ ✇❛❣❡ ❝♦st ♦❢ ♠❛❦✐♥❣ t❤❡ ❛❞❥✉st❡❞ ❡✛♦rt s❝❤❡❞✉❧❡ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜❧❡✳ ❆s ✇❡

♥♦t❡❞ ❛❜♦✈❡✱ ✐♥❝r❡❛s✐♥❣ ❡✛♦rt ❧❡✈❡❧ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♦✉t♣✉t η′ r❡q✉✐r❡s ✐♥❝r❡❛s✐♥❣ ❡❛r♥✐♥❣s ❢♦r

❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ r❡❞✉❝✐♥❣ t❤❡♠ ❢♦r ✇♦rs❡ ♣❡r❢♦r♠❛♥❝❡✳ ❙✐♥❝❡ ❡❛r♥✐♥❣s ❛r❡ ✐♥❝r❡❛s✲

✐♥❣ ✇✐t❤ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ v ✐s ❝♦♥❝❛✈❡✱ s✉❝❤ ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥ts ❛r❡ ❝♦st❧② ❢♦r t❤❡ ✜r♠✿

✻✹



MCI ≥ 0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❡①t❡♥❞s t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✶ t♦ t❤❡ ♠♦❞❡❧ ✇❤❡r❡ ♥♦♥✲

❞❡❣❡♥❡r❛t❡ ❡✛♦rt s❝❤❡❞✉❧❡s ❛r❡ ❛❧❧♦✇❡❞✳

❚❤❡♦r❡♠ ✸✳ ❉❡♥♦t❡ ❜② â (θ, η) t❤❡ ❝❤❛♥❣❡ ✐♥ ❡✛♦rt s❝❤❡❞✉❧❡ ✐♥❞✉❝❡❞ ❜② t❤❡ r❡❢♦r♠✳ ❙✉♣♣♦s❡

t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❡✛♦rt s❝❤❡❞✉❧❡ ✐s s✉❝❤ t❤❛t a(θ, η) > 0 ❢♦r ❛❧❧ η✳ ❚❤❡ ✜rst✲♦r❞❡r ❡✛❡❝t ♦❢

t❤❡ t❛① r❡❢♦r♠ T̂ ♦♥ ❡❛r♥✐♥❣s w (θ, ·) ✐s ❣✐✈❡♥ ❜②

ŵ (θ, η) = ŵ❡① (θ, η) + ŵ❝♦ (θ, η) + ŵ♣♣ (θ, η)

✇❤❡r❡ ŵ❡① (θ, η) = θâ(θ, η)✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ŵ❝♦ ❤❛s ♠❡❛♥ ③❡r♦ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

ŵ❝♦ (θ, η) =
T̂ (w (θ, η))

r (w (θ, η))
−

(v′ (w (θ, η)))−1

E

[

(v′ (w (θ, ·)))−1
] E

[

T̂ (w (θ, ·))

r (w (θ, ·))

]

❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ŵ♣♣ ❤❛s ♠❡❛♥ ③❡r♦ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

ŵ♣♣ (θ, η) =
h′(a(θ, η))

v′(w(θ, η))
â(θ, η) +

ˆ η

η

h′′(a(θ, x))

v′(w(θ, η))
â(θ, x)dx

−E

[

ˆ η′

η

h′′(a(θ, x))

v′(w(θ, η))
â(θ, x)dx

]

− θâ(θ, η).

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ r❡❢♦r♠ R̂ = −T̂ ✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱

✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❝❤❛♥❣❡ ✐♥ ✇❛❣❡s ✐s ❡q✉❛❧ t♦

ŵ(θ, η) = −
R̂(w(θ, η))

r(w(θ, η))
+

Û(θ)

v′(w(θ, η))
+

ˆ η

η

∂w(η)

∂a(η′)
â(η′)dη′. ✭✺✻✮

❯s✐♥❣ ♣r✐♦r r❡s✉❧ts ♦♥ ∂w(η)
∂a(η′) ❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✹✮✱ ✇❡ ♦❜t❛✐♥

ˆ η

η

∂w(η)

∂a(η′)
â(η′)dη′ =

h′(a(θ, η))

v′(w(θ, η))
â(θ, η)

+

ˆ η

η

h′′(a(θ, x))

v′(w(θ, η))
â(θ, x)dx− E

[

ˆ η′

η

h′′(a(θ, x))

v′(w(θ, η))
â(θ, x)dx

]

.

✻✺



◆♦t❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s

ˆ η

η

ˆ η

η

∂w(θ, η)

∂a(θ, η′)
â(θ, η′)dη′dFη(η) =

ˆ η

η

ˆ η

η

∂w(θ, η)

∂a(θ, η′)
dFη(η)â(θ, η

′)dη′

=

ˆ η

η
fη(η

′)θâ(θ, η′)dη′ = E[θâ(θ, η′)]

✇❤❡r❡ ✐♥ t❤❡ ✜rst ❡q✉❛❧✐t② ✇❡ ❝❤❛♥❣❡❞ t❤❡ ♦r❞❡r ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②

✇❡ ❛♣♣❧✐❡❞ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❡✛♦rt ✭✺✸✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❡✛❡❝t ❤❛s ♠❡❛♥ ③❡r♦✳ ❇② t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥ ✇❡ ❤❛✈❡ E[θâ(η′)] = E[ŵ(η′)]✳ ❍❡♥❝❡✱

t❤❡ ✜rst t✇♦ t❡r♠s ♦❢ ✭✺✻✮ ✕ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✕ ❤❛✈❡ ♠❡❛♥ ③❡r♦✳ ■t ❢♦❧❧♦✇s t❤❛t

Û(θ) = E

[

R̂(w(θ,η))
r(w(θ,η))

]

E
[

v′(w(θ, η))−1
]−1

✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸ t❤❛t t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ŵ❝♦ (θ, η) ✐s ❡①❛❝t❧② t❤❡

s❛♠❡ ❛s ✐♥ t❤❡ s✐♠♣❧❡r s❡tt✐♥❣ st✉❞✐❡❞ ✐♥ t❤❡ ♠❛✐♥ ❜♦❞② ♦❢ t❤❡ ♣❛♣❡r ✭❡q✉❛t✐♦♥ ✭✶✺✮✮✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ŵ♣♣ (θ, η) ✐s ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ✐♥ t❤❡ s✐♠♣❧❡r ♠♦❞❡❧

✭❡q✉❛t✐♦♥ ✭✶✻✮✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ♦❜t❛✐♥❡❞ ✉♥❞❡r

t❤❡ ❝♦♥st❛♥t✲❡✛♦rt ❛ss✉♠♣t✐♦♥✳ ◆❛♠❡❧②✱ t❤❡ ♦♥❧② s✉❜st❛♥t✐❛❧ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡

t❡r♠ h′′(a(θ))â(θ)
v′(w(θ,η)) η ❢r♦♠ ✭✶✻✮✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❝❤❛♥❣❡ ✐♥ ❡❛r♥✐♥❣s ♥❡❝❡ss❛r② t♦ ❡❧✐❝✐t

❤✐❣❤❡r ❡✛♦rt✱ ✐s ♥♦✇ r❡♣❧❛❝❡❞ ❜② t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥
´ η
η
h′′(a(θ,η′))â(θ,η′)

v′(w(θ,η)) dη′✳ ❚❤❡

✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s t❡r♠ ✐s ❛♥❛❧♦❣♦✉s t♦ ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ s✐♠♣❧❡r ♠♦❞❡❧✳ ❚❤❡

♦♥❧② ❛❞❞❡❞ ❞✐✣❝✉❧t② ✐s t❤❛t ✇❡ ♥♦✇ ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡♥t✐r❡ ❡✛♦rt

s❝❤❡❞✉❧❡ â(θ, ·) ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ r❡❢♦r♠✱ r❛t❤❡r t❤❛♥ ❛ s❝❛❧❛r ✈❛❧✉❡ â(θ)✳

❉ Pr♦♦❢s ♦❢ ❙❡❝t✐♦♥ ✸

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❊q✉❛t✐♦♥ ✭✶✹✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❤❡ r❡❢♦r♠

T̂ ✐s ❡q✉❛❧ t♦

EB(T, T̂ ) = −

ˆ

Θ

E [T ′ (w (θ, η)) ŵ❡① (θ, η)] ❞F (θ)

−

ˆ

Θ

E

[

T ′ (w (θ, η))

(

T̂ (w (θ, η))

r (w (θ, η))
+

Û (θ)

v′ (w (θ, η))

)]

❞F (θ)

−

ˆ

Θ

E

[

T ′ (w (θ, η))

(

h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))
−
w (θ, η)

a (θ)

)]

â (θ) ❞F (θ) ,

✻✻



✇❤❡r❡ Û (θ) ✐s ❣✐✈❡♥ ❜② ✭✶✼✮✳ ❙✐♥❝❡

E

[

T̂ (w (θ, η))

r (w (θ, η))
+

Û (θ)

v′ (w (θ, η))

]

= E

[

h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))
−
w (θ, η)

a (θ)

]

= 0,

✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❡①❝❡ss ❜✉r❞❡♥ EB(T, T̂ ) ❛s

−

ˆ

Θ

E [T ′ (w (θ, η)) ŵ❡① (θ, η)] ❞F (θ)

−

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,
T̂ (w (θ, η))

r (w (θ, η))
+

Û (θ)

v′ (w (θ, η))

)

❞F (θ)

−

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,

[

h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))
−
w (θ, η)

a (θ)

]

â (θ)

)

❞F (θ) .

❚❤✐s ❡①♣r❡ss✐♦♥ ❡❛s✐❧② ❧❡❛❞s t♦ ❡q✉❛t✐♦♥ ✭✷✽✮✳

◆❡①t✱ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥ ♦❢ t❤❡ t❛① r❡❢♦r♠ ✐s ❣✐✈❡♥ ❜②

WG(T, T̂ ) = −
1

λ

ˆ

Θ

α (θ)
1

E
[

(v′ (w (θ, η)))−1]E

[

T̂ (w (θ, η))

r (w (θ, η))

]

❞F (θ)

= −

ˆ

Θ

E

[

1

λ
α (θ)

1

E
[

(v′ (w (θ, ·)))−1]
T̂ (w (θ, η))

r (w (θ, η))

]

❞F (θ)

= −

ˆ

Θ

E

[

1

λ
α (θ)

1
r(w(θ,η))u′(R(w(θ,η)))

E
[

(v′ (w (θ, ·)))−1]u
′ (R (w (θ, η))) T̂ (w (θ, η))

]

❞F (θ) .

❚❤✐s ❧❡❛❞s t♦ ❡q✉❛t✐♦♥ ✭✷✾✮✳

❲❤❡♥ t❛①❡s ❛r❡ ✉♥r❡str✐❝t❡❞✱ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ♣✉❜❧✐❝ ❢✉♥❞s λ ❝❛♥ ❜❡ ♦❜✲

t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r ❛ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ r❡❢♦r♠

T̂ ∗∗ (w) = −1 ❢♦r ❛❧❧ w✳ ❉❡♥♦t✐♥❣ ❜② â∗∗ (θ) t❤❡ ❡✛❡❝t ♦❢ t❤✐s r❡❢♦r♠ ♦♥ ❡✛♦rt ✭✈✐❛ ❛

♣✉r❡ ✐♥❝♦♠❡ ❡✛❡❝t✮✱ ✐t ❛✛❡❝ts ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❜② R̂(T, T̂ ∗∗) ❡q✉❛❧ t♦

1 +

ˆ

Θ

E



T ′ (w (θ, η))



−
1

r (w (θ, η))
+

1
v′(w(θ,η))

E

[

1
v′(w(θ,·))

]E

[

1

r (w (θ, ·))

]







 ❞F (θ)

+

ˆ

Θ

E

[

T ′ (w (θ, η))

(

h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))

)]

â∗∗ (θ) ❞F (θ) .

❈♦♥s✐❞❡r ♥♦✇ t❤❡ r❡❢♦r♠ ✐♥ ❞✐r❡❝t✐♦♥ T̂ ∗∗ (w) = −1✱ ♥♦r♠❛❧✐③❡❞ t♦ r❡❞✉❝❡ ❣♦✈❡r♥♠❡♥t

✻✼



r❡✈❡♥✉❡ ❜② ✶ ❞♦❧❧❛r ❛❢t❡r ❛❧❧ ❜❡❤❛✈✐♦r❛❧ r❡s♣♦♥s❡s ❤❛✈❡ ❜❡❡♥ ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❚❤✐s r❡❢♦r♠

✐s r❡♣r❡s❡♥t❡❞ ❜② T̂ ∗ = −1

|R̂(T,T̂ ∗∗)|
✳ ■ts ❡✛❡❝t ♦♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ✐s R̂(T, T̂ ∗) = −1

❜② ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ✐ts ❡✛❡❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❣✐✈❡♥ ❜②

λ ≡
Ŵ(T, T̂ ∗)
∣

∣

∣R̂(T, T̂ ∗∗)
∣

∣

∣

=
1

∣

∣

∣R̂(T, T̂ ∗∗)
∣

∣

∣

ˆ

Θ

α (θ)
1

E

[

1
v′(w(θ,η))

]E

[

1

r (w (θ, η))

]

❞F (θ) .

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ t❛① s❝❤❡❞✉❧❡ ♠✉st s❛t✐s❢② ❡q✉❛t✐♦♥ ✭✷✼✮ ❢♦r

❛♥② t❛① r❡❢♦r♠ T̂ ✳ ❚♦ ❞♦ s♦✱ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② t❛① r❡❢♦r♠ T̂ ✱ ♥♦r♠❛❧✐③❡❞ ✇✐t❤✲

♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② s♦ t❤❛t ✐ts ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t ✐s ❡q✉❛❧ t♦ ✶ ❞♦❧❧❛r✱ t❤❛t ✐s✱
´

E

[

T̂ (w (θ, η))
]

❞F (θ) = 1✳ ❉❡♥♦t❡ ✐ts ❡✛❡❝t ♦♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❜② R̂(T, T̂ )

❛♥❞ ✐ts ❡✛❡❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❜② Ŵ(T, T̂ )✳ ❘❡❞✐str✐❜✉t❡ ❛♥② t❛① r❡✈❡♥✉❡ ❣❛✐♥ ✭♦r

❧❡✈② ❛♥② t❛① r❡✈❡♥✉❡ ❧♦ss✮ ❢r♦♠ t❤✐s r❡❢♦r♠ ✈✐❛ t❤❡ r❡❢♦r♠ T̂ ∗ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

♣❛r❛❣r❛♣❤✱ t❤❛t ✐s✱ ❛ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠ tr❛♥s❢❡r t❤❛t r❡❞✉❝❡s ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❜②

✶ ❞♦❧❧❛r✳ ❚❤❡ t❛① r❡❢♦r♠

T̂ + R̂(T, T̂ )T̂ ∗ ≡ T̂ + R̂(T, T̂ )
−1

∣

∣

∣R̂(T,−1)
∣

∣

∣

✐s✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❜✉❞❣❡t✲♥❡✉tr❛❧✳ ■ts ❡✛❡❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❣✐✈❡♥ ❜②

Ŵ(T, T̂ ) + R̂(T, T̂ )
Ŵ(T, T̂ ∗)
∣

∣

∣R̂(T,−1)
∣

∣

∣

= Ŵ(T, T̂ ) + λR̂(T, T̂ ).

❖❢ ❝♦✉rs❡✱ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ♣✉❜❧✐❝ ❢✉♥❞s λ ✐s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ♦♥ t❤❡

❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥str❛✐♥t✳ ◆♦✇✱ t❤❡ ♦♣t✐♠❛❧ t❛① s❝❤❡❞✉❧❡ ✐s s✉❝❤ t❤❛t ❡✈❡r②

❜✉❞❣❡t✲♥❡✉tr❛❧ t❛① r❡❢♦r♠ ❤❛s ❛ ③❡r♦ ❡✛❡❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ▲✉❡♥✲

❜❡r❣❡r ✭✶✾✾✼✮✮✱ t❤❛t ✐s✱ ❢♦r ❛❧❧ T̂ ✱

Ŵ(T, T̂ ) + λR̂(T, T̂ ) = 0.

❇✉t r❡❝❛❧❧ t❤❛t 1
λ
Ŵ(T, T̂ ) = WG(T, T̂ ) ❛♥❞ R̂(T, T̂ ) = 1− EB(T, T̂ )✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢

t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ❛♥❞ t❤❡ ❡①❝❡ss ❜✉r❞❡♥✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❡ ❝❤❛r❛❝t❡r✐③❛✲

t✐♦♥ ✭✷✼✮✳

✻✽



❊ Pr♦♦❢s ♦❢ ❙❡❝t✐♦♥ ✹

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t❛① s❝❤❡❞✉❧❡ ✐s ❈❘P✱ s♦ t❤❛t R (w) =
1−τ
1−p

w1−p✳ ❊q✉❛t✐♦♥ ✭✹✽✮ t❤❡♥ ✐♠♣❧✐❡s t❤❛t ✐♥ ♦r❞❡r t♦ ✐♥❞✉❝❡ ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t②

θ t♦ ❝❤♦♦s❡ t❤❡ s❛♠❡ ❡✛♦rt a r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ♥♦✐s❡ r❡❛❧✐③❛t✐♦♥ η✱ t❤❡ ❡❛r♥✐♥❣s

❝♦♥tr❛❝t ♠✉st s❛t✐s❢②✿

log (w (θ, η)) =
a

1
ε

1− p
η −

1

1− p
log

(

1− τ

1− p

)

+
k

1− p
, ✭✺✼✮

❢♦r s♦♠❡ k ∈ R✳ ❚❤✉s✱ ❧♦❣✲❡❛r♥✐♥❣s ❛r❡ ❧✐♥❡❛r ✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ η = y
θ
− a

t❤❛t t❤❡ ✜r♠ ✐♥❢❡rs ✉♣♦♥ ♦❜s❡r✈✐♥❣ r❡❛❧✐③❡❞ ♦✉t♣✉t y✳ ■♠♣♦s✐♥❣ t❤❛t t❤❡ ❛❣❡♥t✬s

♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t② ♣✐♥s ❞♦✇♥ t❤❡ ✈❛❧✉❡ ♦❢ k ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

U (θ)✳ ◆❛♠❡❧②✱ ❡q✉❛t✐♦♥ ✭✹✾✮ ✐♠♣❧✐❡s✿

k = U (θ) +
1

1 + 1
ε

a1+
1
ε

❛♥❞ ❤❡♥❝❡

log (w (θ, η)) =
a

1
ε

1− p
η +

1

1− p

1

1 + 1
ε

a1+
1
ε −

1

1− p
log

(

1− τ

1− p

)

+
U (θ)

1− p
. ✭✺✽✮

❇❡❧♦✇ ✇❡ ❞❡r✐✈❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ t❤❡ r❡s❡r✈❛t✐♦♥ ✉t✐❧✐t② U (θ) ❛♥❞ ♦❜t❛✐♥ t❤❡

❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ ❣✐✈❡♥ (a, η)✿

log (w (θ, η)) = log (θa) +
a

1
ε

1− p
η −

1

2

(

a
1
ε

1− p

)2

σ2
η. ✭✺✾✮

❉❡✜♥❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❜❡❢♦r❡✲t❛① ❛♥❞ ❛❢t❡r✲t❛① ✇❛❣❡s t♦ ♦✉t♣✉t ✐♥ t❤❡ ♦♣t✐♠❛❧

❝♦♥tr❛❝t ❜② t❤❡ s❡♠✐✲❡❧❛st✐❝✐t✐❡s ψ (θ, η) ≡ 1
w(θ,η)

∂w(θ,η)
∂η

❛♥❞ ψc (θ, η) ≡ 1
R(w(θ,η))

∂R(w(θ,η))
∂η

✱

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡ ψ (θ, η) = a1/ε

1−p
❛♥❞ ψc (θ, η) = a1/ε✳ ❇♦t❤ ψ (θ, η) ❛♥❞ ψc (θ, η)

❞❡♣❡♥❞ ♦♥ t❤❡ t❛① s❝❤❡❞✉❧❡ t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ ♦♣t✐♠❛❧ ❡✛♦rt✱ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛❞❞✐✲

t✐♦♥❛❧ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ♦♥ t❤❡ ❜❡❢♦r❡✲t❛① s❡♥s✐t✐✈✐t②✳

✻✾



◆❡①t✱ s✐♥❝❡ v′ (w) = r(w)
R(w)

= 1−p
w

✱ t❤❡ ✜r♠✬s ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ r❡❛❞s

θ = E

[

h′ (a)

v′ (w (θ, η))
+

h′′ (a)

v′ (w (θ, η))
η

]

=
a

1
ε

1− p
E [w (θ, η)] +

1

ε

a
1
ε
−1

1− p
E [w (θ, η) η] .

❲❡ ❤❛✈❡

E [w (θ, η)] = E

[

e
a
1
ε

1−p
η

]

e
1

1−p
1

1+1
ε
a1+

1
ε− 1

1−p
log( 1−τ

1−p )+
U(θ)
1−p

= e
1
2

a
2
ε

(1−p)2
σ2
ηe

1
1−p

1

1+1
ε
a1+

1
ε− 1

1−p
log( 1−τ

1−p )+
U(θ)
1−p .

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❛t η ✐s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ ✵ ❛♥❞ ✈❛r✐❛♥❝❡

σ2
η s♦ t❤❛t E [exη] = e

1
2
x2σ2

η ❢♦r ❛♥② x✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ E [ηexη] = xσ2e
1
2
x2σ2

η ❢♦r

❛♥② x✳ ■♥❞❡❡❞✱ ❧❡t ϕ t❤❡ ✭♥♦r♠❛❧✮ ♣❞❢ ♦❢ η✳ ❲❡ ❤❛✈❡ ϕ′ (η) = − η
σ2
η
ϕ (η)✱ s♦ t❤❛t

E [ηexη] =
´

ηexηϕ (η) dη = −σ2
η

´

exηϕ′ (η) dη = xσ2
η

´

exηϕ (η) dη = xσ2
ηe

1
2
x2σ2

η ✱ ✇❤❡r❡

t❤❡ t❤✐r❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳

E [w (θ, η) η] = E

[

ηe
a
1
ε

1−p
η

]

e
1

1−p
1

1+1
ε
a1+

1
ε− 1

1−p
log( 1−τ

1−p )+
U(θ)
1−p

=
a

1
ε

1− p
σ2
ηe

1
2

a
2
ε

(1−p)2
σ2
ηe

1
1−p

1

1+1
ε
a1+

1
ε− 1

1−p
log( 1−τ

1−p )+
U(θ)
1−p .

P❧✉❣❣✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s ✐♥t♦ t❤❡ ✜r♠✬s ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❧❡❛❞s t♦

θa =

[

a1+
1
ε

1− p
+

1

ε

a
2
ε

(1− p)2
σ2
η

]

e
1
2

a
2
ε

(1−p)2
σ2
ηe

1
1−p

1

1+1
ε
a1+

1
ε− 1

1−p
log( 1−τ

1−p )+
U(θ)
1−p

❛♥❞ ❤❡♥❝❡

a1+
1
ε

1− p
+

1

ε

a
2
ε

(1− p)2
σ2
η = θae

− 1
1−p

1

1+1
ε
a1+

1
ε− 1

2
a
2
ε

(1−p)2
σ2
η+

1
1−p

log( 1−τ
1−p )−

U(θ)
1−p

◆♦✇ ✉s❡ t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥✿ ❡q✉❛t✐♦♥ ✭✺✮ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ❞❡r✐✈❡❞ ❛❜♦✈❡ ❢♦r

✼✵



E [w (y | θ)] ❧❡❛❞s t♦

e
1

1−p
1

1+1
ε
a1+

1
ε+ 1

2
a
2
ε

(1−p)2
σ2
η−

1
1−p

log( 1−τ
1−p )+

U(θ)
1−p = θa. ✭✻✵✮

❈♦♠❜✐♥✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧ ❡✛♦rt t❤❡r❡❢♦r❡

❧❡❛❞s t♦✿

a1+
1
ε +

1

ε

a
2
ε

1− p
σ2
η = 1− p. ✭✻✶✮

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ψ ≡ a
1
ε

1−p
❢♦r t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❛s✐❧② ❧❡❛❞s t♦ ✭✸✶✮✳ ◆♦t❡ t❤❛t ✐❢

ε = 1✱ ✇❡ ♦❜t❛✐♥ ♦♣t✐♠❛❧ ❡✛♦rt ✐♥ ❝❧♦s❡❞ ❢♦r♠✿

a =

(

1

1− p
+

σ2

(1− p)2

)−1/2

. ✭✻✷✮

❋✐♥❛❧❧②✱ t❛❦✐♥❣ ❧♦❣s ✐♥ ❡q✉❛t✐♦♥ ✭✻✵✮ ❛♥❞ ❞❡✜♥✐♥❣ ψ ≡ a
1
ε

1−p
❡❛s✐❧② ❧❡❛❞s t♦ ✭✸✷✮✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳ ❈♦♥s✐❞❡r ❛ t❛① r❡❢♦r♠ t❤❛t ♠❛r❣✐♥❛❧❧② r❛✐s❡s t❤❡ r❛t❡ ♦❢ ♣r♦✲

❣r❡ss✐✈✐t② p ❜② ❛ s♠❛❧❧ ❛♠♦✉♥t δ → 0✳ ❚❤❡ ❞✐r❡❝t✐♦♥ T̂ ♦❢ t❤✐s t❛① r❡❢♦r♠ s❛t✐s✜❡s

(

w −
1− τ

1− p− δ
w1−p−δ

)

−

(

w −
1− τ

1− p
w1−p

)

= δT̂ (w) + o (δ) .

❚❤✐s ❧❡❛❞s t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✹✮✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✻✶✮ ✇✐t❤ r❡s♣❡❝t t♦ (1− p) ❧❡❛❞s t♦

[(

1 +
1

ε

)

a
1
ε +

2σ2
η

(1− p) ε2
a

2
ε
−1

]

∂a

∂ (1− p)
−

σ2
η

(1− p)2 ε
a

2
ε = 1,

❛♥❞ ❤❡♥❝❡

[(

1 +
1

ε

)

a
1
ε
+1 +

2σ2
η

(1− p) ε2
a

2
ε

]

εa,1−p −
σ2
η

(1− p) ε
a

2
ε = 1− p.

❯s✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❛❣❛✐♥ t♦ s✉❜st✐t✉t❡ ❢♦r 1− p ❧❡❛❞s t♦

εa,1−p =
a

1
ε
+1 +

2σ2
η

(1−p)ε
a

2
ε

(

1 + 1
ε

)

a
1
ε
+1 +

2σ2
η

(1−p)ε2
a

2
ε

.
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❲❡ ❝♦♥❝❧✉❞❡ ❜② ❡①♣r❡ss✐♥❣ t❤✐s ❡❧❛st✐❝✐t② ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ❡❧❛st✐❝✐t✐❡s✳ ❲❡

❤❛✈❡ ψ = a
1
ε

1−p
❛♥❞ εψ,a = 1

ε
✳ ❲❡ ❝❛♥ t❤✉s ✇r✐t❡

εa,1−p =
a

1
ε
+1 + 2 (1− p) εψ,aψ

2σ2
η

(

1 + 1
ε

)

a
1
ε
+1 + 2

ε
(1− p) εψ,aψ2σ2

η

.

❇✉t t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❧❛❜♦r ❡✛♦rt r❡❛❞s

a1+1/ε = (1− p)
(

1− εψ,aψ
2σ2

η

)

.

❙✉❜st✐t✉t✐♥❣ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❡r♠s ❧❡❛❞s t♦

εa,1−p =
1 + εψ,aψ

2σ2
η

(

1 + 1
ε

)

+
(

1
ε
− 1
)

εψ,aψ2σ2
η

.

❚❤✐s ❡❛s✐❧② ②✐❡❧❞s ❡q✉❛t✐♦♥ ✭✸✺✮✳

❊①♣r❡ss✐♦♥ ✭✸✻✮ ❢♦r ŵ❡① (θ, η) ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ â
a
= 1

1−p
εa,1−p ❜② ❞❡✜♥✐t✐♦♥✳ ❚♦

♦❜t❛✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✭✸✽✮✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛♥② ✭♥♦t ♥❡❝❡ss❛r✐❧② ❈❘P✮

t❛① r❡❢♦r♠ T̂ ✱

ŵ♣♣ (θ, η) = εψ,a
(

ψη − ψ2σ2
η

)

ŵ❡① (y | θ) . ✭✻✸✮

❚❤✐s ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ŵ♣♣ (θ, η) ❤❛s ♠❡❛♥ ③❡r♦✱ ❜✉t ✐s ❞✐s♣❡rs❡❞ ❛r♦✉♥❞ t❤❡ ♠❡❛♥

✇❤❡♥❡✈❡r εψ,a > 0✱ s✐♥❝❡ t❤❡ ♠❛♣ η 7→ ψη− ψ2σ2
η ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ❚♦ ♣r♦✈❡ t❤✐s

❡q✉❛t✐♦♥✱ ♥♦t❡ t❤❛t

h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))
â (θ) =

R (w (θ, η))

r (w (θ, η))

(

a1+
1
ε +

1

ε
a

1
ε η

)

â

a

=
1

1− p
w (θ, η)

[

a1+
1
ε + (1− p) εψ,aψη

] â

a

=
1

1− p
w (θ, η)

[

(1− p)
(

1− εψ,aψ
2σ2

η

)

+ (1− p) εψ,aψη
] â

a

=
[

1 + εψ,a
(

ψη − ψ2σ2
η

)]

w (θ, η)
â

a
,

✇❤❡r❡ t❤❡ t❤✐r❞ ❡q✉❛❧✐t② ✉s❡s t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❧❛❜♦r ❡✛♦rt✳
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◆❡①t✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ŵ❝♦ (θ, η)✳ ❲❡ ❤❛✈❡

T̂ (w (θ, η))

r (w (θ, η))
=

1

(1− τ) (w (θ, η))−p

(

log (w (θ, η))−
1

1− p

)

1− τ

1− p
(w (θ, η))1−p

=

(

ln (θa) + ψη −
1

2
ψ2σ2

η −
1

1− p

)

1

1− p
w (θ, η) ,

❛♥❞

Û (θ)

v′ (w (θ, η))
= −

1
v′(w(θ,η))

E

[

1
v′(w(θ,·))

]E

[

T̂ (w (θ, ·))

r (w (θ, ·))

]

= −
1

1−p
w (θ, η)

E

[

1
1−p

w (θ, ·)
]E

[(

log (w (θ, ·))−
1

1− p

)

1

1− p
w (θ, ·)

]

= −
1

1− p
w (θ, η)

[

ln (θa) +
1

2
ψ2σ2

η −
1

1− p

]

.

❙✉♠♠✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s ②✐❡❧❞s ❡q✉❛t✐♦♥ ✭✸✼✮✳

❙✉♠♠✐♥❣ ❛❧❧ t❤❡ ❡✛❡❝ts✱ ✇❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❤❡ r❡❢♦r♠ ✐s

❣✐✈❡♥ ❜②

∂ logw (θ, η)

∂ (1− p)
= εa,1−p + (εψ,aεa,1−p + εψ,1−p)

(

ψη − ψ2σ2
η

)

,

✇❤✐❝❤ ✐s t❤❡ ❡①♣r❡ss✐♦♥ ❛s ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ ❜② ❞✐r❡❝t❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ logw (θ, η) =

log (θa) + ψη − 1
2
ψ2σ2

η✳

◆♦t❡ t❤❛t t❤❡ ❡❛r♥✐♥❣s ❛❞❥✉st♠❡♥t ŵi (θ, η) ❝♦♥tr✐❜✉t❡s t♦ r❛✐s✐♥❣ t❤❡ s❡♥s✐t✐✈✐t②

♦❢ ❧♦❣✲❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ✭♣❛ss✲t❤r♦✉❣❤ ❢✉♥❝t✐♦♥✮ ✐✛

∂

∂η
log (w (θ, η) + δŵi (θ, η))−

∂

∂η
log (w (θ, η)) > 0.

❋♦r δ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ③❡r♦ t❤✐s ✐♥❡q✉❛❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦

∂ŵ (θ, η)

∂η
> ŵi (θ, η)

∂ log (w (θ, η))

∂η
.

✼✸



❚❤❡ ❡①♣r❡ss✐♦♥s ❞❡r✐✈❡❞ ❛❜♦✈❡ ✐♠♣❧②

∂ŵ♣♣ (θ, η)

∂η
=

ŵ♣♣ (θ, η)

ŵ❡① (θ, η)

∂ŵ❡① (θ, η)

∂η
+ ŵ♣♣ (θ, η)

ψ

ψη − ψ2σ2
η

= ŵ♣♣ (θ, η)
∂ log (w (θ, η))

∂η
+ ψεψ,aw (θ, η)

â

a
.

❚❤✉s✱ s✐♥❝❡ â < 0✱ ✇❡ ♦❜t❛✐♥ ∂ŵ♣♣(θ,η)

∂η
< ŵ♣♣ (y | θ) ∂ log(w(θ,η))

∂η
❛♥❞ t❤❡ r❡❢♦r♠ ❧♦✇❡rs

t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❧♦❣✲❡❛r♥✐♥❣s t♦ ♦✉t♣✉t✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ❧♦✇❡rs

r❛✐s❡s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❧♦❣✲❡❛r♥✐♥❣s s✐♥❝❡ εψ,1−p < 0✳

❋✐♥❛❧❧②✱ ✇❡ ❞❡r✐✈❡ ❡q✉❛t✐♦♥ ✭✹✵✮✳ ❲❡ ❤❛✈❡

ŵ❝♦ (θ, η)

ŵ♣♣ (θ, η)
=

− 1
1−p

εψ,1−p
(

ψη − ψ2σ2
η

)

w (θ, η)

− 1
1−p

εψ,aεa,1−p
(

ψη − ψ2σ2
η

)

w (θ, η)

=
εψ,1−p

εψ,aεa,1−p
= −

ε

εa,1−p

=
o(ψ2σ2

η)
− (1 + ε)

(

1 +
1− ε

1 + ε

1

ε
ψ2σ2

η −
1

ε
ψ2σ2

η

)

= 2ψ2σ2
η − ε− 1.

✇❤❡r❡ t❤❡ s❡❝♦♥❞ t♦ ❧❛st ❡q✉❛❧✐t② ✉s❡s ❡q✉❛t✐♦♥ ✭✸✺✮✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✱ ❛♥❞ t❤❛t ❛❜✐❧✐t② t②♣❡s

❛r❡ ❧♦❣♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✱ t❤❛t ✐s✱ log θ ∼ N (µθ, σ
2
θ)✳ ❲❡ s✉❜st✐t✉t❡ ❢♦r♠✉❧❛ ✭✸✹✮

❢♦r t❤❡ t❛① r❡❢♦r♠ T̂ ✐♥ ❡q✉❛t✐♦♥s ✭✷✽✮ ❛♥❞ ✭✷✾✮ t♦ ❝♦♠♣✉t❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❡①❝❡ss

❜✉r❞❡♥ ❛♥❞ t❤❡ ✇❡❧❢❛r❡ ❣❛✐♥s ♦❢ ♠❛r❣✐♥❛❧❧② r❛✐s✐♥❣ ♣r♦❣r❡ss✐✈✐t②✳ ❚❤❡ ❛❧❣❡❜r❛ ✐s

str❛✐❣❤t❢♦r✇❛r❞ ❜✉t t❡❞✐♦✉s✳ ■t ✐s ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st ❛♥❞ ✇❡ ♦♥❧② s✉♠♠❛r✐③❡ ♦✉r

r❡s✉❧ts ❤❡r❡✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t ♦❢ t❤❡ ♣r♦❣r❡ss✐✈❡ t❛① r❡❢♦r♠ ✐s ❡q✉❛❧ t♦

ˆ

Θ

E

[

T̂ (w (θ, η))
]

❞F (θ) =

[

µθ + ln a−
1

1− p
+ (1− p) σ2

θ +

(

1

2
− p

)

ψ2σ2

]

C

✇❤❡r❡ C ❞❡♥♦t❡s ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

C ≡

ˆ

Θ

E [R (w (θ, η))] ❞F (θ) =
1− τ

1− p
a1−pe(1−p)µθ+

1
2
(1−p)2σ2

θe−
1
2
p(1−p)ψ2σ2

η .

✼✹



▲❡t Y ❞❡♥♦t❡s ❛❣❣r❡❣❛t❡ ♦✉t♣✉t✱ ❣✐✈❡♥ ❜②

Y ≡

ˆ

Θ

(θa) ❞F (θ) = aeµθ+
σ2θ
2 .

◆♦t❡ t❤❛t ✐♥ ♦✉r ❜❛s❡❧✐♥❡ ❡❝♦♥♦♠② ✇✐t❤ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s G✱ ✇❡ ❤❛✈❡ Y =

C +G✳ ❚❤❡ ❡①❝❡ss ❜✉r❞❡♥ ♦❢ t❤❡ t❛① r❡❢♦r♠ ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s r✐s❦ ✭t❤❛t

✐s✱ t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ ✭✷✽✮✮ ✐s ❣✐✈❡♥ ❜②

ˆ

Θ

E

[

T ′ (w (θ, η))w (θ, η)
â (θ)

a (θ)

]

❞F (θ) = −
1

1− p
(Y − (1− p)C) εa,1−p.

❚❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ✐s ❣✐✈❡♥ ❜

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,
T̂ (w (θ, η))

r (w (θ, η))

)

❞F (θ)

=
(

epψ
2σ2
η − 1

)

[

µθ + ln a−
1

1− p
+ (1− p) σ2

θ

]

C +
(

epψ
2σ2
η − 1 + 2p

) 1

2
ψ2σ2

ηC.

❚❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ t❤❡ s❡❝♦♥❞ ❡❧❡♠❡♥t ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ✐s ❣✐✈❡♥ ❜②

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,
Û (θ)

v′ (w (θ, η))

)

❞F (θ)

= −
(

epψ
2σ2
η − 1

)

[

µθ + ln a−
1

1− p
+ (1− p) σ2

θ

]

C −
(

epψ
2σ2
η − 1

) 1

2
ψ2σ2

ηC.

❚❤✉s t❤❡ t♦t❛❧ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❢r♦♠ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✐s ❡q✉❛❧ t♦ pψ2σ2
ηC✳ ❚❤❡

✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ✐s ❣✐✈❡♥ ❜②

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,
h′ (a (θ)) + h′′ (a (θ)) η

v′ (w (θ, η))
â (θ)− ŵ❡① (θ, η)

)

❞F (θ)

= −p
1

ε
ψ2σ2

ηεa,1−pC.

❙✉♣♣♦s❡ t❤❛t t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✇❡✐❣❤ts ❛r❡ ❣✐✈❡♥ ❜② α (θ) = e−α log θ
´

e−α log θ′❞F (θ′)
❢♦r ❛❧❧ θ✱

✼✺



❢♦r s♦♠❡ α ≥ 0✳ ❚❤❡♥ t❤❡ ❡✛❡❝t ♦❢ t❤❡ t❛① r❡❢♦r♠ ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❣✐✈❡♥ ❜②

−

ˆ

Θ

E

[

(v′ (w (θ, η)))−1

E
[

(v′ (w (θ, ·)))−1]α (θ) u′ (R (w (θ, η))) T̂ (w (θ, η))

]

❞F (θ)

= −µθ − ln a+
1

1− p
−

1

2
ψ2σ2

η + ασ2
θ .

❚❤✐r❞✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ♣✉❜❧✐❝ ❢✉♥❞s λ ✐♥ t❤❡ ❧♦❣❧✐♥❡❛r ♠♦❞❡❧✱

✇❤❡♥ t❤❡ t❛① ❝♦❞❡ ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❈❘P ❝❧❛ss✳ ❚♦ ❞♦ s♦✱ ✜rst ❝♦♥s✐❞❡r ❛ r❡❢♦r♠ ♦❢

t❤❡ ♣❛r❛♠❡t❡r τ ✱ r❡♣r❡s❡♥t❡❞ ❜② ❢♦r♠✉❧❛ ✭✻✹✮✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♣❛r❛♠❡t❡r ❧❛♠❜❞❛

✐s t❤❡ ❡✛❡❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❝❛✉s❡❞ ❜② ❛ t❛① r❡❢♦r♠ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ♥♦r♠❛❧✐③❡❞ t♦

r❛✐s❡ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ❜② ✶ ❞♦❧❧❛r✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t ♦❢ t❤❡ ✭♥♦♥✲♥♦r♠❛❧✐③❡❞✮

r❡❢♦r♠ ✭✻✹✮ ✐s ❡q✉❛❧ t♦

ˆ

Θ

E

[

T̂ (w (θ, η))
]

❞F (θ) =
C

1− τ
.

❙✐♥❝❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r ❡✛♦rt ✐s εa,1−τ = 0✱ t❤❡ st❛♥❞❛r❞ ❡①❝❡ss ❜✉r❞❡♥ ❛♥❞ t❤❡

✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❝❛✉s❡❞ ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ❛r❡ ❜♦t❤ ❡q✉❛❧ t♦ ③❡r♦✱

ˆ

Θ

E [T ′ (w (θ, η)) ŵ❡① (θ, η)] ❞F (θ)

=

ˆ

Θ

❈♦✈ (T ′ (w (θ, η)) , ŵ♣♣ (θ, η)) ❞F (θ) = 0.

❚❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s ❝❛✉s❡❞ ❜② t❤❡ t✇♦ ❡❧❡♠❡♥ts ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ❛r❡ ❣✐✈❡♥ ❜②

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,
T̂ (w (θ, η))

r (w (θ, η))

)

❞F (θ)

= −

ˆ

Θ

❈♦✈

(

T ′ (w (θ, η)) ,
Û (θ)

v′ (w (θ, η))

)

❞F (θ) =
(

epψ
2σ2
η − 1

) C

1− τ
.

❚❤❡ ✇❡❧❢❛r❡ ❡✛❡❝t ♦❢ t❤❡ t❛① r❡❢♦r♠ ✐s ❣✐✈❡♥ ❜②

−

ˆ

Θ

E

[

(v′ (w (θ, η)))−1

E
[

(v′ (w (θ, ·)))−1]α (θ) u′ (R (w (θ, η))) T̂ (w (θ, η))

]

dF (θ) = −
1

1− τ
.

◆♦✇✱ ♥♦r♠❛❧✐③❡ t❤❡ t❛① r❡❢♦r♠ ♦❢ t❤❡ t❛① r❛t❡ τ s♦ t❤❛t ✐t ❞❡❧✐✈❡rs ✩✶ ♦❢ r❡✈❡♥✉❡✳

✼✻



❙✐♥❝❡ t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s ✐s ③❡r♦✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡

♦❢ t❤❡ t❛① r❡❢♦r♠ T̂ = 1
1−p

w1−p ✐s s✐♠♣❧② ♦❢ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t C
1−τ

✳ ❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r

t❤❡ ♥♦r♠❛❧✐③❡❞ t❛① r❡❢♦r♠

T̂ ∗ =
1− τ

C
× T̂ =

1

C
×

1− τ

1− p
(w (θ, η))1−p .

❚❤❡ ✇❡❧❢❛r❡ ✐♠♣❛❝t ♦❢ ❞✐str✐❜✉t✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞♦❧❧❛r ♦❢ t❛① r❡✈❡♥✉❡ ✈✐❛ ❛ r❡❞✉❝t✐♦♥

♦❢ t❤❡ ♣❛r❛♠❡t❡r τ ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦ t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝t ♦❢ t❤❡ r❡❢♦r♠ −T̂ ∗✱ ✇❤✐❝❤

✐s ❡q✉❛❧ t♦

λ =
1− τ

C
×

1

1− τ
=

1

C
.

❚❤✐s ❣✐✈❡s t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ♣✉❜❧✐❝ ❢✉♥❞s λ ✐♥ t❤✐s s❡tt✐♥❣ ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡

♣r♦♦❢✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❲❡ ❣✐✈❡ t✇♦ ♣r♦♦❢s ♦❢ t❤✐s r❡s✉❧t✳ ❋✐rst✱ ✇❡ ❛♣♣❧② ❢♦r♠✉❧❛

✭✷✼✮ ✉s✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ ❡❛❝❤ t❡r♠ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸

❛❜♦✈❡✳ ❲❡ ♠✉st ❤❛✈❡✱ ❧❡tt✐♥❣ α (θ) = 1 ❢♦r ❛❧❧ θ✱

0 =

[

µθ + ln a−
1

1− p
+ (1− p) σ2

θ +

(

1

2
− p

)

ψ2σ2
η

]

C

−

[

µθ + ln a−
1

1− p
+

1

2
ψ2σ2

η

]

C

−
1

1− p
(Y − (1− p)C) εa,1−p + pψ2σ2

ηC −

[

p
1

ε
ψ2σ2

η

]

εa,1−pC

=

[

(1− p) σ2
θ +

(

−
p

1− p

Y

C
− p

1

ε
ψ2σ2

η

)

εa,1−p

]

C.

❙✐♥❝❡ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s ❛r❡ ❡q✉❛❧ t♦ G✱ ✇❡ ❤❛✈❡

Y

C
=

Y

Y −G
=

1

1− g

✼✼



✇❤❡r❡ g ≡ G/Y ✳ ❲❡ t❤✉s ♦❜t❛✐♥

σ2
θ

εa,1−p
=

1

(1− p)2

(

1

1− g
− (1− p)

)

εa,1−p +
p

1− p

1

ε
ψ2σ2

η

=
p

(1− p)2

[

1 +
g

(1− g) p
+ (1− p)

1

ε
ψ2σ2

η

]

,

✇❤✐❝❤ ❡❛s✐❧② ②✐❡❧❞s t❤❡ r❡s✉❧t✳

❚❤❡ s❡❝♦♥❞ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ ❞✐r❡❝t❧② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②

✐♥ t❤❡ ❧♦❣❧✐♥❡❛r ♠♦❞❡❧ ❜② ❡q✉❛t✐♥❣ t♦ ③❡r♦ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐♥ t❤✐s

❡♥✈✐r♦♥♠❡♥t✳ ❚♦ ❞♦ s♦✱ r❡❝❛❧❧ t❤❛t t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ♦❢ ❛❣❡♥ts ✇✐t❤ ❛❜✐❧✐t② θ ❝❛♥

❜❡ ✇r✐tt❡♥ ❛s

log (w (θ, η)) = log (θa) + ψη −
1

2
(ψση)

2

❛♥❞ t❤❡✐r ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛s

U (θ) = log

(

1− τ

1− p

)

+ (1− p) log (θa)−
1

2
(1− p) (ψση)

2 − h (a) .

❯t✐❧✐t❛r✐❛♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦

ˆ

Θ

U (θ) ❞F (θ) = (1− p)µθ + (1− p) log a− (1− p)
ψ2σ2

η

2
− h (a) + log

(

1− τ

1− p

)

.

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❡✛♦rt✱ t❛❦✐♥❣ t❛① r❛t❡s ❛s ❣✐✈❡♥✱ r❡❛❞s

0 =
∂U (θ)

∂a
= (1− p)

1

a
− (1− p)ψσ2

η

∂ψ

∂a
− h′ (a) .

◆♦✇ r❡❝❛❧❧ t❤❛t ❡①♣❡❝t❡❞ ♣r❡✲t❛① ❛♥❞ ♣♦st✲t❛① ❡❛r♥✐♥❣s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥ ❜②

E [w (θ, η)] = θa ❛♥❞ E[(w (θ, η))1−p] = (θa)1−p e−
pa

2
ε σ2η

2(1−p) ✱ s♦ t❤❛t ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡

✐s ❡q✉❛❧ t♦

ˆ

Θ

E [R (w (θ, η))] f (θ) dθ = aeµθ+
σ2θ
2 −

1− τ

1− p
e−

pa
2
ε σ2η

2(1−p) a1−pe(1−p)µθ+(1−p)2
σ2θ
2 .

✼✽



❇✉❞❣❡t ❜❛❧❛♥❝❡ t❤✉s r❡q✉✐r❡s

1− τ

1− p
=

aeµθ+
σ2θ
2 −G

e−
pa

2
ε σ2η

2(1−p) a1−pe(1−p)µθ+(1−p)2
σ2
θ
2

=
(1− g) aeµθ+

σ2θ
2

e−
pa

2
ε σ2η

2(1−p) a1−pe(1−p)µθ+(1−p)2
σ2
θ
2

.

❆s ❛ r❡s✉❧t✱ ♠❛①✐♠✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ 1− p ❧❡❛❞s t♦✿

0 = µθ + log a+ (1− p)
1

a

∂a

∂ (1− p)
− h′ (a)

∂a

∂ (1− p)
−
ψ2σ2

η

2

− (1− p)ψσ2
η

[

∂ψ

∂ (1− p)
+
∂ψ

∂a

∂a

∂ (1− p)

]

+
∂ log

(

1−τ
1−p

)

∂ (1− p)
,

✇✐t❤

∂ log
(

1−τ
1−p

)

∂ (1− p)
=

g

1− g

∂ log a

∂ (1− p)
− µθ − (1− p) σ2

θ − log a+ p
1

a

∂a

∂ (1− p)

−

(

1

2
− p

)

ψ2σ2
η + p (1− p)ψσ2

η

[

∂ψ

∂ (1− p)
+
∂ψ

∂a

∂a

∂ (1− p)

]

.

❲❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥

0 =

[

(1− p)
1

a
− h′ (a)− (1− p)ψσ2

η

∂ψ

∂a

]

∂a

∂ (1− p)
+ p

1

a

∂a

∂ (1− p)
+

g

1− g

∂ log a

∂ (1− p)

− (1− p) σ2
θ − (1− p)ψ2σ2

η − (1− p)2 ψσ2
η

∂ψ

∂ (1− p)
+ p (1− p)ψσ2

η

∂ψ

∂a

∂a

∂ (1− p)
.

❯s✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❡✛♦rt ❧❡❛❞s t♦

0 =
1

1− p

[

p+
g

1− g

]

εa,1−p + pψ2σ2
ηεψ,aεa,1−p

− (1− p)
[

σ2
θ + ψ2σ2

η

]

− (1− p)ψ2σ2
ηεψ,1−p.

❘❡❛rr❛♥❣✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ r❡s✉❧t✳

❋✉rt❤❡r ❊①❛♠♣❧❡s ♦❢ ❚❛① ❘❡❢♦r♠s✳ ❲❡ ♥♦✇ st✉❞② t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❛❞❞✐t✐♦♥❛❧

❡①❛♠♣❧❡s ♦❢ t❛① r❡❢♦r♠s✳

▲✉♠♣✲❙✉♠ ❚❛① ■♥❝r❡❛s❡ ♦♥ ❍✐❣❤ ■♥❝♦♠❡s✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ t♦♣ ❡❛r♥❡rs✱ ✇❤♦s❡

✐♥❝♦♠❡s ❛r❡ ❧♦❝❛t❡❞ ✐♥ t❤❡ ❤✐❣❤❡st ❜r❛❝❦❡t ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❝♦♥st❛♥t t❛① r❛t❡ τt♦♣

✼✾



❛♥❞ ❛♥ ✐♥❝♦♠❡ t❤r❡s❤♦❧❞ wt♦♣✳ ❚❤✉s✱ t❤❡ ❜❛s❡❧✐♥❡ t❛① s❝❤❡❞✉❧❡ T ✐s ❧♦❝❛❧❧② ❛✣♥❡✱

t❤❛t ✐s✱ T (w) = T (wt♦♣) + τt♦♣ (w − wt♦♣) ❢♦r ❛❧❧ w > wt♦♣✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡

t❤❛t w (y | θ) > wt♦♣ ❢♦r ❛❧❧ y✳ ❆ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ✐♥❝♦♠❡ t❛①

❧✐❛❜✐❧✐t✐❡s ♦❢ t❤❡s❡ ❛❣❡♥ts ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t❛① r❡❢♦r♠ T̂ (w) = 1 ❢♦r ❛❧❧ w > wt♦♣✳

✭❊q✉✐✈❛❧❡♥t❧②✱ T̂ ❝❛♥ ❜❡ ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳✮ ■♥❞❡❡❞✱ t❤❡ ♣❡rt✉r❜❡❞ t❛① s❝❤❡❞✉❧❡ ✐s

t❤❡♥ ❣✐✈❡♥ ❜② T + δT̂ = T + δ✳ ❚❤✉s✱ t❤❡ t❛① ❢✉♥❝t✐♦♥ ✐s s❤✐❢t❡❞ ✉♣ ❜② t❤❡ ❝♦♥st❛♥t

δ < 0✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ Ψ̂(T, T̂ ) t❤❡♥ ❣✐✈❡s t❤❡ ✜rst✲♦r❞❡r ❡✛❡❝t

♦❢ t❤✐s ❧✉♠♣✲s✉♠ tr❛♥s❢❡r ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ Ψ ❛s ✐ts s✐③❡ δ ❜❡❝♦♠❡s s♠❛❧❧✳

❆♣♣❧②✐♥❣ ❢♦r♠✉❧❛s ✭✶✺✮ ❛♥❞ ✭✶✻✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳ ❚❤❡ ❡❛r♥✐♥❣s

❛❞❥✉st♠❡♥t ❝❛✉s❡❞ ❜② ❝r♦✇❞✐♥❣✲♦✉t ✐s ❡q✉❛❧ t♦

ŵ❝♦ (θ, η) =
1

1− τ

(

1−
(v′ (w (θ, η)))−1

E
[

(v′ (w (θ, ·)))−1]

)

.

■♥t✉✐t✐✈❡❧②✱ ❛ ✉♥✐❢♦r♠ ❧✉♠♣✲s✉♠ t❛① ✐♥❝r❡❛s❡ ❝❛♥ ❜❡ ❢✉❧❧② ❛❜s♦r❜❡❞ ❜② t❤❡ ✜r♠ ✈✐❛ ❛

❝♦✉♥t❡r❛❝t✐♥❣ ❧✉♠♣✲s✉♠ ✐♥❝r❡❛s❡ ✐♥ ❡❛r♥✐♥❣s✱ ✇✐t❤♦✉t ❛♥② ❝❤❛♥❣❡ ✐♥ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡✳

❚❤✉s✱ t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ✐s ❝♦♥st❛♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞

❡❧❡♠❡♥t ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦✳ ❚❤✐s ✐s ❜❡❝❛✉s❡

t❤❡ t❛① ✐♥❝r❡❛s❡ r❡❞✉❝❡s ❡①♣❡❝t❡❞ ✉t✐❧✐t② Û (θ)✳ ❚♦ ♣r❡s❡r✈❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱

t❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② r❡❞✉❝✐♥❣ ♣r❡✲t❛① ❡❛r♥✐♥❣s ❜② ❧❛r❣❡r ❛♠♦✉♥ts ❢♦r ❤✐❣❤❡r✲✐♥❝♦♠❡

✇♦r❦❡rs✱ s✐♥❝❡ t❤❡✐r ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ✐s s♠❛❧❧❡r✳ ❆s ❛ r❡s✉❧t✱ ∂
∂η
ŵ❝♦ (θ, η) < 0✱ s♦ t❤❛t

t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t r❡❞✉❝❡s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♣r❡✲t❛① ❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s✉♠ ♦❢ t❤❡ st❛♥❞❛r❞ ❧❛❜♦r s✉♣♣❧② ❡✛❡❝t ŵ❡① (θ, η) ❛♥❞ t❤❡

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ŵ♣♣ (θ, η) ✐s ✐♥❝r❡❛s✐♥❣✱ s♦ t❤❛t t❤❡ ❧❛❜♦r s✉♣♣❧② r❡s♣♦♥s❡s

r❛✐s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t✳ ■♥❞❡❡❞✱ ❛ ❧✉♠♣✲s✉♠ t❛① ✐♥❝r❡❛s❡

❝r❡❛t❡s ❛ ♣✉r❡ ✐♥❝♦♠❡ ❡✛❡❝t ❛♥❞ ❤❡♥❝❡ r❛✐s❡s ♦♣t✐♠❛❧ ❡✛♦rt✱ t❤❛t ✐s✱ â (θ) > 0✳ ■♠✲

♣❧❡♠❡♥t✐♥❣ t❤✐s ❤✐❣❤❡r ❡✛♦rt ❧❡✈❡❧ r❡q✉✐r❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡❛r♥✐♥❣s

t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳ ❖✈❡r❛❧❧✱ ❛ ✉♥✐❢♦r♠ t❛① ✐♥❝r❡❛s❡ ❝❛♥ ❧❡❛❞ t♦ ❡✐t❤❡r ❛ s♣r❡❛❞ ♦r

❛ ❝♦♥tr❛❝t✐♦♥ ✐♥ t❤❡ ♣r❡✲t❛① ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥❝♦♠❡

❡✛❡❝t ❢♦r ❤✐❣❤✲✐♥❝♦♠❡ ❡❛r♥❡rs✳

▼❛r❣✐♥❛❧ ❚❛① ❘❛t❡ ■♥❝r❡❛s❡ ♦♥ ❍✐❣❤ ■♥❝♦♠❡s✳ ❋♦❝✉s✐♥❣ ❛❣❛✐♥ ♦♥ t❤❡ ❤✐❣❤❡st

✐♥❝♦♠❡ t❛① ❜r❛❝❦❡t✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t♦♣ ♠❛r❣✐♥❛❧ t❛① r❛t❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t❛①

r❡❢♦r♠ T̂ (w) = w − wt♦♣ ❢♦r ❛❧❧ w > wt♦♣✳ ■♥❞❡❡❞✱ t❤❡ ♣❡rt✉r❜❡❞ t❛① ♣❛②♠❡♥ts ❛r❡

t❤❡♥ ❣✐✈❡♥ ❜② T (w) + δT̂ (w) = T (w) + δ (w − wt♦♣)✱ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ t❛① r❛t❡s ❛r❡

✽✵



♣❡rt✉r❜❡❞ ❜② t❤❡ ❝♦♥st❛♥t δT̂ ′ (w) = δ ❢♦r w ≥ wt♦♣✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

❆ss✉♠✐♥❣ t❤❛t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❧♦❣❛r✐t❤♠✐❝✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t

✐s ❡q✉❛❧ t♦

ŵ❝♦ (θ, η) =
1

(1− τ) Π
(w (θ, η)− E [w (θ, η)]) ,

✇❤❡r❡ Π = E [w (θ, η)] /wt♦♣✳ ❚❤✉s✱ ∂
∂η
ŵ❝♦ (θ, η) > 0✱ s♦ t❤❛t t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t

r❛✐s❡s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♣r❡✲t❛① ❡❛r♥✐♥❣s t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳ ◆♦t❡ t❤❛t ✐❢ t❤❡ ❜❛s❡✲

❧✐♥❡ t❛① ❝♦❞❡ ✐s ❧✐♥❡❛r ❛♥❞ t❤❡ t❛① r❛t❡s ✐♥❝r❡❛s❡ ✉♥✐❢♦r♠❧② ❢♦r t❤❡ ✇❤♦❧❡ ♣♦♣✉❧❛t✐♦♥✱

t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t ✐s ❡q✉❛❧ t♦ ③❡r♦✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s✉♠ ♦❢ t❤❡ st❛♥❞❛r❞

❧❛❜♦r s✉♣♣❧② ❡✛❡❝t ŵ❡① (θ, η) ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t ŵ♣♣ (θ, η) ✐s ✐♥❝r❡❛s✐♥❣ ✐❢

t❤❡ r❡❢♦r♠ r❡❞✉❝❡s ♦♣t✐♠❛❧ ❡✛♦rt✱ â (θ) < 0✱ ✇❤✐❝❤ r❛✐s❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❡♥s✐t✐✈✐t②

♦❢ t❤❡ ❝♦♥tr❛❝t✳ ❚❤❡ ❧❛r❣❡r t❤❡ ❛✈❡r❛❣❡ ✉♥❝♦♠♣❡♥s❛t❡❞ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧②✱ t❤❡

str♦♥❣❡r t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t r❡❧❛t✐✈❡ t♦ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t✱ t❤❡ ♠♦r❡ ❛♥

✐♥❝r❡❛s❡ ✐♥ t♦♣ t❛① r❛t❡s r❡❞✉❝❡s t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ ❡❛r♥✐♥❣s ❛t t❤❡ t♦♣✳ ❖✈❡r❛❧❧✱ t❤❡

❡✛❡❝t ♦❢ t❤✐s r❡❢♦r♠ ♦♥ t❤❡ ❡❛r♥✐♥❣s ❞✐str✐❜✉t✐♦♥ ✐s ❛♠❜✐❣✉♦✉s✳

Pr♦♣♦rt✐♦♥❛❧ ❉❡❝r❡❛s❡ ✐♥ ❘❡t❡♥t✐♦♥ ❘❛t❡s✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✳

❈♦♥s✐❞❡r ❛ t❛① r❡❢♦r♠ t❤❛t r❛✐s❡s t❤❡ ♣❛r❛♠❡t❡r τ ♦❢ t❤❡ ❈❘P t❛① s❝❤❡❞✉❧❡ ❜② ❛ s♠❛❧❧

❛♠♦✉♥t δ✳ ❚❤❡ ❞✐r❡❝t✐♦♥ T̂ ♦❢ t❤✐s t❛① r❡❢♦r♠ ✐s s✉❝❤ t❤❛t
(

w −
1− τ − δ

1− p
w1−p

)

−

(

w −
1− τ

1− p
w1−p

)

= δT̂ (w) + o (δ) .

❚❤✐s ❡❛s✐❧② ✐♠♣❧✐❡s t❤❛t t❤✐s t❛① r❡❢♦r♠ T̂ ✐s ❞❡✜♥❡❞ ❜②

T̂ (w) =
1

1− p
w1−p, ∀w > 0. ✭✻✹✮

◆♦t❡ t❤❛t t❤✐s r❡❢♦r♠ ❝❤❛♥❣❡s t❤❡ r❡t❡♥t✐♦♥ r❛t❡s r (w)✱ ✐♥ ♣❡r❝❡♥t❛❣❡ t❡r♠s✱ ❜②

❛ ♥❡❣❛t✐✈❡ ❝♦♥st❛♥t✿ r̂(w)
r(w)

= − T̂ ′(w)
1−T ′(w)

= − 1
(1−τ)(1−p)

✳ ❚❤❡r❡❢♦r❡✱ ✐t ❛♠♦✉♥ts t♦ ❛

♣r♦♣♦rt✐♦♥❛❧ r❡❞✉❝t✐♦♥ ✐♥ r❡t❡♥t✐♦♥ r❛t❡s✳

❆♣♣❧②✐♥❣ ❢♦r♠✉❧❛ ✭✶✹✮ t♦ t❤❡ t❛① r❡❢♦r♠ ✭✻✹✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳ ❚❤❡ t✇♦
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❝♦♠♣♦♥❡♥ts ♦❢ ❝r♦✇❞✐♥❣✲♦✉t ❛r❡ ❡q✉❛❧ t♦

T̂ (w (θ, η))

r (w (θ, η))
=

(v′ (w (θ, η)))−1

E
[

(v′ (w (θ, ·)))−1] E

[

T̂ (w (θ, ·))

r (w (θ, ·))

]

=
w (θ, η)

(1− τ) (1− p)
.

❚❤❛t ✐s✱ ✐♥ r❡s♣♦♥s❡ t♦ ❛ t❛① r❡❢♦r♠ t❤❛t r❡❞✉❝❡s ❛❧❧ r❡t❡♥t✐♦♥ r❛t❡s ❜② t❤❡ s❛♠❡

♣❡r❝❡♥t ❛♠♦✉♥t ✭❛♥❞ ❤❡♥❝❡ r❛✐s❡s ♠❛r❣✐♥❛❧ t❛① r❛t❡s✮✱ t❤❡ ✜r♠ ✜rst ✐♥❝r❡❛s❡s ❛❧❧

✇♦r❦❡rs✬ s❛❧❛r✐❡s ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡✐r ✐♥✐t✐❛❧ ❡❛r♥✐♥❣s ✐♥ ♦r❞❡r t♦ ❝♦✉♥t❡r❛❝t t❤❡✐r

♥❡t ✐♥❝♦♠❡ ❧♦ss❡s ❛♥❞ ❦❡❡♣ t❤❡✐r ✐♥❝❡♥t✐✈❡s ✉♥❝❤❛♥❣❡❞✳ ❇✉t t❤❡ r❡❢♦r♠ ❛❧s♦ r❡❞✉❝❡s

r❡♥ts ❛♥❞ ❤❡♥❝❡ ❧❡❛❞s ✜r♠s t♦ r❡❞✉❝❡ s❛❧❛r✐❡s ❛❧s♦ ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ ✇♦r❦❡rs✬ ✐♥✐t✐❛❧

❡❛r♥✐♥❣s✳ ■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❧♦❣❛r✐t❤♠✐❝✱ t❤✐s ❡♥s✉r❡s t❤❛t ❛❧❧ ❛❣❡♥ts✬

✉t✐❧✐t✐❡s ❞❡❝r❡❛s❡ ❜② t❤❡ s❛♠❡ ❛♠♦✉♥t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ t♦t❛❧ ❝r♦✇❞✐♥❣

♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥s✉r❛♥❝❡ ❜② t❤❡ r❡❢♦r♠✱ ŵ❝♦ (θ, η)✱ ✐s ❡q✉❛❧ t♦ ③❡r♦✳

◆♦✇✱ t❤❡ st❛♥❞❛r❞ ❧❛❜♦r s✉♣♣❧② ❡✛❡❝t ŵ❡① (θ, η) ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t

ŵ♣♣ (θ, η) ❛r❡ ❜♦t❤ ❛❧s♦ ❡q✉❛❧ t♦ ③❡r♦ ❜❡❝❛✉s❡✱ ❜② ❡q✉❛t✐♦♥ ✭✸✶✮✱ t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt

❧❡✈❡❧ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ❛♥❞ ♥♦t ♦♥ t❤❡ t❛① ♣❛r❛♠❡t❡r τ ✳

■♥t✉✐t✐✈❡❧②✱ ❡✛♦rt r❡♠❛✐♥s ❝♦♥st❛♥t ❜❡❝❛✉s❡ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❧♦❣❛r✐t❤♠✐❝✱ s♦ t❤❛t

t❤❡ s✉❜st✐t✉t✐♦♥ ❛♥❞ ✐♥❝♦♠❡ ❡✛❡❝ts ❝❛♥❝❡❧ ♦✉t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✐s

❝♦♠♣❧❡t❡❧② ✉♥❛✛❡❝t❡❞ ❜② t❤❡ r❡❢♦r♠✳

❋ Pr♦♦❢s ♦❢ ❙❡❝t✐♦♥ ✺

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧ ♣r♦❣r❡ss✐✈✐t② ❢♦r♠✉❧❛ ✐♥ t❤❡ q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧✳

❚❤❡ ❡✛♦rt ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛❜✐❧✐t② θ✮ ♦❢ ❛ ♥♦r♠❛❧ ✇♦r❦❡r ❛r❡

an = (1− p)
ε

1+ε

❛♥❞

Un(θ) = log

(

1− τ

1− p

)

+ (1− p) log(θan)− h(an).

❚❤❡ ❡✛♦rt ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛❜✐❧✐t② θ✮ ♦❢ ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

✇♦r❦❡r ❛r❡

am =

[

(1− p)

(

1−
1

ε
ψ2σ2

η,m

)] ε
1+ε
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❛♥❞

Um(θ) = log

(

1− τ

1− p

)

+ (1− p) log(θam)− h(am)−
ψ2σ2

η,m

2
,

✇❤❡r❡ t❤❡ ❡♥❞♦❣❡♥♦✉s ♣❛ss✲t❤r♦✉❣❤ ψ ✐s ❡q✉❛❧ a
1/ε
m

1−p
✳ ❚❤❡ ❯t✐❧✐t❛r✐❛♥ s♦❝✐❛❧ ✇❡❧❢❛r❡

❢✉♥❝t✐♦♥ ✐s

W = π

ˆ

Um(θ)dFm(θ) + (1− π)

ˆ

Un(θ)dFn(θ) ✭✻✺✮

= log

(

1− τ

1− p

)

+ (1− p)

(

πµθ,m + (1− π)µθ,n +
1

λθ

)

+π

(

(1− p) log(am)− h(am)− (1− p)
ψ2σ2

η,m

2

)

+(1− π) ((1− p) log(an)− h(an))

✇❤❡r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈✐t✐❡s ❛t ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s Fm(θ) ✐s P❛r❡t♦✲

❧♦❣♥♦r♠❛❧ ✇✐t❤ ♣❛r❛♠❡t❡rs (µθ,m, σ
2
θ , λθ)✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈✐t✐❡s ❛t

♥♦r♠❛❧ ❥♦❜s Fn(θ) ✐s P❛r❡t♦✲❧♦❣♥♦r♠❛❧ ✇✐t❤ ♣❛r❛♠❡t❡rs (µθ,n, σ2
θ , λθ)✳ ❲❡ ❞❡r✐✈❡ t❤❡

♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ W ✇✐t❤ r❡s♣❡❝t t♦ 1−p✱ ❛♣♣❧②✐♥❣ t❤❡ ❡♥✈❡❧♦♣❡

t❤❡♦r❡♠ ❛♥❞ ❡q✉❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ t♦ ③❡r♦✿

0 =
∂W

∂ (1− p)
=

∂ log
(

1−τ
1−p

)

∂1− p
+ πµθ,m + (1− π)µθ,n +

1

λθ

+π log(am) + (1− π) log(an)− π

(

1

2
+ εψ,1−p

)

ψ2σ2
η,m.

❋♦r ❡❛❝❤ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t②✱ t❤❡ ♦t❤❡r t❛① ♣❛r❛♠❡t❡r τ ✐s ❝❤♦s❡♥ t♦ ❜❛❧❛♥❝❡ t❤❡

❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t s✉❜❥❡❝t t♦ ✜①❡❞ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ G✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡s♦✉r❝❡

❝♦♥str❛✐♥t r❡❛❞s Y = C +G✱ ✇❤❡r❡ t❤❡ ❛❣❣r❡❣❛t❡ ♦✉t♣✉t Y ✐s ❣✐✈❡♥ ❜②

Y =
λθ

λθ − 1

(

πeµθ,m+
σ2θ
2 am + (1− π)eµθ,n+

σ2θ
2 an

)
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❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠♣t✐♦♥ C ✐s ❣✐✈❡♥ ❜②

C =
1− τ

1− p

λθ
λθ − (1− p)

×

(

πe(1−p)µθ,m+(1−p)2
σ2θ
2 e−p(1−p)

(ψση,m)2

2 a1−pm + (1− π)e(1−p)µθ,n+(1−p)2
σ2θ
2 a1−pn

)

.

❯s✐♥❣ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t✱ ✇❡ ❤❛✈❡

1− τ

1− p
=

1− τ

1− p

Y

C

(

1−
G

Y

)

.

P❧✉❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Y ❛♥❞ C ❛♥❞ ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ 1− p t♦ ♦❜t❛✐♥

∂ log
(

1−τ
1−p

)

∂ (1− p)
= −

1

λθ − (1− p)
+

1

1− p
εY,1−p

g

1− g
+

1

1− p
εY,1−p

−cm
(

µθ,m + (1− p)σ2
θ + εam,1−p + log(am)

)

−cm

(

1− p−
1

2
− pεψ,1−p − pεam,1−pεψ,am

)

ψ2σ2
η,m

−cn
(

µθ,n + (1− p)σ2
θ + εan,1−p + log(an)

)

✇❤❡r❡ εY,1−p ≡ ymεam,1−p + ynεan,1−p ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ✐♥❝♦♠❡ ✇✐t❤

r❡s♣❡❝t t♦ 1 − p✱ g = G
Y

✐s t❤❡ s❤❛r❡ ♦❢ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐♥ ♦✉t♣✉t ❛♥❞ cj ✐s

t❤❡ s❤❛r❡ ♦❢ ❥♦❜s ♦❢ t②♣❡ j ∈ {m,n} ✐♥ t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠♣t✐♦♥✳ P❧✉❣❣✐♥❣ t❤✐s

❡①♣r❡ss✐♦♥ ✐♥t♦ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❛♥❞ r❡❛rr❛♥❣✐♥❣ ②✐❡❧❞s t❤❡ ✜♥❛❧ ♦♣t✐♠❛❧✐t②

❝♦♥❞✐t✐♦♥
(

p+
g

1− g

)

εY,1−p
1− p

+ (ym − cm) (εam,1−p − εan,1−p) + πpεam,1−pεψ,amψ
2σ2

η,m

=
1

λθ

1− p

λθ − (1− p)
+ (1− p)σ2

θ + π(1− p)(1 + εψ,1−p)ψ
2σ2

η,m

−(π − cm) (µθ,m + log (am)− µθ,n − log (an))

−(π − cm)

(

1

2
− p (1 + εψ,1−p + εam,1−pεψ,am)

)

ψ2σ2
η,m

✇❤❡r❡ yj ✐s t❤❡ s❤❛r❡ ♦❢ ❥♦❜s ♦❢ t②♣❡ j ∈ {m,n} ✐♥ t❤❡ ❛❣❣r❡❣❛t❡ ♦✉t♣✉t✳ ❚❤❡ ❛❜♦✈❡

❢♦r♠✉❧❛ ❝♦❧❧❛♣s❡s t♦ t❤❡ ❢♦r♠✉❧❛s ✇✐t❤ ♦♥❧② ♣❡r❢♦r♠❛♥❝❡ ♣❛② ❥♦❜s ✇❤❡♥ π = 1 ❛♥❞ t❤❡

st❛♥❞❛r❞ ♣r♦❣r❡ss✐✈✐t② ❢♦r♠✉❧❛ ✇❤❡♥ π = 0 ✭✐♥ ❜♦t❤ ❝❛s❡s t❤❡ ❜❧✉❡ t❡r♠s ❞✐s❛♣♣❡❛r✮✳
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❚❤❡ ✜rst t❡r♠ ✐s t❤❡ st❛♥❞❛r❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss ❢r♦♠ r✐s✐♥❣ t❤❡ ♣r♦❣r❡ss✐✈✐t② r❛t❡ ❛❞✲

❥✉st❡❞ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣✱ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❛❣❣r❡❣❛t❡ ✐♥❝♦♠❡

εY,1−p ≡ ymεam,1−p+ynεan,1−p✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❛ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ❞❡❛❞✇❡✐❣❤t ❧♦ss

❞✉❡ t♦ ❜♦t❤ ❞✐✛❡r❡♥❝❡s ✐♥ ❡❧❛st✐❝✐t✐❡s ❜❡t✇❡❡♥ ❥♦❜ t②♣❡s ❛♥❞ ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥

✐♥❝♦♠❡ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ s❤❛r❡s ♦❢ ❥♦❜ t②♣❡s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ◆♦t❡ t❤❛t

♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs✱ ✇❤♦ ❛r❡ ♠♦r❡ ❡❧❛st✐❝✱ ❤❛✈❡ ❧♦✇❡r ❝♦♥s✉♠♣t✐♦♥ s❤❛r❡ t❤❛♥

✐♥❝♦♠❡ s❤❛r❡ ✇❤❡♥ p > 0 ❞✉❡ t♦ ❤✐❣❤❡r ✇❛❣❡✲r❛t❡ r✐s❦✳ ❙✉♣♣♦s❡ ✇❡ ✐♥❝r❡❛s❡ ♣r♦❣r❡s✲

s✐✈✐t②✳ P❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs ✇✐❧❧ r❡❞✉❝❡ t❤❡✐r ❡✛♦rt✱ ✇❤✐❝❤ ❞❡❝r❡❛s❡s ❜♦t❤ t❤❡✐r

✐♥❝♦♠❡ ✭♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✮ ❛♥❞ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ✭♣♦s✐t✐✈❡ ❡✛❡❝t

♦♥ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✮✳ ❙✐♥❝❡ t❤❡✐r ✐♥❝♦♠❡ s❤❛r❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥

s❤❛r❡✱ ❛❣❣r❡❣❛t✐♥❣ ❜♦t❤ ❡✛❡❝ts ❛❝r♦ss ❛❧❧ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs ❧❡❛❞s t♦ ❛ ♥❡❣❛t✐✈❡

❡✛❡❝t ♦♥ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✳ ❚❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡ ❢♦r ♥♦r♠❛❧ ✇♦r❦❡rs✿ t❤❡✐r ❝♦♥✲

s✉♠♣t✐♦♥ s❤❛r❡ ✐s ❣r❡❛t❡r t❤❛♥ ✐♥❝♦♠❡ s❤❛r❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ♦♥ ❛❣❣r❡❣❛t❡✱ t❤❡r❡

❛r❡ ♠♦r❡ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s ❞✉❡ t♦ t❤❡✐r r❡s♣♦♥s❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♣❡r❢♦r♠❛♥❝❡✲

♣❛② ✇♦r❦❡rs ❛r❡ ♠♦r❡ ❡❧❛st✐❝ t❤❛♥ ♥♦r♠❛❧ ✇♦r❦❡rs✱ t❤❡ ❢♦r♠❡r ❡✛❡❝t ❞♦♠✐♥❛t❡s ❛♥❞

✐♥❝r❡❛s✐♥❣ ♣r♦❣r❡ss✐✈✐t② ❧❡❛❞s t♦ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞❡❛❞✇❡✐❣❤t ❧♦ss✳

❚❤❡ ♥❡①t ❢♦✉r t❡r♠s ❛r❡ st❛♥❞❛r❞✿ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✱ t❤❡ r❡❞✐str✐❜✉t✐♦♥

❣❛✐♥s ❞✉❡ t♦ t❤❡ t❤❡ P❛r❡t♦ t❛✐❧ ❛♥❞ ❞✉❡ t♦ t❤❡ ♥♦r♠❛❧ ✈❛r✐❛♥❝❡ ♦❢ ♣r♦❞✉❝t✐✈✐t✐❡s✱ ❛♥❞

t❤❡ ❣❛✐♥ ❢r♦♠ ✐♥s✉r✐♥❣ ❡♥❞♦❣❡♥♦✉s ✇❛❣❡✲r❛t❡ r✐s❦ ❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜s ♥❡t ♦❢

t❤❡ ❝r♦✇❞✲♦✉t✳

❚❤❡ ❧❛st t✇♦ t❡r♠s ❛r❡ ♥♦✈❡❧✳ ❚❤❡② ❛r❡ ♣r❡s❡♥t ❜❡❝❛✉s❡ t❤❡ ❝♦♥s✉♠♣t✐♦♥ s❤❛r❡

♦❢ ♣❡r❢♦r♠❛♥❝❡ ♣❛② ✇♦r❦❡rs cm ✐s ♣♦t❡♥t✐❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡✐r ♣♦♣✉❧❛t✐♦♥ s❤❛r❡ π✳

❚❤❡s❡ t❡r♠s ❝♦rr❡s♣♦♥❞ t♦ ✈❛r✐♦✉s ✇❛②s ✐♥ ✇❤✐❝❤ r❡s♦✉r❝❡s ❛r❡ r❡❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥

❥♦❜ t②♣❡s✳ ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ t❡r♠s st❛♥❞s ❢♦r t❤❡ ❣❛✐♥ ❢r♦♠ ✐♥s✉r✐♥❣ t❤❡ ✏❥♦❜ t②♣❡✑

r✐s❦✱ t❤❛t ✐s✱ t❤❡ r✐s❦ ♦❢ ❤❛✈✐♥❣ ❛ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❥♦❜ ✈s✳ ❛ ♥♦r♠❛❧ ❥♦❜✳ ❘❡❝❛❧❧ t❤❛t

t❤✐s r✐s❦ ✐s ❡①♦❣❡♥♦✉s✳ ❚❤✐s t❡r♠ ❝♦♥tr✐❜✉t❡s t♦ ❤✐❣❤❡r ♣r♦❣r❡ss✐✈✐t② ✇❤❡♥❡✈❡r t❤❡r❡

✐s ❛ ❞✐✛❡r❡♥❝❡ ✐♥ ♠❡❛♥ ❝♦♥s✉♠♣t✐♦♥ ❛t t❤❡ t✇♦ ❥♦❜ t②♣❡s✳

❚❤❡ ❧❛st t❡r♠ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❡♥❞♦❣❡♥♦✉s ✇❛❣❡✲r❛t❡ r✐s❦✳ ❲❤❡♥ t❛①❡s ❛r❡ ♣r♦✲

❣r❡ss✐✈❡✱ ❤✐❣❤❡r ✇❛❣❡✲r❛t❡ r✐s❦ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs ❧♦✇❡rs t❤❡✐r ❝♦♥s✉♠♣t✐♦♥

r❡❧❛t✐✈❡ t♦ ♥♦r♠❛❧ ✇♦r❦❡rs✳ ❈♦♥s❡q✉❡♥t❧②✱ ❝❤❛♥❣❡s ✐♥ ♣r♦❣r❡ss✐✈✐t② ❛s ✇❡❧❧ ❛s ❡♥❞♦❣❡✲

♥♦✉s ❛❞❥✉st♠❡♥ts ♦❢ t❤❡ ✇❛❣❡✲r❛t❡ r✐s❦ ✇✐❧❧ r❡s✉❧t ✐♥ t❤❡ tr❛♥s❢❡rs ♦❢ r❡s♦✉r❝❡s ❛❝r♦ss

❥♦❜ t②♣❡s ✈✐❛ t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥str❛✐♥t✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t❡r♠ ✐♥ t❤❡ ❜✐❣

❜r❛❝❦❡ts ✐s ♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ✐s ❧✐❦❡❧② ✐❢ p ✐s ♥♦t ✈❡r② ❤✐❣❤✳✷✾ ❚❤❡♥✱ ✇❤❡♥ ♣r♦❣r❡ss✐✈✲

✷✾P❧✉❣❣✐♥❣ ✐♥ t❤❡ ✈❛❧✉❡s ♦❢ ❡❧❛st✐❝✐t✐❡s✱ t❤❡ t❡r♠ ✐♥ t❤❡ ❜r❛❝❦❡ts ❜❡❝♦♠❡s 1
2 − p

εam,1−p

ε
✳ ❙✐♥❝❡
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✐t② ✐♥❝r❡❛s❡s✱ ♣❡r❢♦r♠❛♥❝❡ ♣❛② ✇♦r❦❡rs ❡♥❞ ✉♣ ❝♦♥tr✐❜✉t✐♥❣ ♠♦r❡ t♦ t❤❡ ❣♦✈❡r♥♠❡♥t

❜✉❞❣❡t✳ ❚❤✐s ✐♠♣❧✐❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡❞✐str✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs

t♦ t❤❡ ♥♦r♠❛❧ ✇♦r❦❡rs✳ ❚❤✐s ❡✛❡❝t ❝♦♥tr✐❜✉t❡s t♦ ❤✐❣❤❡r ✭❧♦✇❡r✮ ♣r♦❣r❡ss✐✈✐t② ✐❢ t❤❡

❝♦♥s✉♠♣t✐♦♥ s❤❛r❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ✇♦r❦❡rs ✐s ❤✐❣❤❡r ✭❧♦✇❡r✮ t❤❛♥ t❤❡✐r ♣♦♣✉❧❛t✐♦♥

s❤❛r❡✳

● ❉②♥❛♠✐❝ ▼♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ ♦✉r r❡s✉❧ts t♦ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ♦❢ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳ ■♥

♦✉r s❡tt✐♥❣✱ ✐♥❞✐✈✐❞✉❛❧s ❧✐✈❡ ❢♦r s❡✈❡r❛❧ ♣❡r✐♦❞s ❛♥❞ s✐❣♥ ❛ ❧♦♥❣✲t❡r♠ ❧❛❜♦r ❝♦♥tr❛❝t

✇✐t❤ ❛ ✜r♠✳ ❲❡ ✉s❡ t❤❡ ♠♦r❛❧ ❤❛③❛r❞ ♠♦❞❡❧ ♦❢ ❊❞♠❛♥s✱ ●❛❜❛✐①✱ ❙❛❞③✐❦✱ ❛♥❞ ❙❛♥✲

♥✐❦♦✈ ✭✷✵✶✷✮ ✇❤♦ ❡①t❡♥❞❡❞ ❊❞♠❛♥s ❛♥❞ ●❛❜❛✐① ✭✷✵✶✶✮ t♦ t❤❡ ♠✉❧t✐✲♣❡r✐♦❞ ❡♥✈✐r♦♥✲

♠❡♥t✳ ❲♦r❦❡rs✬ ❡❛r♥✐♥❣s ❝❛♥ ❞❡♣❡♥❞ ✐♥ ❛♥ ❛r❜✐tr❛r② ✇❛② ♦♥ t❤❡✐r ❤✐st♦r② ♦❢ ♦✉t♣✉t

r❡❛❧✐③❛t✐♦♥s✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ❧❡✈✐❡s ❛ ❧❛❜♦r ✐♥❝♦♠❡ t❛① ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ❛♥❞ ❤❛s ❛

r❡❞✐str✐❜✉t✐✈❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ♦❜❥❡❝t✐✈❡✳

●✳✶ ❊♥✈✐r♦♥♠❡♥t

■♥❞✐✈✐❞✉❛❧s ❛r❡ ✐♥❞❡①❡❞ ❜② t❤❡✐r ❡①♦❣❡♥♦✉s ❛♥❞ ❝♦♥st❛♥t ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t② θ ∈ Θ✳

❚❤❡② ❧✐✈❡ ❢♦r S ≥ 2 ♣❡r✐♦❞s✱ ❤❛✈❡ t✐♠❡✲s❡♣❛r❛❜❧❡ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ❝♦♥s✉♠♣t✐♦♥ ct

❛♥❞ ❡✛♦rt at ✇✐t❤ ❞✐s❝♦✉♥t ❢❛❝t♦r β ∈ (0, 1)✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡♥♦t❡ t❤❡

❤✐st♦r② ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ x ✉♣ t♦ t✐♠❡ t ≤ S ❜② xt ≡ {xs}1≤s≤t ❛♥❞ ❧❡t x0 = ∅✳

❋❧♦✇ ♦✉t♣✉t ❛t t✐♠❡ t ✐s ❣✐✈❡♥ ❜②✿

yt = θ (at + ηt) , ✭✻✻✮

✇❤❡r❡ {ηt}1≤t≤S ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤r♦✉❣❤✲

♦✉t t❤❡ ❛♥❛❧②s✐s ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐s ❧♦❣❛r✐t❤♠✐❝ ✇✐t❤ ✐s♦❡✲

❧❛st✐❝ ❞✐s✉t✐❧✐t② ♦❢ ❧❛❜♦r✱ ♣r♦❞✉❝t✐✈✐t② θ ✐s ❧♦❣♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ µθ ❛♥❞

✈❛r✐❛♥❝❡ σ2
θ ✱ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ηt ❛r❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ 0

❛♥❞ ✈❛r✐❛♥❝❡ σ2
η✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✶✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛❣❡♥t ❝❤♦♦s❡s ♣❡r✐♦❞✲t ❡✛♦rt at

❛❢t❡r ♦❜s❡r✈✐♥❣ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ηt✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❣❡♥t✬s str❛t❡❣② ❝❛♥ ❜❡ ❛ ❢✉♥❝t✐♦♥

at (η
t) ♦❢ ❤❡r ❤✐st♦r② ✭✐♥❝❧✉❞✐♥❣ t❤❡ ❝✉rr❡♥t✲♣❡r✐♦❞✮ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s✳

εam,1−p > ε
1+ε

✱ t❤✐s t❡r♠ ✐s ♣♦s✐t✐✈❡ ✐❢ p < 1+ε
2 ✳

✽✻



❋✐r♠s ❞✐s❝♦✉♥t ❢✉t✉r❡ ♣r♦✜ts ❛t r❛t❡ r✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ t❤❛t β (1 + r) =

1✳ ■♥ ❡❛❝❤ ♣❡r✐♦❞ t t❤❡② ♦❜s❡r✈❡ t❤❡ ❛❣❡♥t✬s ♣r♦❞✉❝t✐✈✐t② θ ❛♥❞ ❤❡r ♦✉t♣✉t ❤✐st♦r② yt

✉♣ t♦ t❤❛t ❞❛t❡✱ ❜✉t ♥♦t ❤❡r ❡✛♦rt ❧❡✈❡❧s at ♦r ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ηt✳ ❆ ❧❛❜♦r ❝♦♥tr❛❝t

s♣❡❝✐✜❡s ❛♥ ❡✛♦rt ❧❡✈❡❧ at (θ) ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t✱ ❛♥❞ ❛♥ ❡❛r♥✐♥❣s ❢✉♥❝t✐♦♥ wt (θ, ηt) t❤❛t

❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥❢❡rr❡❞ ❤✐st♦r② ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ✭❣✐✈❡♥ t❤❡ r❡❝♦♠♠❡♥❞❡❞ ❡✛♦rt

❧❡✈❡❧s✮ ✉♣ t♦ ❛♥❞ ✐♥❝❧✉❞✐♥❣ t✐♠❡ t✳

❋✐♥❛❧❧②✱ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✱ t❤❡ ❣♦✈❡r♥♠❡♥t ❧❡✈✐❡s ❛♥ ✐♥❝♦♠❡ t❛①✳ ❲❡ s✉♣♣♦s❡ t❤❛t

t❤❡ t❛① s❝❤❡❞✉❧❡ ❤❛s ❛ ❝♦♥st❛♥t ❛♥❞ ❤✐st♦r②✲✐♥❞❡♣❡♥❞❡♥t r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p✱ s♦

t❤❛t ❢♦r ❛❧❧ t ∈ {1, . . . , S}✱ t❤❡ r❡t❡♥t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ♣❡r✐♦❞ t ✐s ❣✐✈❡♥ ❜②

Rt (w) =
1− τt
1− p

w1−p.

❚❤❡ ♣❛r❛♠❡t❡r τt ❡♥s✉r❡s t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❜❛❧❛♥❝❡s ✐ts ❜✉❞❣❡t ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳

❋✐♥❛❧❧②✱ ✇❡ r✉❧❡ ♦✉t ♣r✐✈❛t❡ s❛✈✐♥❣s s♦ t❤❛t ❛♥ ❛❣❡♥t ✇✐t❤ ❡❛r♥✐♥❣s wt ✐♥ ♣❡r✐♦❞ t

❝♦♥s✉♠❡s ct = Rt (wt)✳

●✳✷ ❊q✉✐❧✐❜r✐✉♠ ▲❛❜♦r ❈♦♥tr❛❝t

❲❡ st❛rt ❜② s❡tt✐♥❣ ✉♣ t❤❡ ❝♦♥tr❛❝t✐♥❣ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ t❤❡ ✜r♠ ❛♥❞ ❛ ✇♦r❦❡r ✇✐t❤

♣r♦❞✉❝t✐✈✐t② θ✳ ❚❤❡ ♦♣❡r❛t♦r Et ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦✈❡r ❛❧❧ ❢✉t✉r❡ ♣❡r❢♦r♠❛♥❝❡

s❤♦❝❦ r❡❛❧✐③❛t✐♦♥s {ηs}t+1≤s≤S ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❡①✲❛♥t❡ ♣r♦❞✉❝t✐✈✐t② θ ❛♥❞ ♦✉t♣✉t ❤✐s✲

t♦r② ηt✳

❋✐r♠✬s ♣r♦❜❧❡♠✳ ❚❤❡ ✜r♠✬s ♠❛①✐♠✐③❡s ✐ts ❡①♣❡❝t❡❞ ♣r♦✜t

Π(θ) = max
{at(θ),wt(θ,ηt)}1≤t≤S

E0

[

S
∑

t=1

(

1

1 + r

)t−1
(

yt − wt
(

θ, ηt
))

]

, ✭✻✼✮

s✉❜❥❡❝t t♦ t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ✇❤✐❝❤ r❡q✉✐r❡s t❤❛t ❢♦r ❛♥② ❛❧t❡r♥❛t✐✈❡ ❡✛♦rt str❛t✲

❡❣② {ãt (η
t)}1≤t≤S✱

E1

[

S
∑

t=1

βt−1
(

u
(

Rt

(

wt
(

θ, ηt
)))

− h
(

ãt
(

ηt
)))

]

✭✻✽✮

≤ E1

[

S
∑

t=1

βt−1
(

u
(

Rt

(

wt
(

θ, ηt
)))

− h (at (θ))
)

]

,

✽✼



❛♥❞ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✿

E0

[

S
∑

t=1

βt−1
(

u
(

R
(

wt
(

yt | θ
)))

− h (at (θ))
)

]

≥ U (θ) , ✭✻✾✮

✇❤❡r❡ yt ✐s ❣✐✈❡♥ ❜② ✭✻✻✮ ❛♥❞ U (θ) ✐s t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ♦❢ ✇♦r❦❡rs ✇✐t❤ ♣r♦❞✉❝t✐✈✐t②

θ✳

❊q✉✐❧✐❜r✐✉♠✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❢r❡❡ ❡♥tr② ♦❢ ✜r♠s✱ s♦ t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠

♣r♦✜ts ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✿

Π(θ) = 0. ✭✼✵✮

❚❤✐s ❡q✉❛t✐♦♥ ♣✐♥s ❞♦✇♥ t❤❡ ✇♦r❦❡rs✬ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ U (θ)✳

❖♣t✐♠❛❧ ❈♦♥tr❛❝t✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥tr❛❝t ✐♥ t✇♦ st❡♣s✿ ✇❡ ✜rst

st✉❞② ✐ts ✐♥t❡rt❡♠♣♦r❛❧✱ t❤❡♥ ✐ts ✐♥tr❛t❡♠♣♦r❛❧✱ ♣r♦♣❡rt✐❡s✳

▲❡♠♠❛ ✸✳ ❚❤❡ ❡❛r♥✐♥❣s ♣r♦❝❡ss wt (θ, η
t) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚❤❛t ✐s✱ ❡①♣❡❝t❡❞ ♣❡r✐♦❞✲t

❡❛r♥✐♥❣s ❛r❡ ❡q✉❛❧ t♦ r❡❛❧✐③❡❞ ♣❡r✐♦❞✲(t− 1) ❡❛r♥✐♥❣s✱

Et−1

[

wt
(

θ, ηt−1, ηt
)

| ηt
]

= wt−1

(

θ, ηt−1
)

. ✭✼✶✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❍✳

❚❤✐s ❧❡♠♠❛ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t

❜❡t✇❡❡♥ t❤❡ ✜r♠ ❛♥❞ t❤❡ ✇♦r❦❡r✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ❞②♥❛♠✐❝

❝♦♥tr❛❝t✐♥❣ ♠♦❞❡❧s ✉♥❞❡r s❡♣❛r❛❜❧❡ ✉t✐❧✐t② s❛t✐s✜❡s t❤❡ ■♥✈❡rs❡ ❊✉❧❡r ❊q✉❛t✐♦♥ ✭s❡❡✱

❡✳❣✳✱ ❘♦❣❡rs♦♥ ✭✶✾✽✺✮❀ ●♦❧♦s♦✈✱ ❑♦❝❤❡r❧❛❦♦t❛✱ ❛♥❞ ❚s②✈✐♥s❦✐ ✭✷✵✵✸✮✮✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡

✜r♠ ✐♥❝✉rs ❛ ❝♦♥✈❡① ❝♦st ♦❢ ♣r♦✈✐❞✐♥❣ ❡✛♦rt ✐♥❝❡♥t✐✈❡s ✕ ❣✐✈✐♥❣ xt ✉t✐❧s ✐♥ ♣❡r✐♦❞ t

r❡q✉✐r❡s ♣❛②✐♥❣ ❛ ❜❡❢♦r❡✲t❛① s❛❧❛r② R−1
t (u−1 (xt))✱ ✇❤❡r❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ R

−1
t ◦u−1 ≡

Ct ✐s ❝♦♥✈❡①✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t s♠♦♦t❤s ♦✉t t❤❡ ❝♦st ♦❢ ♣r♦✈✐❞✐♥❣

✐♥❝❡♥t✐✈❡s ♦✈❡r t✐♠❡✱ ✇❤✐❝❤ r❡q✉✐r❡s Et [C ′
t (xt+1)] = C ′

t (xt)✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s

t❤❛t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u ✐s ❧♦❣❛r✐t❤♠✐❝ ❛♥❞ t❤❡ r❡t❡♥t✐♦♥ ❢✉♥❝t✐♦♥ Rt ✐s ❈❘P✱ t❤✐s

❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✭✼✶✮✳

✽✽



Pr♦♣♦s✐t✐♦♥ ✺✳ ❆ss✉♠❡ t❤❛t ❡✛♦rt ✐s ♣♦s✐t✐✈❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✱ ♦r t❤❛t h′ (0) = 0✳

❉❡✜♥❡ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ❡✛♦rt ❜② A ≡
∑S

s=1

(

1
1+r

)s−1
as✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡s ♦❢

s❡♥s✐t✐✈✐t② ❛♥❞ ♣❛ss✲t❤r♦✉❣❤ ♣❛r❛♠❡t❡rs {δt, ψt}1≤t≤S ❜②

δt =
1

∑S−t
s=0 β

s
, ❛♥❞ ψt = δt

h′ (at)

1− p
.

❚❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ s❛t✐s✜❡s

log
(

wt
(

θ, ηt
))

= log
(

wt−1

(

θ, ηt−1
))

+ ψtηt −
1

2
ψ2
t σ

2
η, ✭✼✷✮

✇❤❡r❡ ✐♥✐t✐❛❧ ❡❛r♥✐♥❣s ❛r❡ ❣✐✈❡♥ ❜② w0 ≡ δ1θA✳ ❚❤❡ ♦♣t✐♠❛❧ ♣❡r✐♦❞✲t ❡✛♦rt ❧❡✈❡❧ at ✐s

✐♥❞❡♣❡♥❞❡♥t ♦❢ θ ❛♥❞ s❛t✐s✜❡s

at =

[

(1− p)

(

at
δ1A

−
1

δt
εψt,atψ

2
t σ

2
η

)] ε
1+ε

, ✭✼✸✮

✇❤❡r❡ εψt,at =
1
ε
✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ♣❛r❛♠❡t❡r ψt ✇✐t❤ r❡s♣❡❝t t♦ ❡✛♦rt

at✳ ❊①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ❣✐✈❡♥ ❜②

U (θ) =
S
∑

t=1

βt−1

[

log (R (δ1θA))− h (at)−
1

2δt
ψ2
t σ

2
η

]

. ✭✼✹✮
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❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❣❡♥❡r❛❧✐③❡s ❈♦r♦❧❧❛r② ✶ t♦ t❤❡ ❞②♥❛♠✐❝ s❡tt✐♥❣ ❛♥❞ ❛❧❧♦✇s ✉s

t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✐♥tr❛t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♠♣❡♥s❛t✐♦♥ ❝♦♥tr❛❝t✳

❊q✉❛t✐♦♥ ✭✼✷✮ ✐♠♣❧✐❡s t❤❛t ❡❛r♥✐♥❣s ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ❛r❡ ❛ ❧♦❣✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡

♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ηt ✐♥ t❤❛t ♣❡r✐♦❞✳ ❚❤❡ ♣❛ss✲t❤r♦✉❣❤ ♦❢ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ηt t♦

❧♦❣✲❡❛r♥✐♥❣s✱ ψt = ∂ logwt (θ, ·) /∂ηt✱ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ❛♥❞

t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ at ❛t t✐♠❡ t✳ ◆♦t❡ ✜♥❛❧❧② t❤❛t t❤❡ ♣❛ss✲t❤r♦✉❣❤s ❤❛✈❡ t❤❡ s❛♠❡

❢♦r♠ ❛s ✐♥ t❤❡ st❛t✐❝ ♠♦❞❡❧ ✕ ✇❡ t❤❡r❡❢♦r❡ ❡①♣❡❝t t❤❡ ✐♥s✐❣❤t t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛②

❡✛❡❝t ❝♦✉♥t❡r❛❝ts ❛♥❞ ♦✛s❡ts ❛ ❧❛r❣❡ s❤❛r❡ ♦❢ t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t t♦ ❝❛rr② ♦✈❡r t♦

t❤❡ ❞②♥❛♠✐❝ ❡♥✈✐r♦♥♠❡♥t✳

❋♦r♠❛❧❧②✱ ✉♣ t♦ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ❡✛♦rt✱ t❤❡ ♣❛ss✲t❤r♦✉❣❤ ψS ✐♥ t❤❡ t❡r♠✐♥❛❧

♣❡r✐♦❞ S ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♦♣t✐♠❛❧ st❛t✐❝ ❝♦♥tr❛❝t ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✵✮✮ s✐♥❝❡ δS = 1✳

■♥ ❡❛r❧✐❡r ♣❡r✐♦❞s✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①♣♦s✉r❡ t♦ r✐s❦ ❢♦r ❛ ❣✐✈❡♥ ❡✛♦rt ❧❡✈❡❧ ✐s

✽✾



str✐❝t❧② s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ st❛t✐❝ ❡♥✈✐r♦♥♠❡♥t ❛s t❤❡ s❡♥s✐t✐✈✐t② ♣❛r❛♠❡t❡rs δt s❛t✐s❢②

δt < 1 ❢♦r ❛❧❧ t ≤ S − 1✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♥t✉✐t✐♦♥ ❢♦r t❤✐s r❡s✉❧t✱ ♥♦t❡ t❤❛t

❡q✉❛t✐♦♥ ✭✼✷✮ ✐♠♣❧✐❡s t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♦✉t♣✉t r❡❛❧✐③❛t✐♦♥ yt ✕ ❡✐t❤❡r ❞✉❡ t♦

❡✛♦rt ♦r t♦ r❛♥❞♦♠ s❤♦❝❦s ✕ ❜♦♦sts ❧♦❣✲❡❛r♥✐♥❣s ✐♥ t❤❡ ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡ ♣❡r✐♦❞s

❡q✉❛❧❧②✳ ■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ ❛❣❡♥t ✐s r✐s❦✲❛✈❡rs❡ ✐t ✐s ❡✣❝✐❡♥t t♦ s♣r❡❛❞ t❤❡ r❡✇❛r❞s ♦✈❡r

❤❡r ❡♥t✐r❡ ❤♦r✐③♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ❣✐✈❡♥ ✐♥❝r❡❛s❡ ✐♥ ❧✐❢❡t✐♠❡ ✉t✐❧✐t② ♥❡❝❡ss❛r② t♦

❡❧✐❝✐t ❤✐❣❤❡r ❡✛♦rt r❡q✉✐r❡s ❛ ❤✐❣❤❡r ✐♥❝r❡❛s❡ ✐♥ ✢♦✇ ✉t✐❧✐t② ✐❢ t❤❡r❡ ❛r❡ ❢❡✇❡r r❡♠❛✐♥✐♥❣

♣❡r✐♦❞s ♦✈❡r ✇❤✐❝❤ t♦ s♠♦♦t❤ t❤❡s❡ ❜❡♥❡✜ts✳ ❆s ❛ r❡s✉❧t✱ t❤❡ s❡q✉❡♥❝❡ {δt}1≤t≤S ✐s

str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❣❡ts str♦♥❣❡r ♦✈❡r t✐♠❡✳

●✳✸ ❖♣t✐♠❛❧ ❚❛① Pr♦❣r❡ss✐✈✐t②

❲❡ ✜♥❛❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ ❤✐st♦r②✲✐♥❞❡♣❡♥❞❡♥t r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② p ✐♥ t❤❡

❞②♥❛♠✐❝ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ❝❤♦♦s❡s p t♦ ♠❛①✐♠✐③❡ ❛ ✉t✐❧✐t❛r✐❛♥ s♦❝✐❛❧

♦❜❥❡❝t✐✈❡
´

Θ
U (θ) ❞F (θ) s✉❜❥❡❝t t♦ ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞ ❜✉❞❣❡t ❜❛❧❛♥❝❡ ❝♦♥str❛✐♥t t❤❛t

´

Θ
Rt (wt (θ, η

t)) ❞F (θ) ≥ 0✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❚❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐s ❣✐✈❡♥ ❜②

p∗

(1− p∗)2
=

σ2
θ

εA,1−p + (1− p)
∑S

s=1 β
s−1 δ1

δs
εψs,asεas,1−pψ

2
sσ

2
η

, ✭✼✺✮

✇❤❡r❡ εA,1−p ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ♣r❡s❡♥t ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ ❡✛♦rt A ✇✐t❤ r❡s♣❡❝t

t♦ ♣r♦❣r❡ss✐✈✐t②✱ ❛♥❞ εψs,as =
1
ε
✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❍✳

❚♦ ❝♦♠♣❛r❡ t❤❡ ♦♣t✐♠✉♠ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✭✼✺✮ t♦ ✐ts st❛t✐❝ ❝♦✉♥t❡r♣❛rt ✭✹✸✮✱

✜rst ❝♦♥s✐❞❡r t❤❡ ❜❡♥❝❤♠❛r❦ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ❡①♦❣❡♥♦✉s ✇❛❣❡ r✐s❦✳ ❚❤❛t ✐s✱ t❤❡

♣❧❛♥♥❡r ♦❜s❡r✈❡s ❡①✲❛♥t❡ ❡❛r♥✐♥❣s ❤❡t❡r♦❣❡♥❡✐t② ❞✉❡ t♦ ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦s θ✱ ❛♥❞

❡①✲♣♦st ❤❡t❡r♦❣❡♥❡✐t② ❞✉❡ t♦ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦s ηt ♣❛ss❡❞ t❤r♦✉❣❤ t♦ ❡❛r♥✐♥❣s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✐t ♦❜s❡r✈❡s t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲♣❛② r✐s❡s ✇✐t❤ ❛❣❡✱ ❛s ❞❡s❝r✐❜❡❞

✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳ ❍♦✇❡✈❡r✱ ✐t ♠✐st❛❦❡♥❧② ❜❡❧✐❡✈❡s t❤❛t ✇❛❣❡ r❛t❡s✱ ❛♥❞ ❤❡♥❝❡ ψt✱ ❛r❡

❡①♦❣❡♥♦✉s✳ ❚❤❛t ✐s✱ ✐t ❛ss✉♠❡s t❤❛t εψs,as = εas,1−p = 0 ❢♦r ❛❧❧ s ≥ 1✳ ■♥ t❤✐s ❝❛s❡✱

t❤❡ ❞②♥❛♠✐❝ ♦♣t✐♠❛❧ t❛① ❢♦r♠✉❧❛ ✭✼✺✮ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ st❛t✐❝ ❢♦r♠✉❧❛ ✭✹✸✮✱ ❡①❝❡♣t

t❤❛t t❤❡ r❡❧❡✈❛♥t ❧❛❜♦r s✉♣♣❧② ❡❧❛st✐❝✐t② ✐s ♥♦✇ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ♣r❡s❡♥t✲✈❛❧✉❡ ♦❢

❡✛♦rt✱ εA,1−p✳
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◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✇✐t❤ ❡①✲♣♦st ❡❛r♥✐♥❣s ❞✐s♣❡rs✐♦♥ ❛♥❞ ❡♥❞♦❣❡♥♦✉s

✇❛❣❡ r✐s❦✱ ❝❛♣t✉r❡❞ ❜② t❤❡ ♥♦♥✲③❡r♦ ❡❧❛st✐❝✐t✐❡s εψs,as ❛♥❞ εas,1−p✳ ❆s ✐♥ t❤❡ st❛t✐❝

♠♦❞❡❧✱ t❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❛♥❞ ✇❡❧❢❛r❡ ❡✛❡❝t ✐♥❞✉❝❡❞ ❜② t❤❡ ❝r♦✇❞✐♥❣✲♦✉t ❡✛❡❝t

❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ♦✉t✳ ❚❤❡ ❛❞❥✉st♠❡♥t t♦ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❢ ♣r♦❣r❡ss✐✈✐t② ✐s ❣✐✈❡♥

❜② t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✼✺✮✳ ❘❡❝❛❧❧ t❤❛t t❤✐s t❡r♠ ❛❝❝♦✉♥ts ❢♦r

t❤❡ ♥❡❣❛t✐✈❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t② ❞✉❡ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝t✿ ❛ ❤✐❣❤❡r r❛t❡ ♦❢

♣r♦❣r❡ss✐✈✐t② r❡❞✉❝❡s ❡✛♦rt ✐♥ ♣❡r✐♦❞ s✱ ❤❡♥❝❡ r❡❞✉❝❡s t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ ❡❛r♥✐♥❣s ✇❤✐❝❤

✐♥ t✉r♥ ✭❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✮ ♥❡❣❛t✐✈❡❧② ❛✛❡❝ts ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡✳ ❚❤✐s t❡r♠

r❡s❡♠❜❧❡s t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠s ✐♥ t❤❡ st❛t✐❝ ♠♦❞❡❧✱ ✇✐t❤ ♦♥❡

❞✐✛❡r❡♥❝❡✳ ◆❛♠❡❧②✱ t❤❡ r❡❧❡✈❛♥t ❞✐s❝♦✉♥t ❢❛❝t♦r ✐s ♥♦t βs−1 ❜✉t βs−1 δ1
δs
✳ ❙✐♥❝❡ δs

✐s ✐♥❝r❡❛s✐♥❣ ♦✈❡r t✐♠❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ✜s❝❛❧ ❡①t❡r♥❛❧✐t✐❡s ❝❛✉s❡❞ ❜② t❤❡ ❢✉t✉r❡

♣❡r❢♦r♠❛♥❝❡✲♣❛② ❡✛❡❝ts ❛r❡ ❞✐s❝♦✉♥t❡❞ ❛t ❛ ❤✐❣❤❡r r❛t❡ t❤❛♥ t❤❡ st❛♥❞❛r❞ ❞❡❛❞✇❡✐❣❤t

❧♦ss❡s ❢r♦♠ ❞✐st♦rt✐♥❣ ❡✛♦rt✳

❍ Pr♦♦❢s ♦❢ ❙❡❝t✐♦♥ ●

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛♥ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❛❧❧♦❝❛t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥s ✐♥ r❡t❛✐♥❡❞ ✇❛❣❡✴✉t✐❧✐t②✿

ût−1 = u
(

R
(

wt−1

(

θ, ηt−1
)))

− β∆

ût = u
(

R
(

wt
(

θ, ηt−1, ηt
)))

+∆

❛♥❞ ûs = u (R (ws (θ, η
s))) ❢♦r ❛❧❧ s /∈ {t− 1, t}✳ ❚❤❡s❡ ♣❡rt✉r❜❛t✐♦♥s ♣r❡s❡r✈❡ ✉t✐❧✐t②

❛♥❞ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② s✐♥❝❡ ❢♦r ❛❧❧ at−1

ût−1 − h (at−1) + βE
[

ût|η
t−1
]

= u
(

R
(

wt−1

(

θ, ηt−1
)))

− h (at−1) + βE
[

u
(

R
(

wt
(

θ, ηt−1, ηt
)))

|ηt−1
]

.

❚❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ♠✉st ❜❡ ✉♥❛✛❡❝t❡❞ ❜② s✉❝❤ ❞❡✈✐❛t✐♦♥s✱ s♦ t❤❛t

0 = argmin
∆

E

[

S
∑

s=1

(1 + r)−t (ys −W (ûs))

]

✾✶



❲❤❡r❡ W = (u ◦R)−1✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❡✈❛❧✉❛t❡❞ ❛t ∆ = 0 r❡❛❞s

W ′
(

u
(

R
(

wt−1

(

θ, ηt−1
))))

=
1

β (1 + r)
E
[

W ′
(

u
(

(R
(

wt
(

θ, ηt−1, ηt
))))

|yt−1
]

t❤❛t ✐s✱

E

[

1

v′ (wt (θ, ηt−1, ηt))
| yt−1

]

= β (1 + r)
1

v′ (wt−1 (θ, ηt−1))
.

❚❤❡ ✐♥✈❡rs❡ ❊✉❧❡r ❡q✉❛t✐♦♥ ✭s❡❡ ●♦❧♦s♦✈✱ ❑♦❝❤❡r❧❛❦♦t❛✱ ❛♥❞ ❚s②✈✐♥s❦✐ ✭✷✵✵✸✮✮ ❤♦❧❞s ✐♥

♦✉r s❡tt✐♥❣✳ ❲✐t❤ ❧♦❣ ✉t✐❧✐t② ❛♥❞ ❛ ❈❘P t❛① s❝❤❡❞✉❧❡✱ t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥

❛s

(1− p)E
[

wt
(

θ, ηt−1, ηt
)

| yt−1
]

= (1− p) β (1 + r)wt−1

(

θ, ηt−1
)

,

✇❤✐❝❤ ❧❡❛❞s t♦ ❡q✉❛t✐♦♥ ✭✼✶✮ ❛s β (1 + r) = 1✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳ ❲❡ ♣r♦✈✐❞❡ ❛ ❤❡✉r✐st✐❝ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ❛♥❞ t❤❡

❢♦r♠❛❧ ❛r❣✉♠❡♥t ❢♦❧❧♦✇s t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ ❊❞♠❛♥s✱ ●❛❜❛✐①✱ ❙❛❞③✐❦✱ ❛♥❞ ❙❛♥♥✐❦♦✈

✭✷✵✶✷✮✳ ❆ss✉♠❡ t❤❛t ❛ ✉♥✐q✉❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛t ❡❛❝❤ t✐♠❡ t✱ t❤❛t t❤❡s❡

❡✛♦rt ❧❡✈❡❧s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♣r❡✈✐♦✉s ♦✉t♣✉t ♥♦✐s❡✱ ❛♥❞ t❤❛t ❧♦❝❛❧ ✐♥❝❡♥t✐✈❡ ❝♦♥✲

str❛✐♥ts ❛r❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥t

✇❤✐❝❤ ❡♥s✉r❡s t❤❛t t❤❡ ✇♦r❦❡r ❞♦❡s ♥♦t ✇✐s❤ t♦ ❝❤♦♦s❡ ❛ ❞✐✛❡r❡♥t ❧❡✈❡❧ ♦❢ ❡✛♦rt t❤❛♥

t❤❡ ♦♥❡ r❡❝♦♠♠❡♥❞❡❞ ❜② t❤❡ ✜r♠✳ ❈♦♥s✐❞❡r ❛ ❧♦❝❛❧ ❞❡✈✐❛t✐♦♥ ✐♥ ❡✛♦rt at ❛❢t❡r ❤✐st♦r②

✭ηt−1, ηt)✳ ❚❤❡ ❡✛❡❝t ♦❢ s✉❝❤ ❛ ❞❡✈✐❛t✐♦♥ ♦♥ t❤❡ ✇♦r❦❡r✬s ❧✐❢❡t✐♠❡ ✉t✐❧✐t② U s❤♦✉❧❞ ❜❡

③❡r♦✱

Et−1

[

∂U

∂yt

∂yt
∂at

+
∂U

∂at

]

= 0.

❙✐♥❝❡ ∂yt
∂at

= θ✱ ✇❡ ♦❜t❛✐♥

Et−1

[

∂U

∂yt

]

= −
1

θ

∂U

∂at
✭✼✻✮

❆♣♣❧②✐♥❣ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❢♦r ❡✛♦rt ✐♥ t❤❡ ✜♥❛❧ ♣❡r✐♦❞ ✇❡ ♦❜t❛✐♥✿

r
(

wS
(

θ, ηS
))

u′
(

R
(

wS
(

θ, ηS
))) ∂w

(

θ, ηS−1, ηS
)

∂ηS
= h′ (aS (θ)) .

✾✷



❋✐①✐♥❣ ηS−1 ❛♥❞ ✐♥t❡❣r❛t✐♥❣ t❤✐s ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ♦✈❡r ηS ✭♠❡❛♥✐♥❣ ♦✈❡r r❡❛❧✐③❛✲

t✐♦♥s ♦❢ ηS ❣✐✈❡♥ a (θ)✮ ❧❡❛❞s t♦

u
(

R
(

wS
(

θ, ηS
)))

= h′ (aS (θ)) ηS + zS−1
(

ηS−1
)

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ♦❢ ♣❛st ♦✉t♣✉t zS−1
(

ηS−1
)

✳ ❚❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t

∂u
(

R
(

wS
(

θ, ηS
)))

∂ηS−1

=
∂zS−1

(

ηS−1
)

∂ηS−1

.

❆♥❛❧♦❣♦✉s❧②✱ t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❢♦r ❡✛♦rt ✐♥ t❤❡ s❡❝♦♥❞ t♦ ❧❛st ♣❡r✐♦❞ r❡❛❞s

r
(

wS−1

(

θ, ηS−1
))

u′
(

R
(

wS−1

(

θ, ηS−1
))) ∂w

(

θ, ηS−1
)

∂ηS−1

+βr
(

wS
(

θ, ηS
))

u′
(

R
(

wS
(

θ, ηS
))) ∂wS

(

θ, ηS
)

∂ηS−1

= h′ (aS−1 (θ)) .

■♥t❡❣r❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ♦✈❡r ηS−1 ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s

u
(

R
(

wS−1

(

θ, ηS−1
)))

+ βzS−1
(

ηS−1
)

= h′ (aS−1 (θ)) ηS−1 + zS−2
(

ηS−2
)

.

❲❡ ♥♦✇ ✇❛♥t t♦ s❤♦✇ t❤❛t zS−1
(

ηS−1
)

✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ ηS−1✳ ❙✐♥❝❡ t❤❡ ✉t✐❧✐t②

❢✉♥❝t✐♦♥ ✐s ❧♦❣❛r✐t❤♠✐❝ ❛♥❞ t❤❡ t❛① s❝❤❡❞✉❧❡ ✐s ❈❘P✱ ✇❡ ♦❜t❛✐♥

(1− p) log
(

wS
(

θ, ηS
))

= h′ (aS (θ)) ηS + zS−1
(

ηS−1
)

− log

(

1− τS
1− p

)

❛♥❞

(1− p) log
(

wS−1

(

θ, ηS−1
))

= h′ (aS−1 (θ)) ηS−1 − βzS−1
(

ηS−1
)

+ zS−2
(

ηS−2
)

− log

(

1− τS−1

1− p

)

.

◆♦✇ r❡❝❛❧❧ t❤❛t t❤❡ ✐♥✈❡rs❡ ❊✉❧❡r ❡q✉❛t✐♦♥ r❡❛❞s

ES−1

[

wS
(

θ, ηS
)]

= wS−1

(

θ, ηS−1
)

.

✾✸



❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥s✱ t❤✐s ❡q✉❛❧✐t② ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

ES−1

[

e
1

1−p
h′(aS(θ))ηS

]

e
1

1−p
zS−1(ηS−1)

=

(

1− τS
1− τS−1

) 1
1−p

e
1

1−p
h′(aS−1(θ))ηS−1e−β

1
1−p

zS−1(ηS−1)+ 1
1−p

zS−2(ηS−2).

❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s

(1 + β) zS−1
(

ηS−1
)

= h′ (aS−1 (θ)) ηS−1 + zS−2
(

ηS−2
)

−
1

2

(h′ (aS (θ)))
2

1− p
σ2
η +

1

1− p
log

(

1− τS
1− τS−1

)

.

❚❤❡r❡❢♦r❡✱ zS−1
(

ηS−1
)

✱ ❛♥❞ ✐♥ t✉r♥ u
(

R
(

wS−1

(

θ, ηS−1
)))

✱ ✐s ❧✐♥❡❛r ✐♥ ηS−1✳ ▼♦r❡✲

♦✈❡r✱ t❤❡ ❧❛st✲♣❡r✐♦❞ ✉t✐❧✐t② ✐s ❧✐♥❡❛r ✐♥ ❜♦t❤ ηS ❛♥❞ ηS−1✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ s❤♦✇

t❤❛t t❤❡ ✉t✐❧✐t② ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦❝❦ ✐♥ ❡✈❡r②

♣❛st ♣❡r✐♦❞✳ ◆♦✇ s✉♣♣♦s❡ ❢♦r s✐♠♣❧✐❝✐t② ♦❢ ❡①♣♦s✐t✐♦♥ t❤❛t S = 2, β = 1, r = 0✱

θ = 1✱ s♦ t❤❛t δ1 = 1
2
❛♥❞ δ2 = 1✳ ❋r♦♠ t❤❡ ❛r❣✉♠❡♥ts ❛❜♦✈❡ ✇❡ ❣✉❡ss ❛ ❧♦❣✲❧✐♥❡❛r

s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❡❛r♥✐♥❣s✿

logw1 = ψ1η1 + k1

logw2 = ψ21η1 + ψ2η2 + k1 + k2.

❚❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ✭✼✶✮ r❡q✉✐r❡s w1 = E1 [w2]✱ s♦ t❤❛t ❢♦r ❛❧❧ η1✱ eψ1η1+k1 =

eψ21η1+k1E
[

eψ2η2+k2 | η1
]

✳ ❚❤✐s r❡q✉✐r❡s ψ1 = ψ21 ❛♥❞ e−k2 = E
[

eψ2η2 | η1
]

✳ ◆♦✇✱ t❤❡

t♦t❛❧ ✉t✐❧✐t② ♦❢ t❤❡ ❛❣❡♥t ✐s ❣✐✈❡♥ ❜②

U = (1− p) [2ψ1η1 + ψ2y2 + 2k1 + k2]

−h (a1)− h (a2) + log

(

1− τ1
1− p

)

+ log

(

1− τ2
1− p

)

.

❚❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❢♦r ❡✛♦rt ✼✻ ✐♠♣❧✐❡s

ψ1 =
h′ (a1)

2 (1− p)
, ❛♥❞ ψ2 =

h′ (a2)

1− p

✾✹



❛♥❞ t❤❡r❡❢♦r❡

k2 = −
h′ (a2)

1− p
−
σ2
η

2

(

h′ (a2)

1− p

)2

.

❘❡♣❧❛❝✐♥❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ❧♦❣ ❡❛r♥✐♥❣s ❧❡❛❞s t♦

logw1 = k′1 +
h′ (a1)

2 (1− p)
η1 −

σ2
η

2

(

h′ (a1)

2 (1− p)

)2

❛♥❞

logw2 = k′1 +
h′ (a1)

2 (1− p)
η1 −

σ2
η

2

(

h′ (a1)

2 (1− p)

)2

+

(

h′ (a2)

1− p

)

η2 −
σ2
η

2

(

h′ (a2)

1− p

)2

,

✇❤❡r❡ k′1 ≡ k1+ψ1a1−
σ2
η

2
ψ2
1✳ ❚❤✐s ❝♦♥st❛♥t ✐s ♣✐♥♥❡❞ ❞♦✇♥ ❜② t❤❡ ③❡r♦ ♣r♦✜t ❝♦♥❞✐t✐♦♥

E [w1 + w2] = a1 + a2✱ t❤❛t ✐s✱ 2ek
′
1 = a1 + a2✳ ❚❤✐s ✐♠♣❧✐❡s

k′1 = log

(

a1 + a2
2

)

,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❡q✉❛t✐♦♥ ✭✼✷✮✳ ❊q✉❛t✐♦♥s ✭✼✸✮ ❛♥❞ ✭✼✹✮ ❛r❡ ❞❡r✐✈❡❞ ✐♥

t❤❡ ♥❡①t ♣r♦♦❢✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❡❛r♥✐♥❣s s❝❤❡❞✉❧❡ ✐s ❣✐✈❡♥ ❜②

logw1 = log (δ1θA) + ψ1η1 −
ψ2
1σ

2
η

2
,

logwt = logwt−1 + ψtηt −
ψ2
t σ

2
η

2
.

❚❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ✇♦r❦❡rs ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② θ ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦

U (θ) = (1− p)

[

1

δ1
log (δ1θA)−

S
∑

s=1

βs−1 1

δs

ψ2
sσ

2
η

2

]

−
S
∑

s=1

βs−1h (as) +
S
∑

s=1

βs−1 log

(

1− τs
1− p

)

,
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❢r♦♠ ✇❤✐❝❤ ✭✼✹✮ ❡❛s✐❧② ❢♦❧❧♦✇s✳ ❚❤✉s✱ ✉t✐❧✐t❛r✐❛♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s

ˆ

Θ

U (θ) ❞F (θ) = (1− p)

[

1

δ1
log (δ1A) +

1

δ1
µθ −

S
∑

s=1

βs−1 1

δs

ψ2
sσ

2
η

2

]

−
S
∑

s=1

βs−1h (as) +
S
∑

s=1

βs−1 log

(

1− τs
1− p

)

.

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧ ❡✛♦rt r❡❛❞s

0 =
∂U (θ)

∂at
= (1− p)

[

1

δ1

1

A

∂A

∂at
− βt−1 1

δt
ψtσ

2
η

∂ψt
∂at

]

− βt−1h′ (at)

= (1− p)

[

1

δ1

(

1
1+r

)t−1
at

A
− βt−1 1

δt
ψ2
t σ

2
ηεψt,at

]

1

at
− βt−1h′ (at) ,

✇❤✐❝❤ ❡❛s✐❧② ✐♠♣❧✐❡s ❡q✉❛t✐♦♥ ✭✼✸✮✳ ◆♦✇✱ t❤❡ ❡①♣❡❝t❡❞ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ♣r❡✲t❛① ❛♥❞

♣♦st✲t❛① ❡❛r♥✐♥❣s ✐♥ ♣❡r✐♦❞ t ❛r❡ ❣✐✈❡♥ ❜② E [wt] = δ1θA ❛♥❞

E
[

w1−p
t

]

= (δ1θA)
1−p

E

[

e
∑t
s=1(1−p)ψsηs

]

e−
∑t
s=1(1−p)

ψ2
sσ

2
η

2 = (δ1θA)
1−p e−p(1−p)

∑t
s=1

ψ2
sσ

2
η

2

r❡s♣❡❝t✐✈❡❧②✱ s♦ t❤❛t ❡①♣❡❝t❡❞ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ✐♥ ♣❡r✐♦❞ t ✐s ❡q✉❛❧ t♦

ˆ

Θ

E [T (wt)] ❞F (θ)

= δ1Ae
µθ+

σ2θ
2 −

1− τt
1− p

(δ1A)
1−p e−p(1−p)

∑t
s=1

ψ2
sσ

2
η

2 e(1−p)µθ+(1−p)2
σ2θ
2 .

■♠♣♦s✐♥❣ ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞ ❜✉❞❣❡t ❜❛❧❛♥❝❡ t❤❡r❡❢♦r❡ r❡q✉✐r❡s

1− τt
1− p

=
(δ1A)

p eµθ+
σ2θ
2

e−p(1−p)(
∑t
s=1 ψ

2
s)

σ2η
2 e(1−p)µθ+(1−p)2

σ2
θ
2

.

❙✉❜st✐t✉t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥t♦ t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥
´

Θ
U (θ) ❞F (θ) ✐♠♣❧✐❡s
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t❤❛t s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❡q✉❛❧ t♦

1

δ1

[

log (δ1A) + µθ +
(

1− (1− p)2
) σ2

θ

2

]

−
S
∑

s=1

βs−1h (as)

+p (1− p)
S
∑

s=1

βs−1

(

s
∑

i=1

ψ2
i σ

2
η

2

)

− (1− p)
S
∑

s=1

βs−1 1

δs

ψ2
sσ

2
η

2

=
1

δ1

[

log (δ1A) + µθ +
(

1− (1− p)2
) σ2

θ

2

]

−
S
∑

s=1

βs−1h (as)

− (1− p)2
S
∑

s=1

βs−1 1

δs

ψ2
sσ

2
η

2
.

❲❡ ❝❛♥ ♥♦✇ ♠❛①✐♠✐③❡ t❤✐s ❡①♣r❡ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ 1− p t♦ ❣❡t

S
∑

s=1

[

1

δ1

1

A

(

1

1 + r

)s−1

− βs−1h′ (as)

]

∂as
∂ (1− p)

− (1− p)
S
∑

s=1

βs−1 1

δs
εψs,asεas,1−pψ

2
sσ

2
η

= (1− p)

[

1

δ1
σ2
θ +

S
∑

s=1

βs−1 1

δs
ψ2
sσ

2
η

]

+ (1− p)
S
∑

s=1

βs−1 1

δs
εψs,1−pψ

2
sσ

2
η.

❯s✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❡✛♦rt ❞❡r✐✈❡❞ ❛❜♦✈❡ t♦ s✐♠♣❧✐❢② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡

♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ✐♠♣❧✐❡s

p

1− p

1

δ1A

S
∑

s=1

(

1

1 + r

)s−1

asεas,1−p + p

S
∑

s=1

βs−1 1

δs
εψs,asεas,1−pψ

2
sσ

2
η

= (1− p)

[

1

δ1
σ2
θ +

S
∑

s=1

βs−1 1

δs
(1 + εψs,1−p)ψ

2
sσ

2
η

]

.

❇✉t t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ♣r❡s❡♥t ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ ❡✛♦rt ✐s ❡q✉❛❧ t♦

εA,1−p ≡
(1− p)

A

∂
∑S

s=1

(

1
1+r

)s−1
as

∂ (1− p)
=

S
∑

s=1

(

1

1 + r

)s−1
as
A
εas,1−p.

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ 1 + εψs,1−p = 0✳ ❙✉❜st✐t✉t✐♥❣ t❤❡s❡ t✇♦ ❡①♣r❡ss✐♦♥s ✐♥t♦ t❤❡

✾✼



♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❡r♠s ❧❡❛❞s t♦

p

(1− p)2

[

1

δ1
εA,1−p + (1− p)

S
∑

s=1

βs−1 1

δs
εψs,asεas,1−pψ

2
sσ

2
η

]

=
1

δ1
σ2
θ .

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❡q✉❛t✐♦♥ ✭✼✺✮✳
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