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♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ❞✐✛❡r❡♥t t❛① r❛t❡s✱ s❛✈✐♥❣s ♣r♦♣❡♥s✐t✐❡s✱ ✐♥t❡r❡st r❛t❡

❡t❝✳ ♦♥ t❤❡ s❤♦rt r✉♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ ❛♥❞

✜s❝❛❧ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❲❡ ❡①♣❧♦r❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛ ♣r♦❣r❡ss✐✈❡ t❛① s②s✲

t❡♠ ❛♥❞ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❲❡ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡r❡ ✐s ✜s❝❛❧ ❞❡✜❝✐t ❛♥❞

❣♦✈❡r♥♠❡♥t ✐♥❝✉rs ❞❡❜t✱ ❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦

✐s ❡ss❡♥t✐❛❧ ❢♦r ❛❝❤✐❡✈✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱ ✐♥ ❝❡rt❛✐♥ ❝❛s❡✱ ❛ ❧♦✇

s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s r❡q✉✐r❡❞✱ ❛s ♦t❤❡r✇✐s❡✱ t❤❡

❡❝♦♥♦♠② ♠❛② ❧♦s❡ ✐ts st❛❜✐❧✐t② ❛♥❞ ♣r♦❞✉❝❡s t❤❡ ❧✐♠✐t ❝②❝❧❡s✳ ■♥ ❝❛s❡ ♦❢ ❛ ♠♦❞❡r❛t❡

❧❡✈❡❧ ♦❢ ❛ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦✱ ✇❤❡♥ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

s❛t✐s✜❡❞✱ ❛ ❧♦✇❡r r❛t❡ ♦❢ ✐♥t❡r❡st ❛♥❞ ❛ ❤✐❣❤❡r ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❛r❡

❞❡s✐r❛❜❧❡ ❛s t❤❡② ❡♥❤❛♥❝❡ t❤❡ st❛❜❧❡ r❡❣✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠②✳
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∗P❤❉ ❝❛♥❞✐❞❛t❡ ✐♥ ❈❡♥tr❡ ❢♦r ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ❛♥❞ P❧❛♥♥✐♥❣✱ ❏❛✇❛❤❛r❧❛❧ ◆❡❤r✉ ❯♥✐✈❡rs✐t②✱ ◆❡✇
❉❡❧❤✐✱ ■♥❞✐❛❀ ❡♠❛✐❧✿ ♣✐♥t✉♣❛r✉✐✻❅❣♠❛✐❧✳❝♦♠✳ ❚❤❡ ❛✉t❤♦r ✐s ✐♥❞❡❜t❡❞ t♦ ❈✳ ❙❛r❛t❝❤❛♥❞ ❢♦r ❤✐s ✈❛❧✉❛❜❧❡
❝♦♠♠❡♥ts✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦r ✐s s♦❧❡❧② r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❡rr♦rs✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

▼♦st ♦❢ t❤❡ ♠❛✐♥str❡❛♠ ❡❝♦♥♦♠✐sts ♣♦ss❡ss t❤❡ ✈✐❡✇ t❤❛t ❡①♣❛♥s✐♦♥❛r② ✜s❝❛❧ ♣♦❧✐❝② ✐s

✐♥❡✛❡❝t✐✈❡ ✐♥ st✐♠✉❧❛t✐♥❣ t❤❡ ❡❝♦♥♦♠②✳ ❆❝❝♦r❞✐♥❣ t♦ ❑❡❡❢❡r ❛♥❞ ❑♥❛❝❦ ✭✷✵✵✼✮✱ ❛♥ ✐♥❝r❡❛s❡

✐♥ ❣♦✈❡r♥♠❡♥t ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✐♥ ❝♦✉♥tr✐❡s ✇✐t❤ ❧♦✇ q✉❛❧✐t② ♦❢ ❣♦✈❡r♥❛♥❝❡ ✇✐❧❧

❤❛✈❡ ❡✐t❤❡r ♥♦ ♦r ❧✐tt❧❡ ✐♠♣❛❝t ♦♥ ❣r♦✇t❤✳ ❈❛♠❡r♦♥ ✭✶✾✽✷✮ ❛♥❞ ▲❛♥❞❛✉ ✭✶✾✽✸✮ ❛r❡ ✐♥

t❤❡ ♦♣✐♥✐♦♥ t❤❛t ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ t❛①❛t✐♦♥ ❝r♦✇❞ ♦✉t ♣r✐✈❛t❡ ✐♥✈❡st♠❡♥t ✐♥ ♣❤②s✐❝❛❧

❛♥❞ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛♥❞ ❤❡♥❝❡ ♥❡❣❛t✐✈❡❧② ✐♥✢✉❡♥❝❡ t❤❡ ❡❝♦♥♦♠②✳ ❈❛♠❡r♦♥ ✭✶✾✽✷✱ ♣♣✳ ✺✶✮

❡①♣❧♦r❡s t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ t♦ ●❉P r❛t✐♦ ❜② ✶ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ❜❡t✇❡❡♥

t❤❡ ✶✾✻✵s ❛♥❞ ❧❛t❡ ✶✾✼✵s ❝❛✉s❡❞ ❛ ❢❛❧❧ ✐♥ t❤❡ ❣r♦✇t❤ r❛t❡ ✐♥ t❤❡ ❧❛t❡ ✶✾✼✵s ❜② ✵✳✵✺

♣❡r❝❡♥t❛❣❡ ♣♦✐♥t✳ ❑♦s❦❡❧❛ ❛♥❞ ❱✐r❡♥ ✭✷✵✵✵✮ s✉❣❣❡st t❤❛t ❛ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❞❡♠❛♥❞

❢♦r ❧❛❜♦✉r t❤r♦✉❣❤ ✐ts ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦♥ r❡❛❧ ✇❛❣❡s ❝r♦✇❞s ♦✉t ♣r✐✈❛t❡ ❡♠♣❧♦②♠❡♥t ❛♥❞

♦✉t♣✉t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣♦st✲❑❡②♥❡s✐❛♥ ❡❝♦♥♦♠✐sts ❛r❡ ✐♥ t❤❡ ♦♣✐♥✐♦♥ t❤❛t ❡①♣❛♥s✐♦♥❛r② ✜s❝❛❧

♣♦❧✐❝② ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ❡♥❤❛♥❝✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳

❨♦✉ ❛♥❞ ❉✉tt ✭✶✾✾✻✮ ✇❡r❡ t❤❡ ✜rst t♦ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡

♦♥ ❣r♦✇t❤ ❢♦r♠❛❧❧②✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡♠✱ t❤❡ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❤❛s ❛ s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦♥

t❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ❚❤❡ ✜s❝❛❧

❡①♣❛♥s✐♦♥ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ✐♥ t❤❡ s❤♦rt✲r✉♥✳ ❆ r✐s❡ ✐♥ ✜s❝❛❧

❡①♣❛♥s✐♦♥ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✇❤✐❝❤ ✐♥ t✉r♥ r❛✐s❡s t❤❡ ❣r♦✇t❤ r❛t❡✳

◆❡✈❡rt❤❡❧❡ss✱ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ t❤❡ ❣r♦✇t❤ r❛t❡ ✐♥ t❤❡ ❧♦♥❣

r✉♥✳ ❚❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ ✐t ✐s t❤❛t ✇❤✐❧❡ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ r❛✐s❡s t❤❡ ❣r♦✇t❤ r❛t❡ t❤r♦✉❣❤ ❛♥

✐♥❝r❡❛s❡ ✐♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ✐t ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s

❡✛❡❝t ♦♥ t❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ●♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ ❣r♦✇t❤ r❛t❡✳ ■❢ ❜❡❝❛✉s❡ ♦❢ ❛ r✐s❡ ✐♥ ✜s❝❛❧ ❡①♣❛♥s✐♦♥✱ t❤❡

❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s✱ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❤❛s ❛♥ ✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡ ❡✛❡❝t

♦♥ t❤❡ ❣r♦✇t❤ r❛t❡✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ r✐s❡ ✐♥ t❤❡ ✜s❝❛❧ ❡①♣❛♥s✐♦♥✱ ✐❢ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ❢❛❧❧s✱ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✐♥ t❤❛t s❝❡♥❛r✐♦ ❛♠❜✐❣✉♦✉s❧② ❛✛❡❝ts t❤❡ ❣r♦✇t❤ r❛t❡✳

❈♦♥s✐❞❡r✐♥❣ ❛ ❑❛❧❡❝❦✐❛♥ ❢r❛♠❡✇♦r❦✱ ❈♦♠♠❡♥❞❛t♦r❡ ❛♥❞ P✐♥t♦ ✭✷✵✶✶✮✱ ❡①♣❧♦r❡ t❤❡ ❡✛❡❝t

♦❢ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s ♦♥ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❣r♦✇t❤✳ ●♦✈✲

❡r♥♠❡♥t ❝♦♥s✉♠♣t✐♦♥ ❡①♣❡♥❞✐t✉r❡✱ ❛s t❤❡② s❛②✱ t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ ❡✛❡❝t✐✈❡ ❞❡♠❛♥❞

✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜✲

r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✜s❝❛❧ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✐♥✢✉❡♥❝❡s

t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐♥ t❤r❡❡ ✇❛②s✳ ■t ✐♥❝r❡❛s❡s t❤❡ ❡✛❡❝t✐✈❡ ❞❡♠❛♥❞✳ ❙❡❝♦♥❞✱

✐t ❝r♦✇❞s✲✐♥ ♣r✐✈❛t❡ ✐♥✈❡st♠❡♥t✳ ❚❤✐r❞✱ ✜s❝❛❧ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥

❝❛♣✐t❛❧ ♣r♦❞✉❝t✐✈✐t② t❤r♦✉❣❤ t❤❡ r✐s❡ ✐♥ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❍♦✇❡✈❡r✱ ❝❛♣✐✲

t❛❧ ♣r♦❞✉❝t✐✈✐t② ✐ts❡❧❢ ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳

❚❤❡r❡❢♦r❡✱ t❤❡ ✜♥❛❧ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ♦♥ t❤❡

✷



❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡ ✐s ❛♠❜✐❣✉♦✉s✳ ❍♦✇✲

❡✈❡r✱ t❤❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ t♦ ♦✉t♣✉t r❛t✐♦ ✐s ♥❡❛r❧② ❝♦♥st❛♥t✳ ■t ✐s ♦♥❡ ♦❢ ❑❛❧❞♦r✬s ✭✶✾✻✸✮

st②❧✐③❡❞ ❢❛❝ts✳ ▼♦r❡♦✈❡r✱ ♣✉❜❧✐❝ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❧✐❦❡ ❡①♣❡♥❞✐t✉r❡ ♦♥ str❡❡ts ❛♥❞

❤✐❣❤✇❛②s✱ ❡❧❡❝tr✐❝✐t②✱ ❣❛s ❛♥❞ ✇❛t❡r s✉♣♣❧② ❝❛♥ ❡♥❤❛♥❝❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t② ❛s ✇❡❧❧✳

❍♦✇❡✈❡r✱ t❤✐s ✐s ♠✐ss✐♥❣ ✐♥ ❈♦♠♠❡♥❞❛t♦r❡ ❛♥❞ P✐♥t♦ ✭✷✵✶✶✮✳

■♠♣❛❝t ♦❢ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ♦♥ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❣r♦✇t❤

❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈♦♠♠❡♥❞❛t♦r❡ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ❈♦♠♠❡♥❞❛t♦r❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❛♥❞ ❉✉tt

✭✷✵✶✸✮ ❛s ✇❡❧❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♠♣❛❝t ♦❢ ✜s❝❛❧ ♣♦❧✐❝② ♦♥ ❣♦✈❡r♥♠❡♥t ❞❡✜❝✐t✱

t❤❡ s✉st❛✐♥❛❜✐❧✐t② ♦❢ ♣✉❜❧✐❝ ❞❡❜t✱ ❛♥❞ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥

❆r❡st✐s ❛♥❞ ❙❛✇②❡r ✭✷✵✵✸✮✱ ❙❡tt❡r✜❡❧❞ ✭✷✵✵✼✮✱ P❛❧❧❡② ✭✷✵✶✸✮✱ ❙❦♦tt ✭✷✵✶✻✮✱ ❍❡✐♥ ✭✷✵✶✽✮✱

❛♥❞ ❘✐❜❡✐r♦ ❛♥❞ ▲✐♠❛ ✭✷✵✶✽✮✳

❈♦♥s✐❞❡r✐♥❣ ❛ ❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ♣♦s✐t✐✈❡ s❛✈✐♥❣ ♣r♦♣❡♥s✐t② ♦✉t ♦❢ ✇❛❣❡s✱

P❛r✉✐ ✭✷✵✷✵✮ ✐♥✈❡st✐❣❛t❡s t❤❡ ✐♠♣❛❝t ♦❢ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s ♦♥

❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ❍❡ ❝♦♥s✐❞❡rs t✇♦ t②♣❡s ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐✲

t✉r❡✿ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡✳ ❈❡rt❛✐♥ ❦✐♥❞ ♦❢ ❣♦✈❡r♥♠❡♥t ✐♥✈❡st♠❡♥t

❡①♣❡♥❞✐t✉r❡ ✐♥✢✉❡♥❝❡s ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t②✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❛✛❡❝ts t❤❡ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✳

■♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t✱ ❛ s❤✐❢t ✐♥ ❣♦✈❡r♥♠❡♥t

❡①♣❡♥❞✐t✉r❡ ❢r♦♠ ❝♦♥s✉♠♣t✐♦♥ t♦ ✐♥✈❡st♠❡♥t ♣✉r♣♦s❡s ❝❛✉s❡s ❛ r✐s❡ ✐♥ ❜♦t❤ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ❍♦✇❡✈❡r✱ t❤❡ r❡s✉❧t ✐♥ t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✐s

❛♠❜✐✈❛❧❡♥t✳ ❖♥❝❡ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥ ✐s r❡❧❛①❡❞✱ ❛❧t❤♦✉❣❤ ❛ r✐s❡ ✐♥ ♣✉❜✲

❧✐❝ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ♠❛② ❞❡❝r❡❛s❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ ✐♥ t❤❡ ✇❛❣❡✲❧❡❞

❞❡♠❛♥❞ r❡❣✐♠❡✱ ✐t ✉♥❛♠❜✐❣✉♦✉s❧② r❛✐s❡s ❜♦t❤ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❛t❡ ✐♥ ❛

♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳

❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s ♥♦t t♦ ✐♥✈❡st✐❣❛t❡ ✇❤✐❝❤ ❦✐♥❞ ♦❢ ❣♦✈❡r♥♠❡♥t

❡①♣❡♥❞✐t✉r❡ ✐s ♠♦r❡ ❡✛❡❝t✐✈❡ ✐♥ ❡♥❤❛♥❝✐♥❣ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ■♥✲

st❡❛❞✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ♣♦st✲❑❡②♥❡s✐❛♥ ❢r❛♠❡✇♦r❦✱ ✇❡ tr② t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ❣♦✈❡r♥♠❡♥t ❞❡❜t ♦♣❡♥s ✉♣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡

❡q✉✐❧✐❜r✐❛ ❛♥❞ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❲❡ ❛❧s♦ ❡①❛♠✐♥❡ t❤❡ ✐♠♣❛❝t ♦❢ ✈❛r✐♦✉s ♣❛✲

r❛♠❡t❡rs s✉❝❤ ❛s ❞✐✛❡r❡♥t t❛① r❛t❡s✱ s❛✈✐♥❣s ♣r♦♣❡♥s✐t✐❡s✱ ✐♥t❡r❡st r❛t❡ ❡t❝✳ ♦♥ t❤❡ s❤♦rt

r✉♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❧♦♥❣ r✉♥ ❣r♦✇t❤ r❛t❡✳ ❲❡ s❤♦✇ t❤❛t ✐♥ ❝❛s❡ ♦❢ ❛ ❜❛❧❛♥❝❡❞

❜✉❞❣❡t ✇✐t❤ ♥♦ ❣♦✈❡r♥♠❡♥t ❞❡❜t✱ ❛ ♠♦r❡ ♣r♦❣r❡ss✐✈❡ t❛① s②st❡♠ ✐s ❡ss❡♥t✐❛❧ ❢♦r ❛❝❤✐❡✈✐♥❣

❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ✇❤❡r❡❛s ❛ r❡❣r❡ss✐✈❡ t❛① s②st❡♠✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ s✉✣❝❡s t❤❡

✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡r❡ ❛r❡ ✜s❝❛❧ ❞❡✜❝✐t ❛♥❞ ❣♦✈❡r♥♠❡♥t

✐♥❝✉rs ✐♥ ❞❡❜t✱ ❛ ♠♦r❡ r❡❣r❡ss✐✈❡ t❛① s②st❡♠ ♠❛❦❡s t❤❡ ❡❝♦♥♦♠② ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♥

❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❲❤❡♥ t❤❡ ❣♦✈❡r♥♠❡♥t r✉♥s ✐♥ ❞❡✜❝✐t ❛♥❞ ✐♥❝✉rs ❛ ❞❡❜t✱ ❛

s✉✣❝✐❡♥t❧② ❤✐❣❤ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✐s ❡ss❡♥t✐❛❧ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❢♦r ❛❝❤✐❡✈✐♥❣

st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ ❢♦r ❛

✸



♠♦❞❡r❛t❡ ❧❡✈❡❧ ♦❢ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦✱ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st ❤❛s ❛ ❞❡st❛❜✐❧✐③✐♥❣

❡✛❡❝t ♦♥ t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ tr❛❥❡❝t♦r②✳ ❆ ❧♦✇❡r r❛t❡ ♦❢ ✐♥t❡r❡st ❛♥❞ ❛ ❤✐❣❤❡r ❛✉t♦♥♦♠♦✉s

✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❛r❡ ❞❡s✐r❛❜❧❡ ❛s t❤❡② ❡♥❤❛♥❝❡ t❤❡ st❛❜❧❡ r❡❣✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠②✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ s❡ts ✉♣ t❤❡ ❜❛s✐❝ ❢r❛♠❡✇♦r❦✳

■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ✇✐t❤ ♥♦ ❣♦✈❡r♥♠❡♥t ❞❡❜t ❛♥❞ ❡①♣❧♦r❡ s❤♦rt

❛♥❞ ❧♦♥❣ r✉♥ ✐♠♣❛❝t ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳

❚❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥ ✐s r❡❧❛①❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❍❡r❡ ✇❡ ❛ss✉♠❡ ❣♦✈❡r♥♠❡♥t

r✉♥s ✐♥ ❞❡✜❝✐t ❛♥❞ ✐♥❝✉rs ❞❡❜t✳ ❲❡ ❡①♣❧❛✐♥ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝❛s❡s ✇❤✐❝❤ ♠❛② ❛r✐s❡ ❞✉❡

t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t ❞❡❜t ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❲❡

❡①❛♠✐♥❡ t❤❡ ❞②♥❛♠✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❚❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ s♦♠❡

❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ✭❛❣❛✐♥✮ ❝♦♥s✐❞❡r ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥ ✇✐t❤

s♦♠❡ ♣❛st ❣♦✈❡r♥♠❡♥t ❞❡❜t ❛♥❞ ✐♥✈❡st✐❣❛t❡ ❧♦♥❣ r✉♥ st❛❜✐❧✐t② ❛♥❞ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳

❙❡❝t✐♦♥ ✻ ♦✛❡rs s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✷ ❚❤❡ ♠♦❞❡❧

❆ s✐♠♣❧❡ ♦♥❡✲s❡❝t♦r✱ ❝❧♦s❡❞ ❡❝♦♥♦♠②✱ ♣♦st✲❑❡②♥❡s✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✐s ❛ss✉♠❡❞ ✐♥ ✇❤✐❝❤

t❤❡ ❧❛❜♦✉r s✉♣♣❧② ✐s ❝♦♥st❛♥t✳ ❚❤❡r❡ ✐s ♥♦ t❡❝❤♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡

❡❝♦♥♦♠② ❝♦♥s✐sts ♦❢ t✇♦ ❝❧❛ss❡s✿ ✇♦r❦❡rs ❛♥❞ ❝❛♣✐t❛❧✐sts✳ ❲❤✐❧❡ ✇♦r❦❡rs s❛✈❡ ❛ ❢r❛❝t✐♦♥

sW ♦❢ t❤❡✐r ✇❛❣❡ ✐♥❝♦♠❡✱ ❝❛♣✐t❛❧✐st✬s s❛✈✐♥❣ ♣r♦♣❡♥s✐t② ✐s sP ✳ ❲❡ ❛ss✉♠❡ ✇♦r❦❡rs ❤❛✈❡

❧♦✇❡r s❛✈✐♥❣s ♣r♦♣❡♥s✐t② (sW ) t❤❛♥ t❤❛t ♦❢ ❝❛♣✐t❛❧✐sts✳ ■♥❝♦♠❡ ✐s ❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥

♣r♦✜ts ❛♥❞ ✇❛❣❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②

pY = WL+ rpK ✭✷✳✶✮

✇❤❡r❡ Y ✐s r❡❛❧ ✐♥❝♦♠❡✱ p ✐s ♣r✐❝❡ ❧❡✈❡❧✱ L ✐s t♦t❛❧ ❛♠♦✉♥t ♦❢ ❧❛❜♦✉r ❡♠♣❧♦②♠❡♥t✱ W ✐s

♥♦♠✐♥❛❧ ✇❛❣❡ r❛t❡✱ r ✐s t❤❡ r❡❛❧ r❛t❡ ♦❢ ♣r♦✜t✱ ❛♥❞ K ✐s t❤❡ ❡①✐st✐♥❣ ❝❛♣✐t❛❧ st♦❝❦✳ ❚❤❡r❡

✐s ❡①❝❡ss s✉♣♣❧② ♦❢ ❧❛❜♦✉r ❛♥❞ ♥♦ ❞❡♣r❡❝✐❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥

❢✉♥❝t✐♦♥ ✐s ♦❢ ▲❡♦♥t✐❡❢ t②♣❡ ✐✳❡✳

Y = ♠✐♥{aL, bK} = aL, b =
Y P

K
>

Y

K
✭✷✳✷✮

✇❤❡r❡✱ Y P ✐s t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t ❧❡✈❡❧✳ ❙♦ t❤❡ ❛❝t✉❛❧ ♦✉t♣✉t ✐s ❜❡❧♦✇ t❤❡ ♣♦t❡♥t✐❛❧

♦✉t♣✉t ❧❡✈❡❧✳ ❚❤❡ ♠❛r❦❡t ✐s ♦❧✐❣♦♣♦❧✐st✐❝ ✐♥ ♥❛t✉r❡ ✇❤❡r❡ ♣r✐❝❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ♠❛r❦✲✉♣

♦♥ ♣r✐♠❡ ❝♦st✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛✇❛② ❝♦st ♦❢ r❛✇ ♠❛t❡r✐❛❧s ❛♥❞ ♦✈❡r❤❡❛❞ ❝♦st

❛♥❞ ❛ss✉♠❡ t❤❡ ♦♥❧② ❝♦st t♦ ❜❡ t❤❡ ❧❛❜♦✉r ❝♦st✳ ❚❤❡r❡❢♦r❡✱ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❛s

p = (1 + λ)
WL

Y
= (1 + λ)

W

a
✭✷✳✸✮

✹



✇❤❡r❡✱ λ ✐s t❤❡ r❛t❡ ♦❢ ♠❛r❦✲✉♣ ❛♥❞ a = Y
L

✐s ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t②✳ WL
pY

= w
a
r❡♣r❡s❡♥ts

t❤❡ ✇❛❣❡ s❤❛r❡ ❛♥❞ t❤❡ ♣r♦✜t s❤❛r❡ ✐s π = (1− w
a
)✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ✐s ❜❛❧❛♥❝❡❞ ❛♥❞ ✐♥✈❡st✐❣❛t❡

t❤❡ ✐♠♣❛❝t ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ❢r♦♠ t❤❡

s❤♦rt r✉♥ ❛s ✇❡❧❧ ❛s ❧♦♥❣ r✉♥ ♣❡rs♣❡❝t✐✈❡✳ ❚❤✐s ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥ ✐s ❞r♦♣♣❡❞ ✐♥

❙❡❝t✐♦♥ ✹✳ ❲❡ ❡①♣❧♦r❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ✐♥st❛❜✐❧✐t② ❞✉❡ t♦ t❤❡ t❤❡

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t ❞❡❜t ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❞②♥❛♠✐❝s

✐♥ t❤✐s s❡❝t✐♦♥ ✭✐✳❡✳ ✐♥ ❙❡❝t✐♦♥ ✹✮✳

✸ ❇❛❧❛♥❝❡❞ ❇✉❞❣❡t ❙❝❡♥❛r✐♦

❲❡ ❛ss✉♠❡ t❤❛t ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❛❣❣r❡❣❛t❡ r❡❛❧ ✐♥❝♦♠❡ ✐✳❡✳

G = θY ✱ ✇❤❡r❡ θ r❡♣r❡s❡♥ts ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡✲♦✉t♣✉t r❛t✐♦✳ ●♦✈❡r♥♠❡♥t r❛✐s❡s

r❡✈❡♥✉❡ t❤r♦✉❣❤ ❛♥ ✐♥❝♦♠❡ t❛①✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ❣♦✈❡r♥♠❡♥t t❛① r❡✈❡♥✉❡ ✐s ❣✐✈❡♥ ❛s✱

T = tPP + tWW = [(tP − tW )πu+ tWu]K ✭✸✳✶✮

✇❤❡r❡✱ tP ❛♥❞ tW ❛r❡ t❤❡ t❛① r❛t❡s ✐♠♣♦s❡❞ ♦♥ ❝❛♣✐t❛❧✐st ❛♥❞ ✇♦r❦❡rs r❡s♣❡❝t✐✈❡❧②✳ ■♥

t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ✐s ❜❛❧❛♥❝❡❞ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❡①✐st✐♥❣

❣♦✈❡r♥♠❡♥t ❞❡❜t✳ ❚❤❡r❡❢♦r❡✱ ❤❡r❡

G = T ✭✸✳✷✮

❚❤❡ ❛❣❣r❡❣❛t❡ ♣r✐✈❛t❡ s❛✈✐♥❣s ✐♥ t❤❡ ❡❝♦♥♦♠② ✐s✱

S = (1− tP )sPP + sW (1− tW )W = [{(1− tP )sP − (1− tW )sW} π + sW (1− tW )] uK

✭✸✳✸✮

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✐s ❡①♦❣❡♥♦✉s❧② ❣✐✈❡♥ ✐♥ t❤❡ s❤♦rt r✉♥ ❛s

I = gK ✭✸✳✹✮

✇❤❡r❡ g ✐s t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ✭♦r t❤❡ r❛t✐♦ ♦❢ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ t♦ t❤❡ ❡①✐st✐♥❣ ❝❛♣✐t❛❧

st♦❝❦✮✳

■♥ t❤❡ s❤♦rt r✉♥✱ ❝❛♣✐t❛❧ st♦❝❦ ❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❛r❡ ❣✐✈❡♥✱ ❛♥❞ t❤❡ ♦✉t♣✉t ❧❡✈❡❧

❛❞❥✉sts t♦ ❝❧❡❛r t❤❡ ❣♦♦❞s ♠❛r❦❡t✳ ■♥ t❤❡ s❤♦rt r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

♠✉st ❜❡ s❛t✐s✜❡❞✱
S

K
+

T

K
=

I

K
+

G

K
✭✸✳✺✮

=⇒
S

K
=

I

K
(∵ G = T )

✺



=⇒ u∗ =
g

[{(1− tP )sP − (1− tW )sW} π + sW (1− tW )]
=

g

Ψ
✭✸✳✻✮

✇❤❡r❡ u∗ ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳✶ ❚❤❡ ❞❡♥♦♠✐♥❛t♦r ✐♥ ❡q✉❛t✐♦♥

✭✸✳✻✮ ✐s ♣♦s✐t✐✈❡ s♦ t❤❛t u∗ ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✱ ✐✳❡✳ ✇❡ ❛ss✉♠❡

Ψ = [{(1− tP )sP − (1− tW )sW} π + sW (1− tW )] > 0 ✭✸✳✼✮

❚❤❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛r❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

du∗

dg
=

1

Ψ
> 0,

du∗

dsP
=

−(1− tP )πu
∗

Ψ
< 0,

du∗

dtP
=

sPπu
∗

Ψ
> 0,

du∗

dsW
=

−(1− tW )(1− π)u∗

Ψ
< 0,

du∗

dtW
=

sW (1− π)u∗

Ψ
> 0.

❆ ✉♥✐t r✐s❡ ✐♥ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ r❛✐s❡s t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❜② ♦♥❡ ✉♥✐t ❛♥❞ ❤❡♥❝❡ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❜② 1
Ψ
✉♥✐t✳ ❆ ✉♥✐t r✐s❡ ✐♥ t❤❡ s❛✈✐♥❣s ♣r♦♣❡♥s✐t②

♦❢ t❤❡ ❝❛♣✐t❛❧✐st ✭sP ✮ ✐♥❝r❡❛s❡ t❤❡ ❛❣❣r❡❣❛t❡ ♣r✐✈❛t❡ s❛✈✐♥❣s ❜② (1 − tP )πuK ✉♥✐t✳ ❚❤✐s

❧❡❛❦❛❣❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ ✭✐✳❡✳ du∗

dsP
< 0✮✳ ❙✐♠✐❧❛r❧②✱ ❛ r✐s❡ ✐♥ sW ✐♥❝r❡❛s❡s t❤❡ ❛❣❣r❡❣❛t❡ s❛✈✐♥❣s ❜②

(1− tW )(1− π)uK ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ u∗ ❢❛❧❧s ❜② (1−tW )(1−π)u∗

Ψ
✉♥✐t✳

❇♦t❤ t❤❡ t❛① r❛t❡s ❤❛✈❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳

❚❤✐s ✐s ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥✳ P❡r ✉♥✐t ✐♥❝r❡❛s❡ ✐♥ t❛① r❛t❡

♦♥ ❝❛♣✐t❛❧✐sts ✭tP ✮ r❡❞✉❝❡s ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❝❛♣✐t❛❧✐sts ❜② (1 − sP )πuK ✉♥✐t✳ ❇✉t t❤✐s

✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛① r❛t❡ ✐♥❝r❡❛s❡ t❤❡ t❛① r❡✈❡♥✉❡ ❜② πuK ✉♥✐t✳ ❆s t❤✐s r✐s❡ ✐♥ t❤❡ t❛①

r❡✈❡♥✉❡ ✐s ❡♥t✐r❡❧② s♣❡♥t ❜② t❤❡ ❣♦✈❡r♥♠❡♥t✱ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s ❜② πuK ✉♥✐t✳

❆s t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❝♦♥s✉♠♣t✐♦♥

♦❢ t❤❡ ❝❛♣✐t❛❧✐sts✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛① r❛t❡ ✐♥❝r❡❛s❡s t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❜② sPπuK

✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ ❛ ✉♥✐t r✐s❡ ✐♥ tP ✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

❜② sP πu
Ψ

✉♥✐t✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ r✐s❡ ✐♥ tW , t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ♦❢ t❤❡ ✇♦r❦❡rs ❞❡❝r❡❛s❡s

❜② (1− sW )(1−π)uK ✉♥✐t✱ ✇❤❡r❡❛s t❤❡ t❛① r❡✈❡♥✉❡ ✐♥❝r❡❛s❡s ❜② (1−π)uK ✉♥✐t✳ ❆s t❤❡

❡♥t✐r❡ r✐s❡ ✐♥ t❤❡ t❛① r❡✈❡♥✉❡ ✐s s♣❡♥t ❜② t❤❡ ❣♦✈❡r♥♠❡♥t✱ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s

❜② sW (1− π)uK ✉♥✐t✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r✐s❡s

❜② sW (1−π)u
Ψ

✉♥✐t✳

❚❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐s ❛♠✲

❜✐❣✉♦✉s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♣t✉r❡s t❤✐s✳

du∗

dπ
=

−g {(1− tP )sP − (1− tW )sW}

[{(1− tP )sP − (1− tW )sW} π + (1− tW )sW ]2

✶❆s t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ✜①❡❞✱ ❛❝t✉❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ✉s❡❞ ❛s ❛ ♣r♦①② ❢♦r t❤❡
❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐s❛t✐♦♥✳

✻



du∗

dπ
≷ 0 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r {(1− tP )sP − (1− tW )sW} ≶ 0.

◆♦t❡ t❤❛t ❛s sP > sW , tP ≤ tW ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡❝♦♥♦♠② t♦ ❜❡ ✐♥ ❛ ✇❛❣❡✲

❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✭✐✳❡✳ du∗

dπ
< 0✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ tP > tW ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥

❢♦r ❡①✐st❡♥❝❡ ♦❢ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✭✐✳❡✳ du∗

dπ
> 0✮✳ ❚❤✉s ❛ ♠♦r❡ ♣r♦❣r❡ss✐✈❡

t❛① s②st❡♠ ✐s r❡q✉✐r❡❞ ❢♦r ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✇❤❡r❡❛s ❛ r❡❣r❡ss✐✈❡ t❛① s②st❡♠✱

❝❡t❡r✐s ♣❛r✐❜✉s✱ ❡♥s✉r❡s t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❖✉r ✜♥❞✐♥❣ ♦♥ t❤✐s r❡❣❛r❞ ✐s ❡①❛❝t❧②

♦♣♣♦s✐t❡ ♦❢ ❇❧❡❝❦❡r ✭✷✵✵✷✱ ♣♣✳ ✶✹✶✮✳ ◆♦t❡ t❤❛t ✇❤✐❧❡ ✐♥ ❘♦✇t❤♦r♥ ✭✶✾✽✶✮✱ ❉✉tt ✭✶✾✽✹✮✱

❛♥❞ ❚❛②❧♦r ✭✶✾✽✺✮✱ t❤❡ ❡❝♦♥♦♠② ✐s ❛❧✇❛②s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❜♦t❤ ✇❛❣❡✲❧❡❞

❛♥❞ t❤❡ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ❛r❡ ♣♦ss✐❜❧❡ ✐♥ ❇❤❛❞✉r✐ ❛♥❞ ▼❛r❣❧✐♥ ✭✶✾✾✵✮✳ ❍♦✇❡✈❡r✱

s✐♠✐❧❛r t♦ ❇❧❡❝❦❡r ✭✷✵✵✷✮ ❛♥❞ ❑♦ ✭✷✵✶✽✮✱ ✐♥ ♦✉r ❛♥❛❧②s✐s t♦♦✱ t❛① str✉❝t✉r❡ ♣❧❛②s ❛ ❝r✉❝✐❛❧

r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ✇❤❡t❤❡r t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ♦r ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳

✸✳✶ ❚❤❡ ❧♦♥❣✲r✉♥ ❞②♥❛♠✐❝s

❋✐r♠s ❛❞❥✉st t❤❡✐r ❛❝t✉❛❧ ✐♥✈❡st♠❡♥t r❛t❡ t♦ t❤❡ ❞❡s✐r❡❞ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t ✐♥ t❤❡ ❧♦♥❣

r✉♥✳ ❋♦❧❧♦✇✐♥❣ ❉✉tt ✭✷✵✵✻✱ ✷✵✶✷✮✱ ❈❤❛r❧❡s ✭✷✵✵✽✮✱ ❛♥❞ ❑♦ ✭✷✵✶✽✮✱ ✇❡ ❛ss✉♠❡

ġ = ρ
[
gd − g

]
✭✸✳✽✮

ġ ❝❛♣t✉r❡s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t r❛t❡✱ gd st❛♥❞s ❢♦r t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡✱

❛♥❞ ρ r❡♣r❡s❡♥ts t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r✳ ❚❤❡ ❞❡s✐r❡❞ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t ✐s

❡①♣r❡ss❡❞ ❛s

gd = γ0 + γ1u
∗ + γ2(1− tP )r

∗ + γ3(
G

K
). ✭✸✳✾✮

γ0, γ1, γ2, ❛♥❞ γ3 ❛r❡ ❛❧❧ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✳ γ0 ✐s t❤❡ ❛✉t♦♥♦♠♦✉s ♣❛rt ♦❢ t❤❡ ❞❡s✐r❡❞

r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t✳ ■♥✈❡st♠❡♥t r❛t❡ ❞❡♣❡♥❞s ♣♦s✐t✐✈❡❧② ♦♥ t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

(u)✱ ♣r♦✜t r❛t❡ (r)✱ ❛♥❞ ❣♦✈❡r♥♠❡♥t ✐♥✈❡st♠❡♥t t♦ ❝❛♣✐t❛❧ st♦❝❦ r❛t✐♦ ( IG
K
)✳ ❲❤✐❧❡ γ1

r❡♣r❡s❡♥ts t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t t♦ ❛ ❝❤❛♥❣❡ ✐♥ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ γ2

❛♥❞ γ3 ✐♥❞✐❝❛t❡ t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t t♦ ❛ ❝❤❛♥❣❡ ✐♥ ♣r♦✜t r❛t❡ ❛♥❞ ❣♦✈❡r♥♠❡♥t

✐♥✈❡st♠❡♥t t♦ ❝❛♣✐t❛❧ st♦❝❦ r❛t✐♦ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❛s ❛ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ✐♥✈❡st♠❡♥t

❢✉♥❝t✐♦♥ ❝♦♠❡s ❢r♦♠ ❙t❡✐♥❞❧ ✭✶✾✺✷✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❙t❡✐♥❞❧✱ ❛s t❤❡ ❝❛♣✐t❛❧ ❡q✉✐♣♠❡♥t ✐s

✐♥❞✐✈✐s✐❜❧❡✱ ❢♦r ♣r♦✜t✲♠❛①✐♠✐③✐♥❣ ✜r♠s ✐t ✐s ♣r♦✜t❛❜❧❡ t♦ ❤❛✈❡ ❛ ❝❡rt❛✐♥ ❞❡s✐r❡❞ ❛♠♦✉♥t ♦❢

❡①❝❡ss ❝❛♣❛❝✐t② ❞✉❡ t♦ ✢✉❝t✉❛t✐♦♥s ✐♥ ❞❡♠❛♥❞✳ ❚❤✉s✱ ✇❤✐❧❡ ✜r♠s ✐♥✈❡st ♠♦r❡ ✐♥ ❛ s❝❡♥❛r✐♦

✇❤❡r❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r✐s❡s ❛❜♦✈❡ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧✱ ✜r♠s ✐♥❝r❡❛s❡ ✉t✐❧✐③❛t✐♦♥ ❜② ❞✐s✲

✐♥✈❡st✐♥❣ ✭❛♥❞ ❤❡♥❝❡ ❜② r❡❞✉❝✐♥❣ t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮ ✐♥ r❡s♣♦♥s❡ t♦ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥

❢❛❧❧✐♥❣ ❜❡❧♦✇ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧✳ ❚❤❡ r❛t❡ ♦❢ ♣r♦✜t ✐s ✉s❡❞ ❛s ❛ ♣r♦①② ❢♦r t❤❡ ❡①♣❡❝t❡❞

r❛t❡ ♦❢ r❡t✉r♥✳ ■t ♣r♦✈✐❞❡s ✐♥t❡r♥❛❧ ❢✉♥❞✐♥❣ ❢♦r ❛❝❝✉♠✉❧❛t✐♦♥ ♣❧❛♥s✳ ■t ✐s ❛❧s♦ ❡❛s✐❡r

✼



t♦ r❛✐s❡ ❡①t❡r♥❛❧ ✜♥❛♥❝❡ ✇❤✐❧❡ t❤❡ r❛t❡ ♦❢ ♣r♦✜t ✐s ❤✐❣❤❡r✳ ❋♦❧❧♦✇✐♥❣ ❉✉tt ✭✷✵✶✸✮✱ ❛♥❞

❚❛②❧♦r ✭✶✾✾✶✮✱ ✇❡ ❛ss✉♠❡ t❤❛t ❣♦✈❡r♥♠❡♥t ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ♣♦s✐t✐✈❡❧② ✐♥✢✉❡♥❝❡

t❤❡ ♣r✐✈❛t❡ ✐♥✈❡st♠❡♥t t❤r♦✉❣❤ ✐ts ❵❝r♦✇❞✐♥❣ ✐♥✬ ❡✛❡❝t✳ ❚❤❡ ❧❛st t❡r♠ ❝❛♣t✉r❡s t❤✐s✳

■♥s❡rt✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ✐♥t♦ ✭✸✳✽✮ ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✇❡ ❣❡t✱

ġ = ρ [γ0 + γ1u
∗ + γ2(1− tP )πu

∗ + γ3θu
∗ − g] ✭✸✳✶✵✮

=⇒ ġ = ρ

[

γ0 +
Γg

Ψ
− g

]

✭✸✳✶✶✮

✇❤❡r❡ Γ = {γ1 + γ2(1− tP )π + γ3θ} > 0✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳

g ✇❡ ❣❡t✱
∂ġ

∂g
= ρ

[
Γ

Ψ
− 1

]

✭✸✳✶✷✮

❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s ∂ġ

∂g
= ρ

[
Γ
Ψ
− 1

]
< 0. ▲❡t ✉s ❛ss✉♠❡ t❤❡ ❑❡②♥❡s✐❛♥

st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐✳❡✳ ✇❡ ❣❡t ❛ ❧♦♥❣ r✉♥ st❛❜❧❡ st❡❛❞② st❛t❡ E ✇❤❡r❡ g∗ = γ0Ψ
Ψ−Γ

✭s❡❡ ❋✐❣✉r❡ ✸✳✶❛✮✳ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ t✉r♥ ❡♥s✉r❡s (Ψ − Γ) > 0. ◆♦t❡ t❤❛t

❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❤❛s ❛ ♣♦s✐t✐✈❡ ✐♥t❡r❝❡♣t (γ0) ❛♥❞ ❛ ♥❡❣❛t✐✈❡ s❧♦♣❡ (− (Ψ−Γ)
Ψ

).

✸✳✷ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶❜✱ ❢♦r ❛ r✐s❡ ✐♥ γ0, t❤❡r❡ ✐s ❛ ♣❛r❛❧❧❡❧ ✉♣✇❛r❞ s❤✐❢t ✐♥ t❤❡ ġ = 0

✐s♦❝❧✐♥❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❣❡t ❛ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ E ′ ✇❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✐♥❝r❡❛s❡s✳ ■♥t✉✐t✐✈❡❧② s♣❡❛❦✐♥❣✱ ❛ r✐s❡ ✐♥ t❤❡ ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t r❛✐s❡s

t❤❡ ❞❡s✐r❡❞ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t ❛♥❞ t❤❡r❡❜② ✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳✷ ❋♦r

❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ✐♥❝♦♠❡ r❛t✐♦ θ, t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡

r✐s❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ ✐♥❝r❡❛s❡s✳✸ ❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶❝✱ ❤❡r❡

t❤❡ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s ✢❛tt❡r✳ ❆s ❛ r❡s✉❧t✱ ❛ ♥❡✇ st❡❛❞② st❛t❡ E ′ ✇✐t❤

❤✐❣❤❡r g∗ ✐s ❛❝❤✐❡✈❡❞✳

❆ r✐s❡ ✐♥ t❤❡ s❛✈✐♥❣s ♣r♦♣❡♥s✐t② ♦❢ t❤❡ ❝❛♣✐t❛❧✐sts (sp)✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❞❡❝r❡❛s❡s t❤❡

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡ ❢❛❧❧s✳ ❚❤❡r❡❢♦r❡✱

t❤❡r❡ ✐s ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❞✮✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ dg∗

dsP
=

d
dsP

(
γ0Ψ
Ψ−Γ

)
= −γ0Γ(1−tP )π

(Ψ−Γ)2
< 0✳ ❙✐♠✐❧❛r❧②✱ ❛ r✐s❡ ✐♥ sW ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❣r♦✇t❤ r❛t❡ ✭❤❡r❡ dg∗

dsP
= −γ0Γ(1−tW )(1−π)

(Ψ−Γ)2
< 0✮✳ ❆ r✐s❡ ✐♥ tW ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ g∗. ❚❤✐s ✐s

♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥✳ ❆ r✐s❡ ✐♥ tW ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ u∗

✇❤✐❝❤ ✐♥ t✉r♥ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡✳ ❚❤❡r❡❢♦r❡ g∗ r✐s❡s✳✹ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t

✷ dg∗

dγ0

= d
dγ0

(
γ0Ψ
Ψ−Γ

)

= γ0

Ψ−Γ > 0.

✸ dg∗

dθ
= γ0γ3Ψ

(Ψ−Γ)2 > 0.
✹ dg∗

dtW
= γ0Γ(1−π)sW

(Ψ−Γ)2 > 0.

✽



✭❛✮ ▲♦♥❣ r✉♥ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✭❜✮ ✇❤❡♥ γ0 r✐s❡s

✭❝✮ ❆ r✐s❡ ✐♥ ❡✐t❤❡r ♦❢ θ✱ tP ✭❞✮ ❆ r✐s❡ ✐♥ ❡✐t❤❡r ♦❢ sP ✱ sW

❋✐❣✉r❡ ✸✳✶✿ ▲♦♥❣ r✉♥ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞② st❛t❡ ❛♥❞ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝ r❡s✉❧ts

♦❢ ❛ r✐s❡ ✐♥ tp ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱ ❛ r✐s❡ ✐♥ tP t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ u∗

r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡ ❜② Γdu∗

dtP
✉♥✐t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s tP r✐s❡s✱ ❜❡❝❛✉s❡ ♦❢

✐ts ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ t❤✐r❞ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ♦♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮✱ ❞❡s✐r❡❞

✐♥✈❡st♠❡♥t r❛t❡ ❢❛❧❧s ❜② γ2πu
∗ ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜♥❛❧ ❡✛❡❝t ✐s ❛♠❜✐❣✉♦✉s✳✺

✹ ◆♦ ❇❛❧❛♥❝❡❞ ❇✉❞❣❡t ❙❝❡♥❛r✐♦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❜✉❞❣❡t ❞❡✜❝✐t✱ ❛♥❞ t❤❡ ❣♦✈❡r♥♠❡♥t ✐♥❝✉rs ❞❡❜t✳

❚❤❡ ❣♦✈❡r♥♠❡♥t ❜♦rr♦✇s ❢r♦♠ ❝❛♣✐t❛❧✐sts ❛t t❤❡ ✐♥t❡r❡st r❛t❡ i. ❈❛♣✐t❛❧✐sts ❡❛r♥ ♣r♦✜t

✐♥❝♦♠❡ (P ) ❛s ✇❡❧❧ ❛s t❤❡ ✐♥t❡r❡st ✐♥❝♦♠❡ (iD) ✇❤❡r❡❛s ✇♦r❦❡rs ❤❛✈❡ ♦♥❧② ♦♥❡ s♦✉r❝❡ ♦❢

✺ dg∗

dtP
= γ0π(ΓsP−γ2Ψ)

(Ψ−Γ)2 R 0.

✾



✐♥❝♦♠❡✲ ✇❛❣❡s✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ❣♦✈❡r♥♠❡♥t t❛① r❡✈❡♥✉❡ ✐s ❣✐✈❡♥ ❛s✱

T = tP (P + iD) + tWW = [(tP − tW )πu+ tWu+ tP iδ]K ✭✹✳✶✮

✇❤❡r❡✱ D ✐s t❤❡ r❡❛❧ st♦❝❦ ♦❢ ❣♦✈❡r♥♠❡♥t ❞❡❜t✱ ❛♥❞ δ = D
K

✐s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❋♦r

s✐♠♣❧✐❝✐t②✱ ✇❡ ✐❣♥♦r❡ ♠♦♥❡t❛r② ❛♥❞ ♦t❤❡r ❛ss❡ts✳ ●♦✈❡r♥♠❡♥t ❞❡❜t ✜♥❛♥❝❡s t❤❡ ❡♥t✐r❡

❣♦✈❡r♥♠❡♥t ❞❡✜❝✐t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡❜t ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ✐s ❣✐✈❡♥ ❛s✱

Ḋ = G− T + iD ✭✹✳✷✮

❆❣❣r❡❣❛t❡ ♣r✐✈❛t❡ s❛✈✐♥❣ ✐♥ t❤❡ ❡❝♦♥♦♠② ✐s✱

S = [(1− tP )sP (P + iD) + sW (1− tW )W ]

= [{(1− tP )sP − (1− tW )sW} πu+ sW (1− tW )u+ (1− tP )sP iδ]K
✭✹✳✸✮

■♥s❡rt✐♥❣ t❤❡ ✈❛❧✉❡s ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✺✮ ✇❡ ❣❡t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛s

u∗ =
g − {(1− tP )sP + tP}iδ

[{(1− tP )sP − (1− tW )sW + (tP − tW )} π + sW (1− tW ) + tW − θ]
=

g − ζiδ

Λ
✭✹✳✹✮

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ❛♥❞ t❤❡ ♥✉♠❡r❛t♦r ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✹✮ ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡ s♦ t❤❛t u∗ ❜❡✲

❝♦♠❡s ♣♦s✐t✐✈❡✱ ✐✳❡✳ ✇❡ ❛ss✉♠❡

Λ = [{(1− tP )sP − (1− tW )sW + (tP − tW )} π + sW (1− tW ) + tW − θ] > 0 ✭✹✳✺✮

❛♥❞ g > ζiδ = {(1− tP )sP + tP}iδ. ✭✹✳✻✮

❚❤❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛r❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

du∗

dg
=

1

Λ
> 0,

du∗

di
=

−ζδ

Λ
< 0,

du∗

dδ
=

−ζi

Λ
< 0,

du∗

dθ
=

g − ζiδ

Λ2
> 0,

du∗

dsP
=

−(1− tP ) [{(1− tW )sW (1− π) + tW (1− π)− θ} iδ + gπ]

Λ2
=

−(1− tP )(πu
∗ + iδ)

Λ
< 0,

du∗

dtP
=

−(1− sP ) [{(1− tW )sW (1− π) + tW (1− π)− θ} iδ + gπ]

Λ2
=

−(1− sP )(πu
∗ + iδ)

Λ
< 0,

du∗

dsW
=

−(g − ζiδ)(1− tW )(1− π)

Λ2
=

−(1− tW )(1− π)u∗

Λ
< 0,

du∗

dtW
=

−(g − ζiδ)(1− sW )(1− π)

Λ2
=

−(1− sW )(1− π)u∗

Λ
< 0.

❆ r✐s❡ ✐♥ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ r❛✐s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭du
∗

dg
>

0✮✳ ❙❛♠❡ ✐s tr✉❡ ❢♦r ❛ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✭✐✳❡✳ du∗

dθ
> 0✮✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥

δ ❞❡❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❉✉❡ t♦ ♦♥❡ ✉♥✐t ✐♥❝r❡❛s❡ ✐♥

✶✵



δ✱ t❤❡ r❛t✐♦ ♦❢ ♣r✐✈❛t❡ s❛✈✐♥❣ t♦ ❝❛♣✐t❛❧ st♦❝❦ ✐♥❝r❡❛s❡s ❜② (1 − tP )sP i ✉♥✐t ✇❤✐❧❡ t❤❡

r❛t✐♦ ♦❢ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ✐♥❝♦♠❡ t♦ ❝❛♣✐t❛❧ st♦❝❦ ✐♥❝r❡❛s❡s ❜② itP ✉♥✐t✳ ❚❤✉s ❞✉❡

t♦ ♦♥❡ ✉♥✐t ✐♥❝r❡❛s❡ ✐♥ δ, ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ✭♥♦r♠❛❧✐③❡❞ ❜② ❝❛♣✐t❛❧ st♦❝❦✮ ❞❡❝r❡❛s❡s

❜② {(1 − tP )sP + tP}i = ζi ✉♥✐t✳ ❚❤✉s ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❞❡❝r❡❛s❡s✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ ♣r✐✈❛t❡

s❛✈✐♥❣s ✐♥❝r❡❛s❡s ❜② (1 − tP )sP δK ✉♥✐t ✇❤✐❧❡ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ✐♥❝♦♠❡ ✐♥❝r❡❛s❡s ❜②

tP δK ✉♥✐t✳ ❚❤✉s✱ ❢♦r ❛ ✉♥✐t r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❞❡❝r❡❛s❡s ❜②

{(1−tP )sP+tP}δK = ζδK ✉♥✐t✳ ❍❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❞❡❝r❡❛s❡s

❜② ζδ

Λ
✉♥✐t✳ ◆♦t❡ t❤❛t t❤❡ r❡s✉❧ts t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

♦r ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡s ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ t❤❡ r❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭✐✳❡✳
du∗

dδ
< 0, ❛♥❞ du∗

di
< 0✮ ❛r❡ ♦♣♣♦s✐t❡ t♦ ❨♦✉ ❛♥❞ ❉✉tt ✭✶✾✾✻✮✳

❆ r✐s❡ ✐♥ t❤❡ t❛① r❛t❡ ♦♥ ❝❛♣✐t❛❧✐sts ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥✳✻ P❡r ✉♥✐t ✐♥❝r❡❛s❡ ✐♥ t❛① r❛t❡ ♦♥ ❝❛♣✐t❛❧✐sts r❡❞✉❝❡s ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞

♦❢ ❝❛♣✐t❛❧✐sts ❛♥❞ ❤❡♥❝❡ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❜② (1 − sP )(πu + iδ)K ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱

❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛① r❛t❡ ♦♥ ❝❛♣✐t❛❧✐sts ❞❡❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ ✭✐✳❡✳ du∗

dtP
< 0)✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ r✐s❡ ✐♥ t❤❡ t❛① r❛t❡ ♦♥ ✇♦r❦❡rs✱ ❝♦♥s✉♠♣t✐♦♥

❞❡♠❛♥❞ ♦❢ t❤❡ ✇♦r❦❡rs ❛♥❞ ❤❡♥❝❡ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❞❡❝r❡❛s❡s ❜② (1− sW )(1−π)uK

✉♥✐t✳ ❍❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❞❡❝r❡❛s❡s ❜② −(1−sW )(1−π)u∗

Λ

✉♥✐t✳ ❖✉r r❡s✉❧ts ✐♥ t❤✐s r❡❣❛r❞ ❛r❡ ✐♥ s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ ❑♦ ✭✷✵✶✽✮ ✭✇❤❡r❡ ✐♥ ❑♦ ✭✷✵✶✽✮
du∗

dtP
> 0 ❛♥❞ du∗

dtW
= 0✮✳

❆ ✉♥✐t r✐s❡ ✐♥ t❤❡ s❛✈✐♥❣s ♣r♦♣❡♥s✐t② ♦❢ t❤❡ ❝❛♣✐t❛❧✐st ✭sP ✮ ✐♥❝r❡❛s❡ t❤❡ ❛❣❣r❡❣❛t❡ ♣r✐✈❛t❡

s❛✈✐♥❣s ❜② (1− tP )(πu+ iδ)K ✉♥✐t✳ ❚❤✐s ❧❡❛❦❛❣❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞

❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✭✐✳❡✳ du∗

dsP
< 0✮✳ ❙✐♠✐❧❛r❧②✱ ❛ r✐s❡ ✐♥

sW ✐♥❝r❡❛s❡s t❤❡ ❛❣❣r❡❣❛t❡ s❛✈✐♥❣s ❜② (1 − tW )(1 − π)u∗K ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ u∗ ❢❛❧❧s ❜②
(1−tW )(1−π)u∗

Λ
✉♥✐t✳

◆♦✇ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ ♣r♦✜t s❤❛r❡ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ u∗ ✇✳r✳t✳ π ✇❡ ❣❡t✱

du∗

dπ
=

− [g − {(1− tP )sP + tP}iδ] [(1− tP )sP − (1− tW )sW + (tP − tW )]

[{(1− tP )sP − (1− tW )sW + (tP − tW )} π + sW (1− tW ) + tW − θ]2

✻◆♦t❡ t❤❛t [{(1 − tP )sP − (1 − tW )sW + (tP − tW )}π + sW (1 − tW ) + tW − θ] = [{(1 − tW )sW (1 −
π) + tW (1− π)− θ}+ {(1− tP )sP + tP }π]✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✺✮ ✇❡ ❣❡t✱

[{(1− tW )sW (1− π) + tW (1− π)− θ}+ {(1− tP )sP + tP }π] > 0

=⇒ {(1− tW )sW (1− π) + tW (1− π)− θ} iδ + {(1− tP )sP + tP }πiδ > 0

❚❤✐s ❛♥❞ ❡q✉❛t✐♦♥ ✭✹✳✻✮ t♦❣❡t❤❡r ✐♠♣❧②✱

{(1− tW )sW (1− π) + tW (1− π)− θ} iδ + gπ > 0

❚❤❡r❡❢♦r❡✱ du∗

dsP
= −(1−tP )[{(1−tW )sW (1−π)+tW (1−π)−θ}iδ+gπ]

Λ2 < 0.

✶✶



du∗

dπ
≷ 0 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r [(1− tP )sP − (1− tW )sW + (tP − tW )] ≶ 0.

◆♦t❡ t❤❛t d{(1−tP )sP−(1−tW )sW+(tP−tW )}
dtP

= (1 − sP ) > 0, d{(1−tP )sP−(1−tW )sW+(tP−tW )}
dtw

=

−(1−sW ) < 0, d{(1−tP )sP−(1−tW )sW+(tP−tW )}
dsP

= (1−tP ) > 0, ❛♥❞ d{(1−tP )sP−(1−tW )sW+(tP−tW )}
dsW

=

−(1− tW ) < 0. ❚❤❡r❡❢♦r❡✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ sW , ❛ s✉❢✲

✜❝✐❡♥t❧② ❧♦✇ sP ✭s♦ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ sP ❛♥❞ sW ❜❡❝♦♠❡s ✈❡r② s♠❛❧❧✮✱ ❛♥❞ ❛ r❡✲

❣r❡ss✐✈❡ t❛① s②st❡♠ ✭s♦ t❤❛t tW > tP ✮ ♠❛❦❡s [(1− tP )sP − (1− tW )sW + (tP − tW )] < 0.

❈♦♥s❡q✉❡♥t❧②✱ du∗

dπ
> 0 ✐✳❡✳ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❖t❤❡r✇✐s❡✱ t❤❡

❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❚❤✉s✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❛ ♠♦r❡ r❡❣r❡ss✐✈❡ t❛①

s②st❡♠ ♠❛❦❡s t❤❡ ❡❝♦♥♦♠② ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ✇❤❡r❡❛s ❛

♠♦r❡ ♣r♦❣r❡ss✐✈❡ t❛① s②st❡♠ ♠❛❦❡s t❤❡ ❡❝♦♥♦♠② ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡✳ ❖✉r ✜♥❞✐♥❣ ✐♥ t❤✐s r❡❣❛r❞ ✐s s✐♠✐❧❛r t♦ ❇❧❡❝❦❡r ✭✷✵✵✷✱ ♣♣✳ ✶✹✶✮ ❛♥❞ ♦♣♣♦s✐t❡ t♦

t❤❡ ✜♥❞✐♥❣ ✐♥ ❙❡❝t✐♦♥ ✸✳ ◆♦t❡ t❤❛t ❢♦r ❛ ✉♥✐❢♦r♠ t❛① r❛t❡ ❛♥❞ ❛ ✉♥✐❢♦r♠ s❛✈✐♥❣s ♣r♦♣❡♥✲

s✐t② ✭✐✳❡✳ ✐❢ sP = sW ❛♥❞ tP = tW ✮✱ ❛ ❝❤❛♥❣❡ ✐♥ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ✇✐❧❧ ❤❛✈❡ ♥♦ ✐♠♣❛❝t

♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✐✳❡✳ du∗

dπ
= 0.

✹✳✶ ❚❤❡ ❧♦♥❣✲r✉♥ ❞②♥❛♠✐❝s

◆♦✇ ✇❡ ♣r♦❝❡❡❞ ❢♦r t❤❡ ❧♦♥❣ r✉♥ ❞②♥❛♠✐❝s✳ ■♥st❡❛❞ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✾✮✱ ✇❡ ❛ss✉♠❡ t❤❡

❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡ ❛s gd = γ0 + γ1u
∗ + γ2(1 − tP )r

∗ + γ3(
G
K
) − γ4δ✳ ❈❤❛♥❣❡ ✐♥ t❤❡

✐♥✈❡st♠❡♥t r❛t❡✱ t❤❡r❡❢♦r❡✱ ✐s

ġ = ρ

[

(γ0 − γ4δ) +
Γ [g − ζiδ]

Λ
− g

]

✭✹✳✼✮

✇❤❡r❡ Γ = {γ1 + γ2(1− tP )π + γ3θ} > 0✱ ❛♥❞ γ4 ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♠❡❛s✉r✐♥❣ r❡s♣♦♥✲

s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t ❞✉❡ t♦ ❛ ❝❤❛♥❣❡ ✐♥ δ✳ ❍❡r❡ t❤❡ ✜❢t❤ t❡r♠ ❡♥t❡r✐♥❣ ✐♥ t❤❡ ❞❡s✐r❡❞

✐♥✈❡st♠❡♥t r❛t❡✱ r❡♣r❡s❡♥ts t❤❡ ✜♥❛♥❝✐❛❧ ❝r♦✇❞✐♥❣ ♦✉t ❡✛❡❝t✳✼ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢

❡q✉❛t✐♦♥ ✭✹✳✼✮ ✇✳r✳t✳ g ❛♥❞ δ r❡s♣❡❝t✐✈❡❧② ②✐❡❧❞s✱

J11 =
∂ġ

∂g
= ρ

[
Γ

Λ
− 1

]

R 0 ✭✹✳✽✮

J12 =
∂ġ

∂δ
= ρ

[

−γ4 −
Γζi

Λ

]

< 0 ✭✹✳✾✮

❲❤❡♥ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ ✇❡ ❣❡t J11 < 0, ♦t❤❡r✇✐s❡ J11 ✐s ♣♦s✐t✐✈❡✳

■♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ġ = 0 ✇❤✐❝❤ ②✐❡❧❞s g
∣
∣
ġ=0

=
(

γ0Λ
Λ−Γ

)
−

(
γ4Λ+Γζi
Λ−Γ

)
δ✳ ❚❤❡r❡❢♦r❡✱

✼❋♦❧❧♦✇✐♥❣ ❉✉tt ✭✷✵✶✸✮✱ ✇❡ ✐♥tr♦❞✉❝❡ ✐t✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ✐t ✐s t♦ s❤♦✇ t❤❛t ❡✈❡♥ ✐❢ ✇❡
❝♦♥s✐❞❡r t❤❡ ♥❡♦✲❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥t ♦❢ ✜♥❛♥❝✐❛❧ ❝r♦✇❞✐♥❣✲♦✉t ♦❢ ♣r✐✈❛t❡ ✐♥✈❡st♠❡♥t ❢♦r ❛ r✐s❡ ✐♥ ♣✉❜❧✐❝
❞❡❜t✱ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② r✐s❡ ✇✐t❤♦✉t ❜♦✉♥❞✳ ❚❤❡ ♠♦❞❡❧ ❛❧s♦ ❞♦❡s ♥♦t
♥❡❝❡ss❛r✐❧② ❜❡❝♦♠❡ ✉♥st❛❜❧❡✳

✶✷



✇❤❡♥ (Λ − Γ) > 0, t❤❡ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s dg

dδ

∣
∣
∣
ġ=0

= −
(
γ4Λ+Γζi
Λ−Γ

)
< 0, ❛♥❞ t❤❡

✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s g
∣
∣
∣

δ=0

ġ=0
=

(
γ0Λ
Λ−Γ

)
> 0. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r

(Λ−Γ) < 0✱ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ str❛✐❣❤t ❧✐♥❡ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ✈❡rt✐❝❛❧

✐♥t❡r❝❡♣t✳

◆♦✇ ✇❡ ❛♥❛❧②③❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t✳ ❲❡ ❦♥♦✇✱ δ = D
K
✳ ❙♦✱ δ̇ =

Ḋ
K
− DK̇

K2 = Ḋ
K
− δg. ❋✉rt❤❡r✱

Ḋ = G− T + iD ✭✹✳✶✵✮

■♥s❡rt✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ T ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✮✱ ❛♥❞ ✐♥s❡rt✐♥❣ G = θY ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✵✮

❛♥❞ r❡❛rr❛♥❣✐♥❣ ✇❡ ❣❡t✱

δ̇ = [(θ − tW )− (tP − tW )π] u∗ + (1− tP )iδ − δg

=⇒ δ̇ = Ω

(
g − ζiδ

Λ

)

+ (1− tP )iδ − δg ✭✹✳✶✶✮

✇❤❡r❡✱ Ω = [(θ − tW )− (tP − tW )π] R 0. P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✹✳✶✶✮ ✇✳r✳t✳

g ❛♥❞ δ r❡s♣❡❝t✐✈❡❧② ②✐❡❧❞s✱

J21 =
∂δ̇

∂g
=

Ω

Λ
− δ R 0 ✭✹✳✶✷✮

J22 =
∂δ̇

∂δ
= −

Ωζi

Λ
+ (1− tP )i− g R 0 ✭✹✳✶✸✮

▲❡t ✉s ❞❡r✐✈❡ t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡✳ ■♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ δ̇ = 0✳ ❚❤✐s

✐♠♣❧✐❡s✱

g
∣
∣
δ̇=0

=
[ζΩ− (1− tP )Λ] iδ

Ω− Λδ
✭✹✳✶✹✮

❚❤❡r❡❢♦r❡✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s

dg

dδ

∣
∣
∣
δ̇=0

=
[ζΩ− (1− tP )Λ] iΩ

[Ω− Λδ]2
. ✭✹✳✶✺✮

❚❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s g
∣
∣
∣

δ=0

δ̇=0
= 0, ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❛s②♠t♦♣t❡

✐s ❛t δ = Ω
Λ
. ❚❤❡ ❤♦r✐③♦♥t❛❧ ❛s②♠♣t♦t❡ ✐s ❛t g = [ζΩ−(1−tP )Λ]i

−Λ
= −Σ

Λ
, ✇❤❡r❡ Σ =

[ζΩ− (1− tP )Λ] i R 0.

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥s ♦❢ Ω ❛♥❞ [ζΩ− (1− tP )Λ] ✇❡ ❣❡t t❤r❡❡ ♣♦ss✐❜❧❡ ❝❛s❡s✳ ❈❛s❡ ■

✇❤❡r❡ ❜♦t❤ t❤❡ s✐❣♥s ❛r❡ ♣♦s✐t✐✈❡✳ ❈❡t❡r✐s ♣❛r✐❜✉s✱ ❛ ✈❡r② ❤✐❣❤ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡

t♦ ●❉P r❛t✐♦ ✐s r❡q✉✐r❡❞ t♦ ❛❝❤✐❡✈❡ ❈❛s❡ ■✳✽ ■♥ ❈❛s❡ ■■ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P

r❛t✐♦ ✐s ♠♦❞❡r❛t❡❧② ❤✐❣❤ s♦ t❤❛t Ω ♣♦s✐t✐✈❡ ❜✉t [ζΩ− (1− tP )Λ] ✐s ♥❡❣❛t✐✈❡✳ ■♥ ♦t❤❡r

✽◆♦t❡ t❤❛t Ω > 0 ✐♠♣❧✐❡s θ > [tPπ + tW (1− π)]✳ ▼♦r❡♦✈❡r✱ [ζΩ− (1− tP )Λ] > 0 ✐♠♣❧✐❡s θ >
(1−tP )[(1−tP )sPπ+(1−tW )(1−π)sW ]

(1+sP−tP sP ) + [tPπ + tW (1− π)]✳

✶✸



❋✐❣✉r❡ ✹✳✶✿ ❋❧♦✇❝❤❛rt ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s

✇♦r❞s✱ ❈❛s❡ ■■ ✐s ♣♦ss✐❜❧❡ ✇❤❡♥ (1−tP )[(1−tP )sP π+(1−tW )(1−π)sW ]
(1+sP−tP sP )

+ [tPπ + tW (1− π)] > θ >

[tPπ + tW (1− π)] > 0 ❤♦❧❞s✳ ❚❤❡ ❧❛st ❝❛s❡ ✐s ❈❛s❡ ■■■ ✇❤❡r❡ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦

●❉P r❛t✐♦ ✐s s♦ ❧♦✇ t❤❛t ❜♦t❤ Ω ❛♥❞ [ζΩ− (1− tP )Λ] ❛r❡ ♥❡❣❛t✐✈❡✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡

❝❛s❡s✱ ✇❡ ❣❡t t✇♦ s✉❜✲❝❛s❡s✿ ✇❤❡♥ (Λ − Γ) ✐s ♣♦s✐t✐✈❡ ✭✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s J11 < 0✮✱

❛♥❞ ✇❤❡♥ (Λ−Γ) < 0 ✭✇❤✐❝❤ ✐♥ t✉r♥ ❡♥s✉r❡s J11 > 0✮✳ ❙♦♠❡ ♣♦st✲❑❡②♥❡s✐❛♥ ❡❝♦♥♦♠✐sts

❧✐❦❡ ❉❛❧❧❡r② ✭✷✵✵✼✮✱ ❛♥❞ ❙❦♦tt ✭✷✵✶✵✱ ✷✵✶✷✮✱ ❤♦✇❡✈❡r✱ ❤❛✈❡ s❤♦✇♥ t❤❡✐r ❞♦✉❜t ♦♥ ✇❤❡t❤❡r

t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳ ❚❤❡r❡❢♦r✱ ❛❧♦♥❣ ✇✐t❤ J11 < 0 ✭✇❤✐❝❤ ✐s ❡♥s✉r❡❞

❜② t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✮✱ ✇❡ ❛❧s♦ ❞❡❛❧ ✇✐t❤ J11 > 0✳✾

❋✐❣✉r❡ ✹✳✶ ✐❧❧✉str❛t❡s t❤❡ ✢♦✇❝❤❛rt r❡❧❛t❡❞ t♦ ❛❧❧ t❤❡s❡ ❝❛s❡s✳

❈❛s❡ ■❛✿ ❋✐❣✉r❡ ✹✳✷ ✐❧❧✉str❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❛t E1. ġ = 0

✐s♦❝❧✐♥❡ ✐s ❛ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ❧✐♥❡ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t✱ ✇❤❡r❡❛s t❤❡ δ̇ = 0

✐s♦❝❧✐♥❡ ✐s ❛ ❤②♣❡r❜♦❧✐❝ ❝✉r✈❡ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ s❧♦♣❡ t❤❛t ✐♥❝r❡❛s❡s ✇✐t❤ δ✳✶✵ ❍❡r❡✱ t❤❡

✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡ ✭✐✳❡✳ Ω
Λ

> 0✮ ❛♥❞ t❤❡ ❤♦r✐③♦♥t❛❧

❛s②♠♣t♦t❡ ✐s ♥❡❣❛t✐✈❡✳✶✶

❆s δ < Ω
Λ
❛t E1, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✷✮ ✇❡ ❣❡t J21 > 0. ❚❤❡r❡❢♦r❡✱ J22 ✐s ♥❡❣❛t✐✈❡ ❛t E1.

✶✷

❆t ♣♦✐♥t E1✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❉❡t✭❏✮ = (

−
︷︸︸︷

J11

−
︷︸︸︷

J22 −

−
︷︸︸︷

J12

+
︷︸︸︷

J21 ) > 0.

✾❆ r❡♣❧② ♦♥ t❤✐s ✐ss✉❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▲❛✈♦✐❡ ✭✷✵✶✵✮ ❛♥❞ ❍❡✐♥ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ▲❛✈♦✐❡ ✭✷✵✶✹✱ ♣♣✳
✸✼✼✲✹✶✵✮ ♣r♦✈✐❞❡s ❛ s✉♠♠❛r② ♦❢ t❤✐s ❝♦♥tr♦✈❡rs②✳

✶✵❆s ❤❡r❡ Ω > 0, ❛♥❞ [ζΩ− (1− tP )Λ] > 0, t❤❡r❡❢♦r❡ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✺✮✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0

✐s♦❝❧✐♥❡ ✐s dg
dδ

∣
∣
∣
δ̇=0

> 0✳
✶✶❆s [ζΩ− (1− tP )Λ] > 0✳

✶✷❙❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s dg
dδ

∣
∣
∣
δ̇=0

= −
∂δ̇
∂δ

∂δ̇
∂g

= −J22

J21

. ❆s ❛t E1, J21 > 0 ❛♥❞

dg
dδ

∣
∣
∣
δ̇=0

> 0, J22 ♠✉st ❜❡ ♥❡❣❛t✐✈❡✳

✶✹
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❚r❛❝❡ ♦❢ t❤❡ ♠❛tr✐① tr✭❏✮ = J11+J22 < 0. ❆s ❛ r❡s✉❧t✱ ♣♦✐♥t E1 ❡♠❡r❣❡s ❛s ❛ st❛❜❧❡ st❡❛❞②

st❛t❡✳✶✸

▲❡t ✉s ❞✐s❝✉ss t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡ ✐♥t✉✐t✐✈❡❧②✳ ❙✉♣♣♦s❡ ❜❡❝❛✉s❡ ♦❢ s♦♠❡

❡①♦❣❡♥♦✉s s❤♦❝❦✱ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞❡✈✐❛t❡s ❛♥❞ ♥♦✇ ✐s ❛❜♦✈❡ ✐ts st❡❛❞②

st❛t❡ ✈❛❧✉❡ ✭✐✳❡✳ ♥♦✇ δ > δ∗)✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✸✮✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♠✉st ❢❛❧❧

✉♥❞❡r t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r✐s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦

❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✹✳✾✮✳ ❆s ❛ r❡s✉❧t✱ ❢r♦♠

❡q✉❛t✐♦♥ ✭✹✳✶✷✮ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❢❛❧❧s✳ ❚❤✐s ✐s t❤❡ ✐♥❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❆s ❜♦t❤ t❤❡

❡✛❡❝ts ❛r❡ st❛❜❧❡✱ ✐❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ❧❡✈❡❧✱ ✐t ❛❣❛✐♥ ❝♦♠❡s

❜❛❝❦ t♦ ✐ts st❡❛❞② st❛t❡✳ ❍❡♥❝❡✱ t❤❡ st❡❛❞② st❛t❡ ✐s st❛❜❧❡✳

❈❛s❡ ■❜✿ ■♥ ❈❛s❡ ■❜✱ ❛s (Λ−Γ) < 0, t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ❤❛s ❛ ♥❡❣❛t✐✈❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t

❛♥❞ ❛ ♣♦s✐t✐✈❡ s❧♦♣❡✳ ◆♦t❡ t❤❛t (Λ−Γ) < 0 ❡♥s✉r❡s J11 > 0. ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✱

✇❡ ❣❡t t✇♦ st❡❛❞② st❛t❡ E5 ❛♥❞ E6✳ ❆t E5✱ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡

s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

dg

dδ

∣
∣
∣
ġ=0

= −
J12

J11
>

dg

dδ

∣
∣
∣
δ̇=0

= −
J22

J21
> 0

✶✸❍❡r❡ ❛s J12 < 0 ❛♥❞ J21 > 0 s♦✱ tr(J)2− 4Det(J) = (J11−J22)
2+4J12J21 R 0 ❛♥❞ ❤❡♥❝❡ t❤❡ st❡❛❞②

st❛t❡ ❝❛♥ ❜❡ ❡✐t❤❡r ❛ st❛❜❧❡ ♥♦❞❡ ♦r ❛ st❛❜❧❡ s♣✐r❛❧✳

✶✺
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⇒ (J11J22 − J12J21) > 0 (∵ J11 > 0 ❛♥❞ J21 > 0✮

❍❡♥❝❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r s✐❣♥ ♦❢ t❤❡ tr❛❝❡ ✐s ❛♠❜✐❣✉♦✉s ✭∵ tr✭❏✮ =

J11+J22 R 0✮✳ ❚❤❡r❡❢♦r❡✱ E5 ❝❛♥ ❜❡ ❡✐t❤❡r ❛ st❛❜❧❡ ♦r ❛♥ ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ρ < ρ̂ = [ζΩ−(1−tP )Λ]i+gΛ
[Γ−Λ]

♦r ρ > ρ̂ r❡s♣❡❝t✐✈❡❧②✳

■❢ ρ = ρ̂✱ ❧✐♠✐t ❝②❝❧❡s ♦❝❝✉r ❞✉❡ t♦ ❍♦♣❢✲❜✐❢✉r❝❛t✐♦♥✳ ▼♦r❡ ❞✐s❝✉ss✐♦♥ r❡❣❛r❞✐♥❣ ❍♦♣❢✲

❜✐❢✉r❝❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳

■♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ st❛❜✐❧✐t② ❛t ♣♦✐♥t E5 ✐s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❤❡♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ r✐s❡s ❛❜♦✈❡ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ❛s J11 > 0✱ t❤❡ ♣♦s✐t✐✈❡ s❡❧❢✲❢❡❡❞❜❛❝❦

❡✛❡❝t ❧❡❛❞s t♦ ❛ ❢✉rt❤❡r r✐s❡ ✐♥ t❤❡ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ✉♥st❛❜❧❡

❡✛❡❝t✳ ❙❡❝♦♥❞✱ ❛ r✐s❡ ✐♥ g t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✹✳✶✷✮ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✭∵ J21 > 0 ❤❡r❡✮ ✇❤✐❝❤ ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✹✳✾✮ ❝❛✉s❡s ❛ ❢❛❧❧ ✐♥ t❤❡ r❛t❡ ♦❢

❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✭∵ J12 < 0✮✳ ❚❤✐s ✐s t❤❡ ✐♥❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❲❤❡♥ t❤❡ s♣❡❡❞ ♦❢

❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s s✉✣❝✐❡♥t❧② ❧♦✇ ✭✐✳❡✳ ✇❤❡♥

ρ < ρ̂✮✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❝♦✉❧❞ ❜❡❝♦♠❡ st❛❜❧❡ ❜❡❝❛✉s❡ t❤❡ ♥❡❣❛t✐✈❡ ✐♥❞✐r❡❝t✲

❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❜❡❝♦♠❡s str♦♥❣ ❛♥❞ ❞♦♠✐♥❛t❡s

t❤❡ ✉♥st❛❜❧❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0

✐s♦❝❧✐♥❡ ❛t E6, t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♥❡❣❛t✐✈❡✱ ❛♥❞ t❤❡r❡❢♦r❡ E6

✶✻
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❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

❈❛s❡ ■■❛✿ ❍❡r❡ ✇❡ ❛ss✉♠❡ Ω > 0, ❜✉t [ζΩ− (1− tP )Λ] < 0. ❊q✉❛t✐♦♥ ✭✹✳✶✺✮ t❤❡r❡❢♦r❡

s✉❣❣❡sts t❤❛t t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ♠✉st ❜❡ ♥❡❣❛t✐✈❡✳ ❙✐♠✐❧❛r t♦ ❈❛s❡ ■✱ ❤❡r❡

t♦♦ t❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ✐s ♣♦s✐t✐✈❡✳ ❆s [ζΩ− (1− tP )Λ] < 0, ✉♥❧✐❦❡ ❈❛s❡ ■✱ ❤❡r❡ t❤❡

❤♦r✐③♦♥t❛❧ ❛s②♠♣t♦t❡ ✐s ♣♦s✐t✐✈❡✳ ❋✐❣✉r❡ ✹✳✹ ❞❡♣✐❝ts t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✿

E2 ❛♥❞ E3 r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡ t♦♦✱ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❛ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ❧✐♥❡ ✇✐t❤

❛ ♣♦s✐t✐✈❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t✱ ✇❤❡r❡❛s t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❛ ❤②♣❡r❜♦❧✐❝ ❝✉r✈❡ ✇✐t❤ ❛

♥❡❣❛t✐✈❡ s❧♦♣❡ t❤❛t ✢❛tt❡♥s ✇✐t❤ δ✳ ❆s δ > Ω
Λ
❛t E2, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✷✮ ✇❡ ❣❡t J21 < 0.

❚❤❡r❡❢♦r❡✱ J22 ✐s ♥❡❣❛t✐✈❡ ❛t E2. ❚❤✐s ✐s tr✉❡ ❢♦r E3 ❛s ✇❡❧❧✳

❆t ♣♦✐♥t E2✱ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dg

dδ

∣
∣
∣
ġ=0

= −
J12

J11
>

dg

dδ

∣
∣
∣
δ̇=0

= −
J22

J21

⇒ (J11J22 − J12J21) > 0 (∵ J11 < 0 ❛♥❞ J21 < 0✮

❍❡♥❝❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ tr❛❝❡ ✐s ♥❡❣❛t✐✈❡ ✭∵ tr✭❏✮ = J11 + J22 < 0✮✳ ❆s

❛ r❡s✉❧t✱ ♣♦✐♥t E2 ❡♠❡r❣❡s ❛s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳✶✹

✶✹❍❡r❡ ❛s J12 < 0 ❛♥❞ J21 < 0✱ tr(J)2− 4Det(J) = (J11−J22)
2+4J12J21 > 0✳ ❍❡♥❝❡ t❤❡ st❡❛❞② st❛t❡

✐s ❛ st❛❜❧❡ ♥♦❞❡✳

✶✼



▲❡t ✉s ❞✐s❝✉ss ✐t ✐♥t✉✐t✐✈❡❧②✳ ●♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r❛t✐♦✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡

r❡❛s♦♥✱ ❞❡✈✐❛t❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ❛♥❞ ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚✇♦

♦♣♣♦s✐t❡ ❡✛❡❝ts ❛r❡ ✐♥ ✇♦r❦ ♥❡❛r t❤❡ st❡❛❞② st❛t❡ E2. ❋✐rst✱ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s

❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡ t♦ J22 < 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t st❛❜❧❡

❡✛❡❝t✳ ❙❡❝♦♥❞✱ t❤❡ r✐s❡ ✐♥ δ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❞✉❡ t♦

J12 < 0✳ ❆s J21 < 0✱ t❤✐s ❢❛❧❧ ✐♥ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❞❡❜t✲

❝❛♣✐t❛❧ r❛t✐♦✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❆s ❜♦t❤ t❤❡ ✐s♦❝❧✐♥❡ ❛r❡

♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ❛♥❞ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0

✐s♦❝❧✐♥❡✱ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ J21 ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✳ ❆s ❛ r❡s✉❧t✱ ❛ ❢❛❧❧ ✐♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✭❞✉❡ t♦ J12 < 0✮ ❧❡❛❞s t♦ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ r✐s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t ❛♥❞ r❡s✉❧ts

✐♥ t❤❡ st❡❛❞② st❛t❡ t♦ ❜❡ st❛❜❧❡✳

❆t ♣♦✐♥t E3✱ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ ġ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dg

dδ

∣
∣
∣
δ̇=0

= −
J22

J21
>

dg

dδ

∣
∣
∣
ġ=0

= −
J12

J11

⇒ (J11J22 − J12J21) < 0 (∵ J11 < 0 ❛♥❞ J21 < 0✮

❆s t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✱ ♣♦✐♥t E3 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

■♥t✉✐t✐♦♥ ❛t E3 ✐s s✐♠✐❧❛r t♦ E2 ❡①❝❡♣t t❤❛t ❛s ❜♦t❤ t❤❡ ✐s♦❝❧✐♥❡ ❛r❡ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞

❛♥❞ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ δ̇ = 0 ✐s♦❝❧✐♥❡✱ ❛❜s♦❧✉t❡ ✈❛❧✉❡

♦❢ J21 ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤ ❤❡r❡✳ ❆s ❛ r❡s✉❧t✱ ❛ ❢❛❧❧ ✐♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✭❞✉❡

t♦ J12 < 0✮ ❧❡❛❞s t♦ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ r✐s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡

✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❛♥❞ r❡s✉❧ts ✐♥ t❤❡ st❡❛❞② st❛t❡

t♦ ❜❡ ✉♥st❛❜❧❡✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ st❛❜❧❡ ❛r♠ t❤❛t r❡❛❝❤❡s t♦ t❤❡ st❡❛❞② st❛t❡ E3. ❍❡♥❝❡

E3 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

❈❛s❡ ■■❜✿ ❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✱ ❤❡r❡ ✇❡ ❣❡t ❛ ✉♥✐q✉❡ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞②

st❛t❡ E7 ✭❆s ❉❡t✭❏✮ = (

+
︷︸︸︷

J11

−
︷︸︸︷

J22 −

−
︷︸︸︷

J12

−
︷︸︸︷

J21 ) < 0✮✳

❈❛s❡ ■■■❛✿ ❍❡r❡ ✇❡ ❛ss✉♠❡ Ω < 0, ❛♥❞ t❤❡r❡❢♦r❡✱ [ζΩ− (1− tP )Λ] < 0. ❊q✉❛t✐♦♥ ✭✹✳✶✺✮

s✉❣❣❡sts t❤❛t t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ❤②♣❡r❜♦❧✐❝ ❝✉r✈❡ t❤❛t ❞❡❝r❡❛s❡s ✇✐t❤

δ✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡ ❤❡r❡ ✇❤❡r❡❛s t❤❡ ❤♦r✐③♦♥t❛❧

❛s②♠♣t♦t❡ ✐s ♣♦s✐t✐✈❡✳ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❛ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ❧✐♥❡ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ✈❡rt✐❝❛❧

✐♥t❡r❝❡♣t✳ ❋✐❣✉r❡ ✹✳✻ ✐❧❧✉str❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❛t E4. ❍❡r❡✱

❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✷✮ ✇❡ ❣❡t J21 < 0. ❚❤❡r❡❢♦r❡✱ J22 ✐s ♣♦s✐t✐✈❡ ❛t E4. ❆t ♣♦✐♥t E4✱ t❤❡

❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡ ✭✐✳❡✳ ❉❡t✭❏✮ = (

−
︷︸︸︷

J11

+
︷︸︸︷

J22 −

−
︷︸︸︷

J12

−
︷︸︸︷

J21 ) < 0✮✳ ❆s ❛ r❡s✉❧t✱ ♣♦✐♥t E4

❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

✶✽



❋✐❣✉r❡ ✹✳✺✿ ❈❛s❡ ■■❜

❋✐❣✉r❡ ✹✳✻✿ ❈❛s❡ ■■■❛

✶✾



❋✐❣✉r❡ ✹✳✼✿ ❈❛s❡ ■■■❜

●♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❞❡✈✐❛t❡s ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠

♣♦s✐t✐♦♥ ❛♥❞ ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋✐rst✱ ❛s δ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞②

st❛t❡ ✈❛❧✉❡✱ ✐t ✐♥❝r❡❛s❡s ❢✉rt❤❡r ❞✉❡ t♦ J22 > 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ❡✛❡❝t✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ t❤❡ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ❞✉❡ t♦ J12 < 0✳ ❆s J21 < 0✱ t❤✐s ❢❛❧❧ ✐♥ g ❧❡❛❞s t♦ r✐s❡ ✐♥ δ✳ ❚❤✐s s❡❝♦♥❞

❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t ❡✛❡❝t✳ ❆s ❜♦t❤ t❤❡ ❡✛❡❝ts ❛r❡ ✉♥st❛❜❧❡✱ ✐❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s

❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ❧❡✈❡❧✱ ✐t ❢✉rt❤❡r ♠♦✈❡s ❛✇❛② ❢r♦♠ t❤❡ st❡❛❞② st❛t❡✳ ❚❤❡r❡ ✐s ♦♥❧②

♦♥❡ st❛❜❧❡ ❛r♠ ✭❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻✮ t❤❛t r❡❛❝❤❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E4. ❍❡♥❝❡

E4 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

❈❛s❡ ■■■❜✿ ❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✼✱ ❤❡r❡ t♦♦ ✇❡ ❣❡t ❛ ✉♥✐q✉❡ st❡❛❞② st❛t❡ E8. ❙❧♦♣❡

♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ δ̇ = 0 ✐s♦❝❧✐♥❡ ❛t E8 ✐✳❡✳

dg

dδ

∣
∣
∣
ġ=0

= −
J12

J11
>

dg

dδ

∣
∣
∣
δ̇=0

= −
J22

J21
> 0

⇒ (J11J22 − J12J21) < 0 (∵ J11 > 0 ❛♥❞ J21 < 0✮

❆s t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✱ ♣♦✐♥t E8 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

❋r♦♠ t❤❡ ❛♥❛❧②s✐s ♦❢ ❈❛s❡s ■✱ ■■ ✫ ■■■ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ✈❡r② ❤✐❣❤ ❣♦✈❡r♥♠❡♥t ❡①✲

♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✭E1✮ ✇❤❡r❡❛s ❛

✷✵



♠♦❞❡r❛t❡ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✲

♦♥❡ ♦❢ ✇❤✐❝❤ ✐s s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ ✭E3✮✳ ❚❤❡ ♦t❤❡r ♦♥❡ ✭E2✮ ✐s st❛❜❧❡✳ ❍♦✇❡✈❡r✱ ❛

s✉✣❝✐❡♥t❧② ❧♦✇ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P ✐s r❡❧❛t❡❞ t♦ ❛ ✉♥✐q✉❡ s❛❞❞❧❡ ♣♦✐♥t ✉♥✲

st❛❜❧❡ st❡❛❞② st❛t❡ ✭E4✮✳ ❚❤❡r❡❢♦r✱ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❜✉❞❣❡t ❞❡✜❝✐t ❛♥❞ ❣♦✈❡r♥♠❡♥t ✐♥❝✉rs

❞❡❜t✱ ❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✭t♦ ●❉P r❛t✐♦✮ ✐s r❡q✉✐r❡❞ t♦ ❛❝❤✐❡✈❡

st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ✐♥✢✉❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s

♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡✳

✹✳✷ ❍♦♣❢ ❇✐❢✉r❝❛t✐♦♥

■♥ t❤✐s s✉❜✲s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❡♠❡r❣❡♥❝❡ ♦❢ ❝②❝❧❡ ❛s ❛ s♦❧✉t✐♦♥ t♦ t❤❡

❞②♥❛♠✐❝❛❧ s②st❡♠s r❡♣r❡s❡♥t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✹✳✼✮ ❛♥❞ ✭✹✳✶✶✮✳ ❈♦♥s✐❞❡r t❤❡ st❡❛❞② st❛t❡

E5 ♦❢ ❈❛s❡ ■❜✳ ❲❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ρ✱ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✹✳✼✮ ✫ ✭✹✳✶✶✮ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ st❡❛❞② st❛t❡ E5 ❤❛s ♣✉r❡❧② ✐♠❛❣✲

✐♥❛r② r♦♦ts ❛♥❞ ❢♦r t❤❡ s❛♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ ρ = ρ̂ = [ζΩ−(1−tP )Λ]i+gΛ
[Γ−Λ]

♣r♦✈✐❞❡s ❛ ♣♦✐♥t

♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✶✳

❯s✐♥❣ ❳PP❆❯❚ s♦❢t✇❛r❡ ✇❡ ✜♥❞ t❤❛t t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s s✉♣❡r✲❝r✐t✐❝❛❧ ✐♥ ♥❛t✉r❡ ✐✳❡✳

❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ❡①✐sts ✭s❤♦✇♥ ❜② ❜❧✉❡ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✹✳✽❛✮✳ ❲❡ ❞r❛✇ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤

❢r♦♠ t = 0 t♦ t = 200✳ ❋♦r ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❧♦s❡ t♦ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✭❡❣✳ ✐❢ ✐t

st❛rts ❢r♦♠ (δ(0), g(0)) = (0.672, 0.0136)✮✱ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❧✐♠✐t ❝②❝❧❡

✭s❤♦✇♥ ❜② ❣r❡❡♥ ❝②❝❧❡ ✐♥ ❋✐❣✉r❡ ✹✳✽❛✮✱ ✇❤❡r❡❛s ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢✉rt❤❡r ❛✇❛② ❢r♦♠

t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✭❡❣✳ ✐❢ ✐t st❛rts ❢r♦♠ (δ(0), g(0)) = (0.676, 0.0416)✮✱ t❤❡ s♦❧✉t✐♦♥

♣❛t❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❧✐♠✐t ❝②❝❧❡ ✭❛s s❤♦✇♥ ❜② ❜❧❛❝❦ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✹✳✽❛✮✳ ❚❤❡r❡❢♦r❡✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐♥ t❤✐s ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✱ t❤❡ s✉♣❡r✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs

❛♥❞ t❤❡ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ✐s st❛❜❧❡✳ ■♥st❡❛❞ ♦❢ ❝❛❧✐❜r❛t✐♥❣ ❛ r❡❛❧ ❡❝♦♥♦♠②✱ t❤❡ ♣r✐♠❛r②

♣✉r♣♦s❡ ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ st✉❞② ✐s t♦ ❝♦♥✜r♠ ✇❤❡t❤❡r t❤❡ ♠♦❞❡❧ ♣r♦❞✉❝❡s t❤❡ ❧✐♠✐t ❝②❝❧❡

❛♥❞ t♦ ♦❜s❡r✈❡ ✐ts ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✈❛❧✉❡s s♦ t❤❛t ✇❡ ♦❜t❛✐♥

❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ♦✉t❝♦♠❡s✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇❡ s❡t γ0 = 0.1✱ γ1 = 0.1, Γ = 0.6,

Λ = 0.4, i = 0.05, ζ = 0.7, tP = 0.2, Ω = 0.6, ρ̂ = 0.04636✳ ❲❡ ❣❡t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s

g∗ = 0.010669 ❛♥❞ δ∗ = 0.69072 ❢♦r t❤❡ st❡❛❞② st❛t❡ E5 ♦❢ ❈❛s❡ ■❜✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡

✹✳✽❛✱ ✐♥ t❤❡ (δ, g)✲♣❧❛♥❡✱ t❤❡ ❝❧♦❝❦✇✐s❡ ❝②❝❧❡ ❡♠❡r❣❡s✳ ❋✐❣✉r❡ ✹✳✽❜ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧

✷✶



✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (δ, g) ♣❧❛♥❡✿ ❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ❞✉❡ t♦ s✉♣❡r✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥

✭❜✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

✭❝✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥

❋✐❣✉r❡ ✹✳✽✿ ▲✐♠✐t ❝②❝❧❡
✷✷



❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ ❋✐❣✉r❡ ✹✳✽❝ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡

r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳✶✺

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❡①♣❧❛✐♥ t❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❧✐♠✐t ❝②❝❧❡ ✐♥ ❈❛s❡

■❜✳ ❋✐rst✱ t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ♣♦s✐t✐✈❡✱ ✐✳❡✳

J11 = ∂ġ

∂g
> 0✳ ❇❡s✐❞❡s✱ ❤❡r❡ t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ♥❡❣❛t✐✈❡✱

✐✳❡✳ J22 =
∂δ̇
∂δ

< 0✳ ❲❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ρ ✐s s♠❛❧❧✱ t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦

❡✛❡❝t ♦❢ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡

❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ s♦ t❤❡ ❡❝♦♥♦♠② ❛❝❤✐❡✈❡s st❛❜✐❧✐t② ✭❆s t❤❡ tr❛❝❡ ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡

❤❡r❡✮✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s✱ t❤❡ ❡❝♦♥♦♠② ❜❡❝♦♠❡s ✉♥st❛❜❧❡✳

❚❤✉s✱ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs ✐♥ t❤❡ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ t❤❡ st❛❜❧❡ ❢❡❡❞❜❛❝❦

❡✛❡❝t ✐✳❡✳ ✇❤❡♥ ρ r❡❛❝❤❡s ✐ts ❝r✐t✐❝❛❧ ✈❛❧✉❡ ρ̂✳

✹✳✸ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❋♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s✱ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ t❤♦s❡ st❡❛❞② st❛t❡s ✇❤✐❝❤ ❛r❡ st❛❜❧❡

✐✳❡ ✇❡ ♦♥❧② ❢♦❝✉s ♦♥ E1✱ E5 ❛♥❞ E2✳
✶✻ ❚❤❡ ❡✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝ ❝❤❛♥❣❡s ❝❛♥ ❜❡ s❤♦✇♥ ❜②

t♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥s ✭✹✳✼✮ ❛♥❞ ✭✹✳✶✶✮✱ ✇❤✐❝❤ ✐♠♣❧②

[

J11 J12

J21 J22

][

dg

dδ

]

=

[

−ρ

0

]

dγ0 +

[

−ρ(g−ζiδ)(Λγ3+Γ)
Λ2

− (g−ζiδ)(Λ+Ω)
Λ2

]

dθ

+

[
ρΓζδ
Λ

[ζΩ−(1−tP )Λ]δ
Λ

]

di+

[

−ρΓdu∗

dsp

−Ωdu∗

dsp

]

dsp +

[

−ρΓ du∗

dsW

−Ω du∗

dsW

]

dsW

+




−ρ

[

Γdu∗

dtP
− γ2πu

∗
]

−
(

Ωdu∗

dtP
− πu∗ − iδ

)



 dtP +

[

−ρΓ du∗

dtW

−
(

Ω du∗

dtW
− (1− π)u∗

)

]

dtW

✭✹✳✶✻✮

✹✳✸✳✶ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t✱ γ0

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

dγ0
=

−ρJ22

(J11J22 − J12J21)
;

dδ∗

dγ0
=

ρJ21

(J11J22 − J12J21)
✭✹✳✶✼✮

❆t E1 ❛s J22 < 0, ❛♥❞ J21 > 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✼✮ ✇❡ ❣❡t dg∗

dγ0
> 0 ❛♥❞ dδ∗

dγ0
> 0

r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❛s θ ✐♥❝r❡❛s❡s✱ ❜♦t❤ g∗ ❛s ✇❡❧❧ ❛s δ∗ ✐♥❝r❡❛s❡✳ ❙❛♠❡ ✐s tr✉❡ ❢♦r E5.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E2✱ J21 < 0, ❛♥❞ J22 < 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✼✮ ✇❡ ❣❡t
dg∗

dγ0
> 0 ❛♥❞ dδ∗

dγ0
< 0 r❡s♣❡❝t✐✈❡❧②✳

✶✺◆♦t❡ t❤❛t ❢♦r t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s✱ ✇❡ ❞r❛✇ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ❢r♦♠ t = 0 t♦ t = 2000 ✇❤❡r❡
δ(0) = 0.69 ❛♥❞ g(0) = 0.02✳

✶✻◆♦t❡ t❤❛t E5 ✐s st❛❜❧❡ ♣r♦✈✐❞❡❞ t❤❛t ρ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳

✷✸



✭❛✮ ❈❛s❡ ■❛ ✭❜✮ ❈❛s❡ ■❜

✭❝✮ ❈❛s❡ ■■❛

❋✐❣✉r❡ ✹✳✾✿ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t

❋♦r ❛ r✐s❡ ✐♥ γ0, t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ❞♦❡s ♥♦t s❤✐❢t✳ ❍♦✇❡✈❡r✱ ❛ r✐s❡ ✐♥ t❤❡ ❛✉t♦♥♦♠♦✉s

✐♥✈❡st♠❡♥t r❛✐s❡s t❤❡ ❞❡s✐r❡❞ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t ❛♥❞ t❤❡r❡❜② ♣✉s❤❡s t❤❡ ġ = 0 ✐s♦❝❧✐♥❡

✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ g, ❛t t❤❡ ♦❧❞ st❡❛❞② st❛t❡ E1✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥

r❡q✉✐r❡❞ ❢♦r t❤❡ ♥❡✇ ġ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❚❤✐s ❧♦✇❡r ❧❡✈❡❧ ♦❢ δ ♣✉ts ✉♣✇❛r❞ ♣r❡ss✉r❡

♦♥ ❣r♦✇t❤ r❛t❡ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭4.9) ✭❛s J12 < 0✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❣r♦✇t❤ r❛t❡ st❛rts

r✐s✐♥❣✳ ❆s s♦♦♥ ❛s g r✐s❡s✱ ❞❡❜t ♠❛r❦❡t ❞❡✈✐❛t❡s ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥✳ ●✐✈❡♥ t❤❡

❧❡✈❡❧ ♦❢ δ, g ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r δ̇ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❆s ∂δ̇
∂g

= J21 > 0✱

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♠✉st r✐s❡✳ ❈♦♠❜✐♥❛t✐♦♥ ♦❢ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❣r♦✇t❤ r❛t❡ ❛♥❞ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✉❧t✐♠❛t❡❧② ❡♥s✉r❡ t♦ ❛❝❤✐❡✈❡ t❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E ′
1 ❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ♦r

s♣✐r❛❧✐♥❣ ❛r♦✉♥❞ E ′
1.

❲❡ ✜♥❞ ❛ s✐♠✐❧❛r ❦✐♥❞ ♦❢ ♠❡❝❤❛♥✐s♠ ✐♥ ❈❛s❡ ■■❛ ❛s ✇❡❧❧✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱ ❛s

J21 = ∂δ̇
∂g

< 0 ♥❡❛r E2, ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ g ❝❛✉s❡s ❛ ❢❛❧❧ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t✲❝❛♣✐t❛❧

✷✹



r❛t✐♦✳ ❈♦♠❜✐♥❛t✐♦♥ ♦❢ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❣r♦✇t❤ r❛t❡ ❛♥❞ ❛ ❧♦✇❡r ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

✉❧t✐♠❛t❡❧② ❡♥s✉r❡ t♦ ❛❝❤✐❡✈❡ t❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E ′
2 ♠♦♥♦t♦♥✐❝❛❧❧② ✭s❡❡ ❋✐❣✉r❡

✹✳✾❝✮✳

❆✉t♦♥♦♠♦✉s ♣❛rt ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ♦♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ st❛❜✐❧✐t②

✐♥ ❈❛s❡ ■■✳ ❆s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✉r❡ ✹✳✾❝✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ γ0 s❤✐❢ts t❤❡

s❛❞❞❧❡ ♣♦✐♥t ❢r♦♠ E3 t♦ E ′
3 ❛♥❞ ✐♥❝r❡❛s❡s t❤❡ st❛❜❧❡ r❡❣✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥✐t✐❛❧❧② ✭✐✳❡✳

✇❤❡♥ E3 ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✮✱ st❛rt✐♥❣ ❢r♦♠ ♣♦✐♥t F, t❤❡ ❡❝♦♥♦♠② ✇♦✉❧❞ ❤❛✈❡ ❛♥ ✉♥st❛❜❧❡

tr❛❥❡❝t♦r② ♠♦✈✐♥❣ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ E3✳ ■t ✐s s❤♦✇♥ ❜② t❤❡ ❜❧✉❡ ❝✉r✈❡✳

❇✉t ❛❢t❡r ❛ r✐s❡ ✐♥ γ0 ✭✇❤❡♥ E ′
3 ❜❡❝♦♠❡s t❤❡ s❛❞❞❧❡ ♣♦✐♥t✮✱ st❛rt✐♥❣ ❢r♦♠ ♣♦✐♥t F, t❤❡

❡❝♦♥♦♠② ✇♦✉❧❞ ❤❛✈❡ ❛ st❛❜❧❡ tr❛❥❡❝t♦r② t❤❛t ❡✐t❤❡r ❝♦♥✈❡r❣❡s t♦ t❤❡ st❡❛❞② st❛t❡ E ′
3 ♦r

t♦ t❤❡ st❡❛❞② st❛t❡ E2✳ ❚❤❡s❡ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❣r❡❡♥ ❝✉r✈❡✳ ❚❤❡r❡❢♦r❡✱ ❛ ❤✐❣❤❡r

❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✐s ❞❡s✐r❛❜❧❡ ❛s t❤❡ r✐s❡ ✐♥ γ0 ❤❛s ❛ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦♥

t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ tr❛❥❡❝t♦r②✳✶✼

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ❛t E5 ♦❢ ❈❛s❡ ■❛✱ ❛s s❤♦✇♥ ✐♥ ✐♥ ❋✐❣✉r❡ ✹✳✾❜✱

❛♥ ✐♥❝r❡❛s❡ ✐♥ γ0 s❤✐❢ts t❤❡ s❛❞❞❧❡ ♣♦✐♥t ❢r♦♠ E6 t♦ E ′
6 ❛♥❞ t❤❡r❡❜②✱ ❞❡❝r❡❛s❡s t❤❡ st❛✲

❜❧❡ r❡❣✐♦♥✳ ❚❤✉s✱ ✐♥ ❈❛s❡ ✶❛ ✇❤❡r❡ t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ✈✐♦❧❛t❡❞ ✭✐✳❡✳

✇❤❡r❡ Γ > Λ✮✱ ❛ ❧♦✇❡r ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❤❛s ❛ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦♥ t❤❡

♠❛❝r♦❡❝♦♥♦♠✐❝ tr❛❥❡❝t♦r②✳

✹✳✸✳✷ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ i

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

di
=

ρΓζδ
Λ

J22 −
[ζΩ−(1−tP )Λ]δ

Λ
J12

(J11J22 − J12J21)
;

dδ∗

di
=

[ζΩ−(1−tP )Λ]δ
Λ

J11 −
ρΓζδ
Λ

J21

(J11J22 − J12J21)
✭✹✳✶✽✮

❆t E1, ❛s J11 < 0, J12 < 0, J21 > 0, J22 < 0, ❛♥❞ [ζΩ−(1−tP )Λ]δ
Λ

> 0 ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✽✮

✇❡ ❣❡t dg∗

di
R 0 ❛♥❞ dδ∗

di
< 0 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❛s i ✐♥❝r❡❛s❡s✱ δ∗ ❞❡❝r❡❛s❡s✳ ❇✉t t❤❡ ❡✛❡❝t

♦❢ ❛ ❝❤❛♥❣❡ ✐♥ i ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✵❛✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E2✱ J11 < 0,

J12 < 0, J21 < 0, J22 < 0 ❛♥❞ [ζΩ−(1−tP )Λ]δ
Λ

< 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✽✮ ✇❡ ❣❡t
dg∗

di
< 0 ❛♥❞ dδ∗

di
> 0 r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✵❜✮✳ ❍♦✇❡✈❡r✱ ❛t E5, t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡

✐♥ i ♦♥ ❜♦t❤ g∗ ❛♥❞ δ∗ ❛r❡ ❛♠❜✐❣✉♦✉s✳

❆ ❤✐❣❤❡r ✐♥t❡r❡st r❛t❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐♥ t✉r♥

❞❡❝r❡❛s❡s t❤❡ ❣r♦✇t❤ r❛t❡ ❜② ♥❡❣❛t✐✈❡❧② ✐♥✢✉❡♥❝✐♥❣ t❤❡ ❞❡s✐r❡❞ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t✳ ❚❤❡r❡✲

❢♦r❡ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ g ❛♥❞ δ, ✇❤❡♥ i r✐s❡s✱ ġ ❢❛❧❧s ✭❛s∂ġ
∂i

= ρΓζδ
Λ

< 0✮✳ ❈♦♥s❡q✉❡♥t❧②✱

✶✼❙❡❡ ■s❛❛❝ ❛♥❞ ❑✐♠ ✭✷✵✶✸✱ ♣♣✳ ✷✻✹✲✻✺✮ ❢♦r ♠♦r❡ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ st❛❜❧❡ r❡❣✐♦♥✳
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✭❛✮ ❈❛s❡ ■❛

✭❜✮ ❈❛s❡ ■■❛

❋✐❣✉r❡ ✹✳✶✵✿ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡

✷✻



t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s st❡❡♣❡r✳✶✽ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✶✮ ✇❡ ❣❡t ∂δ̇
∂i

= −[ζΩ−(1−tP )Λ]δ
Λ

.

❚❤❡r❡❢♦r❡ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ g ❛♥❞ δ, ✇❤❡♥ i r✐s❡s✱ δ̇ ❢❛❧❧s ✐♥ ❈❛s❡ ■ ❛♥❞ r✐s❡s ✐♥ ❈❛s❡

■■✳ ❆s ❛ r❡s✉❧t✱ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts t♦ t❤❡ ❧❡❢t ✐♥ ❈❛s❡ ■ ❛♥❞ t♦ t❤❡ r✐❣❤t ✐♥ ❈❛s❡ ■■✳

❆s δ ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡✱ ❛ ❢❛❧❧ ✐♥ δ ✐♥❝r❡❛s❡s gd ✐♥ ❈❛s❡

■✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜♥❛❧ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ i ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ ✐♥ ❛♠❜✐❣✉♦✉s

✐♥ ❈❛s❡ ■✳ ❍♦✇❡✈❡r✱ ✐♥ ❈❛s❡ ■■✱ ❛s ∂δ̇
∂i

> 0, ❢♦r ❛ r✐s❡ ✐♥ i, δ r✐s❡s✳ ❚❤✐s r✐s❡ ✐♥ δ ✐♥ t✉r♥

❞❡❝r❡❛s❡s t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡✳ ❍❡♥❝❡✱ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ✉♥❛♠❜✐❣✉♦✉s❧②

❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ ✐♥ ❈❛s❡ ■■✳ ❚❤❡s❡ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡s

✹✳✶✵❛ ❛♥❞ ✹✳✶✵❜ r❡s♣❡❝t✐✈❡❧②✳

◆♦t❡ t❤❛t t❤❡ ✐♥t❡r❡st r❛t❡ ❝❛♥ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ♦♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ st❛❜✐❧✐t② ✐♥

❈❛s❡ ■■✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✉r❡ ✹✳✶✵❜✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✐♥t❡r❡st

r❛t❡ s❤✐❢ts t❤❡ s❛❞❞❧❡ ♣♦✐♥t ❢r♦♠ E3 t♦ E ′
3. ❚❤❡r❡❢♦r❡✱ ❛ ❤✐❣❤❡r ✐♥t❡r❡st r❛t❡ r❡❞✉❝❡s t❤❡

st❛❜❧❡ r❡❣✐♦♥ ✐♥ t❤❡ ♣♦s✐t✐✈❡ s♣❛❝❡ ♦❢ (δ, g). ❋♦r ❡①❛♠♣❧❡✱ ✐♥✐t✐❛❧❧② ✭✐✳❡✳ ✇❤❡♥ E3 ✐s ❛ s❛❞❞❧❡

♣♦✐♥t✮✱ st❛rt✐♥❣ ❢r♦♠ ♣♦✐♥t F, t❤❡ ❡❝♦♥♦♠② ✇♦✉❧❞ ❤❛✈❡ ❛ st❛❜❧❡ tr❛❥❡❝t♦r② ❝♦♥✈❡r❣✐♥❣ t♦

t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ E2✳ ■t ✐s s❤♦✇♥ ❜② t❤❡ ❜❧✉❡ ❝✉r✈❡✳ ❇✉t ❛❢t❡r ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st

r❛t❡ ✭✇❤❡♥ E ′
3 ❜❡❝♦♠❡s t❤❡ s❛❞❞❧❡ ♣♦✐♥t✮✱ st❛rt✐♥❣ ❢r♦♠ ♣♦✐♥t F, t❤❡ ❡❝♦♥♦♠② ✇♦✉❧❞

❤❛✈❡ ❛♥ ✉♥st❛❜❧❡ tr❛❥❡❝t♦r② ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✈✐♦❧❡t ❝✉r✈❡✳ ❚❤❡r❡❢♦r❡✱ ❛ ❧♦✇❡r

✐♥t❡r❡st r❛t❡ ✐s ❞❡s✐r❛❜❧❡ ❛s t❤❡ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ❤❛s ❛ ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦♥ t❤❡

♠❛❝r♦❡❝♦♥♦♠✐❝ tr❛❥❡❝t♦r②✳

✹✳✸✳✸ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡✱ θ

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

dθ
=

−ρ
[
(g−ζiδ)(Λγ3+Γ)

Λ2

]

J22 +
(g−ζiδ)(Λ+Ω)

Λ2 J12

(J11J22 − J12J21)
✭✹✳✶✾✮

dδ∗

dθ
=

ρ
[
(g−ζiδ)(Λγ3+Γ)

Λ2

]

J21 −
(g−ζiδ)(Λ+Ω)

Λ2 J11

(J11J22 − J12J21)
✭✹✳✷✵✮

◆♦t❡ t❤❛t ρ
[
(g−ζiδ)(Λγ3+Γ)

Λ2

]

❛♥❞ (g−ζiδ)(Λ+Ω)
Λ2 ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡✳ ❆t E1, ❛s J11 < 0, J12 < 0,

J21 > 0, ❛♥❞ J22 < 0, ❢r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✵✮ ✇❡ ❣❡t dg∗

dθ
R 0 ❛♥❞ dδ∗

dθ
> 0

r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❛s θ ✐♥❝r❡❛s❡s✱ δ∗ ✐♥❝r❡❛s❡s✳ ❇✉t t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ θ ♦♥ g∗ ✐s

❛♠❜✐❣✉♦✉s✳ ❍♦✇❡✈❡r✱ ❛t E5, t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ♦♥

❜♦t❤ g∗ ❛♥❞ δ∗ ❛r❡ ❛♠❜✐❣✉♦✉s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E2✱ J11 < 0, J12 < 0, J21 < 0,

✶✽❆s ❞✉❡ t♦ ❛ r✐s❡ ✐♥ i, t❤❡ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ❢❛❧❧s ✐✳❡✳ d
di

(

dg
dδ

∣
∣
∣
ġ=0

)

= − Γζ
Λ−Γ < 0. ❍♦✇❡✈❡r✱

t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳ g
∣
∣
∣

δ=0

ġ=0
=

(
γ0Λ
Λ−Γ

)

❞♦❡s ♥♦t ❝❤❛♥❣❡✳

✷✼



❛♥❞ J22 < 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✵✮ ✇❡ ❣❡t dg∗

dθ
R 0 ❛♥❞ dδ∗

dθ
R 0

r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ θ ♦♥ g∗ ❛s ✇❡❧❧ ❛s δ∗ ❜♦t❤ ❛r❡ ❛♠❜✐❣✉♦✉s✳

❆ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ s❤♦✇s t❤❛t ✇❤❡♥ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s s✉✣❝✐❡♥t❧②

❤✐❣❤ ✭✐✳❡✳ ✇❤❡♥ g >
{

(Λ+Ω)(Λγ4+Γζi)
Λγ3+Γ

− [Ωζ−(1−tP )Λ]i
Λ

}

✮✱ ❛ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦

●❉P r❛t✐♦ ✭✐✳❡✳ ❛ r✐s❡ ✐♥ θ✮ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳

[Ωζ− (1− tP )Λ] ✐s ♣♦s✐t✐✈❡ ❛t E1 ❛♥❞ E5✱ ✇❤❡r❡❛s ✐t ✐s ♥❡❣❛t✐✈❡ ❛t E2✳ ❚❤❡r❡❢♦r❡✱ r❡❧❛t✐✈❡

t♦ E1 ❛♥❞ E5, ❛ ❤✐❣❤❡r g ✐s r❡q✉✐r❡❞ ❛t E2 t♦ ❛❝❤✐❡✈❡ dg∗

dθ
> 0✳

✹✳✸✳✹ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ s❛✈✐♥❣s ♣r♦♣❡♥s✐t② ♦❢ t❤❡ ❝❛♣✐t❛❧✐sts✱ sp

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

dsp
=

−ρΓdu∗

dsp
J22 + Ωdu∗

dsp
J12

(J11J22 − J12J21)
;

dδ∗

dsp
=

−Ωdu∗

dsp
J11 + ρΓdu∗

dsp
J21

(J11J22 − J12J21)
✭✹✳✷✶✮

❆t E1, ❛s J11 < 0, J12 < 0, J21 > 0, ❛♥❞ J22 < 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✷✶✮ ✇❡ ❣❡t dg∗

dsp
R 0

❛♥❞ dδ∗

dsp
< 0 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❢♦r ❛ r✐s❡ ✐♥ sP , δ

∗ ❞❡❝r❡❛s❡s✳ ❇✉t t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡

✐♥ sP ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳ ❆t E5, ❤♦✇❡✈❡r✱ ✇❡ ❣❡t dg∗

dsp
R 0 ❛♥❞ dδ∗

dsp
R 0✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ❛t E2✱ J11 < 0, J12 < 0, J21 < 0, ❛♥❞ J22 < 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✷✶✮ ✇❡

❣❡t dg∗

dsp
R 0 ❛♥❞ dδ∗

dsp
R 0 r❡s♣❡❝t✐✈❡❧②✳

✹✳✸✳✺ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ s❛✈✐♥❣s ♣r♦♣❡♥s✐t② ♦❢ t❤❡ ✇♦r❦❡rs✱ sW

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

dsW
=

−ρΓ du∗

dsW
J22 + Ω du∗

dsW
J12

(J11J22 − J12J21)
;

dδ∗

dsW
=

−Ω du∗

dsW
J11 + ρΓ du∗

dsW
J21

(J11J22 − J12J21)
✭✹✳✷✷✮

❆t E1, ❛s J11 < 0, J12 < 0, J21 > 0, ❛♥❞ J22 < 0, ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✷✷✮ ✇❡ ❣❡t dg∗

dsW
R 0

❛♥❞ dδ∗

dsW
< 0 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❢♦r ❛ r✐s❡ ✐♥ sW , δ∗ ❞❡❝r❡❛s❡s✳ ❇✉t t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡

✐♥ sW ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳ ❆t E5,
dg∗

dsW
R 0 ❛♥❞ dδ∗

dsW
R 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E2✱

J11 < 0, J12 < 0, J21 < 0, ❛♥❞ J22 < 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✷✷✮ ✇❡ ❣❡t dg∗

dsW
R 0

❛♥❞ dδ∗

dsW
R 0 r❡s♣❡❝t✐✈❡❧②✳

✹✳✸✳✻ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ t❛① r❛t❡ ♦♥ ❝❛♣✐t❛❧✐sts✱ tP

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

dtP
=

−ρ
[

Γdu∗

dtP
− γ2πu

∗
]

J22 +
[

Ωdu∗

dtP
− πu∗ − iδ

]

J12

(J11J22 − J12J21)
✭✹✳✷✸✮

✷✽



dδ∗

dtP
=

−
[

Ωdu∗

dtP
− πu∗ − iδ

]

J11 + ρ
[

Γdu∗

dtP
− γ2πu

∗
]

J21

(J11J22 − J12J21)
✭✹✳✷✹✮

❆t E1, ❛s J11 < 0, J12 < 0, J21 > 0, ❛♥❞ J22 < 0, ❢r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✷✸✮ ❛♥❞ ✭✹✳✷✹✮ ✇❡

❣❡t dg∗

dtP
R 0 ❛♥❞ dδ∗

dtP
< 0 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❢♦r ❛ r✐s❡ ✐♥ sW , δ∗ ❞❡❝r❡❛s❡s✳ ❇✉t t❤❡ ❡✛❡❝t

♦❢ ❛ ❝❤❛♥❣❡ ✐♥ sW ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳ ❍♦✇❡✈❡r✱ ❛t E5 ✇❡ ❣❡t dg∗

dtP
R 0 ❛♥❞ dδ∗

dtP
R 0✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E2✱ J11 < 0, J12 < 0, J21 < 0, ❛♥❞ J22 < 0✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ❡q✉❛t✐♦♥s

✭✹✳✷✸✮ ❛♥❞ ✭✹✳✷✹✮ ✇❡ ❣❡t dg∗

dtP
R 0 ❛♥❞ dδ∗

dtP
R 0 r❡s♣❡❝t✐✈❡❧②✳

✹✳✸✳✼ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ t❛① r❛t❡ ♦♥ ✇♦r❦❡rs✱ tW

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ ✇❡ ❣❡t✱

dg∗

dtW
=

−ρΓ du∗

dtW
J22 +

[

Ω du∗

dtW
− (1− π)u∗

]

J12

(J11J22 − J12J21)
✭✹✳✷✺✮

dδ∗

dtW
=

−
[

Ω du∗

dtW
− (1− π)u∗

]

J11 + ρΓ du∗

dtW
J21

(J11J22 − J12J21)
✭✹✳✷✻✮

❆t E5 ✇❡ ❣❡t dg∗

dtW
R 0 ❛♥❞ dδ∗

dtW
R 0✳ ❆t E1,♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s J11 < 0, J12 < 0,

J21 > 0, ❛♥❞ J22 < 0, ❢r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮ ✇❡ ❣❡t dg∗

dtW
R 0 ❛♥❞ dδ∗

dtW
< 0

r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❢♦r ❛ r✐s❡ ✐♥ sW , δ∗ ❞❡❝r❡❛s❡s✳ ❇✉t t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ sW ♦♥ g∗ ✐s

❛♠❜✐❣✉♦✉s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t E2✱ J11 < 0, J12 < 0, J21 < 0, ❛♥❞ J22 < 0✳ ❚❤❡r❡❢♦r❡✱

❢r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮ ✇❡ ❣❡t dg∗

dtW
R 0 ❛♥❞ dδ∗

dtW
R 0 r❡s♣❡❝t✐✈❡❧②✳

✺ Pr✐♠❛r② ❇❛❧❛♥❝❡❞ ❇✉❞❣❡t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ❛❧r❡❛❞② ❤❛s ✐♥❝✉rr❡❞ ❞❡❜t✱ ❜✉t ♥♦✇ ♦♥✇❛r❞

❣♦✈❡r♥♠❡♥t ✇❛♥ts t♦ ❜❛❧❛♥❝❡ t❤❡ ❜✉❞❣❡t ✐✳❡✳ G = T ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡ t❤❡ s❤♦rt r✉♥

❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✱

S

K
+

T

K
=

I

K
+

G

K

=⇒
S

K
=

I

K
✭❛s ❜✉❞❣❡t ✐s ❜❛❧❛♥❝❡❞ ❤❡r❡✮

=⇒ u∗ =
g − (1− tP )sP iδ

[{(1− tP )sP − (1− tW )sW} π + sW (1− tW )]
=

g − (1− tP )sP iδ

Ψ
✭✺✳✶✮

✷✾



✼❚❤❡ ❞❡♥♦♠✐♥❛t♦r ❛♥❞ t❤❡ ♥✉♠❡r❛t♦r ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✶✮ ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡ s♦ t❤❛t u∗

❜❡❝♦♠❡s ♣♦s✐t✐✈❡✱ ✐✳❡✳ ✇❡ ❛ss✉♠❡

Ψ = [{(1− tP )sP − (1− tW )sW} π + sW (1− tW )] > 0 ✭✺✳✷✮

❛♥❞ g > (1− tP )sP iδ ✭✺✳✸✮

❚❤❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛r❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

du∗

dg
=

1

Ψ
> 0,

du∗

di
=

−(1− tP )sP δ

Ψ
< 0,

du∗

dδ
=

−(1− tP )sP i

Ψ
< 0,

du∗

dsP
=

−(1− tP )[sW (1− tW )(1− π)iδ + gπ]

Ψ2
=

−(1− tP )(πu
∗ + iδ)

Ψ
< 0,

du∗

dtP
=

sP [sW (1− tW )(1− π)iδ + gπ]

Ψ2
=

sP (πu
∗ + iδ)

Ψ
> 0,

du∗

dsW
=

−(1− tW )(1− π)u∗

Ψ
< 0,

du∗

dtW
=

sW (1− π)u∗

Ψ
> 0.

❆ ✉♥✐t r✐s❡ ✐♥ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ r❛✐s❡s t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❋♦r ❛ r✐s❡ ✐♥ δ ❜② ♦♥❡ ✉♥✐t✱ t❤❡ r❛t✐♦ ♦❢ ♣r✐✈❛t❡ s❛✈✐♥❣ t♦

❝❛♣✐t❛❧ st♦❝❦ ✐♥❝r❡❛s❡s ❜② (1− tP )sP i ✉♥✐t ✇❤❡r❡❛s t❤❡ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t r❡✈❡♥✉❡ ✐♥❝♦♠❡

✐s ❜❛❧❛♥❝❡❞ ❜② ❛ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞

❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❞❡❝r❡❛s❡s✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ r✐s❡ ✐♥ t❤❡

✐♥t❡r❡st r❛t❡✱ ♣r✐✈❛t❡ s❛✈✐♥❣s ✐♥❝r❡❛s❡s ❜② (1− tP )sP δK ✉♥✐t ✇❤✐❧❡ t❤❡ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t

r❡✈❡♥✉❡ ✐♥❝♦♠❡ ✐s ❜❛❧❛♥❝❡❞ ❜② ❛ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡✳ ❚❤❡r❡❢♦r❡✱ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❞❡❝r❡❛s❡s✳ ❊①♣❧❛♥❛t✐♦♥ ♦❢ ❛

r✐s❡ ✐♥ sP ♦r sW ✐s s❛♠❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳

❯♥❧✐❦❡ ❙❡❝t✐♦♥ ✹✱ ❤❡r❡ ❜♦t❤ t❤❡ t❛① r❛t❡s ❤❛✈❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡

♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❚❤✐s ✐s ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥✳ P❡r

✉♥✐t ✐♥❝r❡❛s❡ ✐♥ t❛① r❛t❡ ♦♥ ❝❛♣✐t❛❧✐sts ✭tP ✮ r❡❞✉❝❡s ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❝❛♣✐t❛❧✐sts ❜② (1 −

sP )(πu+iδ)K ✉♥✐t✳ ❇✉t t❤✐s ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛① r❛t❡ ✐♥❝r❡❛s❡ t❤❡ t❛① r❡✈❡♥✉❡ ❜② (πu+iδ)K

✉♥✐t✳ ❆s t❤✐s r✐s❡ ✐♥ t❤❡ t❛① r❡✈❡♥✉❡ ✐s ❡♥t✐r❡❧② s♣❡♥t ❜② t❤❡ ❣♦✈❡r♥♠❡♥t✱ t❤❡ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞ ✐♥❝r❡❛s❡s ❜② (πu + iδ)K ✉♥✐t✳ ❆s t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐s

❤✐❣❤❡r t❤❛♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ❝❛♣✐t❛❧✐sts✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ tP ✐♥❝r❡❛s❡s

t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❜② sP (πu+ iδ)K ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ ❛ r✐s❡ ✐♥ tP ❜② ❛ ✉♥✐t✱ ✐♥❝r❡❛s❡s

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❜② sP (πu+iδ)
Ψ

✉♥✐t✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ r✐s❡ ✐♥ tw,

t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ♦❢ t❤❡ ✇♦r❦❡rs ❞❡❝r❡❛s❡s ❜② (1 − sW )(1 − π)uK ✉♥✐t✱ ✇❤❡r❡❛s

t❤❡ t❛① r❡✈❡♥✉❡ ✐♥❝r❡❛s❡s ❜② (1−π)uK ✉♥✐t✳ ❆s t❤❡ ❡♥t✐r❡ r✐s❡ ✐♥ t❤❡ t❛① r❡✈❡♥✉❡ ✐s s♣❡♥t

❜② t❤❡ ❣♦✈❡r♥♠❡♥t✱ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s ❜② sW (1−π)uK ✉♥✐t✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r✐s❡s ❜② sW (1−π)u
Ψ

✉♥✐t✳

✸✵



❙✐♠✐❧❛r t♦ ❙❡❝t✐♦♥s ✸ ❛♥❞ ✹✱ ❤❡r❡ ❛❧s♦ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐s ❛♠❜✐❣✉♦✉s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♣t✉r❡s t❤✐s✳

du∗

dπ
=

− [g − (1− tP )sP iδ] {(1− tP )sP − (1− tW )sW}

[{(1− tP )sP − (1− tW )sW} π + (1− tW )sW ]2

du∗

dπ
≷ 0 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r {(1− tP )sP − (1− tW )sW} ≶ 0. ❆ ♠♦r❡ ♣r♦❣r❡ss✐✈❡ t❛①

s②st❡♠ ✐s r❡q✉✐r❡❞ ❢♦r ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✇❤❡r❡❛s ❛ r❡❣r❡ss✐✈❡ t❛① s②st❡♠✱ ❝❡t❡r✐s

♣❛r✐❜✉s✱ ❡♥s✉r❡s t❤❡ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳

✺✳✶ ❚❤❡ ❧♦♥❣✲r✉♥ ❞②♥❛♠✐❝s

❍❡r❡ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♥✈❡st♠❡♥t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✱

ġ = ρ [γ0 + γ1u
∗ + γ2(1− tP )πu

∗ + γ3θu− γ4δ − g] ✭✺✳✹✮

=⇒ ġ = ρ

[

(γ0 − γ4δ) +
Γ {g − (1− tP )sP iδ}

Ψ
− g

]

✭✺✳✺✮

✇❤❡r❡ Γ = {γ1 + γ2(1− tP )π + γ3θ} > 0✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✺✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳ g

✇❡ ❣❡t✱

J11 =
∂ġ

∂g
= ρ

[
Γ

Ψ
− 1

]

✭✺✳✻✮

❙✐♠✐❧❛r❧②✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✺✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳ δ ✇❡ ❣❡t✱

J12 =
∂ġ

∂δ
= ρ

[

−γ4 −
Γ(1− tP )sP i

Ψ

]

< 0 ✭✺✳✼✮

❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s
[
Γ
Ψ
− 1

]
< 0✳ ❈♦♥s❡q✉❡♥t❧②✱ J11 < 0✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✇❤❡♥ t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞✱ ✇❡ ❣❡t J11 > 0✳ ■♥ t❤❡

❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ġ = 0 ✇❤✐❝❤ ②✐❡❧❞s g
∣
∣
ġ=0

=
(

γ0Λ
Λ−Γ

)
−

(
γ4Λ+Γζi
Λ−Γ

)
δ✳ ❚❤❡r❡❢♦r❡✱ s✐♠✐❧❛r

t♦ ❙❡❝t✐♦♥ ✹✳✶✱ ❤❡r❡ t♦♦✱ ❢♦r (Λ − Γ) > 0, t❤❡ s❧♦♣❡ ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s dg

dδ

∣
∣
∣
ġ=0

=

−
(
γ4Λ+Γζi
Λ−Γ

)
< 0, ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s g

∣
∣
∣

δ=0

ġ=0
=

(
γ0Λ
Λ−Γ

)
> 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r (Λ− Γ) < 0✱ t❤❡ ġ = 0 ✐s♦❝❧✐♥❡ ✐s ❛ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ str❛✐❣❤t ❧✐♥❡

✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t✳

◆♦✇ ✇❡ ❛♥❛❧②③❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t✳ ❲❡ ❦♥♦✇✱ δ = D
K
✳ ❙♦✱ δ̇ =

Ḋ
K
− DK̇

K2 = Ḋ
K
− δg. ❋✉rt❤❡r✱

Ḋ = G− T + iD = iD ✭✺✳✽✮

❍❡♥❝❡✱

δ̇ =
Ḋ

K
− δg = (i− g)δ ✭✺✳✾✮

✸✶



❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✾✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳ g ✇❡ ❣❡t✱

J21 =
∂δ̇

∂g
= −δ < 0 ✭✺✳✶✵✮

❙✐♠✐❧❛r❧②✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✾✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳ δ ✇❡ ❣❡t✱

J22 =
∂δ̇

∂δ
= (i− g) R 0 ✭✺✳✶✶✮

◆♦t❡ t❤❛t t❤❡ s❧♦♣❡ ♦❢ t❤❡ δ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❡✐t❤❡r t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐ts❡❧❢ ♦r ✐t ✐s ♣❛r❛❧❧❛❧

t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s ❛t g = i✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✱ ✇❤❡♥ t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ t❤❡r❡ ❡①✐st t✇♦ ❡q✉✐❧✐❜r✐❛✲ A ✇❤❡r❡ (δ∗A, g
∗
A) ≡ (0, γ0Ψ

Ψ−Γ
) ❛♥❞ B ✇❤❡r❡

(δ∗B, g
∗
B) ≡

(
Ψγ0−(Ψ−Γ)i

(1−tP )sPΓi+Ψγ4
, i
)

✳ ◆♦t❡ t❤❛t ❛t B, ❜♦t❤ δ∗B ❛s ✇❡❧❧ ❛s g∗B ❛r❡ ♣♦s✐t✐✈❡✳ ❆t

t❤❡ st❡❛❞② st❛t❡ B ❛s g∗B = i, J22 = (i − g) = 0✳ ❚❤❡r❡❢♦r❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡

❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s Det(J) = (

−
︷︸︸︷

J11

0
︷︸︸︷

J22 −

−
︷︸︸︷

J12

−
︷︸︸︷

J21 ) = J12J21 < 0. ❆s ❛ r❡s✉❧t✱ st❡❛❞②

st❛t❡ B ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t st❡❛❞②

st❛t❡ A, δ∗A = 0 ❛♥❞ t❤❡r❡❢♦r❡ J21 = −δ = 0. ■❢ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ ✭✐✳❡✳

✐❢ i > g✮✱ J22 ❜❡❝♦♠❡s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

✐s Det(J) = (

−
︷︸︸︷

J11

+
︷︸︸︷

J22 −

−
︷︸︸︷

J12

0
︷︸︸︷

J21 ) = J11J22 < 0. ❚❤❡r❡❢♦r❡✱ A ❜❡❝♦♠❡s ❛ s❛❞❞❧❡ ♣♦✐♥t

✉♥st❛❜❧❡ st❡❛❞② st❛t❡ ✭s❡❡ ❋✐❣✉r❡ ✺✳✶❛✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ s✉✣❝✐❡♥t❧② ❧♦✇ r❛t❡ ♦❢

✐♥t❡r❡st ♠❛❦❡s J22 ♥❡❣❛t✐✈❡ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

Det(J) = (

−
︷︸︸︷

J11

+
︷︸︸︷

J22 −

−
︷︸︸︷

J12

0
︷︸︸︷

J21 ) = J11J22 > 0. ▼♦r❡♦✈❡r✱ t❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

tr(J) = J11 + J22 < 0. ❆s ❛ r❡s✉❧t✱ A ❡♠❡r❣❡s ❛s ❛ st❛❜❧❡ st❡❛❞② st❛t❡ ✭s❡❡ ❋✐❣✉r❡ ✺✳✶❜✮✳

❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞✱ ✇❡ ❣❡t ❛ ✉♥✐q✉❡ s❛❞❞❧❡

♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡ C✭ ❛s ❤❡r❡ Det(J) = (

+
︷︸︸︷

J11

0
︷︸︸︷

J22 −

−
︷︸︸︷

J12

−
︷︸︸︷

J21 ) = J12J21 < 0✮✳

❚❤✐s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✳

✺✳✷ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❋♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s✱ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡

❢♦❝✉s ♦♥ st❡❛❞② st❛t❡ A ❛♥❞ ❛ss✉♠❡ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❧♦✇ ❡♥♦✉❣❤ s♦ t❤❛t i < g ❤♦❧❞s✳

❆ r✐s❡ ✐♥ t❤❡ ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t r❛✐s❡s t❤❡ ❞❡s✐r❡❞ r❛t❡ ♦❢ ✐♥✈❡st♠❡♥t ❛♥❞ t❤❡r❡❜②

✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳✶✾ ❍♦✇❡✈❡r✱ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ❤❛s ♥♦

❡✛❡❝t ♦♥ g∗A. ❆s ❛t t❤❡ st❡❛❞② st❛t❡ A, t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭δ✮ ✐s ③❡r♦✱ ❛ r✐s❡ ✐♥ i ❞♦❡s

✶✾ dg∗

A

dγ0

= d
dγ0

(
γ0Ψ
Ψ−Γ

)

= γ0

Ψ−Γ > 0.

✸✷



✭❛✮ ✇❤❡♥ i ≥ g ✭❜✮ ✇❤❡♥ i ≤ g

❋✐❣✉r❡ ✺✳✶✿ ▲♦♥❣ r✉♥ st❡❛❞② st❛t❡s ❛♥❞ st❛❜✐❧✐t② ✭✇❤❡♥ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s
s❛t✐s✜❡❞✮

❋✐❣✉r❡ ✺✳✷✿ ▲♦♥❣ r✉♥ st❡❛❞② st❛t❡s ❛♥❞ st❛❜✐❧✐t② ✭✇❤❡♥ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s
♥♦t s❛t✐s✜❡❞✮

✸✸



❚❛❜❧❡ ✺✳✶✿ ❊✛❡❝ts ♦❢ ❝❤❛♥❣❡s ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ u∗ ✐♥ t❤❡ s❤♦rt r✉♥

du∗

dg
du∗

di
du∗

dδ
du∗

dθ
du∗

dsP

du∗

dsW

du∗

dtP

du∗

dtW

❇❛❧❛♥❝❡❞ ❜✉❞❣❡t ✇✐t❤ ♥♦ ❣♦✈❡r♥♠❡♥t
❞❡❜t

+ 0 0 0 − − + +

◆♦ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t✱ ♣♦s✐t✐✈❡
❣♦✈❡r♥♠❡♥t ❞❡❜t

+ − − + − − − −

❇✉❞❣❡t ✐s ❜❛❧❛♥❝❡❞✱ ❜✉t ❣♦✈❡r♥♠❡♥t
❛❧r❡❛❞② ❤❛s ✐♥❝✉rr❡❞ ❞❡❜t

+ − − 0 − − + +

❚❛❜❧❡ ✺✳✷✿ ❊✛❡❝ts ♦❢ ❝❤❛♥❣❡s ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ g∗ ❛♥❞ δ∗ ✐♥ t❤❡ ❧♦♥❣ r✉♥

❇❛❧❛♥❝❡❞
❜✉❞❣❡t ✇✐t❤

♥♦
❣♦✈❡r♥♠❡♥t

❞❡❜t

◆♦ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t✱ ❣♦✈❡r♥♠❡♥t ✐♥❝✉rs ❞❡❜t ❇❛❧❛♥❝❡❞ ❇✉❞❣❡t✱
❣♦✈❡r♥♠❡♥t ✐♥❝✉rr❡❞

❞❡❜t

❆t E1 ❆t E5 ❆t E2 ❆t A
g∗ g∗ δ∗ g∗ δ∗ g∗ δ∗ g∗A δ∗A

γ0 ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ♥♦ ❡✛❡❝t
i ♥♦ ❡✛❡❝t ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ♥♦ ❡✛❡❝t ♥♦ ❡✛❡❝t
θ ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♣♦s✐t✐✈❡ ♥♦ ❡✛❡❝t
sP ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ♥♦ ❡✛❡❝t
sW ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ♥♦ ❡✛❡❝t
tP ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♥♦ ❡✛❡❝t
tW ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ♣♦s✐t✐✈❡ ♥♦ ❡✛❡❝t

♥♦t ❤❛✈❡ ❛♥② ✐♠♣❛❝t ♦♥ t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳ ❋♦r ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ✐♥❝♦♠❡ r❛t✐♦

θ, t❤❡ ❞❡s✐r❡❞ ✐♥✈❡st♠❡♥t r❛t❡ r✐s❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡ ✐♥❝r❡❛s❡s✳✷✵

❘❡st ♦❢ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ❛r❡ s❛♠❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✳ ❖♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱

✐♥st❡❛❞ ♦❢ δ = 0, ❤❡r❡ ✇❡ ❣❡t ❛ ♣♦s✐t✐✈❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳

✻ ❈♦♥❝❧✉s✐♦♥

❲❡ ♣r❡s❡♥t❡❞ ❛ ♣♦st✲❑❡②♥❡s✐❛♥ ♠♦❞❡❧ ♦❢ ❣r♦✇t❤ ❛♥❞ ❞✐str✐❜✉t✐♦♥ t❤❛t ❡①❛♠✐♥❡s t❤❡ s❤♦rt

r✉♥ ❛♥❞ t❤❡ ❧♦♥❣ r✉♥ ❡✛❡❝ts ♦❢ ✈❛r✐♦✉s ✜s❝❛❧ ♣♦❧✐❝✐❡s ❛♥❞ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♥t❡r❡st r❛t❡ ♦♥

t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ♠❛✐♥ ✜♥❞✐♥❣s ❛r❡ ❛s ❢♦❧❧♦✇s✳

✶✳ ❲❤❡♥ t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ✐s ❜❛❧❛♥❝❡❞✱ ❛ r❡❣r❡ss✐✈❡ t❛① s②st❡♠ ✐s s✉✣❝✐❡♥t t♦

♠❛❦❡ t❤❡ ❡❝♦♥♦♠② t♦ ❜❡ ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ✇❤✐❧❡ ❛ ♣r♦❣r❡ss✐✈❡ t❛①

s②st❡♠ ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❡①✐st❡♥❝❡ ♦❢ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❚❤✐s

r❡s✉❧t ✐s ✐♥ s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ ❇❧❡❝❦❡r ✭✷✵✵✷✮✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❣♦✈❡r♥♠❡♥t r✉♥s

✐♥ ❞❡✜❝✐ts ❛♥❞ ✐♥❝✉rs ❞❡❜t✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❛ ♠♦r❡ r❡❣r❡ss✐✈❡ t❛① s②st❡♠ ♠❛❦❡s t❤❡

✷✵ dg∗

A

dθ
= γ0γ3Ψ

(Ψ−Γ)2 > 0.

✸✹



❡❝♦♥♦♠② ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♥ ❛ ♣r♦✜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❖✉r ✜♥❞✐♥❣ ♦♥ t❤✐s r❡❣❛r❞

✐s s✐♠✐❧❛r t♦ ❇❧❡❝❦❡r ✭✷✵✵✷✮✳

✷✳ ■♥ ❝❛s❡ ♦❢ ❛ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t✱ ❛ r✐s❡ ✐♥ t❛① r❛t❡s ✭tP ❛♥❞ tW ✮ ❤❛✈❡ ❡①♣❛♥s✐♦♥❛r② ❡✛❡❝t

♦♥ s❤♦rt r✉♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❛ss✉♠♣t✐♦♥ ✐s

r❡❧❛①❡❞✱ t❤❡ t❤❡ t❛① r❛t❡s ❤❛✈❡ ❝♦♥tr❛❝t✐♦♥❛r② ❡✛❡❝t ♦♥ s❤♦rt r✉♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✳

✸✳ ❲❤❡♥ ❣♦✈❡r♥♠❡♥t r✉♥s ✐♥ ❞❡✜❝✐t ❛♥❞ ✐♥❝✉rs ❞❡❜t✱ ❢♦r ❛ ❤✐❣❤ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦

●❉P r❛t✐♦ ✭θ✮✱ ✐❢ t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r❛t❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞

✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ s❛✈✐♥❣s r❛t❡✱ ❛♥❞ t❤❡r❡ ✐s ❧♦✇ ❧❡✈❡❧ ♦❢ δ∗ ❛♥❞ g∗ ✭✐✳❡✳ ✐❢ t❤❡

❡❝♦♥♦♠② ✐s ❛t E5 ♦❢ ❈❛s❡ ■❜✮✱ ✇❤❡♥❡✈❡r t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡

r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ρ r✐s❡s t♦ ρ̂✱ t❤❡ ❡❝♦♥♦♠② ❧♦s❡s ✐ts st❛❜✐❧✐t② ❛♥❞ ♣r♦❞✉❝❡s

❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡✳ ❋♦r ❛ r✐s❡ ✐♥ ρ ❛❜♦✈❡ ρ̂, t❤❡ ❡❝♦♥♦♠② ❧♦s❡s ✐ts st❛❜✐❧✐t②✳

✹✳ ❲❤❡♥ ❣♦✈❡r♥♠❡♥t r✉♥s ✐♥ ❞❡✜❝✐t ❛♥❞ ✐♥❝✉rs ❞❡❜t✱ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦

✭θ✮ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ s❤♦rt r✉♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜✲

r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ■♥ t❤❡ ❧♦♥❣ r✉♥✱ ❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ ❣♦✈❡r♥♠❡♥t

❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✐s r❡q✉✐r❡❞ t♦ ❛❝❤✐❡✈❡ ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳ ❖t❤❡r✇✐s❡✱

t❤❡ ❡❝♦♥♦♠② ✇✐❧❧ r❡❛❝❤ t♦ ❛ ✉♥✐q✉❡ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡ ✭E4✮✳ ❋♦r ❛

s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤ ✜s❝❛❧ ❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✭s♦ t❤❛t t❤❡ ❡❝♦♥♦♠② ✐s ❛t E1✮✱ ❛

r✐s❡ ✐♥ θ ❧❡❛❞s t♦ ❛♥ ✉♥❛♠❜✐❣✉♦✉s r✐s❡ ✐♥ t❤❡ ♣✉❜❧✐❝ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❍♦✇❡✈❡r✱ ❛t

E5✱ t❤❡ r❡s✉❧t ✐s ❛♠❜✐❣✉♦✉s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛ ♠♦❞❡r❛t❡❧② ❤✐❣❤ ❣♦✈❡r♥♠❡♥t

❡①♣❡♥❞✐t✉r❡ t♦ ●❉P r❛t✐♦ ✭✐✳❡✳ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ❛t E2)✱ θ ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s

❡✛❡❝t ♦♥ t❤❡ ♣✉❜❧✐❝ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❍♦✇❡✈❡r✱ ✐♥ ❛❧❧ t❤❡ ❝❛s❡s ✭✐✳❡✳ ❛t E1✱ E5✱ ❛♥❞

❛t E2✮ t❤❡ ✐♠♣❛❝t ♦❢ θ ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s

❛♠❜✐❣✉♦✉s ❛♥❞ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r g ≷
{

(Λ+Ω)(Λγ4+Γζi)
Λγ3+Γ

− [Ωζ−(1−tP )Λ]i
Λ

}

✳

✺✳ ❲❤❡♥ ❣♦✈❡r♥♠❡♥t r✉♥s ✐♥ ❞❡✜❝✐t ❛♥❞ ✐♥❝✉rs ❞❡❜t✱ ✐♥t❡r❡st r❛t❡ ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s

❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t

♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛t E1. ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st

r❛t❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ❛ r✐s❡ ✐♥

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛t E2. ▼♦r❡♦✈❡r✱ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st ❤❛s ❛ ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t

♦♥ t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ tr❛❥❡❝t♦r② ✐♥ ❈❛s❡ ■■ ❛✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❈❛s❡ ■■ ❛✱ ❛ ❢❛❧❧ ✐♥ t❤❡

✐♥t❡r❡st r❛t❡ ✐s ♥♦t ♦♥❧② ❞❡s✐r❛❜❧❡ ❢♦r ❛❝❤✐❡✈✐♥❣ ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ ❛♥❞ ❛ ❧♦✇❡r ❧❡✈❡❧

♦❢ ❞❡❜t ✭❛t E2), ❜✉t ✐t ❛❧s♦ ❡♥❤❛♥❝❡s t❤❡ st❛❜❧❡ r❡❣✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❙✐♠✐❧❛r❧②✱ ❛

❤✐❣❤❡r ❛✉t♦♥♦♠♦✉s ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✭γ0✮ ✐s ❞❡s✐r❛❜❧❡ ✐♥ ❈❛s❡ ■■❛ ❛s ✐t ❡♥❤❛♥❝❡s

t❤❡ st❛❜❧❡ r❡❣✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠② ❛s ✇❡❧❧ ❛s ✐♥❝r❡❛s❡s t❤❡ ❧♦♥❣ r✉♥ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤

❛♥❞ r❡❞✉❝❡s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛t E2✳ γ0 ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠

r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛t E1 ❛s ✇❡❧❧✳ ❍♦✇❡✈❡r✱ ✉♥❧✐❦❡ E2, ❤❡r❡ ✭❛t E1) t❤❡

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛❧s♦ ✐♥❝r❡❛s❡s✳

✸✺



❘❡❢❡r❡♥❝❡s

❬✶❪ ❆r❡st✐s✱ P✳✱ ❛♥❞ ▼✳ ❙❛✇②❡r✳ ✷✵✵✸✳ ✏❘❡✐♥✈❡♥t✐♥❣ ❋✐s❝❛❧ P♦❧✐❝②✳✑ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②✲

♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s ✷✻✿✸✕✷✺✳ ❞♦✐✿✶✵✳✶✵✽✵✴✵✶✻✵✸✹✼✼✳✷✵✵✸✳✶✶✵✺✶✸✽✽✳

❬✷❪ ❇❤❛❞✉r✐✱ ❆✳✱ ❛♥❞ ❙✳ ▼❛r❣❧✐♥✳ ✶✾✾✵✳ ✏❯♥❡♠♣❧♦②♠❡♥t ❛♥❞ t❤❡ ❘❡❛❧ ❲❛❣❡✿ ❚❤❡ ❊❝♦✲

♥♦♠✐❝ ❇❛s✐s ❢♦r ❈♦♥t❡st✐♥❣ P♦❧✐t✐❝❛❧ ■❞❡♦❧♦❣✐❡s✳✑ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s
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❬✷✶❪ ❑♦s❦❡❧❛✱ ❊✳ ❛♥❞ ▼✳ ❱✐r❡♥✳ ✷✵✵✵✳ ✏■s t❤❡r❡ ❛ ▲❛✛❡r ❝✉r✈❡ ❜❡t✇❡❡♥ ❛❣❣r❡❣❛t❡ ♦✉t♣✉t

❛♥❞ ♣✉❜❧✐❝ s❡❝t♦r ❡♠♣❧♦②♠❡♥t❄✑ ❊♠♣✐r✐❝❛❧ ❊❝♦♥♦♠✐❝s ✷✺✿ ✻✵✺✲✻✷✶✳

❬✷✷❪ ▲❛♥❞❛✉✱ ❉✳ ✶✾✽✸✳ ✏●♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✿ ❆ ❝r♦ss✲❝♦✉♥tr②

st✉❞②✳✑ ❙♦✉t❤❡r♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧ ✹✾✿ ✼✽✸✲✼✾✷✳

❬✷✸❪ ▲❛✈♦✐❡✱ ▼✳ ✷✵✶✵✳ ✏❙✉r✈❡②✐♥❣ s❤♦rt✲r✉♥ ❛♥❞ ❧♦♥❣✲r✉♥ st❛❜✐❧✐t② ✐ss✉❡s ✇✐t❤ t❤❡ ❑❛❧❡❝❦✲

✐❛♥ ♠♦❞❡❧ ♦❢ ❣r♦✇t❤✳✑ ■♥ ❙❡tt❡r✜❡❧❞✱ ▼✳ ✭❡❞s✳✮✱ ❍❛♥❞❜♦♦❦ ♦❢ ❆❧t❡r♥❛t✐✈❡ ❚❤❡♦r✐❡s ♦❢

❊❝♦♥♦♠✐❝ ●r♦✇t❤✱ ❈❤❡❧t❡♥❤❛♠✱ ❊❞✇❛r❞ ❊❧❣❛r✱ ♣♣✳ ✶✸✷✲✶✺✻✳

❬✷✹❪ ▲❛✈♦✐❡✱ ▼✳ ✷✵✶✹✳ P♦st✲❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✿ ◆❡✇ ❋♦✉♥❞❛t✐♦♥✳▼❛ss❛❝❤✉s❡tts✱ ❯❙❆✿

❊❞✇❛r❞ ❊❧❣❛r✳
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❬✷✺❪ P❛❧❧❡②✱ ❚✳ ■✳ ✷✵✶✸✳ ✏❈❛♠❜r✐❞❣❡ ❛♥❞ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ●r♦✇t❤ ❛♥❞ ❉✐str✐❜✉t✐♦♥ ❚❤❡♦r②✿

❝♦♠✲ ♣❛r✐s♦♥ ✇✐t❤ ❛♥ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❋✐s❝❛❧ P♦❧✐❝②✳✑ ❘❡✈✐❡✇ ♦❢ ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s

✶ ✭✶✮✿ ✼✾✕✶✵✹✳ ❞♦✐✿✶✵✳✹✸✸✼✴r♦❦❡✳✷✵✶✸✳✵✶✳✵✺✳

❬✷✻❪ P❛r✉✐✱ P✳ ✷✵✷✵✳ ✏●♦✈❡r♥♠❡♥t ❊①♣❡♥❞✐t✉r❡ ❛♥❞ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✿ ❆ P♦st✲❑❡②♥❡s✐❛♥

❆♥❛❧②s✐s✳✑ ■♥t❡r♥❛t✐♦♥❛❧ ❘❡✈✐❡✇ ♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠✐❝s✱ ❢♦rt❤❝♦♠✐♥❣

❬✷✼❪ ❘✐❜❡✐r♦✱ ❘✳ ❙✳ ▼✳✱ ❛♥❞ ●✳ ❚✳ ▲✐♠❛✳ ✷✵✶✽✳ ✏●♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❝❡✐❧✐♥❣ ❛♥❞ ♣✉❜❧✐❝

❞❡❜t ❞②♥❛♠✐❝s ✐♥ ❛ ❞❡♠❛♥❞✲❧❡❞ ♠❛❝r♦♠♦❞❡❧✳✑ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s

✶✕✷✻✳ ❞♦✐✿✶✵✳✶✵✽✵✴✵✶✻✵✸✹✼✼✳✷✵✶✽✳✶✺✷✶✷✽✾

❬✷✽❪ ❘♦✇t❤♦r♥✱ ❘✳ ❊✳ ✶✾✽✶✳ ✏❉❡♠❛♥❞✱ ❘❡❛❧ ❲❛❣❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✳✑ ❚❤❛♠❡s P❛✲

♣❡rs ✐♥ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✾✽✶✿ ✶✲✸✾

❬✷✾❪ ❙❡tt❡r✜❡❧❞✱ ▼✳ ✷✵✵✼✳ ✏■s ❚❤❡r❡ ❛ ❙t❛❜✐❧✐③✐♥❣ ❘♦❧❡ ❢♦r ❋✐s❝❛❧ P♦❧✐❝② ✐♥ t❤❡ ◆❡✇ ❈♦♥s❡♥✲

s✉s❄✑ ❘❡✈✐❡✇ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✶✾ ✭✸✮✿✹✵✺✕✶✽✳ ❞♦✐✿✶✵✳✶✵✽✵✴✵✾✺✸✽✷✺✵✼✵✶✹✺✸✶✵✺✳

❬✸✵❪ ❙❦♦tt✱ P✳ ✷✵✶✵✳ ✏●r♦✇t❤✱ ✐♥st❛❜✐❧✐t② ❛♥❞ ❝②❝❧❡s✿ ❍❛rr♦❞✐❛♥ ❛♥❞ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧s

♦❢ ❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥✳✑ ■♥ ❙❡tt❡r✜❡❧❞✱ ▼✳ ✭❡❞s✳✮✱ ❍❛♥❞❜♦♦❦ ♦❢

❆❧t❡r♥❛t✐✈❡ ❚❤❡♦r✐❡s ♦❢ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✱ ❈❤❡❧t❡♥❤❛♠✱ ❊❞✇❛r❞ ❊❧❣❛r✱ ♣♣✳ ✶✵✽✲✶✸✶✳

❬✸✶❪ ❙❦♦tt✱ P✳ ✷✵✶✷✳ ✏❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ s❤♦rt❝♦♠✐♥❣s ♦❢ t❤❡ ❑❛❧❡❝❦✐❛♥ ✐♥✈❡st♠❡♥t

❢✉♥❝t✐♦♥✳✑ ▼❡tr♦❡❝♦♥♦♠✐❝❛✱ ✻✸✭✶✮✱ ✶✵✾✕✶✸✽✳ ❞♦✐✿✶✵✳✶✶✶✶✴❥✳✶✹✻✼✲✾✾✾①✳✷✵✶✵✳✵✹✶✶✶✳①

❬✸✷❪ ❙❦♦tt✱ P✳ ✷✵✶✻✳ ✏❆❣❣r❡❣❛t❡ ❉❡♠❛♥❞✱ ❋✉♥❝t✐♦♥❛❧ ❋✐♥❛♥❝❡✱ ❛♥❞ ❙❡❝✉❧❛r ❙t❛❣♥❛t✐♦♥✳✑

❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝ P♦❧✐❝✐❡s✿ ■♥t❡r✈❡♥t✐♦♥ ✶✸ ✭✷✮✿✶✼✷✕✽✽✳

❞♦✐✿✶✵✳✹✸✸✼✴ ❡❥❡❡♣✳✷✵✶✻✳✵✷✳✵✸✳

❬✸✸❪ ❙t❡✐♥❞❧✱ ❏✳ ✶✾✺✷✳ ▼❛t✉r✐t② ❛♥❞ ❙t❛❣♥❛t✐♦♥ ✐♥ ❆♠❡r✐❝❛♥ ❈❛♣✐t❛❧✐s♠✱ ◆❡✇ ❨♦r❦✿

▼♦♥t❤❧② ❘❡✈✐❡✇ Pr❡ss✳

❬✸✹❪ ❚❛②❧♦r✱ ▲✳ ✶✾✽✺✳ ✏❆ st❛❣♥❛t✐♦♥✐st ♠♦❞❡❧ ♦❢ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳✑ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s ✾✭✹✮✿ ✸✽✸✲✹✵✸✳ ❞♦✐✿✶✵✳✶✵✾✸✴♦①❢♦r❞❥♦✉r♥❛❧s✳❝❥❡✳❛✵✸✺✺✽✽

❬✸✺❪ ❚❛②❧♦r✱ ▲✳ ✶✾✾✶✳ ■♥❝♦♠❡ ❉✐str✐❜✉t✐♦♥✱ ■♥✢❛t✐♦♥✱ ❛♥❞ ●r♦✇t❤✿ ▲❡❝t✉r❡s ♦♥ ❙tr✉❝t✉r❛❧✲

✐st ▼❛❝r♦❡❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✿ ▼■❚ Pr❡ss✱ ❯❙❆✳

❬✸✻❪ ❨♦✉✱ ❏✳✲■■✱ ❛♥❞ ❆✳ ❑✳ ❉✉tt✳ ✶✾✾✻✳ ✏●♦✈❡r♥♠❡♥t ❞❡❜t✱ ✐♥❝♦♠❡ ❞✐str✐✲

❜✉t✐♦♥ ❛♥❞ ❣r♦✇t❤✱✑ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✷✵✭✸✮✿ ✸✸✺✕✸✺✶✳

❞♦✐✿✶✵✳✶✵✾✸✴♦①❢♦r❞❥♦✉r♥❛❧s✳❝❥❡✳❛✵✶✸✻✶✾
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❆ ❆♣♣❡♥❞✐①

❆✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

Pr♦♦❢✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✹✳✼✮ ✫ ✭✹✳✶✶✮ ✐s

µ2 + (−tr✭❏✮)µ+❉❡t✭❏✮ = 0.

❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢♦r ❝♦♠♣❧❡① r♦♦ts ✐s ❉❡t✭❏✮ > 0✱ ✇❤✐❝❤ ✐s

s❛t✐s✜❡❞ ❛t E5 ♦❢ ❈❛s❡ ■❜✳ ❚❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❝❛♥ ❜❡ ♠❛❞❡ ❡✐t❤❡r ♣♦s✐t✐✈❡

♦r ♥❡❣❛t✐✈❡ ❜② ❛♣♣r♦♣r✐❛t❡❧② s❡❧❡❝t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ρ ✇❤✐❧❡ ❧❡❛✈✐♥❣ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs

❝♦♥st❛♥t✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t tr✭❏✮ = J11 + J22 = ρ
[
Γ
Λ
− 1

]
+
[
−Ωζi

Λ
+ (1− tP )i− g

]
✳

❍❡♥❝❡ ✇❤❡♥ ρ = ρ̂ = [ζΩ−(1−tP )Λ]i+gΛ
[Γ−Λ]

> 0 ✭ ∵J11 > 0,J22 < 0), t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

❤♦❧❞s ❡①❛❝t❧②✿

tr✭❏✮ = 2 ∗ ❘❡µ = ρ

[
Γ

Λ
− 1

]

+

[

−
Ωζi

Λ
+ (1− tP )i− g

]

= 0,

✇❤❡r❡ tr✭❏✮ ✐s t❤❡ tr❛❝❡ ♦❢ J ❛♥❞ ❘❡µ ✐s t❤❡ r❡❛❧ ♣❛rt ♦❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ r♦♦ts✳ ❆s t❤❡

❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ r♦♦ts ✐s ♣♦s✐t✐✈❡ ✐♥ ❛

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛ss✉r✐♥❣ ■♠µ 6= 0✳ ◆♦✇ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ tr❛❝❡ ♦❢ t❤❡

❏❛❝♦❜✐❛♥ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ ρ ❛♥❞ t❤❡♥ ❡✈❛❧✉❛t✐♥❣ ✐t ❛t ρ = ρ̂ ✇❡ ❣❡t

∂( tr(J)
2

)

∂ρ

∣
∣
∣
ρ=ρ̂

=

[
Γ

Λ
− 1

]

> 0

❙♦ t❤❡ tr❛❝❡ ✐s s♠♦♦t❤✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞✲

❥✉st♠❡♥t ♣❛r❛♠❡t❡r✱ ρ✳ ❚❤❡ tr❛❝❡ ❞✐s❛♣♣❡❛rs ❛t ρ = ρ̂. ❆❧s♦ ♥♦t❡ t❤❛t tr✭❏✮ R 0 ⇐⇒

ρ R ρ̂. ❋r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❛t

ρ = ρ̂.

✸✾
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