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❈♦r♣♦r❛t❡ ❉❡❜t✱ ❘❡♥t✐❡rs✬ P♦rt❢♦❧✐♦ ❉②♥❛♠✐❝s✱

■♥st❛❜✐❧✐t② ❛♥❞ ●r♦✇t❤✿ ❆ ♥❡♦✲❑❛❧❡❝❦✐❛♥ P❡rs♣❡❝t✐✈❡

P✐♥t✉ P❛r✉✐∗

❙❡♣t❡♠❜❡r ✶✶✱ ✷✵✷✵

❆❜str❛❝t

❈♦♥s✐❞❡r✐♥❣ ❛ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t ♥❡♦✲❑❛❧❡❝❦✐❛♥ ♠❛❝r♦✲♠♦❞❡❧✱ ❛❧♦♥❣ ✇✐t❤ ✜r♠s✬

❞❡❜t ❞②♥❛♠✐❝s✱ ✐♥ t❤❡ ❧♦♥❣✲r✉♥✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ ♣♦rt❢♦❧✐♦ ❞②♥❛♠✐❝s ♦❢ r❡♥t✐❡rs ❛♥❞

✐♥✈❡st✐❣❛t❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ❞②♥❛♠✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥✲

♦♠②✳ ❇♦t❤ t❤❡ ❞❡❜t✲❧❡❞ ❛♥❞ t❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡s ❛r❡

♣♦ss✐❜❧❡✳ ❲❡ ✜♥❞ s❤❛r❡ ❜✉②❜❛❝❦s✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ♥♦t ♦♥❧② ♠❛② ❧❡❛❞ t♦

t❤❡ ❞❡t❡r✐♦r❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣✲r✉♥

❜✉t ♠❛② ♣♦t❡♥t✐❛❧❧② ❞❡st❛❜✐❧✐③❡ t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠②✳ ❆ str✐❝t❧② r❡❣✉❧❛t❡❞ ✜♥❛♥❝✐❛❧

♠❛r❦❡t ✐s ❞❡s✐r❛❜❧❡✱ ❛s ♦t❤❡r✇✐s❡✱ t❤❡ ❡❝♦♥♦♠② ♠❛② ❧♦s❡ ✐ts st❛❜✐❧✐t② ❛♥❞ ♣r♦❞✉❝❡s

t❤❡ ❧✐♠✐t ❝②❝❧❡s✳

❑❡②✇♦r❞s✿ ❈❛♣✐t❛❧ ❆❝❝✉♠✉❧❛t✐♦♥✱ ❑❛❧❡❝❦✐❛♥ ▼♦❞❡❧✱ ❙t♦❝❦✲✢♦✇ ❈♦♥s✐st❡♥❝②✱ ■♥✲

st❛❜✐❧✐t②✱ ▲✐♠✐t ❈②❝❧❡

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❈✻✷✱ ❊✶✷✱ ❊✸✷✱ ❊✹✹✱ ❖✹✶✳

∗❚❤✐s ♣❛♣❡r ✐s ♣❛rt ♦❢ ♦♥❣♦✐♥❣ ✇♦r❦ ♦♥ t❤❡ ❛✉t❤♦r✬s ❞♦❝t♦r❛❧ t❤❡s✐s t♦ ❜❡ s✉❜♠✐tt❡❞ t♦ ❏❛✇❛❤❛r❧❛❧
◆❡❤r✉ ❯♥✐✈❡rs✐t②✱ ◆❡✇ ❉❡❧❤✐✱ ■♥❞✐❛✳ ❚❤❡ ❛✉t❤♦r ✐s ✐♥❞❡❜t❡❞ t♦ ❙✉❜r❛t❛ ●✉❤❛✱ ❛♥❞ ●♦❣♦❧ ▼✐tr❛ ❚❤❛❦✉r
❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦r ✐s s♦❧❡❧② r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❡rr♦rs✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r❡s❡♥t ❛ ♥❡✇✲❑❛❧❡❝❦✐❛♥ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t ♠❛❝r♦❡✲

❝♦♥♦♠✐❝ ♠♦❞❡❧ ♦❢ t❤❡ ❯❙ ❡❝♦♥♦♠② t♦ ❡①♣❧❛✐♥ (i) ❤♦✇ ✜r♠s t❛❦❡ t❤❡✐r ❞❡❝✐s✐♦♥s r❡❧❛t❡❞

t♦ ✜♥❛♥❝✐❛❧ ❛♥❞ r❡❛❧ s❡❝t♦rs (ii) ❤♦✇ t❤❡ r❡♥t✐❡rs t❛❦❡ t❤❡✐r ♣♦rt❢♦❧✐♦ ❞❡❝✐s✐♦♥s ❛♥❞ (iii)

❤♦✇ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✜♥❛♥❝✐❛❧ ❛♥❞ r❡❛❧ s❡❝t♦rs ❧❡❛❞s t♦ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡

❡q✉✐❧✐❜r✐❛ ❛♥❞ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳

❆❧t❤♦✉❣❤ ♥❡♦✲❑❛❧❡❝❦✐❛♥ t❤❡♦r② ♦❢ ❣r♦✇t❤ ❛♥❞ ❞✐str✐❜✉t✐♦♥ st❛rt❡❞ ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥

♦❢ ❘♦✇t❤♦r♥ ✭✶✾✽✶✮✱ ❉✉tt ✭✶✾✽✹✮✱ ❚❛②❧♦r ✭✶✾✽✺✮✱ ❆♠❛❞❡♦ ✭✶✾✽✻✮✱ ❇❧❡❝❦❡r ✭✶✾✽✾✮✱ ❇❤❛❞✉r✐

❛♥❞ ▼❛r❣❧✐♥ ✭✶✾✾✵✮✱ ▼❛r❣❧✐♥ ❛♥❞ ❇❤❛❞✉r✐ ✭✶✾✾✵✮✱ ✜♥❛♥❝✐❛❧ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞

♠✉❝❤ ❧❛t❡r ✐♥ t❤✐s tr❛❞✐t✐♦♥✳ ❲❤✐❧❡ ❍❡✐♥ ✭✷✵✵✻✱ ✷✵✵✼✱ ✷✵✵✽❛✱ ✷✵✵✽❜✱ ✷✵✶✷❜✮✱ ▲✐♠❛ ❛♥❞

▼❡✐r❡❧❧❡s ✭✷✵✵✼✮✱ ❈❤❛r❧❡s ✭✷✵✵✽❛✱ ✷✵✵❜✮✱ ❛♥❞ P❛r✉✐ ✭✷✵✷✵❛✮ ✐♥tr♦❞✉❝❡ ✜r♠s✬ ❞❡❜t ❞②♥❛♠✐❝s

✐♥ t❤❡ ❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡ ✜♥❛♥❝✐❛❧ ❢r❛❣✐❧✐t② ❛♥❞ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡

❡❝♦♥♦♠②✱ ❉✉tt ✭✷✵✵✻✮✱ ❍❡✐♥ ✭✷✵✶✷❛✱ ✷✵✶✷❜✮✱ ❑✐♠ ✭✷✵✶✷✮✱ ❑✐♠ ❡t ❛❧✳ ✭✷✵✶✹✮✱ ❑❛♣❡❧❧❡r ❛♥❞

❙❝❤üt③ ✭✷✵✶✺✮✱ ❙❡tt❡r✜❡❧❞ ❛♥❞ ❑✐♠ ✭✷✵✶✻✮✱ ❙❡tt❡r✜❡❧❞ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❛♥❞ P❛r✉✐ ✭✷✵✷✵❜✮

❛r❡ ❛♠♦♥❣ ♦t❤❡rs ✇❤♦ ❝❛♣t✉r❡ t❤❡ ✇♦r❦❡rs✬ ❞❡❜t ❞②♥❛♠✐❝s ✐♥ t❤❡ ❑❛❧❡❝❦✐❛♥ tr❛❞✐t✐♦♥✳

■♥ ❛ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧ ♦❢ ❣r♦✇t❤ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❡①❝❡ss ❝❛♣❛❝✐t②✱ ❜② ❡♥❞♦❣❡♥✐③✐♥❣

t❤❡ r❡t❡♥t✐♦♥ r❛t❡ ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ❞❡❜t✱ ❈❤❛r❧❡s✭✷✵✵✽❛✮ ✐♥✈❡st✐❣❛t❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r

♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✐♥st❛❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ s♦♠❡ ♣r♦❜❧❡♠s ✇✐t❤ ❤✐s

♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❋✐rst✱ ❈❤❛r❧❡s ✭✷✵✵✽❛✮ ❛ss✉♠❡s ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥

t❤❡ r❡t❡♥t✐♦♥ r❛t✐♦ ❛♥❞ t❤❡ ❞❡❜t ❧❡✈❡❧✳ ❆❝❝♦r❞✐♥❣ t♦ ❤✐♠ ✐♥ ❝❛s❡ ♦❢ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❞❡❜t✱

✏t♦ ♣r❡s❡r✈❡ t❤❡✐r ✜♥❛♥❝✐❛❧ ❛✉t♦♥♦♠② ❛♥❞ t❤❡✐r ❛❜✐❧✐t② t♦ ♠❡❡t ✜♥❛♥❝✐❛❧ ❝♦♠♠✐t♠❡♥ts✑

✜r♠s r❡❞✉❝❡ ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥t ❛♥❞ ✐♥❝r❡❛s❡ r❡t❡♥t✐♦♥ r❛t✐♦✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❡r❛ ♦❢

✜♥❛♥❝✐❛❧✐③❛t✐♦♥✱ ♣r❡❝✐s❡❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❛t ❤❛♣♣❡♥s✳ ❆ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❞❡❜t r❡s✉❧ts ✐♥

❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ r✐s❦ ❛♥❞ ✜♥❛♥❝✐❛❧ ❢r❛❣✐❧✐t②✳ ❈♦♥s❡q✉❡♥t❧②✱ s❤❛r❡❤♦❧❞❡rs ✇♦✉❧❞ ❞❡♠❛♥❞

❤✐❣❤❡r ❞✐✈✐❞❡♥❞s ❢♦r ❝♦♠♣❡♥s❛t✐♥❣ t❤❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢ r✐s❦✳ ❉✐✈✐❞❡♥❞ ❝❛♥ ❛❧s♦ ❜❡ ♣❡r❝❡✐✈❡❞

✭❜② s❤❛r❡❤♦❧❞❡rs✮ ❛s ❛ s✐❣♥❛❧ ❢♦r ♣r♦✜t❛❜✐❧✐t②✱ ✜♥❛♥❝✐❛❧ str❡♥❣t❤✱ ❛♥❞ st❛❜✐❧✐t② ♦❢ ✜r♠s

✭❇❛❦❡r ❛♥❞ ❲✉r❣❧❡r ✭✷✵✶✷✮✮✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ r✐s❦ ❝❛✉s❡❞ ❜② ❛

❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❞❡❜t✱ ✜r♠s ✇♦✉❧❞ ♣r❡❢❡r t♦ ♣r♦✈✐❞❡ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❞✐✈✐❞❡♥❞ ❛s ❛ s✐❣♥❛❧

♦❢ ✐ts ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t② t♦ t❤❡ s❤❛r❡❤♦❧❞❡rs✳ ❉❛❧❧❡r② ❛♥❞ ❚r❡❡❝❦ ✭✷✵✶✶✮ ❛❧s♦ ✈❛❧✐❞❛t❡ t❤✐s✳

❙❡❝♦♥❞✱ ❈❤❛r❧❡s ✭✷✵✵✽❛✮ ❛ss✉♠❡s ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛s t❤❡ ♦♥❧② ❞❡t❡r♠✐♥❛♥t ♦❢ t❛r❣❡t❡❞

r❡t❡♥t✐♦♥ r❛t✐♦✳ ❆❧♦♥❣ ✇✐t❤ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ ❤♦✇❡✈❡r✱ ❡①♣❡❝t❡❞ ❢✉t✉r❡ ♣r♦✜t r❛t❡

❛♥❞ ❡①♣❡❝t❡❞ ❣r♦✇t❤ r❛t❡ ❛r❡ ❛❧s♦ ❦❡② ❞❡t❡r♠✐♥❛♥ts ♦❢ ✜r♠s t❛r❣❡t❡❞ ❞✐✈✐❞❡♥❞ ❝❛♣✐t❛❧

r❛t✐♦✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♠✐ss✐♥❣ ✐♥ ❤✐s ❛♥❛❧②s✐s✳

❈❤❛r❧❡s ✭✷✵✵✽❜✮ ❞❡✈❡❧♦♣s ❛ s✐♠♣❧❡ ♣♦st✲❑❡②♥❡s✐❛♥ ♠❛❝r♦✲♠♦❞❡❧ ❛♥❞ s❤♦✇s t❤❡ ✐♥st❛❜✐❧✐t②

✐♥ t❤❡ ❡❝♦♥♦♠② ❜❡❝❛✉s❡ ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ ✐♥t❡r❡st r❛t❡✳ ❈❤❛r❧❡s ❡♥❞♦❣❡♥✐③❡s t❤❡ ✐♥t❡r❡st r❛t❡

t❤❛t ✢✉❝t✉❛t❡s ❞✉❡ t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦r ❞✉❡ t♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡①♦❣❡♥♦✉s

✷



✐♥t❡r❡st r❛t❡ ♦❢ t❤❡ r✐s❦❧❡ss ❛ss❡ts✳ ❆❝❝♦r❞✐♥❣ t♦ ❤✐♠ ❤✐❣❤❡r t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ t❤❡

❤✐❣❤❡r ❛r❡ t❤❡ ❜♦rr♦✇❡r✬s r✐s❦ ❛♥❞ t❤❡ r❛t❡ ♦❢ ✐♥t❡r❡st ✭♦❢ r✐s❦② ❛ss❡ts✮✳ ❲❤✐❧❡ ❣r♦✇✐♥❣

✐♥t❡r❡st r❛t❡ ❝❛♥ ❞❡st❛❜✐❧✐③❡ t❤❡ ❡❝♦♥♦♠②✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ❡❛s② ♠♦♥❡t❛r② ♣♦❧✐❝②

❝❛♥ ♣r❡✈❡♥t t❤❡ ❡❝♦♥♦♠② ❢r♦♠ ❝♦❧❧❛♣s✐♥❣✳

❚❛②❧♦r ❛♥❞ ❘❛❞❛ ✭✷✵✵✸✮ ❝♦♥str✉❝t ❛ ♣♦st✲❑❡②♥❡s✐❛♥ ♠❛❝r♦✲♠♦❞❡❧ r❡❧❛t❡❞ t♦ ❝②❝❧❡s ♦❢

❜✉s✐♥❡ss ❞❡❜t ❛♥❞ ❡q✉✐t②✳ ❖✈❡r t❤❡ ♣❛st ✺✵✲✶✵✵ ②❡❛rs✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡♠✱ s✐① s❡❝✉❧❛r ❞❡❜t✲

❡q✉✐t② ❝②❝❧❡s ♦❝❝✉r ✐♥ ❞❛t❛ ❢♦r t❤❡ ❯❙✱ ❯❑ ❛♥❞ ❏❛♣❛♥✳ ❆ ❝❧♦❝❦✇✐s❡ ♣❛tt❡r♥ ✐s ♦❜s❡r✈❛❜❧❡

❢♦r t❤❡ ❯❙ ❛♥❞ t❤❡ ❯❑ ✇❤✐❧❡ ✐♥ ❝❛s❡ ♦❢ ❏❛♣❛♥✱ ❛ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ♣❛tt❡r♥ ✐s ❢♦❧❧♦✇❡❞✳

❚❤❡ ❝❧♦❝❦✇✐s❡ ♣❛tt❡r♥ ❛r✐s❡s ❢♦r ❛ ✏❞❡❜t✲❧❡❞✑ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡ ❛♥❞ t❤❡ ✏❡q✉✐t②

❛❝❝❡❧❡r❛t❡❞✑✶ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✇❤❡r❡❛s✱ ✏❞❡❜t✲❜✉r❞❡♥❡❞✑ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ r❛t❡ ❛♥❞

✏❡q✉✐t②✲❞❡❝❡❧❡r❛t❡❞✑ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞ t♦ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ❝②❝❧❡s✳

❘②♦♦ ✭✷✵✶✵✮ ✐♥ ❛ st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t ♠❛❝r♦ ♠♦❞❡❧✱ s❤♦✇s t❤❡ ✜♥❛♥❝✐❛❧ ❢r❛❣✐❧✐t② t❤❛t

❡✈♦❧✈❡s ❡♥❞♦❣❡♥♦✉s❧② t❤r♦✉❣❤ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ r❡❛❧ ❛♥❞ ✜♥❛♥❝✐❛❧ s❡❝t♦rs ❞✉❡ t♦

✜r♠s✬ ❛♥❞ ❤♦✉s❡❤♦❧❞s✬ ✜♥❛♥❝✐❛❧ ♣r❛❝t✐❝❡s✳ ❘②♦♦ ♣r♦✈✐❞❡s t✇♦ ❞✐st✐♥❝t ❝②❝❧❡s✿ ❧♦♥❣ ✇❛✈❡s

❛♥❞ s❤♦rt ❝②❝❧❡s✳ ■♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s✬ ❛♥❞ ❤♦✉s❡❤♦❧❞s✬ ✜♥❛♥❝✐❛❧ ❞❡❝✐s✐♦♥s ❣❡♥❡r❛t❡s

❧♦♥❣ ✇❛✈❡s✱ ✇❤❡r❡❛s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡✛❡❝t✐✈❡ ❞❡♠❛♥❞ ❛♥❞ ❧❛❜♦r ♠❛r❦❡t ❞②♥❛♠✐❝s

♣r♦❞✉❝❡s s❤♦rt ❝②❝❧❡s✳ ■♥ ❤✐s ♠♦❞❡❧✱ ✜r♠s ❞❡❝✐❞❡ ❤♦✇ ♠✉❝❤ t♦ ❛❝❝✉♠✉❧❛t❡ ❛♥❞ ❤♦✇ t♦

✜♥❛♥❝❡ ✐t❀ ❤♦✉s❡❤♦❧❞s t❛❦❡ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♣♦rt❢♦❧✐♦ ❞❡❝✐s✐♦♥s✱ ❛♥❞ ❜❛♥❦s r❡❝❡✐✈❡

❞❡♣♦s✐ts ❛♥❞ ❝r❡❛t❡ ❧♦❛♥s✳ ❚❤❡r❡ ❛r❡ ♦♥❧② t✇♦ t②♣❡s ♦❢ ✜♥❛♥❝✐❛❧ ❛ss❡ts✿ ❡q✉✐t② ❛♥❞ ❜❛♥❦

❞❡♣♦s✐ts✳ ❍❡ ❛ss✉♠❡s t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t ❣r♦✇t❤ ✐♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❧❛❜♦r ❢♦r❝❡✱ ❛♥❞

t❤❡ ❧♦♥❣ r✉♥ ❣r♦✇t❤ ✐s ❝♦♥str❛✐♥❡❞ ❜② ✐t✳

❚❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❧♦♥❣ ✇❛✈❡s ❞❡♣❡♥❞s ♦♥ t✇♦ s✉❜s②st❡♠s✿ (i) ❝❤❛♥❣❡s ✐♥ ✜r♠s✬ ❧✐❛❜✐❧✐t②

str✉❝t✉r❡ ✭✐✳❡✳ t❤❡ ❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦✮ ❛♥❞ (ii) ❝❤❛♥❣❡s ✐♥ ❤♦✉s❡❤♦❧❞s✬ ♣♦rt❢♦❧✐♦ ❝♦♠♣♦s✐✲

t✐♦♥ ✭✐✳❡✳ t❤❡ ❡q✉✐t②✕❞❡♣♦s✐t r❛t✐♦✮✳ ■♥ t❤❡ ❧♦♥❣ r✉♥ ❛ ❝❤❛♥❣❡ ✐♥ ✜r♠s✬ ❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦

❞❡♣❡♥❞s ♦♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ tr❡♥❞ r❛t❡ ♦❢ ♣r♦✜t t♦ t❤❡ ✐♥t❡r❡st ♣❛②♠❡♥t ♦❜❧✐❣❛t✐♦♥✳ ■❢

t❤❡ ❧❡✈❡❧ ♦❢ ♣r♦✜t ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ ❝♦♠♣❛r❡❞ t♦ ✐♥t❡r❡st ♣❛②♠❡♥t ♦❜❧✐❣❛t✐♦♥s✱ ✜r♠s ❛r❡

❡❛❣❡r t♦ t❛❦❡ ♠♦r❡ ❞❡❜t ✇❤✐❧❡ ❜❛♥❦s ❛r❡ ✇✐❧❧✐♥❣ t♦ ♣r♦✈✐❞❡ t❤❡ r❡q✉✐r❡❞ ❞❡❜t ❛s ❤✐❣❤❡r

♣r♦✜t ❧❡✈❡❧ ❝♦♠♣❛r❡❞ t♦ ❛♥ ✐♥t❡r❡st ♣❛②♠❡♥t ♦❢ ✜r♠s ✐s ♣❡r❝❡✐✈❡❞ ❜② ❜❛♥❦s ❛s ❤❛✈✐♥❣ ❛

❧♦✇❡r ♣r♦❜❛❜✐❧✐t② ♦❢ ❞❡❢❛✉❧t✳ ❇❛♥❦s ♣❧❛② ❛ ♣❛ss✐✈❡ r♦❧❡✱ ❛♥❞ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❝r❡❞✐t ✐s

✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥ ♦❢ ❜❛♥❦s✳ ❍♦✉s❡❤♦❧❞s✬ ❡q✉✐t② t♦ ❞❡♣♦s✐t r❛t✐♦ ✭♦r

✐♥ ♦t❤❡r ✇♦r❞s ❤♦✉s❡❤♦❧❞s✬ ♣♦rt❢♦❧✐♦ ❞❡❝✐s✐♦♥✮ ❞❡♣❡♥❞s ♦♥ ❤♦✉s❡❤♦❧❞s✬ ♦♣t✐♠✐s♠ ❛❜♦✉t

st♦❝❦ ♠❛r❦❡ts ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❛t❡s ♦❢ r❡t✉r♥ ♦♥

st♦❝❦s ❛♥❞ ❞❡♣♦s✐ts✳ ✏❈❛♣✐t❛❧ ❣❛✐♥s ❢r♦♠ ❤♦❧❞✐♥❣ st♦❝❦s ❛r❡ ♥♦t ❛ss✉♠❡❞ ❛✇❛② ❛♥❞ ❡♥t❡r

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❛t❡ ♦❢ r❡t✉r♥ ♦♥ ❡q✉✐t②✑✳ ❉✉r✐♥❣ ❣♦♦❞ ②❡❛rs✱ ❤♦✉s❡❤♦❧❞s t❡♥❞ t♦

❤♦❧❞ ❛ ♠♦r❡ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧ ❛ss❡ts ✐♥ t❤❡ ❢♦r♠ ♦❢ r✐s❦✐❡r ❛ss❡ts ✐✳❡✳ ♦♥

✶■❢ t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ❡q✉✐t②✲❝❛♣✐t❛❧ r❛t✐♦ ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ♣♦s✐t✐✈❡✱ ❚❛②❧♦r
❛♥❞ ❘❛❞❛ ✭✷✵✵✸✮ ❝❛❧❧ ✐t ❛s ✏❡q✉✐t②✲❛❝❝❡❧❡r❛t❡❞✑ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❖t❤❡r✇✐s❡✱ ❛s t❤❡② s❛②✱ ❛♥ ✏❡q✉✐t②✲
❞❡❝❡❧❡r❛t❡❞✑ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦❝❝✉rs✳

✸



❡q✉✐t②✳ ■♥ t❤✐s ♠♦❞❡❧✱ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ t❤❡s❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ t✇♦ st❛❜❧❡ s✉❜s②st❡♠s✱

✇❤❡♥ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ ❝❛♥ ♣r♦❞✉❝❡ ✐♥st❛❜✐❧✐t② ❛♥❞ ❝②❝❧❡s ✐♥ t❤❡ ✇❤♦❧❡ s②st❡♠✳

❋♦r t❤❡ s❤♦rt ❝②❝❧❡s✱ ♦✉t♣✉t ❣r♦✇t❤ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧❛❜♦r ♠❛r❦❡t ❝♦♥❞✐t✐♦♥ ❛♥❞

t❤❡ ♣r♦✜t s✐❣♥❛❧s ✐♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t✳ ❍✐❣❤❡r ♣r♦✜t❛❜✐❧✐t② ✐♥st✐❣❛t❡s ✜r♠s t♦ ❡①♣❛♥❞

♦✉t♣✉t✱ ✇❤❡r❡❛s t❤❡ t✐❣❤t❡♥❡❞ ❧❛❜♦r ♠❛r❦❡t ♣r♦✈✐❞❡s ♥❡❣❛t✐✈❡ ✐♥❝❡♥t✐✈❡s t♦ t❤❡ ✜r♠s ❢♦r

❡①♣❛♥❞✐♥❣ ♣r♦❞✉❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣r♦✇t❤ ✐♥ t❤❡ ❡♠♣❧♦②♠❡♥t r❛t❡ ✐s ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦✉t♣✉t ❣r♦✇t❤ ❛♥❞ t❤❡ ❣r♦✇t❤ ✐♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❧❛❜♦r ❢♦r❝❡✱

✇❤✐❝❤ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ❛t ❛ ❝♦♥st❛♥t r❛t❡✳ ❚❤❡♥ ❘②♦♦ ✭✷✵✶✵✮ ✐♥t❡❣r❛t❡s ❧♦♥❣ ✇❛✈❡s

✇✐t❤ s❤♦rt ❝②❝❧❡s ❛♥❞ ♣r♦✈✐❞❡s s♦♠❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳

❍♦✇❡✈❡r✱ ❘②♦♦ ✭✷✵✶✵✮ ❛ss✉♠❡s ❡q✉✐t② ✜♥❛♥❝❡ ❛s ❛ ♣✉r❡ r❡s✐❞✉❛❧ ♦❢ ✜r♠s✬ ✜♥❛♥❝✐♥❣ ❝♦♥✲

str❛✐♥t ❛s ✐t s❡r✈❡s ❛s ❛ ❜✉✛❡r t♦ ✜❧❧ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞s ♥❡❡❞❡❞ ❢♦r t❤❡ ✐♥✈❡st♠❡♥t

♣❧❛♥s ❛♥❞ t❤❡ ❢✉♥❞s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ❛♥❞ ❜❛♥❦ ❧♦❛♥s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✈❡r②

✉♥❧✐❦❡❧② t❤❛t ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧♦♥❣ ♣❡r✐♦❞ ❢✉♥❞s ♥❡❡❞❡❞ ❢♦r t❤❡ ✐♥✈❡st♠❡♥t ♣❧❛♥s ♦❢ ✜r♠s

❛r❡ ❧♦✇❡r t❤❛♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❢✉♥❞ ❢r♦♠ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ❛♥❞ ❜♦rr♦✇✐♥❣s s♦ t❤❛t t❤❡② ❝❛♥

❛❞❥✉st t❤❡ ❡①❝❡ss ❢✉♥❞s ❜② r❡♣✉r❝❤❛s✐♥❣ st♦❝❦s✳ ❲❡ ❡❧❛❜♦r❛t❡❧② ❞✐s❝✉ss ✐t ❧❛t❡r ✐♥ ❙❡❝t✐♦♥

✸✳

❋❡✇ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s ♦❢ ♦✉r ♠♦❞❡❧ ❛r❡✿ ✜rst✱ t❤❡ ♠♦❞❡❧ ✐s st♦❝❦✲✢♦✇ ❝♦♥s✐st❡♥t✳ ❙❡❝✲

♦♥❞✱ ❛❧t❤♦✉❣❤ t❤❡ ❡❝♦♥♦♠② ✐s ❛❧✇❛②s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❜♦t❤ t❤❡ ❞❡❜t✲❧❡❞

❛♥❞ t❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡s ❛r❡ ♣♦ss✐❜❧❡✳ ❚❤✐r❞✱ t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛❧❧♦✇s t❤❡ ❡①✐st❡♥❝❡

♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ♦♣❡♥s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋♦✉rt❤✱

s❤❛r❡ ❜✉②❜❛❝❦s✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ♥♦t ♦♥❧② ♠❛② ❧❡❛❞ t♦ t❤❡ ❞❡t❡r✐♦r❛t✐♦♥ ♦❢ t❤❡

❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ ❜✉t ♠❛② ♣♦t❡♥t✐❛❧❧② ❞❡st❛❜✐❧✐③❡

t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠②✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ s❡ts ✉♣ t❤❡ ♠♦❞❡❧ ❛♥❞ t❛❧❦s

❛❜♦✉t t❤❡ s❤♦rt r✉♥ ❛♥❛❧②s✐s ❛♥❞ t❤❡ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ❙❡❝t✐♦♥ ✸ ❞✐s❝✉ss❡s

t❤❡ ❧♦♥❣ r✉♥ ❛♥❛❧②s✐s ✇❤❡r❡ ✇❡ ❡♥❞♦❣❡♥✐③❡ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t

r❛t✐♦✳ ❙❡❝t✐♦♥ ✹ ❞✐s❝✉ss❡s s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ❝❛s❡s ✇❤✐❝❤ ♠❛② ❛r✐s❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❞②♥❛♠✐❝s✳ ❚❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜②

t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✇❤❡r❡ ✇❡ ❛♥❛❧②s❡ ❤♦✇ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s✬

❛♥❞ r❡♥t✐❡rs✬ ✜♥❛♥❝✐❛❧ ♣r❛❝t✐❝❡s ❝❛♥ ♣r♦❞✉❝❡ ❛ ❧✐♠✐t ❝②❝❧❡✳ ❙❡❝t✐♦♥ ✻ t❛❧❦s ❛❜♦✉t t❤❡

❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ❙❡❝t✐♦♥ ✼ ♦✛❡rs s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✹



✷ ❚❤❡ ▼♦❞❡❧

❲❡ ❛ss✉♠❡ ❛ s✐♠♣❧❡ ♦♥❡✲s❡❝t♦r✱ ❝❧♦s❡❞ ❡❝♦♥♦♠②✱ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤

t❤❡ ❡❝♦♥♦♠② ❝♦♥s✐sts ♦❢ ✇♦r❦❡rs✱ r❡♥t✐❡rs ❛♥❞ ✜r♠s✳ ◆❡✐t❤❡r ❣♦✈❡r♥♠❡♥t ✐♥t❡r✈❡♥t✐♦♥ ♥♦r

t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss ✐s t❤❡r❡✳ ■♥❝♦♠❡ ✐s ❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥ ✇❛❣❡s ❛♥❞ ♣r♦✜ts ❛s

Y = W +R ✭✷✳✶✮

✇❤❡r❡✱ Y ✐s ♥♦♠✐♥❛❧ ✐♥❝♦♠❡✱ W ✐s ♥♦♠✐♥❛❧ ✇❛❣❡ ✐♥❝♦♠❡ ❛♥❞ R ✐s ♥♦♠✐♥❛❧ ♣r♦✜t ✐♥❝♦♠❡✳

❲❡ ❛ss✉♠❡ ❡①❝❡ss s✉♣♣❧② ♦❢ ❧❛❜♦r ❛♥❞ ✉♥❞❡r✲✉t✐❧✐③❛t✐♦♥ ♦❢ ❝❛♣❛❝✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋♦r

s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛✇❛② ❞❡♣r❡❝✐❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧✳ ❲❡ ❛ss✉♠❡ t✇♦ t②♣❡s ♦❢ ❤♦✉s❡❤♦❧❞s✲

✇♦r❦❡rs ❛♥❞ r❡♥t✐❡rs✳ ❲♦r❦❡rs ❞♦ ♥♦t ❤♦❧❞ ❛♥② ❛ss❡t ❛♥❞ ❝♦♥s✉♠❡ ✇❤❛t❡✈❡r t❤❡② ❡❛r♥

✐✳❡✳✱

CW = W = [(1− π)u]K ✭✷✳✷✮

✇❤❡r❡✱ CW ✐s ❝♦♥s✉♠♣t✐♦♥ ♦❢ ✇♦r❦❡rs✱ K ✐s t❤❡ ❡①✐st✐♥❣ ❝❛♣✐t❛❧ st♦❝❦✱ u = Y
K
✐s t❤❡ ❞❡❣r❡❡

♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱✷ π = R
Y
✐s s❤❛r❡ ♦❢ ♣r♦✜t ✭✇❤✐❝❤ ✐s ✜①❡❞ ✐♥ t❤❡ s❤♦rt r✉♥ ❛s ✇❡❧❧

❛s ✐♥ t❤❡ ❧♦♥❣ r✉♥✮✱ ❛♥❞ r = R
K

✐s ♣r♦✜t r❛t❡✳ ❙♦✱ r = πu✳

❘❡♥t✐❡rs ❤♦❧❞ t✇♦ t②♣❡s ♦❢ ❛ss❡ts (i) ❞❡♣♦s✐ts ✇✐t❤ t❤❡ ❜❛♥❦s✱ ❛♥❞ (ii) ❡q✉✐t✐❡s t❤❛t ❛r❡

✐ss✉❡❞ ❜② ✜r♠s✳ ❊q✉✐t✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ ♠♦r❡ r✐s❦② ❛ss❡t ❝♦♠♣❛r❡❞ t♦ ❜❛♥❦

❞❡♣♦s✐ts✳ ❇❛♥❦s ♣❧❛② ❛ ♣❛ss✐✈❡ r♦❧❡ ♦❢ ❛❧❧♦tt✐♥❣ t❤♦s❡ ❞❡♣♦s✐ts t♦ t❤❡ ✜r♠s ❛s ❝r❡❞✐t✳✸

❘❡♥t✐❡rs ❡❛r♥ t❤❡✐r ✐♥❝♦♠❡ ❢r♦♠ t✇♦ s♦✉r❝❡s✱ ✐♥t❡r❡st ✐♥❝♦♠❡ ♦♥ t❤❡ ❢✉♥❞s t❤❡② ❧❡♥❞ t♦

t❤❡ ✜r♠s ❛♥❞ ❢r♦♠ ❛ ❢r❛❝t✐♦♥ ♦❢ ♣r♦✜t ❣✐✈❡♥ t♦ t❤❡♠ ❛s ❞✐✈✐❞❡♥❞ ❜② t❤❡ ✜r♠s✳✹ ❚❤❡r❡❢♦r❡✱

❝♦♥s✉♠♣t✐♦♥ ♦❢ r❡♥t✐❡rs (CR) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

CR = cr[(1− sf )(R− iD) + iD] + cq(PeE +D) ✭✷✳✸✮

⇒ CR

K
= cr[(1− sf )(πu− id) + id] + (1 + λ)cqd ✭✷✳✹✮

✇❤❡r❡ cr ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣r♦♣❡♥s✐t② ♦❢ r❡♥t✐❡rs ♦✉t ♦❢ ✐♥❝♦♠❡ ❛♥❞ cq ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥

♣r♦♣❡♥s✐t② ♦✉t ♦❢ ✇❡❛❧t❤✱✺ i ✐s t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥ ❜♦t❤ ❞❡♣♦s✐t ❛♥❞ ❧♦❛♥✱ D ✐s t♦t❛❧ ❞❡❜t

♦❢ ✜r♠s t♦ t❤❡ r❡♥t✐❡rs✱ d ✐s ❞❡❜t t♦ ❝❛♣✐t❛❧ r❛t✐♦✱ λ = PeE
D

✐s ♥♦♠✐♥❛❧ ♠❛r❦❡t ✈❛❧✉❡ ♦❢

❡q✉✐t② t♦ ❞❡❜t r❛t✐♦✱ sf ✐s r❡t❡♥t✐♦♥ r❛t❡ ♦❢ ✜r♠s✳ ❋♦❧❧♦✇✐♥❣ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❧✐t❡r❛t✉r❡ ✇❡

❛ss✉♠❡ ❛ ❢r❛❝t✐♦♥ ♦❢ ♣r♦✜t ✭♦r ♣r♦✜t ♥❡t ♦❢ ✐♥t❡r❡st ♣❛②♠❡♥t✮ ✐s ❣✐✈❡♥ ❛s ❛ ❞✐✈✐❞❡♥❞ t♦

t❤❡ r❡♥t✐❡rs ✭s❡❡ ❈❤❛r❧❡s ✭✷✵✵✽❛✱ ✷✵✵✽❜✮ ❢♦r ❡①❛♠♣❧❡✮✳ ❋♦❧❧♦✇✐♥❣ ❈❤❛r❧❡s ✭✷✵✵✽❛✱ ✷✵✵✽❜✮

✷❋♦r ❛ ✜①❡❞ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦✱ t❤❡ ❛❝t✉❛❧ ♦✉t♣✉t✲❝❛♣✐t❛❧ r❛t✐♦ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣r♦①② ❢♦r
t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳

✸❙♦ ❡✛❡❝t✐✈❡❧② t❤❡ r❡♥t✐❡rs ❧❡♥❞ ♠♦♥❡② t♦ t❤❡ ✜r♠s✳
✹❇② ❡①❡r❝✐s✐♥❣ t❤❡ ❡q✉✐t✐❡s r❡♥t✐❡rs ❛❧s♦ ❝❛♥ ❣❡t ❝❛♣✐t❛❧ ❣❛✐♥ ♦r ❧♦ss✳
✺cr ∈ (0, 1)✱ cq ∈ (0, 1) ❛♥❞ cr > cq✳

✺



❚❛❜❧❡ ✷✳✶✿ ❇❛❧❛♥❝❡ s❤❡❡t ♠❛tr✐①

❲♦r❦❡rs✬ ❤♦✉s❡❤♦❧❞s ❘❡♥t✐❡rs✬ ❤♦✉s❡❤♦❧❞s ❋✐r♠s
∑

▲♦❛♥s +D −D 0
❊q✉✐t✐❡s +PeE −PeE 0
❈❛♣✐t❛❧ K K

∑
0 D + PeE K − (PeE +D) K

❚❛❜❧❡ ✷✳✷✿ ❚r❛♥s❛❝t✐♦♥ ✢♦✇ ♠❛tr✐①

❲♦r❦❡rs✬ ❤♦✉s❡❤♦❧❞s ❘❡♥t✐❡rs✬ ❤♦✉s❡❤♦❧❞s ❋✐r♠s✬ ❝✉rr❡♥t ❋✐r♠s✬ ❝❛♣✐t❛❧
∑

❈♦♥s✉♠♣t✐♦♥ −CW −CR CW + CR 0
■♥✈❡st♠❡♥t I −I 0
❲❛❣❡s W −W 0

❘❡t❛✐♥❡❞ ♣r♦✜ts −sfR sfR 0
❉✐str✐❜✉t❡❞

♣r♦✜ts
✭❞✐✈✐❞❡♥❞s✮

(1− sf )R −(1− sf )R 0

✭❱❛❧✉❡ ♦❢✮
❈❤❛♥❣❡ ✐♥
❡q✉✐t✐❡s

−PeĖ PeĖ 0

■♥t❡r❡st ♦♥ ❧♦❛♥s iD −iD 0

❈❤❛♥❣❡ ✐♥ ❧♦❛♥s −Ḋ Ḋ 0
∑

0 0 0 0 0

✇❡ ❛ss✉♠❡ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ❛s

I = [α0 + α1sf (πu− id)]K ✭✷✳✺✮

✇❤❡r❡✱ α0 r❡♣r❡s❡♥ts t❤❡ st❛t❡ ♦❢ ❛♥✐♠❛❧ s♣✐r✐ts ❛♥❞ α1✱ t❤❡ ❝♦❡✣❝✐❡♥t ♠❡❛s✉r✐♥❣ t❤❡

r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ✐♥✈❡st♠❡♥t✲❝❛♣✐t❛❧ r❛t✐♦ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ❛✈❛✐❧❛❜❧❡ ✐♥t❡r♥❛❧ ❢✉♥❞s✳ ■♥

♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♠♦❞❡❧ tr❛❝t❛❜❧❡ ✇❡ ❛ss✉♠❡ ❛ ✈❡r② s✐♠♣❧❡ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ (I) t❤❛t

❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ st❛t❡ ♦❢ ❛♥✐♠❛❧ s♣✐r✐ts (α0)✱ ❛♥❞ ♦♥ ❛✈❛✐❧❛❜❧❡ ✐♥t❡r♥❛❧ ❢✉♥❞s✳ ❖✉r

♣r✐♠❛r② ♣✉r♣♦s❡ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ s❡❡ t❤❡ s❤♦rt r✉♥ ✐♠♣❛❝t ♦❢ ❞❡❜t ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t

r❛t✐♦ ♦♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✱ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ❛♥❞ t❤❡♥ t♦ s❡❡ t❤❡

❧♦♥❣ r✉♥ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ ❞❡❜t✲❝❛♣✐t❛❧ ❛♥❞ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥❝❡♥tr❛t❡

♦♥ t❤❡ r♦❧❡ ♦❢ ✐♥t❡r♥❛❧ ❢✉♥❞✐♥❣ ♦♥ ✐♥✈❡st♠❡♥t ❞❡❝✐s✐♦♥s ❛♥❞ ✐❣♥♦r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝❛♣❛❝✐t②

✉t✐❧✐③❛t✐♦♥✳ ❚❤✐s ❦✐♥❞ ♦❢ ✐♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈❤❛r❧❡s ✭✷✵✵✺✱ ✷✵✵✽❛✱

✷✵✵✽❜✮✱ ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ◆❞✐❦✉♠❛♥❛ ✭✶✾✾✾✮✳

❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❜❛❧❛♥❝❡ s❤❡❡t ♠❛tr✐① ✐♥ ❚❛❜❧❡ ✷✳✶

❛♥❞ t❤❡ tr❛♥s❛❝t✐♦♥ ✢♦✇ ♠❛tr✐① ✐♥ ❚❛❜❧❡ ✷✳✷✳

✻



✷✳✶ ❙❤♦rt r✉♥ ❡q✉✐❧✐❜r✐✉♠

■♥ t❤❡ s❤♦rt r✉♥✱ t❤❡ ❣♦♦❞s ♠❛r❦❡t ✐s ❝❧❡❛r❡❞ t❤r♦✉❣❤ ❝❤❛♥❣❡s ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ❛♥❞

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ♥♦♠✐♥❛❧ ✐♥❝♦♠❡ ♠✉st ❜❡ ❡q✉❛❧ t♦ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞

✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s

⇒ u∗ =
α0 + (1 + λ)cqd+ (cr − α1)sf id

π{1− cr + sf (cr − α1)}
✭✷✳✻✮

✇❤❡r❡ u∗ ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✳ ❲❡ ❛ss✉♠❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐✳❡✳ t❤❡ ✐♥❞✉❝❡❞ ✐♥❝r❡❛s❡ ✐♥ s❛✈✐♥❣ ❛s u r✐s❡s ✭✐✳❡✳ (1 − cr + crsf )π✮ ✐s

❣r❡❛t❡r t❤❛♥ t❤❡ ✐♥❞✉❝❡❞ ✐♥❝r❡❛s❡ ✐♥ ✐♥✈❡st♠❡♥t ✭✐✳❡✳ α1sfπ✮✳

■♥ ♦t❤❡r ✇♦r❞s✱{1− cr + sf (cr − α1)} > 0 ✭✷✳✼✮

❋♦r ❛ ♠❡❛♥✐♥❣❢✉❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ❢r♦♠ ❡q✉❛t✐♦♥

✭✷✳✻✮ ✇❡ ❛ss✉♠❡

α0 > −(1 + λ)cqd+ (α1 − cr)sf id ✭✷✳✽✮

■❢ (cr − α1) > 0, t❤❡♥ [α0 + (1 + λ)cqd + (cr − α1)sf id] ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡✳ ■❢

(cr−α1) < 0 t❤❡♥ [α0+(1+λ)cqd > (α1−cr)sf id] ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ♠❡❛♥✐♥❣❢✉❧ s♦❧✉t✐♦♥✳

P✉tt✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ (u∗) ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✳✺✮✻

✇❡ ❣❡t

g∗ =
α0(1− cr + sfcr) + α1sf{(1 + λ)cq − (1− cr)i}d

[1− cr + sf (cr − α1)]
✭✷✳✾✮

✇❤❡r❡ g∗ ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ●✐✈❡♥ ❡q✉❛t✐♦♥ ✭✷✳✼✮✱ ❢♦r ❛

♣♦s✐t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✾✮ ✇❡ ❛ss✉♠❡

α0(1− cr + sfcr) + α1sf{(1 + λ)cq − (1− cr)i}d > 0 ✭✷✳✶✵✮

❲❡ ❛❧s♦ ❛ss✉♠❡ sf ∈ (0, 1), ❛♥❞ α1 ∈ (0, 1)✳ ❚❤❡r❡❢♦r❡✱ α1sf ∈ (0, 1).

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ♣r♦✜t ✐s

r∗ = πu∗ =
α0 + (1 + λ)cqd+ (cr − α1)sf id

{1− cr + sf (cr − α1)}
. ✭✷✳✶✶✮

✻●r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠② ✐s ❡①♣r❡ss❡❞ ❛s g = I
K

✼



✷✳✷ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❉✐✛❡r❡♥t✐❛t✐♥❣ ♣❛rt✐❛❧❧② u∗, g∗ ❛♥❞ r∗ ✇✐t❤ r❡s♣❡❝t t♦ α0 ✇❡ ❣❡t✱

∂u∗

∂α0

=
1

{SF − sfα1)}π
> 0;

∂g∗

∂α0

=
SF

{SF − sfα1)}
> 0;

∂r∗

∂α0

=
1

{SF − sfα1)}
> 0

✭✷✳✶✷✮

✇❤❡r❡✱ SF = 1− cr + sfcr > 0, ❛♥❞ {SF − sfα1)} = {1− cr + sf (cr − α1)}. ❉✉❡ t♦ ❛ r✐s❡

✐♥ ❛♥✐♠❛❧ s♣✐r✐ts (α0), ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ❣r♦✇t❤ r❛t❡ ❛♥❞ r❛t❡ ♦❢

♣r♦✜t ❛❧❧ ✐♥❝r❡❛s❡✳

P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ u∗,❛♥❞ r∗ ✇✐t❤ r❡s♣❡❝t t♦ d ②✐❡❧❞s✱

∂u∗

∂d
=

(1 + λ)cq + (cr − α1)sf i

{SF − sfα1)}π
;

∂r∗

∂d
=

(1 + λ)cq + (cr − α1)sf i

{SF − sfα1)}
✭✷✳✶✸✮

■❢ (cr − α1) > 0, t❤❡ ❡❝♦♥♦♠② ✐s ❛❧✇❛②s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡ ✐✳❡✳ ∂u∗

∂d
> 0. ❇✉t✱ ✐❢

(cr −α1) < 0 t❤❡♥ ✐❢ (1 + λ)cq < (cr −α1)sf i t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞

r❡❣✐♠❡ ✐✳❡✳∂u
∗

∂d
< 0✳ ❖t❤❡r✇✐s❡ ✐t ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❚❤❡ ♠♦✈❡♠❡♥t ✐♥ r∗ ✐s

✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛s u∗. ❆♥ ✐♥❝r❡❛s❡ ✐♥ d, ❜② r❡❞✉❝✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥t❡r♥❛❧ ❢✉♥❞s✱

r❡❞✉❝❡s ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❜② α1sf i ✉♥✐t ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✺✮✮✳ ❇✉t ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞

♦❢ r❡♥t✐❡rs ✐♥❝r❡❛s❡s ❜② {crsf i+(1+λ)cq} ✉♥✐t ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✹✮✮✳ ■❢ t❤❡ ❧❛tt❡r ✐s ❤✐❣❤❡r

t❤❛♥ t❤❡ ❢♦r♠❡r✱ t❤❡♥ ❢♦r ❛ ❣✐✈❡♥ ❛♠♦✉♥t ♦❢ ❝❛♣✐t❛❧ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡

❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r✐s❡s✳

P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ g∗ ✇✐t❤ r❡s♣❡❝t t♦ d ②✐❡❧❞s✱

∂g∗

∂d
=

α1sf{(1 + λ)cq − (1− cr)i}
{SF − sfα1)}

✭✷✳✶✹✮

❚❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (1+λ)cq > (1−cr)i✳ ❖t❤❡r✇✐s❡✱

✐t ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ d ❛✛❡❝ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤

r❛t❡ ✐♥ t✇♦ ✇❛②s✳ ❋✐rst✱ ❜② r❡❞✉❝✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥t❡r♥❛❧ ❢✉♥❞ ✐t ❞✐r❡❝t❧② ♥❡❣❛t✐✈❡❧②

❛✛❡❝ts t❤❡ ❣r♦✇t❤ r❛t❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ✐t ✐♥❞✐r❡❝t❧② ❛✛❡❝ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳✼

❉✐✛❡r❡♥t✐❛t✐♥❣ ♣❛rt✐❛❧❧② u∗, g∗ ❛♥❞ r∗ ✇✐t❤ r❡s♣❡❝t t♦ i ✇❡ ❣❡t✱

∂u∗

∂i
=

(cr − α1)sfd

{SF − sfα1)}π
≷ 0;

∂g∗

∂i
= −α1sf (1− cr)d

{SF − sfα1)}
< 0;

∂r∗

∂i
=

(cr − α1)sfd

{SF − sfα1)}
≷ 0

✭✷✳✶✺✮

❆♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ ❜② r❡❞✉❝✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥t❡r♥❛❧ ❢✉♥❞s✱ r❡❞✉❝❡s t❤❡

✐♥✈❡st♠❡♥t r❛t❡ ✭✐✳❡✳ ✐♥✈❡st♠❡♥t t♦ ❝❛♣✐t❛❧ r❛t✐♦✮ ❜② α1sfd ✉♥✐t ✇❤❡r❡❛s t❤❡ ❝♦♥s✉♠♣t✐♦♥

✼❚❤❡ ❧❛tt❡r ❡✛❡❝t ✐s ❛♠❜✐❣✉♦✉s✳

✽



r❛t❡ ♦❢ r❡♥t✐❡rs ✭✐✳❡✳ r❡♥t✐❡rs✬ ❝♦♥s✉♠♣t✐♦♥ t♦ ❝❛♣✐t❛❧ r❛t✐♦✮ ✐♥❝r❡❛s❡s ❜② crsfd ✉♥✐t✳ ■❢

t❤❡ ❧❛tt❡r ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ❢♦r♠❡r t❤❡♥✱ ❢♦r ❛ ❣✐✈❡♥ ❛♠♦✉♥t ♦❢ ❝❛♣✐t❛❧✱ t❤❡ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ r✐s❡s✳

❆ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳

❚❤❡ r❡❛s♦♥ ✐s t✇♦ ❢♦❧❞✳ ❋✐rst✱ ❜② r❡❞✉❝✐♥❣ ✐♥t❡r♥❛❧ ❢✉♥❞s ✐t ❞✐r❡❝t❧② ♥❡❣❛t✐✈❡❧② ❛✛❡❝ts

♦♥ t❤❡ ❣r♦✇t❤ r❛t❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢

❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ✐t ✐♥❞✐r❡❝t❧② ❛✛❡❝ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳ ❚❤❡ ❧❛tt❡r ❡✛❡❝t✽ ✐s

❤♦✇❡✈❡r s♠❛❧❧❡r t❤❛♥ t❤❡ ❢♦r♠❡r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥

t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ♣❛rt✐❛❧❧② u∗, g∗ ❛♥❞ r∗ ✇✐t❤ r❡s♣❡❝t t♦ λ ✇❡ ❣❡t✱

∂u∗

∂λ
=

cqd

{SF − sfα1)}π
> 0;

∂g∗

∂λ
=

α1sfcqd

{SF − sfα1)}
> 0;

∂r∗

∂λ
=

cqd

{SF − sfα1)}
> 0

✭✷✳✶✻✮

❯♥❧✐❦❡ t❤❡ ❞❡❜t t♦ ❝❛♣✐t❛❧ r❛t✐♦✱ ❢♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ❞❡❜t✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡q✉✐t② t♦

❞❡❜t r❛t✐♦ ✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ t❤❡

❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ♣r♦✜t ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳ ❋♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ❞❡❜t✱ ❞✉❡

t♦ ❛ r✐s❡ ✐♥ t❤❡ ❡q✉✐t② t♦ ❞❡❜t r❛t✐♦ ✭✐✳❡✳ ❛ r✐s❡ ✐♥ t❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ ❡q✉✐t②✮✱ t❤❡ ❝♦♥s✉♠♣✲

t✐♦♥ r❛t❡ ♦❢ r❡♥t✐❡rs ✐♥❝r❡❛s❡s ❜② cqd ✉♥✐t ✇❤✐❧❡ t❤❡r❡ ✐s ♥♦ ✐♥✐t✐❛❧ ❝❤❛♥❣❡ ✐♥ ✐♥✈❡st♠❡♥t

❞❡♠❛♥❞✳ ❍❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❣r❡❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ✐♥❝r❡❛s❡s✳ ❚❤r♦✉❣❤ ✐ts

♣♦s✐t✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ u∗, t❤❡ ❡q✉✐t② t♦ ❞❡❜t r❛t✐♦ ♣♦s✐t✐✈❡❧② ❛✛❡❝ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤

r❛t❡✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ♣❛rt✐❛❧❧② u∗, g∗ ❛♥❞ r∗ ✇✐t❤ r❡s♣❡❝t t♦ π ✇❡ ❣❡t✱

du∗

dπ
= −u∗

π
< 0;

dg∗

dπ
=

dr∗

dπ
= 0 ✭✷✳✶✼✮

❊q✉❛t✐♦♥ ✭✷✳✶✼✮ ❡①♣❧❛✐♥s t❤❛t t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✳ ❚❤✐s ✐s

❜❡❝❛✉s❡ ❛ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ ✭♦r ❛ ❢❛❧❧ ✐♥ ✇❛❣❡ s❤❛r❡✮ ❞✐str✐❜✉t❡s ✐♥❝♦♠❡ ❢r♦♠ ✇❛❣❡

❡❛r♥❡rs ✭✇❤♦ ❤❛✈❡ ❛ ✈❡r② ❤✐❣❤ ♣r♦♣❡♥s✐t② t♦ ❝♦♥s✉♠❡ (cw = 1)✮ t♦ ♣r♦✜t ❡❛r♥❡rs ✭✇❤♦

❤❛✈❡ ❛ ❧♦✇❡r ♣r♦♣❡♥s✐t② t♦ s♣❡♥❞ (cr < 1)✮✳

❆ r✐s❡ ✐♥ π✱ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ u∗, r❛✐s❡s t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ❜② α1sfu
∗ ✉♥✐t ✇❤❡r❡❛s ❛

r✐s❡ ✐♥ π, t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ u∗✱ r❡❞✉❝❡s t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ❜② ❡①❛❝t❧② t❤❡ s❛♠❡ ✉♥✐t

✭✐✳❡✳ ❜② α1sfπ
∂u∗

∂d
= α1sfu

∗ ✉♥✐t✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ r✐s❡ ✐♥ ♣r♦✜t s❤❛r❡ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥

❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤ r❛t❡✳

❚❤❡ ❛❜♦✈❡ ❞✐s❝✉ss❡❞ s❤♦rt r✉♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝ r❡s✉❧ts ❛r❡ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ ❚❛❜❧❡ ✷✳✸✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♣r♦❝❡❡❞ ❢♦r t❤❡ ❧♦♥❣ r✉♥ ❞②♥❛♠✐❝s✳

✽❚❤❡ ❧❛tt❡r ❡✛❡❝t ✐s ❛♠❜✐❣✉♦✉s ❛s ✇❡❧❧✱ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❡s ♦❢ cr ❛♥❞ α1.

✾



❚❛❜❧❡ ✷✳✸✿ ■♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ u∗, g∗ ❛♥❞ r∗

u∗ g∗ r∗

α0 ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡
i ❛♠❜✐❣✉♦✉s ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s
d ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s
λ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡
π ♥❡❣❛t✐✈❡ ♥♦ ❡✛❡❝t ♥♦ ❡✛❡❝t

✸ ▲♦♥❣ ❘✉♥

❲❡ ❛♥❛❧②s❡ t❤❡ ❧♦♥❣ r✉♥ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ ❡q✉✐t②✲t♦✲❞❡❜t r❛t✐♦ ✐♥ t❤✐s

s❡❝t✐♦♥✳ ■♥ t❤❡ ❧♦♥❣ r✉♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛❧✇❛②s ❝❧❡❛rs✱ ✐✳❡✳ ❡q✉✐❧✐❜r✐✉♠

✈❛❧✉❡s ♦❢ u, g ❛♥❞ r ❛r❡ ❛❧✇❛②s ❛tt❛✐♥❡❞✳ ❲❡ ❛ss✉♠❡ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛tt❛✐♥❡❞

✇❤❡♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ (d) ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ (λ) r❡♠❛✐♥ ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳

▲❡t✬s ✜rst ❢♦❝✉s ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳

✸✳✶ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

❲❡ ❦♥♦✇ ❢♦r ❜✉s✐♥❡ss ✢♦✇s ♦❢ ❢✉♥❞s✱ s♦✉r❝❡s ♦❢ ❢✉♥❞s ♠✉st ❜❡ ❡q✉❛❧ t♦ ✉s❡s ♦❢ ❢✉♥❞s✱

✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s

r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ✰ ♥❡✇ ❜♦rr♦✇✐♥❣s ✰ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s ❂ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞

⇒ sf (πu− id)K + Ḋ + PeĖ = I ✭✸✳✶✮

❆❝❝♦r❞✐♥❣ t♦ ❘②♦♦ ✭✷✵✶✵✮✱ ❞❡❜t ✜♥❛♥❝❡ ✐s ❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ t❤❡ r❡❧❛✲

t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✜r♠s✬ ♣r♦✜t❛❜✐❧✐t② ❛♥❞ ❧❡✈❡r❛❣❡ r❛t✐♦ ✭✐✳❡✳ t❤❡ tr❡♥❞ r❛t❡ ♦❢ ❝♦r♣♦r❛t❡

♣r♦✜t❛❜✐❧✐t② t♦ ✐♥t❡r❡st ♣❛②♠❡♥t r❛t✐♦✮ ❛♥❞ t❤❡ ❡q✉✐t② ✜♥❛♥❝❡ (x) ✐s ♣✉r❡ r❡s✐❞✉❛❧ ♦❢ ✜r♠s✬

✜♥❛♥❝✐♥❣ ❝♦♥str❛✐♥t✾ ❛s ✐t s❡r✈❡s ❛s ❛ ❜✉✛❡r t♦ ✜❧❧ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞s ♥❡❡❞❡❞ ❢♦r

t❤❡ ✐♥✈❡st♠❡♥t ♣❧❛♥s ❛♥❞ t❤❡ ❢✉♥❞s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ❛♥❞ ❜❛♥❦ ❧♦❛♥s✳

❍♦✇❡✈❡r✱ ✐t ✐s ✈❡r② ✉♥❧✐❦❡❧② t❤❛t ❢✉♥❞s ♥❡❡❞❡❞ ❢♦r t❤❡ ✐♥✈❡st♠❡♥t ♣❧❛♥s ♦❢ ✜r♠s ❛r❡ ❧♦✇❡r

t❤❛♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❢✉♥❞ ❢r♦♠ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ❛♥❞ ❜♦rr♦✇✐♥❣s ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧♦♥❣ ♣❡✲

r✐♦❞ ❛♥❞ t❤❡ ❡①❝❡ss ❢✉♥❞s ❛r❡ ❛❞❥✉st❡❞ ❜② r❡♣✉r❝❤❛s✐♥❣ st♦❝❦s✳ ■♥st❡❛❞✱ t❤❡r❡ ❛r❡ ✈❛r✐♦✉s

❛❧t❡r♥❛t✐✈❡ ❛♥❞ ♣❧❛✉s✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥s ❢♦r st♦❝❦ ❜✉②❜❛❝❦s✳ ▲❛③♦♥✐❝❦ ✭✷✵✶✵✮ ♣♦✐♥ts ♦✉t

✾❘❡♥t✐❡rs✬ ✢♦✇ ♦❢ ❢✉♥❞s ✭s❝❛❧❡❞ ❜② t❤❡ ✈❛❧✉❡ ♦❢ ❝❛♣✐t❛❧✮ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s✱

❘❡♥t✐❡rs✬ s❛✈✐♥❣s

❝❛♣✐t❛❧ st♦❝❦
=

♣✉r❝❤❛s❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s + ♥❡✇ ❜❛♥❦ ❞❡♣♦s✐ts

❝❛♣✐t❛❧ st♦❝❦

=⇒ (1− cr) [(1− sf )(πu− id) + id]− (1 + λ)cqd = xg + dD̂

✶✵



✏t❤❡ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❯✳❙✳ ❡❝♦♥♦♠② ✐s t❤❡ ♦❜s❡ss✐♦♥ ♦❢ ❝♦r♣♦✲

r❛t❡ ❡①❡❝✉t✐✈❡s ✇✐t❤ ❞✐str✐❜✉t✐♥❣ ✧✈❛❧✉❡✧ t♦ s❤❛r❡ ❤♦❧❞❡rs✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❢♦r♠ ♦❢ st♦❝❦

r❡♣✉r❝❤❛s❡s✱ ❡✈❡♥ ✐❢ t❤❡② ❛❝❝♦♠♣❧✐s❤ t❤✐s ❣♦❛❧ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ✐♥✈❡st♠❡♥t ✐♥ ✐♥♥♦✈❛t✐♦♥

❛♥❞ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❯✳❙✳ ❡♠♣❧♦②♠❡♥t ♦♣♣♦rt✉♥✐t✐❡s✑✳ ❖♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♠♦t✐✈❡ ❜❡❤✐♥❞

st♦❝❦ ❜✉②❜❛❝❦s ✐s ✐♥✈❡st♦r ❡①♣❧♦✐t❛t✐♦♥✳ ❆s ❧♦♥❣ ❛s ♠❛r❦❡t ♣r✐❝❡s ♦❢ st♦❝❦s ❛r❡ ❜❡❧♦✇

t❤❡✐r ✬✐♥tr✐♥s✐❝✬ ✈❛❧✉❡s✱ ✜r♠s tr② t♦ ❜✉②❜❛❝❦ t❤❡ st♦❝❦s ✭s❡❡ ❉✬▼❡❧❧♦ ❛♥❞ ❙❤r♦✛✱ ✷✵✵✵✮✳

❆♥♦t❤❡r ♠♦t✐✈❡ ✐s t♦ r❡♠♦✈❡ ❧♦✇ ✈❛❧✉❛t✐♦♥ st♦❝❦❤♦❧❞❡rs ❢♦r ♠✐t✐❣❛t✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢

t❛❦❡♦✈❡rs ❜② ♦t❤❡r ✜r♠s✳ ❋✐r♠s s♦♠❡t✐♠❡s ❝❤♦♦s❡ t♦ ❜✉②❜❛❝❦ s❤❛r❡s ❢♦r ✐♥❝r❡❛s✐♥❣ t❤❡

r❡♣♦rt❡❞ ❊P❙ ✭❡❛r♥✐♥❣ ♣❡r s❤❛r❡✮ ✭❇❛❦❡r ❡t ❛❧✳✱ ✶✾✽✺❀ ❇r❛✈ ❡t ❛❧✳✱ ✷✵✵✺✮✳ ❙❤❛r❡ ❜✉②❜❛❝❦s

❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ s✐❣♥❛❧ t❤❡ ♠❛♥❛❣❡♠❡♥t✬s ❝♦♥✜❞❡♥❝❡ ❛❜♦✉t t❤❡ ❢✉t✉r❡ ✭❇r❛✈ ❡t ❛❧✳✱

✷✵✵✺✮✳ ❆s ❛ r❡s✉❧t✱ ✐t ✐s ♠♦r❡ ❧♦❣✐❝❛❧ t♦ ❛ss✉♠❡ t❤❛t ✜r♠s ✜rst ❞❡❝✐❞❡ ❤♦✇ ♠✉❝❤ ♦❢ ✐ts

✐♥✈❡st♠❡♥t ✐s ✜♥❛♥❝❡❞ ❜② t❤❡ ✐ss✉❛♥❝❡ ♦❢ ❡q✉✐t✐❡s ✭♦r ❤♦✇ ♠✉❝❤ ✜r♠s ❞❡❝✐❞❡ t♦ s♣❡♥❞

❢♦r s❤❛r❡ ❜✉②❜❛❝❦s✮ ❛♥❞ t❤❡♥ ✜r♠s ✜❧❧ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞s ♥❡❡❞❡❞ ❛♥❞ t❤❡ ❢✉♥❞s

❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ✐♥✈❡st♠❡♥t ♣❧❛♥s ❜② ❞❡❜t ✜♥❛♥❝✐♥❣✳ ❙♦ ✐♥st❡❛❞ ♦❢ ❡q✉✐t② ✜♥❛♥❝❡✱ ✐t

s❤♦✉❧❞ ❜❡ t❤❡ ❞❡❜t ✜♥❛♥❝❡ ❛s t❤❡ ❛❝❝♦♠♠♦❞❛t✐♥❣ ✈❛r✐❛❜❧❡✳✶✵

❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛ ❢r❛❝t✐♦♥ ♦❢ ✐♥✈❡st♠❡♥t ✭x) ✐s ❛❧✇❛②s ✜♥❛♥❝❡❞ ❜② ✐ss✉❛♥❝❡ ♦❢

❡q✉✐t✐❡s✶✶ ✐✳❡ ✐♥st❡❛❞ ♦❢ tr❡❛t✐♥❣ x ❛s ✈❛r✐❛❜❧❡ ✇❡ tr❡❛t ✐t ❛s ❛ ♣❛r❛♠❡t❡r✳ ❚❤✐s ❛ss✉♠♣t✐♦♥

✐s ❢♦✉♥❞ ✐♥ ▲❛✈♦✐❡ ❛♥❞ ●♦❞❧❡② ✭✷✵✵✷✮✱ ❉♦s ❙❛♥t♦s ❛♥❞ ❩❡③③❛ ✭✷✵✵✽✮✱ ❚❛②❧♦r ❛♥❞ ❘❛❞❛

✭✷✵✵✼✮✱ ❛♥❞ ❚❛②❧♦r ✭✷✵✶✷✮ ❡t❝✳ ❙♦ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✮ ✇❡ ❣❡t✱

sf (πu− id) + xg + ḋ+ dg = g

⇒ ḋ = (1− d− x)g − sf (πu− id)

⇒ ḋ =
(1− d− x)[α0SF + α1sf{(1 + λ)cq − (1− cr)i}d]− sf [α0 + {(1 + λ)cq − (1− cr)i}d]

[SF − sfα1]
✭✸✳✷✮

=⇒ ḋ =
m− ld− hd2

[SF − sfα1]
✭✸✳✸✮

✇❤❡r❡ m = [(1− x)SF − sf ]α0, l = [α0SF + sf (1− α1 + α1x){(1 + λ)cq − (1− cr)i}], ❛♥❞
h = α1sf{(1 + λ)cq − (1 − cr)i}. ❲❡ ❛ss✉♠❡ [(1 − x)SF − sf ] > 0 ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥s✉r❡s

m > 0. ❲❡ ❛❧s♦ ❛ss✉♠❡ (1− α1 + α1x) > 0. ◆♦✇ ✇❡ ❢♦❝✉s ♦♥ ❞r❛✇✐♥❣ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡

✐♥ d− λ ♣❧❛♥❡✳

✶✵❚❤✐s ❛r❣✉♠❡♥t ✐s ♠♦r❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✐♥ ❑❛❧❡❝❦✐❛♥ ❧✐t❡r❛t✉r❡ ❛♥❞ ✐s ❢♦✉♥❞ ✐♥ ▲❛✈♦✐❡ ❛♥❞ ●♦❞❧❡②✭✷✵✵✷✮✱
❉♦s ❙❛♥t♦s ❛♥❞ ❩❡③③❛ ✭✷✵✵✽✮✳

✶✶△x < 0 r❡♣r❡s❡♥ts ❧♦✇❡r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♥❡✇ ❡q✉✐t② ✐ss✉❡s ❢♦r t❤❡ ✜♥❛♥❝✐♥❣ ♦❢ ♥❡✇ ✐♥✈❡st♠❡♥t✱ ♦r
s❤❛r❡ ❜✉②❜❛❝❦s ✭s❡❡ ❍❡✐♥ ❛♥❞ ✈❛♥ ❚r❡❡❝❦❀ ✷✵✶✵✮✳ ❚❤✉s ❛ ❢❛❧❧ ✐♥ x r❡♣r❡s❡♥ts t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞
✏s❤❛r❡ ❜✉②❜❛❝❦s✑ ✐♥ ♦✉r ♠♦❞❡❧✳

✶✶



■♥ ❡q✉✐❧✐❜r✐✉♠✱ ḋ = 0

⇒ λ
∣
∣
ḋ=0

=

{
[(1− x)SF − sf ]α0 − α0SFd+ sf (1− α1 + α1x){(1− cr)i− cq}d

(1− α1 + α1x)cqsfd+ sfcqα1d2

}

+

{
α1sf{(1− cr)i− cq}d2

(1− α1 + α1x)cqsfd+ sfcqα1d2

}

✭✸✳✹✮

❚♦ ✜♥❞ ♦✉t t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ ❡q✉❛t✐♦♥ ✭✸✳✹✮ ✇✐t❤ r❡s♣❡❝t t♦

d ❛♥❞ ❣❡t✱

dλ

dd

∣
∣
∣
ḋ=0

= α0







SFα1d
2 − 2α1{(1− x)SF − sf}d− (1− α1 + α1x){(1− x)SF − sf}

sfcq

[

(1− α1 + α1x)d+ α1d2
]2







✭✸✳✺✮

❲❡ ❦♥♦✇✱ SFα1 = A > 0❀ −2α1{(1− x)SF − sf} = B ≶ 0; −(1− α1 + α1x){(1− x)SF −
sf} = C ≶ 0✳

❙♦❧✈✐♥❣ t❤❡ q✉❛❞r❛t✐❝ t❡r♠ ♦❢ t❤❡ ♥✉♠❡r❛t♦r ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✺✮ ✇❡ ✜♥❞ ❡①✐st❡♥❝❡ ♦❢ t✇♦

✐♥✢❡①✐♦♥ ♣♦✐♥ts✱ d
′

, d
′′

= −B±
√
B2−4AC
2A

✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ✐s

∆ = B2 − 4AC = 4α1{(1− x)SF − sf}[1− cr + sf (cr − α1)] ✭✸✳✻✮

❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✼✮ ✇❡ ❣❡t✱ [1− cr+ sf (cr−α1)] > 0✳ ❙♦✱ ❢♦r ∆ > 0, [(1−x)SF − sf ] > 0

♠✉st ❤♦❧❞✳✶✷ ▲❡t✬s ❛ss✉♠❡ d
′

= −B+
√
∆

2A
✳ ❲❡ ❛❧r❡❛❞② ❤❛✈❡ ❛ss✉♠❡❞ [(1− x)SF − sf ] > 0✳

❚❤❡r❡❢♦r❡✱ B < 0; C < 0; ❛♥❞ A > 0. ❙♦✱ d
′

= −B+
√
∆

2A
> 0✳ d

′′

= −(B+
√
∆)

2A
✇✐❧❧ ❜❡ ♣♦s✐t✐✈❡

✐❢ B +
√
∆ < 0✳ ❚❤✐s ✐s t✉r♥ ✐♠♣❧✐❡s d

′′

> 0 ✐❢ AC > 0✳ ❇✉t C < 0 ❛♥❞ A > 0, ❛♥❞

❤❡♥❝❡ AC < 0. ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❛ ❧♦❣✐❝❛❧ ❝♦♥tr❛❞✐❝t✐♦♥ ✇❤✐❝❤ ♣r♦✈❡s d
′′

t♦ ❜❡ ♥❡❣❛t✐✈❡✳

❍❡♥❝❡✱ d
′′

< 0 < d
′

. dλ
dd

∣
∣
ḋ=0

❤❛s ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t d = 0. ❊q✉❛t✐♦♥ ✭✸✳✺✮✱ t❤❡r❡❢♦r❡✱

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

dλ

dd

∣
∣
ḋ=0

=
α0A(d− d

′

)(d− d
′′

)

sfcq

[

(1− α1 + α1x)d+ α1d2
]2

❚❤❡r❡❢♦r❡✱ ∀d > d
′

,
dλ

dd

∣
∣
ḋ=0

> 0 ❛♥❞ ∀d ∈ (0, d
′

),
dλ

dd

∣
∣
ḋ=0

< 0. ✭✸✳✼✮

❉✐❛❣r❛♠ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✸❛✳ ◆♦✇ ✇❡ ❢♦❝✉s ♦♥ t❤❡ r❡♥t✐❡rs✬

♣♦rt❢♦❧✐♦ ❞②♥❛♠✐❝s✳

✶✷◆♦t❡ t❤❛t [(1−x)SF −sf ] > 0 ✐♠♣❧✐❡s x <
(1−cr)(1−sf )
(1−cr+crsf )

✳ ❇✉t (1− cr)(1−sf ) = (1− cr+sfcr)−sf <

(1− cr + sfcr). ❍❡♥❝❡ [(1− x)SF − sf ] > 0 ✐♠♣❧✐❡s x <
(1−cr)(1−sf )
(1−cr+crsf )

< 1.

✶✷



❙♦✉r❝❡✿ ❖❊❈❉ ❞❛t❛✳ ❆✉t❤♦r✬s ❝❛❧❝✉❧❛t✐♦♥

❋✐❣✉r❡ ✸✳✶✿ ▲♦♥❣ t❡r♠ ✐♥t❡r❡st r❛t❡ ✐♥ ❯❙❆ ✭✶✾✽✹✲✷✵✵✽✮✳

✸✳✷ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦

▲❡t✬s ❛ss✉♠❡

λ̇ = θ[λd − λ]; θ > 0 ✭✸✳✽✮

✇❤❡r❡✱ λd ✐s ❞❡s✐r❡❞ ❡q✉✐t② t♦ ❞❡❜t r❛t✐♦ ♦❢ t❤❡ r❡♥t✐❡rs✳ ■t ❞❡♣❡♥❞s ♦♥ ❡①♣❡❝t❛t✐♦♥

r❡❣❛r❞✐♥❣ ❢✉t✉r❡ ❝❛♣✐t❛❧ ❣❛✐♥✳✶✸ ✳ θ r❡♣r❡s❡♥ts t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r✳ ❚❤✐s

s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ❛✛❡❝t❡❞ ❜②✱ ✐♥t❡r ❛❧✐❛✱ t❤❡ r❡❣✉❧❛t✐♦♥ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧

♠❛r❦❡t✳ ❆ str✐❝t❧② r❡❣✉❧❛t❡❞ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ θ✳

❆❝❝♦r❞✐♥❣ t♦ ❆❜❞✉❧❧❛❤ ❛♥❞ ❍❛②✇♦rt❤ ✭✶✾✾✸✮✱ ✏❬❚❪❤❡ ❧❡✈❡❧ ♦❢ ❛❣❣r❡❣❛t❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②

♠❛② ✐♥✢✉❡♥❝❡ st♦❝❦ ♣r✐❝❡s t❤r♦✉❣❤ ✐ts ✐♠♣❛❝t ♦♥ ❝♦r♣♦r❛t❡ ♣r♦✜t❛❜✐❧✐t②✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥

♦✉t♣✉t ♠❛② ✐♥❝r❡❛s❡ ❝❛s❤ ✢♦✇s ❛♥❞ ❤❡♥❝❡ r❛✐s❡ st♦❝❦ ♣r✐❝❡s✱ ✇❤✐❧❡ ❛ r❡❝❡ss✐♦♥ ✇♦✉❧❞ ❤❛✈❡

t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t✳✑ ❋❛♠❛ ✭✶✾✾✵✮ s❤♦✇s t❤❛t t❤❡ st♦❝❦ r❡t✉r♥s ❛r❡ ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤

t❤❡ ❢✉t✉r❡ ♣r♦❞✉❝t✐♦♥ ❣r♦✇t❤ r❛t❡s ❢♦r t❤❡ ♣❡r✐♦❞ ✶✾✺✸✲✶✾✽✼ ❢♦r t❤❡ ❯❙ ❡❝♦♥♦♠②✳ ■♥

❤✐s ❛♥❛❧②s✐s✱ ♣r♦❞✉❝t✐♦♥ ❣r♦✇t❤ r❛t❡s ❡①♣❧❛✐♥ ✹✸✪ ♦❢ t❤❡ st♦❝❦ r❡t✉r♥ ✈❛r✐❛♥❝❡✳ ❋✉t✉r❡

♣r♦❞✉❝t✐♦♥ ❣r♦✇t❤✱ ❛s ❤❡ ❛r❣✉❡s✱ r❡✢❡❝ts ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❢✉t✉r❡ ❝❛s❤ ✢♦✇s ✇❤✐❝❤ ✐♥ t✉r♥

✐♥✢✉❡♥❝❡ t❤❡ st♦❝❦ ♣r✐❝❡s✳ ❙❝❤✇❡rt ✭✶✾✾✵✮ ✉s✐♥❣ ✶✵✵ ②❡❛rs ♦❢ ❞❛t❛ ✭✶✽✽✾✲✶✾✽✽✮ ✜♥❞ ❛ str♦♥❣

♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ r❡❛❧ st♦❝❦ r❡t✉r♥s ❛♥❞ ❢✉t✉r❡ ♣r♦❞✉❝t✐♦♥ ❣r♦✇t❤ r❛t❡s✳ ■♥

✶✸λd ❞❡♣❡♥❞s ♦♥ r❡❧❛t✐✈❡ r❛t❡ ♦❢ r❡t✉r♥ ♦♥ ❡q✉✐t② ❛♥❞ ❞❡❜t✳ ❘❡t✉r♥ ♦♥ ❡q✉✐t② ❝♦♥s✐sts ♦❢ ❞✐✈✐❞❡♥❞ ❛♥❞
❝❛♣✐t❛❧ ❣❛✐♥ ❛♥❞ r❛t❡ ♦❢ r❡t✉r♥ ♦♥ ❞❡❜t ✐s t❤❡ ✐♥t❡r❡st r❛t❡✳ ❋♦r t❤❡ ❯❙❆ ❢♦r t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s t❤❡
♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡t✉r♥s ❝♦♠❡s ❢r♦♠ ❝❛♣✐t❛❧ ❣❛✐♥✳ ❋✐❣✉r❡ ✸✳✶ s❤♦✇s t❤❡ r❡t✉r♥ ♦♥ ❞❡❜t ❛♥❞
❋✐❣✉r❡ ✸✳✷ s❤♦✇s t❤❡ r❛t✐♦ ♦❢ ♥❡t ❞✐✈✐❞❡♥❞ t♦ ♥❡t ♦♣❡r❛t✐♥❣ s✉r♣❧✉s✳ ◆♦t❡ t❤❛t st❛rt✐♥❣ ❢r♦♠ ✶✾✾✵✱ t❤✐s
r❛t✐♦ ♦❢ ♥❡t ❞✐✈✐❞❡♥❞ t♦ ♥❡t ♦♣❡r❛t✐♥❣ s✉r♣❧✉s ❤❛s ♥♦t ❝❤❛♥❣❡❞ ♠✉❝❤ t✐❧❧ ✷✵✵✸✳ ❙✐♠✐❧❛r❧②✱ st❛rt✐♥❣ ❢r♦♠
✶✾✾✷✱ t❤❡ ❧♦♥❣ t❡r♠ ✐♥t❡r❡st r❛t❡ ❞✐❞ ♥♦t ❝❤❛♥❣❡ ♠✉❝❤✳

✶✸



❙♦✉r❝❡✿ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❆♥❛❧②s✐s✱ ❉❡❝❡♠❜❡r ✷✶✱ ✷✵✶✽✱ ❚❛❜❧❡ ✶✳✶✵❀ ❛✉t❤♦r✬s ❝❛❧❝✉❧❛✲
t✐♦♥s✳

❋✐❣✉r❡ ✸✳✷✿ ◆❡t ❞✐✈✐❞❡♥❞ t♦ ♥❡t ♦♣❡r❛t✐♥❣ s✉r♣❧✉s ✐♥ t❤❡ ❯❙❆ ✭✶✾✽✵✲✷✵✶✻✮✳

❤✐s ❛♥❛❧②s✐s✱ t❤❡ ❢✉t✉r❡ ♣r♦❞✉❝t✐♦♥ ❣r♦✇t❤ r❛t❡ ✐s ❝❛♣❛❜❧❡ ♦❢ ❡①♣❧❛✐♥✐♥❣ ❛ ❧❛r❣❡ ❢r❛❝t✐♦♥

♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ st♦❝❦ r❡t✉r♥s✳ ❘❛t❛♥❛♣❛❦♦r♥ ❛♥❞ ❙❤❛r♠❛ ✭✷✵✵✼✮ ✉s✐♥❣ q✉❛rt❡r❧② ❞❛t❛

❜❡t✇❡❡♥ ✶✾✼✺ ❛♥❞ ✶✾✾✾✱ ❢♦✉♥❞ t❤❛t ✐♥❞✉str✐❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦s✐t✐✈❡❧② ✐♥✢✉❡♥❝❡s t❤❡ st♦❝❦

♣r✐❝❡s✳ ❆s t❤❡② ❛r❣✉❡✱ ❛ r✐s❡ ✐♥ ✐♥❞✉str✐❛❧ ♣r♦❞✉❝t✐♦♥ ✐♥❝r❡❛s❡ t❤❡ ❝♦r♣♦r❛t❡ ❡❛r♥✐♥❣s ❛♥❞

❤❡♥❝❡ ❡♥❤❛♥❝❡s t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ✜r♠✳ ❚❤✐s ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t ✐♥

t❤❡ st♦❝❦ ♠❛r❦❡t ❛♥❞ t❤❡r❡❢♦r❡ ❡♥❤❛♥❝❡s t❤❡ st♦❝❦ ♣r✐❝❡s✳ ◆❛✐❦ ❛♥❞ P❛❞❤✐ ✭✷✵✶✷✮ ✜♥❞

❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ✐♥❞✉str✐❛❧ ♣r♦❞✉❝t✐♦♥ ❛♥❞ st♦❝❦ ♣r✐❝❡s ❢♦r ■♥❞✐❛ ❢♦r t❤❡

♣❡r✐♦❞ ✶✾✾✹✕✷✵✶✶✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❡ ❡①♣❡❝t❡❞ ❝❛♣✐t❛❧ ❣❛✐♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤

r❛t❡✳✶✹ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ r❡♥t✐❡rs r❡❣❛r❞✐♥❣ ❢✉t✉r❡ ❝❛♣✐t❛❧ ❣❛✐♥ ❞❡♣❡♥❞s

♦♥ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ■❢ t❤❡ ❡❝♦♥♦♠② ✐s ♣❡r❢♦r♠✐♥❣ ✇❡❧❧✱ t❤❡② ❡①♣❡❝t t❤✐s t♦ s✉st❛✐♥ ❢♦r

❧♦♥❣✱ ❛♥❞ t❤❡② ❡①♣❡❝t ❛ s✐③❡❛❜❧❡ ❢✉t✉r❡ ❝❛♣✐t❛❧ ❣❛✐♥✳ ❙♦ t❤❡✐r ❞❡s✐r❡❞ ❡q✉✐t② t♦ ❞❡❜t r❛t✐♦

(λd) ✐♥❝r❡❛s❡s✳

▲❡t ✉s ❛ss✉♠❡

λd = εg; ε > 0 ✭✸✳✾✮

ε ♠❡❛s✉r❡s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❞❡s✐r❡❞ ❡q✉✐t② t♦ ❞❡❜t r❛t✐♦ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ❣r♦✇t❤ r❛t❡✳

❊q✉❛t✐♦♥ ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮ ②✐❡❧❞s✱

λ̇ = θ[εg − λ]

❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✾✮ t❤✐s ✐♠♣❧✐❡s t❤❛t

λ̇ = θ

[

ε

{
SFα0 + α1sfcq(1 + λ)d− α1sf (1− cr)id

1− cr + sf (cr − α1)

}

− λ

]

✭✸✳✶✵✮

✶✹◆♦t❡ t❤❛t ❝❛♣✐t❛❧ ❣❛✐♥ ♣❡r ✉♥✐t ♦❢ ❡q✉✐t② ✭✐♥ ✈❛❧✉❡ t❡r♠✮ ✐s ❡q✉❛❧ t♦ ❣r♦✇t❤ r❛t❡ ♦❢ ❡q✉✐t② ♣r✐❝❡s ❛s✱
ṖeE
PeE

= Ṗe

Pe
= P̂e

✶✹



⇒ λ̇ = θ

[
SFα0ε+ α1sfε{cq − (1− cr)i}d− [1− cr + sf (cr − α1)− α1sfcqεd]λ

1− cr + sf (cr − α1)

]

✭✸✳✶✶✮

■♥ ❡q✉✐❧✐❜r✐✉♠ λ̇ = 0✳ ❘❡❛rr❛♥❣✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ✇❡ ❣❡t

⇒ λ
∣
∣
λ̇=0

=
εSFα0 + εα1sf{cq − (1− cr)i}d
1− cr + sf (cr − α1)− α1sfcqεd

✭✸✳✶✷✮

❙♦ ♣✉tt✐♥❣ d = 0 ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✷✮ ✇❡ ❣❡t t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❛s

λ
∣
∣
d=0

λ̇=0
= εSFα0

1−cr+sf (cr−α1)
> 0✳

✸✳✸ ❏❛❝♦❜✐❛♥ ❡❧❡♠❡♥ts ♦❢ t❤❡ s②st❡♠

P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ✇✳r✳t✳ d ❛♥❞ λ r❡s♣❡❝t✐✈❡❧② ♣r♦✈✐❞❡s ✉s

J21 =
∂λ̇

∂d
=

θεα1sf{(1 + λ)cq − (1− cr)i}
1− cr + sf (cr − α1)

✭✸✳✶✸✮

J22 =
∂λ̇

∂λ
= −θ[1− cr + sf (cr − α1)− α1sfcqεd]

1− cr + sf (cr − α1)
✭✸✳✶✹✮

❘❡❛rr❛♥❣✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✇❡ ❣❡t✱

ḋ =
{

[(1−x)SF−sf ]α0−α0SF d−sf (1−α1+α1x){cq−(1−cr)i}d−sf (1−α1+α1x)cqλd

[1−cr+sf (cr−α1)]

}

−
{

α1sf{cq−(1−cr)i}d2−α1sf cqλd
2

[1−cr+sf (cr−α1)]

} ✭✸✳✶✺✮

P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✺✮ ✇✳r✳t✳ d ❛♥❞ λ r❡s♣❡❝t✐✈❡❧② ♣r♦✈✐❞❡s ✉s

J11 =
∂ḋ

∂d
=

−α0SF − sf (1− α1 + α1x+ 2α1d){(1 + λ)cq − (1− cr)i}
1− cr + sf (cr − α1)

=
(−l − 2hd)

1− cr + sf (cr − α1)
✭✸✳✶✻✮

J12 =
∂ḋ

∂λ
= −sfcqd(1− α1 + α1x+ α1d)

1− cr + sf (cr − α1)
✭✸✳✶✼✮

✇❤❡r❡ M = −α0SF − sf (1− α1 + α1x+ 2α1d){(1 + λ)cq − (1− cr)i} R 0; N = sfcqd(1−
α1 + α1x + α1d) > 0; P = εα1sf{(1 + λ)cq − (1 − cr)i} R 0; ❛♥❞ Q = [1 − cr + sf (cr −
α1)− α1sfcqεd] R 0.

◆♦✇ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ❝✉r✈❡ ✐s

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
=

−α0SF − sf (1− α1 + α1x+ 2α1d){(1 + λ)cq − (1− cr)i}
sfcqd(1− α1 + α1x+ α1d)

=
−α0SF − sf (1− α1 + α1x+ 2α1d){(1 + λ)cq − (1− cr)i}

sfcqd(1− α1 + α1x+ α1d)
=

M

N
✭✸✳✶✽✮

✶✺



✭❛✮ ❞✐❛❣r❛♠ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✭❜✮ ❞✐❛❣r❛♠ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡

❋✐❣✉r❡ ✸✳✸

❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ❝✉r✈❡ ✐s

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22
=

εα1sf{(1 + λ)cq − (1− cr)i}
[1− cr + sf (cr − α1)− α1sfcqεd]

=
P

Q
✭✸✳✶✾✮

◆♦t❡ t❤❛t ❢♦r {(1 + λ)cq − (1− cr)i} > 0 ✐✳❡✳ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤

r❡❣✐♠❡✱ J11 ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✱ ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡❧②

s❧♦♣❡❞ ✭❛s J12 ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✮✳ ❍♦✇❡✈❡r✱ ❢♦r {(1 + λ)cq − (1− cr)i} < 0 ✐✳❡✳ ✇❤❡♥ t❤❡

❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❢♦r s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ d ✭❛s ❧♦♥❣ ❛s d < −l
2h
)✱

J11 < 0 ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r

❛ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ d ✭∀d > −l
2h
)✱ J11 > 0 ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s

♣♦s✐t✐✈❡✳ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ✈❡rt✐❝❛❧❧② ❛s②♠♣t♦t✐❝ ❛t d′′′ =
1−cr+sf (cr−α1)

α1sf cqε
> 0✳ ❋✐❣✉r❡ ✸✳✸❛

r❡♣r❡s❡♥ts t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳ ❋r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

❝❛♥ ❜❡ ✐♥❢❡rr❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ✐rr❡s♣❡❝t✐✈❡ t❤❡ t❤❡

❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ J11 ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ ❍♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞

❣r♦✇t❤ r❡❣✐♠❡✱ J11 R 0 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r d R − l
2h
.

◆♦✇ ✇❡ ❡①♣❧❛✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✻✮✱ ✭✸✳✶✼✮✱ ✭✸✳✶✸✮✱ ❛♥❞ ✭✸✳✶✹✮ r❡s♣❡❝t✐✈❡❧②✳ J11 s❤♦✇s t❤❡

❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐ts❡❧❢✳

❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥

t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐✳❡✳ J11 < 0. ❚❤❡ r❡❛s♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❋♦r ❛ ❣✐✈❡♥

λ, ❛ ✉♥✐t r✐s❡ ✐♥ d ✐♥❝r❡❛s❡s t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ❜②
α1sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✉♥✐t ✭s❡❡ ❡q✉❛t✐♦♥

✭✷✳✶✹✮✮✳ ❋♦r ❡✈❡r② ✉♥✐t r✐s❡ ✐♥ d✱ t❤❡ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣ r✐s❡s ❜②
sf{(1+λ)cq−(1−cr)i}
{1−cr+sf (cr−α1)} ✉♥✐t ✭❛s

∂
∂d

(sf (πu
∗ − id)) =

sf{(1+λ)cq−(1−cr)i}
{1−cr+sf (cr−α1)} ✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛ r✐s❡ ✐♥ d, ✜♥❛♥❝❡ t❤r♦✉❣❤

t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s r✐s❡s ❜②
α1xsf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✉♥✐t✳ ❙♦✱ ❢♦r ❛ r✐s❡ ✐♥ d, t❤❡

✶✻



r✐s❡ ✐♥ ✜♥❛♥❝❡ t❤r♦✉❣❤ t❤❡ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣ ❛♥❞ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s t♦❣❡t❤❡r

❛r❡ ♠♦r❡ t❤❛♥ r❡q✉✐r❡❞ ❢♦r ✜♥❛♥❝✐♥❣ t❤❡ ♥❡✇ ✐♥✈❡st♠❡♥t ✭❛s
(1+α1x)sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} >
α1sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✮✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞❡❜t ❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮

❞❡❝r❡❛s❡s ❜②
(1−α1+α1x)sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✉♥✐t ✭❛s
∂
(

Ḋ
K

)

∂d
= − (1−α1+α1x)sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} <

0✮✳ ❆s ✇❡ ❦♥♦✇ ḋ = Ḋ
K
− dg∗✱ ✐♥ t❤❡ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d r❛✐s❡s dg∗✳ ❍❡♥❝❡

✇❡ ❣❡t J11 = ∂d∗

∂d
< 0 ✐✳❡✳ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦

❡✛❡❝t ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ♥❡❣❛t✐✈❡✳

❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d ❤❛s ❛♥

❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❚❤❡ r❡❛s♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❋♦r ❛ ❣✐✈❡♥ λ, ❛ r✐s❡ ✐♥ d ♥♦✇ ❞❡❝r❡❛s❡s t❤❡

✐♥✈❡st♠❡♥t r❛t❡ ❜②
α1sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✉♥✐t ✭❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✹✮✮✳ ❋♦r ❡✈❡r② ✉♥✐t r✐s❡ ✐♥

d, ✜♥❛♥❝❡ t❤r♦✉❣❤ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s ❢❛❧❧s ❜②
α1xsf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✉♥✐t✳ ❋♦r ❛ r✐s❡

✐♥ d, t❤❡ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ❞❡❝r❡❛s❡s ❜②
sf{(1+λ)cq−(1−cr)i}
{1−cr+sf (cr−α1)} ✉♥✐t✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❡✈❡r②

✉♥✐t r✐s❡ ✐♥ d✱ t❤❡ ✜♥❛♥❝❡ t❤r♦✉❣❤ t❤❡ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣s ❛♥❞ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s

t♦❣❡t❤❡r ❢❛❧❧ ♠♦r❡ t❤❛♥ t❤❡ ❢❛❧❧ ✐♥ ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ✭❛s ♥♦✇
(1+α1x)sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} <
α1sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} < 0✮✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡❜t ❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮

✐♥❝r❡❛s❡s ❜②
(1−α1+α1x)sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} ✉♥✐t ✭❛s
∂
(

Ḋ
K

)

∂d
= − (1−α1+α1x)sf{(1+λ)cq−(1−cr)i}

{1−cr+sf (cr−α1)} >

0✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ t❤❡ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d r❡❞✉❝❡s g∗✳

❚❤❡r❡❢♦r❡✱ t❤❡ ♥❡t ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ d ♦♥ (dg∗) ✐s ❛♠❜✐❣✉♦✉s✳ ❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t

♦❢ ❛ r✐s❡ ✐♥ d ♦♥ ḋ ✐s ❛♠❜✐❣✉♦✉s ❤❡r❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ d ❛♥❞ λ✳✶✺ ■❢

d < − l
2h
, ❛ r✐s❡ ✐♥ d ♥❡❣❛t✐✈❡❧② ❛✛❡❝ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐✳❡✳ J11 < 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ d ✭d > − l
2h
✮ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥

t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡r❡❢♦r❡ J11 > 0. ❙♦ ♠✉❝❤ s♦✱ ❛s −α0SF − sf (1− α1 + α1x+

2α1d){(1+λ)cq− (1−cr)i}= (−l−2hd), ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ J11 ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ d ✐♥ t❤❡ s❡♥s❡ t❤❛t ❝❧♦s❡r t❤❡

✈❛❧✉❡ ♦❢ d t♦ (− l
2h
), ❧♦✇❡r ✐s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ J11✳

❘❡♠❡♠❜❡r t❤❛t −l − 2hd = 0 ✐♠♣❧✐❡s λ
∣
∣
−l−2hd=0

= (1−cr)i−cq
cq

− α0SF

sf cq(1−α1+α1x+2α1d)
= λ̂−

α0SF

sf cq(1−α1+α1x+2α1d)
✳✶✻ ❲❤❡♥ d = 0, −l−2hd = 0 ✐♠♣❧✐❡s λ

∣
∣
d=0

−l−2hd=0
= λ̂− α0SF

sf cq(1−α1+α1x)
<

λ̂✳ ❆s d ❛♣♣r♦❛❝❤❡s t♦ ✐♥✜♥✐t②✱ ✇❡ ❣❡t limd→∞ λ
∣
∣
−l−2hd=0

= λ̂✳ ❚❤✉s ∀d ∈ [0,∞), −l −
2hd = 0 ✐♠♣❧✐❡s λ ≤ λ̂✳ ■♥ ♦t❤❡r ✇♦r❞s✱ −l − 2hd = 0 ✐s ❝♦♥s✐st❡♥t ♦♥❧② ✇✐t❤ t❤❡ ❞❡❜t✲

❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❋♦r −l−2hd = 0, ✇❡ ❣❡t dλ
dd

∣
∣
−l−2hd=0

= 2α0α1SF

sf cq(1−α1+α1x+2α1d)2
> 0✳

❚❤✉s t❤❡ s❧♦♣❡ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ d. ❍✐❣❤❡r t❤❡ ✈❛❧✉❡ ♦❢ d, ❧♦✇❡r ✐s

✶✺❆s l ❛♥❞ h ❜♦t❤ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ λ.
✶✻◆♦t❡ t❤❛t {(1 + λ)cq − (1 − cr)i} = 0 ✐♠♣❧✐❡s λ =

(1−cr)i−cq
cq

✳ ▲❡t ✉s ❛ss✉♠❡
(1−cr)i−cq

cq
= λ̂. ❙♦✱

λ > λ̂ ✐♠♣❧✐❡s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✇❤✐❧❡ λ < λ̂ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞
❣r♦✇t❤ r❡❣✐♠❡✳

✶✼



t❤❡ ✈❛❧✉❡ ♦❢ dλ
dd

∣
∣
−l−2hd=0

✐✳❡✳ ❛s d ✐♥❝r❡❛s❡s✱ t❤❡ s❧♦♣❡ ❞❡❝r❡❛s❡s✳ ❚❤❡ ✈✐♦❧❡t ❞♦tt❡❞ ❝✉r✈❡

✐♥ ❋✐❣✉r❡ ✸✳✸❛ s❤♦✇s ❚❤❡ ❞✐❛❣r❛♠ ♦❢ −l − 2hd = 0✳

J12 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦✳ ❋♦r ❛ ❣✐✈❡♥ d, ❛ r✐s❡ ✐♥ λ ✐♥❝r❡❛s❡s t❤❡ ✐♥✈❡st♠❡♥t r❛t❡ ❜②
α1sf cqd

{1−cr+sf (cr−α1)} ✉♥✐t

✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✶✻✮✮ ❛♥❞ t❤❡r❡❢♦r❡ ✜♥❛♥❝❡ t❤r♦✉❣❤ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s r✐s❡s ❜②
xα1sf cqd

{1−cr+sf (cr−α1)} ✉♥✐t✳ ❆ r✐s❡ ✐♥ λ r❛✐s❡s t❤❡ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣ r✐s❡s ❜②
sf cqd

{1−cr+sf (cr−α1)} ✉♥✐t✳

❙♦✱ ❢♦r ❛ r✐s❡ ✐♥ d, ✜♥❛♥❝❡ t❤r♦✉❣❤ t❤❡ r❡t❛✐♥❡❞ ❡❛r♥✐♥❣ ❛♥❞ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s

t♦❣❡t❤❡r ❛r❡ ♠♦r❡ t❤❛♥ r❡q✉✐r❡❞ ❢♦r ✜♥❛♥❝✐♥❣ t❤❡ ♥❡✇ ✐♥✈❡st♠❡♥t ✭❛s
(1+α1x)sf cqd

{1−cr+sf (cr−α1)} >
α1sf cqd

{1−cr+sf (cr−α1)}✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞❡❜t ❧❡✈❡❧ ✭♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ❝❛♣✐t❛❧ st♦❝❦✮

❞❡❝r❡❛s❡s ❜②
(1−α1+α1x)sf cqd

{1−cr+sf (cr−α1)} ✉♥✐t ✭❛s
∂
(

Ḋ
K

)

∂d
= − (1−α1+α1x)sf cqd

{1−cr+sf (cr−α1)} < 0✮✳✶✼ ❍❡♥❝❡ J12 ✐s

❛❧✇❛②s ♥❡❣❛t✐✈❡✳ ◆♦t❡ t❤❛t t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ J12✱ ❤♦✇❡✈❡r✱ ❞❡♣❡♥❞s ♣♦s✐t✐✈❡❧② ♦♥ t❤❡

❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳

J21 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ❡q✉✐t②✲❞❡❜t

r❛t✐♦✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d r❛✐s❡s g∗ ✇❤✐❝❤ ✐♥

t✉r♥ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ♦❢ t❤❡ r❡♥t✐❡rs✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛ ❣✐✈❡♥ λ, ❛ ❝❤❛♥❣❡

✐♥ d ♣♦s✐t✐✈❡❧② ❛✛❡❝ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✱ ✐✳❡✳ J21 ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ t❤❡ ♦♣♣♦s✐t❡

❤❛♣♣❡♥s✳ ❚❤✉s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮ ✇❡ ❣❡t ∀λ > λ̂, εα1sf{(1+λ)cq − (1− cr)i} > 0 ❛♥❞

∀λ < λ̂✱ εα1sf{(1 + λ)cq − (1 − cr)i} > 0 < 0. ❆❧s♦ ♥♦t❡ t❤❛t ❤✐❣❤❡r t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢

{(1 + λ)cq − (1− cr)i}✱ ❤✐❣❤❡r ✐s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ J21✳

J22 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳

❆ ✉♥✐t r✐s❡ ✐♥ λ r❛✐s❡s g∗ ✇❤✐❝❤ ✐♥ t✉r♥ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ♦❢ t❤❡ r❡♥t✐❡rs✱

❛♥❞ t❤❡r❡❜②✱ ✐♥❝r❡❛s❡s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❜② θε∂g∗

∂d
=

θεα1sf cqd

1−cr+sf (cr−α1)
✉♥✐t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❤♦❧❞✐♥❣ λd ❝♦♥st❛♥t✱ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡

❝❤❛♥❣❡ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❜② θ ✉♥✐t✳ ❚❤✉s✱ t❤❡ ♥❡t ❡✛❡❝t ✐s ❛♠❜✐❣✉♦✉s ❛♥❞ ❞❡♣❡♥❞s

♦♥ ✇❤❡t❤❡r θε∂g∗

∂d
> θ ♦r ♥♦t✳ ∀d < d′′′ =

1−cr+sf (cr−α1)

α1sf cqε
, [1−cr+sf (cr−α1)−α1sfcqεd] > 0

❛♥❞ t❤❡r❡❢♦r❡✱ J22 < 0✳✶✽ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ∀d > d′′′, J22 > 0. ❙♦ ♠✉❝❤ s♦✱ t❤❡ ♠❛❣♥✐t✉❞❡

♦❢ J22 ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ d ✐♥ t❤❡ s❡♥s❡ t❤❛t ❝❧♦s❡r t❤❡ ✈❛❧✉❡ ♦❢ d t♦ d′′′, ❧♦✇❡r

✐s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ J22✳

d = d′′′ ❛♥❞ λ = λ̂ ❧✐♥❡s ❞✐✈✐❞❡ t❤❡ ❞✐❛❣r❛♠ ✐♥t♦ ❢♦✉r q✉❛❞r❛♥ts✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡

✸✳✸❜✱ ✐♥ t❤❡ I q✉❛❞r❛♥t✱ J21 > 0 ❛♥❞ J22 > 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s

♥❡❣❛t✐✈❡✳ ■♥ t❤❡ II q✉❛❞r❛♥t✱ ❛s J21 > 0 ❛♥❞ J22 < 0✱ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡❧② s❧♦♣❡❞✳

■♥ t❤❡ III q✉❛❞r❛♥t✱ ❛s ❜♦t❤ J21 ❛♥❞ J22 ❛r❡ ♥❡❣❛t✐✈❡✱ ❛♥❞ t❤❡r❡❢♦r❡✱ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0

✶✼❙♦✱ ∂ḋ
∂λ

= − sf cqd(1−α1+α1x+α1d)
1−cr+sf (cr−α1)

< 0.
✶✽[1 − cr + sf (cr − α1) − α1sfcqεd] > 0 ✐♠♣❧✐❡s

εα1sf cqd

1−cr+sf (cr−α1)
< 1 ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s✱ θε∂g∗

∂d
=

θεα1sf cqd

1−cr+sf (cr−α1)
< θ✳ ❈♦♥s❡q✉❡♥t❧②✱ J22 < 0.

✶✽



✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ IV q✉❛❞r❛♥t✱ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ♣♦s✐t✐✈❡❧② s❧♦♣❡❞ ✭❛s

❤❡r❡✱ J21 < 0 ❛♥❞ J22 > 0✮✳

✹ P♦ss✐❜❧❡ ❈❛s❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①♣❧❛✐♥ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝❛s❡s ✇❤✐❝❤ ♠❛② ❛r✐s❡ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❞❡❜t ❛♥❞ t❤❡ ♣♦rt❢♦❧✐♦ ❞②♥❛♠✐❝s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛

❞❡❜t✲❧❡❞ ♦r ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ✇❡ ❝❛♥ ❤❛✈❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ❝❛s❡s✳ ❲❡ ♥♦✇

❛♥❛❧②③❡ t❤❡s❡ ❝❛s❡s st❡♣ ❜② st❡♣✳

✹✳✶ ❈❛s❡ ✶

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✱ ✐♥ ❝❛s❡ ✶✱ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♣❛ss✐♥❣ t❤r♦✉❣❤ q✉❛❞r❛♥ts II✱

III ❛♥❞ IV. ❍♦✇❡✈❡r✱ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s✐❣♥ ✐♥ t❤❡ III q✉❛❞r❛♥t✳ ■♥

❝❛s❡ ✶✱ t❤❡r❡❢♦r❡✱ d′ < d′′′✳ ■♥ t❤❡ II q✉❛❞r❛♥t ✇❡ ❣❡t ♦♥❧② ♦♥❡ st❡❛❞② st❛t❡ ♥❛♠❡❞ E1✳

❚❤❡r❡ ♠❛② ❜❡ t✇♦ ❡q✉✐❧✐❜r✐❛ ♥❛♠❡❞ E2 ❛♥❞ E3 ✐♥ t❤❡ III q✉❛❞r❛♥t ✇❤✐❧❡ t✇♦ ❡q✉✐❧✐❜r✐❛

♥❛♠❡❞ E4 ❛♥❞ E5 ❛r❡ ♣♦ss✐❜❧❡ ✐♥ t❤❡ IV q✉❛❞r❛♥t✳ ❙♦✱ ♠❛①✐♠✉♠ ✜✈❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛

❛r❡ ♣♦ss✐❜❧❡ ✐♥ ❝❛s❡ ✶✳

❈♦♥s✐❞❡r ♣♦✐♥t E1✿ ❍❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✭❛s λ > λ̂✮✳ λ > λ̂

❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮ ✐♠♣❧✐❡s J21 > 0✱ ✇❤❡r❡❛s λ > λ̂ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✻✮ ✐♠♣❧✐❡s J11 < 0✳

❆s d < d′′′✱ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮ ②✐❡❧❞s t❤❛t J22 < 0✳ J12 ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✳ ❚❤✉s ❛t E1✱ t❤❡

❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ✭❛s ❉❡t✭❏✮ = (

−
︷︸︸︷

J11

−
︷︸︸︷

J22 −
−

︷︸︸︷

J12

+
︷︸︸︷

J21 ) > 0✮✱

❛♥❞ t❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♥❡❣❛t✐✈❡ ✭tr✭❏✮ = (

−
︷︸︸︷

J11 +

−
︷︸︸︷

J22 ) < 0✮✳ ❍❡♥❝❡✱ ♣♦✐♥t

E1 ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳

▲❡t ✉s ❡①♣❧❛✐♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡ E1 ✐♥t✉✐t✐✈❡❧②✳ ❇❡❝❛✉s❡ ♦❢ s♦♠❡ ❡①♦❣❡♥♦✉s

s❤♦❝❦✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞❡✈✐❛t❡s ❢r♦♠ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳

❙✉♣♣♦s❡ t❤❛t t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❣r❡❛t❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋✐rst✱ ✐♥ t❤❡

❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ✐❢ d ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡ d∗✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡

t♦ ∂ḋ
∂d

= J11 < 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ❡✛❡❝t✳ ❙❡❝♦♥❞✱ ❛s t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❣r❡❛t❡r

t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✐♥❝r❡❛s❡s ❞✉❡ t♦ J21 > 0✳ ❚❤✐s ❧❡❛❞s t♦

❛ ❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❚❤✐s ✐s t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝t✳ ■♥ t❤❡ ❞❡❜t✲❧❡❞

❣r♦✇t❤ r❡❣✐♠❡✱ ❜♦t❤ t❤❡ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ❡✛❡❝ts ❛r❡ st❛❜❧❡✳ ❆s ❛ r❡s✉❧t✱ ✐♥ t❤✐s ❝❛s❡✱ ✐❢

t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ r✐s❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ❛❣❛✐♥ ❝♦♠❡s ❜❛❝❦ t♦ ✐ts st❡❛❞②

st❛t❡✳ ❍❡♥❝❡✱ t❤❡ st❡❛❞② st❛t❡ ✐s st❛❜❧❡✳

✶✾



❈♦♥s✐❞❡r ♣♦✐♥t E2✿ ❆t t❤❡ st❡❛❞② st❛t❡ E2✱ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡ ✭✐✳❡✳ λ < λ̂ ❤❡r❡✮✳ λ < λ̂ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮ ✐♠♣❧✐❡s J21 < 0✳ ❙❧♦♣❡ ♦❢ t❤❡

ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♥❡❣❛t✐✈❡ ❤❡r❡✱ ✐✳❡✳ dλ
dd

∣
∣
∣
∣
ḋ=0

= −J11
J12

< 0. ❆s J12 < 0, J11 ♠✉st ❜❡ ♥❡❣❛t✐✈❡

t❤❡♥✳✶✾ ❆t E2✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s♦ s♠❛❧❧ t❤❛t d < d′′′✳ ❊q✉❛t✐♦♥ ✭✸✳✶✹✮ ❛♥❞ d < d′′′

t♦❣❡t❤❡r ✐♠♣❧✐❡s J22 < 0. ❆t ♣♦✐♥t E2, s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❧❡ss t❤❛♥ t❤❡ s❧♦♣❡ ♦❢

t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
<

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22
< 0

⇒ (J11J22 − J12J21) > 0

❚❤❡r❡❢♦r❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♣♦s✐t✐✈❡✱ ❛♥❞ t❤❡ tr❛❝❡ ✐s ♥❡❣❛t✐✈❡ ✭tr✭❏✮ = J11 + J22 < 0✮✳

❙♦ ♣♦✐♥t E2 ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳

❉❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❞❡✈✐❛t❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ❛♥❞ ✐s ♥♦✇

❧♦✇❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚❤❡r❡ ❡①✐st t✇♦ ♦♣♣♦s✐t❡ ❡✛❡❝ts ♥❡❛r E2. ❋✐rst✱ ❛s t❤❡

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st r✐s❡ ❞✉❡ t♦ ∂ḋ
∂d

= J11 < 0✳

❚❤✐s ✐s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❙❡❝♦♥❞✱ t❤❡ ❢❛❧❧ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡

❡q✉✐t②✲❞❡❜t r❛t✐♦ ❞✉❡ t♦ J21 < 0✳ ❆s J12 < 0✱ t❤✐s r✐s❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧

✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s

λ ✐s ✈❡r② ❝❧♦s❡ t♦ λ̂ ♥❡❛r E2✱ ♠❛❣♥✐t✉❞❡ ♦❢ {(1 + λ)cq − (1 − cr)i} ✐s ✈❡r② s♠❛❧❧ ✐♥ s✐③❡✳

❚❤❡r❡❢♦r❡ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J21 ✐s ✈❡r② ✇❡❛❦ ✭s❡❡ ❋✐❣✉r❡ ✹✳✶ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮✮✳

❆s ❛ r❡s✉❧t✱ t❤❡ ❢❛❧❧ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ r✐s❡ ✐♥ t❤❡ ❡q✉✐t②✲

❞❡❜t r❛t✐♦ ✇❤✐❝❤ ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✼✮ ❧❡❛❞s t♦ ❛ ♥❡❣❧✐❣✐❜❧❡ ❛♠♦✉♥t ♦❢ ❢❛❧❧ ✐♥

t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭❛s d ✐s ❧♦✇ ♥❡❛r E2✱ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J12 ✐s ✈❡r② ✇❡❛❦ t♦♦✮✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t ❛♥❞ r❡s✉❧ts t❤❡

st❡❛❞② st❛t❡ t♦ ❜❡ st❛❜❧❡✳

❈♦♥s✐❞❡r ♣♦✐♥t E3✿ ❆s ❛t E3 λ < λ̂, t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡

❛♥❞ J21 < 0 ✳ ❆s d > −l
2h
, J11 > 0✳ ❆t E3✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s♦ s♠❛❧❧ t❤❛t d < d′′′✳

❊q✉❛t✐♦♥ ✭✸✳✶✹✮ ❛♥❞ d < d′′′ t♦❣❡t❤❡r ✐♠♣❧✐❡s J22 < 0. ❆t ♣♦✐♥t E3, s❧♦♣❡ ♦❢ t❤❡ ḋ = 0

✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
> 0 >

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22

⇒ (J11J22 − J12J21) < 0

❍❡♥❝❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ E3 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

✶✾❚❤❡ ♦t❤❡r ✇❛② ♦❢ ✜♥❞✐♥❣ ✇❤② J11 < 0 ✐s t❤❛t ❛s d ✐s s✉✣❝✐❡♥t❧② ❧♦✇ (d < −l
2h ), J11 ♠✉st ❜❡ ♥❡❣❛t✐✈❡

❤❡r❡✳

✷✵



❋✐❣✉r❡ ✹✳✶✿ ❝❛s❡ ✶

✷✶



▲❡t ✉s ❞✐s❝✉ss ✐t ✐♥t✉✐t✐✈❡❧②✳ ❊q✉✐t②✲❞❡❜t r❛t✐♦✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❞❡✈✐❛t❡s

❢r♦♠ t❤❡ st❡❛❞② st❛t❡✱ ❛♥❞ ✐s ♥♦✇ ❧♦✇❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚❤❡r❡ ❡①✐st t✇♦

♦♣♣♦s✐t❡ ❡✛❡❝ts ♥❡❛r t❤❡ st❡❛❞② st❛t❡ E3. ❋✐rst✱ ❛s t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥ ✐ts

st❡❛❞② st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st r✐s❡ ❞✉❡ t♦ J22 < 0. ❚❤✐s ✐s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱

❛s d ✐s ❝❧♦s❡ t♦ d′′′✱ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J22 ✐s ✈❡r② ✇❡❛❦ ✭s❡❡ ❋✐❣✉r❡ ✹✳✶ ❛♥❞ ❡q✉❛t✐♦♥

✭✸✳✶✹✮✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✐♥✐t✐❛❧ ❢❛❧❧ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛ s♠❛❧❧ ❛♠♦✉♥t r✐s❡ ✐♥ t❤❡

❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❙❡❝♦♥❞✱ t❤❡ ❢❛❧❧ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❆s J21 < 0✱ t❤✐s r✐s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡

❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❣❛♣

❜❡t✇❡❡♥ λ ❛♥❞ λ̂ ✐s ❤✐❣❤ ♥❡❛r E3✱ ♠❛❣♥✐t✉❞❡ ♦❢ {(1 + λ)cq − (1 − cr)i} ✐s ❧❛r❣❡ ✐♥ s✐③❡✳

❚❤❡r❡❢♦r❡ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J21 ✐s str♦♥❣ ✭s❡❡ ❋✐❣✉r❡ ✹✳✶ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮✮✳ ❆s

❛ r❡s✉❧t✱ t❤❡ r✐s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t

r❛t✐♦✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t ❛♥❞

r❡s✉❧ts t❤❡ st❡❛❞② st❛t❡ t♦ ❜❡ ✉♥st❛❜❧❡✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ st❛❜❧❡ ❛r♠ t❤❛t r❡❛❝❤❡s t♦ t❤❡

❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E3. ❍❡♥❝❡ E3 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

❈♦♥s✐❞❡r ♣♦✐♥t E4✿ ❆t t❤❡ st❡❛❞② st❛t❡ E4 t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡✱ ❛♥❞ ❤❡r❡ J21 < 0✳ d > −l
2h

✐♠♣❧✐❡s J11 > 0✳ d > d′′′ ✐♠♣❧✐❡s ✭❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮✮

J22 > 0. ❆t ♣♦✐♥t E4✱ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0

✐s♦❝❧✐♥❡ ✐✳❡✳
dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22
>

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
> 0

⇒ (J11J22 − J12J21) < 0

❆s t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✱ E4 ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

❙✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❞❡✈✐❛t❡s ❢r♦♠ t❤❡ st❡❛❞② st❛t❡✱ ❛♥❞ ✐s ♥♦✇

❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❋✐rst✱ ❛s t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞②

st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st r✐s❡ ❞✉❡ t♦ J22 > 0. ❙❡❝♦♥❞✱ t❤❡ r✐s❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛

❢❛❧❧ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❆s J21 < 0✱ t❤✐s ❢❛❧❧ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❙♦✱ ❜♦t❤ t❤❡ ❡✛❡❝ts ❛r❡ ✉♥st❛❜❧❡✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤❡ st❡❛❞② st❛t❡ ✐s ✉♥st❛❜❧❡✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ st❛❜❧❡ ❛r♠ t❤❛t r❡❛❝❤❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣♦✐♥t E4. ❍❡♥❝❡ E4 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

❈♦♥s✐❞❡r ♣♦✐♥t E5✿ ❍❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❈♦♥s❡✲

q✉❡♥t❧②✱ J21 < 0. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ d > d′′′✱ ❛♥❞ t❤❡r❡❢♦r❡✱ J22 > 0. ❆s d > −l
2h
✱ J11 > 0✳

❆t ♣♦✐♥t E5, s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
>

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22
> 0

⇒ (J11J22 − J12J21) > 0

✷✷



❋✐❣✉r❡ ✹✳✷✿ ❝❛s❡ ✶✿ ✇❤❡♥ ḋ = 0 ❛♥❞ λ̇ = 0 ✐s♦❝❧✐♥❡s ❛r❡ t❛♥❣❡♥t ❛t III ✫ IV q✉❛❞r❛♥ts

❚❤❡ ❞❡t❡r♠✐♥❛♥t ❛♥❞ t❤❡ tr❛❝❡ ✭tr✭❏✮ = J11 + J22 > 0✮ ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡ ❤❡r❡✳ ❙♦ ♣♦✐♥t

E5 ✐s ❛♥ ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

▲❡t ✉s ❞✐s❝✉ss ✐t ✐♥t✉✐t✐✈❡❧②✳ ❊q✉✐t②✲❞❡❜t r❛t✐♦✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❞❡✈✐❛t❡s ❢r♦♠

t❤❡ st❡❛❞② st❛t❡ ❛♥❞ ✐s ♥♦✇ ❧♦✇❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚❤❡r❡ ❡①✐st t✇♦ ♦♣♣♦s✐t❡

❡✛❡❝ts ♥❡❛r t❤❡ st❡❛❞② st❛t❡ E5. ❋✐rst✱ ❛s t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥ ✐ts st❡❛❞②

st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st ❢❛❧❧ ❞✉❡ t♦ J22 > 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❙❡❝♦♥❞✱ t❤❡ ❢❛❧❧

✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❆s J21 < 0✱

t❤✐s r✐s❡ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s

❛❧s♦ ❛♥ ✐♥❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❈♦♥s❡q✉❡♥t❧②✱ E5 ✐s ❛♥ ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳

■♥ ❝❛s❡ ✶✱ ✐♥st❡❛❞ ♦❢ E2 ❛♥❞ E3✱ ❛ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ E8 ❛♥❞ ✐♥st❡❛❞ ♦❢ E4 ❛♥❞ E5 ❛ ♥❡✇

❡q✉✐❧✐❜r✐✉♠ E9 ❛r❡ ❛❧s♦ ♣♦ss✐❜❧❡✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✷✱ E8 ❛♥❞ E9 ❛r❡ ❜♦t❤ s❛❞❞❧❡

♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡s✳

✹✳✷ ❈❛s❡ ✷

❈❛s❡ ✷ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✳ ❍❡r❡ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♣❛ss✐♥❣ t❤r♦✉❣❤ q✉❛❞r❛♥ts

II✱ III ❛♥❞ IV. ❍♦✇❡✈❡r✱ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s✐❣♥ ❛t t❤❡ d = d′′′ ❧✐♥❡✳

✷✸



❋✐❣✉r❡ ✹✳✸✿ ❝❛s❡ ✷

■♥ t❤❡ II q✉❛❞r❛♥t ✇❡ ❣❡t ♦♥❧② ♦♥❡ st❡❛❞② st❛t❡ ♥❛♠❡❞ E1✳ ❚✇♦ ❡q✉✐❧✐❜r✐❛ ♥❛♠❡❞ E2

❛♥❞ E3 ❛r❡ ♣♦ss✐❜❧❡ ✐♥ t❤❡ III q✉❛❞r❛♥t ✇❤✐❧❡ E4 ❛♥❞ E5 t❤❡s❡ t✇♦ ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣♦ss✐❜❧❡

✐♥ t❤❡ IV q✉❛❞r❛♥t✳ ❙♦✱ ✐♥ t♦t❛❧✱ ♠❛①✐♠✉♠ ✜✈❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣♦ss✐❜❧❡ ✐♥ ❝❛s❡

✷✳ ◆♦t❡ t❤❛t✱ ✐♥ ❝❛s❡ ✷✱ d′′′ = d′✳ ❋♦r ❡q✉✐❧✐❜r✐❛ ♣♦✐♥ts E1, E2, E4 ❛♥❞ E5 t❤❡ ❛♥❛❧②s✐s ✐s

t❤❡ s❛♠❡ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐❧✐❜r✐❛ ♣♦✐♥ts ✐♥ ❝❛s❡ ✶✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥

❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E3 ❤❡r❡✳

❈♦♥s✐❞❡r ♣♦✐♥t E3✿ ❆t t❤❡ st❡❛❞② st❛t❡ E3 t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡✱ ❛♥❞ J21 < 0✳ ❆s d < −l
2h
, J11 < 0✳ ❆t E3✱ ❛s d < d′′′✱ J22 < 0. ❆t ♣♦✐♥t E3, s❧♦♣❡

♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
>

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22

⇒ (J11J22 − J12J21) < 0

❍❡♥❝❡✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ E3 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

❙✐♠✐❧❛r t♦ ❝❛s❡ ✶✱ ✐♥st❡❛❞ ♦❢ E2 ❛♥❞ E3✱ ❛ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ E8 ❛♥❞ ✐♥st❡❛❞ ♦❢ E4 ❛♥❞ E5 ❛

♥❡✇ ❡q✉✐❧✐❜r✐✉♠ E9 ❛r❡ ♣♦ss✐❜❧❡✳ E8 ❛♥❞ E9 ❛r❡ ❜♦t❤ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡s

✭s❡❡ ❋✐❣✉r❡ ✹✳✹✮✳

✷✹



❋✐❣✉r❡ ✹✳✹✿ ❝❛s❡ ✷✿ ✇❤❡♥ ḋ = 0 ❛♥❞ λ̇ = 0 ✐s♦❝❧✐♥❡s ❛r❡ t❛♥❣❡♥t ❛t III ✫ IV q✉❛❞r❛♥ts

✹✳✸ ❈❛s❡ ✸

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✱ ❤❡r❡ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♣❛ss✐♥❣ t❤r♦✉❣❤ q✉❛❞r❛♥ts II✱ III

❛♥❞ IV. ❇✉t✱ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s✐❣♥ ✐♥ t❤❡ IV q✉❛❞r❛♥t✳ ❚❤❡r❡❢♦r❡✱

✐♥ ❝❛s❡ ✸✱ d′ > d′′′✳ ❲❡ ❣❡t ❛ ✉♥✐q✉❡ st❡❛❞② st❛t❡ ✭E1✮ ✐♥ II q✉❛❞r❛♥t✳ ❚✇♦ ❡q✉✐❧✐❜r✐❛

✭E2 ❛♥❞ E3✮ ❛r❡ ♣♦ss✐❜❧❡ ✐♥ t❤❡ III q✉❛❞r❛♥t✱ ✇❤❡r❡❛s ✐♥ t❤❡ IV q✉❛❞r❛♥t✱ ✇❡ ❣❡t t✇♦

❡q✉✐❧✐❜r✐❛ ✭E4 ❛♥❞ E5✮✳ ❚❤❡r❡❢♦r❡✱ ❛t ♠♦st✱ ✜✈❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣♦ss✐❜❧❡ ✐♥ ❝❛s❡

✸✳ ❋♦r ❡q✉✐❧✐❜r✐❛ E1, E2, ❛♥❞ E5✱ t❤❡ ❛♥❛❧②s✐s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐❧✐❜r✐❛

♣♦✐♥ts ✐♥ ❝❛s❡ ✶ ✇❤✐❧❡ ❢♦r ♣♦✐♥t E3✱ t❤❡ ❛♥❛❧②s✐s ✐s t❤❡ s❛♠❡ ❛s ✐♥ E3 ♦❢ ❝❛s❡ ✷✳ ❙♦✱ ✇❡

❢♦❝✉s ♦♥❧② ♦♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E4 ❤❡r❡✳

❈♦♥s✐❞❡r ♣♦✐♥t E4✿ ❆t t❤❡ st❡❛❞② st❛t❡ E4 t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡✳ J21 < 0 ❤❡r❡✳ ❆s d < −l
2h
, J11 < 0✳ ❆t E4✱ ❛s d > d′′′✱ J22 > 0. ❍❡r❡✱ t❤❡ s❧♦♣❡ ♦❢

t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22
> 0 >

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12

⇒ (J11J22 − J12J21) < 0

❆s t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✱ E4 ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

✷✺



❋✐❣✉r❡ ✹✳✺✿ ❝❛s❡ ✸

❙✐♠✐❧❛r t♦ ❝❛s❡ ✶✱ ✐♥st❡❛❞ ♦❢ E2 ❛♥❞ E3✱ ❛ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ E8 ❛♥❞ ✐♥st❡❛❞ ♦❢ E4 ❛♥❞ E5 ❛

♥❡✇ ❡q✉✐❧✐❜r✐✉♠ E9 ❛r❡ ♣♦ss✐❜❧❡✳ E8 ❛♥❞ E9 ❛r❡ ❜♦t❤ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡s

✭s❡❡ ❋✐❣✉r❡ ✹✳✻✮✳

✹✳✹ ❈❛s❡ ✹

❈❛s❡ ✹ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✼✳ ❍❡r❡ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ♣❛ss✐♥❣ t❤r♦✉❣❤ q✉❛❞r❛♥ts

II✱ I ❛♥❞ IV ✱ ❛♥❞ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ❝❤❛♥❣❡s ✐ts s✐❣♥ ♦♥ t❤❡ IV q✉❛❞r❛♥t✳ ❆s ❛

r❡s✉❧t✱ d′′′ < d′ ❤❡r❡✳ ■♥ t❤❡ II q✉❛❞r❛♥t✱ ✇❡ ❣❡t ❛ ✉♥✐q✉❡ st❡❛❞② st❛t❡ ✭E1✮✳ ❚❤❡r❡ ❛r❡ t✇♦

❡q✉✐❧✐❜r✐❛ ✭E6 ❛♥❞ E7✮ ✐♥ t❤❡ I q✉❛❞r❛♥t ✇❤✐❧❡ E4 ❛♥❞ E5✲ t❤❡s❡ t✇♦ ❡q✉✐❧✐❜r✐❛ ❛r❡ ✐♥ t❤❡

IV q✉❛❞r❛♥t✳ ❙♦✱ ❛t ♠♦st✱ ✜✈❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣♦ss✐❜❧❡ ✐♥ ❝❛s❡ ✹✳ ❋♦r ❡q✉✐❧✐❜r✐❛

E1 ❛♥❞ E5✱ t❤❡ ❛♥❛❧②s✐s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐❧✐❜r✐❛ ✐♥ ❝❛s❡ ✶✱ ✇❤✐❧❡ ❢♦r

♣♦✐♥t E4✱ t❤❡ ❛♥❛❧②s✐s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t ✐♥ ❝❛s❡ ✸✳ ❚❤❡r❡❢♦r❡✱ ✇❡

♥♦✇ ❢♦❝✉s ♦♥❧② ♦♥ ❡q✉✐❧✐❜r✐❛ E6 ❛♥❞ E7✳

❈♦♥s✐❞❡r ♣♦✐♥t E6✿ ❆t t❤❡ st❡❛❞② st❛t❡ E6✱ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡

✐✳❡✳ ❤❡r❡ λ > λ̂. ❍❡r❡✱ J21 > 0, ❛♥❞ J11 < 0✳ ❆s d > d′′′✱ J22 > 0. ❆t ♣♦✐♥t E6✱ s❧♦♣❡ ♦❢

✷✻



❋✐❣✉r❡ ✹✳✻✿ ❝❛s❡ ✸✿ ✇❤❡♥ ḋ = 0 ❛♥❞ λ̇ = 0 ✐s♦❝❧✐♥❡s ❛r❡ t❛♥❣❡♥t ❛t III ✫ IV q✉❛❞r❛♥ts

❋✐❣✉r❡ ✹✳✼✿ ❝❛s❡ ✹

✷✼



❋✐❣✉r❡ ✹✳✽✿ ❝❛s❡ ✹✿ ✇❤❡♥ ḋ = 0 ❛♥❞ λ̇ = 0 ✐s♦❝❧✐♥❡s ❛r❡ t❛♥❣❡♥t ❛t IV q✉❛❞r❛♥t

t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12
>

dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22

⇒ (J11J22 − J12J21) > 0

❚❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r✱ s✐❣♥ ♦❢ t❤❡ t❤❡ tr❛❝❡ ✐s ❛♠❜✐❣✉♦✉s ✭❛s tr✭❏✮ =

J11 + J22 = (−l−2hd)
1−cr+sf (cr−α1)

+
−θ[1−cr+sf (cr−α1)−α1sf cqεd]

1−cr+sf (cr−α1)
R 0✮✳ ❚❤❡r❡❢♦r❡✱ E6 ✐s ❛ st❛❜❧❡

st❡❛❞② st❛t❡ ✐❢ θ < θ̂ =
−α0SF−sf (1−α1+α1x+2α1d){(1+λ)cq−(1−cr)i}

[1−cr+sf (cr−α1)−α1sf cqεd]
✱ ❛♥❞ ✉♥st❛❜❧❡ ✐❢ θ > θ̂✳

❍♦✇❡✈❡r✱ st❛rt✐♥❣ ✇✐t❤ ❛ ❧♦✇ ✈❛❧✉❡ ♦❢ θ ✐❢ ✐t ✐♥❝r❡❛s❡s t♦ θ̂✱ t❤❡ ❡❝♦♥♦♠② ❧♦s❡s ✐ts st❛❜✐❧✐t②

❛♥❞ ❣✐✈❡s ❜✐rt❤ t♦ ❛ ❧✐♠✐t ❝②❝❧❡✳ ▼♦r❡ ❞✐s❝✉ss✐♦♥ r❡❣❛r❞✐♥❣ ❍♦♣❢✲❜✐❢✉r❝❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞

✐♥ ❙❡❝t✐♦♥ ✺✳

❈♦♥s✐❞❡r ♣♦✐♥t E7✿ ❆t t❤❡ st❡❛❞② st❛t❡ E7 t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡

✐✳❡✳ ❤❡r❡ λ > λ̂. ❍❡r❡✱ J21 > 0, ❛♥❞ J11 < 0✳ ❆s d > d′′′✱ J22 > 0. ❍❡r❡✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡

λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳

0 >
dλ

dd

∣
∣
∣
∣
λ̇=0

= −J21

J22
>

dλ

dd

∣
∣
∣
∣
ḋ=0

= −J11

J12

⇒ (J11J22 − J12J21) < 0

❆s t❤❡ ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✱ E7 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

▲❡t ✉s ❞✐s❝✉ss ✐t ✐♥t✉✐t✐✈❡❧②✳ ❊q✉✐t②✲❞❡❜t r❛t✐♦✱ s✉♣♣♦s❡ ❞✉❡ t♦ s♦♠❡ r❡❛s♦♥✱ ❞❡✈✐❛t❡s ❢r♦♠

t❤❡ st❡❛❞② st❛t❡ ❛♥❞ ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚❤❡r❡ ❡①✐st t✇♦ ♦♣♣♦s✐t❡

❡✛❡❝ts ♥❡❛r t❤❡ st❡❛❞② st❛t❡ E7. ❋✐rst✱ ❛s t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ ✐ts st❡❛❞②

✷✽



st❛t❡ ✈❛❧✉❡✱ ✐t ♠✉st r✐s❡ ❞✉❡ t♦ J22 > 0✳ ❚❤✐s ✐s t❤❡ ❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s d

✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ d′′′✱ t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦❢ J22 ✐s str♦♥❣ ✭s❡❡ ❋✐❣✉r❡ ✹✳✼ ❛♥❞ ❡q✉❛t✐♦♥

✭✸✳✶✹✮✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✐♥✐t✐❛❧ r✐s❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❝❛✉s❡s ❛ ❢✉rt❤❡r ❛♥❞ ❧❛r❣❡ ❛♠♦✉♥t

♦❢ r✐s❡ ✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❙❡❝♦♥❞✱ t❤❡ r✐s❡ ✐♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡

❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❞✉❡ t♦ J12 < 0✳ ❆s J21 > 0✱ t❤✐s ❢❛❧❧ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ ❢❛❧❧

✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❚❤✐s s❡❝♦♥❞ ❡✛❡❝t ✐s ❛♥ ✐♥❞✐r❡❝t st❛❜❧❡ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s t❤❡

❣❛♣ ❜❡t✇❡❡♥ λ ❛♥❞ λ̂ ✐s ❧♦✇ ♥❡❛r E7✱ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ J21 ✐s ✇❡❛❦ ✭s❡❡ ❋✐❣✉r❡ ✹✳✼ ❛♥❞

❡q✉❛t✐♦♥ ✭✸✳✶✸✮✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❢❛❧❧ ✐♥ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❧❡❛❞s t♦ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❢❛❧❧

✐♥ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞✐r❡❝t ✉♥st❛❜❧❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ st❛❜❧❡

✐♥❞✐r❡❝t ❡✛❡❝t ❛♥❞ r❡s✉❧ts ✐♥ t❤❡ st❡❛❞② st❛t❡ t♦ ❜❡ ✉♥st❛❜❧❡✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ st❛❜❧❡

❛r♠ t❤❛t r❡❛❝❤❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E7. ❍❡♥❝❡ E7 ❡♠❡r❣❡s ❛s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

■♥ ❝❛s❡ ✹✱ ✐♥st❡❛❞ ♦❢ E4 ❛♥❞ E5✱ ❛ ♥❡✇ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡ E9 ✐s ❛❧s♦

♣♦ss✐❜❧❡✳ ❋✐❣✉r❡ ✹✳✽ ✐❧❧✉str❛t❡s t❤✐s✳

❚❛❜❧❡ ✹✳✶ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ♦❢ t❤❡ st❛❜✐❧✐t② r❡❧❛t❡❞ t♦ ✈❛r✐♦✉s st❡❛❞② st❛t❡s✳

❚❛❜❧❡ ✹✳✶✿ ❙✉♠♠❛r② ♦❢ st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡s

❈❛s❡ ◗✉❛❞r❛♥t ❙t❡❛❞② st❛t❡ ❙✐❣♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ J ◆❛t✉r❡ ♦❢ t❤❡ st❡❛❞② st❛t❡

✶

II E1 J11 < 0✱ J12 < 0✱ J21 > 0✱ J22 < 0 st❛❜❧❡

III

E2 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 st❛❜❧❡
E3 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡
E8 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡✲♥♦❞❡

IV

E4 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡
E5 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 ✉♥st❛❜❧❡
E9 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 s❛❞❞❧❡✲♥♦❞❡

✷
III E3 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 < 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡

❘❡s✉❧ts ♦❢ ♦t❤❡r st❡❛❞② st❛t❡s ❛r❡ s✐♠✐❧❛r t♦ ❝❛s❡ ✶

✸
IV E4 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡

❘❡s✉❧ts ♦❢ ♦t❤❡r st❡❛❞② st❛t❡s ❛r❡ s✐♠✐❧❛r t♦ ❝❛s❡ ✶

✹

II E1 J11 < 0✱ J12 < 0✱ J21 > 0✱ J22 < 0 st❛❜❧❡

I
E6 J11 < 0✱ J12 < 0✱ J21 > 0✱ J22 > 0 st❛❜❧❡✴✉♥st❛❜❧❡✴❧✐♠✐t ❝②❝❧❡
E7 J11 < 0✱ J12 < 0✱ J21 > 0✱ J22 > 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡

IV

E4 J11 < 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡
E5 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 ✉♥st❛❜❧❡
E9 J11 > 0✱ J12 < 0✱ J21 < 0✱ J22 > 0 s❛❞❞❧❡✲♥♦❞❡

❋r♦♠ t❤❡ ❛♥❛❧②s✐s ♦❢ ❙❡❝t✐♦♥ ✹✱ t✇♦ ♣♦✐♥ts ❛r❡ ✇♦rt❤ r❡♠❡♠❜❡r✐♥❣✳

❘❡♠❛r❦ ✶✳ ■❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❧♦✇❡r ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✭✐✳❡✳ d < d′′′✮ ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❛❝❤✐❡✈✐♥❣ t❤❡ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞② st❛t❡✳

❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❛❝❤✐❡✈✐♥❣ st❛❜✐❧✐t② ✭❢♦r ❡①❛♠♣❧❡ s❡❡ E6 ♦❢

❝❛s❡ ✹✱ ❋✐❣✉r❡ ✹✳✼✮✳

❘❡♠❛r❦ ✷✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❧♦✇❡r ❧❡✈❡❧ ♦❢

✷✾



❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭✐✳❡✳ d < − l
2h
✮ ✐s ❛ ♥❡❝❡ss❛r② ✭❛❧t❤♦✉❣❤ ♥♦t s✉✣❝✐❡♥t✮ ❝♦♥❞✐t✐♦♥ ❢♦r

❛❝❤✐❡✈✐♥❣ t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✭❙❡❡ E2 ♦❢ ❝❛s❡ ✶✱ ❋✐❣✉r❡ ✹✳✶✮✳✷✵

✺ ❍♦♣❢ ❇✐❢✉r❝❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❡♠❡r❣❡♥❝❡ ♦❢ ❝②❝❧❡ ❛s ❛ s♦❧✉t✐♦♥ t♦ t❤❡

❞②♥❛♠✐❝❛❧ s②st❡♠s r❡♣r❡s❡♥t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✶✮✳ ❈♦♥s✐❞❡r t❤❡ st❡❛❞② st❛t❡

E6 ♦❢ ❝❛s❡ ✹✳ ❲❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❋♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r θ✱ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✸✳✶✺✮ ✫ ✭✸✳✶✶✮ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ st❡❛❞② st❛t❡ E6 ❤❛s ♣✉r❡❧② ✐♠❛❣✲

✐♥❛r② r♦♦ts ❛♥❞ ❢♦r t❤❡ s❛♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ θ = θ̂ =
−α0SF−sf (1−α1+α1x+2α1d){(1+λ)cq−(1−cr)i}

[1−cr+sf (cr−α1)−α1sf cqεd]

♣r♦✈✐❞❡s ❛ ♣♦✐♥t ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✶✳

◆♦t❡ t❤❛t ❢♦r θ < θ̂, t❤❡ tr❛❝❡ ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡ ❛♥❞ ❤❡♥❝❡ ✇❡ ❤❛✈❡ ❛ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✳

❍♦✇❡✈❡r ✇❤❡♥ θ > θ̂, t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥st❛❜❧❡✳ ❲❤❡♥ θ r✐s❡s t♦ θ̂, t❤❡ s②st❡♠ ✇✐t❤ ❛

st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❧♦s❡s ✐ts st❛❜✐❧✐t② ❛♥❞ ❣✐✈❡s ❜✐rt❤ t♦ ❛ ❧✐♠✐t ❝②❝❧❡✳✷✶ ❚❤❡r❡❢♦r❡✱

❢♦r ❡♥s✉r✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✱ ❛ str✐❝t❧② r❡❣✉❧❛t❡❞ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✐s ❞❡s✐r❛❜❧❡✳

❯s✐♥❣ ❳PP❆❯❚ s♦❢t✇❛r❡ ✇❡ ✜♥❞ t❤❛t t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s s✉❜✲❝r✐t✐❝❛❧ ✐♥ ♥❛t✉r❡ ✐✳❡✳

❛♥ ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ❡①✐sts ✭s❤♦✇♥ ❜② ❜❧✉❡ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✺✳✶❛✮✳ ❲❡ ❞r❛✇ t❤❡ s♦❧✉t✐♦♥

♣❛t❤ ❢r♦♠ t = 0 t♦ t = 200✱ ❛♥❞ ✇❡ ✜♥❞ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ✐s ♥♦t ❛ ♣❡r❢❡❝t ❝❧♦s❡❞

♦r❜✐t✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❧♦s❡ t♦ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s♦❧✉t✐♦♥

♣❛t❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✭s❤♦✇♥ t❤r♦✉❣❤ ❣r❡❡♥ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✺✳✶❛✮✱ ✇❤❡r❡❛s

❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤

❞✐✈❡r❣❡s ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✭❛s s❤♦✇♥ ❜② ♦r❛♥❣❡ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✺✳✶❛✮✳ ❈♦♥s❡q✉❡♥t❧②✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐♥ t❤✐s ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✱ t❤❡ s✉❜✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛♥❞

t❤❡ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ✐s ✉♥st❛❜❧❡✳ ■♥st❡❛❞ ♦❢ ❝❛❧✐❜r❛t✐♥❣ ❛ r❡❛❧ ❡❝♦♥♦♠②✱ t❤❡ ♣r✐♠❛r②

♣✉r♣♦s❡ ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ st✉❞② ✐s t♦ ❝♦♥✜r♠ ✇❤❡t❤❡r t❤❡ ♠♦❞❡❧ ♣r♦❞✉❝❡s t❤❡ ❧✐♠✐t

❝②❝❧❡ ❛♥❞ t♦ ♦❜s❡r✈❡ ✐ts ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✈❛❧✉❡s s♦ t❤❛t ✇❡

♦❜t❛✐♥ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ♦✉t❝♦♠❡s✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇❡ s❡t α0 = 0.1✱ α1 = 0.6,

cq = 0.03, sf = 0.4, i = 0.8, cr = 0.4, ε = 100, x = −0.6, θ̂ = 3.008✳ ❲❡ ❣❡t t❤❡

❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s d∗ = 0.78215 ❛♥❞ λ∗ = 19.635 ❢♦r t❤❡ st❡❛❞② st❛t❡ E6 ♦❢ ❝❛s❡ ✹✳✷✷

✷✵❚♦ s❡❡ t❤❛t ✐t ✐s ♥♦t ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✱ s❡❡ ❋✐❣✉r❡ ✹✳✷ ✇❤❡r❡ ❛t E8, d < − l
2h , ♥♦♥❡t❤❡❧❡ss t❤❡

st❡❛❞② st❛t❡ ✐s ♥♦t ❛ st❛❜❧❡ ♦♥❡✳
✷✶◆♦t❡ t❤❛t t❤❡ ❧✐♠✐t ❝②❝❧❡ ❝❛♥ ❛r✐s❡ ♦♥❧② ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳
✷✷◆♦t❡ t❤❛t ❤❡r❡ ❡q✉❛t✐♦♥s ✭✷✳✼✮✱ ✭✷✳✽✮✱ ✭✷✳✶✵✮✱ [(1− x)SF − sf ] > 0, d > d′′′✱ λ > λ̂ ✲ ❛❧❧ ❛r❡ s❛t✐s✜❡❞✳

✸✵



✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (d, λ) ♣❧❛♥❡✿ ❛♥ ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ❞✉❡ t♦ s✉❜✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥

✭❜✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ ❡q✉✐t②✲❞❡❜t r❛t✐♦

✭❝✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

❋✐❣✉r❡ ✺✳✶✿ ▲✐♠✐t ❝②❝❧❡
✸✶



❋✐❣✉r❡ ✺✳✶❛ s❤♦✇s ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡ (d, λ)✲♣❧❛♥❡✳ ■♥ t❤❡ (d, λ)✲♣❧❛♥❡ ❛♥t✐✲❝❧♦❝❦✇✐s❡

❝②❝❧❡ ❡♠❡r❣❡s✳ ❋✐❣✉r❡ ✺✳✶❜ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛♥❞

❋✐❣✉r❡ ✺✳✶❝ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❡①♣❧❛✐♥ t❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❧✐♠✐t ❝②❝❧❡ ✉♥❞❡r t❤❡

❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✳ ❋✐rst✱ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ t❤❡

s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡ ❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦ ✐s ♥❡❣❛t✐✈❡✱ ✐✳❡✳ J11 =
∂ḋ
∂d

< 0✳ ❇❡s✐❞❡s✱ ❤❡r❡

t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✐s ♣♦s✐t✐✈❡✱ ✐✳❡✳ J22 = ∂λ̇
∂λ

> 0✳ ❲❤❡♥

t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r θ ✐s s♠❛❧❧✱ t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡ ❡q✉✐t②✲

❞❡❜t r❛t✐♦ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ s❡❧❢✲❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦❢ t❤❡ ❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ s♦ t❤❡

❡❝♦♥♦♠② ❛❝❤✐❡✈❡s st❛❜✐❧✐t② ✭❆s t❤❡ tr❛❝❡ ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❤❡r❡✮✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥

t❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s✱ t❤❡ ❡❝♦♥♦♠② ❜❡❝♦♠❡s ✉♥st❛❜❧❡✳ ❚❤✉s✱ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs ✐♥ t❤❡

❜♦✉♥❞❛r② ❜❡t✇❡❡♥ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ t❤❡ st❛❜❧❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝t ✐✳❡✳ ✇❤❡♥ θ r❡❛❝❤❡s ✐ts

❝r✐t✐❝❛❧ ✈❛❧✉❡ θ̂✳

✻ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ✐♥✢✉❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ♦❢

t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❚❛❜❧❡ ✻✳✶ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ♦❢ t❤❡

❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳

❚❤❡ t♦t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✸✳✶✺✮ ✫ ✭✸✳✶✶✮ s❤♦✇s t❤❡ ❡✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝

❝❤❛♥❣❡s ✐♥ t❤❡ ❡❝♦♥♦♠② ✇❤✐❝❤ ✐♠♣❧②

[

J11 J12

J21 J22

][

dd

dλ

]

=

[

0

−θg

]

dε+

[

g

0

]

dx+

[

− sf (1−cr)d(1−α1+α1x+α1d)

1−cr+sf (cr−α1)
θεα1sf (1−cr)d

1−cr+sf (cr−α1)

]

di ✭✻✳✶✮

❋r♦♠❡ ❡q✉❛t✐♦♥ ✭✻✳✶✮ ✇❡ ❣❡t✱ dd∗

dε
= θg∗J12

(J11J22−J12J21)
✱ dλ∗

dε
= −θg∗J11

(J11J22−J12J21)
❀ dd∗

dx
= g∗J22

(J11J22−J12J21)
✱

dλ∗

dx
= −g∗J21

(J11J22−J12J21)
❀ dd∗

di
=

− sf (1−cr)d(1−α1+α1x+α1d)

1−cr+sf (cr−α1)
J22−

θεα1sf (1−cr)d

1−cr+sf (cr−α1)
J12

(J11J22−J12J21)
✱

❛♥❞ dλ∗

di
=

θεα1sf (1−cr)d

1−cr+sf (cr−α1)
J11+

sf (1−cr)d(1−α1+α1x+α1d)

1−cr+sf (cr−α1)
J21

(J11J22−J12J21)
✳ ◆♦t❡ t❤❛t ❢♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝✱ t❤❡

❛♥❛❧②s✐s ♦❢ ❝❛s❡ ✷ ✫ ✸ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❝❛s❡ ✶✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❝✉s ♦♥ t✇♦ ❝❛s❡s ♦♥❧②✿

❝❛s❡ ✶ ❛♥❞ ❝❛s❡ ✹✳

✻✳✶ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ ε

❈❛s❡ ✶✿ ▲❡t ✉s ❝♦♥s✐❞❡r ❝❛s❡ ✶ ✜rst✳ ❍❡r❡ ♦♥❧② t✇♦ ❡q✉✐❧✐❜r✐❛ ❛r❡ st❛❜❧❡✿ E1 ❛♥❞ E2✳

✸✷



❚❛❜❧❡ ✻✳✶✿ ❙✉♠♠❛r② ♦❢ ✈❛r✐♦✉s ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts

✭❛✮ ❙✉♠♠❛r② ♦❢ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ❢♦r ❛ ❝❤❛♥❣❡ ✐♥ ε

❈❛s❡ ❙t❡❛❞② st❛t❡s ❊✛❡❝t ♦♥ d∗ ❊✛❡❝t ♦♥ λ∗ ❊✛❡❝t ♦♥ g∗

✶
E1 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s
E2 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡

✷ ❙❛♠❡ ❛s ✐♥ ❝❛s❡ ✶
✸ ❙❛♠❡ ❛s ✐♥ ❝❛s❡ ✶

✹
E1 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s
E6 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s

✭❜✮ ❙✉♠♠❛r② ♦❢ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ❢♦r ❛ ❝❤❛♥❣❡ ✐♥ i

❈❛s❡ ❙t❡❛❞② st❛t❡s ❊✛❡❝t ♦♥ d∗ ❊✛❡❝t ♦♥ λ∗ ❊✛❡❝t ♦♥ g∗

✶
E1 ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s
E2 ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡ ♥❡❣❛t✐✈❡

✷ ❙❛♠❡ ❛s ✐♥ ❝❛s❡ ✶
✸ ❙❛♠❡ ❛s ✐♥ ❝❛s❡ ✶

✹
E1 ♣♦s✐t✐✈❡ ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s
E6 ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s ❛♠❜✐❣✉♦✉s

✭❝✮ ❙✉♠♠❛r② ♦❢ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ❢♦r ❛ ❝❤❛♥❣❡ ✐♥ x

❈❛s❡ ❙t❡❛❞② st❛t❡s ❊✛❡❝t ♦♥ d∗ ❊✛❡❝t ♦♥ λ∗ ❊✛❡❝t ♦♥ g∗

✶
E1 ♥❡❣❛t✐✈❡ ♥❡❣❛t✐✈❡ ♥❡❣❛t✐✈❡
E2 ♥❡❣❛t✐✈❡ ♣♦s✐t✐✈❡ ♣♦s✐t✐✈❡

✷ ❙❛♠❡ ❛s ✐♥ ❝❛s❡ ✶
✸ ❙❛♠❡ ❛s ✐♥ ❝❛s❡ ✶

✹
E1 ♥❡❣❛t✐✈❡ ♥❡❣❛t✐✈❡ ♥❡❣❛t✐✈❡
E6 ♣♦s✐t✐✈❡ ♥❡❣❛t✐✈❡ ❛♠❜✐❣✉♦✉s

✸✸



❈♦♥s✐❞❡r ♣♦✐♥t E1✿ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✶✱ ❢♦r ❛ r✐s❡ ✐♥ ε✱ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t

♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ r✐s❡s✱ ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s st❡❡♣❡r✳ ❇❡s✐❞❡s✱

t❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❞❡❝r❡❛s❡s✳✷✸ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡✳

❈♦♥s❡q✉❡♥t❧②✱ d∗ ❞❡❝r❡❛s❡s ❛♥❞ λ∗ ✐♥❝r❡❛s❡s✳

❚❤❡ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ ❢❛❧❧ ✐♥ d∗ ❛♥❞ t❤❡ r✐s❡ ✐♥ λ∗ ✐s ❛s ❢♦❧❧♦✇s✳ ❆ r✐s❡ ✐♥

ε✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ♦❢ r❡♥t✐❡rs ❛♥❞ t❤❡r❡❜② ♣✉s❤❡s t❤❡

λ̇ = 0 ✐s♦❝❧✐♥❡ ✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ λ, ❛t t❤❡ ♦❧❞ st❡❛❞② st❛t❡ E1✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦

✐s ❤✐❣❤❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r λ̇ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤

r❡❣✐♠❡✱ t❤✐s ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ d ♣✉ts ✉♣✇❛r❞ ♣r❡ss✉r❡ ♦♥ ❡q✉✐t②✲❞❡❜t r❛t✐♦ t❤r♦✉❣❤ ❡q✉❛t✐♦♥

✭3.13)✳ ❆s ❛ r❡s✉❧t✱ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ✭λ✮ st❛rts r✐s✐♥❣✳ ❆s s♦♦♥ ❛s λ r✐s❡s✱ ❞❡❜t ♠❛r❦❡t

❞❡✈✐❛t❡s ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥✳ ●✐✈❡♥ t❤❡ ❧❡✈❡❧ ♦❢ d, λ ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ r❡q✉✐r❡❞

❢♦r ḋ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❆s ∂ḋ
∂λ

= J12 < 0✱ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ♠✉st ❢❛❧❧✳ ❈♦♠❜✐♥❛t✐♦♥

♦❢ ❤✐❣❤❡r ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛♥❞ ❧♦✇❡r ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✉❧t✐♠❛t❡❧② ❡♥s✉r❡ t♦ ❛❝❤✐❡✈❡ t❤❡

♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E ′
1 ❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ♦r s♣✐r❛❧✐♥❣ ❛r♦✉♥❞ E1.

❆s ❞❡♠♦♥str❛t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✷✮✱ ❛t E1✱ ε ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥

❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳

dg∗

dε
=







+
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

dd∗

dε
+

+
︷︸︸︷

∂g∗

∂λ

+
︷︸︸︷

dλ∗

dε







R 0 ✭✻✳✷✮

❆t E1, ❛s ε ✐♥❝r❡❛s❡s✱ λ
∗ ✐♥❝r❡❛s❡s ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥❤❛♥❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ r✐s❡ ✐♥ ε ❞❡❝r❡❛s❡s d∗✱ ❛♥❞ s♦ g∗ ❞❡❝❧✐♥❡s✳ ❍❡♥❝❡✱ t❤❡

✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ ε ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳

❈♦♥s✐❞❡r ♣♦✐♥t E2✿ ❋♦r ❛ r✐s❡ ✐♥ ε, ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ r✐s❡s✱ ✇❤✐❧❡

t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡ st❡❡♣❡r✳✷✹ ❆t E2, ❛ r✐s❡ ✐♥ ε ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ λ∗ ❛♥❞ ❛ ❢❛❧❧

✐♥ d∗✳ ❆t E2✱ ε ❤❛s ❛♥ ♦✈❡r❛❧❧ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✻✳✸✮✮✳

dg∗

dε
=







−
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

dd∗

dε
+

+
︷︸︸︷

∂g∗

∂λ

+
︷︸︸︷

dλ∗

dε







> 0 ✭✻✳✸✮

✷✸❆s ∂
∂ε

(

λ
∣
∣
d=0

λ̇=0

)

= SFα0

1−cr+sf (cr−α1)
> 0✱ ❛♥❞ ∂

∂ε

(
dλ
dd

∣
∣
λ̇=0

)
=

α1sf{(1+λ)cq−(1−cr)i}[1−cr+sf (cr−α1)]
[1−cr+sf (cr−α1)−α1sf cqεd]2

> 0.

❆❧s♦ ♥♦t❡ t❤❛t✱ ∂d′′′

∂ε
= ∂

∂ε

(
1−cr+sf (cr−α1)

εα1sf cq

)

< 0✳

❋r♦♠ ❤❡r❡ ♦♥✇❛r❞ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s r❡♣r❡s❡♥t❡❞ t❤r♦✉❣❤ ❜❧✉❡ s♦❧✐❞ ❧✐♥❡ ❛♥❞ ❛❢t❡r
t❤❡ ❝❤❛♥❣❡ ✭♦r s❤✐❢t✮✱ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥ ♦❢ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ✐s r❡♣r❡s❡♥t❡❞ t❤r♦✉❣❤ t❤❡ ❜❧✉❡ ❞♦tt❡❞ ❧✐♥❡✳
❙✐♠✐❧❛r❧②✱ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s r❡♣r❡s❡♥t❡❞ t❤r♦✉❣❤ r❡❞ s♦❧✐❞ ❧✐♥❡ ❛♥❞ ❛❢t❡r t❤❡ ❝❤❛♥❣❡ ✭♦r s❤✐❢t✮✱ t❤❡ ♥❡✇
♣♦s✐t✐♦♥ ♦❢ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ ✐s r❡♣r❡s❡♥t❡❞ t❤r♦✉❣❤ t❤❡ r❡❞ ❞♦tt❡❞ ❧✐♥❡✳

✷✹❆s ∂
∂ε

(

λ
∣
∣
d=0

λ̇=0

)

= SFα0

1−cr+sf (cr−α1)
> 0✱ ❛♥❞ ∂

∂ε

(
dλ
dd

∣
∣
λ̇=0

)
=

α1sf{(1+λ)cq−(1−cr)i}[1−cr+sf (cr−α1)]
[1−cr+sf (cr−α1)−α1sf cqεd]2

< 0.

✸✹



❋✐❣✉r❡ ✻✳✶✿ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ε✿ ❝❛s❡ ✶

❆t E2, ❛s ε ✐♥❝r❡❛s❡s✱ λ∗ ✐♥❝r❡❛s❡s ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥❤❛♥❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ r✐s❡ ✐♥ ε ❞❡❝r❡❛s❡s d∗. ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞

❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❢❛❧❧ ✐♥ d∗ ✐♥ t✉r♥ r❛✐s❡s g∗✳ ❍❡♥❝❡✱ ε ❤❛s ❛♥ ♦✈❡r❛❧❧ ❡①♣❛♥s✐♦♥❛r② ❡✛❡❝t

♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❚❤✉s ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛

r❡❧❛t✐✈❡❧② ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✭❛s λ ❛♥❞ λ̂ ❛r❡ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r ❛t E2✮✱

❛♥❞ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s r❡❧❛t✐✈❡❧② ❧♦✇ ✭❛s d < −l
2h

❛♥❞ d < d′′′ ❛t E2✮✱ ❛ r✐s❡ ✐♥ ε✱ t❤❡

❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ st✐♠✉❧❛t❡s ❞❡s✐r❡❞ ❡q✉✐t②✲❞❡♣♦s✐t r❛t✐♦

♦❢ r❡♥t✐❡rs✱ r❛✐s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳

❈❛s❡ ✹✿ ❍❡r❡ ♣♦✐♥t E1 ✐s ❛ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ❛♥❛❧②s✐s ❢♦r E1 ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❝❛s❡

✶✳ ❍♦✇❡✈❡r ❢♦r ♣♦✐♥t E6, ✐ts st❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r θ✳ ❙✉♣♣♦s❡

θ < θ̂ s♦ t❤❛t E6 ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳ ❆t E6✱ ❛s
∂
∂ε

(
dλ
dd

∣
∣
λ̇=0

)
> 0✱ t❤❡ s❧♦♣❡ ♦❢ λ̇ = 0

❝✉r✈❡ ❜❡❝♦♠❡s ✢❛tt❡r ✭❋✐❣✉r❡ ✻✳✷✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛ r✐s❡ ✐♥ ε✱ d∗ ❞❡❝r❡❛s❡s ❛♥❞ λ∗

✐♥❝r❡❛s❡s✳

❆ r✐s❡ ✐♥ ε r❛✐s❡s λ∗ ✐♥ E4. ❚❤✐s ✭λ
∗✮ ✐♥ t✉r♥ ❡♥❤❛♥❝❡s g∗✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ r✐s❡ ✐♥ ε

❞❡❝r❡❛s❡s d∗. ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❢❛❧❧ ✐♥ d∗ ✐♥ t✉r♥ ❞❡❝r❡❛s❡s

g∗✳ ❍❡♥❝❡✱ ε ❤❛s ❛♥ ♦✈❡r❛❧❧ ❛♠❜✐✈❛❧❡♥t ❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✻✳✹✮✮✳

dg∗

dε
=







+
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

dd∗

dε
+

+
︷︸︸︷

∂g∗

∂λ

+
︷︸︸︷

dλ∗

dε







R 0 ✭✻✳✹✮

✸✺



❋✐❣✉r❡ ✻✳✷✿ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ε✿ ❝❛s❡ ✹

✻✳✷ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ r❛t❡ ♦❢ ✐♥t❡r❡st✱ i

❈❛s❡ ✶✿ ❚❤❡r❡ ❛r❡ t✇♦ st❛❜❧❡ st❡❛❞② st❛t❡s ✐♥ ❝❛s❡ ✶✲ E1 ❛♥❞ E2.

❈♦♥s✐❞❡r ♣♦✐♥t E1✿ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ ❢♦r ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ t❤❡

ḋ = 0 ❝✉r✈❡ s❤✐❢ts ✉♣✇❛r❞ ✇❤❡r❡❛s t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s ✢❛tt❡r✳✷✺ ❚❤❡r❡❢♦r❡✱ ✇❡

❣❡t dd∗

di
> 0 ❛♥❞ dλ∗

di
R 0✳ ■♥t❡r❡st r❛t❡ ❤❛s ♦♥❧② ❛ ❞✐r❡❝t ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ g∗ ✐♥ t❤❡ s❤♦rt

r✉♥✳ ❍♦✇❡✈❡r✱ ❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✺✮✱ ❛t E1✱ i ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ t❤❡

❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳

dg∗

di
=







+
︷︸︸︷

∂g∗

∂d

+
︷︸︸︷

dd∗

di
+

+
︷︸︸︷

∂g∗

∂λ

+/−
︷︸︸︷

dλ∗

di
+

−
︷︸︸︷

∂g∗

∂i







R 0 ✭✻✳✺✮

❆t E1, ❛s i ✐♥❝r❡❛s❡s✱ d ✐♥❝r❡❛s❡s ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥❤❛♥❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✲

✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✭❜❡❝❛✉s❡ ❤❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✮✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ✐♥t❡r❡st r❛t❡ ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ λ∗ ✇❤✐❧❡ λ∗ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥

g∗✳ ❋✐♥❛❧❧②✱ ✐♥t❡r❡st r❛t❡ ❤❛s ❛ ❞✐r❡❝t ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ i ♦♥ g∗ ✐s ❛♠❜✐❣✉♦✉s✳

✷✺P❛rt✐❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ λ
∣
∣
ḋ=0

✭❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✹✮✮ ✇✐t❤ r❡s♣❡❝t t♦ i ✇❡ ❣❡t✱ ∂
∂i

(
λ
∣
∣
ḋ=0

)
= (1−cr)

cq
> 0.

❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥ t❤❡ ✈❛❧✉❡ ♦❢ d, ❢♦r ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ λ ✐s r❡q✉✐r❡❞ s♦ t❤❛t
ḋ = 0 ✐s s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡ t❤❡ ḋ = 0 ❝✉r✈❡ s❤✐❢ts ✉♣✇❛r❞✳ P❛rt✐❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ λ

∣
∣
λ̇=0

✭❢r♦♠ ❡q✉❛t✐♦♥

✭✸✳✶✷✮✮ ✇✐t❤ r❡s♣❡❝t t♦ i ✇❡ ❣❡t✱ ∂
∂i

(
λ
∣
∣
λ̇=0

)
=

−εα1sf (1−cr)d
[1−cr+sf (cr−α1)−α1sf cqεd]

< 0. ❍❡♥❝❡✱ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢

d, t♦ s❛t✐s❢② λ̇ = 0✱ ❛ ❧♦✇❡r ✈❛❧✉❡ ♦❢ λ ✐s r❡q✉✐r❡❞✳ ❚❤❡r❡❢♦r❡ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s ✢❛tt❡r ❤❡r❡✳

✸✻



❋✐❣✉r❡ ✻✳✸✿ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ i✿ ❝❛s❡ ✶

❈♦♥s✐❞❡r ♣♦✐♥t E2✿ ❇❡❝❛✉s❡ ♦❢ ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ t❤❡ ḋ = 0 ❝✉r✈❡ s❤✐❢ts ✉♣✇❛r❞✳

❍♦✇❡✈❡r✱ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s st❡❡♣❡r✳✷✻ ❆s ❛ r❡s✉❧t✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ ❛ r✐s❡

✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ d∗ ❛♥❞ ❛ ❢❛❧❧ ✐♥ λ∗✳ ❆t E2✱ i ❤❛s ❛ ✈✐✈✐❞❧② ♥❡❣❛t✐✈❡

❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❆t E2✱ ❛s i ✐♥❝r❡❛s❡s✱

d ✐♥❝r❡❛s❡s ✇❤✐❝❤ ✐♥ t✉r♥ r❡❞✉❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✭❜❡❝❛✉s❡

t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥t❡r❡st r❛t❡ ❤❛s

❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ λ∗ ✇❤✐❧❡ λ∗ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ g∗✳ ❙♦✱ ❛ r✐s❡ ✐♥ i, t❤r♦✉❣❤ ✐ts

♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ λ✱ ❞❡❝r❡❛s❡s g∗ ✐♥❞✐r❡❝t❧②✳ ❋✐♥❛❧❧②✱ ✐♥t❡r❡st r❛t❡ ❤❛s ❛ ❞✐r❡❝t ♥❡❣❛t✐✈❡

❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥

i ♦♥ g∗ ✐s ✉♥❡q✉✐✈♦❝❛❧❧② ♥❡❣❛t✐✈❡ ✭s❡❡ ✭✻✳✻✮✮✳

dg∗

di
=







−
︷︸︸︷

∂g∗

∂d

+
︷︸︸︷

dd∗

di
+

+
︷︸︸︷

∂g∗

∂λ

−
︷︸︸︷

dλ∗

di
+

−
︷︸︸︷

∂g∗

∂i







< 0 ✭✻✳✻✮

❈❛s❡ ✹✿ ❋♦r ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡✱ ✇❤✐❧❡ t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts ✉♣✇❛r❞✱ t❤❡ λ̇ = 0

❝✉r✈❡ ❜❡❝♦♠❡s ✢❛tt❡r ❤❡r❡ ✭s❡❡ ❋✐❣✉r❡ ✻✳✹✮✳✷✼ ❚❤❡ ✐♥t❡r❡st r❛t❡ ❤❡r❡ ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s

✷✻❆s ∂
∂i

(
λ
∣
∣
λ̇=0

)
=

−εα1sf (1−cr)d
[1−cr+sf (cr−α1)−α1sf cqεd]

< 0, ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ d, t♦ s❛t✐s❢② λ̇ = 0✱ ❛ ❧♦✇❡r ✈❛❧✉❡

♦❢ λ ✐s r❡q✉✐r❡❞✳ ❚❤❡r❡❢♦r❡ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s st❡❡♣❡r ❤❡r❡✳
✷✼❆s ∂

∂i

(
λ
∣
∣
λ̇=0

)
=

−εα1sf (1−cr)d
[1−cr+sf (cr−α1)−α1sf cqεd]

> 0, ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ d, t♦ s❛t✐s❢② λ̇ = 0✱ ❛ ❤✐❣❤❡r ✈❛❧✉❡

✸✼



❋✐❣✉r❡ ✻✳✹✿ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ i✿ ❝❛s❡ ✹

❡✛❡❝t ♦♥ ❜♦t❤ d∗ ❛♥❞ λ∗✳ ■♥t❡r❡st r❛t❡ ❤❛s ❛♥ ❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ g∗ t♦♦ ✇❤✐❝❤ ✐s s❤♦✇♥

♠❛t❤❡♠❛t✐❝❛❧❧② ❜② ❡q✉❛t✐♦♥ ✭✻✳✼✮✳

dg∗

di
=







+
︷︸︸︷

∂g∗

∂d

+/−
︷︸︸︷

dd∗

di
+

+
︷︸︸︷

∂g∗

∂λ

+/−
︷︸︸︷

dλ∗

di
+

−
︷︸︸︷

∂g∗

∂i







R 0 ✭✻✳✼✮

✻✳✸ ❊✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✐♥✈❡st♠❡♥t ✇❤✐❝❤ ✐s ✜✲

♥❛♥❝❡❞ ❜② ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s✱ x

❈❛s❡ ✶✿ ❚✇♦ ❡q✉✐❧✐❜r✐❛✱ E1 ❛♥❞ E2✱ ❛r❡ st❛❜❧❡ ✐♥ ❝❛s❡ ✶✳

❈♦♥s✐❞❡r ♣♦✐♥t E1✿

❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✺✱ ❢♦r ❛ ❢❛❧❧ ✐♥ x✱ ✐✳❡✳ ✇❤❡♥ ✏s❤❛r❡ ❜✉②❜❛❝❦s✑ ❤❛♣♣❡♥s✱ ḋ = 0

✐s♦❝❧✐♥❡ s❤✐❢ts ✉♣✇❛r❞✳ ❍♦✇❡✈❡r✱ x ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡✳✷✽ ❚❤❡r❡❢♦r❡✱ ❛s

x ✐♥❝r❡❛s❡s✱ d∗ ❛♥❞ λ∗ ❜♦t❤ ❞❡❝r❡❛s❡ ✇❤❡r❡❛s ❛ ❢❛❧❧ ✐♥ x ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ ❜♦t❤ λ∗ ❛♥❞ d∗.

♦❢ λ ✐s r❡q✉✐r❡❞✳ ❚❤❡r❡❢♦r❡ t❤❡ λ̇ = 0 ✐s♦❝❧✐♥❡ ❜❡❝♦♠❡s ✢❛tt❡r ❤❡r❡✳
✷✽❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✹✮ ♣❛rt✐❛❧❧② ✇✳r✳t✳ x ✇❡ ❣❡t ∂

∂x

(
λ
∣
∣
ḋ=0

)
=

−[1−cr+sf (cr−α1)]α0sf cqd

[(1−α1+α1x)cqsfd+sf cqα1d2]2 < 0.

❙♦ ❛s x r✐s❡s✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ λ ❞❡❝r❡❛s❡s✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ✐❢ t❤❡ ḋ = 0 ❝✉r✈❡ s❤✐❢ts ❞♦✇♥✇❛r❞✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐❢ x ❞❡❝r❡❛s❡s✱ ḋ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts ✉♣✇❛r❞✳

✸✽



❚❤❡ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ■❢ x ❞❡❝r❡❛s❡s ✐✳❡✳ ✇❤❡♥ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞

✏s❤❛r❡ ❜✉②❜❛❝❦s✑ ❤❛♣♣❡♥s✱ ❢♦r t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ✐♥✈❡st♠❡♥t✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ♥♦✇ ✜r♠s

❣❡t ❧❡ss ❢✉♥❞s t❤r♦✉❣❤ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s ❛♥❞ ❛s ❛ r❡s✉❧t t❤❡ ḋ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts

✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ λ, ❛t t❤❡ ♦❧❞ st❡❛❞② st❛t❡ E1✱ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇❡r t❤❛♥

r❡q✉✐r❡❞ ❢♦r ♥❡✇ ḋ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❆s ∂ḋ
∂d

= J11 < 0✱ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ st❛rts r✐s✐♥❣✳

❆s s♦♦♥ ❛s d r✐s❡s✱ λ̇ = 0 ✐s ♥♦ ♠♦r❡ s❛t✐s✜❡❞✳ ●✐✈❡♥ t❤❡ ❧❡✈❡❧ ♦❢ λ, d ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥

r❡q✉✐r❡❞ ❢♦r λ̇ = 0 t♦ ❜❡ s❛t✐s✜❡❞✳ ❆s ∂λ̇
∂d

= J21 > 0✱ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛❧s♦ st❛rts r✐s✐♥❣✳

❈♦♠❜✐♥❛t✐♦♥ ♦❢ ❤✐❣❤❡r ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛♥❞ ❤✐❣❤❡r ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✉❧t✐♠❛t❡❧② ❡♥s✉r❡

t♦ ❛❝❤✐❡✈❡ t❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t E ′
1 ❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ♦r s♣✐r❛❧✐♥❣ ❛r♦✉♥❞ E1.

❆s ❞❡♠♦♥str❛t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✽✮✱ ❛t E1✱ x ❤❛s ❛♥ ✉♥❡q✉✐✈♦❝❛❧❧② ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡

❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳

dg∗

dx
=







+
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

dd∗

dx
+

+
︷︸︸︷

∂g∗

∂λ

−
︷︸︸︷

dλ∗

dx







< 0 ✭✻✳✽✮

❆t E1, ❛s x ✐♥❝r❡❛s❡s✱ λ∗ ❞❡❝r❡❛s❡s ❛♥❞ ❛s ❛ r❡s✉❧t g∗ ❢❛❧❧s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ r✐s❡ ✐♥

x ❞❡❝r❡❛s❡s d∗. ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ t❤✐s ❢❛❧❧ ✐♥ d∗ r❡❞✉❝❡s g∗✳

❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ x ♦♥ g∗ ✐s ✈✐✈✐❞❧② ♥❡❣❛t✐✈❡✳ ❚❤✉s ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s

✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ❛♥❞ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s✐❣♥✐✜❝❛♥t❧② ❧♦✇ ✭❛s d < −l
2h

❛♥❞

d < d′′′ ❛t E1✮✱ r❡♣✉r❝❤❛s❡s ♦❢ ❡q✉✐t✐❡s ❜② ✜r♠s ✭✐✳❡✳ ❛ ❢❛❧❧ ✐♥ x✮ st✐♠✉❧❛t❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠

r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳

❈♦♥s✐❞❡r ♣♦✐♥t E2✿ ❍❡r❡ dd∗

dx
< 0 ❛♥❞ dλ∗

dx
> 0✳ ❚❤✉s ❛s x ✐♥❝r❡❛s❡s✱ d∗ ❞❡❝r❡❛s❡s ❛♥❞

λ∗ ✐♥❝r❡❛s❡s✱ ❛♥❞ ✇❤❡♥ x ❞❡❝r❡❛s❡s✱ λ∗ ❞❡❝r❡❛s❡s ✇❤✐❧❡ d∗ ✐♥❝r❡❛s❡s ✭s❡❡ ❋✐❣✉r❡ ✻✳✺✮✳ ❚❤❡

r❡❛s♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ■❢ x ✐♥❝r❡❛s❡s✱ ❢♦r t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ✐♥✈❡st♠❡♥t✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ♥♦✇

✜r♠s ❣❡t ♠♦r❡ ❢✉♥❞s t❤r♦✉❣❤ t❤❡ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s✱ ❛♥❞ ❛s ❛ r❡s✉❧t d ❢❛❧❧s ✭❛s ♥♦✇

ḋ < 0✮✳ ❆s ❤❡r❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❢♦r ❛ ❢❛❧❧ ✐♥ d, g∗ r✐s❡s

✇❤✐❝❤ ✐♥ t✉r♥ r❛✐s❡s t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ❡q✉✐t②✲❞❡❜t r❛t✐♦✳ ❍❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉✐t②✲

❞❡❜t r❛t✐♦ r✐s❡s t♦♦✳ ❚❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s ❢♦r ❛ ❢❛❧❧ ✐♥ x ✭✐✳❡✳ ✇❤❡♥ ✏s❤❛r❡ ❜✉②❜❛❝❦s✑

❤❛♣♣❡♥s✮✳

❆ r✐s❡ ✐♥ x, ❤❛s ❛♥ ✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢

❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛t E2✳ ❆s x ✐♥❝r❡❛s❡s✱ λ∗ r✐s❡s ✇❤✐❝❤ ✐♥ t✉r♥ ❜♦♦sts g∗✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❛ r✐s❡ ✐♥ x r❡❞✉❝❡s d∗. ❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱

t❤✐s ❢❛❧❧ ✐♥ d∗ ✐♥ t✉r♥ ❡♥❤❛♥❝❡s g∗✳ ❍❡♥❝❡✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ ❛ r✐s❡ ✐♥ x ♦♥ g∗ ✐s ✈✐✈✐❞❧②

♣♦s✐t✐✈❡✳

dg∗

dx
=







−
︷︸︸︷

∂g∗

∂d

−
︷︸︸︷

dd∗

dx
+

+
︷︸︸︷

∂g∗

∂λ

+
︷︸︸︷

dλ∗

dx







> 0 ✭✻✳✾✮

✸✾



❋✐❣✉r❡ ✻✳✺✿ ❊✛❡❝t ♦❢ ❛ ❢❛❧❧ ✐♥ x✿ ❝❛s❡ ✶

◆♦t❡ t❤❛t ❢♦r ❛ ❞❡❝r❡❛s❡ ✐♥ x✱ t❤❡ t✇♦ ❡q✉✐❧✐❜r✐❛ E2 ❛♥❞ E3 ❝♦♠❡ ❝❧♦s❡r ❛♥❞ ❢♦r ❛ s✉✣❝✐❡♥t

❢❛❧❧ ✐♥ x, ❜♦t❤ t❤❡ ❡q✉✐❧✐❜r✐❛ ❝♦♥✈❡r❣❡ t♦ ❛ ✉♥✐q✉❡ s❛❞❞❧❡✲♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡ E8✳

❚❤✉s✱ ✐♥ t❤❡ ❡r❛ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥✱ ❛s ♠♦r❡ ♦❢ ❛ s❤❛r❡ ❜✉②✲❜❛❝❦ ✐s ❤❛♣♣❡♥✐♥❣ ✭❛♥❞ ❧❡ss

♣r♦♣♦rt✐♦♥ ♦❢ ✐♥✈❡st♠❡♥t ✐s ✜♥❛♥❝❡❞ t❤r♦✉❣❤ ✐ss✉❛♥❝❡ ♦❢ ♥❡✇ ❡q✉✐t✐❡s✮✱ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠②

✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ❛♥❞ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❧♦✇ ✭✐✳❡✳ ✇❤❡♥ d < −l
2h

❛♥❞ d < d′′′✮✱ ♥♦t ♦♥❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❞❡❝❧✐♥❡s✱ t❤❡ st❛❜❧❡

❡q✉✐❧✐❜r✐✉♠ E2 ♠❛② ❧♦s❡ ✐ts st❛❜✐❧✐t② ❛s ✇❡❧❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛t ❛❧❧✱ ♥♦ st❛❜❧❡ st❡❛❞② st❛t❡

❡①✐sts ✐♥ t❤❡ ❡❝♦♥♦♠②✳

❈❛s❡ ✹✿ ❚❤❡ ❛♥❛❧②s✐s ❢♦r E1 ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❝❛s❡ ✶✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ st❡❛❞② st❛t❡ E6✳

❍❡r❡ dd∗

dx
> 0 ❛♥❞ dλ∗

dx
< 0✳ ❚❤✉s ❛s x ✐♥❝r❡❛s❡s✱ d∗ ✐♥❝r❡❛s❡s ❛♥❞ λ∗ ❞❡❝r❡❛s❡s✱ ✇❤❡r❡❛s

❢♦r ❛ ❢❛❧❧ ✐♥ x✱ t❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s ✭s❡❡ ❋✐❣✉r❡ ✻✳✻✮✳

❆ r✐s❡ ✐♥ x ❞❡❝r❡❛s❡s λ∗ ✐♥ E4 ❛♥❞ s♦ g∗ ❢❛❧❧s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ r✐s❡ ✐♥ x ✐♥❝r❡❛s❡s d∗.

❆s t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ d∗ ✐♥ t✉r♥ r❛✐s❡s g∗✳ ❍❡♥❝❡✱ x

❤❛s ❛♥ ♦✈❡r❛❧❧ ❛♠❜✐✈❛❧❡♥t ❡✛❡❝t ♦♥ t❤❡ ❧♦♥❣ r✉♥ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥

✭s❡❡ ❡q✉❛t✐♦♥ ✭✻✳✶✵✮✮✳

dg∗

dx
=







+
︷︸︸︷

∂g∗

∂d

+
︷︸︸︷

dd∗

dx
+

+
︷︸︸︷

∂g∗

∂λ

−
︷︸︸︷

dλ∗

dx







R 0 ✭✻✳✶✵✮

✹✵



❋✐❣✉r❡ ✻✳✻✿ ❊✛❡❝t ♦❢ ❛ ❢❛❧❧ ✐♥ x✿ ❝❛s❡ ✹

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡❛❧t ✇✐t❤ ❛ ♥❡♦✲❑❛❧❡❝❦✐❛♥ ❣r♦✇t❤ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ❛♥❞ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛r❡ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ❋✐rst✱ ✇❡ ❡①❛♠✐♥❡❞ t❤❡ s❤♦rt✲

r✉♥ st❛❜✐❧✐t② ❛♥❞ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ❲❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❛❧t❤♦✉❣❤ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥

❛ ✇❛❣❡✲❧❡❞ ❞❡♠❛♥❞ r❡❣✐♠❡✱ ❞❡❜t✲❧❡❞ ♦r ❞❡❜t✲❜✉r❞❡♥❡❞ ❞❡♠❛♥❞ ❛♥❞ ❣r♦✇t❤ r❡❣✐♠❡s ❛r❡

♣♦ss✐❜❧❡✳ ■♥ t❤❡ ❧♦♥❣✲r✉♥✱ t❤❡ ❡q✉✐t②✲❞❡❜t r❛t✐♦ ❛♥❞ t❤❡ ❞❡❜t✕❝❛♣✐t❛❧ r❛t✐♦ ❛r❡ ❡♥❞♦❣❡♥♦✉s✳

❚❤❡ st✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s s❤♦✇s t❤❛t s❡✈❡r❛❧ ❝❛s❡s ❛♥❞ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣♦ss✐❜❧❡✳

❲❡ ✜♥❞ ❛ ❢❡✇ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts✳

✶✳ ■❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❧♦✇❡r ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭✐✳❡✳

d < d′′′✮ ✐s s✉✣❝✐❡♥t ❢♦r ❛❝❤✐❡✈✐♥❣ ❛ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞② st❛t❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡✱ ❛ ❧♦✇❡r ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ ✭✐✳❡✳ d < − l
2h

❛♥❞ d < d′′′✮ ✐s ❛ ♥❡❝❡ss❛r② ✭❛❧t❤♦✉❣❤ ♥♦t s✉✣❝✐❡♥t✮ ❝♦♥❞✐t✐♦♥

❢♦r ❛❝❤✐❡✈✐♥❣ ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳

✷✳ ■rr❡s♣❡❝t✐✈❡ ♦❢ ✇❤❡t❤❡r t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❧❡❞ ♦r ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤

r❡❣✐♠❡✱ ❛ r✐s❡ ✐♥ ε ❝❤❛♥❣❡s t❤❡ r❡♥t✐❡rs✬ ❛ss❡t✲♣♦rt❢♦❧✐♦ ✐♥ ❢❛✈♦✉r ♦❢ ❡q✉✐t✐❡s ✭✐✳❡✳ t❤❡

❡q✉✐t②✲❞❡❜t r❛t✐♦ λ r✐s❡s✮ ❛♥❞ r❡❞✉❝❡s t❤❡ ❞❡❜t ❧❡✈❡❧ ♦❢ ✜r♠s ✭✐✳❡✳ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧

r❛t✐♦ d ❢❛❧❧s✮✳ ❇❡s✐❞❡s✱ ✐❢ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✇✐t❤ ❛

✹✶



❧♦✇ ❧❡✈❡❧ ♦❢ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✭✐✳❡✳ d < − l
2h

❛♥❞ d < d′′′✮✱ ❛ r✐s❡ ✐♥ ε ❝❛♥ ❡♥❤❛♥❝❡

t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ t♦♦✳

✸✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❛ str♦♥❣ ❞❡❜t✲❧❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✭s♦ t❤❛t λ ✐s ♠✉❝❤ ❤✐❣❤❡r

t❤❛♥ λ̂✮ ❛♥❞ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤ ✭d > d′′′)✱ ✐♥ ♦t❤❡r ✇♦r❞s ✇❤❡♥

t❤❡ ❡❝♦♥♦♠② ✐s ❛t t❤❡ st❡❛❞② st❛t❡ E6 ♦❢ ❝❛s❡ ✹✱ ✇❤❡♥❡✈❡r t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t

♣❛r❛♠❡t❡r θ r✐s❡s t♦ θ̂ t❤❡ ❡❝♦♥♦♠② ❧♦s❡s ✐ts st❛❜✐❧✐t② ❛♥❞ ♣r♦❞✉❝❡s ❛♥ ✉♥st❛❜❧❡

❧✐♠✐t ❝②❝❧❡✳ ❚❤✐s s✉❣❣❡sts t❤❛t ♠♦r❡ r❡❣✉❧❛t❡❞ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ❛r❡ ❞❡s✐r❛❜❧❡ ❢♦r

❡♥s✉r✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ ❡❝♦♥♦♠②✳

✹✳ ■♥ ❛ ✇❡❛❦ ❞❡❜t✲❜✉r❞❡♥❡❞ ❣r♦✇t❤ r❡❣✐♠❡ ✭✇❤❡r❡ λ < λ̂ ❛♥❞ λ ✐s ♠✉❝❤ ❝❧♦s❡r t♦

λ̂✮ ✇❤❡r❡ t❤❡ ❞❡❜t✲❝❛♣✐t❛❧ r❛t✐♦ ✐s s✉✣❝✐❡♥t❧② ❧♦✇ ✭✐✳❡✳ d < − l
2h

❛♥❞ d < d′′′✮✱ ✐♥

♦t❤❡r ✇♦r❞s ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ❛t t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡E2, ❛ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st

r❛t❡ ♦r ❛ s❤❛r❡ ❜✉②❜❛❝❦ ✭✐✳❡✳ ❛ ❢❛❧❧ ✐♥ x✮ ♥♦t ♦♥❧② r❡❞✉❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣r♦✇t❤

r❛t❡✱ ❜✉t ❤❛s ❛ ♣♦t❡♥t✐❛❧ ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❡❝♦♥♦♠② ❛s ✇❡❧❧✳ ■♥ t❤❡ ❡r❛ ♦❢

✜♥❛♥❝✐❛❧✐③❛t✐♦♥ ❛s ♠♦r❡ s❤❛r❡s ❛r❡ r❡♣✉r❝❤❛s❡❞✱ ❛s x ❢❛❧❧s s✐❣♥✐✜❝❛♥t❧②✱ t❤❡ st❛❜❧❡

❡q✉✐❧✐❜r✐✉♠ E2 ♠❛② ❧♦s❡ ✐ts st❛❜✐❧✐t② ❛❧t♦❣❡t❤❡r ❛♥❞ ♠❛② ♣r♦❞✉❝❡ ❛ s❛❞❞❧❡ ♣♦✐♥t

✉♥st❛❜❧❡ st❡❛❞② st❛t❡ E8✳

✺✳ ❆ r✐s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ❛❧✇❛②s ❝❛✉s❡s ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t❡ ♦❢ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ✐♥ t❤❡ s❤♦rt r✉♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ ♦♣♣♦s✐t❡ ♦❢ t❤❛t ♠❛②

❤❛♣♣❡♥✳

❋❡✇ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❋✐rst✱ ✐♥ ♦✉r ♠♦❞❡❧✱ ❜❛♥❦s ❤❛✈❡ ♣❧❛②❡❞ ❛

♣❛ss✐✈❡ r♦❧❡✳ ❆❝t✐✈❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ ❜❛♥❦s ♠❛② ♠❛❦❡ t❤❡ ♠♦❞❡❧ ♠♦r❡ r❡❛❧✐st✐❝✳ ❙❡❝♦♥❞✱

♦✉r ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛ ❝❧♦s❡❞ ❡❝♦♥♦♠② ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ r♦❧❡ ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t✳ ❚❤✐r❞✱

t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❡①♦❣❡♥♦✉s ✐♥ ♦✉r ♠♦❞❡❧✳ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡

✭s♦♠❡t❤✐♥❣ ❧✐❦❡ ❚❛②❧♦r ✭✶✾✽✸✮ t②♣❡✮ ❛♥❞ ❛♥ ❛❝t✐✈❡ r♦❧❡ ♦❢ ❣♦✈❡r♥♠❡♥t ♠❛② ♠❛❦❡ ✐t ♠♦r❡

✐♥t❡r❡st✐♥❣✳ ❲❡ ❤❛✈❡ ❛ss✉♠❡❞ ❛✇❛② t❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡ ✐♥ ♦✉r ♠♦❞❡❧✳ ❋♦❝✉s✐♥❣ ♦♥

❤♦✇ t❡❝❤♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡ ♦❝❝✉rs t❤r♦✉❣❤ t✐♠❡✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❡r❛ ♦❢ ✜♥❛♥❝✐❛❧✐③❛t✐♦♥

✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❯❙ ❡❝♦♥♦♠② ✇♦✉❧❞ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❡①❡r❝✐s❡✳ ❚❤❡s❡ ✐ss✉❡s ❛r❡✱

❤♦✇❡✈❡r✱ ❧❡❢t ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❜❞✉❧❧❛❤✱ ❉✳ ❆✳✱ ✫ ❍❛②✇♦rt❤✱ ❙✳ ❈✳ ✭✶✾✾✸✮✳ ▼❛❝r♦❡❝♦♥♦♠❡tr✐❝s ♦❢ st♦❝❦ ♣r✐❝❡ ✢✉❝✲

t✉❛t✐♦♥s✳ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝s✱ ✸✷✱ ✺✵✕✻✼✳

❬✷❪ ❆♠❛❞❡♦✱ ❊✳ ❏✳ ✭✶✾✽✻✮✳ ◆♦t❡s ♦♥ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥✱ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♦♥✳

❈♦♥tr✐❜✉t✐♦♥s t♦ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✺✭✶✮✱ ✽✸✲✾✹✳

✹✷



❬✸❪ ❇❛❦❡r✱ ❍✳ ❑✳✱ ❋❛rr❡❧❧②✱ ●✳ ❊✳✱ ✫ ❊❞❡❧♠❛♥✱ ❘✳ ❇✳ ✭✶✾✽✺✮✳ ❆ s✉r✈❡② ♦❢ ♠❛♥❛❣❡♠❡♥t

✈✐❡✇s ♦♥ ❞✐✈✐❞❡♥❞ ♣♦❧✐❝②✳ ❋✐♥❛♥❝✐❛❧ ▼❛♥❛❣❡♠❡♥t✱ ✶✹✱ ✼✽✕✽✹✳

❬✹❪ ❇❛❦❡r✱ ▼✳✱ ✫ ❲✉r❣❧❡r✱ ❏✳ ✭✷✵✵✷✮✳ ▼❛r❦❡t t✐♠✐♥❣ ❛♥❞ ❝❛♣✐t❛❧ str✉❝t✉r❡✳ ❏♦✉r♥❛❧ ♦❢

❋✐♥❛♥❝❡✱ ✺✼✭✶✮✱ ✶✕✸✷✳ ❞♦✐✿✶✵✳✶✶✶✶✴✶✺✹✵✲✻✷✻✶✳✵✵✹✶✹

❬✺❪ ❇❤❛❞✉r✐✱ ❆✳✱ ✫ ▼❛r❣❧✐♥✱ ❙✳ ✭✶✾✾✵✮✳ ❯♥❡♠♣❧♦②♠❡♥t ❛♥❞ t❤❡ r❡❛❧ ✇❛❣❡✿ t❤❡ ❡❝♦♥♦♠✐❝

❜❛s✐s ❢♦r ❝♦♥t❡st✐♥❣ ♣♦❧✐t✐❝❛❧ ✐❞❡♦❧♦❣✐❡s✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✹✭✹✮✱

✸✼✺✕✸✾✸✳ ❞♦✐✿✶✵✳✶✵✾✸✴♦①❢♦r❞❥♦✉r♥❛❧s✳❝❥❡✳❛✵✸✺✶✹✶
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❬✷✺❪ ❑✐♠✱ ❨✳ ❑✳ ✭✷✵✶✷✮✳ ❊♠✉❧❛t✐♦♥ ❛♥❞ ❈♦♥s✉♠❡r ❉❡❜t✿ ■♠♣❧✐❝❛t✐♦♥s ♦❢ ❑❡❡♣✐♥❣✲✉♣ ✇✐t❤

t❤❡ ❏♦♥❡s✳ ❲♦r❦✐♥❣ P❛♣❡r ✶✷✵✽✱ ❚r✐♥✐t② ❈♦❧❧❡❣❡ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s✳ ❘❡tr✐❡✈❡❞

❢r♦♠ ❤tt♣s✿✴✴✇✇✇✳❜♦❡❝❦❧❡r✳❞❡✴♣❞❢✴✈❴✷✵✶✷❴✶✵❴✷✺❴❦✐♠✳♣❞❢

❬✷✻❪ ❑✐♠✱ ❨✳ ❑✳✱ ❙❡tt❡r✜❡❧❞✱ ▼✳✱ ✫ ▼❡✐✱ ❨✳ ✭✷✵✶✹✮✳ ❆ t❤❡♦r② ♦❢ ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠♣t✐♦♥✳

❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝ P♦❧✐❝✐❡s✿ ■♥t❡r✈❡♥t✐♦♥✱ ✶✶✭✶✮✱ ✸✶✕✹✾✳

❞♦✐✿✶✵✳✹✸✸✼✴❡❥❡❡♣✳✷✵✶✹✳✵✶✳✵✸
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❬✷✼❪ ▲❛③♦♥✐❝❦✱ ❲✳ ✷✵✶✵✳ ■♥♥♦✈❛t✐✈❡ ❇✉s✐♥❡ss ▼♦❞❡❧s ❛♥❞ ❱❛r✐❡t✐❡s ♦❢ ❈❛♣✐t❛❧✐s♠✿ ❋✐♥❛♥✲

❝✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❯✳❙✳ ❈♦r♣♦r❛t✐♦♥✱ ❚❤❡ ❇✉s✐♥❡ss ❍✐st♦r② ❘❡✈✐❡✇✱ ❱♦❧✳ ✽✹✱ ◆♦✳ ✹✱ ♣♣✳

✻✼✺✲✼✵✷✳

❬✷✽❪ ▲❛✈♦✐❡✱ ▼✳✱ ●♦❞❧❡②✱ ❲✳ ✷✵✵✷✳ ❑❛❧❡❝❦✐❛♥ ♠♦❞❡❧s ♦❢ ❣r♦✇t❤ ✐♥ ❛ ❝♦❤❡r❡♥t st♦❝❦✲✢♦✇

♠♦♥❡t❛r② ❢r❛♠❡✇♦r❦✿ ❛ ❑❛❧❞♦r✐❛♥ ✈✐❡✇✱ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✱ ✈♦❧✳

✷✹✱ ✷✼✼✕✸✶✶

❬✷✾❪ ▲✐♠❛✱ ●✳ ❚✳✱ ✫ ▼❡✐r❡❧❧❡s✱ ❆✳ ❏✳ ❆✳ ✭✷✵✵✼✮✳ ▼❛❝r♦❞②♥❛♠✐❝s ♦❢ ❞❡❜t r❡❣✐♠❡s✱ ✜✲

♥❛♥❝✐❛❧ ✐♥st❛❜✐❧✐t② ❛♥❞ ❣r♦✇t❤✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✸✶✭✹✮✱ ✺✻✸✕✺✽✵✳

❞♦✐✿✶✵✳✶✵✾✸✴❝❥❡✴❜❡❧✵✹✷

❬✸✵❪ ▼❛r❣❧✐♥✱ ❙✳✱ ✫ ❆✳ ❇❤❛❞✉r✐✳ ✭✶✾✾✵✮✳ Pr♦✜t sq✉❡❡③❡ ❛♥❞ ❑❡②♥❡s✐❛♥ t❤❡♦r②✳ ■♥ ❚❤❡

●♦❧❞❡♥ ❆❣❡ ♦❢ ❈❛♣✐t❛❧✐s♠✱ ❡❞✐t❡❞ ❜② ▼❛r❣❧✐♥✱ ❙✳ ❆✳✱ ❛♥❞ ❏✳ ❇✳ ❙❝❤♦r✱ ✶✺✸✲✶✽✻✳ ❖①❢♦r❞✿

❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❬✸✶❪ ◆❛✐❦✱ P✳ ❑✳✱ ✫ P❛❞❤✐✱ P✳ ✭✷✵✶✷✮✳ ❚❤❡ ■♠♣❛❝t ♦❢ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❋✉♥❞❛♠❡♥t❛❧s ♦♥

❙t♦❝❦ Pr✐❝❡s ❘❡✈✐s✐t❡❞✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ■♥❞✐❛♥ ❉❛t❛✳ ❊✉r❛s✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss

❛♥❞ ❊❝♦♥♦♠✐❝s✱ ✺✭✶✵✮✱ ✷✺✲✹✹✳

❬✸✷❪ ◆❞✐❦✉♠❛♥❛✱ ▲✳ ✭✶✾✾✾✮✳ ❉❡❜t s❡r✈✐❝❡✱ ✜♥❛♥❝✐♥❣ ❝♦♥str❛✐♥ts✱ ❛♥❞ ✜①❡❞ ✐♥✈❡st♠❡♥t✿

❡✈✐❞❡♥❝❡ ❢r♦♠ ♣❛♥❡❧ ❞❛t❛✳ ❏♦✉r♥❛❧ ♦❢ P♦st ❑❡②♥❡s✐❛♥ ❊❝♦♥♦♠✐❝s✱ ✷✶✭✸✮✱ ✹✺✺✕✹✼✽✳

❞♦✐✿✶✵✳✶✵✽✵✴✵✶✻✵✸✹✼✼✳✶✾✾✾✳✶✶✹✾✵✷✵✽

❬✸✸❪ P❛❧❧❡②✱ ❚✳ ✭✷✵✵✽✮✳ ❋✐♥❛♥❝✐❛❧✐③❛t✐♦♥✿ ✇❤❛t ✐s ✐t ❛♥❞ ✇❤②

✐t ♠❛tt❡rs✳ ■▼❑ ❲♦r❦✐♥❣ P❛♣❡r✱ ✵✹✴✷✵✵✽✳ ❘❡tr✐❡✈❡❞ ❢r♦♠

❤tt♣s✿✴✴✇✇✇✳❜♦❡❝❦❧❡r✳❞❡✴♣❞❢✴♣❴✐♠❦❴✇♣❴✵✹❴✷✵✵✽✳♣❞❢

❬✸✹❪ P❛r✉✐✱ P✳ ✭✷✵✷✵❛✮✳ ❈♦r♣♦r❛t❡ ❉❡❜t✱ ❊♥❞♦❣❡♥♦✉s ❉✐✈✐❞❡♥❞ ❘❛t❡✱ ■♥✲

st❛❜✐❧✐t② ❛♥❞ ●r♦✇t❤✳ ▼P❘❆ ❲♦r❦✐♥❣ P❛♣❡r ✶✵✷✼✷✹✱ ❯♥✐✈❡rs✐t② ▲✐✲

❜r❛r② ♦❢ ▼✉♥✐❝❤✱ ●❡r♠❛♥②✱ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴♠♣r❛✳✉❜✳✉♥✐✲

♠✉❡♥❝❤❡♥✳❞❡✴✶✵✷✼✷✹✴✶✴▼P❘❆❴♣❛♣❡r❴✶✵✷✼✷✹✳♣❞❢

❬✸✺❪ P❛r✉✐✱ P✳ ✭✷✵✷✵❜✮✳ ❲♦r❦❡r ❍♦✉s❡❤♦❧❞ ❉❡❜t✱ ❋✉♥❝t✐♦♥❛❧ ■♥❝♦♠❡ ❉✐str✐❜✉t✐♦♥

❛♥❞ ●r♦✇t❤✿ ❛ ♥❡♦✲❑❛❧❡❝❦✐❛♥ P❡rs♣❡❝t✐✈❡✳ ▼P❘❆ ❲♦r❦✐♥❣ P❛♣❡r ✶✵✷✸✽✹✱

❯♥✐✈❡rs✐t② ▲✐❜r❛r② ♦❢ ▼✉♥✐❝❤✱ ●❡r♠❛♥②✱ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴♠♣r❛✳✉❜✳✉♥✐✲

♠✉❡♥❝❤❡♥✳❞❡✴✶✵✷✸✽✹✴✶✴▼P❘❆❴♣❛♣❡r❴✶✵✷✸✽✹✳♣❞❢

❬✸✻❪ ❘♦✇t❤♦r♥✱ ❘✳ ❊✳ ✭✶✾✽✶✮✳ ❉❡♠❛♥❞✱ ❘❡❛❧ ❲❛❣❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✱ ❚❤❛♠❡s P❛✲

♣❡rs ✐♥ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✲✸✾

❬✸✼❪ ❘❛t❛♥❛♣❛❦♦r♥✱ ❖✳ ✫ ❙❤❛r♠❛✱ ❙✳ ❈✳ ✭✷✵✵✼✮✳ ❉②♥❛♠✐❝s ❛♥❛❧②s✐s ❜❡t✇❡❡♥ t❤❡ ❯❙ ❙t♦❝❦

❘❡t✉r♥ ❛♥❞ t❤❡ ▼❛❝r♦❡❝♦♥♦♠✐❝s ❱❛r✐❛❜❧❡s✳ ❆♣♣❧✐❡❞ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✼✭✹✮✱ ✸✻✾✲

✸✼✼✳
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❬✸✽❪ ❘②♦♦✱ ❙✳ ✭✷✵✶✵✮✳ ▲♦♥❣ ✇❛✈❡s ❛♥❞ s❤♦rt ❝②❝❧❡s ✐♥ ❛ ♠♦❞❡❧ ♦❢ ❡♥❞♦❣❡♥♦✉s ✜✲

♥❛♥❝✐❛❧ ❢r❛❣✐❧✐t②✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ✫ ❖r❣❛♥✐③❛t✐♦♥✱ ✼✹✭✸✮✱ ✶✻✸✕✶✽✻✳

❞♦✐✿✶✵✳✶✵✶✻✴❥✳❥❡❜♦✳✷✵✶✵✳✵✸✳✵✶✺

❬✸✾❪ ❙❝❤✇❡rt✱ ●✳ ❲✳ ✭✶✾✾✵✮✳ ❙t♦❝❦ r❡t✉r♥s ❛♥❞ r❡❛❧ ❛❝t✐✈✐t②✳ ❆ ❝❡♥t✉r② ♦❢ ❡✈✐❞❡♥❝❡✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✹✺✭✹✮✱ ✶✷✸✼✕✶✷✺✼✳ ❞♦✐✿✶✵✳✶✶✶✶✴❥✳✶✺✹✵✲✻✷✻✶✳✶✾✾✵✳t❜✵✷✹✸✹✳①

❬✹✵❪ ❙❡tt❡r✜❡❧❞✱ ▼✳✱ ✫ ❑✐♠✱ ❨✳ ❑✳ ✭✷✵✶✻✮✳ ❉❡❜t ❙❡r✈✐❝✐♥❣✱ ❆❣❣r❡❣❛t❡ ❈♦♥s✉♠♣✲

t✐♦♥✱ ❛♥❞ ●r♦✇t❤✳ ❙tr✉❝t✉r❛❧ ❈❤❛♥❣❡ ❛♥❞ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ✸✻✱ ✷✷✕✸✸✳

❞♦✐✿✶✵✳✶✵✶✻✴❥✳str✉❡❝♦✳✷✵✶✺✳✶✵✳✵✵✷

❬✹✶❪ ❙❡tt❡r✜❡❧❞✱ ▼✳✱ ❑✐♠✱ ❨✳ ❑✳✱ ✫ ❘❡❡s✱ ❏✳ ✭✷✵✶✻✮✳ ■♥❡q✉❛❧✐t②✱ ❉❡❜t✲❙❡r✈✐❝✐♥❣ ❛♥❞ t❤❡

❙✉st❛✐♥❛❜✐❧✐t② ♦❢ ❙t❡❛❞② ❙t❛t❡ ●r♦✇t❤✳ ❘❡✈✐❡✇ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✷✽✭✶✮✱ ✹✺✕✻✸✳

❞♦✐✿✶✵✳✶✵✽✵✴✵✾✺✸✽✷✺✾✳✷✵✶✺✳✶✵✼✷✾✶✾

❬✹✷❪ ❚❛②❧♦r✱ ▲✳ ✭✶✾✽✺✮✳ ❆ st❛❣♥❛t✐♦♥✐st ♠♦❞❡❧ ♦❢ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ❈❛♠❜r✐❞❣❡ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s✱ ✾✭✹✮✱ ✸✽✸✕✹✵✸✳ ❞♦✐✿✶✵✳✶✵✾✸✴♦①❢♦r❞❥♦✉r♥❛❧s✳❝❥❡✳❛✵✸✺✺✽✽

❬✹✸❪ ❚❛②❧♦r✱ ❏✳ ❇✳ ✭✶✾✾✸✮✳ ❉✐s❝r❡t✐♦♥ ✈❡rs✉s ♣♦❧✐❝② r✉❧❡s ✐♥ ♣r❛❝t✐❝❡✳ ❈❛r♥❡❣✐❡✲❘♦❝❤❡st❡r

❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s ♦♥ P✉❜❧✐❝ P♦❧✐❝②✱ ✸✾✱ ✶✾✺✲✷✶✹✳
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❊❝♦♥♦♠✐❝s ❛♥❞ t❤❡ ❉②♥❛♠✐❝s ♦❢ ❈❛♣✐t❛❧✐s♠✱ ▲♦♥❞♦♥✱ ❘♦✉t❧❡❞❣❡✳

❆ ❆♣♣❡♥❞✐①

❆✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷

Pr♦♦❢✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✸✳✶✺✮ ✫ ✭✸✳✶✶✮ ✐s

µ2 + (−tr✭❏✮)µ+❉❡t✭❏✮ = 0.

❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢♦r ❝♦♠♣❧❡① r♦♦ts ✐s ❉❡t✭❏✮ > 0✱ ✇❤✐❝❤ ✐s

s❛t✐s✜❡❞ ❛t E6 ♦❢ ❝❛s❡ ✹✳ ❚❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❝❛♥ ❜❡ ♠❛❞❡ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r
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♥❡❣❛t✐✈❡ ❜② ❛♣♣r♦♣r✐❛t❡❧② s❡❧❡❝t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ θ ✇❤✐❧❡ ❧❡❛✈✐♥❣ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❝♦♥✲

st❛♥t✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t tr✭❏✮ = J11+J22 =
(−l−2hd)

1−cr+sf (cr−α1)
+

−θ[1−cr+sf (cr−α1)−α1sf cqεd]

1−cr+sf (cr−α1)
✳

❍❡♥❝❡ ✇❤❡♥ θ = θ̂ =
−α0SF−sf (1−α1+α1x+2α1d){(1+λ)cq−(1−cr)i}

[1−cr+sf (cr−α1)−α1sf cqεd]
> 0 ✭ ∵J22 > 0,J11 < 0), t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s ❡①❛❝t❧②✿

tr✭❏✮ = 2 ∗ ❘❡µ =

[
(−l − 2hd)− θ[1− cr + sf (cr − α1)− α1sfcqεd]

1− cr + sf (cr − α1)

]

= 0

✇❤❡r❡ tr✭❏✮ ✐s t❤❡ tr❛❝❡ ♦❢ J ❛♥❞ ❘❡µ ✐s t❤❡ r❡❛❧ ♣❛rt ♦❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ r♦♦ts✳ ❆s t❤❡

❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ r♦♦ts ✐s ♣♦s✐t✐✈❡ ✐♥ ❛

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛ss✉r✐♥❣ ■♠µ 6= 0✳ ◆♦✇ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ tr❛❝❡ ♦❢ t❤❡

❏❛❝♦❜✐❛♥ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ θ ❛♥❞ t❤❡♥ ❡✈❛❧✉❛t✐♥❣ ✐t ❛t θ = θ̂ ✇❡ ❣❡t

∂( tr(J)
2

)

∂θ

∣
∣
∣
θ=θ̂

=
−[1− cr + sf (cr − α1)− α1sfcqεd]

1− cr + sf (cr − α1)
> 0

❙♦ t❤❡ tr❛❝❡ ✐s s♠♦♦t❤✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞✲

❥✉st♠❡♥t ♣❛r❛♠❡t❡r✱ θ✳ ❚❤❡ tr❛❝❡ ❞✐s❛♣♣❡❛rs ❛t θ = θ̂. ❆❧s♦ ♥♦t❡ t❤❛t tr(J) R 0 ⇐⇒
θ R θ̂. ❋r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❛t

θ = θ̂✳✷✾

✷✾❚❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ●❛♥❞♦❧❢♦ ✭✶✾✾✼✮✳
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