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Abstract

Since January 2014 this note and a manuscript entailing it have shown that the syntactic implication
‘Minimal linear time invariant state space representations if dynare’ is false, with consequences on
the vector autoregression representations of the states in the outputs. In 2020 the dynare team
materially adopted the remedy of reducing its representations to minimal ones, as this note and the
manuscript entailing it had been suggesting. The interested dynare user must still manually reduce the
representation to minimality.
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1. INTRODUCTION

In the main, dynare is a CEPREMAP [1] dynamic stochastic general equilibrium model solver for
MATLAB or OCTAVE.

According to Franchi and Paruolo [5], Komunjer and Ng [7] show that dynare delivers non-minimal linear
time invariant state space representations; such is not (immediately) verifiable. In December 2013 dynare
programmer Johannes Pfeifer communicated to this author on the dynare internet forum through private
messages (see appendix) that dynare delivers minimal linear time invariant state space representations; this
author denied it. This author circulated manuscripts proving it since January 2014, from the University
of Rome “Tor Vergata”, some of which were extended to the dynare series team for consideration and
submitted to academic journals, unsuccessfully. In January 2016 this author mentioned his finding to
dynare programmer Marco Ratto during an interview at the Joint Research Centre in Ispra. In March
2020 dynare programmer Johannes Pfeifer indicated on the dynare internet forum that dynare augments
its minimal linear time invariant state space representations to non-minimal ones. In January 2020 dynare
programmer Willi Mutschler had written a code allowing dynare to deliver minimal linear time invariant
state space representations and in May 2020 he linked to it on the dynare internet forum.

Until Mutschler’s code, this note and the manuscript “Structural shocks empirical recovery under
minimal linear state space systems” entailing it showed dynare’s failure to deliver minimal linear time
invariant state space representations, which compromised the check for vector autoregression representations
of the states in the outputs: they suggested the remedy eventually coded by Mutschler. This note presents
its years long finding in a definitive fashion, logically and explicitly showing why Mutschler’s code was
necessary, responding to what an anonymous referee of Economics letters had commented in October 2015
(see appendix) to the manuscript “Structural shocks empirical recovery under minimal linear state space
systems” entailing it.

The only remark today left to make is that dynare adopted the remedy materially, not formally, for
computational reasons, so that the manual reduction to minimality be still required by the interested
dynare user.

*saccal.alessandro@gmail.com. This note circulated individually and in the manuscript “Structural shocks empirical
recovery under minimal linear state space systems” since January 2014. Disclaimer: the author has no declaration of interest
related to this research; all views and errors in this research are the author’s. ©Copyright 2020 Alessandro Saccal



2. STATE SPACE

Let function f: R™ — R™, Vn > 1, give rise to the first order linear heterogeneous difference equation
2y = Axy_1+Buy, Vt € Z, v, € R", uy € R™, A € R"%*" and B € R"»*"«_ It is the transition equation
of a linear time invariant state space representation in discrete time, in which z; is a vector of states and
u; a vector of inputs. The transition equation is also called state equation; inputs are also called controls
(i.e. shocks).

Let M € R™*"= give rise to May = MAxi_ 1+ MBus +— y; = Cxy_1 + Duy, Yy € R™, C € RMwX"=
and D € R™v*™_ It is the measurement equation of a linear time invariant state space representation in
discrete time, in which y; is a vector of outputs; M is called measurement or observation matrix. The
measurement equation is also called observation equation; outputs are also called observables.

Assume that D be non-singular and thus square: n, = n,. Solve for u; in the measurement equation
and plug it into the transition equation: vy = Cxy—q + Duy — uy = D! (yr — Cxy—1) — x4 =
Axy 1+ BD7 Y (y; — Cay_q) — a4 = (A — BD*IC) zi_1 + BD Yy, = Fxz,_1 + BD 'y,. Notice that
F=A-BD'C.

Let operator L : R" — R" give rise to Lz; = xy_1. Solve ; = Fx;_1 + BD 'y, back-
wards: z; = Fay_y + BDYyy, — (I - FL)x; = BD 'y, — 2, = (I - FL) 'BD Yy, — a2, =
Z;io FILiBD Yy, — x; = Z(;io FiBD 1y,_;. Notice that z; = Z;io FiBD 1y, is causal if and
only if F is stable, namely, I’s characteristic polynomial eigenvalues are less than one in modulus: [Ap(y)| <1
for FF(A\) = F — Al in det [F (\)] = 0, so that (I — FL)_1 = Z;io FilJ«—1=(I-FL) E;io FiLs,

Plug z; = Z;io FiBD™'y,_; into the measurement equation: y; = C Z;io FiIBD Yy, ;1 + Duy.

3. VAR AND MINIMALITY

Fernandez-Villaverde et al. [3] prove that y; = C Z;io FiBD ly,_ j—1+ Duy is a vector autoregression
of infinite order VAR (00) if F is stable: there exists a VAR of z; in y;. Ravenna [8] and Franchi and
Vidotto [6] prove that y, = C Z?:O FiIBD™ Yy, ;14 Duy is a vector autoregression of finite order VAR (k)
for k < oo if F'is nilpotent, namely, F’s characteristic polynomial eigenvalues are zero: Ap(y) = 0.

Franchi [4] and Franchi and Paruolo [5] remark that F’s stability is sufficient but unnecessary for a
VAR of x; in y;, because a stable, minimal F' could give rise to one: in minimal linear time invariant state
space representations the impulse response functions of the transition equation and the coefficients of the
VAR representation of x; in y; are invariant (see Franchi [4]). Thus, F' = F},,’s stability is both sufficient
and necessary for a VAR of x; in y;.

A minimal linear time invariant state space representation is computed in three steps. Step A.
Construct controllability matrix C = [ .- A"Ile] and observability matrix O = [ = CA"IA}T . Step
B. If rank n, = r¢, the representation is controllable: Z., A., B., C., C. and O.; go to Step C. If
ng > rc, construct similarity transformation matrix 7 = [Cp. vpn, _r.] such that Zes = T 'ay, Aee =
T YAT, Bie =T 'B, Cee = CT, Coe = T 'C, Op,e = OT. The representation is controllable in the
first 7¢ rows: Ze, Ae, Be, C., C. and O.; go to Step C. Step C. If ng, = ro,, the representation is
controllable and observable (i.e. minimal): Zeot = T, Aeo = Ap, Beo = B, Coo = Cppy Coo = Cim
and Oy = O,,. If If nz, > 7o, , construct similarity transformation matrix 7 = [@CT 6, Una.—ro, such
that (Ecoét = T_lffct, 1‘_1505 = T_lA_CT7 Bcoé = T_l.ém écoé = éCT7 éco() = T_l(fc, @coé = @CT The
representation is controllable and observable (i.e. minimal) in the first r5, TOWS: Teot = T, A, =
A, Beo = By, Coo = Cppy Ceo = Cpp and Op, = O,,. Notice that reducing the representation to
observability before controllability leaves the algorithm unvaried: the order is a matter of (synthetic)
expedience.

Consider the case of C'= 0. Notice that n, > ro = 0, so that z,,; = F;,, = |Ap,, (x)| = 0; specifically,

Tt = AmTmi—1 + Bpmug <— 0 =0 and y; = Duy. Yet, F’s stability would be unnecessary for a VAR of x;
in y;, because F = A — BD7'C = A and Aaon] ; 1.

4. DYNARE STATE SPACE



Following the Blanchard and Kahn [2] solution algorithm of linear rational expectations models, dynare
gives rise to the unique and stable solution X; = [a c]Tpt_l +[b d]T ug, VX = [pe nt]T , in which p; € R"»
is a vector of predetermined states (i.e. appearing only at ¢t and ¢ — 1) and n; € R™ is a vector of
non-predetermined states. In economics they are also respectively called backward and forward looking
states; in economics they are also respectively called states and controls, but in control theory controls are
what economics calls shocks.

dynare constructs the transition equation by selecting the first n, rows of X; and the measurement
equation by selecting the measurable rows thereof (i.e. the measurable rows of the first n, rows of X;):
xzy = py and y; = Mxy = Mpy.

If p; is fully measured then F' = 0, because M = I, and dynare tautologically gives rise to a minimal
linear time invariant state space representation. In all other cases the syntactic implication ‘Minimal linear
time invariant state space representations if dynare’ is false, as proven by the permanent income model
counterexample below: D /— MR, since dx € U such that Dz A =M Rz, in which D = dynare, MR =
Minimal representation, x = counterexample and U = universe (i.e. domain of discourse).

5. MINIMALITY IN DYNARE

Consider the permanent income model: ¢; = ¢;_1+04, (1 — r_l) wy (consumption); ypr = oyw; (income);
St = Ypt — ¢ (savings). wy ~ N(O, 02) is an income shock modelled as a white noise; r, o, € R are
structural parameters, namely, the real interest rate and income shock variance; let » = 1.2 and o, = 1.

Let y,: be measurable and construct the linear time invariant state space representation: z; =
leevpr s s v = ys A = [(100) (000) (=100)]"; B = [0 (1=r"1) opo,rt] ;s C =
[000]; D= o0y.

Compute F, F'(X) and [Apyy|: F=A4; A(A)=[(1-X00) (0 —=X0) (=10 — M Aaoy] =02, 1.
There does not exist a VAR (00) of x; in y.

Construct O and record rp : O =[000) (000) (00 0)]T; ro = 0. Then xp = Fry = [Ap,, (0] = 0;
specifically, ¢ = ApZmi—1 + Bmu, <— 0 =0 and y; = Duy — ypt = 0wy There exists a VAR (k) of
Ty in Yy

In dynare formally z; = ¢;, A =1, B = oy (1 —r‘l), C=0,D=o0yand F=A= |\ =1:
there does not exist a VAR (c0) of a; in y;. Notice that n, > O = rp = 0, so that a; # 2z, = 0 and
F # Fp = |Ap,,(\y| = 0 there exists a VAR (k) of z; in y;. To execute this place ABCD__test.m inside the
dynare ‘Matlab’ folder; run F'Vetal2007 ABCD.mod with y,: as the only measurable variable; construct O
and record ro by running 0bs=[C] and ro=rank(0bs); compute A,,, By, C, and D,, = D by running
[Am, Bm, Cm, Dm]=minreal[A, B, C, D]; compute F,, and )‘Fm(/\) by running Fm=Am-Bm#*inv(D)*Cm
and eig(Fm).

dynare materially adopts minimal linear time invariant state space representations through Mutschler’s
code.

6. CONCLUSION

This note’s conclusion prescribes the subjective adoption of Mutschler’s code to the end of computing
minimal linear time invariant state space representations in dynare.
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APPENDIX

Extract of private messages of dynare programmer Johannes Pfeifer to this author in
dynare internet forum (December 11-12, 2013).

- FV et al.'s state space only contains predetermined variables. Their CODE: SELECT ALL
x_t=Ax_t-1+Be_t

is exactly equal to the first n_x rows of CODE: SELECT ALL
[x_t; \tilde y_t]=[A;C]*x_t +[B;DJ]*e_t

The state-space i.e. the x_t is still minimal.

Regarding
CODE: SELECT ALL
H[x_t; \tilde y_t]=H[A;C]*x_t +H[B;D]*e_t

that is exactly what the ABCD_test function does by selecting only the rows belonging to states and observables.
However, H is a selector matrix only for the rows, not the columns with the latter still containing only the states.
Thus, the ABCD test in my function and in FV is necessary and sufficient (given that D is invertible)

Economics letters comment to manuscript “Structural shocks empirical recovery under
minimal linear state space systems” (October 13, 2015).

Reviewer #1:

The author(s) claim(s) that Dynare delivers non-minimal state-space system representations. Despites its contribution to the literature, unfortunately, the main result is somehow lost in the paper, because
the author(s) devote several sections for replication of still existing results instead of being more focused on what is really new. Further, | think the claim is not sufficiently proved by the author. The author
somewhat devotes a small section in claim 3.10 but is puzzling to me whether this claim is proved on the basis of an explicit model, like the PI model, without an explicit numerical application, which
compares the Dynare result with the author's result. It is not sufficient to simply attach the codes, but to apply them. This would indeed highlight the result more clearly. In this light, the paper should be
completely re-written, and hence, spend more space for a proper discussion of the robustness of the obtained results.



