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1. Introduction

Common factor structures are a topic of broad interest in panel data analysis because they of-
fer wide scope for controlling for unobservables, including situations where there is cross-sectional
dependence (see e.g. Chudik and Pesaran 2015b and Sarafidis and Wansbeek 2020, among others).

To date, the panel common factor literature has been divided among methods catering for panels
where the number of time series observations, denoted by 7', is “fixed and small”, and panels where
“T is large”. The present paper develops a new Generalised Method of Moments (GMM) approach,
which is consistent for any value of T'. Currently, there are no results in the GMM literature covering
the setup where T' can be small or large. Our approach is motivated by the increasing availability
of micro-panels in which the value of T' is not negligible (but often not as large as in macro-panels),
as it is the case with several household surveys,' or firm level panels that contain balance sheet and
income statement data.?

The proposed approach gives rise to estimators that are free from incidental parameters by con-
struction. In particular, two key elements are combined: (i) a quasi-differencing transformation that
removes the unobserved factor loadings from the error; and (ii) an approximation of the unknown
factors, based either on observed variables or on the composite error term of the model. The latter
has an exact factor structure once evaluated at the true value of the slope parameters. Essentially,
these two elements allow us to devise a strategy that avoids estimating explicitly a large number of
parameters, regardless of the size of N or T'.

More specifically, we put forward two alternative GMM estimators; one is based on a constant
number of “averaged estimating equations” & la Anderson and Hsiao (1982), whereas the other one
makes use of “stacked estimating equations”, the total number of which increases at the rate of
O(T). We demonstrate that the former estimator is consistent and asymptotically mixed-normal as
N — oo for any value of T'. The latter remains consistent and asymptotically mixed-normal, although,
unsurprisingly, it can be subject to an asymptotic bias proportional to T//N due to the use of “many
moment conditions”.

In comparison to the approach developed in this paper, existing fixed T' GMM estimators require
estimation of O(T') nuisance parameters in order to control for the unobserved factors; see e.g. Holtz-
Eakin et al. (1988), Nauges and Thomas (2003), Ahn et al. (2013), Robertson and Sarafidis (2015),
Hayakawa (2011) and Juodis and Sarafidis (2020), among others. Such requirement is problematic
for asymptotic approximations with T — oo. The reason is that the moment conditions become
multiplicative functions of incidental parameters in the T' dimension, and thereby standard GMM

formulation breaks down.® Unfortunately, alternative fixed T' consistent estimators proposed in the

!Prominent examples include the Panel Study of Income Dynamics (PSID) in the U.S. and the European Union
Labour Force Survey (EC LFS), which contains quarterly data spanning the period 1983-present.

2For example, the Federal Deposit Insurance Corporation (FDIC) provides detailed data for the U.S. banking industry
on a quarterly frequency from 2001 onwards.

3Note that even in the literature of GMM estimation with “many moment conditions”, it is typically assumed that



literature, such as the “correlated random effects” Maximum Likelihood (ML) approach of Bai (2013),
are only applicable to the panel AR(1) model with strictly exogenous regressors. As such, they are
not suitable for our general setup, which allows for endogeneity and general forms of weak exogeneity.

For panels with 7" large, popular estimators include those developed by Pesaran (2006) and Bai
(2009), known in the literature as “CCE” (Common Correlated Effects) and “PC” (Principal Com-
ponents), respectively. Both CCE and PC have been originally designed for models with strictly
exogenous regressors. Recent extensions to models with weakly exogenous or endogenous regressors
suffer from the “incidental parameters problem” since an increasing number of nuisance parameters
needs to be estimated as either T" or NV grows. That is, unbiased asymptotic inference is guaranteed
only after appropriate bias-correction; see e.g. Lee et al. (2012), Everaert and Pozzi (2014), Chudik
and Pesaran (2015a), Moon and Weidner (2017), Juodis et al. (2020) and Juodis (2020a), among
others.* By contrast, the GMM approach in this paper does not suffer from “Nickell bias” of order
O(T~1), nor from bias terms that are of order O(N '), where N denotes the number of cross-sectional
observations. Therefore, it can operate under substantially weaker restrictions compared to existing
large T' procedures, which typically require 7'~ N.

The proposed approach enables us to transparently study identification in this setup. In particular,
we investigate several examples and provide necessary and sufficient conditions to ensure local and
global identification of the slope parameters. Currently, the vast majority of the GMM panel factor
literature takes it for granted that the moment conditions globally identify the parameters of the
model. This is despite the fact that global identification might fail for nonlinear moment conditions,
which existing GMM procedures heavily rely upon.’

One interesting result shows that when it comes to identification of the true parameter vector, one
cannot do worse by using stacked estimating equations as opposed to averaged ones. That is, the class
of globally and locally identified models based on averaged estimating equations is no larger than the
class based on stacked ones. In terms of local identification specifically, we demonstrate that even
when the Jacobian matrix of the averaged estimating equations is singular for T large, it converges
to zero at a slower rate than the moment conditions. Thus, the corresponding GMM estimator is
at least v/N—consistent and mixed-normal. Notably, inference remains valid without knowledge of
the convergence rate of the estimator. That is, from a practical point of view, there is no need to
know the convergence rate of the estimator in order to conduct asymptotically valid inferences. For
these reasons, this setup is different from the weak-identification setup in Staiger and Stock (1997),

where failure of local identification may lead to inconsistent parameter estimates. In terms of global

the number of parameters is fixed as the number of moment conditions grows large, see e.g. Han and Phillips (2006) and
Newey and Windmeijer (2009).

4 A notable exception is the IV estimator of Norkute et al. (2020) and Cui et al. (2020), which makes use of averaged
moment conditions, and requires strictly exogenous regressors as well as N ~ T..

"Hayakawa (2016) provides examples where global identification fails in the case where T = 3, for the moment
conditions proposed by Ahn et al. (2013).



identification, we show that potential failure of global identification can be avoided in a straightforward
manner, using multiple factor proxies.

Finally, the proposed approach is appealing because it can be extended to a wide rage of models,
motivated by either the micro- or macro-econometric literature. These include non-parametric models
(e.g. Su and Jin 2012), models with spatial dependence (Kuersteiner and Prucha 2020), unit root
tests (Robertson et al. 2018), smooth transition and structural breaks (Qian and Su 2016), inference
in partially identified panels with common factors (Hong et al. 2019), to mention a few.

The remainder of this paper is as follows: Section 2 presents the model and puts forward estimat-
ing equations, which are either linear or nonlinear in the parameters of interest. Section 3 develops
limit theory for the proposed GMM estimators under N, T — oo asymptotics. Section 4 discusses var-
ious extensions, including models with multiple factors. Section 5 studies inference and identification.
Section 6 examines the finite sample properties of the proposed estimators using Monte Carlo experi-
ments. A final section concludes. Proofs of theoretical results are documented in the Appendix. An
online Supplementary Appendix studies the properties of the proposed GMM estimators under large
N, fixed T asymptotics. Furthermore, the Supplementary Appendix explores identification-robust
inference and analyses local and global identification for the panel AR(1) model, both theoretically

and numerically.

2. Framework

2.1. The model

We consider the following linear panel data model with a single factor component:

yi,t:w;t/@"i_)\ift"i_gi,t; Zzl,,N, tzl,...,T, (1)
!/
where x;; = (:1;5}2, ... ,ng)) denotes a [K x 1] vector of regressors, 3 is the corresponding slope

parameter vector, whereas A\; and f; denote the individual-specific factor loadings and factors, respec-
tively.6

Throughout this paper, x;; is allowed to be correlated both with A; and f;, although «; ; need not
have a factor structure and it can be a nonlinear function of )\;, f;. Furthermore, the cross-sectional
correlation in x;; is not restricted to be driven by f; only.” To simplify some expressions, in what
follows we shall use the shorthand notation Ny = N —1land 77 =T — 1.

Suppose for the moment that the sequence of factors {f;}1; is observed. In order to remove
the source of endogeneity that stems from the dependence between x;; and A;, we make use of the

following one-step Forward Quasi-Differencing (hereafter, FQD) transformation:

frr1(Wie — x7,8) = fr(Viesr — i 3118) = frracie — ficirr; t=1,...,Tn, (2)

SFor ease of exposition, we consider a single factor model. The case of multiple factors is discussed in Section 4.
"In this respect, our framework resembles closer to the framework in Bai (2009) than in Pesaran (2006).



noting that
fer1Aife = fedifeq1 = 0. (3)

Eq. (2) resembles the one-step backward quasi-differencing transformation employed by Holtz-Eakin
et al. (1988), except that therein the above equation is divided by fiy1, mutatis mutandis. That
is, in their case the factor is essentially reparameterised as r, = fi/fi+1. As a result, consistent
parameter estimation requires that f;11 # 0 for all t. By contrast, the above FQD transformation
only requires f;11 # 0 for at least one value of t. Notice that the FQD transformation can be extended
to accommodate the Quasi-Long-Differencing (hereafter, QLD) transformation proposed by Ahn et al.
(2013), after replacing t + 1 with 7. However for technical reasons, the QLD transformation is not
appealing in the present setup because it effectively conditions on the last value of the factor, i.e. fp
becomes present in all equations. Therefore, the unconditional limiting distribution of the resulting
GMM estimator becomes a function of fr in the limit as T — oco. While such dependence is irrelevant
for T fixed, it is not appropriate (or not even defined) for 7" — 00.®

In what follows, all random variables are defined on the common probability space (2,4, P).
Furthermore, F denotes the o-field generated by all common shocks driving the individual specific
variables in the model, such that conditionally on F all cross-sectional units are independent. In
particular, all factors {f;}_; are measurable with respect to F, but we also allow variables such
as regressors and instruments to be a function of other common shocks (not necessarily of finite
dimension), resulting in additional sources of dependence across cross-sectional units.”

Under standard assumptions to be documented later, it holds from Eq. (2) that

Er [fiv18ie — figipsa] =0, t=1,... T (4)

In order to allow for an additional source of endogeneity stemming from possible correlations
between x; ; and the idiosyncratic error component, ¢; ;, we assume that there exists a D; dimensional

vector of instruments, z; ¢, such that
E}'[Ei,s"zi,t] = 0; S Z t. (5)

z;+ may contain elements of x;; (or lagged values thereof), depending on whether the regressors are
strictly /weakly exogenous or endogenous with respect to €;+. As it is the case with x; ¢, the correlation
between z;; and \;f; is left unrestricted. Note that the restriction on conditional moments in Eq.
(5) is sufficient but not necessary, as the estimators developed in this paper employ unconditional

moments of the form Erle; sz;¢] = Op,, s > t. However, for technical reasons related to the large T'

80ne can also use forward differencing that involves higher steps, such as two-step or three-step. However, one-step
differencing is attractive in the single factor model because it retains the maximum possible number of observations in

estimation.
9For example, one can easily allow x;+ = b (2:, g, Ci.t), where b (-) is a linear/nonlinear function in all arguments.

This is similar to models discussed in Menzel (2019), Juodis (2020b) and Ferndndez-Val et al. (2020).



theory, it is more convenient to specify (more restrictive) conditional moment restrictions. For more
details see Appendix B.
Given the moment conditions listed in Eqs. (4)-(5), we put forward the following estimating

equations indexed by 3, which will be used to develop Method of Moments estimators for 3:

m;(B) = fir12it(Yie — 23,8) — fiziz(Wir1 — i410); t=1,...,T1, (6)

such that under Eqgs. (4)-(5), we have Ex [m;+(8o)] = Op,.

As it stands, the above expression is not feasible because {f;}._; is unobserved. The standard
(T “fixed and small”) approach, as e.g. in Holtz-Eakin et al. (1988), treats {f;}/_, as unrestricted
parameters to be estimated. However, this strategy is problematic for asymptotic approximations with
T — oo. This is due to the fact that, unlike the one-way error components model, here the moment
conditions become multiplicative functions of incidental parameters, and therefore standard GMM
formulation breaks down. Rather than treating the factors as explicit parameters, the present paper

puts forward two approaches that circumvent the need to numerically estimate {f;}7_; (or {\;}Y,).

Remark 1 (Additive error components). The model in Eq. (1) can be extended to control for
additional additive error components. For instance, individual-specific effects can be eliminated by
taking first-differences a priori. Furthermore, additive time effects can be removed by transforming
the model in terms of time-specific cross-sectional averages. The implication of this transformation
on the properties of the moment conditions put forward in the present paper is analysed in Lemma

S.1 in the Supplementary Appendix.

Remark 2 (Low-rank regressors). When x;; includes time-invariant regressors, identification of 8
requires that f; is sufficiently time-varying, i.e. the factor component does not degenerate. Otherwise,
time-invariant regressors are asymptotically eliminated by the quasi-differencing transformation. See
Ahn et al. (2001) for further details. On the other hand, the effect of individual-invariant regressors
is identifiable, provided that these regressors are not linearly dependent with { ft};le, and one does
not transform the model a priori in terms of deviations from time-specific cross-sectional averages, as

in Remark 1.

2.2. Linear Approach

We start with the simplest possible approach, which requires relatively more restrictions on the
data generating process (DGP) but simplifies estimation considerably. In particular, suppose there

exists a time-varying variable of the following form:
dip = N/ fi + el (7)

Here d;; can be internal, i.e. one of the regressors in x;, or external to the model in Eq. (1), as e.g.

in Hansen and Liao (2018) among many others.



Remark 3. The existence of d;; is plausible in panel data models because economic agents are subject
to common influences, such as shifts in technology and productivity, changes in preferences and tastes,
to mention a few. Therefore, many variables share the same common factors. For example, Pesaran
et al. (2013) develop panel unit root tests based on simple averages of cross-sectionally augmented
Sargan-Bhargava statistics. In their empirical illustration, they test the null of a unit root in real
interest rates across a sample of countries. The unobserved factors are approximated using cross-
sectional averages of two external variables, namely oil and equity prices. Juodis and Sarafidis (2020)
develop a linear GMM estimator for fixed T" panels with unobserved common factors. In their empirical
application, they estimate the price elasticity of residential water demand conditional on weather
conditions, namely rainfall and temperature. Similar to Pesaran et al. (2013), the unobserved factor

component is approximated by an external variable, i.e. the average daily soil moisture index.

Remark 4 (Comparison with existing literature). Although the use of observed variables to approx-
imate factors draws from existing literature, namely the CCE approach of Pesaran (2006) and the
GMM approach of Juodis and Sarafidis (2020), there exist some major differences: firstly, unlike the
aforementioned papers, the present approach remains applicable even when d;; does not exist, as it
will be shown below. Secondly, Pesaran (2006) assumes that all K regressors are strictly exogenous
with respect to ;. In contrast, here the regressors can be weakly exogenous or endogenous. Finally,
Juodis and Sarafidis (2020) focus solely on the case where T is fixed. In particular, their moment
conditions involve nuisance parameters that absorb the (unobserved) correlations between the factor
component and the instruments. Since these correlations are allowed to be time-varying, the number

of nuisance parameters increases with 7', leading to incidental parameters in the time-series dimension.

Next to Eq. (7) we further assume there exists a time-varying variable, ¢;;, which is either

stochastic or non-stochastic, such that the following condition holds true:

Erlel g =0; s>t (8)
The above condition implies weak (sequential) exogeneity of ¢;; with respect to 5%. For instance,
time-varying weights that may satisfy weak exogeneity are lagged values of z;;. Moreover, let

Ef[qz‘,t)\?] #0;, t=1,...,T. (9)

Multiplying the observed variable d; ¢ by g, for s = {t;t 4 1}, one obtains

L
w§,t,)s = Giadis = QN fs + qiaels, (10)

such that
L L
wil) = Bx |0l0)] = Exla)fs + Exlael) = af. (11)

Hence, ¢;; can be thought of as a weight that scales the cross-sectional average of d; s. Using w,;, in

place of fs in Eq. (6), s = {t;t + 1}, we have

t,s



mE? (B) = wgﬁllzi,t(yi,t —x;,8) — wgi)zi7t(yi,t+1 —xjB8); t=1,...,T1, (12)
noting that
wwg,ltj—)i-l)‘ift - wgi))‘ift-‘rl = ctfiriNift — ctfidifiv1 = 0. (13)

Thus E f[ml(-{;) (Bo)] = 0p,. The superscript “(L)” emphasizes that the above equations are linear in
3, and therefore they can be used to construct a GMM objective function with a closed form solution;

see Section 3.

(L)

t,s

Remark 5 (Violation of weak exogeneity for ¢; ). When E ]:[qiytsgs] # 0, w, .’ has an additional, non-
negligible term and therefore Eq. (11) is violated. However, such violation leads to a mis-specified
model, which implies that this restriction is testable within the GMM framework based on the usual

over-identifying restrictions test statistic.

Remark 6 (Time-invariant weights). Our setup also accommodates naturally setups with time-
invariant weights ¢;; = ¢; V¢, as long as all aforementioned conditions are satisfied. For instance,
time-invariant weights are considered in Pesaran (2006), which focuses on ¢; = 1, and in Juodis and
Sarafidis (2020), which considers ¢; € {1,y¢70,m;70}, where x; o denotes the K x 1 vector of initial
conditions of the covariates. Fan and Liao (2020) have recently advocated a similar construction of

factor proxies, which involves pre-specified (potentially arbitrary) weights g;.

2.3. Nonlinear Approach

When the existence of additional variables with an exact factor structure (d;;) is questionable,
the linear estimating equations described above may not be feasible. An alternative approach for
approximating the factors, which does not require the existence of d; ;, can be based on the composite
error term of the model.

In particular, let ¢;; be as above, but now the conditions (8)-(9) are with respect to the model

error term ;4. That is, we assume

Erleislgis) =0; s>t, (14)

or, more generally,
ErfeitFitl = 05 Fip =0 ({#ir}im1 V{airti=1) - (15)

This is essentially the same assumption placed on ¢;; as in the linear approach, except that the
idiosyncratic errors and the factor loadings correspond to the process of y;; rather than the process

of d; ;. Thus, using similar notation as with the linear estimator, one may set:

NL NL NL
wit,s) = qi,tdﬁ,s (8); df-,s '(8) = yis — x B M=N; el =es (16)

Effectively, Eq. (16) makes use of the fact that the composite error term, once evaluated at the true

value B3 = B, has an exact factor structure, i.e. y; s — 3327550 = Nifs +¢€is-



(L
t,s

(NL)

Defining wt(gL) =Er [w(NL)] and replacing w ) by w; ¢~ in Eq. (12), the corresponding estimating

i,t,8
equations become nonlinear in 3. The resulting approach is more akin to the framework of Bai (2009)
in that it does not require the existence of covariates driven by the same factors as those entering
directly into the error term of the process for y; ;. On the other hand, as this approach is nonlinear,

it is computationally more demanding than the linear one.

3. Asymptotic Results

This section studies the case where both N and T grow to infinity jointly. The case where T is
fixed with N — oo is analysed in the Supplementary Appendix of this paper.

3.1. Assumptions

Let K; be the o-field generated by all time-invariant, individual-specific random variables for unit
i. We denote the o-field generated by all individual- and time-specific variables by D, i.e. D = o(F V
{ICZ}f\Ll) Let = be some finite constant independent of N and T". Moreover, let X; = (x; 1, ... ,asLT)',
Z;=(zia,... ,z,;,T)/, g =(&i1,... ,&',T),, sf = (s‘f’l, . ,egTy, qi = (g, -- ,qi,T)/. Our assumptions

directly accommodate both time-invariant (¢;) and time-varying (g; ) weights.

Assumption 3.1 (Data Generating Process). The DGP for all i and t satisfies the following restric-

tions for some r > 4 and § > 0:

(a) i = (X, Z;, €4, Eg, qi) are identically distributed and independent across i, conditional on F. T
are independent across i, conditional on D.

(b) pi+ = (w;t,z§7t,€¢,t,€f’t,Qi,t)’ ® (1, ft, fe+1)" is a (D conditional) a—mizing (or strong-mizing) se-
quence in t, with mizing coefficients ci;(m) that are measurable w.r.t. D and satisfy sup;(a;(m)) =

pz(»z) T+5] < E.
(c) o—fields K; are independent across i, conditional on F. C F. v; = (A, A}, q;)" is K;—measurable
h) satisfies Er [ (h) r+6} < =

Fit) =0, and Ep[agt].ﬁfft] =0, where Fiy = o({zi+}._,) and .7-"{3 =o({q-}t_,).

O(m™) as m — oo, with u = 3(r + 8)/8.1° Each element pgz) satisfies Ep [

and identically distributed across i. Furthermore, each element ’UZ(

(d) Epleiz

(Y

The notion of conditional mixing has been used by Ferndndez-Val and Weidner (2016), Su et al.
(2015) and Lu and Su (2016), among others, in the context of large T' panel data analysis. Note that
unlike many other studies, e.g. Su et al. (2015), here “innovations” ¢; ¢+, and/or 8?,1& are not assumed to
be martingale difference sequences (MDS). In particular, the large N dimension allows both random

sequences to be serially and contemporaneously correlated, as long as they are mixing. The rates r

The mixing coefficients are defined as ;(m) = sup, SUP A} BeB], |Pp(AN B) — Pp(A)Pp(B)|, where A} and
Bi denote the o-field generated by (pit, Pit—1,...) and (Di¢, Dit+1,- .- ), respectively. Intuitively, a stochastic process
is mixing if its values at widely-separated times are asymptotically independent. Thus, the mixing coefficients a;(m)

represent a “measure of dependence”.



and p are generally sufficient to use most of the standard inequalities for mixing processes, see e.g.
Doukhan (1994). The conditional mixing restrictions on the memory of p; ; are imposed to ensure that
the resulting convergence rate is v/NT and not v N. However, as discussed by Hansen (2007), the
slower convergence rate generally has no impact on standardized statistics in this setup. Alternatively,
one can impose high-level assumptions directly on the convergence rates of averages of data, as in Bai
(2009). In this way, part (b) of Assumption 3.1 on the a(m)-mixing coefficient o;(m), can be relaxed.
Finally, for the nonlinear estimating equations, condition (d) should be interpreted in terms of the
joint o—field o({z; }t_y V {qir i y).

3.2. Estimating Equations

Consider the following [D; x 1] vector of estimating equations available at time period t:

N N
_ 1
m ]\TZZ { ]tt+lzlt Yir — ztﬁ) jt)tzlt (yz t+1 — ;,t+118)} ) (17)

for t = 1,...,T1, where £ € {L; NL}. The double summation over (i,7) is a direct by-product of
©)

i,t,8

making use of cross-sectional averages of w, . in the approximation of f,, s = {¢t;¢t + 1}.
Before we provide formal asymptotic analysis, it is useful to informally characterise the asymptotic
properties of the leading component in Eq. (17). In particular, under the regularity conditions listed

in Assumption 3.1, the leading term in the asymptotic expansion of m(g) (Bo) is given by:!!

N
1
VN Bo) = — p,(-g) +op(1), 18
t ( ) \/N ; it ( ) ( )
such that
ugi) = E}"[Qz’,t}\go]zi,t (fe+18it — frcigt1) — Ex[zitilgin (ft+1€l p — Jie; t+1> (19)

where for convenience we adopt the notation )\Z(-L) = )\gl, /\ENL) = A\, EE’? = sfl,t and 52(-7]2”:) = g;¢. Thus,
although the original sample estimating equations involve double summation over (i, j), the leading
term in the expression above involves single summation over the cross-sectional dimension. This is
because averages over j implicitly estimate expected values, i.e. E ;[qm)\gg)] and Ex[z; 1 \].12

For the case of the nonlinear approach specifically, it is straightforward to see that Eq. (19)

simplifies considerably:

ME,];[L) = (ErlgitNilzie — ExlziiNildis) (frer€ie — feips1) - (20)

"The expression in Eq. (18) can be interpreted as the Hajek projection of 771(@(&))7 see e.g. Ch. 12 of van der Vaart

(2000) for a formal definition.
12Essentially these terms are the so-called “g” parameters introduced by Robertson and Sarafidis (2015) and Juodis

and Sarafidis (2020). However, unlike these papers, here we do not need to numerically estimate E]:[qiyt/\gg)} and
E]:[Ziytki].

10



The above expression indicates that the proposed method quasi-differences not only the model for y; ¢
in Eq. (1), to avoid estimation of A;, but also functions involving the instruments, z;;. This is due
to the fact that the correlation between instruments and the factor component is left unrestricted.
By contrast, when {f;}7, is treated as known (e.g. f; = 1 Vt), then one requires differencing of y;
only, but not z;;. However, it is worth noting that these transformations are implemented without

any need to numerically estimate the nuisance parameters {\;}X, and {f;}L ;.

Example 1. Consider a panel AR(1) model with a one-way error components structure, i.e f; = 1

Vt. Setting ¢;+ = yi+—2 and 2+ = y;+—1, Eq. (20) reduces to

NL
Nz(',t ) = (ErNiyii—2lyii—1 — BFNyi—1lyii—2) (Eir — €iat1) - (21)
Under mean-stationarity, i.e. Ex[A\iyis] = (1 — ag) "L Ex[A?], where o denotes the true value of the

autoregressive parameter, the above expression simplifies further to

NL
nii " = —ErDiio] (Ayie—2Beis). (22)
That is, in this case the estimating equations reduce to moment conditions with instruments in first-
differences (up to a constant), as e.g. in Anderson and Hsiao (1982). On the other hand, with

time-invariant weights, ¢;; = ¢; = yi,0 (say), the above expression becomes

NL
uﬁ,t ) = —Er[Aiyiol (gie-1 — vio) Aeie, (23)
in which case the moment conditions make use of instruments in long-differences. Thus, some of the
classical Method of Moments procedures can be viewed as special cases of the estimating equations

put forward in the present paper (under some restrictions on the DGP). O

Note that in dynamic panels, moment conditions with instruments in first-differences are known
to have larger variance compared to their level counterparts, see e.g. Arellano (1989). Hence, the
above example illustrates that the implicit double differencing employed in this paper, i.e. over i and

over t, cannot be optimal when any knowledge of either \; or f; is available.

Remark 7 (Multiple weights). The statistical framework considered thus far makes use of a single
weight to proxy the factors, which can be time-varying or time-invariant. In essence, this setup cor-
responds to the exactly identified instrumental variable framework in proxying f;. Given this natural

(1) (5)>'

interpretation, our approach can be easily extended to multiple vector weights q; ; = (qz- PN/ A

For instance, for S = 2 the estimating equations can be expressed as in the following [2D; x 1] vector:

==(€)(1)
—(9) m;(B)
m;(B) = ( —_(9)(2 ) (24)
o)
where mﬁf)(") (B) corresponds to setting wggn) = qu)dz(i,), for k = 1,2. Similarly, for the linear

approach one can also consider multiple observed variables, d; ;. It is clear from the above formulation
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in (24) that in practice one does not need to choose explicitly among different choices of g;; or d; ¢,
since these give rise to different estimating equations that can be stacked together, as in a standard
overidentifying instrumental variables framework. In this sense, the treatment of multiple weights
at time period ¢, q;¢, is no different than the treatment of multiple instruments, z;;. This is in
stark difference with the linear GMM estimator of Juodis and Sarafidis (2020), designed for fixed T'
panels. In particular, therein the correlations between instruments and the factor component (the “g”
parameters) are estimated explicitly. Therefore in their setup, including more weights (or variables)
than necessary in the approximation of the factors can render the asymptotic distribution of GMM

non-standard.!?

3.8. Limit Theory for Averaged Estimating Equations

In what follows, we focus on the case where the dimension of z;; is fixed for all values of ¢, such
that D, = D(= O(1)), and we shall study “averaged estimating equations”. In particular, we consider

the following [D x 1] vector of estimating equations:

Ty
m() = S mi(s). (25)
t=1

In Section 3.4 we shall consider the case where instead of averaging mﬁf) (B3) over t, these estimating

equations are stacked such that the total number of moment conditions used in estimation is of order
o).

Before stating the remaining assumptions necessary for identification and derivation of the asymp-
totic distribution of the proposed estimator, the following lemma demonstrates that the linear averaged

estimating equations can be biased for T large.
Lemma 1. Suppose that Assumption 3.1 is satisfied. Then for allt =1,...,Ty,
Ep |mi")(80)] # b (26)
Ep [mgw (50)} —0p. (27)
Furthermore, b =E [ﬁ(L) (,60)} =O(N7h.
Proof. See Appendix B. O

The form of the (potential) bias for the linear estimating equations is solely determined by the
“own” terms and arises because the covariance matrix between (gi+,2.,) and (g;4,¢%,)" is largely

unrestricted.!® Notably, this bias diminishes with large N. To illustrate, suppose that N = Tp

13This issue is circumvented in their paper using regularisation or best-subset selection.
MFor the precise definition of the bias term, the interested reader may refer to the corresponding proof.
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for some positive integer p, and the underlying mixing process is strictly stationary. Then, it is

straightforward to see that
VNTE [ (8y)] = /b + 0p(1) = Op(1). (28)

Thus, the linear estimator might suffer from an “incidental parameters problem” under diagonal (or
proportional) asymptotics, which is due to the approximation of the T'—dimensional parameter vector
f=(f1,..., fr) from NT observations. The bias term is of order O(vTN~-1), i.e. it is negligible for
N >> T, e.g. when T is fixed. Further details are provided in Appendix B.

Despite of this, the source of the potential bias above is easily eliminated by replacing the factor

proxies ft =N Zfil wg’?t (identical for all 7) with individual-specific proxies:

L
fir=+ N, Z J(,t,)t' (29)
J#i

The resulting linear estimating equations available for each period t are of the following form:

m" ()

|: Jtt+1z7,t Yit — &; t:B) ]ttzzt (yz t+1 — ;’t+1ﬁ)] . (30)
1=1 j#i

(L)

The corresponding nonlinear equations available for each ¢ are of identical form, except that (e

replaced by wj(ts), for s = {t;t +1}.1°

is

The “delete-one” construction of ﬁ,t ensures that factor proxies are uncorrelated with all ¢ specific
variables. Therefore, the resulting estimating equations are unbiased for any values of N and T and
so they can be viewed as an average U-statistic of second degree:

N

11 —
Y (B) = 5 > (B), (31)
(2) =
where
%S? (B) = Z [w](i),t+1zi,t (yi,t - Blmi,t) - J('i),tzi,t (yi,t+1 - Blwi,t+1)}
j<i
+ [ w1z (ie = B'Tie) = w0l zie (v ﬁ'wj,tﬂ)] : (32)
7<t
Let
=(©) R
m(8) = 7> e (B).
t=1

For both linear and nonlinear approaches, we define the estimator that makes use of averaged estimat-

ing equations as the solution of the following standard Method of Moments minimisation problem:

,BMM = arg min ((m(@ (,8)), WN,TE(O (,8)) , (33)

Be®

15For the nonlinear approach, however, it is not necessary to use individual-specific factor proxies because we know

from Lemma 1 that the estimating equations remain unbiased.
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for £ € {L; NL}, where Wy r is a positive definite weighting matrix such that W r L2y W as
N, T — oo, and W is assumed to be F—measurable and positive definite a.s. A similar U-statistic
based objective function has been recently used in Jochmans (2017) to estimate common parameters
for nonlinear dyadic models. As with the setup in Eq. (25) for £ = NL, the proposed moment
conditions in Jochmans (2017) are multiplicative functions of common parameters.

The at-most-quadratic nature of the proposed estimating equations implies that

—(© — () =6 1&=0©
mo(B)=m " (Bo)+ | T +5 > Hy (B —fow) | (B Bo), (34)
k=1

—=(&) — =(¢)

where I = |om ") (8)/08 },3 5 is of dimension [D x K|, while the [D x K| matrices H;, denote
=0

the corresponding matrix-valued second derivatives of ﬁ(é) (B) with respect to 3, where 3, is the k!

element of 3.

Assumption 3.2 (Local Identification). For each & = {L; NL} the limiting Jacobian matriz I'®) =
=(©)

plimy p_,o I'  is F—measurable with rank K a.s., i.e. rk[©)] = K.
Assumption 3.2 ensures consistency of the proposed estimator based on the linear estimating equations.
On the other hand, as it is generally the case for nonlinear approaches, additional restrictions are

required to ensure consistency of the proposed nonlinear estimator.

Assumption 3.3 (Global Identification). The parameter space @ C RX is compact and contains Bo
=(¢)
in its interior. The limiting matrices plimy p_,o H)  are F—measurable, and bounded a.s. for all k.

Let m\ND)(B) = plimy 7,00 e (B) for all B € ©. By is identified on @ such that m™NE)(8) = 0p

iff B =B a.s.

Assumption 3.3 implies that the corresponding limiting estimating equations point identify the pa-
rameter of interest over @. In Section 5 we discuss examples where Assumptions 3.2-3.3 can be
violated.

(©)

Denote by g, the time-series average of the leading term given in Eq. (19), i.e.

T

_ 1

Aip = 7 D - (35)
t=1

We assume that the following quantities are well defined and a.s. finite:

!
2© — plim By |:T1N§,§% (5) ] : (36)
T—o00
-1
(6 [( p<s)>’w [‘(5)] ( p<s>>’ W (37)

Moreover, X has rank K a.s. For technical reasons we also impose the following restriction on the

relative rates of N, T.
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Assumption 3.4 (Asymptotics). Np is a non-decreasing function of T such that Ny — oo as
T — oo.

Assumption 3.4 merely requires that Np is a non-decreasing function of 7. In particular, it is
weaker than assuming that T/N — p € [0;00), e.g. one can allow Ny = v/T.16 This restriction allows
us to use the central limit theorem for MDS arrays from Hall and Heyde (1980).

The following theorem summarises the asymptotic distribution of the proposed estimator.

Theorem 1. Suppose that Assumptions 3.1-3.4 hold true and rk [.Q(&)] =D a.s. Then, as N,T — oo

we have -
VT (B~ Bo) = Z© (29) " (F — stabiy), (38)
for € = {L;NL}, where X€) and 2© are independent of 1 ~ N(Op, Ip).

Proof. See Appendix B. O

Since X©) and 2 can be random matrices (measurable with respect to F, but independent of
1), the unconditional limiting distribution of the proposed estimator is mixed-normal rather than
normal, in general. To appreciate this fact recall that the leading term of the asymptotic distribution
is determined by the scaled time-series average in Eq. (35), i.e.

T

g _ 1 ©) ©) ©)
vhp; = T ; [E]-'[Qi,t/\i zit (fir1€ie — fecipr1) — Ex(zisNilqis (ft+15i7t — ft€i7t+1)i| . (39)

As T — oo, all time-varying components average out unless some of them are F. measurable. As
an example, let \; = )\f = )\Xi where A is some random variable, and Xz is an i.i.d. sequence. In
such a case, the asymptotic distribution of the estimator (through 02©) and 2(5)) is a function of A.
However, this plays no role for inference procedures that make use of standardized (pivotal) statistics,

so long as both X and £2) can be consistently estimated from their sample analogues. That is,
5309 Ts© 00 (s©Y] (50 d, 2
NTy (B — Bo) [2 29 (z )] (B —Bo) =5 Xk (40)

The result of Theorem 1 indicates that BJ(\E)M is the only available estimator in the literature that
does not suffer from incidental parameter bias in any dimension (with the “delete-one” implementation,
where required). In particular, our approach does not suffer from the usual “Nickell bias” of order
O(T~1), which is standard in fixed-effects type estimators for models with weakly exogenous regressors
or instruments. For this reason no explicit restrictions on the relative diagonal expansion rates of N
and T are imposed. In comparison, popular large T" procedures accommodating a factor structure,
such as the so-called PC and CCE estimators, not only have bias terms that are of order O(T~!),
but they are also subject to bias terms of order O(N~!); see Moon and Weidner (2017), Juodis et al.
(2020), and Juodis (2020a).

16Having said that, in most applications we have in mind, Nz > T. Note that for simplicity, we drop the T subscript

from Np and simply use N hereafter.
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3.4. Limit Theory for Stacked Estimating Equations

In the fixed-T literature of panels with common factors, existing GMM estimators employ stacked
moment conditions, such that the total number of instruments used in estimation increases with T,
see e.g. Ahn et al. (2013), Robertson and Sarafidis (2015) and Juodis and Sarafidis (2020), among
others. This strategy is essential because the number of parameters to be estimated is of order O(T').1"
To the best of our knowledge, there are no theoretical results available in this literature that allow
T — o0.

In what follows we use our approach to study the setup where the number of estimating equations
increases with the sample size, in particular, at the rate of O(T).

For both linear and nonlinear approaches, we define the estimator that makes use of stacked

estimating equations as the solution of the following minimisation problem:

T

Bl = argmin (1 > (mi(@) ml (ﬂ)) : (41)
Be® I

for ¢ € {L; NL} and mgg) (B) as defined in Eq. (17). Here we use the B%)MT notation to emphasize

that the number of estimating equations employed is of order O(T'). Moreover, unlike Theorem 1 we

do not use the “delete-one” construction in ﬁt because (as we show later on) the “many-instruments

bias” that arises, is in general of the same order as that of the incidental parameters bias associated

with the approximation of f; from NT observations.

Remark 8 (Weighting of stacked estimating equations). In line with existing literature of GMM
estimation with many moment conditions (see e.g. Han and Phillips 2006 and Newey and Windmeijer
2009), the above estimator is unweighted, i.e. it corresponds to optimising an objective function with
an identity matrix as a “weighting” matrix. There are several reasons for this choice. To begin with,
consistent estimation of the optimal weighting matrix can be practically infeasible due to incidental
parameters. In particular, while the optimal weighting matrix is typically easy to compute when T is
fixed, this is not the case when T is large, as one needs to take the inverse of the variance matrix of
the moment conditions, which is of order O(T) in the present setup. Thus, as it is well appreciated in
the literature on high dimensional covariance matrices, the ratio T'/N plays a major role for consistent
estimation of the corresponding covariance (and precision) matrices in the large T case.'® Secondly,
high dimensional covariance matrices can often be subject to singularities. Unfortunately, the use

of a generalised inverse will not solve the problem in the GMM framework.'® Finally, we note that

" Therefore, averaging of moment conditions is not feasible in their framework.
8The same holds true for estimators that make use of O(T?) moment conditions, which become naturally available

in panels with weakly exogenous regressors. For instance, Lee et al. (2017) show that consistent estimation of the
optimal weighting matrix generally requires T3/N — p € [0;00). Notably, when the objective function involves O(T?)
moment conditions, the use of a non-optimal weighting matrix may result in an inconsistent GMM estimator (Alvarez

and Arellano 2003).
19Tn fact, such practice bears adverse implications for local and global identification, see Satchachai and Schmidt

(2008) for more details.
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in principle it is possible to come up with alternative, suboptimal choices for the weighting matrix,
the structure of which depends on unknown parameters of fixed dimension. However, such strategy
has impact for local and global identification, as these depend explicitly on a particular choice of the

weighting matrix.

Analogously to Eq. (34) we expand the estimating equations as follows:

)

m{(8) = m(® (o) + ( 3 ZHEf 5k—50k>> (8~ Bo), (42)

where all matrices are defined accordingly. Since we consider an increasing number of estimating
equations, all regularity conditions imposed in Section 3.3 need to be appropriately modified to ac-
commodate this setup.
=~ _ FEOV e (FFEY =HO
Define 7, vec(m (,80)) vec(I'y") ,vec(H, ). .., vec(Hy )" )

)

Assumption 3.5 (Local Identification: Stacked). For each { = {L; NL}, F]E/%/IT = plimy 7,5 Tt
— N —
tTél (I‘gg)) Fgg) is F-measurable with rk[F](\g\/lT] =K a.s.

Assumption 3.6 (Global Identification: Stacked) The parameter space @ C RX is compact and
~© (=&

/
contains Bo in its interior. plimy o T1 Zt 17 (’yt ) is F—measurable, and bounded a.s. Let
GV (B) = plimpy p_ oo Ty ZTl 7(NL)([3)’WENL (B) for all B € O. By is identified on O such
that: GNL(B8) = 0p iff B = B a.s.

Assumption 3.7 (Asymptotics: Stacked). Ny is a non-decreasing function of T' such that Np — oo
as T — oo and T/Nt — p € [0;00).

Assumption 3.7 is more restrictive than Assumption 3.4 and ensures that the “many moments”
bias is not explosive as N,T — oo. Such condition is standard in the literature (e.g. Bekker 1994,
Han and Phillips 2006, and Newey and Windmeijer 2009).

Let

r'Y = lim Ef [F(ﬂ (43)

N—o0
be the “expected Jacobian” matrix at time ¢. For example, for the linear approach the above matrix

takes the form 14
L d f E — Er|ziix
rt( ) — E]—'[Qz,tAz] ( t ]—'[zi,tx;,t-i-l] ft+1 [ i,t 'Ii,t]) . ( )

The modified influence function associated with the “many moments” setup is given by

T1
—emmr _ 1 ©\ . (©
ki T Z (Ft ) 1y (45)

Given the above definition, we assume that the following variance-covariance matrix

/
Uy = pim B | T (5 G) | (1)

T—o00
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is well defined, a.s. finite and F—measurable. Note that because Ep [HE?] = 0Op and all 1}(5) are

F—measurable, it follows directly that

T
YMMT 1 !
Ep [ = 1 zED (1) u] = 23 (0 B [u9] 0w a1
t=1
. . . _(OMMT . . o .
Hence the “many-moments” influence function ;> inherits the conditional mean and mixing

properties from the original version based on “averaging” of the estimating equations.?’ The main

result of this section is presented in Theorem 2.

Theorem 2. Suppose that rk [Q](\E)MT} = K a.s. and Assumptions 3.5-3.7 hold true, while Assump-
tion 3.1 holds with r = 8. Then, for { = {L; NL}:

~ -1 1/2
VAT (B§hur o= 08%5) = (Fher) ™ (@) i 7 = stamy, a9

where .Q](\?MT, defined in Eq. (46), is independent of Yy ~ N(Ox, Ik).

Proof. See Appendix B. O
)

The F— measurable bias term bp’r generally consists of two terms:

3 ¢ MMT
b = by + b (49)
i.e. the “incidental parameters” component, bg)]ip, which is zero for the nonlinear approach as well as

the linear approach with the “delete-one” correction, and the “many moments” component, b(ﬁ)MMT,

which is non-zero in general. In particular, as it is the case with all standard problems entailing an
increasing number of moment conditions, b%éiWMT is determined by the correlation structure between
Ft(g) ugft) and the (individual-specific) influence functions associated with the Jacobian matrix of the
estimating equations.

In principle the “many moments” component of the bias can be removed by means of higher order
JIVE-type correction (e.g. Angrist et al. 1999). In the present case such correction would require the
use of a U-statistic of degree 4, which is akin to network models such as those of Graham (2017) and
Jochmans (2017). Alternatively, one can use the two-sample/split-sample approach, as proposed in
Angrist and Krueger (1995) and Chernozhukov et al. (2018). In practice, simulation evidence reported

in Section 6 suggests that the bias appears to be almost negligible.

4. Extensions

4.1. Additional restrictions: Lack of serial correlation

So far we have restricted our attention to situations where the instrument vector z; ¢ is given/known.

However, under suitable restrictions on the DGP in Eq. (1) an additional set of instruments (moment

20Notice that one of the implications of Assumption 3.1 is HI"t(E) < E,Vt.
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conditions) can be considered. For example, if €;; is serially uncorrelated, i.e.
Erleiteis| =0; Vt#s, (50)

an additional set of moment conditions is available for estimation of 3. An assumption of this type
is commonly used for fixed T' inference in models with weakly exogenous regressors, such as when
x;; contains a lagged dependent variable (see Arellano 2003). For 7' large, Eq. (50) can be extended
accordingly.

In specific, if condition Eq. (50) is satisfied, then for each time period ¢ the following variable can

be used as instrument
hit(B) = Yit+s — T e, (51)

for s =—t+1,...,—1,2,...T —t. Here we use the notation h;.(3) to differentiate between known
instruments z;;, and “unknown” ones. In the additive error components structure, the moment
conditions in Eq. (51) are usually attributed to Ahn and Schmidt (1995). Ahn et al. (2001) also
discuss such moment conditions for a model with a single common factor.

Observe that h;¢(8) is a function of the idiosyncratic and factor components. For example, for
§=—1,

hit(Bo) = Aifi—1 +€ip—1. (52)

Hence, it is clearly seen that both components determine the asymptotic distribution of any estimator
that utilizes moment conditions of this type. Identification issues aside, all previous theoretical results

accommodate h;.(3)—type instruments among z;; from Eq. (51).

4.2. Multiple factors

So far we have assumed for ease of exposition that the number of factors is known and is set equal
to L = 1. In what follows we consider the generalisation of our framework to the case of multiple

factors:
Yit = /Blwi,t + X fr + it (53)

where both A\; and f; are L-dimensional vectors.

To see how our approach can be extended, consider the following shorthand notation: y; ., for
s < t, denotes vectors of the form y; ¢+ = (yis,- .- ,y,;,t)'. Stacking the (¥i¢+1,...,Yi++1) observations
together leads to

/ / !/ !/
Yit+14+L = B Xi,t+1:t+L + >‘z'Ft+1:t+L + €t 1:t+Ls (54)

where Fyi1.440 = (fi41,---, frer) is [L x L]. Let |Fiy1.441| denote the determinant of Fjyq1.44 7 and

let Ft'fH:t 4, denote the corresponding adjoint matrix, such that Fyiq.+ LFtil:t YL

analogously to the model with L = 1, the FQD transformation is given by

= |Fiy1:0+2]- Then,

’Ft+1:t+L‘(yz’,t - BIwi,t) - (yg,t—s—l:t—i-L - :Ble‘,t+1:t+L)Ft11:t+Lft = |Ft+1:t+L’5i,t - Eg,t-}—l:t-&—LFt—:-l:t—}-Lft’
(55)
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fort=1,...,T — L, since

\Fyivavrlfie — Fryvern By Fr = [ Fopve ol fo — | Frprer ol fo = OL. (56)

Similarly to the single factor case, in general the estimating equations will take the form of a nonlinear
U-statistic of degree L + 1, as both |Fy;1.441| and Ftil:t ") f+ are products of averages. This holds

true unless there exists an L-dimensional vector d;; such that
. __ Ad d . d D] —
diy = A fi + €t Ef[si,s|q2,t] =0, (57)

for s > t, where A% is [L x L].2! 1In this case the corresponding estimator remains linear in 3
irrespective of the number of factors.

Note that identification of @ with multiple factors requires that T is strictly larger than L. This
condition, which is only relevant for T' fixed, is similar to that in other fixed " GMM or least-squares
estimators available in the literature, see e.g. Remark 1 in Juodis and Sarafidis (2020) and Assumptions
T-C in Westerlund et al. (2019).

Let Ly denote the true number of factors. The value of Ly can be determined using a BIC

information criterion, as in Ahn et al. (2013) and Robertson et al. (2018). In particular, define
BIC®)(L) = NTi Qur(Bi7y (L)) ~ n(NT1) b(L), (58)

where QNT(B](\?M(L)) is the value of the GMM objective function based on averaged estimating
equations and evaluated at BE\Z)M (L), BE\?M (L) denotes the estimate of 3 using L factors, and b(L) is
a penalty function that equals a constant times the degrees of freedom of the model. Note that b(L)
is strictly decreasing in L. Let

L= argmin BIC®(L), (59)
L:07---7Lmax

where L,y is such that Ly < Lyqz- L is consistent, i.e. as N,T — oo, L2 Lg. To see this, let L~
and L denote any two values for L such that L~ < Ly and L™ > Lg. Dropping the superscript (£),
we have

Pp [BIC(Ly) — BIC(L*) > 0]

=Pp [NTi (Qur(B(Lo)) ~ Qur(BLY))) +In(NTy) (b(L*) = b(Lo)) > O]

<Pp [NT1 (QNTB(LO)) +In(NTY) (b(LY) — b(Lo)) > o} -0, (60)

since the first term is chi-squared distributed by Theorem 1, and thus it is Op(1), whereas the second

term diverges to —oo. On the other hand,
Pp [BIC(Ly) — BIC(L™) > 0]

_pp [(QNT«?(L@) — Qur(B(L7)) + 2N

NT, (b(L7) = b(Lo)) > o] -0, (61)

2! Alternatively, one can combine a single variable d; ; with L weights, g; ., see Juodis and Sarafidis (2020) for more
details.
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because the first term converges to a fixed negative number (since Q7 (8(Lo)) — 0 and Qnr(B8(L7)) —
¢, 0 < ¢ < 00), whereas the second term converges to zero. The same BIC expression is valid for T'
fixed as well, because the first term in (60) remains bounded, whereas the first term in (61) behaves
as before.

Note that a similar BIC method can also be used for the GMM estimator based on stacked
estimating equations. In particular, as it is already pointed out by Ahn et al. (2013), the overidentifying
restrictions test statistic computed with a non-optimal weighting matrix is a weighted average of

independent chi-squared variables, and thereby it remains bounded.??

5. Inference and Identification

5.1. Variance matriz estimation

Asymptotically valid inference requires consistent estimation of I'®) and £2(©) for the averaged
equations, and 1’152\/” and Q](\E)MT for the stacked equations. As with any standard GMM problem,
I'® and F]ﬁ/%\/[T can be estimated based on the corresponding sample analogues evaluated at any

consistent estimator of By. In particular, for either ,@ = BM M Or ,@ = ,@M MT, We suggest

£O@) = [om )08 . (62)
and
() = 7 Z(F(£ 0) T @) = [om®(8)/08] . (63)

Next, we discuss consistent estimation of £2(€) and .Q](\?MT As a building block for this, we consider

estimation of the individual components of ,LLZ(-i), as given by Eq. (19), i.e

uﬁi) EF[Qz‘,t)\Eg)]Zi,t (fir1€it — frei1) — Ex[zitilaig (ft+1€zt ft&; t+1> (64)
for ¢ € {L, NL}. Set

2 r 3. 2ANL) _~ o AL
Eit = Yit — T €t T Eits &y =dit, (65)

)

where B is either BMM or BMMT. While &;; is not a suitable estimate for €;; directly, it remains a
valid plug-in estimate in the term fi 1€, — fi€i¢+1. That is, assuming both f; and f;11 are known, it
is straightforward to see that f;118;; — fi€i 41 is a suitable estimate for fi116;+ — fi€is+1. The same
result holds for the expression involving ¢ +; that is, éflt is a valid plug-in estimate in ft+1€zt fteZ 1

In practice, neither f; or fi11, nor E;[q27t)\l(-£)] and Er(z;4\;| are observed. However, separate
estimation of these components is not necessary as all expressions involved in the estimation of 0©

and .Q](\?MT are multiplicative in these components.

Z2However, certain restrictions on the convergence rate of N, T — co are required. See Theorem 3 for more details.
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Define gég)) = E]:[qzt/\ ]fs and gz = Er(zit\ilfs for t =1,...,T1 and s = {t;t + 1}. The

plug-in estimates of these quantities can be constructed as follows:

N
~ 1 ~
g(q N Z q-]’tdj g(z)rtvs = N Z zj,tgj,S' (66)
j=1
Intuitively, this is justified because for any t = 1,...,T, we have ’g\((g ts = é% + Op(N~12). That

is, /g\((g ts is a consistent estimator for g((si 1 35 N — oo. The same result holds for g, () t,s

Hence, the plug-in analogue of Eq. (64) is of the form:

£ 13 -~ = ~ 3 3
HE t) = Zit (géq))ttﬂfzt (q)7t’t5i,t+1> —qit (g(z),t,t+1§§,t) - (z)7t,tA£t)+1>

This plug-in expression can be used directly to consistently estimate £2(6). We consider the following
(centered) estimator of £2(£):23

o T LN T N !
290 - (o (v xa?)) (S (- v xed)) )
i=1 i

~ (&), MM —=(©) ;a3\ ~
AT (1) . &

The corresponding plug-in estimator is given by

56 (a3 1 & = yvmmr 1 T ),MMT a A(g) mmr 1 al ~(€),MMT /
(- 50 (-5

i=1 t=1 i:l

(69)
When T is fixed, it is straightforward to show consistency of the proposed plug-in estimators 0© (B)
and [AZ](\?]V[T(,@) On the other hand, a new proof is required for the case where T is large. This is the

subject of the following theorem:

Theorem 3. Let B be such that v NT <§ — ﬂ[)) = Op(1). Then under the same set of assumptions

used in Theorem 1 with r = 8, we have

20 (B) = 20 +0p(1), given T/N? = 0. (70)
QN (B) = QWL 4 op(1). (71)
Proof. See Appendix B. O

Z3The centered estimator of $2(9) is considered mostly to improve power properties of all test statistics under alternative
hypotheses, especially in combination with identification robust inference procedures discussed in Section S.3 of the

Supplementary Appendix.
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We note that the restriction T/N? — 0 is required only if g is obtained without a “delete-one”

correction, where g denotes the vector that collects all gi.y s, G(2)t,415 §((§; ., and ﬁgs)) L1e1 terms,
for t = 1,...,T1, with the corresponding true parameters denoted by gg; otherwise, this restriction

can be dropped. The nonlinear estimator does not require such restriction even in the absence of a
“delete-one” correction for g. The consistency result for .(AZJ(\fI)MT(,@) is similar to that in Theorem 3
albeit at the expense of many additional, asymptotically negligible remainder terms. To save space,
we refrain from providing further details.

As an alternative to the asymptotic approximation, one can use the cross-sectional bootstrap as in
Kapetanios (2008) or Galvao and Kato (2014), as the estimating equations are asymptotically linear
in ugi). However, while it is reasonable to expect that this bootstrap approach works in our setup, we

do not attempt to prove formally the asymptotic validity of it.

5.2. Identification

As it is usually the case with GMM approaches in general, consistency and asymptotic normality
of the proposed estimator requires that 3 is locally and globally identified from a given set of moment
conditions. We start this section by demonstrating the possibility that identification could fail when
the model is estimated based on averaged estimating equations but it could still be achieved when
the model is estimated based on stacked estimating equations; the reverse is not true. In other words,
when it comes to identification of By, one cannot do worse by using stacked moments as opposed to

averaged ones. This is summarised in the following proposition:

Proposition 1. Under the assumptions employed in Theorem 2, as well as strict stationarity of
the underlying time-series mizring process, the class of globally and locally identified models based on

averaged estimating equations is no larger than that based on stacked estimating equations.
Proof. See Appendix B. O

In what follows we shall discuss local identification first, followed by global identification for the

nonlinear approach.

5.2.1. Local Identification

Local identification crucially depends on the properties of either I"¢) (the limiting Jacobian matrix)
for the averaged estimating equations, or matrix I“]%WT for the stacked estimating equations. In
particular, if the full rank condition in Assumptions 3.2 and 3.5 fails, the results provided in Section
3 are invalidated, at least partially. In what follows, we analyse stylized special cases and discuss
necessary and sufficient conditions to ensure local identification.
Linear Approach

We consider the original model in Eq. (1) with K = 1:

Vit = Bxig + Nift +cig. (72)
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It is straightforward to show that the “expected Jacobian matrix” at time ¢ is given by

" = Exlgod] (fiExlzigtize] — fier Exlzigwig]) - (73)

The expression above is non-zero when E }-[qi,t)\gl] # 0 (relevant weight) and either Ex|[z; sz +41] # Op
or Ex[z;+x;:] # Op (relevant instruments). When z;; is also driven by a common shock, the former
condition on its own is sufficient to ensure Q(L) # 0. To see this, let z;; = m; f{ + 62@}, where 7; is
independent of Eit Setting z;; = x;; and ¢;; = ;—1, which implies that x;; is treated as weakly

exogenous, we obtain

I BN Brn?] (fEyfofF fio = FEfig?)
+ErN) (fE 1 fiBrletieto ] — o fen BFI(e5)?) (74)

In the case where fi = f¢, the first term in the above expression equals zero. However, the second term
remains non-zero a.s., so long as { ft};le are stochastic with a continuous distribution (or non-zero

constants).

Remark 9 (Comparison with the fixed 7" GMM literature). Similar conditions are required to ensure
local identification of § using alternative (fixed T') GMM approaches that treat the factors as param-
eters. For instance, one can show that the Jacobian matrix at period ¢ for the QLD GMM estimator
of Ahn et al. (2013) involves terms of the form f2 f, s < t, which remain non-zero so long as {f¥}%_,

and {f;}I_, are stochastic with a continuous distribution.

Consider identification of this model with f = f; and T' — oo. We focus on averaged estimating

equations first. The limiting Jacobian matrix ') = plim NT—oo 11 ! th;I Ft(L) is given by

' = Br\r] (Bl filre(1) — Blfi—1 fis1]72(0)) .- (75)

where v, (k) = E[ef,ef,_,]. Thus, provided that E F[A\dm;] # 0, identification requires that the factor
is serially correlated (assuming E[f;] = 0). Such restriction is natural in the present context because
otherwise lagged values of predetermined regressors (either in levels or first differences) are already
valid instruments, even without differencing away the common factor component of the error term.
That is, absence of serial correlation in f; implies that there exists z; ¢ such that Ez; ;(Aifs+€is)] =0
for some ¢t < s. Thus for instance, in the pure AR(1) model without quasi-differencing, the Anderson-
Hsiao IV estimator with instruments based on appropriate lagged values of endogenous regressors,
remains consistent for 7" large. Similarly, Arellano-Bond type moment conditions remain valid without

any transformation that removes the factor component. Clearly, this is a trivial case.

Remark 10 (Inference with reduced convergence rate). It is important to emphasise that even if
E[fi-1ft] = Elfi-1ft+1] = 0, B\E\ﬁw remains consistent, albeit its rate of convergence falls to v/ IV.
Specifically, from

VTT'Y) = Ex[M\m] < th 1fiv2(1 fot 1.fi+172(0 )) +Op(T7H?), (76)
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it is clear that vTI'X) follows a normal asymptotic distribution as T — oo, as normality is guaran-
teed by the mixing restriction of Assumption 3.1. Notably, since vTI'®) and 9 ~ N (0p, Ip) are
asymptotically independent, which is implied by Assumption 3.1 (d), inference remains valid without
knowledge of the convergence rate of the estimator (either VNT or VN ). Thus from a practical point
of view, there is no need to know the convergence rate of the estimator in this case in order to conduct

asymptotically valid inferences.

Remark 11 (Connection with literature on weak identification). The above identification result
differs qualitatively from the weak-identification setup in Staiger and Stock (1997), where failure of
local identification may lead to inconsistent parameter estimates. By contrast, in the present setup,
the restriction E[f;—1f;] = E[fi—1fi+1] = 0 represents a case of semi-weak identification (see e.g.
Antoine and Renault 2009). This is because so long as E;[)\fm] # 0, I'P) diverges from zero at a

slower rate than O((NT)~/2), which is indeed tantamount to semi-weak identification.

When one restricts attention to time-invariant weights, ¢;, it turns out that identification requires
E[f:] # 0. When this restriction is violated, the estimator becomes v/ N-consistent. As it is the case
with time-varying weights, this does not affect inferences because the usual standardized tests remain
valid.

Next we consider local identification for the stacked estimating equations within the linear approach.
Here Assumption 3.5 is the necessary condition ensuring that I‘]E/[L &T is of full rank. In the case where

f& = ft, we have

2
F]Ef]%/IT = <EF[7Ti/\§l]) (E[fthlf?]’Yg(l) + E[fl?flft%rl]’yg(o) - 2E[ft{lftft—l—l]%c(o)’yx(l)) >0. (77)
Provided Ex[A\lm;] # 0, it is clear that identification relies purely on fourth-order cross-moments of un-
observed factors. Therefore, B\](\ZWT remains v/ NT-consistent even in the absence of serial correlation
in f;. This result is consistent with Proposition 1.

Nonlinear Approach

We consider a model with a single regressor, as in Eq. (72). It is straightforward to show that the

“expected Jacobian matrix” at time ¢ is given by

(NL)

I = Er(giah] (fi Er(ziwig] = fr Exlzigwid) Y EF[zigAi] (fro Brlziegid] — fi Er(Tigidl) -
(78)
Clearly, while Efx[z; xi+1] = Er[ziix;s] = Op implies lack of identification for the linear ap-

proach, this is not necessarily true for the nonlinear one. On the other hand, the condition of relevance

of weights (Er[g;it\i] # 0) remains crucial. To illustrate this point, let z;;, z;; and ¢;+ be as in the

linear approach before. Thus, in this case Ft(NL) reduces to

NL T _x T T
I;} ) = E]:[)\Zﬂ'z] (ftflft E.F[5i7t5i7t+1] + ftft+1 E}—[ei,tsi,t—l])

—Exlhm] (fotfiri Bx | (65)°] + F2EFEfeh]) (79)
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Therefore, for Ft(NL) # 0 a.s., it is required that Ex[mA;] # 0. In practice, this is a mild restriction
because otherwise z;; becomes strictly exogenous with respect to the factor component and so the
standard OLS estimator remains consistent for 7' fixed. Notice also that this restriction mirrors the
high-level Assumption BA.4-1 in Ahn et al. (2013), which states that the regressors are correlated with
the factor loadings in the error term. Thus, for z;; = m; f + £it, their Assumption BA.4-1 implies
Ex[\im] # 0.

For T large, local identification based on averaged estimating equations requires serial correlation
in fy, while this is not the case for stacked moment conditions. Such result is identical to that already

discussed for the linear approach. Therefore, we refrain from providing any details.

5.2.2. Global Identification

The majority of the panel data literature with common factors takes it for granted that the moment
conditions globally identify the parameters of interest. This is despite the fact that when the parameter
space @ is sufficiently large, global identification might fail for nonlinear moment conditions, which
are typically employed by existing GMM procedures.?*
As before, we focus on the single regressor case and study asymptotic properties of

m" () = 1lim Exm " (5)]. (80)

N—o0

Since the moment conditions are at most quadratic, we obtain
NL NL) | 1 (VL
mi™(8) = (5 — o) (T + SH (5 - o). (51)

From the above expression it is clear the 8 = [y is always a solution, as it should be, given that the
model is not mis-specified. Furthermore, a second solution exists if and only if E(NL) and Ht(NL) are
linearly dependent. We investigate this possibility below using a similar example as in the previous
section.

Let z;; = m f + 6;7‘7# To study over-identification we set z;; = (4, xi—1)" and giy = xi—2. In

this case, the expected Jacobian matrix at time ¢ becomes
NL
'™ = Exfmn] Ay, (82)
while

B~ (B A + A, Y

where Ay, Az and Az, are defined in Appendix B.1. As it turns out in this specific DGP, Q(NL)

and Ht(NL) are linearly independent unless fi* = fi and at the same time €7, is serially uncorrelated;

21Sce e.g. Hayakawa (2016). As per usual, this issue is alleviated when D > K (overidentified case) because it

becomes less likely that the same pseudo-true value 8. € @ satisfies all moment conditions.
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in the former case A;; = Ao, whereas in the latter case Az; = 0. Both restrictions combined imply

that B \
Ft(NL) _ 1 ]-'[7%'21'] Ht(NL)‘
2 Er[r;]

In this case, global identification requires Ex[m;A;] = 0; otherwise, the second (pseudo-true) value of

(84)

B equals®®
E]: [71'7; )\1]
Ex[r?] -

7

5* = BO + (85)

Remark 12 (Global identification with stacked estimating equations). Eq. (84) holds for each t¢.
Therefore, global identification fails regardless of whether one makes use of averaged or stacked esti-

mating equations.

Although the above observation might seem to be pessimistic at first glance, we note that it
only applies to the case where f" = f; and there exists lack of serial correlation in &7,; the latter
implies that, conditional on common shocks, x;; is independent over ¢, which is unlikely in many
empirically relevant scenarios. Moreover, the aforementioned lack of global identification can be easily
Z%) and q-(Q) corresponding

2,
to different variables altogether, it is sufficient for global identification that E }'[q(t)Ai] # E]-‘[qi(i))\i].

i?

overcome if multiple weights are employed. For instance, given two weights ¢

Such condition is likely to be satisfied when at least one weight is time-varying.

Remark 13 (Identification for the panel AR(1) model). Section S.4 of the Supplementary Appendix
discusses local and global identification for the AR(1) model. An important outcome is that the use
of time-invariant weights alone may not be sufficient for global identification when T is large. For
this reason, we advise using at least one time-varying weight for more general models, especially with

predetermined regressors.

6. Finite sample evidence

6.1. Setup

We focus on a setup that generalises the model studied in Section 5 and consider the following
DGP:

Yig = BTig +wig;  wig = Nift +€igs
T .
Tig = QTig—1+ 0Yit—1 + i fr + €54

d d.
dip = N ft + €543

fr=nr+ I f=apfig 41— adel;

Ni=pa+ A mo= pe SN VTP A =, + 0N + V1 — 2N (86)

25This result is qualitatively similar to the global identification failure studied in Juodis (2018), where it was also
shown that if the regressor is spanned only by f:, identification fails for linear pseudo panel data models with common

(cohort-specific) shocks.
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for t = —6,...T. Following existing literature (e.g. Juodis and Sarafidis 2018), all dynamic processes

are initialized in the recent past, such that

Vi1 =Nif-r1+ei-7 mir=mfrtei_n for=pp+ el s
All stochastic quantities are drawn in each replication. The individual-specific time-invariant
variables, v; = (A7, 77, )\;f‘d)’ , are mutually independent standard normal variates. However, the factor
loadings are allowed to be correlated, with correlation coefficient given by ¢. Similarly, all time-varying
error components are mutually independent standard normal variates, except for ¢; ¢, the variance of
which is determined by the proportion of the variation of the total error, u;, that is due to the purely

idiosyncratic disturbance, €;;. In particular, motivated by Norkute et al. (2020), we consider

var (e;1) o© o?

2
9= 2\G) _ Te E . 87
var (ui;) 02 ppos + HAU]% - afcai + 02 (87)

Solving in terms of o2 yields

ag = (ufai + ,U)\Uj% + U?Ji) % (88)
Following Norkute et al. (2020), we set ¥ € {1/4;3/4}; in the former (latter) case, 25% (75%) of the
variation in u; is due to the variation in €; ;. We specify py = 0 so that this parameter does not affect
the variance of €;; through the computation of ¥. Moreover, we specify pr = —1 and py, = 1, which
implies that the rank condition for CCE (as well as for the linear GMM estimators) is satisfied. We fix
a=oa5=0.5and 6 = 0.4. ¢ alternates such that ¢ = {0;0.5;1}, whereas p1y = {0;2}. When py = 0,
identification of 3 is feasible only by using time-varying weights; for z1y = 2 both time-invariant and
time-varying weights can be informative. Finally, we consider N = {50;200; 500} and 7" = {10; 20; 50}.

The number of replications equals 4,000 for each design.

6.2. Comments

We study the performance of all GMM estimators developed in the present paper. In particular,
we present results for the two-step linear and nonlinear estimators based on averaged estimating
equations, denoted as “L-GMM” and “NL-GMM”, which are defined in Eq. (33) with £ = L and
& = NL respectively. We also present results for “L-GMM-S” and “NL-GMM-S”, which denote the
linear and nonlinear GMM counterparts based on stacked estimating equations and are defined in Eq.
(41). As a benchmark, we also consider two popular least-squares methods, namely the bias-corrected
QMLE estimator (BC-QMLE) of Moon and Weidner (2017) and the bias-corrected CCE estimator
(BC-CCE) of Pesaran (2006) and Chudik and Pesaran (2015a). The results are reported in Tables
A.1-A.3 in terms of mean bias and RMSE (both multiplied by v/NT), as well as rejection frequencies
of the t-test statistic. For the GMM estimators based on averaged moment conditions, we also report
results on the overidentifying restrictions J-test statistic. For both test statistics, nominal size is set

equal to 5%.
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All GMM estimators are implemented using two instruments in each time period, z;; = (2 ¢, Zi1—1)',
and three sets of weights q;; = (1,ari,t_1,xi7t_g)’ . The time-invariant weight is used for both instru-
ments, while the time-varying weights are used in pairs such that for z;; = x;; we set ¢;; = x;4—1,
whereas for z;; = z;;—1 we set ¢;; = x;4—2. Thus the total number of moment conditions employed
for the estimators that make use of averaged (stacked) estimating equations equals 4 (47"). Starting
values for the nonlinear GMM estimators are based on the estimates provided by the linear GMM
estimators, as well as the two-step (FIVU) GMM estimator developed by Robertson and Sarafidis
(2015).

The CCE estimator approximates the factors using cross-sectional averages of all observables,
namely (yi¢, Tit, di¢). Thus, given our GDP the rank condition is always satisfied. In order to
account for the time-series bias due to weak exogeneity of the regressor, we follow the suggestion
by Chudik and Pesaran (2015a) and Juodis et al. (2020) and we implement the half-panel jackknife
approach of Dhaene and Jochmans (2015). Motivated by the empirical findings of Juodis et al. (2020),
we do not attempt to correct for the Op(1/N) bias of the CCE estimator. On the other hand, the
BC-QMLE estimator is implemented using the analytical bias-correction result given by Corollary 4.5
in Moon and Weidner (2017).26 The choice of the bandwidth, B, is based on the Monte Carlo results
presented in Tables 1-2 in Moon and Weidner (2017); thus, we set B = {3,4,5} for T' = {10, 20,50}

respectively.

6.3. Results
At first we focus on the results corresponding to N = 200, reported in Table A.1.27

e (Estimation) The linear GMM estimator based on averaged moment conditions, L-GMM, has
negligible bias in all designs. A similar result holds for the remaining GMM estimators, albeit the
bias is occasionally slightly larger in magnitude. For instance, for T' = 10, ¥ = 0.75, iy = 2 and
¢ = 1 the finite-sample bias (multiplied by v/ NT) of NL-GMM equals 0.374, which implies an
average estimate of 8 roughly equal to 1.004. In the majority of designs, the bias of BC-QMLE
and BC-CCE is larger in magnitude than that of GMM. For BC-QMLE the bias exacerbates
when T is relatively small, uy = 2 and 9 = 0.75, in which case most of the variation in the
total error is due to the idiosyncratic error component. This result is not surprising, and it is
tantamount to saying that numerical estimation of the factors (and factor loadings) requires a
large enough signal coming from the factor component of the error. However, we note that the
bias of BC-QMLE diminishes quickly as T grows. On the other hand, for BC-CCE the bias
manifests mainly when T is relatively small, ¥ = 0.75 but uy = 0. As with BC-QMLE, the bias

of the estimator tends to diminish in samples with larger values of T'.

26We are grateful to Martin Weidner for providing to us the computational algorithm for the BC-QMLE estimator.
2TTo save space, we do not present results for the intermediate case ¢ = 0.5 below. These results are available upon

request.
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In regards to RMSE, the performance of linear and nonlinear GMM is similar. Typically, for
small values of T" GMM estimators with stacked moment conditions have smaller dispersion
than their counterparts that are based on averaged moment conditions. This implies that unless
there are substantial differences in bias, L-GMM-S and NL-GMM-S tend to achieve a smaller
RMSE value compared to L-GMM and NL-GMM. However, for T' = 50 such differences mostly
disappear. BC-QMLE performs best in terms of RMSE, unless T is small and/or the bias of
the estimator is very large. BC-CCE appears to have a substantially larger dispersion compared
to the remaining estimators, unless 7' = 50. Therefore, BC-CCE typically performs less well in

terms of RMSE, even in those cases where the bias of the estimator is small.

e (Inference) For the linear GMM estimators, the size of the t-test is close to its nominal value
in all cases, albeit “L-GMM-S” occasionally exhibits some minor downward size distortions.
The nonlinear GMM estimators perform satisfactorily as well, with some occasional upward
distortions the reflect the finite-sample bias observed in the corresponding designs. BC-QMLE
and BC-CCE exhibit severe size distortions in most designs. However, these distortions become
smaller with higher values of T, although for BC-CCE empirical size often exceeds 20% even

when T = 50.28 Thus in general, inference appears to be more reliable for GMM estimators.

In terms of the rejection frequencies of the J-test statistic, which is only applicable to GMM
based on averaged moment conditions, the performance is satisfactory with only minor size

distortions observed.

The results for N = 50 and N = 500 are plausible and in accordance with the aforementioned
observations for N = 200. As expected, the performance of all estimators improves (deteriorates) with
larger (smaller) values of N. For N = 50, BC-QMLE dominates in terms of RMSE even in cases where
T is small, unless it has a very large bias. On the other hand, for N = 500 the performance of GMM
and BC-QMLE is of similar magnitude. In general, in comparison to least-squares based procedures,

the performance of the GMM estimators appears to be stable and satisfactory across different designs.

7. Concluding remarks

This paper puts forward a novel Method of Moments approach for factor-augmented panels, which
is consistent for any value of T. Our approach is motivated by the increasing availability of panels in
which the value of T is not negligible. Currently, existing fixed T" GMM procedures require estimation
of O(T) nuisance parameters in order to control for the unobserved factors. Consequently, theoretical
analysis of such methods becomes intractable even for moderate values of 7.

The proposed approach gives rise to estimators that are free from incidental parameters by con-

struction. In particular, we combine two key elements: (i) a quasi-differencing transformation that

28For this reason, it is recommended to use bootstrap-based inference for CCE, as suggested in Juodis et al. (2020)

in order to fix some of these distortions.
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removes the unobserved factor loadings from the error; and (ii) an approximation of the unknown
factors, based either on observed data or on the composite error term of the model. The latter has
an exact factor structure once evaluated at the true value of the slope parameters. Essentially, these
two elements allow us to estimate explicitly a fixed number of parameters, regardless of the size of N
or T.

We put forward two alternative GMM estimators; one is based on a constant number of “averaged
moment conditions” & la Anderson and Hsiao (1982), whereas the other one makes use of “stacked
moment conditions”, the total number of which increases at the rate of O(T"). We demonstrate that
the former estimator is consistent and asymptotically mixed-normal as N — oo for any value of T
The latter remains consistent and asymptotically mixed-normal, although, unsurprisingly, it can be
subject to an asymptotic bias proportional to 7//N due to the use of “many moment conditions”.

The proposed approach can be extended to a wide rage of models, motivated by either the micro-
or macro-econometric literature. These include non-parametric models (e.g. Su and Jin 2012), models
with spatial dependence (Kuersteiner and Prucha 2020), unit root tests (Robertson et al. 2018),
smooth transition and structural breaks (Qian and Su 2016), inference in partially identified panels

with common factors (e.g. Hong et al. 2019), to mention only a few.

References

AnN, S. C., Y. H. LEE, AND P. ScHMIDT (2001): “GMM Estimation of Linear Panel Data Models
with Time-varying Individual Effects,” Journal of Econometrics, 101, 219-255.

(2013): “Panel Data Models with Multiple Time-varying Individual Effects,” Journal of Econo-
metrics, 174, 1-14.

AHN, S. C. AND P. ScuMIDT (1995): “Efficient Estimation of Models for Dynamic Panel Data,”

Journal of Econometrics, 68, 5-27.
ALVAREZ, J. AND M. ARELLANO (2003): “The Time Series and Cross-Section Asymptotics of Dy-

namic Panel Data Estimators,” Fconometrica, 71, 1121-1159.

ANDERSON, T. W. AND C. Hs1A0 (1982): “Formulation and Estimation of Dynamic Models Using
Panel Data,” Journal of Econometrics, 18, 47-82.

ANGRIST, J. D., G. W. IMBENS, AND A. B. KRUEGER (1999): “Jackknife Instrumental Variables
Estimation,” Journal of Applied Econometrics, 14, 57—67.

ANGRIST, J. D. AND A. B. KRUEGER (1995): “Split-Sample Instrumental Variables Estimates of the
Return to Schooling,” Journal of Business & Economic Statistics, 13, 225-235.

ANTOINE, B. AND E. RENAULT (2009): “Efficient GMM with nearly-weak instruments,” The Econo-
metrics Journal, 12, S135-S171.

ARELLANO, M. (1989): “A Note on the Anderson-Hsiao Estimator for Panel Data,” FEconomics
Letters, 31, 337 — 341.

(2003): Panel Data Econometrics, Advanced Texts in Econometrics, Oxford University Press.

Bar, J. (2009): “Panel Data Models With Interactive Fixed Effects,” Econometrica, 77, 1229-1279.

(2013): “Likelihood Approach to Dynamic Panel Models with Interactive Effects,” Mimeo.

31



BEKKER, P. A. (1994): “Alternative Approximations to the Distributions of Instrumental Variable

Estimators,” FEconometrica, 62, pp. 657-681.
CHERNOZHUKOV, V., D. CHETVERIKOV, M. DEMIRER, E. DurLO, C. HANSEN, W. NEWEY, AND

J. ROBINS (2018): “Double/debiased machine learning for treatment and structural parameters,”

The Econometrics Journal, 21, C19 — C68.
CHUDIK, A. AND M. H. PESARAN (2015a): “Common Correlated Effects Estimation of Heterogeneous

Dynamic Panel Data Models with Weakly Exogenous Regressors,” Journal of Econometrics, 188,
393-420.
——— (2015b): “Large Panel Data Models with Cross-Sectional Dependence: A Survey,” in The
Ozford Handbook of Panel Data, ed. by B. H. Baltagi, Oxford: Oxford University Press, chap. 1.
Cul, G., M. NORKUTE, V. SARAFIDIS, AND T. YAMAGATA (2020): “Two-step instrumental variable
estimation of linear panel data models with interactive effects,” Working paper, Monash University.

DHAENE, G. AND K. JOCHMANS (2015): “Split-panel Jackknife Estimation of Fixed-Effect Models,”
Review of Economic Studies, 82, 991-1030.

DOUKHAN, P. (1994): Mizing: Properties and Examples, no. 85 in Lecture Notes in Statistics,
Springer-Verlag.

EVERAERT, G. AND L. Pozz1 (2014): “The Predictability of Aggregate Consumption Growth in

OECD Countries: A Panel Data Analysis,” Journal of Applied Econometrics, 29, 431-453.
FaN, J. AND Y. L1ao (2020): “Learning Latent Factors from Diversified Projections and its Appli-

cations to Over-Estimated and Weak Factors,” Journal of the American Statistical Association, 0,
1-42.

FERNANDEZ-VAL, I., H. FREEMAN, AND M. WEIDNER (2020): “Low-Rank Approximations of Non-
separable Panel Models,” Mimeo.

FERNANDEZ-VAL, I. AND M. WEIDNER (2016): “Individual and Time Effects in Nonlinear Panel
Models with Large N, T,” Journal of Econometrics, 192, 291 — 312.

GAavao, A. F. aNnD K. KaTo (2014): “Estimation and Inference for Linear Panel Data Models
Under Misspecification When Both n and T are Large,” Journal of Business & Economic Statistics,
32, 285-309.

GRAHAM, B. S. (2017): “An Econometric Model of Network Formation With Degree Heterogeneity,”
Econometrica, 85, 1033-1063.

HaLL, P. AND C. C. HEYDE (1980): Martingale Limit Theory and Its Application, Probability and
Mathematical Statistics, Academic Press.

HaN, C. anDp P. C. B. PHiLLIPS (2006): “GMM with Many Moment Conditions,” Econometrica,
74, 147-192.

HANSEN, C. AND Y. L1a0 (2018): “The Factor-Lasso and K-Step Bootstrap Approach for Inference
in High-Dimensional Economic Applications,” Econometric Theory, 35, 465 — 509.

HANSEN, C. B. (2007): “Asymptotic Properties of a Robust Variance Matrix Estimator for Panel
Data when T is Large,” Journal of Econometrics, 141, 597 — 620.

Havakawa, K. (2011): “GMM estimation of short dynamic panel data model with interactive fixed
effects,” Journal of the Japan Statistical Society, 42, 109-123.

32



(2016): “Identification Problem of GMM Estimators for Short Panel Data Models with Inter-
active Fixed Effects,” Fconomics Letters, 139, 22-26.

Hovrrz-EAkIN, D.;, W. K. NEWEY, AND H. S. ROSEN (1988): “Estimating Vector Autoregressions
with Panel Data,” Econometrica, 56, 1371-1395.

Hong, S., L. Su, AND Y. WANG (2019): “Inference in Partially Identified Panel Data Models with
Interactive Fixed Effects,” Mimeo.

JocHmaNs, K. (2017): “Two-Way Models for Gravity,” Review of Economics and Statistics, 99,
478-485.

Juobis, A. (2018): “Pseudo Panel Data Models with Cohort Interactive Effects,” Journal of Business
& Economic Statistics, 36, 47—-61.

(2020a): “A Regularization Approach to Cross-section Average-Augmented Panel Data Mod-

els,” Mimeo.

(2020b): “This Shock is Different: Estimation and Inference in Misspecified Two Way Fixed
Effects Regressions,” Mimeo.

Juopis, A., H. KARABIYIK, AND J. WESTERLUND (2020): “On the Robustness of the Pooled CCE
Estimator,” Journal of Econometrics, (forthcoming).

Juopis, A. AND V. SARAFIDIS (2018): “Fixed T Dynamic Panel Data Estimators with Multi-Factor
Errors,” Econometric Reviews, 37, 893-929.

(2020): “A Linear Estimator for Factor-Augmented Fixed-T Panels With Endogenous Regres-
sors,” Journal of Business € Economic Statistics, (forthcoming).

KAPETANIOS, G. (2008): “A Bootstrap Procedure for Panel Data Sets with Many Cross-sectional
Units,” Econometrics Journal, 11, 377-395.

KUERSTEINER, G. AND I. R. PrucHA (2013): “Limit Theory for Panel Data Models with Cross

Sectional Dependence and Sequential Exogeneity,” Journal of Econometrics, 174, 107-126.

— (2020): “Dynamic Spatial Panel Models: Networks, Common Shocks, and Sequential Exo-
geneity,” Econometrica, (forthcoming).

LEg, N., H. R. MooON, AND M. WEIDNER (2012): “Analysis of Interactive Fixed Effects dynamic
Linear Panel Regression with Measurement Error,” Economics Letters, 117, 239 — 242.

LEg, N., H. R. MOON, AND Q. ZHOU (2017): “Many IVs Estimation of Dynamic Panel Regression
Models with Measurement Error,” Journal of Econometrics, 200, 251 — 259, measurement Error
Models.

Lu, X. AND L. Su (2016): “Shrinkage Estimation of Dynamic Panel Data Models with Interactive
Fixed Effects,” Journal of Econometrics, 190, 148 — 175.

MENZEL, K. (2019): “Bootstrap with Cluster-dependence in Two or More Dimensions,” Working
paper.

MooN, H. R. AND M. WEIDNER (2017): “Dynamic Linear Panel Regression Models with Interactive
Fixed Effects,” Econometric Theory, 33, 158-195.

NAUGES, C. AND A. THOMAS (2003): “Consistent Estimation of Dynamic Panel Data Models with

Time-varying Individual Effects,” Annales d’Economie et de Statistique, 70, 54-75.
NEwEY, W. AND F. WINDMEUJER (2009): “GMM with Many Weak Moment Conditions,” Econo-

33



metrica, 77, 687-719.

NEwgY, W. K. AND D. MCFADDEN (1994): “Large Sample Estimation and Hypothesis Testing,”
in Handbook of Econometrics, ed. by J. Heckman and E. Leamer, Amsterdam: Elsevier, vol. 4,
chap. 36, 2111-2245.

NORKUTE, M., V. SARAFIDIS, T. YAMAGATA, AND G. Curl (2020): “Instrumental Variable Esti-
mation of Dynamic Linear Panel Data Models with Defactored Regressors and a Multifactor Error
Structure,” Journal of Econometrics, (forthcoming).

PESARAN, M. H. (2006): “Estimation and Inference in Large Heterogeneous Panels with a Multifactor
Error Structure,” FEconometrica, 74, 967-1012.

PESARAN, M. H., L. V. SMITH, AND T. YAMAGATA (2013): “Panel Unit Root Tests in the Presence
of a Multifactor Error Structure,” Journal of Econometrics, 175, 94 — 115.

QIAN, J. AND L. Su (2016): “Shrinkage estimation of common breaks in panel data models via
adaptive group fused lasso,” Journal of Econometrics, 191, 86—109.

ROBERTSON, D. AND V. SARAFIDIS (2015): “IV Estimation of Panels with Factor Residuals,” Journal
of Econometrics, 185, 526-541.

ROBERTSON, D., V. SARAFIDIS, AND J. WESTERLUND (2018): “Unit Root Inference in Generally
Trending and Cross-Correlated Dynamic Panels,” Journal of Business € Economic Statistics, 36,
493-504.

SARAFIDIS, V. AND T. WANSBEEK (2020): “Celebrating 40 years of panel data analysis: Past, present
and future,” Journal of Econometrics, 00, 1-12.

SATCHACHAIL, P. AND P. ScuMIDT (2008): “GMM with more moment conditions than observations,”
Economics Letters, 99, 252-255.

STAIGER, D. AND J. H. STOCK (1997): “Instrumental Variables Regression with Weak Instruments,”
FEconometrica, 65, 557-586.

Su, L. AND S. JIN (2012): “Specification Test for Panel Data Models with Interactive Fixed Effects,”
Journal of Econometrics, 169, 34—47.

Su, L., S. JIN, AND Y. ZHANG (2015): “Specification Test for Panel Data Models with Interactive
Fixed Effects,” Journal of Econometrics, 186, 222—244.

VAN DER VAART, A. W. (2000): Asymptotic Statistics, Cambridge Series in Statistical and Proba-
bilistic Mathematics, Cambridge: Cambridge University Press.

WESTERLUND, J., Y. PETROVA, AND M. NORKUTE (2019): “CCE in Fixed-T panels,” Journal of
Applied Econometrics, 34, 746-761.

Appendix A. Monte Carlo results

34



3

Table A.1: Simulation results, N = 200.

Designs L-GMM L-GMM-S NL-GMM NL-GMM-S BC-QMLE BC-CCE

T 9 puy ¢|Bias RMSE ¢t J |Bias RMSE t |Bias RMSE t J |Bias RMSE ¢ |Bias RMSE t |Bias RMSE ¢

10 .25 2 0].024 .278 .048 .034|.010 .247 .033|.017 .302 .067 .031|-.051 .256 .056|-.099 .209 .122|-.108 3.36 .580
20 .25 2 0|.013 .255 .054 .037|.013 .208 .035|.005 .274 .075 .033|-.042 .224 .049|-.059 .136 .090|.048 1.66 .421
50 .25 2 0/.008 .234 .051 .036|.026 .182 .034|.002 .227 .080 .038(-.023 .194 .040(-.031 .102 .070|.195 .787 .196
10 .25 2 1|.047 .301 .061 .072|.192 .505 .059|.047 .322 .064 .085|-.049 .377 .080|-.206 .437 .169|-.184 3.45 .602
20 .25 2 1].023 .253 .051 .046|.253 .502 .055|.032 .254 .054 .062|-.001 .310 .086|-.111 .217 .110|-.026 1.60 .391
50 .25 2 1/.001 .230 .049 .043|.371 .594 .091|.008 .236 .050 .057|.064 .316 .095|-.065 .151 .077|.193 .775 .195
10 .75 2 0|.051 .935 .043 .026|.031 .724 .039|.122 .757 .055 .036|-.070 .688 .058(-8.02 1.04 .727(-.203 13.5 .773
20 .75 2 0|.037 .803 .044 .032|.000 .599 .038|.066 .777 .061 .033|-.070 .602 .045|-.783 1.59 .352|.136 6.07 .626
50 .75 2 0/.002 .751 .046 .033|.004 .514 .036|.036 .718 .063 .034|-.039 .529 .041|-.295 .437 .200|.870 2.42 .391
10 .75 2 1|.149 .853 .074 .046|.166 .719 .038|.380 1.02 .139 .131|.150 .710 .070(-1.92 11.2 .987|-.545 13.6 .785
20 .75 2 1|.097 .773 .060 .046|.242 .673 .046|.295 .973 .110 .104|.236 .665 .073|-4.74 5.55 .810|.025 6.09 .641
50 .75 2 1|.039 .702 .057 .049|.374 .710 .063|.173 .832 .081 .091|.371 .700 .097|-.734 .995 .359|.923 246 .395
10 .25 0 0|.011 .494 .045 .036|.001 .349 .037|.007 .225 .026 .055|-.033 .348 .074|-.008 .176 .068|.037 1.42 .471
20 .25 0 0(-.003 .446 .052 .036|.004 .329 .040|.003 .160 .024 .050(-.050 .327 .073|-.002 .146 .061|.136 .672 .293
50 .25 0 0|.008 .402 .056 .040|.013 .342 .042|.001 .096 .025 .055(-.078 .344 .074|-.002 .131 .056|-.008 .361 .124
10 .25 0 1|.033 .635 .057 .058|.048 .744 .050|.022 .369 .040 .052|-.163 .639 .191]-.011 .213 .085|.390 1.38 .468
20 .25 0 1].023 .662 .049 .048|.081 .844 .048|.018 .424 .040 .054|-.240 .672 .209|.004 .183 .069|.142 .686 .301
50 .25 0 1].000 .742 .047 .045|.135 .991 .042|.013 .342 .046 .048|-.321 .729 .221|-.003 .167 .065|-.004 .373 .133
10 .75 0 0].024 1.27 .053 .029|-.013 .811 .040/.020 .324 .039 .026|-.127 .832 .054|-.140 .762 .126|2.79 7.59 .717
20 .75 0 0].051 1.29 .047 .031|.002 .804 .046|.012 .219 .034 .026|-.151 .827 .050(-.018 .443 .080|1.12 3.26 .546
50 .75 0 0|.024 1.08 .062 .030|.009 .794 .041|.003 .076 .031 .028|-.186 .839 .054|-.009 .361 .054|.219 1.31 .273
10 .75 0 1|.030 1.23 .054 .045|.049 .972 .044|.049 .740 .046 .080|-.215 1.02 .053|-.473 1.64 .276|2.78 7.50 .717
20 .75 0 1|.046 1.29 .055 .041|.061 1.03 .038|.048 .622 .043 .070(-.242 1.03 .052|-.086 .613 .130|1.06 3.27 .533
50 .75 0 1(-.009 1.25 .051 .044|.126 1.17 .038|.040 .509 .045 .071|-.166 1.11 .054|-.012 .483 .077|.269 1.28 .251

Notes. The results are based on 4,000 Monte Carlo draws. “Bias” corresponds to the mean bias, multiplied by vV NT; “RMSE” denotes the Root Mean Squared
Error, multiplied by vV NT; “t” denotes the empirical rejection frequencies of the Wald test-statistic under the null Ho : 8 = 1, whereas “J” corresponds to the
“L-GMM” and

empirical rejection frequencies of the overidentifying restrictions test statistic (where applicable). In both cases the nominal level is set at 5%.

“NL-GMM?” are defined in Eq. (33) with £ = L and & = NL respectively; “L-GMM-S” and “NL-GMM-S” are the counterparts based on stacked moment conditions

and they are defined in Eq. (41). In all designs presented, we fix px =0, pr = —1, px, =1, a = ay = 0.5 and § = 0.4.



Table A.2: Simulation results, N = 50.

9¢

Designs L-GMM L-GMM-S NL-GMM NL-GMM-S BC-QMLE BC-CCE

T 9 py ¢|Bias RMSE ¢ J |Bias RMSE ¢ |Bias RMSE ¢ J |Bias RMSE ¢ |Bias RMSE ¢ |Bias RMSE ¢

10 .25 2 0].034 .307 .067 .024|.039 .255 .026|.020 .278 .079 .017|-.030 .257 .066|-.052 .188 .091|-.110 2.29 .425
20 .25 2 0].022 .278 .068 .020|.030 .212 .028|.013 .271 .095 .015|-.031 .220 .067(-.030 .126 .069|-.042 1.20 .260
50 .25 2 0].014 .279 .073 .022|.048 .191 .029|.018 .236 .087 .017|-.009 .195 .056|-.019 .102 .067|.023 .694 .147
10 .25 2 1[.069 .325 .094 .072|.377 .592 .114|.089 .346 .113 .100|.088 .379 .149|-.146 .424 .117|-.031 2.23 .408
20 .25 2 1].035 .281 .071 .045|.489 .685 .135|.061 .315 .103 .083|.149 .366 .180|-.060 .193 .066|-.060 1.22 .269
50 .25 2 1]-.003 .261 .068 .046|.694 .902 .168|.027 .282 .084 .059|.267 .385 .265|-.037 .144 .067|.027 .706 .156
10 .75 2 0].068 .932 .062 .013|.011 .767 .029|.112 .659 .067 .016|-.120 .633 .082|-3.99 5.43 .610|-.159 7.24 .608
20 .75 2 0].023 .941 .065 .017|.017 .588 .028|.093 .747 .072 .018|-.076 .540 .076|-.672 1.60 .243|.002 3.54 .431
50 .75 2 0].031 .888 .067 .018|.035 .512 .027|.041 .822 .068 .019|-.022 .486 .063(-.162 .382 .142|.418 1.79 .249
10 .75 2 1|.160 .814 .100 .040|.353 .746 .064|.361 .800 .167 .114|.313 .683 .266|-5.13 5.74 .902|-.251 7.27 .610
20 .75 2 1]1.089 .781 .091 .035|.454 .780 .078|.355 .862 .153 .091|.420 .725 .315|-2.29 3.14 .585|-.083 3.56 .436
50 .75 2 1].063 .754 .083 .038|.690 .965 .102|.309 .934 .131 .082|.662 .914 .382|-.429 .858 .195|.411 1.77 .249
10 .25 0 0].009 .529 .058 .017|.001 .350 .026|.007 .293 .021 .023|-.105 .346 .080|-.002 .173 .073|.155 1.06 .373
20 .25 0 0].013 .555 .064 .021|.004 .348 .026|-.001 .249 .014 .020|-.111 .342 .077|-.004 .147 .057|.023 .554 .209
50 .25 0 0].008 .468 .063 .027|.021 .363 .026|.008 .165 .019 .026{-.119 .358 .086(-.004 .132 .058|-.061 .369 .128
10 .25 0 1|.027 .666 .070 .038|.105 .656 .049|.012 .420 .045 .084|-.203 .523 .259|-.010 .211 .078|.149 1.06 .373
20 .25 0 1].031 .699 .063 .035|.147 .741 .039|.008 .449 .038 .077|-.223 .572 .316|-.005 .181 .063|.037 .580 .238
50 .25 0 1].036 .819 .059 .036|.284 .923 .045|.011 .494 .038 .078|-.212 .617 .308|.000 .160 .058|-.054 .395 .148
10 .75 0 0|.018 1.42 .061 .020(-.032 .816 .030|.023 .757 .015 .012|-.287 .826 .066|-.124 .714 .107|1.25 4.22 .540
20 .75 0 0].000 1.39 .073 .020(-.012 .798 .038|.039 .774 .012 .015|-.259 .808 .068|-.028 .428 .077|.455 1.95 .347
50 .75 0 0]-.011 1.28 .071 .021|.000 .832 .033|.016 .483 .014 .017|-.221 .825 .052|-.009 .367 .062|.094 .984 .153
10 .75 0 1|.051 1.31 .080 .035|.100 .896 .038|.125 1.08 .044 .028|-.169 .890 .084|-.229 1.15 .225|1.23 4.07 .532
20 .75 0 1|.037 1.41 .069 .035|.140 .947 .034|.140 1.33 .041 .037|-.110 .889 .084(-.041 .610 .117|.418 1.92 .331
50 .75 0 1].043 1.58 .071 .037|.274 1.09 .038|.224 1.48 .035 .036|.053 .965 .102|-.006 .477 .076|.071 .976 .151

Notes. See Table A.1.



Table A.3: Simulation results, N = 500.

LE

Designs L-GMM L-GMM-S NL-GMM NL-GMM-S BC-QMLE BC-CCE

T ¥ py ¢|Bias RMSE ¢t J |Bias RMSE ¢ |Bias RMSE ¢ J |Bias RMSE t |Bias RMSE ¢ |Bias RMSE ¢

10 .25 2 0].026 .279 .048 .044|.009 .256 .038|.021 .279 .065 .064|-.047 .262 .052|-.143 .253 .181|-.039 5.09 .715
20 .25 2 0|.009 .247 .050 .043|.013 .209 .041|.008 .259 .071 .056(-.039 .220 .046|-.088 .155 .133|-.026 2.29 .540
50 .25 2 0.007 .230 .053 .044|.012 .178 .038|.006 .198 .070 .055(-.040 .197 .043|-.051 .109 .093|.326 .957 .298
10 .25 2 1].028 .291 .053 .075|.109 .475 .047|.026 .270 .044 .072]-.121 .406 .062|-.324 .551 .289|-.073 5.01 .720
20 .25 2 1].013 .240 .049 .051|.140 .435 .044|.013 .235 .047 .061|-.099 .355 .065|-.177 .271 .200(-.114 2.31 .546
50 .25 2 1/.005 .220 .041 .050|.208 .435 .062|.006 .210 .041 .058(-.026 .317 .076|-.096 .167 .114|.307 .969 .288
10 .75 2 0].044 .863 .046 .038|-.027 .708 .039|.519 .056 .058 .067|-.127 .742 .047|-12.8 15.7 .808|-.174 2.91 .853
20 .75 2 0|.017 .768 .044 .036|-.003 .581 .041|.057 .397 .044 .053|-.083 .612 .044|-1.08 1.87 .626|-.163 9.20 .745
50 .75 2 0|-.004 .712 .046 .039|.011 .510 .036|.022 .230 .051 .056(-.043 .535 .046|-.460 .556 .376|1.45 3.38 .548
10 .75 2 1|.149 .876 .066 .059|.116 .711 .038|.335 1.01 .094 .069|.072 .713 .057|-17.3 17.5 .996(-.990 2.93 .852
20 .75 2 1].049 .739 .054 .045|.138 .624 .035|.232 .783 .063 .061|.113 .622 .054|-7.46 8.43 .924|.285 9.20 .748
50 .75 2 1].032 .683 .049 .044|.214 .597 .045|.131 .507 .043 .067|.208 .597 .058|-1.12 1.32 .644|1.55 3.41 .556
10 .25 0 0].009 .468 .049 .059|.011 .362 .042|.004 .068 .063 .062|.003 .362 .075|-.017 .176 .071|.632 1.96 .584
20 .25 0 0|-.001 .450 .051 .054|.006 .337 .043|.000 .040 .061 .059(-.007 .338 .077|-.001 .147 .058|.264 .901 .405
50 .25 0 0]-.003 .405 .052 .054|.003 .341 .049|.000 .013 .060 .056|-.016 .342 .072|.001 .130 .056|.035 .406 .161
10 .25 0 1|.005 .648 .044 .068|.028 .763 .040|.002 .112 .055 .053|-.058 .709 .131}-.022 .225 .092|.678 1.99 .613
20 .25 0 1|.007 .636 .048 .050|.025 .870 .046|.001 .071 .051 .054|-.113 .798 .153|-.012 .179 .065|.215 .892 .401
50 .25 0 1/.008 .711 .048 .049|.112 1.01 .041|.001 .031 .051 .058|-.157 .866 .152|.000 .160 .059|.040 .399 .168
10 .75 0 0|.007 1.20 .046 .044|-.004 .812 .045|.002 .076 .052 .058|-.032 .816 .053|-.190 1.02 .187|4.33 11.4 .823
20 .75 0 0|-.025 1.20 .043 .044|-.019 .799 .047|.000 .000 .050 .058|-.068 .814 .046|-.048 .459 .086|1.66 4.98 .664
50 .75 0 0|.010 1.01 .048 .048|-.004 .782 .049/.000 .000 .050 .063|-.102 .821 .047|.002 .362 .052|.441 1.79 .395
10 .75 0 1|.011 1.27 .061 .051|-.007 .990 .049|.006 .152 .052 .078|-.149 1.02 .052|-.709 2.14 .332|4.36 11.6 .810
20 .75 0 1/.033 1.21 .050 .049|.083 1.08 .050|.004 .162 .051 .075(-.127 1.07 .049|-.109 .675 .152|1.76 5.04 .662
50 .75 0 1}-.010 1.22 .047 .049|.076 1.19 .043|.000 .017 .050 .074|-.218 1.14 .051|-.029 .470 .076|.428 1.77 .399

Notes. See Table A.1.



Appendix B. Proofs

Appendiz B.1. Definition of matrices in the main text

The matrices A1, Az and Asz,, introduced in Section 5.2.2 of the main text, are defined as

follows:

A, = Jiioft Ef[f?f,tf?,tﬂ] + [ e E}—[sit72€?,t] — [iofth E}'[(gf,t)Q] =i E}'[Eit—zaﬁwrl] .

7 Jitoft EF[Eﬁt—lgﬁt-i-l] + fiZ1 i+ Ef[gf,t—ﬁf,t] = [iloft+1 Ef[ff,t—lgf,t] =il EF[Eﬁt—zfﬁHﬂ
(B.1)
Ay, = Jioff E}'[fff,tgf,tﬂ] + fE i E]:[Eiw,t—ZEz@‘,t] — fia i E}'[(Ef,t)g] - LI E}'[Eit—zgitﬂ] .

’ Tioff E.F[Eit—lgit-i-l] + [ Ef[gf,t—QEf,t] = fia i Ef[f?f,t—ﬁf,t] = i I Ef[sit—ﬁitﬂ]
(B.2)
As, = E}-[Eit—25it] Ef[f?f,tsf,tﬂ] - Ef[f?f,t—zgf,tﬂ] E}-[(Eit)Q] (B.3)

’ E]‘—[sit72€it] E]‘—[ezf,tfleﬁwrl] - E]‘-[Ez’z,t72€;’b,t+1] E-F[sf,tflgf,t]

A ; represents the Jacobian matrix of the moment conditions at time ¢, divided by the scalar Ez[m;A;],
for the model considered in Section 5.2.2. As; and A3, enter into the Hessian matrix of the moment

conditions for the same model.

Appendixz B.2. Notation

Before proceeding with derivations define:

Apeld ) = fie&r — frrel?, (B.4)

(L) _ d (NL)
i,s E’i,s’ gi,s

¢ € {L; NL}, where ¢ =g, for s = {t;t + 1}.

Appendixz B.3. Auxiliary Lemmas

Lemma 2. Let {1/11-7,5}?]:{1&:1 and {Ci7t}£\[:{t:1 be two F conditionally independent random sequences
such that: i) Ep[his] = 0, and Ep[(is] = 0; 4) Ex[|vis]?] < E and Ep[|¢*T] < E, 6 > 0; iii)
{Ci,t}rf‘\;’{,tzl is a D-conditional a—mizing sequence satisfying » -, ozi(m)l_?%. Then for all (i,7)
with i # j:

Ep[i:(t] = 0, (B.5)
1 & ’
Ep <\/T ;¢i,t€j,t> <E, (B.6)

for some finite constant =.

Lemma 3. Let {wi,t}fﬁftﬂ be F conditionally independent random sequences such that Ex[i); ] =0
and Ex[|vi"] < E. Then, as N,T — oo with T/N — p € [0;00),

1 —
WTt;(wt) = op(1), (B.7)

forr € {3;4}, where ¢, = N~! Zf\; (S
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Remark 14. Using the generalized Holder’s inequality, this conclusion applies to any collection of
random variables (wl : ,wzt ,1/12 p ,¢ )

Proof of Lemma 2.
The first claim follows immediately by conditional F independence and Ep[¢; ] = 0. As for the second

1 & ?
—= > i,

claim, observe that:

T 2
(\/> g i th,t)

T
Z Ep[i.+C144,5Cj.s]

1 s=1

1

Il
N[ =
E

t

Ep[¥i1is] Ep((j4Cj.s]

'ﬂll'—‘
E
E

o~
Il
—
V)
Il

1

.
N
E

E |ED [Cj,tgj,s”

t
< 2C. (B.8)

1s

Il
—

Here in the third line we make use of conditional independence. The fourth line follows from the
triangle inequality and application of the Cauchy-Schwarz inequality using the moment restriction on
Ep[[¥it|?] < E. Finally, the last line follows by the Davydov’s inequality, where C is a constant that
depends on a(m) and Ep[|¢;¢|**°] only. O

Proof of Lemma 3.

We prove this result using the Markov’s inequality. In particular, it is sufficient to show that

1 — .,
VNTZ Y ()

t=1

Er

] — 0, (B.9)

as N,T — oo. To show this we will make use of several known inequalities. In particular, by the

‘ T
Next, observe that because Ex[1;;] = 0 and Ex[|1;4|"] < Z the Rosenthal’s inequality is applicable
so that:

triangle inequality:

] (NT) /21 ZE;W;t . (B.10)

’ﬂ \

Ex[[6,/] < EN 2. (B.11)

1 o T 3 (r—2)
‘\/NTT Z(zpty] <= <N> N~z . (B.12)
t=1

The conclusion follows immediately after imposing the condition on T/N, as r > 2. O

Collecting all terms:
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Appendix B.4. Averaged Moment Conditions
Proof of Lemma 1.

The estimating equations can be written as follows:

N N
1
my (8) = N2 E E [wj(i{t+1zi,t (vie — B'ziz) — wj('i{tzi,t (Wit — B,mi,t+1)} ; (B.13)
i=1 j=1

where
o= (N0 9) s 08ers = (N i+ e81,).

with AEL) = /\;-i, AWD) i, 51(‘,? = Egt and 51(;“) = ¢;¢. Evaluating (B.13) at By, we can expand this

7

expression as
N
mﬁs) (Bo) =2 Z Z (w]('i{t+1zi,t (i + Aift) — w](‘i),tzi,t (€1 + >\ift+1))
X
= Z (wgi),t+1zi,t (eit + Nift) — wl(ﬁ),tzi,t (€ipt1 + )\z‘ft+1))

N N
1
t 2 > Z (w]('i),t+1zi,t (it + Nift) — w](-,?tzz’,t (€i+1 + )\ift+1))
+md@, (B.14)

Let us consider the expectation of the second component first:

N N
1
Ep[m,®)] = N2 > (ED[%(*?,HJ Eplziz (gip + Xife)] — ED[wft),t] Eplzis (€ig1 + Aift+1)]>
i=1 j£i

N N
1
=2 > > (ED[Qj,t)\g'E)ftJrl] Eplzi i fi] — ED[(]j,t)\gg)ft] ED[Zi,t)\ift+1])
i=1 jAi

N N
1
=z E E fefir (ED [qj,tkf)} Eplzii\i] — Ep [qj,tAf)] Ep [%‘,Mi])
i=1 j£i

=0p, (B.15)

recalling that Dy = D. The first equality makes use of the random sampling assumption, whereas for
the second equality we use (Appendix B.4), together with Assumption 3.1 (d). The existence (and
boundedness) of Ep[z;:A;] and Ep [qjﬂg)\gg)] is guaranteed by Assumption 3.1 (b). Finally, the last two
equalities follow by measurability of f; with respect to D.

Next, we turn our attention to the first component, which contains all “own” terms ¢ = j. Using

Eq. (Appendix B.4) we expand mgg) 1) as follows:

8
MmO = 3 m®0), (B.16)

s=1
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where

Y = N2 ;%)\ fer1Zig€it; ) = = N2 ;qlt)‘ frr1ziAifi;
@0 _ 1 @ —(6)(1.4) _

my =Nz ; Qi t€; 141 ZitEi b5 my = N2 ; i th t+1zl A St
—(6)(1.5) RS ©) —(6)(1.6) I & ©

m; =Nz Z Qi N ftzit€it+1s m; =Nz z; Qi t N frzigNifrets
—(6)(1.7) 1 () —(6)(1.8) NG

my =Nz ; Qi b€} ZitEit+1; m; =32 ; QitE; { ZitAift41-

= 0. Moreover, for the nonlinear estimator specifically, we

It is easily seen that m (5)(1 2) mgg)(m)

also have
mENL)(l.l) 4 mgNL)(LS) — 0p: (B.17)
mENL)(l.S) 4 mgNL)(”) — 0p: (B.18)
mENL)(lA) n mgNL)(lﬁ) —0p. (B.19)

(NL)(1

Hence, in this case m; o = 0p.
On the other hand, for the linear the remaining 6 terms have non-negligible expectations. At the

same time one can show that all conditional and unconditional expectations are well defined. Take

mﬁL)(l'S) as an example. For each row of WEL)(I'S)(IJ), p=1,...,D, we have
N
__(L)(1.3 1= _
Ex{jm ")) < ZE; lgiaet 171 il < 55 Z == 0N, (B.20)
=1

where the second inequality follows from the generalized Holder’s inequality and the fact that all ele-
ments have a finite 44§ moment. Boundedness of conditional expectations also implies that the corre-
sponding unconditional expectations are bounded. Similarly, it can be shown that E ]-‘HmEL)(LS)(p )H =

O(N7Y) for s =1,4,5,7,8, p=1,...,D. Combining all terms together, we obtain
Em YW = o(N . (B.21)

Notice that some of these expectations are zero if one restricts attention to time-invariant (strictly

exogenous) weights. For example:

N
Ep [m,EL)(M)] = % ZED [QiAgft-i-lzi,t ED[Ei,t|zi,tavi]] = 0p; (B.22)
i—1
N
Ep [mﬁm(l*’”] = —% ZED [Qi)\lc'lftzi,t ED[Ei,t+1|zi,tavi]} =0p. (B.23)
i—1
O]
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Proof of Theorem 1.

We break down the proof of this theorem into four distinct steps:

1. Establish negligibility of the bias term:;
2. Derive the leading term of the asymptotic expansion;
3. Show consistency of the estimator;

4. Derive asymptotic distribution of the estimator.

To avoid notational clutter, we set D = K = 1, unless specified otherwise. In what follows we
extensively use the mixing inequalities due to Davydov and Yokoyama, see e.g. Section 1.4 in Doukhan
(1994).

Step 1. Using the decomposition in Lemma 1 we express:

=) | =)
m m .

m (Bo) = + (B.24)

&)

Due to the fact that we use the jackknifed version of the objective function, the first component m

containing own-terms ¢ = j is zero by construction.

Step 2. Expand

8
ﬁ(é)@) _ Zﬁ(ﬁ)@s)’ (B.25)
s=1

where

G B B AT AR ©22 _ 1 s (@
et (& o ) (€ SN
m - NN, T} Z Z Z q]:t>\j ft+121,t5z,ta m = NNTY Z Z Z qj,t)‘j ft+1zl7t>\lft,

i=1 j#i t=1 i=1 j#i t=1

€)(2.3) 1 LR ©) (€)(2.4) [ RLAELAEL ©
=(£)(2:3) _ (€ . =&)24) _ (€ NS
M = Ty Do D D G Fieie R DD D) SICREEWE

1=1 j#i t=1 i=1 j#i t=1

(©)(25) 1 S © (©)(2.6) 1 SEE o

m = - DD N frziin; ™ = - DD @A frzidifir;
NNTy = j#i t=1 NNTy = i t=1

©@7) QL AL A K ©)28) 1 S o

m - Z Z Z Q5450 ZitEit+15 m == Z Z Z )y ZipAifre1:
NNTy = i t=1 NNT = i t=1

Clearly, ﬁ(g)(m) + ﬁ(g)(m) = 0. We combine the remaining 6 terms into three distinct pairs:

—(£)(2.142.5) 1 N X &

ﬁ ’ = NN.T. Z Z Z Qj,tAf)zi,tAfEi,t—l-l; (B26)

L R Ry |
—(€)(2.3+2.7) 1 N X4
mo = YD E (qj7t€§‘§t)+1€i¢ - qj,tf:‘?té?z',tﬂ) ; (B.27)
NMTy = j#i t=1 7 7
—(£)(2.442.8) 1 N X4 1 N Y&
m T = e 20 D Nmatia A = S 2 0L 0 Azl se - (B28)
i=1 j£i t=1 i=1 j#£i t=1
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Firstly, we have

N N Ty
=(6)(21+25) _ )
m NN1T1 D3> Nz s
i=1 j#i t=1
N N Ti N N T
= NN1T1 ZZZE}' jt)\ ZztAf51t+1 NN1T1 ZZZAQ ) gt Zit A pEiL 1
i=1 j#i t=1 i=1 j#i t=1
N Ty N N Ty
= NT1 ZZE}‘ ta)\ ZztAffthrl NN1T1 ZZZAQ(q Rt AfEi
i=1 t=1 =1 j#i t=1
—(&)(2.142.5)  =—(£)(2.14+2.5)
Here we define Agés)) = qjﬁt/\f) - E]:[qj,t)\g-g)]. We show that once scaled by /NI7 the second
component is asymptotically negligible, i.e.
—(£)(2.142.5
VT g Y = op(1). (B.30)

To show this we will make use of Lemma 2. In particular, as E f[Agég i ] =0 and

Ep [ziAsein1] = Ep [z Ep[Aseirii|vi, zi4]] = 0, (B.31)

—(£)(2.14+2.5
the first assertion of that lemma holds. To make use of the second result we note that mgg( 29

can be symmetrized as follows:

N(ﬁ)(2 1+42.5)

(5)(1 ( )(2 ©) ©)(2)
(2) NNl\/jTZ Z7N NNl\/ﬁ;; ql] +qzj ) NN1\/T1§]2<:Z(I”
(B.32)
Here we define
1 &
1
qz‘(,fj)( )= T, Zzz‘,tAfEi,tHAgEg)),j,t; (B.33)
t=1
1 &
2
qz(,fj)( ) = ﬁ szvtAfgj?t+lAg((§;,i,t' (B34)
t=1
Moreover, irrespective of the value for T it follows that Ep [ql(%(l) qj( ])V( )] =0and Ep [qz( 127( )qj(ézzf@)] =0

for ¢ # j. Next, we argue that

VNT; ) ) - quw — op(1). (B.35)

N \/7 =2 j<i
In particular, consider the variance of q(f)( ) (the corresponding result for q(f)( ) follows analogously):
I v ()()2 RS <)<)2 1 5 ©Mm)?
&)1 &)(1 o)(1
Su=5n | (X LA | = e | (S | = L Tm (45,
i=2 i=2 j<i i=2 j<i

(B.36)
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where the final equality holds by conditional independence. It remains to show that under our as-

sumptions Ep [(qf j)(1)> ] is bounded by some constant Z. Observe that for all (¢, 7) we have

1
ql(g)(l) = \/7 Z Zl tAfEZ t+1)A9(q ZCI twjt ) (B37)

ql(’gj) \ﬁ Z zj1A e, t+1)A9 ) ZCJ tw(g)- (B.38)

Here qu(.i) = Agég,j’t by Assumption 3.1 satisfies E]:[wj(.i)] 0 and ED[W(Q\ ] < E. Moreover,
Cit = 2itAfei4 satisfies Ep[¢is] = 0 and ED[|CH|2+6] < Z. In addition, by assumption (;; is a

conditional mixing sequence with u = 3(r +0)/d and r = 4. Thus, as all elements have a finite 4 + 0
2
moment, by Lemma 2 it follows that Ep [<q2(7£j)(1)) <z
The remaining two components can be analyzed analogously. In particular:

N N Ty

v/ NTy ﬁ( )(@.3+2 7) \/7T1 ZZZQJt ( ]t+1zz t€it — gft)zl t€q t+1> = OP(l)v (B39)

i=1 j#i t=1

by conditional independence between (i,j) and the fact that all < and j random variables have zero

expectations conditional on D.

Finally, we consider ’n\i(g)@ A+2E) . As previously, we define the following random variable Ag(,) j; =

x(f)(2.4+2.8)

zji\j — Ex[z;:A;], such that m can be expanded as follows:
—(6)(2.442.8) N b )
m NNT ZZZ)‘zﬂtq”Afng-l
L i=1 j#i t=1

N T © N N T ©

NT1 ZZE]‘— zl t)\ Qz tAfEZ ;41 + NN1T1 ZZZAQ ]tqZ tAfE'L ;41
i=1 t=1 i=1 j#i t=1

—(€)(24+2.8)  =(£)(2.4+2.8)

Since the second component has mean-zero, one can use identical steps to those used previously in

—(€)(2.4
establishing that mg@ +28) is negligible. In particular, we have

N Ty

ZZE}' [Zit ) ]QZtAfEE t)ﬂ +op(1)
VNTl i=1 t=1

©)@4+28) _

NT, m
N T

()
it
\/WE > Erlzilaidredy +op(1). (B.41)
1

i=1 t=1
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Collecting all terms:

N T
=(¢)
\/NTlm (,30 ﬁZZE}‘QzM Zzt(ft+151t_ft51t+1)
NT i=1 t=1
N T
B[z 1 \i] g ( ) 1
\/WIZ;; Flziadiaie (el — freliin) +op(1)

\F Z \/TTME%) +op(1 (B.42)

Next we establish F stable convergence of the leading term in /NT} ﬁ(g) (Bo). Denote by D; the
o-field generated by o(F V {Tj};:l VAK; };-:1), where 7 and v; are defined in Assumption 3.1. Then
{(VT ufr},D : 1 > 1} is a Martingale Difference sequence (element-wise), as by Assumption 3.1 all

unit-specific variables are independent conditionally on F. Also, let
©_ 1 =) (&)’ =) (&)
2 =3 E {Tmi,T (7)) |Di1] ~Er [Tmi,T (7)) } , (B.43)
i=1

and 2©) = plimg_, QFE,?). Using Theorem 3.2. and Corollary 3.1 in Hall and Heyde (1980) in

conjunction with the Cramér-Wold device, yields

VT 7 (80) = (29) Y2 (stably), (B.44)

where 1 ~ N(0p, Ip). This result holds provided that each element ﬁggT)(p ) for p=1,...,D of ﬁfﬁT)

satisfies the conditional Lindeberg’s condition:
-1 ZE; VTS PI(VT S > VNe)],  for all € > 0. (B.45)

Given that the Conditional Lyapunov’s condition implies the conditional Lindeberg’s condition, it is
sufficient that E ]:[|\/> ,u |2+5] < oo for some arbitrary § > 0. In our case this moment bound can
be directly verified using Yokoyama’s inequality for zero mean conditional mixing processes. Further-

more, by construction stable convergence implies F-stable convergence.

Step 3. The proof of consistency is fairly standard along the lines of Newey and McFadden
(1994). Sufficient conditions are satisfied based on uniform convergence and global identification over

a compact set © by Assumption 3.3.

Step 4. Asymptotic distribution can be obtained by expanding the first-order conditions around
the true value as in Eq. (34):

Wi rm (B) = WNT< (Bo) + (r“+ Zﬁf m—m) <§—ﬁo>>. (B.46)
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This expansion is exact because the moment conditions are at most quadratic. Our assumptions ensure
that plimy 7, ?(5) and plimpy 7, ﬁ,(f), are finite and F measurable. Given that convergence
in probability implies convergence in distribution, the remainder of the proof follows directly from
Proposition A.2 in Kuersteiner and Prucha (2013) and an application of the continuous mapping

theorem.
O

Appendiz B.5. Stacked Moment Conditions
Proof of Theorem 2.
Analogous to the corresponding proof of Theorem 1, the result of this theorem can shown based

on the following four distinct steps:

1. Analyse the bias term originating from “own” terms at i = j;
2. Derive the leading term of the asymptotic expansion;

3. Show consistency of the estimator;
4

. Derive asymptotic distribution of the estimator.

As steps 3 and 4 are identical to those in Theorem 1, we mainly focus on steps 1 and 2. As in Theorem
1 we set K = D = 1, but continue using the vector and matrix notation unless it creates confusion.
Finally, as the derivations for the nonlinear approach are identical to those in the linear approach,
except for a larger number of negligible remainder terms, we provide the complete proof for the linear
approach only.

Notice that the Jacobian matrix at time ¢ can be decomposed as follows:
(&) 1
Y =r%+ B 5 Z 2% + 53 Z z9® L RY, . (B.47)

Here Ft(é) is the expected Jacobian matrix as defined in Eq. (43), while Bt(g) is a F—measurable

“bias” matrix. For the linear approach this is given by:

Bt(L) =Er [(¢5,dit — EF(gisdig]) (i o 1 — Exlzigm;,q])]
—Er [(¢i2ditr1 — Brlgidii]) (zigas, — Brlzia,])] - (B.48)

©0) 4nq 7E

The influence functions Z; satisfy the conditional mean restriction of the form:

Er [Zl(-i)(l)} = OzxK; (B.49)
Er [ngt)@)} = Ozxk. (B.50)

However, in general it is not true that the above conditions hold conditional on D. Finally, the
remainder term is of the form:

N

C N
1 c c
Rilve = w2 20 0 D vid (wy)’ (B.51)

c=1i=1 i#j

46



where E]:[Ui(;)] = 0p and Er|w; (e )] =0k foralli=1,...,Nandt=1,...,T. The value of C depends
on &; in particular, for £ = L we have C' = 2, while for § = NL, C' = 4. The exact form of 'vfct) and
wgft) also depends on &, however these terms are asymptotically negligible and so they can be ignored.

Next, using the proof of Lemma 1 and Theorem 1 we can similarly expand vector of estimating

equations:
7(£)(ﬁ )= + Z”zt _|_ Zzzt +rmNt (B.52)
As it was shown in Theorem 1, the leading term u(é) satisfies:
Ep (1] =0p. (B.53)

On the other hand, in general, for the other influence function only the condition E ]:[zgi)@)] =0is

satisfied. Finally, the remainder term is of the form:

1 R N N
mNt QZZZ zt jt’ (B54)

r=1i=1 i#j

where for each » = 1,..., R either Ep[ogi)] =0 or E'D[UZ(»?] = 0 or both. This is an important
distinction between the remainder term of the estimating equations, and that of the Jacobian. In
total, R = 4 irrespective of the approach considered.

The leading term in the asymptotic expansion of the first-order conditions is given by

8
1 /
lg\E,’)T = T E (1 §§)> mgg) (Bo)- (B.55)

This result is shown in Step 4.
©)

We expand [’ into a sum of 20 distinct components as follows,

1 = Z Z 1), (B.56)

l1=142=1

and analyse every term individually. Here we adopt the convention that ¢; corresponds to the order
of the element in Eq. (B.47), while ¢5 corresponds to Eq. (B.52).
e

The “numerator” of the incidental parameters bias term bz is determined from:

Ty

€)(1.1 1 Y’ 1 ©r1p
N = NTy d )> = e (557
The leading variance term is given by:
©02 _ L NS (p©) O _ L~ @mur
1©(12) _ (r V==& : B.
N,T NTy polt t ) l"’ht N g P’z,T ( 58)
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The “numerator” of the many-moments bias term bé@ﬁ“‘” is determined from the following com-

ponent:

1

o2 1 1 iZN: S ( <s)<1>) G
NT NNTy &~ Jt

t=

—_

1

L1y ©OM®Y ,©

~ vy 2 (5°) i)
iE

1lz<(zco<1)> ul B ;[(Zﬁi)“)) Hg?])
t=1

( (E)(1)> “§£t)

1
N
1

3
b

1
NVN
T,

1
NTy 4

]

— (OMMT
NoTF

\\Mz

t=1

p((NTy) /). (B.59)

N
+ >
i=1

1 N
tNET 22
i#]

1
= +o0
(MMT o

The final result follows upon appropriately defining ST rF The negligibility of the second compo-

nent is established using the Chebyshev’s inequality, paired with the fact that T/N — p € [0;00).
The negligibility of the third component is established using the symmetrisation argument used in

Theorem 1. Notice that here we can use the symmetrisation argument as Ep [uz(?] =0p.

It remains to show that all other 17 components are of order op((NT})~'/?). The negligibility of

the remaining components can be directly established based on one of the following approaches:

1. using the Markov’s/Chebyshev’s inequality for the terms denoted by superscripts (1.3), (2.1), (2.2),
(2.3),(1.3),(3.3),(4.1), (4.2), (4.3), (5.1).

2. symmetrisation as in Theorem 1 for the terms (1.4), (2.4).

3. Lemma 3 for the terms (3.4), (4.4), (5.2),(5.3), (5.4).

Combining everything we conclude that

N
1 MM 1 (& )MM
VNT <l§§?T— N( D 4 82 T)) - \TNE VTESM"™M 4 op(1). (B.60)
=1

Stable convergence of the leading term can be established in a similar fashion as in Theorem 1.
Step 3. The proof of consistency is analogous to Theorem 1. Thus BJ(\?MT — Bo =op(1).

Step 4. It remains to confirm that v/NT} (AE\Z)MT — ,60> = Op(1).
Analogous to Steps 1-2, one can show that for all k =1,..., K:

VT Z( D) mi®(80) = Op(1). (B.61)
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The estimator ,@ (we drop the subscript MMT, as well as the superscript (£) when the notation is

unambiguous) solves the first order conditions:

T
1 79 3\ 76 (3) —
7 2 (1) mi(B) = on, (B.62)
where
el +§;H B o (8.6
Hence the first order conditions can be expanded as follows.
L (6,30 (@ L (+© 3 . 7O\ (3
(rt B)) (mB0) + 5 (T B) + 1) (B~ Bo) ) = 0p, (B.64)
T1 2

Re-arranging terms and using (B.63):

L (1N (0, 20 (5O, 2y O NT1 (O (0
-5 TIZ(Ft @) (TB)+ T) | VNTU(B - Bo) = (T8) mi) (o)
t=1
K T
+) (B — Bok) Z ( ) 2 (Bo).
k=1 =1
(B.65)
Notice that all products of the form
(R N 7Oy ©)
P Fal el . P
Tlg(Ft)(Ft ); T1;( ;H,

have well-defined probability limits by Assumption 3.6. This fact combined with consistency of the

estimator implies that

T1 , N
- (12 (r:) 7 +op<1>> VNTI(B -
1

Ty =

T ’
_ VNT, Z <f§€)> mg&)(lgo) +op(1). (B.66)
t=1

From here the final result follows upon defining

P -1 (1P
b = (D) s (B.67)
MM 1 (oMM
BT = (1)) SR (B.68)
0

Proof of Proposition 1.

In terms of global identification, observe that

— WD) (8) + mE) (B)YmND) (). (B.69)



The conclusion follows by noting that GV (8) > mWVE) (3)Ym VL) (3), with an equality iff GEDL) (B) =

0. The proof for local identification is similar and therefore it is omitted. O

Appendix B.6. Variance-Covariance Matrixz Estimation

Proof of Theorem 3.

We split this proof into two parts. At first we prove the result for £ = L, followed by £ = NL. As
in Theorem 1 we set K = D = 1, but continue using the vector and matrix notation unless it creates
confusion.

Let Ayx; i1 = fixisy1 — fry12ie. We use the A notation (without any subscript or superscript)
to denote the deviations of the estimates from the corresponding true values, e.g. Ag; 3 = & s — € s,
AG(z) s = G(z)ts — ()0 and AB = B — By,

For both approaches:

A, = cis + Nifs — @ JAB; (B.70)
L L L R
AG(z) s = N Z (zithi —Er(zitAi]) fs + N Z ZitEis — (N Z zmx;ﬁ) AS. (B.71)
i=1 i=1 i=1

Define Ag(z)is = zithi — Ex[zithil, Qza)its = ZitTi g Qze)its = Zit€issy Qzaw)its = Zit AT
Q(ZAE)’M,S = 2;1Ayre;s. Also let Ag(z)i, Q(mms, Q(ZE)M and Q(zAE)J,S define the corresponding

cross-sectional averages.

Proof outline. Using the proof of Theorem 1 it is easy to show that:

N Ty

- mzzaﬁ = (B.72)

i=1 t=1

Thus, without any loss of generality, we prove this theorem for the un-centered version of the covariance

matrix estimator:
2O (@) = Z( Z«) ( ZA<E> . (B.73)

This expression can be conveniently expanded as
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Here the first op(1) term is a by-product of Eq. (36), while the second op(1) term follows from
Chebyshev’s inequality. The last term is of the form

N

_ 1 1 ! 1 (©) 1 o)
ro =53 (2o ) (3o v 3 () (o

Len( 1 a0 1 & e
Nz(ﬁz “)(ﬁz“> (579)

Here Au(g) can be expressed as a sum of two distinct components Auﬁ) = (ﬁg? - ugi)) + (ﬁﬁ) —

ufi)) The first component (denoted as Au;t)) is present purely due to the cross-sectional sampling

uncertainty and is present even if ,@ = (Bp. The second component can be expanded as follows:

i) —mly) = Al AB + Z AH), ABAB;. (B.76)
k=1

(L)

Here for the linear approach we have AH. ) = Oz x,%? as under our assumptions
1YY itk ) p

Ty
1 (©)
E E p; 7 ||=O(1). B.77
|| /Tj1 — 1t || ( ) ( )

To show that Ry = op(1) it is sufficient to show that
El|— ZA i 1% = o(1); (B.78)
Ef AP |2, = o(NTY); (B.79)
e

EH\/*ZA ztk”max—o((NTl)Q)' (BSO)

These bounds paired with Markov’s and Hoélder’s inequalities (element-wise) will deliver the desired
result. Here the specific choice of vector and matrix norms is for notational convenience and is largely

inconsequential for our results as all matrices are finite dimensional.
Linear approach: ¢ = L. For the linear approach we also note that

N N
~(L 1 1
Ag), = N (qi,tA? - Ef[qi,txf]) fot 5 D diasts (B.82)
=1 =

2Note that the implicit dependence on N is suppressed in the definition of all ¢ specific variables.
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Furthermore, let AgEL)) = ql-t)\d Ex[qi: 29, and define QE;) ite = i tsfs, Q(jis it = qi1A el

whereas Ag( )t, Q(ja) ts

1,87
and Q(q Ae) s denote the corresponding cross-sectional averages. At first we

consider the deviation from the infeasible estimator:

— —— ——(L
Afigy = = WQ@A& vt =GN Qeancyis + Bg(ey el el — Bg(y) zial e

+ Q qs Yt t+1 %0t a(za),t,t—&—l(h,tggt + Q(zs),t,t%,tggl,t-i-l - @Eq@),t,tzi,ta,m
= ZA~(L . (B.83)
For the linear approach the matrix in Eq. (B.76) is of the form
Zdiz(,];) = Ef[Qi,tA?]zi,tAfm;,tH + ngj)),tzi,tAfm;,t+1 + @(zAm),t,t+1Q¢,t>\§l
+ a(qs)),t,t+1zi7t$;,t - QEqu)),t,tth‘B;,tH + a(z:c),mtﬂ%,tggt - Q(zm),t,tqZ',tgzd,tJrl
7
=Y As)0. (B.84)

Given that |AB||= Op((NT1)"Y/2) by Theorem 1 for the final result it is sufficient to show that for
all s, £

B —— ZA v I = o(1); (B.85)

E||— ZA@H 12,0 = O(NTY). (B.86)

We will consider all components individually.

T N

T N
E|— ZA~(L HZ _ N2T ZZZZE [)\ zi tz”thAfsj 1 Qe A el 7'+1:|

t=1 7=1j=1 k=1

T T
1
~ Ny ZZE P‘ ZitZi TthAffz 41,7 AfE] r+1}
t=1 7=1
| Lo N
+ <o N2T, ZZZE {)‘ Zit %4743, tAfEJ 1419570 f€j, ‘r+1}
Lo 7=1j=1
=0 (TIN7?) + O(N ). (B.87)

Here in the third line we used the Law of Iterated Expectations (LIE), conditional independence and
the assumption that Ep[A fsgl’t +1%j,r] = 0. The final line follows from Assumption 3.1 with » > 6
(applied for the first component) and Lemma 2 (for the second component) as A fEE‘l,t 419, is a zero-
mean conditional mixing sequence. The same idea can be used for s = 2,5,6,7,8 to show that the
corresponding rates are O (TyN %) + O(N~1).
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For the remaining two components the derivations need to be slightly modified.

Ty T Ty
)3
L Z ()”2 - N2T ZZZZE [q%tAffthqufé“”HAg( z), ,tAg(z),k,T}
=1 t=1 7=1 j=1 k=1
| nn
N2T1 ZZE |:Qz tAfEZ t+14i, 7—Af€Z T+1Ag(z),z tAg( )i, :|
t=11=1
;] Lo N
TN N2Ty ZZZE [qltAfez t+1erAfﬁz +100(2),jtAg () jr }
t=1 r=1 j=1
=0 (TiN7?) +O(N ). (B.88)

As with s = 1, one can use the same arguments to establish the corresponding order of magnitude,
but here A ff‘:?,t 4197 is the zero-mean conditional mixing sequence necessary to apply the result of
Lemma 2. Notice that for this result to hold, it is sufficient that r = 8. It is not difficult to see that

the same idea can be used for s = 4. As a result,
()2 _ -2 -1y _
B|—— ZA A= 0 (1N ?) + OV ) = (1), (B.89)

for all s, provided that TIN~2 — 0 as N,T — oo. It is easy to see that the same proof strategy can

be used to show
El—= Y AdYVO)2 =o(1), £=4,5. (B.90)
/Ty Z

All other terms need to be analyzed differently. For example,

T Th

EH\/*ZA@EIt/ Hmax - 7ZZEE}— qi, t)‘ ]zz tAfwz t+1 E}'[QZ ’r)\ ]Z, TAwa T+1]
t=171=1

= o(T). (B.91)

Moreover,

. I N N
1
EH7ZA¢zt max_ N2T, ZZZZE zztAfmzt+1zzTAfsz+lAg(q),gtAg( )kr]
t=1 7=1 j=1 k=1
;| Lm
= N7, DD B[zl i zir Apmiri180),6000() 0]
t=17=1
, LnN

N2T ZZZE Zip A1 2i s A i 1189(0) .6 89(9). 417
t=1 7=1j=1

=0 (TIN7?)+O(TyN ). (B.92)

Here in the third line we used the Law of Iterated Expectations (LIE), conditional independence and

the assumption that Ex[Agg) ;] = 0. The final line follows from Assumption 3.1 with r > 6 for the
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second component. Note that as Ep[Agg) ;] # 0, Lemma 2 does not apply, hence the O(T1 N~ D) rate
for the second component.
For ¢ = 3 note that

5455?(3) = (a(zAw)ﬂf,t-l—l - EF[thAfwi,t-&-l]) i X + Er(ziA s 1] 0. (B.93)

For the first part we can use the corresponding result from ¢ = 1, while for the second part the result
from ¢ = 2. Thus

1
EH A¢ max - O(TI) (B94)
i Z
Finally, for £ = 6 consider a similar expansion:

3955?(6) = (@(m) tt+1 — E}'[zi tLi t+1]> qz‘,tégt + E]-'[Zi,twi,t-&-l]%,tgzt

— RaH0) | Rg(L6), (B.95)
We have
AgHOD |2 = 3 E[E E
\ﬁz Imax = T ZZ Flzia®i1)ai el Brl2i @i r]gi el ]
t=11=1
= 0(1). (B.96)

Here we use the fact that Ep[Ef[2; 1@ +1]q;, taft] = 0 and that g;, te ', is a conditional mixing sequence.
On the other hand, A@E?(m) can be analyzed analogously to Ap(L)( ) Thus,

E|—— \ﬁ Z A2 = 0(1) + O(TIN2) + O(N ). (B.97)

For ¢ = 7 the derivations are equlvalent. As a result, we conclude that

EH f Z A¢zt Hmax = (Tl) - O(NTl) (B98)

as long as N — oc.

Notice that all Ty N~2 contributions originate from “own” terms due to the potential correlation
between elements in the estimates g and all 7 specific random variables. Hence, if one uses individual
specific estimates g; then the result of this theorem follows without the additional restriction 77 N ~2 —
0.

Nonlinear approach: £ = NL. For the nonlinear approach we note that some of the above derived
results continue to hold upon noticing that EZt = ;¢ and /\gl = )\;. Moreover, at first we expand

estimated quantities around the corresponding true values:

Agg;s =¢€is + Aifs — w;,SAB\; (B.99)
1Y 1 Y -
Agigts = 5 D (@ishi — Brlgiehi)) Z Gitis — (N > Qi,t93;7s> AB. (B.100)
1=1 i=1
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Hence, the deviation from the infeasible estimator is given by
~(NL = = “~ “~—
Auﬁ,t ) = ZitAiQ(gae) ti+1 — Gt NiQ(zae) t41 T DG ()Gt Dreit — AgigyzitAreit
+ Q(qg),t,tﬂzi,t&i,t - a(ze),t,t-f—l%',tgi,t + a(zg),m(h',tgi,t—i—l - @(qg),t,tzi,t&,tﬂ
= Zi,t}‘ia(qu),z‘,t,tH - Qi,t)\ia(er),i,t,t—&-l + Tg(z),iQi,tAfEi,t - Fg(q)7izi,tAf5i,t

+ Qge) it 1+1%itEit — Qze) it i419i,tCit T Q(2e),i,0,49itEit4+1 — Qqe) iyt 1%t t+1

AR, (B.101)

I
]

s=1

Here we use subscript ¢ on cross-sectional averages to denote the corresponding delete-one versions,
e.g.

— 1
Q(qu),i,t,t+1 = N Z qjtArEj 141, (B.102)
J#i
and so on. Because of the automatic correction for own terms, it is easy to show that

E|— ZA (NDE)2 = o(N~1) = o(1), (B.103)

for all s. As a result, all contributions are asymptotically negligible without any restrictions on relative
rates of N and T
The first-order contribution in Eq. (B.76) is of the form
Zd;z(',];m) Er(gi iz, tAfwz t+1 T AQ(q) %4, tAf‘Bz t+1 1+ 4, tAiQ (zAz),t,t4+1
+ Q (ge) t,t+1%1, tht Q(qa) t,t %1, 1 1 T Q (za),t,t+196,t€5,t — a(zw)7t,t%,t5i,t+1
— Er[zi Nl @it Arx) 111 — DG(2) 18t AF T 111 — ZitNiQ(gam) 141

Q(zs 4t+145, tmzt +Q (ze) t,t i, 1] i1 — ZitQga) 14180t + ZitQ (ga) 1,1 Cist+1

(B.104)

Il
EM%
>

Finally, consider the second-order contribution in Eq. (B.76):

X 2y (NL k)~ k) = k)~ k) =
Aﬂi(,tjk) = Zi,tfﬂz( t)Q (qz),tt+1 — zi,tﬂfg,t)_HQ(qw),t,t - C]i,tCUZ(;t)Q(zw),t,tH + (Ii,tl“g?t)“Q(zm),t,t

k)~ k) —~ k)~ (k) —~
=2z txzt Q)i i+1 — Zit%i 1+1Q qa) it — 6itTiy Qz)ivtir1 T 6t T 111 Q (z) it

—

(NL)(
= Z AHNDY, (B.105)

()()

Using steps similar to those used to bound ASP , one can show that

1 % (NL) |2
Bl — AD: = O(T}) = o(NTy); B.106
H\/le it Hmax ( 1) O( 1)7 ( )
E|—= ZAHZN“HW = O(T}) = o(NTH). (B.107)
O
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