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Abstract

There are multiple situations in which bilateral interaction between agents results in con-
siderable cost reductions. Such interaction can occur in settings where agents are interested in
sharing resources, knowledge or infrastructures. Their common purpose is to obtain individual
advantages, e.g. by reducing their respective individual costs. Achieving this pairwise cooperation
often requires the agents involved to make some level of effort. It is natural to think that the
amount by which one agent could reduce the costs of the other may depend on how much effort
the latter exerts. In the first stage, agents decide how much effort they are to exert, which has
a direct impact on their pairwise cost reductions. We model this first stage as a non-cooperative
game, in which agents determine the level of pairwise effort to reduce the cost of their partners.
In the second stage, agents engage in a bilateral interaction between independent partners. We
study this bilateral cooperation as a cooperative game in which agents reduce each other’s costs
as a result of cooperation, so that the total reduction in the cost of each agent in a coalition is
the sum of the reductions generated by the rest of the members of that coalition. In the non-
cooperative game that precedes cooperation with pairwise cost reduction, the agents anticipate
the cost allocation that results from the cooperative game in the second stage by incorporating
the effect of the effort exerted into their cost functions. Based on this model, we explore the
costs, benefits, and challenges associated with setting up a pairwise effort network. We identify
a family of cost allocations with weighted pairwise reduction which are always feasible in the
cooperative game and contain the Shapley value. We show that there are always cost allocations
with weighted pairwise reductions that generate an optimal level of efficient effort and provide a

procedure for finding the efficient effort equilibrium.
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1 Introduction

The search for greater efficiency, access to new markets and greater competitiveness are some of the
main factors that result in inter-organizational or inter-corporate cooperation structures. Depending
on the degree of integration or interdependence between partners and on the intended goals of agree-
ments, there are different forms of cooperation. These forms have been widely studied in economic
literature (see e.g. Todeva and Knoke (2005) for a survey). There is one specific type of cooperation
whose properties and characteristics differentiate it from the rest. It can occur between agents that
share for example resources, knowledge or infrastructure. The common purpose is to obtain individual
advantages such as reducing their respective individual costs. The particularity of this form of coop-
eration lies in the fact that the cost reduction is based on bilateral interactions. In particular, given
any pair of cooperating agents, one agent reduces the cost of the other agent by a certain amount
which is independent of cooperation with other agents. This means that if there are more agents in
the coalition the amount of the cost reduction does not change. This pairwise cost reduction remains
constant for any possible coalition to which the pair of agents may belong. Therefore, for any agent,
the total cost reduction in any coalition can easily be calculated as the sum of the reductions obtained

from each bilateral interaction with the other members of the coalition.

There are several situations where this kind of cooperation with pairwise cost reduction occurs and
is profitable. For example, the strategic collaboration agreements between firms to reduce logistical
operational costs. The need to increase market share requires logistics firms to expand their radius of
action as far as possible. This means major investments in expensive infrastructures at new sites, which
increase operational costs. To reduce those costs while maintaining control of their respective markets
and hindering access by new competitors, agreements are established between companies. They offer
the resources held by each firm in its respective area of influence under advantageous conditions.
This enables them to expand their operating ranges with significant cost savings. Interactions occur
bilaterally, with each company using the resources of the other. These cost reductions are independent

of any cost reductions that can also be obtained by interacting with other agents in larger coalitions.

The second situation is that of free trade agreements between countries. In a globalized economy,
free trade agreements are quite common. They facilitate trade in goods and services between countries,
reducing trade barriers and consequently the cost of trade. These cost reductions are specific to each
pair of countries, and are independent of any other agreements that either may decide to establish with
other countries. A third situation is the sharing of market data. Currently, information on customers
and their purchase patterns is vitally important for firms. It enables them to maximize returns on
advertising costs and focus on their ideal target markets. Cooperation between firms (usually from
complementary sectors) consists of sharing information about their respective customers. This reduces
the costs of each of the firms involved. The information that a particular firm provides is specific to it,
so the value of the information that it receives from another specific firm is independent of information
from other firms. Even if two firms provide information about the same customer, the information

itself is different because it describes the purchase of a different good or service. This can increase the



value of that particular customer as a target, which again boosts the value of this particular kind of

cooperation.

The last situation considered here is that of inter-firm cooperation agreements to reduce costs
by increasing the range of their respective telecommunication networks. In eminently competitive
sectors such as mobile telephony and online services, cooperation between operators has become quite
common. For example, they share the locations of their respective antennas, which enables them to
expand the reach of their networks. This means greater benefits thanks to the offering of a broader
service, while avoiding the costs that would be entailed by each company installing its own structures.
Here again, cost reduction is bilateral when two agents decide to share and use each other’s antennas.
These cost savings are independent of any collaboration agreements that each firm may have with

other agents to share antennas in larger coalitions.

The cost reduction between agents may be highly asymmetric when they cooperate in pairs. For
example, if two agents A and B decide to cooperate, agent A could provide a major reduction for agent
B, while the reduction provided in the opposite direction could be more modest. These asymmetries
could induce imbalances or discriminations that may jeopardize cooperation. A fair distribution
mechanism for the costs generated by cooperation is undoubtedly needed to ensure the stability of

any strategic partnership (see Thomson, 2010).

In addition, it is quite common for this kind of cooperation to require the agents involved to make
a set level of effort. It is natural to think that the amount by which agent can reduce the costs of the
other (if they decide to cooperate) could depend on the effort that the agent exerts. For example, if
one country can obtain information relevant to another (e.g. information on tax evasion and the flight
of capital involving its citizens), the amount and quality of the specific information may depend of the
effort that the first country exerts in gathering it. This extends the situation beyond a cooperative
model. We model the sequence of decisions as a two-stage bi-form game (Brandenburger and Stuart,
2007). In the first stage, agents decide how much (costly) effort they are willing to exert. This has
a direct impact on their pairwise cost reductions. This first stage is modeled as a non-cooperative
game in which agents determine the level of pairwise effort to reduce the costs of their partners. In
the second stage, agents engage in bilateral interaction with multiple independent partners where the
cost reduction brought by each agent to another agent remains constant in any possible coalition. We
study this bilateral cooperation as a cooperative game in which cooperation leads agents to reduce
their respective costs, so that the total reduction in costs for each agent in a coalition is the sum of the
reductions generated by the rest of the members of that coalition. In the non-cooperative game that
precedes cooperation, the agents anticipate the cost allocation that will result from the cooperative
game in the second stage by incorporating the effect of the effort made into their cost functions. Based
on this model, we explore costs, benefits, and challenges associated with setting up a pairwise effort

network.

We investigate the impact of pairwise efforts on cost reductions and the resulting cost structure

for the network. In particular, we explore the design of a cost-allocation mechanism that efficiently



allocates the gains from pairwise effort to all parties. To that end, we first compute the optimal level of
cost reduction, taking into account the pairwise cost reductions collectively accrued by all agents. An
ideal allocation scheme should encourage agents to participate in it and, at the same time, establish
proper incentives to make efforts prior to cooperation. Specifically, we first show that it is profitable
for all agents to participate in a pairwise effort network. Then we study how the total reduction in
costs should be allocated to the members of the network. We do this by modeling the pairwise cost
reduction between agents that takes place in the second stage as a cooperative game, which we refer

to as the pairwise effort game or “PE-game”.

We prove that PE-games are concave (i.e. the marginal contribution of an agent diminishes as
a coalition grows) and thus totally balanced, i.e. the core of every subgame is non-empty. We
interpret a non-empty core as a setting where all-included cooperation is feasible, in the sense that
there are possible cost reductions that make all agents better off (or, at least, not worse off). The
totally balanced property suggests that this all-included cooperation is consistent. We identify various
allocation mechanisms that may arise in the core of PE-games. In particular, we discuss a family of
cost allocations with weighted pairwise reduction which is always a subset of the core of PE-games.
This is a broad family of core allocations which includes the Shapley value, which is obtained when all
the weights work out to a half. We provide a highly intuitive, simple expression for the Shapley value,
which matches the Nucleolus in our model. To select one of these core-allocations in the second stage,
we take into account the incentives that it generates in the efforts made by agents, and consequently
in the aggregate cost of a coalition. We show that the Shapley value can induce inefficient effort
strategies in equilibrium in the non-cooperative model. However, it is always possible to find core
allocations with weighted pairwise reductions that create appropriate incentives for agents to make
optimal efforts that minimize aggregate costs, i.e. core allocations that generate an efficient level of

effort in equilibrium.

This paper contributes to the literature by presenting a doubly robust cost sharing mechanism.
That mechanism not only has good properties regarding the cooperative game in the second stage but

also creates appropriate incentives in the non-cooperative game in the first stage.

Cooperative game theory has developed a substantial mathematical framework to identify and
provide suitable cost sharing allocations (see, e.g., Fiestras-Janeiro et al. 2011; Guajardo and Ron-
nqvist 2016, for a survey). Multiple solutions have been proposed from a wide range of approaches
(see, e.g., Moulin 1987; Slikker and Van den Nouweland 2012; Lozano et al. 2013). The Shapley Value
(Shapley 1953) is considered one of the most outstanding of them, and suitable solution concept (see,
e.g., Moretti and Patrone 2008; Serrano 2009 for a survey). As an allocation rule it has very good
properties, such as efficiency, proportionality, and individual and coalitional rationality. However, it
has the disadvantage of posing computational difficulties, which increase as the number of players
increases. Nonetheless, there is a large body of literature in which the Shapley value is proposed
as a simple, easy-to-apply solution in different economic scenarios (see, e.g., Littlechild and Owen

1973; Bilbao et al. 2008; Li and Zhang 2009; Kimms and Kozeletskyi 2016; Le et al. 2018; Meca et



al. 2019). These papers give simplified solutions for different classes of games. They take the cost
structure as given and do not consider the system externalities that arise when agents make efforts
to give and receive cost reductions. Our paper here incorporates both the non-cooperative aspects of
making efficient efforts by modeling decisions related to pairwise cost reductions and the cooperative

nature of giving and receiving cost reductions in pairwise effort networks.

We refer to action by agents as "effort", as in the principal-agent literature. In this setting, the
concept of "effort" is widely used in analyzing different kinds of problem. One of the first was the
moral hazard problem: See for example Holmstrom (1982). Other examples are Holmstrom (1999)
and Dewatripont et al. (1999), who identify conditions under which more information can induce an
agent to make less effort. The approach in our model is quite different, in that we do not consider any
kind of principal. As far as we know, our model is novel in that it analyzes the incentive for agents to
make efforts in a game with two stages: A non-cooperative stage where agents choose how much effort
to make and a cooperative second stage. As mentioned, we show how the solution of the cooperative
stage determines the incentives that agents have to make an effort in the first stage, and consequently

the efficiency of the final outcome.

Bernstein et al. (2015) also use a bi-form model to analyze the role of process improvement in a
decentralized assembly system in which an assembler lays in components from several suppliers. The
assembler faces a deterministic demand and suppliers incur variable inventory costs and fixed setup
production costs. In the first stage of the game suppliers make investments in process improvement
activities to reduce their fixed production costs. Upon establishing a relationship with the suppliers,
the assembler sets up a knowledge sharing network which is modeled as a cooperative game between
suppliers in which all suppliers achieve reductions in their fixed costs. They compare two classes of
allocation mechanism: Altruistic allocation enables non-efficient suppliers to keep the full benefits of
the cost reductions achieved due to learning from the efficient supplier. The Tute allocation mechanism
benefits a supplier by transferring the incremental benefit generated by the inclusion of an efficient
supplier in the network. They find that the system-optimal level of cost reduction is achieved under
the Tute allocation rule. Our bi-form game is novel in terms of incentive for efforts by agents and
is also richer in results: We provide a procedure for finding the unique efficient effort equilibrium in

cooperation with pairwise cost reduction.

2 Model

We consider a model with a finite set of agents N = {1,2,..n}, where each agent has a good (for
example resources, knowledge, or infrastructure) and has to perform a certain activity. The total cost
of an agent’s activity can be reduced if it cooperates with another agent, which means that the two
agents share their goods. These cost reductions obtained by sharing goods in pairs depend on the
effort made previously by each agent, i.e. €; = (€1, ..., €;(;—1), €i(i+1), ---€in) € [0,1]"7* for each i € N,

where e;; € [0,1] stands for the level of effort by agent i. Thus, for any pair of cooperating agents



i,j € N and a given effort e;;, agent ¢ reduces the total cost of agent j by an amount 7;;(e;;) € Ry,
and vice versa. These particular reductions between agents i,j € N are independent of cooperation
with other agents. Furthermore, these efforts have an additional associated cost ¢;(e;) € R for any

1 € N. We refer to this kind of model as a pairwise inter-organizational model.

The sequence of events is as follows:

1. In the first stage, each agent decides its effort profile and bears the additional associated costs.

2. In the second stage, given the effort made in the first stage, agents cooperate and reduce their

respective total costs in pairs.

Thus, these agents participate in bilateral interactions with multiple independent partners whose
cost reductions are coalitionally independent, i.e., the cost reduction given by each agent to another
agent remains constant in any possible coalition. This means that the total reduction in cost for each
agent in a coalition S € N is the sum of the pairwise cost reductions given to that agent by the rest
of the members of the coalition, i.e. for agent i, it is }>;cq\ ;) 7ij(€ji). Hence, in the first stage,
agents can make efforts, and in the second stage, by the pairwise sharing, they give and receive cost

reductions according to these previous efforts.

We assume perfect information regarding to the agents’ costs and cost reductions depending on
efforts. As mentioned above, agent ¢ incurs a cost ¢;(e;) by making the effort profile e;, and receives
from agent j a cost reduction r;;(ej;). We assume that ¢;(.) : [0,1]"7! — Ry is a scalar field of class
C%([0,1]"1) .1 Moreover, for all e;; € [0,1] with j € N\{i}, where it is assumed that ac’(e) > 0,

dgz(e’) > 0, and % = 0 for all h # ¢, 7, which implies that the marginal cost ‘( i) |

is 1ndependent
of effort that i exerts with agents other than j.2 We also assume that, for all j € N \{7}, function

rij(.) : [0,1] — R4 is class C2, increasing and concave * at [0, 1].

Given an effort profile e = (eq, ..., €, ..., €,) € [0, 1]V we denote by v, (e) the final cost allocated
to agent i, which results from the allocation of the aggregate total cost achieved through cooperation
in the second stage. We assume that in the first stage each agent chooses the effort level that minimizes
its final cost. That effort is made in anticipation of the result of the cooperative cost game that follows
in the second stage. Therefore, we first analyze the second stage (see Section 3), where we focus on
different allocations of the aggregate total cost through cooperation with pairwise cost reduction.
Analyzing the second stage first enables the first stage to be analyzed in Section 4, where we calculate

the efficient effort strategies in equilibrium?.

LA scalar field is said to be class C? at [0,1]" 71 if its 2-partial derivatives exist at all points of [0,1]"! and are
continuous.

2This last assumption implies that the Hessian matrix is a diagonal matrix.

39rji(eij)/dei; > 0 (increasing) and 92rj;(e;;)/6%ei; < 0 (concave).

4 An effort strategy profile is said to be in equilibrium when each agent has nothing to gain by changing only their

own effort strategy given the strategies of all the other agents.



3 Cooperation with Pairwise Cost Reduction

This section presents the analysis of cooperation with pairwise cost reduction in the second stage.
Agents make their efforts in pairwise sharing in the first stage, and initiate cooperation with efforts
e = (e1,..,€i,....,en). We model the pairwise effort game (henceforth PE-game) as a multiple-agent
cooperative game where each agent ¢ incurs an initial cost of ¢;(e;). All agents in a pairwise effort
group (coalition) give cost reductions to and receive such reductions from other agents. As a result,
all agents in the coalition reduce their initial costs to levels that depend on the efforts made by the
others. Any agent outside the pairwise effort network does not benefit from this pairwise cost reduction
opportunity. Although we introduce all the game-theoretic concepts used in this paper, readers are

referred to Gonzalez-Diaz et al. (2010) for more details on cooperative and non-cooperative games.

We refer to the pairwise effort network as a PE-network and denote it by the t-uple (N, e, {c;(e;), {rji(eij) }jen\{i} fieN)-
We associate a TU cost game with each PE-network. That TU cost game is 3-upla (N, e, c), where
N is the finite set of players, e € [0, 1]"(”_1) the effort profile, and ¢ : 2V — R is the so-called
characteristic function of the game, which assigns to each subset S C N the cost ¢(S) that is in-
curred if agents in S cooperate. By convention, ¢()) = 0. The cost of agent ¢ in coalition S C N
is given by ¢%(i) := c;(e;) — > jes\ (i} Tij(€ji). This cost can be interpreted as the reduced cost
of agent i after participating in the PE-network together with the agents in S. Note that the
larger the PE-network an agent participates in, the greater the cost reduction it achieves, i.e. for
alli € S ¢ T c N, ¢"({i}) < ¢%({i}). Thus, in a PE-network, the cost function is given by
c(8) == Yies S ({i}) = Xiesleiler) — Zjes\{i} rij(€ji)]-

The class of PE-games has some similarities with the class of linear cost games introduced in Meca
and Sosic (2014). They define the concept of cost-coalitional vectors as a collection of certain a priori
information, available in the cooperative model, represented by the costs of the agents in all possible
coalitions to which they could belong. There, the cost of a coalition was also the sum of the costs of all
agents in that coalition. However, the PE-games considered here are significantly different from their
linear cost games. Linear cost games focus on the role played by benefactors (giving) and beneficiaries
(receiving) as two groups of disjointed agents, but PE-games consider that all the agents could be
dual benefactors, in the sense that they could play the roles of benefactors and/or beneficiaries at the
same time. In addition, PE-games are based on a bilateral cooperation between agents that enables

both to reduce their costs but it is coalitionally independent.

We now consider a PE-network (N, e, {ci(ei), {rij(€i;)}jen\{i} }ien) and consider whether if it is
profitable for the agents in N to form the grand coalition to obtain a significant reduction in costs.
Here, we prove that the answer to this question is yes, because the associated PE-game (N, e,c) is
concave, in the sense that for all i € N and all S,7 C N such that S C T C N with ¢ € S, then
e(S)—c(S\{i}) > ¢(T) — (T \ {i}). This concavity property provides us with additional information
about the game: the marginal contribution of an agent diminishes as a coalition grows. This is

well-known and is called the "snowball effect".



The first result in this section shows that PE-games are always concave. To prove this, the class
of unanimity games must be described. Shapley (1953) proves that the family of unanimity games
{(N,ur), T C N} form a basis of the vector space of all games with sets of players N, where (N, ur)
is defined, for each, S C N as follows:

1, TCS
ur(S) =

0, otherwise

Hence, for each cost game (N,c) there are unique real coefficients (ag)rcny such that ¢ =
ZTQ ~ arur. Many different classes of games, including airport games (Littlechild and Owen, 1973)
and sequencing games (Curiel et al., 1989), can be characterized through constrains on these coeffi-

cients.
Proposition 1 FEvery PE-game is concave.

Proof. Let (N,e,{ci(ei),{rji(ei;)}jen\{i} }ien) be a PE-network and (N,e,c) the associated PE-
game. First, we prove that this game can be rewritten as a weighted sum of unanimity games wug;

and uy; jy for all 4,5 € N as follows:

c=Y cileduay — Y. rijlejiuggy- (1)

iEN i, jENi£]

Indeed, for all S C N,

c(8) = cileuuy(S) = Y rijlesiugp(S) =

ieN i,jENi#£]

= ale) = Y miylen) =
i€s i€y i)

ST 3
ies ieS jes\{i}

It is easily shown that the additive game ), ci(e;)uy;y is concave and that ug; ;) is convex.
Thus, the game — ), jeNist Tii (eji)ugi, ;3 is concave because of 745(ej;) > 0 for all 4,5 € N. Finally,

the concavity of (N, e, c) follows from the fact that game c is the sum of two concave games. B

This means that the grand coalition can obtain a significant reduction in costs. In that case, the

reduced total cost is given by ¢(N) = >~ c¢;(e;) —R(N), where R(N) = Y~ >~ r;j(ej;) is the total
iEN i€EN jeN\{i}

reduction produced by bilateral reductions between all agents in the network, which turns out to be

the total cost savings for all agents.

An allocation rule for PE-games is a map 1 which assigns a vector ¢ (e) € R™ to every (N, e,c),

satisfying efficiency, that is, > v, (e) = ¢(IV). Each component 1; (e) indicates the cost allocated to
iEN



i € N, so an allocation rule for PE-games is a procedure for allocating the reduced total to all the
agents in N when they cooperate. It is a well-known result in cooperative game theory that concave
games are totally balanced: The core of a concave game is non-empty, and since any subgame of a
concave game is concave, the core of any subgame is also non-empty. That means that coalitionally
stable allocation rules can always be found for PE-games. We interpret a non-empty core for PE-
games as indicating a setting where all included cooperation is feasible, in the sense that there are
possible cost reductions that make all agents better off (or, at least, not worse off). The totally
balanced property suggests that this all-included cooperation is consistent, i.e. for every group of

agents whole-group cooperation is also feasible.

A highly natural allocation rule for PE-games is ¢, () = ¢V ({i}) = ci(e;) — Ri(N), for all i € N,
with R;(N) = >  rij(e;;) being the total reduction received by agent ¢ € N from the rest of
the agents j € JJ\? \]\f{\i{}z.} It has good properties at least with respect to computability and coalitional
stability in the sense of the core. This means that, for every PE-game (N,c), ¢(e) should satisfy
the requirement that - ¢; (€) < ¢(5) for every § € N. Notice that, for every S C N, 3 ¢; (e) =
SN < Y eS3) is c(S). Nevertheless, the agents could argue that this allocati(;relsdoes not
z:%fnpensate tllrelesm for their dual role of giving and receiving. Note that the allocation only considers

their role as receivers.

PE-games are concave, so cooperative game theory provides allocation rules for them with good
properties, at least with respect to coalitional stability and acceptability of items. We highlight the
Shapley value (see Shapley 1953), which assigns a unique allocation (among the agents) of a total
surplus generated by the grand coalition. It measures how important each agent is to the overall
cooperation, and what cost can it reasonably expect. It is a "fair" allocation in the sense that it is
the only distribution with certain desirable properties listed below. The Shapley value of a concave
game is the center of gravity of its core (see Shapley 1971). In general, this allocation becomes harder
to compute when the number of agents increases. Despite everything, we present a simple expression
here for the Shapley value of PE-games that takes into account all bilateral relations between agents

and compensates them for their dual role of giving and receiving.

Given a general cost game (N, ¢), we denote by ¢(c) the Shapley value, where for each agent i € N,

the corresponding cost allocation is

o)=Y RO oy e gip) witn | 7= 1 )

1€TCN
The Shapley value has many desirable properties, and it is also the only allocation rule that satisfies
a certain subset of those properties (see Moulin, 2004). For example, it is the only allocation rule
that satisfies the four properties of Efficiency, Equal treatment of equals, Linearity and Null player
(Shapley, 1953). Next, we describe all of these properties of the Shapley value, which are useful in

demonstrating our next result.



(EFF) Efficiency. The sum of the Shapley values of all agents equals the value of the grand coalition,
so that all the gain is allocated to the agents:

Y i (e) = e(N). (3)

i€EN

(ETE) Equal treatment of equals. If ¢ and j are two agents who are equivalent in the sense that

c(SU{i}) = c(SU{j}) for every coalition S of N which contains neither i nor j, then ¢,(c) =
¢j (c).

(LIN) Linearity. If two cost games ¢ and ¢* are combined, then the cost allocation should correspond

to the costs derived from ¢ and the costs derived from c*:
¢;(c+c*) = ¢;(c) + ¢;(c”),Vi e N. (4)
Also, for any real number a,
¢;(ac) = ae;(c),Vi € N. (5)

(NUP) Null Player. The Shapley value ¢,(c) of a null player ¢ in a game c is zero. A player 4 is null
in cif e(SU{i}) = ¢(S) for all coalitions S that do not contain .

Given a PE-game (N, e, c), we denote by ¢(e) the Shapley value of the cost game. The following
Theorem shows that the Shapley value provides an acceptable allocation for PE-games. Indeed, it
reduces the individual cost of an agent by half the total reduction that it obtains from the others

(R;(N)) plus a half of the total reduction that it provides to the rest of the agents, which is G;(N) =
ZjeN\{i} rjiei;)-

Theorem 1 Let (N, e,c) be a PE-game. For each agent k € N, ¢, (e) = ci(er) — 3[Re(N) + G (N)].

Proof. Consider the PE-game (N, ¢, ¢) rewritten as a weighted sum of unanimity games given by (1).

That is,

c= Z Ci(ei)u{i} - Z Tij (eji)u{iﬁ}'

ieN i,jEN;i£]

Take an agent k € N. By the (LIN) property of the Shapley value, ¢, (e), it follows that

or(e) = ¢y, (Z Ci(ei)u{i}> | DD rilesi) (ugigy)

iEN 4,5 EN i ] (6)
= cile)y (ugy) = > D> rijles)dy (uggy) -
ieN i€N jEN\{i}

In addition, it is known from the (NUP) property that

10



1,  i—k
o (ugiy) =

0, otherwise

and from (ETE) and (NUP), that

0, otherwise

P, (u{i,j}) = (8)

Consequently, by substituting the values (7) and (8) in equation (6), the following is obtained:

dle) =crler) = D> mrilein)dn (upegy) — O, Tiklen;)op (uijny)

JEN\{k} JEN\{k}

=crler) =5 D> [rrilen) + rirlers))-

JEN\{k}

Finally, it can be concluded that, for each agent k € N,

LRe(N) + Gu(V)

Prle) = culer) — 5

From Theorem 1 it can be derived that the Shapley value, ¢(e), considers the dual role of giving
and receiving of all agents, and the final effect on those agents depends on which role is stronger. As
mentioned above, if an allocation does not compensate them for their dual role of giving and receiving,
and it only considers their role as receivers, as the individual cost in the grand coalition, ¢(e), does,
the cooperation cannot be acceptable to those dual agents. This non-acceptability can be avoided by

using the Shapley value, which also matches with the Nucleolus (Schmeiler 1989) for PE-games.

The nucleolus selects the allocation in which the coalition with the smallest excess (the worst
treated) has the highest possible excess. The nucleolus maximizes the "welfare" of the worst treated
coalitions. Denote by v(e) € R™ the Nucleolus of the PE-game (N, e, ¢), associated with a PE-network
(N, e, {ci(es), {rij(eij) } jen\ (i} yien). First, we define the excess of coalition S in (I, e, ¢) with respect
to allocation = as d(S,z) = ¢(S) — > ,cg ;. This number can be considered as an index of the
"welfare" of coalition S at xz: The greater d (S, ), the better coalition S is at x. Let d*(x) be the
vector of the 2" excesses arranged in (weakly) increasing order, ie., df(z) < dj(z) for all i < j.
Second, we define the lexicographical order =;. For any z,y € R", x >, y if and only if there is an
index k such that for any ¢ < k, #; = y; and 25 > yi. The nucleolus of the PE-game (N, e, c) is the
set

vie)={x e X :d*(z) = d"(y) for all y € X}

with X ={z € R": Y, vz = c(N), z; > c(i) for all i € N}.
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The Proposition 2 proves that for PE-games the Shapley value matches the Nucleolus. This is a

very good property that few cost games satisfy.

Proposition 2 Let (N,e,c) be a PE-game. For each agent k € N, vi(e) = ¢, (e).

Proof. To prove that for PE-games the Shapley value coincides with the Nucleolus, it is first necessary
to describe the class of PS-games introduced by Kar et al (2009).

Denote by M;c(T) the marginal contribution of player ¢ € S, that is, M;c(T) = ¢(T') — (T \ {i}),
for all i € T C N. A cost game (N, ¢) satisfies the PS property if for all ¢ € N, there exists k; € R
such that M;c(T'U {i}) + M;e(N\T) = k;, for all i € N and all T C N\ {i}. Kar et al (2009) show
that for PS games, the Shapley value coincides with the Nucleolus; that is, ¢;(c) = v;(c) = &, for all
1€ N.

Therefore, it only remains to show that (N, e, ¢) is a PS-game with k; = [¢;(e;) — Ri(N)] + [ci(e:) —
Gi(N)], for all i € N.

First, we prove that M;c(T") = ci(ei) = 3 e iy [rji(€ij) +7ij(eji)] for alli € T'C N. Indeed, take
a coalition T'C N and an agent 4 € T. Then, by definition of the PE-game,

oT) =2 per ch =cf + ZheT\{i} ch-

Then, substituting the expressions of ¢/ and ¢! it follows that

oT) = (Cz‘(ez‘) - ZjeT\{i} Tij(%‘)) + ZheT\{z‘} (Ch(eh) - ZjeT\{h} Thj(ejh)) =

ciles) = Xyergiy 7is(€50) + Sner gy (enlen) = (Zyer gy mhilesm)) = railea) ) =

cie:) — ZjeT\{i} rij(eji) + ZheT\{i} (Ch(eh) - (ZjeT\{h,i} Thj(ejh)>) - ZhGT\{i} Thi(€in) =
ci(e) = 2jer qiy Tii (€5i) + (T\{i}) = 2oper (4} Thicin)-

Hence,

M;e(T) := o(T) — «(T\{i}) = ci(e:) = X jem gy (Tis(e5s) +rjileis)) -

Second, we show that M;c(TU{i})+ M;c(N\T) = [ci(e;) — Ri(N)] +[ci(e;) —Gi(N)] for all i € N
and ' C N\ {i}. Indeed, take a coalition 7' C N and an agent ¢ € T It is shown that M;c(T U
{i}) = ci(es) =X jer (rjileiz) + rij(esi)) , and Mic(N\T) = ci(ei) = 3 e n (rugiy) (Tii(€is) +1ij(eji)) -

Therefore,
Mie(T U {i}) + Mic(N\T) = 2¢i(€:) — X jen gy (riileiz) +7ij(e5i)) =
eiler) = Senvisy ris(esi)| + [eile) = Syemn o riileis)]
Hence, Myc(T U {i}) + Mic(N \ T) = [ci(es) — Ri(N)] + [eie:) — Gi(N)] = ks), and so (N, e, c) is

a PS game. m

Therefore, given a profile of efforts, the Shapley value is a very suitable way of allocating the
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reduced cost due to cooperation. Note that, the cost reduction as a result of cooperation between
any pair of agents ¢,j € N is r;j(ej;) +7j:(ei;), and the Shapley value assigns one half of this amount
to ¢ and the other half to j. This seems a reasonable way to split this aggregated cost reduction.
However, if agents knew before choosing their levels of efforts that the cost reductions resulting from
their efforts were going to be allocated according to the Shapley value, the incentives created could
generate inefficiencies. Some agents could find it optimal to exert too little effort and in some situations

this could be inefficient.

For example, consider a PE-network in which one agent has the ability to produce a substantial
reduction in costs for other agents with a low effort cost and the rest of the agents have almost no
ability to reduce costs for others even with a high effort cost. If the Shapley value is used as the
allocation rule for this game, agents may not have incentives to make any level of effort. Note that
in the first step agents have to decide how much effort to make. However, if the Shapley value is
modified to give a greater portion of the pairwise cost reduction to this especially productive agent,
it might make more effort and thus produce a greater reduction in cost for other agents. This change
in the Shapley value generates new allocation rules, which can reduce the cost of the grand coalition

regarding the Shapley allocation. The following example with three agents illustrates these ideas.

Example 1 (A 3-firm case). Consider a pairwise inter-organizational situation with three firms,
i.e. N ={1,2,3}. For any effort profile e € [0,1]%, the PE-network is given by the following initial

costs,

01(612,613) =100+ 100e12 + 46%2 + 100e13 + 46%3
62(6217623) =100 + 100621 + 46%1 + 100623 + 46%3
63(631,632) = 100 4+ 100e31 + 46%1 + 100e32 + 46%2

and the following pairwise reduced costs, all of them in thousands of Euros,

7‘1‘1(612') =2+ 200e1; — 36%1 with i = 2,3

Tig(egi) =2+ 3e9; — 6%1- with i =1,3

7"1'3(631') =2+ 3621‘ - 6:2))1» with i = 1,2

If the allocation rule in the second stage is the Shapley value, the firms choose their levels of effort
according to this cost allocation function. It is straight forward to show that in this case the unique
effort equilibrium e*, is one in which the three firms make no effort, i.e. ej; =0 fori,j € N.5 Thus,

the Shapley value distributes the cost of the grand coalition ¢*(N) = 288 equally, i.e. for each firm
i1=1,2,3, ¢;(e*) = ci(el) — %ZjeN\{i}[rij(e;) +rji(ef;)] = 100 — %((2 +2)+(2+2)) =96.

Note that, for example, in the relationship between firm 1 and 2, the pairwise cost reduction is

r12(€21) + 7m21(e12), and the Shapley value gives % of this amount to firm 1 and the other % to firm

2. However, if the proportion that firm 1 obtains is increased, e.g. from % to %, and the part for

firm 2 is thus reduced to %, the incentive of firm 1 to make an effort can be increased. The same

5Theorem 3, in Section 4, shows the efforts of equilibrium in the non-cooperative stage of the game in the general

case.
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can be done between firms 1 and 3 so that the incentive of firm 1 to make an effort for firm 3 is also
increased. These changes in the Shapley value lead to a new allocation rule which we denote by A(e) =
(A1(e), Aa(e), As(e)) for any effort profile e € [0,1]°. With this new allocation rule, the equilibrium
efforts are zero for firms 2 and 3, and one for by firm 1. That is, 75 =1, for j = 2,3, e37 =0, for j =
1,3, and e3; =0, for j =1,2. In this case, the grand coalition cost ¢**(N) = 152 is allocated equally
between firms 2 and 3, and the rest to firm 1. That is, A;(e**) = 100— [(2-+100—3)+2] — $(2+2) =
72,75 fori = 2,3, and Ay (e**) = 100+100+4+100+4—%[(2+(2+200—3))+(2+(2+200—3))] =6,5.

Hence, the new allocation rule A(e**) greatly reduces the grand coalition cost (by 136.000 Euros)
as well as the costs of each firm; i.e. a reduction of 89.500 Euros for firm 1 and 23.250 Euros for
firms 2 and 3. In relative terms, with the value of Shapley each company pays 33.33% of the total
cost. However, with the modified Shapley value agent 1 only pays 4.4% of the total cost, while agents
2 and 3 pay 47.8% each. Therefore, the modified Shapley value generates a more efficient outcome in

the sense that it creates more appropriate incentives for firms.

To reach efficient effort strategies in equilibrium (henceforth EEE) in the first stage, we consider a
new family of allocation rules, for PE-games (second stage), based on the Shapley value. This family

consists of the rules A(e) € R", where for all i € N,
Aie) = ci(er) = X jen qiy @islrii(eji) + rjilei)],

with «;; € [0,1], for all j € N\{i}, such that a;; = 1 — cj;. The Shapley value is a particular case
of this family of rules in which o;; = % This family of cost allocation for PE-games is referred to as

cost allocation with weighted pairwise reduction.

The Theorem below shows that the family of cost allocations with weighted pairwise reduction is
always a subset of the core of PE-games. This property identifies a wide subset of the large core of

PE-games, which includes the Shapley value and the Nucleolus.

Theorem 2 Let (N,e,c) be a PE-game. For every family of weights a;; € [0,1], 4, j € N,i # j, such
that o;j + aj; = 1, A(e) belongs to the core of (N, e,c).

Proof. Consider the PE-game (N, e, c) associated with the PE-network (N, e, {c;i(e:), {ri;(€ij) }jen\{i} FieN)-
Take a family of weights o;; € [0,1],4,5 € N,i # j such that a;;+a;; = 1, and A(e) the corresponding

cost allocation with weighted pairwise reduction with A;(e) = ci(e;) = > ;e n 4y ij[rij (e50) +ri(ei)],

for all i € N. To prove that A(e) € C(N,e,c) it must be checked that (1) >,y Ai(e) = ¢(N), (2)

> icg Aile) < ¢(S), for all S C N.

We start by checking (1). Notice that 3, 5 Ai(e) = c(IV) is equivalent to
Dien 2jen\ iy Qislrii(egi) + rjilei)] = 2ien 2jen iy Tis(€5i)-

Indeed,
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Doien 2jen iy Qiglrii(egi)trjilei)] = 2ien 2jen iy (@i tagi)rizlegi) = 2 2en 2o jen iy Tis(€50)

where the last equality is due to a;; + aj; =1 for all 4,5 € V.

Next we check (2). Take S C N. Notice now that ;. ¢ Ai(e) < c(S) is equivalent to 3 ;e ¢ 375 ny g5y @ [1ij (€5i) +
rji(eis)] = Yies 2 jes\(iy Tis(€ji) = 0.

Indeed, an argument similar to that used in (1) leads to

Dies 2jen iy Yislrig(esi) +ryilei)] — Yies 2jes iy Tig(€5i) =

Dies 2ujes\(it Qi rig(€i) +rjilei) ]+ 0 es Dojensugiy Xislrii(€5i) i€l =2 e D jes iy Tid (€5i) =

Dies 2jes\(iy Tii(€5i) T 2ies 2ojensugiy Qigrig(egi) +rjileis)] — Dies D jes iy Tid(€5i) =

> ies 2jen\sufiy ij[rij(eji) +7ji(ei;)] = 0. m

Now we are ready to carry out a complete analysis of the EEE for cooperation in pairwise cost

reduction.

4 Analysis of Efficient Effort strategies in Equilibrium

This section analyzes the non-cooperative effort game that arises in the first stage. Agents decide
how much pairwise effort to make to reduce the costs of other agents, and do so in anticipation of the
allocation of the total cost reduction of the PE-game resulting from the second stage. Our goal is to
demonstrate that there are always core allocations in the cooperative game of the second stage that
induce an efficient effort equilibrium level in the first stage. We consider that an effort profile e! € E
is more efficient than a profile e? € F if the aggregate cost generates in the second stage by e' is lower

than that generated by e2.

We therefore first study the non-cooperative effort game that arises under the cost allocation
A(e) € R™ defined in the previous section. This game is defined by (N,{F;}ien, {A:i}icn), where
for every agent ¢ € N, E; := [0, 1]("_1) is the players’ i strategy set, and for all effort profiles
e € B :=[],cny Ei, the cost function is:

Ai(e) =cile) = D aiglrig(ess) + i), 9)

JEN\{i}

with «;; € [0,1]. The interaction between agents i and j generates an aggregate cost reduction
which is 7;;(ej;) + rji(e;;). The parameter o;; measures the proportions in which this reduction is
shared between agents ¢ and j, i.e. ay; is the proportion for agent ¢ and «;; = 1 — o; for agent j. In

this game, we use the following definition of equilibrium.

Definition 1 The effort profile e* = (€7, ..., e}) € E is an equilibrium for the game (N, {E;};en, {Ai}ien),
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if and only if ef is the optimal effort for agent i € N given the strategies of all the other agents
j € N\{i}.

First, note that the optimal effort for agent ¢ € N given the strategies of all the other agents
j € N\{i} is the effort e; that minimizes A4;(e;,e—;). To simplify notation and analysis, we consider

that for all i € N and j € N\{i}, ci(e;;) := eiled) cl(eij) = QZCi(ei), rhi(eif) = 9ryiles) ang

861']' 7 6@?]. d(ii]'
i . Orjile;) dAi(e) _ / %Ai(e) _ i "
Tji(eij) = c;e?j 2. Note that TBei; Ci(eij) - Oéz‘jrji(eij) and ez, T ¢ (eij) - aijrji(eij) >0

because, because, as assumed above, ¢;'(e;;) > 0 and 77;(e;;) < 0. Thus, the function A; is convex
in the effort e;; that agent i exerts for any j € N\{:}. This means that for agent i there is a unique
optimal level of effort é;; for each j € N\{i}. That optimal level é;; depends on the parameter «;;,
on the marginal cost of agent ¢ in regard to effort é;;, i.e. ¢}(e;;), and on the marginal cost-reduction
for agent j in regard to effort é;;, i.e. r}i(eij). Consequently, although the cost function of agent ¢

depends on other agents’ efforts (ej; for all j € N\{:}), the optimal effort does not.

Before analyzing the EEE of the non-cooperative effort game, we define thresholds of alpha para-

meters that will enable them to be reached.

Definition 2 Given an effort game (N,{E;}icn,{A;i}ien), we define the following lower and upper
thresholds for each pair of agents i and j,

= . ) _ (0 & G
Qi =y %= ey @ GG i=

<;(0)
Qi 1= 7
) rji(o) ’

It is clear that 0 < ;; < @;; because ¢; is an increasing function and T;l decreasing. Analogously,

The first Theorem in this section characterizes all possible types of effort equilibrium according to
the value of the parameter «;;, for all 7,5 € N,¢ # j. Before proving this Theorem, we consider two
previous Lemmas that will be very useful for latter results. The first one characterizes the optimal

effort level for agent ¢ € N in the first stage non-cooperative game.

Lemma 1 Let (N,{E;}ien,{Ai}ien) be the effort game, with é;; being the optimal level of effort that

agent i exerts to reduce the costs of agent j. Thus,

1. € =0 if and only if a;j <
2. There is a unique é;; € (0,1) that holds cj(é;;) — cvijri;(€i5) = 0 if and only if a;; < aij < Q.

3. éij =1 if and only Qi = Q.

Proof. First, remember that the cost function A4;(e) is convex for all ¢ € N. To obtain the optimal

effort, we analyze the derivative of this function with respect to e;;, for any j € N\{:}. It must be
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noted that, for all e;; € [0,1], ag;(f) >0 < c(ey) > Oéij’r;-i(eij), which is a necessary and sufficient

condition for é;; = 0 to be the optimal effort. 6

gi((()())) < é:((eeiijj)) because ¢ > 0, 7, > 0, ¢/ > 0,

17 . / N e g . . . / . L :
and T < 0. Thus, c}(e;;) is a positive and increasing function, and rjl-(ew) a positive and decreasing

We begin by proving point 1. Note that a;; =

function, so for any e;; > 0, ¢;(0) < c;(ei;) and r3,(0) > r};(e;;). Therefore, a;; < a,; <= ci(ei;) >

aijr;i(eij) for all e;; >0 <= ¢;; =0.
The demonstration in point 3 is similar to that of point 1. The above arguments are the same and

only the signs of the inequalities change.

To end the proof, we prove point 2. First, we show that there is a unique é;; € (0,1) such that
ci(€ij) = aijr};(éij), which is the unique optimal effort because %}je) . = 0 and A4;(e) is a
convex function. In addition, cj(e;;) is a positive and increasing function and r;(e;;) a positive and
%.,‘(je) (e;;) =0 has a

@ij). Note that if ai; € (q;, @ij) then

decreasing function, in e;; € [0,1]. This implies that equation = ci(eiz) — ayjrl;

unique root, which belongs to (0,1) if and only if a;; € (o,
c;(0) < a7 (0) and ¢i(1) > aj75;(1), and so there is a unique point é;; where cj(é;;) = ;7% (€:5).

We now need to write down the previous Lemma 1 for agent j but depending on «;, the proof of
which is straightforward.

cj(e;i=0) c;(eji=1)
ri;(e;:=0) ri;(eji=1)’

effort that j exerts to reduce the costs of player i, then:

Lemma 2 Let a; = and o = where 0 < a;; < &j;, and €j; the optimal level of

1. éji:() <~ ajiggji <~ OéijZ:[—jS.
2. There is a unique é;; such that 0 < é;; <1 <= aj; < oy < Qjp = 1—aj <a <1 - Q-

3. éﬂil e aﬁzaﬂ < Qg Slfaji-
To simplify the Theorem notation, (a,b)_ stands for Min{a,b} and (a,b)" for Max{a,b}.

Theorem 3 Consider the effort game (N,{E;}ien,{Ai}ien). Let ej; and €; be the pairwise efforts

in any unique equilibrium (e};, €3;). Thus,

1. ej; = ej; = 0 if and only if a;j € (1 — ayy, ;).

2. ej; = 0 and there is a unique €j; € (0,1) if and only if a;; € (1 — i, (gij, 1- jS),)-

3. e; =0 and ej; =1 if and only if a;; € (O, (gij, 1— aji)_) .

4. €j; =1 and €}, = 0 1f and only if a;; € ((@ij, 1-— gji)-lr , 1).

6This occurs because A;(e) is an increasing function in e;; and the minimum value is obtained for é;; = 0, which is

the optimal effort for agent i.
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* ‘ : X : : ~ N
5. ej; =1 and there is a unique e, € (0,1) if and only if cvij € ((Qj, 1 — )", 1 — ;).

6. ej; =1 and e}; = 1 if and only if cij € (Qj,1 — ayi).

7. There is a unique ej; € (0,1) and ej; = 0 if and only if a;; € ((gij, 1- gji)Jr ,dij).
8. There is a unique e}; € (0,1) and €}; = 1 if and only if cij € (a;, (qij, 1 — @) ).

9. There is a unique ej; € (0,1) and ej; € (0,1) if and only if a;; € ((gij, 1- @ji)+ (@i, 1 - jS)_)-

In points 7.(2.), 8.(5.), and 9.(9.), e}; (€};) is the unique real solution of equation ci(e;;) —

aijrii(eij) = 0 (cf(eji) — ayiri;(eji) = 0).

Proof. We begin with point 1. Note that, by Lemma 1 é;; =0 <= o;; < @;;, and by Lemma 2,

=45

¢ji=0 <= aj; <a; < a;; > 1—ay. Therefore, ef; = ¢}, = 0 if and only if ay; € (1 —ay;, a;;).

For point 2. note that, by Lemma 1 é;; = 0 <= «a;; < a;;, and by Lemma 2, there is a unique

ZJ?
é;5 such that 0 < é;; <1 <= aj; < oy < by = l-aj <a; <1- . Therefore, e =0 and

there is a unique e; € (0,1) if and only if a;; € (1 — @i, Min{a;;, 1 —ay; )

Similarly, demonstrations of the remaining cases can be obtained straightforwardly from Lemmas
1 and 2. Since there are only three possible types of optimal effort for any agent i and j, as described
in Lemmas 1 and 2, there are only nine possible cases depending on the values of a;; regarding to o,
Qg

Qs and aj;. m

The next corollary shows how the pairwise equilibrium efforts e}; depend on «;j, for all i,j €

N,i # j. As expected, as the proportion of aggregate cost reduction obtained by an agent increases,

the effort that agent exerts also increases (or at least stays the same).

Corollary 1 Let (N,{E;}ien,{Ai}icn) be the effort game and (e};,e?;) the pairwise efforts equilib-

7,]7 jl
rium. Thus,
dej; . Oe;
—L - .. ij
® 0, >0, if aij € (. Quj); o, = 0 otherwise.
de’, R B de
7‘71 .. J— . — .
* 5a, <0 if cij € (1 — @i, 1 — ayy); Pay; = 0 otherwise.
d(c (e ) a”rjl(e )
Proof. By the implicit function theorem, “ci — — oaij _ ryi(ei;) > 0, because
: y p ’80¢ij O(Li(eij)fa,]rji(eij)) //(e“) O(”70//(6 )

de¥
ij

rii(ei;) > 0, ¢f(ef;) > 0, and r7;(ef;) < 0. Thus, for any a;; < o,

g Lemma 1 implies that e;; = 0,

’Lj?

thus, 802_7] = 0. However, if a;; € (a;;,a;;), then ej; € (0,1) and ” > 0. Finally, if a; > @,
then e, = 1 and # = 0. Analogously, if aj; < a;; <= «aj 2 1- ]Z, then e}, = 0 and
o

62]: =0, if Qj; € (ozﬂ,aji) — Q4 € (1 - @jia 1-— ) then eji € (0, 1) and 804]1; < 0. Finally, if

aj; 2 = a;; <1-— ozﬂ,thene =1 and V_—O [ ]

The results above are really useful when the goal is to incentivize agents ¢,7 € N to make more

pairwise effort e;; by means of the parameter a;;. However, we wish to go further, specifically to
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achieve efficiency within the family of cost allocations with weighted pairwise reduction. In other
words we wish to find the oy, for all i, j € N that minimizes the aggregate cost function ), Ai(e*)

in equilibrium, where both A; (e) and the effort equilibrium e* depends on «;;.

4.1 Efficient Effort Equilibrium

The search for alpha parameters which will lead to the EEE can be simplified by taking into account
the bilateral and independent interactions of agents. Note first that any pair of agents have a particular
a;;, and second that the optimal effort that any agent ¢ € N makes in regard to any agent j € N\{i}
is independent of the optimal effort that agent ¢ exerts in regard to any other agent h € N\{4,j}.
Thus, minimizing ),y As(e*) in terms of ay; is equivalent to minimizing the function L*(ay;) =
A;(e*)+ A, (e*), since each particular c;; only appears in A;(e*) and A;(e*). Fortunately, the problem
can be further simplified: Note that, A;(e*) and A;(e*) are the sums of different terms, but «;;
only appears in those terms related to the interaction between ¢ and j (see (9)). These terms are
ci(ef) — aij(rij(ef;) + rji(e;)) from Ai(e), and ¢;(e]) — (1 — aiz)(rji(ef;) + rij(ef;)) from Aj(e).
Thus, we a new function A7 (ay;) := c;i(ef) — aij(rij(€];) +7ji(e;;)) can be considered, and analogously
A3 (1—aj). Note that 8“(51;;:*)) = m(‘gi(g”)) and 61(54;;;*)) = BE(A%%;O‘”))
for each pair 7 and j, it is possible to define the function L};(ci;) := Aj(aij) + A5 (1 — ay;), where

ax(L*(aij)) _ am(L:j(a’ij))
8(12”]- - 8(1%

forx = 1,2, .... Therefore,

for z = 1,2,.... So minimizing L*(«;;) is equivalent to minimizing L}, (c;;).

We now focus on finding the a;; that minimizes function L};(c;;), and provide a procedure for
finding the unique EEE. First, to solve the above optimization problem it is necessary to know the
function ij(aij) very well. The following Proposition shows that, according to the value of the effort
equilibrium, the cost function L};(a;;) is a continuous piecewise function with four types of piece.
This result characterizes all of those pieces, showing the shape of L;‘j(aij) and the optimal a;; in each
type of piece. Second, the main theorem in this section characterizes the optimal o, foralli,j € N
with i # j, which incentivizes an efficient effort equilibrium, which is also provided.

To demonstrate the following results, three technical lemmas that can be found in the Appendix
A(A; (aij))  O(Lij(aii)) and *(L3;(cuij))

; y 2
Oaij

are needed. Lemmas 3, 4, and 5 characterize the derivative 5
j Lij

respectively.

Proposition 3 Consider the effort game (N,{E;}icn,{A:i}ien) and €* as the effort equilibrium. Let
@ij € [a,b] be a piece of Lj;(vij) with 0 <a <b <1, Lf;(ayj) can have only four types of piece:

Constant: (e];,e};) is equal to either (0,0), (1,0), (0,1) or (1,1). Thus %(Z”)) =0 and Lj;(cvij;)

%

is always constant. Therefore, any a;j € [a,b] minimizes Lj;(cvj).

. . . O(L}. (aij)) Orij(er,;) o€k,
. * * D Sk S R A JNgiJ g
Increasing: e;; is equal to either 0 or 1, and 0 < €j; < 1. Thus dar; = "D Bau, >0
and L7;(j) is always increasing. Therefore, ciij = a minimizes Ly;(cj).
. . . O(L}. (aij)) orji(er.) Oel;
. * * ij J (11— .. J ij ij
Decreasing: 0 < ¢;; <1, and ej; is equal to either 0 or 1. Thus ey = (1—cj) der,  Daug
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0 and Lj;(cij) is always decreasing. Therefore, aijj = b minimizes L;(cvj).

Depending on cost function shape: 0 <e¢j; <1 and 0 <ej; <1. Thus,
a(L:j(aij)) ”37"1‘.7'(5;1:) ae;i _ (1 — 4)67“.7‘1‘(6:‘,}) ae:j
ij

— - g
66”. O

Baij - alm 85;1 604,”

[a,b]
J

In this case, there is always a unique &;;" € [a,b] that minimizes L};(cv;), which is:

a if %(la”)) > 0 for all a;j € [a,b]
@E?vb] — b if %@ <0 for all a;j € [a,b]
Solution of oLy (eis)) 0 otherwise

daj

Proof. First note that Theorem 3 determines the nine possible types of effort equilibrium, all of which
are considered in the four types of piece of Proposition 3. The four types of equilibrium associated
with the constant piece in Proposition 3 are characterized in points 1, 3, 4, and 6 of Theorem 3. For
the increasing case of Proposition 3, the equilibria correspond to points 2 and 5 of Theorem 3, and for
the decreasing case points 7 and 8. Finally, in the case depending on cost function shape the point 9
of Theorem 3 characterizes the last equilibrium.

Proposition 3 is straightforward when comparing Theorem 3 and Lemma 4. Additionally, the case

9% (L3 (i)
8@%

depending on cost function shape needs Lemma 5, so in this piece, > 0. In this last case,

(L5 (eij))
8ai]-

it is also straightforward to show that is continuous, so there is always a unique d;; that

minimizes L};(a;;) in such pieces. m

It is now possible to characterize the optimal «;; that minimizes the pairwise cost Lj; (ci;) of any
pair of agents ¢,j € N. For any effort game considered here, there are only six possible distributions

of the lower and upper thresholds of the alpha parameter.” These cases are®:

Case A q;; <a;<l—a;<l-ay
Case B gij<1fdji<6zij<1fgji
Case C gij<1—dji<1—gji<c’tij
Case D 1-a;< @ <y <1l—ay
Case E 1—-ay; <aq;; <1l—a; <da

Case F 1—aj <1-—qy <a; <da;

This means that the continuous piecewise cost function L;‘j(aij) has only five pieces, and each

piece must belong to one of the four types described in Proposition 3.

The last Theorem characterizes the optimal o} in all six cases [see (10)]. Thus, given an effort
game, Theorem 4 provides the a;; that incentivizes an efficient effort equilibrium, and that equilibrium

is also provided.

"Note that aj; < &j; and oy; < .

8For expositional purposes, we omit the particular possible knife-edge cases. For example in Case A the only tie
that might occur is when &;; = 1 — @;;. In this case there are only four pieces. The piece missing, i.e. (&;j5,1 — &j;),
is the piece where the optimal «;; was according to Theorem 4. In that case, the optimal will be the endpoints of this
interval, {é;;,1 — &;;}, which must be equal. If the missing interval does not contain the optimal, the latter will be as

described in Theorem 4.
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Theorem 4 Let (N,{E;}ien,{Ai}ien) be an effort game and A(a) = min{a, 1}, with aj; to be the

solution of min }L (). Thus,

;€

*

Case A «aj; is equal to any a;j € [qyj, 1 — @], with ef; =1 = ¢€j,.

J?
=& a5 . . .
Case B oj; = agj " ”], where €}; and €}, are, respectively, the unique solution of ci(eij) —
. / . ) —
ai;rii(eig) = 0 and cj(eji) — ajri;(eji) = 0.

[1-aji1-a;]

Case C af] = arg min{ L}; (¢, ), Li;j(A(auj))}, where

[1 Qji,l— Q'L]

C.1 zfa & , then af; = =af i; and e and €}; are, respectively, the unique solution
of ci(eij) — 04”7"]1(61‘3‘) =0 and cj(ejl) aﬂr”(e]—i) =0;

C.2 if af; = AM(ay;) and &y > 1, then af; = af; and €j; is the solution of ¢j(e;;) — ;7 (ei;) =0
and €j; = 0;

C.3 if of; = Aay;) and ay; <1, then o is equal to any o € [y, 1] and ef; =1, €5, = 0.

Case D of) = argmin{L};(A(1 - a;)), L}; (d[ ”’a”])}, where

D.1 if af] = A(1 — ay;) and 1 — ay; > 0, then of;

7 s equal to any oi; € [0,1 — a;] and ef; =0,
e =1

D.2 if af] = A(1 —a ;) and 1 — ay; <0, then of; = o), ef; =0, and €}; is the unique solution

Of C;- (eji) — ajﬂ“;j(eji) = 0,‘

D.3 if af] [ al , then o, = ab), and e}

& i i and €}; are, respectively, the unique solution of

75
ci(eij) — az'ﬂ}i(ez‘j) =0 and cj(eji) — ayiri;(eji) = 0.

Case E 045 = argmin{L;(A(1 — a;i)), d[j”’ 2 s L (A(@ig)) s where

E.1 if ag =A(l—aj;) and 1 —&;; > 0, then of; is equal to any ay; € [0,1 — @&y, ef; =0, and

ij j
6}3‘ =1
E.2 if oziEj = Al —@aj;) and 1 — a;; < 0, then of; = oziEj, e;; = 0, and €j; is the solution of
cjleji) — ajiriz(eji) = 0;
E.3 ifaf; = [;’]’ ] , then of; = af;, and €}; and e3; are, respectively, the solution of cj(ei;) —
a”rﬂ(e i) =0 and c}(eﬁ) Ozﬂrm(eji) =0;

E.4 if off = May;) and a; > 1, then of; = af;, e; is the solution of ¢j(ei;) — ajr};(eij) =0

J 30 1
* .
and €j; = 0;

E.5 if af; = A(au;) and ay; < 1, then o

' is equal to any aij € [auj, 1], e}

?

=1, and €}; = 0.

Case F of; = argmin{L};(A(1 — &;;)), Lj;(A(cu;))}, where

F.1 i 045 =A(1l—-ay;) and 1 — &;; > 0, then af;

;18 equal to any a;j € [0,1 — &),

*
e;; =0, and
* .
€5 = 1;
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F.2 if afj =A1-@a;), 1-a; <0and1—ay; >0, then of; = afg, e;; = 0, and €j; is the
unique solution of c;(eji) — aj;ri;(eji) = 0;

F.3 if af; = A(avij) and ayj <1, then of; is equal to any a;j € [, 1], ef; =1, and €}; = 0;

F44 afj = Maij), aij > 1 and oy < 1, then oj; = O‘zl;v e;; s the unique solution of
ci(eis) — Oé;kjr}i(eij) =0 and e;fi =0;

F.5 Zf OéF- = A(@ij); 1-— (04

ji < 0 and a;; > 1, then oj; is equal to any a;; € [0,1], and

J J

Proof. As L;*j(ozij) is a continuous piecewise function, we analyze the five pieces that define it in
each case. First, by using Theorem 3, we show the value of the efforts in the unique equilibrium in

each piece. This enables to the type of the piece to be determined according to Proposition 3, thus

*

giving the value of a;; that minimizes L};(a;;) in each piece. Comparing the pieces gives the a;

that minimizes the aggregate cost for each of the six cases. This value need not be unique. Note,

in addition, that a;, &ij, @j; and a; are always greater than zero, but any of them may be greater

K
than one, which implies that some pieces of certain cases may not exist. We prove the theorem case
by case:

1. Case A (gij <y < 1 —aj; < 1 —gj.)

(2

Note that those thresholds are always greater than zero, so 0 < a;; < &;; < 1—ay; < 1—a;; < 1.

If cij € (0,05), then ef; =0, ef; = 1, and Lj;(cv;) is constant in this interval.

If ;5 € (a»j,dij), then 0 < ej; < 1, ej; = 1, and Lj;(c;) is decreasing, which implies that

—1

*

@;j = 1 — &j; minimizes Lj; (cij)-

If aij € (@ij,1 — @ji), then ef; = 1, and e}; = 1, and Lj;(«;;) is constant in this interval.

If o € (1 — @i, 1 — gji), then e; =1, 0 < e}; < 1, and Lj;(«;) is increasing, which implies
that 1 — a;; minimizes Lj;(c;).

If a5 € (1 -y, 1), then ej; =1, ej; = 0, and L};(c;) is constant in this interval.

)

Therefore, o

; is equal to any a;; € [@;j,1 — @yi] so by Theorem 3, ef; =1 =¢}; = 1.

ji
2. Case B (q;; <1—aj <a; <1l-—aj)

Analogously, 0 < ;; < 1—aj <oy <1 —aj; < 1.

If a5 € (O,gij), then ej; =0, ej; = 1, and Lj;(c;) is constant in this interval.

If ;5 € (g 1— Eyji), then 0 < ej; <1, ej; =1, and Lj;(«;;) is decreasing, which implies that

i)
Q5 = 1-— &ji minimizes L;kj (Oéij).

If a;; € (1 — @i, @ij), then 0 < ej; < 1, and 0 < ej; < 1, which implies that &;; minimizes
L7 ().

If a;; € (aj,1 — jS)v then ej; = 1, 0 < ej; <1, and Lj;(a;) is increasing, which implies that

_ o
@ij minimizes Lj;(cj).
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If ijj € (1 —a;;, 1), then €f; = 1, €}, = 0, and L};(cv;) is constant in this interval.

x & [1=ayia4]
Therefore, aj; = &;;

ci(ei) — aiyri;(ei;) = 0 and cj(ej;) — ajiry;(eji) = 0.

and, by Theorem 3, €}; and €}, are, respectively, the solution of

3. Case C (q;; <1—aj <1-aj <a)
It may happen here that either &;; < 1 or &;; > 1. Thus there are two subcases:
O0<a; <l—a;<l-a;<a;<l
0<a;; <l—aj <l-qa;<l<a;
Starting with the first subcase,

if a;; € (0,0;;), then €f; =0, e, = 1, and Lj;(cv;) is constant in this interval.

If ;5 € (g 1-— aﬁ), then 0 <ej; <1, ej; =1, and L};(c;) is decreasing, which implies that

ij>
@;j =1 — &;; minimizes L}; (cij).

If o5 € (1 — i, 1 — sz‘)v then 0 <ej; <1, and 0 <ej; <1, which implies that ¢;; minimizes
L7 (a).

If avjj € (1 — aj;, @ij), then 0 < ef; <1, ef; =0, and Lj;(ay;) is decreasing, which implies that
& minimizes L};(cv;).

If aij € (@j,1), then ef; =1, e}, = 0, and Lj;(c;;) is constant, in this interval.

However, in the second subcase &;; > 1, which implies that the last interval described above

does not exist. The rest of the analysis is similar to the first subcase.
[1-aji1—ay]
j

Therefore, of; = argmin{L};(& ), Ly;(A(@i;))}. Note that, if off = A(ay;) and

ij
is equal to any a;; € (ayj,1). Otherwise, af; = af;

* =a%
J L°

a;; < 1, then oy

Finally, by Theorem 3,

[t-ayii-ay]

. o *
if ap; = &y g

, then e; and ej; are, respectively, the solution of ¢j(e;;) — a;;r;(ei;) =0
and cj(eji) — agiri;(eji) = 0,
if af} = A(ay;) and a; > 1, then €j; is the solution of ¢j(e;;) — a7}, (ei;) = 0 and ef; = 0,

if aff = A(ay;) and @;; < 1, then ef; = 1, €}, = 0.
4. Case D (1 —aj; <y <y <1—ay)

It may happen here that either 1 — &;; > 0 or 1 — &;; < 0. Thus there are two subcases:

0<l—ay <o <a; <l—a;<l1

- <0<q; <a;<l—q;<1

Starting with the first subcase,

if a;; € (0,1 — @ ;), then ej; =0, e]; = 1, and L};(c;) is constant in this interval.

If a; € (1 — dji,gij), then ef; =0, 0 < e}; <1, and Lj;(ay;) is increasing, which implies that

@;j = 1 — a;; minimizes L (aj).

If oy € (gij, aij), then 0 < ej; <1, and 0 < ej; < 1, which implies that &;; minimizes L};(cv;).
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If aij € (quj,1 — aj;), then ef; =1, 0 < ef; < 1, and L;(ay;) is increasing, which implies that
vjj minimizes L} (cvij).

If aij € (@j,1), then ef; =1, e}, = 0, and Lj;(cv;;) is constant in this interval.

However, if 1 — &j; < 0 the first interval above does not exist. Again, the rest of the analysis

is similar to the first subcase.

Therefore, af] = argmin{L};(A(1 — a;;)), L}; (ézl[?”a”])}
Note that if af] = A(1 — ay;) and 1 — ay; > 0, then o is equal to any ay; € [0,1 — ay).
Otherwise, aj; = aﬁ.

Finally, by Theorem 3,

if ozi[])» =A(l —aj) and 1 —aj; > 0, then ej; =0, €}, = 1,

if aff = A(1—a; ;) and 1—a;; < 0, then e}; = 0, and €7, is the solution of ¢;(e;;) —ayiry; (i) = 0

. [g,., 54,-,}
b= q; 7 then e
c;(eji) — ajiriz(eji) = 0.

*

if o 7 and e}, are, respectively, the solution of ¢j(ei;) — vi;r7;(ei;) = 0 and
5. Case E (1 — ajz' < Qs <1 —Qj; < C_Mij)

In this case, it may happen that either 1 —a;; > 0 or 1 —a;; <0, and either a;; < 1 or a;; > 1.

Thus there are four subcases:

1—@ji<0<gij<1—gji<6zij<1

O<1—@ji<gij<1—gji<1<6z,-j

1—dji<0<gij<1—gji<1<@ij

Focusing on the first subcase,

if a;; € (0,1 — &;;), then ef; =0, e

J =1, and Lj;(a;;) is constant in this interval.

i
If o5 € (1 — @ji,gij)7 then ej; =0, 0 < ej; <1, and Lj;(c;) is increasing, which implies that

_ L .
@;j =1 — @j; minimizes L}; (cij)-

If ) € (Qijv 1— jS)a then 0 < eji < 1,and 0 < 6;1' < 1, which implies that ¢&;; minimizes
L7 ().

If ojj € (1 — @i, @), then 0 < ef; <1, ef; = 0, and Lj(ai;) is decreasing, which implies that
avij minimizes Lj; (o).

If c;j € (@vij, 1), then ej; =1, e}, = 0, and Lj;(cv;) is constant in this interval.

In the other three subcases, the first and/or last interval may not exist. Once again, the rest

of the analysis for those subcases is similar to the first one.

Therefore, of; = argmin{L};(A(1 — a;;)), dl[?”’l_g”],ij(A(ézij))}

Note that if af; = A(1 —ay;) and 1 —ay; > 0 then of; is equal to any ay; € [0,1—@j;], and

* — o

if ag. = A(@i;) and a;; < 1, then aj; is equal to any a;; € [@;, 1]. Otherwise o ry

)
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Thus, by Theorem 3,

if 045 =A(l—aj) and 1 — @& >0, then ej; =0, ¢j; = 1,

if aff = A(1—ay;) and 1—a;; < 0, then ef; = 0, and € is the solution of ¢ (e;;) —a;7};(eji) = 0,

[i-@is]
ij

E
ij
cileji) — agirij(eji) = 0,

*

if af = & , then ef; and e7; are, respectively, the solution of cj(e;;) — a7}

(€i;) =0 and

if af; = A(@;;) and @;; > 1, then ej; is the solution of ¢(e;;) — vi;r’;(es;) = 0 and ef; = 0,

if af; = A(ay;) and @; <1, then ef; =1, e}, = 0.

6. Case F (1 —ay; <1—ay; <a;; <)
This is the most general case and anything could happen with thresholds greater than one.

Thus there are nine subcases.
First consider the case 0 <1 —a;; <1 — aj; < o < @ < 1

If aij € (0,1 — @), then ej; =0, e}; = 1, and L};(a;) is constant in this interval.

If o € (1— @i, 1 —ay;), then ef; =0, 0 < ej; < 1, and Lj;(ai;) is increasing, which implies
that a;; = 1 — a;; minimizes L7 ().

If ij € (1 - ay;, ), then €f; =0, €5, = 0, and Lj;(vi;) is constant in this interval.

If a5 € (ai;,@ij), then 0 < ef; < 1, e}, = 0, and Lj;(v;) is decreasing, which implies that

o o
o = &;; minimizes Lij(oz”).

If aij € (@5, 1), then ef; =1, e}, = 0, and L};(«;;) is constant in this interval.

In any other subcase, the first, second, second to last, and last intervals considered above, may

not exist. The rest of the analysis for those subcases is similar to the first one.

Therefore, afj = arg Min{L};(A(1 — &;)), Lj;(A(as;))}. Note that, if ozf;- = A(1 — @;;) and
1 —aj; > 0, then «f; is equal to any «;; € [0,1 — @&j;], but if 045 = A(@y;) and a5 < 1,
then of; is equal to any a;; € [ayj,1]. Additionally, if 1 — a;; < 0 and &;; > 1, then
L (A1 — @i)) = L (A(@ig), so af is equal to any a;j; € [0,1].

Finally, by using Theorem 3,

if Ozfj = Al —aj;) and 1 — aj; > 0, then ef; =0, €}, = 1,
if af; = A(1—ay;), 1 —ay; <0and 1 —ay; >0, then ef; = 0, and e}, is the unique solution of

/

cj(eji) — ayiri;(eji) = 0,

if 045— = A(@ij) and a;; < 1, then ef; =1, e}, = 0,
if af; = A(@i;), @i; > 1 and @;; < 1, then ej; is the unique solution of ¢j(e;;) — a7, (ei;) = 0
and e}; =0,

if 1—aj; < 0and a;; > 1, aj; has two solutions A(1—a;;) and A(@;;) because Lj;(A(1—-a ;) =

L% (A(@i ), then ef, =0 = e,

*
ij ij Ji*
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To conclude the paper, we describe a procedure for finding the unique EEE.
EEE Procedure

Given an effort game (N, {E;}ien, {4i}ien),

1. we first calculate the lower and upper thresholds of the bilateral interaction between any pair of

agents by using Definition 2;
2. we then focus on the list (10) and determine which case (A-F) applies;

3. Theorem 4 provides the optimal «j; for all ¢,j € N, to minimize the centralized (aggregate)

cost allocation . Ai(e*), the efficient effort equilibrium (ej;,e3;) for every pair of agents,

ij0 €ji
and thus the unique efficient effort equilibrium e* for the game;

4. at this point the optimal cost allocation that incentivizes agents 7,7 € N to make an efficient

*

effort equilibrium €; and €j; is known, i.e.

A =ale) = YD ahlrisles) +riel)
JEN\{i}
The 3-firm case given in Example 1 can be used to illustrate this procedure.
Example 2 Consider again the PE-network with 3 firms given by Fxample 1. By Definition 2, the
pair of firms {1,2} has the thresholds oy, = 0.5, @12 = 0.557, ay = 33.3, and a2 = 108, which
correspond to Case F in the Table 10. By using Theorem 4, it can easily be checked that it is subcase

F.3. Thus, ei5 =1, e57 =0, and oj3 € [0.557,1]. As firms 2 and 3 are identical, €55 = 1, e = 0,
and of € [0.557,1].

Finally, for the pair {2,3}, agg = 33.3, @23 = 108, ag, = 33.3, and asa = 108. This is again Case

F, but now subcase F.5. Thus, e35 =0, e53 =0, and a3} € [0,1].
It can be concluded that e7* = (1,1), e3* = e5* = (0,0), so the unique EEF ise** = ((1,1),(0,0),(0,0)).
The cost allocation with weighted pairwise reduction for each firm is
Aq(e**) =308 — 201 (o35 + a3%),
Ag(e**) =100 — 201kt — 4ads,

As(e**) =100 — 201ai; — 4ak3,

where a3 € [0.557,1], af% € [0.557,1], o33 € [0,1], a3 = 1—a33, off = 1—aj3, and b5 = 1—a33.

As discussed above, this cost allocation with weights for firm 1 (between 0.5574 and 1) greater than
the Shapley value (0.5) encourages that firm to exert the mazimum level of effort in regard to each of

the other firms (i.e. ef* = (1,1)).
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5 Conclusions and future research

This paper presents a model of cooperation with pairwise cost reduction. The direct impact of pairwise
effort on cost reductions is investigated by means of a two-stage bi-form game. First, the agents
determine the level of pairwise effort to be made to reduce the cost of their partners. Second, they
participate in a bilateral interaction with multiple independent partners where the cost reduction that
each agent gives to another agent remains constant in any possible coalition. As a result of cooperation,
agents reduce each other’s costs. In the non-cooperative game that precedes cooperation, the agents
anticipate the cost allocation that will result from the cooperative game by incorporating the effect
of the effort made into their cost functions. We show that all-included cooperation is feasible, in the
sense that there are possible cost reductions that make all agents better off (or, at least, not worse
off), and consistent. We then identify a family of feasible cost allocations with weighted pairwise
reduction. One of these cost allocations is selected by taking into account the incentives generated
in the efforts that agents make, and consequently in the total cost of coalitions. Surprisingly, we
find that the Shapley value, which coincides with the Nucleolus in this model, can induce inefficient
effort strategies in equilibrium in the non-cooperative model. However, it is always possible to select a
core-allocation with appropriate pairwise weights that can generate an optimal level of efficient effort.

We provide a procedure for obtaining the unique EEE in cooperation with pairwise cost reduction.

There are several directions for future research. First, this paper assumes that the individual effort
cost function ¢;(e;) is independent of the effort of other agents, and that the marginal cost 861(2) is
independent of the effort that ¢ makes in regard to agents other than j, i.e. % = 0. We make
a similar assumption with the cost reduction function ’I“U( ;). There is some degree of independence
between efforts. This is a reasonable assumption in many contexts, but in some settings different
assumptions might be needed. For example, there are situations with strategic complementarity in
which the efforts of agents reinforce each other. In such cases the function is supermodular. In other

cases there is strategic substitutability, so that efforts offset each other and the function is submodular.

C(e)
de;

) < 0, then there is substltutablhty This is a very interesting future

Focusing on the effort cost function of one agent, if 3 > 0 then there is complementarity

dc? (e

between the efforts, and if 5
extension. It could also be Worth considering this complementarity /substitutability not only between
the different efforts that one agent makes in regard to other agents but also between the efforts made
by different agents. This assumption can be made on both the effort cost functions and the cost
reduction function. Obviously, complementarity on the effort cost function has the opposite effect to

that on the cost reduction function.

The second direction is related to the assumption of bilateral interaction between agents. This has
the advantage of being analytically more tractable and is widely applied in practice (e.g., Fang and
Wang 2019; Amin et al. 2020, Park et al. 2010 ), but overall interaction between agents, dependent
on groups, is an important factor that we believe does not affect the success of cooperation. One
possible future extension would be to investigate the cooperative model with multiple cost reduction,

and also the impact of the efforts made on those cost reductions. Finally, we identify a large family of
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core-allocations with weighted pairwise reduction which contains the Shapley value and the Nucleolus
and always provides a level of efficient effort in equilibrium. This family is very rich in itself, as a set
solution concept for our cooperative model. Research into this core-allocation family can be furthered

through an in-depth analysis of its structure and its geometric relationship to the core.
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6 Appendix

The first lemma shows how the optimal cost function of agent ¢ € N depends on ;. Henceforth, to

. . . . .. Ori;(el, (e* . . (e
simplify notation, we consider that for any i,j € N, Ta’e(f_“) and 83@(:1) stand for derivatives %(;37)
g 1] 7
and 661(6 ) evaluated in the unique effort equilibrium.
Lemma 3 Let (N,{E;}icn,{Ai}icn) be the effort game and e* the effort equilibrium. Thus,
« orij;(er,;) Oel; « A _
1 AN | (Af(ai) _ —rij(ef;) — aij a]e»f.J oy —riilel), if aig e (l—ay,1—ay)
’ Oaj - Oaij - .
e o —rij(ef;) —rjilef;) <0, otherwise
orji(e;.) Oe;. .
(A () _ A3 (—ay)) _ ) Tiilel;) = (1= aij) =5 gal +rig(ef), if o € (aij, @ij)
2' 8041’]' 8047_] %
rji(ef;) +rij(e5;) > 0, otherwise.

Proof. It is known that A;(e*) = ci(e]) — >0 e g5y iz (riz(€Z;) + rzilel,)), and Af (i) = ci(ef) —
aj(rij(€};) + rji(ej;)), thus

D(Ai(e")) _ O(AT(aiy) _ dealel) Pely o Om(e) Oel o Orulel;) el
Davi; dai; der, Oauy rij(€];) — ouj det, Do rji(ef;) — aij e Fasy
_ [ 9ci(e;) Orji(ej;)\ Oei; * Orij(ej;) Oej; *
= ( der i ger, ) Basy — Tid(€5i) T ¥ ger gay, — Tailed;).

LJ
Bas; = = 0. To see

L . (e ary;
The first term of the above expression is always zero, i.e. (acl(e’) — (e”))

* ©j
Bevj J e’

this, note that if c;; € (;, @ij), then €f; € (0,1) by Lemma 1, so (3”(6:) —~ a»»arji(f”)) = 0 because

159 oer ) e
it is evaluated in equilibrium. In the other case, where aj; < a;; or a;j > @;j, ef; = 0 by Proposition
1, so g it = () . Therefore, 78(‘4 ) — —rm(eﬂ) - arge(;i )g;j — rji(e;‘j).

It is known by assumption that 7;;(ej;) > 0, md]e(f’) > 0. If aj; € (1 — ayi, 1 — ayy), then by
Proposition 1, 2;—’; < 0. However, if a;; ¢ (1 — a,1 — ) then, by Proposition 1, *j =0, so
UGN — —rij(e5,) — ryalesy)-
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O(A(e™)

Qg

The proof is analogous for ]

Notice that the effect of a;; on the cost function of agent ¢ could be positive or negative because
of two simultaneous effects. First effect: as expected, if ;; increases so does the proportion of cost
reduction that agent ¢ can obtain increases, and thus the cost function, A4;(e*), decreases. This
decrease is measured by the term —r;;(e7;) — 7ji(ej;) < 0 in the derivative. Second effect: when «;;
increases, the effort of agent j decreases in equilibrium, so the cost function of agent 7 increases. The

Orij (e;i) e;i

term —a; —5 " 5= > 0 measures this second effect. The sum of these two effects determines the
ji ij

sign of the derivative. Therefore, an increase in the proportion of the aggregate cost reduction an
agent obtains could increase the costa of that agent if the second effect dominates the first. This is
an interesting result: Giving too much to a particular agent could be not only worse for the aggregate

cost but also for that particular agent.

The second lemma calculates the derivative of the aggregate cost function Lj;(ai;) = Af(aij) +

A3 (1 = ayj) in the effort equilibrium for any 4, j € N.

Lemma 4 Let (N,{E;}icn, {Ai}ien) be the effort game, and e* the effort equilibrium. Thus,

O(L;(aij)) arij(ey;) Oej; Orji(e;;) Oeyj;
aj% = Qg ae*,.J 8041”' Jj (]' - aij) Be‘f.J Ba:j i
ji : ij
1 if oy € (a;;, 1 if o €e(l—a,l—a,,
where I; = i € (@i, 8) and I; = i € 7 aji)
0 otherwise 0 otherwise

: O(Li;(ij)) Orij(eji) Oej; *
Proof. It is known by Lemma 3 that =2 === = —rij(ef;) — aij a]e;i-’ B ryi(es;) +rjile;) —

Orji(ei;) Oef

(1 — o) Ber, aai_ +rij(€};). Simplifying for the different subsets of a;;, the following emerges:

O(La;i(j”) =~ a”aje(;;i) 32—3 -(1- Oéz'j)mge(;:j) gii if aij € (au;,@65) N (1 —agi, 1 —ay),
MW(C:J)) =01if aiy & (ay; aig) U (1 —agi, 1 —ay),

Aglow)) — 88” et > 0if o € (1= i, 1 — ;) 0 (0, 0) U (35, 1))

M&T@:])) =—-(1- ij)arféie(;:j)% <0if oy € ((0,1 = az0) U (1 —a;;,1)) N (a;; Udy)). m

The derivative is a piecewise function and there are intervals where its sign is independent of
the particular form of the functions of the game. For those cases, it is straightforward to find the
optimal a;; that minimizes the function Lj;(cvi;) = Aj(i;) + Aj(1 — ;). In those intervals, the
derivative is either positive, negative or zero throughout the interval. These cases are respectively

(L7 (i) arj(ey;) Oej; (L7 (i) Jrji(e;;) Oel; O(L7; (i)
das; . YiToe, dai 0, —%ay, ~ = —(1 - ay) der, Dai; 0, and ——7—=== = 0.

However, there is an interval where the sign of the derivative depends on the particular form of
B(ij(aij)) _ ari.i(e;i) ae;i arji(efj) ‘96:_7‘
iy = Qi de;;, Oai; (1 — aiy) dei; Doy

functions of the game. In this particular case

This occurs when a;; € (;;, &ij) N (1 —aji, 1 —a;;), which implies that in equilibrium simultaneously

ij
0 <ej; <1land 0 <ej <1 Therefore, in this case only, the derivative may be equal to zero for

some «;; within this interval. In that case, the second derivative is needed to solve the optimization
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problem.

The third Lemma shows that the aggregate cost function Lj;(c;) is convex in ;. Two additional

assumptions about third derivatives need to be introduced.

Lemma 5 Let (N,{E;}ien,{Ai}ien) be the effort game, e* the effort equilibrium, and ke Cl(e >0

d%<0 foranyi,j € N. Thus%w>0forallam € (a

)

an ”,aij)ﬂ(l—@ji,l—gﬁ).

Proof. Take a;; € (a;;,a:;) N (1 — aji, 1 — ay;). Thus,
& (Ly()) _ 82(A] (ij)+A; (1—aij))

Pl = 2
dai; day;

9 3 oryj (e;i) Be;i 1_ ar 71(6 ) Be;‘j
—ij g pas a”)i*ﬁoc“
ji i ij

O
_ Orig(ejy) Oejy 0%rij(ef:) Oej; Orij(ef;) D%ej;
- Be;i da;j E)e;i(')aij da;j 86% Bafj
+67‘”(e ;) Oel; _ (1 o ) % rji(e;;) Oel; arji(e;;) azefj
304” ) Oe; Ba” Ba” 862}- 304?].
_ 787'“ (e;i) ae;i = aZTij (e;i) aefj 86;‘(1‘ a’r‘i]' (E;i) 826;1-
38;-} 301”' 13 ae;? Baj,j aaij 86;7; 8(1%
arji(e; 86 67‘16 56 e, orji(e; 82*
LOriel) D6l () oy (9%l Oci; Deiy | Orintery) 9%
86 8o¢” J de el da” Oaj de,LJ 6ai].

_ Orji(e};) Oej; _ Orij(e;;) Oej; s 8%ry; (ej;) ( Oe; 2 + Orij(ej; d%el;
- 86 Ba“ 86;1- Oaj ] 86;1.2 dayj 85 8(12 .

1]
2rjiler;) ((0e \2 | Orji(el) 8%
7(1 — Oéij) < de;? <3aij> + dej; 8a2 )

ij
92%e*. 8%(LY, ij
Now we prove that a;gf <0 and ” <0,s (5;7(;”)) > 0.
ij ij
8%er; .
We first prove that 8;23 L < 0. It is known that
i
DAj(e*) _ Ocj(e}) Orij(ef;) _
a]eji - ae;; — (1= aij)- Be;; =0

We now derive the second term regarding a;.

d2cj(er) el ari;(e*,) 821y (e*,) de,
p J Ji 2 Ji . AL Ji
ae;f Oaj Be;i (1 al]) 86;7? Ooy; 0

We now do the same to o;.

0%cj(e}) ((0e5\? | 0%csle]) 9%el ?rij(e};) Oy
66;5’ 8067;3' + de *2 80(?1- + Be;? 6047;]'

ji

BSTij(e;i) dej; 2 827‘”(6 ;) 02 e;
—(1 - aij) (ae;g (TQ,;J-) + ez 5t | =0

J

(6‘7() — (1= ) Lrated >> D5, | 0Prigleqy) Oef;
]

) %2 - + %2 -
o 7 de i 8(1]1 88.7.7.’ O

830j(e;) 537"17'(6;1) dej; 2
+ (S - - an) 5 () =0

Ji
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2 2
, B 2] 7‘7;_7'(6;1-) Be;i _ <63C]‘(8;) —(1—a~ ) 337‘,;_7‘ (e;,ﬂ) (66;1: )
* T5o%Z  da;; \ .53 ij 3 Ja,;
9% dex? g . dex dex agj
o*
9Ze;(e%)
*

gerz —(1—aij)
Je

627‘1‘;‘(‘332)
de*2
Ji

ey (e) 21 (€7,) o¢;

Clearly, this expression is lower than zero if —2="> > 0 and —5* < 0; note that 9 < 0 by
ji Ji i
Proposition 1.
Analogously, we obtain
02rji(e};) oe; 3 33%(@;)_&”03”1-(6%) oer; \ 2
326;7. - Be;‘f dayj ae;ff v ae;fji.‘ Oy j <0 m
aa?j 62ci(e:)7oé“827ji(€”') .
9e;? Y oer?

Lemma 5 enables us to state that in any interval where the piecewise derivative function takes the

O(L};(aij)) Or;j(ey;) Oej; Orji(e;;) Oej; . % .
value ——=—= = —ay; Pt Doy (1 — ) Ber, Doy the function Lj;(cy;) is convex (see also

Lemma 4).
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