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Conditional Moments of Noncausal Alpha-Stable Processes
and the Prediction of Bubble Crash Odds

SEBASTIEN FRIES

Vrije Universiteit Amsterdam

Abstract

Noncausal, or anticipative, heavy-tailed processes generate trajectories featuring locally explosive episodes akin
to speculative bubbles in financial time series data. For (X;) a two-sided infinite a-stable moving average (MA),
conditional moments up to integer order four are shown to exist provided (X;) is anticipative enough, despite
the process featuring infinite marginal variance. Formulae of these moments at any forecast horizon under any
admissible parameterisation are provided. Under the assumption of errors with regularly varying tails, closed-form
formulae of the predictive distribution during explosive bubble episodes are obtained and expressions of the ex ante
crash odds at any horizon are available. It is found that the noncausal autoregression of order 1 (AR(1)) with AR
coefficient p and tail exponent a generates bubbles whose survival distributions are geometric with parameter p®.
This property extends to bubbles with arbitrarily-shaped collapse after the peak, provided the inflation phase is
noncausal AR(1)-like. It appears that mixed causal-noncausal processes generate explosive episodes with dynamics
d la Blanchard and Watson (1982) which could reconcile rational bubbles with tail exponents greater than 1.
Applications of the conditional moments to bubble modelling by noncausal processes are discussed and the use of

the closed-form crash odds is illustrated on the Nasdaq and S&P500 series.
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1 Introduction

Dynamic models often admit solution processes for which the current value of the variable is a func-
tion of future values of an independent error process. Such solutions, called anticipative or mon-
causal, have attracted increasing attention in the financial and econometric literatures. In par-
ticular, noncausal processes have been found convenient for modelling locally explosive phenom-
ena in financial time series such as speculative bubbles, while featuring heavy-tailed marginals and
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conditional heteroscedastic effects [Bec et al. (2020), Cavaliere et al. (2020), Fries and Zakoian (2019),
Gouriéroux and Jasiak (2018), Gouriéroux and Zakoian (2017), Hecq and Sun (2019), Hecq et al. (2016,
2017a,b), Hencic and Gouriéroux (2015)] (see also Chen et al. (2017), Lanne et al. (2012b), Lanne and
Saikkonen (2011, 2013)). Figure 1 depicts a typical simulated path of an elementary noncausal process,

the a-stable noncausal AR(1), featuring multiple bubbles. Noncausal processes, shown to be suitable
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Figure 1: Sample path of an elementary bubble-generating noncausal process: the noncausal AR(1), strictly stationary

solution of X; = pXi11 + &+, p = 0.95, with a-stable errors.

candidates for bubble components in rational expectation price models [Gouriéroux et al. (2020)], may
offer a possibility to forecast the future trajectories of bubbles and to infer the odds of crashes. This
would enable for instance risk managers to assess large downside risks during prolonged bull markets and
the regulator to adjust requirements and restrictions to ensure resilience of the financial system.
However, the limited knowledge about the predictive distribution of noncausal processes, especially
during explosive bubble events, is impeding the ability to forecast them, thus limiting their use in prac-
tical applications. Taking notice of the absence of closed-form formulae for conditional moments and
the predictive density except in special cases, two simulation- and sample-based methods have been
proposed in the noncausal literature to approximate the conditional distribution of noncausal processes
[Lanne et al. (2012a), Gouriéroux and Jasiak (2016)]. While offering flexible alternatives for forecasting
noncausal processes beyond the special cases, Hecq and Voisin (2020) find that these methods can become
computationally intense for larger prediction horizons and that accurately capturing the dynamics during
explosive episodes may prove challenging [see also Gouriéroux et al. (2019)]. Partial results have been
obtained by Gouriéroux and Zakoian (2017) on the conditional moments of noncausal AR(1) processes
driven by independent and identically distributed (i.i.d.) a-stable errors, which have been extended to
mixed causal-noncausal AR processes with single ill-located root by Fries and Zakoian (2019). Despite

stable noncausal processes featuring infinite marginal variance, their conditional moments may exist up



to integer order four. In special cases, expressions of the conditional expectation and variance have been
obtained, and revealed that noncausal processes can feature GARCH type effects in calendar time despite
such effects not being explicitly included in the modelling. Provided the expressions of the conditional
moments are derived, this suggests that point forecasts of noncausal processes based on their conditional
expectation, variance, skewness and kurtosis could be formulated -as opposed to other predictors specifi-
cally introduced to circumvent the infinite variance of a-stable processes, such as minimum L*-dispersion
or maximum covariation (see Karcher et al. (2013) and the references therein).

The aim of this paper is to provide practical analytical results to compute the conditional moments
of a-stable noncausal processes and to compute the crash odds of bubbles that such processes gener-
ate. First, the paper extends the literature on the conditional moments E[X?|X] of arbitrary bivariate
a-stable random vectors (X1, X2) [Cioczek-Georges and Taqqu (1995a,b, 1998), Hardin et al. (1991),
Samorodnitsky and Taqqu (1994) (ST94 hereafter)] by providing formulae for the orders p = 2,3,4. We
then apply these results to derive a complete characterisation of the conditional moments E[X}, , |X:],
p=1,2,3,4, h > 1, for (X;) an infinite two-sided moving average process driven by i.i.d. a-stable errors

Xe = arerin, (1.1)

k€EZ

where (ay) is a non-random coefficients sequence satisfying mild conditions for (X;) to be well defined and
strictly stationary. Second, the conditional distribution of noncausal processes during explosive bubble
episodes is analysed. Provided the errors have probability tails similar to that of a-stable distributions,
in the sense that they also feature power-law tails, we obtain closed-form formulae valid during explosive
episodes. These expressions provide illuminating interpretations on the dynamics of the bubbles that
such models generate and a practical way to quantify the crash odds. Implications and parallels with
the literature on rational expectation bubble models in the line of Blanchard and Watson (1982) are
discussed.

The rest of the paper is organised as follows. Section 2 recalls properties of bivariate stable distribu-
tions and provides our results on the conditional moments up to order four of arbitrary bivariate a-stable
vectors. Applying these results to models of the form (1.1), Section 3 proposes a sufficient condition
on the coefficients (ax) for the existence of conditional moments, characterises their expressions when
they exist, and discusses several examples and methodological aspects. Section 4 derives closed-form
formulae for the predictive distribution of noncausal processes during explosive bubble episodes. Section
5 proposes an application of the crash odds formulae on the Nasdaq and S&P500 series. Proofs and

complementary results are collected in a Supplementary File.



2 Conditional moments of bivariate a-stable vectors

We begin by recalling some properties of bivariate stable vectors (Xp, X2) and then propose new ex-
pressions for their higher-order conditional power moments E[X%|X;]. These expressions will apply to
(X¢, X¢1p) when considering a-stable noncausal processes in the next section. Letting « € (0,2), a ran-
dom vector X = (X7, X») is said to be an a-stable random vector in R? (see Theorem 2.3.1 in ST94) if
there exists a unique pair (T, u"), where I is a finite measure on the Euclidean unit sphere Sy and u° a

vector in R?, such that, for any u € R?, the characteristic function of X writes

E[e““xq = exp{ — /52 |(u, s>\a(1 — isign((u, s))w(o, (u, s>)>F(ds) + i (u, u0>}, (2.1)

where (-, -) is the canonical inner product, w(a, s) = tg (%2), if a # 1, and w(l,s) = —2 Ins| otherwise,
for s € R. The measure I' and the vector u" are respectively called the spectral measure and the shift
vector of X. The pair (', u°) is said to be the spectral representation of X. The spectral measure I'
of a stable vector X in particular completely characterises the tail dependence between its components:
it holds that P(X /|| X || € A | [|X]| > z) — I'(A)/T(S2) as © — +o0, for any continuity set A C Sy
(Theorem 4.4.8 in ST94), where || - || denotes the Euclidean norm. Intuitively, the more mass I" attributes
to some points of the unit sphere Sy, the more likely (X;, X3) is to be colinear to these points when it
is large in norm. The counterpart of (2.1) for a univariate a-stable variable reads E[e™X] = exp{ -
Ua]u|a(1 —if sign(u)w(a,u)) + iuu}, for some asymmetry § € [—1, 1], scale ¢ > 0 and location p € R.

Stable distributions are known to have very few moments. However, the distribution of one component

conditionally on the other can have more moments according to the degree of dependence between them.

If the spectral measure I' of an a-stable random vector X = (X7, X2) satisfies
/ |s1|"T'(ds) < 400, for some v >0, (2.2)
Sa

then, E[|X»|?| X1 = z] < 400 for almost every z if 0 < v < min(a + v,2a+ 1) < 5 (see Theorem 5.1.3
in ST94 for details), entailing that conditional moments up to integer order four may exist although
E[|X2|*] = 400. The conditional expectation of arbitrary a-stable bivariate vectors has been studied
in details and its expression is recalled in Theorem 2.1 below, while the conditional variance received
attention most exclusively in the symmetric a-Stable case.

We provide and prove new formulae for the conditional power moments of order 2, 3, and 4 of arbitrary
(not necessarily symmetric) a-stable bivariate vectors (X, X2). The second order moment in the case
a = 1, which requires special treatment when not restricting to symmetric stable distributions, is also

considered. In the rest of this section, we assume without loss of generality that the shift vector u° =
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(,u(f, ,ug) is zero. This can be done without loss of generality because, assuming the conditional moment
of order p exists, E[X}| X = z] = E[(X2 — pf + p9)?| X1 — pf =z — ] =30 CZ,(,ug)p_jE[f(ﬂXl = 7]
where Z = 2 — pu, and (X1, X3) = (X1 — pu, X5 — 119) has the same spectral measure as (X1, Xo) and zero
shift parameter. We first consider the case o # 1 and introduce useful constants and functions which

generalise existing quantities in the literature. For p € {1,2,3,4}, when they exist, define

sT*T'(ds 52)P|51|*T'(ds 52)Pg=2>T(ds
0_(1)(:/ |51|O‘F(ds), B12f52 1 _ ( )7 l{p:fSQ(Sl) ’al‘ ( )’ )\p:fSQ(Sl) 1a ( ), (2.3)
Sa 01 01 01
where y<"> = sign(y)|y|" for any y,r € R. For any n € N, 8 = (61,02) € R? z € R, define H as
+OO «,,
H(n,O;z) = /0 e~ oT U yraml) (91 cos(ux — afrofu®) + Oy sin(ux — a,@’la?ua))du. (2.4)

The quantities 01 and 1 denote the scale and asymmetry parameters of the marginal distribution of X7,
whereas the constants x,’s and \,’s generalise standard dependence measures invoked in the literature.
Noticeably, k1 = [, 5957717 T(ds) /o corresponds to the normalised covariation between X and
X1. This dependence measure was been introduced by Miller (1978) and Cambanis and Miller (1981)
to replace the ill-defined covariance between two symmetric a-stable random variables, and has been a
popular tool to formulate point forecasts of infinite variance a-stable processes [see Karcher et al. (2013)
and the references therein]. The new constants x, and Xy, p > 2 introduced here, which intervene in the
expressions of the higher order conditional moments of (X1, X2), can be seen as extending this dependence
measure to higher powers of X; and X5 in the asymmetric case. The new family of functions H introduced
contains functions related to the marginal density of the stable random variable X; ~ S(«, 51, 01,0),
a#1: fx,(z) = LH(0,(1,0);2) = L [[F° e 1" cos(uz — aBiofu)du. The following result recalls the

expression of the conditional expectation in the case a # 1.

Theorem 2.1 (Theorem 5.2.2, ST94) Let (X1, X2) be an a-stable random vector with spectral repre-
sentation (I',0). For a € (0,2) \ {1} and letting I" satisfy (2.2) withv >1— «a if a € (0,1),

a(A — Prr1)

]E|:X2’X1:$:| = K1Z + 1—}—@26%

(2.5)

P&$+1_$H@W

Tfx, (ZL‘)

where a = tg(ra/2), Pi, k1 and A1 are as in (2.3) and H(-) := H(0,(0,1); -).
We now state our result in the case o # 1 for the conditional moments of order two, three and four.

Theorem 2.2 Let (X1, Xs) be an a-stable random vector with spectral representation (I",0).

For a € (1/2,2)\ {1} and T satisfying (2.2) with v > 2 — «a,



Ay — ,31H2> 1-— xH(:L')
E[X2]X, = 2] = npa? + &2~ Pre) AN 2.
[ 2‘ ! $] ot + (afh)? apr + 7fx,(x) (26)
oo
— ———H(2,04; ).
a2 050)
For a € (1,2) and I satisfying (2.2) with v > 3 — a,
. 2(\3 — Bik3) 1 —xH(x)
EIX3| X, = 2| = kaz? am(?’li‘[ } 2.
[ 2‘ 1 a:} K3x” + T+ (ahr)? abrx + T (@) (2.7)
_ m {x?—[(l 02,56) + aUIH(S, 0s; x)]
For a € (3/2,2) and ' satisfying (2.2) with v > 4 — «,
3
4 N 4 ax ()\4—511@1){ 1—$H($)}
E[X3[x: = 2] = maat + B perne e (L (2.8)
a?o?® [a? axof o
_ wb%(z,m,:p) + 7—[(3,05,1‘) +— 7—[(4, 06,3;)]

Here, a = tg(ma/2), H(-) = H(0,(0,1); -), 61 = (011, 012) in (2.6) is given by
911 = ﬁ% — a2>\% + CL251>\2 — k9, 912 = CL()\Q + ,81%2) - 2a)\1/<51,
and the remaining 0;’s in (2.7)-(2.8), which depend only on «, B1, and the ky’s and \,’s in (2.3), are

given in (D.1)-(D.10) in the Supplementary File.

Proof. See Sections B, C and D in the Supplementary File.
Let us now turn to the case o = 1. The following result recalls the expression of the conditional

expectation in this case.

Theorem 2.3 (Theorem 5.2.3, ST94) Let (X1, X3) be a-stable, with « = 1 and spectral representa-
tion (T, 0), where I' satisfies (2.2) with v > 0. Then, for almost every x,

E[Xo| X1 = 2] = —ao1qo + k1(z — p1) + )\1—61511431 (x — 1) — 017% ,
if b1 #0, and
V(z)
E[X2| X1 = | = —ao1q0 + k1(x — 1) — aal/\lm,

if B1 = 0. Here, a = 2/m, o1, p1, k1 and A\ are as in (2.3), fx, is the marginal density of X; ~
1

S(L,B1,01,111), 0 = — [g, s2In[s1|T'(ds), p1 = —a [g, s11n[s1|]['(ds), and U, V are given in (E.12)-
a1

(E.13) in the Supplementary File.

We next provide our result for the second order conditional moment when « = 1. As for the conditional
expectation, two different expressions hold according to whether the marginal distribution of X7 is skewed

or symmetric.



Theorem 2.4 Let (X1, X2) be a-stable, with o = 1 and spectral representation (I',0), where T' satisfies
(2.2) with v > 1. Then, for almost every x,

[, =] = e )+ 0 st ) + 3o
+ (a1 (A = Bir) + (kiA1= Ao)(x — m)éi}if‘&

+ ()\2 + Bikg — 2k1 M1 + @01 B (N — 51/\2)W($)) ma

if b1 # 0, and
E{X%’Xl = 3;‘:| = O'%(KQ + CLQQ[% — /{%) — 2(10'1/61(]0(%‘ _ Ml) + 52(1, _ MI)Q
Fx,(z) —1/2 | _anh
fXI (1‘) ﬂ-le (x)
if b1 =0. Here, a =2/7, o1, b1, the ky’s and the \,’s are as in (2.3), fx, and Fx, are respectively the

+ a1 (A2 — 2\1k1) [2(@01% — ki(z — Ml))V(fL‘) +ao MW (2)],

1
marginal density and cumulative distribution function of X1 ~ S(1, B1,01, 1), g0 = — [5, s2In|s1|T'(ds),
g1

m = —a [g, s11n|s1|T'(ds), and U, V and W are given in (E.12)-(E.14) in the Supplementary File.

Proof. See Section E in the Supplementary File.
The expressions of the conditional moments simplify when one considers the asymptotics with respect to

the conditioning variable, as X; = x becomes large.

Proposition 2.1 Let p € {1,2,3,4} and let (X1, X2) be a-stable with o € (0,2), and spectral represen-
tation (I',0) such that the conditional moment of order p exists. If |B1] # 1, then

Kp + Ap

Kp — A
— , p P
z—+oo 1+ 4

x_pE[Xg‘Xl ::1:} x—pE[Xg"Xl :JT} —

z——o0 1 — [ ’
and if |81] =1 and frx — 400, then, x*pE{Xngl = :n} —Kp.

Proof. See Section F in the Supplementary File.

3 Conditional moments of noncausal a-stable processes

Operating the set of properties of bivariate a-stable distributions provided in the previous section, we
study the existence and expressions of the conditional moments of a-stable infinite moving average
processes. Discussions on practical aspects as well as examples focusing on modelling practices of the
empirical noncausal literature follow the main result. Let us consider (X;) a two-sided MA(o0) process
as in (1.1) with a-stable errors e; i S(a, B, 0, 1) and coefficients (ay) satisfying

Z lag|® < 400, for some s € (0, ) N[0, 1], (3.1)
keZ



and in addition for « = 1,5 # 0, Z |ak|'ln \ak\’ < 400. (3.2)
keZ

Conditions (3.1)-(3.2) ensure that Y.<z aresrr converges absolutely almost surely so that (X) is well
defined and strictly stationary. A moving average process of the form (1.1) satisfying the above conditions
is said to be purely causal if a; = 0 for k£ > 0 and purely noncausal if ay = 0 for k¥ < 0. Noncausality is
found to be crucial for the existence of conditional moments higher than order . An important class of
models that we shall consider and which admits MA (co) representations satisfying the above conditions is
the class of ARMA processes. General ARMA processes —causal, noncausal, invertible or non-invertible—

are strictly stationary solutions of stochastic recursive equations of the form

Y(F)(B) Xy = O(F)H(B)et, (3.3)
where F' (resp. B = F~!) denotes the forward (resp. backward) operator, ¢(z) := 1 — 12 — ... — 2P
and ¢(z) :==1— ¢12 — ... — ¢y29 are polynomials of degrees p and ¢, and H and © are two polynomials

of respective degrees r and s with roots on or outside the unit circle. Equation (3.3) admits a unique
strictly stationary solution provided that ¥ (z) # 0, ¢(z) # 0 for |z| < 1, and that ¢ (resp. ¢) has no

common root with © (resp. H). The stationary solution is noncausal if p > 1.

3.1 Spectral representation of (X;, X;,,)

Because the error sequence (g;) is a-stable distributed, the bivariate vector (X, X;p), for (X;) satisfying
(1.1), (3.1) and (3.2), is itself a-stable for any horizon h and the results from the previous section apply.
This is a consequence of the following lemma, which provides the spectral representation of discrete time

vectors of linear moving averages driven by a-stable i.i.d. errors.

Lemma 3.1 Let 0 < a < 2. For & i S(a, B,0, 1) and real deterministic sequences (ag;)k, @ = 1,2,
both satisfying (3.1)-(3.2), let Xy = (X14, Xoy), with Xiy = > ez Ak i€ivk, and denote ap = (ag1,a2)
for k € Z. Then, X is an a-stable random vector in R?, with spectral representation (T', u®) given by

1 2
T(A)=0%> > zsﬁﬂakﬂ%{ say, }(A% pd = Zaku—11{@:1};0’52%111”%“, (3.4)

s=+1keZ m kEZ keZ

for any Borel set A C Sz, where 6¢5)(A) =1 if x € A, else §5)(A) = 0, is the Dirac measure at point
x € R?, ||-|| stands for the Euclidean norm, and by convention, if for some k € Z, aj, = 0, i.e., ||ag|| = 0,

then the k' term vanishes from the sums.

Proof. See Section G in the Supplementary File.



3.2 Conditional moments

The results on bivariate stable vectors immediately apply to X; = (X, Xy4p) with ax = (ak, ag—p). A
sufficient condition for the existence of conditional moments is given in the following proposition as well
as their expressions. Without loss of generality, we will assume in the rest of this section that the stable

errors have zero location parameter, i.e., p = 0, unless stated otherwise.

Proposition 3.1 Let (X;) be an a-stable two-sided MA (o) process, 0 < a < 2, f € [-1,1], 0 > 0,
satisfying (1.1), (3.1)-(3.2) and let h > 1.
t) Assume there is v > 0 such that

atv
> (ag +aj_p) 7 lax] ™ < +oo. (3.5)
k€EZ

Then E[| X4n]7| Xt < 400 for 0 <~ < min(a +v,2a+ 1).
w) For a # 1, the moments E| t+h|Xt] p < 4, when they exist, are given by Theorems 2.1-2.2 with

ap—p ag—p '\’
kZZa]?a> kZZ‘ak‘a( ) kZZalja>< a >
of =0 S al’,  Pi=pEE o, k=S My =B EE
footd ol Sl T e > Jarl®
keZ keZ kEZ

we) For a =1, let (X¢, Xein) := (Xt, Xepn) — u where p® is the shift vector as in Lemma 3.1. Then,
the first- and second-order moments of Xt+h|Xt are respectively given by Theorems 2.53-2.4 with the rkp’s
Ap’s, o1, B1 as in w) and

QOZBZak—h1D< ’ak’ >/Z|ak| 1 20621&( |ak| )

keZ s ak h keZ kel CLk + CLk h

By convention, in all the points above, if (ag,ar_p) = (0,0), then the k™ term vanishes from the sums.

Remark 3.1 (Existence of moments) Point ¢) provides a sufficient condition for the existence of
conditional moments. Notice that the left-hand side of (3.5) is an increasing function of v. Thus, if
(3.5) holds for some vy > 0, it then holds for any 0 < v < 1y, and if it fails for g, it then fails for all
v > vy. Causal processes, say of the form >°; - axeqr with ag = 1, automatically fail condition (3.5) for
all v > 0, as (ap, ag) = (0,1) and the A" term of the sum is finite only if v = 0. In the case of symmetric
errors (8 = 0), Theorem 1.1 by Cioczek-Georges and Taqqu (1995b) allows to conclude that (3.5) is also
necessary and hence that causal processes do not have finite conditional moments for orders higher than
a. Conversely, (3.5) may hold for some v > 0 for noncausal processes provided the coefficients (a) do not
decay too fast as k — +oo. In fact, the slower the decay of (ay) as k — +o00, the higher the values of v

for which (3.5) will hold. In other terms, the stronger the dependence on «future» errors, the higher the



order at which conditional moments will exist: hence the intuition that higher-order conditional moments
may exist provided that the process is anticipative or noncausal enough. It is easy to show that (3.5)
holds for any v > 0 as soon as (ay) decays geometrically or hyperbolically, guaranteeing the existence of
conditional moments up to order 2a + 1 at all prediction horizons for noncausal ARMA and fractionally
integrated processes. Consider for instance a noncausal process (X;) of the form (1.1) such that ay =0
for k <0, ar # 0 for k> 0and a, ~ c\¥, for some non-zero constant ¢ and A\ € (—1,1). Letting

k—+o00
v >0,

a+v

2
atv _ ap_ 2 _op atv
(@ + o ) ol =l (14 ) T et A S
ar, k—+o00

and since [A|* < 1, the summability condition (3.5) holds for any v > 0. In particular, it holds for v = a+1
and therefore, Point ¢ of Proposition 3.1 ensures that (X;) admits finite conditional moments up to order
2ac 4+ 1. Tt is possible to find noncausal processes for which (3.5) holds only up to some v € [0, + 1),
i.e., entailing that conditional moments are finite only up to order v strictly within («,2a + 1), with ~
moreover depending on the prediction horizon. Such processes are necessarily noncausal and typically
feature extremely short range dependence on future errors. See Section A.1 in the Supplementary File

for an example.

Remark 3.2 (Computational aspects) From a computational perspective, the conditional moments
of X1y given X; = x given in Proposition 3.1 can be inexpensively calculated for various horizons h and
conditioning values x. In the case o # 1, computing these moments requires evaluating the functions
H(n,0;x), n = 2,3,4, appearing in Theorem 2.2, which depend both on z and on h through the x,’s
and \,’s given in point « of Proposition 3.1. These functions can be decomposed into ajuy, () + byv, (),
where aj, and by, are constants depending only on h and fixed parameters of the process, while wu,(x) =
H(n, (0,1);x) and v, = H(n, (1,0);x) are integrals of a single variable which need only to be computed
once for a given conditioning value z. Computing these integrals requires paying attention to two main
hurdles. First, these are improper integrals on (0, 00), which requires truncating the integral using a high
enough cutoff value U > 0. This will typically yield a good approximation as the integrand vanishes
at exponential speed. Notice that the speed of the decay does not depend on h nor z and a single
sufficiently high threshold will do for all horizons and conditioning values. Second, the integrand contains
an oscillatory term, whose «frequency» increases with |z|. This requires choosing a sufficiently fine
subdivision of the truncated integration interval (0,U). For lower magnitudes of |z|, coarser subdivisions
will suffice. As |z| grows larger, one might fear that the required fineness of the subdivision will lead

to prohibitively expensive computational costs: in this large conditioning value regime, one can however
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avoid the computation of the integral altogether and favour the asymptotic approximations given by
Proposition 2.1. Similar considerations hold for the moments in the case & = 1. More details can
be found in ST94 Section 5.5 on numerical techniques for computing the moment of order 1, which

recommendations are still relevant for higher orders.

3.3 Examples
3.3.1 Mixed ARMA processes

Mixed causal-noncausal AR (MAR) processes are often invoked in the empirical noncausal literature
for speculative bubble modelling. Their conditional distribution and moments are known analyti-
cally only in special cases [see Fries and Zakoian (2019) for details], and, beyond these special cases,
practical forecasting relies on the simulation- and sample-based methods by Lanne et al. (2012a) and
Gouriéroux and Jasiak (2016). Mixed causal-noncausal ARMA processes with in addition a possibly
non-invertible MA components (MARMA) as in (3.3) however, have not yet taken up as much as MAR
processes for speculative bubble modelling. This is probably due to the absence of analytical results
regarding their conditional distribution. Estimation procedures for such ARMA processes focus on pro-
viding estimators of the coefficients of the AR and MA polynomials, whereas the results of Proposition
3.1 rely on the coefficients of the MA(co) representation X; = ;<7 axerrr. Fortunately, the coefficients
(a) can be recovered exactly from the AR and MA polynomials. For (X;) a MARMA process solution

of Equation (3.3), we have from Gouriéroux and Jasiak (2016) Section 2.3 the following decomposition:
Xt = prl (B)Ut + bg(B)ut, (36)

where b1(B) := Zg;& b1;B" and by(B) = Z?;é by, ;B are the two polynomials resulting from the partial

fraction decomposition

1 _ h(B) ba(B)
qﬁ(B)(BPzp(F)) ¢(B)  BPy(F)’

and where (v;) and (u;) are defined by v, := ¢¥(F)X; and u; := ¢(B)X;. Letting Z; := O(F)H (B)ey,

the processes (v¢) and (u) furthermore satisfy the recursions ¢(B)v; = Z; and ¢(F)u; = Z;. When
© = H =1, (X;) reduces to a MAR process and (v;) and (u;) are respectively called the causal and
noncausal components of (X;). Identifying the MA(co) representations in (¢4) of the left- and right-hand

side of (3.6) yields a general expression of the coefficients (ax) as

s q—1 p—1
Vke€Z, ap= Z Uy Z biiClkiprie+ Z b2,jC2.k+j—¢| 5 (3.7)
—r  |i=0 =0
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where Y5 0,F° := O(F)H(B), (c1x) and (ca) are the coefficients of the Laurent expansions of
1/¢(z) and 1/1(z) [Conway (1978) p.107], which are such that ¢;, =0 for k > 0; ¢ =0 for £ <0 ;

c1,0 = c2,0 = 1 and otherwise recursively obtained from the AR polynomials as

q P
Vk <0, cip= Z¢icl,k+ia Vk >0, cop= Z¢j62,k—j-
—1

Proposition 3.1 then applies to the MARMA process (X;) with coefficients sequence (a) as in (3.7). For
practical purposes, the infinite sums in Proposition 3.1 can be truncated. For MARMA processes, (ax)

vanishes geometrically fast as |k| — oo and truncation will typically yield a good approximation.

A simulation experiment was conducted to illustrate the results of Proposition 3.1 in the case of a
MARMA process. The theoretical conditional moments are compared to model-free non-parametrically
estimated counterparts in order to assess the validity of the analytical formulae. Let us consider, for

expository purposes, that the price series (X;) of an asset is modelled by the MARMA process defined as
ii.d

the strictly stationary solution of (1—0.9F")(14+0.3B)X; = (1+0.4F)(1-0.3B)e;, &, ~ S(1.8,0.5,0.2,10).
Xiap — X
We will focus on the conditional moments of the returns at horizon h of (X;), denoted Ry, j = 7”3( L
t

On the one hand, we use the formulae of Proposition 3.1 to compute the theoretical expectation, standard

deviation, skewness and excess kurtosis of the returns, conditional on the level X; = x:

p(z, h) = E[Ryn| X; = 2, (@, h) = E|(Resn — p(a, h))z‘Xt =1,
Rovn — p(z, B)\® Revn — pu(, )\ * (3.8)
v1(x,h) = E[(%) Xt = x], Ya(z, h) == EK%) Xt = x] - 3.

It is just a matter of expanding the powers in the definitions above to express the conditional moments

of Rty in terms of E[X},,|X¢], p € {1,2,3,4}, where X; = Y ;o7 arcirr admits an a-stable MA (co)

P
t+h
representation whose coefficients are given by (3.7). On the other hand, we simulate M = 2000 trajectories

mgm) :rém), e ,a:%n), m=1,...,M, with N = 107 observations of the aforementioned MARMA process

and obtain model-free estimates of the conditional power moments E[X7} ' n| Xt = 2] using Nadaraya-

Watson estimator N—h (m)y ( (m)\p
St Ko — ) (2))

S K (e — ™)

B (xP

t+h|Xt =1z):=

I

where K, is the Gaussian kernel with bandwidth w. Empirical counterparts (™ (z,h), 0™ (x,h),
%m) (z,h), ﬁém) (x,h), m=1,...,M, of u(z,h), o(z,h), v1(x,h) and v2(x, h) are obtained by substitut-

ing the non-parametric estimates £ (X top) Xt = x) in (3.8) in place of E[X}, ,|X; = 2]. We considered

t+h

prediction horizons h = 1,3, 5,10, conditioning values = in the interval (70,85) —corresponding to the

12



0.0005 and 0.9995 quantiles of the marginal distribution of X;: 99.9% of the probability mass of X; is
supported on (70, 85)— and used a bandwidth of w = 0.1. Letting NW (™ denote generically any of (™),
&(m), ﬁ/}m), fyém) , we compute for each quantity the point-wise average of Nadarya-Watson estimators as
NW(z,h) = & SM_ NW™) (2, h) as well as the point-wise 0.05 and 0.95 quantiles across simulations.
Figure 2 compares the theoretical conditional moments obtained using Proposition 3.1 and (3.7) with
their empirical non-parametric counterparts. We notice that the average NW is very closely matching
the theoretical moments curves, and that the theoretical moments lie everywhere within the empirical
0.05-0.95 interquantile. This provides evidence for the sanity of Theorem 2.2 and Proposition 3.1. In ad-
dition, we notice that the dispersion of the model-free non-parametric estimators is rather important for
X; = x far from central values, despite the length of the simulated trajectories (N = 107 observations).
This suggests that the analytical formulae can hardly be traded for purely data-driven methods when it
comes to estimating the dynamics during extreme events, even with massive amounts of data.

To compute the conditional moments in practice, one can now overlook the model-free non-parametric
approach and resort to a parametric plug-in strategy: e.g., estimate the MARMA and stable parame-
ters by maximum likelihood and plug the parameter estimates in the formulae of Proposition 3.1. An
additional experiment reported in Section A.2 of the Supplementary File illustrates the reliability of the
latter parametric plug-in strategy, and its ability to accurately recover the conditional moments curves
for practically-relevant sample sizes. Illustrations of the shape of the conditional moments for various

parameterisations of MARMA processes are also provided.

Remark 3.3 The asymptotic properties of the Nadaraya-Watson for strongly mixing sequences with
bounded second order marginal moment have been established by Hansen (2008). In our context, where
higher-order conditional moments may be bounded in spite of infinite marginal variance, the validity of
the Nadarya-Watson estimator is an open issue. The agreement between the theoretical moment curves
and the empirical ones obtained with the Nadaraya-Watson estimator also suggests that the latter’s

validity may extend. This is left for further research.

3.3.2 Cauchy MA (c0) processes

MAR processes with Cauchy errors (stable with « = 1 and 8 = 0) are a popular benchmark for speculative
bubble modelling in the noncausal literature [e.g., Hencic and Gouriéroux (2015), Hecq et al. (2016),
Fries and Zakoian (2019), Gouriéroux et al. (2019), Cavaliere et al. (2020), Hecq and Voisin (2020)]. An
attractive feature of this class of models is that the Cauchy distribution is one of the special cases in

the stable family for which a closed-form density is available. For Cauchy MAR processes with a single
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Figure 2: Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of the returns Rstn =

(X¢4+n—Xt)/ X at horizons h = 1,3, 5,10 (in columns) of the ARMA process (1-0.9F)(14+0.3B)X; = (1+0.4F)(1—0.3B)ey,

€t RS 8(1.8,0.5,0.2,10) for conditioning values X; = x € (70, 85) (x-axis of each plot, 99.9% of the probability mass of the

marginal distribution of X, is supported on (70,85)). Black solid lines: theoretical moments (3.8) given by Proposition 3.1
and (3.7); Grey dotted lines: average of Nadaraya-Watson estimators (bandwidth=0.1) across 2000 simulated trajectories

of 107 observations each; Grey shaded areas: empirical 0.05-0.95 interquantile interval across simulations.

noncausal root, i.e., as in (3.3) with © = H = 1, p = 1 and ¢ > 0, the decomposition into causal
and noncausal components (3.6) allows to obtain the conditional moments and density in closed-form.
The techniques based on decomposition (3.6) do not extend however, and no result is available for more

general Cauchy noncausal processes.
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Let us apply Proposition 3.1 to X; = ) cp arerr with ¢ s S5(1,0,0,0) and (ay) such that Point

t) guarantees the existence of the first- and second-order moments (e.g., a Cauchy MARMA process).

Then, invoking Point 1) with 81 = A\ = p1 = gop = 0 since 5 = 0, we have for any x € R and h > 1,
E[X¢ 0| X: = 2] = k12, V(Xpin| Xe = ) = (k2 — 62) (22 + o).

In particular, if a; > 0 for all k, then k1 = > ey lak|(ar—n/ar)/ > ez lar] = 1 and E[ X1 4| X¢] = X;.

Remark 3.4 (Conditional heteroscedasticity of noncausal processes)

Gouriéroux and Zakoian (2017) and Fries and Zakoian (2019) highlighted that the Cauchy noncausal
AR(1) and MAR(1, q) processes exhibit GARCH effects in calendar time, although seemingly defined
based on i.i.d. errors. The above result shows that this property extends to Cauchy MA(co) processes.
Figure 2 further illustrates that this is not a specific feature of the Cauchy distribution, and that mod-
elling prices with noncausal a-stable processes also induces conditional heteroscedasticity in the returns
for other values of a. In the Cauchy case, the conditional volatility is quadratic in the past values and the
authors underlined that (X;) admits a semi-strong double autoregressive representation a la Ling (2007).
The conditional first and second moments in Proposition 3.1 suggests that a more complex representation
may hold in general for a # 1. Proposition 2.1 ensures nevertheless that the variance of X;yp|X; is still
asymptotically quadratic in the conditioning value. This can be noticed in the example of the following

section.

3.3.3 a-stable noncausal AR(1)

Let (X:) be the a-stable noncausal AR(1) solution of X; = pX;y1 + ¢, & b S(a, B,0,0) with a # 1
(for simplicity), S € [-1,1], 0 > 0 and 0 < |p| < 1. Then E[|X;1|7|X¢] < +o0 for 0 < v < 2a+ 1 and
h > 1, and the conditional moments, when they exist, are given by Proposition 3.1 with

(67

o L —|[p|*

a _ _ ah —hp _ <a>\h _—hp
01_1—|p\“’ 61_61_p<a>3 ’{p_|p| P ) Ap—ﬁl(p );0 )

for p € {1,2,3,4}. For p > 0, a clear interpretation of the distribution X;.,|X; = = appears during
bubble episodes, that is, as = becomes large relative to the central values of process (X;). Letting p(x, h),
o?(x,h), y1(x, h) and o (x, h) denote the conditional expectation, variance, skewness and excess kurtosis

of X¢yp given Xy = z respectively (as in (3.8) with Ry, replaced by X;yp), when they exist, we have

—h_\ ah L 20"
pl,h) ~ (p~"a)p", Yi(@, h) — s,
poh(1 = poh)
o (z,h) ~ (p~"2)?p™" (1 — p°), nalah) = S+ e 6
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as f1x — +oo if |f1| =1, 2 = o0 if |B1| # 1, and s =1 (s = —1) if x = 400 (z — —o0). See Section

H in the Supplementary File for the proof.

4 Forecasting noncausal bubble crashes

For practical econometric purposes, financial bubbles in stock prices, market indexes and price-dividend
ratios are typically characterised as short-lived explosive episodes followed by abrupt or gradual collapses,
and are analysed using reduced form models [Phillips and Shi (2018)]. In this section, we focus on the
dynamics of noncausal processes during such explosive episodes, that is, when the conditioning level of
the trajectory takes on large positive or negative values. The strikingly simplistic forms of the conditional
moments of the a-stable noncausal AR(1) during such events, as given in Section 3.3.3, are characteristic
of a weighted Bernoulli distribution charging probability p®" to the value p~"z and probability 1 — p®" to
0. In the framework of this model, it is thus natural to interpret p®" as the probability that the bubble
survives at least A more time steps, conditionally on having reached the level X; = z.

Such simplification of the dynamics during extreme events is actually not limited to the a-stable
noncausal AR(1). We derive here closed-form expressions of the ez ante crash odds of bubbles generated
by noncausal processes. We first formally establish in the case of the noncausal AR(1) that the intuition
described above holds. We then show that this intuition non-trivially extends to processes featuring
noncausal AR(1)-type bubbles followed by almost arbitrarily shaped collapses after the peak. We end
this section by obtaining an expression of the crash odds in the case of noncausal MA (co) processes.

As we focus on the extreme events, we do not need to fully specify a parametric distribution for the
errors (¢) as in Section 3, but only require that their probability tails are similar to those of an a-stable
distribution in that they decay as power-laws. Formally, we assume that (g;) is an i.i.d. error sequence
with regularly varying tails:

P T
P(leo| > z) = 2~ “L(x), H’m e # € [0,1], (4.1)

with tail parameter a > 0, asymmetry 3 € [—1, 1] and L any slowly varying function at infinity, i.e., such
that L(tx)/L(x) — 1 as * — 400 for all ¢ > 0. The a-stable distribution, with « € (0, 2) and asymmetry
parameter 3, is a typical example of distribution whose tails are power-law as in (4.1). However, the
more general assumption above and the results in the rest of this section encompass not only noncausal
processes with a-stable errors, for which we derived the moments in the previous section, but noncausal
processes with any power-law tailed errors, including (skewed) ¢-student errors often invoked in the

empirical noncausal literature. Note furthermore that the tail exponent « (or degrees of freedom in the
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case of the t-student) is not restricted to be below 2 in this section but can take any positive value.

4.1 Crash odds of noncausal AR(1)-type bubbles
4.1.1 Purely noncausal AR(1) : exponential bubbles with instant collapses

The following proposition provides the conditional distribution of the noncausal AR(1) during explosive

bubble episodes.

Proposition 4.1 Let (X;) be the noncausal AR(1) process solution of Xy = pXy11 + e with 0 < p < 1,
i.i.d. errors (g4) satisfying (4.1) for some tail exponent o > 0 and asymmetry € [—1,1]. Then, for any
h>1, any § € (0,p~"), we have as x — +o0

Xiyn ~h _ s —h
P(SLt el -8+ 0

X
sX; > x) — p*h, P(;;h € [-9,4]
t

SXt>l‘) —1— p™,
forany s € {—1,+1} if B € (=1,1), and s = 3 if |f| = 1.

Proof. See Section I in the Supplementary File.

The proposition formalises the intuition that bubbles generated by a noncausal AR(1) with regularly
varying errors feature a geometric survival distribution with probability parameter p®. This interpretation
implies that the survival probability does not depend on the current scale of the bubble. Surprisingly,
given that the noncausal AR(1) is a Markov process, it further implies that the survival probability of
bubbles does not depend at all on the past history: such bubbles display a memory-less property. Several
statistics of interest can be easily computed to describe their survival distribution, e.g., crash probability
at horizon h, hazard rate, expected lifetime. As the bubbles are memory-less, their survival distribution
can be fully characterised by the so-called half-life, or median survival time: the duration h; /5 such that
the crash probability at horizon hy/y is 1/2. More generally, one can be interested in the g-survival
quantile, ¢ € [0, 1], that is, the duration h, such that the survival probability at horizon hy is equal to
1 — g. Table 1 summarises the expressions of these descriptive survival statistics for bubbles generated

by a noncausal AR(1) model with regularly varing errors. Computing these statistics only requires the

Crash probability at hor. h  Hazard rate Expected life  g-Survival quantile

1 In(1 — q)
1—po alnp

1_pah

Table 1: Descriptive survival statistics of bubbles generated by a heavy-tailed noncausal AR(1) with AR coefficient p € (0,1)

and tail exponent a > 0.
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knowledge of the AR coefficient p and of the tail exponent a. Typically, bubbles with smaller growth
rates (p closer to unity) and driven by heavier-tailed shocks (smaller «) are likely to last longer.

On the one hand, the memory-less property of these bubbles could be appealing from a financial and
economic perspective as it implies that the crash date cannot be known with certainty by traders, hence
ensuring a form of no-arbitrage condition. Bubbles with crash dates arising according to a constant hazard
rate —another feature of the geometric distribution— appear moreover compatible with the implications of
game theoretic settings where arbitrageurs attempt to time exponentially increasing bubbles and induce
the crash at a random date when the selling pressure they exert is high enough [Matsushima (2013)].
On the other hand, the memory-less property also implies that no sophisticated method could allow a
forecaster to say anything more regarding the future of AR(1) bubbles than «growth or crash» with
the probabilities above. In the case of non-exponentially shaped bubbles or if the extreme errors driving
bubbles are assumed to be endogenous rather than i.i.d. (as in Blasques et al. (2018)), past history could

however play a more central role for prediction.

Remark 4.1 (Parallel with Blanchard and Watson (1982)) The dynamics of the non-
causal AR(1) during bubble episodes is reminiscent of the classical model proposed by

Blanchard and Watson (1982):
X1 = p'aXe + &, Xo =0, (4.2)

where p* > 1, (&) is an i.i.d. zero-mean and finite variance error sequence, and (¢;) are i.i.d. Bernoulli
distributed random variables such that P(¢; = 1) = 1 — P(¢; = 0) = p € (0,1). This model recurrently
generates exponentially-shaped explosive bubbles: the trajectory follows an explosive path while ¢; = 1
and ends in a crash when ¢, = 0. In view of Proposition 4.1, the bubble episodes generated by a
noncausal AR(1) with regularly varying errors follow a dynamics d la Blanchard and Watson with p* =
p~tand p = p® Interestingly, while Blanchard and Watson’s model is explicitly designed to feature
successive bubble/bust cycles, where the bust probability is a free parameter, the noncausal AR(1)
generates trajectories where bubble events intersperse calmer periods. The dynamics (4.1) only emerges
during bubble events and the crash probability is rather a function of the other model parameters. The
structural constraint on the survival probability p = p® —specific to the noncausal AR(1), a linear process
shown to be suitable to describe bubble components of solutions to rational expectation price models
[see Gouriéroux et al. (2020)]- has important statistical implications. In the framework of Blanchard
and Watson’s model, statistical information about p can only be gathered from the observed durations

of past bubbles that have already collapsed. Assuming m bubbles of durations 77, ..., T;, are observed
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on a given time series, say, generated by (4.2), one could propose p = m/ Y ;v T; as an estimator for the
parameter p of the Bernoulli variables (¢;). In bubble modelling applications it is however not uncommon
to face very small m situations, or even m = 0 in cases where a single explosive and uncollapsed trend
is observed. This renders accurate estimation of p difficult at best, and unfeasible at worst. West (1987)
even considered p not to be an identifiable parameter. In contrast, the estimation of p® can exploit more
information present in the data: the sample autocorrelations of the time series and the bubble growth
rates provide information about p, while the tail heaviness of the time series and of the residuals (obtained
after estimation of p) provide information about . A maximum likelihood estimation of the noncausal
AR(1) assuming a parametric distribution for the errors, such as a-stable or ¢t-student, would suffice to
obtain an estimate of p®. Semi-parametric approaches could be operative as well, e.g., estimating p by

Least Squares and « using the Hill estimator.

4.1.2 Mixed causal-noncausal AR(1) : exponential bubbles with arbitrary collapses

To encompass explosive exponential bubble patterns followed by more complex post-peak dynamics, the
noncausal literature considered adding a causal component to the noncausal AR(1), resulting in the
much-invoked MAR(1, ¢) processes [see for instance Hecq and Voisin (2020), Gouriéroux et al. (2019)].
We show here that whatever the form of the causal component adjoined to the noncausal AR(1), i.e.,
whatever the shape of the collapse after the exponential growth episode, the crash probability —or more
accurately, the probability of reaching the end of the exponential growth— still follows from a geometric
distribution with parameter p®. We do not restrict to the case of MAR processes but actually consider
any process (X;) satisfying (1.1) with aj = p* for all & > 0. Such a process satisfies the autoregression
Xy = pXiq41 + Z;, where Z; := Zego beetrg, with by = ap — pag—q for all £ < 0. Letting m > 1, h > 1,
and p := (p™, p™ L, ..., p, 1), we will state our result in the context of a forecaster observing an ongoing
explosive exponential episode, that is, observing (X;_,, ..., X;—1, X;) being close to colinear with p, and
wishing to forecast the future path (X;41,...,X¢yp). The only restriction that we impose on (ag)r<—1

is the one ruling out «collapses» that would be of similar shapes as the initial exponential growth. This

assumption is formalised below and the forecasting result follows.

Assumption 1 There is € > 0 such that for all k < —1 and X € R, || apsm, - - -, ap41, ax) — p|| > €

Proposition 4.2 Let m > 1, h > 1, p € (0,1), o > 0 and (X¢) a two-sided MA(co) process with i.i.d.
errors satisfying (1.1), (3.1)-(3.2) and (4.1) with a, = p* for all k > 0. Denote X, := (X¢—m, ..., X¢),

Yt—i-h = (Xt+17 s aXt-i-h); Ay = (ak—17 s 7ak—h)/|ak| = (p_17 s ap_k’ p_kaflv s 7p_kak’—h) Jor k €
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{0,...,h}, ||| any norm and d := min  ||Ay — A¢||. If Assumption 1 holds for some € > 0, we then

k,0c{0,...,h}
)
have that d > 0, and for any n € (0,¢), 6 € (0,d),
D¢ X k(1 —p®, ifked{0,...,h—1},
P(’ t+h—SAk <(5’Xt’>$, t—Sp’<77> N P ( p) f { }
| X¢| | Xl z—¥+o0 poh, if k= h.

for any s € {—1,+1} if B € (—1,1), and s = B if |B| = 1.

Proof. See Section J in the Supplementary File.

The above result enjoys a very intuitive pattern interpretation. We illustrate this on the example of the
MAR(1,1) below. Let us already highlight that the odds of reaching the end of an observed exponential
growth episode at some future horizon are of the same form as the crash odds of a purely noncausal
AR(1), i.e., geometric governed by p®. This drastically simplifies the peak-date prediction exercise for a
forecaster, who only has to estimate two parameters and can even afford to stay agnostic as to whatever

form the collapse following the peak will take.

Example 4.1 (Forecasting MAR(1,1) bubbles) Consider the MAR(1,1) process defined as the
strictly stationary solution of

(1= pF)(1 - ¢B)X; =e, (4.3)
where |¢| < 1 and () is an i.i.d. sequence of regularly varying errors as in (4.1) with tail index a > 0.
The process (X;) admits the MA (oo) representation X; = ;. c7 arnyyr, with ay, = phfork>0;a,=¢"
for k < —1;and n :=¢e¢/(1 — po) for all t € Z. Note that () is still an i.i.d. regularly varying sequence
with index «. Assumption 1 can be shown to hold and Proposition 4.2 applies to (X;) with the sequence

(ar) as described above and

(¢7¢27'-->¢h)7 fOI']{IZO,
A=) e e T L p TR, fork e {1, h -1,
k h—k
(=4 p72,....p7 M), for k = h,

If a forecaster observes during an extreme event of process (X;) that the recent past trajectory has

1 ie., if one observes that (X; y,,...,X;) is

approximately an exponential shape of growth rate p~
approximately colinear to (p™,...,p, 1), then the forecaster may assert that the exponential growth has
probability p®” to continue at least until horizon h, and probability p®*(1 — p®) to stop at an earlier date
k €{0,...,h —1}. Whenever the exponential growth will reach a peak, the trajectory will then enter

a phase of exponential decay, with decay rate ¢. Figure 3 illustrates the forecast interpretation from a

trajectorial and probability tree perspectives.
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Figure 3: Illustration of the likely future paths of a bubble generated by a MAR(1,1) process with regularly varying errors
as in (4.3). Left panel: trajectorial interpretation with the past observed path in full points, the explosive exponential trend
in solid line, and projected likely future paths in dotted lines and circles (graph drawn using p = 0.8 and ¢ = 0.4). Right
panel: probability tree interpretation of the projected future paths with outcomes at the origins and ends of arrows, and

probabilities next to the arrows.

Remark 4.2 (Rational bubbles and fat tails) Lux and Sornette (2002) showed that the marginal
distribution of rational expectation bubble models d la Blanchard and Watson (1982) necessarily feature
regularly varying tails. They further established that a necessary condition for any bubble process (By) of
the form (4.2) to abide to the rational expectation condition By = alE;[By11], 0 < a < 1, where E; denotes
the expectation conditional on all information available at date ¢, is that the tail index of the regular
variations be strictly smaller than 1. Invoking evidence gathered by the empirical literature, which does
not support such degrees of fat-tailedness, Lux and Sornette conclude that rational bubble models d la
Blanchard and Watson are incompatible with the observed statistical properties of financial data.
Interestingly, it appears that MAR processes could reconcile the rational expectations condition with
tail indexes greater than 1. In the MAR(1,1) example above, we have that during the inflation phase of

a bubble generated by (4.3), the one-step ahead conditional distribution is approximately behaved as

p~'X,, with probability p®,
Xip1 =
o Xy, with probability 1 — p®.

Thus, during the inflation phase of a bubble, E;[X; 1] ~ p®(p~1X;) + (1 — p®)¢ Xy, and
Xe = (0% + ¢ — p%0) T Ee[Xip]:
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The rational expectations condition requires (p®~ + ¢ — p®¢)~! < 1, which can be rewritten as

o <tn (2 ) /hnle) 1= £,(6).

A straightforward analysis shows that, for any p € (0, 1), the function ¢ — f,(¢) is strictly increasing on
[0,1) and that f,(0) =1, él_}ml fo(¢) = +00. For ¢ = 0, one retrieves Lux and Sornette’s result. For ¢ > 0
however, values of o above 1 are admissible. This suggests that the MAR(1,1), as a process featuring
Blanchard/Watson-like bubbles followed by gradual decays, can reconcile the rational expectations condi-
tion with regular variation tail indexes above 1. In fact, tail indexes arbitrarily large could be admissible

provided the decay after the peak is slow enough (¢ close enough to 1).

4.2 Crash odds of noncausal MA (c0) bubbles

Noncausal MA (co) processes, which encompass general pre-peak bubble shapes, also feature a simplifica-
tion of their dynamics during extreme events. The following result generalises the second convergence in

Proposition 4.1 to express the ex ante crash odds of bubbles generated by noncausal MA (co) processes.

Proposition 4.3 Let (X;) be a MA (o) process with i.i.d. errors as in (1.1), (3.1)-(3.2) and (4.1), with
ar =0 for all k < 0 and ay, > 0 for all k > 0, tail exponent o > 0 and asymmetry § € [—1,1]. Assume
also that there is some € > 0 such ay,/apy1 > € for all k > 0. Then, for any h > 1, 6 € (0,€"),

h—1 +o0o
(0] o
sXy > x) e ;} ag/k_o ag = Poo,hs (4.4)

Xith
IP’< € -6,

forany s € {—1,+1} if B € (—1,1), and s = B if |B| = 1.

Proof. See Section K in the Supplementary File.
Similarly to the interpretation of the noncausal AR(1), one can notice that the crash probability of
bubbles does not depend on their current scale. Contrary to the noncausal AR(1) however, the survival
probabilities could in general be different if the past history of the bubble was accounted for in the
conditioning. To investigate this question, one has to characterise the conditional distribution of Xy p
given more past information, e.g., Xy, X;_1... This problem is out of the scope of the current paper and
is addressed elsewhere [Fries (2018)]. To evaluate the asymptotic probability (4.4) in practice, only the
knowledge of the coefficients (ax) and of « is needed, whereas asymmetry, scale or location have no role.
We illustrate through simulations that the probability on the left-hand side of (4.4) indeed converges to
the right-hand side limit as the conditioning value x grows larger. We simulated M = 2000 trajectories

of N = 107 observations of a noncausal AR(3) process. For each simulated trajectory :zrgm), . ,xngn),

22



Mean 95%-CI Mean 95%-CI Mean 95%-CI
tis 8.37  (8.33,8.41) 331 (33.0,33.2) 425 (423, 42.7)
qdo.9
Sis 9.12  (9.08,9.17) 30.7  (30.6, 30.9) 376 (374 ,37.7)
t1.5 177 (17.5,17.8) 65.9 (654 ,66.4) 834  (83.0, 83.8)
q0.99
Pah Sis 18.5  (18.3,18.7) 69.1 (68.7 , 69.6) 879 (87.5,88.3)
t15 20.5 (19.9, 21.1) 75.2  (73.7,76.8) 944  (93.3,95.3)
q0.999
Sis 205 (19.9, 21.1) 75.6  (74.1,77.1) 94.9  (93.9,95.8)
tis 207 (18.9, 22.9) 762 (71.6 , 80.9) 95.4  (92.3, 98.0)
40.9999
Sis 207 (189, 22.9) 762 (714, 81.1) 95.5  (92.4,98.1)
Poo,h OO 20.7 — 76.2 — 95.5 —

Table 2: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5,10 of bubbles generated by
the noncausal AR(3) X; = 0.9X¢+1 + 0.04X¢42 — 0.096 X135 + €+ with 1.5-stable errors e, RS S(1.5,1,0.25,0) (S1.5) and
t-student errors with 1.5 degrees of freedom (t1.5). The theoretical crash probabilities are computed using (4.4). Empirical
average (Mean) and 95% confidence intervals (95%-CI) of the estimated probabilities are computed using (4.5) on M = 2000
simulated trajectories of N = 107 observations, with § = 0.2 and for ¢ = g, several a-quantiles of the marginal distribution

of X;. The quantiles of the marginal of X; in the case of t-student errors have been estimated by simulations.

1 <m < M, we computed the following estimator of the probability (4.4):

m _ (N~ R

~lm ._
pq,h = <; ]1{|a:(m)/x§m)<6}ﬂ{x£m)>q}> / ; ]l{xim)>q}’ (45)

t+h

for several horizons h and several quantiles ¢ of the marginal distribution of X;. We perform this exercise
twice, first assuming that the AR(3) process is driven by 1.5-stable errors, and then assuming t-student
errors with 1.5 degrees of freedom. As our result holds for any heavy-tailed errors in the sense of (4.1) and
the tail exponents of the error sequences are equal, the estimated crash probabilities should tend to the
same limit as g increases. Table 2 gathers the average ﬁ Z%I:l ]5((;’71) of the empirical probabilities across
the M simulations along empirical 95% confidence intervals. One notices that the empirical probabilities
indeed come very close to the theoretical ones as ¢ increases, both for a-stable and ¢-student errors. The
dispersion of the non-parametric estimators across simulations again indicates that estimating the crash
odds of bubble events by purely data-driven methods might be challenging, even with massive amount

of data. The expressions given by Propositions 4.1, 4.2 and 4.3 thus offer the attractive alternative of

computing plug-in estimators of crash odds after having estimated the model parameters.
Remark 4.3 (Tail dynamics and GARCH effects) We here propose some intuition highlighting
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the connection between the tail dynamics derived in the previous propositions and the emerging GARCH
effects of noncausal processes. Consider for simplicity a purely noncausal process X; = > ;.cy arci4k with
ap > 0 for kK > 0 and a; = 0 for £ < 0. The ¢;’s being heavy-tailed and i.i.d., if X; =3 7 as—ses at some
date t is observed extreme, this likely results from one given e, being extreme, for some random date 7
in the neighbourhood of ¢ such that a,_; # 0, i.e., 7 > t. Because of the i.i.d.-ness of the errors, it is
likely that the extreme error ¢, is isolated and outweights the other neighbouring €4’s contributing to X;

in the sense that e5/e; ~ 0 for all s # 7 such that as_; # 0, i.e., s > t. Thus, we have the approximation

Qr—t—1&7 + Z As—t—1€s Qr—t—1 + Z as—t—lgs/ET

Xit1 . SET . S#ET L Or—t—1
X¢ Ar—tEr + D Us—tE€s ar—t+ ) as—tgs/ET Qr—t
SHET S#ET

In the case of the noncausal AR(1), ar = pkllkzo, and a;—¢—1/a;—t = p~ ;5441 (recall that the random
date 7 satisfies 1,>; = 1), which recovers the result of Proposition 4.1: the conditional distribution of
X1/ X during extreme events concentrates on the points 0 (crash) and p~! (growth), and the random
date 7 has to be interpreted as the peak date of the bubble. Given the information at ¢, which is assumed

to contain at least the value of Xy, the conditional variance of X;41 can now be approximated as

It> — X? V(‘“‘H It).

T—t
This analysis shows that provided the distribution of 7 given I; is not degenerate (note that the existence

]%) >0
Qr—t

and (X;) features GARCH effects during extreme events. Continuing with the example of the noncausal

Ar—t—1

“/(XQ+1LB) Qﬁ%’( )Q

Qr—t

Ar—t—1

of a non-zero constant such that ay_1/ar = const for all k& > 0 is ruled out), then V(

AR(1), the above writes (we recognise the asymptotic variance in Section 3.3.3)
V(Xe1 ) = X2 V(p Mysi|l) = (071 X0)? P(r >t + 1 L)P(r < t+ 1|1),

highlighting that the conditional variance of X stems from the uncertainty in the occurrence date of
the peak given the available information. Note that this heuristics does not necessarily presume that
I; contains only information about the past values of (X;). The set I; could contain information about
other variables or noisy proxies of 7 (insider information for instance). Section 3.3.3 and Proposition 4.1
leads us to conclude that observing the infinite past of (X;) (recall that the noncausal AR(1) is Markov)
does not induce 7|I; to be degenerate and GARCH effects emerge. Only in case of perfect foresight of 7,

i.e., 7|Iy = const, does the GARCH phenomenon seem to vanish.
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5 Evaluating the odds of crashes of real series

In this section, we consider two series commonly studied in the speculative bubble literature and
in which evidence of explosive behaviour has been exhibited: the Nasdaq and S&P500 indexes (see
e.g. Gouriéroux and Zakoian (2017), Phillips et al. (2015), Phillips et al. (2011)). Figure 4 displays the
monthly series of the Nasdaq and S&P500 real prices from February 1971 to September 2019 (N = 584
observations each), obtained by inflation-adjusting the nominal series using the Consumer Price Index

provided by the Federal Bank of Saint Louis (fred.stlouisfed.org/series/CPIAUCSL).

Nasdaq S&P500
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Figure 4: Monthly Nasdaq and S&P500 real price indexes from 02/1971 to 09/2019 (N = 584 observations each), in US
dollars of 09/2019.

The two series feature almost uninterrupted growth episodes since beginning of 2009 up to 2019.
Gouriéroux and Zakoian (2017) found evidence that a stable noncausal AR (1) bubble dynamics is com-
patible with the real Nasdaq trajectory. Unreported results using standard model selection methods from
the noncausal literature (e.g., information criteria [Lanne and Saikkonen (2011), Hecq et al. (2017b)], co-
efficient testing [Cavaliere et al. (2020)]) further confirm the reasonableness of this specification for both
series of interest here. Starting on the premise that the explosive episodes in the data can be modelled
as ongoing realisations of noncausal AR(1) bubbles climbing towards exogenous power-law-scaled peaks,
we will be in the position to provide estimates of ex ante crash odds of the recent growth trends based
on the results of Section 4.

In particular, we have shown in Section 4.1 that bubbles generated by heavy-tailed noncausal AR(1)
models feature geometric survival distributions with probability parameter p®. It thus suffices to provide
values for the AR coefficient p and the tail parameter a. We obtain estimates of these parameters by a-

stable Maximum Likelihood, which has been shown to yield consistent estimators [Andrews et al. (2009)].

25



We use the fast implementation of Royuela-del-Val et al. (2017) to evaluate a-stable densities, available
in the R package libstableR. Contrary to & which is asymptotically normal, the estimator j of the
AR coefficient unfortunately features an intractable asymptotic distribution. We resort to a parametric
bootstrap procedure to approximate the finite sample distribution of the estimators and compute confi-
dence intervals. Table 3 reports the stable noncausal AR(1) fits and the value of the —log-likelihood
at optima. We note that the estimate of p for the Nasdaq series is close to the one obtained by
Gouriéroux and Zakoian (2017). The values of the —log-likelihood for fitted stable causal AR(1) speci-
fications, which estimate the AR coefficient to be 1 for both series, is provided for comparison purposes
and confirm that the stationary noncausal options are to be preferred.

Under the stable noncausal AR(1) specification, the survival distributions of the recent explosive
growth episodes can be completely estimated and characterised by plugging-in the obtained estimates p
and & in the statistics of Table 1. For instance, an estimate of the crash probability at horizon h can be
computed as 1 — p*", while the ¢-life, that is, the duration hg such that the probability of an explosive
episode lasting as long as h, is equal to 1 — ¢, can be computed as In(1 — ¢)/&Inp. Table 4 displays
a summary of bubble survival statistics for both series. In the case of the Nasdaq and S&P500, our
estimates indicate that bubbles generated by the corresponding stable noncausal AR(1) processes should
have ¢ = 5% chance of lasting 8.3 and 10.6 years respectively, and ¢ = 1% chance of lasting 12.7 and
16.3 years respectively. The observed durations of the growth episodes from 2009 to 2019 are therefore
not abnormally long in that respect and appear very well compatible with the implied model properties.
Irrespective of their past durations, as bubbles generated by such processes feature a memory-less prop-
erty, this analysis suggests relatively important crash probabilities within one year (h = 12) between 27.9
and 33.4% for the Nasdaq series, and between 18.6 and 34.8% for the S&P500. Note that these estimates
are robust to any behaviour the collapse after the peak may actually feature: as shown in Proposition
4.2, the shape of the collapse has no role in the ex ante probability of reaching the peak of a noncausal
AR(1)-type growth episode. Last, similar values of the survival statistics are obtained if instead of the
a-stable assumption one opts for ¢t-student or skewed-t distributions, or if one proceeds to estimate p by

ordinary least squares and « by applying the Hill estimator to the residuals. The results of the latter

robustness checks are available in Section A.3 of the Supplementary File.
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Stable Noncausal AR(1) Stable Causal AR(1)
o p —log-L —log-L

Nasdaq 1.01 0.971 3608.640 3642.348
(0925, 1.11)  (0.969 , 0.972)

S&P500 1.36 0.983 3067.574 3086.641
(1.25,1.48)  (0.975, 0.987)

Table 3: Maximum likelihood estimates of the tail index a and the AR coefficient p of stable noncausal AR(1) specifications
fitted on the real Nasdaq and S&P500 series. The penultimate column reports the value of the —Log-likelihood (—log-L)
at optima of the stable noncausal AR(1) fits (a lower value indicates a better fit). The last column reports the value of the
—Log-likelihood at optima of stable causal AR(1) fits as benchmark. Finite sample 95% confidence intervals are reported in
parentheses below the point estimates and have been calculated by parametric bootstrap of the estimated stable noncausal

AR(1) processes with 2000 simulated trajectories each of 584 observations.
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Nasdaq S&P500

Expected life (Y) Half-life (Y) 95%-life (Y) 99%-life (Y) Expected life (Y) Half-life (Y) 95%-life (Y) 99%-life (Y)
2.8 1.9 8.3 12.7 3.6 2.4 10.6 16.3
(2.5, 3.1) (1L7,21)  (74,92)  (11.3,14.1) (2.4, 4.9) (1.6 ,34)  (7.0,155)  (10.7, 22.4)
Probability of crash within A months (%) Probability of crash within A months (%)
Hazard rate h=1 3 6 12 Hazard rate h=1 3 6 12
0.030 3.0 8.7 16.6 30.3 0.023 2.3 6.8 13.2 24.7

(0.027,0.033) (2.7,33) (7.9,9.7) (15.1,18.4) (27.9,33.4) (0.017,0.035) (1.7,35) (5.0,10.2) (9.8,19.3) (18.6,34.8)

Table 4: Summary of bubble survival statistics using the formulae from Table 1, based on the estimates of « and p of stable noncausal AR(1) specifications fitted
on the real Nasdaq (left panel) and S&P500 (right panel) series (see Table 3 for the parameter estimates). Finite sample 95% confidence intervals are reported in
parentheses below the point estimates and have been calculated by parametric bootstrap of the estimated stable noncausal AR(1) processes with 2000 simulated

trajectories each of 584 observations. Expected life, half-life, 95%-life, 99%-life are reported in years (Y) and crash probabilities are reported in percents (%).



6 Concluding remarks

By embedding a-stable two-sided MA(oco) processes into the framework of bivariate a-stable random
vectors, we described in detail the conditional dependence of X;y; on X;. We have shown that non-
causality plays a crucial role in the existence of conditional moments, and provided expressions for the
latter up to the fourth order, when they exist, as well as their asymptotic behaviours when the condition-
ing variable takes extreme values. We have detailed practical implementation aspects of the conditional
moments as well as the contribution of the results to current methodological practices of the empirical
noncausal literature. A future empirical investigation could determine whether corresponding patterns in
the conditional moments of real data can be identified. These results could serve as a basis to formulate
a higher-order moments portfolio allocation problem (e.g., following Jondeau and Rockinger (2006,2012))
where bubble-timing investors optimise over quantities of speculative and safer assets as well as over the
holding time through a bubble. Some limitations of the provided conditional moments formulae could
be addressed in further research. This includes expanding the conditioning to a set of past values or the
entire past, as opposed to conditioning only by the present level of the trajectory. Also, even though
Lemma 3.1 allows to extend the formulae of Proposition 3.1 to the conditional moments of, say, X9 1
given the present level of another process X, obtaining a characterisation of the moments in the gen-
eral multivariate case remains an open issue. Furthermore, despite noncausal processes admitting more
conditional moments, higher-order conditional moments may nevertheless not exist for smaller values of
« -for instance, the conditional skewness and kurtosis when o = 1. Alternative dependence measures
capturing, say, conditional asymmetry and heavy-tailedness in such cases could be investigated.
Focusing on explosive bubble episodes generated by heavy-tailed noncausal MA(co) processes, we
provided closed-form asymptotic formulae for the predictive distribution, which enjoy very intuitive pat-
terns and probability tree interpretations. This surprisingly revealed that the noncausal AR(1) bubbles
are memory-less with a dynamics d la Blanchard and Watson (1982). The survival distribution of such
bubbles is geometric and can be fully characterised by the given of the AR coefficient p and the tail
exponent «, both of which can be estimated by classical methods from the data. Even more surprising is
the fact that the augmentation of a noncausal AR(1) bubble by an arbitrarily-shaped collapse after the
peak does not alter the survival distribution of the exponential growth phase of the bubble. From the
point of view of a forecaster observing that the past trajectory is approximately exponentially-shaped,
the likelihood of the peak being reached at some future horizon has the same simple expression in terms
of p and « whatever is bound to happen after the peak. Of course, the speed of the collapse still impacts

how much is at risk in case of downturn. Interestingly, bubbles generated by mixed causal-noncausal pro-
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cesses, and those of a MAR(1,1) in particular, feature an extended Blanchard and Watson dynamics with
gradual collapse which appears able to reconcile rational expectation bubble models with tail exponents
greater than 1, a well-documented statistical property of financial time series [Lux and Sornette (2002)].
We further demonstrated how the closed-form formulae of the predictive distribution and of crash odds
can be applied on growth episodes of real data. Statistical methods for agnostically estimating the coeffi-
cients (ag) of the MA representation, e.g., under low dimensional restrictions, and for robustly estimating

the tail index « in locally explosive events could enable more refined evaluation of the crash odds.
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A Complementary result

A.1 Existence of moments and superexponential decay of (a;): a boundary case

As pointed after Proposition 3.1, noncausal ARMA and fractionally integrated processes whose MA
coefficients decay at geometric and hyperbolic speed satisfy condition (3.5) for all v > 0 (provided
there are no index k such that ag_j, # 0 and a; = 0). Such processes hence admit finite conditional
moments at least up to order 2.+ 1. Theorem 5.1.3 by Samorodnitsky and Taqqu, Theorems 1.1, 1.2 in
Cioczek-Georges and Taqqu (1995b) however point to the fact that intermediate cases may arise where
moments are finite at most up to order o + v for some value of v such that o < a4+ v < 2a+ 1. We
propose here a noncausal MA (oco) process with super-exponentially decaying MA coefficients which can
reach any intermediate value of the boundary. Consider the noncausal process defined for all ¢ € Z by
X, = ZZ_;XS aperyr with ag, = exp{1 — e}, a > 0, for all k£ > 0, and let (¢;) be an i.i.d. symmetrically
distributed a-stable error sequence. Letting v > 0, the general term of the series in (3.5) reads for all

k>h

atv _ oty
(ap +ai_p)" 2 lagl™ = (L+ (ap—n/ax)?) 2 |ax|



a+v

= (1 + exp{2e?¥(1 — e_ah)}) * exp{—a(l — %)}

~  exp {eak[(l —e ™) (a+v)—a] + a},

k——+o0

which is the term of an absolutely convergent series if and only if (1 — e~%")(a 4+ v) — a < 0, hence if and

only if

y<a<1_t_ah—1>. (A1)

Because we assume (e;) to be symmetrically distributed, Theorems 1.1 and 1.2 in
Cioczek-Georges and Taqqu (1995b) allow to consider (3.5) and (A.1) as sufficient and necessary
conditions for the finiteness of E[|X; |7 X¢], 0 < v < min(a + v,2a + 1), in most configurations of
a and v (see within Cioczek-Georges and Taqqu (1995b) for details). In particular, one can see that
for a fixed prediction horizon h > 1, the upper bound (A.1) on v can lie anywhere between 0 and +oco
according to the parameter a. The smaller a > 0, i.e., the slower the decay, the higher the bound on
v, and conversely, the greater a (faster decay), the smaller the upper bound on v for the existence of
conditional moments.

Furthermore, contrary to the case where (a;) decays at geometric or hyperbolic speeds, the finiteness
of E[|X¢4n|7|X¢] also depends on the prediction horizon h. Most notably, for any fixed decay speed a,
on can see that the bound (A.1) tends to 0 as h — +o00. For a decay parameter a small enough, the
moments E[|X;;1|7|X¢] may thus be finite up to order 2a + 1 for short-term prediction horizons while

being finite only up to order « for longer-term prediction horizons.



A.2 Moments of MARMA processes : Complementary simulations and illustrations
A.2.1 Plug-in estimation of the conditional moments

The simulation experiment of Section 3.3.1 and Figure 2 illustrated the validity of the formulae of Proposi-
tion 3.1 by showing their match with model-free, data-driven non-parametric estimates of the conditional
moments based on simulated trajectories. To compute the conditional moments in practice, one can now
overlook the model-free nonparametric approach and resort to a parametric plug-in estimation approach

based on the formulae of Proposition 3.1 as follows:

1. Estimate the parameters of the stable MARMA process, for instance by a-stable Maximum Like-
lihood [Andrews et al. (2009)] or M-estimation [Wu (2013)].

2. Plug the parameter estimates in the formulae of Proposition 3.1 and compute the conditional

moments.

Provided the estimators of step 1 are consistent, as is the case for the two mentioned above, the plug-in
estimators of the conditional moments will also be consistent. We provide here the methodology and
results of an additional simulation experiment designed to illustrate and gauge the parametric plug-in
estimation of the conditional moments. Consider again that the price (X¢) of an asset is modelled by a

MARMA process, say the noncausal-noninvertible solution of
j.id.
Xt = oXit1 + e + Ooera, et "~ S(a, Bo, 00, o), (A.2)

where Y¢ := (v, 0o, o, Po, 00, o) = (0.9,0.7,1.8,0.5,0.1,2) is the vector of true parameter values. We
simulate M = 2000 trajectories azgm), e ,x%n), m = 1,..., M from the above process for sample sizes
N = 1000, 2000 and 5000 and estimate all the parameters by maximum likelihood as follows.

For any candidate vector of parameters 9 = (¢, 0, «, 8, o, ), we follow Wu (2013) to compute the residuals

and evaluate the likelihood. To fix ideas, let us focus on simulation m. For any given candidate vector

¥, we compute the residuals zim) (9),... ,z](\,m) (¥) as: first compute Ugm) (9),... ,v](\qfn) (¥) according to
o) = ™ —pail],
fort=1,...,N. Compute then the residuals backwards as

A" (9) = 027 (9) — o™ (9),

t=N,N—1,...,2. In both steps, one can set initial (terminal) conditions, e.g., z](\;n) (9) = $§\77n421 =0,
and burn residuals close to the boundary. Based on residuals zgm)(ﬂ), e Z%n) (9¥) (possibly accounting



for some burn), we can then compute the —log-likelihood

E('ﬂ = (¥,0,a, 8,0, u1); ajgm), el m%n)) = — iln faBom (z,gm)('t?)>,
t=1

where f, 5., denotes the density of the stable distribution with corresponding parameters. For each

simulated trajectory m = 1,..., M and each sample size N = 1000, 2000, 5000, we compute the residuals
N)

and the likelihood by following the steps above, and we numerically find the vector of parameters {91(\21

minimising the —log-likelihood:

0 7N .
191(\1& ) = arg mlnﬁ(ﬂ; l‘gm), ey x%n))
JERS
. . A(LN) o (M,N) . L
The obtained estimators ¥y, ...,y = are then plugged in the formulae of Proposition 3.1 to
compute the plug-in estimators /ll(\ﬁ’N)(x,h), 61(\EJN)(x,h), %mf)(x,h), ”}/grﬁg)(:v,h), m=1,...,M,

N = 1000, 2000, 5000, of the conditional expectation, standard deviation, skewness and excess kurtosis
given in (3.8). Figure 5 represents the pointwise 0.05-0.95 interquantile intervals of the plug-in conditional
moments estimators across the M = 2000 simulations, alongside the conditional moments computed us-
ing the true values of the parameters 1¥y. Three interquantile intervals appear on Figure 5, one for each
sample size N = 1000, 2000, 5000. It can be noticed that even for the smallest sample size, the interquan-
tile interval is extremely narrow around most of the true conditional moments curves. For higher-order
moments and at furthest horizons, the interquantile intervals are slightly larger for NV = 1000 but narrow
down fast as the sample size increases. For comparison purposes, the model-free non-parametric esti-
mators of the conditional moments for model (A.2) have been computed following the same procedure
as in Section 3.3.1 and Figure 2, using the Nadaraya-Watson estimator. The non-parametric estimators
have been computed based on M = 2000 simulated trajectories of N = 107 observations. Figure 6 repre-
sents the 0.05-0.95 interquantile intervals of the non-parametric estimator alongside the true conditional
moments. When comparing Figures 5 and 6, one can notice the dramatic efficiency gain from using
the parametric plug-in estimators compared to the model-free non-parametric approach. With sample
sizes four orders of magnitudes smaller, the parametric plug-in approach achieves a comparable or better
accuracy. Importantly, the plug-in approach is able to extrapolate well the conditional moments for
conditioning values X; = x far away from the central values of the process (X;), while the error of the
model-free non-parametric approach explodes in these regions because of the scarcity of extreme-valued

data points.
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Figure 5: Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of the
returns Ryp = (Xeon — X¢)/ Xy at horizons h = 1,3,5,10 (in columns) of the MARMA process X; =
0.9X41+e¢+0.7e041, & i S8(1.8,0.5,0.1,2), for conditioning values X; = x € (29, 43) (x-axis of each
plot). Black solid lines: conditional moments (3.8) given by Proposition 3.1 computed using the true
parameter values. Grey shaded areas: 0.05-0.95 interquantile intervals across M = 2000 simulations of
the conditional moments (3.8) obtained by estimating the parameters of (X;) by maximum likehood and
plugging-in the estimates into the formulae of Proposition 3.1. Estimation performed with sample sizes

N =1000 (light grey), N = 2000 (middle grey), N = 5000 (dark grey).
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A.2.2 Illustrating the effects of parameters on the conditional moments

We provide here figures illustrating how the shape of the conditional moments of MARMA processes may
be affected as we let parameter values vary. We introduce some notations and shorthands: in the rest of

the section, we will denote processes solution of
(1-yF)(1—-¢B)X;=(1+0F)(1+nB)e,
as MARMA(1,1,1,1), and processes solution of

(1 =1 F)(1 = o F)X; = (1 +nB)et,

i.0.d

as MARMA(2,0,0,1). For the errors, we assume as in the previous sections that ¢, '~ S(a, 3,0, u).
Figures 7-12 illustrate the effects of the different parameters on the shape of the conditional moments for

the two types of MARMA processes above.
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Figure 7: Conditional moments of a stable MARMA(1,1,1,1) for different values of a.

Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of Xy, given X; = x,
for horizons h = 1,2,3,4,5 (in columns) and conditioning values X; = = € (=5,5) (x-axis of each
plot), computed using the formulae of Proposition 3.1, where (X;) is the strictly stationary solution of

(1—0.8F)(1+0.3B)X, = (1+04F)(1 — 0.3B)ey, & "% 8(a,0.5,0.1,0), a € {1.99,1.9,1.8,1.7, 1.6}.
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Figure 9: Conditional moments of a stable MARMA (1,1,1,1) for different values of .

Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of Xy, given X; = x,
for horizons h = 1,2,3,4,5 (in columns) and conditioning values X; = = € (=5,5) (x-axis of each
plot), computed using the formulae of Proposition 3.1, where (X;) is the strictly stationary solution of

(1—¢F)(1+0.3B)X; = (1+ 0.4F)(1 — 0.3B)z;, & "% 8(1.7,0.5,0.1,0), ¥ € {0.95,0.9,0.85,0.8,0.75}.
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Figure 10: Conditional moments of a stable MARMA (1,1,1,1) for different values of ¢.

Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of Xy, given X; = x,
for horizons h = 1,2,3,4,5 (in columns) and conditioning values X; = = € (=5,5) (x-axis of each
plot), computed using the formulae of Proposition 3.1, where (X;) is the strictly stationary solution of

(1—0.8F)(1 — ¢B)X, = (1 + 0.4F)(1 — 0.3B)ey, & "% §(1.7,0.5,0.1,0), ¢ € {0.7,0.4,0,—0.4, —0.7}.
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Figure 11: Conditional moments of a stable MAR(2,0,0,1) for different values of v,

Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of Xy, given X; = x,
for horizons h = 1,2,3,4,5 (in columns) and conditioning values X; = = € (=5,5) (x-axis of each
plot), computed using the formulae of Proposition 3.1, where (X;) is the strictly stationary solution of

(1= F)(1 — oF)X, = (14 0.9B)e;, & "% $(1.7,0.5,0.1,0), ¥ = 0.8, ¥ € {0.6,0.3,0, —0.3, —0.61}.
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Conditional expectation, standard deviation, skewness and excess kurtosis (in rows) of Xy, given X; = x,
for horizons h = 1,2,3,4,5 (in columns) and conditioning values X; = = € (—5,5) (x-axis of each
plot), computed using the formulae of Proposition 3.1, where (X;) is the strictly stationary solution of
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A.3 Real series application: robustness checks of the crash odds estimation

The crash odds estimates of Section 5 are obtained by maximum likelihood assuming a-stable distributed
errors. We here propose some additional empirical results assessing the robustness of these estimates to
alternative assumptions on the errors and different fitting methodologies. For the Nasdaq and S&P500

series as in Section 5, we fit noncausal AR(1) models by:

1. t-student maximum likelihood using the function marx implemented in the R package MARX

[Hecq et al. (2017b)]. This approach assumes t-distributed errors instead of a-stable.

2. skewed-t regression using the function selm implemented in the R package sn [Azzalini (2018)].

This approach assumes skewed-t-distributed errors instead of a-stable.

3. OLS estimation of the AR coefficient p, followed by Hill estimation of & on the residuals of the OLS
step, using the function hillplot implemented in the R package evmix [Hu and Scarrott (2018)].
This approach does not make any fully parametric assumption on the errors, but only assumes they

are heavy-tailed in the sense of Equation (4.1).

Note that in the three approaches above, the errors are power-law tailed and the results of Section 4
apply. Table 5 gathers the estimates of p and «, while Tables 6-7 display the survival statistics of bubbles
generated by the corresponding heavy-tailed noncausal AR(1) for the Nasdaq and S&P500. One can

notice that the survival statistics show similar values to those obtained in Table 4.
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Noncausal AR(1)

o p

t-student 1.22 0.979

Nasdaq skewed-t 1.18 0.972
OLS+Hill 1.80 0.988

t-student 2.02 0.987

S&P500 skewed-t 2.12 0.983
OLS+Hill 2.50 0.992

Table 5: Estimates of the tail index o and the AR coefficient p of heavy-tailed noncausal AR(1) specifications fitted on the
real Nasdaq and S&P500 series using three methodologies: 1) ¢-student maximum likelihood (function marx implemented
in the R package MARX [Hecq et al. (2017b)]), 2) skewed-¢ regression (function selm implemented in the R package sn
[Azzalini (2018)]), 3) OLS estimation of p followed by Hill estimator of o on the residuals of the OLS step (function
hillplot implemented in the R package evmix [Hu and Scarrott (2018)]).
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Nasdaq

Expected life (Y) Half-life (Y) 95%-life (Y) 99%-life (Y)

t-student 3.3 2.3 9.7 14.9
skewed-t 2.5 1.7 7.4 11.4
OLS+Hill 4.0 2.7 11.7 18.0

Probability of crash within A months (%)

Hazard rate h=1 3 6 12
t-student 0.025 2.5 7.4 14.3 26.5
skewed-t 0.033 3.3 9.6 18.3 33.3
OLS-+Hill 0.021 2.1 6.2 12.0 22.5

Table 6: Nasdaq: Summary of bubble survival statistics using the formulae from Table 1, based on
estimates of a and p of noncausal AR(1) specifications fitted using three methodologies: 1) t-student
maximum likelihood (function marx implemented in the R package MARX [Hecq et al. (2017b)]), 2) skewed-
t regression (function selm implemented in the R package sn [Azzalini (2018)]), 3) OLS estimation of
p followed by Hill estimator of a on the residuals of the OLS step (function hillplot implemented in
the R package evmix [Hu and Scarrott (2018)]). See Table 5 for the parameter estimates. Expected life,
half-life, 95%-life, 99%-life are reported in years (Y) and crash probabilities are reported in percents (%).
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S&P500

Expected life (Y) Half-life (Y) 95%-life (Y) 99%-life (Y)

t-student 3.1 2.1 9.2 14.2
skewed-t 2.3 1.6 6.7 10.3
OLS+Hill 5.8 4.0 17.2 26.4

Probability of crash within A months (%)

Hazard rate h=1 3 6 12
t-student 0.027 2.7 7.8 15.0 27.8
skewed-t 0.037 3.7 10.6 20.0 36.0
OLS-+Hill 0.014 1.4 4.3 8.4 16.0

Table 7: S&P500: Summary of bubble survival statistics using the formulae from Table 1, based on
estimates of a and p of noncausal AR(1) specifications fitted using three methodologies: 1) t-student
maximum likelihood (function marx implemented in the R package MARX [Hecq et al. (2017b)]), 2) skewed-
t regression (function selm implemented in the R package sn [Azzalini (2018)]), 3) OLS estimation of
p followed by Hill estimator of a on the residuals of the OLS step (function hillplot implemented in
the R package evmix [Hu and Scarrott (2018)]). See Table 5 for the parameter estimates. Expected life,
half-life, 95%-life, 99%-life are reported in years (Y) and crash probabilities are reported in percents (%).
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B Preliminary elements for the proof of the main results

B.1 Notations for the proofs of Theorem 2.2 and Proposition 2.1

The proof of Theorem 2.2 is quite involved and relies on techniques used in
[Cioczek-Georges and Taqqu (1994), Cioczek-Georges and Taqqu (1998)]. It consists in differenti-
ating the conditional characteristic function of X2|X; up to the fourth derivation order and evaluating
the derivatives at 0 to obtain the conditional moments. Formal computation of the derivatives yields
divergent terms for the third and fourth order derivatives, as well as for the second order derivative
when 1/2 < a < 1 and special manipulations are needed (in particular the «appropriate integration by
parts» in Cioczek-Georges and Taqqu (1994) (p.106) as well as an additional manipulation to obtain the
fourth derivative). We first introduce some notations to make the presentation of the proof as compact
as possible, then provide the derivatives in Lemma B.1 and finally show Theorem 2.2 by obtaining the
functional forms of the conditional moments.

Let X = (X7, X2) be an a-stable vector, with 0 < o < 2, a # 1, and spectral representation (T, 0).

Its characteristic function will be denoted ¢x (t,r) for any (¢,7) € R?, and reads

ox(t,r) =exp {— /52 g1(ts1 + rsz)F(ds)} , (B.1)

where g1(z) = |2|* — iaz<*” for z € R, and a = tg(wa/2). As we assume o1 > 0 so that X; is not
degenerate, the conditional characteristic function of Xy given X; = x, denoted qﬁXQ‘x(r) for r € R,

equals
n 1
27TfX1 (x)

where fx, denotes the density of X; ~ S(«, $1,01,0). The following notation of the H family function

Dxafa(r) = 1 e (oxttr) - ox(t.0))at (B.2)

will be more handy than that in (2.4): for any y > —1 and 6 = (61,63) € R?, define the function
H(y,0; -) for x € R as

+oo {ePe)
H(y,0;z) = / e 1 Y (91 cos(ux — afrofu®) + Oy sin(ux — aﬁlo?ua))du, (B.3)
0
For z € R, denote also, . .

go(2) = 25717 —da|z|* T, (B.4)

g3(2) = |2|*7% —iaz<"%, (B.5)

Often, we shall invoke functions of the form

r— /Re_itxwx(t, r) Pt r) ... fPm(t, r)dt, (B.6)
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where m < 3 and the f;’s will be functions of the type fi(t,7) = [5, g;; (ts1 —i—rsz)slfisgif(ds), for j; = 2,3,
ki, l; € 7 for which f; is well defined and positive integer exponents p;’s. As a shorthand when no

ambiguity is possible, we shall denote functions like (B.6) by

ko £
(/ 95151 32) (/ 9J2312322>

up to the m™ term.

B.2 Lemma B.1 for the proof of Theorem 2.2

Lemma B.1 Let (X1, X2) be an a-stable vector, 0 < o < 2, # 1, with conditional characteristic
function ¢x,, as given in (B.2). Letr € R. If1 <a <2, orif0 <a <1 and (2.2) holds withv > 1—a,

the first derivative of ¢x,|, is given by

o) = g ([ o) (B.7)

If1/2 < a <2 and (2.2) holds with v > 2 — «, the second derivative is given by

gbg?i'I(r) = ﬁ?(z) [ixA(/SQ 9283811) + oz{A(/S2 9253511) (/52 9281> - A(/SQ 9283)2}17 (B.8)

If 1 < a <2 and (2.2) holds with v > 3 — «, the third derivative is given by

68u0 = g (@ = Dh—ak) + @B~ 1) + o=+ L —2m)). (B)

2rfx, (x

I = A(/ 9383511), Is = A(/ 9253511) </ 935251>,
SQ 52 52
ol fo)(fose) (L) (o).
SQ 5'2 52 52
3
I3 —A</ g282> , I7 —A</ 9282)(/ 933§>,

So So Sa
I, = A(/ 9281> (/ 9232> ( 923581_1)-

A So So

If3/2 < a < 2 and (2.2) holds with v > 4 — «, the fourth derivative is given by

with

O (r) = O‘( ) [ iax (a(3J1 = 2J5) + (a = 1)(2J3 = 3Js + J5)) +azJg — (o — 1)22J;

27TfX1 Z
—l—OzZ(a— 1) <J8—|-J9+J10 —3(2J11 + J1g —J13)> (B.10)
+ a(a - 1)2<4J14 —3J15 — J16> +a? <3J17 —Jig — J19)] ;
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with

9252311 /938281)(/S 9232),

2

A
/52 gasisi) (/52 g251) (/52 952),

/ 935351 > / 9251 ), Jiz=A / gs%)(/ 9232)2,

S Ss Ss Ss

/S 9232), Jia = A /S2 938381_1) (/52 938281),
2

C Proof of Lemma B.1

For each of the derivatives, the proof involves two main steps: 1) justifying inversion of integral and

derivation signs 2) computation of the derivative.

C.1 Justifying inversion of integral and derivation signs
C.1.1 Justifying inversion: First derivative

Case a € (0,1)

Assume a € (0,1). We begin with the first derivative of the imaginary part of ¢ x|,

% (Im¢X2\m (T))

- = [, Its1+(r+-h)s2| T (ds) ( B / <a> )
= 27er1 }lg%h/ [ sin |tz —a SQ(t51+(r+h)52) I'(ds)

e f52 [ts1+rs2|*T'(ds) sin <t:13 . a/ (ts1 + T82)<a>r(d5)> ]dt
S2

__ -1 lim flL/R [Sin (t:n - a/s2(ts1 + (r+ h)$2)<a>r(d5))

27 fx, (z) h—0
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— sin (ta: - a/ (ts1 + 7‘32)<a>F(ds)> ]
Sa
X exp{ - / |ts1 + T‘SQ’QF(dS)}dt
Sa

1 1
~ oo (o m — [ |t R)so|T(d
27 fx, () 7o R [eXp{ /SQ‘ 51+ (r + h)s2|*T( 8)}

- exp{ — /52 |ts1 + TSQ‘QF(dS)}]
X sin (ta: - a/s (ts1+ (r+ h)52)<0‘>f‘(ds)> dt
=11 + Is. (Cl)

The integrand of I; converges to

—Qa cos (ta; - a/ (ts1 + r32)<a>F(ds)) X
S

|ts1 + 1rso|® LsoT(ds) x exp{ - / |ts1 + r82|“F(ds)}
D) Sa So

Using the mean value theorem, the triangle inequality and the inequality —|z 4 y|* < —|z|* + |y|* when

0 < a < 1, the integrand of I; can be bounded for any h, |h| < |r|, by

ot (| /.

gzya|e\rl"ose—o%lt\“/ Its1 + 82| 1T (ds), (C.2)
So

(ts1 + (r+ h)sg)<*” — (ts1 + 7"32)<a>‘f‘(ds)) exp {/S —|ts1|* + |r32\a1“(ds)}
2

1/a
where o9 = <f52 |32|°‘I‘(ds)> , ¥y € R, and we used the bound

< 2tsy + 59| sy, (C.3)

‘(tsl + (r 4 h)s2)<*” — (tsy +rs2)<*”
h

for ts1 +rsg # 0, which is a consequence of ||1+ z|<* —1| < 2|z|, for z € R (see Lemma C.3 (1) below).
Bound (C.2) does not depend on h and is integrable with respect to ¢. Indeed, invoking Lemma C.5 with
n=a—1,b=p=0,and (2.2) withv >2—-a>1—-«

/ e_o—la ‘tla
R S

a—1 alsle
t4r2| ]sl|0‘_1F(ds)dt—// e~ oT 1 g1 5,2~ 1T (ds)dt
S1 R JSy

alsle a—1
s/ |51]°‘_1/ e ¢4 52" et e (as)
Sa R S1
< const / 11|21+ 61| VT (ds)
Sa
< const/ |s1|7"T'(ds)
Sa
< 400, (C4)
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and the integrability with respect to ¢ follows from the fact that [ e~ [¢|*~!dt < +o00. Hence the
Lebesgue dominated convergence theorem applies to I; and we can invert integration and derivation.

Focusing on I, its integrand tends to

—a/ (ts1 + 1rsy) <> soT(ds) exp {—/ [ts1 + 7“52|°T(ds)} sin (tw - a/ |ts1 + 7"32|<°‘>F(ds)> .
Sa So S2

Using the inequality

‘ (ts1+ (r 4+ h)s2)® — (tsy + rs2)”
h

for tsy +rsa # 0, which is a consequence of ||1 4 z|* — 1| < |z|, for z € R (Lemma C.3 (¢) below) and the

‘ < |ts1 —1—7“82]0‘_1\82],

T Y| < e Yel*¥l|z —y|, for z,y € R, we can bound the integrand of I for any |h| < |r|

|

1
*/ |ts1 + (r + h)so|® — |ts1 + rs2|°T'(ds)
hJs,

inequality |e™

by

exp {—/ |ts1 + 7“52|°T(d5)} exp{‘/ [ts1 + (r + h)sa|* — |ts1 + 1rs2|*T'(ds)
So Sa

X

< e2\r|°‘o§‘e—of‘|t\°‘/
Sa

a—1
t+r 2] s |27 T (ds),
S1

The integrability with respect to ¢ is deduced as for (C.4) using Lemma C.5 withn=a — 1, b=p = 0.
Thus, the Lebesgue-dominated convergence theorem applies to Io and we can invert integration and
derivation. The real part of ¢x,|,(r) can be treated in a similar way, allowing us to derivate under the

integral.

Case a € (1,2)
Assume « € (1,2). Just as for the case a € (0, 1), the imaginary part of ¢x,|, is given by (C.1)

d

(o, (r) = 1 + 1.

The integrands of I; and I still converges to the same limits, however a different argument is needed to
bound them. For |h| < |r|, the mean value theorem, the triangle inequality and the inequality of Lemma

C.4, yield the following bound for the integrand of Iy

(51,

where y € R. By the triangle inequality and the mean value theorem, we have for some u € ( min (tsl +

(ts1 + (r+ h)sg) <Y — (tsy + T82)<a>’F(dS)> elrl®os =21 oIt (C.5)

(r+ h)sg,ts1 + 7’32) , ax (tsl + (r + h)sa, ts1 + 7"32)>

/ (ts1 4 (r + h)s2)<*” — (ts1 + rs2) “*"T(ds)
Sa

_ ‘ / ahsa|ul® T (ds)
Sa
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< a]h]’ / 1121 4 2fr[*-1D(ds)
Sa
< afh|T(S)([t* 1 + 20| ) (C.6)
Thus, (C.5) can be bounded by
ala|T(Sp)el"l® 78 =2 oIt ([rjat 4 g1y,

which is certainly integrable with respect to ¢ on R for a > 1. Let us now turn to I3. We have again by

the mean value theorem,

‘ [ts1 + (r + h)sa|* — |ts1 + 7rso|®
h

\ < ot + 2r* ),

if |h| < |r|, and thus
o f52 |ts1+(r+h)s2|*T(ds) o f52 [ts1+rs2|*T(ds)

h

< max

(e f52 |t51+(r+h)52\“1“(ds)’ o f52 |t51+r52°‘F(ds))

" / [ts1 + (7 + h)sa|* — |ts1 + s I(ds)
Ss h
< T(Sp)el?1%08 =2 R 1t (|21 4 2|1, (C.7)

by Lemma C.1 (C.18) and Lemma C.4. The latter bound is again integrable with respect to ¢t on R.
d

Hence the dominated convergence theorem applies to I, I» and therefore to . (Imgb X2‘x(7‘)) and we can

invert the integration and derivation signs. Similar arguments show the dominated convergence theorem

applies to the real part of the conditional characteristic function as well.

C.1.2 Justifying inversion: Second derivative

Case a € (1/2,1)

In an expanded fashion, gbgg'z(r) can be written,

—Q

Oe(r) = 5 P (@)

[Jl —ady — ’i(Jg + aJ4)}, (08)

with,

Ji(r) = /Re_ Js, lts1rsal*T(ds) cos <tx - a/s (ts1+ 7’82)<0‘>F(ds)> /S (tsy + 1s9) <17 59T (ds)dt,
2 2
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JQ(T) _ / e f52 [ts1+7s2|*T'(ds) sin (tl’ — a/ (tsl + r32)<04>1'1(d8)> / |t31 + T82|a_182r(d8)dt,
R S Sa

J3(r) = / e Js, lts1rsal®T(ds) sin (tx - a/ (ts1 + r32)<°‘>F(ds)> / (ts + 1s9) <717 59T (ds)dt,
R S Sa

Ju(r) = /]1§67 f52 [ts1-+rsa| T (ds) cos <t1: — a/S (ts1 + r52)<a>F(ds)> /S |ts1 + TSQ‘Q_ISQF(dS)dt.
2 2

To obtain qﬁg?;'x(r), we will show that the dominated convergence theorem applies to .J|. Let us consider,

Ji(r) = }IL%% A [exp{ - /52 lts1 + (1 + h)82|af‘(ds)} cos (ta: - a/s2(t81 + (r+ h)52)<a>r(ds)>

X / (tsy + (r 4 h)sa) <17 59T (ds)
Sa

- exp{ - /52 |ts1 + 1"52|0T(ds)} oS (tm - a/ (ts1 + 7‘52)<O‘>F(ds))

Sa

X / (ts1 + r82)<a1>32f(d3)1 dt
Sa

= ]111_% i/R [exp{ — /52 ts1 + (r + h)SQIOT(ds)} - exp{ — /52 |ts1 + TSQ‘ar(dS)}‘|

X COS (tw — a/
Sa

1 .
+ lim ReXp{—/SQ bs1 4 (r + h)s2]“T(ds) } (C.9)

(ts1 + ?"32)<0‘>F(d3)) / (ts1 + 7“82)<0‘_1>32F(d3)dt
Sa

X lcos (tac - CL/S2 (ts1+ (r+ h)32)<0‘>F(ds))

— cos (tm — a/ (ts1 + T82)<Q>F(d8))1
Sa
></ (tsy + rsp) 1> 5,1 (ds)dt
Sa

+ lim % Rexp{ - /52 [ts1+ (r + h)s|*T(ds) } cos (tx — a/ (ts1+ (r+ h)s2) <*>T(ds))

h—0 Ss

X [/92 (tsy 4 (1 + h)sg) <717 59T (ds) — /

(ts1 + 1"32)<a_1>52f‘(ds)] dt
Sa

=K1+ Ko+ Ks. (ClO)

It can be shown that the dominated convergence theorem applies to K; following the proof in

Cioczek-Georges and Taqqu (1994) (p.105) for I;. Consider K3. The integrand converges to

aa(/ [ts1 + r82|a_132f(ds)> (/ (ts1 + r52)<o‘_1>52f(d8)>
Sa Sa
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X sin (ta: - a/ (ts1 + T82)<°‘>F(ds)) exp{ - / lts1 + r52|°T(ds)}.
S S2

2

Using the mean value theorem, (C.3) and the triangle inequality, we can bound the integrand for any

A <[r| by

1
‘h/s (ts1 + (r + h)s9) <" — (tsy + rsy)<*"T'(ds)
2

a o a o a—1
x | sin(y)|e2lr*os e~ %/S ‘t+ri—j’ |so||s1]2 71T (ds)
2

< 262\T|°‘a§‘ /
Sa

where y € R. The bound (C.11) does not depend on h and is integrable with respect to ¢: invoking (2.9)

2
a—1 a o
t—l—rs—Q‘ \81]0‘_1F(d3)> e~ t%ed (C.11)
S1

Lemma 2.2 in Cioczek-Georges and Taqqu (1994),

-1 551271 1 /
472 [ 51|20 (ds) T (ds)dt (C.12)
R JSy JSo 81
_ / / / et 11202 44T (ds)T (ds')
R JSy JSo
a—1 a—1; ja—1
‘/ / Bl 1/ A ‘t—i—TSQ ‘t—i—r ‘t—i—r? a
1 1

+lt+r B ‘t —\t\zo‘_?]dtf‘(ds)l“(ds’)
1

a—1 1
“H— r2 e
1

</ / ’8/1‘01—1’81‘01—1/ —of|t]®
CJSy s,

So ja—1
)t —1—7"—2‘
81

a—1 1
e+ 2 =1

\t\a—ll dtT(ds)I'(ds")

2

< const( \31|Q1F(ds)>
Sa
< 400, (C.13)

where const is a constant depending only on « and . The integrability of (C.11) follows from (C.13), the
fact that [p e =711 [¢[29=2dt < 400 and (2.2) with v > 2 —a > 1 — a. Hence the dominated convergence

theorem applies to Ko. Let us now turn to K3: «this is [a] case when appropriate "integration by parts"
/

h
is needed» (Cioczek-Georges and Taqqu (1994)). With the change of variable ¢/ =t + 2,
51

K3 = lim lll l/Rexp{ - /52 lts1 + (r + h)32|°T(ds)} cos (tx - a/ (ts1+ (r+ h)32)<a>F(ds))

h—0 Ss
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h a—
/S (t+ % + 282)@ 1>t ot <C1>D(ds')dt
2 1 1
- / exp{ — / lts1 + (r + h)SQ\aF(ds)} oS (ta: - a/ (ts1 + (r + h)32)<0‘>F(ds))
R Sa Sa
/

X / (t+ TS,2)<°‘_1>s'2$'1<a_1>1“(d8’)dt]
So 57

/ «

(t- %)sl + (r + h)sg

i L | Ll
X COS ((t - %)l’ - a/32 ((t - f?)sl + (r+ h)52> <a>r(ds)>

1 1

F(ds)}

— exp { - /S Its1 + (r + h)52|ar(ds)} cos (m - a/ (ts1+ (r + h)32)<a>r(ds))]

Sa

S <a—1>
(t + r2> shs) ST 1>I’(ds’)alt
s

[ ] & (=22 —a [ ((=22)si 4t ><a>1“(d)>
= Jim % coS 5 x—a ., 5 S1 S9 s

— cos (ta: - a/S2 (ts1+ (r+ h)32)<a>1“(d5))]

/

<a—1>
X exp / lts1 + (r + h)sz!o‘f‘(ds)} (t + 7“8> sh2|) |22 (ds')dt
51
1 1 hst,
+flg%h/R/2’”,/2[eXp{_/52 (t—?)ﬁ-l-(r—l—h)&
$1
hs hsb, <>
t— —=)xr— t— —= h I'(d
xcos(( " )a: a/s2 (( s )81+(7’+ )SQ> ( s))

1

F(ds)} ~expf - fs ltsy + (r + h)52|a1“(d,s)}]

s <a—1> 9
X (t + 7“8,2) sh7|sy|* 20 (ds)dt
1

= K31 + K3o.

The case of K32 is similar to that of Is2 in Cioczek-Georges and Taqqu (1994) (p.106-108), the dominated

convergence theorem applies. We focus on K31. Its integrand converges to

sin (tm - a/ (ts1 + r32)<0‘>1“(d5)> exp{ - / lts1 + TSQ’ar(dS)}
SQ SZ

X (m—aa/g |ts1 —i—rsQ\O‘lle(ds)) </S (s + rsh) <@ 1> 6 %s, 7' T (ds ))
2 2

Using the mean value theorem and Lemma C.3 (t2), we can bound the integrand of K3, for any |h| < ||

a—1
s[4

| sin(y)[e2lr108 ¢~lilo? /
Sa

/
S
t—i—r—,z
51
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<a>

| L || = sz, a/ ((t - 7/2)51 b h)52> s 4+ h)52)<“>1“(ds)) I(ds)

| Il M G

-1

2|r|%cS —|t|¥o é “ 12 1 a—2 52 a-l /

<e 2e 1 t+r— s 1] |z| + 2a t+(r+h) |s1|T'(ds) |T'(ds")
Sa 51 Sa 51
S/ a—1
< \:U|62|T‘%36_‘t|%?/ tr=2|  sh’s) |2 (ds)
S2 51

a—

1 a—1
[t (4 m) 2] Jsalsh’|sh[* T (ds)D(ds)),
1

B e / /
Sa JSo

The integrability with respect to ¢ of the first (resp. second) term is obtained in the same way as for

/
S
t—i—r—,?
51

(C.4) (resp. (C.13)) and concluding using (2.2) with » > 2 — a. Thus, the dominated convergence
theorem applies to K31, which finally shows that the dominated convergence theorem applies to Jj. The

other J’s can be treated in a similar fashion.
Case a € (1,2)

After derivation, ¢§;|x(r) is given by (C.8) with functions J’s of the form

= “I(d
/ e Js, tis1trsalT( s)trig (tac - a/ |ts1 + 7“32]<°‘>F(ds)> / (tsg + rsg) < 1> or el T(ds)dt,
R Sa Sa
which are similar to deal with. Consider for instance J;(r). It’s derivative can be written as in (C.10)
J{(T) = Kl + K2 =+ K3.
For the integrand of Kj, we can use (C.7) and the triangle inequality to bound it by
T(Sh)el2rI®o8 ¢=2 oIt o (g1 + 2|r|a—1)/ Itsy + 72| so|T(ds).
Sa
Since 0 < a — 1 < 1, we can further bound it by
F(Sz)e|2r\“a§‘6721_“a?|t\“a(|t|a71 + 2’r|a71)27

which is integrable with respect to ¢t. The same bound can be obtained for the integrand of K5 using
the mean value theorem, (C.6) and Lemma C.4. As for K3, there is no need to perform "appropriate

integration by parts" since 0 < a — 1 < 1. Its integrand converges to

(—1) exp{ - /S lts1 + r52|aF(ds)} cos (tw - a/S (ts1 + T52)<O‘>F(ds)) ; |tsy + rs2|* 2537 (ds).
2 2 2
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Using Lemmas C.4 and C.3 (w), it can be bounded for any |h| < |r| by

2 [e9pYa ') — L [e%
mf(Sg)em' o3 =2 ot /S |ts1 + rso|* 2| hsy|T(ds),
2

a—2
t+ % 51|72 (ds).
1

< T(Sy)el2r108 =2 ot il /
Sa

We can show that this bound is integrable with respect to ¢ using Lemma C.5 with n = o —2, b = 0 and
p = 0, the fact that [ e~ 2o ¢|e~2d¢ < 400 for a € (1,2) and (2.2) with v > 2— a. The dominated

convergence theorem thus applies and we get

¢g§) (r) = e —a/ e_mgox(t,r)(/ g2(ts1 +7‘52)52F(d8))2dt
2l 27 fx, () R Sa
+ (Oé . 1) /R e_imSOX(t’T)(/S gg(tsl + TSQ)S%F(dS))dt‘| , (0.14)
2
with g3(2) = |2]*72 —iaz<*"2> for z € R. Integrating by parts the terms |ts1 + 7s2|<“~2> °* =2 involved

in the expression [p e " ox(t,7) ( Js, g3(ts1+ TSQ)S%F(dS))dt yields the expression (B.8) obtained in the
case a € (1/2,1). Hence, the same functional form for the second order conditional moment (2.6) in

Theorem 2.2 holds when o > 1.

C.1.3 Justifying inversion: Third derivative

Let a € (1,2) and let (2.2) hold with v > 3 — a. Starting from the second derivative of qbg?;'z(r) given at

(B.8), with obvious notations

() 211 () + alI3(r) — I(r))]

.«
21 fx, (z)
On the one hand, it can be shown that the dominated convergence theorem applies to I using the
usual arguments the fact that (2.2) holds with ¥ > 3 — @. On the other hand, after some elementary

manipulations, we get that

—itz+i t <a>T(ds) — t aT(d
13 _ 12 _ / B i x+mf32( $1+782) ( s)e fSQ [ts1+rs2|*T(ds)
R
X / / {(tsl + 789)“OTI> (ts] + 1sh) <O — aP|tsy + rso| T |t + rsh| T
So JSo

— ia(|tsl + 75|V (ts] + 1sh) <O 4 (ts) + rsg) < ts) + T‘S/2|a_1> }

X [s%sflsll - 828/2:|F(d8)r(d8/)dt
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The previous expression can be decomposed into terms of the form

/R/Sg /52 trig( —tx + G/SQ(tSl + 7‘32)<a>I‘(ds)>

%o f52 [ts1+rs2|*T(ds)

X |tsy 4 rsp|eTIZoroml o gl g pgl|<a1>orasl

X [s%sfls’l - SQS%}F(dS)F(dSI)dt,

where «trig» is to be replaced by a sine or cosine function. Each of these terms can be treated in a similar

way to show that the dominated convergence theorem applies. We will consider

J(r) = / / / Cos (t:n — a/ (tsy + 7”52)<0‘>F(ds)>e f32 [ts1+rs2|*T(ds)
R JS3 JSs S

X |tsy + rso| @7 (ts] 4 rsh)<T> {s%sl_lsll - szsé]F(ds)F(ds')dt.

We have

T (r) = }L%;/R/S /S [cos (txa/SQ(tsl + (r+h)32)<a>r(ds))

— cos (tx — a/SQ (ts1 + T52)<O‘>F(d8)>]

o f52 |ts1+(r+h)sa|*T(ds

X )|t81 + (’I“ + h)52’a_1(t5/1 + (’I“ + h)sé)<cx—1>

X [S%sfls'l - szsé}F(ds)F(ds')dt

1
+ lim —/ / / cos <t:L‘ - a/ (ts1 +T52)<°‘>F(ds))
h—0 h Jr S5, JSs So

y le— fSQ [ts1+(r+h)s2|*T'(ds) e f52 t51+r32|°‘F(ds)]

X |tsy + (r + h)sg|* L(ts) 4+ (r 4+ h)sh) <> [sgsfls’l - 828/2:|F(d3)1—‘(d3,)dt

1 — «@
+ lim —/ / / cos (tx - a/ (7581 + 7”32)<O‘>F(ds))e f32 [ts1+rs2|*T'(ds)
h—0 h R JSy /S, S5

X ||ts1 + (r+ h)82|‘k1 — |ts1 + 7“326“1]

X (1 (r o h)sh) =1 [sBs 1) — sas) | D(ds)T(ds

1 —_ «@
+ lim */ / / Cos (tx — a/ (ts1 + ?”82)<a>r(d8))e f32 [ts14rs2|*T (ds)
h—0 h Jr So J Sy S5

x | (ts) + (r+ h)sh) <> — (ts}) + rs’2)<°‘1>]

X |tsy 4 rsg|* ! [s%sflsﬁ - SQS/Q}F(dS)F(dS/)dt
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=K+ Ko+ K3+ Ky.

We will show that we can apply the dominated convergence theorem to the K;’s. Let us begin with K.

Its integrand converges to

- “T'(d
O[CL/ sin (tl’ — (I/ (tsl + TS2)<OL>P(ds)>6 fs2 ‘t51+7”82| ( 5)
SQXSQXSQ 52
X |t31 + T52|a_1(t5/1 + TS’2)<C¥_1>|tS/1, —+ ’[“3/2, a—lsg [Sgsflsll _ SQSIQ]F(dS)F(dS/)F(dS”).

For any h, |h| < |r|, the integrand of K; can be bounded using the mean value theorem on the cosine

and Lemma C.4 by

lal

|1

(2017108 =21 o

/ (ts1 + (r + h)s2)<0> — (ts1 + rs2)<*>T(ds)
Sa

X . (C.15)

/S /S 51+ (r + )2 05} 4 (r -+ R)s) <> [B3s7 "] — sash| D(ds)T(ds)
2 2

Hence, by inequality (C.6) and given that 0 < a — 1 < 1, the quantity (C.15) can be bounded by
a’a‘r(s2>62"‘\r\‘lag‘e—?*aaﬂt\a (‘t’a—l + 2‘7,’04—1)

X

/S . tsy 4 (7 + h)sa|* L (ts) 4 (r + h)sh) <!> [s%sflsll - st’Q}F(ds)F(ds’)
2 2

< afalT(Sy)e' M5 e~ 2 ot It ([gjot 4 2|r|“‘1)3(F(Sz) +/ |81|_1F(d3))
S2
< const e_2lia0?‘t|a(|t|a_1 +2[r|*7h?,

where const is a finite nonnegative constant because of (2.2) with v > 3 —« > 1 and the fact that I is a
finite measure. This last bound, independent of h, is integrable with respect to ¢t on R. The dominated

convergence theorem applies to K. Consider now K». Its integrand converges to
a/ cos <t:v - a/ (ts1 + 7“82)<a>r(d8))6 Sy lts1trsal T (ds) (C.16)
SQXSQXSQ 52
X |tsy + rso| T (ts] + rsh) <O (ts] 4 rshy) <212 sl [s%sflsll - SQSIQ}F(dS)F(dS,)F(dS")
By (C.7), the integrand of K5y can be bounded by

F(SQ)6|2T\°‘U‘2’6721*0‘0f‘|t\"‘a<’t|a71 + 2’r|o¢71)

o s o Byl 5+ (4 )s) <1 [y — sasy] (s ()
2 2

Which can be further bounded by an integrable function of ¢ in a similar way as for the integrand of Kj.

The dominated convergence theorem applies to Ko. Consider now Kj. Its integrand converges to
- I'(d
(o — 1)/ / cos (tx - a/ (ts1 +r52)<a>F(ds)>e Js, lesrtrsalT(ds)
Sa J.So So

31



X (tsy + 1s9) <2727 (ts] + (r + h)sh) <17 sy [s%sl_ls/l — SQS/Q}F(dS)F(dSI)

Using Lemmas C.4, C.3 () and the triangle inequality, the integrand of K3 can be bounded by
1
|h

< ITOET(Sy) [ e sy sy 21 4 20| L 4[| ()
Sa

elrl®og g=21 ot |t / / |hsa|[tsy 4 72| 2|ts) + (r + h)s’2|a_1‘s§sl_ls’1 — 5984
Sy /S,

I'(ds)T'(ds')

To show the integrability with respect to t of the last bound we make use of Lemma C.5 with n =
a—2,b=0,aa—1and p =0 and the fact that with 1 < a < 2, [p e‘217%1a|t|a|t|a_2dt < 400 and

Jpe 2 ot 20 3Gt < 400

a - —a o a—2
s (sy) /g 1+ |17 /R e sy 2 21 2l e (ds)
2

[ s —Q | a—2
< ey [ 1+rs1\1\|sﬂ“[/ e e
Sa R S1
—Q | -2
+2\7~ya*1/ =2 TR | 4 p 22T o2 4 fgo dt}f‘(ds)
R S1
[ g —a | a—2
e O R T T e A [ Bt (L
Sa R S1

Fappt [ e .
R

a—2
t+r22T T o2
S1

+/6—21_a0?\t|a|t|2a—3dt
R
+ 2Jr|at / 6—21‘%‘1’tl“\ta—2dt]r(ds)
R

< const / ’1+|31]71‘\31|°‘*2F(ds)

Sa
< const / 1s1]°2T'(ds) + / 51 *T(ds)),

SQ 52

which is finite because of (2.2) with v > 3 —a. Hence, the dominated convergence theorem applies to K.

The case of Ky is similar, using Lemma C.3 (1¢) instead of (¢) to bound the term |(ts} + (r+h)sh)<*~2> —

(tsh + rs’2)<°‘_2> . The dominated convergence theorem applies to all the K;’s and we can invert the

integration and derivation signs in J'.

C.1.4 A special manipulation to obtain the fourth derivative

Before derivating gbg‘x, we follow the advice stated in Cioczek-Georges and Taqqu (1998) (p.48) and

integrate by parts the terms containing [ g3(ts1 + rs2)s3s7 ' T'(ds) and [, 93(ts1 +7s2)s3T(ds), namely

32



I, Is and I7. This is done in order to guarantee the validity of the representation of the fourth derivative
when (2.2) holds for any v > 4 — a. If we did not do this step first, the obtained fourth derivative would
be valid only when (2.2) holds with v > 5 — a. We obtain

®3) —a : 2
—_— I — I+ Igg — 2170 ) — 271
Dy (1) = o7 . (@) [ZOHC( 1 — Iz + Is2 72) D)
o? (Ig — Iy —2I1 + 161) + a(a — 1) (I5 — Ig3 + 2[73>‘| , (017)

where, in addition to Is, I3, I4 and I5 defined in the Lemma,

I = </ gosas] )< 281> I = (/ 925557 2)

(i) ). s ) L) ] )
Iso = A( 92838y ) < g2$1> Iz = ( 925357 1) ( 9282)7
s ) o) e ) [ )

Both justification and computation of the fourth derivative are obtained by starting from the above

representation of the third derivative.

C.1.5 Justifying inversion: Fourth derivative

Showing that the dominated convergence theorem holds when differentiating (C.17) is the most delicate
for the terms: I, Ig3 and I73 -the terms involving the function g3, that is, |ts1 + rsa| to the power a — 2.
Arguments and bounds that have already been encountered can be used for the other ones.

Let us show the dominated convergence theorem applies to I5. The cases of Ig3 and I73 are similar.

We decompose [5 into terms of the form

/ / / trig( —txr + CL/ (tsl + T52)<a>r(ds)>e_ fSQ [ts1+rs2|*T(ds)
R JS2 JS2 S

X [ts) + 1rsg|@TH T <o |t 4o psh|am2or <em2> 2oLl ¢ T (ds)T(ds')dt.

Consider for instance

= / / / COS( —tx + CL/ (tSl + TS2)<CY>F(dS))6 f52 |t51+r52|o‘f‘(d5)
R J S J Sy So

X |tsy 4 rso|@T|ts) + rsh| 22 s5s7 Lshsi T'(ds)T(ds')dt.
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We have

1
J'(r) = }111% . /R/S /S {]ts’l + (r 4 h)sh|*™2 — |tsh + rsgy“} |ts1 + (7 + h)sy|*!
2 2

X COS ( —tz + (JL/S2 (ts1+ (r + h)32)<°‘>I‘(ds)>

¢ s Bt el T 3 1 1 gg)T (ds')dt

1
+ lim */ / / [ Dté’l + (r 4 h)so|* 1 — Jts + 7“32\0‘1}
=0 h Jr Js, Js,

X COS ( —tr+ a/s2 (ts1+ (r + h)52)<°‘>I‘(ds)>

¢ sy It H T 3 1 P ()T (ds)dt
1
+}1L1L%E/R/S /S |t + rsh| @2 |ts) + rsg|® T
2 2

X [cos < —tr + a/52 (ts1 + (r + h)32)<a>I‘(ds)> — cos ( —tr + (JL/S2 (ts1 + T32)<a>F(d8))]

Xe Js, |t81+(r+h)52|ar(ds)s%sfls’2$’1 I'(ds)T'(ds')dt

1
+ lim 7/ / |ts| + rsh|*2|ts) + rsg|®
h—0h Jr Js, /sy

X COS ( —tr + a/ (ts1 + 7"32)<0‘>F(ds))
Sa

X

[6 fs2 [ts1+(r+h)s2|“T(ds) - ef f52 |t51+7«52|af(ds)‘| 8381_15,28,1 (dS)F(dSl)dt

=K1+ Ko+ K3+ Ky

The integrand of K4 can be bounded using inequality (C.16), (C.7) and invoking Lemma C.5 and (2.2)
with ¥ > 4 — . The integrand of K3 can be bounded using (C.6) Lemma C.4, and concluding with
Lemma C.5 and (2.2) with v > 4 — a. Focus now on K3. Using Lemmas C.4 and C.3 (¢), its integrand
can be bounded by

e e Uk

rsh |a—2 rSo |&

efri°as s

’t + 2
51

The later bound does not depend on h and can be shown to be integrable with respect to t using (2.2)
with v > 4 — a, Lemma C.6 with 7 = o — 2, 29 = 24 = 0, p = 0 and the fact that [ e~ [¢|2(*=2) < 40
for o € (3/2,2). Let us now turn to the term K; which is more intricate. Appropriate «integration by

partsy» is required. With the change of variable t = ¢ + hs?

fs2
=g [

)sl+ (r+h)s2| I'(ds)
1

o fSZ |ts1+(r+h)sa|*T(ds)
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X cos ((t — }51/2)3: — a/s2 ((t — é?)sl + (r + h)52> <a>F(ds)>

/

h
x| (t- i)sl + (r+ h)ss
T lim - / / / fS [ts1+(r+h)s2]|*T(ds)
h—0 h Jsy J s,

X COS ((t - Z?)x - a/S2 ((t — ZS,/Q)& +(r+ h)82><a>r(d3)>

1
hst ot
X U(tsQ)ler(rJrh)sQ ]

a—1

|ts] + rsh|“ 25557 LshsydiT (ds)T(ds')

a—1

- — |ts1 4+ (r + h)s2
1

X |ts} + rsh|*2s3s) Lshs|dtT (ds)T(ds")

1 lim — / / / fS [ts1+(r+h)s2|*T(ds)
h—0 h Jsy J s,
hsh hs’ <>
X [cos <<t_5'1)x_a/52 ((t 5)81+(T+h)82) I'(ds)
<a>
— cos (tm - a/ (tsl +(r+ h)SQ) F(ds))]
Sa

X |ts1 + (r+ h)sﬂail\tsll + rsh| 25357 Lshs|dtT (ds)T(ds’)

=K1 + K2 + Ki3.

It can be shown that the generalised Lebesgue convergence theorem applies to the terms K11 and K9

following the proof in Cioczek-Georges and Taqqu (1998) (p.50-52). Regarding the integrand of Kjs,

using the mean value theorem on the cosine, Lemma C.4 and (C.6), we get for |h| < |r|

1

7
51

1—
e|2r\"‘a§"672 Yo

It [ts1 + (r + h)sz|a_1|t3’1 + 755|252 51| 7L sh |2

/

hS hs/ <a> <a>
i O a/ ((t - (4 h)SQ) _ (m +r+ h)52> I(ds)
s S2 s

e\2r|“a§‘e—21*°‘a‘f\t|“

“ hsg ’

< e|27’\°‘o§‘e—21_aai"|t\(’

X

1

/
hs,

<

[ts1 4+ (r + h)52|a_1|t8/1 + Ts’2|a_2$§|31|_1|8'2|2
51

|31Ht51 + (r 4+ h)sa|*” 1F(ds)]

7‘52 =2
t+—2
51

salsa| sy |sh |72

x (Jt1 + 2r|* )

| + al D (S2) (1t~ + !M‘”)} :
The last bound can be shown to be integrable with respect to t using Lemma C.7 with n = o — 2
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b=0,a—1,2(a— 1), p=0 and (2.2) with v > 4 — . We established that we can invert the derivation

and integration signs in all the K;’s, hence in J'.

C.1.6 Lemmas for justifying the inversions in the proof of Lemma B.1

The following elementary lemmas, stated without proof, are used to establish Lemma B.1.
Lemma C.1 For x,y € R,

le™ — Y| < em M@V |4 — g, (C.18)

le™® — e Y| < e Vel ¥z —y. (C.19)

Lemma C.2 Fora>1 and z,y € R,
max (27l — [y, 2"yl = o)) < Jo+yl* <227 (Jof + |yI°)-

Lemma C.3 Forze R and 0 <b <1,

(0 |- <,

() | =] <202,
Lemma C.4 (Lemma 3.3, Cioszek-Georges and Taqqu (1998)) Fora > 1 andt,r € R,

exp{ - /52 |ts1 + 7“82|°T(ds)} < exp{|r|%c%} exp{—2' " |t[*}.

Lemma C.5 (Lemma 3.1, Cioszek-Georges and Taqqu (1998)) The following inequality holds

forc>0,0<a<?2, -1<n<0and —1—n<b:
/ exp(—c|t\”‘)‘|t + 2|7 — |t|’7‘\t\bdt < const. |z|P
R

with

0<p<b+n+1 for —1—-n<b<0,

and

0<p<n+1l or b<p<b+n+n+1Lp<1l for 00

const. depends only on ¢, a, n, b and p.
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Lemma C.6 (Corollary 3.1, Cioszek-Georges and Taqqu (1998)) The following inequality holds
fore>0,0<a<2,-1/2<n<0and0<p<2n+1:

/ exp(—lt|*)[[£ + 21|t + 28]" — [t + 2]t + 24]"|dt < const. (|21 — 2l + |25 — 24l?),
R
where const depends only on ¢, a, n and p.

Lemma C.7 (Lemma 3.12, Cioszek-Georges and Taqqu (1998)) The following inequality holds
forc>0,0<a<2, -1<n<0,6>0and0<p<n+1:

/ exp(—c|t|a)‘|t +21|"— |t + 22|77‘|t|bdt < const. |z1 — zo|P
R

where const depends only on ¢, a, n, b and p.

C.2 Computation of the derivatives

We detail the computation of the second order derivative highlighting where appropriate integration by
parts intervenes. The computations are similar for the third and fourth order derivatives.
Note that if f(z) = |z|°, for z,b € R, b # 0, then for x # 0, f'(z) = bx<0~'> and if f : 2 — 2<0>,

then f’(z) = bjx|’~!. This can be shown by distinguishing the cases > 0 and = < 0.

() = <z>§§;|m< )

27er1 }1112% 5 [/ /S2 x(t, 7+ h)g2(ts1 + (r + h)s2)s2I'(ds)dt

/ /52 x (t,7)g2(ts1 + 7’52)82F(ds)dt]

27TfX hHO h / /S {@X (t,r+h) —ex(t, 7")} g2(ts1 + (r + h)sg)saI'(ds)dt
m h—>0 - / /5 e ox(t,r) [92(t31 + (r + h)s2) — galts1 + 7’82):| soT'(ds)dt
= A1 + As.

The first limit can be straightforwardly obtained:

a2

) /Re_mtpx(ta T)(/S2 go(tsy + TSQ)SQF(dS))th
2
— 27”:;121(%)A</S2 9252> .
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hs
The second one requires appropriate integration by parts. With the change of variable ¢/ =t + —2
51

A2 = ﬁa() ;t[ /52 / Tox (t,1)ga(ts1 + (7 + h)sg)s2dtT(ds)
/ / x(t,7)g2(ts1 + ?”SQ)SthF(dS)]
h32 >
B 27TfX1 h—>0 h [/52 / (t - hjfa 7")92(t81 + 152)s2dtI'(ds)
/S / x (t,7)g2(ts1 +’l"82)82dtr(ds)]
>
hso
m//<>[(>< )

— e oy (t, r)} dtI’(ds)

= %/ / 5357 ga(tsy + rs2) [ —ize ox(t,r) + e_zmgox(t,r)]dﬂ"(ds)
Tfx, Sy JR ot

o —itx / 2 —1 >
= ———— e (2 t,r S98 ts + rs F dS dt
o f 1( ) / X( )< Sy 2°1 92( 1 2) ( )

2

o Lo e ([ suntess 4 rsar(an)) ([ st aatess + rsa)T(as) )

—tox a?
t= e (mds) - s (st (o)
2 27er1(x) 32923251 27fol($) 52925251 529281

Combining the expressions obtained for A; and As yields the second derivative.

D Proof of Theorem 2.2

We here finally evaluate the derivatives of Lemma B.1 at » = 0 to obtain the functional forms of the
conditinal moments. These proofs yield in particular the expressions of the constants 6;, ¢ = 1,...,6
which intervene in Theorem 2.2. Lemmas at the end of this section are used to regroup terms and simplify

as much as possible the functional forms.

D.1 Proof of second order conditional moment (2.6) in Theorem 2.2

The second order derivative of the characteristic function of Xs|X; = z is given by (B.8) in Lemma B.1.

Evaluating it at r = 0 yields
E[X3|X, = 2]
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= —6%)1,(0)

__ @ /e—itz+magﬁlt<a>6—og\t|a
2nfx, (z) Jr
X [ixa?(@f’l_b —iaXa|t|®!) — aod® (k<71 —da) [t|2T)?
+ a0t (kot <71 —jadg|t|* ) (1< — iaﬁl|t|a_1)1 dt
__adf / —itatiao? Bit<e> ot
2nfx, (z) Jr
X [ICL)QMQI + aaf‘|t|2(a*1) <I€2 — a2,6’1)\2 — Ii% + CLZA%)
+imRat <> 4 iaaf‘t<2(a*1)> <2(1)\1K,1 —a(A + ,6’1@)1 dt
aof

= e (@ [axAzCl (7) + KowS1(z)

_ ao‘? (F&% — a2)\% + a2ﬂ1)\2 — HQ) CQ(%) — Oéd? (a()\g + ﬂlﬁg) — 2&)\1/{1>52(.7;)‘| ,

where the x;’s and \;’s are given in (2.3). Invoking Lemma D.1 (cut) yields

E[Xzz‘)ﬁ = 96] = H_(:ETl)Q [(a2)\251 + r2)x 4 a(Ag — KZﬁl)W]
- mH(Z(a - 1),91;95)
a4 S0 gy LB - SO (a0 - 1001,
where H is given in (B.3) with
011 = ki — a’AT + a®B1ha — ko, e = a(A2 + Bik2) — 2a\1K1.

D.2 Proof of third order conditional moment (2.7) in Theorem 2.2

The third order derivative of the characteristic function of X»|X; = z is given by (B.9) in Lemma B.1.

It can be shown that the I's evaluated at » = 0 write

I, = 20?7—[(04 — 2,0{;33), 0! = (Hg, —a)\g),
I, = 20%0‘7-[(2&1 - 1),05;1‘), 6L = <L, —aK),
il3 = 207°H (3(04 -1, 01;33), 6L = (aAl(SH% —a*)\}), k3 — 30,2/{',1)\%),
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ils = 20{°H(3(a — 1),0%;2), 0] = (a(K + ML), L - a?ﬁlK),
ils = il7 = 201O‘H<2a 3,6%;1‘), 0l = <aK L)
ils = 201" (20 - 3,05 2), 0} = (a(Ag + Biks), kg — a2B1A3),

with K = k1Aa + Mko and L = k1Ko — a®A A2. Hence,

E[Xg‘xl = ;p] = —ipy),(0) = Wf):(x) [— x((a ~ 1)K, — aK2) +a?Ks + ala — 1)K4],
with
K1 = ofH(a—2,0{2), with 0K =@,
K> = o1 (2(a — 1), 05 2), with 05 = @,
K3 = oi*H(3(a - 1),0%;2), with 0% =0l — 6!
K, = 0%0‘7-[(204 - 3,05, 33), with 0K = 6% — ol

Invoking Lemma D.1 (i) for n = 1,2 and regrouping the terms, we get

azrod
(0% OZ.T)O'l K K K
0 205, — 0

T @) o) =20 + o) + 205 - o)

OZ.ZU
al Sz ( - agleﬁ) + 2055 + Hﬁ)
2 3«

a 01 Cg (2631 -+ 941 + aﬁ1942)

2 3o
OéO'l

+

Sa( )(293@ + 0k — aﬁﬁﬁ)] .
Using Lemma D.1 (cee) yields the conclusion with @2 = (621, 6022), 03 = (031, 632) such that

921 = 3(L + a251)\3 - Iig),
022 = 3a(A3 + Bi1k3 — K),
031 = a(As(1 — a?B7) + 281k + 20 (367 — a®A}) — 3(K + AiL)),

f39 = /'433(1 - CLQB%) - 2a2ﬂ1)\3 + 2(/1:% — 3a2/<51)\%) + 3(a2[31K - L),

with K = k1 Xa + kadi, L = K1k — a? A1 \s.
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D.3 Proof of fourth order conditional moment (2.8) in Theorem 2.2

The conditional moments are obtained by evaluating the derivatives of the conditional characteristic
function at » = 0. We provide here the proof for the fourth order, which yields the expressions of the
vectors 04, 05 and O appearing in Equation (2.8) of Theorem 2.2. The fourth order derivative of the
characteristic function of X3|X; = x is given by (B.10) in Lemma B.1. It can be shown that the J’s

evaluated at » = 0 write

i1 = 203 H (30 - )

iTy = 208°H (3(0 1), 04 ),

iy = 203°H (20 — 3.6: )
iJy = iJs = 201°H (20 — 3,0 ),

Jg = 2a§aH(2(a —1), 0‘];33),
Jr = 200H (0 - 2,6/ z),

Js = Jy = Jia = 20{°H (30 — 4,0; ),
Jio = 2a%aH(3a — 4,07, 3:)

where 8] = (07,0%), for i =1,...,19,

0], = aK,
J _

061 —_— L7
J

971 = R4,

04, = L — a*A K,

91101 = k(1 - @25%) —2a” B\,
91111 = 9112,

0iy = L,

91J51 = ’f% - a2)‘%a

J 2
0161 = K1 — a” P14,
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912 = Hg( % — az)\%) — 2@2:%1)\1/\2,
09, = L — a6 K,

J 2
932 = k4 — a” 1),

941]2 - L7
9612 = _(IK,
07y = —al,

0 = —G<K + 51L>7
91102 = —a()\4(1 —aB}) + 25154)7
91712 = *‘91‘]1»
91]42 = —aK,
07, = —2aka\

152 = ak2A2,

0760 = —a()\4 + 51/€4>,



0171 = 0y — ap6f], Ofro = =071 + ab,,
0fs; = KT — 6a%K303 + a* )], O0fso = —dari M (K3 — a®\),

0o, = L(1 — a®B7) — 2a° A1 K, th92 = —G<K(1 —a’B}) + 251L>,
and K = k13 + Ak, L = k1k3 — a®A1A3. Hence,

E[Xé]Xl = 2| = 4%),.(0)

- am(a[(l + (a— 1)K2) + az?Kg — (a — 1)22 K7 + o*(a — 1) K3 + a(a — 1)2K, + o3 K; |,
71'le(.73)

where
Ky = 01"} (3(a—1),0{2), with 0% =367 — 267,
K> = ot"H (20 -3 ) with 0% =20 — 67),
K3 = 0{"H (30 — 4,0 2), with 0% = 67, — 367, — 6],
Ky =ot"H (20 4 ) with 0% =467, — 307, — 07,
K5 = o{*H(4(a — 1), 05 2), with X =367, — 0l — 07,
Ko = 0" H(2(a = 1), 065 2), with 65 = 6],
K7:af‘?—[<a—2,07;x>, with 65 = 67,

Invoking Lemmas D.1 (ut) for n = 1,2,3 and D.2, we get

Bl =+] = S ot (G0 ohsico)
S ) 208 40— 2o
ar’oi" o ><951 + 2085 — 2(045 — ap6k) - ;;_13955”
a’zoie Cs(x) (GOﬁ + 3(951 + a5192lg) 2055 + 5 (aﬁlg‘“ 9‘{(2))
a?ro}e Sy(x )(69 + 3(922 aﬁ1921> + 2931 + 5 (941 + aﬁﬁg))
a3§%a (o) (045 + o+ 5= (051 — a®67) + 2080) + 308
N agg%a Sy(x )<9§§ af1031 Ty 13 (@{g (1—a?p?) — 2aﬁl‘941 + 3952)] :
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Using Lemma D.1 (ut) yields the conclusion. The coefficients 6’s in the expression (2.8) are deduced

from the 8%’s and 0”’s as follows:

a—1
O = —035 + 208 — 2(075 + api055) — 50, (D.5)
a—1
012 = 053 + 2055 — 2(6’% - aﬁﬁ%) s yo— i (D.6)
a—1
051 = 6015 +3(05 + aB1053) — 2085 + S (asr0f - 055), (D.7)
Os0 = 667 + 3(9K - aﬁleK) 420K 4 5L_1(QK + aﬁleK) (D.8)
12 22 21 31 2q — 3 41 42 )»
a—1
O = 035 + a0 + 5 — (01501 — a28}) + 2051015 + 308, (D.9)
a—1
Oz = 05 — aB0K + m(@ﬁ(l — a®B) — 2051057 + 305, (D.10)

D.4 Lemmas for the proof of Theorem 2.2
The following elementary Lemmas, stated without proof, are used to establish Theorem 2.2.
Lemma D.1 Let o € (1,2), b> 0, ¢c € R. Define forn>1 and x € R
400 o 400 o
Ch(x) = / e~ D) cos(ta — ct®)dt, F.(z) = / eV e cog(te — ct®)dt,
0 0
400 o 400 o
Sp(x) = / e O gin(tr — ct®)dt, Gn(x) = / e~ U e D=Ngin (t — ct®)dt.
0 0
t) Then the following hold for anyn > 1 and x € R

a(anH(:c) - cSnH(:c)) + xSy ()

a(cC’nH(:c) + bSnH(a:)) —2Cp(z)
n(a—1) ’ '

n(a—1)

Fo(z) = Gn(z) =

w) For anyn >1, 01,02 € R and z € R:

a |:Cn+1($) (b91 + 692) + Spt1(x) (b@g - c@l)} + x{ — 6,0, (x) + 915’”(3:)}

01F,(2) 4+ 02Gyp(z) = n(a—1)

we) We have for x € R, b= of and ¢ = afi0y:

abizmfx,(x) +1—zH(x)
act(l+ (apr)?)

Lemma D.2 Let a € (3/2,2), b >0, ¢c € R. Define for x € R

_anfx,(z) —aBi(l —xH(x))

e =T g @

+00 o +00o o
he(z) = /0 e 24 cos(ta — ct®)dL, hs(x) = /0 e b2 dgin (te — ct®)dt.

Then for any 01,02 € R and xz € R,

a2

32— 3)(a—1)

01 he(z) + Oshys(z) = [04(:1:) (0:(6?  €2) + 2bcts ) + Sa(2) (625> - ) — 26001)]
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+ 53 —53?)% — [cg(m) (cB1 — b6 + Ss(a) (b6 + 092)}
220 —g(a —1) [9102(@ + 9252(1‘)]'

E Proof of Theorem 2.4

Let X = (Xj, X2) be an a-stable vector with & = 1 and spectral representation (I',0). Its characteristic

function, denoted ¢x (t,r) for any (¢,7) € R?, reads
ex(t,r) =exp {/ |ts1 + rsa| + ia(tsy + rs2)In|ts; + 7"52|F(d5)} , (E.1)
Sa

with a = 2/7. The conditional characteristic function of X given X; = z, denoted ¢x,|,(r) for r € R,

is still given by (B.2).

Lemma E.1 Let (X1, X5) be an a-stable random vector with o = 1 and spectral representation (I',0).

If (2.2) holds with v > 0, the first derivative of ¢x,|, is given by

-1
¢g2\x(?“) = W(Al T iaA?)’
with
Ay = /R e ox(t, 7“)( /S sa(ts1 + rsz><°>r<ds>)dt, (E2)
Ay = /Re_m@X(t, 7")(/3 so(1+In|tsy +T82|)F(d5)>dt (E.3)

If (2.2) holds with v > 1, the second derivative of ¢x,|, is given by

-1

(2 _
2%l = 5 @)

( — Bi +ixzBy + Bg), (E4)
where,
‘ 2
B, = / e_mtpx(t,r)(/ so(tsy + r52)<0” +iasy(1 4+ In|tsy + r82|F(ds)> dt,
R S2
By = / e_mgpx(t,r)</ ((tsl + 759) % +ia(1 4 In|ts; + r82|)sgsllf(ds)>dt,
R Sa
B3 = / eitxtpx(t,r)(/ s1(ts1 +752)<% +idasy (1 +1In|ts; + 7’82|F(d8)>
R S2

X (/ ((t31 + 1759)<% +ia(1 4 In|ts; + TSQ’)S%SIIF(dS)>dt.
Sa

44



E.1 Justifying inversion of integral and derivative signs

First derivative

The terms depending on r in the right-hand side of (E.1) are of the form (omitting the factor
1/27 fx, (%))

/ e f52 |t51+r52|r(ds)trjg( —tx — a/ (tsl + 7"52) In |t51 + T52|F(d3))dt-
R Sa
Consider for instance the term obtained by replacing trig by the cosine function, denoted I;.

1
I{(r) = lim —

[6_ f52 [ts14+(r+h)s2|T(ds) e f52 |ts1+r32|1"(ds)]
h—0 h Jr

X COS (ta: + a/ (tsi1 + (r+h)s2)In|tsy + (r + h)sﬂl“(ds))dt
Sa

1 — S T8 S
+ lim —/ ¢ Js, tortrealTids) [cos (tm - a/ (ts1+ (r+ h)s2) Inftsy + (r + h)32|F(ds)>
h—0 h Jr S2

— Cos <tx + a/ (ts1 4+ rs2)In|ts; + rsﬂf(ds))] dt
Sa
=TI+ Lo

The integrand of I1; converges to

e fsg [tsr-+rs2[T(ds) cos (t:r + a/ (tsy 4+ rso)ln|ts) + rsﬂI‘(ds)) / so(ts1 + 7"52)<0>F(ds).
Sa

Sa

Using (C.19) we can bound the integrand of I1; by

1 - I(d h)sa|— r(d
\h\|/ 51+ (r + R)sal — [t51 + rsalT(ds) e Ja 1117200 [, e+ oalfonroair(ao]
Sa

By Lemma C.3 (¢) and the triangle inequality, we can further bound it for |h| < |r| by

e (I =ault]

which does not depend on h and is integrable with respect to ¢ on R. The dominated convergence theorem

applies to I1;. Turning to [12, its integrand converges to
— d
_ae Sy lisr4rsalT(ds) sin (t:c + a/ (ts1+rs2)In|ts; + 7’321“(d3)> / so(1 4 In|tsy + rsa|)I'(ds).
SQ 52

Using the mean value theorem on the cosine, its integrand can be bounded by

iei fSQ [ts1+rs2|T(ds)
Id

/S (ts1+ (r+ h)sa)In|tsy + (r + h)sa| — (ts1 + rs2) In |tsy + rsao|T(ds)
2
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1
< ae‘mm_"ﬂﬂm (tsi + (r+ h)s2)In|tsy + (1 4+ h)sa| — (ts1 + rs2) In|tsy + rsa||['(ds)
So
— aeag|r|7¢71\t| (Ql + QQ), <E5)

where the two terms @1 and @2 involve integrals over SoN{s : |ts1+7s2| > 2]h|} and SaN{s : |ts;+rsa| <
2|h|}. Focus on Q2. Introduce the function f : Ry — Ry defined for any z > 0 by f(z) = z|In z|. It is such
that f(0) = 0 and for z small enough (0 < z < e™1), f is monotone increasing. Since |ts; + rsa| < 2|h],
we also have [ts; + (7 + h)sa| < 3|h|. Thus, for 0 < |h| < (3e¢)~L, the integrand of Q2 can be bounded by

|h|1(\f<|3h>\ + \f<|2h\>\) < 27| F(I3h])| < 6|tn|3h]|
Using Lemma E.2, we can bound the later quantity for any v > 0 by
6v=" (24 [3h]" + 3R] 7).
From |ts1 + rs2|/2 < |h| < (3e)™!, we deduce that [3h]|7Y < (3|t31 + 7“32]/2)_U and
6" (24 [3R]" + 3R] ") < 67! (24 7" + (3[ts1 + 5] /2) _U) < consty + consty|tsy + rsa| 7,

for some nonnegative constants const; and conste. Hence, the term involving ()2 in E.5 can be further
bounded for any v > 0 by

% 1| (ds) ). (E.6)

ae2Irl=oltl (constl + constg/ ‘t +

Sa
The term with const; is clearly integrable with respect to ¢t on R. Letting (2.2) hold with v > 0, choose
some v € (0, min(r,1)). We show that the second term is bounded by an integrable function of ¢ as we
did in Equation (C.4) using Lemma C.5 with n = v, b = 0, p = 0, the fact that [p e 1|t ~vdt < 400
and (2.2) with ¥ > v > 0. There remains to be bounded the part involving @; in (E.5). For this term,

we apply the mean value theorem to the function z — z1In|z| and get that

\h|_l (ts1+ (r+ h)s2)In|tsy + (r + h)se| — (ts1 + rs2) In|tsy + rsa|

< [ hsa] |1+ Inful|

§1+’1n\u|

)

for some u € [ts; + (r + h)sy A tsy + rsa,tsy + (r + h)se V ts; + rsa]. Since @1 is an integral over
SaN{s:|ts1 + rsa| > 2|h|}, we have |u| € {MQT‘”', 2|ts1 + rszu, and because of the quasi-convexity of

the function z — ‘ In |z||, we can bound the above term by

ts1 4+ 1so
2

1+ |In + |In |2(ts1 + 7s2)| §const+2‘ln|t51+r52]’.
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Using Lemma E.2; we can bound this term for any v > 0 by
-1 v —v v TSy 7Y —v
const + 2v (2 + |ts1 + rsa|” + |ts1 + rsaf ) < const; + constg|t|” 4 constglt + —‘ [s1]
51
Hence, the term in (E.5) involving @1 can be bounded for any v > 0 by

rso|—

t+ 2| sy T (ds) ) (E.7)
S1

ae2lrl=ouft (const1 + consta|t|” + consts /
S

2
which can be shown to be integrable with respect to ¢t on R as we did above for the term with QQ2. The
dominated convergence theorem applies to 12 and thus to I;. We can derivate ¢, |, under the integral
sign.

Second derivative

Let us start with As, which is the most delicate. It is composed of terms of the form

/ e Js, tsﬁrsQlF(d@trig( —tr — a/ (ts1 +rs2)ln|ts) + T‘SQ’F(dS))
R Sa

X (/ so(1 + In [ts) +r52|)F(ds)>dt,

Sa

where «trig» stands for sine or cosine. Denoting the one with cosine as K5, we have

1
KQ = lim —

[e— f52 [ts1+(r+h)s2|T(ds) B e— sz tsl—&—rszl“(ds)]
h—0 h Jr

X COS <t:z + a/ (tsi+ (r+h)s2)In|ts; + (r + h)82|F(ds)>
Sa
X (/ so(1+1n|tsy + (r+ h)sﬂ)f‘(ds))dt
Sa
1 — [ Itsi+rsa|T(ds)
+lim — [ e /52 cos (tz+a | (ts1+ (r+ h)s2)In|ts; + (r + h)sa2|I'(ds)
h—0 h Jr Sa
— cos (tm + a/ (ts1 +rs2)ln|ts) + rsﬂl“(ds))]
Sa
y (/ so(1 + In [ts; + (r+h)32|)F(ds)>dt
Sa

1
+ lim

7/ o f52 [ts1+rs2|T(ds) cos (t:z + a/ (tsy +rse)ln|ts; + rsz’r(ds))
h—0 h Jr S2

X [/ soln|tsy + (r + h)sa| — soln |ts; + rsﬂl“(ds)] dt
So
= Ko + Koo + Koas.

The integrand of Ks; converges to

e sz |ts1+rs2|T(ds) cos (tx + a/ (t31 + 7«52) In |t31 + rsgr(ds))
So
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X </52 so(ts1 + 7“82)<0>F(d3)> (/52 so(1+1Inltsy + 7’32])I‘(ds)>.

Using (C.19), the triangle inequality and (C.4), it can be bounded by
gpe2 (I =01l / 5ol [1 4+ In [ts1 + (r + h)sal|[ D (ds). (E.8)
Sa
The integrand of the above expression can be bounded using Lemma E.2 for any v > 0 by

Lo~ (24 [ts1 + (r+ B)sal” + [ts1 + (r + h)sa| ™)

h —v
< consty + consta|t|” + constg’t + M ls1]7Y,
51
hence, (E.8) is bounded by
oa(14|r])—o1t] v (T + h)82 - —v
o9e7? 1 (constl + conste|t|” 4+ consts t+ 7‘ |s1] F(ds)).
So S1

The terms involving const; and consto are clearly integrable with respect to t. The last term is more
intricate as it still depends on h. We will show that the generalised Lebesgue dominated convergence

theorem (Theorem 19, p.89 in Royden and Fitzpatrick (2010)) applies. Denoting

T(h) = e—m\tl‘H (7”;h)32’”
1

|31‘_v7

it can be shown that 7'(0) is integrable with respect to t on R and I" on Sy invoking the usual arguments.

Also, choosing some v € (0,1), with have by Lemma C.7 with n = —v, b=0and 0 <p <1 — v,

h —v —v
‘/T(h)—T(O) g/ yslrv/e*‘ﬂltl \t+w e+ 22| |arr (ds)
Sa R S1 S1
_y|hs2 P
Sconst/ |s1] —‘ I'(ds)
So S1

< const ||? / 517" PT'(ds) —s 0,
So h—0

because (2.2) holds with v > 1 and v+p < v+ 1—v < 1. Since T(0) is integrable and limy,_,o [ T'(h) =
JT(0), the generalised dominated convergence theorem applies to Ka;. We turn to K. Its integrand

converges to

—ae Sy ltsr+rsziT(ds) sin (ta: + a/ (ts1 +rsa)In|ts) + r82|F(ds)>
Sa

2
x (/ so(1+1Infts; +r82|)F(ds)) .
Sa
With the usual inequalities and Lemma E.2, it can be bounded for any v > 0 by

2 go2lrl—olt]
|h|

/S (ts1 + (r+ h)s2) In|tsy + (r + h)sa| — (ts1 + rs2) In |ts; + rso|T(ds)
2
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X

/ so(1 +1n |ts1 + (r + h)sa|)T(ds)

Sa

< geo2lrl—oult] (Ql + Qz) (0’2 + /S ’ In[ts; + (r + h)82|‘F(ds)>

[s1/7T(ds)),

h —v
< ge2lrl=anltl (Ql + Qg) (const1 + constg|t|” + consts / w‘
So S1

where, similarly to (E.5), the two terms @1 and Q2 involve integrals over So N {s : |ts1 +rsa| > 2|h|} and
SaN{s:|ts1 +rsa| < 2|h|}. After expansion, the terms with const; and consty are readily dealt with by

following the method developed for (E.5). Focus on the remaining term

r+h)s2‘

a/s o211l Q) + @)t + Is1] T (ds).
2

In view of the bounds (E.6) and (E.7), the integrand can be bounded (up to a multiplicative constant)

by

h)sh|—v
U(h) = 6_01““16 L P G J;, )82‘ E i
1
Choosing some v € (0,1/2), we can invoke Lemma (C.6) with n = —v, p = 0 and the fact that

Ja e H[t|72vdt < 400 to show that U(0) is integrable on the one hand. On the other hand we can
again invoke Lemma (C.6), this time with n = —v, 0 < p < 1 — 2v, and the fact that (2.2) holds with
v>1>v+1-2v>v+ptoshow that [U(h) — [U(0). The generalised dominated convergence
theorem applies to Ko.

We turn to Ks3 for which «appropriate integration by parts» is required. After obvious manipulations,

hs!
- t——2 )s1+
K23— lim — // 5,21H|t8/1+7"s’2|[e f52 ( A )51 789
h—>0 R 52
hSl hSl
X COS (t——,2>x+a/ ((t—2)81+1"32> In
31 S 51
1 - I'(d
—I-limf// 5,21H|758/1+1"8/2|e f52 [ts1+rs2|T'(ds)
h JrJs,

h—0
X [cos <(t — }f,é)i—i—a/s ((t — }:9/2>s1 —i—rsz) In
2

/
1 1

rds) -, |t51+r32|F(ds)]

(t — }:9,1/2)51 D)

I‘(ds)) I'(ds")

F(ds))

(t — }:9,1/2)51 + 782

— Cos (ta? + a/ (ts1 +rs2)ln|ts) + rsﬂf‘(d.s))] I'(ds’)
Sa
= L1+ Lo.
Starting with L, its integrand converges to

o f52 |ts1+rs2|T(ds) cos (ta: + a/ (ts1 + rso)In|tsy + r82|r(d8)>
Sa
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X (/ s1(tsq —1—7’52)<0>F(ds)> (/ In|ts; —1—7"32\82231_1F(ds)>
Sz 52

It can be bounded using (C.18) and Lemma C.3 (¢) b
. hs
exp ¢ — min / (t - —/>51 + TSQ‘F(dS),/ |ts1 + rsa|T'(ds)
S2 51 S2
/
I,

shln|ts) + rsh
h

X (t— %)51—1-7“32

e
) s

— |ts1 + rsa|T'(ds)

/

h82 hsy

1]r(ds)

< eIl exp { — o1 min (‘ sh1n |ts)

th

< o172 exp { — o1 min (‘
=V(h).

We follow a similar procedure as the one used in Cioczek-Georges and Taqqu (1998) (p.51) to deal with

hs
the min inside the exponential. Focus on the case 250 (the converse case is similar). We have
S1
hst,
hsl, ‘ - 2|, if t> hsh/2s),
min (’t |t|> 51
51

1], it t< hs)/2s).

/

Thus, up to a multiplicative constant,

[ Vindt = T menli= R
h32

_/ o=l
h92

= /Re*m|t| |:’ In |t81 + (T + h)32"1{t27h52/251} + ‘ In \tsl + TSQ"]l{t<h52/251}:| ’32‘2’31‘*15[15.

1+ 7ol |32 sa| "t + / el 1y + s Jof2r [

_hsy
182|2’S1|71dt+/ o e*"1|t|‘ln|t81 —i—rszmsz\Q’Sﬂ*ldt
—0o0

In ‘tsl + rsg + @’
51

Thus, using Lemma E.2, we can bound the integrand for any v > 0 and |h| < |r| by

oot U In|tsy + (r + h)sﬂ’ + ‘ In [ts + 7“52|H [52[?[s1] ™

<y el [constl + consta|t|”

(r+h)ssa ‘_”
S1

—v
+ constg‘t + Zﬁ‘ ls1]7" + const4‘t + |51_”} |s2]?]s1] L.
1

Clearly, the terms involving const; and consts are integrable with respect to ¢ and I'. Denoting the last

(r+ h)sa ’*”
S1

term as Vy(h) := e—o1ltl ’H— |1

|s2|]s1 , we show that the generalised dominated convergence

—1
theorem applies. As (2.2) holds for some v > 1, choose v = VT > 0 if v < 2, and some v € (0,1) if
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v > 2. The integrability of V,4(0) (and at the same time, of the term involving consts) is obtained from

Lemma C.5 with n = —v, b= 0, p = 0 and the fact that [ e=“/|t|~dt < +00. Doing so indeed yields

s
‘/S ‘82|2‘81|717v/ Ul‘t|‘t_|’_ 2’ |t‘7v’82‘2’81‘717vdt F(ds)
2

< Lo

< const/ |s1|7|s1[* 17V (ds)
So

dtI’(ds)

‘t+ D2 g

< const/ [s1|"T'(ds)
Sa
< 400,

—1
since v — 1 —v = VT >0ifve (,2)andv—1—v >v—2>0if v > 2. The convergence
J Vi(h) — [V4(0) can be obtained from Lemma C.7 with n = —v, b =0 and 0 < p < v. The generalised
dominated convergence hence applies to L.

We turn to Ly. Its integrand converges to

o fsg [tsi+rsa|T(ds) <in <t$ + a/ (t81 + 7«32) In ’tgl + r32|F(dS)>
Sa

X (x R a/ s1(1+In|tsy + r52|)F(ds)> In|ts) + rsh|sh’s) "
Sa

Applying the mean value theorem to the cosine function and the usual bounds, we can bound it by

0’2‘7"| 0’1|t| 12 I 1 In
1 hs, hs, hs,
]|~ s—,lm + a/Sz ((t — 8—1>S1 + 7’82) ln’(t — q)sl + 7“82’ — (ts1 4+ rs2) In|tsy + rsa|'(ds)
s/
< e2lrl= s n
hs,
|z| + —— t - == 51 + s ln’(t - S—,)sl + T‘SQ‘ — (ts1 +1rs2)In|ts; + rsa||[I'(ds) |.
1

(E.9)

The term involving |z| can be treated using the usual arguments. The one with the integral is of course
the most delicate. Let us split this integral into two parts as:

/ 1 ((t_hé"z
Sy |12 s}

1
S1

hst
)81 + ?”82) In ’ (t — S—,2>51 + 7”32’ — (ts1 +rs2)In|tsy + rsa||T'(ds)
1

= Ql + Q27

o1



where Q1 and Q2 involve integrals over SoN{s : [ts1+rsa| > 2|hs,/s)|} and SoN{s : [ts1+rse| < 2|hsh /s |}
respectively. We will first majorise (01 and @2, and then use these bounds in inequality (E.9). Consider
()2 and define the function g such that for any z > 0

f(z)=z|lng|, if 0<z<ed,

9(2) =
z(2+1Inz), if z>e!

It is easily checked that g is continuous, strictly increasing and such that for any z > 0, 0 < f(2) < g(2).

The integrand of Q2 can be bounded as

};,2<‘f<(t—]?)81+r82>‘+‘f(t51+7“82)‘> < hi’g (

N

51 + 7’82)‘ + ’g(tsl + TSQ)D
\ Gll)
S1

o((

IN

s

(&
<‘ 3th

IA

hi 9(338 )

By Lemma (E.2), with bound further the right-hand side for any v > 0 by

2 3hsh L 3hsh,
Tha 1 g( 7 ) < consty + consty + constg,’
# 81 31 31
51

/
On the one hand if ’3h,82
51

< e 1, given that (3|ts; + rsa|/2)7" > (3hsh/s)) 7Y,

3hsh v

consty + constg

+ constg‘ ;
51 51

TSo |~V v
< consty + Constg‘t + —’ |s1]7".
S1

~1 then for |h| < |r|,

/

v hs

51

< consty + consta|s]| 7. (E.10)

3
+ CODStg‘

const; + constQ‘
$1

Focusing now on @)1, we can use the mean value theorem to bound its integrand by

|31\’1—|—1n

for some u € {tsl +rsg — hshsi/s) Atsy +rsa,tsy +1rso — hshsy/s) Visy +rsa|. Given that |tsy + rsa| >
2|hsh/s}|, we have |u| € [MQT”', 2|ts1 + 7“82|] and thus, we further bound the above inequality using

Lemma E.2 for any v > 0 by
|s1] (const1 + consta|tsy + rsa|’ + consts|ts; + 7"82]_”)
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< v rS2 |7V 1-w
< const + consta|t|” + COIlStg‘t + —‘ B (E.11)
51

i

Hence, using (E.10) and (E.11) in (E.9), and making use again of Lemma (E.2) to bound ‘ln |ts) +rsh]

—v
Jisii

—v
X <|x| + consty + consts|t|” + constg|s] | + cons‘w’t + @‘ |81|1_”>
S1

we can bound integrand of Lo for any v > 0 by

rsh

el (constl + conste|t|” + constg‘t + =
51

It can be shown that all the terms obtained after expansion can be bounded by functions integrable
with respect to ¢t and I' using the usual combinations of either Lemma C.5 or Lemma C.6 with n = —v,
b=0,p=0, the fact that [ e "/|{|™ < 400, [z e ?H|t|72¥ < 400 for appropriately chosen values
v > 0, and (2.2) with v > 1. The detail we have to pay attention to is precisely to chose an appropriate
exponent v > 0 so that it satisfies the constraint (2.2) and ensures the finiteness of the two integrals in
t. The later imposes us to have v € (0,1/2). Regarding the former, we identify that the most negative
power of which |s;| appears in the above bound after expansion is —1 — 2v. We need v — 1 — 2v > 0.
Choosing v = (v —1)/4if 1 <v < 3 and any v € (0,1/2) if v > 3 enables to satisfy both constraints,
validating the use of the dominated convergence theorem for Ly, and finally, for By in (E.3).

The proof is essentially similar, somewhat easier, for By in (E.2) for which the only difficulty is
to perform the «appropriate integration by parts» when it comes to differentiating the term involving

(tsy + 1s2)<0>.

E.2 Evaluating at r =0

Since E[X%‘Xl = x] = —qﬁg?;'m(O), we evaluate (E.4) at » = 0 and get

ox(t,0) = exp{—o1|t| — iao1 St In|t| + itu: },
A1/2 = o} ((k} — a*q}) Ho(0) + 2ak1q0 Hs (0) )
+ QaAla%( —aqoH.(1) + mHs(l)> —a®X202H,(2),
i42/2 = o1 = aky Ho(0) + 52 H(0) ) — adooy Ho(1),
Asz/2 =04 ((01/@ + aprk1)He(0) + (o1aky — m/{g)HS(O))
+ aoy (()\2M1 —ao1Bik1)He(1) + o1(A2 + ﬁ1H2)Hs(1)) — d’o{BireH.(2),

where k1 = 01_1 f52(82/81)281 In |s1|T'(ds), and the H.'s and H,’s are defined at Lemma E.3. Using the

result of the same Lemma under 5, # 0 and ;1 = 0, and regrouping the terms allows to retrieve the two
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formulae of Theorem 2.4 with

+o00
U(m) = / e 91t gin (t(l' — /le) + ac1f1tIn t) dt, (E12)
0
+oo
V(.I) _ / 670'17&(1 +1n t) coSs (t(a; — /1,1) 4+ ao1fitn t) dt, (Elg)
0
+oo
0

E.3 Lemmas for the proof of Theorem 2.4

Lemma E.2 For anyx >0 andv >0
|Inz| < l(2 + —|—$_”>
[i— fl) .
We provide here two Lemmas which are used in the proof of Theorem 2.4.
Lemma E.3 Let for any n > 0,
+0o0o
H.(n) = / e 7'"(1 +1nt)" cos (t(x — 1) +ao1fitln t)dt,

0

+oo
Hg(n) = /0 e (14 1Int)" sin (t(az — 1) + ao1fitin t)dt.

1

ao1 3

1

ao1 1

(1 H:(0) = (& = ) H0)), Ho(1) = (1 = 01 He(0) = (& = i) Ho(0) ).

Hc(o) = 7TfX1 (‘T)v

Hy(0) = = Frafx, (2),

- F
o1 o1

H,(1)

Proof. The equalities of Lemmas D.1-E.3 can be obtained by integrating by parts. We provide details
for the last equality of Lemma E.3 when ;1 = 0. Integrating the exponential by parts, we obtain
1 [

H(1) = gy e 71t sin (t(:z - ul))dt +

T — {1
01

He(1)

Denote A(z) = [;F et Lsin (t(:c—,ul))dt for x € R (A is well defined since e~*¢~! sin (t(x—m)) —

x — p1 as t — 0). It can be shown that we can derivate A under the integral sign and get
+oo
Al(z) = / e " cos (t(:v - ,ul))dt =rfx,(x),
0

o4



Since X7 is Cauchy distributed when o = 1 and 87 =0,

T — 1
01

A(z) = mFx,(x) + const = Arctg( ) + g + const,

and evaluating the integral form of A at p1, we deduce that const = —7/2. Thus, A(x) =7 (FX1 (:13)—1/2).

F Proof of Proposition 2.1

F.1 Casea #1

First assume that |31 # 1. We will focus on the case z — +o0. The case x — —oo can be obtained by
considering the vector (X1, X2), whose parameter are 8f = —f1, k] = —k1 and A} = A; and noticing that
E[Xg‘Xl = x} = E[Xg‘ -X) = —x] For p = 1, the result is already known (see Hardin et al. (1991)).
For p = 2,3,4, we have from the proofs of (2.6)-(2.8), that

o[ (0 1 (0 hi) + 3 b (i - 1, 5)|
=2

R e

for some coefficients b’s. From the proof of Corollary 3.2 in Hardin et al. (1991), we deduce the following

limit:

*H (a — 1, (aAy, Kp); x) — (/ﬁlp + )\p) sin (E)F(a).

z——+00 2
We also have
a+1 1 « : T
2T fx (@) = ~of(1+ B)sin (7)r(1 +a). (F.1)
Hence,
—p aoaP~!

aoial”" fip + Ap
7TfX1 (.’L’)

H(a—l,(a)\p,np);x) — 115,

P biprP T H (i(a —-1),v;; :v)

as x — +o00o. It remains to be shown that — 0. By Theorem 127 in
xp—lH(a —1, (aXp, /'ip);l') rFeo

Titchmarsh (1948), for i = 2,3, 4,
’H(i(oz —1),vy; x) = O(x_i(o‘_l)_l).

T—>+00
Hence,

PN (i(a —1),v ZL')

O(ma(lfi)) — 0.

T—+00

xp_l’:'-[(a — 1, (ap, Kp); x)

Now assume that |51| = 1. For instance if 51 = 1, the distribution of X is totally skewed to the right. On
the one hand, we have A\, = B1k,. On the other hand, the right tail of fx, still decays as (F.1), yielding

the conclusion.
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F.2 Casea=1

The form of the conditional second order moment when a = 1 requires to distinguish the cases g1 # 0

and ﬁl = 0.

Case 81 # 0 We only consider |51| < 1 and x — 400, the other cases being similar. Since |z| — +o0,
1

we have z—pj ~ x and we may assume that ;7 = 0. From Hardin et al. (1991), we know that U(x) ~ z7".
Notice that
—+oco
Wi(zx) = / e 711 (1 4 Int)? cos(aoy Bit Int) cos(tx)dt
0
—+oco
— / e (14 1In t)2 sin(aoyf1tInt) sin(tz)dt.
0

Because the factors of cos(tx) and sin(tx) are integrable, we have by the Riemann-Lebesgue Lemma that

W(z) — 0. Having also
T—>+00

01(1+ﬁ1)$_2

Fxi(@) ~ —— :
we deduce the following limits
(2a0190(M — Bis) + 2(k1 M — AQ)x)mxg — W |
()\2 + Brkg — 2k1A1 + a®o1 B (NE — /81)\2)W(3U)> 7:}1;31;; i Ao -F(lﬂlfzﬁl—);fl)\l
Hence,
el e o 3 e s T

Case #1 = 0 From Hardin et al. (1991),

V() — 5.
hence,
2a01 M\ (aalqo — ki(x — ,u1)> m:v_Q — aTA K.
Moreover,

F —1/2 1
aalwx% — *aﬂ'()\g — 2%1)\1).

Ixi (l‘) 2
It can be shown that W (z) — 0. Therefore,

1
aj_QE[XQQ‘Xl = x] — Ko+ 5(177‘()\2 — 2K1\1) + amkiAN] = Ko + Ao

T—-+00
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G Proof of Lemma 3.1

The characteristic function of Xy reads, for any w = (ug,u2) € R2:

ox,(u) = (exp{ Zu] it }) = H E|i (Z ujak,j) 5t+k] .
kE€Z j=1

We obtain for a # 1,

vx,(u) —exp{ ZU‘ZUJ%M (1—1681gn(iujam)tg( )) zZu]Zak]u} (G.1)

keZ j=1 j=1 7=1 keZ
And for a =1,
vx,(u) :exp{—Za\Zu]akj| (1+zﬁ 81gn(Zu]akj>ln‘Zu]akj‘> +ZZUJ Zak,],u}
kez  j=1 j=1 keZ

(G.2)

Replacing (3.4) in (2.1), we retrieve the two above formulae.

H Proof of the asymptotic moments in Section 3.3.3

The results in Section 3.3.3 follow from Proposition 3.1 applied to X; = >, 7 pk]l{kzo}aHk. Regarding
the asymptotic behaviours of moments, we give the proof for the excess kurtosis. The other limits and
equivalents are obtained in a similar manner. Letting o € (3/2,2) ensures the existence of the fourth
order moment. Since we assume p > 0, it follows that A\, = Bix, for p = 1,2, 3,4. Using Proposition 2.1,

one can show that as x tends to infinity

K4 — 4K1K3 + 6&%/&2 — 3/{‘1L
2
(1)

Substituting the ,’s by p@=P) and rearranging terms yields the conclusion.

- 3.

Yo(z, h) —

I Proof of Proposition 4.1

From Proposition 5.2.4 p.110 and Equation (15.3.9) p.438 in Kulik and Soulier (2020) applied to the

noncausal AR(1) process (X;) with MA(oco) representation X; = > ..z pk]l{kzo}aHk, we have that,
X

IP’( ’)tah € A’]Xt| > w) — P(@h € A), as x — +o0o, for any continuity set A C R, and Oy, is defined

t

by O, := Sp_h]l{h_HSO}, with S a discrete random variable such that P(S=1)=1-P(S=—-1) =c:=

144
2

, and 7 a discrete random variable independent from S such that P(1 = k) = p~“*(1 — P) L gr<oys

o7



for all k € Z. For A = [p~™" — 6,p™" + 6] with § € (0,p™"), we have [1 — p"d,1 + p"6] N {0,1} = {1},
[—1—p"8,—1+ p"3]N{0,1} = 0 and

P(@h c A) = P(sp—hn{h+7§0} elp =5+ 5])

P(ST(rc pny € [1—6p"1+6p ])

(
]P’(]I{T< ny € [1— 80" 1+ 8p ]) (S - 1) + P(]l{TS,h} e[-1—dp" —1+ 6ph])}P’(S = —1)
P<7‘< h)

=c Z p“ P ) L gr<oy
k<—h

— Cpah‘

X
Thus, JP’( |)t(+|h clp -0, "+ 5]’|Xt| > ac) — ¢p®" as x — +oo. Similarly, it can be shown that
t

X
IP( D’ZT € [-p~ -3, —p_h—l—(s]‘\Xt] > a:) — (1—c)p™" as x — +oo. Hence, for s € {—1,+1}, provided

P(S=s) >0,

X
P(ZEt et -0 40

X
sXi > :U> IP( tHh ¢ [sp™" —6,sp7 " + 5]’|Xt| > x, s X > x)

| X4

X
P( |)’Z|h € [sp~h —(5,8p_h+(5]’|Xt| > a:)

IP’(SXt >

| Xy| > ac)

PIRS=5)
P(S =s) '

The proof for the limit of P(X;;h € [—6,0]
t

sXy > a:) is similar.

J Proof of Proposition 4.2

Assume Assumption 1 holds for some € > 0. Let us first show that d > 0. Ad absurdum, assume that

d = 0. Then there exists k,¢ € {0,...,h}, k # ¢, say k < ¢, such that Ay = Ay. This entails

(p_1> s ’p_ka P_kafl, s 7p_ka—(h—k:)) = (p_l, s »P_Za p_eaflv s ap_za—(h—f))'
—_—— —— —

k h—k ¢ h—¢

Since k < £, the above equality implies that p~*a_; = p~*~!, and hence a_; = p~!. But then for k = —1
and A = p,

A(a/l~€+7ﬂ7 e Ok42, Qf41, CLk) = P(pm_17 vy P 17 p_l) = p,

o8



which violates Assumption 1. Hence, d > 0.

Let us now establish the main result of Proposition 4.2. For u > 0 and y € R™, denote generically

Bu(xzo) = {x € R": ||x — || < u}. By Point «.) Proposition 5.2.4 p.110 and Equation (15.3.9) p.438
X, X
IP’(UH}I) € B, (sp) x Bs(sAy)

in Kulik and Soulier (2020),
Xy >z
X | Xzl )
|Xt| > JZ‘)

P((@m, .ey00,01, ..., @h) S 677 (.S’p) X B(s(SAk))

b ¢
IP( th ¢ Bs(sAg)

X
| X > x,ﬁ € Bn(sp)> =

X

)

TR P((@_m, .Oy) € Bn(sp))
(J.1)
A_N—k . 1+8 . |a—j‘a
where for all k, O = S——, withP(S=1)=1-P(S=-1)=ci= ——,P(N =j) = = — for
o] 2 2 rez |agl

all j € Z, and S and N are independent. There is no issue with division by zero since a_n = 0 implies

P(N = j) = 0. Let us first focus on the denominator in (J.1). We have

P((@_m,...,@g) € Bn(sp)> = P(S(am_N,...,al_N,a_N)/]a_N] € Bn(sp))

(]

B(C(amw. - a1 a-y)/lax] € By (sp) )B(S =)
¢e{-1,+1}

-y 3

¢e{-1,+1} jez

_ |a;|* _
- Z Z ZZeZ |a€‘aP(S C)a (J.Q)

Ce{-1,+1}jee

>}P(N = JHP(S =)

{C(am—j7~-~,¢11—ju¢l—j)/|a—j|€3n (SP

where for ¢ € {—1,1}

T = {j ez (Wt U4 0) EBn(sp)}.

|ajl

By convention, if a; = 0, then the index j drops from the sum above and thus from J;. Let us show that

Js ={j >0} and J_s = (). Notice first that for any (,s € {—1,1}, Assumption 1 guarantees that
Hc(am+j""7al+jaaj) —sp

s¢
|| ’ N

7(am+j7 <o 7a1+j7aj) - pH > € >,
|a;]

for all j < —1 such that a; # 0. Thus, ((am+j,--.,a14+4,a;5)/|a;| € By(sp) for j < —1,and (,s € {—1,1}.

Hence, J: C {j > 0}, for ¢ € {—1,1}. Now, for j > 0, since a; = P

(am+j,...,a1+j,aj) . (pm+j,...,p1+j,/>j)
¢ , —¢ -
|a,] P

= (p € By(¢p)-
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Hence, {j > 0} C J, which shows that J, = {j > 0}. However, for j > 0, —s(am+j, ..., 0145, a;)/|aj| =
—sp, and [[(—sp) — sp|| = 2[/p|| > 2¢ > n by Assumption 1 with A = 0, and —sp & B,(sp). Thus,
s =10.
Therefore, (J.2) yields
| o
Z Z |a’]’ ]P)(S:C):Z ’a’]’ ]P)(S:S)

cer Ty jeg, ez lad® 50 Leez lae®
_ P(S = s) ija
ez lael® >0
P(S =s)
(1= p) Ypez lael®’

which shows that:

P((@m, ...,0p) € Bn(sp)) == I;E)Sz_e;) PEE (J.3)

Let us now turn to the numerator in (J.1). Proceeding as above, we obtain that

IP«C)mw.WQm(h,.w@h)eBn@p)xBAsAkO:: 3 % ps_¢), g4

«
Cef{-1,+1} jeTe Yrez larl

where for ¢ € {—1,1}

, Aty ey Qg Ay A1y ey (i,

Je = {JEZ: C( e —H‘aﬂ ’ : )EBH(SP)XBé(SAk)}-
J

(am+j7"'7a1+j’aj)

With similar considerations as above regarding the part ¢ ]
s
J

Js C{j >0} whereas J_s = (. Also,

€ B, (sp), we obtain that

Ts = {j >0: s(amﬂ’”"alﬂ’aﬁ?j’%1""’aj_h) € By (sp) x Ba(sAk)}
J

={j>0: AjeBs(Ap)},

where A; = Ay, for all j > h. Since § < d, we have by definition of d that A; € Bs(Ay) if and only if
Jj=~Fkin the case 0 <k <h—1, and A; € B;(Ap) if and only if j > h, that is

{k}, ifke{0,...,h—1},

JTs =
{j > h}, if k = h.
Therefore, (J.4) yields
P — ok
Aii—ﬁ%r, if ke {0,....h—1},
P ALY

P((@_m, ..., 00,061,..., @h) S Bn(sp) X B(;(SAk)> =
P(S = s)p*"

, if k= h.
(1= p%) Xpez |ael®
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Finally, combining this with (J.1) and (J.3), and provided P(S = s) > 0, we obtain that

pF(1—p%), ifke{0,....,h—1},

Xiin
P A
< X, € Bs(sAy)

X
| Xy| >z, ﬁ € Bn(sp)) =

poh, if k = h.

which concludes the proof.

K Proof of Proposition 4.3

We first have by Bayes formula that for any h > 1, § € (0,€"), s € {—1,+1}:

Xieth
IP’( X, € [-46,4]

sX, > m) _ p(X;h €[5, «5]‘|Xt| > 2, sign(X;) = s)
t

P(W € {5} x [0, 5]‘\){4 > x)

IP’(SXt > x‘\Xt\ > x)

1
Letting S a random variable such that P(S=1) =1 -P(S = —-1) =¢c:= %ﬁ, then (4.1) implies that

]P’(th > x’|Xt| > a:) — P(S =s).

T—-+00

Now, by Proposition 5.2.4 p.110 and Equation (15.3.9) p.438 in Kulik and Soulier (2020) applied to

Xt = D ez QkEi+k, We have that:

IP’( (Xt, Xiyn)

St e s} x [ 311> 2) o B((©0,0m) € {5} x [-4.6)).

aG_N—j

where the ©;’s are random variables such that ©; := S for all j € Z, with N the random variable

lan|
such that P(N = j) = |a—;|*/ > recz |ak|®, and with S and N furthermore independent. There is no issue

of division by zero since for a_; = 0 we have P(N = j) = 0. Now, since |ax| = aj, for all k € Z,

P((00,00) € {s} x [~4,3]) = P(S(l NRY € {5} x [, 5])

7
a_n

—P(S = S)P<“Nh € =5, 5])

a_n

|aj|*
_P(S=s) S U
g;h 2kez lak®

where 7}, is the set of indexes defined by

aj,

Tp = {jeZ: a; #0and 2" ¢ [—5,5]}.

aj
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By assumption, a; = 0 for all j < 0, which implies that J, C {j > 0}. Also by assumption, we have that
for any j > 0, a;j/a;+1 > € > 0, which implies that for all j > h

a;_
izh S bS5,

aj
Hence, aj_p/a;j ¢ [—9,0] for all j > h. Last, for j € {0,...,h — 1}, we have that a;_, = 0 and thus
aj_n/a; € [—0,8]. We deduce that J;, = {0,...,h — 1}, and therefore
jagl* o lagl®

ie7, Lkez lax|®  Dkez lax|®

Finally, we conclude that provided P(S = s) > 0

P(W € {5} x [0, 5]‘)@ > x)

]P’(th > x‘\Xt] > x)

P((©0,0n) € {5} x [-6,4])
ho lag|®
> kez lak|
P(S = s)
20 lagl

C Ykez lawl®

Xttn

s Xy >:L‘> =

P(S =s)

Which concludes the proof.
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