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ABSTRACT

Pretesting for exogeneity has become a routine in many empirical applications involving instrumental vari-
ables (IVs) to decide whether the ordinary least squares (OLS) or the two-stage least squares (2SLS) method
is appropriate. Guggenberger (2010) shows that the second-stage ¢-test— based on the outcome of a Durbin-
Wu-Hausman type pretest for exogeneity in the first-stage— has extreme size distortion with asymptotic size
equal to 1 when the standard asymptotic critical values are used. In this paper, we first show that the stan-
dard wild bootstrap procedures (with either independent or dependent draws of disturbances) are not viable
solutions to such extreme size-distortion problem. Then, we propose a novel hybrid bootstrap approach,
which combines the residual-based bootstrap along with an adjusted Bonferroni size-correction method.
We establish uniform validity of this hybrid bootstrap under conditional heteroskedasticity in the sense that
it yields a two-stage test with correct asymptotic size. Monte Carlo simulations confirm our theoretical
findings. In particular, our proposed hybrid method achieves remarkable power gains over the 2SLS-based
t-test, especially when IVs are not very strong.
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1. Introduction

Inference after data-driven model selection is widely studied in both the statistical and economet-
ric literature. For instance, see Hansen (2005), Leeb and Po6tscher (2005a, 2009), who provide an
overview of the importance and difficulty of conducting valid inference after model selection. In
particular, it is now well known that widely used model-selection practices such as pretesting may
have large impact on the size properties of two-stage procedures and thus invalidate inference on
parameter of interest in the second stage. For the classical linear regression model with exogenous
covariates, Kabaila (1995) and Leeb and Potscher (2005b) show that confidence intervals (Cls)
based on consistent model selection have serious problem of under-coverage, while Andrews and
Guggenberger (2009b) show that such CIs have asymptotic confidence size equal to 0. Further-
more, Kabaila and Leeb (2006) derive an upper bound for the large-sample limit minimal coverage
probability of CIs after “conservative" model selection such as Akaike Information Criterion (AIC)
and various pretesting procedures. Andrews and Guggenberger (2009a) find extreme size distor-
tion for the two-stage test after “conservative" model selection and propose various least favourable
critical values (CVs). In comparison, the literature on models that contain endogenous covariates,
such as widely used instrumental variable (IV) regression models, remains relatively sparse.

The uniform validity of post-selection inference for structural parameters in linear IV models
was studied by Guggenberger (2010a), who advised not to use Hausman-type pretesting for exo-
geneity to select between ordinary least squares (OLS) and two-stage least squares (2SLS)-based
t-tests because such two-stage procedure can be extremely over-sized with standard asymptotic
CVs, even when IVs are strong.! Instead, Guggenberger (2010a) recommended to use a 7-statistic
based on the 2SLS estimator or, if weak IVs are a concern, an identification-robust method? to
perform inference directly on the structural parameters. However, it is well known that the 2SLS-
based ¢-statistic itself may have undesirable size properties when IVs are not strong (especially if
the number of IVs is large), and compared with the z-statistic, identification-robust methods of-
ten yield relatively large confidence intervals in such cases. As such, in the quest for statistical
power, many empirical practitioners still use Hausman-type pretesting in IV applications despite
the important concern raised by Guggenberger (2010a). In particular, their motivation of imple-
menting the two-stage procedure also lies in the fact that valid IVs (i.e., exogenous IVs) found
in practice may be rather uninformative, while strong IVs are typically more or less invalid and
such deviation from IV exogeneity may also lead to serious size distortion in standard ¢-test and
identification-robust tests (e.g., see Berkowitz, Caner and Fang (2008, 2012), Doko Tchatoka and
Dufour (2008), Conley, Hansen and Rossi (2012), Guggenberger (2012), Andrews, Gentzkow and
Shapiro (2017)).

Recently, Young (2020) analyzes a sample of 1359 empirical application involving IV regres-

I'Similar concerns were also raised by Guggenberger and Kumar (2012) about pretesting the instrument exogeneity
using a test of overidentifying restrictions, and by Guggenberger (2010b) and Kabaila, Mainzer and Farchione (2015)
about pretesting for the presence of random effects before inference on the parameters of interest in panel data models.

2Such as Anderson and Rubin (1949, AR), Kleibergen (2002, KLM), and Moreira (2003, CLR) among others.



sions in 31 papers published in the American Economic Association (AEA): 16 in AER, 6 in AEJ:
A.Econ., 4 in AEJ: E.Policy, and 5 in AEJ: Macro. He highlights that the IVs often do not appear
to be strong in these papers, so that inference methods based-on standard normal CV's can be rather
unreliable, and he advocates for the usage of bootstrap methods to improve the quality of infer-
ence. Furthermore, he argues that in these papers IV confidence intervals almost always include
OLS point estimates and there is little statistical evidence of endogeneity and evidence that OLS is
seriously biased, based on the low rejection rates of Hausman tests in his data. In his simulations
based upon the published regressions (Table XIV), the rejection frequencies can be as low as 0.237
and 0.386 for 1% and 5% significance levels, respectively, for asymptotic Hausman tests, and even
as low as 0.105 and 0.208, respectively, for bootstrap Hausman tests.

However, Young (2020)’s finding from the AEA data that OLS estimates seem to be not very
different from 2SLS estimates may be attributed to the fact that the used I'Vs are not strong (2SLS
is biased towards OLS under weak IVs), and Hausman-type tests also have low power in this case
(e.g., see Doko Tchatoka and Dufour (2018, 2020)). It is therefore unclear whether OLS is not se-
riously biased in these data. In particular, as shown by Guggenberger (2010a) and Doko Tchatoka
and Dufour (2018, 2020), the Hausman test is not able to reject the null hypothesis of exogeneity in
situations where there is only a small degree of endogeneity: for sequences of correlations between
the structural and reduced form errors that are local to zero of order n~2 (i.e., local endogeneity),
where n is the sample size, the Hausman pretest statistic has a noncentral chi-squared limiting
distribution, and its noncentrality parameter is small when IVs strength is not high. Therefore, the
pretest has low power and as a result, OLS based inference is selected in the second stage with high
probability. However, the OLS-based z-statistic often takes on very large values even under such
local endogeneity, causing extreme size distortions in the two-stage test. Indeed, Guggenberger
(2010) shows that the asymptotic size of the naive two-stage test equals 1 for empirically relevant
choices of parameter space.

In this paper, we study the possibility of proposing uniformly valid inference method for the
two-stage test procedure by using alternative data-dependent CVs. Following Young (2020)’s rec-
ommendation of using bootstrap methods for IV models, we first study the validity of bootstrapping
the two-stage procedure. It is well documented in the literature that resampling methods such as
bootstrap and subsampling can be invalid when [Vs are weak; see e.g., Andrews and Guggenberger
(2010b), Wang and Doko Tchatoka (2018) and Wang (2020). Here, by deriving the null limiting
distributions of the bootstrap test statistics and their associated asymptotic sizes, we show that the
(wild) bootstrap method is invalid for the two-stage procedure even under strong I'Vs. In particular,
the usual intuition for bootstrapping the Hausman test is that one should restrict the bootstrap data
generating process (DGP) under exogeneity of the regressors, which corresponds to the pretest null
hypothesis. Interestingly, we find that such bootstrap DGP can still result in extreme size distortion
for the two-stage test with asymptotic size close to 1 in some settings, while the bootstrap DGP
without the null restriction typically has much smaller size distortions. As such, in general boot-

strap is not the solution to guarantee uniform inference for the two-stage test procedure. This is



in contrast to the case of bootstrapping the Durbin-Wu-Hausman tests (without the second-stage ¢-
test), which achieves higher-order refinement under strong IVs and remains first-order valid under
weak IVs; e.g., see Doko Tchatoka (2015).

On the other hand, there is also a growing literature illustrating that when applied to IV models,
well designed bootstrap procedures typically have superior performance than conventional asymp-
totic approximations in terms of size control and coverage probability for hypothesis testing and
confidence intervals, respectively; see, e.g., Davidson and MacKinnon (2008, 2010, 2014), Wang
and Kaffo (2016), Finlay and Magnusson (2019), Wang (2021), Here, to address the bootstrap
failure for the two-stage test, we propose a novel hybrid bootstrap procedure, which makes use
of the standard wild bootstrap CVs and an appropriate size-correction method. This procedure
consists of developing a set of size-corrected bootstrap CVs for the two-stage test statistic, and we
show that these CVs are uniformly valid in the sense that they yield tests with correct asymptotic
size. In particular, since the standard wild bootstrap CVs cannot mimic well the key localized
endogeneity parameter, more attention is required on this parameter when designing the bootstrap
DGP. Furthermore, a Bonferroni-based size-correction technique is also implemented to deal with
the presence of this localization parameter in the limiting distribution of interest. Different from
conventional Bonferroni bound, which may lead to conservative test with asymptotic size strictly
less than the nominal level, our technique always leads to correct asymptotic size.

In terms of practical usage of our method, we are particularly interested in the IV applica-
tions where the values of endogeneity parameters are relatively small; e.g., Hansen, Hausman and
Newey (2008) report that the median of the estimated endogeneity parameters is only 0.279 in their
investigated AER, JPE, and QJE papers. These are cases where the Hausman-type pretest would
not reject exogeneity and the naive two-stage procedure would lead to extreme size distortion. On
the other hand, as the problem of size distortion is circumvented by our method, we may take
advantage of the power superiority of the OLS-based #-test over its 2SLS counterpart. In addition,
Doko Tchatoka and Dufour (2020) show that pretest estimators based on Durbin-Wu-Hausman
exogeneity tests can outperform both the OLS and 2SLS estimators in terms of mean squared error
if identification is not very strong, even with moderate endogeneity. As such, our proposed method
is also attractive from the viewpoint of inference for this type of models. Monte Carlo experiments
confirm that our hybrid bootstrap procedure is able to achieve remarkable power gains over the
2SLS-based ¢-test and the AR test, especially when the IVs are not very strong.

Our size-correction procedure is closely related to recent studies by McCloskey (2017), who
proposes Bonferroni-based size-correction procedures for general nonstandard testing problems,
and McCloskey (2019) applied this method to post-selection inference in linear regression model.
Wang and Doko Tchatoka (2018) proposed size-correction method for subvector inference in linear
IV models in which the structural nuisance parameter may be weakly identified, while Han and
McCloskey (2019) used it for inference in moment condition models where the estimating function
may exhibit mixed identification strength and a nearly singular Jacobian. Different from our hybrid

bootstrap procedures, these procedures are based on simulations from limiting distributions.



The remainder of this paper is organized as follows. Section 2 presents the setting, test statistics
and parameter space of interest. Section 3 presents the results of both standard and hybrid bootstrap
methods for the two-stage testing. Section 4 investigates the finite sample power performance of
our methods using Monte Carlo simulations. Conclusions are drawn in Section 5 and the proofs
are provided in the Appendix.

Throughout the paper, for any positive integers n and m, I, and 0,4, stand for the n x n
identity matrix and n X m zero matrix, respectively. For any full-column rank n X m matrix
A, Py = A(A’A)"'A’ is the projection matrix on the space spanned by the columns of A, and
My = I, — Py. The notation vec(A) is the nm x 1 dimensional column vectorization of A. B > 0 for
am x m squared matrix B means that B is positive definite. Ay (A), Amax(A), and rank(A) denote
the minimum and maximum eigenvalues and the rank of matrix A, respectively. |U|| denotes the
usual Euclidean or Frobenius norm for a matrix U. The usual orders of magnitude are denoted by
Op(.) and op(.), “5> stands for convergence in probability, while «4 stands for convergence
in distribution. We write P* to denote the probability measure induced by a bootstrap procedure
conditional on the data, and E* and Var* to denote the expected value and variance with respect
to P*. For any bootstrap statistic 7* we write T* —f" 0 in probability if for any & > 0, € > 0,
limy—P[P*(|T*| > 6) > €] =0, i.e., P*(|T*| > 8) = op(1); see e.g. Gongalves and White (2004)
and Dovonon and Gongalves (2017). Also, we write T* = Op+(n?) in probability if and only if for
any 0 > 0 there exists a Mg < oo such that lim,,_,P[P*(|n~?T*| > Mgs) > 0] =0, i.e., forany 6 >0
there exists a Mg < oo such that P*(|n~?T*| > Ms) = op(1). Finally, we write T* —“" T in proba-
bility if, conditional on the data, 7* weakly converges to 7T under P*, for all samples contained in

a set with probability approaching one.

2. Framework

2.1. Model and test statistics

We consider the following linear IV model

y = X0+u, 2.1
= Zm+v, (2.2)

where y, X € R", Z € R"™* is a matrix of instruments (k > 1), (0, 7') € R*¥ are unknown param-
eters, and 7 is the sample size. We assume that the matrix Z has full-column rank with probability
one. Denote by u;, v;, and Z; the ith rows of u, v, and Z respectively, written as column vectors
(or scalars) and similarly for the other random variables. Assume that {(u;,v;,Z;) : i < n} are i.i.d.
with distribution F.

The object of inferential interest is the structural parameter 8 and we consider the problem of
testing the null hypothesis Hy : 8 = 0. We study the two-stage testing procedure for assessing Hy,



where an exogeneity test is undertaken in the first stage to decide whether a z-test based on the OLS
or 2SLS estimator is appropriate for testing Hy in the second stage. Assume that the instruments
Z are exogenous, i.e., Er[u;Z;] = 0 for all i, where Identification Er denotes expectation under the
distribution F. Under this orthogonality condition of the instruments, X is endogenous in (2.1) if

and only if v and u are correlated. Consider the following linear projection of u on v:
u=va+e, 2.3)

where e is uncorrelated with v (i.e., Er[e;v;] = 0 for all i) and a = (Er[v?]) "' Er[viu;]. The exo-
geneity of X in (2.1) can be assessed by testing the null hypothesis H, : a = 0 in (2.3); see e.g.
Doko Tchatoka and Dufour (2018). Substituting (2.3) into (2.1), we obtain the extended regression

y=X0+vy+e, 2.4)

where X and v are uncorrelated with e, i.e., Er[Xje;] = 0 and Er|v;e;] = 0 for all i < n. Therefore,
the null hypothesis of exogeneity H, : a = 0 can be assessed using a Wald statistic for a = 0
in the extended regression (2.4). For any full-column rank matrix A with appropriate sizes, let
MW denote the residuals from the regression of W on A, My =1 — P4 and Py = A(A/A)’IA’. To
account for possible conditional heteroskedasticity in the model, we consider the following control
function-based Wald statistic® for H, : a = 0 in (2.4):

H, =na*/V,, (2.5)

where a = (V9) 1y, V, = (n='99) ! (n 1 X, 9767) (n~'9'9) ! is the White heteroskedasticity-
robust estimator of the covariance matrix of 4, v = MV, v = MzX, and é = M[Xﬁ] y. Note that é is
the residuals vector from the OLS regression of y on X and ¥. The pretest reject the null hypothesis
that X is exogenous in (2.1) (equivalently, the null hypothesis that OLS is unbiased) if H,, > %%,1— B’
where xilf p is the (1— )" quantile of y3-distributed random variable for some € (0,1). If 6
is strongly identified (Z being strong instruments) and X is exogenous, H, follows a x% distribution
asymptotically.

Let By575 = X Pzy/(X' PzX), and Br5 = X'y/(X'X) be the OLS and 2SLS estimators of  re-
spectively in (2.1). Also, define Vagrs = (X/PZX/n)_léi(észg) and Vorg = (X/X/n)_léi(éom),
where 62(8;) =n~'(y—X0,)/(y—X0,),1 € {OLS,2SLS} are the usual OLS-based 2SLS-based
estimators of the variance of the structural error (both without correction for degrees of freedom).

The two-stage test statistic associated with a pretest using H,, in the first-stage is given by:

T,(60) = Tors(60)L(H, < X7 1)+ Tases(80)1(Hy > X7, _p), (2.6)

3 Alternative formulations of this exogeneity statistic are given in Hahn, Ham and Moon (2010); Doko Tchatoka
and Dufour (2018, 2020) but the Wald version considered in (2.5) easily accommodates conditional heteroskedasticity,
so we shall use this formulation.



where 7;(0),1 € {OLS,2SLS} is the usual z-statistic with OLS or 2SLS estimates, i.e.

12 | € {OLS,2SLS}. 2.7)

T,(6) =n'/*(6,-6)/7,
Define 7,,(00) as £7,(0¢) or |T,(0¢)|, depending on whether the test is a lower/upper one-sided
or a symmetric two-sided test, respectively. The nominal size ¢ test with a standard normal CV
rejects Hy : 6 = Qg if

To(60) > cu(l — ), 2.8)

where co(l — &) = 71— for the one-sided test and z;_, /2 for the symmetric two-sided test, re-

spectively and zj_ is the (1 — a)-th quantile of a standard normal distribution.

2.2. Parameter space and asymptotic size

We define the parameter space I' of the nuisance parameter vector Yy following Andrews and
Guggenberger (2009, 2010a, 2010b), Guggenberger (2012), and Guggenberger and Kumar (2012).
Importantly, as pointed out in Andrews and Guggenberger (2009, 2010a, 2010b), one may index
the model by nuisance parameters that have three components: Y= (7,,7,,7Y3)- (i) The first compo-
nent y; determines the point of discontinuity of the limiting distribution of interest. The parameter
space of ¥, is I7. (i1) The second component Y, also affects the limiting distribution of interest,
but does not affect the distance of the first component to the point of discontinuity. The param-
eter space of 7y, is I5. (iii) The third component Y3 does not affect the limiting distribution. The
parameter space of ¥ is I3, which in general may depend on ¥, and v,, i.e., I3 = I3(Y,,7%,). To
obtain the asymptotic size results, the first and second components need to be finite dimensional,
while the third component is allowed to be infinite dimensional [e.g., the error distribution:* see
the application examples in Andrews and Guggenberger (2009, 2010a, 2010b)].

Define the vector of nuisance parameters ¥ = (¥;,7%,,Y3) by

Y1 =a, V= (Y21,Y22:Y23: Ya4: Ya5), V3 =1F, (2.9)

1

where a = (Ep[v?]) 'Er[viti], Y21 = T, Yoo = Ere?ZiZ}, Vo3 = Ere
EFvl-z. Here, 7, measures the degree of endogeneity of X through the regression endogeneity pa-

1
rameter a [see Doko Tchatoka and Dufour (2014), and ¥, ||¥547»; || measures the overall strength

4 As pointed out by Andrews and Guggenberger (2010b, p.434), the limiting distribution of interest often does not
depend on the specific error distribution by virtue of the CLT, and only depends on whether it has certain moments
finite and uniformly bounded.



of the IVs.? Let

I =R, I = {(?’21,72277237 Yoa:Ya5) i Vo1 = T E R¥, Y = EFeizZiZz{ = Qz, e RV,

.t |[Va1ll > K Amin(Y22) = K, 723 > 0, Amin(Ya4) > K, and Y55 > 0}7 (2.10)

for some x > 0 that does not depend on n, where A,,;,;,(A) denotes the minimum eigenvalue of
the square matrix A. As ||75;|| > kK >0, Y25 > kK > 0, Apmin(Y24) > K > 0, then the measure of
instrument strength }/2_5% ||}/2%4}/21 || is bounded away from zero. Therefore, the Staiger and Stock
(1997)’s weak IVs asymptotics is ruled out of the scope of this paper.® Following Guggenberger
(2012) and Guggenberger and Kumar (2012), I3(y,, 7, ) is defined to allow for possible conditional
heterogeneity of the errors as follows:

I—é(’}/l , ’}/2) = {F : Erejvi=ErpeiZ; =ErviZ; =0, Epeizvizi = Epeiv,ZZi = EFeiviZiZl{ =0,

for some constant ¥k > 0, § > 0 and M < co. The definition of I3(y;,7,) allows for conditional
heteroskedasticity by not imposing EFelZEFZiZ{ = Qgz,, EFVI.ZEFZ,-Z{ = Qy,, or EFeleFvi2 = Q.

As the goal is to provide a practical means of controlling size of the two-stage z-test after pretesting

Ereivi =0, EpviZiZl = Qz, € RFF with 1,,i,(R22,) > K, (2.11)

/
Er (|ui|2+67 |Vi|2+6; ‘MiVi|2+6) H < M,

/
Er (12l .1z, 212) | <},

for exogeneity, allowing for conditional heteroskedasticity is paramount for the proposed method-
ology to be useful in applied work.

We then define the whole nuisance parameter space I of ¥ as

'={y=017.7):neh,nehveli(y")}, (2.12)

where I, j=1,2,3 are given in (2.10) and (2.11). To characterize the asymptotic behavior of the

estimators and test statistics, it is useful to consider the following convergence in distribution:

(7 Yz, Q. 0 0
NG Zv| =4y, | ~N[o, [ 0 Qn o |]. (2.13)
Ve Ve 0 0 -Qve

_11
SNote that 7, || V3,75 || = (u?/ n)'/2, where u? denotes the well-known concentration parameter in the IV litera-
ture.
SHowever, the Monte Carlo experiments (see Section 4) show that our proposed tests perform very well even when
IVs are weak.



Furthermore, let 7; be defined as y; — 7, € R as n — oo. It is easy to see from (2.3) and (2.13) that

. Z'u Vz.(71) Qz(7) 0 0
ﬁ Z'v _>d YV, ~N O; 0 'QZV 0 ’ (2 14)
(V/I/t —Ef [V/Lt]) You (71) 0 0 Qv (71 )

where Wz, (7)) = Wz, 71 + Yz V(%) = W + W, with 07 2(Vv — ER[]) =4 y,,
Qz,(7,) = ?%QZV +Qz,, and Q,,(7,) = T%Qw + Q,, with Q,, = Epvf — o4, Clearly, all the vari-
ables and covariance matrices in the limiting distribution in (2.14) are continuous functions in
7, € R. It is also straightforward to see that y,,(0) = v,,, v,,(0) = y,,, 22,(0) = Q. and
Q,,(0) = Q,,.

Let ¢, denote a (possibly data-dependent) CV being used for the two-stage testing. The fi-
nite sample null rejection probability (NRP) of the two-stage test evaluated at y € I is given by
Pg,.y[T2(00) > c,], where Pg y[E,] denotes the probability of event E, given y. Then, the asymp-
totic NRP of the test evaluated at y € I' is given by

limsupPy, y[T,(00) > cxl, (2.15)

n—soo

and the asymptotic size of the test is given by

AsySz[c,] = limsupsupPy, 4 [T,(00) > ¢ . (2.16)
n—eo yel’
In general, asymptotic NRP evaluated at a given y € I is not equal to the asymptotic size of the
test. To control the asymptotic size, one needs to control the null limiting behaviour of the test
statistic 7,,(0¢) under drifting parameter sequences {7, : n > 1} indexed by the sample size; e.g.,
see Andrews and Guggenberger (2009, 2010a, 2010b), Guggenberger (2012), and Guggenberger
and Kumar (2012).

Following these papers, we can show that the asymptotic size of the two-stage test with the
standard fixed normal CV (i.e., AsySz[c(1 — &)]) is realized under relevant choices of the parame-
ter space. In particular, to derive AsySz[cs(1 — )], it is enough to study the asymptotic NRP along
some sequence of the type {7, ,} for some / € 77, as the highest asymptotic NRP is materialized
among such sequence, where /

o {h - (hl’hIZIaVec(h22)/ah23’vec(h24),ah25)/ € Rik2+k+3 : H{Yn = (Yn,lv,}/n,b’)/n&) el:n=> 1} :
"2y, = hi € Reo, ¥,5 = hy = (hot,hao,ho3,has hos) © (|lhot ||, hos, has) > K for some

K> 0 and }me(A) Z Kfor any A€ {’}/22,’}/24}}

JA X Ho1 X Hoy X 53 X Sy X Hrs (2.17)



with R, = RU {#eo}. The relevant drifting sequences {7,,} are defined following Guggenberger
(2010a) as ¥, = (Yun1 Yun2s Yans) for b= (h1, Ky vec(ha)  hos,vec(has)' has)' € A, where Yoni =
(Eg,v7]) " Eg, [viui, Yan2 = Vunots Vanozs Yanass Yonow Yanas) With Y po1 = Tn, Vypon = r€; ZiZ,

_ 2.2 _ ' _ 2 cnticfue
Yunos = Egeivy, Vihoa = Er,Z,Z;, and Ynos = Ep,v; satisfy:

nl/27n7h71 — hy, Yn7h,2 — hy = (hz] ,hzz,//l23,hz4,h25), and Yn7h73 =F € E(Ymh,l?ymh,Z)' (2.18)

More specifically, under Hy and the drifting sequences of parameters {yn: p o h € Y satisfying (2.18)
with |A;| < o (i.e., local endogeneity), we show in Lemma A.1 that the asymptotic variance n'/?(a — np)

1/2

is the same as that of n'/~d under exogeneity (H, : a = 0) for any h; € R. Furthermore, the limiting dis-

tributions of the estimators éOLS, észS, and 4 are derived in Lemma A.2-(a). In particular, by noting that
v,,(0)=vy,, and y,,(0) = y,,, we have

n'’a | Z (Hyrhaaha) ™" (W Wz, (0) = s w,,(0) + I
n'2(Bors—0) | =T | Wors | = | (has +Hyhaaha) ™" (7o W, (0) + ,,(0) + hashi ) (2.19)
n'/2(Bas5 — 6) Yasis: (Haihoaha1) ™" Wy y,(0),

from Lemma A.2-(a), where v, ~ N(hl, (hé1h24h21)_2h/21h22h21 -+ h£52h23), Yors ~ N<h25h1/(h25 +

Hy hashar ), (y by + ho) / (s + h’21h24h21)2), and Vg g ~ N(o, (h’21h24h21)_2h’21h22h21>. Interest-
ingly, since we have ¥, ,; — 7, = 0 under the drifting parameter sequences {yn’h : h € A} satisfying
(2.18) with |h;| < oo, the limiting distributions under Hy of all estimators in (2.19) do not depend on the
asymptotic behavior of both n=1/2Z'v and n='/2(v'v — E¢[v'v]).

Similarly, Lemma A.2-(b) and (2.19) imply the following convergence results for T>s75(00), Tors(60),
H,, and the symmetric two-sided ¢ test statistic 7;,(0):

~1/2
Trsrs(00) (hyyhaohon) 1 hy w2,(0)
Tors(00) | S my = (hé‘h22h21+hf3)71/2(h'21 V2,(0) + v, (0) + hashy)
Hy haoh AN _ _ 2
Hy ((h’221|l12242h2211)2 +h23h252> ((h’21h24h21) 1h/2] ‘I’Zu(o) —hzsl ¥, (0) +h1)
U
= | M2 (2.20)
N3.n

: 2.21)

d ~
and T,(00) = T = ‘nz,h]l(n&h < X%,lfﬁ) + 10N, > X%,l—ﬁ)

Ry hophoy

where nl,h ~ N(O, 1), n27h ~ N((hé]hzzhzl +h23)_1/2h25h],1) and n3,h ~ x%((m +

e ) . hh hoohy 2 -1 2 D sy .
ha3hy< ) h1>. The noncentrality parameter <(h/2211hzT]1)2 + h23h25> hi of the x* limiting dis-
tribution of H,, clearly depends on the endogeneity parameter /1, and is nonzero if and only if
hy # 0. Therefore, h; determines the power of the first-stage pretest for exogeneity. As in Guggen-

berger (2010a), we can show from (2.21) that the asymptotic size of 7,,(09) (i.e., AsySz[ce(1 — &t)])



equals 1. That is, the maximal rejection of the two-stage -test is realized under certain drifting
sequence {Y, ,: h € 7} with local endogeneity. Such extreme size distortion occurs because
when exogeneity is present but is not rejected in the first-stage (which is the case when /1 # 0 and

’ -1
<% + h23h552> h% ~ (), OLS-based z-test is used in the second stage, but the maximal
21

asymptotic rejection probability for Hy : 0 = 6 with OLS-based z-test equals 1; see the discussion
at p.376 in Guggenberger (2010a). This result extends to the one-sided z-test, but we focus on the

two-sided ¢-test to simplify the presentation.

3. Main Results

3.1. Wild bootstrap

In this section, we study the asymptotic behaviour of standard wild bootstrap procedures for the
two-stage test, and we show that this bootstrap cannot consistently estimate the distribution of the
statistic of interest. To simplify the exposition, we focus on the case of symmetric two-sided test,

but our results remain valid for one-sided test.

Wild Bootstrap Algorithm:
1. Given Hj : 6 = 0, compute the residuals from the first-stage and structural equations:

vV = X—-Zr, (3.1)
i(69) = y—X8o, (3.2)
where % = (Z'Z)~'Z'X denotes the least squares estimator of 7.
2. Generate the bootstrap pseudo-data following
X" = Zr+v', (3.3)
Yy = X"0p+u", (3.4)
where there are two options to generate the bootstrap disturbances:

(a) v* and u* are generated independently from each other. Specifically, in the case with

heteroskedastic data, we set for each observation

v viey ;
=1 o (3.5)
(“T) (“i(eo)ez,i)

where e’l‘i and esi are two random variables that has mean O and variance 1 and are

independent from each other.
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(b) (v*,u*) are drawn dependently from each other. For heteroskedastic data, we set

' viey
et ’ . 3.6
) (ﬁi(eo)e’f,i> 30

Following Young (2020), we refer to (a) as independent transformation of disturbances and
(b) as dependent transformation of disturbances. For the purpose of better size control,
it is often recommended that to bootstrap exogeneity tests, (u*,v*) be generated using the
independent transformation scheme, so that the bootstrap samples are obtained under the
null hypothesis of exogeneity. However, as we will see below, this is not necessarily the case

for the bootstrap two-stage tests.

3. Compute the bootstrap analogue of the two-stage statistic (for a symmetric test):
T,/ (80) = |ToLs(80)L(H,y < X7 1_p) + Tosus(80) L(H, > X1 1_p)|, 3.7

where T}, 4(00), T, ¢(00) and H,; are the bootstrap analogues of Tors(00), Tosrs(0o) and

H,, respectively, which are obtained from the bootstrap samples generated in Step 2.

4. Repeat Steps 2-3 B times and obtain 7,"(6¢), b = 1,..., B. The bootstrap test rejects Hy if the
bootstrap p-value Y5 1 Tn*<b> (6p) > Tn(Go)] is less than o.

To check whether the bootstrap consistently estimates the distribution of the two-stage test

statistic, one needs to check whether we have

sup |P* (T (0¢) < x) — P(T;,(69) < x)| =70 (3.8)
XER
under Hj and such drifting parameter sequences.
First, we note from Lemma A.4 in the appendix that the following convergence results hold for

the bootstrap statistics (conditional on the sample):

2w (V20 Qu(0) 0 0
172 7 v _d vy, ~N|0, 0 Qy, 0 , (3.9
<u*’v* g [u*’v*]) v, (0) 0 0 .0

in probability, i.e., the bootstrap (with dependent or independent transformation) does replicate
well the randomness in the original sample. Theorem 3.1 gives the null limiting distributions
of the bootstrap two-stage test statistics under the drifting parameter sequences {yn,h : he s}
satisfying (2.18) with |A}| < co.

11



Theorem 3.1 Conditional on the sample, the following convergence holds under Hy and {Yn.,h :
h € A} satisfying (2.18) with |hy| < oo:

~1)2 .
T3515(60) (K hoohay) ™7 iy wr, (0)
* —-1/2 * *
Tors(60) | =% mj= (R h2hay +h232 / (71 W5, (0) + y3,(0) + hash}) ,
* h/ h h — B — * * 2
H, ((h’;,lhizh;l])z +h23h252> (M hoahar) ™" Hy w7, (0) — w3, (0) + 1)
HT,h
= [ 12
N34

T, (60) —* T = ‘nihﬂ(n;h < X%Jfﬁ) +07,0(N5, > %ipﬁ) ;

in probability, where hll’ = 0 for the bootstrap based on independent transformation of disturbances, and
h = hy + ,,(0) with y,,(0) ~ N(0,,,(0)) for the bootstrap based on dependent transformation of dis-

turbances.

According to Theorem 3.1, the standard wild bootstraps are not able to mimic well the key
localization parameter /1, thus resulting in the discrepancy between the original and bootstrap
samples. In particular, we note that hll’ corresponds to the localization parameter of endogeneity in
the bootstrap world, and the bootstrap with independent transformation (henceforth dubbed as in-
dependent bootstrap) removes all the endogeneity when generating the bootstrap samples. On the
other hand, while the bootstrap with dependent transformation (henceforth dubbed as dependent
bootstrap) is able to mimic the situation of local endogeneity in the original sample (note that h’f is
finite with probability approaching one when /4 is finite), the approximation is imprecise and re-
sults in an extra error term y,,,(0) ~ N(0, £2,,(0)), whose value depends on the actual realization of
the sample. In particular, these results suggest that, in the bootstrap world, the conditional limiting
distribution of H,;, given y,,, is a central chi-squared distribution under the independent boot-
strap, while it is distributed as a noncentral chi-square with one degree of freedom and (random)
noncentrality parameter (ﬂ% + h23h2_52)71(h1 +v,, (0))? under the dependent bootstrap.
Therefore, the power of the bootstrap pretest statistic H,; under either procedure will be different
from that of H,,.

From Theorem 3.1, it is clear that the (conditional) null limiting distribution of the bootstrap
two-stage test statistic is different from the null limiting distribution of the original two-stage test
statistic in (2.21). Therefore, the bootstrap consistency in (3.8) cannot hold in the current context.
However, even if the bootstrap is inconsistent, it might still be able to provide a valid test if its
asymptotic NRP does not exceed the nominal size under any sequence in (2.18). To further shed
light on the behaviour of the bootstrap statistics, we apply (2.21) and Theorem 3.1 to the case
with conditional homoskedasticity as in Guggenberger (2010), and plot the 95% quantiles of T},
and 7" in Figure 1 as a function of i with i € {.2,.4,.6,.8,1,2}, where hy = |]Q%é27t/6v| |, and
B = .05. Notice that the limiting distributions of interest are considerably simplified in this case,
only depending on £ and h;. We highlight some interesting findings below.
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Figure 1. 95% quantiles of 7}, and T}
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Note: The results are based on 100,000 simulation replications.

First, we observe that the quantiles of Th* for the independent bootstrap can be much lower
than those of 7, when the values of 1 and/or h, are small, suggesting that this bootstrap procedure
can seriously overreject the null hypothesis in such cases. Indeed, its quantiles always correspond
the case that the endogeneity parameter exactly equals zero as its data generating process totally
removes the degree of endogeneity in the bootstrap world. By contrast, the quantiles of Th* for
the dependent bootstrap turn out to be rather close to those of 7}, across various values of 4 and
hy. However, the figure suggests that this bootstrap procedure may also have some slight over-
rejection when the quantiles of 7, are relatively high (e.g., when 4y = .4 and h; = 5). In addition,
we note that the quantiles of Th* for the dependent bootstrap converge in each sub-figure to the
standard normal CV when the value of % increases: when |4 | is large, the Hausman pretest rejects
with high probability so that the two-stage test becomes the 2SLS-based ¢-test, and the dependent
bootstrap does mimic well such behaviour. On the other hand, we note that the quantiles for the
independent bootstrap becomes close to the standard normal CV only when £, is fairly large (e.g.,
when h,=2). Intuitively, when h, becomes large, the term with Y7, becomes dominant in the limit
of T;,4(00) (.e., n;h) while the term with v becomes dominant in the limit of H,; (i.e., ng’h,

. W, hash N\ ! _ . . 2 .
which equals <(h,2211hZ#211)2 +h23h252> ((Hhyhoahor) ™ hh, ws, (0) — wi, (0))” for the independent
bootstrap), so that conditional on the sample, 175 , becomes independent from both n} , and 15 ,
in this case, as Y7, and y,, are independent from each other (e.g., see (3.9)).

Furthermore, we can obtain the asymptotic sizes of the two bootstrap tests by applying the

results in (2.21) and Theorem 3.1. Specifically, the asymptotic size of the bootstrap two-stage test
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can be defined as:

AsySz[¢,(1 —a)] :=limsup sup P,  [T,(00) > ¢, (1 —a)], (3.10)

n—e yer
where ¢ (1 — a) denotes the (1 — o)-th quantile of the distribution of 7,*(6y), based on the depen-
dent or independent transformation. The next theorem gives an explicit formula of the asymptotic
size. Note that the asymptotic size depends on «, 3, and k., but it does not depend on k (number

of instruments used).

Theorem 3.2 AsySz[¢;(1— )] equals sup,_,, P|T, > c;(1 — a)], where Tj, is defined in (2.21) and
ci(1 —a) is the (1 — a)-th quantile of T;* defined in Theorem 3.1.

Following Guggenberger (2010a, Table 1), we report the asymptotic sizes of the (symmetric)
two-stage tests based on the standard normal CV, the independent bootstrap CV, and dependent
bootstrap CV in Table 1 when o = .05 for x € {.001,.1,.5,1,2,10} and B € {.05,.1,.2,.5}. First,
we note that both the standard normal CVs and the independent bootstrap CVs have asymptotic
size much larger than .05; e.g., when kK = .001, the two methods have asymptotic sizes equal to
100%,95.1%,85.3%,55.4% and 97.7%,92.8%,83.0%,53.7%, respectively. In addition, it turns
out that the independent bootstrap CVs always have smaller size distortion than the standard nor-
mal CVs, and this is in line with the results in Figure 1, in which the quantiles of the independent
bootstrap limit Th* are always higher than the standard normal CVs. On the other hand, we note
that although in general also unable to achieve uniform size control, the dependent bootstrap CVss

have asymptotic sizes quite close to the nominal level.

Remarks

1. How do these asymptotic size results correspond to real-world data? For instance, as re-
marked by Guggenberger (2010a), Angrist and Krueger (1991)’s influential study on return to
schooling has estimated concentration parameters equal to 95.6 and 257 for the cases with 3 IVs
and 180 IVs, respectively. And they correspond to the values of 7y, equal to .017 and .028, re-
spectively, for the sample size n = 329,509 in their study. Therefore, Table 1 suggests that a
Hausman-pretest-based two-stage procedure with either the asymptotic CV or the independent
bootstrap CV would lead to extreme distortion of null rejection probability for the Angrist and
Krueger (1991) data, while the one based on the dependent bootstrap CV would not suffer from
serious size distortion.

2. As seen in Table 1, the asymptotic size of the dependent bootstrap test can be either higher
or lower than the nominal level (thus asymptotically conservative or over-sized), depending on the
value of the lower bound of IV strength k. Still, it has asymptotic sizes quite close to the nominal
level across various settings, and is therefore much more desirable than the independent bootstrap
in terms of size control for the two-stage test. Note that the extreme size distortion of the inde-
pendent bootstrap is not a surprise, as this scheme assumes exogeneity while the endogeneity is

local-to-zero in the true DGP. However, as we will see in Section 4, the dependent bootstrap has
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relatively low finite-sample power compared with alternative methods considered in the simula-
tions (including our novel hybrid bootstrap procedures that are based on independent draws of the
structural and reduced-form residuals). In the next section, we will show that the hybrid bootstrap
procedures achieve both correct asymptotic size and better finite-sample power properties. In par-
ticular, the use of the independent bootstrap is paramount for the validity of these procedures since
it helps to first remove all the endogeneity in the bootstrap world before applying an appropriate
size-correction method to account for the localized endogeneity parameter /41, which cannot be
well estimated by the .

Table 1. Asymptotic size (in %) of two-stage tests for o = .05.

Std Normal CV BS-independent BS-dependent

k\B| .05 .1 2 5 05 1 2 S 1.0 1 2 5
001 | 100 95.1 853 554|977 928 83.0 537 |12 12 13 2.0
95.5 904 80.2 50.7|939 884 776 488 |13 15 19 3.0
604 505 392 222|559 453 345 193 16,6 6.6 65 6.5
27.7 217 162 9.7 | 247 185 129 78 |68 6.6 65 6.1
108 93 7.7 621|101 83 66 52 |61 60 57 53
10 53 53 52 52|53 53 53 5253 53 53 52

Note: The results are based on 100,000 simulation replications.

3.2. Hybrid bootstrap

In this section, we introduce hybrid bootstrap procedures that are able to achieve correct asymptotic
size for the two-stage test. First, we show how to construct a hybrid bootstrap CV in the current
context by using Bonferroni bounds. Note that in the case of local endogeneity with |h;| < oo, the
localization parameter /| cannot be consistently estimated. However, we may still construct an
asymptotically valid confidence set for /#; by using some appropriate choice of estimator iln,l' For

1/ 24, where

example, we can define an estimator fzml =n
a= (VMy9) ¥ Myy, @3.11)

and ¥ = MzX is the vector of residuals from the first-stage OLS regression (i.e., the regression of
X on instruments Z). Then a confidence set of 4 can be constructed by using the fact that under

the drifting parameter sequences,

A = -2 _

g = By~ N (I, (Hahashar) Highaohoy +hi32hos ) (3.12)
from (2.19). With the exception of hj, note that the other parameters appearing in the normal

distribution in (3.12) can be consistently estimated.
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Alternatively, one may consider using the null-imposed estimator ilml(eo) =nl/ 24,(00) =
(V') ~19/(y— X 60), whose null limiting distribution follows N (hl , h2_52h23> . Then, uniformly valid
hybrid bootstrap CVs for testing Hy : & = 6 under the two-stage procedure can be constructed
by using Bonferroni bounds: we first construct a 1 — (& — §) level first-stage confidence set for
hy, then take the maximal (1 — §)-th quantile of appropriately generated bootstrap statistics over
the first-stage confidence set. Specifically, let fzmz = (l%ngl,}Azmzz,fzn,z;;,fzn724,ftn725) be a consistent
estimator of hy = (ha1,h22,h23,h04,h05) and CI_ (fzn,l) denote the 1 — (a — §) level confidence
set for h; for some 0 < 0 < a < 1. The bootstrap-based simple Bonferroni critical value (SBCV)
is defined as

B-S - _ x
< (a,0=8,h,,,h,,) = sup ¢, (1=9), (3.13)
mect, 4(h,,)
where C(hl,ﬁz)(l —9) is the (1 — 9)-th quantile of the distribution of Tn,(h,fz,,,z)(eo)’ which is the

bootstrap analogue of 7,,(0¢) generated under the value of localization parameter equal to ;.

As we have seen in the previous section, the standard wild bootstrap procedures cannot mimic
well the localization parameter #;. Therefore, attention has to be taken when considering the
bootstrap DGP. In particular, we propose to generate Tn*: () (69) as follows:

T’::(hl jln,Z) (90)

. * * 2 * * 2
= [T i (O (Hn’(hlﬁnﬁz) < %171—[3) Ty o(60)1 (Hn,(hlﬁn,z> > %1,1—[5) ‘ (3.14)

* *
where TOLsy(hlﬁn’z)(@O) and Hn,(hlfzn,z) are the bootstrap analogues of Tprs(69) and H,, respec-
tively, evaluated at the value of localization parameter equal to #;. To obtain these bootstrap
analogues, we first generate the bootstrap counterparts of the OLS and regression endogeneity

parameter estimators under /;:

Ak

0 A -1 _
OoLs iy = OousT (1+hnathnohy ) 0™ 2h,

a . = & +n'n, (3.15)

where é*OLS and a* are generated by the standard bootstrap procedure in Section 3.1 with inde-

pendent transformation of disturbances, so that é*OLS and @* have localization parameter equal to

zero in the bootstrap world. By doing so, \/ﬁ(é*OLS (M na) — 0p) and \/ﬁc?(kh ) have appropriate
’ 7, 12

)(90) andH* .  asfollows:

(conditional) null limiting distribution. Then, we obtain TO* (b1 dona)

LS, (hy i

. V(oL (hy ) — 00)
oLs (i i) (00) = =Tl , (3.16)

VOLS
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* _ (hlahn,Z)
Bha = 9 (3.17)

and we can show that the following (conditional) convergence in distribution holds:

ToLs. (i, )(90) L (R ko + h231) 12 (y W, (0) + 7, (0) + hashy) (3.18)
* R haoh 2\~ _ . . 2|5
Hn7(h1ﬁ,l‘2) ((h’zzllhzizh;l])z + h23h252) ((h/21h24h21) lhlzl v7,(0) —v;,(0) + hl)
in probability P. This implies that T* o )(90) the resulting bootstrap counterpart of the two-stage test

statistic, has the desired (conditional) hmltmg distribution evaluated at the value of localization parameter
equal to A (different from the limiting distributions in Theorem 3.1).

As seen from (3.13), the bootstrap SBCV equals the maximal CV c¥ )(1 — 0) over the values of the

(h hnZ
localization parameter /; in the set CI (}Aznjl ). We can now state the following theorem for ¢S (o, —

8.h b))

n,17

Theorem 3.3 Suppose that Hy holds, and then for any 0 < § < a < 1, we have:

AsySz [P (o, 00— 8 hn,,h ,)] :==limsup sup P, _[T,,(60) > B S(a,a -6 hnl,hnz)] <
n—e yel
Theorem 3.3 states that tests based on c®~5(a, 00 — & hn ] ,h ,) control the asymptotic size. In practice,

AES(a,a—8,h b ,) can be obtained by using the following algorithm.

n,17

Hybrid Bootstrap Algorithm for ¢®S(a, 00— 8,h,,,h,,):

L. ~Ax(b) ~x(b ~ sk Ak .
1. Generate the bootstrap statistics {GO(L;, ngL)S,d*(b),VOEbS),VZS(f;, +(b )} b =1,...,B, using the stan-
dard bootstrap procedure with independent transformation of disturbances.

2. Choose « and §, and compute CI__; (izm] ).

3. Create a fine grid for CI__ (ilm) and call it ‘fff;d.

4. For each h; € %g”d , generate T Eh) i 2)(60), b =1,...,B, using the bootstrap statistics generated in
()

Step 1. The same set of {GOLS,ngL)S, *(b),VO*g;),V;S(g, +(b )} b=1,...,B, can be used repeatedly

for each h;.

5. Compute c* )(1 —§), the (1 — 8)"" quantile of the distribution of 7*

(i) (89) from these B draws

(1
of bootstrap samples.

6. Find >5(a,00 — 8,h,,,hh,,) = sup. ch

n,17

Note that as shown in Theorem 3.3, although controlling the size, the bootstrap SBCV may yield a
conservative test whose asymptotic size does not reach its nominal level. For further refinement on the

Bonferroni bound, we propose a size-correction method to adjust the bootstrap SBCV so that the resulting
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test is not conservative with asymptotic size exactly equal to . Specifically, the size-correction factor for
the bootstrap SBCV is defined as:

fl, = inf{n: sup P* [Tn*(hil )(90)>cB—S(a,afa,izj;](hl),izn_z)+n}ga . (3.19)
h €74 P2 ’

where fz:l (h1) denotes the bootstrap analogue of ﬁn.l with localization parameter equal to /; and is generated

by the same bootstrap samples as those for Tn* (bt ) (60). More precisely, we define
h:,l () =" +h, (3.20)

where fz:’  =n12a" = (9 My- ") U9 My-y*, 9% = Mz X*, is generated by the standard bootstrap procedure
with independent transformation (so that the localization parameter equals zero in the bootstrap world).
Note that fll’zl converges in distribution to N (0, (h’21h24h21)72h/21h22h21 + h2_52h23) in probability P, while
fl: | (h1) converges in distribution to N <h1 , (h’21h24h21 ) 72h’21h22h21 + h2_52h23> in probability P, i.e., the same
o1 10 (3.12).

We emphasize that fz:‘l (h1) needs to be generated simultaneously with Tn*7 (ht )
bootstrap samples, so that the dependence structure between the statistics 7,,(6o) and }Aznyl is well mimicked

limiting distribution of /

(69) using the same

by the bootstrap statistics. This is important for the procedure described in (3.19) to correct the conser-
vativeness of the Bonferroni bound. Similarly, for the implementation of the size-correction method, one
cannot replace c®5(a, o0 — 6,@:‘1 (hl),iln,z) in (3.19) with ¢85 (o, & — S,fzn.l ,fznﬁz), as it also breaks down
the dependence structure.

The goal of the size-correction method is to decrease the bootstrap SBCV as much as possible by using
the factor 11 while not violating the inequality in (3.19), so that the asymptotic size of the resulting tests can

be controlled. Then, the size-corrected bootstrap CV can be defined as

37C(

FCa,0—8,h,,,h,,) = P (a,0—8,h,,,h,,)+17,, (3.21)

n,1?

and one can expect that relatively small ], results in relatively less conservative (and more powerful) test.
In particular, under a proper algorithm for the size-correction method, and given some fixed o € (0,1) and
0 € (0, al, the size-correction factor ],,(+) is continuous as a function of fzn‘l . We can now state the following
theorem on the uniform size control of the bootstrap CVs based on the size-correction method.

Theorem 3.4 Suppose that Hy holds, and then for any 0 < § < a < 1, we have:

AsySz[cB_C(a, o— S,fzn‘l ,fzn‘z)] := limsup suI}POM [Tn(eo) > cB_C(a,a — 5,fzn_, 7iln,2):| =q.
n—oo y¢

Theorem 3.4 shows that ¢~ (a, o — 8, fzml ,h ), the size-corrected bootstrap CVs, yield tests with the
correct asymptotic size. To implement such tests in practice, we must compute c2~5(a, o0 — & ,izn,l,fzn.z)
and 1], These values can be computed sequentially starting with ¢®~5(a, & — 8,4, ,,h,,). Then the size-
correction factor 7], can be computed by evaluating (3.19) over a fine grid of .7 as follows.

Hybrid Bootstrap Algorithm for ¢®(a,a - 8,h,,,h,,):
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1. Generate the bootstrap statistics {@*O(Lb;, @;ébL)S,d*(b),VO*%,VZ*S(f;, +(b) h*( )} ,b=1,...,B, using the

standard bootstrap procedure with independent transformation of disturbances.

2. Let B=S(at,00—8,h,,,h,,) be the obtained bootstrap SBCV.

n,17

3. Create a fine grid of the set .74 in (3.19) and call it %grid.

4. For each h; € #F™, obtain TE)h )(90) and ES(a,a — §,*P(hy),h,), b =
hihn ™ ’
1,...,B, using the bootstrap statistics generated in Step 1. Note that the same set of
{GO(L;,GzéL)S, 7+(b) V0*£S)>V25(L;’Va( ) }Az:(lb)},b: 1,...,B, can be used repeatedly for each 4.

grld

5. Create a fine grid of [—c®~S(a,a — 8,k . h, ), 0] and call it S,

n1?
6. Findall n € $"" such that

ly *(b) B—S 7x(b) 7
Lt o (80) > (@@= 8B D) h) +m] < @
1€
and set f],, equal to the smallest 7).

7. The size-corrected bootstrap CV is given by

E o, 00— 8,h,,,h,,) =5 (a,a—8,h,,,h,,)+1,.

n,1? n,1?
Remarks
1. We note that the computational cost of the proposed hybrid bootstrap procedures is not very high.
In particular, the same bootstrap samples can be used in the Algorithms for ¢85 (o, o — 8, h h ,) and

n,1?

B, —8,h ,,h ,): there is no need to generate a new set of bootstrap samples to implement the size-

n,17
correction method in (3.19). Moreover, the same set of bootstrap statistics can be used repeatedly for each
value of localization parameter #; when constructing the localized quantiles c’(“h1 ) (1 —9) in Step 4 of the
Algorithm for ¢85 (o, — §, h hn ,). Similarly, the bootstrap statistics can be used repeatedly for each &;

n,1?

when evaluating the size-correction factor in Step 4 of the Algorithm for 8= (o, ot — § hn . h 2)-
2. Recently, Hansen (2017) proposes a Stein-like shrinkage approach in the context of IV regression. His
estimator takes a weighted average of the 2SLS and OLS estimators, with the weight depending inversely

on the test statistic for exogeneity. Under our current setting, this estimator can be written as
0 =wbors + (1 —w)0Oas1s, (3.22)
where

t/H, if H, > T,
W= /Hr "= (3.23)
1 if H,<T,

where 7 is a shrinkage parameter. We can show that our hybrid bootstrap procedure can be applied to Hansen

(2017)’s shrinkage approach as well.
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4. Finite sample power performance

In this section, we study the finite-sample power performance of four tests: the 2SLS-based ¢-test (without
Hausman pretest), the two-stage test based on the hybrid bootstrap CVs, and a test that is based on Hansen
(2017)’s shrinkage estimator and its corresponding hybrid bootstrap CVs. We do not include the two-stage
tests based on the standard normal CVs and the independent bootstrap CVs, as they have extreme size
distortion (e.g., see Table 1).

We conduct Monte Carlo simulations by using the linear IV model in (2.1). The sample size is set at
n = 100, the number of Monte Carlo replications is set at 2,000, and the number of bootstrap replications
is set at B =199. We set & = .05 for the nominal levels the 2SLS-based ¢ test, and the two bootstrap-
based tests, and set 3 = .05 for the nominal level of the Hausman pretest. The size-correction algorithms
described in Section 3.2 are executed with 0 = .025. The shrinkage parameter 7 is set to equal 1. The
number of instruments is set at k = 1. The errors have unit variance, so the endogeneity parameter, a, equals
p (the correlation).

Figures 2 - 3 show the finite-sample power curves of the tests. The true values of the endogeneity param-
eter are set at p € {0,0.1,0.2,0.3,0.4,0.5}. The values of the concentration parameter, which characterizes
the overall IV strength, are set at u> € {2,10} for Figures 2 - 3, respectively. It is clear that when the TV
is not strong, the two hybrid bootstrap-based tests have remarkable power gain over the 2SLS-based ¢-test.
Such power gain originates from the inclusion of the OLS-based #-test in the two-stage test. The Monte
Carlo simulations suggest that our method could be particularly attractive in the cases where the available
instruments may not be strong so that [V-based inference methods could suffer from low power but naively
using two-stage procedure to select between the OLS and 2SLS-based ¢-tests may result in extreme size

distortion.

5. Conclusions

In this paper, we study how to conduct uniformly valid inference for the two-stage procedure by using
data-dependent critical values with possibly heteroskedastic data. We first show that standard bootstrap pro-
cedures with dependent or independent transformation of disturbances cannot consistently estimate the null
distribution of the two-stage test statistics under local endogeneity. In particular, these bootstrap methods
cannot mimic well the key localization parameter in the model. We also study the asymptotic sizes of the
two bootstrap procedures, and find that the bootstrap two-stage test with independent transformation has
extreme size distortion while the one with dependent transformation is much less distorted. Then, we pro-
pose a hybrid bootstrap approach, which makes use of the standard bootstrap procedure with independent
transformation and a Bonferroni-based size-correction method, which allows us to handle the localization
parameter properly. We show that the hybrid bootstrap method is uniformly valid in the sense that it yields
correct asymptotic size. Monte Carlo simulations confirm that our proposed method is able to achieve

remarkable power gains over the 2SL.S-based ¢-test, especially when the instruments are not very strong.
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Figure 2. Power of 2SLS-¢ and hybrid bootstrap tests: p?> =2
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Notes: The power curves for the 2SLS-¢ test, the two-stage test with hybrid-bootstrap CVs, and
the shrinkage test with hybrid-bootstrap CVs are illustrated by the curves in pink, blue, and red,
respectively.
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Figure 3. Power of 2SLS- and hybrid bootstrap tests: u? = 10

p=0 p=0.2

307

ejection rat

o

3 -2 -1 0 1 2 3

Notes: The power curves for the 2SLS-¢ test, the two-stage test with hybrid-bootstrap CVs, and
the shrinkage test with hybrid-bootstrap CVs are illustrated by the curves in pink, blue, and red,
respectively.
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A. Appendix

Section A.1 contains the proofs of the theoretical results in the paper.

A.1. Mathematical Proofs

Lemma A.1 Under the drift sequences of parameters {7, ,} in (2.18) with |hy| < e, we have:
n'2(a—ayp) = (n~0 My0) " (nfl/zv“Mxe) +op(1),

. Lo . . ~ . N ~N—1 /124
i.e., the limiting distribution of n1/2(a — ayy) is the same as that of (n 1v’MXv) (n 1/ZV’MXe). So,
the asymptotic variance of n'/ 2(a— anj,) under localized sequences of drifting endogeneity parameter

nl/zamh — hy € R is the same that as under exogeneity (a = 0).

PROOF OF LEMMA A.1  Note first that we can write n'/2(a@ — a,;,) as:

n2(a—an,) = n'? ((\?’MX\?)_I\?’MX (v—="P+D)anp+e) —anp) (A.1)
= (" Mx0) (0T 2O (0= ) )+ (7 T MxD) (7 20 M)

It is sufficient to show that the first term in (A.1) is op(1). First,

n 2 My(v—9) = n VMyZ(ZZ)7'Zv= (0 VM Z)(n ' ZZ2) " (022 y)
= 0p(1)0p(1)0p(1) = Op(1), (A.2)

which follows from the fact that

nWzZ = nlv+@-v))Z=n"WZ4+nl(Hp-v)z (A.3)
= " VZ+ (Rap—Fup) (071 ZZ) = Op(n™ V%) + 0p(n" ) 0p(1) = Op(n~1/?)
nWPZ = nWPRZAn T\ 0—v)PZ=n"VZr 0 VY X'X) T (X' Z) +
n (0= v)PxZ =02 (62) " o+ Op(n/?), (A4)

X

2 2

where 62, 62 and o,, denote the probability limits of n~'v'v, n=1X’X and n~'X'Z, respectively. The

Op(n~"/?) term in (A.4) is justified by the fact that
n L=V PZ = (Tpp— Fug) (071 Z’X) (07 X'X) T (071X Z) = Op(n1/?). (A.5)
Therefore, given that n= /20 My (v — ) = Op(1) and n'/?a,,;, — hy € R, we have
(n~ 19 My9) ! (nfl/za’MX(v - 9)) aup = op(1), (A.6)
so that

n'2(a— any) = (' My) (n*1/2ﬁ’MXe) +op(1), (A7)

26



as stated.

Lemma A.2 Under the drift sequences of parameters {Yn,h} in (2.18) with |hy| < oo, the following results
hold:

(a) Asymptotic distributions of the estimators

n'%a v, — (Wyhasha1) ™" By Wz, (0) +hog 0, (0) +
n'2(Bors —0) —4 Vors | = | (Bhhashar +hos) ™ (R w4, (0) + v,,(0) 4 hashy)
”I/Z(OZSLS —-0) VosLs> (}’/21}’24}’21)_1 hy¥z,(0)

where

2 _
v, ~ N<h1, (Ky hoahar) Ry hasho +h252h23>
2
Vors ~ N<h25h1/( /21/124/121+h25),(h/21h22h21+h23)/(h/21h24h21+h25))

Yosis ™~ N<07 (h/21h24h21)72h'21h22h21)-

(b) Asymptotic distributions of the test statistics

Tass(60) , M
Tors(60) | — Nup=| N
H, N3

(}1/21}122}121)_1/2 hy v 2,(0)
(h/21h22h21 + h23)_1/2 (h/21 lI/Zu (0) + ll/vu(o) + h25h1)

/ o\ ! - y 2
(%mehzsz) (— (K hoaha) ™ oy Wz, (0) + hiys W, (0) + )

I hoahoy

T,,(GO) — Th:

Mol (N3, < %%.,1_;3) +11,1(M3, > X%,l—ﬁ) )

where

Ny ~ N(O,1)
Nop ~ N((hlmhzzhzl+h23)71/2hzsh1,1)

2( b haohoy
AN

22T s 2) T .
h’21h24h21)2+ 23 25) 1)

Nap ~ X

PROOF OF LEMMA A.2 (a) It is sufficient to characterize the asymptotic distributions of estimators sepa-
rately: (al) n'/2a; (a2) n'/?(8ops — 0); and (a3) n'/2(B,5.5 — 0).

(al) Asymptotic distribution of n'/24. We know from Lemma A.1 that n'/2 (@ —ayp,) is asymptotically
equivalent to (n~ ' My?) - (n~!/2¥'Mye), so we focus on characterizing the asymptotic distribution of the
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latter. First, note that

WMy =n"" X' MxX =n X' —n'X'PX, (A.8)
where
o 2 A B P 1 — 2
n XX = n XPX—= nmQzun=o0; (A9)
XX = (XX X'X) 7 (' X'R) =P ot (024027 (A.10)

Therefore, we have for the denominator

My P 62— od(c2+02) ! =026 (02 +02) (A.11)
For the numerator, note that
nil/zﬁ/MXe = —nfl/z)A(/MXe = —n 2% +n71/2)A('PXe. (A.12)
The first term is such that
n 2% = - (n_lX’Z) (n_lZ’Z)71 <n_1/ZZ'e)
=4 70,0 v, =7y, (A.13)
and the second term is such that
12 _ _ -1/ _ _
n %' Pe = (n'X'PX) (n'X'X) (n 1/ZX’e) —Yor(oz+00) " (Ty,+v,,),
(A.14)
where y,, and y,, are uncorrelated, y,, ~ N(0,hy) and y,, ~ N(0,h,3). Therefore,
! PXMye ! —m'yg +or(0n+00) 7 (MYt v,.)
= —oj(0z+0)) Ty, +or(0r+0)) v, (A.15)
By combining (A.11) and (A.15), we obtain
nl/z(d - a",h) _>d _G;Zﬂ/WZe + 6172 Ve
-1 _
= — (Kyyhasha)” Wy Wz +hos v,
~  N(0,(Fyhaahar) "ty hoohot + hydhos) . (A.16)
Since n'/2a = n'/?(a — anp) + nl/zan,h, it follows that
R ~1 _
n'a =4y, == (Khhaha) " By wz,(0) +hyd w,,(0)+ Ry
~ N(hu (Hyyhoshar) "2y hashay +h2_52h23), (A.17)
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with WZu(O) = lI/Ze and lI’vu (O) = er‘
(a2) Asymptotic distribution of n!/ 2(90Ls — 0). First, we have

n'?(Bors—0) = (n'X'%) " (n7/2X"u), (A.18)
where n7'X'X —F 62 + 62 = h hoahoy + hys, and
n 12Xy = n_]/z(n;hZ’—i-v’)(van,h+e)
= 75;1,11 (n*I/ZZ/e) + T[;’l,h (nfl/zZ'v) App+ (nilv'v) nl/zamh + n 12/ e
= Wy W+ W+ s, (A.19)

asn~12Z'e sy, n Ve Ay, 7 (n7V2ZV)a, = op(1), n7 (VV) = has +o0p(1), and n'/%a, , —
hy asn — oo,
Therefore, we obtain

n'2(Bors—0) = Wops= (yhaahar +has) ™" (hhy W, (0) + W, (0) + hashi ) (A.20)
< hoshy hy hoahoy + ho3 )
Ry hoshot + hos’ (o hashay 4 has)?

with y,(0) = vy, and y,,(0) = y,,..

(a3) Asymptotic distribution of n'/?(0yss — 6). First, note that n'/?(B55 — 0) =
(n_lX’PZX)_l(n_l/ 2X’qu) and it follows from the proofs above that n='X'P;X —% hb hashy and
n12X'Pyu —4 h, y,,,. Therefore, we have:

I’ll/z(ézSLS — 9) —)d Yosrs = (hélh%hzl)_l}lél Yz, ~ N(O, (h/21h24h21)_2h/21h22h21) . (A.Zl)

(b) It also suffices to characterize the asymptotic distributions of each statistic separately.
First, note that 7;(8) = n'/2(8, — 6)/V'/2(6,),1 € {OLS,2SLS}. Since

p hy hoohoy + ho3
(Hy hashay + has)*

p Ny hooho

dv(é T
, and V(02sr5) (7 Foalin) 2

V(90L5> —

(A.22)

the results of Tprs(0) and Trsr5(0) follow immediately from the proof of part (a) along with the fact that
lI"Zu (O> = WZe and Wvu(o) = l1’1\76'

Furthermore, we notice that H, is defined as H, = na>/V (), where the variance estimator V (4) =
(n_l\?’MX\?)_l (n_1 . ﬁl-zéiz) (n_l\?’MX\?)_l. We can also write H, as:
1/2 1/2 20

Hy = (n'a=au)+n'Pa,) V(). (A23)

where (nl/ 2 (@—anp)+ n'/ 2a,,,h)2 —d wﬁ from Lemma A.2-(a). Similarly, we can show that

V(@) =" (K haahoy) My hoshoy + hyshos, (A.24)
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so that

2

hy, hashoy O\ - B
H <(h'2211hz4hzl)2+h23h252 — (W hoahor) ™ By Wz, (0) + g w,,(0) + 1y ) (A.25)

where l//Zu (0) = l»UZe and lIlvu (0) = lI/ve‘

Lemma A3 If for some & >0, E*[|e}[*®),|e|*"®] is bounded in probability and Er[w;™®] <
w for all wi € {||Zui(80)|1,1Zwill.|IZZ}1| (80, vil, [ui(Bo)vil |, then =V Xy E* |12 2],
n Y EF [[1Zv; |24 and n VT E* [||u;vi||*9] are bounded in probability.

PROOF OF LEMMA A.3
The proof is straightforward for n=' Y| E* [||Z;u}| |>+0 |. Indeed, we have:

n n n
i Y E 12| P = 0 Y E (| Za(00)eq] | = 0t Y [[|Zi(60) |0 lef 2

l 1
n

n
= ' Y 2 00) PO [Jei 0] < ot Y 1z 00)| P
=~ i=1

=P CLEF[||Zui(80)|[*T0] < oo (A.26)

for some large enough constant C; < eo. Now, consider the bound on n=' Y7 E* U |Ziv7] \2+5] . Asin (A.26)

we have

n n n
nfl ZE* [HZI_V?HZ+5} _ nfl ZE* ["Ziﬁi"2+3’67i’2+6} _ nfl Z HZ‘%HZME* [‘e;i‘2+6]
i=1 i=1 i=1

n
< Cn 'Y ||ziwi] P (A27)
i=1

in probability for some large enough constant C; < oo, where j = 1 for the dependent bootstrap scheme and
Jj = 2 for the independent bootstrap scheme. By using Minkowski and Cauchy-Schwartz inequalities, along

with the fact that ¥; = v; — Z/(& — ), we obtain

n n
n Y 1zl = a7t Y ||Zivi— ZiZ) (R — m) |
i=1 i=1

n n
< c{n1Z\|z,-viu2+5+ufr—n|r“5nI)ZHZz-ZﬁH“‘S}a
i=1 i=1

=P CEp|||Zvi] 78] < oo, (A.28)

where C < oo denotes a large enough constant, and (A.28) holds because n~'Y"  [|Zyv;|[>t® —F

Er[||Zivi||*0] < oo, n 'YL ||ZiZI)*T0 =P Er[||ZiZ||**°] < e, and & — 7w —F 0.  Therefore,
n~'Y"  E* [||Ziv;|[>*®] is bounded in probability from (A.27)-(A.28).
We now show that n=' Y| E* [|u}v}|*+°] is bounded in probability. We have:
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n
I’li1 ZE* [‘M?{Vﬂpra] = 7IZE |:’ul 90)V1’2+6‘elt [l‘2+5:|
i=1

_ n—]z‘ui(eo)ﬁi‘Z—&-éE*“ *

€€ Ji

rad (A.29)

i=1

for j =1,2. For the independent bootstrap scheme, j = 2 so that E*[|e};e ]t|2+5} = E*[|ehez,]2+5] <
E*[|e};|*O]E* [|e5;]>+®] < C < o in probability for some large enough constant C. For the dependent
bootstrap scheme, j = 1 and we have E*[|e};e’;[*°] = E* [let7|%+8] = E*[|e};[??+9)] < € < oo in prob-
ability for some large enough constant C. Combining both cases into (A.29) along with the fact that

ui(09)v = u;(00)vi — ui(00)Z! (& — mr), and using Minkowski and Cauchy-Schwartz inequalities, we get:

n
n 'Y E [m;w;yzﬂ
i=1

IN

Z Jui(B0)vi — ui(00)Z] (7t — ) >+
n
< D{n! Z ui(B0)vil* 2 + |7t — 7 [**On~" Y || Zuii(B0)[ |70}
i=1 i=1
—P DEp[[ui(80)vi|**?] < oo (A.30)
for some large enough constants B < oo and D < oo, O

Lemma A.4 Suppose that the Hy holds and the conditions of Lemma A.3 are satisfied. Then, under the
sequence {1y, ,} defined in (2.18) with |h| < e we have:

n 127 Q7,000 0 0
n127 v SN0l 0 Qum 0 : (A.31)
n—1/2 (u*’v* _E* [u*’v*:|> 0 0 Qvu(o)

in probability.

PROOF OF LEMMA A4

Let ¢y, ¢y denote k-dimensional nonzero vectors, and d be a nonzero scalar. Define

Xoo = {uZi+cWiZi+d (ujvi — E*[ufvi]) }/\/ﬁ
= {c1€1,0i(00)Zi + cye0:Zi+d (2(00)Viel e — E* [ (00) Bieriel]) } /v/n, (A.32)

where j = 1 for the dependent bootstrap scheme and j = 2 for the independent bootstrap scheme. It suffices
to verify that the conditions of the Liapounov Central Limit Theorem hold for X

To simplify, we shall give the proof for the case with independent transformation, i.e., j = 2 in (A.32).
Note that the proof for the case with dependent transformation (j = 1) follow similar steps.

(@) E*[X};] =0 as E [¢},4;(00)Z] = :(00)ZE [e};] = 0, E [e39:Z;] = 1:(00)ZE [e3;] = 0, and
E'[;(80)Pie};e5; — E*[ai(00)Vief e )] = ai(00)0iE [€],€3] — i(60)%iE*[e]e3] = 0. Note that E*[e};e3] =
E*[e};]JE*[e3;] = 0 under the independent transformation.
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2

(b) Note that E'[u’ZZ]) = E’ m (Go)ehZZ’] 02(00)ZZIE [€};) = 02(60)Z:Z], E'|[vi'ZZ)] =

~D x A *roox2 *° % ~ A [ k2 42 ~ A
E [V232,ZZ/] = WZZ, Euv ] = [ 7(80)07e 621] = @7 (60)V7E letie5;] = a7 (60)0;
E [uviZZl] = E [0:(80)Vie],e5,ZiZ]] = i (Go)v ZZIE [ell.ezl-] =0, E'[u'viZ) = E'[@2
02(00)0iZE' [et;e5] = 0, and similarly E"[v*uZ] = 0. So, we have:

(00)VielieZi] =

~
N

n n
Y E'| :i] = ( 2(0, ZZ) c1+ch (n_l Zﬁ,-zZiZ,{) cr+d? (n_l 121-2(90)\3,-2>
i=1 i=1 i1

= Q20 )Cl—|—C2.QZVC2+dZQW(O)+0p(1)EOP(I). (A.33)

HM:

(¢) For some & > 0, we note that

} X ‘2+5

HM:

< cmn*le* [l Zi+ iz + i P
=1 -
n -
< Ot LB [z ez i )
,éfln s 1 1 A % |2+0 +0 ~ A * % (240
= Cn 2n ZE |CIZ,-u,-(90)eli‘ + ey Z; v,ezl} + |dVidi(09)e}ex;] }
=1 -
I . 245 - e
= Cn > [n 'Y [ Ziai(00)| " Eleqi O+ n Tt Y bz T B [les ]
i=1 i=1
n
+n 'Y |dﬁ,~ﬁ,~<eo>|2*5E*[|e1:~ez-r“5]]
i=1
-8 P o k[ % o
= Cn 2 [E [|eli|2+8]EF‘C/IZ[M[’2+ +E [|€2i‘2+5]EF’CéZ[M[|2+
E*[[eiienl* 2 Er [dviui**® | +op(1) 7 0, (A34)
e, Y | E *HX,TJ‘HS] —7" 0, where the convergence in probability is obtained by using Lemma A.3.
From (a)-(c) above, X,’[’l- satisfies the Lyapunov CLT conditions [see e.g. Theorem 14 in Ruud (2000)].
Lemma A.4 follows by applying this CLT. O

PROOF OF THEOREM 3.1

First, we note that

n\PxXF Pt = V2 (ZR+v) Pt
! / 71 !
= V27w n 12 (n_l/zv* Z) (n_lZZ) (n_l/zZ u*)

(A.36)

in probability, where the last equality follows from: (a) by Lemma A4, n~ /%" 7 = Op+(1) in proba-
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bility, and n~!/ 27 w* = Op- (1) in probability; (b) n'7'Z —P Q, which is positive definite, and therefore
n1Zz) =P ngl in probability. And the (conditional) convergence in distribution follows from Lemma
A.4, along with the fact that & — & —© 0.
Second, following the same as above, we have
n—l/ZX*'u* _ n—l/lﬁlz/u*+n—l/2(v*'u*_E*[V*/u*])+n—1/2E*[V*/u*]
=4 T v R, (A.37)
in probability, where hll’ = 0 for the independent transformation and h}f = h; + v, for the dependent trans-

formation. This is because n~'/2E*[v*'u*] = 0 for the independent transformation, and n~'/2E*[v*'*] =

n'/2 (n= VY1, 9i1;(00)) for the dependent transformation, where

I’ll/2 (nl i 9{%(90)) = n1/2 (nl i(v,-u,-(@o) — EF [V,‘M,‘(G())])) —|-7l1/2EF [viui(eo)] +0p(1)
i=1 i

Third, we note that
nIXYPXY = n ' (ZR+VY) P (ZR 40
= n%WZzr4+nWZVv e W zZR+ nilv*,PZV*
= 0 'WZZ&+0p (1) 4 0p (1712 4 0p (n7)
—P" 62 = 1'Quy71 = hy  hashy in probability. (A.38)
Using similar arguments, we obtain

n T XX =P hys+ By hoghot = (14 o3 By hoghoy ) hos, (A.39)

in probability. Combining (A.35)-(A.39), along with the expression of the bootstrap OLS and 2SLS estima-

tors, we obtain:

(0015 —00) =" Wors = (1+hys hyyhasha) " o (R W, + 5, + hoshf)
”l/z(é;sm —00) =" Wigs=(hyhasha) ' hy vy, (A.40)

in probability. Following similar steps as in the derivation of (A.40), we find that

nl/zd* —d’ (h;1h24/’l21 )71 (hl21 l[/;u — h;sl h;1h24h21 l[/ju) + hb, (A4l

viar) - (h/21h24h21)71((h£5lh;1h24h21)72h/21h22h21+h23),
VA(OLS) =" (14 hyd hy hoahot) "2 12 (hayhaohay + hos), V¥ (2SLS) =" by hoshor)~2hy hashag

in probability. The desired results are obtained from (A.40)-(A.42), along with the expressions of the
different bootstrap statistics. O
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PROOF OF THEOREM 3.2
We follow Andrews and Guggenberger (2010b) [e.g., the proof of Theorem 1; see also Guggenberger
(2010a)], and note that there exists a “worst case sequence” ¥, € I" such that:

AsySz[é, (1 —a)]
= limsup sup P, _[T,(60) > ¢, (1 — )]

n—e yel
= limsup P, [T,(60) > ¢,(1—a)]
n—soo o
= lm P, [T,,(60) > &, (1—0)] (A42)

where the first equality holds by the definition of asymptotic size and the second by the choice of the
sequence {7y, :n > 1}. And {m, : n > 1} is a subsequence of {n : n > 1}; such a subsequence always exists.
Furthermore, there exists a subsequence {®, : n > 1} of {m,, : n> 1} such that:

lim P, [T,(80) > &, (1—a)]

n— oo oo’ymn

= lim P, [T, (80) > &, (1— )] (A.43)

for some h € 4. But, for any h € S, any subsequence {®, : n > 1} of {n:n > 1}, and any sequence
{00,1:n>1}, wehave (Ty,(00),6, (1—a)) 4 (Th, c;,(1— o)) jointly. It follows that AsySz[¢;(1 — at)] =
sup,.,»PlT, > c;(1—a)]. O

PROOF OF THEOREM 3.3
First, note that by following similar arguments as those in the proofs of Theorem 3.1, we can obtain that

the following (conditional) convergence in distribution holds:

TO*LS,(h],ﬁz)(GO) _>d*< (n/_QZennL_Qve)—l/z(mlﬁu—kwﬁu—kcghl) )7 (A.44)

* —4 -1 -2 * * 2
n,(hlfzz) (h2 7'L'/.QZE7L' + QV@) (h2 ﬂ'JWZu — WYy + G%hl)

in probability. Then, based on the formula of T*(h ~ (B9), we conclude that the (conditional) null limiting
m,(hy

ha)
distribution of T*(h . (69) is the same as the null limiting distribution of 7,,(6¢) with the value of localization
n,(hy o
parameter equal to /1, and this implies that C?hljlz) (1—38) = ¢y p)(1—8), where ¢, 4,)(1 — 8) denotes

the (1 — &)-th quantile of 7;, with & = (hy,hy).
Then, the proof is similar to the proof for Theorem 3.2 and those in McCloskey (2017). We note that

there exists a “worst case sequence” ¥, € I" such that:

AS}’SZ [CB?S<(X7 a— 572»1 7iln,2)}

= limsupsup P, . [Tn(Go) > CBiS(OC,OC - 57;1,117;1,12)]
n—e yelI S

= limsup P, [7,(80) > P 5(a,a—8,h,,,h,,)]
n—r
= lim P,  [T,,(00) >® S(a,a—8.h, b, )] (A.45)

n—> o0 00 Ymy

where {m, : n > 1} is a subsequence of {n:n > 1} and such a subsequence always exists. Furthermore,
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there exists a subsequence {®, : n> 1} of {m, : n > 1} such that:

hm P [Tm,,(eo) > CB (a a— 6 hm,,]’ mp, 2)]

n— o0

= lim B, . [Ty,(60) > " *(at,a—8,h,,.h,,,)] (A.46)

n—oo

for some h € 7. But, for any h € 7, any subsequence {®, :n > 1} of {n:n > 1}, and any sequence {7,, ,:
n> 1}, we have (Twn(Go), 1) 4 (T, 1) jointly. In addition, ¢®~5(a,00 — & h, ,,h, ,)is continuous in

Y op,17 " "on,2

hw,,,] by the definition of the SBCV and Maximum Theorem. Hence, the following convergence holds jointly
by the Continuous Mapping Theorem:

(Ton (80), " S(a,a— 8,0, 0y ) 5 (T S(a, 00— 8,h, 1)) (A.47)
where ¢®S(at, 0 — 8,h,,h,) = sup ¢ p,)(1—8). Then, (A.45)-(A.47) imply that
h]EClaia(/jl])

AsySZ [CB_S((X> a— 67iln,1 77:1)1‘2)]

= lmp, [Twn(eo)>cB_S(a,a—6,hwnﬁl,lAzwn’2)
= supP[Th$c3*5(a,a—6,ﬁl,h2)], (A.48)
het
Now, for any h € 7, we have:
P[T, > P 5o, 00— 8,h,,1,)]
= P[T,>"%(a,0—8,h,h,) > cy(1-6)]
+ P[T,>cp(1-8)>cFS(a,a—8,h,,h,)]
+ Plep(1-8)>T, > %(a,00— 8,k h)]
< P[T,>cy(1-8)] +P[ch(1-8) > P S(a,a—8,h,,h,)]
= P[T,>c(1-8)] +P[h & Cly_5(h)]
= §+(a—98)=a, (A.49)

where the inequality and the second equality follow from the form of ¢®~5(a, a0 — 8, 711 ,h,), and the third
equality follows from the definition of CI,_g(h1). As (A.49) holds for any & € /7, it is clear from (A.48)
that AsySz[cB=S(at, 0 — 8,1, ,,h,,)] < @, as stated. O
PROOF OF THEOREM 3.4  As in Theorem 3.3, we can show that there exists a sequence ¥, € I', a sub-
sequence {m,: n>1} of {n: n> 1}, and a subsubsequnce {®, : n> 1} of {m,: n> 1} such that the
following result holds:

AsySz [® (o, — 8,h, . h,,)]

= limsup sup 90,7[ T,(80) > *S(a,a—8,h,,,h,,)+1,]

n,17
n—e yel

— hmsupP [n(90)> B- (OC o — 5 h hn2)+ﬁn}

n,17
n—r o
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— lim P [T,,(80) > P 5(a,a— 8., I,Amn )+ A, |

N —> 00 09, Ymp

= lm P, A[Twn(00)>cB S(ot, 00— 8,h )+ﬁwn} (A.50)

Y op,1? w
n— oo n:2

for some h € 7. Furthermore, as in the proof of Theorem 3.3, for any 4 € /4, any subsequence { @, :n > 1}
of {n:n > 1}, and any sequence {y,, , :n > 1}, we have (T, (60),,, ) 4 (Tj,h,) jointly. Hence,

o,

lim P, [Tmn(eo) > S(@,a =8k, 1 hy,.) 1, |

n—yoo

= supP[ P, a—8,h,,h,)+1] (A51)
hest

= supP (T, > “(a,a—38,h,,h,)], (A.52)
het

where f) =infq 1 : sup P[T, > B (a,00— 6, h,,h,)+ n] < a}. For the simplicity of exposition, define
h €4
the following asymptotic rejection probability:

NRPlh,n] = P[> 5(a,00—8,h,,h,)+7]. (A.53)

It is clear from (A.50)-(A.53) that AsySz[c®~C(a, 00 — & hnl,h ,)] = sup NRP|h,7]]. Hence, it suffices to
hestt
show that sup NRP[h, 7] = o to establish Theorem 3.4.
het
First, from the result of Theorem 3.3 and the definition of the size-correction criterion, it is clear that

sup NRP[h,7] < ae. We proceed to show that sup NRP[h,7]] < a leads to contradiction. Assume that
hestl hest

sup NRP[h, 7] < a and define the function K(-) : R_ — [—a, 1 — a] such that
het
K(x) = sup NRP[h,x] — c. (A54)
hest

As NRP[h,-] is continuous on R_, the Maximum Theorem entails that K(-) is also continuous on R_.

Moreover, we have

K (= 5(a,00—8,h,,h,)) = sup NRP[h, —c® 5 (ot, 0 — 8,0, ,1,)] —a=1—0 >0
heA’

and K (1) = sup NRP[h, )] — o0 < O (by assumption).
hest
Then, we note that by the Intermediate Value Theorem, there exists 7 such that

B—S

l) —C (a7a_67il|7h2)<n<ﬁv

ii) K(1) =05 i.e., sup NRP[h,N] = c.
het

However, this contradicts the size-correction procedure where

fl =inf< n: sup P[Th>cB_S(Ot,a—5,l~11,h2)—|—r[]S(x .
/’L]G,%d]
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It follows that sup NRP[h, 7}] = «; i.e., AsySz[c® € (o, — 8,k ,,h,,)] = a.
hest '
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