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Abstract

This study uses a growth model with automation technology to consider two classes—
workers and capitalists—and investigates how advances in automation technology af-
fect economic growth and income distribution. In addition to the two production factors
labor and traditional capital, we consider automation capital as the third production fac-
tor. We also introduce Pasinetti-type saving functions into the model to investigate how
the difference between the capitalists’ and workers’ saving rates affect economic growth
and income distribution. When the capitalists’ saving rate is higher than a threshold
level, per capita output exhibits endogenous growth irrespective of the workers’ sav-
ings rate. In this case, the income gap between workers and capitalists widens over
time. When the capitalists’ saving rate is less than the threshold level, two different
long-run states occur depending on the workers’ saving rate: the capitalists’ own au-
tomation capital share approaches a constant, and it approaches zero. In both cases, the
per capita output growth is zero and the income gap between the two classes becomes

constant over time.
Keywords: automation technology; endogenous growth; income distribution

JEL Classification: E25; O11; 033; 041

1 Introduction

Automation technology has recently seen several advances such as artificial intelligence

(AI) and robots. Technologies such as autonomous cars, face recognition systems, and high-
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frequency trading can operate without human support and substitute for human labor. How
do advances in automation technology affect an economy? This study uses a theoretical
model to investigate how the introduction of Al and robots affects economic growth and
income distribution by incorporating two classes—workers and capitalists.

Frey and Osborne (2013, 2017) point out the possibility of Al and robots substituting
human labor, and investigate how automation technology can affect the US labor market.
They estimate that around 47% of labor can be substituted in the future. The McKinsey
Global Institute (2017) considered more than 800 jobs and 2000 activities in the United
States, to find that around 45% of labor activities can be substituted by Al. The Boston
Consulting Group (2015) has predicted that 40-50% of jobs in the United States, the United
Kingdom, Canada, and Japan will be substituted by Al and robots by 2025.

More attempts have been made to investigate the effect of automation technology on an
economy from a macroeconomics perspective.! These works can be classified roughly un-
der two approaches, task-based approach, represented by Daron Acemoglu, and automation
capital-based approach, represented by Klaus Prettner.?

Acemoglu and Restrepo (2018, 2020) explain the effects of Al and robots on the macroe-
conomy as follows. Al and robots substitute human labor and decrease labor demand and
the wage rate. Correspondingly, they generate new employment opportunities in the labor
market, and thus increase the labor demand and wage rate. Thus, Al and robots have a
counterbalancing effect. Under specific assumptions, the positive effects of Al and robots
dominate their negative effects. Acemoglu and Restrepo (2018, 2020) thus conclude that the
introduction of Al and robots does not lead to severe unemployment and wage declines.?

Prettner (2019) introduces a new production factor that perfectly substitutes labor, “au-
tomation capital” (e.g., Al and robots), differentiating it from “traditional capital” (e.g.,
machines and factories). To this end, he proposes an augmented Solow growth model with
automation capital in the Cobb—Douglas production function. Specifically, he assumes that
a representative household saves a constant fraction of income—a portion saved as accumu-
lation of automation capital, and the rest saved as accumulation of traditional capital. The
results show that the accumulation of automation capital reduces the wage rate and labor
share of the national income and leads to the endogenous per capita output growth, but with

no exogenous technological progress.*

'For the study of mechanization under a growth model, see Zeira (1998).

2For growth models with Al and robots, see Aghion et al. (2019).

3Some empirical studies report how the introduction of labor-substitutable technology affected employment
and the wage rates (Graetz and Michaels 2018; Cords and Prettner 2019; Acemoglu and Restrepo 2020).

“Gasteiger and Prettner (2020) build an overlapping generations model with automation capital. They
show that endogenous growth cannot be obtained, and that the economy will become stagnant over time. In
the overlapping generations model, the working generations earns wage income, but this decreases owing to
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This study aims to examine how advances in automation technology that substitute hu-
man labor can affect economic growth and income distribution. To this end, we adopt Pret-
tner’s approach. The substitution of human labor with automation technology has been
shown in an empirical study. DeCanio (2016) empirically analyzes the US cross-section
data to estimate the elasticity of substitution between robots and human labor and investi-
gates the effect of automation technology on wage rates. He uses Houthakker’s method to
avoid problems that could arise from the use of aggregate capital. The study shows that the
elasticity of substitution is around 1.9, indicating that the introduction of robots decreases
the wage rates.

Studies in the literature have considered whether advances in automation technology af-
fected economic growth. However, no study has examined the effect on income distribution
and the income gap between workers and capitalists. Thus, we extend the literature by in-
troducing two classes—workers and capitalists—and examine how advances in automation
technology affect the income gap between the two classes and economic growth. As Piketty
(2014) points out, wealth is largely concentrated in the hands of a few. Several recent stud-
ies focus on issues of disparity and gaps between people in the economy. The introduction
of automation capital has affected people differently, leading to income disparities between
people.

To incorporate workers’ saving in the model, we follow the approach proposed by Pasinetti
(1962).> Pasinetti (1962) argues that when workers save, they receive interest income by
holding capital stock through savings. Thus, the total capital stock of the whole economy
consists of the workers’ and capitalists’ own capital stock. He also shows that at the long-
run equilibrium, where workers and capitalists coexist, the profit rate is the natural growth
rate divided by the capitalists’ saving rate. This is called the Pasinetti theorem, by which the
long-run profit rate is independent of the workers’ propensity to save.

Furthermore, Samuelson and Modigliani (1966) point out that the Pasinetti theorem
assumes that the capitalists’ propensity to save is considerably higher than the workers’

propensity to save. They also show that unless this implicit assumption is satisfied, the

the accumulation of automation capital. This decrease in wage income in turn reduces the saving of house-
holds, which then decreases the accumulation of traditional capital, to lead to economic stagnation. Moreover,
mechanization can decrease the wage rate, stagnate the economy, and thus decrease the social welfare of the
future generations. For a detailed discussion on this issue, see Benzell et al. (2015) and Sachs et al. (2015).

SBohm and Kaas (2000) build a discrete time growth model with a Kaldorian saving function, and show
chaotic dynamics when the production function takes the Leontief form. Dalgaard and Hansen (2005) extend
the Solow growth model using two different saving rates, and show that multiple equilibria occur when the
propensity to save from wage is higher than the propensity to save from profit. Saez and Zucman (2016) show
that the saving rate inequality in the US economy has increased recently, with the top 1% saving more as a
fraction of their income than the top 10-1% and bottom 90%. Stiglitz (1967) presents a two-sector (capital
goods and consumption goods), two-class growth model, and investigates the existence and stability of steady-
state equilibria.



long-run profit rate will be the natural growth rate times the output capital elasticity of the
production function divided by the workers’ propensity to save. This is called the “dual
theorem.”

Thus, in two-class models, the difference in saving rates between two classes would lead
to different long-run situations or multiple equilibria.®

We extend Prettner’s (2019) augmented Solow model and incorporate workers and cap-
italists with different asset holdings and saving behavior into our model. We divide house-
holds into two groups—workers and capitalists. While workers own labor and traditional
capital, capitalists own traditional capital and automation capital. The saving rates of the
two classes are assumed different, but constant: the saving rate of capitalists is higher than
that of workers. The dynamics of our model can be summarized as a set of differential equa-
tions of workers’ own capital per worker and capitalists’ own capital per capitalist. From
the saving rates of the two classes, we obtain various long-run situations, summarized as
follows.

First, when the capitalists’ saving rate is more than a threshold level, per capita output
exhibits endogenous growth irrespective of the workers’ saving rate. In this case, the income
gap between workers and capitalists widens over time.

Second, when the capitalists’ saving rate is less than the threshold level, two different
long-run states occur depending on the workers’ saving rate. In one case, the capitalists’
own automation capital share approaches a constant value, and in the other, it approaches
zero. In both cases, the per capita output growth is zero, with the income gap between the
two classes becoming constant over time.

The remainder of this paper is organized as follows. Section 2 presents our model.
Section 3 investigates the dynamics of two-class capital. Section 4 investigates the dynamics
of income distribution and growth. Section 5 conducts numerical simulations. Section 6
concludes the paper.

2 Model

Assume an economy producing a final good with labor, traditional capital, and automation
capital. The good is used for consumption, investment in traditional capital, and investment
in automation capital. This assumption implies that the good can be converted into tradi-
tional capital and automation capital at no additional cost. The goods and factor markets are

competitive. This economy has two classes, workers and capitalist. Workers own labor and

For two-class models with dynamic optimization of workers and capitalists, see Michl and Foley (2004),
Commendatore and Palmisani (2009), Kurose (2021), and Sasaki (2021).
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traditional capital, and receive wage income as well as capital income accruing from tra-
ditional capital. Capitalists own traditional capital and automation capital, and receive two
types of capital income, one accruing from traditional capital, and the other accruing from
automation capital. Assume also that L and N, denote the number of workers and capitalists,
respectively. The total population is, therefore, N = L + N.. Suppose the total population
increases at the constant rate n > 0. Suppose also that the composition of workers and cap-
italist, L/N and N_./N, stays constant over time. Then, both L and N, increase at the rate
n > 0. Finally, we assume that labor, traditional capital, and automation capital are fully

utilized.

2.1 Firms and production

The production function takes the following modified Cobb—Douglas form:
Y=FK,LP)=K(L+P)™" 0<a<l, (1)

where K denotes traditional capital, L denotes labor, and P denotes automation capital.

Traditional capital is owned by workers and capitalists.
K =K, +K., 2)

where K,, and K, denote the workers’ and capitalists’ own capital, respectively.
Let w, R¥, and R” denote the wage rate, rental price of capital, and rental price of automa-

tion capital, respectively. Then, the workers’ and capitalists’ income will be, respectively,

Workers’ income = wL + R*K,,, 3

Capitalists’ income = R’P + R*K,.. 4)

From the profit maximization of firms, their factor prices would be equal to their marginal

productivities.

K a

W=l == ) ©)

1% ~(1-a)
k _ I

R‘“K‘“&+P) ’ ©
K a

Rp:(l_a)L+P:(1_a)(m) ' )

From equations (5) and (7), w and R” are increasing in K but decreasing in P, whereas from



equation (6), R* is decreasing in K but increasing in P.

The production function does not satisfy the Inada conditions, because we have

KO./
M P _— _ _
lim R = (1 a)(L) : 8)
. k
Il{l_r}’(l)R = oo. &)

As stated above, R” is increasing in K, whereas R is decreasing in K. Thus, only after
traditional capital K becomes sufficiently accumulated will automation capital P begin to
accumulate.

Gasteiger and Prettner (2020) impose a no-arbitrage condition between two assets K and
P such that R* = R”. From this, we obtain ’

P:(ﬂ)K—LﬁP:maX{O,(ﬂ)K—L}. (10)
(04 o

When K > [@/(1 — @)]L = K, P will start to accumulate. Therefore, when 0 < K < K, we
have P = 0, and when K < K, we have P > 0.

From our assumption that the final good is used for consumption, and investment in tra-
ditional and automation capital, we obtain R¥ = RP. This no-arbitrage condition is similar to
the no-arbitrage condition between physical capital and human capital used in the one-sector
human capital endogenous growth model presented in Barro and Sala-i-Martin (2003), and
leads to the AK growth model.

In sum, the production function leads to

KeL'"* if0<K<K

R IV Y B=(k2)™"

(1)

The second production function is given by incorporating L + P = [(1 — @)/a]K from the
no-arbitrage condition into equation (1). Accordingly, if the traditional capital exceeds
its threshold level, perpetual output growth can be achieved even without technological

progress as long as traditional capital is accumulated.

"Heer and Irmen (2019) criticize Prettner (2019) for not using the no-arbitrage condition, and show that
using the no-arbitrage condition will endogenize the division of investment between traditional capital and
automation capital, which will not be given exogenously.
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We rewrite the production functions in per capita terms as

kK if0<k<k
y= s (12)
Bk ifk <k,

where y = Y/L = (N/L)(Y/N) and k = K/L = (N/L)(K/N) denote the per capita output and
traditional capital, respectively, as N/L is constant by assumption.
At equilibrium, by substituting K/(L + P) = a/(1 — @) into equations (5)—(7), we have

w=R'=R =a*(1 —@)"™ =R. (13)

The rate of return R takes the minimum value 1/2 when @ = 1/2, whereas it takes the

maximum value 1 when a = 0, 1.

2.2 Households and asset holdings

The asset holdings of workers and capitalists are, respectively,

Aw =K,, (14)
A. =K. +P, (15)

where Ay and A, denote the workers’ and capitalists’ asset holdings, respectively.
Let s,, and s. denote the saving rates of workers and capitalists, respectively. Now, the

saving of workers, §,,, and capitalists, S, are, respectively,

S, = s,wL+ R'K,), (16)
S. = s.(R°P + R'K,). (17)

The dynamics of the two kinds of assets are specified as

A, =S8, -0A, =s,(WL+RA,)—JA,, (18)
A, =S.—6A, = s.RA. - 0A., (19)

where ¢ € [0, 1] denotes the capital depreciation rate. We assume a common capital depre-
ciation rate for traditional and automation capital.
Leta, = A, /L and a. = A./L. Now, the differential equations of a,, and a. are, respec-



tively,

a, = s,R(1+a,)—(n+0oa,, (20)
a. =[s.R—(n+9)la.. 21

Note that these differential equations are independent of each other. Furthermore, as a. =
A./L = (N./L)A./N,.) and N,./L is constant by assumption, a. is the own asset per capitalist

and a,, is the own asset per worker.

3 Dynamics of two-class capital

To further investigate the model dynamics, we rewrite our model’s dynamics in terms of
k.=K./Land k, = K,,/L. We have

a. =k.+p, (22)

a,, = kwa (23)

ac = kc + P = [SCR - (I’l + 5)](kc + p)a (24)

a, =k, = s,R(1 + a,) — (n + d)a,,, (25)

p= (1_—“) (ke + ho) = 1, (26)
a

p= (1_—“) (ke + o). @7)
a

Note that because k. = K./L = (N./L)(K./N.), p = P/L = (N./L)(P/N.), and N./L is
constant by assumption, k. and p are the own traditional and own automation capital per
capitalist, respectively. Equation (27) is the dynamic version of the no-arbitrage condition,
which is given by differentiating the no-arbitrage condition with respect to time.

From the above equations, we obtain the system of differential equations of k. and k,, as
follows:

I%C(t) =[s.R—(n+0)]k.(t) + (1 —a)(s. — s, )Rk, (t) — [as. + (1 —a)s,,]R + a(n + ), (28)
k(1) = $WRI1 + k(D] = (1 + )k (1), (29)

k(0) + ki (0) > < ‘_Ya. (30)

The last inequality comes from the no-arbitrage condition: when P > 0, we have K >
[a/(1 —a)]L, and hence k = k. + k, > a/(1 — ).



From the dynamic system, we find that the dynamics of k, are independent of those
of ky, whereas the dynamics of k. depend on the dynamics of k,,. Note that depending on
the conditions, both k. and k,, continue to increase over time with no steady state such that
k. =k, = 0. Thus, we cannot use the Routh—-Hurwitz conditions to examine the stability of
our dynamic system. Hence, we investigate the dynamics of k,, and k. separately, assuming
that k,, has already reached its steady-state value k,, in the stable case, or that k,, has been
increasing exponentially at the rate s,,R—(n+09) > 0 in the unstable case, as explained below.

As regards the dynamics of k,,, we consider two cases, s,, < (n+9)/R and s,, > (n+0)/R.
In the former case, k,, converges to the steady-state value k. However, in the latter case, k,,
continues to increase exponentially at the constant rate limy ko/k, = sy,R—(m+6)>0

over time. See Figures 1 and 2.

e, A i, A

N

d

Figure 1: Dynamics of k,, when s,, < (n + Figure 2: Dynamics of k,, when s,, > (n +
5)/R 6)/R

From the size of s,, and s., we can consider the following five cases:

a(n+90) n+o
and

Case 1-1-1 : 5, < < S,
R R

) )
Case 1-1-2 : a(nR+ ) < sy < % < S
Case 1-2-1 : 5, < a(nR+ %) and s, < nr 6.
Case 1-2-2 : aln +9) <s, <8< nto

R
+

Case 2 : n+o < 8y < Se.

Figure 3 shows these five cases on the (s, s,,) plane.



Sy
1“ 45°
Case 2
n+s
R
Case 1-2-2
Case 1-1-2
a(n+9o)
R
Case 1-2-1 Case 1-1-1
n+o =
O e 1 s,

Figure 3: Classifications of five cases according to the size of s. and s,,

3.1 Case of relatively small worker saving rate
When s,, < (n + 0)/R, k,, converges to the steady-state value given by

WwR
Ko=—2T S, G1)
n+o-s,R
When k,, converges to k;,, by substituting equation (31) into equation (29), we can rewrite
the equation of motion of k. as

) sR—a(n+0)
ko(t) = [s.R— (n+ 0)] | k() + ——— . 32
(1) =1Ls (n+0)] k(1) 10— s.R (32)
From the no-arbitrage condition, we have
a a(n+0)—s,R A
k. + k" > = k. >k - = = k.. 33
"Tl-a " 1l-a ((-a)n+6-s,R) (33)
Therefore, to satisfy the non-arbitrage condition, k. must be larger than lAcc.
The value of k., assuming that k. = 0, is given by
- +0)—s,R
F = 2t 9= SR (34)

n+6-s,R
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From the above discussion, when s,, < (n+0)/R, we have four cases, Cases 1-1-1, 1-1-2,

1-2-1, and 1-2-2, as shown in Figures 4-7, respectively.

e A e A
|
i :
| |
L > -
O k. ke ke(0) ke O k) ke
Figure 4: Dynamics of k. in Case 1-1-1 Figure 5: Dynamics of k. in Case 1-1-2
oA oA

N

kel k(O -0 ke(0)
O kN ke ke : ke
\ :
e
Figure 6: Dynamics of k. in Case 1-2-1 Figure 7: Dynamics of k. in Case 1-2-2

In Case 1-1-1, k. continues to increase over time as long as the initial value satisfies
k.(0) > IAcc. In Case 1-1-2, k. continues to increase over time irrespective of the size of k.(0).
In Case 1-2-1, k. continues to decrease over time and approaches a constant lAcC. When k,
reaches k., the no-arbitrage condition is violated, and the system switches to a new system

that does not include p. The long-run values are as follows:

SR

ky, =k, = ———, (35)
n+o6-—s,R
o a(n+06)—s,R
k. = k.= , 36
(1-a)n+d6-s,R) (36)
p=0. (37)
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Note that these values do not depend on the capitalists’ saving rate s..
In Case 1-2-2, k. continues to decrease over time, approaching k. = 0. When k. = 0, we

have a. = p = [(1 — a)/alk;, — 1 > 0. The long-run values are as follows:

s, R
k =k = —™™
Y n+6-s,R’ (38)
k. =0, (39)
s,R —a(n + 9)
=— 40
a(n+o6—s,R) (40)

Note that these values too do not depend on the capitalists’ saving rate s..
Again, consider Case 1-2-1. As stated above, a regime switch occurs, and the system
becomes a Pasinetti vs. Samuelson—-Modigliani system. The Case 1-2-1 condition can be

rewritten as

P
R<' %R, 1)
Sc
+0
R< D _p (42)
Sw

Now, we have either R; < R, or R; > R,, from which

R <R, &= s, < as,, 43)

Ry >R, = s, > as,. (44)

The first condition is identical to that for the Pasinetti equilibrium, whereas the second con-
dition is identical to that for the dual equilibrium (Samuelson and Modigliani, 1966; Furuno,
1970). From Samuelson and Modigliani (1966) and Furuno (1970), the steady-state values
of k,, and k. can be given as

g = U= s ( @S )1_0, P S S ( @S )1_0 if s, <as.  (47)
a(s.—s,) \n+0 a(s,—s,) \n+0
1
as, \Te
kD:( ) L K2 =0 if s >as. (48
" Tio . ifs as (48)

8These steady-state values are obtained by analyzing the following set of differential equations:

ke = [asc(ke + k) = (n + 6)ke, (45)
. 11—« a
k, = [sw(kc + k) ( T + T kw)—(n+6) k. (46)
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where P and D denote the “Pasinetti equilibrium” and “dual equilibrium,” respectively.

3.2 Case of relatively large worker saving rate

When s, > (n + 6)/R, k,, continues to increase over time. Here, s. > (n + 6)/R also holds

because s. > s,, by assumption. Furthermore, the dynamic system leads to

k.(t) = [s.R — (n+0)]k.() + (1 — a)(s. — 5,)Rk,(t) — [as. + (1 — a)s,, R + a(n + ), (49)
ky(t) = k(?) - exp{[swR — (n + 9)(z — D)}, (50

where 7 denotes the time when k,, begins to increase exponentially.
Assume that at ¢ = 7, we have k,,(f) = @/(1 — ). Then, at ¢ = 7, the intercept of k. = 0
becomes —s,,R + a(n + d) < 0, which is assumed to be negative. The locus k. = 0 continues

to shift upward over time, and k. continues to increase. This case is shown in Figure 8.

ik

O
—5,R + (n +90)

Figure 8: Dynamics of k. in Case 2

The discussions in Sections 3.1 and 3.2 lead to the following two propositions.

Proposition 1. When the capitalists’ saving rate is larger than the threshold level, their
own traditional capital and automation capital per capitalist continue to increase over time.
The workers’ own traditional capital either converges to a constant value or continues to
increase through time depending on whether the workers’ saving rate is lower or higher
than the threshold level.

Proposition 2. When the capitalists’ saving rate is less than the threshold level, both their
own and the workers’ own traditional capital per worker approach a constant value, and
two different long-run situations emerge. In one, the capitalists’ own per capita automation

capital approaches zero, and the economy becomes free of automation capital and converges

13



to either the Pasinetti equilibrium or dual equilibrium. In the other, the capitalists’ own per
capita traditional capital approaches zero and automation capital approaches a positive

value.

4 Income distribution and growth

In this section, we analyze the income distribution and growth. For the analysis, we express

the input factor ratios in terms of k. and k,, as follows:

P l-a k. +k,—«a

£ . , 51
K. a k. Gb
P 1-

=k k) - 1, (52)
L a

P 1l-a 1

K  a k+k, (53)
K

== . 4
T =k +k (54)

When k. converges to constant values, these ratios also become constant, and, interestingly,
independent of s, as k;, and the long-run values of k. are independent of s..

However, when k. continues to increase, these approach the following values.

P l—-a

Z — — (55)

P

P -
-

g — — 57)

a — + 00. (58)

From equation (55), capitalists allocate their saving between traditional and automation cap-
ital in the proportion of @ to 1 — @ over time.
The variables related to income distribution are calculated as

wL @

Y ko+k,) (59
RFK

T =a, (60)
RPP a

ool ey D)

14



R'K.+R'P ket (1 -k, —a

62
Y k. +k, ’ ©2)
wL + R'K,,  a(l +k,)
= . 63
Y k. +k, ©3)

When k. converges to constant values, these ratios also become constant, and, interestingly,
independent of s, as &, and the long-run values of k. are independent of s..
However, when k. continues to increase, these approach the following values.

%éa& (64)
R'K
T =a, (65)
RPP
N (66)
Y
R'K, + RPP
AT (67)
Y
L+ R'K,
3_7__a0 (68)

From equations (67) and (68), the income gap between workers and capitalists approaches
the proportion of O to 1.

Summarizing the above discussions, we obtain the following proposition.

Proposition 3. When the capitalists’ saving rate is larger than the threshold level, the in-
come gap between workers and capitalists becomes polarized over time. However, when the
capitalists’ saving rate is smaller than the threshold level, the income gap between workers

and capitalists becomes constant over time.

The per capita output level can be given by

Y
y= 7= Bk=at(l- ) "l + k). (69)

Thus, when k. becomes constant over time, the per capita output stays constant. However,

if k. continues to increase, the per capita output growth rate will be as follows:

_Y _ketky
BTV T ket ky
ke k, las.+({—-a)s,]JR a®n+90)
Ttk {[s‘.R n+9)]+ 0 —-a)s. — s,)R K ko + K }
R
+hTm{MR_M+M+%f} (70)
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ac

= lim g, == =s.R—(n+0) = s.a"(l - )™ = (n+6)>0. (71)
c—>+00 a(;

The long-run growth rate g, is increasing in s., decreasing in n, and decreasing in 6. Note

that g, does not depend on the workers’ saving rate s,,. Also, g, takes the minimum value

when a = 1/2 and the maximum value when a = 0, 1.

From the above discussions, we obtain the following proposition.

Proposition 4. When the capitalists’ saving rate is smaller than the threshold level, the
output per capita becomes constant. However, when the capitalists’ saving rate is larger
than the threshold level, the output per capita continues to increase at a constant rate over

time even without exogenous technological progress.

5 Numerical simulations

This section investigates the behavior of the main variables through numerical simulations,
setting reasonable parameters. As Al and robots are production factors requiring advanced
technology for production, we focus on the developed economies, with the parameters based
on previous studies and public data obtained from international organizations.

For the capitalists’ saving rate, we follow Saez and Zucman (2016), who estimate the
average saving rate of the top 1% of income since 1913 in the United States. They estimate
the saving rate as 20-25%, from which we set s, = 0.2.

For the workers’ saving rate, we follow Storm and Naastepad (2012), who estimate the
average propensity to save from wage income in 12 OECD economies at around 0.098 for
about 40 years. Thus, we set s,, = 0.1. According to Lieberknecht and Vermeulen (2018),
the US saving rate of the top 1% of income is two times the average saving rate, which is
consistent with our setting.

For population growth rate, we employ international data obtained from the World Bank
2020. The average population growth rate of 37 OECD economies during the period 2000—
2019 is around 0.8%. Hence, we set n = 0.01. In addition, we normalize the initial-period
labor input as L(0) = 1.

For capital depreciation rate, we follow Prettner (2019). From the Bureau of Economic
Analysis (2004) data, we set 6 = 0.07.

Finally, we set the capital share of income. The Databook of International Labour Statis-
tics published by The Japan Institute for Labour Policy and Training states that the labor

share of income in terms of factor prices in major developed countries ° during the period is

9The major developed countries are the United States, the United Kingdom, Germany, France, Italy, Swe-
den, Canada, and Japan.
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about 68.2%. Therefore, we set the capital share of income to @ = 0.3.

For the initial workers’ own per worker and capitalists’ own per capitalist traditional
capital values, we set k,(0) = 0.1 and k.(0) = 0.5, respectively. In this case, we have
k(0) = 0.6 > 0.428571 = a/(1 — @), meaning that the no-arbitrage condition holds at the
initial period.

Summarizing the above discussions, we obtain

sy =01, 5.=02, =03, n=0.01, 6 =0.07, £,(0) =0.1, k.(0) =0.5. (72)

The numerical simulation results are as follows.'?

Figures 9 and 10 show that the workers’ (capitalists’) asset share increases (decreases)
initially. This occurs because a,, rises faster than a.. While a,, converges to a constant value,
a. increases at a constant rate. Therefore, the workers’ (capitalists’) asset share begins to
decrease (increase) at some point in time, and then converges to zero (unity).
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50 100 150 200 250 300

Figure 10: Behavior of capitalists’ asset

Figure 9: Behavior of workers’ asset share <hare

Figure 11 shows that the ratio of capitalists’ own traditional capital to own total capital
decreases at first, then increases, and finally converges to @ = 0.3. This means that capitalists
divide their savings between traditional capital and automation capital investment in the
proportion @ = 0.3 and 1 — @ = 0.7 over time. This division depends on the transitional
dynamics.

Figure 12 shows that the share of traditional capital in the whole capital decreases and
converges to @ = 0.3, implying that the share of automation capital in the whole capital
increases and converges to 1 —a = 0.7.

Figure 13 shows that the labor to sum of labor and automation capital ratio decreases

10N'umerical simulations are conducted with the Wolfram Mathematica 10 software.
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Figure 12: Behavior of ratio of traditional
capital to the sum of traditional and automa-
tion capital

Figure 11: Behavior of ratio of capitalists’
traditional capital to assets

over time and converges to zero. This implies that labor becomes unnecessary relative to
automation capital.

Figure 14 shows that the per capita output growth rate decreases for a while, then begins
to increase at some point, and finally converges to a constant value over time. This behavior
depends on the initial conditions and parameter values. Nevertheless, it implies that although
advances in automation technology lead to sustainable economic growth over time, they lead

to a decline in economic growth along with the transitional dynamics.
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Figure 14: Behavior of per capita output

Figure 13: Behavior of ratio of labor to sum
growth

of labor and automation capital

Figures 15 and 16 show the labor share of income and the rental share of automation
capital, respectively. The labor share of income decreases over time and converges to zero,
whereas the rental share of automation capital increases and converges to 1 — a = 0.7. The
remaining @ = 0.3 is the capital share of income.

Figure 17 shows that the workers’ income share increases at first, then starts to decline,
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come tomation capital

and finally converges to zero. The first-phase increase arises because the workers’ asset share
increases faster than capitalists’ asset share. However, as time passes, the workers’ asset
share converges to a constant value, but the capitalists’ asset share continues to increase, and
so the workers’ income share decreases. This means that advances in automation technology
increase the income disparity between workers and capitalists over time.

Figure 18 shows the growth rate of automation capital. This growth rate is closely related
to the per capita output growth rate. As g, = a./a. in the long run, the growth rate of y is
equal to the growth rate of p. This is because we have a. = k. + p, and further, the growth

rates of k. and p are equalized. Thus, g, = g, in the long run.
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Figure 18: Behavior of growth of automa-

Figure 17: Behavior of workers’ income )
tion capital

share
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6 Conclusions

This study built a growth model with automation capital as a perfect substitute for human
labor, and investigated how advances in automation affect economic growth and income
distribution. For this, we first introduced two classes—workers and capitalists.

The study mainly showed that several long-run situations occur depending on the saving
rates of workers and capitalists. These can be summarized as follows.

When the capitalists’ saving rate is more than the threshold level, the per capita out-
put continues to increase over time irrespective of the workers’ saving rate. In this case,
the income disparity between the two classes continues to increase. These results suggest
that advances in automation technology lead to economic growth and affect the two groups
differently.

When the capitalists’ saving rate is less than the threshold level, two different long-run
situations occur depending on the workers’ saving rate. First, when the workers’ saving
rate is more than the threshold level, the capitalists’ traditional capital share becomes zero
over time, but their automation capital share becomes positive. In this case, the per capita
output growth rate is zero, and the income disparity between the two classes becomes con-
stant. Second, when the workers’ saving rate is less than the threshold level, the capitalists’
automation capital share becomes zero, and their traditional capital share approaches a pos-
itive constant value in finite time. In this case, the per capita output growth rate is zero,
while the income disparity between the two classes becomes constant. As time passes, a
regime switch occurs, the economy turns into an economy where the final good is produced
with labor and traditional capital, and then, the economy converges to either the Pasinetti
equilibrium or the dual equilibrium according to the sizes of the saving rates of workers and
capitalists.

To find the long-run situation that occurs, we carried out numerical simulations using
data from developed countries. From the results, the capitalists’ saving rate is higher than
the threshold level, and the above-mentioned result (1) holds; that is, automation capital
accumulates over time, the per capita output growth rate converges to a constant value, and
the income disparity between workers and capitalists continues to expand.

Note that capitalists own automation capital, whereas workers do not. This asset hold-
ings asymmetry in itself does not lead to an income gap between the two classes. Even if
the workers own automation capital in addition to traditional capital, we would obtain sim-
ilar conclusions. Our conclusions depend decisively on two assumptions, that is, the wage
income of workers decreases as the automation technology advances, and the saving rate
of workers is less than that of capitalists. These two assumptions result in the income gap

between workers and capitalists.
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In order to reduce the income disparity, we might tax the automation capital owned by
capitalists and re-distribute the tax revenue to workers. This policy is essentially the same
as workers owning automation capital, and as stated above, this might reduce the increase
in income disparity, but not the income disparity. However, the income disparity can be
reduced by increasing the workers’ saving rate and accumulating the human capital that

cannot be substituted by automation capital.

References

Acemoglu, D. and Restrepo, P. (2018) “Artificial Intelligence, Automation, and Work,” A.
Agrawal, J. Gans, and A. Goldfarb (eds.) The Economics of Artificial Intelligence: An
Agenda, University of Chicago Press.

Acemoglu, D. and Restrepo, P. (2020) “Robots and Jobs: Evidence from US Labor Mar-
kets,” Journal of Political Economy 128 (6), 2188-2244.

Aghion, P, Jones, B. F., and Jones, C. I. (2019) “Artificial Intelligence and Economic
Growth,” in A. Agrawal, J. Gans, and A. Goldfarb (eds.) The Economics of Artifi-
cial Intelligence: An Agenda, University of Chicago Press.

Barro, R. J. and Sala-i-Martin, X. 1. (2003) Economic Growth, 2nd edition, MIT Press:
Cambridge MA.

Benzell, S., Kotlikoff, L., LaGardia, G., and Sachs, J. (2015) “Robots Are Us: Some Eco-
nomics of Human Replacement,” NBER Working Paper Series, No. 20941, National
Bureau of Economic Research.

Bohm, V. and Kaas, L. (2000) “Differential Savings, Factor Shares, and Endogenous Growth
Cycles” Journal of Economic Dynamics & Control 24, 965-980.

Boston Consulting Group (2015) “The Robotics Revolution: The Next Great Leap in Manu-
facturing,” Available at https://www.bcg.com/ja-jp/publications/2015/lean-manufacturing-
innovation-robotics-revolution-next-great-leap-manufacturing

Bureau of Economic Analysis (2004) “BEA Depreciation Estimates”
Available at https://apps.bea.gov/national/pdf/fixed

Commendatore, P. and Palmisani, C. (2009) “The Pasinetti-Solow Growth Model with
Optimal Saving Behaviour: A Local Bifurcation Analysis” in C. H. Skiadas, 1. Di-
motikalis, and C. Skiadas (eds.) Topics on Chaotic Systems: Selected Papers from
CHAOS 2008 International Conference, World Scientific: Singapore.

21



Cords, D. and Prettner, K. (2019) “Technological Unemployment Revisited: Automation in
a Search and Matching Framework,” GLO Discussion Paper Series, No. 308, Global
Labor Organization (GLO).

Dalgaard, C.-J. and Hansen, J. W. (2005) “Capital Utilization and the Foundations of Club
Convergence,” Economics Letters 87 (2), 145-152.

DeCanio, S. J. (2016) “Robots and Humans—Complements or Substitutes?” Journal of
Macroeconomics 49, 280-291.

Frey, C. and Osborne, M. (2013) “The Future of Employment: How Susceptible Are Jobs
to Computerisation?” Working Paper published by the Oxford Martin Programme on
Technology and Employment.

Frey, C. and Osborne, M. (2017) “The Future of Employment: How Susceptible Are Jobs
to Computerisation?” Technological Forecasting & Social Change 114, 254-280.

Furuno, Y. (1970) “Convergence Time in the Samuelson-Modigliani Model” The Review of
Economic Studies 37 (2), 221-232.

Gasteiger, E. and Prettner, K. (2020) “Automation, Stagnation, and the Implications of a
Robot Tax,” Macroeconomic Dynamics. doi: https://doi.org/10.1017/S1365100520000139.

Graetz, G. and Michaels, G. (2018) “Robots at Work,” The Review of Economics and Statis-
tics 100 (5), 753-768.

Heer, B. and Irmen, A. (2019) “Automation, Economic Growth, and the Labor Share: A
Comment on Prettner (2019),” CESifo Working Paper, No. 7730.

Kurose, K. (2021) “A Two-class Economy from the Multi-sectoral Perspective: The Contro-
versy between Pasinetti and Meade—Samuelson—-Modigliani Revisited,” Evolutionary

and Institutional Economics Review, forthcoming.

Lieberknecht, P. and Vermeulen, P. (2018) “Inequality and Relative Saving Rates at the Top”
Working Paper Series, No. 2204, European Central Bank.

McKinsey Global Institute (2017) “Artificial Intelligence: The Next Digital Frontier?” Dis-

cussion Paper, Mckinsey & Company.

Michl, T. R. and Foley, D. K. (2004) “Social Security in a Classical Growth Model” Cam-
bridge Journal of Economics 28, 1-20.

Pasinetti, L. L. (1962) “Rate of Profit and Income Distribution in Relation to the Rate of
Economic Growth” The Review of Economic Studies 29, 267-279.

Piketty, T. (2014 Capital in the Twenty-First Century, The Belknap Press of Harvard Uni-
versity Press: Cambridge, MA.

22



Prettner, K. (2019) “A Note on the Implications of Automation for Economic Growth and
the Labor Share,” Macroeconomic Dynamics 23, 1294-1301.

Sachs, J., Benzell, S., and LaGarda, G. (2015) ‘Robots: Curse or Blessing? A Basic Frame-
work,” NBER Working Paper Series, No. 21091, National Bureau of Economic Re-
search.

Saez, E. and Zucman, G. (2016) “Wealth Inequality in the United States Since 1913: Evi-
dence from Capitalized Income Tax Data,” Quarterly Journal of Economics 131 (2),
519-578.

Samuelson, P. A. and Modigliani, F. (1966) “The Pasinetti Paradox in Neoclassical and
More General Models” The Review of Economic Studies 33, 269-301.

Sasaki, H. (2021) “Growth and Income Distribution in an Economy with Dynasties and
Overlapping Generations,” Evolutionary and Institutional Economics Review, forth-
coming.

Stiglitz, J. E. (1967) “A Two-Sector Two Class Model of Economic Growth,” The Review of
Economic Studies 34 (2), 227-238.

Storm S. and Naastepad, C. W. M. (2012) Macroeconomics beyond the NAIRU, Harvard
University Press: Cambridge MA.

World Bank (2020) Data Bank. World Development Indicators.

Available at https://databank.worldbank.org/source/world-development-indicators/preview/on

Zeira, J. (1998) “Workers, Machines, and Economic Growth,” The Quarterly Journal of
Economics 113 (4), 1091-1117.

23



