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Abstract

The existence of involuntary unemployment advocated by J. M. Keynes is a very
important problem of the modern economic theory. Using a three-generations overlapping
generations model, we show that the existence of involuntary unemployment is due to the
instability of the economy. Instability of the economy is the instability of the difference
equation about the equilibrium price around the full-employment equilibrium, which means
that a fall in the nominal wage rate caused by the presence of involuntary unemployment
further reduces employment. This instability is due to the negative real balance effect that
occurs when consumers’ net savings (the difference between savings and pensions) are
smaller than their debt multiplied by the marginal propensity to consume from childhood
consumption. Also we present a discussion about fiscal policy by seigniorage to realize
full-employment. We present a theoretical foundation for the so-called MMT (modern
monetary theory).

Key Wods: overlappling generations model, involuntary unemployment, instability of the
economy, negative real balance effect, fiscal policy by seigniorage, MMT (modern monetary
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1. Introduction

The existence of involuntary unemployment advocated by J. M. Keynes is a very important
problem of the modern economic theory. It is a phenomenon that workers are willing to work
at the market wage or just below but are prevented by factors beyond their control, mainly,
deficiency of aggregate demand.

In traditional Keynesian macroeconomics, the rigidity of the nominal wage rate was thought
to be the cause of involuntary unemployment. The efficiency wage hypothesis is the most
famous theory that provides a microeconomic basis for the existence of involuntary
unemployment due to the rigidity of the nominal wage rate. The main references are Akerlof
and Yellen (1986), Katz (1986), Shapiro and Stiglitz (1984), Yellen (1984) and Schlicht
(2016). According to the efficiency wage hypothesis, workers may be more diligent if the



wage they are earning is higher than the wage determined by the market, fearing that they
will be fired for neglecting their work. Companies that are unable to perfectly monitor
workers' laziness will pay higher wages than the market price, which will increase their own
incentives to work. Firms will not reduce wages to the level where the labor market is in
equilibrium. As wages remain high, rationing of jobs occurs and unemployment occurs. At
this time, even if the unemployed person offers to work at a lower wage, no company will
accept it for the reasons mentioned above. In addition, since the wage level set by a company
is set relative to other companies, no one company will set a wage that is outstanding, and
wages will converge to relatively the same level. In other words, under the efficient wage
hypothesis, wages and prices will remain relatively stable despite the existence of
unemployment in the labor market. Other theories include the insider-outsider theory, which
assumes that the labor market is composed of two types of workers: employed workers
(insiders) and unemployed workers (outsiders). Please see Blanchard and Summers (1986),
(1987) and Lindbeck and Snower (1986), (1987).

Umada (1997), without assuming wage rigidity, derived an upward-sloping labor demand
curve from the mark-up principle for firms, and argued that such an upward-sloping labor
demand curve leads to the existence of involuntary unemployment without wage rigidity'.
But his model of firm behavior is ad-hoc. We also do not assume wage rigidity.

Otaki (2009) assumes indivisibility of labor supply, and has shown the existence of
involuntary unemployment using efficient wage bargaining according to McDonald and R.
M. Solow (1981). The arguments of this paper do not depend on bargaining. As discussed by
Otaki (2012) and Otaki (2015) (Theorem 2.3), if labor supply is divisible and very small, no
unemployment exists. However, we show that even if labor supply is divisible, there may
exist involuntary unemployment. Tanaka (2020a) and (2020b) analyzed involuntary
unemployment under indivisible labor supply using a model similar to the one in this paper.

If labor supply is indivisible, it may be 1 or 0. On the other hand, in contrast if it is
divisible, it takes a real value between 0 and 1. About indivisible labor supply also
please see Hansen (1985). Hansen (1985) studies the existence of unemployed workers
and fluctuations in the rate of unemployment over the business cycle with indivisible
labor supply. To treat an indivisible labor supply in a representative agent model he
assumes that people choose lotteries rather than hours worked. Each person chooses a
probability of working, then a lottery determines whether or not he actually works.
There is a contract between firms and individuals that commits the individual to work
the predetermined number of hours with the probability which is chosen by an
individual. The contract is being traded, so the individual is paid whether he works or
not. The firm provides complete unemployment insurance to the workers.

In this paper we consider consumers’ utility maximization and firms’ profit maximization
in an overlapping generations (OLG) model under monopolistic competition according to
Otaki (2007), (2009), (2012) and (2015). We extend Otaki’s model to a three-generations
OLG model with a childhood period and pay-as-you-go pension system for the older
generation consumers. We show that the existence of involuntary unemployment is due to
the instability of the economy. Instability of the economy is the instability of the difference

1 Lavoie (2001) presented a similar analysis.



equation about the equilibrium price around the full-employment equilibrium, which means
that a fall in the nominal wage rate caused by the presence of involuntary unemployment
reduces employment. In the next section we explain the model and show the existence of
involuntary unemployment when aggregate demand is insufficient. In Section 2.3 we will
show the following results.

1. If the net savings (the difference between savings and pensions) is greater than debts
(due to consumption in childhood period) of consumers, then the positive real balance
effect kicks in, and involuntary unemployment will spontaneously dissipate because the
decline in nominal wages and prices due to unemployment reduces unemployment.

2. If the net savings is smaller than debts of consumers, then the negative real balance
effect kicks in, and involuntary unemployment does not spontaneously dissipate because
the decline in the nominal wage and prices due to unemployment further increases
unemployment.

In Section 3 we present discussions about fiscal policy in the presence of involuntary
unemployment to realize full-employment. We show that the extra government expenditure
to realize full-employment should be financed by seigniorage not by public debt because
full-employment can be maintained by balanced budget after realizing full-employment by
fiscal policy financed by seigniorage in the presence of involuntary unemployment. The
additional government spending could be used as a benefit for the consumption of the older
generation consumers, rather than for public investment. But, if benefits are paid to the
younger generation consumers as tax cuts as well, the problem becomes more complicated
because part of the benefits will be used to save for the next period. In that case, once full
employment is achieved in Period t+1, taxes must be raised to maintain it in Period t+2,
while tax cuts are needed to maintain full employment in Period t+3, taxes must be raised
to maintain it in Period t+4, and so on, because a tax increase reduces savings, while a tax
cut increases savings. However, if the marginal propensity to consume of the younger
generation consumers is larger than %, the tax revenue converges to the steady state value,
and the fiscal balance will converge to a balanced budget. The total fiscal balance over an
infinite period of time is deficit, and the tax cut that is spent on consumption during the
period in which the policy is implemented should be financed by seigniorage not by public

debt. We present a theoretical foundation for the so-called MMT (modern monetary theory,
for example, Mitchell, Wray and Watts(2019)).

2. The model and analysis
2.1 Consumers’ utility maximization
We consider a three-periods (0: childhood, 1: younger or working, and 2: older or retired)

OLG model under monopolistic competition. It is a re-arrangement and an extension of the
model put forth by Otaki (2007), (2009), and (2015). The structure of our model is as follows.



1. There is one factor of production, labor, and there is a continuum of perishable goods
indexed by z € [0,1]. Good z is monopolistically produced by firm z with constant
returns to scale technology.

2. Consumers consume the goods during the childhood period (Period 0). This
consumption is covered by borrowing money from (employed) consumers of the younger
generation and/or scholarships. They must repay these debts in their Period 1. However,
unemployed consumers cannot repay their own debts. Therefore, we assume that
unemployed consumers receive unemployment benefits from the government, which are
covered by taxes on employed consumers of the younger generation.

3. During Period 1, consumers supply [ units of labor, repay the debts and save money
for their consumption in Period 2. They also pay taxes for the pay-as-you go pension
system for the older generation.

4. During Period 2, consumers consume the goods using their savings carried over from
their Period 1 earnings, and receive the pay-as-you go pension, which is a lump-sum
payment. It is covered by taxes on employed consumers of the younger generation.

5. Consumers determine their consumptions in Periods 1 and 2 and the labor supply at
the beginning of Period 1. We assume that their consumption during the childhood period is
constant.

Further we make the following assumption.

Ownership of the firms Each consumer inherits ownership of the firms from the previous
generation. Corporate profits are distributed equally to consumers.

Zero interest rate The interest rate will be determined so that the supply of funds from the
savings of the younger generation plus government scholarships is equal to the
consumption of the childhood generation, but without scholarships there is a large
possibility that savings will be insufficient regardless of the interest rate, especially in the
presence of a pay-as-you-go pension system. Since it is the scholarship that fills the gap,
the interest rate can be controlled by determining the size of the scholarship. If the amount
of scholarships is increased or decreased, or if they are made interest-bearing or interest-
free, the interest rate will change, and this may change consumption. However, for
example, a decline in the interest rate may increase consumption among the younger
generation due to the substitution effect, but then consumption among the older generation
will decline. The income effect is also ambiguous, since a fall in the interest rate reduces
the debt associated with consumption in the childhood period, but lowers the value of
savings. Therefore, the possibility that a change in the interest rate will significantly change
aggregate demand is small, and it is not an important issue for the existence of involuntary
unemployment, which is the theme of this paper. We assume here that the amount of the



scholarship is determined so that the interest rate is zero. Repayment of the debts of
consumers in their childhood period is assured. Consumers in the younger period are
indifferent between lending money to childhood period consumers and savings by money.

Notation We use the following notation.

C{: consumption basket of an employed consumer in Period i, i = 1,2.

C}': consumption basket of an unemployed consumer in Period i, i = 1,2.

¢ (z): consumption of good z of an employed consumer in Period i, i = 1,2.
c'(2): consumption of good z of an unemployed consumer in Period i, i = 1,2.
D: consumption basket of an individual in the childhood period, which is constant.
P;: the price of consumption basket in Period i, i = 1,2.

p;i(2): the price of good z in Period i, i = 1,2.

p = i—i: (expected) inflation rate (plus one).

W: nominal wage rate.

: unemployment benefit for an unemployed individual. R = D.

: consumption basket in the childhood period of a next generation consumer.
: pay-as-you-go pension for an individual of the older generation.

: tax payment by an employed individual for the unemployment benefit.

Q: pay-as-you-go pension for an individual of the younger generation when he retires.
Y: tax payment by an employed individual for the pay-as-you-go pension.

[1: profits of firms which are equally distributed to each consumer.

l: 1abor supply of an individual.

['(D): disutility function of labor, which is increasing and convex.

L: total employment.

Ly: population of labor or employment in the full-employment state.

y: labor productivity, which is constant.

QO )

We assume that the population Ly is constant. We also assume that the nominal wage rate
is constant in this section,. We examine the effects of a change in the nominal wage rate in
Section 3.

We consider a two-step method to solve utility maximization of consumers such that:

1. Employed and unemployed consumers maximize their utility by determining
consumption baskets in Periods 1 and 2 given their income over two periods:
2. Then, they maximize their consumption baskets given the expenditure in each period.

Since the taxes for unemployed consumers’ unemployment benefits are paid by employed
consumers of the same generation, D(= R) and © satisfy D(Lf — L) = LO. It means
L(D + 0) = L¢D.
The price index of the consumption basket in Period 0 is assumed to be 1. Thus, D is the
real value of the consumption in the childhood period of consumers.



Also, since the taxes for the pay-as-you-go pension system are paid by employed consumers

of younger generation, Q and W satisfy the following relationship:
LY = LfQ.
The utility function of employed consumers of one generation over three periods is
u(Cy,Cs,D) —=T(D).
We assume that u(-) is a homothetic utility function. The utility function of unemployed
consumers is
u(Cy, 3, D).

The consumption baskets of employed and unemployed consumers in Period i are

c¢ = (Jy ct@'7dz)",

ag

1 o-1 \o-1
Cl = <J cl?‘(z)sz> , i=1,2.
0

o is the elasticity of substitution among the goods, and ¢ > 1.
The price of consumption basket in Period i is

1
Pi=(J, P! 7dz)"", i=12.
The budget constraint for an employed consumer is
PCE+P,Ci=WI+TT—D—-0+Q —W.
The budget constraint for an unemployed consumer is
P CI+P,C¥ =TI—D+R+(Q =T+Q (since R =D).

and

Let
_ _ PiCf P 15
T PCE+PyCE’ 1-a T PCE+PyCE
Since the utility functions u(Cf,C5,D) and u(C{, C3,D) are homothetic, a is

: . . P .
determined by the relative price P—Z, and do not depend on the income of the consumers.
1

Therefore, we have
_ P Pt
a = e e u u’
PiCE4+P,CE PiCE+P,CY

and
PC; PG
PCE + P,C¢  P.C* + P,CY
From the first order conditions and the budget constraints for employed and unemployed

consumers we obtain the following demand functions for consumption baskets.
WI+II-D-0+0-¥

1—a=

CY =a > :
1
WI+TI—-D—-0+0—-W¥
c¢=(1-a) ¢ ,
P,
ct =0(H+Q,
Py

and



n+Q
C}=0-0a) Q.
Solving maximization problems in Step 2 by standard calculations (please see Appendix),
the following demand functions of employed and unemployed consumers are derived.
1@\ % a(WI+II-D-0+(-¥)
ci(2) = ( ) Py

)

)

P22\ "% 1-)(WI+II-D—-0+()-¥)
cs(2) = (B2) >

t(z) = (pl(Z)) a(%@)}

and

v (P2(2\ 7 (L= )T+ Q)
c;(2) = .
2 P,
From these analyses we obtain the indirect utility functions of employed and unemployed
consumers as follows:

WI+II-D-0+0-¥
VeE=ula

P, ,(1-“)

WI+II-D-0+0-W¥
)

D) -T(),
and
%4 —u(a— 1-a )H+Q )

Let w = PK, p= P—. Then, since the real value of D in the childhood period is constant, we
1 1

can write
e _ M-D-0+0-¥ _
Ve = <p(a)l+—P1 ,p) r'(D),
and
n+Q
vt = ,
( Py p)
w is the real wage rate. Denote
[ = @] + =p-e+e-
Py
The condition for maximization of V¢ with respectto [ given p is
(?;fa) r'() =0, (1)
where
99 _ _
ar ace +{ a) ace
Given P; and p the labor supply is a function of w. From (1) we get
6<p a2 e
dal _  Br 312 wl

dw F,,(l)__wz
If % > 0, the labor supply is increasing with respect to the real wage rate w. Labor supply

[ may depend on the employment L. We assume that Ll is increasing in L.



2.2 Firms’ profit maximization

Let d,(z) be the total demand for good z by younger generation consumers in Period 1.
Then,

_ (p1(@\ 7 a(WLI+LfNI-LsD+LrQ-LfQ)
@ = (57) 3 - )
This is the sum of the demand of employed and unemployed consumers. Note that Q is the
pay-as-you-go pension for younger generation consumers in their Period 2. Similarly, their
total demand for good z in Period 2 is written as
(P22 % (=) (WLI+LgTI~LD+LsQ~LsQ)
@ = (%) 3 -

Let d,(z) be the demand for good z by the older generation. Then,

p1@2)\ "% 1-@)(WLI+LfTI-L¢D+LrQ-LfQ)

0 - ()l

where W, I, L, I, D and Q are the nominal wage rate, the profits of firms, the
employment, the individual labor supply, the debt of an individual, and the pay-as-you-go
pension, respectively, during the previous period. @ is the value of a for the older
generation. @ 1is the pay-as-you-go pension for consumers of the older generation
themselves. Let

)

M=(1-a)(WLl+ L1 — LD + LsQ — LgQ).

This is the total savings or the total consumption of the older generation consumers
including the pay-as-you-go pensions they receive in their Period 2. It is the planned
consumption that is determined in Period 1 of the older generation consumers. Net savings is
the difference between M and the pay-as-you-go pensions in their Period 2, as follows:

M=M-LQ.
-0
Their demand for good z is written as (p%(z)) Pﬂ. Government expenditure constitutes
1 1

the national income as well as the consumptions of the younger and older generations. It is
financed by the tax on the younger generation consumers. Then, the total demand for good
Z 1s written as

2\ % v

i@ ="2) & o)

where Y is the effective demand defined by
Y=a(WLl+ L —T—LD+L;Q—L;Q)+ G+ LD+ M.

Note that D is consumption in the childhood period of a next generation consumer. G is
the government expenditure, except for the pay-as-you-go pensions, scholarships and
unemployment benefits, and T is the tax revenue for the government expenditure. See Otaki
(2007) and Otaki (2015) about this demand function.

Let L and Ll be employment and the “employment X labor supply” of firm z. The

output of firm z is Lly. At the equilibrium Lly = d(z). Then, we have
9d(z) _
alLl



api(z) pi(z)
From (2) 24(2) gy Thus

op1(z) _  p1@y _  p1(@y
alLl) ~  od(z) = olly’

The profit of firm z is
n(z) = p;(2)Lly — LIW.
The condition for profit maximization is

on(z) _ p1(2)y pl(Z)y _
aan 1@y —Lly= 7= =W =pi(2)y - —-W=0.
Therefore, we obtain
1 1
Pi(2) = (l—i)yW T (1-py W, n=73
This means that the real wage rate is
w=1-py.
Since all firms are symmetric,
=12 = ®)

2.3 Involuntary unemployment due to instability of the economy

Consider an economy at Period t. The (nominal) aggregate supply of the goods is equal to
WELE + LTIt = P{LYy.
The (nominal) aggregate demand is
a(W'LE + LTt — Tt — LD + L QY — LrQY) + G + LDt + M*
= a(P{Ll'y —T* — LsD" + LsQ" — LsQ") + G* + Ly D" + M".
The superscript t denotes variables at Period t. Since the aggregate demand and supply are
equal in the equilibrium,
PiL Iy = a(PfL 1"y — T* — LyD* + L;Q" — L;Q") + G* + L;D* + M".
We obtain LIt as follows:
Ltt = a(-T'—LeD*+LrQ -LfQY)+G ' +LsD +Mt )
- a)P1y
L't cannot be larger than L¢l(Ls), where I(Lf) is the labor supply at full-employment.
However, it may be strictly smaller than LyI(Ls). Then, we have L* < Ly and involuntary
umemployment exists. We assume balanced budget G! = T¢. In the full- employment
equilibrium without excess demand LfI* = LI(L;), Pf** =Pf, Q' =Q", = D¢,
Denote the variables in the full-employment equilibrium by a superscript . Then,
Lel(Lp) = a(=G"—LyD"+L;Q"~LfQ")+G +LD"+M" _ (1-a)(G*+LsD")+M"
U (1-a)Piy (1-a)Piy
Let us denote the real values of G¢, D and QF, respectively, by g, d and q. We assume
that the real values of these variables are maintained even if the prices change. Then,
(1-a)(P{g+LfPid)+M*
L) =4 oy

This means



M* = (1 —a)P(Lel(Lf)y — g — Lgd).
Suppose that when there exists involuntary unemployment, the nominal wage rate falls. Then,
the prices of the goods also fall at the same rate because of the constant returns to scale
according to (3). This relation is expressed by the following difference equation.

PI*t = y(L81 — Lel(Ly)) + PE, ¥y > 0.
Let us denote

P{*h = f(P]).
We assume f'(P{) > 0. Since Lgl(Ls) is constant,
tit
fPD =y i+l 5)

According to Chap. 4 of Schreiber, Smith and Getz (2014) the stability condition for the full-
employment equilibrium is

f'(PH <1 at Pf =Py,
The total savings or total consumption of the older generation M! is not constant nor
predetermined, but the net savings
M' = M" — L;P{q
is predetermined. Also note that Qt = Pf*'q in (4). From (4) with Gt =Tt = Pfg, Qt =
Ptq, Qt = Pt*'q and D® = Pid,

fl(Pt) =y prfq_a(_Lth+LfPf+1q)_Mt aLfPff’(Pf)q
! a-a)(P)’y a-o )’y
amt  dLspf
where a_l\:f = afpltiq = Lrq. At P{ = Py,
1 (1-a)LgPiq+aLgPid—M" aLgPifr(P1)q
pPy) = +1,
f) =y (1-a)(P)2y (1-a)(P})2y
Therefore,
F1(Py) = vlA-a)LrPiqtalPid-M"[+(1-a)(PD)?y _ _ y(M'-LsPiq-alsPid)
1 (1-a)(P))?y-vaLlsPiq (1-a)(P))?y—vyaLgPiq

Then, since f'(Py) >0, f'(P;) <1 is equivalent to
M* — L¢P{q — aLgP;d > 0.
On the other hand, in contrast f'(P;) > 1 is equivalent to
M* — L¢P{q — aLgP;d < 0. (6)
aLtit
aprt

From (5), if f'(P;) > 1, then > 0, which implies that a fall in the price of

P=p{ti=p;

the goods decreases the employment, and involuntary unemployment won’t go away

naturally. This and (6) mean that due to the fact that consumer debt multiplied by the marginal

propensity to consume is greater than net savings, the negative real balance effect works.
We have shown the following results.

Proposition 1 1. If the net savings (the difference between savings and pensions) is
greater than debts (due to consumption in childhood period) of consumers, then the positive
real balance effect kicks in, and involuntary unemployment will spontaneously dissipate
because the decline in nominal wages and prices due to unemployment reduces
unemployment.

-10-



2. If the net savings is smaller than debts of consumers, then the negative real balance
effect kicks in, and involuntary unemployment does not spontaneously dissipate because
the decline in the nominal wage and prices due to unemployment further increases
unemployment.

3. Fiscal policy by seigniorage to decrease involuntary unemployment

Assume that in Period t, LfI* expressed by the following equation;
Lt = (1-a)LgP{d—aTt+G'+M"
(1-a)Ply
is smaller than LpI(L;) because G' or M‘ is insufficient and there exists involuntary
unemployment. The savings of the younger generation consumers in this period is
M**! = (1 —a)(P{L 'y — T* — P{L;d).
With T* =T* and Pf = Py,

Mt+1 < M*
., Tt T*
or with < ==
Py Py

Mt+1 M*

t *

Py Py

because L'I* < Lel(Lg).
Suppose that in Period t+ 1 the full- employment equilibrium is realized by the
government expenditure G'*1.If Pf*1 = Pf
_Qa- @)LPIHd—aTt 4Gt 14yttt
Lfl(l‘f) - (1-a)PFly .

We assume
Tt+1 Tt

t+1 — ot
Py Py

Then,

o Gt+1 i+l
(A-a)Lg “P + t+1+Pt+1
Pi

Lel(Ls) =
(1-a)y
In the steady state full-employment equilibrium with balanced budget we have

M*

(7

G*
(1-a)LgPid—aGc +c*+m*  (1=®)lyd- “ + e

(1-a)Pyy N (- a)y

P1

(®)

If P/*1=Pf =P} and Tt =T* = G*, from (7), (8) and M**! < M* we obtain G!*! >

G*
Tt+1 Tt T* * t+1 M* Gt+1

t+1 _ — — —
IfP Pl#:Pl andE—P—f—P—I—;, , Pt p: mean E>

* t+1
£ -1 Therefore, we need budget deficit to realize full-employment in Period ¢ + 1. The
P; Pf“

savings of the younger generation consumers in Period ¢ + 1 is

-11-



Mt2 = (1 — &) (PELA(Ly)y — TH — Pf+:L1fd)
+

This means that when P{*? = pf*1,

Mt+2 M*
P ®
41 ¢ T _ G* T¢t T .
Next, assume that Pf** < Pf, — = — == and —5 = —=. Then, (7) and (8) imply
P1 P P Py Py

Gt+1 Mt+1 G* M*

t+1 t+1 — px P
pt p} p; ' P}

. Tt T*
Since — = —, we have
Pt P}

T*
Mt+1 (1—a)Pf(Ltlty—ﬁ—Lfd)
Pf“ - Pf“ :
On the other hand,
* (1 a)Pl(Lfl(Lf)y Lfd) *
M T
= . = (1 —a) (Ll(Lp)y - e Led)
Even though P{*' < Pf,if P{*'L;I(L;)y > P{L'l"y, that is, the nominal output in Period
t + 1 is larger than that in Period t, we get
Mt+1 M*

Gy
Gt+1 Gt G* Tt+1
Therefore, we have ST > F = pr = o and we need budget deficit.
1 1 1 1

After realizing full-employment in Period t + 1, to maintain full-employment in Period
t + 2 with Pf*t?2 = PI*1 we need

Gt+2 Mt+2
(1-a)Lfd- 0‘ + t+1+Pt+1
Ll = gEmy
t+2 *
From (9) we find % = %. Thus, after realizing full-employment in Period t + 1, we
1 1

need balanced budget to maintain full-employment in Period t + 2. Therefore, the extra
government expenditure in Period t + 1 to realize full-employment should be financed by
seigniorage not by public debt.

We summarize the results in the following proposition.

Proposition 2

1. We need budget deficit to realize full-employment in the presence of involuntary
unemployment by fiscal policy.

2. The extra government expenditure to realize full-employment should be financed by

seigniorage not by public debt because full-employment can be maintained by balanced
budget after realizing full-employment by fiscal policy financed by seigniorage in the

-12 -



presence of involuntary unemployment.
Money suppy

Money aupply in a period is carried over to the next period as the net savings of the
younger generation consumers. A change in the money supply is equal to the difference
between the net savings of the younger generation consumers and the net savings of the
older geneartion consumers carried over from the previous period. Since the pay-as-you-go
pension for an individual consumer is constant, we haveM*2 — Mt*1 = gt+1_Tt+1,

Thus, an incraese in the money supply is equal to the budget deficit. However, the savings
will eventually be spent, and the national income will increase. The money supply will not
be excessive. When Pf*!' = P,

Lfl(Lf)y _ Ltlty — = a)pt( t+1 Tt+1).
This means that the increase in the income equals the budget deficit multiplied by the
multiplier. When P{*! < Pf, we have

Mt+2_Mt+1 Tt+1 Tt
Pi*'Lel(Le)y — PiLt Yy = — T pitt pEFT f =+ (P{T = P))Lgd.
t+1 t
If % = %, the increase in the nominal income is smaller than the increase in the money

1 1

supply multiplied by the multiplier. A chage in the real income is

t1t Mt+2 Mt+1
Lel(Lp)y — Lty = (—Pfﬂ -5 ).

The increase in the real income is equa to the change in the real money supply multiplied by
the multiplier.

4. Tax reduction for full employment

The additional government spending could be used as a benefit for the consumption of the
older generation consumers, rather than for public investment. However, if benefits are paid
to the younger generation consumers as tax cuts as well, the problem becomes more
complicated because part of the benefits will be used to save for the next period. In that
case, once full employment is achieved in Period t+1, taxes must be raised to maintain it in
Period t+2, while tax cuts are needed to maintain full employment in Period t+3, taxes must
be raised to maintain it in Period t+4, and so on, because a tax increase reduces savings,
while a tax cut increases savings.

Suppose that in Period ¢ + 1 the full-employment equilibrium is realized by the tax

T**1 < Tt Consider a case of Pf*! = P}. We assume
Gt+1 Gt G*

CE
Then,
t t t+1
(1-a)Lrd-a §+1+§§+1;1t+1
Lel(Ls) = oy (10)

If Pf*1 =Pt =P and Gt = G* = T*, from (8), (10) and M*! < M* we obtain T'*1 <
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T".

t+1 t " % t+1 * t+1
If P{™ =Pf #P{ and —z7 = £=2 then (8), (10) and M,T <X mean <

1

St o o * S+l
2 2 P; pEtl
T* Gt+1

ST Therefore, we need budget deficit to realize full-employment in Period ¢ + 1.
1

<

P
£41 G* T ¢t _ ¢*
Next, assume that Pf*' < P}, =2 = == = = and -5 = —. Then, (8) and (10) imply
P1 LS 1 Py Py
o Tt+1 Mt+1 o= T* + M*
pi+1 T ptl T P; Py

. Tt T*
Since — = —, we have
Pl PI
T*
wevr (-aPf(Lty—fe-Lsa)

Pf“ - Pf“
On the other hand,
* (1 a)Pl(Lfl(Lf)y Lfd) *
M T
o= ” = (1 - o) (Lel(Lp)y - e Led).
Even though P{*' < P{,if P{*'L;I(Ls)y > P{L'l"y, that is, the nominal output in Period
t + 1 is larger than that in Period t, we get
Mt+1 M*
F < P_f

t+1 T Gt+1

Therefore, we have PET < o7 = pE and we need budget deficit.
1 1 1

After realizing full-employment in Period t + 1, to maintain full-employment in Period
t + 2 with Pf*? = PI*! we need

+2 G* Mt+2
(1-a)Lgd— aPt+1+ 1+P,_L+1
Lel(Ls) = ey (11)
The savings of the younger generation consumers in Period t + 1 is
Tt+1
M2 = (1= @)PF (Lel(Lp)y — 77 — Lyd). (12)
. Tt T+
Since —7 < —, we have
Py Py
Mt+2 M*
— >
P1t+1 Pl*
Then, from (11)
Tt+2 T _ G*
R R ()
Therefore, we can maintain full-employment in Period ¢ + 2 by budget surplus. The
savings of the younger consumers in Period t + 2 is
t+
M3 = (1= @)PF2 (Lel(Lp)y — 3z — Lyd). (14)
From (13)
Mt+3 M*
_Pf” < P_f (15)

Pt+3 Pt+2 Pt+1

To maintain full-employment in Period t + 3 with we need
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Tt+3 g pt+3
(I-a)Lfd—a pmz+or+—mz
Pi> P1 P

(1-a)y

Lel(Ly) = (16)

(15) implies
Tt+3 T* G*

PR TRy
Thus, we need budget deficit to maintain full-employment in Period ¢ + 3. The same
applies hereafter.

(11), (12), (14) and (16) mean

Tt+3_pt+2 1—q [Tt+2_Tt+1
N 17
= () (7
In general
TtHit2_pt+itl 1-a (Tt+i+1_Tt+i)
I S . (i —— 18
Pf+1 a P1t+1 4 ( )

fori>1.1If a > %, that is, the marginal propensity to consume of the younger generation

: 1 .
consumers is larger than > we obtain
TtHi+2_pt+itl

lim ————=0
i—>+00 Pf+1
Since
Tt+i+1 T* > Tt+i
Pf+1 PI Pf+1

ey : 1
for i, which is an odd number greater than or equal to 1, if a > >
Tt+i T*
lim ———=—.
Therefore, if the marginal propensity to consume of the younger generation consumers is

larger than %, the tax revenue converges to the steady state value, and the fiscal balance
will converge to a balanced budget. From (17) and (18)

TtHi+1_pt+i ( 1_a)i—l (Tt+2_Tt+1)

P1t+1 o P1t+1
Thus,
. N
Tti+l _ Tt+1 " Zi ( 1—0{)1_1 (Tt+2_Tt+1) Tt+1 + 1—(—%) (Tt+2_Tt+1) (19)
t+1 pt+l =1 \ ™ t+1 = St+1 T-a t+1
Py Py J @ Py Py 1 (_T) P1
B Tt+1 ta (1 ( 1—a)i) (Tt+2_Tt+1)
= St+1 -\ — ot+1 -
Py a Py
Since
. i+l Tt+1 Tt+2 T*
Im —/—=010—-a)—/—+a——=— 20
P P1t+1 ( )P1t+1 P1t+1 Py ( )
(19) means
t+i+l T* 1—g\! srt+2_rt+1
T TP “(_T) (T)
Then,

-15-



n Tt+i+1 T* _ 1 1 1—-a n Tt+2_pt+1
i=1 pH1 _P_f —0(( _a) “\ 2 pH1 .

From (20)
Tt+2 Tt+1 _ 1 T* Tt+1
P1t+1 - P1t+1 - ; P_1* - P1t+1 .
1
If a>-,
2
Tt+i+1 T* Tt+2_Tt+1 T* Tt+1
lim ¥ (———) —a(l—a (—) —(1-a (———).
N+ 00 Zl—l Pf+1 PI ( ) P1t+1 ( ) PI P1t+1
From this we obtain
. i+l T* Tt+1 T* T* Tt+1 T* Tt+1
lim Y7, (T__*) =sm—mtd-a) (—*—W) = —a(—*—m) <0.
n—-+oo Py Py Py Py Py Py Py Py

This is equal to the portion of the tax cut that will be spent on consumption during Period
t + 1. Therefore, the total fiscal balance over an infinite period of time is deficit, and the tax
cut that will be spent on consumption during Period ¢ + 1 should be financed by seigniorage
not by public debt.

We summarize the results in the following proposition.

Proposition 3

1. We need budget deficit to realize full-employment in the presence of involuntary
unemployment by tax cuts, and we need budget surplus in the next period, budget deficit in
the next period, and so on, to maintain full-employment.

2. However, if the marginal propensity to consume of the younger generation consumers
. 1
is larger than > the tax revenue converges to the steady state value, and the fiscal balance
will converge to a balanced budget.

3. The total fiscal balance over an infinite period of time is deficit, and the tax cut that will
be spent on consumption during Period t + 1 should be financed by seigniorage not by
public debt.

4. Conclusion

In this paper we sdudied the problem of the existence of involuntary unemployment due to
instability of the economy. Instability of the economy is the instability of the difference
equation about the equilibrium price around the full-employment equilibrium, which means
that a fall in the nominal wage rate caused by the presence of involuntary unemployment
further reduces employment. This instability is due to the negative real balance effect. Also
we have shown that the extra government expenditure to realize full-employment in a state
with involuntary unemployment should be financed by seigniorage not by public debt.

In this paper, we assume that the production of goods is done only by labor, so there is no
capital and no investment, and debt arises only from consumption in the childhood period,
but a more general model in which the production of goods is done by capital and labor would
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allow us to deal with cases in which firms or capitalists have debt. This is an issue for the
future research.

Appendix: Calculations of Step 2 of consumers’ utility maximization

Lagrange functions in the second step for employed and unemployed consumers are

5= () @7 dz)” (A1)
—%|fy Pt (Ddz —aWi+T-D -0 +Q —w))

2=} @ dz)”
—X5|fy P2(D(@Ddz— (1 - )WL+ —D -0 +Q - )|,

g

£t = (I @7 d2)” = ][, Bz - al + Q)
and

a

u 1 it o-1 u 1 u A
4= (f, 4@ 7 dz) = 2|[; p(Dct(2dz - a(+ Q).
g, 25, A} and A} are Lagrange multipliers.

The first order condition for (A.1) is

1

1 g7 No-1 1
(fy cf@ 7 dz)" cf (@) = 25pa(2) = . (A2)
From this
1 e == - e =1 eyl-o 1-0
(fy et 7 dz) cf(@) 7 =D "p(2)' .
Then,
1 e = - 1 e =1 eyi-o (1 1-o
(Jy s@ 7 dz) ) cf(@) 7 dz= QD" [} py()'Cdz =1,
It means
1
% () @' 0dz) 7 =1,
and so
p =1
17 %
From (A.2)
1
(et @7 dz) " 27 = Kpy(D)ct
o €1 ’ 1 o = Aip1(2)ci (2).
Then,

1 g

(@ dz) [ et @7 dz = ([ et 7 dz)
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=Cf = X [, @t (Ddz = - [ p1(@)ef (2)dz

Therefore,
1
fo p1(2)ci (z2)dz = P, (Y.
Similarly,
1
Jo P2(@)c3(2)dz = P,C3.
Thus,

[, P1@)ct(@)dz + [ po(2)c§(2)dz = PiCE +P,CS =WI+T-D—0+Q - ¥,
and we obtain
PCE=aWl+TI—-D—-0+Q —¥).
By (A.2)

1 g-1 ﬁ _ B c
([ ¢ 7 dz) " et @ = ceet ()7 = )7 pu(2)” = (B2) .
From this we get

e _ (p1(2) I a(WIl+TI-D-0+Q-W)
c1(z) = ( P, ) P :
c5(z), ci(2) and c¥(z) are similarly obtained.
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