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On the theoretical basis for MMT (Modern Monetary Theory)

—Toward a mathematical model of MMT —
Yasuhito TANAKA
Faculty of Economics, Doshisha University
<Abstract>
Although the claims of the school of thought known as Modern Monetary Theory (MMT) have recently
received much attention, they have not been subjected to much theoretical or mathematical analysis. This
paper examines the theoretical validity of the MMT argument using an overlapping generations model that
includes economic growth due to technological progress, and gives a generally positive evaluation of
MMT claims. The basic idea is that sustaining full employment in a growing economy requires sustained
budget deficits, while recovering from a recession requires budget deficits in excess of that. These budget
deficits need not be offset by future budget surpluses. The model in this paper is a simplified version of the
three-generations model of Tanaka (2021), but it has been extended to include economic growth, the
assumption of decreasing or increasing returns to scale, and an analysis of inflation.
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1. IXC®HIT

Z OF@SCCIIM A S HYBESE NI T I D 1T K o THAFE I LT D HifdiZe U EE £
TV W THEHMRESRIC L - TRIEDE L TTRUICBW T —EDflits D b & THELEH %
HEFF LU TAT < ITITMEEIC M BURF 2 RAESE DM ERH H Z L 2B 00T 5, MEURFITHE
FESHRTNER R NOT, HIERIZAEEZ e B IXEE TlidZe < BEHITIE (seigniorage) (2 L >
THbLNLEIRETH D, HETIHRFICEB W THEDRFR LI 5 OIXEF A D T PN F i
REVFEMESHBIZY TONDIITFEN AR THZ LICL b EEI NS, ZOMBURFIIE
BTIERWOTRE SN VEEIREZD LTIk B0,

H L HMBORFERRENZ2UEA 7 L—a g &R S d, 2RV BORTFIC L
TREEMTHEFF SN LD T, ZOBRBRRMEBARFICHOWTIE, @RS 72T 26X L <,
BB A BRFIZ LD RFLA L0 L THODEDE D LIRS 612, MBEUH AR
T THIVTIEEFRIRENREAEL, TREMEL CRERMICR oI Lo b RER
WMEBORFTZHLELET DN, TN THOEDE T DLEL R0,

ARalE Lerner(1943, 194412 8 %, Wi HHERERI M ELEm(functional finance theory)lZ BEFRAY 72 K&
Wrhx o2 AThHsd e L bIT, RiLFEEDO MMT (BLE G, Mitchell, Wray and
Watts(2019)) D& i CHFRORIBIZ 52 56D TH H D, FFICATIZLL T O ERICH

(Kelton(2020)) ##eftd %, Z Z Tl Hogan IZ & % Kelton DEFED E & (Hogan (2021)) =&
M L7, %1%, Hogan IT TKelton [XfEiE-> TW5 | EHEHIL TWA DD, i D B A E5H &
CEEDHHEATND,

1. MBE DT 7288 % A& T % (The US Treasury creates new money),

HEFIIEEICL > TIPS T 2 0 THEEMHBIZTEZICE LD, EBMEoOBMTITE o
ML, 5 5.2 HiOG)RRERS L 512E OIF & OHINIFBORTIZE LV, IT#E OHIN=IE
EHEDOBINBITE LR ZNITRFERER, T2 bMOEEORNKIIE L WO T, FOEE
BEAE OB A T L—3a U EE T2 & TR,

2.4 7 b= a VFHRREMTOBER Tliie <IMBURFHZ L - Tl Z &4v5 (Inflation is caused by
federal government deficit spending, not by Fed policy).

F 53 EHTHLNCT DL DI, EEOMERTHAREFMEDO S & TREBREM ZHERF§ 5720
(ZFRMBORT L 0 RE 20U, Moffitkid LR+ 5,

3. MBCHIIRCE D AL & 1ZEIFR A 720 (Federal government spending is not related to taxes or
borrowing).



ETHAIZ LD ITRERED S & TR M 2 EH T 5 712 O3t 2 M BORF S LB T H
D, TOMBORFIZE > TREBEMDPATREL 25, HET 2RFICH W TIHMBm B L > T
RREMZMER T2 2213 TE R, LEn> T, BREMNZHER 2 7290 O MBORT-H BURE
ICEk-oTHbhIE LT, Thaiky, HETLILETR, fBROMBRFIZL > THDE
DELZLELR, £, HOEDLETTRORV, MBEHNATE S THD Z LIk > TRAE
T HIFAFIRELME L CRREMICR T 72O 2 BN MBORFIZOWT HFEERTH
o

728, fHik B TIERE S ROESENFET HHAEMHEICHRETT 5, TOLERBEMEOL &
TR ZHERET 5 - OICIIFEEZ RO ERORTENER S IZFMBRTRALETH Y, EF
RMBRENRA L T —a a2 b bT 2 R ENn5,

2. TN

AR TILKHE (2007, 2009, 20152512 LC, EEMENMENBRFTHD L7 2 M (i
) OMREEHET N EZH WD, 2HRITEFRH 20 TEHTHLE 1L, BFEMH LW
B CHLE 2 MDD, AEoET VIEETR (HFQ021) O 3HAET L ZEMIL LTS
DTHDHN, —HRERERELRY BP0, HEICEET oI - BAaE L7z, 17
L—a YOS E LD 72 E, SOV TIEREL TS, BT LOMIEIILLTO@EY Th
%,

1. AFEERIIFEOLTHY, EESNDIINI[0,1]0#EFEEZ 2L, £MITHEEz € [0,1]THE S
N5, Wz ITHFIC RS U CUHEE I & 72 1R 2 B o b L2z 1T L - TMEMIICAE S
}Z)o

2. B 1THNCBWTHHE R IITBZMm L, Ma2iHad 5L L bITH 2BICBIT &I A T
W& xd %, £, FHBEHEZEM SN D, HDWITRET D,

3. 2HICBWTHRMHEEIE 1 bR OBLIITEL b LI a2 HE T2,

4. FHBEHL, BOBEMSNTVDD, KELTHDNEWIRIUTIE U TH 1, 552412
B HWHE LB E 1 HOMDIZR0 5,

WD XD R EEHAWD,

Ce: i BT ARA SN TV AMBHIC L BB AR,y b, i =12,

CH: 8 NCBIT DA SN TR (RELTWD) HERICLAHEASAAY Y M, =12,

cf(2): BB IR RA SN TV AHERICL A z DHEE, i =1,2,

cH2): FHiWNCBITsEASN TV RN (RELTWD) HEHFICLD, i=12,

P 8 NS B IT DN ANy b OflkE, = 1,2,
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pi(2): 5 NI D z DAk i = 1,2,

p="P,/P: (HIF5) ®ffi LAE (+1),

W4 HE R,

I: {36F1, FHEMOMER ICHWFICIRSSh D,

L A E S X B S iAs,

T(): ORI, LIZB LT D% 12 M (strictly concave) Td 5,

L BAD, &5 VIR AICE T BEM&,

y: FBAERENE, HATEARIC L > TR BT 5, BINESRREZI-1>0L9 5, £z, WEME L
(ZOWTHIINRY (BB U TR E) £ 72138y (BB L CIGEETR) Td 5,

3. HEEZORHRKIL

JEH STV D E A O B
u(Ct, ) =T
EREND, ul,) BHRTET 4 v I RETHD, —F5, KREL TV LHEEHEORHBEEIL
u(Ct, ¢3)

Tho, BB 2EMSNTOVDHER LREL TV DOHEZDOWHE ARy MIKRO L H
iZEksns,

a

-1 o—1
ct=(Jy f@7dz) " i=12,

a

Clu = (fol cz‘(z)%ldz);,i =1,2.
o ITHITBET RO IIMEEFR L, o> 1&20727,
N BT AMEE N A v F ORI

1

Pi=(fy pu@7dz)" i = 12,
JEH ST B E O TREEIKIX
[Ep @ @dz + [ py(2)c(2)dz = Wi+ TT

Thh, KELTWDHEE O THEHKIT



Jo 11D (@)dz + [ py(2)ch(2)dz =T

ThbH, Mk 1INDTFREIZL > T

R (4 A <15
a = e e u u’
P, CT+P,C; P1C{+PCy

R 1% T 1% §
l-a= e e — u u
PLCE+P,CE  PCE+P,CL

CLTEHEN TV AHBEABLIOLREL TV DMEEDOMEENRr v M1 2 EBEEHA R
DErikdbND,

wWi+I1 e wWi+I1
Cf=ocp—, CZ :(1—06) P
1 2
I In
C1“=ocp—, C§‘=(1—a)P—
1 2

T2, ENENIC L HB5MOFTEBALDRLUTOLHITHELND,

ern _ (PL@D\ CaWi+) o, o (P2(2)\7? A-a)(Wi+ID)
Cl(z)_(Pl) P, ’CZ(Z)_(P2 ) P,

)

u _(r1(2 _aﬂ u _ (p2(2) 0 (1-a)nl
=57 5 ao=057) 55

UEDHBIIC L > TREA SN TV HIHEH, KELTODHEA ORI ABEEIIRD & 5127
o

WI+II
P’

WIi+II

)~ T,

(1-a)

Ve=u(a'

vt = u(apﬂl,(l — a)g—z).

LB &, M HBEEIL
Ve=¢(wb+£¢0—FUL
Vi = w(g,p)
LRINS,

n
I_wl+P_1



ETBL, pEHZLNELOL L TLIZOWTOVE D KALSHIE

a
Srw-=T'(1)=0 (1)

LD,

9 _ _
a1 ace+(1 a)

6C€
Thbd, PLlpihzon-bdl LT, G T oo THD, (1) LY

dp  02¢
a _ az+612“)l

dw l"ll(l)——oo2
oNn5. —> (072 b IXTFBIHEIIFEE B o [ITOV T (BD) BEETH LR, £
.

HE e ;’CTIEI)\@jz@Jﬁtfu IREREEEGZAR VLD LRBET D, £, FrBAEEMED 3E
& LI DT TIRFET 2 AREMED B 578, ZDHETHLUILL OMEETH D L IRET 5,

4. PEOFEHERARIL
B IHNCB T 2 EFEMROMBEEICL D Mz DFEEd(2) £ T5 &,

pl(Z) T aWLIHLD _ (py(2)) 77 a(WLL+LsTD)

LREND, TR SN TS INRHIC L HHE L K% LTV WREDTEOAHTH S,
FERIS, 5 0% 2 icH 1T 5 iz OFEIR

_ (p2(2)\ 7 (1—a)(WLI+LIT)
d,(2) = (2) i

LETDH, EBIC, BEMRICLIMzOTEE dy(2) £T5 L,

(2)\ "% @—a)(W LI+LfIT)
dy(2) = (pz Z) 7 L

L%, 22T, WoILLBEOLIZRIOMICK T 24 HE4eR, XA, EHE EA0HE
(L3R A

M=(1-a)(W L+ L.

LB L, TIUTEEIROWBF I L DRITED S VEREETHY, OO | BT
PESND, BEMROM ziotT 58 (D) "Ly xsn s,

FAF MR LOBFEIROBEE & & BIMBCHH b ERIGEZHIRT 2006, Mz OffReEx
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dz) = (B2) " L )

Py Py
tEREIND, YIFROXTRISh L AT EELKT,
Y =a(WLl+ L)+ G +M

G IIMBZHTH D, BUFIZ

[} P1(2g(2dz =G

EVOBRIOG £ T, RORBEERKICT 5 55 M 2 DT g(2) &R0 5.
G=(ly 9y 7 dz)"”

LBEULLICE 5T, Mz 2R LA R < Sl 2852 LT 5L, Thah

RO N,

1 1
Jo Ldz=1, [, Lldz = LL

3 z OFEMEIT LIyl LV, BRIZET 2 IV £ 72 13RI L > Ty I LIOBETH 5,
BB\ TIELLy = d(2) 3K D LoD,

3d(z) _
Ll

y + Lly'(LD)

PELND, BBIZE L TIE —E ThhiE,

0d(z) _
Ll
L%, (2) &0
Ip1(2) - _ p1(2)
9d(2) od(z)
L7z3-> T
0p1(2) _ _ pi@y+Lly'@D] _ _ pa(2) [1 + Lly'(Ll)]
aLl od(z) oLl y )

FAEEVEDORDIMEZ LT DO L D ITERT D,

__ Llyr(LD)
(==
T5E&
9p1(z) _ _ p1(2)(A+9)
oLl oLl

PELND, (HE—ET, 1+{>0&Mmcd, BB L CUiEy (MR AN O
HEICIEI>0((E <) TH D,
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ORI
n(z) = p1(2)Lly — LIW
ERIND, LIeh o TR RIS

on(z) _

D =@y - w22 1+ -w = [p@y - 22|+ -w =0

THDND

_ 1
Pi(2) = (1-Ha+oy v

7@??%50 ,ll=1/0' kvé‘é&)

1
A-m@a+dy

p1(2) =
BN, T L > TREGERN
w=>0-wA+y

EERIND, ERITTNTHHHITH D005

1
Pr=01®) = 5y

D3RR Y ST,
5 BEREDS &L CREEAZHERT 27O OMBRT L BRIBZMBRFICE DA T
=g
5.1 TR
W o4 A ta X
WL+ LIl = Py Lly
(LW, —77, 4 ARTEIX
a(WL+ L) +G+M=aPLly+G+M

LRIND, TRHIFFELWLNMDG,

P,Lly = aP;Lly + G + M. (3)
WECD LD, FEMETEL &,

G+M
(1-a)py

Lly =

E72%, LI OBBEHEITLAI(L,) K0 K& Ty (I(Ly) 1FREEANFER SN TN D & & D55
G ERT), LinL, Ll(Ly) &0 bEEINSS R RS D, TDEEL<L LR,
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HEHFRRENRET D, BNNEFEHRND T OBALEINT 2561, @) 1Tk Tk
2o

PiLly = a(PLly—T)+ G + M.

5.2 BEBMZHERT DO OMEBIRT

FHtHICELETEDMEOL & TRBEADHFEIN TWAE LIRET D, TDLEXEROA
NS ARYASR

Plthl(Lf)yz a(Pfol(Lf)y—Tt)+Gt+Mt_ 4)
RIRT RO t OB E RS, BEHROITEIL
(1= a)(P{Lel(L)y —=T") = G* =Tt + M*

IZEE LV, HERIC KD REREDO D & TRAEEH MR L TIT< 722X 2 0D yMEZ 5
LLBRTFHIE7e 60, LiznoT

Gt—Tt = (y — 1)M! (5)

DELND, MUIZE t BT 2 BFEHMROIFETHY, HETLH D, ZIUIEDEE L L0
5, y>1726IXG6G >T ™G,

Ft+ 1BV TIEMF = y MR D L H, 726 =y6t MOTH L =yTtCThHDH EEZD
TENTEDL, LEEm->TCPH =Pt T
P{LeL(Ly)yy = a(P{Lsl(Le)yy —yT") +yG* +yM*

#1535, ZORIT @) EEMETHY, Gt =yG6t, T =yTHZ X > CTREBEADHERFIND =
LERBWRT D, SEREM LMY 572D OMBURFITMHGER 72 b O TRIFIZWIT Vo T, il
FERIIZ AT HE 72 DIXBUNERS CldZe < BERITAE (seigniorage)lZ L » TSI NLDH Z EREE LU,
RRFE DR LTV D & EITFEBFE RO EEFRRSE TR LIV D72, 5ol L il &
HDEBENARET D EDRMBORTRLEBELERIZEBEHTHL EEZDOND, ZOMEBIRTIIMEE T
TRV D TR - EIEL TR B0,

HEEZEBICL > THrE T 20 TERIEEEIIITEICE LV L, EREHGEOBINITE
DEENNZEE L, OIS L= THFE OHINTMBIRFIZE LN E DD 5, BT OHINRITREH
RERIZFZELVWDOT, ZOFr—AOMBIRTNRA 7 L—a r &5 EEIT I EF2R0,

HREELDDL,

1 —EDflFE Db & THEINERRIC L > TRFEDRE T D & SICEREM MR T 5720121
MR 2 M BURF DL ETH D,

53 BRIRBERTEEAN 7L —Va v

9, BEt—1HEDLDETEDMEOL & TREBEANEFI L CWIZEIET D, LrL,
Bt ICBT AMBSHELIIBRBEFREOEEIZER>TWDEHEDELE Y, T TERIK

-9-



RB&IX, —EDMED S & TREREMPFHEIICHER STV S IREETET, EEOMESI &
BizGt ETUCRL, FEBREOMBEPLE T2 L, ROADAY LD,

PILA(Ly)y = a(PfLAI(Lp)y — T + G + M". (6)
MR ORTEIX

M =1 - a)(PfLl(Lp)y —TH =G - T  + M*

n =§—§> 1
&5, Ht+ 1IN TPT = P > PE b L TRAREMEMERT 5720121
Gt —Tt + Mt = ynMt
MLETHD, (5) L0
Gr=T'=(m-DM' >y -1)M' =G* - T*
PELIND, ZhiE
(n—DyM* = (G —TH - (G —TH,
& DU

At_pty_cnt_rt
PG DR G DI

yMt 0

r}_

%%%#60Lkﬁofﬁﬁﬁwﬁﬁiaﬁ—ﬂy{m—Tqmn=%@$fw4y7v~ya
vERGIERZT,
B+ 1B TIMY = ypMERR Y S H, F261 =ynGt, TH =Tt RETHZ &
MWTEL0E, PPFr=PtDHL LT

PiLAI(Lp)yy = a(PiLeI(Lp)yy —ynT") + ynG* + ynM*

WFEHID, PE=nPt THZ)D, ZHUTx @) ERETHY, ¢ =yn6t BLOTH! = ypTHC
Ko THEBEMNMR SN Z N5, 1 MDA 7 L—a Dk, —EDOMED S &
THEREHADMER R BURFIC L > THERF SN D006, A7 b—a v ag| & LiziEg
R BORFIZOWTTIBE 2o 720 26 L <, BICETEESTHDLIWITEFIREIZE
FAME LY BMBORFZ/N S LTHEDADE 2B,

UbkzfLdd L,

RE2 1. BN MR T 2 OICR D RKEL Y MBOR TR RELS DA T L—2a R
FlElEZsh b,
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2. AT b—varEg|EE I LRI ZRMBORTIZOW T, @RS 720 25 E X
<, BIZEFEZESTHDLWITEFIREIZBIT ALY L MBORT2/NS L LTHOLEDE DM
A A AN

Ft+1HIcBW TP =Pt ThbbAr 7L —vari boeT5L, ROXMNEKD
DASH

PELA(Lp )Yy = a(PELAL(Ly)yAy —ynT®) + ynG* + ynM*.

X 6) ERETH B,

5.4 RFESIRMBEM & B FERREDOFRE

DIZBWT LI ALA(Ly) &5, WBEU 2N GHE R DN O D L35, Moffitki:
—ETHH LT D, EREOMEIHOKRE S% G, BleT 35 L,

PELI(L)y = a(PELI(L)y — TY) + Gt + M¢ (7
LB, (1) & @EILEELT,

Gt_Gt

Ll(L) - Lfl(Lf) = m

(8)

155, G'<G'ThiUE, L<Li&7d, LIRoT, RFEyARMBOEIHITIEB FIRENF
AEFTDRANE 2D,

ME 1 IZBWTHLNILEEE D1, BEVPKEL TS L XICESEAZHER T 720121
MERFENRLETH LD, BEUEO S L IZBWTITIEARREENEL B,

FHNZ 1T 2 FAEIRONTE T
M =1 - ) (PILI(L)Yy —TH) =G — T + M*

(L LV, ZHUEERE + LR 2 B FIEROBREICL2HR TH D, He + 1 HICPf™ =P,
TH ' =yT* O b L TREEAPER SN ER/EL LS, £ & EROXDBHEY LD,

PELAU(L)YY = a(PELA(LY)yy —yTY) + GPH + M+, ©)
G IE + UICB T B MBOEH ORI Th 5, it + 13T B EAE RO 13
M52 = (1 — @) (PELAL(Lp)yy — yTY) = G+ —y Tt + M4+

=G —yT + G~ Tt + M

LRIND, TBREMEMRTHOIIIINDN I MUZFE LI RD 2 ENROBND, 12k,
MU TR 2 EEMARDATE O EFIREBIZBIT 2 TH D, LIER-T,
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§t+1 _ yTt + (t

R

BEY LD, b LG < GBI,

LIRDMD

TRINEZRB2, XoT, Ft+1HICTREMZEEISEL7-DIITERFRRED
5B MR BORF DL ETH D,

i £ LD L,

Tt =@ -DM" =y@y - DM + (y - DM".

Gt+1 — ]/Gt Gt Gt

Gt—Tt = (y—1)M?,

6t+1 _ ]/Tt — y(y _ 1)Mt

Gt-Tt< (y - 1Mt

ét+1 —yTt > y(y — 1)Mt

f’n’ﬁ_3%tﬁ;ﬁ B AT RMBOHIIEA R EZRESE, B+ UITe
5 OIITEFIRE TOMEZ LRI S8 2R BORF DML L 72D,

M A BIE SR8 1 TR LK D ISR MBURF R LETH 506, AP
HR D 7 12 L T T2 iBIME 22 I BOR T 6 % D RIS &L » THO SO LB 2R,

O TIHEKIZT—ETH L EREL TV, b L, HAFEMKENILBEERDET LA
&, TS E > TR THRT 572613, EEESZRPEOTHE 2T SRR S 5, L
L, MBBERZ WG Bn 4 Aol w2l amEsEohs THA 9,

ek A : HEE OBHARKE

HE N7y FB I OVHEHE SR 7 v SOl

[ g

cs = (fol cf(z)UT_ldz)E, cs = (fol cze(z)UT_ldz)a

= (J} i@ dz) ¢y = ()} F(@7 da)

a a
-1

1 1

P = (fy p(@'70dz)"7, Py = ([, pa(2)'7dz)"°
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Thotz, BHINTWHIHEEE O TEEINIT
JEp @ @dz + [} py(2)c(2)dz = Wi+ TT
KEL TV LIHEE O TRHIRIT
Je P12 (@)dz + [ py(2)cy(2)dz =TI
Thb, ENZEND Lagrange B

L8 =u(Cf,¢5) — A(fy p1(Dcf (@)dz + [ p2(2)c§ (2)dz — W —TI)

LY =u(C¥,c¥) — A(f] p1(@ct(@)dz + [ p2(2)c} (2)dz — )

LRIND, ELLBERRDOTEMA SN TWDIHEFEDIMRKILEZ XD, 1 BERFT

1
ou(ctcs 1 g7l N\o-1 _1
u(aéf Z)Uo ci(2) dZ) Ccf(2) o= Apy(2) = 0 (A.1)

1
0 Ce,Ce 1 -1 o—1 _1
E%?ﬁ(%‘f@)cdﬂ c;(z) ¢ —Ap2(2) =0 (A.2)

Thod, ZhbDANb

1
ou(cgcs 1 o1 o1 1 g-1 1
u(aclf 2)(f0 cf(z) dz) Jy c£@) 7 dz—2[; p1(2)cf(2)dz =0

1
ou(ctcs 1 971 No-1 1 g-1 1
LA (fy 5@ 7 dz) " fy 5@ 7 dz =2, pa(2)es(@dz = 0

BrFoI,

du(cs.cf)

ace Ci~ Af, pi(2)cs(2)dz =0 (A.3)

6u(aCCfé,2Cze) cs — ,‘[fol p2(2)c5(2)dz =0 (A4)
L7525, —H, (A, (A2)LY

duCLeON T [ (1 Laink SN o-1 o B
(52) (fy et @7 dz) [y cf@ 7 dz =277 [ py(@)'~0dz = 0
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du(CE,eHY 7 [ (1 Cint SN o-1 o B
( u(aclf 2)) (fo cz(2) < dZ) fo c5(z) o dz—2* ofo p2(2)179dz =0

oY e

1 1
ou(ceé,cé 1 _ 1-o ou(ct,cs 1 _ 1o
= Al @tz =0, 2R -2 (f) pa(yodz) T =0

ERDN, ZThbix

ou(Ci ) _

ou(cf.cs) _
ace APy, -

o =P, (A.5)

LET D, EBITA3), (AHHD

1 1
PiCY = [y p1(2)ci (2)dz, PoC5 = [) p2(2)c5(2)dz

BEbND, TEHKICE->T

DMLY 3L, (ASIX(A6)Z THEHIFIE L Cu(Ch,CHERKILT D L XDEMIICR>TnD, K
FELTWDOHHEEEIZOWTHREBEORRIAY S22, u(Cf,C5), u(CH,CHNKREET 4 v 7 Th
HZEicky

PiCY _ Pt

aQ=— aQ@=—
PiCE+P,CE’ PyC§+P,CE

VIR Z L > TRFE D FTERIITRIE L 20 b
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