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Abstract

We present a game-theoretic analysis of fiscal policy under economic growth from the
perspective of MMT (Modern Monetary Theory) using a simple two-periods overlapping
generations (OLG) model with pay-as-you-go pensions. We show the following results. 1)
Sustained budget deficit is necessary to maintain full-employment under economic growth
driven by population growth or technological progress. 2) An excessive budget deficit
triggers inflation, and after one period inflation full-employment is maintained by sustained
budget deficit with constant price. 3) Insufficient government deficit causes involuntary
unemployment, and we need extra budget deficit over its steady state value to recover full-
employment. These budget deficits need not be, and must not be redeemed. Therefore, if it
is institutionally and legally possible, they should be financed by seigniorage not by public
debt.

Key Words: Overlapping generations model, Full-employment, Budget deficit, Growth,
MMT

JEL Classification: E12, E24.



1 Introduction

This paper will present a game theoretic analysis of a simple two-periods overlapping
generations (OLG) model with pay-as-you-go pensions in which goods are produced solely
by labor, and mainly show the following three results.

1. Sustained budget deficit is necessary to maintain full-employment under economic
growth driven by population growth. Budget deficit is necessary under growth because of
deficiency of the consumptions by the older generation consumers. Since the budget deficit
to maintain full-employment must be sustained, if it is institutionally and legally possible,
the budget deficit should be financed by seigniorage not by public debt. This budget deficit
need not to be, and must not be redeemed.

2. An excessive budget deficit triggers inflation. About this excessive budget deficit that
has caused inflation, only the excess portion should be reduced. There is no need to make
up for past excesses by creating surpluses or reducing deficits.

3. Insufficient government deficit causes involuntary unemployment, and we need extra
budget deficit over its steady state value to recover full-employment. After recovery of full-
employment we can maintain it with sustained budget deficit. Thus, the extra budget deficit
should not be redeemed.

In the next section we present a model of this paper. In Section 3 we consider budget deficit
for economic growth. In Section 4 we analyze inflation by excessive budget deficit, and in
Section 5 we consider involuntary unemployment due to insufficient government deficit, and
necessity of extra budget deficit to recover full-employment.

This paper is one of the attempts to give a theoretical basis to the so-called functional finance
theory by Lerner (1933, 1934). It also presents a theoretical foundation to MMT (Modern
Monetary Theory, Mitchell, Wray and Watts (2019)). In particular, we provide a rationale
for the following claims (Kelton (2020)). We refer to the summary of Kelton’s book by
Hogan (2021). In fact, Hogan argues that Kelton is wrong, but he summarizes Kelton’s
argument to the point.

1. The treasury creates new money.

The money supply equals the total net savings (the savings minus the pay-as-you-go
pensions). An increase in the money supply equals the increase in the total net savings. As
expressed in the equation (4) in Section 3.1, an increase in the total net savings from a period
to the next period equals the budget deficit in the latter period. The rate of an increase in the
total net savings, which equals the rate of an increase in the money supply, equals the rate of
economic growth, and therefore the budget deficit and an increase in the money supply does
not cause inflation in this case.

2. Inflation is caused by federal government deficit spending, not by Fed policy.



As we will show in Section 4.1, if the actual budget deficit is larger than the budget
deficit that is necessary and sufficient to maintain full-employment under economic growth
with constant price, the price of the good will rise.

3. Federal government spending is not related to taxes or borrowing.

As summarized above, sustained budget deficit is necessary to maintain full-employment
under economic growth, and these budget deficits make it possible to maintain full-
employment. It is impossible to maintain full-employment in a growing economy with a
balanced budget. Therefore, even if the budget deficit to maintain full-employment is
financed by the national debt, it does not need to be repaid or redeemed, and must not be
repaid or redeemed. Future budget surpluses need not and must not make up the deficits for
growth.

The arguments in this paper apply in much the same way to the case of growth due to
technological progress rather than population growth. In Appendix we present analyses in a
case of technological progress.

2 The model

We consider the following model. It is a two generations overlapping generations (OLG)
model, and a simplified version of the model used by Otaki (2007, 2009, 2015) and Tanaka
(2020) with pay-as-you-go pensions.

1. There are one good and one firm. The firm produces one unit of the good by one unit
of labor at present (Period t). Although there is only one firm, it behaves competitively.
Let w be the nominal wage rate and p be the price of the good. Then, p = w, and the
real wage rate is one.

2. Consumers live over two periods, Period 1 and Period 2. In Period 1 (younger period,
working period) they can work and earn the wages. They buy and consume the good by
wages. In Period 2 (older period, retired period) they buy and consume the good by their
savings and the pay-as-you-go pensions. The good can be consumed by any unit, that is, a
consumer can consume, for example, 0.1 units of the good. The population of consumers
grows from a period to the next period at the rate y — 1 > 0.

3. There are four younger generation consumers in Period t. If a consumer is employed,
he supplies one unit of labor (labor supply is indivisible), receives the wage, consumes the
good, pays tax for pay-as-you-go pensions for consumers of the older generation, lends
money to unemployed younger generation consumers (if involuntary unemployment exists)
and leaves the remaining income.

If a consumer is not employed, his income is zero. However, he can receive a pay-as-you-
go pension after retirement, so he consumes the good in his Period 1 by borrowing money
from employed younger generation consumers using his pension as collateral. We assume
that utility of an employed consumer is larger than utility of an unemployed consumer.



Each consumer determines his consumption and labor supply at the beginning of Period 1
depending on the situation that he is employed or not employed. He spends half of his income,
respectively, on consumption in Period 1 and that in Period 2.

We assume that the number of consumers is a real number, not an integer. The labor supply
is an integer, which is 1 or 0.

4 . . . :
4. There are ” older generation consumers in Period t (four older generation

consumers in Period t + 1). If a consumer was employed in his Period 1, he consumes the
good by his savings and the pay-as-you-go pension. If he is not employed, he consumes the
good only by the pay-as-you-go pension, and repays his debt due to consumption in Period
1.

Repayment by a consumer who was unemployed in the younger period is assured. An
employed consumer is indifferent between lending money to unemployed consumers and
leaving money.

We assume that the tax other than that for the pay-as-you-go pension system is zero.

3 Sustained full-employment under growth with constant price
3.1 Period t

Let us consider the following pair of strategies of the firm and the younger generation
consumers at a steady state with full-employment and constant price under economic growth
due to population growth at the rate y — 1. The strategies of the consumers are derived from
their utility maximization over two periods. Denote the pay-as-you go pension received by
each older generation consumer in each period is yt. We assume

(y + g)r <1
On the other hand, the tax for the pay-as-you-go pension paid by each younger generation
consumer is T because of the population growth. The nominal wage rate and the price are 1.

1. Firm: employs four younger generation consumers and produces four units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage 1, consumes %[1 + (y — 1)7] units of the good, pays 7 units of tax for the pay-as-

you-go pension system for the older generation consumers, and leaves the rest of the
income;

~[1-( + Dy,
In the next period he consumes % [1+ (y — 1)7] units of the good by his savings and the
pay-as-you-go pension yT.
Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his

savings and the pay-as-you-go pension (y7). Let G* be the government expenditure other



than the pay-as-you-go pension. The total demand for the good is
1 _ t
2(1+y)[1+(y 1)1] + G.
Note that there are four younger and % older generation consumers. This must be equal to
the total supply, 4. Thus,
Gt=@[1—(y+1)ﬂ>o. (1)

The total net savings of the older generation consumers, which is the difference between their
consumptions and the pensions, is

S+ (=Dl - Syr =21 - (v + Dl 2)

On the other hand, the total net savings of the older generation consumers in the next period,
who are the younger generation consumers in Period ¢, is

211+ (y — D] —4yr =2[1 - (y + Dr]. 3)
The difference between (3)and (2) is
~( = DI -+ D] = 6", 4)

Therefore, the government expenditure G' in (1) equals the increase in the total net savings
of the consumers from Period t — 1 to Period t.
Is the pair of strategies above in a Nash equilibrium?

1. Firm: given the consumption behavior of the younger generation consumers and the
older generation consumers, and the government expenditure, employment of four
consumers and production of four units of the good are optimal.

2. Each younger generation consumer: given the behavior of the firm, consumptions of
the other consumers and the government expenditure, supply of one unit of labor and

% [1+ (y — 1)t] units of consumption are optimal under the assumption that each

consumer spends half of his income, respectively, on consumption in Period 1 and that in
Period 2.

Since we assume zero tax other than the tax for the pay-as-you-go pension system, the
government expenditure equals the budget deficit, and the existence of the positive
government expenditure means the existence of the budget deficit. Since the budget deficit
to maintain full-employment must be sustained, if it is institutionally and legally possible,
the budget deficit should be financed by seigniorage not by public debt. Budget deficit is
necessary under growth because of deficiency of the savings of the older generation. This
budget deficit is not debt and does not need to be, and must not be redeemed.

Since consumers leave the savings by money, the money supply equals the net savings (the
savings minus the pay-as-you-go pensions). An increase in the money supply equals the
increase in the total net savings. As expressed in the equation (4), an increase in the total net
savings from Period t — 1 to Period t equals the budget deficit in Period t. The rate of an
increase in the total net savings, which equals the rate of in increase in the money supply,
equals the rate of economic growth, and therefore the budget deficit and an increase in the
money supply does not cause inflation in this case.



3.2 Period t+1

Next we consider Period t + 1. Let us consider the following pair of strategies of the firm
and the younger generation consumers in Period t + 1.

1. Firm: employs 4y younger generation consumers and produces 4y units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage 1, consumes %[1 + (¥ — 1)7] units of the good, pays 7 units of tax for the pay-as-

you-go pension system for the older generation consumers, who are the younger generation
consumers in Period t, and leaves the rest of the income;

1
-+l

In the next period he consumes %[1 + (y — 1)7] units of the good by his savings and the

pay-as-you-go pension yT.

Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his

savings and the pay-as-you-go pension (y7). Let Gt*1 be the government expenditure other
than the pay-as-you-go pension. The total demand for the good is
200 + D[1+ (y — D] + G,
Note that there are 4y younger generation consumers. This must be equal to the total supply,
4y. Thus,
Gt =2(y - D[1 - (v + Dr] = yG". (5)

The government expenditure Gt*? in (5) equals the increase in the total net savings of the
consumers from Period t to Period t + 1. This relationship holds true even after Period
t+1.

Is the pair of strategies above in a Nash equilibrium?

1. Firm: given the consumption behavior of the younger generation consumers and the
older generation consumers, and the government expenditure, employment of 4y
consumers and production of 4y units of the good are optimal.

2. Each younger generation consumer: given the behavior of the firm, consumptions of
the other consumers and the government expenditure, supply of one unit of labor and

% [1+ (y — 1)t] units of consumption are optimal under the assumption that each

consumer spends half of his income, respectively, on consumption in Period 1 and that in
Period 2.

From these results we get the following proposition.
Proposition 1 In order to maintain economic growth we need sustained budget deficit. The
budget deficit in each period equals the increase in the total net savings of the older
generation consumers (the difference between their consumptions and the pensions) from



the previous period to this period.

4 Inflation by excessive budget deficit
4.1 Period t

In this section we suppose that the government expenditure in Period t is larger than G*®
in the previous case. Denote it by G¢. The actual price of the good in Period t is p > 1,
and the actual nominal wage rate is also p. We assume that the inflation is not anticipated
by the older generation consumers in the previous period (when they are young in their Period
1). We consider the value of G! which triggers inflation at the rate p — 1 under full-
employment. Let us consider the following pair of strategies of the firm and the younger
generation consumers.

1. Firm: employs four younger generation consumers and produces four units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage p, consumes I+ y — 1)7] units of the good at the price p, pays pt units of tax
2

for the pay-as-you-go pensions for the older generation consumers, and leaves the rest of
the income;

p—pt=2[1+ @ -Di =501~ + D1l
In the next period he consumes %[1 + (y — 1)7] units of the good by his savings and the
pay-as-you-go pension pyt at the price p if the price of the good is p in Period t + 1.

Each older generation consumer consumes
1 1
H 1~ @+ Drl+yr=2{1+[Cp -1y -1]7}

units of the good by his savings and the pay-as-you-go pension (py7). The nominal total
demand for the good is

2p[1+ (y — D] + ;{1 +[(2p — Dy — 1]} + G

2 ~
=;[1+m/+(m/2+m/—y—1)T]+Gt-
If this is equal to the nominal total supply, 4p, we have
Ar 2
Gt =Zlpy =1—=(py* +py —y = D1l.
Comparing this with Gt in (1),
A 2
G =G ="{py —=1=(py* +py =y = D= - D1~ + D]} (6)
=2(p—-D[1-A+y)r]>0.
This means that an excessive budget deficit expressed in (6) causes inflation at the rate y —
1 under full-employment.



Is the pair of strategies above in a Nash equilibrium?

1. Firm: given the consumption behavior of the younger generation consumers and the
older generation consumers, and the government expenditure, employment of four
consumers and production of four units of the good are optimal.

2. Each younger generation consumer: given the behavior of the firm and consumptions

of the other consumers, supply of one unit of labor and % [1+ (y — 1)t] units of

consumption are optimal under the assumption that each consumer spends half of his
income, respectively, on consumption in Period 1 and that in Period 2.

From these results we get the following proposition.
Proposition 2 The excessive budget deficit expressed in (6) causes inflation under full-
employment.

4.2 Period t+ 1

Next we consider Period t + 1. Let us consider the following pair of strategies of the firm
and the younger generation consumers in Period ¢ + 1. The pay-as-you-go pension for each
older generation consumer is pyt. Assume that the price of the good in this period is p.

1. Firm: employs 4y younger generation consumers and produces 4y units of the
good.

2. Each employed younger generation consumer: supplies one unit of labor, receives
wage p, consumes %[1 + (y — 1)7] units of the good at the price p, pays pyt units of

tax for pay-as-you-go pension to the older generation consumers, who are the younger
generation consumers in Period t, and leaves the rest of the income;

p—pt—C[1+ @ -Di =501~ + Drl.
In the next period he consumes %[1 + (y — 1)7] units of the good by his savings and the
pay-as-you-go pension pyt at the price p.

Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his

savings and the pay-as-you-go pension (py7) at the price p. Let G'*! be the government
expenditure other than the pay-as-you-go pension. The nominal total demand for the good is

20(y + D[1 + (y — D1] + Gt
Note that there are 4y younger generation consumers. This must be equal to the nominal
total supply, 4py. Thus,

Gt = 2p(y — D[ — (¢ + )1].
From (5) we find

Gt+1 — th+1.

This relationship holds true even after Period t + 1. Therefore, after one period inflation



full-employment under constant price is maintained by sustained budget deficit. Only the
excess portion should be reduced. There is no need to make up for past excesses by creating
surpluses or reducing deficits.

Is the pair of strategies above in a Nash equilibrium?

1. Firm: given the consumption behavior of the younger generation consumers and the
older generation consumers, and the government expenditure, employment of 4y
consumers and production of 4y units of the good are optimal.

2. Each younger generation consumer: given the behavior of the firm, consumptions of
the other consumers and the government expenditure, supply of one unit of labor and

% [1+ (y — 1)t] units of consumption are optimal under the assumption that each

consumer spends half of his income, respectively, on consumption in Period 1 and that in
Period 2.

From these results we obtain the following proposition.
Proposition 3 Afier one period inflation full-employment under constant price is
maintained by sustained budget deficit. Only the excess portion should be reduced. There is
no need to make up for past excesses by creating surpluses or reducing deficits.

5 Insufficient budget deficit and recovery from recession

5.1 Period t

Now we assume that the government expenditure in Period ¢ is insufficient. Let the actual
value of the government expenditure be

G =S -Dl- @+ -5
It is smaller than G! in (1). We assume that it is nonnegative. The price of the good and the
nominal wage rate in Period t is 1. We also assume that upto the previous period, Period

t — 1, full-employment has been realized. Let us consider the following pair of strategies of
the firm and the younger generation consumers.

1. Firm: employs three younger generation consumers and produces three units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage 1, consumes %[1 + (y — g)r] units of the good, pays %T units of tax for pay-as-
you-go pensions for the older generation consumers, and leaves the rest of the income:
4 1 4 1 4
1-fr=gi+(r=3) =3[1-(r+3)<|
In the next period he consumes %[1 + (y - g) 7] units of the good by his savings and the

pay-as-you-go pension yT.



3.  One unemployed consumer: consumes %y‘c units of the good by borrowing money
from employed younger generation consumers using his pension as collateral. In the next
period he consumes %yr units of the good by the pay-as-you-go pension y7, and repays
his debt due to consumption in Period 1

Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his
savings and the pay-as-you-go pension (y7). The total demand for the good is

%[1 +3(y—§) T] +4%yr+;—l[1 + (;/— 1] + Gt ) 1 (7)
=5[1+(y—§>‘c]+§yr+;[1+(y—1)r]+;(y—1)[1—(y+1)r]—§= 3.

4 :
Note that there are " older generation consumers, three employed and one unemployed

younger consumers. (7) means that the total demand equals the total supply, and there exists
one involuntary unemployment.

Are the strategies of the firm and the younger generation consumers above in a Nash
equilibrium?

1. Firm: given the consumption behavior of the younger generation consumers and the
older generation consumers, and the government expenditure, employment of three
consumers and production of three units of the good are optimal.

2. Each younger employed consumer: given the behavior of the firm, consumptions of
the other consumers and the government expenditure, supply of one unit of labor and

% 1+ (y— %)T] units of consumption are optimal under the assumption that each

consumer spends half of his income, respectively, on consumption in Period 1 and that in
Period 2.
3.  One younger unemployed consumer: given the behavior of the firm, consumptions of

. 1 . . . .
the other consumers and the government expenditure, YT units of consumption is optimal

given the situation that he is unemployed, and spends half of his income, respectively, on
consumption in Period 1 and that in Period 2.

From these results we get the following proposition.
Proposition 4 The insufficient government expenditure (or budget deficit) causes
involuntary unemployment.

5.2 Period t+ 1

Next we consider Period t + 1. Suppose that we recover full-employment in Period ¢t + 1
by increasing the government expenditure (or the budget deficit). Let G*' be the
government expenditure other than the pay-as-you-go pension which is sufficient to recover
full-employment.

Let us consider the following pair of strategies of the firm and the younger generation

10



consumers in Period t + 1. The pay-as-you-go pension for each older generation consumer
is yt. Assume that the price of the good in this period is 1.

1. Firm: employs 4y younger generation consumers and produces 4y units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

1 . .
wage 1, consumes > [1+ (y —1)7] units of the good, pays 7 units of tax for pay-as-you-

go pension for the older generation consumers, who are the younger generation consumers
in Period t, and leaves the rest of the income;

1-7—-[1+ @ - D] =5[1- @+ Dl.
In the next period he consumes %[1 + (y — 1)7] units of the good by his savings and the
pay-as-you-go pension yT.

Each older generation consumer, who was employed in the previous period, consumes

% [1 + (y — g) T] units of the good by his savings and the pay-as-you-go pension (y7), and
: . . . 1

one older generation consumer, who was unemployed in the previous period, consumes SYT

units of the good by the pay-as-you-go pension. He also repay the debt for consumption in
the previous period.
The total demand for the good is

2v[1+ (r = D] +3[1+ (v = 3) o] + 5y + G
Note that there are three older generation consumers who was employed, and one of them
was unemployed. Suppose that this is equal to the total supply, 4y. Then,
Gt =20 - D[1— (v + D] +3.
Comparing this with (5)
Gt+l _ gt+1 — 1 > 0.
2

Therefore, to recover full-employment from a state with involuntary unemployment we need
extra budget deficit. After recovery of full-employment we can maintain it with sustained

budget deficit. Thus, the extra budget deficit should not be redeemed.
Is the pair of strategies above in a Nash equilibrium?

1. Firm: given the consumption behavior of the younger generation consumers and the
older generation consumers, and the government expenditure, employment of 4y
consumers and production of 4y units of the good are optimal.

2. Each younger generation consumer: given the behavior of the firm, consumptions of
the other consumers and the government expenditure, supply of one unit of labor and

% [1+ (y — 1)t] units of consumption are optimal under the assumption that each

consumer spends half of his income, respectively, on consumption in Period 1 and that in
Period 2.

11



From these results we obtain the following proposition.
Proposition 5 In order to recover full-employment from a state with involuntary
unemployment we need extra budget deficit. After recovery of full-employment we can
maintain it with sustained budget deficit. Thus, the extra budget deficit should not be
redeemed.

6 Payment and receipt of money
We consider payment and receipt of money. Put

Payment of money
P1: consumption expenditure by younger and older consumers,
P2: payment of wages by the firm,
P3: tax payment for pension by younger consumers,
P4: government expenditure,
PS5: payment of pension by the government,

Receipt of money
R1: receipt of proceeds from the sale of the good by the firm,
R2: receipt of wages by younger consumers,
R3: receipt of tax for pension by the government,
R4: receipt of pension by older consumers.

Then, we have the following relations.
P1+ P4 = R1, P2 = R2, P3 = R3, P5=R4.
Thus, the total receipt equals the total payment as follows;
P1+ P2+ P3 + P4+ P5=R1+R2+R3 + R4
Since
P2=R1, P5=R3=P3=R4,

we have

P1 + P4 = R2.
On the other hand, put

M1: net savings carried over by older consumers,
M2: net savings by youger consumers.

Then,
consumtion payment by older cinsumers = M1+R4,
R2 = consumption payment by younger consumers + P3 + M2.
From them with P3=R4, we get
R2 —P1 = M2 - M1. 9)
By (8) and (9) we obtain
P4 = M2 — M1.

12
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This means that an increase in the net savings equals budget deficit.
7 Conclusion

This paper attempts to provide a game-theoretic basis to functional finance theory and MMT
(Modern Monetary Theory). We have shown that to achieve and maintain full-employment
in a growing economy we need sustained budget deficit even without inflation, and this
budget deficit must not be redeemed. The model of this paper is very simple. For example
there is no capital and investment. In the future research we would like to consider a model
in which capital is used in the production of firms and in which firms make investments.

Appendix
A Growth by technological progress

In this section we examine the case of growth by technological progress with constant
population.

A.1 Sustained full-employment under growth with constant price

A.1.1  Period t

Let us consider the following pair of strategies of the firm and the younger generation
consumers at a steady state with full-employment and constant price under economic growth
driven by technological progress at the rate y — 1. We suppose that the labor productivity is
1 in Period t, and it increases at the rate y — 1. Also we assume that the nominal wage rate
is 1 in Period t. Denote the pay-as-you go pension in this period by 7. We assume

6% +§)T <1

1. Firm: employs four younger generation consumers and produces four units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage 1, consumes %[1 + (y — 1)7] units of the good, pays 7 units of tax for the pay-as-

you-go pension system for the older generation consumers, and leaves the rest of the
income;

1
5[1 — (y + D1].
In the next period he consumes %[1 + (y — 1)7] units of the good by his savings and the

pay-as-you-go pension yT.
Since we consider a steady state under growth at the rate y — 1, each older generation
consumer consumes % [1+ (y — 1)7] units of the good by his savings and the pay-as-you-

gopension (7). Let G* be the government expenditure other than the pay-as-you-go pension.
The total demand for the good is

13



2(1+%)[1+(y—1)r]+6t.

Note that there are four younger and four older generation consumers. This must be equal to
the total supply, 4. Thus,

Gt =@[1—(y+1)r] > 0. (A.1)

The total net savings of the older generation consumers, which is the difference between their
consumptions and the pensions, is

S+ -Dil-4r="[1- @+ D1l (A2)
On the other hand, the total net savings of the older generation consumers in the next period,
who are the younger generation consumers in Period ¢, is
211+ (y — D] —4yr =2[1 - (y + Dr]. (A.3)
The difference between (A.3) and (A.2) is
2
2= DI -(+ D] =G
Therefore, the government expenditure G¢ in (A.1) equals the increase in the net savings of
the consumers from Period ¢ — 1 to Period ¢.

The fact that the above set of strategies is a Nash equilibrium can be confirmed in the same
way as in the case of population growth.

A.1.2 Period t+1

Next we consider Period t + 1. Suppose that the labor productivity in Period t + 1 is y —
1, and the nominal wage rate is also y — 1. Let us consider the following pair of strategies
of the firm and the younger generation consumers in Period t + 1. The pay-as-you-go
pension for each older generation consumer is yt.

1. Firm: employs four younger generation consumers and produces 4y units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage Yy, consumes g[l + (y — 1)7] units of the good, pays yT units of tax for the pay-

as-you-go pension system for the older generation consumers, who are the younger
generation consumers in Period ¢, and leaves the rest of the income;

-+l
In the next period he consumes g[l + (¥ — 1)7] units of the good by his savings and the

pay-as-you-go pension y2t.

Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his

savings and the pay-as-you-go pension (y7). Let Gt*1 be the government expenditure other
than the pay-as-you-go pension. The total demand for the good is

200 + D[1+ (y — D] + G
This must be equal to the total supply, 4y. Thus,

14



Gl =2(y — D[1 - (y + 1] = yGt. (A.4)
The government expenditure G!*1 in (A.4) equals the increase in the net savings of the
consumers from Period t to Period t + 1. This relationship holds true even after Period
t+1.
The fact that the above set of strategies is a Nash equilibrium can be confirmed in the same
way as in the case of population growth.
Proposition 1 also holds in this case.

A.2 Inflation by excessive budget deficit

A.2.1 Period t

We suppose that the government expenditure in Period t is larger than G® in the previous
case. Denote it by G. The actual price of the good in Period t is p > 1, and the actual
nominal wage rate is also p. We assume that the inflation is not anticipated by the older
generation consumers in the previous period (when they are young in their Period 1). We
consider the value of Gt which triggers inflation at the rate p under full-employment. Let
us consider the following pair of strategies of the firm and the younger generation consumers.

1. Firm: employs four younger generation consumers and produces four units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage p, consumes %[1 + (Y — 1)7] units of the good at the price p, pays pt units of tax

for the pay-as-you-go pensions for the older generation consumers, and leaves the rest of
the income;

p—pt—C[1+ @ -Di =501~ + Drl.
In the next period he consumes %[1 + (y — 1)7] units of the good by his savings and the
pay-as-you-go pension pyt at the price p if the price of the good is p in Period t + 1.

Each older generation consumer consumes
1 1
oyt~ Dl +r=2{1+4[(2p - Dy — 17}

units of the good by his savings and the pay-as-you-go pension (pt). The nominal total
demand for the good is

2p[1+ (y — D1] +§{1 +[(2p — 1)y — 1]t} + G¢

=§[1+m/+(m/2+m/—y—1)T]+@t-
If this is equal to the nominal total supply, 4p, we have
Gt ="lpy —1~(or*+py —y - 1yl
Comparing this with G* in (A.1),
G'—G' = s{py —1-=(py*+py—v—-Dr—(-D[1 -+ Dz} (A.5)
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=2(p—D[1—-(y+ D] >0.
This means that an excessive budget deficit expressed in (A.5) causes inflation under full-
employment.
The fact that the above set of strategies is a Nash equilibrium can be confirmed in the same
way as in the case of population growth.
Proposition 2 also holds in this case.

A.2.2 Period t+1

Next we consider Period t + 1. Suppose that the labor productivity in Period ¢t + 1 is v,
and the nominal wage rate is py. Let us consider the following pair of strategies of the firm
and the younger generation consumers in Period t + 1. The pay-as-you-go pension for each
older generation consumer is pyt. Assume that the price of the good in this period is p.

1. Firm: employs four younger generation consumers and produces 4y units of the
good.

2. Each employed younger generation consumer: supplies one unit of labor, receives
wage py, consumes %[1 + (y — 1)7] units of the good at the price p, pays pyT units of

tax for pay-as-you-go pension to the older generation consumers, who are the younger
generation consumers in Period ¢, and leaves the rest of the income;

py —pyt =221+ (v = D] =X [1 - (v + 1],

In the next period he consumes g[l + (y — 1)7] units of the good by his savings and the

pay-as-you-go pension py2t at the price p.

Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his

savings and the pay-as-you-go pension (pyT) at the price p. Let G'*! be the government
expenditure other than the pay-as-you-go pension. The nominal total demand for the good is
2o0(y + D[1+ (y — D1] + G
This must be equal to the nominal total supply, 4py. Thus,
G =2p(y — D[1 - (v + D1l.
From (A.4) we find
Gt = pGtHt,
This relationship holds true even after Period t + 1. Therefore, after one period inflation
full-employment under constant price is maintained by sustained budget deficit. Only the
excess portion should be reduced. There is no need to make up for past excesses by creating
surpluses or reducing deficits.
The fact that the above set of strategies is a Nash equilibrium can be confirmed in the same
way as in the case of population growth.
Proposition 3 also holds in this case.

A.3 Insufficient budget deficit and recovery from recession

16



A.3.1 Period t

Now we assume that the government expenditure in Period ¢t is insufficient. Let the actual
value of the government expenditure be

G' ="~ D1~ + D]~
It is smaller than G! in (A.1). We assume that it is nonnegative. The price of the good and
the nominal wage rate in Period t is 1. We also assume that upto the previous period, Period

t — 1, full-employment has been realized. Let us consider the following pair of strategies of
the firm and the younger generation consumers.

1. Firm: employs three younger generation consumers and produces three units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage 1, consumes %[1 + (y — g)r] units of the good, pays gr units of tax for pay-as-

you-go pensions for the older generation consumers, and leaves the rest of the income:
1=fr=3[t+ (o =3)rl =3[t -(r+3)7)

In the next period he consumes %[1 + (y - g) 7] units of the good by his savings and the

pay-as-you-go pension yT.

3. One unemployed consumer: consumes %yr units of the good by borrowing money
from employed younger generation consumers using his pension as collateral. In the next
period he consumes %y‘c units of the good by the pay-as-you-go pension yt, and repays
his debt due to consumption in Period 1

Each older generation consumer consumes %[1 + (y — 1)7] units of the good by his

savings and the pay-as-you-go pension (7). The total demand for the good is

%[1 +3(y—§) T] +4%yr+;—l[1 + (;/— D] + Gt 2 1 (A.6)
=5[1+(y—§>‘c]+§yr+;[1+(y—1)r]+;(y—1)[1—(y+1)r]—§= 3.

Note that there are four older generation consumers, three employed and one unemployed
younger consumers. (A.6) means that the total demand equals the total supply, and there
exists one involuntary unemployment.

The fact that the above set of strategies is a Nash equilibrium can be confirmed in the same
way as in the case of population growth.

Proposition 4 also holds in this case.

A3.2 Period t+1

Next we consider Period t + 1. Suppose that we recover full-employment in Period ¢t + 1
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by increasing the government expenditure (or the budget deficit). Let G*' be the
government expenditure other than the pay-as-you-go pension which is sufficient to recover
full-employment.

Suppose that the labor productivity in Period t + 1 is y, and the nominal wage rate is .
Let us consider the following pair of strategies of the firm and the younger generation
consumers in Period t + 1. The pay-as-you-go pension for each older generation consumer
is yt. Assume that the price of the good in this period is 1.

1. Firm: employs four younger generation consumers and produces 4y units of the
good.
2. Each employed younger generation consumer: supplies one unit of labor, receives

wage ¥, consumes g[l + (y — 1)7] units of the good, pays y7 units of tax for pay-as-

you-go pension for the older generation consumers, who are the younger generation
consumers in Period t, and leaves the rest of the income;

y—yr—L[l+ - =21~ @+ D1l
In the next period he consumes g[l + (¥ — 1)7] units of the good by his savings and the
pay-as-you-go pension y2t.

Each older generation consumer, who was employed in the previous period, consumes
% [1 + (y — g) T] units of the good by his savings and the pay-as-you-go pension (y7), and

: . . . 1
one older generation consumer, who was unemployed in the previous period, consumes SYT
units of the good by the pay-as-you-go pension. He also repay the debt for consumption in

the previous period.
The total demand for the good is

2y[1+ (y — D1] +§[1 + (y - g) T] + %y‘c + Gt
Note that there are three older generation consumers who was employed, and one of them
was unemployed. Suppose that this is equal to the total supply, 4y. Then,
G =20y - D1 — (v + D] +5.
Comparing this with (A.4)
G~t+1 _ Gt+1 — l > 0.
2

Therefore, to recover full-employment from a state with involuntary unemployment we need
extra budget deficit. After recovery of full-employment we can maintain it with sustained
budget deficit. Thus, the extra budget deficit should not be redeemed.

The fact that the above set of strategies is a Nash equilibrium can be confirmed in the same

way as in the case of population growth.
Proposition 5 also holds in this case.
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