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On the theoretical basis for MMT (Modern Monetary Theory)

—Toward a mathematical model of MMT —
Yasuhito TANAKA
Faculty of Economics, Doshisha University
<Abstract>
Although the claims of the school of thought known as Modern Monetary Theory (MMT) have recently
received much attention, they have not been subjected to much theoretical or mathematical analysis. This
paper examines the theoretical validity of the MMT argument using an overlapping generations model that
includes economic growth due to technological progress, and gives a generally positive evaluation of
MMT claims. The basic idea is that sustaining full employment in a growing economy requires sustained
budget deficits, while recovering from a recession requires budget deficits in excess of that. These budget
deficits need not be offset by future budget surpluses. The model in this paper is a simplified version of the
three-generations model of Tanaka (2021), but it has been extended to include economic growth, the
assumption of decreasing or increasing returns to scale, and an analysis of inflation.
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1. IXC®HIT

Z OFwSCCITM AR Y BESE BN TH I D AT K o THAFE I LT D HifdiZe b EE £
TV RO THEHMRESRIC L - TRIEDE L TT<RICBW T —EDflits D b & THELEH %
HEFF U TAT < ICITHEEIC M BURF 2 RAESE DM ERH H Z L 2B 60T 5, WMEURFITHE
FSHRTNER R NOT, HIERIZATEEZ: B IXEE TlidZe < BEHITIE (seigniorage) (2 L >
THONLEIRETH D, HETIHRFICEB W THEDRFR LI 5 OIXEF A D T PN Fi
REVFEMESHEHBIZY TONDIITFEN AR THZ LICL b EEX NS, ZOMBURFIIE
BTIERWOTRE SNV EEINEZD LTI B0,

H L HMBORFERBENZ2UEA 7 L—a g &R S b, 2RV BORTFICEL
TREEMTHEFF SN DD T, ZOBRBRRMEBARFICHOWTIE, @RS 72T 26X L <,
BB A BRFIZ LD RFLA L0 L THODEDE D LEITR, S 612, MBEH AR
T THIVTIEEFRIRENREAEL, TREMHEL TSRS0Iy Lo bRER
WMEBORFZHLELET DN, TN THOEDE T LL6EL R0,

ARalE Lerner(1943, 194412 8 %, Wi HHERERI M BLEm(functional finance theory)lZ BEFRAY 72 K&
Wrhx o2 AThHsd el iz, RiTFEEDO MMT (BLRE G, Mitchell, Wray and
Watts(2019)) D& i CHFRORIBIWZ 52 56D TH H D, FFICATIZLL T O ERICH

(Kelton(2020)) ##eftd %, Z Z Tl Hogan IZ & % Kelton DEFED E & (Hogan (2021)) =&
M L7, %1%, Hogan IT TKelton [XfEiE-> T 5| EHLHIL TWADTEEDS, #im D E A E5H K
CEEDHHEATND,

1. MBE DT 72&8 % A& T % (The US Treasury creates new money),

HEFIIEEICL > TIPS T 2 0 TEEMHBIZTEZICE LD, EBMEoBMTITE o
ML, 5 52 HiOEG)RRES L 5122 OIF & OHINIFBORTIZE LV, IT#E OHIN=I
EHEDOBIMBITE L DWRZNITRFRER, T2 bMOEEORNKIIE L WO T, FOEE
HEAE OB A T L—3a &R T2 & TR,

2.4 7 b= a VFHRREMTOBOR Tiie <IMBURFHZ L - Tl Z &4v5 (Inflation is caused by
federal government deficit spending, not by Fed policy).

F 53 EHTHLNIT DL DI, EEOMERTHAREFMEDO S & TREBREM ZHERF§ 5720
(ZFTRMBORT L 0 RE 20U, Moffitkid LR+ 5,

3. MBCHIIRCME D AL & 1ZEIfR A 720 (Federal government spending is not related to taxes or

borrowing).



ETHAIZ LD ITRERED S & TR M 2 EH T 5 72 O3t 2 M BORF LB T H
D, TOMBORFIZE > TREBEMDPATREL 25, HET HRFICRH W TTHMEmT BN L > TR
BREMZMER T2 2 213 TE R, LEEn> T, BREMNZHERT 2 7290 O MBORT-H BURE
ICE-oTHbhIZE LT, Thaiky, HETLILETRS, FBROMBRFIZL > THDE
DELILELR, £, HOEDLETTRORV, MBEHNATES THD Z LIk > TRAE
T HIFAFMRELME L CRREMICR T 72O E T 28N R2MBORFIZOWT HFEERTH
o

728, fHik B TIERE S RKOESENFET LA ZMHEICHRETT 5, TOLERBEMEDOL &
TR ZHERET 5 - OICIIFE S Z RO ERORTENER S IFMBRFTRALETH Y, EF
RMBRENRA L T —arrd b bT 2 R Ens,

2. TN

AR TILKHRE (2007, 2009, 20152512 LC, EEMENMENBRFTHD L7 2 M (i
) OMREEHET NV EZH VD, 2HRITEFRH 20T BHTHLE 1L, BFEMH LW
BB CHLE 2 MDD, AEoET /VIEETR (HFQ021) O 3HAET L ZEMIL LTS
DTHDHN, —HRERELXIRY BP0, BB oI - BAE L7z, 17
L—a ONE LD 72 E, SOV TIEREL TS, BT LOMEIILLTO@EY Th
%,

1. AFEERIIFEOLTHY, LEESNDHINI[0,1]0EFEAEZ 2L, £MITHEEz € [0,1]THE S
N5, Wz ITHFIC RS U CUHE I & 72 1R 2 B o b LRz 12 K > TMEMIICAE S
}Z)o

2. BTN W TR IITBzMm L, M2HEd 5L L BITHE 2 BB &I A T
Ir&ad 2, £, FHBEFEZEM SN D, HDWITRET D,

3. B 2HICBWTHRMHEEIE 1 R bBLIITEL b LI 2 HE T2,

4. FHBEEZL, BOBEMSNTVDD, KELTHDNEWORIUTIE U TH 1, 55241
B HWHE &I E 5 1 HOmDIZR0 5,

WD XD R EE WD,

Ce: % I B ARA SN TV AMBHIC L BB AR,y b, i =12,

CH: 8 INCBIT DA STV (RELTWD) HERICLAHEAAY Y M, =12,

cf(2): BB iINZBITDRA SN TV AHERICL Az DHEE, i =1,2,

ct2): FHiWNCBITEASN TV RN (RELTWD) HEFICLD, i=12,

P B NS BIT D WE ARy b OflkE, = 1,2,
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pi(2): 5 i D z DAk i = 1,2,

p="P,/P: (HIF5) Wil LAE (+1),

W4 HEeR,

I: 3R, FHEHOMER ICHFICRSSh D,

LB E N X2 B,

T(): S5BOAZIM, LB L THENA D 12 M (strictly concave) Td %,

L BAD, &5 VR MICHT 5N,

y: FBAERENE, HATEARIC L > TR BT 5, BINESRREZI-1>0L9 5, £z, WEME L
(ZOWTHIINRY (BRI BY U TR E) £ 7138y (BRI B L CIGEETR) Td 5,

3. HEEZDRHRKIL

JEH STV D 1 E A O B
u(Ct, ) =T
EREND, ul,) BHRTET 4 v I REETHD, —77, KREL TV LHEEHEORHBEEIL
u(Ct, ¢3)

Thbd, BIHIZBIT2EHINTWAHES EREL TV DIEEFOWHENRA T v MIKRD X9
wE£EIN5,

a

-1 o—1
ct=(Jy f@7dz) " i=12,

a

Clu = (fol cz‘(z)%ldz)m,i =1,2.
o ITHITBET RO IIMEEFR L, o> 1&20 727,
N BIT AMNE N A v F ORI

1

Pi=(J, pu@7dz)" i = 12,
JEH ST B E O TREEIKIX
[Ep @ @dz + [} py(2)c(2)dz = Wi+ TT

Thh, KELTWDHEE O TEHKIT



Jo 11D (@)dz + [ py(2)ch(2)dz =TI

ThbH, ik 1INDTFREIZE > T

R (4 S <15
a = e e u u’
P, CT+P,C; P1C{+P,Cy

R 1% S 1% §
l-—a= e e — u u
PLCE+P,CE  PCE+P,CL

CLTEHEN TV AHBEABLIOLREL TV AMEEDOMEENRr v M1 2 EBEREHA R
DErikdDbND,

Wi+I1 e wi+Il
Cf=ocp—, CZ :(1—06) P
1 2
I In
C1“=ocp—, C§‘=(1—a)P—
1 2

Fo, ENENIC L HB5MOFTEBAEDRLUTOLHITHELND,

ern _ (P1@D\ CaWi+) o, o (P2(2)\ 7% A-a)(Wi+ID)
Cl(z)_(Pl) P, ’CZ(Z)_(P2 ) P,

)

u _ (P12 _aﬂ u _ (p2(2) 0 (1-a)nl
=57 5 ao=057) 55

UEDHIIZ L > TREA SN TV HIHEH, KELTODHEHA ORELHABEEITRD & 51272
o

WI+II
P’

WIi+II

)~ T,

(1-a)

Ve=u(a'

vt = u(apﬂl,(l — a)g—z).

LB L&, M HBEEIL
Ve=¢(wb+£¢0—FUL
Vi = w(g,p)
LRINS,

n
I_wl+P_1



ETBHE, pEHZLNELOL L TLIZOWTOVE D KALSMHIE

a
STw-T'(1)=0 (1)

LD,

9 _ _
ar ace+(1 a)

ace
Thd, PLlpihzonlizbol LT, G T ooEETHD, (1) LY

dp  02¢
a _ az+612“)l

dw l"ll(l)——oo2
oN%. -0 > (<07 b IEH B ET A o [TOVTHM (B BRTHR, %
-

HE e ;’Cﬂjﬁ])\@ﬁ@hﬁfu IRE MBS VNbO LRBET D, £, FrBAEEME TE
& LI DT TIRFET D AR H 573, ZDHETHLLILL OMEETH D L IRET b,

4. PEOFFEHERARIL
B IHNCB T 2 EFEMROMBEEICL D Mz DFEEd(2) LT 5 &,

pl(Z) T aWLIHLD _ (py(2)) 77 a(WLL+LsTD)

LREND, TRRERSNTO S INRHIC L HHE L K% LTV WREDTEOAHTH S,
FEEIS, 5 0% 2 icH 1T 5 Mz OFEIR

_ (p2(2)\ 7 (1—a)(WLI+LIT)
d,(2) = (2) a

LETDH, EBIC, BEMRICLIM zOTEE dy(2) £T5 L,

(2)\ "% L—a)(W LI+LfIT)
dy(2) = (pz Z) 7 L

L%, 22T, WoILLBEIOLIZRIOMICK T 24 B &R, A, EHE EA0HE
(L3 e

M =(1-a)(W L+ LI).

LB L, TIUTEFEIROWBF L DRITED SV EREETHY, OO | BT
PESND, BEHROM 2ot 58 (B2) "Ly xsn s,

FAF IR LOBFEIROBEE & & HIMBCHH b ERIGEZHIRT 2006, Mz OfFREx
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dz) = (B2) " L )

Py Py
tEREIND, YIFROXTRISN L AT EELKT,
Y =a(WLl+ L)+ G +M

G IIMBZHTH D, BUIZ

[} P1(2g(2)dz =G

EVOBRIO G £ T, RORBERKICT 5 55 M 2 DT g(2) 2D 5.
G=(ly 97 dz)"”

LBEVLLICE 5T, Mz 2R LRI < Sl 28T 2 LT 5L, Thah

RO N,

1 1
Jo Ldz =1L, [, Lldz = LL

3 z OFEMEIT Lyl LV, BRI 2 I £ 72 13RI L > Ty IX LIOBAEKTH 5,
BB\ TIELLy = d(2) 3K D LoD,

9d(z) _
oLl

y + Lly'(LD)

PELND, BBIZE L TIE —E ThhiE,

0d(z) _
Ll
L%, (2) &Y
9p1(2) - _ p1(2)
9d(2) od(z)
L7z3-> T
0p1(2) _ _ pi@y+Lly'@D] _ _ pa(2) [1 + Lly'(Ll)]
aLl od(z) oLl y )

FBAEEVEDOW DM Z LT O L DITERT D,

__ Lyr(LD)
(==
T5E&
9p1(2) _ _ p1(2)(A+9)
oLl oLl

PELND, (E—ET, 1+{>0&Mmd, BB L CUiE (MR AN O
HEICIEI>0((E <) TH D,
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ORI
n(z) = p1(2)Lly — LIW
ERIND, LIeh o TR RIbEHIE

on(z) _

D =@y - w2 1+ -w = [p@y - 22|+ ) -w =0

THDND

_ 1
Pi(2) = (1-Ha+oy v

%‘f%ﬂféo ,ll=1/0' kvé‘é&a

1
A-m@a+dy

p1(2) =
BN, T L > THREEERN
w=>0-wA+y

EERIND, ERITTNITHHRHITH D05

1
Pr=01®) = oy

NI LRASHE
5 BEREDS &L CREERAEZMER T 27O OMBRT L BRIBMBRFIZLDM T
L—ag
5.1 TR
W o4 AR
WL+ LIl = Py Lly
WZF LW, —77, A ARTEIX
a(WL+ L) +G+M=aPLly+G+M

LRIND, TRHIFFELWLNDG,

P,Lly = aP;Lly + G + M. (3)
PECYD LD, FEMETEL &,

G+M
(1-a)py

Lly =

E72%, LI OBBHEITLA(L) K0 K& Ty (I(Ly) 1FREEANFER SN TN D & & D55
G ERT), LinL, Ll(Ly) &0 bEEINSS R RMERH D, TDEE L L2,
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HEHFHRENRET D, BRNEFEHRND T OBELEINT 2561, @)U Tk ik
Do

PiLly = a(PLly—T)+ G + M.

5.2 BERBAZHERT DO OMBIRT

FtHICELETC—EDOMED L & TREBEHADPHEFSNL TWA EIRET H, DL XROA
MRV T,

Plthl(Lf)yz a(Pfol(Lf)y—Tt)+Gt+Mt_ 4)
RIRT RO t OB E RS, BEMAROITEIL
(1= a)(P{Lel(L)y —=T") = G* = T* + M*

IZEE LV, HERIC LD RERED D & TRAEEH 2 MR L TIT< 722X 2 0D yMEIZ 5
LLBRTFIE 76y, LiznoT

Gt—Tt = (y — 1)M! (5)

DEOND, MUIZE t BT 2 2FEHMROIFETHY, HETLH D, ZIUIEDEE L L0
5, y>17226IXG6G >T &6,

Ft+ 1BV TIEMF = y MR D 2 H, 726 =yt MOTH L =yTtCThHDH EEZD
ZENTEDL, LEEN->TPH =Pt LT
P{LeL(Ly)yy = a(P{Lsl(Le)yy —yT") +yG* +yM*

#1535, ZORIT @) EEMETHY, G =yG6t, T =yTHZ X > CTREBEADHERFI NS =
LEREWRT D, SEREM AT 572D OMBURFIIMHGER 72 b O TRIFIZWIT VW T,
FERIZ AT HE 72 BIXBUNERS CldZe < BEZITAE (seigniorage)lZ L » TSI NLAH Z EREE LU,
RRFE DR LTV D & EITFEBFE RO EEFRGSEFIR IV D72, ol L il &
HDEBENARET D EDRMBURTRLBELERIZEBEHTHL EEZOND, ZOMEIRTIIMEE T
TRV D TR - EIE L TR B0,

HEEZEBICL > TIrE T 20 TERIEEEIIITEICE L0 L, EREHEEOBINITE
DEENNZZE L, OIS L= THFE OHINTMBORFIZHE LN LN 5, BFE OHINRILREH
RERIZZELVWDT, ZOFr—AOMBIRTNA 7 L—a r &5 EEIT I EE2R0,

HREELDDL,

R 1 —EDfHE Db & THEINER I L > TRFENE T D & SICEERM LR 272011
MR 22 A BURT- DT H D,

53 BRIRBERTEEAN 7 L—Vay

9, FEt—1HEDLIETEDMEOL & TREBEANEHI L CWIZEIRET D, LrL,
FtICBT AMBSHELIIBRBEFREOEEIZER>TVWDHHEDELE Y, T TERIR
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RB&IE, —EDMIED S & TREREMPFHEIICHER STV S IREETET, EEOMESI &
BizGt ETUCRL, FEBREOMBEPLLE T2 L, ROADAY LD,

PILA(Ly)y = a(PfLI(Lp)y — T + G + M". (6)
MR ORTEIX

M =1 - a)(PfLel(Lp)y —TH =G —T" + M*

n =§—§> 1
&5, Ht+ 1B TPT = P > PE b L TRAREMEZMERT 5720121
Gt —Tt + Mt = ynMt
MLETHD, (5) L0
Gr=T'=(m-DM' >y -1)M' =G* - T*
PELIND, ZhiE
(n—DyM* = (G —TH - (G -TH,
& DU

At_pty_cnt_rt
PG ORI

yMt 0

r}_

%%%#60Lkﬁofﬁﬁﬁwﬁﬁiaﬁ—ﬂy{m—Tqmn=%@$fw4y7v~ya
CERBIERZT,
B+ 1B TIMY = ypMERR Y S H, F261 = ynGt, TH =Tt IRETH Z &
MWTEL0E, PHF1=PtDHL LT

PiLAl(Lp)yy = a(PfLeL(Lp)yy —ynT") + ynG* + ynM*

WFEHID, PE=nPt THZ D, T @) ERETHY, ¢ =yn6t BLOTH! = ypTHC
Ko THEBEMMMR SN Z N5, 1 MDA 7 L—2a Dk, —EDMMED L &
THEREHADMER 2 BRFIC L > THERF SN D006, A7 b—a v ag| & LiziEg
R BORFIZOWTTIBE 2o 720 26 L <, BICETEESTHDLIWITEFIREIZE
FAME LY BMBORFZ/N S LTHEDADE 2B,

UbkzfEdd L,

RE2 1. BN MR T 2O RKEL Y MBORFRRELS DA T L—2a R
FlEEZsh b,
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2. AT b—varEg|EEI LRI R MBORTIZOWTIE, @RS 72025 E X
<, BIZEFEESTHLWITEFIREIZBIT ALY MBORT-2/NES < LTHDEDbE D
A A AN

e+ 1B TP =9Pf, TobbA 7L —va B boLT5L, ROXNPMY
DASH

PELU(Lp)YAy = a(PELAL(Ly)yAy —ynT®) + ynG* + ynM*.

X 6) ERETH B,

5.4 RFESIRMBEM & B FERREDOFRE

BDIZBWTLLALA(Ly) &5, B 23 GHE R D REMNH D L35, Moffitkid
—ETHH LT D, EREOMEBEIHOKRE S% G, BT ET5 L,

PELI(L)y = a(PELI(L)y — TY) + Gt + M¢ (7
LB, (1) & @EERLT,

Gt_Gt

LIW) = Lelly) = oo

(8)

135, G'<G'THIE, L<Le&b, LMo T, RIESRMBEHITIEA IR EN I
ET DR E D,

ME 1 IZBWTHLNILEEES1Z, BENPKELTWD & XICESEAZHER T 720121
MERFENRLETH LD, BEUEO S LB W TITIEARRIEENEL B,

FHNZ ST 2 FAEIRONTE T
M =1 - a)(PILI(L)Yy —TH) =G — T+ M*

ICFE LV, ZHUEERE + LR T 2 BRI OBREICL 2R TH D, B+ 1 HICPf™ =P,
TH ' =yT' O b L TREEAPERENTZER/EL LS, £ &SRO LD,

PELAU(L)YY = a(PELA(LY)yy —yTY) + GPH + MU+, )
G IEE + LIS B T B MBOE O EIROMTH 5, it + 13T B EAE IR O3
M2 = (1— @) (PELAL(Lp)yy — yTY) = G+ — y Tt + M+

=G —yT + Gt~ Tt + M

LERIND, TREMEMRTHOIIEINDN I MUZFE LI RD 2 ENROBND, 12k,
MU ITE N BT D EEMARDATE O EFREBIZBIT 2B TH D, LIr-T,
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§t+1 _ yTt + (t

R

BEY LD, b LG < GBI,

LIRDHMD

TRINEZRB2, XoT, Ft+1HICTEREMZEEIEL7-DIITEFRRED
5B MR BORF DL ETH 5,

iim e £ LD L,

Tt =(@*-DM" =y@y - DM + (y - DM".

Gt+1 — ]/Gt Gt Gt

Gt—Tt = (y—1)M?,

6t+1 _ ]/Tt — y(y _ 1)Mt

Gt-Tt< (y— 1Mt

ét+1 —yTt > y(y — 1)Mt

’é’n’ﬁ_3%tﬁ;ﬁ B AT RMBOHIIHEARBIREZRESE, B+ UITe
5 OIITEFIRE TOMEZ LR S8R BORFDBMLE L 712D,

M A BIE SR8 1 TR LK D ISR MBORF R LETH 506, AP
AR D 7 012 T T2 iBIMEY 22 P BUR T 6 % D RIS L » THO S DL B2,

O TIHEKIZI—ETH L EREL T, b L, HAFEMKENILBEERDOET LA
&, THUCE > TR THT 572613, EEESZRPMEBOTHE 2T SRR S 5, L
L, MBBERZ WG Bn 3 Aol w2l amEsEohs THA I,

ik A : HEE OBHARKAL

HENA 7y FBIOVHEHE SR 7 v SOl

[ g

cs = (fol cf(z)UT_ldz)E, cs = (fol cze(z)UT_ldz)a

= (J} i@ dz)", ¢y =(J) F(@7 da)

a a
o—1

1 1

P = (fy (@' 70dz)"7, Py = ([, pa(2)*7dz)"
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Thotz, BHINTWHIHEEE O TEEINIT
JEp @ @dz + [} py(2)c(2)dz = Wi+ TT
KEL TV DIHEE O TRHIFIT
Je 1@ (@)dz + [ py(2)cy(2)dz =11
Thb, ENZEND Lagrange B

L8 =u(Cf,¢5) — A(fy p1(Dcf (2)dz + [ p2(2)c§(2)dz — W1 —TI)

LY =u(C¥,c¥) — A(Jf) 1@t (@)dz + [ p2(2)c} (2)dz — )

LRIND, ELLBARRDTEMA SN TWDIHEFEDIHNRKLEZE XD, 1 BERFT

1
ou(ctcs 1 g7l No-1 _1
u(aéf Z)Uo c1(2) dZ) Ccf(2) o= Apy(2) = 0 (A.1)

1
0 Ce,Ce 1 -1 o—1 _1
E%?ﬁ(%‘f@)cdﬂ c;(z) o —Ap2(2) =0 (A.2)

Thod, ZhbDAXND

1
ou(cgcs 1 o1 o1 1 g-1 1
u(aclf 2)(f0 cf(z) dz) Jy £@) 7 dz—2[; p1(2)cf(2)dz =0

1
ou(ctcs 1 971 No-1 1 g-1 1
LA (fy 5@ 7 dz) " fy 5@ 7 dz =2, pa(@)es(@dz = 0

BrEoI,

du(cs.cf)

ace Ci~ Af, pr(2)ct(2)dz =0 (A.3)

6u(aCCfé,2Cze) cs — ,‘[fol p2(2)c5(2)dz =0 (A4)
L7525, —H, (A, (A2)LY

duCcLeON T [ (1 Caink SN O o-1 o B
(52)  (fy et @y e dz) [y cf@ 7 dz =277 [} py(@)'~7dz = 0
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u(CE,eHY 7 (1 Cint S o-1 o B
( u(aclf 2)) (fo cz(2) < dZ) fo c5(z) o dz— 2! ofo p2(2)179dz =0

oY e

1 1
ou(ceé,cé 1 _ 1-o ou(ct,cs 1 _ 1o
= Al @tz =0, 2R -2 (f) pa(yodz) T =0

ERDN, ZThbix

ou(Ci ) _

ou(cf.cs) _
ace APy, -

oo =P, (A.5)

LET D, EBITA3), (AHHD

1 1
PCY = [y p1(2)ci (2)dz, PoC5 = [) p2(2)c5(2)dz

BEbLND, TEHKICE->T

DMLY Lo, (ASIX(A6)Z THEHIFIE L Cu(Ch,CHERKILT D L EDEMIICR>TnD, K
FELTWOHHEEZEIZOWTHREBEORRAY 2D, u(CE,C5), u(CH,CHNKREET 4 v 7 Th
HZEicky

PiCY _ Pt

aQ=— aQ=—
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