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Abstract

It is already known for several decades that the implementation of capital augmented technical
progress, as is done to date, leads to the conclusion that the CES production has to be Cobb-
Douglas or there exists labor augmented technical progress only. This is the so-called Cobb-
Douglas labor augmented only paradox. Institutions keep on using this way of thinking in their
models in spite of the theoretical inconsistency. We reject the old concept, i.e., all kind of neutral
and non-neutral capital and labor augmented technical progress and introduce a new
implementation of technical progress to avoid this theoretical problem. We explain the term
labor saving technical progress, showing that technical progress is always relatively labor
saving. We also analyze the problem on how to estimate the coefficient of elasticity of
substitution. Economic growth is presented as partly exogenous, due to technical progress, and
partly endogenous, due to capital growth. We introduce formulas to convert total factor
productivity into economic growth to show the connection. This new theory is not limited to
growth models but can be used also in DSGE models and possibly also in other areas where CES
functions are useful. It will give you a different angle of view on the Solow model. And last but
not least we will show the connection between Solow’s growth accounting and neo-classical
growth theory.
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1. Introduction

Solow (1956) and Arrow et al. (1961) first introduced production functions with constant elasticity of
substitution as an extension of the Leontief and the Cobb-Douglas production function so far used.
Solow in 1956 started his paper with the following statement:

‘All theory depends on assumptions which are not quite true. That is what makes it theory. The art of
successful theorizing is to make the inevitable simplifying assumptions in such a way that the final
results are not very sensitive. A "crucial" assumption is one on which the conclusions do depend
sensitively, and it is important that crucial assumptions be reasonably realistic. When the results of a
theory seem to flow specifically from a special crucial assumption, then if the assumption is dubious,
the results are suspect.’

At that time, he was talking about the Harrod-Domar model, but his statement is still valid today and
even in a much wider and general context. In line of thought with his paper, I wish to argue that this is
true for capital and labor augmented technical progress, whether it is neutral or non-neutral (Brugger,
2017) (Klump, 2000).

In order to show you the details of this thought, we will start in section 2, with a description of a
simple growth model. However, the model itself is not relevant. In section 3, we show the conditions
of consumers behavior to reach a unique and stable equilibrium using CES functions in this growth
model. Section 4 will be about wages, capital gain and the important relationship between capital
share, capital-labor-mix and the capital to income ratio.

Although, the classical way of describing a CES function is as good as the normalized CES function
from a mathematical point of view, each way has his advantage from an economical interpretation
point of view. Section 5 will be about changing the base point, which is an important feature, that we
will use together with the normalization method. To understand how we can discriminate a single CES
function, we describe the class of CES functions.

In section 6, we will use this knowledge in a CES production function. We show the relation between
general income and capital growth versus implementation of capital and labor augmented technical
progress. General growth here is potential growth as a general progress phenomenon for capital and
income.

In section 7, we introduce total factor productivity as the technical progress term, only caused by
technical improvement. It contains every kind of growth that is not caused by the growth of other
variables in the production function, i.e., not caused by capital and labor in our case. We will show the
connection between total factor productivity, general growth, capital and labor augmented technical
progress and the capital-labor-mix.

In section 8, we remind you that growth can also be influenced by consumer and producer behavior by
changing to another capital to income ratio.



The known theoretical problem with regard to capital augmented technical progress leads us to the
conclusion that we have to reject this type of progress as implemented to date (section 9). From here
we take it a step further and have to conclude that Hicks, Harrod, Solow neutral and even (or better:
especially) non-neutral implementations have to be rejected. However, we do not deny that there exists
technical progress. It is the way in which it is implemented that is wrong.

In section 10, we discuss a new way of implementing technical growth, which is in fact not so new,
but now at least we know why we do it. A brief introduction to the problem in estimating the capital-
labor-mix, the elasticity of substitution and technical progress is captured in section 11.

We go into detail on the term labor saving progress in section 12, showing that technical progress is
always relatively labor saving. Finally, in section 13 we discuss growth accounting vs. the classical
growth theory. We end with some conclusions in section 14.

2. Simple growth model

As we did for the Cobb-Douglas case in De la Fonteijne (2011) we will start with the construction
of our simple closed economy without government. This, however, is done for convenience and
is not limiting our conclusions.

We assume that consumers have the possibility to decide to buy and consume the amount C they
desire within the limits of their income. Our economy is transparent and customers tell
producers the products they like to buy and producers produce exactly what is needed and the
level of inventory is zero.

Producers on the other hand can decide which amount they will invest and are going to buy from
capital goods producers.

Because these two purchases have to be equal to the total amount of production Y, we can write:
Y=C+1 (D)
This is also equal to the amount to be paid to the producers.

The producers have to pay the workers a wage w for the number of labor units L and they have
to pay for the use of capital K. Direct or indirect these payments will end up with income Y

Y = wL + (§ + 1K (2)

in which § is depreciation of capital K and r is interest on capital use.

As consumers can decide to spend C, the remaining part S of Y is saved.

Y=C+S (3)

If we look at the production side, we assume the production to be dependent on K and L.

W = F(K,L) (4)



This production W has the value Y

w=Y (5)
As a result, we conclude that the investments I will equal the savings S.
I=5 (6)

Moreover, we can consider capital as accumulated labor combined with energy E (from the sun)
and resources R (from mother earth). We assume this energy E and resources R are available for
free and it becomes valuable once we add labor to exploit those resources. Action to preserve
the environment can be thought as part of the consumption C once we agree upon this to do so,
or even better to think of it as a part of depreciation to emphasize the fact that you have to
consider it as costs to generate consumption C. For the sake of simplicity, we consider
knowledge (human capital, research, entrepreneurial spirit, etc.) as factors responsible for
technical growth concentrated in one, two or more parameters.

3. The specific case of CES production functions

We choose the production function F to be a homogeneous CES production function only for
demonstration and convenience, because we can derive formulas in explicit and simple form.
The philosophy stays the same if we choose an arbitrary other type of production function.

We will start with the general formula in normalized form (Klump et al., 2011) with only the
production factors capital K and labor L.

Y = F(K,L) = Yy[a (Kﬁo)y +(d-a) (LL_O)V]”/V )

In which q, y, 1 are parameters describing a specific production process in our economy. The
interchangeability between K and L is characterized by the elasticity coefficient of substitution o

1
0= (8a)

y =t (8b)

The parameter 1 defines the returns of scale. For reasons of easy explaining we taken = 1 in
which case we can rewrite equation 7 per capita as

y=FlD = yla (&) +1-a]¥ 9)

We consider a simple model with following equations:

Y =C+1 (10)
Y = Y[ (Kﬁo)y +(1-a) (;—O)y]l/y (11)
K=1-6K (12)



With Yis income, K is used capital, L labor needed and § is the depreciation rate of capital K.

Per capita the equations are:

y=c+i (13)
y=yola(£) + 1 -a)" (14)
k=i-6k (15)

with the labor productivity

y =1 (16)

the capital to labor ratio or capital deepening

K
k = T (17)
the consumption to labor ratio

c
c=- (18)
and the investment to labor ratio
. I
= (19)
If we choose
CcC = Cly (20)

where c; is the consumer part of income y, then we can solve the equilibrium solution of
equation 13-15 for k and y at every consumers choice c1. In fact, ¢; is determined by ¢ and i and
so by consumers and producers spending. The equilibrium solution is (we use p = y, and ag =

ki interchangeable):
0

1/]/
1-a
kC1 = |:( S )Y_ y] (21)
pl-cp) ~HHK
1/
Vo = 1) [ 1-a ] 4 (22)
[ F) Y
1 (A-cp) (p(1—c1)) —aag?
1
I — [ 1o« ] ' (23)
[ W 5 Y
L (1-c1) (p(1—c1)) —aag?

and, the capital to income ratio § at c;

pe=(5), =5~ 24



N

which is, with s = (1 — ¢4) equivalent to the well-known solutions found in literature g = 5

Maximizing the isoelastic utility function with risk neutrality u(c), without discount, results in

1
_ pag\Y /(1—]/)
e 1- (2 s
1/]/
1-a
o = [—% 2o
<P(1—Cl_opt)> g’
1/}/
S5 1-a
= 27
Yopt (1=c1_opt) ( s )V_aa § (27)
P(l—cl_opt) K
1/)/
S5 1-a
Copt = C1_opt (1=C1 0p0) ( 5 )y_aa § (28)
P(l—cl_opt) K
_(k _ (1—cyopt) _ 1 ((pax\Y 1/(1—1’) 29
B =() =5 =5((5) o) (29)

c,_opt

For a graph of ¢, k, y as a function of c1 see fig. 1 witha@ = 0.3022and § = .079,w = 55.7,
ax =.0062 and p = 84.4 arbitrary chosen for the Cobb-Douglas (¢ = 1) and for o = .4.

Notice that by putting these equations per labor unit will force capital k to be used to its full
capacity to generate y and the part not used for consumption is invested. Except for capital no
stocks exist, which means that these stocks cannot influence the dynamic behavior.

By choosing ¢ = ¢,y we introduce the consumers and producers behavior with respect to the
dynamics of the system.

If we rewrite eq. 13-15 this results in:
ke = pla(agk)” + (1 — )Y — 8k —c (30)

We choose ¢ = ¢,y and linearize around k. , using Taylor expansion at ¢, gives

1% Y
ooy  alaxke)” 5,{:(M _ 1) Sk = (1 — ks)6k (31)

(5)61 a(achl)y+(1—a) a(achl)y+(1—a')

The eigen value of this equation is A
A=(1—-ks)6<0 (32)
which holds for V ¢, €(0,1)

This means that this system is stable and will converge towards the equilibrium at c;, starting
from arbitrary initial condition ky > 0. The time constant t is

8
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Lemma: If consumer’s behavior is ¢ = ¢; y under maximizing profit with wages fixed or
under maximum profit conditions, then all choices ¢; will result in a unique and stable
equilibrium.

c

¢, k, y and profit as a function of c1 for Cobb-Douglas and CES function with w=wfix or w=dY/dL CES
T T

T T T T T T T
k
180 - B y
c_CES
~-—-—k_CES
————— y_CES
160 - f - profit wfix
\

————— profit CES wfix

profit w=(1-alpha)y
\ ***** profit w=dY/dL_CES
140 - \ 7 c_L_opt
w_fix
c1_r_opt, k_c1_r_opt
c1_r_opt, y_c1_r_opt
Cc1_r_opt,c_c1_r_opt
c1_r_opt, profit_c1_r_opt
c1_opt, k_opt
c1_opt, y_opt
c1_opt, c_opt
c1_opt,profit_opt
c1_opt_net,profit_opt_net
c1,k_c1
cl,y_cl
B =(c1B,c_c1B)
c1, profit actual wfix
c1, profit actual max profit
A=(c1A,c_c1A)
c1_r0_wfix,c_c1_r0_wfix
c1_r0_wfix,c_c1_r0_wfix
D c1_pi_opt,c_pi_opt
c1_pi_opt,y_pi_opt
c1_pi_opt,k_pi_opt
c1_opt,profit_pi_opt_long
c1_CES_opt,pi_profit_ CES_opt
c1_CES_optyy_CES_opt
c1_CES_opt,c_CES_opt
% c1_r_opt_CES,pi_profit CES_c1_r_opt

* K k¥

Equilibrium values c, k, y and profit

SO * ¥ * Kk Kk K kK

Fig. 1 CES production functions, the Cobb-Douglas case (¢ = 1) with p = 84.4, ax = .0062,6 =
0.079, a = 0.3022 and a CES case with ¢ = .4. Also shown are the profit curves for fixed wage
w = 55.7 and for wages under maximum profit conditions. Curves are tangent at ¢; = .85.

4. Wages, capital share, labor share and net profitability rate in CES
production functions

First, we maximize profit per work unit keeping wages fixed and then with variable wages under
maximum profit conditions.

At this point, we introduce labor to understand what this will mean for the number of labor units
required. So far, we have examined long-term profit maximization. On the short term, firms
consider capital K and wages w as fixed and optimize with respect to the workforce they hire.

We use equations 13-15 and
Y = wlL + (r+8K (34)

Equation 34 divided by L results in



y=w+ (r+6)k (35)

We calculate profit 7 for fixed w as

n=y—w-—=3k (36)
. .y s dm dy

Maximum profit is at Pl 6=0 (37)

= apty T kY = ap¥a fr =6 (38)

Taking the second derivative with respect to k together with equation 24 gives us

d*n  d%y

dy
_—— == = Yvi=Yq, Y (v — y—2 Y — v L g, YY1 =

= ayk™?pYag’BY (v — V(1 = 6B) = ap’yk*ai?BY(y — 1)c; < 0
which is the condition that we deal with a maximum.

From eq. 37 we calculate with eq. 24 the maximum profit at ¢;

_ pac\t N\ /a-v) 1\ \a-n .
C1optwrfix = 1= ((T) a) =1- ((m) a) for Yw fixed.

Notice that ¢y gpt wrix = €1_opt fOr Vw fixed. (41

(39)

(40)

Notice that maximum profit for fixed wages w coincides with maximum utility u(c) = catc¢; =

C1_opt-

Maximum profit, capital, income and consumption per capita can be calculated from equation

36,21, 22 and 23.

Under maximum profit condition we have

oy _

and
Yy
Frinid +46 (43)

which yields the following equations:

1-a _
a(aKk)Y+(1—a)y =w (4’4)
alagk)Y

y _
a(aKk)V+(1—a); =8+r (45)

For each c; we can calculate a corresponding w and r for which maximum profit conditions

holds.

We rewrite equation 44 and 45 as labor share ws and capital share ks

10



ws=§=&—1—a(ﬁ)y (46)

alagk)V+(1-a) Bo
k\NY
ks =55 +1) = BS+7) = ok — = “(5213’;” =a <,§z> =a(£) (47)
P Yo
Of course, labor share plus capital share adds up to one.
ws+ks=1 (48)

We are left with one degree of freedom in our system. We can choose e.g. one of the following: c;,
w, B,v,k,ws, ks, r or time preference and optimize a desirable consumer utility function. In our
opinion the time preference is not a suitable tool as also stated in De la Fonteijne (2015a).

Suppose we choose ratio c; with known parameters &, p, ak, «, a. For a sustainable solution to
exist we choose ¢;_gp < €1 < €1 max-

The value of k, y, c and £ can be calculated from equation 21, 22, 23 and 24.

Wage w and wage share ws can be calculated from equation 24, 44, and 46 as

—1 _ ﬁy_ _ ((1_‘31))]/
ws=1-a( Bo) =1-a(5o2 (49)
_ B\ _ (-cp )
w=y (1 - (ﬂ_o) ) =Y (1 — ((1—C1_0)> ) (50)
and capital share ks from equation 48 and 49 as
ks=1—-ws =a (ﬁ)y = a( (1-¢,) )y (51)
Bo (1=c1.0)

Net profitability rate r follows from equation 45

7 0= 0= —a=y 1) (52)

where ¢y is the corresponding value for ¢, at the base point in equilibrium. Or we write

equivalent
1-ws a% 1
r=— -8 = 5 (1-ws)t-e —§ (53)
or the inverse
ws=1—=By(r+8)%° (54)

Fig. 2 shows the labor work share as a function of c¢;. The graph is characteristic for all CES
functions.

11



CES workshare ws as a function of ¢1 and parameter sigma

sigma = 0.10
sigma = 0.20
sigma = 0.30
sigma = 040
sigma = 0.50
sigma = 0.60
sigma = 0.70
sigma = 0.80
sigma = 0.90
sigma = 1.00
sigma = 1.10
sigma = 1.20
sigma = 1.30
sigma = 140
sigma = 1.50
sigma = 1.60
sigma = 1.70
sigma = 1.80
sigma = 1.90
sigma = 2.00
sigma = 2.10
sigma = 2.20
sigma = 2.30
sigma = 2.40
sigma = 2.50
sigma = 2.60
sigma = 2.70

09

0.8

0.7

o
=2}

workshare ws
=]
o

o
s

o
w

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
cl

Fig. 2 Workshare as a function of ¢; with parameter o. For the base point c;=.85.

5. Changing the base point in CES production functions

We will show that for a change in base point there exists a parameter transformation, which
leaves the elasticity of substitution invariant.

Recall that the production function is

1
y=yo[a (&) + (1 - ) " (55)

Suppose that our system is in equilibrium in the base point k = k, and y = y,, with @ = a; at
Cl = ClO'

If we change c; to ¢; = ¢;," then using eq. 21 and eq. 22 k will move to k = k; and y will move to
Yy = y;. Rewriting eq. 55 as

1
y=vla(®) (&) +a-a)| (56)

and normalizing with (%)y + (1 — ap) results in
0
1
1 ¥ Iy
Iy kq\¥
- (AR _aolig) k), aa
Y =Yo <ao (ko) +@1 ao)> [ao (kl)y:(l_%) (ki) - wo(2) - (57)

ko ko

which we can write as

12



1/]/

1
k{\Y Y k\Y
Y = Yo (ao (@) +a- ao)) [ () + @ -a) (58)
where
k1\Y
@0(ip)
ay = — (59)
ao(g) +(1—lxo)
For trivial reason, using equation 55
1
k1\Y 14
<a0 (2) +a- a0)> =2z (60)
Combining equation 58 and 60 results in
1
k\Y /]/
y =yl () +A-a)) (61)

which is exactly the equation for our production function expressed in the new base point
values. It is leaving ¢ unchanged. This means that the coefficient of elasticity of substitution o is
invariant under a shift in basepoint.

Lemma: In a CES production function the coefficient of elasticity of substitution o is
invariant under a shift in basepoint.

We will use this property to shed some light on the sense and non-sense of capital and labor
augmented technical progress.

To describe the class of CES function we use equation 47

— Lo — BY _ oy
a=ks=a, (Bo) =af (62)
with
a= [;"_Ooy (63)

which is a constant for each coefficient of substitution o for a specific CES production function.

The class of all CES functions can be described by the formula of a CES function for all
combination a and o.

Lemma: The class of CES production functions can be described by

4
y =Yola (kio) +(1- a)]l/V forva,g e R,

where a = % and o is the coefficient of elasticity of substitution.
0

The coefficient a = % is the same asiny = [ak! + b]l/V, the coefficient b is equal to
0

b= (1—-ay)y,. With respect to the end result and conclusions it will make no difference which
representation of the production function you use. They are mathematically equivalent. Each has
his own advantages for economic interpretation.

13



6. General technological progress and the capital-labor mix and the
trouble with capital and labor augmented technical progress

In literature, labor and capital augmented technical progress, {;+ and ¢, is incorporated in
models as an additional multiplier factor for labor L and capital K, respectively. The idea is that
both labor and capital augmented technical progress represents the evolution of technical
progress, due to inventions, education etc. The nature of augmented technical progress (Klump
etal, 2011) remains vague and results are not always conclusive, especially regarding the
theoretical trouble with capital augmented technical progress. To escape from it, Jones (2003)
e.g.introduced a short term CES function in combination with a long term Cobb-Douglas
function.

We will examine labor and capital augmented technological progress. Both, ;+ and & are
function of time and, if you wish, functions of the determinants, i.e. inventions, education, etc. We
use the same implementation as is done in literature. This gives us the per capita production
function in normalized form

1
Y =Yo [“0 (if_ok)y +(1- ao)fLTy] i (64)

We rewrite equation 64 by taking out a mutual general progress part ¢, (so returning for k =
¢gko to the same capital to income ratio as we started with)

y =ty [eoti? () + 1 —an () ] (65)

Notice that by choosing a mutual general progress part ¢ , we indirect assume that the capital to
income ratio is constant.

Normalizing to the new a, should yield
kY 1y

y = yobols (£) + (1= ]y (66)
gfo

This can be achieved if we take

Y
a; = Gobx A aony (67)
aony“'(l—ao)(%;)

Equation 67 is defining a relation between ¢, &, and &g as
@ +(1-ap) (2) =1 (68)
And the result for g is
(e Y
fo= (Goir) (69)
We will leave k, and y, unchanged, leaving the original base point unchanged.

The general description for the production function is then

14



]% (70)

Y = Yoéy [az <$)V +(1-ay)

Equation 67 is limiting the value of {x. We require a, < 1, because otherwise 1 — a, < 0, in
which case it is better not to use labor at all, to avoid the negative influence of labor in the

production function. This holds mutatis mutandis for capital at the lower bound of «,.

The limits for capital augmented technical progress & are

y
0<5K<(aio) forg > 1 (71)
and

1\Y
(—) < & foro <1 (72)
X9

Boundaries for Capital augmented technical progress

5 T T T T T T T T T
boundaries of capital augmented technical progress

4.5

capital only pf

w
3
T

w
T

CES function

elasticity of substitution
N
N (&)
T T

N
)
T

0.5

capital anly pf

0 | L ! I ! ! ! |
0 1 2 3 4 5 6 7 8

capital augmented technical progress [ ]

Fig. 3 Boundary for capital augmented technical progress &g as a function of the coefficient of
elasticity of substitution ¢. The drawn line is representing the boundary for which the capital-

14
labor-mix a, exceeds 1, ¢y = .5. The boundaries forg > lare 0 < & < (ai) , which results in a
0

14
capital production function if £ exceeds the maximum value. For ¢ < 1 we have (ai) < &,
0

which also results in a capital production function if {4 is lower than the minimum value.

Beyond these boundaries, we have capital or labor production functions only. To be more
specific, assuming that capital augmented technical progress will continue to grow, then this
growth will turn the CES production function into a capital only production function if the
coefficient of substitution is greater than one at the boundary value of &x. And it will turn into a

15



labor only production function if the coefficient of substitution is lower than one and & goes to
infinity.

Uzawa (1961-1) realized that capital augmented technical progress introduced a problem for
steady state growth. To solve the problem, he came up with his labor augmented technical
progress only theorem.

In case of a neo classical steady state Jones (2004) gave an alternative proof of the labor
augmented technical progress only theorem introduced by Uzawa, where he proved that a
steady state can only exist if technical progress is labor augmenting technical progress only
(capital and labor augmented technical progress implemented as is done since the 1960’s). Later
we will show that the labor technical progress term he used in fact was total growth of income and
capital.

Uzawa (1961-1) in the same paper also proved that the equilibria were unique and stable. We
can not agree on this last item. He assumed that capital never depreciates, but without
depreciation, you simply cannot prove it, because the eigen value of the differential equal is

zero. I agree on his final differential equation % = fi[z(t)] — A — u, but not on his

conclusion with respect to stability. Uniqueness is forced by putting fi [z(t)] = 1 + y,
allowing only one capital to income ratio, but then uniqueness is trivial. Moreover, a
limitation, by letting depreciation zero, is not realistic and in addition we showed that
uniqueness and stability is influenced by consumers behavior (De la Fonteijne, 2011). If you
would take the wages smaller than w < y — (1 + u)k you can even get continuous growth
without technical growth.

We have showed that labor and capital augmented technical progress can be expressed in a
general progress term and a change in the capital-labor-mix. Both are influencing general
technical progress and only &g is responsible for the change in the new capital-labor-mix a.

The capital-labor-mix « is a factor in the production function influencing the output. Under
maximum profit conditions « is equal to the capital share of income ks in the base point for CES
production functions.

Suppose that kj, is the initial base point and is not varying in time. If y is growing in time then so
is k at the same speed along a balanced (Jones, 2005) growth path. The capital-labor-mix factor
a depends on capital augmented technical progress & (Jones, 2003) (Acemoglu, 2003).
Interesting to see that consumers and producers can decide what to do with this change by
choosing c;. In literature a balanced growth path is referring to a stabilized capital to income
ratio over time in combination with a not changing shape of the production function, ruling out
any other progress then general progress. If, however, the shape is changing we still have the
possibility that capital progress can be compensated by an adaption of c; to keep the capital to
income ratio constant.

Normalizing with respect to general progress ¢, with y* = % and k* = §£ will give us the
g )

general progress independent solution

1
N k\Y /Y

VAR [a (k_o) +(1- a)] . (73)

Realize that ¢ can fluctuate over time to express the change in the capital-labor mix.
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Lemma: Capital and labor augmented technical progress in a CES production function can be
expressed by the terms general technical progress and a change in the capital-labor mix «a.

An even more explicit way of demonstrating and motivating this approach is by expressing the
CES production function in terms of the capital to income ratio by dividing equation 70 by y and
rewrite it as

- 1/]/ 1-a 1/]/
Y = Yodg —B] = yo&g || (74)

1—a(ﬁ—0)

with a general growth term ¢, and a form factor not dependent on general growth

1-a 1/)/ 1-a 1/]/
[ ﬁ)yl - [1—ks] (75)

Lemma: It is convenient to split up a production function into a general progress term

and a shape term, the parameters of which may vary in time.

In fact, we can use the same idea for any arbitrary production function.

Technical improvement can also resultin a price chance for the production factors. In a micro
economic setting this would been taken care of by adapting the prices in the cost equation. In a
macro economic setting wage w and capital cost rate (r + §) is already fixed by the fact that we
assume that we operate under maximum profit principle and by the choice of c;. So it is already
included in our model.

Lemma: Price changes of the production factors due to technical progress is already
taking care of by means of the choice of c; and the fact that we operate under maximum
profit principle.

7. Total Factor Productivity

To examine the same process from another angle we split the process of growth in two part:

e income growth from technical progress only
e income growth due to the raise in capital

Again, we start with the per capita production function including the augmenting technical
progress factors

1
Y =Yo [aOEKV (k%)y +(1- ao)fLTy] i (76)

Introducing total factor productivity and normalizing to the new «a yields

1
Y = YoSrrp [‘1’1 (kio)y +(1- a1)] i (77)
where
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Errp = [apé? + (1 — ao)fLTy]l/y (78)

and

a = aoék” _ ao( $k )y (79)

aoék? +(1-ag)érr? STFP

Due to this increase in technical growth there is an instantaneous growth in productivity y,
which we like to refer to as total factor productivity growth &rpp. This part has only to do with
the production function. The next step will involve the maximum profit system as a whole. Due
to the increase in productivity, capital is not in equilibrium. Assuming that ¢, is kept constant
then capital will go to the level k*, while the capital to income ratio f will return to its original
level S,. Realize, however, that this two-step experiment of thought will take place in one go and
will lower consumption ¢ = ¢; y by the investment needed to increase capital. Furthermore, we
limit ourselves to CES functions and only « is allowed to change over time.

. . k*\Y 1/)/
K =Boy" = Boyodrer [ () + (1~ a)] (80)
Solving k* yields
1
« _ (Q=ap)érep’ Iy
ko= ( 1-ai&rpp” ) ko (81)

Which means that the growth of k and, of course, of y in total is

1
— (1—a1)ETFPy) /]/ (82)

fg - ( 1-a;érpp?

Changing to the new base point and normalizing to the new a yields

1

" k\Y /]/
y=y"|e () +1-a)] (83)
where

— a:8g"

%2 = a1fgy+(1—a1) ’ (84)
y* = Yoé4 and k* = kog-
Substituting equation 82 in equation 84 results in
a = ayérpp’ (85)
With equation 78 and 79 equation 85 changes to
ay = agéy” (86)
and equation 82 changes to

(1-ap)érr” Uy
f‘g - ( 1—a0§KV ) (87)

Notice that the equations 86 and 87 are the same as 67 and 69.

Using equation 86 and 78 we can express ¢, (equation 87) in term of a, and {7pp only
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)"

"r Y_
g = (e (88)
For Cobb-Douglas, 6 = 1 (y = 0) equation 88 reduces to
Y
$g =SrFp (1-a0) (89)

for all choices of éx and & 1, similar to what we described in De la Fonteijne (2011) and what can
be found in literature with respect to Cobb-Douglas production functions (Acemoglu, 2008)
(Jones, 2013).

For Harrod, Hicks and Solow neutrality, we will use the same definitions as is done by Klump et
al. (2011) and as is indicated in the following text.

Notice that if in equation 87 ¢, = 1, then &, = &, r (Harrod neutral as labor augmented

technical progress only), i.e. labor augmented technical progress &, is equal to the increase
in productivity and not to total factor productivity. Total factor productivity is

$rrp = $Harroa = [ao + (1 — ao)fLTy]l/y- (90)

The form of the production function has not changed, because the base point stayed the same
and the capital-labor-mix did not change a, = «, while keeping the capital to income ratio
constant. Total productivity growth is
1/
14
) (9D)

_ _ fHarrody_aO
§g = fur = (FHopea =2

Notice that if in equation 78 we take & = &+ (Hicks neutral as equally capital and labor
augmenting technical progress), then

$rrp = Shicks = $k = Sur s (92)

i.e. labor augmented technical progress is equal to total factor productivity. The form of the
production function has changed, because the base point stayed the same and the capital-
labor-mix changed from a, to ay = ayéx! = ag&yicks’» while keeping the capital to income
ratio constant. Total productivity growth is

1
gy = (Bl Y g (e Y (93)

1-a; 1_"v'Oincksy

Notice that if in equation 86 §;+ = 1 (Solow neutral as capital augmenting technical progress
only), that a, = a&x”. The form of the production function has changed, because the base
point stayed the same and the capital-labor-mix changed from a, to a, = a,éx", while
keeping the capital to income ratio constant. Total factor productivity is

1
Errp = Esotow = [ao” + (1 — ap)] /7. (94)
Total productivity growth is
1
_ ‘ESolowy_az /)/
b= () (95)
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Growth of capital per capita is expressed by ¢, and growth of income per capita takes place in

two steps, the first direct part due to the total of technical progress {rrp and the second indirect
part &, due to the growth of capital. In total the growth of income per capita ¢ is the same as

the growth of capital per capita, i.e. if the capital to income ratio is kept at a constant value.

fg = fykaFP (96)

Capital growth is not a direct result of labor or capital technical progress itself. Capital growth is
a result of the mathematical process by which technical progress allows the economy to use
more capital. This is the true nature of capital growth.

Lemma: Capital growth is not a direct result of labor or capital technical progress itself,
but it is a result of the mathematical process by which technical progress allows the
economy to use more capital if there is general progress. This is the true nature of capital
growth.

Lemma: Income growth is partly a direct result of labor or capital technical progress itself
and the second part is caused by the use of more capital. The first part is 7xp, which is
considered in most cases as exogenous and the second part is ¢, which is endogenous,

in tOtal fg = fykaFP-

The labor part of &xp is due to the improvement of skills, education, etc. and the capital part of
&rpp is due to the technical improvement of existing capital as well as of new capital, both under
the name of investments.

Later we will calculate the part due to TFP increase in total income increase.

8. Consumers behavior

Growth of capital also depends on consumers behavior i.e. the choice of ¢; in ¢ = ¢;y. If ¢y is
constant then the desired capital to income ratio is constant and the economy and capital will
grow, under maximum profit conditions, up to the total of the general progress term . If e.g.
the new ¢, is chosen smaller than the original one, then GDP and capital will grow until the new
equilibrium with a changed capital to income ratio is reached as described in section 3.

9. The consequence of ongoing capital augmented technical progress

From the previous sections we conclude that if there exists an ongoing capital augmented
technical progress &, > 1, then the production function must be Cobb-Douglas as reported in
literature.
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Lemma: If, using a CES production function, there exists an ongoing capital augmented
technical progress £x > 1 as implemented, then the production function must be Cobb-
Douglas.

To compensate for the change in the capital-labor-mix we can adapt the capital to income ratio.

Iféx > 1and o < 1then &Y < 1, which means that a,<a,. This can be compensated by
changing to the new capital to income ratio. Recall that equation 63 holds for a particular CES
production function. In our case there is first a change to a, and then a change in 8 to 3,

a [243)

a, = —5 = —, Where a, is a constant. (97)
Bo" B2

With use of equation 86 we can calculate f3, as

B = (98)
K

This means, assuming { > 1, that 8, has to be taken smaller than 8, by choosing the new c¢;
greater. It holds for all 0. A lower 8, means a lower capital k and a lower income y, quite
contrary to the ‘capital is back’ explanation of Piketty (2014). Income and capital are lower than
in base point operation, and so is consumption.

Lemma: If there exists an ongoing capital augmented technical progress & > 1 as
implemented, with the capital share held constant, then the capital to income ratio will
continue to decrease.

If ¢ = 1,i.e. progress is labor augmenting only, then due to the increase of &rpp, the capital-
labor-mix @, is changing from a( to @, and due to the increase of capital a; is changing back to
a (equations 79 and 84). Realize that only capital augmented technical progress can change the
shape of production function, because then a in equation 63 is changing. When capital is
growing, we are moving over the same CES production function, while the capital-labor-mix is
changing. Compensating and changing back to the original capital-labor-mix by changing c; also
leaves the shape of the production function unchanged.

We exclude the possibility on the long run {i < 1, because it is not plausible. There is a clear
evidence that capital as well as labor improve over time and we do not see an end to this
process. If £ > 1, then the production function has to be Cobb-Douglas as is known from
literature. We end up with an unresolved dispute how to solve this paradox.

At this point, we have to draw a conclusion, because there clearly is a theoretical contradiction.
What might cause this contradiction? What do we have so far:

two economic identities

a CES production function, with a certain elasticity of substitution ¢ > 0
increasing capital and labor technical progress

the implementation of capital and labor augmented technical progress

We have no reasons to doubt the first item. Concerning the second item, we do not see any
theoretical or practical evidence that the elasticity of substitution should be exactly one. The
third item we feel reasonable comfortable with. This bring us to the idea that we might have a
problem with the implementation of augmented technical progress.

In his book Acemoglu (2008, p. 59) describes this situation as troubling, which seems to be an
understatement.
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A possible (and probably the only) solution could be that we have to reject the way we have
implemented capital and labor augmented technical progress. And, in fact, that is what we will
do. What we find bothering, is the combination of capital and labor technical progress factor
together with capital and labor as a multiplication factor. It seems logical, but it is not. Suppose
you want to measure the effect of technical progress directly, then the only way is, to measure
the changed output y, which can be determined for each factor. However, what counts is the
combination of capital and labor progress on output y, which leads us to a combined output
factor, say total factor productivity érgp. This total factor productivity érzp might be a more
complicated function of the level of capital, labor and other determinants, with the risk that the
production function is not homogeneous of degree one. But that would be more a theoretical
problem than a practical problem in a numerical world.

Lemma: If there exists an ongoing capital augmented technical progress g > 1 as
implemented and we allow CES functions in general, then the way of implementation of
capital and labor augmented technical progress has to be rejected. There exists an
ongoing improvement of technical progress. So, we reject the way capital and labor
progress is implemented.

Altogether this means that we have to come up with a new way of implementing technical
progress. We will go into more detail in the next section.

10. A new way of implementing technical progress

To be clear, we skip the augmented progress terms for each production factor separately. The
reason for that is, the disturbing influence of {x on the form parameter a or, which is the same,
on the capital-labor-mix at constant capital to income ratio . To our opinion an improvement of
capital or labor can have an increasing or decreasing effect on the form parameter a. For now,
we simply accept, that we have no clear understanding how this influence on parameter a takes
place. When there is no effect on parameter a, we stay on a CES function with the same form.
This means, if income increase instantaneously because of &;gp, then simultaneously a changes

1 \Y . . .
toa; = ay (f ) . If at the same time a change to a, then the production function is

TFP

1
Y = Yoérrp [Of1 (kio)y +(1- al)] i (99)
and

@ = (;FP)V (100)

Notice that equation 77 holds and the result is the same as using labor augmented technical
progress only, albeit now including capital augmented progress, but without the trouble. The
rest of the procedure stays the same. Due to {xp the economy per capita can grow in total with
¢y and « is changed to a, or in case there is no change in the capital-labor-mix back again to

a, = ay. This solves the paradox.

In fact, we can extend this thought to all parameters of the CES function (or arbitrary production
function), making all parameters a function of time when technical progress evolves over time.
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Lemma: A new way of implementing capital and labor technical progress is adding a total
factor productivity é7rp and to adapt the new capital-labor-mix a to @, and calculate o,
from equation 85

1YY . L
a = a, (f ) . The new production function is
TFP

1
k\Y /]/
Y = YoSrrp [“1 (k—o) +(1- a1)]
This procedure solves a long existing dispute on the ‘Cobb-Douglas or labor augmented
technical progress only’ paradox.

Fortunately, we end up with the same way of adapted interpretation of technical progress as we
used before, but now without the burden.

This means that the increase in income per capita ¢ is the result of total factor productivity &7pp
and capital increase. The capital-labor-mix «a, is allowed to fluctuate up or down and will be
dictated by the interaction of capital and labor, for which we have to find out the determinants. If
you choose or measure a,, then a; has to be calculated from equation 85.

Y_ Y
Lemma: In total the economy per capita will grow with {; = (%) . The new
—u2

1 ly
production function is y = yo¢, [az (%) +(1- az)] . The capital-labor-mix a, (at
gko

constant capital to income ratio §) can be adapted accordingly measured or estimated
values, resulting in an adapted form parameter a.

To estimate the coefficient of substitution all investigators, | am aware of, used Hicks, Harrod or
Solow neutrality or some kind of Box-Cox weighing function (Klump et al., 2007, 2011). But as
long as you are using the same system and assuming that there is no end to capital augmented
technical progress, you will always explicitly frustrate the ‘Cobb-Douglas or labor augmented
technical progress only’ paradox.

With regards to the Box-Cox method (Klump et al., 2011) to express the decaying and
stabilizing effect on the capital augmented technical progress we argue that this is also
some kind of capital augmented technical progress and therefore in principle not suitable.
In particular to the formula used, we argue that to express a decaying effect, there exists
simpler and more transparent formulas to achieve the same goal. You better use a simple
exponential function, which is also more flexible to adjust, e.g.

E(t)=a+ (1—a)e™ P, (101)

The labor part of &xp is due to the improvement of skills, education, etc. and the capital part of
&rpp is due to the technical improvement of capital, new invested or existing.

[t remains interesting to understand where the growth of total factor productivity comes from
(Donselaar, 2011). Donselaar referred to and used the formulas of Solow, but fortunately limited
himself to the Cobb-Douglas case including human capital, and so avoiding the problem. Le., if
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you agree that Cobb-Douglas is the right choice and by not referring to éx or &, . Donselaar
spend (was struggling with the inconsistency in theory) a substantial part of his thesis on neo
classical growth theory vs. growth accounting and [ wonder if parts have to be reconsidered
regarding terms as labor saving technical growth, embodied and disembodied technological
growth. We will come back on labor saving progress and growth accounting later.

Until so far, we derived formulas per capita. To arrive at the extensive production function, we
only have to multiply with the workforce at that time and equation 99 changes to

1
Y =Yoérep [a1 (Kﬁo)y +(1—-a) (LLO)V] /y (102)
where

) = oy (S:FP)V (103)

The same equation but now expressed in terms of growth of GDP §; = ¢,¢,, where §; represents
growth of the workforce

K\ L\
Y =Yobo @ (g) + A -a) (55) | (104)

We can calculate the part of TFP in total potential growth under constant capital to income ratio
as

$TFP : Srrp—1 . Erpp—1
== =—— = _lim =1-a, forall . 105
NTrp S0 Errpol $om1 ErRp=l eV -an 7, 2 (105)
b9 ( 1-az ) -1

It is simple to prove that this result is valid not only for CES functions, but for all production
functions.

We remind you that there no longer exists a relation between a, and &x. We do not use &g. If it
turns out that there is a relation between a, and &gp then equation 105 has to be adapted
accordingly.

The ratio nrpp is calculated under the condition that the capital to income ratio is constant. It is
also possible to take another criterium, e.g. leave the profit rate r constant. If there is a change in
the capital-labor-mix due to the technological improvement from «, to a,, then the capital to
income ratio has to be adapted in the same way £, = Z—zﬁo. This will, of course, also change c;.

The ratio nrgp will change because the total increase in income is different.

Equation 80 has to be adapted to

1
k™ =B,y* = Z_zﬁOYOfrFP [al (z_o)y +(1- “1)] i (106)

and the growth of k* is

1/]/
érpp! —ay
$kr = <a2—> (107)

(%) a2
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and the growth of y*is

1

Y

£ = (M) (108)
y Bo

1-a, (E)y

resulting in an alternative definition for nrrp at constant profitability

Nrrp = _lim L_ll =0 forallo. (109)
$rrp—1 v Iy
(fTFP ﬂxa) 1
B
1-az(g3)
So, in case we take the limit the result is not useful. However, without the limit it will give you

the actual value of nrzp. Notice that the growth of k and y are not equal.

In case @, = @ then there is no difference between the two definitions. If we assume that é7pp
and a, are slowly moving functions in time, then it is allowed to take @, = a, which results in
the momentarily value for nzp at kg and ¢t

Nrep = tln? Lﬂ% =1-q,forallo. (110)
° <fTFPy_a%/> 1
B
1—a2<ﬁ—g)

This seems a reasonable and general useful definition.

Lemma: The technical improvement part (TFP) in total potential growth is equal to one minus
the capital-labor-mix at the considered constant capital to income ratio.

nrrp=1 — &, for all ¢ and for all production functions f (k)

In the next section, we will use this new way of technical progress when analyzing the problem
of estimating the parameters of a CES production function.

These parameters may change over time then the parameters are also a function of time, i.e.
$6 = S (ko(t), 1), 0 = a(ko(t), 1), @ = a(ko(t), 1) (111)

11. Analysis of the problem in estimating the coefficient of
substitution

In this section we show you, as a first step, how you can estimate the elasticity coefficient of
substitution following a slightly different way than you can find in most of the literature.

We saw already in equation 70 that the workshare for a CES function is
ws="=1-a(L) (112)
y Bo

and the elasticity coefficient of substitution o is
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1
o=—
1-y

Partial differentiating ws with respect to  gives

a(ws) _ . (1-ws) (6-1)

ap B o

which implies that if « is constant

ifand only if o < 1 then 5(ws)

>0,

ifand only if 0 = 1 then %‘;S) =0,

and

ifand only if ¢ > 1 then "’f,)—”;” <.

Partial differentiating ws with respect to a gives

aws) _ _(B)Y __(-ws

oa B_O a

The derivative is independent of ¢ and in the base point

o(ws) _ _
da

(113)

(114)

(115)
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Fig. 4 Derivative of workshare with respect to the capital to income ratio as a function of the
elasticity of substitution for a 1-sector CES model with the parameters time independent, i.e. o
and « are constant.

Before going any further on the consequences of these formulas, I like to refer to Piketty (2014),
where he is arguing that the capital to income ratio will rise in the future and that the coefficient
of elasticity might have turned into a value above 1. For an extensive treatment, see my critics on
Piketty in De la Fonteijne (2016). In his blog, Jacobs (2014) was more precise in his arguments
and formulas but was not very conclusive, nor was Krugman, where Jacobs is referring to.

The weak point of Piketty and Jacobs is their a priori assumption of @ = constant to estimate o
smaller or greater than one.

Here is the problem, we do not have the possibility to measure the needed differentials
momentarily, i.e. at one point in time. We need at least a few points in time where § is changing
to be able to determine o from equation 112 and 113, under the assumption that parameter « is
not changing. If a is not changing then @ = ks in the basepoint and is known if we take one of the
measured point as our basepoint. In total, we need at least two points to calculate o from
equation 112 and 113, i.e. from

_ log(ks)-log (a)
4 log(B)-log (Bo) and (119)

1
o= E (120)
With more data points available, we can fit the data to this non-linear equation by e.g. a least
square fit.

If « is a function of time then the solution is not so straightforward.

We can write equation 70 as

_ 1_({;;/0)}/

g

Be aware of the fact that for this purpose we are not using formulas that depend on c,, because
those formulas only hold in equilibrium. Equation 119 and 121 are derived from the two
economic identities available and from the maximum profit conditions, which means that they
hold at all times.

(121)

Diamond and McFadden (1965, 1978) proved that o could not be resolved without additional a
priori knowledge or assumptions.

Klump et al. (2011) and many others find in their investigations that there is a strong evidence
that the elasticity of substitution is below 1, or more in particular, is between .4 and .7.

As we argued in section 6, we will use a general progress term as is done in the equations 119-
121 or alternatively equations 119, 120 and 99. In addition g, a, ; and é7xp are functions of
time in general.
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With n measured data points we have 3(n — 1) unknown variables and 2(n — 1) equations. It is
clear that we cannot resolve the variables. However, we can reduce the number of variables by
taking e.g. the elasticity of substitution ¢ a constant and letting the capital-labor-mix « a linear
or quadratic function of time. In the linear case for « we have 1 + 1 + (n — 1) variables and

2(n — 1) equations, which we can solve if we have enough data points with a minimum of n = 3
(the base point inclusive). For the quadratic case we have 3 + (n — 1) variables and 2(n — 1)
equations, which we can solve if we have enough data points with a minimum of n = 4 (the base
point inclusive).

Upfront it is not clear where we can reduce the parameter space. It seems plausible that the
capital-labor-mix a is moving slowly in time, allowing a linear or quadratic approximation.

A point of concern is the sensitivity for errors on determining o. You can see from equation 119
that if @ and ks are close together then the error should be smaller than the difference between
a and ks. The same is true for 5 and f,. Partial differentiating equation 119 with respect to «
clearly show this sensitivity.

dog _ a(o-1)
o~ won(2)

(122)

or relative

dg _ da (o-1

T T (123)

Notice that for 0 = 1 the power to discriminate decreases.

Equation 123 clearly shows the accuracy of the measured data needed to be able to estimate the
elasticity of substitution.

12. Labor or capital saving technical progress

In literature we encounter in many places the term labor saving progress. Unfortunately, is it not
always clear what is exactly meant by this term. As a consequence of our new way of describing
technical progress we will have to reconsider it. For that we take a closer look at labor saving
and start with a microeconomic definition. We call a new production process labor saving if we
can achieve the same output with less labor under a certain budget constraint. For simplicity we
will only consider labor and capital production factors. As is common knowledge, we know that
depending on the elasticity of substitution the equilibrium between labor and capital will change
if prices of the factors will change.

However, from a macroeconomic perspective the reasoning is a little bit different. Prices are
indirectly determined by consumer and producer behavior, by the depreciation rate, by the
elasticity of substitution and by the capital-labor-ratio.

Suppose for a moment that these parameters do not change and that there is only é7zp due to
technical progress, which will generate ¢, as we have seen, then the capital deepening will

increase with the factor ¢,. The capital deepening is the ratio of used capital and labor. One
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could say that this is relatively labor saving. That is, relative to capital. But it will not save labor
in the sense that there will be less people needed resulting in unemployment, because from a
theoretical point of view we can always achieve full employment on each level of capital.

Altogether this means that technical progress gp itself, always will be relatively labor saving.
The other direction is not very likely to happen, because we will not allow changes in technical
progress if this will lower our productivity. The other parameters have the ability to introduce
relatively labor saving as well as more relatively labor consuming changes. Total factor
productivity change rpp is the only factor causing ongoing growth.

Lemma: Total factor productivity change é7gp is the only factor causing an ongoing
increase in capital deepening and growth. It is always relatively labor saving, meaning
that capital deepening is increasing.

This brings us to an interesting practical case. Recently it is argued, that to keep medical health
care possible with an aging population L, with the number of workers L,,, it would be wise to
focus on labor saving measures regarding the health care if the ratio workforce and total

population r;, = LL—‘” is decreasing. First of all, health care is a field which is labor intensive,

especially regarding the needed one to one attention for people. It will be hard or impossible to
increase technical progress in health care to compensate for the lack of employees. In fact, it is
probably easier to focus on technical progress in general for the economy in total and reduce the
problem to a money reallocation issue and shift more workers to health care organizations. One
of the easiest ways, which is totally under our control, is to increase hours L, worked per
worker or increase number of years worked (so shifting pension age) or a combination of the
two in order to keep productivity per inhabitant y; at the same level.

In formula form

Y=L,Lyyn (124)
with yy is productivity per worked hour. Needed capital will become

kn = Byn (125)
Productivity per inhabitant is expressed by

YL =1 =TilnYh = Tudhw (126)
with y,, is the productivity per worker.

If the depreciation rate &, the coefficient of substitution o, the capital-labor-mix a and c; are not
changing then the capital to income ratio 8 is constant. As can be seen from the formulas, a
decrease of r;, can be compensated by an increase of L, or an increase ¢, of productivity yy,
which is the same as an increase ¢ of capital deepening kj, due to an increase in total factor

productivity &rpp.

If the depreciation rate §, the coefficient of substitution ¢ and the capital-labor-mix a are
changing then we have to adapt c; to the desired firm profitability is reached again, or to
another desired criterium.
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Profitability in the base point is

%o

TO - - 60 (127)
Bo
with
By = (128)
0

Profitability in the new point is

r = “—i -5 (129)

with

By = (130)
1

In order to keep r = 1y we have to adapt ¢; to cy,. Profitability will become

Bz\" 50, (52 4
ry= al(ﬂﬁ;) — 5 =) 1(_1;10) -5, (131)

Forr, = ry the new ¢; will resultin c¢q,

8104

g
Clz =1- (m) (1 - Clo) (132)

In the special case that §; = §, then c,, reduces to

aq

a,=1-(2) a-a,) (133)

Xo

Altogether this result in a shift of k;, which also has to be compensated for in the way we
discussed before.

13. Growth accounting vs. neo-classical growth theory

Solow started his theory on growth accounting with the production function formula
Y=AF(KL). (134)
He stated explicitly that he used neutral capital and labor technical progress by using

AF(K,L) = F(AK,AL). (135)
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Assuming that F (K, L) is homogeneous of degrees one equation 135 is correct, but as we have
explained in this paper calling factor A neutral capital and labor technical progress is not
allowed.

This means that the starting principles of growth accounting are wrong.

To show where this will lead us, we will start with equation 99 and derive equivalent formulas
for the same production function in the intensive form

K \Y Uy
Y = Yolrrp [a1 (k_o) +(1- a1)] (136)
N Yy
y = vy |z () + (-] (137)
Y
Y= [a (g)y + b] ' (138)
and in the extensive form
1
Y =Yobrre e (5) + (1= ) (2)] " (139)
1
Y = Yol |z (E:—Ko)y +(1—ay) (ELL—LO)Y] /y (140)
r=safa() +0(&)]" )

14
where @ holds in the base point, a; = «a, (E ! ) and «a, is the changed capital-labor mix from

TFP
Qg to a,.

If we change to a general format, we can write
K L
V=& FG ) (142)
G SL
Dividing by Y and using its homogeneous degree one property equation 142 results in

1=F( ,%é)=F(B,€—g). (143)

y

This equation shows that under the condition of constant capital to income ratio, the
productivity has to be divided by its increase ¢, in order to satisfy the formula.

Equivalent we can write
Y= F(K,§4L) (144)

from which it is clear that the same is achieved by multiplying the labor production factor L with
the increase in productivity ¢,. Itlooks like Harrod Neutral, but keep in mind that we do not

deal with any kind of capital or labor neutrality any longer. We change the principle ‘technical
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progress is Harrod neutral or else the production function has to be Cobb-Douglas’ into
‘technical progress in a homogeneous degree one production function can be represented by
multiplying the labor production factor L with the productivity factor ¢, (equation 144),
corresponding with the change in total factor productivity &rzp at constant capital to income
ratio’. For an arbitrary production function use equation 142.

Lemma: The principle ‘technical progress is Harrod neutral or else the production function
has to be Cobb-Douglas’ is no longer valid and has to be changed into ‘technical progress
in a homogeneous degree one production function can be represented by multiplying the
labor production factor L with the productivity factor ¢, (equation 144), corresponding
with the change in total factor productivity ép at constant capital to income ratio’. For an
arbitrary production function use equation 142.

Apart from ¢, as time is evolving, the production function Y = F(K, ¢,L) will change and result
in not easy to implement formulas, that is why, in that case, we will approximate the production
function piece wise by CES production functions.

For point (Yy, Ky, Ly) we assume that we also know the changed parameter a, and o. We can use
equation 139 as the approximated production function.

To see the connection with Solow’s growth accounting formula, we will consider equation 144
and write it in the same form as Solow did (equation 134), now assuming that ¢ is the only

change in the production function, leaving a, unchanged under constant capital to income ratio

Y = EpppF (e, S50y (145)

érrp’ E7Fp

Notice that equation 139 is satisfying equation 145, which is easy to show using equation 88.
We have to conclude that equation 134 with factor A is equal to total factor productivity &rrp
Y =&rrp F(K, L) (146)

is not equal to our derivation (equation 145) of the production function after technical progress
has taken place, nor can factor A be adjusted to accomplish that equality.

As a check we change, in our CES example, to the new base point (Y;, Ky, L1) = (§;Y5, &Ko, €. Lg)
with unchanged a, = a,. Equation 139 or 140 will convert to

Y =Yoérep [a1 (K)y + (1 —ay) (LL_O)V]l/V =Y [ao (K)y + (1 —ap) (Lil)y]l/y (147)

Ko Ky
which has the same form as the production function in point (Y, Ky, L) and so representing the

same production function, albeit on a scaled level.

If we use equation 144 as a start for growth accounting we can write

dy OF d OF K dK OF L dL
av _ OF §gdSg | OFKdK | OF LdL (148)
Y afg Y fg OKY K OLY L

In point (Y3, Ky, Ly) = (&¢Yy, € Ko, &1 Lo) this reduces to the growth rate equation
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gy = (L —az)gy + azgx + (1 —az)g, = grep + @29 + (1 — a3) g, (149)

where we used equation 89, because this formula also holds in general for infinitesimal small
changes of 7pp, from which we deduct that (1 — a;)gg = grre-

Equation 149 is the standard basic equation from which growth accounting is evaluated.

If we use Solow’s equation 146 in (Y, K, Ly) we arrive at a similar expression

gy = grrp t aogx + (1 —ap)g. (150)

We conclude that this leads to the same result.

It is obvious that equation 146 holds for the Cobb-Douglas case. Near the base point all
production functions with the same labor-capital-mix «, are nearly the same and can be
approximated by e.g. a Cobb-Douglas production function. Only in the Cobb-Douglas case it is a
good description of the entire production function. However, we can use this procedure to
estimate the total productivity factor é;xp in the base point.

Lemma: If we forget the origin of Solow’s formula, i.e. some kind of capital or labor
neutrality, the formulas for growth accounting are still valid.

gy = grrp T aogx + (1 — ap)g,

Altogether this means that the presented formulas hold in general for infinitesimal small
variations. The fact that we started with a wrong equation 134 was not harmful, because it is (by
coincidence?) the right formula in case of a Cobb-Douglas production function, for which
equation 150 always holds. Notice that A is total factor productivity. In general, however, if you
are not considering small variations, you have to do the exact inverse calculation to resolve A.

14. Conclusions

You might think; if it turns out in a special case, that the elasticity of substitution is
approximately o = 1 then we could use the Cobb-Douglas case as a good approximation. With
equation 78 reduced to {rpp = fK“g‘LTl_“, we still can use Cobb-Douglas. This will, however,
introduce a new problem because then you have to explain why it does not matter how progress
&rpp in total factor productivity TFP is achieved, by &g or &, or a combination of the two. And
that is why we also have to reject capital and labor augmented technical progress in this case.
Although, ignoring it would be a solution. And this is what is done in growth accounting for
many decades and also how it is used by Donselaar (2011). So as long as you do not hold &
and/or ;1 accountable for {7gp you are on the right track. And it is exactly that what we
introduced with our new philosophy in section 10, but now for all production functions. In the
case of CES functions capital and labor technical progress is responsible for changes in {;zp and
can also introduce changes in the capital-labor-mix as well as in the elasticity of substitution.
And to be real, what else had you expected if we have one scale factor and two form factors
available with regard to CES production functions. In total this leads to:
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e We have rejected the old way of implementing capital and labor augmented technical
progress as is done since it was introduced/used/described by Hicks, Solow, Harrod,
Uzawa, Inada, Jones, Acemoglu, Barro, Krusell (2014) and Stiglitz, to name a few.

e We introduced an alternative for capital and labor progress in the form of total factor
productivity and other possible parameter changes.

e It solves the long existing theoretical problem, labor augmented technical progress only
or Cobb-Douglas.

o We showed the relation between total factor productivity and total growth per capita.

e We analyzed the difficulties of determining the elasticity of substitution.

e The analysis presented gives you an alternative view on the Solow growth model.

e Growth accounting and neo-classical growth theory are in perfect harmony.

e We have the impression that these changes will create new possibilities of describing
capital and labor progress in an even better way.

e Italso may pave the way to new forms of endogenous technical progress.
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