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Group-Theoretic Analysis of a Scalar Field on a Square Lattice

Yosuke Kogure!, Kiyohiro Ikeda®
Department of Civil and Environmental Engineering, Tohoku University, Aoba, Sendai 980-8579, Japan

Abstract

In this paper, we offer group-theoretic bifurcation theory to elucidate the mechanism of the self-
organization of square patterns in economic agglomerations. First, we consider a scalar field on
a square lattice that has the symmetry described by the group D4 = (Z, X Z,) and investigate
steady-state bifurcation of the spatially uniform equilibrium to steady planforms periodic on the
square lattice. To be specific, we derive the irreducible representations of the group Dy x (Z, X
Z,) and show the existence of bifurcating solutions expressing square patterns by two different
mathematical ways: (i) using the equivariant branching lemma and (ii) solving the bifurcation
equation. Second, we apply such a group-theoretic methodology to a spatial economic model
with the replicator dynamics on the square lattice and demonstrate the emergence of the square
patterns. We furthermore focus on a special feature of the replicator dynamics: the existence of
invariant patterns that retain their spatial distribution when the value of the bifurcation parameter
changes. We numerically show the connectivity between the uniform equilibrium and invariant
patterns through the bifurcation. The square lattice is one of the promising spatial platforms for
spatial economic models in new economic geography. A knowledge elucidated in this paper would
contribute to theoretical investigation and practical applications of economic agglomerations.

Keywords: Bifurcation, group-theoretic bifurcation theory, invariant pattern, new economic
geography, replicator dynamics, self-organization, spatial economic model, square lattice.
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(a) Chicago (USA) (b) Kyoto (Japan)

Figure 1.1: Satellite photographs of cities provided by Google Maps displaying square road networks

1. Introduction

Square road networks prosper worldwide. Chicago (USA) and Kyoto (Japan), for example,
are well-known to accommodate such square networks historically (see Figure 1.1). This paper
intends to elucidate the mechanism of economic agglomerations on such square networks as the
important contribution of nonlinear mathematics to spatial economics.

In spatial economics, the mechanism of economic agglomerations is highlighted as the most
important topic. After a pioneering work by Krugman, 1991 [1], bifurcation is welcomed as a
catalyst to engender a core place and a peripheral place from two identical places. The study of
spatial agglomerations have come to be extended from the two-region economy to the racetrack
economy (one-dimension) and, in turn, to explain various polycentric agglomerations (Tabuchi
and Thisse, 2011 [2]; Ikeda et al., 2012 [3]; Akamatsu et al., 2012 [4]). In economic geography,
central place theory (Christaller, 1933 [5]; Losch, 1954 [6]) envisaged the emergence of hexagonal
agglomerations based on the distribution of cities and towns in Southern Germany. The existence
of a hexagonal distribution of mobile production factors (e.g., firms and workers) was shown
based on a microeconomic foundation (Eaton and Lipsey, 1975 [7]). To explain the mechanism
of economic agglomerations in the real world, spatial platforms for spatial economic models are
required to be extended to a two-dimensional spaces as conducted in this present paper.

Lattice economies, including a hexagonal lattice and a square lattice, can accommodate various
two-dimensional agglomeration patterns of economic interest. Motivated by hexagonal agglom-
erations in central place theory, the bifurcation mechanism of spatial economic models on the
hexagonal lattice has been elucidated (Ikeda and Murota, 2014 [8]). The stability of bifurcating
solutions from the uniform distribution was investigated to demonstrate that theoretically predicted
bifurcating solutions, including hexagonal patterns, are all unstable just after the bifurcation (Ikeda
et al., 2018 [9]). Geometrical distributions that are solutions to the governing equation of a spatial
economic model with the replicator dynamics, irrespective of the value of the bifurcation (trans-
port cost) parameter, are called invariant patterns and were demonstrated to represent economic
agglomerations of great economic interest (Ikeda et al., 2019 [10]).

Yet the bifurcation mechanism of spatial economic models on the square lattice is not un-
derstood to the full extent. Some studies dealt with economic agglomerations on the square lat-
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tice (Clarke and Wilson, 1983 [11]; Weidlich and Haag, 1987 [12]; Munz and Weidlich, 1990
[13]; Brakman et al., 1999 [14]) but are not based on spatial economic models. As a pioneering
study that combined the square lattice with a spatial economic model, Ikeda et al., 2018 [15] in-
vestigated a break bifurcation point on the uniform distribution and indicated the occurrence of
period-doubling bifurcation. This study, however, found just a fraction of bifurcating solutions
and invariant patterns on the square lattice by relying on an ad hoc procedure.

That said, we aim to develop group-theoretic bifurcation theory of spatial economic models
on the square lattice. Such development would enrich the application of bifurcation theory in
nonlinear mathematics and would contribute to the future study in spatial economics. We rely on
two perspectives of agglomeration behaviour:

e bifurcation mechanisms due to geometrical symmetry and
o the existence of invariant patterns for the replicator dynamics.

We present an exhaustive list of bifurcating solutions from the uniform distribution. We develop
a systematic procedure to obtain invariant patterns as a generalization of lkeda et al., 2018 [15]
and Ikeda et al., 2019 [10]. We obtain invariant patterns exhaustively, including the uniform,
monocentric, and polycentric distributions. The list of bifurcating solutions and invariant patterns
advanced in this paper would be of assistance in the study of economic agglomerations.

The group-theoretic analysis in this paper proceeds as follows. We first investigate the bifurca-
tion of a scalar field on the square lattice with periodic boundary conditions, which has the symme-
try described by the finite group D4 < (Z, X Z,). Note that many pattern-formation phenomena have
been modeled by partial differential equations with group equivariance on an infinite plane. As the
mathematical model of reaction-diffusion models, Navier-Stokes flow, and the Bénard problem, a
system that is equivariant to the infinite group D, < T? (T? expresses the two-torus of translation
symmetries) has been studied (Dionne et al., 1997 [16]; Golubitsky and Stewart, 2003 [17]). As
for economic agglomerations described by spatial economic models, it is essential to assume a
discretized finite plane. For this reason, we employ the finite group D4 < (Z, X Z,).

We next obtain invariant patterns for the replicator dynamics on the square lattice. Invariant
patterns have come to be used in the analysis of spatial economic models to capture a series of
agglomeration patterns of economic interest (Takayama et al., 2020 [18]; Osawa et al., 2020 [19]).
We use a systematic procedure proposed for the hexagonal lattice (Ikeda et al., 2019 [10]) and
obtain invariant patterns exhaustively.

We finally conduct a numerical bifurcation analysis of a spatial economic model on the square
lattice. We find mesh-like bifurcation diagrams with a large number of horizontal lines and non-
horizontal curves, like threads of warp and weft. Horizontal lines correspond to invariant patterns,
and non-horizontal curves correspond to bifurcating solutions. Such mesh-like bifurcation dia-
grams are similar to those which observed for the hexagonal lattice (Ikeda et al., 2018 [9]).

As the major achievement of this paper, we elucidate the connectivity between the uniform
state and invariant patterns: Population tends to be agglomerated to places with the largest posi-
tive components of a bifurcating solution from the uniform distribution, and then the spatial dis-
tribution arrives at an invariant pattern via a bifurcating curve. We futhermore pay a special at-
tention to the fact that when two half branches at a bifurcation point are symmetric (respectively,
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asymmetric), they would arrive at one (respectively, two) invariant patterns. We obtain theoreti-
cal conditions for the symmetry and the asymmetry of such bifurcating half branches as another
contribution of this paper.

This paper is organized as follows. Chapter 2 introduces an n X n square lattice with the group
Dy < (Z, X Z,) and classifies square patterns for economic agglomerations on this lattice. Chap-
ter 3 gives a derivation of the irreducible representations of the group D4 x (Z, X Z,). Chapter
4 provides the matrix representations of this group. Chapters 5 and 6 present a group-theoretic
bifurcation analysis by using equivariant branching lemma and by solving the bifurcation equa-
tion, respectively. Chapter 7 applies the group-theoretic bifurcation analysis to a spatial economic
model on the square lattice and conducts numerical simulations according to the theoretical results
elucidated in Chapters 5 and 6. Chapter 8 expresses concluding remarks.



Figure 2.1: Infinite square lattice

2. Square Patterns on Square Lattice

In this chapter, we introduce an n X n finite square lattice with periodic boundary conditions
comprising a system of uniformly distributed n X n places. We allocate discretized degrees-of-
freedom to each node of this lattice. Periodic boundary conditions allow us to express infiniteness
and uniformity and to avoid heterogeneity due to the boundaries by spatially repeating the finite
lattice periodically to cover an infinite two-dimensional domain.

Using the group consisting of D4 and Z,, X Z,,, we express the symmetry of this lattice with dis-
cretized degrees-of-freedom. The study conducted in this chapter is purely geometric and involves
no bifurcation mechanism. it forms, however, an important foundation of the group-theoretic bi-
furcation analysis in Chapters 5 and 6.

This chapter is organized as follows. The infinite square lattice is introduced in Section 2.1.
Square patterns are described in Section 2.2. The n X n finite square lattice is given in Section 2.3.
The group associated with the square lattice is given in Section 2.4.

2.1. Infinite Square Lattice

Infinite square lattice is given as a set of integer combinations of oblique basis vectors

L, = d[(l)] 4, = d[?] 2.1

where d > 0 means the length of these vectors. That is, the infinite square lattice H is expressed
as

H = {ni €, +nyly | ny,ny € Z}, (2.2)

where Z denotes the set of integers. Figure 2.1 depicts the infinite square lattice.



(@) (a.p) = (1,0) (b) (@.p) = (1, 1)

Figure 2.2: Square patterns on the square lattice

To represent square patterns on the lattice H, we consider a sublattice spanned by
t = aﬂl +ﬂ£2, t, = —,8£1 + 04@2, (23)

where a and S are integer-valued parameters with (a,5) # (0,0). We denote this sublattice by
H(a,B), that is,

H(a,p) = {mit, + nyty | ny,ny € Z)
= {(ma —mP)l; + (mpP +ma)ls | ni,n, € Z}

_ a —B||n
{2

Since ||t;]| = ||t,]| and the angle between ¢, and ¢, is /2, the lattice H(a,8) indeed represents a
square pattern.
The spatial period L is defined to be the (common) length of the basis vectors ¢; and t,, which

is given by
L=d+a*+p. (2.5)

RN ey (2.6)

d

as the normalized spatial period, which is an important index for characterizing the size of a square
pattern. Although the definition here refers to the basis vectors, the spatial period L, as well as the
normalized spatial period L/d, is in fact determined by the sublattice H(«, 3), as seen from (2.9)
with (2.8) below.

The normalized spatial period L/d in (2.6) takes specific values VI, V2, V4, V5, ... asa
consequence of the fact that @ and S are integers. The square pattern with L/d = 1 is the uniform

ny,ny € Z} . (24)

We refer to



pattern. The normalized spatial period is obtained from (2.6) as

c = R

d
= VI, V2. V4, V5. V8. V9, V10, VI3, Vi6, V7, VI8, V20, V25, ...
1,2,3,4,5,...,
:{ V2. V3. VB, V10, VI3, VI7, VI8, V20, ... 7

The parameter values are given as follows:

(1,0): Ljd=1,
(1,1): L/d= V2,
(2,0): L/d =2,
2,1): L/d= 5,
(2,2): L/d= 8,
(3,0): L/d =3,

(3,1): L/d= V10,
(3,2): L/d= V13,
(4,0): L/d =4,

4,1): L/d= V17,
(3,3): L/d= V18,
(4,2): L/d = V20,
(4,3): L/d=>5,

(5,0): L/d=5,....

(@.B) =

Figure 2.2 depicts some square patterns.

2.2. Description of Square Patterns
Square patterns are parameterized and classified into several types.

2.2.1. Parameterization of Square Patterns
In the parameterization (a, 8) of the lattice, let us note its non-uniqueness that different param-
eter values of (a,8) can sometimes result in the same lattice H(a, 8). Define

D = D(a,p) = a* + 5, (2.8)

which is a positive integer for (@, 8) # (0,0). It will be shown later in this subsection that D is an
invariant in this parameterization, that is, we have the following implication:

H(a,p) =H'.p) = D(a,p) =D ,p). 2.9
The converse, however, is not true, as the following example shows.

Example 2.1. For (a,8) = (5,0) and (o/,8’) = (4,3), we have D(a,B) = D(a’,8") = 25. But the
lattices H(a, B) and H(a’,B’) are different. O



Table 2.1: The values of D(«, ) for (a,8) in (2.11)

a\p| O 1 2 3 4 5 6 7
1 2
4 5 8
9 10 13 18

20 [25] 32
29 34 41

37 40 45 52 61 72
49 53 58 65 74 85 98

W

Sk
[\
>

~N QN R W =
p—
(@)}
—_
~

The parameter space for the square sublattices is given as follows, and the proof is given later
in this subsection.

Proposition 2.1. Square sublattices H(a,B) are parameterized, one-to-one, by
{(@,B)eZ?|a>0, B> 0. (2.10)

Two lattices H(a,8) and H(B, @) are not identical in general, but are mirror images with re-
spect to the y-axis. As such they are naturally regarded as essentially the same. Let us call two
square lattices essentially different if they are neither identical nor mirror images with respect to
the y-axis. Essentially different square sublattices are parameterized as follows, the proof being
given later in this subsection.

Proposition 2.2. Essentially different square sublattices H(a, B) are parameterized, one-to-one,
by
(@B eZ|a>p>0, a0} 2.11)

Table 2.1 shows the values of D = D(a, ) for (o,8) with 7 > @ > 8 > 0, @ # 0. It is worth
noting that the values of D in this table are all distinct with the exceptions of D(5,0) = D(4, 3) = 25
and D(5,5) = D(7,1) = 50. This means, in particular, that smaller square patterns (with D < 25)
are uniquely determined by their spatial period L, which is related to D as

g = VD (2.12)
by (2.6) and (2.8).

Proofs of (2.9) and Propositions 2.1 and 2.2
First, recall that H(a,p) is generated by (¢,,%,) = (t,(a,B), t2(a,B)) in (2.3), which can be
expressed as

[t &)= zz][g _f] (2.13)
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(7G~, 7/j)

(B,—a) (—B,—a)

(a) Square pattern for (2.15) (b) Square pattern for (2.16)

Figure 2.3: Square patterns associated with (2.15) and (2.16)
The determinant of this coefficient matrix coincides with D(a, ) introduced in (2.8), i.e.,

D(a,ﬁ):a2+ﬁ2:det[g f ] (2.14)

If H',B) € H(a,B), then

5o 2
B oo | | B a || x
for some integers x1, X2, X21, X2, and hence D(a’, ") is a multiple of D(«, ). Exchanging the
roles of (a,B) and (¢, 8'), we have (2.9).

Next, the parameter spaces (2.10) and (2.11) for H(«, ) are derived. We observe geometrically
(see Fig. 2.3(a)) that H(a',8') = H(e,p) if and only if t| = '€, + 5’4, is obtained from ¢, =
af; + ¢, by a rotation at an angle that is a multiple of 7/2, i.e., ] = R,/ t, with

_|cos(m/2) —sin(m/2)| [0 -1
* 7 Isin(r/2)  cos(x/2)| |10

for some k € {0, 1, 2, 3}. Since
0 —-1||a
Rit) = Ry(aky + Bly) = a(ly) +B(—£)) = [ £, £, ] 1 0 ,

we have H(a/,B') = H(a,p) if and only if

o [0 -1 b a

gl |1 0]|s
for some k € {0, 1,2,3}. Therefore, we obtain the same lattice for the following four parameter
values:

(Q’B)’ (_ﬁ7 (l), (—CY, _B)’ (ﬁ’ —(l). (215)
11



This allows us to adopt (2.10) as the parameter space for H(a,3), by which we mean that, for
every (a/,f) # (0,0) in Z2, the sublattice H(ca’',B’) is the same as the sublattice H(a, ) for
some (uniquely determined) (@, ) in (2.10). It should be mentioned, in particular, that H(0,8) =
H(B,0) by (2.15), and hence we have @ > 0 in (2.10).

Geometrically, the lattices for (@, 8) and (8, @) are mirror images with respect to the line x = y.
In this sense, we regard H(a, 8) and H (B, @) as essentially the same. Thus, we regard the following
four parameter values as essentially equivalent to (a, S):

(B, @), (=a.pB), (=B, -a), (a,=p). (2.16)

See Fig. 2.3(b) for the square pattern of (2.16). If § = 0 or @ = S, the set of four parameters in
(2.16) is identical to the set in (2.15). This is because the lattices for 8 = 0 or @ = 8 are symmetric
with respect to the line x = y.

Thus, essentially equivalent parameter values can be summarized as follows:

(a’9ﬁ)» (_B’ a)9 (_a" _ﬁ)’ (ﬁ9 _a’)’

B.a). (-a.p). (-f.-a). (@.p) &1
which reduces in a special case of 8 = 0 to
(,0), (0,2), (-2,0), (0,-a) (2.18)
or in another special case of @ = S to
(,0), (-a,0), (-o,-a), (a,-a) (2.19)

On the basis of the observations above, (2.11) can be adopted as the parameter space for essentially
different sublattices. This means that every («,8) # (0,0) in Z? is essentially equivalent to some
(uniquely determined) member in (2.11).

2.2.2. Types of Square Patterns
The tilt angle ¢ of the sublattice H(a,B) is defined as the angle between £, and ¢, i.e., by

L)t

— (2.20)
[14]] - 114

cosp =
where (@, ) is chosen from the parameter space in (2.10) or (2.11). This is equivalent to defining
¢ by
0= arcsin(—'B ) (2.21)
Va2 + B2

With reference to the tilt angle ¢, square patterns can be classified into three types:

type V if =0,
{ typeM  if ¢ =n/4, (2.22)
type T otherwise.
12
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(a) Type V (b) Type M (c) Type T
Figure 2.4: Square patterns of three types that are centered at the origin

Figure 2.4 depicts square patterns of these three types that are centered at the origin, where “V”
indicates that the x-axis contains a vertex of the square, “M” denotes that the x-axis contains
the midpoint of two neighboring vertices of that square, and “T” means “tilted.” In terms of the
parameter (@, 3), this classification is expressed as

typeM  if(a,8) = (B.6) B=1), (2.23)

type V if (@,8) = (2,0) (@ >1),
type T otherwise,

where the parameter space for type T depends on the choice of (2.10) or (2.11) as

For (2.10) : {(@,8) |@ >0, >0, a # A, (2.24)
For (2.11) : {(a,B) | @ > 8 > O}. (2.25)

Accordingly, the parameter spaces in (2.10) and (2.11) are divided, respectively, into three parts:
{(@.0) a1} U{B.PA[IB21} U l(a.p)la>0,820, a+*pl (2.26)
{(@0) a1} U{B.HIB21} U {(@p)|a>p20} (2.27)

The types V, M, and T are correlated with the normalized spatial period as

\/4_1, \/§ \/E \/E D type V,
L/d =3 V2,8, V18, V32,... : type M,
\/5, \/ﬁ, \/ﬁ, \/ﬁ, : type T.

It should be emphasized, however, that the type does not always determine, nor is determined by,
the spatial period. This is demonstrated by the two lattices H(5,0) and H(4,3). These lattices
share the same normalized spatial period L/d = V235, but of different types; the former is of type V
and the latter of type T.

13



(a) 4 x 4 square lattice (b) Periodic boundaries

Figure 2.5: A system of places on the 4 X 4 square lattice with periodic boundaries

2.3. Finite Square Lattice

In the previous subsections we have considered the infinite square lattice spreading over the
entire plane. We now introduce an n X n finite square lattice with periodic boundary conditions.

We now consider a subset H, of H that consists of integer combinations with coefficients
between O and n — 1:

H, ={n by +nly |n;€Z, 0<n;<n—-1(G=1,2)}. (2.28)

This is a finite set comprising n* elements, where n represents the size of #,,. Figure 2.5(a) depicts
the 4 x 4 square lattice.

The infinite lattice H is regarded as a periodic extension of H,, with the two-dimensional period
of (nly,nk,). In other words, H is regarded as being covered by translations of H,, by vectors of
the form m(nf;) + my(n€,) with integers m; and m,. A point n;£, + ny€, in H corresponds to
ni €, + nyt, in H, for (n},n}) given by

ny=n; modn, n)=n, modn. (2.29)

Figure 2.5(b) depicts the 4 x 4 square lattice with periodic boundaries.

For the sublattice H(«,3) of H defined in (2.4), we may consider its portion H(a, ) N H,
contained in H,,, expecting that the periodic extension of this portion coincides with H(a, B) itself.
If this is the case, we say that («, 8) is compatible with n, or n is compatible with (a, ). Using the
Minkowski sum?® of H(a, 8) N H, and H(n, 0), the condition for compatibility can be expressed as

(H(a,p) N H,) + H(n,0) =H(a,p), (2.30)

3For two sets X, Y C Z?, their Minkowski sum X + Y isdefinedas X + Y ={x +y |z € X,y € Y}.
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which is equivalent to

H(@n,0) € H(a,p). (2.31)
The compatibility condition is given as follows:

Proposition 2.3. The size n of ‘H, is compatible with (a,B) if and only if n is a multiple of

D(a,pB)/ ged(a, B), that is,
D(a,p)

=m R
ged(a, B)
Proof. By (2.31), the size n is compatible with (o, 8) if and only if

[t] tz][i; Zi]:n[ﬂl Ez]

for some integers xy1, X12, X21, X2, Where £1 and ¢, are defined in (2.3). Substituting

[ooe]=la e]|s 7

into the above equation and multiplying the inverse of [ L ¢ ] from the left, we obtain
(0 —ﬁ X111 X12 - 1 0
B «a X1 X2 01/

[xu X12:|:n[a’ —,8]_1_ n [af ﬁ]:ngcd(a,ﬂ)[& /3]

=1,2,.... (2.32)

from which

Xa1 X2 B« " D@p| B «a D.p) | B @
where @ = «/ gcd(a, B) and [3 = B/ gcd(a, B). This shows that x;y, x12, X1, X2 are integers if and
only if n is a multiple of D(«, 8)/ gcd(a, B). O

When combined with the three types in (2.23), the compatibility condition (2.32) in Proposi-
tion 2.3 shows the following statements:

e For a pattern H(a, B) of type V, parameterized by (@, ) = (@, 0) with @ > 1, a compatible n
is a multiple of a.

e For a pattern H(a, 8) of type M, parameterized by (a,8) = (B, 8) with 8 > 1, a compatible n
is a multiple of 28.

e For a pattern H(a,B) of type T, with (@, B) in (2.24) or (2.25), a compatible n is a multiple
of D(a,B)/ ged(a, B).

To sum up, we have

ma (>1) for type V,
n=< 2mg B=1 for type M, (2.33)
mD(a, 8)/ gcd(a, B) for type T,

where m =1,2,....
15



2.4. Groups Expressing the Symmetry

The first step of the bifurcation analysis of the square pattern on the n X n square lattice is to
identify the subgroup expressing the symmetry of this pattern.

2.4.1. Symmetry of the Finite Square Lattice
The symmetry of the nxn square lattice H,, in (2.28) is characterized by invariance with respect
to

r: counterclockwise rotation about the origin at an angle of 7/2,

s: reflection y > —y,

e p;: periodic translation along the £;-axis (i.e., the x-axis), and

e p,: periodic translation along the £,-axis (i.e., the y-axis).

Consequently, the symmetry of the square lattice H,, is described by the group

G = (1,5, 1, P2), (2.34)

which is generated by r, s, p;, and p, with the fundamental relations:

S =) =p"=p =e, pip1=pipa
rpi=par, rpa=pi'rn Spi=pis, Spr=p;s, (2.35)

r4

where e is the identity element. Each element of G can be represented uniquely in the form of
s'Ppypy’, 1€{0,1}, me{0,1,2,3}, i,j€{0,1,...,n—1}. (2.36)
The group G contains the dihedral group
(r,s) = Dy

and cyclic groups
<P1> = Zru <P2> = Zn

as its subgroups, where Z, means the cyclic group of order n, which is denoted as C,. The group
G has the structure of the semidirect product of D4 by Z, X Z,, that is, G = D4 = (Z,, X Z,).

Remark 2.1. A group G is said to be a semidirect product of a subgroup H by another subgroup
A, denoted G = A < H, if

e A is a normal subgroup of G, and

e cach element g € G is represented uniquely as g = ah withae€ Aand h € H.

Each element g = ah € G can also be represented uniquely in an alternative form of g = hra with
h' € Hand a € A, since g = ah = h(h™'ah) and hs = h™'ah € A by the normality of A. Our group
G = (r, s, p1, p2) 1s a semidirect product of H = D4 by A = Z,X7Z,, and we have G = Dy~ (Z,XZ,)
in accordance with g = s'7"p,'p,/ in (2.36) with s'¥" € D, and p,'p,’ € Z, X Z,. For more details
on the definition of semidirect product, see Curtis and Reiner, 1962 [20]. |
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2.4.2. Subgroups for Square Patterns
The symmetry of H(a,B) N H, is described by a subgroup of G = (r, s, p1, p2), which we
denote by G(a, 8). With notations*

(@, B) = (1, s, prh p P pd), (2.37)
Xo(a,B) = {r, perh p P, (2.38)

the subgroup G(a, ) is given as follows:

(r,s,p{,p5) = Z(a,0) (e>1,6=0) :typeV,
G(a.B) =9 (rs, piph, p"Phy =2(B.B) (B=1,a=p) :typeM, (2.39)
(r, p{ pﬁ , pl_ﬁ P5) = Zo(a,B) (otherwise) : type T,

where the parameter (@, () for type T runs over {(o,8) | @ > 0, 8 > 0, @ # B} in (2.24) or
{(a,B) | @ > B > 0} 1in (2.25), depending on the adopted parameter space (2.10) or (2.11).

The parameter («, 8) must be compatible with the lattice size n via (2.33), which restricts («, 5)
to stay in a bounded range. Among the square patterns of type V on the n X n lattice, we exclude
those with X(1, 0) from our consideration of subgroups since Z(1,0) = (r, s, p;, p») represents the
symmetry of the underlying n X n square lattice. That is, we consider X(a, 0) for 2 < @ < n since
n is divisible by a by (2.33). A square pattern with the symmetry of X(n,0) = Dy, which lacks
translational symmetry, is included here as a square of type V for theoretical consistency. As for
type M, we must have 1 < 8 < n/2 in (8, 58) since n is divisible by 28 (8 > 1) by (2.33). The
parameter for type T, which is dependent on the choice of (2.10) or (2.11), must stay in the range

For 2.10) : {(a,f) |1 <a<n—-1,1<B<n-1, a #p}, (2.40)
For 2.11) : {(e,.B) | 1 < <a<n—1}. (2.41)

To sum up, the relevant subgroups of our interest are given by

X, 0) =<1, 5, p}, Py R<a<n) : type V,

8,8 = (s, Vs, pPrly (1 <B<n/2) : type M, (2.42)
So(a,B) = {r, p2rh, PPy ((2.40) or (2.41)) : type T.

Recall that (a, 8) must also satisfy the compatibility condition (2.33).

4Subscript “0” to Zo(a, B) indicates the lack of s.
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3. Irreducible Representations of the Group for Square Lattice

In the previous chapter, we introduced an n X n square lattice as a two-dimensional discretized
uniform space and identified the symmetry of this lattice by the group (2.34):

G:<r,sapl7p2>’ (31)

which is composed of the dihedral group (r, s) ~ D, expressing local square symmetry and the
group {p1, p2) = Z, X Z, (direct product of two cyclic groups of order n) expressing translational
symmetry in two directions. In the group-theoretic bifurcation analysis in Chapters 5 and 6, we
will find bifurcating solutions for each irreducible representation of this group, as each irreducible
representation is associated with possible bifurcating solutions with certain symmetries. It is,
therefore, the first step of the analysis to obtain all the irreducible representations of this group.

It is not difficult to obtain all irreducible representations for groups with simple structures such
as the dihedral and cyclic groups. Yet for the group in (3.1) with a far more complicated structure,
it might be difficult to list all the irreducible representations in an ad hoc way. Fortunately, we can
use the method of little groups in group representation theory to obtain all the irreducible represen-
tations in a systematic manner. In this chapter, we describe this method and construct a complete
list of the irreducible representations of this group. It turns out that the irreducible representations
over R are one-, two-, four-, or eight-dimensional, and all of them are absolutely irreducible. We
will use the irreducible representations derived in this manner in the group-theoretic bifurcation
analysis in Chapters 5 and 6 to prove the existence of square patterns.

This chapter is organized as follows. The matrix forms of the irreducible representations are
listed in Section 3.1. The irreducible representations of the group are derived in Section 3.2.

3.1. List of Irreducible Representations

The irreducible representations of Dy =< (Z, X Z,) over R are listed in this section, whereas their
derivation is given in Section 3.2.

3.1.1. Number of Irreducible Representations

The irreducible representations of Dy = (Z, X Z,) over R are one-, two-, four-, or eight-
dimensional. The number N, of d-dimensional irreducible representations of D4<(Z,XZ,) depends
on n, as shown below:

n\d |1 2 4 8
N1 N N, Ng

2m 8 6 3n-2) (W*-6n+8)/8
2m—-114 1 2n-1) (> -4n+3)/8

(3.2)

where m denotes a positive integer. For some values of n, the concrete numbers N, of the d-
dimensional irreducible representations are listed in Table 3.1. This table for n = 1 shows that
Dy »< (Z; X Zy), being isomorphic to Dy, has four one-dimensional irreducible representations and
one two-dimensional ones. Four-dimensional irreducible representations exist for n > 3 and eight-
dimensional ones appear for n > 5.
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Table 3.1: Number N, of d-dimensional irreducible representations of Dy < (Z, X Z,)

n\d

2 4 8 nd| 1 2 4 3

Ny N Ns Ng XNy Nt N» Ny Ng SNy
b4 1 0 0 5 13 | 4 1 24 15 44
28 6 0 0 14 4|8 6 36 15 65
34 1 40 9 15 |4 1 28 21 54
498 6 6 0 20 6 |8 6 42 21 77
S04 18 1 14 17 |4 1 32 28 65
68 6 12 1 27 18 | 8 6 48 28 90
704 112320 19 |4 1 36 36 77
§, 8 6 18 3 35 20 |8 6 54 36 104
14 116627 51 |4 1 40 45 90

0|8 6 24 6 44
11| 4 1 20 10 35 : : : : : :
bls 6 30 10 54 42 18 6 120 190 324

We have the relation
Z d®N; = 1°N; + 22N, + 4°N, + 8*Ng = 812, (3.3)
d

which is a special case of the well-known general identity for the number of irreducible representa-
tions over C. This formula applies since all the irreducible representations over R of Dy = (Z, XZ,,)
are absolutely irreducible (see Section 3.2).

In Sections 3.1.2-3.1.5, the matrix forms of the irreducible representations of respective di-
mensions are shown together with their characters. Table 3.2 is a preview summary, referring
to names of irreducible representations, such as (1; +, +, +) and (8; k, £), to be introduced in the
following subsections.

3.1.2. One-Dimensional Irreducible Representations

The group Dy = (Z, X Z,) = (r, s, p1, p2) has eight one-dimensional irreducible representa-
tions. They are labeled (1;+,+,+), (1;+,—,+), (I; =, +,+), (1; —, —, +), (1;+,+,—), (1;+,—, -),
(1;—,+,-), (1; —,—,—) and are given by

T(l;+,+,+)(r) — 1’ T(l;+,+,+)(s) — 1, T(];+,+,+)(pl) — 1, T(];+,+,+)(p2) — 1,
T+ = 1, TE9(s) = 1, TED(p) =1, TE9(py) = 1,
TU=+9(r) = =1, TE9(s) =1, TE9(p) =1, TE9(py) = 1,
T = =1, TED(s) =1, TED(p) =1, TE D (py) = 1,
T =1, TU(s) =1, TE(p) = =1, TU0)(py) = —1,
T+ =1, T (s) = =1, TU(p) = =1, T (py) = -1,
T4 () = =1, TE(s) =1, T (py) = =1, T+ (py) = —1,
T () = =1, TE(s) = =1, TU(py) = =1, T (py) = ~1.
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Table 3.2: Irreducible representations of Dy < (Z,, X Z,)

n\d 1

2 4 8

2m L+, +,4+), (1 +,—,+) 2;+),(2;-) 4;k,0,+),(4;k,0,-) 8k, ¢)

(1’ +, -, +)$ (1’ T T +) (2’ +, +)’ (2’ +, _) (4’ k’ k’ +)’ (4’ k’ ka _)
L+ + ). L+, -2 (25—-,4), 25— -) 4n/2,6,+),(4n/2,(,-)

(1$ -, _)’ (1’ T T _)
G+, -+, 05— -4 45k, k, +), (45 k, k, —)

4;k,0;4),(4;k,0;,—) with 1 <k < |(n-1)/2]in (3.13);
@k, k;+), 4k k=) with 1 <k < |(n—1)/2]in (3.14);
4;n/2,6,+),(4;n/2,€;-)with1 <€ < |[(n—1)/2]in (3.15);
Bk, O)withl1 <€ <k-1,2<k<|(n-1)/2]in (3.25)

The characters y*(g) = TrT#(g), which are equal to T#(g) for one-dimensional representa-
tions, are given as follows for u = (1;+,+,+), (1;+,—,+), (1; —,+,+), (1; —,—,+), (1; +,+,-),
(1; +a ) _)’ (1a ) +7 _)7 (19 T T _):

X)) () () AT ()

8
pi'py’ 1 1 1 1
rpi' py’ 1 1 -1 -1
Ppiipy 1 | 1 1 (3.5)
piipy’ 1 1 -1 -1
srpi'py’ (m : even) 1 -1 1 -1
(m : odd) 1 -1 -1 1
g Y (g) g Y YT
pi'py’ (=™ (=™ (=™ (=)™
rpi'py’ (=™ (D™ (=D (=D
r*pi'py’ (=™ (=) (=D (=) (3.6)
rpi'py’ (=) D" (=D (=)
s pi'py’ (mzeven) | (1) —(=1)" D" (=)
(m:odd) | (=) - (=) (=)™

where i, j=0,1,...,n—1landm=0,1,2,3.

3.1.3. Two-Dimensional Irreducible Representations
The group Dy =< (Z, X Z,) = (r, s, p1, p>) has six or one two-dimensional irreducible represen-
tations depending on whether 7 is even or odd. Two two-dimensional irreducible representations,
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denoted as (2; o) (o € {+, —}), exist for n even and are defined by
@) — -1 oy - | |
T (r) - 1 ’ T ’ (S) - _1 ’ (37)
T (p1) = T (ps) = a[ b ] (3.8)

whereas (2; —) is absent for n odd. The other four two-dimensional irreducible representations,
denoted as (2; 0, 0) (0,0 € {+,—}), exist when n is even and are defined by

T(Z;O’r,o's)(r) = [ 1 ar :| . T(Z;O-r’o-j)(s) = 0-s|: 1 o :| ) (3‘9)

NoaWon -1 0,0 1
T(z, rs s)(pl) :[ 1 :|’ T(z, Ty S)(pz) :[ _1 :|' (3'10)

The characters y*(g) = Tr T#(g) are given as follows for u = (2;+), (2;-), (2;+,+), (2; +,-),
(2;—,+), (2; —, —). For the representations u = (2; +), (2; —) in (3.7) and (3.8), we have

g X)) x*7(g)
pi'py’ 2 (=172
rpi'ps! 0 0 G.11)
rpip)’ -2 —(=1)""72
rpiipy 0 0
s"pipy |0 0

where i,j = 0,1,...,n — 1 and m = 0,1,2,3. For the representations u = (2;+,+), (2;+, -),
2;—,+),(2;—,-)in (3.9) and (3.10), we have

8 XF(g) X 7(g) XF(g) X#7()

J 202 G DI G DU G D I G D U G D IR G DA G DR G D

rpi'p2’ 0 0 0 0

Poipd |G D D D (D = (=D (=) = (=1

Ppiipy 0 0 0 0 (3.12)
spi'py! | (D' + (1Y (=1 = (=1Y (=1 =(=1) (=) +(=1Y

srpi'pa’ 0 0 0 0
sePpi'py | (1) + (1)) (=1 = (=1)) (=1 +(=1)) (=1 = (=1
sr3piipy/ 0 0 0 0

where i, j=0,1,...,n—1landm=0,1,2,3.
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3.1.4. Four-Dimensional Irreducible Representations
The group Dy =< (Z, X Z,) = (r, s, p1, p2) with n > 3 has 4-dimensional irreducible representa-
tions. We can designate them by

(4:k,0,0) with 1<k < V; 1|, o€+, —): (3.13)
_1

(4:k.k, o) with 1 <k < {”2 | o€+ - (3.14)

(4:n)2.6,0) with 1 << g —1, o€ {+. ). (3.15)

Here (4;n/2,¢, o) exists only for n even and | x] denotes the largest integer not larger than x for a
real number x. The number of 4-dimensional irreducible representations is given by

| 3n-6 (n=2m),
N4_{2n—2 (n=2m-1). (3.16)

The irreducible representation (4; k, 0, o) is given by

TR0 () = [ , S l, TR0 () = o-[ I S ], (3.17)
. Rt : [ 1
TR0 (py) = [ ; ] RS ] (3.18)
where .
_ | cos(2n/n) —sin(2r/n) 1 |1
R= [ sin(2r/n)  cos(2m/n) ]’ § = [ -1 = [ 1 ] (3.19)
The irreducible representation (4; k, k, o) is given by
TRk () = [ , S ]’ TRk () = 0_[ : S ]’ (3.20)
ik ko) R (4ik ko) R
Tk py = | T Ty = | T (3.21)

The irreducible representation (4;n/2, ¢, o) is given by
TEn260) () = [ , S ], TEn/260) (g = 0'[ S , ], (3.22)
/200 -1 /2l R’
TE2E () = [ Rt ] T2 () = [ » ] (3.23)

The characters X(4;k,0,0')(g) = Tr T(4;k,0,a')(g)’ X(4;k,k,o')(g) = Tr T(4;k,k,0')(g)’ and X(4;n/2,£’,o’)(g) —
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Tr T#/269)(g) for o € {+, —} are given as follows:

8 X (g) X () XD ()
piipy’ 2[cos(kif) 2[cos(k(i + j)O) 2[(=1) cos(£j6)
+ cos(kjO)] + cos(k(i — j)O)] + (=1)/ cos(tif)]
r"pips’ 0 0 0
(m=1,2,3)

spiipy’ 20 cos(kif) 0 20(—1)’ cos(£if)
srpiipy’ 0 20 cos(k(i — j)O) 0
srpiips’ 20 cos(k jO) 0 20(—1) cos(£ j6)
sr3piipy/ 0 20 cos(k(i + j)6) 0

where § = 2n/nand i, j=0,1,...,n— 1.

3.1.5. Eight-Dimensional Irreducible Representations
The group Dy = (Z, X Z,)) = (r, s, p1, p2) With n > 5 has eight-dimensional irreducible repre-
sentations. We can designate them by (8; k, £) with

I1<t<k-1, ZSkS{ >

n-—1

The number of eight-dimensional irreducible representations is given by

T80 (py) =

with

N, = { (n*—6n+8)/8 (n=2m),

(n*—4n+3)/8 (n=2m-1).

The irreducible representation (8; k, €) is defined as

R—f

cos(2r/n) —sin(2n/n) |
sin2x/n)  cos(2x/n) |’

]

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

The characters y®*9(g) = Tr T®*9(g) are given as follows. For g = p,'p,/, being free from r

and s, we have

¥ RO (pyipyTy = 2[ cos((ki + £))6) + cos((—Li + kj)B) + cos((ki — £))0) + cos((—Ci — kj)F) 1,

where § = 2n/nand i, j=0,1,..
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3.2. Derivation of Irreducible Representations

The group G = Dy < (Z, X Z,) for the n X n square lattice is a semidirect product of H =
(r,s) = D4 by an abelian group A = {(pi, p») = Z, X Z,. The irreducible representations over
C of such a group can be constructed in a systematic manner by the method of little groups of
Wigner and Mackey. It turns out that the irreducible representations over C are one-, two-, four-,
or eight-dimensional, and they are representable over R.

3.2.1. Method of Little Groups

A systematic method, called the method of little groups, for constructing irreducible represen-
tations of a general group with the structure of semidirect product by an abelian group is described
in this subsection. For more details, see Section 8.2 of Serre, 1977 [21].

Let G be a group that is a semidirect product of a group H and an abelian group A. This means
that A is a normal subgroup of G, and each element g € G is represented uniquely as g = ah with
acAandh e H.

Since A is abelian, every irreducible representation of A over C is one-dimensional, and is
identified with its character y. Accordingly, the set of all irreducible representations of A over C
can be denoted as

X ={'|iecRA)) (3.31)

with a suitable index set R(A). For y € X and g € G, we define a function ¢y on A by
Sx(a) = x(g"'ag), ac€A, (3.32)

which is also a character of A, belonging to X. This defines an action of G on X.
With reference to the action of G on X, we classify the elements of X into orbits. It should be
noted that, for g = bh with b € A and h € H, we have

$x(a) = x((bh)'a(bh)) = x(h~'ah) = "x(a), a€ A,

in which b~'ab = a since A is abelian. Hence, the orbits can in fact be obtained by the action of
the subgroup H on X, instead of that of G. Denote by

{¥'|i€RA)/H) (3.33)

a system of representatives from the orbits, where R(A)/H is an index set, or the set of “names” of
the orbit. This means that

e y' € X foreachie R(A)/H,
e for distinct i and j in R(A)/H, x' # (/) for any h € H, and
e for each y € X, there exist some i € R(A)/H and h € H such that y = "(y").

For each i € R(A)/H, we define

H={heH|"() ="}, (3.34)
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which is a subgroup of H associated with the orbit 7, and
G ={ah|aeA, he HY, (3.35)

which is a subgroup of G, called the little group. Noting that each element of G’ can be represented
as ah with a € A and h € H', we define a function ¥’ on G’ by

P'(ah) = x'(a), acA, heH, (3.36)

which is a one-dimensional representation (a character of degree one) of G'.
Let T# be an irreducible representation of H' over C indexed by u € R(H'). Then the matrix-
valued function 7% defined on G' of (3.35) by

T (ah) = y'(a)T*(h), a€A, heH (3.37)

is an irreducible representation of G'. Denote by T the induced representation of G obtained
from 70 (see Remark 3.1 below). Then 7@ is an irreducible representation of G. Moreover,
all the irreducible representations of G can be obtained in this manner, and 7%*’s are mutually
inequivalent for different (i, u). Thus, the irreducible representations of G are indexed by (i, u),
1.e.,

R(G) ={(i,w) | i € R(A)/H, p € R(H")} (3.38)

and
(T |ie R(A)/H, u € R(H)) (3.39)

gives a complete list of irreducible representations of G over C.

Remark 3.1. The induced representation is explained here. Let G be a group, G’ be a subgroup
of G, and 7" be a representation of G’ of dimension N’. Consider the coset decomposition

G=gG+gG +- - +g,G, (3.40)

where j = 1,...,m and m = |G|/|G’|. Each g € G causes a permutation of (g, g>,...,8&n) tO
(8x(1)> 8(2)» - - - » 8x(my) according to the equation

88, = 8xpfi» fi€eG (3.41)

for j = 1,...,m. Note that the choice of (g1, g2, ..., gx) 1s not unique, but once this is fixed, f; is
uniquely determined for each g.

Define T(g) to be an mN’ X mN’ matrix with rows and columns partitioned into m blocks of
size N’ such that the (7(j), j)-block of T(g) equals 7’(f;), whereas the (i, j)-block of T(g) equals
O if i # n(j). Note that this is well-defined, since f; and n(j) are uniquely determined from g,
and T7(f;) for j = 1,...,m are assumed to be given. The family of matrices {T(g) | g € G}isa
representation of G of dimension mN’, called the induced representation. For example, if m = 3,
(m(1),7(2),7(3)) = (2,3, 1), we have

) T'(f5)
T(g)=|T'(h)
T'(f)
We shall apply this construction to 77 = T on G’ = G' to obtain T = T@#, where the
dimension N’ of T/ is equal to that of T by (3.37). O
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3.2.2. Orbit Decomposition and Little Groups
We apply the method of little groups in Section 3.2.1 to

A:ZnXZnZ<P1>X<P2>, H:D4:<7‘,S>

to obtain the irreducible representations of G = D4 x (Z,, X Z,).

As the first step we determine the system of representatives (3.33) in the orbit decomposition of
X. Since A = Z, X Z, is an abelian group, all the irreducible representations are one-dimensional.
The set X of irreducible representations of A = Z,, X Z,, is indexed by

RA) ={k,O)|0<k<n-1,0<t<n-1), (3.42)

where (k, £) denotes a one-dimensional representation (or character) y* defined by

X0 = o, X (py) = of (3:43)

with
w = exp(2ni/n). (3.44)
We extend the notation (k, ¢) for any integers, to designate the element (k’, £’) of R(A) with k¥’ = k

mod n and ¢’ = ¢ mod n.
For the orbit decomposition of X by H, we compute A~!p;h and h~! p,h for h € H, to obtain

h e r 1 Pl s sr s sr

W'pih | pi pyt pit b2 o Pt Pt P (3.45)
W'psh | py pr pst opitipyt Pyt P p

For example, for h = s, we have (h™' pih, ™! p,h) = (p1, p;'), and we see, by (3.43), that the action
of sin (3.32) is given as *y*0 = y®*=9 which is expressed symbolically as (k,£) = (k,—{). In
this manner, we can obtain the following orbit containing (k, £):

(6, —k) «— (-k,=0)
l T
(k,6) — (=Lk)
U (3.46)
(k,=0) — (=, k)
T !
6k) «— (-k0)

29 ¢

where “|” means the action of s, and “—” (or “«<”, “1”, “|”’) means the action of r. It should be
clear that (¢, —k), for example, is understood as (£ mod n, —k mod n). The orbit (3.46) is illustrated
in Fig. 3.1.

The system of representatives in (3.33) in the orbit decomposition of X with respect to the
action of G is given as follows. In view of Fig. 3.1, it is natural to take

RA)/H ={(k,0)|10<€<k<|(n-1)/21}, (3.47)
26



¢
n
.(k —0) (—k —.€>
k) (e, k)
n/2
(=0, k)
(0. k) *
Jk0) (=k )
0 n/2 n k

Figure 3.1: Orbit of (k, €) in (3.46)

which corresponds to the set of integer lattice points (k, £) contained in the triangle with vertices
at (k,€) = (0,0),(n/2,0),(n/2,n/2), where the points on the edges of the triangle are included.
The subgroup H' = H*9 in (3.34) for i = (k, £), which is expressed as

H*O = {h e D4 | (") = x*0}
={h e D, | x* O ah) = y*O(a) for all a € Z, x Z,)},

is obtained with reference to (3.43) and (3.45). For h € D,, we have h € H*? if and only if

x*Ohpih™) = x*(pr), ¥ Ohpahh = x40 (p2).

For (k, £) = (0, 0), for example, this condition is satisfied by all 4 € D4, and hence H®? = (r, s).
In this manner, we obtain

(r,sy  for (k,¢) = (0,0),
(r, s) for (k,€) = (n/2,n/2) ifniseven,
(r*,s) for (k,£) = (n/2,0) ifniseven,
ko _ ) {e;st for (k,0) = (k,0) (1<k< F-l ), (3.48)
fe,sr) for (k) = (k,k) (1 <k<|5L]),

fe,sr%) for (k,0) = (n/2,6) (1<€<|5]) ifniseven,
{e} for (k, £) (1§€sk—1,2<k3f” nL)).

The little group G' = G*9 in (3.35) for i = (k, £) is obtained as the semidirect product of H*9 by
A ={p1, p2).
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Example 3.1. For n = 3,4,7,8,9, the system of representatives R(A)/H and the associated sub-
groups H* in (3.48) are given as follows:

n=4
n=73 (k,£) | H*O n="7

(k,€) | H®O (0,0) | (r, s) (k,€) H®O
(0,0) | (r, s) 2,2) | (r,s) (0,0) (r, s)
(1,0) | {e, s} (2,0) | (2, 5) (1,0),(2,0),(3,0) | {e, s}
(1,1) | {e, s} (1,0) | {e, s} (1,1),(2,2),(3,3) | {e, sr}

(1,1) | {e, s} (2,1),(3,1),(3,2) | {e}

2, 1) | {e, sr?)

n=2=8
(k,©) H®O n=9

0,0 (r, s) (k,€) H®O
4,4) (r, s) (0,0) (r, s)
4,0 (%, s) (1,0),(2,0),(3,0),(4,0) | {e, s}
(1,0),(2,0),(3,0) | {e, s} (1,1),(2,2),(3,3),(4,4) | {e, sr*}
(1,1),(2,2),(3,3) | {e, s7} (2,1),(3,1),(3,2) {e}
(4,1),(4,2),(4.3) | {e,sr?} (4. 1),(4,2),(4,3) {e}
(2,1),3,1),3,2) | {e}

3.2.3. Induced Irreducible Representations

The procedure for constructing irreducible representations of G = (r, s, pi, p2) using the orbit
decomposition and little groups in Section 3.2.2 is as follows.

For each (k,£) € R(A)/H, we have the associated subgroup H*" in (3.48). Let T be an
irreducible representation of H*? indexed by u € R(H*?), and define T*% by

T4 () pa'h) = x (' p T () = ST (), 0<ij<n-1, he HO,  (3.49)
which is an irreducible representation of the little group G*-©.
The coset decomposition (3.40) takes the form of
G = g1G*" + gG*9 + - + ¢, G*0 (3.50)

with m = |G|/|G%O| = |Dyl/|[H*O| = 8/|H*D|. Since G*Y D (pi, p,), we may assume that
gi€(r,syforj=1,...,mand g = e.

The induced representation 7%%*)(g) is determined by its values at g = pi, p,, r, s that generate
the group G. Hence, it suffices to consider g = py, p», 1, s in the equation (3.41):

88 = &S (3.51)

where 7(j) and f; € G** are to be found for j = 1,...,m. The induced representation 7*+)
is an irreducible representation of dimension mN* = 8N*/|[H*9| over C, where N* denotes the
dimension of T,
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Table 3.3: Induced irreducible representations of Dy < (Z,, X Z,)

(k, ) H®&O m  Induced irreducible representations

0,0 (r, s) L (L++4), (L4, -+, (55— +,4), (1=, =, ), (2, 4)
(n/2,n/2) (r,s) L (L4, +,-), (5 +, =), (L =+, -), (1=, =, -), (25 -)
(n/2,0) sy 2 (202040 (25—, ), (25, 0)

(k,0) {e, s} 4  (4;k,0,+),(4;k,0,-)

(k, k) le,sr?}) 4 (dikk,+), (4 k,k,—)

(n/2,0) {e,sr?y 4 (4n)2,6,+),(4;n/2,¢,-)

(k, £) {e} 8 (8 k1)

(k,€) = (n/2,n/2) and (n/2,0) exist if n is even;
(k,0)for 1 <k < {%J in (3.13);
-1

(n/2,f)for1 < ¢ <
k,O)for1 < €<k

According to the general theory, 7*:“* obtained in this manner is not a representation over
R but over C, as is evident from the fact that w appearing in (3.49) is a complex number defined
by (3.44). Fortunately, however, all irreducible representations thus obtained are representable
over R. We can thus determine a complete list of irreducible representations over R of the group
G =Dy = (Z, X Z,). Table 3.3 is a summary of the derivations below.

Case of (k,€) = (0,0)
For (k, £) = (0,0), x'*9 is the unit representation by (3.43), and therefore

H% = (r,5) = Dy,

as is shown in (3.48). Dy, has four one-dimensional irreducible representations u = (+, +, +),
(+,—,+), (=, +,+), and (-, —, +), and one two-dimensional irreducible representation u = (2; +)
(e.g., see Kim, 1999 [22] and Kettle, 2008 [23]).

Since G*9 = G, the coset decomposition (3.50) is trivial with m = 1 and g, = e, and the
equation (3.51) reads g - g1 = g1 - g for every g € G. For each p, the induced representation
TOO40(g) for g = p,'p.’h with h € Dy is given by (3.49) as

T (g) = T (py'py ) = XV (pi'pa T (h) = T ().

With this result, we have the one-dimensional irreducible representations (1; +, +, +), (1; +, —, +),
(1;—,+,+), (1; =, —, +) in Section 3.1.2, and the two-dimensional irreducible representation (2; +)
in Section 3.1.3 as the irreducible representations for the group Dy = (Z, X Z,).

Case of (k,€) = (n/2,n/2)
In this case, y = xy*0 = y®/272 is given by (3.43) as xy(p1) = x(p,) = w"?> = —1. For
(k,€) = (n/2,n/2), we have
H® = (r,s) = Dy,
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as is shown in (3.48). Hence we have the one-dimensional irreducible representations (1; +, +, —),
1;+,—,-), (1;—,+,-), (1, —,—,—) in Section 3.1.2, and the two-dimensional irreducible repre-
sentation (2; —) in Section 3.1.3.

Case of (k,€) = (n/2,0)
The case of (k, £) = (n/2,0) occurs when n is even. In this case, y = y*© = y/20 is given by
(3.43) as y(p1) = —1 and y(p,) = 1, and therefore

H® = {e,r,5,5%) = (", 5) = Dy,

as is shown in (3.48). This group has four one-dimensional irreducible representations, say, u =
(o, 05) = (+,+),(+,-), (=, +), (=, —) defined by

T =0, =+x1, THs) =0, =+1.
Since G*9 = (. 5, p1, p»), the coset decomposition in (3.50) is given by
G = 1G*" + g.G*0 = e - (1P, 5, p1, pa) + 7+ (17, 5, p1, P)

withm =2, gy = e and g, = r. The equation (3.51) for g = py, p», 1, s reads as follows:

P18 =8 Ji| P28 =8 Ji|T 8 =8 Ji| 5 8 =8 Ji
pr-e=e-p prre=e-ps r-e=r-e sre=e-s

p1~r:r~p51 P2 F=7r-p; rer=e-r’ s-r=r-sr

For the one-dimensional representation u = (o) with o € {+, —}, the induced representation
T = T®W2% is given by

T(p) = :X(p R ] - [ o ]
T(ps) = :X P oo ] - [ ' ]
ﬂmziﬂﬁw@)x@pw%]:[law,
To=| MO x(e)Tﬂ(s#)]:(”[l o ]

where (3.49) is used and the nonzero blocks here are determined with reference to 7(j) and f;
computed above (Remark 3.1 in Section 3.2.1).

Case of (k,€) = (k,0), (k, k), or (n/2,¢)
For (k, £) = (k,0) in (3.13), we have y*9(p;) = * and y*9(p,) = 1 by (3.43), and therefore

HYO = e, s),
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as is shown in (3.48). For (k, £) = (k, k) in (3.14), we have y*O(p,) = y*9(p,) = *, and therefore
H*®D = {e, sr}.

For (k, £) = (n/2,¢) in (3.15), we have y*9(p,) = =1 and y*9(p,) = ', and therefore
H®O = (e, sr?).

Let hy = s for (k, £) = (k,0), hy = s for (k,£) = (k, k), and hy = sr* for (k,€) = (n/2, €). In either

case H®Y = {e, hy} is isomorphic to D; and has two one-dimensional irreducible representations,
say, 4 = uy, 4y defined by

T‘ul(ho) = 1, T“z(l’lo) =-1.

That is, T#(hy) = o* with o*' = 1 and 0*? = —1. The notation is summarized as follows:
(k,0) | H®  hy TH(hg) T (ho)
(k,0) | {e,st sr 1 -1
(k, k) |{e,sr’} sr’ 1 -1
(n/2,0) | {e, sr*} sr? 1 -1

The coset decomposition in (3.50) is given by G* = (ho, p1, p2), m = 4, and g; = /™! for
j=1,...,4. The equation (3.51) for g = py, p», 1, s reads as follows (see (3.45) for p, and p,):

P18 =8 Ji | P28 =8 Ji |78 = &) [
pr-e=e-pp prre=e-p r-e=r-e
pl-r:r-pg1 p2-r=r-p; rer=r*-e
o= pt  p =t | =
pi-r=r-p | pporP=r-p r-rr=ec-e

S8 =8 J
(k,0) (k, k) (n/2,0)
sce=e-s |s-e=r-sr| s-e=rsr

s-r=r-s|s-r=rr-sr| s-r=r-sr’

s-r2:r2-s S'l"z:l"'Sl"3 s-r2:e-sr2

s-r=r-s|s-rP=e-sr|s-r=r- s

For (k,{) = (k,0), (k,k),(n/2,€) and u = u, o, the induced representation T®E jg given, with
w = exp(2ni/n), by

T 4 (py) = diagly(p), X(p3")s X1, x(p2)) = diag(ef, ™, ™, W),
T4 (py) = diag(x(p2), X(p1), X(P2), x(p71) = diag(w’, o, 0™, w™),
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T(k,&,u)(r) = TH(e) 1 { = 1 1 ,
1 1
and
1 1
72(k.,0,0) — TH 1 — oK 1
T (s) = TH(s) 1 =0 1 ,
1 1
1 1
FRED(g) = TH(5p L 1
(s) = TH(sr”) 1 = ot 1
1 1
1 1
7(n/2,6.10) — TH( 52 1 — 1
T (s) = TH(sr") | = ot 1
1 1

The above representation over C can be transformed to a real representation. By permuting the
rows and columns as (1, 3,2,4), we obtain

TE(py) TE (py) T (r)

It is apparent that these representations are equivalent, respectively, to the four-dimensional real
irreducible representations (4; k, 0, 0) and (4; k, k, o) in Section 3.1.4 with o = o*.
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Case of General (k,{)

For (k, £) in (3.25), y = x*9 is given by (3.43), and H*" = {e}. The unit representation  is
the only irreducible representation of H*,
The coset decomposition in (3.50) is given by G*9 = (p,, p,), m = 8, and

g1=¢€¢ g =1,

2
8 =r,

3
84 =71,

85 =9,

86 = ST,

The equation (3.51) for g = py, p, 1, s reads as follows:

2
87 = sr,

gg = s7°.

P18 =8 [

P28 =& fi

reg8i =& Ji

S8 =& i

pi-e=e-p prre=e-p; r-e=r-e s-e=s5-e
pr-r=r-p;' prT=r1"p rer=r’-e Ss-r=sr-e
pr-rr=rr-pl' | pprr=rr-pit | r-rr=rie | s-rr=sr’-e
pr=r-p | pp-r=r-p rerr=ec-e s-r=sr-e
pL-S=S5-p pr-s=s-p; r-s=sr-e s-sS=e-e
p]~sr:sr~p£1 pz-sr:sr~pl‘l r-sr=s-e S-Sr=r-e
prosrt=srt-pllpy-srt=srt-py| rosrt=sr-e | s-srP=r*-e

pi-sr=sr-p,

Py s = s p

3

resr=sr’-e

s-srP=r-e

The induced representation T = 7% of dimension 8, is given in terms of w = exp(27i/n) as

follows:
T(p1) = diag(o*, 0™, 0™, o', ", 0™ 0™, ),
T(pz) = diag(w‘;, a)k, w?, w_k, w?, w‘k, we, a)k),
- C O - O 1
T(r):[ e ] T(s):[ ; 0]
with
1 1
1 1
C = 1 , 1= |
1 1

The above representation over C can be transformed to a real representation. By permuting the
rows and columns as (1,3,2,4,5,7,6,8), we obtain

T(p)) = [Ql 91] , T(p) = [Qz QJ’ T@r) = [D DT] . T(s) = [[ 1] ’

where

Q
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93:

This representation is easily seen to be equivalent to the eight-dimensional real irreducible repre-
sentation (8; k, £) in Section 3.1.5.
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4. Matrix Representation for Square Lattice

In preparation for the group-theoretic analysis in Chapters 5 and 6, we found the irreducible
representations of the group D4 =< (Z, X Z,,) in Chapter 3. Note that not all the irreducible represen-
tations are involved in mathematical models on the square lattice. The consideration of relevant
irreducible representations is essential in a group-theoretic analysis that provides accurate infor-
mation about bifurcating solutions.

In this chapter, we first identify the irreducible representations u that are relevant to our anal-
ysis on the square lattice. For this purpose, we derive the explicit form of the permutation repre-
sentation 7'(g) of the group D4 = (Z, X Z,) and investigate the irreducible decomposition of this
permutation representation. We can exclude irreducible representations that are not contained in
T(g) from consideration in search of square bifurcating patterns in Chapters 5 and 6. It turns
out that the only some of the one-, two-, and four-dimensional ones are relevant, and all of the
eight-dimensional ones are relevant.

We next present the transformation matrix Q for irreducible decomposition. Since the irre-
ducible representations are multiplicity-free (a* = 1 or 0), the orthogonal transformation of the
Jacobian matrix J of F' takes a diagonal form

0770 = diag(ey, . .., en).

This diagonal form is useful in the eigenanalysis of the computational bifurcation analysis on the
square lattice.

This chapter is organized as follows. The permutation representation for the square lattice is
investigated in Section 4.1. The irreducible decomposition of the permutation representation is
presented in Section 4.2. Transformation matrices for block-diagonalization are derived in Sec-
tion 4.3.

4.1. Representation Matrix

In our study of a system of N = n? places on the n X n square lattice, each element g of
Dy (Z, X Z,) = (r, s, p1, p2) acts as a permutation of place numbers (1, ..., N). Consequently, the
representation matrix 7°(g) is a permutation matrix for each g. By definition, 7'(g) has “1” at the
(i, j) entry if place j is moved to place i by the action of g.

The representation matrix 7(g) for general n can be determined as follows. The coordinate of
a place on the n X n square lattice is given by

:I::n1£]+n2£2, n,n=01,....,n-1

with £, = d(1,0)7, £, = d(0,1)7 in (2.1), where d means the length of these vectors. Thus, the n?
places are indexed by (n;, n,), and so are the rows and columns of the representation matrix 7(g).

The action of r is expressed as
I"'£1:£2, r-£2:—£1.

Hence, we have

r-x=ni(r-£)+ny(r-£y) =ni(l) + ny(—€)) = (=n)l; +ni £,
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which means that the action of r on (n, ny) is given by
r-(ny,ny) = (-ny, ny) mod n. “4.1)

Then, the column of 7'(r) indexed by (ny,n,) has “1” in the row indexed by (-n, mod n,n;).
Similarly, the actions of s, p;, and p, are expressed as

s-(n;,ny) = (ny, —ny) mod n, 4.2)
p1-(ny,ny) = +1, np) mod n, 4.3)
p2 - (ny,np) = (ny, np+1) mod n. “4.4)

The permutation representation 7(g) is specified by (4.1)—(4.4) above.

Example 4.1. The permutation representation for the 4 X 4 square lattice is given by (4.1)—(4.4)
as follows:

T(r)= . Tl =

T(py) = , T(p2) =
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4.2. Irreducible Decomposition

The irreducible decomposition of the permutation representation 7' (g) for the nxn square lattice
is now investigated. The multiplicities of irreducible representations in this decomposition are
determined. It is to be emphasized that irreducible representations lacking in the decomposition of
T'(g) can be excluded from consideration in the search for square bifurcating patterns in Chapters 5
and 6.

4.2.1. Simple Examples

Prior to the analysis for general n we present the results for n = 3 and n = 4.

We begin with the case of n = 3. The group Dy = (Z3 X Z3) has nine irreducible representations
(see Section 3.1):

R(D4 < (Z3 X Z3)) = {(17+7 +, +)’(1’ +, —, +)7(17_, +, +)’(1’ BRI +),
(2;4),(4;1,0,+),(4;1,0,-),(4; 1, 1,+),(4; 1,1, -)}.

Among these nine irreducible representations, only three of them, (1;+,+,+), (4;1,0,+), and
(4;1,1,+), are contained in 7'(g) with multiplicity 1, whereas the others are missing in 7°(g).
Indeed we will see in Section 4.3 in a general setting that

0'T(e)Q =TV (g @ TH O (g) @ T (g), g€ Dy (Zs X Zs3) 4.5)

for some orthogonal matrix Q. Accordingly, the multiplicities @ for u € R(D4 < (Z3 X Z3)) are
given as follows:

gttt = 1, it = 0, it = 0, gl = 0;

a®P =0 g®0N Z 1 gW100 Z g, gELLD Z 1 gLl Z )

We next show the case of n = 4. Recall the permutation representation 7(g) for n = 4 from
Example 4.1. The group D4 = (Z4 X Z4) has 20 irreducible representations (see Section 3.1):

R(D4 o (Z4 X Z4)) = {(1; +7 +’ +)’ (1, +’ T +)7 (1; ) +’ +)’ (1a EEREE) +)7
(1; +9 +a _)’ (1 5 +’ s _)9 (1; ) +’ _)’ (1 3Ty _)9
(2’ +)a (2’ _)’ (27 +’ +)’ (29 +a _)a (2, ) +)a (2, ) _)7
4,1,0,+),(4,1,0,-), (4 1, 1,4),(4:1,1,-), (42,1, +), (4,2, 1, -)}.
Among these 20 irreducible representations, only six of them, (1;+, +,+), (1;+,+,-), (2; +, +),

(4;1,0,+),(4;1,1,+),and (4; 2, 1, +), are contained in 7' (g) with multiplicity 1, whereas the others
are missing in 7'(g), as we will see in Section 4.3 in a general setting. This means that

0 'T(g)0 =T (ga T (g e T (g) @ TH O (g) @ T (g) @ TH>(g),
8 € Dy (Zy X Zy)
(4.6)
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Table 4.1: The values of character y of the permutation representation 7

g Xx(g)
8 x(g) spiipy) (i=0, j=2k)| 2n n
e n? (i=0,j#2k)| 0 n
pi'p2! (G, ) #(0,0)) 0 (i #0) 0 0
rpitpy’ (i + j = 2k) 2 1 (n=2m) (n # 2m)
(i+ j # 2k) 0 1 srpiipal (i =) n
(n=2m) (n +2m) CE)) 0
piipy/ (i, j: even) 4 1 srpiipy) (j=0,i=2k)| 2n n
(other (i, j)) 0 1 (j=0,i#2k) 0 n
(n=2m) (n #2m) G#0) 0 0
Ppipyd i+ j=2k) 2 1 (n =2m) (n # 2m)
(i+j # 2k) 0 1 sPpiipy (i=n-j) n
(n=2m) (n #2m) (i#n—-j)) 0

0<i,j<n-1; k,m: integers

for some orthogonal matrix Q, the concrete form of which is given in Example 4.2 in Section 4.3.1.
Accordingly, the multiplicities a* for u € R(D4 » (Z4 X Z4)) are given as follows:

a9 =1, g Z gt Z 0, g =,

gt = 1, a7 = 0, gt = 0, a7 = 0,

a®h = 0, a®) = 0, g%t = 1, a7 =0

a%—t) = 0, a%—) = 0,

R K O S C N R R e G R

)

b

a®20 =, @210 Z .

4.2.2. Analysis for the Finite Square Lattice
For general n, the permutation representation 7'(g) is specified by (4.1)—(4.4). We determine
the irreducible decomposition of 7T'(g) with the aid of characters. Let y(g) be the character of T'(g),
which is defined by
Xx(@)=TrT(g), g€Dyx(Z,xZy). 4.7)

Table 4.1 shows the values of x(g) for all g € Dy =< (Z, X Z,), which are dependent on whether
n is even or odd. For example, the action of rp’ p) reads

”Pilpé “(n,np) =r-(ny+i,ny+ j)=(—ny— jn +1i).
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Table 4.2: The values of irreducible characters y* appearing in (4.10)

g X(1;+,+,+) X(4;k,0,+) X(4;k,k,+) X(S;k,f) X(l;+,+,—) X(2;+,+) X(4;n/2,£,+)
(n =2m) (n=2m) (n =2m)
piips’ 1 2[cos(kif) 2[cos(k(i + j)B) (3.30) (=) (=1) +(=1)7  2[(=1) cos(£j6)
+cos(kjO)]  + cos(k(i — j)O)] + (=1)/ cos(£if)]
rpiips’ 1 0 0 0 (=1 0 0
rpi‘py’ 1 0 0 0 D™ (=D + (=1 0
Ppipd |1 0 0 0 (-1 0 (=1 + (1)
spiips’ 1 2 cos(ki6) 0 0 (=D (=D +(=1)  2(=1)/ cos(¢if)
srpiips’ 1 0 2 cos(k(i — j)O) 0 (-Di+ 0 0
sr2piipy’ 1 2 cos(kjo) 0 0 =D (=D + (=1 2(=1) cos(£j6)
sPpiipyd 1 0 2 cos(k(i + j)0) 0 (=Dt 0 0

6 = 2n/n; (3.30) reads:
XERO(p1ipad) = 2[ cos((ki + £))8) + cos((—Ci + kj)O) + cos((ki — €)0) + cos((—ti — kj)) ]

Invariant points (n, n) are those which satistying (ny, n) = (—ny — j, ny + i) (mod n). The number
of these points, which depend on i + j and n, gives )((rp"1 1Z9)
In terms of characters, the irreducible decomposition of 7'(g) can be expressed as

X(@) =) d'x" (@), geDix(Z,xZ,), (4.8)

u

where y* is the character of u € R(Dy4 < (Z, X Z,)), and the multiplicity a* of u can be determined
by the formula

1
d=os ), XX (4.9)

g€D4"<(Zn XZy)

In the case of n = 2m, for example, we obtain

x(2) = ¥ (g) + Y (@) + X E () + Y Y HA(g)

k:(3.15)
4;k,0, 43k.k, 8kl
+ X+ H I+ N 0
k(3.13) k:(3.14) (k,0)3.25)

as the decomposition (4.8). The terms y'+*7)(g), y**)(g), and y**/%41)(g) appear only when n
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is even. Hence we may represent this succinctly as

X(@) = x5 (g) |+ (g) + X (g) + ) g

+ A0 Y I+ N RO,
k:(3.13) k:(3.14) (k,0):(3.25)
geDyx(Z,xXZ,),  (410)

where [ - Jif,—2, means that the term is included when 7 is even. Table 4.2 shows the values of the
irreducible characters y*(g) appearing on the right-hand side of (4.10) (see Section 3.1 for details
about x*(g)). The equality in (4.10) can be verified with the aid of Tables 4.1 and 4.2.

The decomposition (4.10) of the character y(g) of 7(g) means that some orthogonal matrix Q
exists such that

0 T(®)0 = TH(g) @ T (g) @ T (g)e (D) TUt9(g)
k:(3.15) o

o @ T(4;k,0,+)(g) o EB T(4;k,k,+)(g) o EB T(8;k,t’)(g)’

k:(3.13) k:(3.14) (k,0):(3.25)
g €Dy = (Z, X7Z,). (4.11)

This gives the irreducible decomposition of 7T(g). Accordingly, the multiplicities ¢* in the irre-
ducible decomposition of 7'(g) are given as follows:

gttt — 1, alv=" =0, b = 0, gt = 0,
gt = 1, a7 = 0, gt = 0, a7 = 0,
a®h = 0, a®) = 0,

SE = 1 ifniseven,
| 0 ifnisodd,

a%t) = 0, a%—t = 0, a®—) = 0,

. . n—1
a(4,k,0,+) — 1’ a(4’k’0’_) = 0, 1 S k S \\ |’

. . n-—1
k) 1, a®kko) — 0, 1<k< { |,

gAn/264) _ 1 ifniseven,
10 ifnisodd,

. n
aR =0, e,

a®ko — 1, 1s£sk—1,2sksr;1|.
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Table 4.3: Irreducible representations contained in the permutation representation 7

n\d 1 2 4 8
2m | (L++, ), (L ++,-) @i+ +) Bk 0+), (kK +),(4n/2,0,+) 85k, 0)
2m -1 15+, +,4) (45k,0;+), (4 k, k; +) (8;k,0)

(4;k,0;+)forkwith 1 <k < |[(n—1)/2];

4k, k;+) forkwith 1 <k <[(n—1)/2];

4;n/2,¢6,+) fork with 1 < £ <n/2 -1,

(8;k,0) for (k,{) with1 <€ <k—-1,2<k<|(n-1)/2]

Table 4.4: Number N, of d-dimensional irreducible representations of Dy = (Z, X Z,) contained in the permutation
representation T for the square lattice

n\d 1 2 4 8 n\d 1 2 4 8

Vi N» Ny Ny Y N4 Vi N Ny Ng 3Ny
1 1 1 9 1 8 6 15
2 2 1 3 10 2 1 12 6 21
3 1 2 3 11 1 10 10 21
4 2 1 3 6 12 2 1 15 10 28
5 1 4 1 6 13 1 12 15 28
6 2 1 6 1 10 14 2 1 18 15 36
7 1 6 3 10 15 1 14 21 36
8 2 1 9 3 15 16 2 1 21 21 45

t
2
]

. No Ny Ny Y N4
17 1 16 28 45
18 2 1 24 28 55
19 1 18 36 55
20 2 1 27 36 66
21 1 20 45 66

42 2 1 30 190 223
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It is noteworthy that the multiplicity is either O or 1 for each irreducible representation, that is,
the permutation representation 7°(g) in (4.1)—(4.4) is multiplicity-free (see Remark 4.1). Table 4.3
shows a summary.

By N,, we denote the number of d-dimensional irreducible representations of Dy = (Z, X Z,)
that exist in the permutation representation 7'(g). We have the following expressions for N,:

n\d 1 2 4 8
N, N N. N,
L2 u i (4.12)
2m 2 1 3n-2)/2 @n*>-6n+28)/8
2m—-1| 1 0 n-1 (n*>—4n+3)/8
whereas Table 4.4 shows the values of N, for several n. Also note the relation
Z dN, = n*. (4.13)
d

Remark 4.1. It is a basic fact that a permutation representation 7°(g) representing the action of a
group G on a finite set P is multiplicity-free if there exists some g € G such that g - p = g and
g-q = p (e.g., see Proposition 1.4.8 of Ceccherini-Silberstein et al., 2010 [24]). The permutation
representation 7°(g) in (4.1)—(4.4) satisfies this condition as follows. By (4.1), (4.3), and (4.4), we
have

Ppi'py’ - (mm) = (= —isny — j) mod n.

Hence, any pair of (n,n,) and (n}, n}) can be rewritten as
g-(n,m)=m,ny) modn, g-(nj,ny) =(n,n) modn
by g = r’pi'py/ withi =n; —nj and j = ny — 1), O

4.3. Transformation Matrix for Irreducible Decomposition

Transformation matrix Q for the irreducible decomposition is derived for the square lattice,
and examples of this matrix Q are presented.

4.3.1. Formulas for Transformation Matrix
For the n X n square lattice with the symmetry of D, = (Z, X Z,), we derive the transformation
matrix

Q = (Q" | € Dy < (Zy X Zy)) (4.14)

for the irreducible decomposition. Note that the column set of Q is partitioned into blocks, each
associated with an irreducible representation u contained in 7(g) (see Table 4.3). Since such u has
a’ = 1 (multiplicity-free), we have the relation

T(9)Q" = Q"'T"(g), 8 € Dy (Zy X Zy), (4.15)

where 7'(g) is the permutation representation given in Section 4.1.
42



The vector A expressing population pattern is defined as

A:(/ll,...,/lN)T
= (/1005"'5/1}’1—1,0; /1019"'9/?%—1,1; cee s /lo,n—la"'a/ln—l,n—l)T
= (/lnlnz |n15n2 = 0’-~‘7n_ 1)7

where N = n* and (Agyn, | n1,n, =0,...,n—1)is an N-dimensional column vector. For a vector
on this lattice with the (n;, n,)-component g(n;, n,), we express its normalization as’

—_

n—

(g(ny,my)) = (g(n1, m)/(

i

n—

1
g, ) I niny=0,...,n—1). (4.16)
j=0

Il
[«

Recall that the permutation representation 7°(g) is specified by (4.1)—(4.4) above. The action
of r on (ny, n,), for example, is expressed by

r-(ny,nm) = (-np, n;) modn

in (4.1), which shows that the column of 7'(r) indexed by (n,n,) has “1” in the row indexed by
(—ny,n;) mod n. For the present purpose, however, it is convenient to consider 7'(g) row-wise. It
is seen that the row of 7T'(r) indexed by (n,, n,) has “1” at the column indexed by (n,, —n;) mod n,
since

(n},n) = (-nz, 1) mod n

can be solved for (ny,n,) as
(n1,np) = (n5,—n}) mod n.

We denote this as
r*(my,ny) =My, —n;) mod n. 4.17)

For s, py, and p,, a similar argument based on (4.2)—(4.4) yields

s*((n,ny) = (ny, —np) mod n, (4.18)
p1*(n,np) = (ny — 1, np) mod n, (4.19)
p2 *(n,np) = (ny, np —1) mod n. (4.20)

The submatrices O for u are given by the following proposition, where the notation (-) for
normalization in (4.16) is used.

>The notation {-) here should not be confused with that for the generators of a group.
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Proposition 4.1. The submatrices Q" of the transformation matrix Q on the n X n square lattice

are given by

1
Q) = —(1,..., )T = (1),
n
Q(l o) [ {cos(m(n; —ny))) | if n 1s even,
missing if n 1s odd,
Q(2;+ ) [ {cos(mrn;)), {cos(mny)) ] if n is even,
missing if n 1s odd,

QRO = [ (cos(2nk ny /n))y, (sin(2rk ny/n)), {(cos(2rkna/n)), (sin(2rkn,/n)) ]
forl <k< {%| ,

QWD = [ (cos(2mk(ny + ny)/n)), (sin2rk(ny + ny)/n)),
(cosRnrk(—ny + ny)/n)), (Sin(2rk(—n; + ny)/n)) |
n—1
=)
[ {cos(mn; + 2ntn,/n)), (sin(mn, + 2ntn,/n)),
(cos(—2nmtn,/n + mny)), (sin(—2nfn;/n + ny)) |
forl<¢<7-1 ifniseven,
missing if n 1s odd,
QB*D = [ (cosn(kn, + tny)/n)), (sin(2n(kn; + {ny)/n)),
(cosRnr(—tn; + kny)/n)), (sina(—£fn; + kny)/n)),
(cos2n(kn; — €ny)/n)), (sinRn(kn; — €n,)/n)),
(cos2n(—tn; — kny)/n)), (sin2a(—€tn; — kny)/n)) |

forl <k <

QUn/264) —

n—1
forl <{<k-1, 2<k<{ 5 |

Proof. Proof is given in Section 4.3.2.

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

O

An example of the transformation matrix Q for n = 4 is presented below by assembling sub-

matrices Q" in Proposition 4.1.
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Example 4.2. The transformation matrix Q for the 4 X 4 square lattice reads

Q — [Q(1;+,+,+)’ Q(1;+,+,—)’ Q(2;+’+), Q(4;1,O,+)’ Q(4;1,1,+)’ Q(4;2,1,+)]
= [ (1) [ {cos(n(ny — np))) | {cos(nny)), (cos(nny)) |
(cos(m ny/2)), (sin(r n;/2)), (cos(nna/2)), (sin(rny/2)) |
(cos(n(ny + n2)/2)), (sin(m(ny + nz)/2)), (cos(m(—ny + ny)/2)), (sin(zm(—ny + nz)/2)) |
(cos(mtn; + mny/2)), (sin(mwn; + wny/2)), {cos(—nn;/2 + nny)), {sin(—nn,/2 + 7n,)) |

1] 1 1] 2 V2 V2 V2 V2 V2
1] -1]-1 1 V2 V2 V2 -2 | -\2 -2
1) 1] 1 1|-v2 V2 -2 -V2 V2 -\2
1] -1]-1 1 -2 V2 -2 V2 | -2 V2
1[-1] 1 1] v2 V2 V2 V2 V2 -2
1] 1]-1 =1 V2 V2 | -2 V2 -\2 V2
1l-1] 1 =1]-+2 V2 -V2 -2 V2 V2
] o -2 V2| V2 -2 -2 -2
T4l V2 -V2 -2 V) V) V2
1] =1]-1 1 V2 -2 -2 V2| V2 -2
1] 1] 1 1]-v2 -2 V2 V2 -\2 -\2
1] -1]-1 1 -2 -2 V2 -2 | V2 V2
1] -1 1 -1 V2 -2 -V2 -2 -2 -\2
1] 1]-1 =1 V2 -2 | V2 -2 V2 V2
1l-1] 1 =1|-v2 -2 V2 V2 -2 V2
1] 1]-1 =1 ) -2 | -V2 V2 V2 -2 |

4.3.2. Proof of Proposition 4.1

We will now show that the relation 7'(g)Q* = Q*T*(g) in (4.15) is satisfied by @ in Propo-
sition 4.1 for r, s, p;, and p, that generate the group D4 < (Z, X Z,). Recall the actions of r, s,
p1, and p; given in (4.17)—(4.20). We demonstrate the proof for u = (2; +, +) and (8; k, €), and the
other cases can be treated similarly.

Two-Dimensional Irreducible Representation
We shall prove that
Q%) = [{cos(mn)), {cos(nn,)) ] (4.28)

satisfies (4.15) for u = (2; +, +). Recall that (2; +, +) exists when n is even and 7%+ (g) is defined
by (3.9) and (3.10).
The action of r on the wave numbers (n, n,) in (4.28) is given, by a formal calculation using
4.17), as
r*(m,n) = F*n,r=ny) = (ny,—n; mod n).

In the matrix form, this gives

T(r)Q%"" = [ (cos(nny)), (cos(—nn;)) |
= [ {cos(nny)), {(cos(mn;)) ]

= [ cos(mny), cos(7rn2)][1 1]
— Q(2;+’+)T(2;+’+)(F).
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The action of p; on the wave numbers (n;,n,) is given by (4.19) as
p1*(ni,np) = (ny — 1 mod n,ny),
which, in the matrix form, yields
T(p1)Q** = [ (cos(n(n - 1))), {cos(nny)) ]
= [ (=cos(mny)), {cos(mny)) ]
=Hmwmxmwwﬂ‘1J
= Q¥ITE (p).
The cases of s and p, can be treated similarly. Thus, we have
T(9)Q**" = Q**IT® N (g), g =15 p1,pa.

This completes the proof for u = (2; +, +).

Eight-Dimensional Irreducible Representations
We shall prove that

O®*0 = [ (cos2n(kn, + €ny)/n)), (sinRa(kn, + £ny)/n)),
(cosRn(—tn; + kny)/n)), (sin(2a(fn, + kn,)/n)),
(cos2n(kn, — €ny)/n)), (sinQn(kn, — €ny)/n)),
(cosm(—tny — kny)/n)), (sinna(—ftn; — kny)/n)) |

-1
forlsfsk—l,Zsksvz | (4.29)
satisfies (4.15) for (8;k, ) where n > 5. Recall the definition of T®*9(g) for g = r, s, p1, p» in
(3.27) and (3.28), as well as the notations

_ | cos2r/n) —sin(2r/n) g = 1
| sin2n/n)  cos(2n/n) |’ h -1 |

The action of r on the four wave numbers in (4.29) is given by (4.17) as

kn; + €ny —tn; + kny

—tny + kny _ —(kn1 + fnz)

kny = tny | = | —(=tny —kny) | ™04
—tny — kn, kn; — tn,

which permutes and changes the sign of the column vectors of Q®%9 in (4.29) as

S

. . 1 . .
8:k,0) _ 8;k,C _ 8k, 8;k,C
T(r)Q®0 = Q-0 = QEROTERO ()

I
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The action of s on the four wave numbers in (4.29) is given by (4.18) as

kni + €n, ] kn, — {n,

—tny + kn, _ —tny — kn, mod

ki’l] - fl’lz N kl’ll + fl’lz "
—{ny — kny | —tn; + kn,

which gives
1
. . 1 . .
T(S)Q(S,k,f) — Q(8,k,€) 7 — Q(S’k’f)T(&k’g)(S).
1

The action of p; on the four wave numbers in (4.29) is given by (4.19) as

kny; + €n, kny +€n, — k
—tny + kn, —tny +kn, + €
PV oy = by | = | kg =y —k | 04T
—fny, — kn, —tn; —kn, + ¢
which gives
Rk
R
T(p)Q®0 = QO Rk = QBROTERO(p ).
R-¢

The action of p, on the four wave numbers in (4.29) is given by (4.20) as

kn; + €n, kl’ll + fl’lz -
—fl’ll + kn2 _ —fl’ll + kl’lz -k
p2* knl —{n, - kl’ll —lny+ ¢ mod #,
—tny — kn, —tn; —kn, + k
which gives
Ré’
kL kL Rk k€ k,l
T(ps) Q0 = Q4 | = QST ),
R—k

Thus, we have the following relation to complete the proof for u = (8; &, £):

T(g)Q®* 0 = QBROTERD(0) ¢ =1, 5, p1, p2
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5. Square Patterns: Using Equivariant Branching Lemma

We presented fundamental facts about the square lattice in Chapters 2—4. We introduced the
n X n square lattice with periodic boundary conditions as a spatial platform for agglomeration
(Chapter 2). We labeled the symmetry of this lattice by the group D4 =< (Z, X Z,,), and obtained the
irreducible representations of this group (Chapter 3). We decomposed the representation matrix for
the square lattice into irreducible components to determine the multiplicity a* of each irreducible
representation u (Chapter 4).

We would like to investigate the existence of square patterns as bifurcating solutions on the
square lattice. For each irreducible representation u with @ > 1, we study bifurcation from a
critical point associated with u by using group-theoretic bifurcation analysis procedures under
group symmetry. The following two different methods are available.

(1) The equivariant branching lemma is applied to the bifurcation equation associated with u
to show the existence of bifurcating solutions with a specified symmetry. This analysis is
algebraic or group-theoretic, which focuses on the symmetry of solutions. The concrete
form of the bifurcation equation need not be derived, and isotropy subgroups play a key role
in the analysis.

(i) The bifurcation equation is obtained in the form of power series expansions and is solved
asymptotically. This method is more complicated, treating nonlinear terms directly, but is
more informative, giving asymptotic forms of the bifurcating solutions and their directions
in addition to their existence.

In this chapter, we apply the first method (i), using the equivariant branching lemma, to the
economy on the n X n square lattice with the symmetry of D4 < (Z, X Z,). We obtain possible
bifurcating square patterns and associated lattice sizes for all the irreducible representations, which
are related to group-theoretic critical points with multiplicity M = 1, 2, 4, and 8.

The second method (ii), solving the bifurcation equation, is not based on the equivariant
branching lemma and capable of capturing all bifurcating solutions by dealing with the bifurca-
tion equation explicitly. The first method conducted in this chapter demands less analytical effort
than this method and fits to pinpoint the targeted square patterns among many other bifurcating
solutions.

This chapter is organized as follows. Theoretically-predicted bifurcating square patterns are
previewed in Section 5.1. Fundamentals of bifurcation analysis are recapitulated in Section 5.2.
Bifurcation points of multiplicity M = 1, 2, 4, and 8 are respectively studied in Sections 5.3-5.6.

5.1. Theoretically-Predicted Bifurcating Square Patterns

A possible bifurcation mechanism that can produce square patterns is presented as a preview
of the group-theoretic bifurcation analysis in Sections 5.4-5.6. Note that all critical points are
assumed to be group-theoretic as explained in Section 5.2.
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5.1.1. Symmetry of Bifurcating Square Patterns
Recall first that the symmetry of the n X n square lattice is labeled by the group

G =(r,5,p1,p2) = Dy < (Z, X Zy,) (5.1)

in (2.34) with the fundamental relations (2.35):

== =p"=p"=e pap1=pipa

rp1 = pats TPy =Dpi'r, SpL=DpiS, Spr=Dp5's, (5.2)

where e is the identity element.
We consider an equilibrium equation of the form

F(\ ¢)=0, (5.3)

where X = (A,...,Ay)" with N = n? is an N-dimensional independent variable vector and ¢ is the
bifurcation parameter. Among many possible solutions A to the equilibrium equation (5.3), we are
particularly interested in those bifurcating solutions that represent the square patterns.

To describe the square patterns, we introduced in (2.4) a sublattice

H(a,p) = (ni(al + Bly) + na(=pL, + aky) | ny,n, € Z}

= & 32][2 _fHZ; | ny,m € Z), (5.4)
where i
=l =l 55

are basis vectors of length d of the underlying infinite square lattice
H ={nl, +nk, | n,n, €Z) (5.6)
in (2.2). In this chapter we adopt the parameter space
{(@,p)€Z? |a>0, g >0} (5.7)

in (2.10) of Proposition 2.1, instead of {(a,8) € Z*> | @ > 8> 0, a # 0} in (2.11), unless otherwise
stated. The size of the square patterns in H(«, 3) is characterized in (2.8) by

D = D(a,B) = o* + 5. (5.8)
We recall the n X n square lattice

7{,,={n1£1+n2£2|ni€Z, 0$n,~§n—1(i:1,2)} (59)
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in (2.28) and describe the symmetry of a square pattern H(a, 8)NH, on this lattice by the subgroup
G(a, ). This subgroup is classified in (2.39) into three types:

(r,s,p{,p5) = Z(a,0) (@>1,=0) : type V,
s, P, pPry =2B.8) B=1l,a=8) :typeM, (5.10)
(r, py p”j , pl_ﬂ p5) = Zo(a,B) (otherwise) : type T.

Here it is convenient to introduce a convention
20(0’0)2<r>7 2(050) = <r’S>a 2(150): <r9sapl’p2>~ (511)

Recall the compatibility condition (2.33) between (a, 8) and n given as

ma for type V,
n=< 2mg for type M, (5.12)
mD(a, )/ gcd(a, B) for type T,

where m =1,2,....
The objective of this chapter is to look for a solution A to (5.3) such that the isotropy subgroup
2(A) for the symmetry of A coincides with one of the subgroups in (5.10).

5.1.2. Square Patterns Engendered by Direct Bifurcations

The main message of this chapter is that bifurcating solutions for square patterns do arise
from the mathematical model on the square lattice with pertinent lattice sizes, and therefore these
patterns can be understood within the framework of group-theoretic bifurcation theory. The major
results to be derived in Sections 5.4-5.6, are summarized below.

Proposition 5.1. A bifurcating solution with the square symmetry expressed by the subgroup in
(5.10) exists for pertinent lattice sizes n. More specifically, we have the following, where m denotes
a positive integer.

o For (a,B;n) = (a,0;am) (2 < a < n), a square pattern of type V with symmetry X(a,0)
branches at a bifurcation point with multiplicity M =2 (¢ = 2), M =4 (o > 3), or M = 8
(a >)9).

o For (a,B;n) = (B,B:;2Bm) (1 < B < n/2), a square pattern of type M with symmetry Z(83, )
branches at a bifurcation point with multiplicity M =1 (=1, M =4 (8> 2), or M = 8
B =4).

e For (a,B;n) = (a,B;mD(a,B)/ gcd(a,B)), where 1 < a <n-1,1< 8 <n-1, and
a # B, a square pattern of type T with symmetry Xo(a, ) branches at a bifurcation point
with multiplicity M = 8.

Proof. This is proved in Sections 5.4-5.6. O

Possible square patterns for each value of (a,;n) in Proposition 5.1 are summarized as fol-
lows:
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(a,B;n) M | Type
a=2 2
(a, 0; am) a>3 4 A%
a>5 8
B=1 1
(B,B;28m) B=2 4| M
>4 8
@p @B o1 1<B<n-l.a%B| 8| T
ged(a,B)

wherem =1,2,....
The following proposition plays a pivotal role in the search for square patterns.

Proposition 5.2. The existence of square patterns depends on the divisors of the lattice size n as
follows:
(1) If n has a divisor @ (2 < a < n), a square pattern of type V with symmetry X(a, 0) exists.
(11) If n has a divisor 2B (1 < B < n/2), a square pattern of type M with symmetry X((3, ) exists.
(ii1) If n has a divisor D(a,B)/ gcd(a,8), where ]l <a <n-1,1 <B<n-1,anda # 3, a
square pattern of type T with symmetry Xo(a,8) exists.

Proof. This follows from Proposition 5.1. O

Possible square patterns emerging via direct bifurcations for several values of n, obtained from
Proposition 5.2, are listed in Tables 5.1 and 5.2.

5.2. Procedure of Theoretical Analysis

A bifurcation analysis procedure resorting to the equivariant branching lemma is summarized.

5.2.1. Bifurcation and Symmetry of Solutions
Let us consider the system of equilibrium equations

F(\¢)=0 (5.13)
endowed with the symmetry of, or equivariance to, G = Dy = (Z, X Z,) formulated as
T(QF (A, ¢)=F(T (@A ¢), ge<GC. (5.14)

Recall that ¢ serves as a bifurcation parameter, A € R" is an independent variable vector of
dimension N = n? expressing a pattern of mobile population, F' : R¥ x R — R is the nonlinear
function, and T is the N-dimensional permutation representation in Section 4.1 of the group G =
Dy = (Z, X Zy).

Let (A, ¢.) be a critical point of multiplicity M (> 1), at which the Jacobian matrix of F' has
a rank deficiency M. The critical point (., @.) is assumed to be G-symmetric in the sense of

T@A = Ao, g€G. (5.15)
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Table 5.1: Possible square patterns for several lattice sizes n (n = 2—17)

n] @p) | D] Type | G@p) | M
2| (2.0 I Y 2(2,0) 2
§W)) 21 M | (1,0 I
3 3,0 9 V | 23,0) 4
41 (2,0 I vV | 22,0 2
40 | 16| Vv 2(4,0) 4
W) 21 M | =D I
2,2) 8| M | 222 4
5] (5,00 | 25| V £(5,0) | 4or8
[¢)) 51 T | 26,0 7
6| (2,0 i1 vV | 22,0 2
(3,0) 9| Vv %(3,0) 4
60 | 36| V | 26,0 | 4or8
§)) 21 M | =10 1
3,3 | 18] M | 23,3 4
71 (7,0) | 49| V | =(7,0) | 4or8
) I vV | 22,0 2
@0 | 16| Vv 2(4,0) 4
8,0 | 64| V | =8,0) | 40r8
§N)) 21 M | =(,0) 1
2,2) 8| M | 222 4
@4 | 32| M | =44 | 4or8
9| (3,0) 9 V %(3,0) 4
9,00 | 81| V | 29,00 | 40r8
10 | (2,0 i1 vV | 220 2
6,0 | 25| Vv %(5,0) | 4or8
(10,0) | 100 | V | =(10,0) | 40r8
@D 21 M | =0,D I
6.5 | 50| M | 25,5 | 4or8
)] 5 T | 2@ D 3
G | 10| T | =G0 8
42 | 20| T | =42 8

n (a,B) D | Type | G(a,p) M
11 | (11,0) | 121 \Y% 3(11,0) | 4or8
12 2,0) 4 \Y% >(2,0) 2

(3,0) 9 \% X(3,0) 4
4,0) 16 \Y% >(4,0) 4
6,0) 36 \% (6, 0) 4or8
(12,0) | 144 \Y% ¥(12,0) | 4or8
1,1 2 M (1, 1) 1
2,2) 8 M 2(2,2) 4
(3,3) 18 M >(3,3) 4
(6,6) 72 M (6, 6) 4or8
13 | (13,0) | 169 \" %(13,0) | 4or8
(3,2) 13 T >0(3,2) 8
14 2,0) 4 \Y %(2,0) 2
(7,0) 49 \% %(7,0) 4or8
(14,0) | 196 \Y% 3(14,0) | 4or8
1,1 2 M (1, 1) 1
7,7 98 M X(7,7) 8or8
15 (3,0) 9 \% >(3,0) 4
5,0) 25 v X(5,0) 4or8
(15,0) | 225 \Y% ¥(15,0) | 4or8
2,1) 5 T Y02, 1) 8
6,3) 45 T %0(6,3) 8
16 2,0) 4 \Y% %(2,0) 2
4,0) 16 \" 2(4,0) 4
(8,0) 64 v %(8,0) 4or8
(16,0) | 256 \Y 3(16,0) | 4or8
1,1 2 M X(1,1) 1
2,2) 8 M 2(2,2) 4
4,4 32 M X(4,4) 4or8
(8,8) 128 M %(8,8) 4or8
17 | (17,0) | 289 \Y% ¥(17,0) | 4or8
4,1 17 T o4, 1) 8
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Table 5.2: Possible square patterns for several lattice sizes n (n = 18-30)

n (a,B) D | Type G(a,p) M n (a,B) D | Type G(a,pB) M
18 (2,0) 4 v %(2,0) 2 25 (5,0) 25 A% 2(5,0) 4or8
(3,0) 9 v %(3,0) 4 (25,0) | 625 \Y %(25,0) | 4or8
(6,0) 36 v 2(6,0) 4or8 2,1) 5 T 22, 1) 8
9,0) 81 v 2(9,0) 4or8 4,3) 25 T X(4,3) 8
(18,0) | 324 v 2(18,0) | 4or8 (10,5) 125 T 2(10,5) 8
[ 2 M 2(1,1) 1 26 (2,0) 4 v 2(2,0) 2
(3,3) 18 M %(3,3) 4 (13,0) 169 v X(13,0) | 4or8
9,9) 162 M 2(9,9) 4or8 (26,0) | 676 \Y 2(26,0) | 4or8
19 | (19,0) | 361 v 2(19,0) | 4or8 (1, 1) 2 M X(1,1) 1
20 (2,0) 4 A% 2(2,0) 2 (13,13) | 338 M 2(13,13) | 4or8
(4,0) 16 v (4,0) 4 (3,2) 13 T 20(3,2) 8
(5,0) 25 v %(5,0) 4or8 5,1 26 T 2o(5,1) 8
(10,0) 100 \Y 2(10,0) | 4or8 (6,4) 52 T 20(6,4) 8
(20,0) | 400 v 2(20,0) | 4or8 27 (3,0) 9 v 2%(3,0) 4
(1, 1) 2 M (1, 1) 1 9,0) 81 v 2(9,0) 4or8
2,2) 8 M 2(2,2) 4 (27,0) | 729 v %(27,0) | 4or8
(5,5) 50 M 2(5,9) 4or8 28 2,0) 4 v 2(2,0) 2
(10,10) | 200 M %(10,10) | 4or8 4,0) 16 v 2(4,0) 4
2,1) 5 T Xo(2,1) 8 (7,0) 49 \% (7,0) 4or8
3, 1) 10 T 203, 1) 8 (14,0) 196 v %(14,0) | 4or8
4,2) 20 T X0(4,2) 8 (28,0) | 784 \Y %(28,0) | 4or8
6,2) 40 T 20(6,2) 8 (1,1) 2 M (L1 1
(8,4) 80 T 20(8,4) 8 2,2) 8 M 2(2,2) 4
21 (3,0) 9 v 2(3,0) 4 (7,7) 98 M X(7,7) 4or8
(7,0) 49 v %(7,0) 4or8 (14,14) | 392 M X(14,14) | 4o0r8
(21,0) | 441 v 2(21,0) | 4or8 29 | (29,0) 841 v 2(29,0) | 4or8
22 (2,0) 4 v %(2,0) 2 (5.2) 29 T 20(5,2) 8
(11,0) 121 v 2(11,0) | 4or8 30 2,0) 4 v %(2,0) 2
(22,0) | 484 \Y% 2(22,0) | 4or8 (3,0) 9 v 2(3,0) 4
(LD 2 M X(1,1) 1 (5,0) 25 v 2(5,0) 4or8
(11,11) | 242 M X(11,11) | 4or8 (6,0) 36 v 2(6,0) 4or8
23 (23,0) | 529 v 2(23,0) | 4or8 (10,0) 100 \% 2(10,0) | 4or8
24 (2,0) 4 v 2(2,0) 2 (15,0) | 225 v %(15,0) | 4or8
(3,0) 9 v 2(3,0) 4 (30,0) | 900 v %(30,0) | 4or8
(4,0) 16 A% >(4,0) 4 (1,1) 2 M X(1,1) 1
(6,0) 36 v 2(6,0) 4or8 (3,3) 18 M 2@3,3) 4
(12,0) 144 v 2(12,0) | 4or8 (5,5) 50 M 2(5,9) 4or8
(24,0) | 576 \Y %(24,0) | 4or8 (15,15) | 450 M X(15,15) | 4o0r8
(1, 1) 2 M (1, 1) 1 2,1) 5 T 20(2,1) 8
(2,2) 8 M 2(2,2) 4 3,1 10 T %03, 1) 8
(3,3) 18 M 23,3) 4 4,2) 20 T %0(4,2) 8
4,4) 32 M 2(4,4) 4or8 (6,3) 45 T %0(6,3) 8
(6,6) 72 M (6, 6) 4or8 9,3) 90 T 20(9,3) 8
(12,12) | 288 M 2(12,12) | 4or8 (12,6) 180 T 20(12,6) 8
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Moreover, it is assumed to be group-theoretic, which means, by definition, that the M-dimensional
kernel space of the Jacobian matrix at (A, ¢.) is irreducible with respect to the representation 7.
Then the critical point (A, @) is associated with an irreducible representation u of G, and the
multiplicity M corresponds to the dimension of the irreducible representation y. We denote the
representation matrix for u by 7#(g).

By the Liapunov—Schmidt reduction with symmetry,® the full system of equilibrium equations
(5.13) is reduced, in a neighborhood of the critical point (A, ¢.), to a system of bifurcation equa-
tions _

Fw,$)=0 (5.16)

inw € RM, where F : R xR — R is a function and ¢ = ¢ — ¢. denotes the increment of ¢. In
this reduction process, the equivariance (5.14) of the full system is inherited by the reduced system
(5.16). With the use of the representation matrix 7#(g) for the associated irreducible representation
U, the equivariance of the bifurcation equation can be expressed as

T*(g)F(w,$) = F(T*(g)w,$), g€G. (5.17)

This inherited symmetry plays a key role in determining the symmetry of bifurcating solutions.

The reduced equation (5.16) can possibly admit multiple solutions w = w(a) with w(0) = 0,
since (w,a) = (0,0) is a singular point of (5.16). This gives rise to bifurcation. Each w uniquely
determines a solution X to the full system (5.13), and moreover the symmetry of w is identical
with that of A. Indeed, we have the following relation:

G" C ¥ (w) = Z(N), (5.18)
where G* is a subgroup of G as
G'={geGI|T'(g) =1} (5.19)
and Z(\) and X#(w) are isotropy subgroups defined respectively as

S\ =SNG, T)={g€ G| T(A = Al, (5.20)
(w) = S(w; G, T") = {g € G | T"(g)w = w). (5.21)

The significance of the relation (5.18) is twofold. First, unless a subgroup X is large enough
to contain G*, no bifurcating solution A exists such that ¥ = X(\). Second, the symmetry of a
bifurcating solution A is known as X£(A) = Z*(w) through the analysis of the bifurcation equation
in w.

Remark 5.1. We define the variables w = (wy,...,wy)" in the bifurcation equation (5.16) with
the matrix Q derived in Section 4.3. That is, the components of w = (wy,...,wy)" are assumed
to correspond to the column vectors of Q¥ = [q’{ AU q’“A‘,I]. Then, the equivariance condition (5.17)
holds for the matrix representations 7* of the irreducible representations y derived in Section 3.2.

O

SFor more details on the Liapunov—Schmidt reduction, see Sattinger, 1979 [25] and Golubitsky et al., 1988 [26].
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Table 5.3: Irreducible representations of Dy < (Z, X Z,) to be considered in bifurcation analysis

n\d 1 2 4 )
2m (Li+,+,+),(L;+,+,-)  Q2;+,+) 4k, 0,+), 4k, k;+), (4, n/2,6,+) 8k, 0)
2m—1 (I;+,+,+) (4:k,0;+), (4 k, k; +) (8:k,0)

(4;k,0;+) forkwith 1 <k < |[(n—1)/2];

4k, k;+) forkwith1 <k < |(n-1)/2];
4;n/2,6,+)forkwith 1 <€ < |(n—1)/2];

8;k,0) for (k,{)with1 <€ <k-1,2<k<|(n-1)/2]

5.2.2. Use of Equivariant Branching Lemma

Equivariant branching lemma is a useful mathematical means to prove the existence of a bi-
furcating solution with a specified symmetry without actually solving the bifurcation equation
in (5.16). By the equivariant branching lemma, we shall demonstrate the emergence of square
patterns.

Bifurcation Equation and the Associated Irreducible Representation

To investigate the existence of a bifurcating solution A with a specified symmetry X to the
equilibrium equation F'(A, ¢) = 0in (5.13), it suffices to apply the equivariant branching lemma to
the bifurcation equation F'(w, ¢) in (5.16). This is justified by the fact that the isotropy subgroup
(M) expressing the symmetry of a bifurcating solution A is identical to the isotropy subgroup
>#(w) of the corresponding solution w for the bifurcation equation, i.e., Z(A) = X*(w) as shown
in (5.18).

The bifurcation equation is associated with an irreducible representation y of G = Dy<(Z,, X7Z,)
as in (5.17). The associated irreducible representation u is restricted to

u=~0;+++), (I;+,+,-), (2;+,4),
(4;k,0;4), 4k, k;+), (4;n/2,0;+), (8;k,0)

with k for (4;k,0;+) in (3.13), k for (4; k, k; +) in (3.14), £ for (4;n/2,¢;+) in (3.15), and (k, )
for (8; k, €) in (3.25), as a consequence of the irreducible decomposition (4.11) of the permutation
representation 7 for the economy on the n X n square lattice. The unit representation (1; +, +, +)
has been excluded since it does not correspond to a symmetry-breaking bifurcation point. Thus
we have to deal with critical points of multiplicity M = 1, 2, 4, and 8. As a modified form of
Table 4.3, therefore, we obtain Table 5.3, where the multiplicity M of a critical point is equal to
the dimension d of the associated irreducible representation.

Isotropy Subgroup and Fixed-Point Subspace
In the analysis by the equivariant branching lemma, the isotropy subgroup of w with respect
to T+:
H(w)={g G| T'(Qw = w}
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introduced in (5.21), and the fixed-point subspace of X for 7*:

Fix“(Z) = {w € RY | TH(g)w = w for all g € X} (5.22)

play the major roles. The following facts, though immediate from the definitions, are important
and useful.

By definition, X is an isotropy subgroup if and only if £ = X#(w) for some w # O.

If X = >*(w), then w € Fix*(X) and dim Fix*(X) > 1.

Not every X with the property of dim Fix*(X) > 1 is an isotropy subgroup.

¥ C ¥*(w) for every w € Fix/(X).

¥ is an isotropy subgroup if and only if £ = X¥(w) for some w € Fix"(X) with w # 0.

Unless X is an isotropy subgroup, there exists no bifurcating solution w with symmetry X.

Analysis Procedure Using Equivariant Branching Lemma
The analysis for the n X n square lattice based on the equivariant branching lemma follows the
steps below.

1.
2.

Specify an irreducible representation u of D4 »< (Z, X Z,) in Table 5.3.

Specify a subgroup X as a candidate of an isotropy subgroup of a possible bifurcating solu-
tion.

Obtain the fixed-point subspace Fix*(X) in (5.22) for the subgroup X with respect to the
irreducible representation p.

Search for some w € Fix*(X) such that 2*(w) = X. If no such w exists, then X is not an
isotropy subgroup, and hence there exists no solution with the specified symmetry X for the
bifurcation equation associated with u. If such w exists, then we can ensure that X is an
isotropy subgroup, and can proceed to the next step.

Calculate the dimension dim Fix*(Z) of the fixed-point subspace.

. If dim Fix*(X) = 1, a bifurcating solution with symmetry X is guaranteed to exist generically

by the equivariant branching lemma. If dim Fix“(X) > 2, no definite conclusion can be
reached by means of the equivariant branching lemma.

Remark 5.2. The equivariant branching lemma assumes two technical conditions: 1) absolute
irreducibility and ii) genericity (see Section 2.4.5 of Ikeda et al., 2014 [8]). The former condition
is satisfied by the group G = D4 %< (Z, X Z,) since all the irreducible representations over R of this
group are absolutely irreducible (see Section 3.2). The latter condition is a matter of modeling,
and we assume this condition throughout this paper. For more details on the equivariant branching
lemma, see Cicogna, 1981 [27], Vanderbauwhede, 1982 [28], and Golubitsky et al., 1988 [26]. O
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Figure 5.1: Pattern on the 6 x 6 square lattice expressed by the column vector of Q5:**7) A black circle denotes a
positive component and a white circle denotes a negative component.

5.3. Bifurcation Point of Multiplicity 1

As shown by Table 5.3 in Section 5.2.2, a critical point of multiplicity 1 is associated with the
two-dimensional irreducible representation (1; +, +, —), which exists only when n is even. Recall
from (3.4) that this irreducible representation is given by

T4 =1, T s) =1, T (py==1, TIIp)=-1.  (523)

In view of Remark 5.1 in Section 5.2.1, let us assume that the variable w = w for the bifurcation
equation (5.16) corresponds to the column vectors of

O+ = [q] = [ {cos(n(n; — n2))) ] (5.24)

in (4.22). The spatial pattern for this vector is depicted in Fig. 5.1 for n = 6. This is the smallest
square pattern.

Proposition 5.3. When n is even, a bifurcating solution in the direction of q with the symmetry
of {r, s, pip2, py' p2) arises from a critical point of multiplicity 1 associated with the irreducible
representation (1; +, +, —).

Proof. The general procedure in Section 5.2.2 is applied to u = (1;+,+,-) and X = (r,s)

(p1p2, Py  p2). We have
Fix""*7(2) = {w € R}

since
T ) Pw=w, TN w=w, T )pipow=w, T pilpow=w
by (5.23). Thus the targeted symmetry X is an isotropy subgroup with
dim Fix"**7(2) = 1.

The equivariant branching lemma then guarantees the existence of a bifurcating path with symme-
try 2. i
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@q (Ps,ph.p)) O @ (FPs.ppy) ©aq+q (s plps)

Figure 5.2: Patterns on the 6 x 6 square lattice expressed by the column vectors of Q%*+) . A black circle denotes a
positive component and a white circle denotes a negative component.

5.4. Bifurcation Point of Multiplicity 2

As shown by Table 5.3 in Section 5.2.2, a critical point of multiplicity 2 is associated with
the two-dimensional irreducible representation (2; +, +), which exists only when 7 is even. Recall
from (3.9) and (3.10) that this irreducible representation is given by

T(2;+,+)(r) :[ | 1 ]’ T(2;+,+)(S) :[ 1 | ]’ (525)
TC9(py) :[ - ] TC*)(py) :[ b ] (5.26)

In view of Remark 5.1 in Section 5.2.1, let us assume that the variable w = (w;, w,)" for the
bifurcation equation (5.16) corresponds to the column vectors of

QY = [qy, qu] = [ {cos(nny)), (cos(nny)) | (5.27)

in (4.23). The spatial patterns for these vectors are depicted in Fig. 5.2 for n = 6. The vectors q,
and g, represent stripe patterns but qg; + @, expresses a square pattern.

Proposition 5.4. When n is even, bifurcating solutions from a critical point of multiplicity 2 asso-
ciated with the irreducible representation (2; +, +) exist in the following directions:

(1) q1 + q» with the symmetry of (r, s, p%, p%),

(ii) g, with the symmetry of (r?, s, p%, p2), and

(iii) g» with the symmetry of (r*, s, p1, p3).

Proof. (i) The general procedure in Section 5.2.2 is applied to u = (2; 4+, +) and X = (r, s)»<( p%, p%).
Note
Fix**Y(2) = Fix®" () n Fix%""((s, pi, p3)).

Here we have
Fix®* D) = {c(1,1)7 | c € R}

since TEHH(r)(wi, wy)T = (wa, w)T by (5.25), whereas

Fix**"((s, pi, p3)) = R?
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since T+ (s) = T (p?) = T@+H(p3) = I by (5.25) and (5.26). Therefore,
Fix®*(Z) = {c(1,1)7 | c € R},

that is, T = X+ (w,) for wy = (1,1)". Thus the targeted symmetry X is an isotropy subgroup
with
dim Fix®"9(2) = 1.

The equivariant branching lemma then guarantees the existence of a bifurcating path with symme-
try 2.
(ii) Next the general procedure is applied to u = (2; +, +) and T = (r?, s, p%, p2). Note

Fix®* () = Fix®((p2)) 0 Fix® 0, s, pi)).

Here we have
FixX®*Y((ps)) = {c(1,0)" | c € R}

since TEHH (py)(wi, wa)T = (Wi, —w»)T by (5.25), whereas
Fix**9((r, s, p}) = R?
since T+ (r?) = TEH)(s) = T (p?) = I by (5.25) and (5.26). Therefore,
Fix®*"(Z) = {¢(1,0)" | c € R},

that is, T = X+ (wy) for wy = (1,0)T. Thus the targeted symmetry X is an isotropy subgroup
with

dim Fix**"(2) = 1.
The equivariant branching lemma then guarantees the existence of a bifurcating path with symme-
try Z. The case of (iii) can be treated similarly. O

5.5. Bifurcation Point of Multiplicity 4
Square patterns branching from bifurcation points of multiplicity 4 are investigated.

5.5.1. Representation in Complex Variables
As shown by Table 5.3 in Section 5.2.2, a critical point of multiplicity 4 is associated with one
of the four-dimensional irreducible representations

(4;k,0,+) with 1 <k | (5.28)
(4; k,k,+) with 1 < | (5.29)
4;n/2,6,+) with 1 << - -1, (5.30)

where n > 3 and (4;n/2, ¢, +) exists only when n is even.
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The irreducible representation (4; k, 0, +) is given by

TEROH) () = [ , S . T@RON (g = [ I S ], (5.31)
: R : [ 1
T4 (p)) = [ p T =] ] (5.32)
where i
_ | cos(2n/n) —sin(2r/n) g = 1 = 1
| sin@n/n)  cos(2n/n) |’ B -1 | 1|
The irreducible representation (4; k, k, +) is given by
TRk () = , S ]’ Tk () = [ S S ]’ (5.33)
4ikk Rt 4ikk Rt
T (p)) = [ R ] T (py) = [ Rt ] (5.34)
The irreducible representation (4;n/2, €, +) is given by
T2 () = [ , S ]’ Tén/2:65) (5 = [ S , ]’ (5.35)
(4n/2.L.+) -1 (@4n/2.6.+) R
TS py = | T | TRy = T (5.36)

Let us assume that, for (4; k, 0, +), the variable w = (wy, wy, w3, wy)" for the bifurcation equa-
tion (5.16) corresponds to the column vectors of

QWkOD) = [ (cos(2rtk ny/n)), (sin(2rk ny/n)), (cos(2rkna/n)), (sin(2rkn,/n)) | (5.37)

in (4.24). The variables w for (4;k, k,+) and (4;n/2, ¢, +) can be defined similarly. Examples of
the spatial patterns for these vectors are depicted in Fig. 5.3 for n = 6.
Using complex variables
(21,22) = (Wi +1wa, w3 + 1wy),

we can express the actions in (4; k, 0, +), given in (5.31) and (5.32) for the 4-dimensional vectors

Wi,...,Wa), as
o 1 e [, PR Rl I 2
22 21 22 22

(5.38)
. < . wkzl . |< N <1
p1: 2 % |’ P2 2 Wz
where w = exp(i2z/n). The actions in (4; k, k, +), given in (5.33) and (5.34), are
SR AN
22 21 22 <1
(5.39)

B ES! N wkZ1 KA N wk21
P, wrn|” P2z Wzl
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The actions in (4;n/2,¢, +), given in (5.35) and (5.36), are

{5 s

, (5.40)
R P N -1 . < N w7
pr 2 w s’ P2 2 -2 |
The actions of p; and p, in (4; k, €, +) are expressed in a unified form as
Cal wkzy Cal 'z (5.41)
pre . winl PP, Wz | ’

5.5.2. Isotropy Subgroups

To apply the method of analysis in Section 5.2.2, we identify isotropy subgroups for (4; k, 0, +),
(4;k,k,+), and (4;n/2, ¢, +) that are relevant to square patterns. We denote the isotropy subgroup
of z = (z1,22) and the fixed-point subspace of X with respect to T®#*4+) with € € {0, k} as

THEY () = {g € G | TH M (g) - z =2, (5.42)
Fix** (%) = (7| TWHD(g) - z = z for all g € X}, (5.43)

where T®*44)(g) . z means the action of g € G = D, < (Z, X Z,) on z given in (5.38) and (5.39).
We also define

v k = t
ﬁ:L k:— n= n £ =

, , —, —, (5.44)
gcd(n, k) gcd(n, k) gcd(n, £) gcd(n, £)

where gcd(-, -) means the greatest common divisor of the integers therein.

The symmetries of (r) and (r, s) and the translational symmetry of p”l‘plz’ are dealt with in
Propositions 5.5, 5.6, and 5.7 below. In this connection, the isotropy subgroups of z = (z;1,22) =
(1,1) G.e., w = (1,0,1,0)7) play a crucial role. Remark 5.3 given later should be consulted with
regard to the geometrical interpretation of the propositions below.

Proposition 5.5. For (4;k,0, +) in (3.13), we have the following statements:
@) Fix“** 99 ((ry) = Fix* Y ((r, 5)) = {c(1,1) | c € R} for each k.

(ii) piph € THRON((1,1)) if and only if
ka=0, kb=0 mod . (5.45)

(iii) Z@ROD((1, 1)) = Z(71, 0) and Fix“* %Y (Z(1,0)) = {c(1, 1) | ¢ € R}. That is, 2(1,0) is the
isotropy subgroup of z = (1, 1) with dim Fix“%Y(2,0)) = 1.

(iv) If Z(a, B) is an isotropy subgroup (for some z), then (a,) = (n,0) and it is the isotropy
subgroup of z = (1, 1).

(v) Zo(a, B) is not an isotropy subgroup (for any z) for any value of (a, ).
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Proof. (1) By (5.38), z = (21, 22) 1s invariant to r if and only if (z, z1) = (21, 22), Which is equivalent
to z; = 2o € R. Such z is also invariant to s.
(i1) By (5.41) for (4; k, ¢, +), the invariance of z = (1, 1) to p‘fpg is expressed as

ka+thb=0, —-fta+kb=0 mod n, (5.46)
For ¢ = 0, this condition reduces to
ka=0, kb=0 modn,

which is equivalent to (5.45).

(iii1) (a, b) satisfies (5.45) if and only if both a and b are multiples of 72. The subgroup of G

generated by p{ pg for such (a, b), together with r and s, coincides with X(71, 0).

(iv) This follows from (i) and (iii).
(v) This follows from (v). O

Proposition 5.6. For (4;k, k,+) in (3.14), we have the following statements:
(1) Fix**D((r)) = Fix***D((r, s)) = {c(1,1) | ¢ € R} for each k.

(i) piph € Z4RED((1,1)) if and only if
k(a+b)=0, k(-a+b)=0 mod . (5.47)
(iii) If i1 is even, then we have
THEED((, 1) = 2(1/2,1/2),
Fix“***)(2(1/2,1/2)) = {c(1,1) | c € R};

that is, 3(i1/2, 11/2) is the isotropy subgroup of z = (1, 1) with dim Fix“**"(X1/2,1/2)) = 1. If it
is odd, then we have

HEED((1, 1) = 21, 0),

Fix$*9(Z(,0)) = {c(1,1) | c € R};

that is, (i, 0) is the isotropy subgroup of z = (1, 1) with dim Fix*** (X, 0)) = 1.
@v) If X(a, B) is an isotropy subgroup (for some z), then

(@.B) = (n/2,n/2) if niseven,
@B =1 (1.0 if 7 is odd.

(v) Zo(a, B) is not an isotropy subgroup (for any z) for any value of (a, ).

Proof. (1) By (5.39), z = (21, 2) 1s invariant to r if and only if (z, 21) = (21, 22), Which is equivalent
to z; = 2o € R. Such z is also invariant to s.
(i1) The condition (5.46) for £ = k reduces to

k(a+b)=0, k(-a+b)=0 mod n,
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which is equivalent to (5.47).
(1i1) The condition (5.47) is equivalent to the existence of integers p and g such that

=l

Hence a and b satisfy (5.47) if and only if they are integers expressed as

A R R |

for some integers p and g. When 7 is odd, this is equivalent to (a, b) = n(p’, q’) for integers p’ and
¢'. Therefore, the subgroup of G generated by p¢ p5 with such (a, b), together with r and s, is given
by (12, 0) with (p’, q¢") = (1,0) or X(12/2,1/2) with (p, q) = (1,0) according to whether 7 is odd or
even .

(iv) This follows from (i) and (iii).

(v) This follows from (i). m|

Proposition 5.7. For (4;n/2,¢,+) in (3.15), we have the following statements.
(1) Fix*"269(ry) = Fix*29(r, s)) = {c(1, 1) | ¢ € R} for each €.
(if) pip} € S42E0((1, 1)) if and only if

1 ~ -~ 1
Efza +¢tb=0, —fa+ Eﬁb =0 mod 7. (5.48)

(iii) If 71 is odd, then we have
TED((1, 1)) = D27, 0),
Fix4“"269(2(271,0)) = {c(1,1) | ¢ € R};
that is, (271, 0) is the isotropy subgroup of z = (1,1) with dim Fix*"*“(£(27,0)) = 1. If ii is
even and /2 is odd, then we have
TARED((1, 1) = 2G/2,7/2),
Fix “"269(%(7/2,7/2)) = {e(1,1) | ¢ € R);
that is, Z(i/2,71/2) is the isotropy subgroup of z = (1, 1) with dim Fix*"269(2(71/2,7/2)) = 1. If
nis even and /2 is even, then we have
TR, 1) = TG0, 0),
Fix*"2¢9(2(7,0)) = {e(1,1) | ¢ € R);
that is, 3(i1, 0) is the isotropy subgroup of z = (1, 1) with dim Fix*"/>Y)(2(#,0)) = 1.
(iv) If X(a, B) is an isotropy subgroup (for some z), then
(27, 0) if 71 is odd,
(@,B) =

(n,0) if 71 is even and 7i/2 is even,
(n/2,7/2) if iiis even and 71/2 is odd.

(v) Xo(a, B) is not an isotropy subgroup (for any z) for any value of (a, 5).
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Proof. (i) By (5.40), z = (21, 22) 1s invariant to r if and only if (z, 21) = (21, 22), Which is equivalent
to z; = 2o € R. Such z is also invariant to s.
(i1) The condition (5.46) for kK = n/2 reduces to

ga+€b50, —€a+gb50 mod 1,
which is equivalent to (5.48).

(ii1)) When 7 is odd, (5.49) gives p and ¢ are even, that is, (p,q) = (2p’,2q’) for integers p’
and ¢’. Then, we have (a,b) = 1(2p’,2q") = 2a(p’,q’). When 7 is even, from (5.48), we have
(a,b) = (11/2)(p, q) for integers p and g and this equation is rewritten as

gp +79=0, -Ip+ gq =0 mod 2. (5.49)
When 7 is even and 7i/2 is even, we have £ odd and (p, q) = 2p”,2q"). Hence, we have (a,b) =
#/2)2p",2q") = i(p”,q") for integers p” and ¢”’. When 7 is even and #1/2 is odd (£ odd), we
have (a, b) = (ii/2)(p, q) for p + g even. Therefore, the subgroup of G generated by p¢p5 with such
(a, b), together with r and s, is given by X(271, 0) with (p’, ¢’) = (1, 0), Z(71, 0) with (p”, q”") = (1, 0),
or X(i1/2,1/2) with (p, q) = (1, 1), according to whether 7 is odd, 7i/2 is even, or 71/2 is odd.

(iv) This follows from (i) and (iii).

(v) This follows from (i). O

The above propositions show that, in either case of (4; k, 0, +), (4; k, k, +), and (4; n/2, ¢, +), any
isotropy subgroup X containing (r), which is of our interest, can be represented as & = *&6)(7)
for z = (1, 1) and that dim Fix“*“*(Z) = 1. On the basis of this fact, we will investigate possible
occurrences of square patterns for each of the three types V, M, and T in Sections 5.5.3-5.5.5.

Remark 5.3. The four-dimensional space of w = (wy, w,, w3, wy)" for the bifurcation equation
(5.16) is spanned by the column vectors of

Q(4;k’[’+) = [ql’ q>, g3, q4]’ (550)

the concrete form of which is given in (4.24)—(4.26). For example, the spatial patterns for these
vectors with n = 6 are depicted in Fig. 5.3. The two vectors q; and g; represent stripe patterns
in different directions. The sum gq., = q; + g3 of these two vectors, which is associated with
z = (1, 1), represents square patterns. O

5.5.3. Square Patterns of Type V

Square patterns of type V are here shown to branch from critical points of multiplicity 4.
Recall that a square pattern of type V is characterized by the symmetry of X(a,0) with2 < a < n
compatible with n (see (5.10) and (5.12)) and that D(a, 0) = a?.

The following proposition is concerned with the square patterns of type V.
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(f) Q(4;3,2,+)

Figure 5.3: Patterns on the 6 x 6 square lattice expressed by the column vectors of Q10+ Q@204 = LI+
QW22H QW34 and QW32 A black circle denotes a positive component and a white circle denotes a negative

component.
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Proposition 5.8. Square patterns of type V with the symmetry of Z(«, 0) (@ > 3) arise as bifurcat-
ing solutions from critical points of multiplicity 4 for specific values of n and associated irreducible
representations given by

(,) D n (k,¢)in (4;k, ¢, +)

(@,0) o> am (pm,0)

(@,0) &> am (pm, pm) (a is odd) (5.51)
(@,0) &> am (am/2, pm) (o is even and a/2 is even)

(@,0) o> am (am/2,2p'm) (a is even and /2 is odd)

where m > 1 and

gcd(pa) =1, 1<p<al2 (5.52)
ocd(p,a/2) =1, 1<p <a/4 (5.53)

Proof. By Propositions 5.5, 5.6, and 5.7, we have three possibilities: (4;k,0, +), (4;k, k,+), and
4;n/2,¢). For (4;k,0,+), we fix a and look for (k, n) that satisfies (5.28) and 77 = «. For such
(k,n), Z(a,0) = Z(n,0) is an isotropy subgroup with dim Fix** 0 (3(a,0)) = 1 by Proposi-
tion 5.5. Then the equivariant branching lemma (Section 5.2.2) guarantees the existence of a
bifurcating solution with symmetry (e, 0).

For (4;k, k, +), we fix « that is odd and look for (k, n) that satisfies (5.29) and 7i = «, and
proceed in a similar manner using Proposition 5.6.

For (4;n/2,¢,+), we fix « that is even and look for (¢, n) that satisfies (5.30) and 77 = «/2 for
a/2 odd and 77 = a for /2 even, and proceed in a similar manner using Proposition 5.7.

Suppose that (k,n) for (k,£) = (pm,0) and (pm, pm) is given by (5.51) with (5.52). Then
m = gcd(k,n) by ged(p,a) = 1 and n = n/ged(k,n) = n/m = a. We have k = pm > 1 and
k/n = p/a < 1/2, thereby showing 1 < k < [”glj in (5.28) for (4; pm,0,+) and (5.29) for
(4; pm, pm, +).

Suppose that (¢, n) for (k, ) = (am/2, pm) is given by (5.51) with (5.52). Then m = gcd(n, £)
by ged(p,@) = 1 and 7i = n/ ged(€,n) = n/m = . Wehave { = pm > 1 and {/n = p/a < 1/2,
thereby showing (5.30).

Suppose that (£,n) for (k,£) = (am/2,2p’m) is given by (5.51) with (5.53). Then 2m =
gcd(n, £) by ged(p’,a/2) = 1 and 72 = n/ gcd({,n) = n/(2m) = a/2. We have £ = 2p’'m > 1 and
{/n =2p'/a < 1/2, thereby showing (5.30).

Conversely, suppose that (k, n) satisfies 7 = @, and (5.28) or (5.29). Then we have @ = i1 =
n/ ged(k, n), which shows ged(k, n) = n/a is an integer, say m. We also have k = k ged(k, n) = mp
for p = k. Then ged(p, @) = ged(k, 1) = 1, p =k > 1, and p/a = k/n < 1/2 by (5.28) or (5.29),
thereby showing (5.52).

Suppose that /2 is even and (¢, n) satisfies i = «a, and (5.30). Then we have @ = 71 =
n/ ged(¢, n), which shows gcd(¢, n) = n/a is an integer, say m. We also have £ = ¢ gcd(€,n) = mp
for p = £. Then ged(p, @) = ged(f, 1) = 1, p =€ > 1, and p/a = €/n < 1/2 by (5.30), thereby
showing (5.52).

Suppose that /2 is odd and (¢, n) satisfies 27 = « and (5.30). Then we have @ = 271 =
2n/ ged(¢, n), which shows gcd(f,n) = 2n/a is an even integer, say 2m. We also have { =
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fged(t,n) = 2mp’ for p’ = €. Then gcd(p’,a/2) = ged(,ii) = 1, p’ = € > 1, and p'/a =
{/(2n) < 1/4 by (5.30), thereby showing (5.53).
The above argument is in fact valid for @ > 2. For @ = 2, however, the condition 1 < p < /2

or I < p’ < a/4is already a contradiction, which proves the nonexistence of the square pattern
with D = 4 (a = 2). O

Example 5.1. The parameter values of (5.51) in Proposition 5.8 give

(,) D n (k,O)in (4;k, €, +)

3,00 9 3m (m,0); (m, m)

“4,0) 16 4m (m,0); 2m, m)

5,0) 25 5m (m,0),(2m,0); (m,m), 2m,2m)

(6,0) 36 6m (m,0); (Bm, 2m)

(7,0) 49 Tm (m,0),2m,0), Bm,0); (m,m), 2m,2m),(B3m,3m)

(8,0) 64 8m (m,0),(B3m,0); (4m, m), (4m, 3m)

where m > 1. For each @ > 3, there exists at least one eligible (k, n) for (4;,0, +) in (5.51); for
instance, (k,n) = (m, am), which corresponds to p = 1. O

5.5.4. Square Patterns of Type M

Square patterns of type M are shown here to branch from critical points of multiplicity 4.
Recall that a square pattern of type M is characterized by the symmetry of (8, 8) with 1 <5 < n/2
compatible with n (see (5.10) and (5.12)) and D(3,5) = 23>

The following proposition is concerned with the square patterns of type M.

Proposition 5.9. Square patterns of type M with the symmetry of Z(5,3) (B8 > 2) arise as bifurcat-
ing solutions from critical points of multiplicity 4 for specific values of n and associated irreducible
representations given by

(,) D n (k,0)in (4;k, €, +)
B.B) 2B* 2Bm (pm,pm) (5.54)
B.p) 26° 2Bm (Bm,pm) (Bisodd)

where m > 1 and
ged(p,2B) =1, 1<p<gB. (5.55)

Proof. By Propositions 5.5, 5.6, and 5.7, we have two possibilities: (4;k, k, +) and (4;n/2, ) and
look for (k, n) that satisfies (5.29) or (5.30) and the condition that

niseven and B =n/2 for (4;k,k,+), (5.56)
niseven, 7ii/2isodd, and B =n/2 for (4;n/2,?0). (5.57)
For such parameter value (k,n) in (5.56) for (4; k, k,+), Z(B,B) = X(71/2,71/2) is an isotropy sub-

group with dim Fix“***(2(s, 8)) = 1 by Proposition 5.6. For such parameter value (£, n) in (5.57)
for (4;n/2,¢,+), X(B,B) = X(71/2,71/2) is an isotropy subgroup with dim Fix(4;”/2’€’+)(2(ﬁ,ﬁ)) =1
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by Proposition 5.7. Then the equivariant branching lemma (Section 5.2.2) guarantees the existence
of a bifurcating solution with symmetry X(8, 5) for both (4; k, k, +) and (4;n/2, ¢, +).

For (4; k, k, +), suppose that (k,n) is given by (5.54). Then m = gcd(k,n) by ged(p,26) = 1,
and 7 = n/ gcd(k, n) = 28, which shows (5.56). As for the condition (5.29), we first observe that
k/n = p/(2B) < 1/2, which shows k < n/2. The case of (4;n/2, ¢, +) can be treated similarly.

Conversely, for (4; k, k, +), suppose that (k,n) satisfies (5.29) and (5.56). Put m’ = gcd(k, n)
to obtain n = m’'ft = 2m’B and k = m’k = m’p for p = k. Hence we have (k,n) = (pm’,2Bm’),
where ged(p, 28) = ged(k,i7) = 1 and p/(28) = k/n < 1/2, thereby showing (5.55). The case of
(4;n/2,¢, +) can be treated similarly.

The above argument is valid also for 8 = 1. For 8 = 1, however, no p satisfies 1 < p < . This
proves the nonexistence of the square pattern with D = 2. O

Example 5.2. The parameter values of (5.54) in Proposition 5.9 give

(,8) D n (k,0)in (4;k, €, +)

2,2) 8 4m (m,m)

(3,3) 18 6m (m,m); (Bm,m)

“4,4) 32 8m (m,m), B3m,3m),

(5,5 50 10m (m,m),(3m,3m); (5m,m),(5Sm,3m)
6,6) 72 12m (m,m),(5m,S5m)

where m > 1. For each § > 2, there exists at least one eligible (k,n) in (5.54); for instance,
(k,n) = (m,2Bm), which corresponds to p = 1. O

5.5.5. Square Patterns of Type T

It is shown that square patterns of type T do not appear from critical points of multiplicity 4.
Recall that a square pattern of type T is characterized by the symmetry of (e, ) with 1 < a <
n—1,1<pB<n-1, a # B (see (2.42)). The following proposition denies the existence of square
patterns of type T.

Proposition 5.10. Square patterns of type T with the symmetry of Zo(a,f) 1 <a<n—-1, 1 <B <
n—1, a # B do not arise as bifurcating solutions from critical points of multiplicity 4 for any n.

Proof. By Propositions 5.5, 5.6, and 5.7, (e, ) is not an isotropy subgroup with respect to
neither (4; k,0, +), nor (4;k, k, +), nor (4;,n/2,%). O

5.5.6. Possible Square Patterns for Several Lattice Sizes

We have investigated possible occurrences of square patterns for each of the three types V, M,
and T, and enumerated all possible parameter values of n for the lattice size and k for the associated
irreducible representations (4; k, 0, +), (4; k, k, +), and/or (4;n/2, ¢, +). By compiling the obtained
facts, we can capture, for each n, all square patterns that can potentially arise from critical points
of multiplicity 4. The result is given in Tables 5.4-5.7 for several lattice sizes n.
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Table 5.4: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (i1 is given for
(4;k,0,+) and (4; k, k, +), and 7 is given for (4;n/2,¢, +))

n | (k,O)in 4kt +) noon o (@,p) D  Type
31 (1,0 3 (3,0) 9 Vv
(1,1)
41 (1,0 4 (4,0) 16 )
2,1 4
(1,1) 4 2,2) 8 M
51 (1,0),(2,0) 5 (5,0) 25 \
1,1),(2,2)
6 | 2,0) 3 (3,0) 9 \
(2,2)
(1,0 6 (6,0) 36 \Y
(3,2 3
(1, 1) 6 3,3) 18 M
[€3)) 6
71 (1,0),(2,0),(3,0) 7 (7,0) 49 \
(1,1),(2,2),(3,3)
8 1 (2,0 4 (4,0) 16 v
4,2) 4
(1,0),(3,0) 8 (8,0) 64 A
4,1),4,3) 8
2,2) 4 2,2) 8 M
(1,1),3,3) 8 4,4) 32 M
91 @G0 3 (3,0) 9 \%
(3,3)
(1,0),(2,0), (4,0) 9 9,0) 81 \Y%
(1,1),(2,2), (4,4)
10 | (2,0),(4,0) 5 (5,0) 25 Y
(2,2), (4,4)
(1,0),(3,0) 10 (10,0) 100 Y
(5,2),(5,4) 5
(1,1),(3,3) 10 (3,5) 50 M
(5,1),(5,3) 10
11 | (1,0),(2,0),(3,0),(4,0),(5,0) 11 (11,0) 121 v
(1,1),(2,2),(3,3), (4,4),(5,5)
12 | (4,0 3 (3,0) 9 \
4,4
(3,0 4 (4,0) 16 \%
(6,3) 4
(2,0 6 (6,0) 36 \Y
(6,4) 3
(1,0),(5,0) 12 (12,0) 144 \Y
(6,1),(6,5) 12
(3,3) 4 2,2) 8 M
(2,2 6 (3.3) 18 M
(6,2) 6
(1,1),(5,5) 12 6,6) 72 M
13 | (1,0),(2,0),(3,0),(4,0),(5,0),(6,0) | 13 (13,0) 169 Y
(1,1),(2,2),(3,3),(4,4),(5,5), (6, 6)
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Table 5.5: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (i1 is given for
(4;k,0,+) and (4; k, k, +), and 7 is given for (4;n/2,(, +))

n | (k,0)in 4k, +) it it (e, p) D Type

14 1 (2,0),(4,0),(6,0) 7 (7,0) 49 Y
(2,2), (4,4),(6,6)
(1,0),(3,0),(5,0) 14 (14,0) 196 A
(7,2),(7,4),(7,6) 7
(1,1),(3,3),(5,5) 14 7,7 98 M
(7,1),(7,3),(7,5) 14

15 | (5,0) 3 (3,0) 9 \
(5,5)
(3,0),(6,0) 5 (5,00 25 \%
(3,3), (6,6)
(1,0),(2,0),(4,0),(7,0) 15 (15,0) 225 \Y
(1,1),(2,2),(4,4),(1,7)

16 | (4,0) 4 4,0) 16 Y
(8,4 4
(2,0),(6,0) 8 (8,0) 64 Y,
(8,2),(8,6) 8
(1,0), (3,0), (5,0, (7,0) 16 (16,0) 256 \Y%
(8,1),(8,3),(8,5),(8,7) 16
4,4 4 2,2) 8 M
(2,2),(6,6) 8 4,4) 32 M
1,1),(3,3),(5,5),(7,7) 16 8,8 72 M

17 | (1,0),(2,0),(3,0), 4,0),(5,0),(6,0),(7,0),(8,0) 17 (17,0) 289 Vv
(1,1),(2,2),(3,3), (4,4),(5,5),(6,6),(7,7),(8,8)

18 | (6,0) 3 (3,0) 9 N
(6,6)
(3,0) 6 6,0) 36 \Y,
9,6) 3
(2,0),(4,0),(8,0) 9 9,0) 81 A%
(2,2),(4,4),(8,8)
(1,0),(5,0),(7,0) 18 (18,0) 324 \%
9,2),9,4),09,8) 9
(3,3) 6 (3.3) 18 M
9,3) 6
1,1),(5,5),(7,7) 18 9,9) 162 M
9,1),09,5),09,7) 18

19 | (1,0),(2,0),(3,0),(4,0),(5,0),(6,0),(7,0),(8,0),(9,0) | 19 (19,0) 361 N
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7), (8,8),(9,9)

20 | (5,0) 4 (4,0) 16 Y
(10,5) 4
4,0),(8,0) 5 (5,0) 25 \
4,4),(8,8)
(2,0),(6,0) 10 (10,0) 100 \Y
(10,4), (10, 8) 5
(1,0),(3,0),(7,0),(9,0) 20 (20,0) 400 A
(10, 1), (10, 3), (10, 7), (10,9) 20
() 4 2,2) 8 M
(2,2),(6,6) 10 5,5 50 M
(10,2), (10, 6) 10
(1,1),(3,3),(7,7),(9,9) 20 (10,100 200 M
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Table 5.6: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (i1 is given for
(4;k,0,+) and (4; k, k, +), and 7 is given for (4;n/2,¢, +))

n | (k,0)in 4k, €, +) n 17} (a, ) D  Type
21 | (7,0) 3 (3,0 9 Y
(7,7
(3,0),(6,0),(9,0) 7 (7,0) 49 \Y%
(3,3),(6,6),(9,9)
(1,0),(2,0), (4,0),(5,0),(8,0), (10, 0) 21 (21,0) 441 \
(1,1),(2,2), (4,4),(5,5),(8,8), (10, 10)
22 | (2,0),(4,0),(6,0),(8,0),(10,0) 11 (11,0) 121 Y
(2,2), (4,4),(6,6),(8,8),(10,10)
(1,0),(3,0),(5,0),(7,0),(9,0) 22 (22,0) 484 \%
(11,2),(11,4),(11,6),(11,8), (11, 10) 11
(1,1, 3,3),5,5),(7,7),0,9) 22 (I1,11) 242 M
(11,1),(11,3),(11,5),(11,7),(11,9) 22
23 | (1,0),(2,0),(3,0),(4,0),(5,0),(6,0),(7,0),(8,0),(9,0), (10, 0) 23 (23,0) 529 1
(11,0)
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7),(8,8),(9,9), (10, 10)
(11,11)
24 | (8,0) 3 (3,0 9 v
(8,8)
(6,0) 4 4,0) 16 \Y
(12,6) 4
4,0) 6 (6,0) 36 \
(12,8) 3
(3,0),(9,0) 8 (8,00 64 \
(12,3),(12,9) 8
(2,0),(10,0) 12 (12,0) 144 Y
(12,2), (12, 10) 12
(1,0),(5,0),(7,0), (11,0) 24 (24,0) 576 \Y
(12, 1),(12,5),(12,7)(12, 11) 24
(6,6) 4 2,2) 8 M
4,4) 6 (3,3) 18 M
(12,4) 6
(3,3),(9,9) 8 4,4 32 M
(2,2),(10,10) 12 6,6) 72 M
(1,1),(5,5),(7,7),(1,11) 24 (12,12) 288 M
25 | (5,0),(10,0) 5 (5,00 25 Y
(5,5), (10, 10)
(1,0),(2,0),(3,0), (4,0), (6, 0),(7,0),(8,0), (9,0, (11,0), (12,0) 25 (25,0) 625 \Y
(1,1),(2,2),(3,3),(4,4),(6,6),(7,7),(8,8),(9,9), (11, 11), (12, 12)
26 | (2,0),(4,0),(6,0),(8,0),(10,0), (12,0) 13 (13,0) 169 v
(2,2),(4,4),(6,6),(8,8),(10,10), (12,12)
(1,0),(3,0),(5,0),(7,0),(9,0), (11,0) 26 (26,0) 676
(13,2), (13, 4), (13, 6), (13, 8), (13, 10), (13, 12) 13
(1,1, (3,3),(5,5),(7,7),(9,9), (11, 11) 26 (13,13) 338 M
(13, 1),(13,3),(13,5),(13,7), (13,9), (13, 11) 26
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Table 5.7: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (i1 is given for
(4;k,0,+) and (4; k, k, +), and 7 is given for (4;n/2,(, +))

n | (k) in &k € +) it it (@,B) D Type
27 | (9,0) 3 (3,0 9 v
9,9
(3,0),(6,0), (12,0) 9 9,00 81 A
(3,3),(6,6), (12,12)
(1,0),(2,0), (4,0),(5,0),(7,0),(8,0),(10,0), (11,0), (13,0) 27 (27,00 729 v
(1,1),(2,2), (4,4),(5,5),(7,7),(8,8),(10,10), (11, 11), (13, 13) 27
28 | (7,0) 4 (4,0) 16 v
(14,7) 4
(4,0),(8,0),(12,0) 7 (7,0) 49 A
(4,4),(8,8), (12,12)
(2,0),(6,0), (10,0) 14 (14,0) 392 A
(14,4),(14,8), (14,12) 7
(1,0),(3,0),(5,0),(9,0),(11,0), (13,0) 28 (28,0) 784 \
(14,1),(14,3), (14,5),(14,9), (14, 11), (14, 13) 28
(7,7 24 2,2) 8 M
(2,2),(6,6), (10, 10) 14 7,79 98 M
(14,2), (14,6), (14, 10) 14
(1,1),(3,3),(5,5),(9,9), (11, 11), (13, 13) 28 (14,14 392 M
29 [ (1,0),(2,0),(3,0),(4,0),(5,0),(6,0),(7,0),(8,0),(9,0),(10,0) | 29 (29,0) 841 3
(11,0), (12,0), (13,0), (14, 0)
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7), (8,8), (9,9), (10, 10)
(11,11),(12,12), (13, 13), (14, 14)
30 | (10,0) 3 (3,0) 9 N
(10, 10)
(6,0),(12,0) 5 (5,00 25 A2
(6,6),(12,12)
(5,0 6 6,0) 36 \%
(15,10) 3
(3,0),(9,0) 10 (10,0) 100 A
(15,6), (15,12) 5
(2,0),(4,0),(8,0),(14,0) 15 (15,0) 225 A
(2,2),(4,4),(8,8), (14, 14)
(1,0),(7,0),(11,0),(13,0) 30 (30,0) 900 A
(15,2), (15,4), (15, 8), (15, 14) 15
(5,5) 6 (3,3) 18 M
(15,5) 6
(3,3),9.9) 10 3,5 50 M
(15,3),(15,9) 10
(1,1),(7,7),(11,11),(13,13) 30 (15,15) 450 M
(15,1),(15,7),(15,11), (15, 13) 30
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5.6. Bifurcation Point of Multiplicity 8
Square patterns branching from critical points of multiplicity 8 are investigated. The emer-

gence of tilted square patterns of type T is the most phenomenal finding of this chapter. In addition,
larger square patterns of type V and M also branch.

5.6.1. Representation in Complex Variables
As shown by Table 5.3 in Section 5.2.2, a critical point of multiplicity 8 is associated with the
eight-dimensional irreducible representation (8; k, €) with

l<t<k-1, 2sksv;1|, (5.58)

where n > 5.
Recall from (3.27)—(3.28) that the irreducible representation (8; k, £) is given by

) (5.59)
Rk Rf
8kl B Sl RF
T®9(p)) = | T = = (5.60)
R Rk
with ]
_ | cos(2n/n) —sin(2r/n) |1 |1
B [ sin(2z/n)  cos(2n/n) |’ § = [ -1 ] 1= [ 1 ] (5.61)

Let us assume that the variable w = (wy, wy, w3, wg, ws, wg, w7, wg) " for the bifurcation equa-
tion (5.16) corresponds to the column vectors of

QRO = [ (cos2r(kn, + (ny)/n)), (sinQr(kn, + {ny)/n)),
(cosRa(—tn; + kny)/n)), (sinQn(—{n; + kny)/n)),
(cosn(kn; — tny)/n)), (sinn(kn, — €ny)/n)),
(cos2n(—tn; — kny)/n)), (sina(—£tn, — kny)/n)) |

~1
forls{’sk—l,ZsksVT|.

Examples of the spatial patterns for these vectors are depicted in Fig. 5.4 for n = 6.
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(a) q (b) @» ©) q;

(d) g4 (e) gs () gs

(@ q7 (h) gs (1) g1 +q3+qs+q; (r,s))

Figure 5.4: Patterns on the 6 x 6 square lattice expressed by the column vectors of Q%21 A black circle denotes a
positive component and a white circle denotes a negative component.
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The action given in (5.59) and (5.60) on 8-dimensional vectors (w1, ..., ws) can be expressed

for complex variables z; = wy;_; +iwy; (j=1,...,4) as
71 ] 2] 2 2
Z Z Z Z
P el = e R el = i (5.62)
3 24 3 Z1
24 | 23_ 24 Vé)
21 [ Wk 7 ] 21 W' 74
—¢ k
Vé) w 2 Vé) w2
P =1k , P2 L A (5.63)
23 w73 23 w 73
% w74 2 w*zy

where w = exp(i2n/n).

5.6.2. Outline of Analysis

The major ingredients of our analysis for critical points of multiplicity 8 associated with
(8; k, £) are previewed.

We denote the isotropy subgroup of z = (zy, . . ., z4) with respect to (8; k, £) as

292 = (g€ G| T®(g) -z = 2, (5.64)

where T®*9(g) - z means the action of g € G = D, = (Z, X Z,) on z given in (5.62) and (5.63). It
turns out that the isotropy subgroup of z = (1, 1, 0, 0) plays a crucial role in our analysis and that

T®:0((1,1,0,0)) = Zy(a, B) (5.65)

for a uniquely determined (a,8) with 0 < 8 < @ < n (see Proposition 5.17 in Section 5.6.3). We
denote this correspondence (k, €) — (a,B) = (a(k, ¢, n), Bk, {,n)) by

Ok, t,n) = (a,p). (5.66)

In a sense, (k, ¢) and (a, B) are dual to each other; (k, £) prescribes the action of the translations p;
and p», and (e, 8) describes the symmetry preserved under this action.’

Whereas the concrete form of the correspondence @ is discussed in detail in Section 5.6.9, the
following proposition shows the most fundamental formulas connecting (k, €) and («, 5). We use

the notations: ‘ p

A n

— = = — 5.67
acd(k, €, n) ecd(k, 6,n)” ' ged(k, €,n) (5:67)

where gcd(k, £, n) means the greatest common divisor of &, £, and n.

k=

Proposition 5.11. Let (o, ) = O(k, ¢, n).
(1)
D(a,p)

. 5.68
ged(a, B) (>-68)

7l =

"In an analogy with physics we may compare (k, £) to frequency and (e, B) to wave length.
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irred. rep.
(k, )

symmetry

(a.p)

bifurcating

—(®)— solution

—(Eq. Br. Lem.)—

Figure 5.5: Two stages of bifurcation analysis at a critical point of multiplicity 8.

(i)

A

i
————— = ged(a, B). (5.69)
gcd(k? + €%, ) ¢ :

Proof. The proof is given in Section 5.6.10; see Propositions 5.35(ii) and 5.36. It is mentioned
here that the proof relies on the Smith normal form for integer matrices. O

Our analysis of bifurcation consists of two stages (see Fig. 5.5):

1. Connect the irreducible representation (k, £) to the associated symmetry represented by («, 3)
by obtaining the function ® : (k, {) — (@, ).

2. Connect the symmetry represented by (e, ) to the existence of bifurcating solutions on the
basis of the equivariant branching lemma.

Proposition 5.12 below is a preview of a major result (Proposition 5.20 in Section 5.6.4) in a
simplified form. For classification of bifurcation into several cases, we consider the condition

GCD-div : 2 ged(k, £) is not divisible by gcd(k + £2, ), (5.70)

and the negation of this condition is referred to as GCD-div. The set of even integers is denoted
by 2Z below.

Proposition 5.12. For a critical point of multiplicity 8, let (8;k,{) be the associated irreducible
representation and (a, ) = O(k, €, n). The bifurcation at this point is classified as follows.

Case 1: GCD-div and ged(k — £, 1) ¢ 27 : A bifurcating solution with symmetry (i, 0) exists.
This solution is of type V.

Case 2: GCD-div and ng(/Ac - ¢, n) € 27 : A bifurcating solution with symmetry Z(i1/2,1/2)
exists. This solution is of type M.

Case 3: GCD-div and gcd(lAc -0,n) ¢ 27 : Bifurcating solutions with symmetries X(i1,0),
Yo(a,B), and Zo(B, @) exist.® The first solution is of type V, and the other two solutions are of
type T.

Case 4: GCD-div and gcd(lAc - ¢, n) € 27 : Bifurcating solutions with symmetries X(ii/2,1/2),
Yo(a, B), and Zy(B, @) exist. The first solution is of type M, and the other two solutions are of type T.

The classification criteria for the above four cases become more transparent when expressed in
terms of («, 8) (= D(k, £, n)) rather than (k, £). The expressions in terms of (@, 5) can be obtained

8To be precise, (8, @) should be denoted as Zo(e’, ) with (a’,8’) in (5.81), which lies in the parameter space of
(5.7).
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Table 5.8: Classification of bifurcation at a critical point associated with (8; k, £) with (a, 8) = ®(k, ¢, n)

ged(k —,7) ¢ 2Z | ged(k — €, 1) € 2Z
D¢2z De2z
GCD-div Case 1: Case 2:
B=0ora=p type V type M
GCD-div Case 3: Case 4:
B#0anda # B | type V and type T | type M and type T

from Proposition 5.13 below, where

@ s B
a=——-:, = —, (5.71)
gd@p P ecd@p)

PP D(a, )

D=&+p = —_. (5.72)
(ged(a, B))?
It is noted in passing that an alternative expression

D = ged(i® + 22, 7) (5.73)

results from (5.68), (5.69), and (5.72).

Proposition 5.13. Let (a,8) = O(k, ¢, n).
() ged(k — £,7) € 2Z < D €27
(ii) GCD-div in (5.70) < B=0o0ra =4.

Proof. The proof is given in Section 5.6.10; see Proposition 5.35(i) and Proposition 5.40. It is
mentioned here that the proof of the equivalence in (ii) relies on the Smith normal form for integer
matrices and the integer analogue of the Farkas lemma. O

Propositions 5.12 and 5.13 together yield Table 5.8 that summarizes the classification of bifur-
cation phenomena into the four cases in terms of both (k, ¢) and (a, ).

An important observation here is that the classification into the four cases in Proposition 5.12,
as well as in Table 5.8, can also be described in terms of the subgroup Xy(a, ). The following
proposition shows how the conditions “8 = 0 or @ = £” and “D € 2Z” can be replaced by
conditions for Xy(a, ).

Proposition 5.14.
(i) Zo(a,B) = Zp(B,a) < B=0ora=p.

(if) A
mep) . ={ fel e (574)
with D(a. ) D(a.p)
a (04
= f = 5.75
gcd(a, B) 2 ged(@.f) (575)
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Table 5.9: Bifurcation at a critical point associated with (8;k, £) classified in terms of the subgroup X(a,) for
(a,B) = Ok, £, n)

Zo(@, B) N Zo(B, @) | Zo(a, B) N Xo(B, @)
= Xo(a”,0) = 2o(8".8")
Xola, B) = Xo(B, @) Case 1: Case 2:
type V type M
Xola, B) # Zo(B, @) Case 3: Case 4:
type V and type T | type M and type T

Proof. (i) This is obvious from the definition of Zy(a, ) in (5.10).
(i1) The proof is given in Proposition 5.32 in Section 5.6.10. O

By Proposition 5.14 above, we can rewrite Table 5.8 as Table 5.9. In particular, solutions of
type T exist if and only if Xy(, ) is asymmetric in the sense of Xy(a,5) # Zo(5, @). Not only
is this statement intuitively appealing, but it plays a crucial role in our technical arguments in
Section 5.6.10.

Remark 5.4. Some comments are in order about (5.74) in each case corresponding to type V,
type M, or type T.

e If 3=0, we have D = 1 and @ = D(a, 0)/gcd(a, 0) = o*/a = a.
o If @ =, we have D =2and B’ =DB,B)/(2ged(B,pB)) = (28%/(2B) = B.

e For (a,B) with 1 < 8 < a, we have D =5,10,13,17,20, and so on, some of which satisfy
D € 27, while others do not.

It should be also mentioned that the identity (5.74) is purely geometric in that it is valid for all
(a, B) that may or may not be related to irreducible representation (8; k, £). If («, ) is associated
with (8; k, £), we have o” = i1 and 8" = 11/2 by (5.68) and (5.75), respectively. O

5.6.3. Isotropy Subgroups

To apply the method of analysis described in Section 5.2.2, we identify isotropy subgroups for
(8; k, €) related to square patterns.

We denote the fixed-point subspace of X in terms of z = (z,...,24) as

Fix®*0(Z) = {z | T®*O(g) - z = z for all g € I}, (5.76)

where T®*0(g) - z means the action of g € G = Dy < (Z, X Z,) on z given in (5.62) and (5.63).
Also recall from (5.64) the notation X®%9(z) for the isotropy subgroup of z.

The symmetries of (r) and (r, s) are dealt with in Proposition 5.15 below, and the translational
symmetry p¢p} is considered thereafter. Remark 5.8 below should be consulted with regard to the
geometrical interpretation of the following discussion.
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Proposition 5.15.
(1) Fix®*9(r)) = {¢(1,1,0,0) + ¢’(0,0,1,1) | ¢, ¢’ € R}.
(i) Fix®O(r, s)) = {c(1,1,1,1) | ¢ € R}.

Proof. (i) By (5.62), z is invariant to r if and only if (22,21, 24,23) = (21,22,23,24), Which is
equivalenttoz; =z € Rand z3 = z4 € R.

(i1) By (5.62), z is invariant to s if and only if (z3, 24, 21, 22) = (21, 22, 23, 24), Which is equivalent
to z; = zz and 7, = z4. Hence z is invariant to both r and s if and only if z; =z, =z3 =z € R. O

The above proposition implies that any isotropy subgroup X containing (r), which is of our
interest, can be represented as T = X®*9(z) for some vector z of the form

z=¢(1,1,0,0) + ¢'(0,0,1,1), «¢,c" €R, (5.77)

and that dim Fix®*9(T) < 2.
We now turn to the invariance to the translational symmetry pp5.

Proposition 5.16.
(1) P‘lll?lg) € T®k0((1,1,0,0)) if and only if

ka+th=0, fa-kb=0 mod i. (5.78)
(ii) p¢ph € T®%D((0,0, 1,1)) if and only if
ka-th=0, fa+kb=0 mod i. (5.79)
Proof. (i) By (5.63), the invariance of z = (1, 1,0, 0) to p{ pg is expressed as
ka+¢b=0, €fa-kb=0 modn,

which is equivalent to (5.78) with the notations in (5.67).
(i1) By (5.63) the invariance of z = (0,0, 1, 1) to p{ pg is expressed as

ka—€tb=0, Ca+kb=0 modn,

which is equivalent to (5.79). i

The isotropy subgroup of z = ¢(1,1,0,0) +¢’(0, 0, 1, 1) of the form of (5.77) is identified in the
following two propositions: the case with c¢’ = 0 in Proposition 5.17 and the case with c¢” # 0 in
Proposition 5.18.

Proposition 5.17.
(1) For each (k,{), we have

T®0((1,1,0,0)) = Zo(a, B) (5.80)

for a uniquely determined (a,B) with0 < <n, 0 < a < n.
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(i1) For the (a,B) associated with (k, ) as in (1) above, define

s oo | Bia@) if B> 0,
(@.f)= { (@,0) ifB=0. 8D
Then we have
£&%0((0,0, 1, 1)) = Zo(’, B). (5.82)

Proof. (i) By (5.62), ®k0((1, 1,0, 0)) contains r and not s. To investigate the translation symme-
try, denote by A(k, £, n) the set of all (a, b) satisfying (5.78). That is,

Ak, ,n) = {(a,b) € Z* |ka+ b =0, la—kb=0 mod A} (5.83)

Then A(k,{,n) is closed under integer combination, i.e., if (a;, b,), (az,b,) € A(k,{,n), then
ni(ay, by) + my(ay, by) € Ak, L, n) for any n;,n, € Z. Next, if (a,b) € A(k,{,n), then (a’,b") =
(—=b, a) also belongs to A(k, £, n) since

ka' + 0’ = k(-=b) + la=¢fa—kb=0 mod A,
ba’ — kb’ = {(=b) —ka = —(ka + £b) = 0 mod #.

The above argument shows that A(k, £, n) coincides with a set of the form
L(@.p) = {(a,b) € Z* | (a,b) = ny(. ) + ny(=B, @), ny,ny € Z} (5.84)
for some appropriately chosen integers @ and S. For such («, 8) we have

S®R0((1,1,0,00) = (r) = (piph, pi’pS) = Zo(a. B).

To see the uniqueness of (@, 5) we note the obvious correspondence between L(a,3) and the
square sublattice H(a, ) in (2.4). By Proposition 2.1, H(a, B) is uniquely parameterized by («, )
with 0 < 8 < a. Furthermore, we have @ < n as a consequence of the fact that £(a, ) contains
no point (a, b) of the form of (a,b) = x(a,B) + y(—B,@) with 0 < x < 1 and 0 < y < 1, which lies
in the interior of the parallelogram formed by its basis vectors (a,8) and (-8, @). To prove this by
contradiction, suppose that @ > n and consider the point (a,b) = (@ — n,). This point belongs
to L(a,B), satistfying the defining conditions in of A(k, £, n) in (5.83), whereas the corresponding
(x,y) satisfies 0 < x < 1 and 0 < y < 1, which is a contradiction.

(i1) Since

0,0,1,1) = T®*O(s) - (1,1,0,0),
it follows using the relation for the orbit X(T(g)u) = g - Z(u) - g~ (g € G), (5.80), (2.35), and
(5.81) in this order that

®89(0,0,1, D) = 5 - Z®9((1,1,0,0)) - 57 = 5 Zp(@. B) - s = Zo(B, @) = o', B).
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We denote the correspondence (k,{) — (a,B) = (a(k,{,n),B(k,{,n)) defined by (5.80) in
Proposition 5.17 as
O(k, €, n) = (a,p). (5.85)

Remark 5.5. A preliminary explanation is presented here about how the value of (e, 5) = ®(k, £, n)
can be determined, whereas a systematic method is given in Section 5.6.9.
The condition for (a, b) € Ak, €, n) in (5.83) is equivalent to the existence of integers p and ¢

satisfying
ko2 [a] L |p
[A _;2] [b]_"u >80

Hence a pair of integers (a, b) belongs to A(k, €, n) if and only if

S

o o
al_ [k €| [p]__2 [k C]lp
[”]_n[f —1?] [q]‘z}zm ¢ —12} [q] (5.87)

for some integers p and g. There are two cases to consider.

o If i/ (lAc2 + 22) is an integer, a simpler method works. In this case, the right-hand side of (5.87)
gives a pair of integers for any integers p and g. Therefore, we set (p,q) = (1,0) to obtain
an integer vector

k
2] (5.88)

M

Bl 2+
and note that the vectors (a, b)" of integers satisfying (5.86) form a lattice spanned by (@, )"
and (B, —a)". For (k, £,n) = (3, 1,20), for example, we have (k, £, 7) = (3, 1,20) and i) (k> +
£?) = 20/10 = 2, and hence (5.87) reads

al 13 1||p
-2l S
This shows ®(3, 1,20) = (a, ) = (6, 2), corresponding to (p, q) = (1,0).

o If 71/ (IAc2 + 22) is not an integer, number-theoretic considerations are needed to determine
(a,B) = O(k, €, n). For (k,€,n) = (18,2,42), for instance, we have (k,€,n) = (9,1,21) and

k2 + 22 = 82, and (5.87) reads
al _2119 1|(|(p
bl 8211 -9||q|

With some inspection we could arrive at ®(18,2,42) = («,8) = (21,0), which corresponds
to (p,q) = (9,1). A systematic procedure based on the Smith normal form is given in
Section 5.6.9.
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Remark 5.6. In the following arguments we shall make use of Propositions 5.11, 5.13, and 5.14
presented in Section 5.6.2. The readers may take these propositions for granted in the first reading,
but those who are interested in mathematical issues are advised to have a look at their proofs given
in Section 5.6.10. |

Proposition 5.18. Let (o, ) = ©(k, £, n), and define

D@ o, D)
ged(@,B) 2 ged(@, )’

For distinct nonzero real numbers c and ¢’ (¢ # c’), we have the following statements:

@

(5.89)

(@”,0) if D¢2Z,
xB",B") if De2z,

where D is defined in (5.72) and D € 27 means that D is even.
(i1)

=E9(e,e,0,0)) = {

Yo(a”,0) if D¢2Z,

SERO (e e, ) = { (BB if De?2Z.

Proof. We first prove (ii). By (5.62), Z®*9((c, ¢, ¢’, ¢’)) contains r and not s. We have

(e, e, ) = FE((1, 1,0,0)) N ZFO((0,0, 1, 1))
= Zo(a,ﬁ) N Zo(a/aﬁ,)a

where the second equality is due to Proposition 5.17. Then the claim follows from Proposi-
tion 5.14(ii).

Next we prove (i). By (5.62), Z®*%O((c, c, ¢, ¢)) contains both r and s. We can proceed in a
similar manner as above while including the element s. Therefore

&0, c,c,0) = (e, ) N (e, B),
which implies the claim. O

In Proposition 5.19, we can present the isotropy subgroups containing (r), with a classification
of the irreducible representations (8;k, ) in terms of (a,8) = ®(k,{,n). See Fig. 5.6 for the
classification.

Proposition 5.19. For an irreducible representation (8;k,{), let (a,B) = Dk, {,n), and define
(o,pB), @ and B” by (5.81) and (5.89), respectively. Then the isotropy subgroups containing {r)
are given by X listed below.

Case l: (,8) = (,0)with1 < a <n.

(@) X = 3(a,0) = T®O((1,1,1,1)),
Fix®9(Z) = {(c,c,c,c) | c € R}, dim Fix®*9(x) = 1.
(b) T = Zy(a,0) = Z®I((c,c,c’, ) (c £ c’,c #0,¢" #0),
Fix®9() = {(c,c, ¢, ¢) | e, € R},  dim Fix®9(z) = 2.
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(0,0,1,1) (1,1,1,1)

/ { S(a”,0) if D27

So(e, B') »(p",B") it D e 27

w——To(a”,0) or To(8", B”)

E\o(a,b’) (1,1,0,0)

General result

Eo(a. 0)

Yo(B,8)
. .

S(a,0) (8, 8)
X 20((},0) X 20(676)
"\ So(a,0) "\20(8, 8)
Case 1. (@, 8) = (,0) Case 2. (@, B8) = (B.8)
dim FixX(a,0) = 1: type V,z=(1,1,1,1) dim Fix2(3,6) = 1: type M, z=(1,1,1,1)
dim FixXo(a,0) =2: non-targeted dim FixXo(8,8) =2: non-targeted
/EO(QI76/> /Zo(ﬂ/./j”)
1 1"
Z(a//70) Z(ﬁ ‘,ﬂ )
X‘*Zo(a”,(]) X‘*Zg(ﬁ”,@”)
\Eo(ﬁ, 8) \Eo(ﬂ,ﬁ)
Case 3. (a,8) : a #p, Case 4. (a,B) : a #p,
l<a<n-1,1<B<n-1,D¢27Z l<a<n-1,1<B<n-1,De2Z
dim FixX%(a”,0) = 1: type V, z=(1,1,1,1) dim Fix2(8”,B") = 1: typeM, z=(1,1,1,1)
dim FixXo(a,B) = 1: type T, z=(1,1,0,0) dim FixXy(a,B) = 1: type T, z=(1,1,0,0)
dim FixZp(e/,p') =1 type T, z=1(0,0,1,1) dim FixZ(a/,p’) = 1: type T, z=1(0,0,1,1)
dim FixXo(a”,0) =2: non-targeted dim FixXo(8”,5’) =2: non-targeted

Figure 5.6: Isotropy subgroups for (8; k, ¢) with (@, 8) = ®(k, £, n), (¢’, ') in (5.81), and (a”,5”) in (5.89).
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Case 2: (a,B) = (B,B) with 1 < B < n/2.

(a) = Z(B,B) = Z®O((1,1,1, 1)),
Fix®*9(2) = {(¢,c,c,¢) | c € R}, dim Fix®*9(2) = 1.

b)) =Zo(B,8) = &I ((c,c,c’, ")) (c £ c’,c #0,¢" #0),
Fix®*02) = {(c,c,c’, ) | ¢, €R}, dim Fix®%O(3) = 2.

Case3: (a,f)withl <a<n-1,1<B<n-1, a#BandD ¢ 27Z.

(a) T = I, 0) = TERO(1, 1,1, 1)),
Fix®9(Z) = {(c,c,c,¢) | c € R}, dim Fix®*9(2) = 1.
(b) T = Zo(a, B) = T®40((1,1,0,0)),
Fix®9(Z) = {(c,¢,0,0) | c € R}, dim Fix®*9(Z) = 1.
(©) T = Zy(a’,B) = Z¥9((0,0, 1, 1)),
Fix®9(Z) = {(0,0,¢,¢) | ¢ € R}, dim Fix®*9(2) = 1.
(d) X =Zp(@”,0) = ZE0((c,c,c’, ) (c # c',c #0,c #0),
Fix®9(Z) = {(c,c, ', ') | ¢, € R}, dim Fix®*)(Z) = 2.

Case 4: (a,f)withl <a<n-1,1<B<n-1, a#BandD €2Z.

(a) X =X(B",B") = Z¥0((1,1,1, 1)),
Fix®9(2) = {(c,c,c,c) | c € R}, dim Fix®*9(Z) = 1.
(b) T = Zo(a, B) = T®40((1,1,0,0)),
Fix®9(Z) = {(c,¢,0,0) | c € R}, dim Fix®*9(2) = 1.
(©) T = Z(a’, ) = Z¥9((0,0, 1, 1)),
Fix®*9(Z) = {(0,0,¢',¢) | ¢ € R}, dim Fix®*9(2) = 1.
(d) X =ZyB",B") = X8 I((c,c,c’,c")) (c #',c #0,¢" #0),
Fix®9(2) = {(¢c,c, ¢, ¢) | e,c’ € R},  dim Fix®9(z) = 2.

Proof. With an observation that Xy(a, ) # Zo(a’,’) in Cases 3 and 4, the above classification
follows immediately from Propositions 5.17 and 5.18. O

Remark 5.7. In Case 1 of Proposition 5.19, we may have @ = n, in which case X(«, 0) = £(0,0) =
(r, sy and Zy(a, 0) = £y(0,0) = (r), and the translational symmetry is absent. O

Remark 5.8. The isotropy subgroups in Proposition 5.19 can be understood quite naturally with
reference to the column vectors of the matrix

Q%% = [qy, ..., gs]

given in (4.27). The spatial patterns for these vectors are depicted in Fig. 5.7, for example, for
(8;2,1) with n = 5. Although the four vectors q;, g3, gs, and g; do not represent square patterns
(Figs. 5.7(a)—(f)), the sum of these four vectors, which is associated with z = (1,1,1,1) (w =
(1,0,1,0,1,0,1,0)7), represents a square pattern of type V with D = 25 (Fig. 5.7(g)). Moreover,
the sum q; + g3, which is associated with z = (1,1,0,0), represents square pattern of type T
with D = 5 (Fig. 5.7(e)). On the other hand, the pattern in Fig. 5.7(f), which is associated with
z=1(0,0,1, 1), represents another square pattern of type T with D = 5. O
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@ q (plp2.p7'p3)  (b) @z (p?p2.p7'p3)

© gs (pip3.py2p2) (A g7 (pip3. pyp2))

LRt

) q + g3 ®) qs + g7 (&) 2i=1357qi
o2, 1) =, p?p2, p7 P2 (Z0(1,2) = (1, p1p3, pi2p2) (Dy = {1, 5))

Figure 5.7: Patterns on the 5 X 5 square lattice expressed by the column vectors of Q%2> A white circle denotes a
positive component and a black circle denotes a negative component.
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5.6.4. Existence of Bifurcating Solutions

A combination of Proposition 5.19 with the equivariant branching lemma (Section 5.2.2) shows
the existence of solutions with the targeted symmetry bifurcating from a critical point associated
with (8; &, 0).

Bifurcating solutions can be classified in accordance with number-theoretic properties of (k, £).
To be specific, it depends on the following two properties:

2 ged(k, £) is divisible by ged(k* + £2, 1), (5.90)
ged(k — 2, h) € 2Z. (5.91)

We refer to the condition (5.90) as GCD-div and its negation as GCD-div. It should be men-
tioned that a simplified version of the following proposition has already been presented as Propo-
sition 5.12 in Section 5.6.2. See also Table 5.8.

Proposition 5.20. From a critical point associated with the irreducible representation (8;k, (),
solutions with the following symmetries emerge as bifurcating solutions, where (a,8) = ®(k, €, n)
and (', ') is defined in (5.81). We have four cases.

Case 1: GCD-div and ged(k — 2, 7) ¢ 2Z : We have ®(k, €, n) = (a,f) = (1,0).

A bifurcating solution with symmetry (i1, 0), which corresponds to 7'V = ¢(1,1,1, 1), exists. This
solution is of type V.

Case 2: GCD-div and gcd(k — £,7) € 2Z : We have ®(k,t,n) = (a,B) = (1/2,74/2). A
bifurcating solution with symmetry X(i1/2,7/2), corresponding to 7V = ¢(1,1,1,1), exists. This
solution is of type M.

Case 3: GCD-div and ged(k — £,7) ¢ 2Z : We have ®(k,l,n) = (a,B) with 1 < a <
n—1,1<B<n-1, a #p, and D¢ 27 Bifurcating solutions with symmetries X(11,0), Zo(a, ),
and Xo(a’, ), corresponding to 7V = c(1,1,1,1), 2P = ¢(1,1,0,0), and z® = ¢(0,0,1,1),
respectively, exist. The first solution is of type V, and the other two solutions are of type T.

Case 4: GCD-div and ged(k—{,71) € 2Z : We have ®(k, €, n) = (@,f) with1 <@ <n—-1, 1<
B<n-1, a # B, and D e 27 Bifurcating solutions with symmetries X(i/2,1n/2), Zo(a,B),
and Zo(a’, ), corresponding to 7V = c(1,1,1,1), 7P = ¢(1,1,0,0), and 7 = ¢(0,0,1,1),
respectively, exist. The first solution is of type M, and the other two solutions are of type T.

Proof. By Proposition 5.13, as well as Remark 5.4 in Section 5.6.2, the above four cases cor-
respond to those in Proposition 5.19. In all cases, the relevant subgroup X is an isotropy sub-
group with dim Fix®*?(2) = 1 by Proposition 5.19. Then the equivariant branching lemma
(Section 5.2.2) guarantees the existence of a bifurcating solution with symmetry . O

Remark 5.9. The subgroup £ = Zy(a, 0), Zo(B, B), Zo(71,0) or Zy(71/2,1/2) appearing in Proposi-
tion 5.19 is an isotropy subgroup with dim Fix®*“(Z) = 2, for which the equivariant branching
lemma is not effective. It is emphasized that Proposition 5.20 does not assert the nonexistence of
solutions of these symmetries. Nonetheless, we do not have to deal with these subgroups since
none of these symmetries corresponds to square patterns (see (5.10)). O
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5.6.5. Square Patterns of Type V

Square patterns of type V (with D > 25) are predicted to branch from critical points of multi-
plicity 8, whereas smaller square patterns of type V with D = 4, 9, and 16 do not exist. Recall that
a square pattern of type V is characterized by the symmetry of (a, 0) with 2 < a < n (see (5.10))
and that D(a, 0) = o?.

The following propositions show such nonexistence and existence of square patterns of type V.

Proposition 5.21. Square patterns of type V with D = 4, 9, or 16 do not arise as bifurcating
solutions from critical points of multiplicity 8 for any n.

Proof. The proof is given at the end of the proof of Proposition 5.22. O

Proposition 5.22. Square patterns of type V with the symmetry of Z(a,0) (5 < a < n) arise as
bifurcating solutions from critical points of multiplicity 8 for specific values of n and irreducible
representations given by
(,8) D n (k,¢)in (8;k,0)
(@,0) o am _((p+q)m,qm)

(5.92)

withm > 1 and

p=>1, g=>1, gcdp,q.a)=1, gcdp,a)é¢?2Z,

2(p+qg+1)<a ifnisevenand m =1, (5.93)

{ 2(p+q)+1<a otherwise.
Proof. Type V occurs in Case 1 and Case 3 in Proposition 5.20, characterized by the condition
of ged(k — 2,4) ¢ 2Z. Putk = p+ g and ¢ = ¢ for some p,q € Z and note i = . Since
ng(/Ac -4, = gcd(p, @), the condition ng(/Ac —{,7n) ¢ 2Z holds if and only if gcd(p, @) ¢ 2Z. We
have (k, €, n) = ((p + g)m, gm, am) for m = gcd(k, £, n). Here we must have

1= gcd(lAc, 2, n) =ged(p +q,q,a) = ged(p, g, @).

The inequality constraint in (5.58) is translated as

-1
1S£Sk_1’2SkSV |<=>
20p+g+1)<a ifnisevenandm =1,
le’qu’{Z(p+q)+1£a/ otherwise.

Proposition 5.22 is thus obtained.
To prove Proposition 5.21, we note that, for @ = 2, 3,4, no (p, g) satisfies (5.93), which proves
the nonexistence of the smaller square patterns claimed in Proposition 5.21. O

Example 5.3. The parameter values of (5.92) in Proposition 5.22 give Table 5.10. Here, the

asterisk (-)* indicates coexistence of type T (see (5.96)), i.e., Case 3 of Proposition 5.20, whereas

unmarked cases correspond to Case 1 of Proposition 5.20, where no solution of type T coexists.
O

Remark 5.10. In all cases in (5.92), the compatibility condition (5.12) is satisfied for X(a, 0) as
n = ma with m = gcd(k, £, n), since we have
ged(k, £, n) = ((p + @)m, gm,am) = mged(p + q,q, @) = mged(p, ¢, @) = m
by (5.92) and (5.93). O
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Table 5.10: Correspondence of irreducible representation (8; &, £) to (@, ) for square patterns of type V

(a,B) D n (k,0)in (8;k,¢)

65,00 25 S5m  (2m,m)*

6,0) 36 6m (2m,m)

(7,0) 49 Tm (2m,m), B3m,m),(3m,2m)

(8,00 64 8m (2m,m),(3m,2m)

9,0) 81 9m (2m,m),(Bm,m), B3m,2m), (4m,m), (4m,2m), (4m, 3m)
(10,0) 100 10m (2m,m)*,(3m,2m), (4m, m), (4m,3m)*
(11,0) 121 11m (2m,m),(Bm,m), 3m,2m), (4m, m), (4m,2m), (4m,3m),

(5m, m), (5m, 2m), (5m, 3m), (Sm, 4m)

(12,0) 144 12m (2m,m), Bm,2m), (4m, m), (4m,3m), (Sm,2m), (Sm, 4m)
m=1,2,...;(-)" indicates coexistence of type T (Case 3)

5.6.6. Square Patterns of Type M

Larger square patterns of type M (with D > 32) are predicted to branch from critical points
of multiplicity 8, whereas smaller square patterns of type M with D = 2, 8, and 18 do not exist.
Recall that a square pattern of type M is characterized by the symmetry of (3, 5) with 1 <8 < n/2
(see (5.10)) and that D(B, 8) = 25>

The following propositions show such nonexistence and existence of square patterns of type M.

Proposition 5.23. Square patterns of type M with D = 2, 8, or 18 do not arise as bifurcating
solutions from critical points of multiplicity 8 for any n.

Proof. The proof is given at the end of the proof of Proposition 5.24. O

Proposition 5.24. Square patterns of type M with the symmetry of Z(8,8) (4 < 8 < n/2) arise as
bifurcating solutions from critical points of multiplicity 8 for specific values of n and irreducible
representations given by

@p) D n (ko) in(8;k0)
B.B) 28> 2Bm ((2p + q)m,qm)

(5.94)

where m > 1 and
p=21, g=>1, 2p+q<pB-1, q¢&2Z, gcd(p,q.p) =1 (5.95)

Proof. Type M occurs in Case 2 and Case 4 in Proposition 5.20, characterized by the condition of
gcd(k — €, n) € 2Z. For k — £ € 27 to be true, we can put k = 2p + g and £ = g for some p, q € Z.
Then (k, ¢,n) = (2p + qg)m, gm, 2m) for m = gcd(k, £, n). Since

1 = ged(k, £, /1) = ged2p + ¢, ¢, 28) = ged(2p, ¢, 28),
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we must have g ¢ 2Z and gcd(p, g,8) = 1. The inequality constraint in (5.58) is translated as

1<0<k-1,2<k<

-1
nT| = p>1,g>21,2p+qg<pB-1.

Proposition 5.24 is thus proved.
Finally, for 8 = 1,2, 3, no (p, q) satisfies (5.95), which proves the nonexistence of the smaller
square patterns claimed in Proposition 5.23. O

Example 5.4. The parameter values of (5.94) in Proposition 5.24 give the following:

(,8) D n (k,€) in (8;k, )
4,4 32 8m (Bm,m)
5,5 50 10m (Bm,m)*
6,6) 72 12m (Bm,m),(5m,m),(5m,3m)
7,7 98 14m (3m,m),(5Sm,m),(Sm,3m)
(8,8) 128 16m (3m,m),(5m,m),(5m,3m),(Tm,m),(7m,3m), (7m,5m)
9,9) 162 18m (Bm,m),(5m,m),(5Sm,3m),(Tm, m),(Tm,3m), (7m,5m)
(10,10) 162 20m (Q@Bm,m)*,(5m,m),(5m,3m),(Tm,m)*, (Tm,3m), (Tm, 5m),
(9m, m), 9Om, 3m)*, (9m, Sm), 9m, Tm)*

(11,11) 242 22m  (Bm,m),(Sm, m),(Sm, 3m), (Tm, m), (Tm, 3m), (7Tm, Sm),
9m, m), Om, 3m), (Om, 5m), (9m, Tm)

(12,12) 288 24m (3m,m),(Sm,m),(Sm,3m), (Tm,m), (Tm,3m), (7m, 5m),
9m, m), 9m, 5Sm), Om, Tm), (11m, m), (11m, 3m), (11m, Sm),
(11m,7m), (11m, 9m)

where m > 1. The asterisk (-)* indicates the coexistence of type T (see (5.96)), i.e., Case 4 of
Proposition 5.20. The other (unmarked) cases correspond to Case 2 of Proposition 5.20, where no
solution of type T coexists. The coexistence of type T is a relatively rare event; it does not occur

for n = 8m, 12m, and 14m, but it recurs for n = 10m. ]

Remark 5.11. In all cases in (5.94), the compatibility condition (5.12) for (8, 5) is satisfied as
n = 2mB with m = ged(k, €, n), since

gcd(k, €,n) = gcd((2p + g)m, gm, 2m) = mgcd(2p + q, q,2B) = mged(2p, q,2B) = m
by (5.94) and (5.95). m|

5.6.7. Square Patterns of Type T

Square patterns of type T are shown here to branch from critical points of multiplicity 8. Recall
that a square pattern of type T is characterized by the symmetry of Xy(a,8) with 1 < @ <n -1,
1 <B<n-1,and a # B (see (5.10)).

The following proposition is concerned with the five square patterns of type T with D =5, 10,
13, 17 and 20 among ten smallest square patterns.
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Proposition 5.25. Square patterns of type T with D = 5, 10, 13, 17, and 20 arise as bifurcating so-
lutions from critical points of multiplicity 8 for specific values of n and irreducible representations
given by

(,) D n (k,€) in (8;k, {)
7? =¢(1,1,0,0) 79 =¢(0,0,1,1)
2,1) 5 5m QCm,m) none
(1,2) none (2m,m)
(3,1) 10 10m (Bm,m) none
(1,3) none (Bm,m) (5.96)
(3,2) 13 13m (Bm,m),(6m,4m) (5m,m) ’
2,3) (5m, m) (3m, m), (6m, 4m)
@, 1) 17 17m (4m,m),(Tm,6m),(8m,2m) (5m,3m)
(1,4) (5m,3m) (4m, m), (Tm, 6m)(8m, 2m)
4,2) 20 20m (4m,2m) (8m, 6m)
2,4) (8m, 6m) (4m,2m)

where m > 1 is an integer.

Proof. By Proposition 5.20 (Case 3 and 4), a bifurcating solution with symmetry Xy(«, ) exists for
(k, €) such that ®(k, ¢, n) = (a,fB), where the bifurcating solution corresponds to z = ¢(1, 1,0, 0).
For such (k, ¢), another bifurcating solution exists, which corresponds to z = ¢(0,0,1,1) and
is endowed with the symmetry Xy(a’, ") for (a’,8’) given by (5.81). The list of parameters in
(5.96) is obtained by searching for such (k, ¢) in the range of (5.58) using the method given in
Section 5.6.9, which was previewed in Remark 5.5 in Section 5.6.3. Alternatively, we can search
for such (k, €) in the range of (5.58) satisfying (5.78) for a given (a, b). |

For square patterns of type T, in general, the above statement extends as follows.

Proposition 5.26. Assume 1 <a<n-1,1<B<n-1, and a # B for (a,).

(1) Square patterns of type T with the symmetry of Xo(a, ) arise as bifurcating solutions from
critical points of multiplicity 8 associated with the irreducible representation (8;k,{) such that
Ok, t,n) = (a,p) or (&, B'), where (', 8') is defined by (5.81).

(ii) Some (k, €, n) exist such that ®(k,{,n) = (a,B) or (¢, ).

Proof. (i) The proof is the same as the proof of Proposition 5.25.
(ii) We can assume & > 8 by replacing (a, 8) by (¢, 8) if necessary. Take (k, £, n) = m(&, B, D(a, B)/gcd(a, B)
for instance. Then m = ged(k, £, n) and (k, €, 1) = (&, B, D(a,B)/gcd(a, B)), and therefore

R+ 0 = a*+ B =/ ged(a, B).

This shows that the simpler method of computing ®(k, £, n), described in Remark 5.5 in Sec-
tion 5.6.3, is applicable. The right-hand side of (5.88) is calculated as

n k 194 a
o] esaen g =[5
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which shows ®(k, ¢, n) = (a, ).

We also note that the chosen parameter (k, £) lies in the range of (5.58). The inequality 1 <
¢ < k — 1 is immediate from 8 > 1 and @ > S, whereas 2 < k < [”Z;IJ is shown as follows. The
inequality k£ > 2 holds since @ > 2. When 7 is odd,

m 2
>@*+pH-1-2a=a@-2)+p*-1>0.

2(\‘71—1|_k): l(ﬂ—1—Zk):gcd(a’ﬁ)(d,2+32)_1_2&
" m

where & > 2 and 8 > 1 is used in the last inequality. When 7 is even,

3({”_ 1| —k) = Lo 2-20 = scd@p@® + - 2 — 24
m 2 m m

If 71 is odd, we have m even since n is even and

%({n_l|—k)2(&2+[3’2)—1—2&:&(&—2)+,@2—120.
m 2

d

because [@(& — 2) +ﬁ2 —1>1as (&,B) = (2, 1), which gives 71 = 5, is excluded by 71 even. O

If 7 1s even,

n—1
2

|—k)2(&2+,32)—2—2&:[&(&—2)+,@2—1]—120

Square patterns of type T appear in Cases 3 and 4 in Proposition 5.20, and these two cases are
characterized by a single condition

GCD-div : 2 gcd(k, ) is not divisible by ged(k* + &2, 7). (5.97)
This observation yields the following statement.
Proposition 5.27. A bifurcating solution of type T exists if and only if GCD-div holds.
In addition, we have the following statement for some concrete cases.

Proposition 5.28. A bifurcating solution of type T does not exist for the cases (i, k, {) = (4k, k, ),
4L, k, ), and 2k + 2€,k, ).

Proof. First, we show that (7, k,?) = (4k,k,¢) contradicts the condition GCD-div in (5.97). Let
gcd(k,f) = a. Then, we have 1 = 4k = 4a(k/a). Recall that ged(k, €, 1) = 1. If @ # 1, then
, IAc, and ¢ have a common divisor @ > 2. This contradicts ng(/Ac, 2, n) = 1. Hence, we have

ng(lAc, 2) = a = 1. Thus, we rewrite (5.97) as
GCD-div for (1, k, £) = (4k, k, ?) : 2 is not divisible by gcd(k® + £2, 4k). (5.98)

This condition is equivalent to that k> + £* and 4k have 4 or a prime number m > 3 as a common
divisor.
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e For the case that &2 + £? and 4k have 4 as a common divisor, we have
K+ = 4p. (5.99)

Here, p is a positive integer. Using k> + #2 = (k — £)> + 2kZ, we have
(k — &) + 2k = 4p. (5.100)

Recall that gcd(k f) = 1. Hence, either k or Z, or both are odd. When we consider either k
or ¢ is odd, we see that k — £ is odd. Hence, (k 5)2 is odd. Thus, (k 5)2 + 2kl is odd. This
contradicts (5.100). On the other hand, when we consider both k and £ are odd, we see that
k — ¢ is even. Hence, (k — £)? is divisible by 4. Since k¢ is odd, 2k is not divisible by 4.
Hence, (k {’)2 + 2kZ is not divisible by 4. This contradicts (5.100).

e For the case that k> + £ and 4k have a prime number m > 3 as a common divisor, we have
P+ % = mp, (5.101)
4k = mq. (5.102)
Here, p and g are positive integers. Multiplying the both sides of (5.101) by g, we have
q(k* + %) = mpq. (5.103)
Multiplying the both sides of (5.102) by p, we have
4pk = mpq. (5.104)

Combining (5.103) and (5.104), we have g(k® + £%) = 4pk. Hence, we have > = k(4p— gk).
Since ged(k, #) = 1, ¢ is divisible by k. Hence, we have ¢ = rk with some positive integer
r. Substituting this into (5.102), we have m = 4/r. Recall that m > 3. From this, we have
r = 1. Hence, we have m = 4/r = 4. Thus, we have g = rk = k. Substituting this into
(5.103), we have k2 + {2 = 4p. Using k* + #* = (k — £)* + 2kZ, we have

(k — &)* + 2k¢ = 4p. (5.105)

This condition is equivalent to (5.100) in the above case. Hence, we have contradiction in a
similar manner to the above case.

Thus, we see that (7, IAc, Z’) = (4IA<, lAc, 2) contradicts GCD-div. In the same way, we can see that
(i, k, ) = (42, k, ) contradicts GCD-div.

Next, we show that (4, k, £) = (2k + 2, k, ) contradicts the condition GCD-div in (5.97). Let
ged(k, £) = . Then, it = 2k +20 = 2a(k+?)/a. Recall that gcd(k, £,71) = 1. If & # 1, then 7, k, and
¢ have a common divisor @. This contradicts gcd(/Ac, 2, n) = 1. Hence, we have ng(lAc, 2) =a=1.
Thus, we rewrite GCD-div as

GCD-div for (1, k, £) = 2k + 2¢,k,?) : 2 is not divisible by gcd(k* + 2,2k + 20).  (5.106)

This condition is equivalent to that k> + £2 and 2k + 2£ have 4 or a prime number m > 3 as a
common divisor.
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e For the case that k% + #2 and 2k + 2¢ have 4 as a common divisor, we have

B+ =4p, (5.107)
2k + 20 = 4q. (5.108)

Here, p and ¢ are positive integers. From (5.108), we have k + ¢ = 2¢. Since ged(k,?) = « =
1, k and 2 are not both even. Hence, we have

k=2r+1, (5.109)
{=2s+1. (5.110)

Here, r and s are positive integers. Substituting (5.109) and (5.110) into (5.107), we have
(2r + 1)? + (25 + 1)? = 4p. Rearranging this, we have

p—-r(r+1)—s(s+1)=1/2. (5.111)
This equality has contradiction since p — r(r + 1) — s(s + 1) is an integer.

e For the case that k2 + 2 and 2k + 2£ have a prime number m > 3 as a common divisor, we
have

i+ 8 = mp, (5.112)
2k + 20 = mgq. (5.113)
Here, p and ¢ are positive integers. Using k% + #2 = (k + £)* — 2kZ, we have
(k + £)* — 2k& = mp. (5.114)
Substituting (5.113) into (5.114), we have g*m?/4 — 2kt = mp. Rearranging this, we have
8kl /m = —4p + mq*. (5.115)

Hence, IAc/ mor { /m is an integer. When we consider lAc/ m 1s an integer, we have k = mr with
some positive integer . From (5.113), we have £ = m(q — r). Hence, £ and k has m as a
common divisor. This contradicts ged(k,#) = 1. When we consider ¢/m is an integer, we
have contradiction in a similar manner.

Thus, we see that (7, lAc, 2) = (2IA< + 22, lAc, 2) contradicts GCD-div. O
Remark 5.12. The compatibility condition (5.12) for X(a, B) is satisfied as

- D(a, )
ged(a, B)

with m = ged(k, £, n) by (5.68) with (5.67). O
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Table 5.11: Square patterns of types V, M, and T arising from critical points of multiplicity 8 for the n X n square
lattices with n = 5, 6, 10, 13, 17, and 18 (D is defined in (5.72))

@ 20 5

2 (1,2 5

3.D 10 | (5,5 50

@ 3,1 10 10
@3 10 10
2.1 10 | D (10,00 100 1
@ @2 20 20
@24 20 20
4.3) 10 | D (10,00 100 1
@ 24 20 20
@2 20 20
(3.2),(4,1) 10 | zV (10,00 100 1
13 | (3,2),(6,4) 13 | 20 (13,00 169 1
@ 32 13 13
@23 13 13
(5.1 13 |29 (13,00 169 1
@ 2,3 13 13
@ (3,2 13 13
other (k, £)’s 13 | 29 (13,00 169 1
17 | 4,1),(7,6),(8,2) 17 | 20 7,00 177 1
@ @y 17 17
2 ae 17 17
(5.3) 17 | 29 17,00 172 1
@ w1ey 17 17
2 @y 17 17

(k,€) in (8;k, ) n z (o,B) D D  Type

50 @1 50120 5,00 25 1
50129 @D 5 5

5| 3 (1,2) 5 5

6| 2.1 6 | I 6,0) 36 1
10 | 4,2) 5120 5,00 25 1
5

5

2

< < <l<lR <R A<<glR A< R<gRR<gRAR<LREERA<<AR<

other (k, £)’s 17 | 29 17,00 172 1
18 | (6,3) 6 | M 6,00 36 1
(4,2),(6,2),(6,4),(8,2),(8,4), (8,6) 9 | D 9,00 81 1
2,1),(3,2),(4,1),(4,3),(5,2),(5,4),(6,1),(6,5 | 18 | zV (18,00 18 1

(7,2),(7,4),(7,6),(8,1),(8,3),(8,5),(8,7)
(3,1),(5,1),(5,3),(7,1),(7,3),(7,5) 18 | 9,9 162 2

=
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Table 5.12: Square patterns of types V, M, and T arising from critical points of multiplicity 8 for the n X n square
lattice with n = 20 and 24 (D is defined in (5.72))

n | (k€ in (8;k,€) 7 z (@.B) D D Type
20 | (8,4) 5 |z (5,00 25 1
2 2,1 5 5
2 1,2) 5 5
(6,2) 10 | z 5,5 50 2

7@ G, 10 10
2 1,3 10 10
4,2) 10 | z® (10,0) 100 1
a2 4,2 20 20
2 2,4 20 20
(8,6) 10 | (10,0) 100 1
a2 2,4 20 20
2 4,2 20 20
(3,1),09,3) 20 | D (10,100 200 2
a2 6,2) 40 40
7 (2,6) 40 40
7,1),09,7 20 | D (10,100 200 2
a2 (2,6) 40 40
7 6,2) 40 40
4,3),(7,4),(8,1),(9,8) 20 | D (20,0) 400 1
7@ 8,4 80 80
7 4,8 80 80
(2,1),(6,3),(7,6),(9,2) 20 | M (20,0) 400 1
7@ 4,8 80 80
7 (8,4 80 80

< <A <A< aZRAEZRA<AR<aaZRARR<

(6,4),(8,2) 10 | z (10,0) 100 1
(3,2),(4,1),(5,2),(5,4),(6,1),(6,5) 20 | M (20,0) 400 1
(7,2),(8,3),(8,5),(8,7),(9,4),(9,6)
(5,1),(5,3),(7,3),(7,5),(9,1),(9,5) 10z (10,100 200 2 M
24 1 (8,4 6 | 6,00 36 1 \%
(6,3),(9,6) 8 | D (8,00 64 1 A
4,2),(6,4),(8,2),(8,6),(10,4), (10,8) 1220 12,00 144 1 \
2,1),(3,2),(4,1),(4,3),(5,2),(5,4,(6,1),6,5 | 24 | 2V (24,00 242 1 \%

(7,2),(7,4),(7,6),(8,1),(8,3),(8,5),(8,7), (9,2)
9,4),(9,8),(10,1),(10, 3), (10, 5), (10,7),(10,9)
(11,2),(11,4),(11,6,(11,8),(11,10)

9,3) 8 | D 4,4 32 2 M
(6,2),(10,2),(10,6) 12 | 0 6,6 172 2 M
3, 1),(5,1),(5,3),(7,1),(7,3),(7,5), 9, 1) 24 | D (12,12) 288 2 M

9,5),09,7),(11,1),(11,3),(11,5),(11,7),(11,9)
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5.6.8. Possible Square patterns for Several Lattice Sizes

In Sections 5.6.5-5.6.7 we have investigated possible occurrences of square patterns for each
of the three types V, M, and T, and have enumerated all possible combinations of lattice size n
and irreducible representation (8; k, €) that can potentially engender square patterns. By compiling
these results, we can capture, for each n, all square patterns that can potentially arise from critical
points of multiplicity 8. The results are given in Tables 5.11 and 5.12 for several lattice sizes.
The results are also incorporated in Table 5.1. Recall from Proposition 5.20 in Section 5.6.4 that
bifurcating square patterns are associated with

72 =¢(1,1,0,0) corresponding to type T,

7V =¢(1,1,1,1) corresponding to type V or type M,
Z =
7¥ =¢(0,0,1,1) corresponding to type T.

For n = 5, square patterns of type T exist for the irreducible representation (8; k, ) = (8;2,1)
with 2o(a@,8) = 2Zp(2, 1) and Xy(1,2). No hexagon of type M or T exists for the lattice sizes of
n = 6. For a composite number n = 20 with several divisors, square patterns of various kinds
exist. Subgroups of D, < (Z, X Z,) expressing square patterns satisfy the inclusion relations given
below.

Example 5.5. For n = 20, possible square patterns are of type V, M, and T. Subgroups for square
patterns of type T have inclusion relations

To(1,3)
o2, 1) 3{ So(4.2)

%03, 1)
%0(1,2) D { So(2.4)

20(2,6)
20(8,4)

20(6,2) _
Sy(4. 8) } D %0(20,0) =(r),

} D 2(20,0) = (r),

Uuu uu

and satisfy
20(3,1) N 2p(1,3) = 2o(5,5),
X0(4,2) N2p(2,4) = (10, 0),
20(6,2) N Z(2,6) = Zy(10, 10),
20(8,4) N Zp(4, 8) = Zp(20,0) = (r).

In addition, subgroups for square patterns of type V and type M satisfy
(1,0) > 2(1,1) > 22,00 > X2(2,2) > Z4,0) > X(4,4)
’ 2(5,0) > X(5,5) > 210,00 > X(10,10)
D X(20,0) = (r, s).

O

In particular, possible square patterns for n = 18, 20, and 24 for critical points of all kinds of
multiplicity (M = 1, 2,4, 8) are classified in Tables 5.13 and 5.14.

5.6.9. Appendix: Construction of the Function ©
A systematic construction procedure of the function ® in (5.85) is given here.
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Table 5.13: Square patterns of types V and M arising from for critical points of all kinds of multiplicity (M = 1,2,4,8)
for the n X n square lattice with n = 18 and 24

n | por(k,€)in (4;k, ) or (k,€) in (8;k, €) (a,f8) D Type M

18 | (I;+,+,-) (1,1 2 M 1
2;+,+) 2,0) 4 \Y 2
(6,0) (3,0) 9 v 4
(6,6)
(3,0) 6,0) 36 A%
,6)
(2,0),(4,0),(8,0) 9,0) 81 A%
2,2),(4,4),(8,8)
(1,0),(5,0),(7,0) (18,0) 324 \"
9,2),(9,4),(9,8)
3,3) (3,3) 18 M
9,3) 18 M
(1,1),(5,5),(7,7) 9,9) 162 M
9,1),09,5),09,7) 162 M
6,3) 6,0) 36 \Y 8
4,2),(6,2),(6,4),(8,2),(8,4),(8,6) 9,0) 81 A%
2,1),(3,2),(4,1),(4,3),(5,2),(5,4),(6,1),(6,5) (18,0) 182 v
(7,2),(7,4),(7,6),(8,1),(8,3),(8,5),(8,7)
(3,1),(5,1),(5,3),(7,1),(7,3),(7,5) 9,9) 162 M

24 | (I;+,+,-) 1,1 2 M 1
2;+,+) 2,0) 4 \Y 2
(8,0) (3,0) 9 v 4
(8,8)
(6,0) 4,0) 16 v
(12,6)
4,0) 6,0) 36 v
(12,8)
3,0),(9,0) (8,0) 64 \"
(12,3),(12,9)
(2,0),(10,0) (12,0) 144 \"
(12,2),(12,10)
(1,0),(5,0),(7,0),(11,0) (24,0) 576 v
(12,1),(12,5),(12,7)(12,11)
6,6) 2,2) 8 M
4,4) 3,3) 18 M
(12,4)
(3,3),09,9) 4,4) 32 M
(2,2),(10,10) (6,6) 72 M
(1,1),(5,5),(7,7),(1,11) (12,12) 288 M
8,4) 6,0) 36 \Y 8
(6,3),(9,6) (8,0) 64 v
4,2),(6,4),(8,2),(8,6),(10,4),(10,8) (12,0) 144 \"
2,1),(3,2),(4,1),(4,3),(5,2),(5,4),(6,1),(6,5) (24,0) 242 v
(7,2),(7,4),(7,6),(8,1),(8,3),(8,5),(8,7),(9,2)
9,4),(9,8),(10,1),(10,3), (10, 5), (10, 7),(10,9)
(11,2),(11,4),(11,6),(11,8),(11,10)
9,3) 4,4) 32 M
(6,2),(10,2),(10,6) (6,6) 72 M
3,1),(5,1),(5,3),(7,1),(7,3),(7,5),(9, 1) (12,12) 288 M
9,5),09,7),(11,1),(11,3),(11,5),(11,7),(11,9)
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Table 5.14: Square patterns of types V, M, and T arising from for critical points of all kinds of multiplicity (M =
1,2,4,8) for the n X n square lattice with n = 20

n | wor(k,£)in (4;k,€) or (k,£) in (8;k,€) | (a.,p) D Type M
20 | (13+,+,-) (1,1) 2 M 1

(2;+,+) 2,0) 4 vV 2

(5,0 4,0) 16 vV 4

(10,5)

4,0),(8,0) (5,0 25 \Y

4,4),(8,8)

(2,0),(6,0) (10,0) 100 \Y4

(10,4), (10, 8)

(1,0), (3,0),(7,0), (9, 0) (20,0) 400 \Y4

(10, 1), (10, 3), (10, 7),(10,9)

(5,5) 2.2) 8 M

(2,2),(6,6) (5,5) 50 M

(10,2), (10, 6)

(1,1),(3,3),(7,7),(9,9) (10,10) 200 M

(8,4) (5,0) 25 Y 8
2,1 5 T
(1,2) 5 T

(6,2) (5.5) 50 M
3,1 10 T
(1,3) 10 T

4,2) (10,0) 100 Y
4,2) 20 T
2,4) 20 T

(8,6) (10,0) 100 \
2,4) 20 T
4,2) 20 T

(3,1),09,3) (10,10) 200 M
(6,2) 40 T
(2,6) 40 T

(7,1),9,7) (10,10) 200 M
(2,6) 40 T
(6,2) 40 T

4,3),(7,4),(8,1),09,8) (20,0) 400 \
(8,4) 80 T
4,8) 80 T

2,1),(6,3),(7,6),9,2) (20,0) 400 Y
4,8) 80 T
(8,4) 80 T

(6,4),(8,2) (10,0) 100 v

(3,2),(4,1),(5,2), (5,4),(6,1),(6,5) (20,0) 400 \

(7,2),(8,3),(8,5),(8,7),(9,4), (9, 6)

(3. 1),(5,3),(7,3),(7,5),09,1),9,5) (10,10) 200 M
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Basic Facts about Integer Matrices

We present here some basic facts about integer matrices’ that are used in the construction of
the correspondence ® and in the proofs in Section 5.6.10.

A square integer matrix U is called unimodular if its determinant is equal to +1; U is uni-
modular if and only if its inverse U~! exists and is an integer matrix. For an integer matrix A,
the kth determinantal divisor, denoted d;(A), is the greatest common divisor of all k X k minors
(subdeterminants) of A. By convention we put dy(A) = 1.

The first theorem states that every integer matrix can be brought to the Smith normal form by
a bilateral unimodular transformation.

Theorem 5.1. Let A be an m X n integer matrix. There exist unimodular matrices U and V such
that
(03] 0
R Or n—r
UAV = 0 ’ , (5.116)

a,

0m—r,r 0m—r,n—r

where r = rank A and a) < a, < -+ - < a, are positive integers with the divisibility property:'°

ap|lay |- | a,.
Such integers a1, as, . . ., a, are uniquely determined by A, and are expressed as
() E
k— 5 a0 — Ly /Y
di-1(A)

in terms of the determinantal divisors di(A), d,(A),...,d.(A) of A.

The second theorem gives a solvability criterion for a system of linear equations in unknown
integer vectors.

Theorem 5.2. Let A be an m X n integer matrix and b an m-dimensional integer vector. The
following two conditions (a) and (b) are equivalent.

(a) The system of equations Ax = b admits an integer solution x.
(b) Two matrices A and [A | b] share the same determinantal divisors, i.e., rank A = rank [A | b]
and di(A) = di([A | b)) for all k.

As a corollary of Theorem 5.2 we can obtain the following facts.

Proposition 5.29. Let a,...,a, be integers.

(1) ged(ay, . ..,a,) = 1 if and only if there exist some integers x, ..., X, such that a;x; + --- +
a,x, = 1.

(i1) An integer b is divisible by gcd(ay, . . ., a,) if and only if there exist some integers x, ..., X,

such that a;x; + -+ + a,x, = b.

9See Schrijver, 1986 [29] for more details on integer matrices.
10Notation “a | b’ means that a divides b, that is, b is a multiple of a.
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The third theorem is a kind of duality theorem, which is sometimes referred to as the integer
analogue of the Farkas lemma.

Theorem 5.3. Let A be an m X n integer matrix and b an m-dimensional integer vector. The
following two conditions (a) and (b) are equivalent.

(a) The system of equations Ax = b admits an integer solution x.
(b) We have “y"A € Z'" — y'b € Z” for any m-dimensional vector y.

Construction of ® via the Smith Normal Form
The correspondence @ : (k,{) — (a,) can be constructed with the aid of the Smith normal
form. Recall notations

P k 7 4 . n
=0, =, n=——
gcd(k, €, n) gcd(k, £, n) gcd(k, €, n)
in (5.67), for which
ged(k, €, n) = 1. (5.117)
By the definition of the correspondence @ of (5.85) in Proposition 5.17, we have
Alk,t,n) = L(e,p) for (a,B) =Dk, {,n), (5.118)
where
Ak, t,n) = {(a,b) € Z* | ka+ b =0, fa—kb =0 mod 7}, (5.119)
L(@.B) = {(a,b) € Z* | (a,b) = ny(@, B) + no(—B, @), ny,ny € Z}. (5.120)
The condition in the definition of A(k, £, n) can be rewritten in a matrix form as
k¢ 1|a 0 A
[ I Hb = [O] mod 7. (5.121)
We define matrices K and A as
k¢ ] a —f
K=~ N A= 122
E 2] sl 7| siz
which play the key role in our analysis. Note that
a n
L(a,p) ={(a,b) | [b] =A [nz} ; ny,ny € Z} (5.123)
by (5.120).
The condition for A(k, £,n) in (5.121) is equivalent to the existence of integers p and g such
that
a
k ¢|-a 0 ]|p|_Jo
[ Pkl o ] ol = [O] (5.124)
q



Since the determinantal divisors d; and d, of this 2 X 4 coefficient matrix are
dy = ged(k, £, ) = 1,

d> = ged(k® + 2, kn, b, ) = ged(* + €2, i ged(k, £, 7))
= ged(i* + 22, 0),

the Smith normal form of that matrix is given (see Theorem 5.1) as

k¢ ]-a 0 1 0/0 0
A T
where U and V are unimodular matrices and
k = ged(k® + &2, n). (5.126)

The 4 X 4 matrix V for the Smith normal form in (5.125) affords an explicit representation
of the correspondence @ that is defined rather implicitly by the relationship in (5.118). As stated
in the following proposition, the correspondence («,8) = ®(k, £, n) is encoded in the upper-right
block of a suitably chosen matrix V. Partition the matrix V into 2 X 2 submatrices as

Vit Vi
V= ,
[ Var Vo ]

and recall the matrix A in (5.122) that is parameterized by (a, ).
Proposition 5.30. We can take V such that Vi, = A for some (a,B) with « > > 0. Then

Ok, €, n) = (a,p).
_ a _ p Xr _ _ Ea
a_[b]’ p‘[q]’ [y]_vl,p]

Proof. Putting
and using (5.125), we can rewrite (5.124) as
00 [m] _ o

00|

This shows that = 0 and y is free. Therefore, the solutions of (5.124) are given as

a 0 Via 2
=V = , ez
[P] [y] [ Va ]y Y
This means, by (5.118), that

L@,p)={a=(ab) |a=Vyy, yecZ.
By comparing this with (5.123), we see that the column vectors of Vi, and those of A are both
basis vectors of the same lattice. As is well-known, this implies that the matrices V;, and A are
related as VoW = A for some unimodular matrix W. Therefore,

S b A Vii Vi
V‘V[O W]_[Vzl sz]

1 0
0 «

—-7n . -1 a =
UIK | -nllV -V [p] [

is also a valid choice for the Smith normal form (5.125), with the property that V;, = A. O
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In what follows we assume V;, = A, i.e.,

Vii Viz Viih A
V= = . 5.127
[ Vor Vo ] [ Vor Vo ] ( )

Remark 5.13. In Remark 5.5 in Section 5.6.3, we indicated a simpler construction of ® that works
when 71/ (lAc2 + Z’Z) is an integer. This simpler construction can also be understood in the framework
of the general method here. Let U and V;; be some unimodular matrices that transform the matrix
K in (5.122) to its Smith normal form: UKV}, = diag (1, ). By choosing

k -t 0 0 1 0
7 ]Ac]’ VZI—[O 0], sz—[() _1]
in (5.127), we obtain a unimodular matrix V since |det V| = |det V| - | det V| = 1. Then we have

(5.125), and therefore (a,8) = ®(k, ¢, n) is obtained from the first column of Vi,, i.e., (a,B) =
m(k, ) with m = i1/ (k> + €?). O

A

n

Vv =~ ~
Pl

The use of the Smith normal form is demonstrated below when 7/(k* + £2) is not an integer,
whereas when 71/ (lAc2 + 22) is an integer, the simpler method of construction in Remark 5.5 in Sec-
tion 5.6.3 is used.

The example is a case with a solution of type V and without one of type T.

Example 5.6. [Case 1 of Proposition 5.19] For (k,{,n) = (2m,m,6m) with m > 1, we have

(k,t,n) = (2,1,6), & + £* = 5, and « = ged(5,6) = 1. The transformation to the Smith normal
form in (5.125) is given as

2 116 0
-1 01][2 1|-6 0][1 -2/0 6| [1 0[]0 0
[0 —1”1—2 0 —6]1 2 1 ‘[010 0]'
0 1]1 -2

This shows AQ2m, m,b6m) = L(6,0), i.e., D2m, m,6m) = (6,0) = (a,5). We have @ = 1 = 6 and
(o, ") = (6,0) by (5.81). This is a case of (@, ) = (¢, '), and we have

To(a,B) = Zo(@', ') = Zo(a@, B) N Zo(a', B') = Zo(6,0).
When m = 1, Z4(6,0) reduces to (r}. We have (&,8) = (1,0), D = 1 ¢ 2Z, ged(k — ¢,7) =
gcd(1,6) =1 ¢ 2Z, and GCD-div since 2 gcd(k, £) = 2 gcd(2, 1) = 2 is divisible by x = 1.

5.6.10. Appendix: Proofs of Propositions 5.11, 5.13, and 5.14

In this section we establish a series of propositions, which together serve as the proofs of
Propositions 5.11, 5.13, and 5.14 presented in Section 5.6.2.

We first focus on Proposition 5.14.

Proposition 5.31.
(i) ged(@ +B,a — B) € {1,2).
(i) ged(@ +B, & -pB) =2 = D e2Z
(iii) ged(@ + B,&¢ —B) =1 & D ¢ 27
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Proof. (i) Since gcd(a, B) = 1, Proposition 5.29(1) implies the existence of integers x and y such
that x& + yB = 1. For p = x +y, ¢ = x — y, we have

(@ +B) + q@ — B) = 2(x& + yB) = 2.

Then Proposition 5.29(ii) shows that 2 is divisible by ged(& + 3, & — j3), which is equivalent to the
statement of (i) of this proposition.

(ii) We have {1,2} > ged(@ + 8, & — B) = ged(@ + 8, 2&). Therefore, ged(@ + B8, & — B) = 2 if
and only if & + 8 € 2Z. Finally we note a simple identity D = (& + 3)> — 243 to see that & + 3 € 2Z
if and only if D € 2Z.

(iii) This is obvious from (i) and (ii) above. O
Proposition 5.32.
[ Zp(@”,0) if D¢2z,
ZO(a/’ﬁ) N Zo(ﬁ’ a’) - { ZO(B//’ﬁ//) if D €27 (5128)
with D b
o= 2&P o D) (5.129)
gcd(a, B) 2 ged(a, B)

Proof. First note that Zo(a,8) N Zo(B, @) is the subgroup generated by r and pp5 for (a,b) €
L(a,B) N L(B,a). In considering L(a,B) of (5.120), it is convenient to have H(a,B) of (5.4)
in mind, as it has a natural correspondence with £L(a, ). The set H(a,8) N H(B, @) is a square
sublattice with the reflection symmetry with respect to the x-axis, and hence it can be represented
as H(a”,0) or H(B”,B"”) for some o’ or 8”. Such @” is determined as the minimum «”’ satisfying
L(a”,0) € L(a,B), and B” as the minimum S satisfying L(8”,5"”) € L(a,B). Then L(a,B) N
L(B, @) coincides with the larger of L(a”,0) and L(B",5"”).

The parameter o is determined as follows. The inclusion £L(a”’,0) € L(a, ) holds if and only
if integers n; and n, exist such that

a B|lm]| |a
B« n| | 0|
By the solvability criterion using determinantal divisors given in Theorem 5.2, this holds if and

only if
d; ([Z _f CB ]) equals d; ([Z _f]):gcd(a,ﬁ),

d, ([ ,Z f Cg, ]) equals d, ([ Z _aﬂ ]) = D(a,p).

The former condition is equivalent to @’ being a multiple of gcd(a, 5), and the latter to a” being
a multiple of D(«a,B)/ gcd(a,B). Hence we have o’ = D(a,B)/ gcd(a, 5), which is a multiple of
ged(e, p) since D(a.B)/ ged(a. ) = D ged(a. ).
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The parameter 8 is determined as follows. The inclusion £(8”,8") € L(a, ) holds if and
only if integers n; and n, exist such that

FRS IR
B« ny B’
Again by Theorem 5.2, this holds if and only if
d; ([ Z _aﬂ I’g: ]) equals d,; ([ Z _aﬂ ]) = gcd(a, B),

d> ([ ,Z _f g: ]) equals d, ([ ,Z _f ]) = D(a, ).

The former condition is equivalent to 8 being a multiple of gcd(a, 8), and the latter to 5 being a
multiple of

D@p)  _ D(.f)
gedla+B,a-B)  ged(e, B) ged(@ + B, & — B)
Then by Proposition 5.31, we obtain

= { D(a.p) ged(@.f)  if D¢2z,

D(a,B)/(2ged(a,B)) if D € 2Z.

We have L(a”,0) > L(B",B”) (with 87 = ") if D ¢ 2Z, and L({B",8") > L(a",0) (with
B’ = a"/2)if D € 2Z. This completes the proof. i

Next we focus on Proposition 5.11(i). With this aim in mind, we rephrase (5.128) in Proposi-
tion 5.32 in terms of (k, £) instead of («, ).

Proposition 5.33.
(i) ged(k + &,k - 2, 7) € {1,2).
(ii) ged(k + £,k - ,) =2 &= ged(k —,7) € 2Z.
(iii) ged(k + £,k — ,n) = 1 & ged(k -, n) ¢ 2Z.

Proof. (1) Since gcd(k l, i) = 1, Proposition 5.29(i) implies the existence of integers a, b, and ¢
such that ak + bl + ch = 1. For p=a+b,q=a— b, r = 2¢c, we have

plk +0) + gk — 0) + riv = 2(ak + b? + ch) =

~

Then Proposition 5.29(ii) shows that 2 is divisible by ged(k + £, k — £, ), which is equivalent to the
claim in (i).

(i1) We have {1,2} > gcd(lAc +0,k—10,n) = ng(/Ac —¢,2¢, 7). Hence follows the claim.

(i11) This is obvious from (i) and (ii) above. O

Proposition 5.34.

[ Zo(,0) if gcd(k - ¢,hn) ¢ 22,
Zo(@.f) N 2o(B, @) = { So(i/2,7/2) if ged(k - &,7) € 22.
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Proof. Recall the notation A(k, £,n) in (5.119). By the same argument as in the proof of Propo-
sition 5.32, we compute the minimum " satisfying (a”,0) € Ak, ¢, n) and the minimum £”
satistfying (8”,8") € A(k,{,n). Then L(a,B) N L(B, @) coincides with the larger of L(a”,0) and

-E(ﬂ”,ﬁ”)o
By the definition of A(k, £, n) in (5.119) we have (a”,0) € A(k, £, n) if and only if

ko’ =0, fa”’ =0 mod .

Since ged(k, £, ) = 1, the smallest o satisfying this condition is given by & = 7. As for 87, we
have (8”,B") € A(k, ¢, n) if and only if

k+0p" =0, (k-0B" =0 mod h.

The smallest 5" satisfying this condition is given by

. n B { a o if ged(k - 2,0) ¢ 2Z,
ged(k + 2,k - ¢, 1) n/2 if ged(k - €, n) € 2Z,
where Proposition 5.33 is used. We finally note L(#1,71) ¢ L(#,0) and L(71,0) c L(7/2,1/2) if
n € 27Z. This completes the proof. i
Proposition 5.35.

() ged(k — ,7) € 2Z < D €e2Z.
(ii)
D(a, p)

n= . (5.131)
gcd(a, B)
Proof. This follows from a comparison of Proposition 5.32 with Proposition 5.34. O
We now focus on the second statement of Proposition 5.11.
Proposition 5.36. A
n
——— = gcd(a@, B). (5.132)
gcd(k? + €%, ) s :

Proof. We rely on the representation of @ given in Proposition 5.30 in terms of the transformation
matrix V in the Smith normal form of [K | —i/] in (5.125) with (5.122). Let

Wll W12 :|

W=
[WZI Wa

be the inverse of the matrix V in (5.125). We have |detV| = 1 since V is unimodular. By a
well-known formula in linear algebra and Vi, = A in (5.127), we have
|det Wi,| = |det Vi5|/|det V| = |det A| = D(a, B). (5.133)
On the other hand, it follows from (5.125) with V = W~! that

Ul%@—ﬁo_1000 Wi Wi
0 k|0 -a| |0 k[0 Ol Wy Wy |
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This implies

. 10
_nU = [ 0 K :|W12’
which shows
A% = k| det Wy,| (5.134)

since |det U| = 1.
Combining (5.133) and (5.134) with the expression (5.126) of «, we obtain
A2 = k D(a, B) = ged(k* + 2, ) - D(a, B).
By eliminating D(«a, 8) using (5.131), we obtain (5.132). O

Propositions 5.37-5.40 below are concerned with the symmetry of A(k, £, n) of (5.119), or that

of Zy(a, ). Interestingly, such symmetry consideration leads to the proof of Proposition 5.13 of
duality nature.

Proposition 5.37. The four conditions (a), (b), (c), and (d) below are equivalent.
(@) (uy, uy) € 72 exists such that

k¢ 5 .
| uo] [2 _]%] =2 k| mod . (5.135)
(b) An integer matrix U exists such that
k¢ ¢k .
U[{A’ —]%] = [i{ —Z’] mod 7. (5.136)

(c) ged(k® — 2, 2kb) is divisible by ged(k® + €2, 71) .
(d) GCD-div in (5.70):

2 ged(k, ) is divisible by ged(k2 + €2, 7) .

Proof. First, we show (a)  (b). For (uy, u») € 72 satisfying (5.135), the matrix U = ”; ZZ is
—Uu2 1
an integer matrix that satisfies (5.136). This shows (a) = (b), whereas (b) = (a) is obvious.
Next, we show (a) & (c). The condition (a) is equivalent to the existence of integers u;, u,, p,

and ¢ that satisfy

U
k ¢ -n 0[|lu| |C
¢ -k o -allp| |k
q
By the solvability criterion using determinantal divisors given in Theorem 5.2, this holds if and
only if
k¢t -a 0|2 k¢ - 0
dl([z &0 -n k]) equals dl([z & 0 _ﬁ])—l’
k¢t -a 02 k¢t - 0
d2([2 &0 -a k]) equals d2([2 & 0 _n])
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The former condition imposes nothing and the latter reduces to (c). We have thus shown (a) < (c).

Finally, we show (¢) & (d). Since k* + £2 is a multiple of x = ged(k® + £2, /1), k> — 2 is divisible
by « if and only if (k% — #2) + (k> + #%) = 2k? is divisible by «. Therefore, ged(k> — 2, 2k?) is
divisible by « if and only if ged(2k2, 2kf) = 2k ged(k, ¢) is divisible by «. Since ged(k,f) = 1,
ged(k® — 2, 2k?) is divisible by « if and only if 2 ged(k, £) is divisible by . O

Proposition 5.38. The following two conditions are equivalent.
(a) Ak, t,n) = A, k, n).
(b) (a,b) € Ak, t,n) = (b,a) € Ak, L, n).

Proof. The defining equations in (5.119) for A(k, £, n) are invariant under the change of variables
(a,b,k,€) — (b,a,{, k), and therefore, A({,k,n) = {(b,a) | (a,b) € Ak, {,n)}. This shows the
equivalence of (a) and (b). O

Proposition 5.39. The following two conditions are equivalent.
(a) Ak, t,n) = AL, k, n).
(b) An integer matrix U exists such that (5.136) holds.

Proof. Although the claim is intuitively obvious from symmetry, we provide here a rigorous proof
on the basis of Theorem 5.3 (the integer analogue of the Farkas lemma).

As in the proof of Proposition 5.37, the condition (b) is equivalent to the existence of integer
tuples (uy, ua, p, q) and (u}, u3, p’, q) such that

¢ -n 0)|uw| [2] |k - 0 ||wy| [k
~k o -allp| k| € -k o -a||p| |-

By Theorem 5.3, the existence of such (u;, uy, p, g) is equivalent to the following condition:

D O
[ 9%

k ¢ -a 0 . ¢
[yl yz] [{3 7o A] z = [Y1 yz] [IQ] €Z,
which can be rewritten as
[ky) + ya, Oy) — kys, —iiyy, —Ay, 1€ 28 = ly) +ky, € Z.

Integrality condition for the third and fourth components allows us to put y; = a/n and y, = b/n
with integers a and b. Then we can rewrite the above as

ka+th =0, la-kb=0 modi = Zfa+kb=0 mod 7.
Similarly, the existence of (], u5, p’, q') above is equivalent to the following condition:
1A<a+2b50, la—kb=0 modhi = ka—¢tb=0 mod .

The above two conditions together are nothing but the statement that (a, b) € A(k, {,n) implies
(b,a) € Ak, ,n), which is equivalent to (a) by Proposition 5.38. |
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Proposition 5.40. Let (a,8) = O(k, ¢, n).
(1) Zo(a,B) =Zo(B,a) < B=0ora=4.
(i1) Zo(a, B) = Zo(B, @) < GCD-div in (5.70).

Proof. (i) is obvious, and (ii) follows from Propositions 5.37 and 5.39. Note that Zy(a, ) is the
subgroup generated by r and p{ pg for (a,b) € Ak, L, n). O
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6. Bifurcating Solutions: Solving Bifurcation Equations

The n X n square lattice was introduced as a two-dimensional discretized space, and the group
G =Dy = (Z, X Z,) =(r,s, p1, p>) labeling the symmetry of the n X n square lattice was presented
in Chapter 2. The irreducible decomposition of the permutation representation of the group G was
obtained in Chapters 3 and 4 to identify the irreducible representations. The equivariant branching
lemma was presented in Chapter 5 as a pertinent and sufficient means to test the existence of a
bifurcating solution, and was used to show the existence of the square patterns for each irreducible
representation.

In this chapter, a bifurcation analysis by solving bifurcation equations is advanced as a more
informative means to investigate the properties of bifurcating solutions for each irreducible repre-
sentations. The expanded forms of bifurcation equations are derived by exploiting the symmetry
of the square lattice. The stability of the bifurcating solutions is evaluated asymptotically, and
stability conditions for the bifurcating solutions are presented.

This chapter is organized as follows. Fundamentals of an analysis are summarized in Sec-
tion 6.1. Bifurcation points of multiplicity M = 1, 2, 4, and 8 are studied in Sections 6.2-6.5,
respectively.

6.1. Procedure of an Analysis

Let us consider a governing equation
F(X.¢)=0 (6.1)
endowed with the equivariance to the group G = D4 < (Z,, X Z,) formulated as
T(QF(A ¢) = F(T(eA,¢), geG. (6.2)

Recall that ¢ is a bifurcation parameter, A\ € R" is an N = n? dimensional independent variable
vector expressing a distribution of mobile population, F' : RY x R — R¥ is a nonlinear function,
and T is the N-dimensional permutation representation of the group G. Accordingly, the Jacobian
matrix of F'is an N X N matrix expressed as

OF;

J

i,jzl,...,N). (6.3)

Let (A, ¢.) be a critical point of multiplicity M (> 1), at which the Jacobian matrix of F' has
a rank deficiency M. The critical point (., @.) is assumed to be G-symmetric in the sense of

T =X, ge€G. (6.4)

Moreover, it is assumed to be group-theoretic, which means, by definition, that the M-dimensional
kernel space of the Jacobian matrix at (., @.) is irreducible with respect to the representation 7.
The critical point (., @.) is associated with one of the irreducible representations u of G in Table
6.1. The multiplicity M corresponds to the dimension of y, and a matrix representation for u is
denoted by T#(g).
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Table 6.1: Irreducible representations of Dy < (Z, X Z,) to be considered in bifurcation analysis

n\M 1 2 4 8
2m L+, + 4,5+, +,-) &+,+) Bk0 ), (kK +),(4n/2,0,+)  (85k,0)
2Zm—-1 (Li+,+,+) (4;k,0;4), 45k, ks +) @&k, 0)

(4;k,0;+), (@ k, k;+) forkwith 1 <k <|(n—1)/2];
@;n/2,0,+)forkwith1 <€ <|(n—-1)/2];
(8;k,¢) for (k,O) with1 <€ <k-1,2<k<|[(n-1)/2]

By the Liapunov—Schmidt reduction with symmetry (Sattinger, 1979 [25]; Golubitsky et al.,
1988 [26]), the full system of the governing equation (6.1) is reduced, in the neighborhood of the
critical point (X, ¢.), to a system of bifurcation equations

F(w,$)=0 (6.5)
in w € Ker(J,.), where F: RM xR — RM is a function, é = ¢ — ¢, denotes the increment of
¢, Ker(J,) is the kernel space of J(A., ¢.). Here, we define variables w = (wy,...,wy)" in the
bifurcation equation (6.5) by using the column vectors of Q¥ = [q‘l‘ ey q’]fl] in Section 4.3 that
span Ker(J,).

In this reduction process, the equivariance (6.2) of the full system is inherited by the reduced
system (6.5). With the use of the matrix representation 7#(g) for the associated irreducible repre-
sentation u, the equivariance of the bifurcation equation can be expressed as

T*(g)F(w,$) = F(T*(g)w,$), g€G. (6.6)

The reduced equation (6.5) can possibly admit multiple solutions w = w@) with w(0) = 0,
since (w, E) = (0,0) 1s a singular point of (6.5). This gives rise to bifurcation. Each w uniquely
determines a solution A to the full system (6.1).

A group-theoretic bifurcation analysis to investigate the stability of a bifurcating solution for a
critical point proceeds as follows:

e Specify an irreducible representation u of D4 =< (Z, X Z,) in Table 6.1.
e Obtain the expanded form of the bifurcation equation by exploiting the symmetry.

e Obtain a bifurcating solution by using the equivariant branching lemma (Cicogna, 1981
[27]; Vanderbauwhede, 1982 [28]; Golubitsky et al., 1988 [26]) or solving the bifurcation
equation.

e Obtain the Jacobian matrix of F.

o Substitute the bifurcating solution into the Jacobian matrix and evaluate the eigenvalues to
determine their stability as

linearly stable: every eigenvalue has a negative real part,
linearly unstable: at least one eigenvalue has a positive real part.
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Table 6.2: Theoretically predicted bifurcating solutions for critical points with multiplicity M

M Bifurcating solutions (w € R) Existence conditions
L w if nis even
2 wsg=(w,w) if n is even
Wytripe = (W, 0) if nis even
4wy =w,0,w,0) Always
Wgtripel = (W, 0,0,0) Always
Wgtriper1 = (0, w, 0, 0) if 711s even
8  wygym = w,0,w,0,w,0,w,0) Always
wsqr = (W,0,w,0,0,0,0,0) if 2 gcd(k, ?) is not divisible by ged(k> + £2, 1)

Wapside—downt = W, 0,0,0,w,0,0,0)  if (k + &) ged(k + ¢, k — £) is not divisible by ged(2kZ, )
Wypside—downll = (0,w,0,0,0,w,0,0) if 72is even and

(k + 0) ged(k + ¢, k — ?) is not divisible by gcd(2kZ, )
Wyriper = (,0,0,0,0,0,0,0) if k2 + £2, 2kl, and k* — 22 are not divisible by 7
Wgripen1 = (0,w,0,0,0,0,0,0) if 71 1s even and

K2+ 22, 2/}3, and k2 — 2 are not divisible by 71

n

n/ ged(k, n) for M = 4 in (6.40);
n/ ged(k, £, n), k=k/ gcd(k, £, n), l=1¢/ gcd(k, €, n) for M = 8 in (6.176)

7

We showed the existence of the square patterns by using the equivariant branching lemma in
Chapter 5. Additionally, in this chapter, we show the existence of some other bifurcating solutions
by solving bifurcation equations. Theoretically predicted bifurcating solutions are summarized in
Table 6.2. A stability analysis for these solutions is also conducted in this chapter.

6.2. Bifurcation Point of Multiplicity 1

We consider a critical point associated with the one-dimensional irreducible representation

u = (1;+,+,—) of the group Dy =< (Z, X Z,). The actions in (1;+, +, —) on a variable w € R are
expressed as

nLS: W W, p,p2i W —w. (6.7)

This case is nothing but pitchfork bifurcation and is well-known.
The bifurcation equation for the critical point of multiplicity 1 is a one-dimensional equation
over R as
F(w,¢) =0, (6.8)

where (w, #) = (0,0) is assumed to correspond to the critical point. We expand F into a power
series as

Fv, @) = ) Af@w" (6.9)
a=0

111



with coefficients Aa@) € R. Since (w, 5) = (0, 0) corresponds to the critical point, we have
Ap(0) =0, A(0)=0.

Hence, we have _ _
Ai(¢) = A1 (0)¢.

for A’ (0), which is generically nonzero."!

The equivariance of the bifurcation equation to the group Dy = (Z, X Z,) is identical to the
equivariance to the action of the four elements r, s, p;, and p, generating this group. Hence, the
equivariance condition (6.6) of the bifurcation equation is written for (6.9) as

r,s: F(w, @) = F(w, $), (6.10)
pi.p2: = Fw. ) = F(-w. ). (6.11)

From the equivariance condition (6.11), we have
D (FAGIW = > AB)-w)".
a=0 a=0

This condition implies (—1)¢ = —1, that is,
a=2b+1, beZ,,

where Z, represents the set of nonnegative integers. Hence, (6.9) is restricted to

Fow, ) =w ) Anpa(@w?. (6.12)
b=0

The form of (6.12) implies that Fi (w, ) = 0 has the trivial solution and a bifurcating solution.
Note that F (w, a) is an odd function in w. Thus, (w, 5) and (—w, 5) are conjugate solutions for
F = 0. We hereafter call the two solutions that are conjugate as symmetric bifurcating solutions
and those that are not as asymmetric ones.

We evaluate the stability of the bifurcating solution by considering the asymptotic form of the
bifurcation equation. The asymptotic form of the bifurcation equation in (6.12) becomes

F(w, ) ~ w(A}(0)p + A3(0)w?), (6.13)
and the Jacobian of F becomes
Tr T af ’ - 2
Jw,¢) = o ~ A1(0)¢ + 3A;(0)w". (6.14)

'Notation A1(0) means the derivative of A (5) with respect to 5, evaluated at 5 = 0. Generically we have A{(0) # 0
since the group symmetry imposes no condition.
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Solving F =0, we have

—~ ~ A3(0)
_ ~ 223
¢ - ¢sq w A,l (0)
Substituting asq into (6.14), we have
T(w, ¢sg) = 2w*A3(0). (6.15)

Hence, the stability of the bifurcating solution in the neighborhood of the critical point depends
on the sign of A3(0), that is,

A3(0) < 0: stable,
A3(0) > 0 : unstable.

6.3. Bifurcation Point of Multiplicity 2

We consider a critical point associated with the two-dimensional irreducible representation
u = (2;+,+) of the group Dy < (Z, X Z,). The actions in (2; +, +) on a two-dimensional vector

(w1, w,) € R? are expressed as
[K‘] > [m (6.16)
2 2

LW —Wi st Wi
8 P e 617
The bifurcation equation for the critical point of multiplicity 2 is a two-dimensional equation
in w = (wy, w,) € R? expressed as

Fiw,$)=0, i=1,2, (6.18)

where (wy, wz,@ = (0,0, 0) is assumed to correspond to the critical point. Accordingly, the Jaco-
bian matrix of F'is an 2 X 2 matrix expressed as

— OF,
J(w,qﬁ)z(— i,j:1,...,2). (6.19)
8wj
We expand F,into a power series as
Fiwi,wa, §) = 3" " Au(@wi“w,” (6.20)
a=0 b=0

with coefficients Aab@) € R. Since (wy, wy, 5) = (0,0, 0) corresponds to the critical point, we have
Ap(0) =0, Ap(0) =A(0) =0.

Since A},(0) is generically nonzero, we have

A1o(@) = A}(0)9.
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The equivariance of the bifurcation equation to the group Dy = (Z, X Z,) is identical to the
equivariance to the action of the four elements r, s, p;, and p, generating this group. Hence, the
equivariance condition (6.6) of the bifurcation equation is written for (6.18) as

ri Falwi,wa) = Fi(wa, wy), (6.21)
Fi(wi,ws) = Fa(wa, i), (6.22)

s Fl (wi,wn) = F] (Wi, wn), (6.23)
Fy(wi,wy) = F>(wi, wy), (6.24)

pi: = Fi(wi,wa) = Fi(=wi, w»), (6.25)
Fy(wi, wa) = Fa(=wy, wa), (6.26)

pr: Fiwi,wa) = Fi(wy, -wy), (6.27)
— Fa(wi, w2) = Fa(wy, =w»). (6.28)

From the equivariance condition (6.25) or (6.28), we have
Do FA@Iwi W’ = > Aw(@)(—wi) Wy,
a=0 b=0 a=0 b=0
From the equivariance condition (6.26) or (6.27), we have
Z Z A @)W1y = Z Z Au(@Wi“(=w2)".
a=0 b=0 a=0 b=0
These conditions imply that a is odd, and b is even. Thus,
a=2c+1, ceZ,,
b=2d, deZ..

where Z, represents the set of nonnegative integers. Hence, f, (i =1,2) is restricted to

Fi(wi,wy, d) = w Z Z Ager1 2a(IW1 2wy (6.29)
=0 d=0

Fy(wi, w, §) = ws Z Z Ader12a(IW w2, (6.30)
=0 d=0

Therein, F is obtained by (6.21).
We have the following propositions on the existence and the symmetry of bifurcating solutions
by solving the bifurcation equation.

Proposition 6.1. For a critical point of multiplicity 2 associated with u = (2;+,+), we have the
following bifurcating solutions:

Stripe pattern : Wyipe = (W, 0) (W € R),

Square pattern : wyq = (w,w) (w € R).
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Proof. Substituting wyyipe = (W, 0) into (6.29), we have
Fi(,0,8) =w > Ase1o(@w™ ~ w{A1,(0)¢ + Asp(0)w?] (6.31)
a=0

with A},(0) = 9A,o/ 85(0). Thus, F, 1w, 0,5) = 0 represents 5 versus w relation for wyyipe. Sub-
stituting Wyipe 1into (6.30), we have F5(w, 0, 5) = 0. Thus, there is a bifurcating curve satisfying
Fy = F, = 0 for wyyipe. Similar discussion holds for wg. O

Proposition 6.2. For a critical point of multiplicity 2 associated with p1 = (2; +, +), the two bifur-
cating solutions (w, ¢) and (—w, ¢) are conjugate for w = Wyq, Wyripe-

Proof. Since wyyipe = (W, 0) and —wyyipe = (—w, 0) satisfy the same relation (cf., (6.31))
Z Az o(@)w™ = 0,
a=0

Fi(w, O,E) is an odd function in w, that is,
Fi(=w,0,0) = —F,(w,0, ).

Thus, iwstripe,a) ani (—'wsmpe,a) are conjugate solutions for F 1 = 0. Similar discussion holds for
(wyq, @) and (—wsq, P). O

We evaluate the stability of the bifurcating solutions by considering the asymptotic form of the
bifurcation equation. The asymptotic form of the bifurcation equation becomes

Fi(wi, w2, ) ~ wi(A}(0)d + Asp(0)w;? + A (0)wr?), (6.32)
Fy(wi, wa, @) = wa(A}o(0)d + Azp(0)w,? + A (0)wy ), (6.33)

and the Jacobian matrix of F in (6.19) becomes

— — [ 41,0 + 343(0)w,% + A (O)w,> 2A1,(0)w s

J(w, @) ~ R 6.34
(w.9) 2A O, 1003 + 3430w + ApOw? | Y
Substituting wyq = (w, w) into (6.32) and solving F, 1 =0 for 5, we have
~ = ,A30(0) + A2(0)
¢ = sq ¥ W , .
Afp(0)
Evaluating the Jacobian matrix (6.34) at (w,, asq), we have
=7 A30(0) A12(0)
A~ 2| A3
J(wyg, ¢sq) = 2w [ Ap(0) As(0) ] . (6.35)

115



The eigenvalues of f(wsq, Esq) are given by
A1, A ~ 2w (A30(0) = A12(0)).

Hence, the sign of the eigenvalues depends on the values of the cogfﬁcients A3p(0) and A1,(0).
Substituting wyyipe = (W, 0) into (6.32) and solving F; = 0 for ¢, we have

—_ . z — ZL
¢ - ¢Str1pe w A,IO(O)

Evaluating the Jacobian matrix (6.34) at (Wsipe, &impe), we have

2| 2A30(0) 0

J(wstripe’ ¢stripe) ~wW 0 —As(0) + Ap(0) | (6.36)

The eigenvalues of Rwstripe,astripe) are given by

Ay ~ 2w?A30(0),
Ay = 2w (A12(0) — A3(0)).

Hence, the sign of the eigenvalues depends on the values of the coefficients A3((0) and A,(0).
To sum up, we have the following proposition:

Proposition 6.3. For a critical point of multiplicity 2 associated with u = (2; +, +), suppose that
all eigenvalues of J(X., ¢) other than those for u = (2;+,+) are negative. Then, we have the
following statements on the stability in the neighborhood of the critical point.

(1) If A30(0) < A12(0) < —A30(0) are satisfied, the square pattern ws, is stable.
(i1) If A12(0) < A30(0) < O are satisfied, the stripe pattern Wiy is stable.
(iii) The two solutions wq and Wgyipe are not stable simultaneously.

Proof. The first and second statements are obtained by assuming that all the eigenvalues of the
Jacobian matrix at each bifurcating solution are negative. The last statement are obtained by the
fact that A3((0) < A12(0) and A12(0) < A30(0) cannot be satisfied simultaneously. O
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6.4. Bifurcation Point of Multiplicity 4

We consider a critical point associated with the four-dimensional irreducible representations u
of the group D4 < (Z,, X Z,):

~1
(4:k.0,+) with 1 <k < |2 . | (6.37)
~1
(4:k.k,+) with 1 <k < V . | (6.38)
(4:n)2.6,+) with 1 <£<2 -1, (6.39)

-2

where n > 3 and (4;n/2, ¢, +) exists when n is even. For (4;k,0,+) and (4;k, k,+), we use the

following notations:

n k

= k= — 6.40
" gcd(k, n) gcd(k, n) ( )
For (4;n/2,¢, +), we use the following notations:
n ~ 4
= ———, = —. 6.41
" sed(tn) ecd(Z,n) (©41)
The actions in (4; k, 0, +) on a four-dimensional vector (w, ..., w,) € R* are expressed for a two-

dimensional vector (z;,z,) with complex variables z; = wy;_; +1iwy; (j = 1,2) as (cf., (5.38))

r H N M, 5 [Zl] N fl], (6.42)
22 21 22 22
k
. |2 w71 . |R 21
p1: [Zz] — [ 5 | P2 [Zz] — [a)kZZ] (6.43)
with w = exp(i27r/n). The actions in (4; k, k, +) can be expressed as (cf., (5.39))
r H N [ZZ], 5 H - [?], (6.44)
22 21 22 <1
k k
R4 w7 RS w7
P |:Z2:| = |:w—kz2:| 5 D> |:Z2:| = [wkZ2:| s (645)
and the actions in (4;n/2, ¢, +) can be expressed as (cf., (5.40))
r: [Zl] — [Zz] , S [Zl] — [Zl] , (6.46)
22 21 22 ¥é)
¢
. [R —21 B ES! w7y
P [Z2] — [w_522] , D2 [Zz] — [—Zz ] (6.47)
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6.4.1. Derivation of Bifurcation Equation
The bifurcation equation for the critical point of multiplicity 4 is a four-dimensional equation
inw = (wi,...,w) € R* expressed as

Fi(w,$)=0, i=1,...,4, (6.48)
where (wq,..., W4,5) :~(0, ...,0,0) 1s assumed to correspond to the critical point. Accordingly,
the Jacobian matrix of F' is a 4 X 4 matrix expressed as

— —  (OF;
J('w,gb):(— i,j:1,...,4). (6.49)
6¥Vj

The bifurcation equation (6.48) can be represented as a 2-dimensional equation in complex vari-
ables z; = w1 +iwy; (j = 1,2) as

Fiz,2,$) =0, i=1,2, (6.50)
where (z1, 22, 5) = (0,0, 0) corresponds to the critical point, and there are the following relation-
ship:

Fl(Zl,Zz,g) = F| +iF,, (6.51)
Fy(z1,22,9) = F3 +iFy. (6.52)

We expand F| into a power series as

Fiznz, =) ), ), D Ava @02 7 %' (6.53)

a=0 b=0 ¢=0 d=0
with coefficients Aabcd@). Since (z1, 22, 5) = (0,0, 0) corresponds to the critical point, we have
Apo00(0) =0, Aj000(0) = Ap100(0) = Apo10(0) = Apgo1(0) = 0.
In addition, since a; = Aj,,(0) is generically nonzero, we have
Aono(9) = ar .

The equivariance of the bifurcation equation to the group D4~ (Z,xZ,) is identical to the equiv-
ariance to the action of the four elements r, s, p;, and p, generating this group. The equivariance
condition for (4; k, 0, +) is written as

ri Fz,2) = Fi@ ), (6.54)
Fi(z1,20) = Fa(22, 1), (6.55)

st Fi(z,22) = Fi(z1, 22)s (6.56)
Fa(z21,22) = F2(z1, %), (6.57)

P WFi(z1,2) = Fi(0'21,22), (6.58)
Fy(z1,22) = Fa(w'21,22), (6.59)

p2: Fiz,2) = Fi(z1, '), (6.60)
W' Fa(z1,22) = Fa(z1,0'20) (6.61)
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with w = exp(i27r/n). The equivariance condition for (4; k, k, +) is written as

r Fa(z1,22) = F1(z2,21), (6.62)
F(z1,22) = Fa(22,21), (6.63)

st Faz,22) = Fi(Z, %)), (6.64)
F(z1,22) = Fa(22,21), (6.65)

P W'Fi(z1,22) = Fi(w'z, w ™), (6.66)
w ™ Fy(z21,22) = Fa(w'z1, w™2), (6.67)

pr: W'Fi(z1,2) = Fi(0fz1, '), (6.68)
W' Fa(z1,22) = Fo(0'z21, 0'20). (6.69)

The equivariance condition for (4;n/2, ¢, +) is written as

ri  Fyz1,22) = Fi(Z2, 21)s (6.70)
F(z1,22) = Fa(22,21), (6.71)

s: Fi@,2) = Fi@s2), (6.72)
Fi(z1,22) = F2(z21,22), (6.73)

pr: - Fi.2) = Fi(-z1,02), (6.74)
w ' Fy(z1,22) = Fa(-z1,0 ™ 22), (6.75)

pr: W'Fi(z1,2) = Fi(0'z1,—22), (6.76)
—Fy(z1,22) = F2(w'z21,-22). (6.77)

The equivariance condition with respect to r is equivalent to

Fa(z1,22) = F1(z2,21), (6.78)
F(z1,22) = F1(z1,22) (6.79)

for each irreducible representation. Hence, we can obtain F, from F; by the condition (6.78) and
see that _
Awca(@) €R (6.80)

by the condition (6.79).
The equivariance condition with respect to s is equivalent to F(z;,z2) = F1(z1,22) in (6.56),
which gives . N
Aupca( D) = Audcr(P) (6.81)

for each irreducible representation as explained below. For (4; &, 0, +), the condition (6.56) applies.
For (4; k, k, +), substituting (6.62) into (6.64), we have F(Z,,z1) = F1(2,71). This condition is
equivalent to Fy(z1,22) = Fi(z1,22). For (4;n/2,¢, +), the condition (6.72) gives Fi(z1,22) =
F1(z1,22). Using (6.80), we have F(zZ;,z2) = F1(z1,22). Thus, we have F(z;1,22) = F1(z1,22)-
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For (4;k,0, +), the equivariance condition with respect to p; and p, is expressed as follows.
The equivariance condition (6.58) for p; is expressed as

DN i@ BB =Y DN A @@ ) B @ F) B
a=0 b=0 =0 d=0 a=0 b=0 ¢=0 d=0
which implies

i2
ka1 _ exp [l—ﬂk(a —c— 1)] =1. (6.82)
n

The equivariance condition (6.60) for p, is expressed as

Z Z Z Z A @)210" 71 2" = Z Z Z Z Aabcd(a)zla(wkZZ)bzlc(w_k )",

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0
which implies

i2
WD = exp [ﬂk(b - d)] - 1. (6.83)
n
Using (6.78), we rewrite the remaining equivariance conditions (6.59) and (6.61) as

Fi(22,71) = Fi(z2, 0™ 7)),
W' F1(22,71) = F1(0*22, 7)),

which are expressed as

Z Z Z Z Awcd®)22° 2" 220 Z Z Aawvea( )22 (@™ Zl)b ch(wka)d,

a=0 b=0 c¢=0 d=0 a=0 b=0 =0 d=0

— e k a—p —k=¢_d
ZZZZ“’AQM(‘/’)@ 2" 2% —Z Awea( @) W'22) 71 (W 22) 717
a=0 b=0 ¢=0 d=0 =0 b=0 c=0 d=0

Each of these conditions leads to the same result as (6.83) and (6.82), respectively. To sum up,
from (6.82) and (6.83), we have the following conditions for (4; %, 0, +):

ka—c—-1)=0 mod n,
k(b—d)y=0 mod n.

Using (6.40), we rewrite these conditions as

Ka-c—-1)=0 mod 7,
kb-=d)=0 mod 7,

which are equivalent to the following condition:

a=c+pn+1, b=d+qgn (p,q€2). (6.84)
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Then, F; in (6.53) becomes

Fi(z1,22,9) = Z Z Z Z Acspits1 diginea(@)21 P 21 7,6 . (6.85)

d=0 peZ, c+pn+1>0 qeZ, d+qn=0

h

Note that @ = 0 and ¢ = 0 are not satisfied simultaneously in (6.84):
a=0=>c=-pn—-1#0, c=0=a=pn+1+0.
Thus, F, in (6.85) becomes

o0 (o]
~ — i d
Fi(z1,22,9) = 21 Z Z Z Z At piss Ldgincd @21 P 21 716 7

¢=0 d=0 peZ, c+pn+1>0 geZ, d+qn>0
[ee) (o)
+ 2 0.d+qipi-1,d(@) 221" 7 . (6.86)
d=0 p=1 qeZ, d+qn=0
For (4; k, k, +), the equivariance condition (6.66) is expressed as
k = b=c=d ek NG, =k NP k= NS, k= N\

DY @25 D = DYDY A @)@ ) (@07 0) (07 7)) (0 )
a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0
which implies

i2
Rab=ctd=1) _ exp [ﬁk(a —b-—c+d- 1)] =1. (6.87)
n

The equivariance condition (6.68) is expressed as
DY A @7 % = D DY A @) (@ 2) (W™ 2 (0 )
a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

which implies

i2

Wk@b=e=d=D _ ey [ﬂk(a tbh—c—d- 1)] - 1. (6.88)
n
Using (6.78), we rewrite the remaining equivariance conditions (6.67) and (6.69) as
W Fi(22,71) = Fi(w ™2, 0™ 7)),
W' Fi(22,7) = Fi0'z, 0™ ),

which are expressed as

—k s —b=-c_d
ZZ W Awed(P)22° 717 22T

a=0 b=0 ¢=0 d=0

D Aa @)™ %) (07 2) (0 ) ('),

a=0 b=0 ¢=0 d=0

W Aued( @22 71" 20" 21

D Auea @' ) (07 2) (0™ 2) (')
d=0

a=0 b=0 c¢=0
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Each of these conditions leads to the same result as (6.88) and (6.87), respectively. To sum up,
from (6.87) and (6.88), we have the following conditions for (4; k, k, +):

kka—b-c+d—-1)=0 mod n,
kla+b-c—d—-1)=0 mod n.

We rewrite these conditions as

kKa-b-c+d-1)=0 mod 7,
Ka+b-c-d-1)=0 mod 7,

which are equivalent to the following condition:
a-b—-c+d-1=va, a+b-c—-d-1=wn (,we2Z).
Adding and subtracting the two equations from each other, we have
2a@-c-1D=w+wn, 2b-d)=Ww-v).
This condition is equivalent to
a=c+@+wn/2+1, b=d+w-v)/2. (6.89)
Since the indices a, b, c, and d are integers, we have the following condition (p, g € Z):

{v+w:p, w—v=2g—p for nn even, (6.90)

v+w=2p, w-v=2¢qg-p) fornodd.

Note that for 72 odd, we can replace ¢ — p as g (¢ € Z). From (6.89) and (6.90), we have the
following condition:

a=c+pn/2+1, b=d+ (2q-pn/2 forneven, 6.91)
a=c+pn+1, b=d+qgn for 71 odd. )
Note that for both cases in (6.91), a = 0 and ¢ = 0 are not satisfied simultaneously:
a=0=>c=-pn/2-1#0, c=0=a=pn/2+1+0 forneven,
a=0=>c=-pn—-1#0, c=0=>a=pn+1+0 for i odd.
If 72is even, F; in (6.53) becomes
Fi(z1,22,0) = 21 Z Z Z Acpiatasapi a0 i 70 ¢
=0 d=0 p geZ, c+pi+1>0, d+2g-p)E>0
*0 )0, Aparagipipio1ad@2 L (6.92)
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If 72 1s odd, F; in (6.53) becomes

(o8] [Se]
e ~ i dtgi = c = d
Fl(Zl, 22, ¢) =21 Z Z Z Z Ac+pﬁ+1’d+qﬁ,cd(¢)Z1C+an2 an Z1£ 22

¢=0 d=0 peZ, c+pn+1>0 geZ, d+qn>0

) >, Apdrgipird @) 7 50 (6.93)

For (4;n/2, ¢, +), the equivariance condition (6.74) is expressed as
s a - c= e ag, — b, — \c =4
D D Awad@z R 7 = DY A @2 (@7 2) (<2 (0 )
a=0 b=0 =0 d=0 a=0 b=0 c=0 d=0

which implies
-1 = (_ 1 )a+cw€(d—b) )
We rewrite this condition as
127

exp [7 {g(a Fo)+ - b)}] - 1. (6.94)

Therein, we used

(-D* =exp [%r(a +0)| (a,c€eZ,),

where Z, represents the set of nonnegative integers. The equivariance condition (6.76) is expressed
as

Z Z Z Z(weAabcd(a))ZlaZZb 7% = Z Z Z Z Awed@)(0'2) (~2)" (0™ 7)) (2",
a=0 b=0 =0 d=0 a=0 b=0 =0 d=0

which implies
(L)[ — (—1)b+d(l)€(a_c).
We rewrite this condition as
12
exp[l—”{g(md) +la—c— 1)}] - 1. (6.95)
n

Therein, we used

(=1 = exp [%T(b +d)| (b,deZ,).

Using (6.78), we rewrite the remaining equivariance conditions (6.75) and (6.77) as

w ' Fi(22,71) = Fi(w 22, -71),
~F(22,71) = Fi(~22, 0" 7)),
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which are expressed as

2222220 A @ T B0 = Y Y D Awed @@ ) (<2 (@ 2) ()

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0
DY A @2 T B 1 = YYD Aunea @22 (@™ T (-Z) (@)
a=0 b=0 ¢=0 4=0 a=0 b=0 ¢=0 d=0

Each of these conditions leads to the same result as (6.95) and (6.94), respectively.
To sum up, from (6.94) and (6.95), we have the following conditions for (4;n/2, ¢, +):

g(a+c—1)+€(d—b)50 mod n,
g(b+d)+£(a—c—l)50 mod n.

We rewrite these conditions as

fila+c—1)+20d—-b)=0 mod 27,
ib+d) +2la-—c-1)=0 mod 27,

which are equivalent to the following condition:
fila+c—1)+20d-b)=2pit, Ab+d) +2la—c—1)=2qii (p,q€7). (6.96)

We investigate this condition dependent on the parity of 7.
When 7 is even, the condition (6.96) is equivalent to

(a+c—-1=-2pi)2=bB-d), (a—c—-1)l=—b+d-29j)2.
Since ¢ and 7 are coprime, we have the following conditions (v, w € Z):

b-d=vii/2, b+d-2q=wl, (6.97)
a+c—1-2p=vl, a-c—-1=-wii/2. (6.98)

Adding and subtracting the two equations in (6.97) from each other, we have
2(b—q) =vii/2+wl, 2(d-gq)=—-vii/2 +wl.

This condition is equivalent to

bl  [t] 1[vi/2+wl
[d] =4 H 3 [—vﬁ/2 rwl| (659)
Since the indices b and d in (6.99) are integers, we have
vii/2 + wl € 2Z. (6.100)
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Note that if the condition (6.100) is satisfied, then —vii/2 + wf € 27Z is also satisfied. Adding and

subtracting the two equations in (6.98) from each other, we have
2a—-1-p)=vl—wii/2, 2(c-p)=vl+wi/2.
This condition is equivalent to
a 1 1 [ve—wii)2 1
[c] - p[l] - 2 vf+wﬁ/2] * [O]

Since the indices a and c in (6.101) are integers, we have

vl + wii)2 € 2Z.

(6.101)

(6.102)

Note that if the condition (6.102) is satisfied, then vf — wii/2 € 2Z is also satisfied. Since ¢ and
i are coprime, ¢ is odd. Thus, the conditions (6.100) and (6.102) are equivalent to the following

condition (t,u,t',u’ € Z):

(v,w) = (2t,2u) if /2 is even,
v,w) =Q2t,2u), 2 + 1,21’ + 1) if 71/2 is odd.

If 71/2 is even, the indices a, b, ¢, and d take the form

a 1 0 ¢ -/2] [1
b 0 | )2 ¢ 0
C:p1+q0+tg +uﬁ/2+0.
d 0 1 —i1/2 ¢ 0

Note that @ = 0 and ¢ = 0 are not satisfied simultaneously:

a=0=>c=un-1#0, ¢c=0=>a=-un+1#0.

With this result, we define disjoint sets U and V as

U={(p,qg.t,uyyeZ*|a>0,b>0,c>0,d>0},
V=A{p,g.t,yyeZ|a=0,b>0, c>0,d>0)},

which satisfy U U V = ¢ and are rewritten as

p+tl—uit/2+1>0
g+1i/2+ul >0
p+tl+uit/2 >0 ’
g—ti/2+ul >0
p+tl—uit/2+1=0
g+ti)2 +ul >0
un—1>0
qg—ti)2 +ul >0
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Then, F; in (6.53) becomes

N — o L N\, prtl—ul _ g+ileul = prtlrul = g-tE+ul
Fi(z1, 22, ¢) =<1 E Ap+t€—u%+1,q+t%+uf,p+t€+u%,q—t%+u€(¢)zl t | P 7

(p.g.t.w)elU

= ) A\ g+ Etul = ui=2 = g—t2+ul
T2 Z AO,q+t%+uz,ur~l—l,q—t%+u[(¢)z2q 27 20 . (6.107)
(p.g.tu)eV

If 71/2 is odd, the indices a, b, ¢, and d take the form

[ 1 0 ¢ -i/2] 1

b| |0 1 i/2 e 0

=Pl +q0+t 7 +u /2 +0, (6.108)
d| 0 1 —ii)2 ¢ 0

[a] 1 0 ¢ —i1/2 f-n/2] [1

bl 10| . |1, .| #/2 N 1|Z+i7i/2| |0

=P +q 0+t 7 +u /2 +§Z+fl/2 ol (6.109)
d| 0 1 —ii/2 ¢ f—-7/2] |0

The first relation (6.108) is nothing but (6.104). Note that (6.108) and (6.109) take different vec-
tors. In fact, assuming (6.108) = (6.109), we have

1 0 ¢ —ii/2 £-n/2] [0
, 0 , 1 , /2 , ¢ 1{Z+n/2{_|0
0 1 —i1/2 ¢ -2 0

Substituting the first equation into the third equation, we have (' — u + 1/2)in = 0. This is a con-
tradiction since u’ — u € Z. In addition, note that @ = 0 and ¢ = 0 are not satisfied simultaneously:

a=0=>c=un—-1%#0, ¢c=0=>a=-uni+1#0 for (6.108),
a=0=2c=Qu+1Dn/2-1#0, ¢c=0=a=-Qu +Dn/2+1+#0 for(6.109).

With this result, we can define four disjoint sets U and V in (6.105) and (6.106) and U’ and V’
from (6.109) as

p+tl—uit/2+({—1/2)/2+1>0
g+1tii)2 +ul + (€ +1/2)/2 >0

p+tl+uin)2+({C+17)2)/2>0 ’
qg—tit)2 +ul + (€ —1/2)/2 >0

p+tl—uin/2+({C—7/2)/2+1=0
g+1ii)2 +ul + (€ +1/2)/2 >0
Qu+ Dij2-1>0
qg—ti)2 +ul + (€ —1/2)/2 >0

U ={(p,q.t,u)eZ* (6.110)

V' ={(p,q,t,u) € Z* (6.111)
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Then, F; in (6.53) becomes

- _ E o N pHtl-ul  grtBaul = p+tlrul = g—t3+ul
Fi(z1,22,9) =2 Ap+t€—ug+l,q+t%+u€,p+t€+u%,q—t%+u€(¢)zl oA <] T

(p,q,t,u)eU

= § L  No qHtEiul = uii-2 = g—t2+ul
+2 AO,q+t%+u[,uﬁ—l,q—t%+u€(¢)z2 2 <1 22 2
(p.g.t. W)€V

+2 E A oul e -y Lt el O D) prleul + @4 Dy gD eule L @-1) (@)
(p.q.t, eV’

x Z1p+tf—u%+%(f—%) g+ti+ul+i(+1) le+t?+u%+%(?+%) qu—t%+uf’+%(f—%)

22
+2 Z Ao,q+zg+u2+%(zug),(zumg_1,q_;g+uz+%<z_g)(5)
(p.g.t.)eVv’
% Z2q+t%+u2+%(2+%) Zl(zuﬂ)%—z qu—z%mh%@—%)_ (6.112)
When 7 is odd, the condition (6.96) is rewritten as
(a+c—1=-2pi=200b—-d), 2la—c—-1)=—-(b+d-2g)h.
Since 2¢ and 7i are coprime, we have the following conditions (v, w € Z):
b-d=vi, b+d-2q=2wl, (6.113)
a+c—-1-2p=2vl, a-c—-1=-wi. (6.114)
Adding and subtracting the two equations in (6.113) from each other, we have

2(b—q) =vit+2wl, 2(d - q) = —vii + 2wl.
+ v

o=+

Since the indices b and d in (6.115) are integers, and 7 is odd, we have v € 2Z. Therefore, we
replace v as 2t (t € Z). Adding and subtracting the two equations in (6.114) from each other, we
have

This condition is equivalent to

n

1| 1

1

+w

—-n

l
E] : (6.115)

This condition is equivalent to

2a-1-p)=2wl—-wh, 2c-p)=2v+wi.

=l |

Since the indices a and ¢ in (6.116) are integers, and 7 is odd, we have w € 2Z. Therefore, we
replace w as 2u (u € Z). To sum up, we have

1
1

1

+v O]' (6.116)

a 1 0 20 —ii 1
b 0 1 il 201 |0
C—p1+q0+t22 +u N +O' (6.117)
d 0 1 —i1 201 |0
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Note that @ = 0 and ¢ = 0 are not satisfied simultaneously:
a=0=>c=2ui-1+0, c=0=>a=-un+1+0.
Similarly to the case that 71 is even, we define sets U and V as

p+2tf—uii+1>0
g+ti+2ul >0
p+2t0+uit>0
g—ti+2ul>0
p+2tl—uit+1=0
g+ti+2ul >0
2uin—1>0
g—ti+2ul >0

U={(p,q,t,u)eZ* (6.118)

V=43(p,qtu) ez (6.119)

Then, F; in (6.53) becomes

1\ — _ _ N (N pr2il-uii q+ti+2ul = p+2tl+uit = q—ti+2ul
Fi(z1,22,9) =2 § Ap+2t£’—llfl+1,q+lﬁ+2u[,p+2tf+ufl,q—tﬁ+2ué’(¢)Zl 22 21 22

(p.q.t,u)eU
= _ L qHtA+2ul = 2ui=2 = q-ti+2ul
+2 Z AO,q+tﬁ+2u€,2uﬁ—l,q—tﬁ+2u€(¢)z2 21 22 . (6.120)
(p.g,t,u)eV

6.4.2. Symmetry of Square Patterns

For the irreducible representations u = (4;k,0,+), (4;k, k,+), (4;n/2,¢,+), a system of the
bifurcation equations F'; = F, = 0 has a bifurcating solution, which represent the square pattern:
(z1,22) = (w,w) (w € R). In Section 5.5.2, we showed the existence of this bifurcating solution by
using the equivariant branching lemma (see Propositions 5.5-5.7). In this section, we discuss the
symmetry of this bifurcating solution.

Consider u = (4; k, 0, +). Substituting the square pattern (z;, z,) = (w, w) into (6.86), we have

Fi(w,w,9) =w Z Z Z Z Ac+pfz+1,d+qh,cd(E)WZ(C+d)+(p+q)h

c=0 d=0 peZ, c+pn+1>0 g€Z, d+qn>0

+w Z Z Z AO,d+qﬁ,pﬁ—l,d($)W2d+(l) )2

d=0 p=1 g€z, d+qn>0
W {A1000(0)5+ (A1101(0) + Azgi0(0)W* + AOO,ﬁ—l,O(O)Wh_Z} .
If 72is even, then F{(w, w, ¢) becomes an odd function in w, and hence the two bifurcating solutions

(w,w, $) and (—w, —w, ¢) are conjugate. If /1 is odd, the two solutions are not conjugate.
Consider u = (4;k, k,+) with 7 even. Substituting the square pattern (z;,2,) = (w,w) into
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(6.92), we have

" =\ 2c+d)+gi
Fi(w,w,¢) =w Z Z Z Acipiitdrg-ptea(PIW (cxdyrqn

(o) [59)
N 2d4gii=2
W00 2L At @

d=0 p=1 4eZ, d+(2q+p)i>0
~ WA 400(0)0 + (A1101(0) + Asg10(0)w?
+ (AOO,h—l,O(O) + Ao,g,%fl,o(o) + Aoo,gfl,g(o))wh_z}-

Since 71 is even, F1(w, w, E) is an odd function in w. Hence, the two bifurcating solutions (w, w,a)
and (—w, —w, E) are conjugate.

Consider u = (4;k,k,+) with 72 odd. Substituting the square pattern (z;,z,) = (w,w) into
(6.93), we have

Fl (W’ w, 5) =w Z Z Z Z Ac+ph+1,d+qh,cd(5)W2(c+d)+(p+q)h

¢=0 d=0 peZ, c+pi+1>0 ge€Z, d+qn=0

[C o)

~ 24 -2
+WZZ Z Ao dsgh pi-1. (@)W PO

d=0 p=1 q€Z, d+qi>0
=W {AIIOOO(O)E"' (A1101(0) + Ax10(0))w? + AOO,h—l,O(O)Wh_z} :

Since 7 is odd, Fi(w,w, 5) is not an odd function in w. Hence, the two bifurcating solutions
(w,w, 5) and (—w, —w, 5) are not conjugate.

Consider u = (4;n/2,¢,+) with 7i/2 even. Substituting the square pattern (z;, z;) = (w, w) into
(6.107), we have

3) = o N 2(prg)2(tu)l
Fiw,w,¢) =w Z Ap+t€—u§+1,q+t§+u€,p+t€+u§,q—t'§’+u€(¢)w
(p.q:t;u)el

} : L NG 2qF2u(f+ -2
+w AO,q+t%+u€,uﬁ—l,q—t%+u€(¢)w :
(psq.t.w)eV

=W {‘4,1000(0)%r (A1101(0) + A 10(0)W? + AOO,ﬁ—l,O(O)Wﬁ_Z} .
Fhen, Pl wy 5) is an odd function in w. Hence, the two bifurcating solutions (w, w, 5) and

(—w, —w, ¢) are conjugate.
Consider u = (4;n/2,¢,+) with 71/2 odd. Substituting the square pattern (z;,z;) = (w, w) into
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(6.112), we have

T — R L o NG 2 (pr)F2(t+u)l
Fi(z1,22,9) =w E Ap+z€—u§+1,q+t§+u€,p+t€+u§,q—t§+u€(¢)w

(p.g-t,u)eU

E : o R\ 2qF2u(f+ B2
+w AO,q+t%+u[,uﬁ—l,q—t%+ut’(¢)w .

(p.g:t,u)EVy

Tw Ap+t(7—uﬁ+l(2—ﬁ)+1,q+zﬁ+u{7+l(f+ﬁ),p+t(7+uﬁ+l((7+ﬁ),q—tﬁ +u(7+l(2—ﬁ)(¢)
272 2 2 2 2 272 2 2 2 2
(p-g.t.u)€U
X W2(p+q)+2(t+u+1)€
o ) (N2 Qur (-2
tw Z AQ gril b L), Qui 1)1 g—rE s 171y (BIW :
(p.g:t,u)eV2

~ W{ 1000(0)¢ + (A1101(0) + Aogro(0)w + Aoo,ﬁ_l’o(o)wﬁﬂ} _

Since £ + 7i/2 is even, F(w,w, 5) is an odd function in w. Hence, the two bifurcating solutions
(w,w, 5) and (—w, —w, 5) are conjugate.
Consider u = (4;n/2,¢, +) with 7i odd. Substituting the square pattern (z1,22) = (w, w) into
(6.120), we have
Fl (W’ w, 5) =w Z Ap+2tt~’—ur~l+1,q+tﬁ+2u£~’,p+2t3+uﬁ,q—tﬁ+2uf(5>W2(p+q)+4(t+u)€
(p,q,t.u)eU

B (e 2q+2u(20+7) -2
+w Z A¢ g tivr2ul 2uii—1 g—tie 20l PIW
(p.q.t.u)eV

~ W{ 10000008 + (A1101(0) + AZOIO(O))WZ} )

Then, F 1(w, W,E) is an odd function in w. Hence, the two bifurcating solutions (w,w, 5) and
(—w, —w, ¢) are conjugate.
To sum up, we have the following proposition on the symmetry of the square pattern.

Proposition 6.4. For a critical point of multiplicity 4, the two bifurcating solutions (w,w, #) and
(—w, —w, @) (w € R) are conjugate for the following cases:

o u=(4k0,+), (4;k, k,+) with n = n/ gcd(n, k) even,
o u=(4;n/2,¢,+)forany in = n/ gcd(n, £),
and are not conjugate for u = (4;k,0,+), (4; k, k, +) with n odd.

6.4.3. Existence and Symmetry of Stripe Patterns
In this section, we would like to show the existence and the symmetry of two types of stripe
patterns, which are represented as

Type I stripe pattern : (z,22) = (w,0) (w € R),
Type II stripe pattern : (z;,22) = (iw,0) (w € R).
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Consider u = (4; k, 0, +). Substituting Type I stripe pattern (z;, z2) = (w, 0) into (6.86), we have

Fi(w,0,¢) =w Z Z Ac+ph+l,0€0(5)wzc+p "+ w Z Aoo,ph—1,0(5)th_2

c=0 pezZ, c+pn+1>0 p=
=W {A;000(0)5 + AZOIO(O)W2 + AOO,ﬁ—l,o(O)Wﬁ_z} '

Thus, Fi(w,0, 5) = 0 has the trivial solution w = 0 and a bifurcating solution. From (6.78), we
have Fa(w, 0) = F1(0,w), and hence we have F| = F, = 0 for (z1,20) = (w,0). If 7 is even, then
Fiw,0, ¢) becomes an odd function in w, and hence the two bifurcating solutions (w, 0, qﬁ) and
(—w, 0, ¢) are conjugate. If 71 is odd, the two solutions are not conjugate. Next, substituting Type
II stripe pattern (z;, z2) = (iw, 0) into (6.86), we have

Fi(iw,0,9) = iw Z Z A pise1,00(@)I WP — gy Z Ago pir-1.0(@) (=) 2wP

c=0 p€Z, c+pi+1>0 =
1w {A,IOOO(O)E + A10(0)W* — Aoo,ﬁ—l,o(O)(—i)ﬁ_zwh_z} )

If 7 is even (i”* and (—1)”"2 are real), then F,(iw, 0, $) = 0 has the trivial solution (w = 0) and a
bifurcating solution, and a discussion similar to that for Type I stripe pattern holds.

Consider u = (4; k, k, +) with 71 even. Substituting Type I stripe pattern (z;,z;) = (w,0) into
(6.92), we have

Fiw,0,0)=w > > Acsgieroco@W " +w > Agggi1o(@w?

c=0 g€Z, c+qn+1>0 p=1

=W {A,IOOO(O)E + A10(0)W* + AOO,h—l,O(O)Wh_Z} )

Thus, Fi(w, 0, 5) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (6.78), we
have Fz(w 0) = F1(0,w), and hence we have F| = F, = 0 for (z1,22) = (w,0). Since 71 is even,
Fiw,0, qS) is an odd function in w, and hence the two bifurcating solutions (w, 0, </>) and (—w, 0, ¢)
are conjugate. Next, substituting Type II stripe pattern (z;, z2) = (iw, 0) into (6.92), we have

Fiiw,0,8)=iw > > Acegun @I —iw > Agg g1 o(@)(=D)7 2w 2

c=0 g€Z, c+qit+1>0 -
~iw {A1000(0)5+ Aso10(0)Ww? — AOO,h—l,O(O)(—i)ﬁ_zwh_z} .

Since # is even (i and (—i)7*2 are real), F,(iw,0,#) = 0 has the trivial solution (w = 0) and a
bifurcating solution, and a discussion similar to that for Type I stripe pattern holds.

Consider ¢ = (4;k,k,+) with 7 odd. Substituting Type I stripe pattern (z;,z) = (w,0) into
(6.93), we have

Fi(w,0,¢) = w Z Z At pie1.0c0( @)W 4w Z Agopis-1.0(@)W"

=0 peZ, c+pi+1>0 =
W {A;OOO(O)&; + AZO]O(O)W2 + AOO,h—l,()(O)Wh_Z} '
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Thus, F;(w,0, 5) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (6.78),
we have F,(w,0) = F;(0,w), and hence we have F| = F, = 0 for (z1,220) = (w,0). Since 7 is
odd, Fy(w,0, $) is not an odd function in w, and hence the two bifurcating solutions (w, 0, ¢) and
(-w, 0, ) are not conjugate. Next, substituting Type II stripe pattern (z1,2,) = (iw, 0) into (6.93),
we have

Fi(iw,0,4) = iw Z Z Acipii1 0c0( @ W — iy Z Ago pi-10(@) (=) 2wP 2,

c=0 peZ, c+pn+1>0 p=1

Since 7 is odd (i”" and (-1)”*"2 can be imaginary), F;(iw, 0, #) = 0 cannot be solved for ¢.
Consider u = (4;n/2,¢, +) with 71/2 even. In (6.104), we have

b=qg+ti)2+ul =0 q=-ul
d=g—ti/2+ul =0 t=0

Thus, we have

[s6]
e - —ul = i — ~ = uii—2
Fi(z1,0,9) = z Z Apiii10prut o @272 T 4+ 7 ZAOO,uﬁ—l,O(¢)Zlun

D,UEZ, p—u%+ 1>0, p+u%20 u=1

(6.121)

Substituting Type I stripe pattern (z;, z2) = (w, 0) into (6.121), we have

Fl (Wa 07 5) =w Z Ap—u%+l,(),p+u%,0($)wzp +w Z AOO,uﬁ—l,O(a)Wuﬁ_z

DUEZ, p—u%+1>0, p+u%20 u=1

~ w {A000(0)¢ + Azg10(0W* + Ago 1 0(O)W 2}

Thus, F;(w,0, 5) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (6.78),
we have Fz(w 0) = F1(0,w). Thus, we have F| = F, = 0 for (z1,20) = (w,0). Since 7 is even,
Fiw,0, ¢) is an odd function in w. Hence, the two bifurcating solutions (w, 0, ¢) and (—w, 0, ¢)
are conjugate. Next, substituting Type II stripe pattern (z;, z2) = (iw, 0) into (6.121), we have

Fi(iw, 0, §)

(o)
. —~ %) 2 . TN uii—2 -2
= iw D Ayt 109t o@D i > Ao @0

DUEZ, p—u%+1>0, p+u%20 u=1

~ iw {A700(0)¢ + Ap10(0)w” — Agg-1.0(0)F" w2}

Since 7i is even (i“"~2 is real), F,(iw, 0, ?;5') = 0 has the trivial solution (w = 0) and a bifurcating
solution. Then, a discussion similar to that for Type I stripe pattern holds.
Consider u = (4;n/2,¢, +) with 71/2 odd. In (6.109), we have

{b:q+tn/2+uf+(£+n/2)/2:() :>2q+(2u+1)220

d=q—-ti/2+ul+ (€ -1/2)/2=0
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Since ¢ is odd, this relation is a contradiction. Hence, b = 0 and d = 0 are not satisfied simultane-
ously. In (6.108), we have

b=q+ul+1i/2=0 - g =—ul
d=qg+ul—1i/2=0 t=0

To sum up, we have

(e8]
e - —ul — i — ~ = uii—2
Fi(z1,0,9) = z Z Apiii0prut o @272 T 4+ 7 ZAOO,uﬁ—1,0(¢)Zlun :
u=1

D,UEZ, p—u%+ 1>0, p+u%20

Then, a discussion similar to that for u = (4;n/2, ¢, +) with (f, 71/2) = (odd, even) holds.
Consider u = (4;n/2, ¢, +) with 71 odd. In (6.117), we have

b=gq+ti+2ul =0 g = —2ul
d=g—ti+2ul =0 t=0 '

Thus, we have

(o)
~ ~ o uh = pruii | = ~ _ 2uii-1
Fi(z1,0,¢) = z4 Z Apiin 0. prun0( @27 T + 7 ZAoo,zurz—l,o(‘f’)Zl =,

pueZ, p—uin+1>0, p+uin>0 u=1

(6.122)

Substituting Type [ stripe pattern (z;, z2) = (w, 0) into (6.122), we have

Fl (W’ O’ E) =w Z Ap—u?z+1,0,p+uﬁ,0(5)W2p +w Z Aoo,zuﬁ_l,o(a)wz(uﬁ_l)

pU€Z, p—uit+1>0, p+un>0 u=1

=W {A/IOOO(O)?J + AZOIO(O)WZ} .

Thus, F;(w,0, 5) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (6.78), we
have F,(w,0) = F;(0,w). Thus, we have F; = F, = 0 for (z1,2) = (w,0). We see that F(w, 0,5)
is an odd function in w. Hence, the two bifurcating solutions (w, 0, 5) and (—w, 0, 5) are conjugate.
Next, substituting Type II stripe pattern (z;, z,) = (iw, 0) into (6.122), we have

FI(W7 Oa 5)

. ~ fi:2p. 2 . N 2(ui—1) . 2(ufi-1
=1mw Z Ap—uﬁ+1,0,p+uﬁ,0(¢)(—1)p+un1 PP —iw ZAOO,Zuﬁ—l,O(¢)1 wn=Dy 2un=1)

pu€Z, p—uin+1>0, p+uin>0 u=1

~ iw {Aiooo(O)E + A2010(0)W2} :

Since the indices of i are real, F(iw, O, 5) = 0 has the trivial solution (w = 0) and a bifurcating
solution. Then, a discussion similar to that for Type I stripe pattern holds.

To sum up, we have the following propositions on the existence and the symmetry of the stripe
patterns.
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Proposition 6.5. For a critical point of multiplicity 4, the stripe patterns z = (w,0), (iw,0) (w € R)
exist for the following cases:

o u=(4k0,+), (4;k, k,+) of Type I for any n = n/ gcd(n, k) and Type Il with i even,

o u=(4;n/2,¢,+)of Type I and Type Il for any in = n/ gcd(n, £).

Proposition 6.6. For a critical point of multiplicity 4, the two bifurcating solutions (z,¢) and
(—z, @) are conjugate for z = (w,0), (iw, 0) (w € R) for the following cases:

o u=(4k0,+), (4;k,k,+) with n = n/ gcd(n, k) even,
o u=(4;n/2,¢,+) forany it = n/ gcd(n, £),
and are not conjugate for z = (w,0) for u = (4;k,0,+), (4;k, k, +) with i odd.

6.4.4. Stability of Bifurcating Solutions

In Section 5.5.2, we found square patterns for a critical point of multiplicity 4 by using the
equivariant branching lemma. In Section 6.4.3, we showed two kinds of stripe patterns by solving
the bifurcation equations. These bifurcating solutions are represented for the bifurcation equation
in real variables in (6.48) as follows (w € R):

Wsq = (w,0,w,0),
wstripel = (W7 O’ Oa 0)’

Wytripell = (0,w,0,0).

We would like to evaluate the asymptotic stability of these bifurcating solutions.
We denote by S the set of nonnegative indices (a, b, ¢, d) as

{(a,b,c,d) € Z¢ | (6.91)} foru = (4;k,k, +), (6.123)

{(a,b,c,d) € Zi | (6.84)} foru = (4;k,0,+),
S =
{(a,b,c,d) € Zi | (6.96)} foru = (4;n/2,¢,+),

where Z* represents the set of nonnegative integers in Z*. Note that (a, b, ¢, d) must belong to S
when A,.q(¢) # 0. Hence, we replace the power series (6.53) with

Fl(zl’zl, 5) = ZAabcd(a)Zlazzb Zlc Z2d- (6124)
S

To obtain the asymptotic form of the bifurcation equation and the Jacobian matrix, we elucidate
the elements of S in (6.123) and specify the form of the power series in (6.124). In other words, we
investigate which coefficient Aabcd(?/)') becomes nonzero in (6.124). We focus on the coeflicients of
linear terms, quadratic terms, and cubic terms, which play a vital role as leading terms in (6.124).
For this purpose, we take (a,b,c,d) € Z% witha + b + --- + h < 3 exhaustively and investigate
whether it belongs to S or not. For (4;k,0, +), (4;k,k,+), and (4;n/2,{, +), we can see

(1,0,0,0), (1,1,0,1), (2,0,1,0) € S.
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In addition, for some specific cases, we can see

(0,0,2,0)€ S for (4;k,0, +) with i = 3,
0,0,3,0)0 eS8 for (4;k,0, +) with n = 4,
(0,0,2,0) € S for (4;k, k, +) with nn = 3,
(0,0,3,0), (0,2,1,0), (0,0,1,2) e S for (4;k, k,+) with 11 = 4,
(0,0,3,0)0€ S for (4;n/2,¢,+) with i = 4.

Based on the above results, F; (i = 1,2) in (6.50) is restricted to the form of

F; = a ¢z + FC + (other terms), i=1,2, (6.125)

where
F{ = ;2122 + a3z 21, (6.126)
FS = mntiz + a322°2 (6.127)

with the following notations:
a; = Alg(0), ar=A1101(0), az = Ai(0). (6.128)

Therein, F is obtained by (6.78). The form of “(other terms)” depends on the type of the irre-
ducible representations in (6.123). Accordingly, F; (i = 1,...,4) in (6.48) is restricted to the form
of

F; = aj¢w; + FC + (other terms), i=1,...,4 (6.129)
with
FC€ = ayw (w3 + wa?) + aswi (w12 + w)?), (6.130)
F$ = aywy(ws® + wy?) + aswa(wi” + wy?), (6.131)
FS = aows(wi® + w?) + asws(ws” + wy?), (6.132)
F§ = aywa(wi® +wa?) + aswy(ws® + wy?). (6.133)

In (6.125), F lc corresponds to cubic terms, and the form of “(other terms)” varies with the
irreducible representations. For the case (4; k, 0, +) with 72 = 3, we have quadratic terms as leading
terms. For any other cases, we have cubic terms as leading terms that vary with the irreducible
representations. From this point of view, we can classify the form of the bifurcation equation as
shown in Table 6.3 for each irreducible representation.

As mentioned earlier, the form of “(other terms)” in (6.129) depends on the type u of the
irreducible representations in (6.123). Therefore, we checked all the possible cases numerically
and classified each case by the form of leading terms. All the possible cases and stability conditions
for the bifurcating solutions are summarized in Table 6.4. The main finding of this section is as
follows:

Proposition 6.7. For a critical point of multiplicity 4, we have the following statements:
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Table 6.3: Nonzero coeflicients of leading terms which belong to "other terms” in (6.125)

7 Cases Nonzero coefficients
(4;k,0,+) General 7 None

n=3 Apo20(0)

n=4 A0030(0)
4;k, k,+) General 7 None

n=3 A0020(0)

n=4 A0030(0), A0210(0), Ago12(0)
4;n/2,¢,+) Generali None

n=4 A0030(0)

i = n/ ged(k, n) in (6.40); 7 = n/ ged(¢, n) in (6.41)

o Forpu = (4;k,0,+) and pu = (4;k, k, +) with i = 3, the bifurcating solutions wy, and Wgyiper
are always unstable in the neighborhood of the critical point, and the bifurcating curve takes
the form ¢ ~ cw for some constant c.

e For any other cases, the stability of the bifurcating solutions Wyg, Wyyiper, ANd Wiyiperr de-
pends on the values of the coefficients of the power series expansion of the bifurcation equa-
tion in (6.124), and the bifurcating curve takes the form ¢ ~ cw? for some constant c.

To show these results, we derive the asymptotic form of the bifurcation equation for each case and
conduct stability analysis for the bifurcating solutions in the remainder of this section.

Case 1: General (4;k,0,+)
For general (4;k,0, +), we have
(1,0,0,0), (1,1,0,1), (2,0,1,0) € S,

and the other elements of S correspond to higher order terms. Then, the asymptotic form of
F; (i=1,2)in (6.125) becomes

Fi(z1,2,9) = a1z + FY, (6.134)
Fa(z1,22, ) ~ a1 + FS, (6.135)

where FZ.C (i =1,2)1s given in (6.126) and (6.127). By (6.51) and (6.52), the asymptotic form of
F:i=1,...,4) in (6.48) becomes

F\ ~ a;¢w; + FC, (6.136)
Fy ~ ajpw, + FC, (6.137)
F3 ~ ay¢ws + F€, (6.138)
Fi~ aigws + FC, (6.139)
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Table 6.4: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 4

u Cases Solutions  Stability conditions
4;k,0,+) n=3 Wgq Always unstable

Wtripel Always unstable

Wistripell Does not exist

n=4 Wsq az < —as <0, az +as < —|ay|

Wtripel a3 < —as <0, ap <az +as

Wsripenn a3 < —as <0, ax <ajz +as
4k, k,+) n=3 Wgq Always unstable

Wgripel Always unstable

Wgripell Does not exist

n=4 Wsq a5+a6>0, a3+a5<—|a2+2a6|

Wtripel az < —as <0, —2|ag| < az + as

Wygripenl a3 < —as <0, —2|ag| < az + as
4;n/2,6,+) n=4 Wgq az < —as <0, a3 +as < —|ay|

Wistripel azy < —as <0, ap <az+as

Wsipell a3 < —as <0, ap <az + as
u Cases Solutions  Stability conditions (necessary condition)
(4;k,0,4) General 1 wyq az < —|ay|

Wistripel a <az <0

Wtripell ay < az < 0if 711s even

Does not exist if 72 is odd

45k, k,+) General 1 wyq as < —las|

Wstripel a) <az <0

Wistripell a) <az < 0 if 72 is even

Does not exist if 72 is odd

(4;n/2,0,+) General i wyq az < —|ap|

Wstripel a)<a3<0

Wygripen1 a2 < az <0

n = n/ ged(k, n) in (6.40);

fi = n/ ged(€,n) in (6.41);
ar = A1101(0), a3 = A2010(0), as = Ao020(0), as = Apo30(0), as = A210(0) in (6.124)
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where Fl C@=1,...,4)is given in (6.130) — (6.133). Hence, the asymptotic form of the Jacobian
matrix in (6.49) becomes

J(w,§) ~ ardls + Bc (6.140)
with
BC = Clsz + Clng, (6141)
WiZ 4 wy? 0 2w ws 2w wy
B, = 0 W32 + W42 2wows 2WoWy
2= 2W1W3 2W2W3 W]2 + W22 0 ’
2wiwy 2Wowy 0 W12 + W22
3w+ w2 2wiwy 0 0
2wiwy  wiZ 4 3wy? 0 0
B; = 2 2
0 0 3W3 + wy 2W3W4
0 0 2W3wy W32 + 3W42

Substituting w,, into (6.136) and solving F, 1 =0 for 5, we have

~  ~ a, +as ,
¢:¢sqz_ w-.

a

Evaluating the Jacobian matrix (6.140) at (w, Esq), we have

as 0 ar 0
Rwsqa asq) ~ 2W2 0 8 0 8 + 0(W3). (6142)
0 0

as
0 0

Then, the eigenvalues of the matrix f(wsq, %q) are given by

A1, Ay = 2as + a))w?,

A3 ~ OW?) (repeated twice).

A necessary condition where wyq 1s stable is a3 < —|a,|. A more rigorous stability condition relies
on the concrete form of the terms of O(w?) for 3. Thus, the stability of wgq depends on the values
of a, and as. .
Substituting wWgyiper into (6.136) and solving F'; = 0 for ¢, we have
—_ as ,

¢ = ¢stripel X oW
a

Evaluating the Jacobian matrix (6.140) at (Wgiper, astripel)a we have

2a; 0O 0 0
0 0 0 o0 0
0 0 a) —as 0
0 O 0 a, — as
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Then, the eigenvalues of the matrix .7(’wsmpe1, 5smpel) are given by the diagonal components, i.e.,

A ~ 2azw?,
Ay ~ O(W3),

A5~ (ar — a3)w? (repeated twice).

Necessary conditions where wgyiper s stable are a, < a3 < 0. A more rigorous stability condition
relies on the concrete form of the terms of O(w?) for A,. Thus, the stability of Wyriper depends on
the values of a, and as. _ _
Substituting Wgipen into (6.137) and solving F, = 0 for ¢, we have
—_ as 9

¢ = ¢stripeII R-—w.
ai

Evaluating the Jacobian matrix (6.140) at (Wggipen, asmpen), we have

0 O 0 0
_ - 0 2a; O 0
J(wstripell, ‘pstripell) ~ W2 0 O a, — as 0

0 0 0 a) —aj

+O0W). (6.144)

The eigenvalues of the matrix f('wsmpen, ’(Estripell) are equivalent to that for wgyp;. Hence, stability
conditions for Wyyiperr are equivalent to that for wyyiper.

Case 2: (4;k,0,+)withn =3
For the case (4; k,0, +) with 77 = 3, we have

0,0,2,0) € S

as well as
(1,0,0,0), (1,1,0,1), (2,0,1,0) € S.

Then, the asymptotic form of F; (i = 1,2) in (6.125) becomes

Fi(z1,22,9) ~ a1pz1 + aszp” + ¥, (6.145)
Fy(z1,22, ) ~ @122 + asZy” + F§ (6.146)

with ay = Aggo(0), where Fic (i =1,2)1s given in (6.126) and (6.127). By (6.51) and (6.52), the
asymptotic form of F; (i = 1,...,4) in (6.48) becomes

Fi ~ aidpw; + as(w;> — wp?) + F€, (6.147)
Fz ~ alawz —2aswiwy + fc, (6.148)
F3 ~ aj¢ws + as(ws® — ws?) + FS, (6.149)
F4 ~ a15w4 —2aswswy + Ff, (6.150)
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where Fl C@=1,...,4)is given in (6.130) — (6.133). Hence, the asymptotic form of the Jacobian
matrix in (6.49) becomes

J~(w,$) X 6115]4 + ayB4 + B¢ (6151)
with
wq —W»s 0 0
_ -w, —-w; O 0
B4 =2 0 0 w3 —Wy ’
0 0 W4 —W3

where B¢ is given in (6.141). . _
Substituting w,q into (6.147) and solving F'; = 0 for ¢, we have

Evaluating the Jacobian matrix (6.151) at (ws, asq), we have

1 0 0 O
- ~ 0 -30 0
0 0 0 -3

Then, the eigenvalues of the matrix f(wsq,gsq) are given by the diagonal components, i.e., asw
(repeated twice) and —3a4w (repeated twice). Since the eigenvalues a,w and —3a,w have opposite
signs, the bifurcating solution w,, is always unstable.
Substituting Wyiper into (6.147) and solving F; = 0 for ¢, we have
—_ day

¢ = ¢stripel 2 1
a

Evaluating the Jacobian matrix (6.151) at (Wgiper, agtripel), we have

I 0 0 O

= ~ 0 -3 0 O

J(wstripeb ¢stripeI) ~ agw 0 0 -1 0 (6153)
0 0 0 -1

Then, the eigenvalues of the matrix ﬂwstripel’astripel) are given by the diagonal components, i.e.,
asw, —3asw and —asw (repeated twice). Since the eigenvalues asw and —3a4w have opposite signs,
the bifurcating solution wyyiper 1S always unstable.

Remark 6.1. Since 7 is odd, Wgyipenr does not exist for the case (4;k,0,+) with n = 3. See
Proposition 6.5 in Section 6.4.3. O
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Case 3: (4;k,0,+)withn =4
For the case (4; &, 0, +) with 77 = 4, we have

0,0,3,0) e S

as well as
(1,0,0,0), (1,1,0,1), (2,0,1,0) € §.
Then, the asymptotic form of F; (i = 1,2) in (6.125) becomes
Fi(z1,22,9) ~ a1z + aszy” + FY, (6.154)
Fo(21,22, ) ~ 1922 + aszs” + F§ (6.155)

with as = Agozo(0), where Ft.C (i =1,2)is given in (6.126) and (6.127). By (6.51) and (6.52), the
asymptotic form of F; (i = 1,...,4) in (6.48) becomes

if:] x alawl + a5w1(w12 —3w,2) + FIC, (6.156)
Fz ~ a@wz + a5wz(wz2 - 3w12) + FZC, (6.157)
F3 ~ aydws + asws(ws? — 3ws?) + FS, (6.158)
E ~ a15w4 + aswa(ws® — 3ws?) + fc, (6.159)

where fl C(i=1,...,4)is given in (6.130) — (6.133). Hence, the asymptotic form of the Jacobian
matrix in (6.49) becomes

JN(w,a) x 01514 + asBs + B¢ (6160)
with
W12 - W22 —2W1W2 0 0
_ —2W1W2 W22 - le 0 0
Bs =3 0 0 w2 —w?  ~Dwaws |’ (6.161)
0 0 —2W3W4 W42 - W32

where B¢ is given in (6.141). . _
Substituting w,q into (6.156) and solving F'; = 0 for ¢, we have

¢:$€qz_

as+ap +as ,
—_—W.
aj

Evaluating the Jacobian matrix (6.160) at (wgq, asq), we have

as + as 0 a, 0
= ~ —2a 0 0
~ 2 5
J(wsqa ¢sq) ~ 2W ar 0 as + as O (6162)

0 0 0 —2as
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Then, the eigenvalues of the matrix f(fwsq, asq) are given by

A, Ay ~ 2(as + as £ a))w?,

2

Az % —4asw” (repeated twice).

If a3 < —as < 0 and as + a3z < —l|a,| are satisfied, wy, is stable. Otherwise, wy, is unstable. Thus,
the stability of w,, depends on the values of a5, a3 and as.
Substituting Wgiper into (6.156) and solving F; = O for ¢, we have

~ o~ as + as o)
¢ = ¢stripel ] {

a

Evaluating the Jacobian matrix (6.160) at (Wgiper, astripel)’ we have

2(615 + 613) 0 0 0
~ ~ 0 —4a 0 0
. Y P 5
J(wstrlpela ¢str1pel) w 0 0 —as + ay — a; 0 (6163)
0 0 0 —ds +a; —as

Then, the eigenvalues of the matrix f(wstripel, Esmpel) are given by the diagonal components, i.e.,

A~ 2as + a;)w?,
b ~ —dasw?,
A5 ~ —(as — ar + az)w? (repeated twice).
If a3 < —as < 0 and a, < as+as are satisfied, Wgyiper 18 stable. Thus, the stability of wyiper depends
on the values of a,, ay and as. _
Substituting Wyyiperr into (6.157) and solving F, = 0 for ¢, we have

~  ~ ast+as ,
¢ = ¢stripeH X = w-.
a

Evaluating the Jacobian matrix (6.160) at (Wgipers astripell), we have

—4as 0 0 0
~ ~ 0 2(as+ as) 0 0
. . ~ w2 5 3
J(wstrlpeII’ ¢str1peII) w 0 0 —as + ar — as 0 (6164)
0 0 0 —das + d; — ds

The eigenvalues of the matrix j(’wsmpen, Esmpen) are equivalent to that for wgyiper. Hence, stability
conditions for wyyiperr are equivalent to that for wyyiper.

Case 4: General (4;k, k, +)
For general (4; k, k, +), we have

(1,0,0,0), (1,1,0,1), (2,0,1,0) € S,

and the other elements of § correspond to higher order terms. Then, the asymptotic form of F; in
(6.130) is equivalent to that for the case 1: General (4; k, 0, +). Hence, a discussion similar to that
for the case 1 holds.
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Case 5: (4;k, k,+)withn =3
For the case (4; k, k, +) with 71 = 3, we have

(0,0,2,0) e S
as well as
(1,0,0,0), (1,1,0,1), (2,0,1,0) € S.

Then, the asymptotic form of F; in (6.130) is equivalent to that for the case 2: (4;k,0, +) with
n = 3. Hence, a discussion similar to that for the case 2 holds, that is, wy, and wgiper are always
unstable. Since 71 is odd, wiyipenr does not exist for this case (see Proposition 6.5 in Section 6.4.3).

Case 6: (4;k, k,+)withn =4
For the case (4; k, k, +) with 71 = 4, we have

0,0,3,0), (0,2,1,0), (0,0,1,2) € §

as well as
(1,0,0,0), (1,1,0,1), (2,0,1,0) € §.
From the condition (6.81), we have Ay10(0) = Ago12(0). Then, the asymptotic form of F; (i = 1, 2)
in (6.125) becomes
Fi(z1,22, ) ~ arzy + aszi” + ae21 (2% + 22°) + FC, (6.165)
Fz(Zl,Zz,a) ~ 01512 + 615223 + 0622(212 + le) + cm (6.166)

with ag = Ag19(0), where FiC (i =1,2)1s given in (6.126) and (6.127). By (6.51) and (6.52), the
asymptotic form of F; (i = 1,...,4) in (6.48) becomes

fl ~ a@wl + aswi (w2 = 3wn2) + 2agwi (w3 — wa?) + flc’ (6.167)
Fy = a,¢wy + aswy(wy? = 3wi2) + 2agwy(ws? — wi?) + FS, (6.168)
I::_o, ~ a@m + aswi(ws® = 3ws2) + 2agw3(wi> — wy?) + Fg, (6.169)
f4 ~ a1$w4 + aswa(wa® = 3ws2) + 2agwa(wa? — wi?) + fc, (6.170)

where Fl C@=1,...,4)is given in (6.130) — (6.133). Hence, the asymptotic form of the Jacobian
matrix in (6.49) becomes

J(w, $) ~ a1¢ly + asBs + agBe + Bc (6.171)
with
wiZ —wy2  =2ww, 0 0
B =3 —2W1W2 W22 - W12 0 0
3T 0 0 W32 — W42 —2W3W4
0 0 —2W3W4 W42 - W32
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W32 - W42 0 2W1W3 —2W1W4

0 W42 — W32 —2W2W3 2W2W4
Bé = 2 2 2 )
2W1W3 —2W2W3 wi1m — Wy 0
—2W1W4 2W2W4 0 W22 - W12

where Bs and Bc are given in (6.161) and (6.141). N
Substituting w,, into (6.167) and solving F'; = 0 for ¢, we have

~ a + az + as + 2ag o)
sq X — w-.

|

ai

Evaluating the Jacobian matrix (6.171) at (wyq, asq), we have

as + as 0 2616 + ay 0
~ ~ 0 —2(as + ag) 0 0
~ 2
J(wSC]9 ¢sq) ~ 2w Dag + a> 0 as + a 0 (6.172)
0 0 0 —2(as +ag)

Then, the eigenvalues of the matrix f('wsq, asq) are given by

A1, A = 2{(as + as) £ (2a6 + ax)}w?,
A ~ —4(as + ag)w” (repeated twice).
If as + ag > 0 and as + a3 < —|2a¢ + as| are satisfied, wy, is stable. Otherwise, wy, is unstable.

Thus, the stability of w,y depends on the values of a, as, as and ag.
Substituting Wgiper into (6.167) and solving F'; = 0 for ¢, we have

~  ~ as+asz
& = Dstripel ® — w-.

a

Evaluating the Jacobian matrix (6.171) at (Wgiper, 5smpe1), we have

—2((15 + (13) 0 0 0
- -~ 0 4a 0 0
: ) a2 5
J(wstrlpela ¢str1pel) w 0 0 as — 206 + as 0 (6173)
0 0 0 as + 2ae + as

Then, the eigenvalues of the matrix J~(wsmpe], asmpe]) are given by the diagonal components, i.e.,

A1 ~ 2as + as)w’,
/12 =~ —4615W2,
Az, Ay = —((15 +az 2(16)W2,

If a3 < —as < 0 and —2|ag| < as + a3 are satisfied, Wgyiper 18 stable. Otherwise, Wgyiper 18 unstable.
Thus, the stability of wyyiper depends on the values of asz, as and ag.
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Substituting Wgyipen into (6.168) and solving F. » = 0 for 5 we have

~  ~ as + as 5
¢ = ¢stripeH = w-.

a

Evaluating the Jacobian matrix (6.171) at (Wgyiperr, agtripen), we have

4as 0 0 0
— — 0 —2as+a3) 0 0
. . ~ —w? 5 3
J(wstrlpell’ ¢str1peII) w 0 0 as — 206 + as 0 (6174)
0 0 0 as + 2ae + as

The eigenvalues of the matrix f('wsmpen, astripell) are equivalent to that for wgyiper. Hence, stability
conditions for wgyiperr 18 equivalent to that for wgiper.

Case 7: General (4;n/2,€,+)
For general (4;n/2,¢,+), we have

(1,0,0,0), (1,1,0,1), (2,0,1,0) € S,

and the other elements of S correspond to higher order terms. Then, the asymptotic form of F; in
(6.130) is equivalent to that for the case 1: General (4; k, 0, +). Hence, a discussion similar to that
for the case 1 holds.

Case 8: (4;n/2,€,+)withii =4
For the case (4;n/2,¢,+) with 7i = 4, we have

0,0,3,0) e S

as well as
(1,0,0,0), (1,1,0,1), (2,0,1,0) € S.

Then, the asymptotic form of F; in (6.130) is equivalent to that for the case 3: (4;k, 0, +) with
71 = 4. Hence, a discussion similar to that for the case 3 holds.
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6.5. Bifurcation Point of Multiplicity 8

We consider a critical point associated with eight-dimensional irreducible representations u of
the group Dy x< (Z,, X Z,):

-1
(8;k,0) with 1 <€ <k-1, 2Sk£{n2 |, (6.175)

where n > 5. For (8; k, {), we use the following notations:

N k A 4 n
k=——7——, {(=————, h=——o 6.176
acd(k, €, n) ecd(k, 6,n)” ' ged(k, €, n) (6.176)
The actions in (8;k, £) on an eight-dimensional vector (wy,...,wg) € R3 can be expressed for a
four-dimensional vector (z, . .., z4) with complex variables z; = wyj_; +iwy; (j = 1,...,4) as (cf,,
(5.62) and (5.63))
Z1 Zz— Z1 <3
P i NN L D R U L (6.177)
23 24 23 <1
24 23_ 24 22
2 Wz ) 21 w'z
-t k
. k2 w "2 . |R2 w2
p1: 2 — Wi | 2% 2 — w2, (6.178)
% w74 % w™*zy

with w = exp(i27/n).

6.5.1. Derivation of Bifurcation Equation
The bifurcation equation for the critical point of multiplicity 8 is an eight-dimensional equation
inw = (wy,...,wg) € R® expressed as

Fi(w,$)=0, i=1,...,8, (6.179)

where (wq, ... ,wS,Z) = (0,...,0,0) is assumed to correspond to the critical point. Accordingly,

the Jacobian matrix of F' is an 8 X 8 matrix expressed as

— —  (OF;
J(w, ¢) = (W
J

i,j:1,...,8). (6.180)

The bifurcation equation (6.179) can be expressed as a four-dimensional equation in complex
variables z; = wyj_1 +iwp; (j = 1,...,4) as

Fi(z1,20,23:24,9) =0, i=1,...,4, (6.181)
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where (zi,... ,z4,$) = (0,...,0,0) corresponds to the critical point. There are the following

relationships between (6.179) and (6.181):

Fi(21,22,23, 24, 9) = F1 +1F,
F>(21,22,23,24,0) = F3 +1Fy,
F3(Zla 325423524 ¢) =I5 + iF6,

F4(ZI,Z2aZ3,Z4,$) = F7 + iFS'

We expand F| into a power series as

Fi(z1,22, 23,24, 9) = Z Z Z Z Z Z Z Z Adbederan @z1°2 252" 21 2 755 2

a=0 b=0 =0 d=0 =0 f=0 g=0 h=0
Since (z1, 22, 23, 24, 5) =(0,0,0,0,0) corresponds to the critical point, we have
A00000000(0) =0, A10000000(0) = Ap1000000(0) = - -+ = Agoooooo1(0) = 0.

Since a; = Al 00000(0) 18 generically nonzero, we have

At0000000(9) = ai .

(6.182)
(6.183)
(6.184)
(6.185)

(6.186)

The equivariance of the bifurcation equation to the group D4~ (Z,XZ,) is identical to the equiv-
ariance to the action of the four elements r, s, p;, and p, generating this group. The equivariance

condition for (8; k, £) is written as

r: FZ(ZI’ZZ, Z39 Z4) = FI(ZZ, Z15 %4, 23)9
Fi(z1,22,23,24) = F2(22, 21, 24, 23),
Fy(z1,22,23,24) = F3(Z2,21,Z4,Z3),

F3(z1,22,23,24) = Fa(22, 21,24, 23),
st Fs(z1,22,23,24) = Fi(23, 24, 215, 22),
Fy(z1,22,73,24) = F2(23,24, 21, 22),
F1(z1,22,23,24) = F3(23,24, 21, 22),
Fa(z1,22,73,24) = Fa(23,24, 21, 22),
p1: Wiz, 20, 23,20) = Fi1(0'21, 072, 073, 07 20),
W Fa(21, 22,23, 24) = Fo(0'z1, 072, 023, 0™2),
W' F3(z1, 22, 23,24) = F3(0'21, 0™ 20, 023, 0™ 20),
W Fu(z1, 22,23, 24) = Fa(w'z1, 020, 023, 07 20),
pr: W'F(21,22,23,24) = F1(w'z), 02, 0725, 0™2),
W' Fa(z1,22,23,24) = Fo(0'z1, ' 20, 0™ 23, 07" 20),
w ' F3(21, 22, 23, 24) = F3(0'21, 0* 20, 0773, 072),
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(6.194)
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(6.197)
(6.198)
(6.199)
(6.200)
(6.201)



W Fy(21, 22,23, 24) = Fa(0'z1, 02, 0723, 07 20). (6.202)

The equivariance conditions with respect to r and s are expressed as follows. The equivariance
condition (6.188) for r implies

Fy(z1,22,23,24) = F1(22,21, 24, 23)- (6.203)
The equivariance condition (6.191) and (6.192) for s implies

F3(z1,22,23,24) = F1(23, 24, 21, 22), (6.204)
Fy(z1,22,23,24) = F2(23, 24, 21, 22). (6.205)

Combining (6.203) and (6.205), we have
Fuy(z1,22,23,24) = F1(24,23, 22, 21)- (6.206)

Hence, we obtain F,, F3 and F, from F; by using (6.203), (6.204) and (6.206). Combining (6.187)
and (6.203), we have

Fi(z2,21,24,3) = F1(22,21, 24, 23)- (6.207)

Hence, we have .
Aupn(@) €R. (6.208)

It is ensured that the equivariance conditions (6.187) — (6.194) are satisfied by (6.203), (6.204),
(6.206), and (6.207).

The equivariance conditions with respect to p; and p, are expressed as follows. The equivari-
ance condition (6.195) for p; is expressed as

k ~ boc. d=e=f=g=h
Z Z e Z WAy n(D)21°2° 224 21 T T T

a=0 b=0 h=0

k(a+c—e—g)—L(b+d—f~h — b d=e=f=g=h
= Zw (@reemg)=lbrd=T=M A\ (D212 22 71 2 0 2l
a=0 b=0 h=0

which implies
k(a+c—e—g—1)—C(b+d—f-h) _ 2 _
w =exp|—ilk(a+c—-e—-g-1)—-€b+d-f-h)}|=1. (6.209)
n

The equivariance condition (6.199) for p, is expressed as

¢ — b.c. d=e=f=g=h
Z Z e Z W A (B)21°22°25524% 71 7 755 2

a=0 b=0 h=0

—d- e — d=—e=f=g=h
= Z @Rbd=frllaze=ero)p (3219223240 70° T 20 T,
a=0 b=0 h=0
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which implies

o
Whb=d=reirsta—c=erg=)) — oy | iy g fFymy+lla—c—e+g—1}|=1.  (6.210)
n

Using (6.203), (6.204), or (6.206), we rewrite the equivariance conditions (6.196) — (6.198) for p,

as follows:
W F1(22,21,24,23) = Fi(w 22, 0™ Z1, 0" 7, ' 23), (6.211)
W' F1(23,24, 21, 22) = F1(0'23, 0724, 021, 0722), (6.212)
W Fi(24,73, %2, 21) = Fi(w™ z, 0™ 23, 0 20, 0*20). (6.213)

Similarly, we rewrite the equivariance conditions (6.200) — (6.202) for p, as follows:

W'Fi(22,71, %, 23) = F1(0'2, 0™ 71, 0" 2y, 07'23), (6.214)
W Fi(z3, 21,21, 22) = Fi(w™ 23, w2, 0'21, 0 20), (6.215)
W (24,73, 22, 21) = Fi(w™ 24, 0" 23, 07 20, 0'21). (6.216)

The equivariance conditions (6.211), (6.213), and (6.215) lead to the same result as (6.210). The
equivariance conditions (6.212), (6.214), and a complex conjugate of (6.216) lead to the same
result as (6.209). To sum up, we have the following conditions for (8; k, £):

kla+c—-e—-g-1)—€tb+d-f-h)=0
kb—-d—-f+h+lla—c—-e+g—-1)=0

which are equivalent to

ka+c—e—g—-1)—-8b+d-f-h)=0
kb—d-f+h+8a-c—e+g-1)=0

mod n,
mod n,
mod 7, (6.217)
mod 7. (6.218)

We rewrite the conditions (6.217) and (6.218) in a matrix form as

k| _o R
A [2] = [0] mod 71 (6.219)
with
_|a+tc—-e-g-1 —-b-d+f+h
A=\ b-d-f+h a-c-etg-1| (6:220)
This condition is equivalent to the following condition:
k| _ . [p
dp,geZ st Al |=n]|"|. (6.221)
4 q
For this condition, we define a set P as
P ={(a,b,...,h) € Z} | (6.221) with (6.220)}, (6.222)
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where Z, represents the set of nonnegative integers. Note that (a,b, ..., h) € Z8 must belong to P
when A,...(¢) # 0 in (6.186). Hence, we replace the power series (6.186) with

_ _ e
Fi(z1,22,23,24.9) = Z Advederan(@) 21°22°23°24 71° 2 0 7" (6.223)
P

In addition, we have the following proposition:

Proposition 6.8. If 1 = n/ gcd(n, k,{) is even, then (a,b,...,h) € P satisfiesa+b+c+d+e+
f+g+h¢?2Z

Proof. Since 7 1s even, pin (p € Z) in (6.217) and gt (¢ € Z) in (6.218) are even. Since 11, k, and
¢ do not have a common divisor, (k,{) # (even,even). To prove the statement by contradiction,
assumea+b+c+d+e+ f+g+he2Z.

e Forthecasea+c+e+ge€2Zandb+d— f—h e 2Z, we have the following statements: If
(lAc, 2) = (odd, even), the left-hand side of (6.217) is odd since it takes the form:

(odd) x (odd) + (even) X (even).

If (lAc, 2) = (even, odd), the left-hand side of (6.218) is odd since it takes the form:
(even) X (even) + (odd) X (odd).

Thus, the condition (6.217) and (6.218) are cannot be satisfied simultaneously.

e Forthecasea+c+e+g¢2Zandb+d+ f+h ¢ 2Z, we have the following statements: If
(lAc, 2) = (odd, even), the left-hand side of (6.218) is odd since it takes the form: (odd)+(even).
If (lAc, 2) = (even, odd), the left-hand side of (6.217) is odd since it takes the form: (even) +
(odd). Thus, the condition (6.217) and (6.218) are cannot be satisfied simultaneously.

Hence,a+b+c+d+e+ f+ g+ h € 2Zis a contradiction. O

6.5.2. Symmetry of Square Patterns
For the irreducible representation u = (8; k, £), a system of the bifurcation equations F; = F, =
F3 = F4 = 0 has the following bifurcating solutions:

Type VM square pattern : (21, 22, 23,24) = (W, w,w,w) (w € R),
Type T square pattern : (z1, 22,23, 24) = (W, w,0,0) (w € R).

In Section 5.6.4, we showed that the Type VM solution exists for any (7, k, £), while the Type T
solution exists if the values of (1, k, £) satisfies

GCD-div : 2 ged(k, ?) is not divisible by ged(k® + £%, ) (6.224)

(see Proposition 5.20).
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Substituting the Type VM solution (z1, 22, 23, 24) = (W, w, w, w) into (6.223), we have

Fiw,w,w,w, 5) = Z Aabcdefgh(a)wa+b+d+e+f+g+h.
P

Proposition 6.8 shows that if 71 is even, theB Fiw,w,w,w, ;/)') becom~es an odd function in w. Thus,
the two bifurcating solutions (w, w, w,w, ¢) and (—w, —w, —w, —w, ¢) are conjugate. Substituting
the Type T solution (zy, 22, 23, 24) = (W, w, 0, 0) into (6.223), we have

Fi(w,w,0,0,9¢) = Z Aapooefoo(@Iw
(@,,0,0.0.1.0,0)eP

Proposition 6.8 shows that if 7 is even, then a + b + e + f ¢ 27Z for (a,b,0,0,e, £,0,0) € P.
Thus, Fi(w,w,0,0, $) becomes an odd function in w, and hence the two bifurcating solutions
(w,w,0,0,$) and (—w, —w, 0, 0, $) are conjugate.

To sum up, we have the following proposition on the symmetry of the square patterns.

Proposition 6.9. For a critical point of multiplicity 8 associated with p = (8;k,{), the two bi-
furcating solutions (z,¢) and (—z, $) are conjugate for z = (w,w,w,w), (w,w,0,0) (w € R) if
n = n/ ged(n, k,£) is even and are not conjugate if it is odd.

6.5.3. Existence and Symmetry of Stripe Patterns
We would like to show the existence and the symmetry of two types of stripe patterns, which
are represented as

Type I stripe pattern : (21, 22, 23, 24) = (W, 0,0,0) (w € R),
Type II stripe pattern : (z1, 22, 23, 24) = (iw, 0,0,0) (w € R).

For both cases, we have (a,b,...,h) = (a,0,0,0,¢,0,0,0), and hence (6.217) and (6.218) leads to
k(@a-e-1)=0, fa-e-1)=0 mod A, (6.225)
which imply a = e + pii + 1 (p € Z). Then, F in (6.223) is rewritten as

F1(z1,0,0,0,$)

= ZACI‘H,q(a)llequl + Z Z[Aq+pﬁ+l,q($)|21|2qZ1pﬁ+l + Aq q+pi— 1(¢)|Z1|2q 77 1] (6226)

q=0 p=1 ¢=0

with A,,(#) = A000e000()-
Substituting the Type I stripe pattern (z;, 22, 23, 24) = (W, 0, 0, 0) into (6.226), we have

F102,0,0,0,8) = w{ > Ag1 o@w™ + > Z gt g @I+ Ay g (W]
q=0

p=1 g=

~ w{A7(0)¢ + Ax (0)w” + Aps1 (W2}
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We see that F(w,0,0,0, 5) = 0 has the trivial solution (w = 0) and a bifurcating solution. Note
that F;(w,0,0,0, ?ﬁv) becomes an odd function in w if 71 is even. Then, the two bifurcating solutions
1,0,0,0, 5) and (-w,0,0,0, 5) are conjugate.
Substituting (z1, 22, 23,24) = (W, 0,0,0) into the equivariance conditions (6.203)—(6.206), we
have
F>(w,0,0,0) = F1(0,w,0,0),
F;(w,0,0,0) = F(0,0,w,0), (6.227)
Fi(w,0,0,0) = F1(0,0,0,w).

With the use of P in (6.222), we have F; = 0 (i = 2,3,4) in (6.227) if
(09b307090af70,0) e Pa

(O’O’C’O,O’ng,o) ¢ P’
(0,0,0,d,0,0,0,h) ¢ P.

The conditions in (6.217) and (6.218) lead to

k(b—f)=C, &b-f)+k=0=0 mod i for(a,b,c.d,e,f gh) =(0,b,0,0,0,f,0,0),
k(c-g)—-k=0,8c—-g)+2=0 modn for(a,b,c,d,e,f g h) =(0,0,c0,0,0,g,0),
kd-h)+0=0,8d-h)+k=0 modn for(a,b,c,d,e,f gh) =0,0,0,4d,0,0,0,h).

These relations can be expressed in a matrix form as

(6.228)

Ax =b WithA:[k — 0 ]

¢ 0 -n
The vectors « and b vary with (a, b, c,d, e, f, g, h) as follows:

b—f

T = p |,b= —flAc for (a,b,c,d,e, f,g,h) = (0,b,0,0,0, f,0,0),
q ] L
c—g | R
T = V4 ’ b: _2 for(a,b,c,d,e,f,g,h):(0,0,C,0,0,0,g,()),
q ] - B
d—h] e
T = p ’ b: —]% for(a5b,c9d9e’fag’h):(O’O’Oadao’o’oah)'
q 3

The existence of an integer solution x of (6.228) is investigated by showing the two conditions
(6.229) in Remark 6.2 below. The first condition is satisfied since we have

k -a 0
kA = k ~ = 2
ran ran [ f 0 —ﬁ ]
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and

rank [A | b] = rank ]{g _On _Oﬁ j} =2 for(a,b,c,d,e, f,g,h) =(0,b,0,0,0, f,0,0),
(k- 0 k|

rank [A | b] = rank 70 -h -7 2 for(a,b,c,d,e, f,g,h) =(0,0,c,0,0,0,g,0),
[k - 0 -2 ]

rank [A | b] = rank P o0 —n |7 2 for(a,b,c,d,e, f,g,h) =(0,0,0,d,0,0,0,h).

For the second condition, we have
di(A) = ged(@, k, n) = 1,
di([A | b)) = ged(Z, k. ) = 1,
d>(A) = ged(kn, tn, 1?) = A.
The value of d,([A | b]) varies with (a, b, c,d, e, f, g, h) as follows:
d>([A | b]) = gcd(ﬁ,fc2 +% for(a,b,c, d,e, f,g,h)=1(0,b,0,0,0, £,0,0),
dy([A | b)) = ged(h, 2kl)  for (a,b,c,d,e, f,g,h) = (0,0,c,0,0,0,¢,0),
d>([A | b]) = ged(, k% — &) for (a,b,c,d, e, f,g,h) = (0,0,0,d,0,0,0, h).
For (a,b,c,d, e, f,g,h) = (0,b,0,0,0, f,0,0), we have d>(A) = d»([A | b]) when k2 + £2 is divisible
by 1. Then, the equation (6.228) has an integer solution . Hence, we have (0, b, 0, 0,0, f,0,0) € P
and, in turn, F, # 0. On the contrary, we have (0, 5,0,0,0, ,0,0) ¢ P and, in turn, F, = 0
when k? + 2 is not divisible by 7. In a similar manner, we have (0,0,¢,0,0,0,g,0) ¢ P and,
in turn, F3 = 0 when 2k¢ is not divisible by 7. We have (0,0,0,d,0,0,0,4) ¢ P and, in turn,
F; = 0 when k> — £? is not divisible by /. Consequently, a system of the bifurcation equations

F, = F, = F5 = F, = 0 holds for (21, 22, 23, 24) = (w, 0,0, 0) when k2 + 2, 2k¢, and k* — % are not
divisible by 7.

Remark 6.2. Let A be an m X n integer matrix and b an m-dimensional integer vector. A system
of equations Ax = b admits an integer solution x if and only if two matrices A and [A | b] share
the same determinantal divisors, i.e.,

rank A =rank [A | b], di(A) = di([A | b]) (6.229)

for all k. Here, di(A) is the kth determinantal divisor, which is the greatest common divisor of all
k X k minors (subdeterminants) of the integer matrix A. O

Substituting Type II stripe pattern (z;, 22, 23, 24) = (iw, 0, 0, 0) into (6.226), we have
F1(iw,0,0,0,9)

p=1 ¢=0

=iw {Z A‘1+1,q($)wzq + Z Z [Aq+pﬁ+l’q(5)ipﬁwzll+lﬁl + Aq’q+pﬁ1(5)(_i)pﬁw2q+pﬁ2]}
q=0

~ iw {A15(0)¢ + A1 (0)w? + Ags1 (0)(=i)'w ).
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Thus, F(@iw,0,0,0, 5) = 0 has a bifurcating solution if 7 is even (i”" and (—i)"" are real). Then, a
discussion similar to that for the Type I stripe pattern holds.

To sum up, we have the following propositions on the existence and the symmetry of the stripe
patterns.

Proposition 6.10. For a critical point of multiplicity 8 associated with u = (8; k, €), Type I stripe
pattern exists if the condition

2+ f’z, 2122, and kB — 0% are not divisible by i (6.230)

is satisfied. Therein, k = k/ gcd(n, k, €), £ = €/ ged(n, k, €), and i = n/ ged(n, k, €). Type II stripe
pattern exists if the condition (6.230) is satisfied and i is even.

Proposition 6.11. For a critical point of multiplicity 8 associated with p = (8;k,{), the two
bifurcating solutions (z, ) and (—z, $) are conjugate for z = (w,0,0,0), (iw,0,0,0) (w € R) if
n =n/ ged(n, k,{) is even and are not conjugate for z = (w,0,0,0) if i is odd.

6.5.4. Existence and Symmetry of Upside-down Patterns
We would like to show the existence and the symmetry of two types of upside-down patterns,
which are represented as

Type I upside-down pattern : (z1, 22, 23, 24) = (W, 0, w,0) (w € R),
Type II upside-down pattern : (z1, 22, 23, 24) = (iw, 0,iw, 0) (w € R).

For both cases, we have (a, b, ...,h) = (a,0,c,0,e,0,g,0), and hence (6.217) and (6.218) leads to
ka—e—1)+k(c-g) =0 mod A,
la-e—1)—8c—-g) =0 mod 7,

which imply a = e+ pn+ 1 and ¢ = g + gin (p,q € Z). Then, F; in (6.223) is rewritten as

Fl(Zl, 0, 13, 0, ¢ Z Z Z Z Ae+pﬁ+1’g+qﬁ,e,g($)zle+pﬁ+1 grah Z1e z3g (6.231)

e=0 g=0 peZ,e+pn+1>0 geZ,g+qn>0

With Agceg(®) = Aocoe0g0(®).
Substituting Type I upside-down pattern (zy, 22, 23, 24) = (w, 0, w, 0) into (6.231), we have

Fi(w,0,w,0,4) = w {i i Z Z A pivs 1 gogieg(GIWEHOTPHOR

e=0 g=0 peZ,e+pn+1=>0 geZ,g+qn>0

~w {A’IOOO(O)E"' (A2010(0) + A1101(0))W2} .

We see that F;(w,0,w,0, 5) = 0 has the trivial solution (w = 0) and a bifurcating solution. Note
that F{(w,0,w, 0, ¢) becomes an odd function in w if 71 is even. Then, the two bifurcating solutions
(w,0,w,0, ¢) and (—w, 0, —w, 0, </>) are conjugate.
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Substituting (z1, 22, 23,24) = (w,0,w,0) into the equivariance conditions (6.203)—(6.206), we

have
Fr(w,0,w,0) = F4s(w,0,w,0) = F1(0,w,0,w),

F3(w,0,w,0) = Fi(w,0,w,0). (6.232)
With the use of P in (6.222), we have F; = 0 (i = 2,4) in (6.232) if
(0,0,0,d,0, f,0,h) ¢ P.
The use of (a,b,...,h) =(0,b,0,d,0, f,0,h) in (6.217) and (6.218) leads to
—k—0b+d-f-h)=0 mod A,
kb—d—-f+h)—-€=0 mod 7.
This relation can be expressed in a matrix form as
. b7 .
Az =b withA:[_ff :]f; _Oﬁ _Oﬁ],:c: d;h ,b:[ﬂ. (6.233)
q

The existence of an integer solution & of (6.233) is investigated by showing the two conditions
(6.229) in Remark 6.2. The first condition is satisfied since

~t -t -a 0
rankA—rank[i( i 0 —ﬁ]_z’
-t -0 -A 0 -k
rank[Alb]—rank[iC 0 - 2]—2.

For the second condition, we have

dy(A) = ged(@, k, n) = 1,
d\([A | b]) = ged(Z, k. 7)) = 1,
d>(A) = ged ke, kn, th, %) = ged(2kE, ),
d>([A | b]) = ged(n, 2kl k% + O, k% - £%).
Hence, d,(A) = d>([A | b)) is satisfied if
ged(k? + 2, k% — 22) is divisible by ged(#, 2k),
Then, the equation (6.233) has an integer solution &, and hence we have (0, 5,0, d,0, f,0,h) € P

and, in turn, F, = F4; # 0. On the contrary, we have (0,5,0,d,0, f,0,h) ¢ P and, in turn,
F, = Fy = 0if (k + ) ged(k + £,k — ?) is not divisible by ged(7, 2k?).
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Substituting Type II upside-down pattern (zy, z2, 23, 24) = (iw, 0, 1w, 0) into (6.231), we have

Fi(iw, 0,iw, 0, $)

- i i Z Z Acipie1 grgineg(@)AW) P Gw)s 4 (—iw) (—iw)®

e=0 g=0 peZ,e+pn+1>0 geZ,g+qn>0

(o)

. = pfis g, 2 A
=1w{2 ST T A @i }
e=0

=0 g=0 peZ,e+pn+1=>0 geZ,g+qn>0

~ iw {A1000(008 + (A2010(0) + A11or O)w?}

Thus, F(@{w, 0, iw, 0,5) = 0 has a bifurcating solution if 7 is even (i** and (—i)?" are real). Then, a
discussion similar to that for Type I stripe pattern holds.

To sum up, we have the following propositions on the existence and the symmetry of the
upside-down patterns.

Proposition 6.12. For a critical point of multiplicity 8 associated with u = (8; k, £), Type I upside-
down pattern exists if the condition

ged(i® + €2, k> — ) is not divisible by gcd(h, 2k0) (6.234)

is satisfied. Therein, k= k/ gcd(n, k, £), {=¢ / ged(n, k, ), and it = n/ ged(n, k, €). Type Il upside-
down pattern exists if the condition (6.234) is satisfied and n is even.

Proposition 6.13. For a critical point of multiplicity 8 associated with u = (8;k,{), the two
bifurcating solutions (z, ¢) and (—z, ¢) are conjugate for z = (w,0,w,0), (iw,0,iw,0) (w € R) if
n =n/ ged(n, k,{) is even and are not conjugate for z = (w,0,w,0) if i1 is odd.
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6.5.5. Stability of Bifurcating Solutions

In Section 5.6.4, we found the square patterns for a critical point of multiplicity 8 by using the
equivariant branching lemma. In Section 6.5.3 and 6.5.4, we showed the stripe and upside-down
patterns by solving the bifurcation equations. These bifurcating solutions are represented for the
bifurcation equation in real variables in (6.179) as follows (w € R):

Weqvm = (W, 0,w,0,w,0,w,0),
wyqr = (W,0,w,0,0,0,0,0),

Wariper = (0,0,0,0,0,0,0,0),
Weripernt = (0,w,0,0,0,0,0,0),
Wypside—downt = (W, 0,0,0,w,0,0,0),

Whpside—downll = (0,w,0,0,0,w,0,0)

We would like to evaluate the asymptotic stability of these bifurcating solutions.

To obtain the the asymptotic form of the bifurcation equation and the Jacobian matrix, we
first investigate which (a, b, ..., h) € Zi belongs to P in (6.222). In other words, we investigate
which Aab...h@) becomes nonzero in (6.223). We focus on the coefficients of linear terms, quadratic
terms, and cubic terms, which play a vital role as leading terms in (6.223). For this purpose, we
exhaustively find (a, b, ..., h) € Z3 such as

(a,b,....,h)e Pwitha+b+---+h <3.

Let us take some (a, b, ..., h) € Zi and substitute it into the matrix A in (6.220). Then, A becomes
any one of twelve possible forms as shown in Table 6.5. The condition (6.221) varies with the
form of A.

For the case (i), the elements of A in (6.220) represent

a+c—e—g—-1=0, a—-c—e+g—-1=0, (6.235)
-b—-d+f+h=0, b—d-f+h=0. (6.236)

The condition in (6.221) is rewritten as
dp,qeZ st. pn=0, gn=0. (6.237)

This condition is satisfied for any values of (7, lAc, f) when p = g = 0. Recall thata+b+...+h < 3.
Then, (a, b, ..., h) which satisfy (6.235) and (6.236) are enumerated as follows:

(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0,1,0,0),
(1,0,1,0,0,0,1,0), (1,0,0,1,0,0,0,1) € P for any (7, k, ?). (6.238)

For the case (i1), the elements of A in (6.220) represent

a+c—e—g—-l=a, a-c—e+g-1=0, (6.239)
-b-d+f+h=0, b—-d-f+h=0. (6.240)
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Table 6.5: Possible cases for A in (6.220)

Cases Conditions in (6.221)

@) A=0 Ap,geZ st. pn=0,qg1=0

() A= 8 Ap,geZ st ph=ak, gi=0

(i) A= 'g — Ap,geZ st ph=pL qgi=0

(v) A= 8: Ap,geZ st pi=0, gh =k

(v) A= g dp,geZ st. pn=0, gh=0dC

(vi) A= 8 Ap,qeZ st ph=ak, gh=yk
(vi) A= » /é Ap,geZ st ph=pLl, gh=6l
(viii) A:i ﬁ— Ap,geZ st ph=ak+pBEl qghi=0
(ix) A=» g: Ap,geZ st ph=0, g =yk+6l
(x) A= 2 dp,geZ s.t. ph = ak, qn:62’
xi) A= » ’g Ap,qeZ st ph=pL qh=yk
(xii) A=» /; Ap,qeZ st ph=ak+pl, gh=yk+ 6t
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Table 6.6: Possible cases for (a, b, c,d, e, f, g, h) € Zi

(a,b,c,d,e,f,g,h) a B vy & A Existence of p, g € Z in (6.220)
(0,0,0,0,0,0,0,00 -1 0 0 -1 (x) -

(1,0,0,0,0,0,0,00 0 0 0 0 () p=0,g=0forany k0
(0,1,0,0,0,0,0,00 -1 -1 1 -1 (xii) -

(0,0,1,0,0,0,0,00 0 0 0 -2 (v) -

(0,0,0,1,0,0,0,0) -1 -1 -1 -1 (xii) -

(0,0,0,0,1,0,0,00 2 0 0 -2 (x) -

(0,0,0,0,0,1,0,00 -1 1 -1 -1 (xii) -

(0,0,0,0,0,0,1,00 -2 0 0 0 (i) -

0,0,0,0,0,0,0,1) -1 1 1 -1 (xii) -

(2,0,0,0,0,0,0,00 1 0 0 1 (x) -

(0,2,0,0,0,0,0,0) -1 -2 2 -1 (xii) -

(0,0,2,0,0,0,0,00 1 0 0 -3 (x) -

0,0,0,2,0,0,0,0) -1 -2 -2 -1 (xii) -

(0,0,0,0,2,0,0,00 -3 0 0 -3 (x) -

(0,0,0,0,0,2,0,0) -1 2 -2 -1 (xii) p=0, g=—1for@k O =(5,21)
(0,0,0,0,0,0,2,00 -3 0 0 1 (x) -

(0,0,0,0,0,0,0,2) -1 2 2 -1 (xii) -

(1,1,0,0,0,0,0,00 0 -1 1 0 (xi) -

(1,0,1,0,0,0,0,00 1 0 0 -1 (x) -

(1,0,0,1,0,0,0,00 0 -1 -1 0 (xi) -

(1,0,0,0,1,0,0,00 -1 0 0 -1 (x) -

(1,0,0,0,0,1,0,00 0 1 -1 0 (xi) -

(1,0,0,0,0,0,1,00 -1 0 0 1 (x) -

(1,0,0,0,0,0,0,1) 0 1 1 0 (xi) -

0,1,1,0,0,0,0,00 0 -1 1 -2 (xii) -

0,1,0,1,0,0,0,00 -1 -2 0 -1 (xii) -

0,1,0,0,1,0,0,00 -2 -1 1 -2 (xii) p=-1, g=0for @k O =(5,21)
(0,1,0,0,0,1,0,00 -1 0 0 -1 (x) -

0,1,0,0,0,0,1,0) -2 -1 1 0 (xii) -

0,1,0,0,0,0,0,1) -1 0 2 -1 (xii) -

a=a+c—e—g-—1;

B==-b-d+ f+h
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y=b-d-f+h

0=a—-c—e+g—1



Table 6.7: Possible cases for (a, b, c,d, e, f, g, h) € Zi

(a,b,c,d,e,f,g,h) a B vy & A Existence of p, g € Z in (6.220)
0,0,1,1,0,0,0,0) 0 -1 -1 -2 (xii) -

(0,0,1,0,1,0,0,00 -1 0 0 -3 (x) -

(0,0,1,0,0,1,0,0) 0 12 (i) -

(0,0,1,0,0,0,1,0) -1 0 0 -1 (x) -

(0,0,1,0,0,0,0,1) 0 1 -2 (xii) -

0,0,0,1,1,0,0,0) -2 -1 -1 -2 (xii) -

(0,0,0,1,0,1,0,0) -1 0 -2 -1 (xi) -

(0,0,0,1,0,0,1,0) -2 -1 -1 0 (xi) -

(0,0,0,1,0,0,0,1) -1 0 0 -1 (x) -

(0,0,0,0,1,1,0,0) -2 1 -1 -2 (xi) -

(0,0,0,0,1,0,1,0) -3 0 1 x) -

(0,0,0,0,1,0,0,1) -2 1 1 -2 (xii) -

(0,0,0,0,0,1,1,0) -2 1 -1 0 (xi) -

(0,0,0,0,0,1,0,1) -1 2 0 -1 (xi) -

(0,0,0,0,0,0,1,1) -2 1 1 0 (xi) -

(3,0,0,0,0,0,0,0) 2 0 0 2 (x) -

(0,3,0,0,0,0,0,00 -1 -3 3 -1 (xii) p=-1, g=1for@ kb =(521)
(0,0,3,0,0,0,0,00 2 0 0 -4 (x) -

(0,0,0,3,0,0,0,0) -1 -3 -3 -1 (xil) -

(0,0,0,0,3,0,0,0) -4 0 4 x) -

(0,0,0,0,0,3,0,00 -1 3 -3 -1 (xii) p=0, g=1for k& =(0,3,1)
(0,0,0,0,0,0,3,0) -4 0 2 x) -

(0,0,0,0,0,0,0,3) -1 3 3 -1 (xi) p=0, g=-1for(nk ) =@,3,1)
(2,1,0,0,0,0,0,0) 1 -1 1 1 (xii) -

(2,0,1,0,0,0,0,00 2 0 0 0 (i) -

(2,0,0,1,0,0,0,0) 1 -1 -1 1 (xii) -

(2,0,0,0,1,0,0,00 0 0 0 0 () p=0, g=0forany (k0
(2,0,0,0,0,1,0,0) 1 1 -1 1 (xii) -

(2,0,0,0,0,0,1,00 0 0 0 2 (v -

(2,0,0,0,0,0,0,1) 1 1 1 1 (xii) -

a=a+c—e—g-—1;

B=-b-d+f+h
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y=b-d-f+h

0=a—-c—e+g—1



Table 6.8: Possible cases for (a, b, c,d, e, f, g, h) € Zi

(a,b,c,d,e,f,g,h) a B vy o6& A Existence of p,q € Z in (6.220)
(1,2,0,0,0,0,0,00 0 -2 2 0 (xi) -

0,2,1,0,0,0,0,00 0 -2 2 -2 (xii) -

0,2,0,1,0,0,0,00 -1 -3 1 -1 (xii) -

(0,2,0,0,1,0,0,00 -2 -2 2 -2 (xii) -

(0,2,0,0,0,1,0,00 -1 -1 1 -1 (xii) -

(0,2,0,0,0,0,1,00 2 -2 2 0 (xii) -

(0,2,0,0,0,0,0,1) -1 -1 3 -1 (xi) -

(1,0,2,0,0,0,0,00 2 0 0 -2 (x) -

0,1,2,0,0,0,0,00 1 -1 1 -3 (xii) -

0,0,2,1,0,0,0,00 1 -1 -1 -3 (xii) -

(0,0,2,0,1,0,0,00 0 0 0 -4 (v p=0,g=—-1fora=4~¢
0,0,2,0,0,1,0,00 1 1 -1 -3 (xii) -

(0,0,2,0,0,0,1,00 0 0 0 -2 (v) -

0,0,2,0,0,0,0,1) 1 1 1 -3 (xii) -

(1,0,0,2,0,0,0,00 0 -2 -2 0 (xi) -

(0,1,0,2,0,0,0,0) -1 -3 -1 -1 (xii) -

(0,0,1,2,0,0,0,00 0 -2 -2 -2 (xii) -

(0,0,0,2,1,0,0,0) -2 -2 -2 -2 (xii) p=-1,g=—-1fora=2k+20
(0,0,0,2,0,1,0,0) -1 -1 -3 -1 (xi) -

(0,0,0,2,0,0,1,0) -2 -2 -2 0 (xii) -

(0,0,0,2,0,0,0,1) -1 -1 -1 -1 (xii) -

(1,0,0,0,2,0,0,00 2 0 0 -2 (x) -

(0,1,0,0,2,0,0,00 -3 -1 1 -3 (xii) p=-1, g=0for(ak & =(10,3,1)
(0,0,1,0,2,0,0,00 2 0 0 -4 (x) -

(0,0,0,1,2,0,0,0) -3 -1 -1 -3 (xii) -

0,0,0,0,2,1,0,00 -3 1 -1 -3 (xii)) p=-1, g=—1for( k) =(521)
(0,0,0,0,2,0,1,00 -4 0 0 -2 (x) -

(0,0,0,0,2,0,0,1) -3 1 1 -3 (xii) p=-1, g=0for (k& =(8,3,1)

a=a+c—-e—-g-1;

B=-b—-d+f+h
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y=b—d—f+h;

0=a—-c—-e+g—-1



Table 6.9: Possible cases for (a, b, c,d, e, f,g,h) € Z§r

(a,b,c,d,e,f,g,h) a B vy o6& A Existence of p,q € Z in (6.220)
(1,0,0,0,0,2,0,00 0 2 -2 0 (xi) -
0,1,0,0,0,2,0,00 -1 1 -1 -1 (xi) -

(0,0,1,0,0,2,0,00 0 2 -2 -2 (xii) -
0,0,0,1,0,2,0,0) -1 1 -3 -1 (xii) -
(0,0,0,0,1,2,0,0) -2 2 -2 -2 (xii) -
(0,0,0,0,0,2,1,0) 2 2 -2 0 (xi) -
(0,0,0,0,0,2,0,1) -1 3 -1 -1 (xii) -
(1,0,0,0,0,0,2,00 2 0 0 2 (x) -
(0,1,0,0,0,0,2,0) -3 -1 1 1 (xii) -

0,0,1,0,0,0,2,00 2 0 0 0 (i) -
(0,0,0,1,0,0,2,0) -3 -1 -1 1 (xii) -
(0,0,0,0,1,0,2,0)0 -4 0 0 0 (i) p=-1,¢g=0fora=4k
(0,0,0,0,0,1,2,0) -3 1 -1 1 (xi) -

(0,0,0,0,0,0,2,1) -3 1 1 1 (xii) -

(1,0,0,0,0,0,0,2) 0 2 2 0 (xi) -
(0,1,0,0,0,0,0,2) -1 1 3 -1 (xii) -

(0,0,1,0,0,0,0,2) 0 2 2 -2 (xii) -

(0,0,0,1,0,0,0,2) -1 1 1 -1 (xii) -
0,0,0,0,1,0,0,2) -2 2 2 -2 (xi) -
(0,0,0,0,0,1,0,2) -1 3 1 -1 (xii) -
(0,0,0,0,0,0,1,2) -2 2 2 0 (xi) -

(1,1,1,0,0,0,0,00 1 -1 1 -1 (xii) -

(1,1,0,1,0,0,0,00 0 -2 0 0 (i) -
(1,1,0,0,1,0,0,0) -1 -1 1 -1 (xii) -

(1,1,0,0,0,1,0000 0 0 0 0 () p=0, g=0forany (k0
(1,1,0,0,0,0,1,0) -1 -1 1 1 (xii) -

(1,1,0,0,0,0,0,1) 0 0 2 0 (v) -

a=a+c—e—g-—1;

B=-b—-d+f+h
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y=b-d—f+h;

0=a-c-e+g-1



T%bﬁmJ%mMum%bdmha¢aﬁ&MGﬁ
(a,b,c,d,e,f,g,h) a B vy & A Existence of p,g € Z in (6.220)
(1,0,1,1,0,0,0,00 1 -1 -1 -1 (xii) -

(1,0,1,0,1,0,0,00 0 0 0 -2 (v) -
(1,0,1,0,0,1,0,00 1 1 -1 -1 (xii) -
(1,0,1,0,0,0,1,00 0 0 0 0 ()  p=0, g=0forany (i,k0)
(1,0,1,0,0,0,0,1) 1 1 -1 (xii) -
(1,0,0,1,1,0,0,0) -1 -1 -1 -1 (xii) -
(1,0,0,1,0,1,0,00 0 0 -2 0 (iv) -
(1,0,0,1,0,0,1,0) -1 -1 -1 1 (xi) -
(1,0,0,1,0,0,0,1) 0 0 0 0 () p=0,qg=0forany A,k 0
(1,0,0,0,1,1,0,0) -1 1 -1 -1 (xii) -
(1,0,0,0,1,0,1,0) 2 0 0 @) -
(1,0,0,0,1,0,0,1) -1 1 1 -1 (xi) -
(1,0,0,0,0,1,1,0) -1 1 -1 (xii) -
(1,0,0,0,0,1,0,1) 0 2 0 0 (i) -
(1,0,0,0,0,0,1,1) -1 1 1 1 (xi) -
(0,1,1,1,0,0,0,0) 0 -2 0 -2 (vii) -
(0,1,1,0,1,0,0,0) -1 -1 1 -3 (xii) -
(0,1,1,0,0,1,0000 0 0 0 -2 (v) -
(0,1,1,0,0,0,1,0) -1 -1 1 -1 (xi) -
(0,1,1,0,0,0,0,1) 0 0 2 -2 (ix) -
(0,1,0,1,1,0,0,00 2 -2 0 -2 (xii) -
(0,1,0,1,0,1,0,0) -1 -1 -1 -1 (xii) -
(0,1,0,1,0,0,1,0) -2 -2 0 0 (viii) p=-1, g=0fori=2k+2¢
(0,1,0,1,0,0,0,1) -1 -1 1 -1 (xi) -
(0,1,0,0,1,1,0,0)0 2 0 0 -2 (x) -
(0,1,0,0,1,0,1,0) -3 -1 1 -1 (xii) -
(0,1,0,0,1,0,0,1) -2 0 2 -2 (xi) -
(0,1,0,0,0,1,1,0) -2 0 0 0 (i) -
(0,1,0,0,0,1,0,1) -1 1 1 -1 (xii) -
(0,1,0,0,0,0,1,1) 2 0 2 0 (vi -

a=a+c—e—g-—1;

B==-b-d+ f+h
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y=b-d-f+h

0=a—-c—e+g—1



Table 6.11: Possible cases for (a, b, c,d, e, f,g,h) € Zi
(a,b,c,d,e,f,g,h) a B vy o6& A Existence of p,q € Z in (6.220)
0,0,1,1,1,0,0,0) -1 -1 -1 -3 (xii)) -
0,0,1,1,0,1,0,00 0 0 -2 -2 (@(x) -
©,0,1,1,0,0,1,00 -1 -1 -1 -1 (xii) -
0,0,1,1,0,0,0,1) 0 0 0 -2 (v p=0,g=-1forn=2k+2¢
0,0,1,0,1,1,0,00 -1 1 -1 -3 (xii)) -
0,0,1,0,1,0,1,00 -2 0 0 -2 () -
©,0,1,0,1,0,0,1) -1 1 1 -3 (xi) -
,0,1,0,0,1,1,0) -1 1 -1 -1 (xii)) -
(0,0,1,0,0,1,0,1) O 2 0 -2 (vi)) -
0,0,1,0,0,0,1,1) -1 1 1 -1 (xi) -
,0,0,1,1,1,0,00 -2 0 -2 -2 (xii) -
0,0,0,1,1,0,1,00 -3 -1 -1 -1 (xii)) -
0,0,0,1,1,0,0,1) -2 0 0 -2 -
0,0,0,1,0,1,1,00 2 0 -2 0 (vi -
0,0,0,1,0,1,0,1) -1 1 -1 -1 (xi) -
0,0,0,1,0,0,1,1) 2 0 O O (i) -
(0,0,0,0,1,1,1,00 -3 1 -1 -1 (xii)) -
0,0,0,0,1,1,0,1) -2 2 0 -2 (xi) -
0,0,0,0,1,0,1,1) -3 1 1 -1 (xi) -
(0,0,0,0,0,1,1,1) -2 2 0 0O (vii) -

a=a+c—e—g—1;

B==-b—-d+f+h
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y=b—d—f+h;

0=a—-c—-e+g-1



The condition in (6.221) is rewritten as

~

dp,geZ st pin=ak, gi=0. (6.241)

From the conditions for ¢, k, and n in (6.175), we have necessary conditions 1 < £ < k < n/2.
D1V1d1ng each side of these inequalities by gcd(k ¢,n), we have 1/ ged(k,€,n) < € < k < 7/2.
Since ¢, k, and 7 are integers, we have 1 < {<k< 71/2. Thus, for the case |a| < 2, we see that
pin = ak is not satisfied for any p. From this, we have |a| > 3. The sum of equalities in (6.239)
leads to @« = 2(a — e — 1). From this, a is even. Recall that a + b + ... + h < 3. From this,
a =a+c—e— g— 1 takes a value within the range of —4 < @ < 2. From this and |a| > 3, we
have @ = —4. From (6.239) and (6.240), we have (a, b, c,d, e, f,g,h) = (0,0,0,0,1,0,2,0). From
(6.241), we have —4k = pi. This condition is satisfied for p = —1. Hence, we have

(0,0,0,0,1,0,2,0) € P for ii = 4k.
For the case (ii1), the elements of A in (6.220) represent
a+c—e—g-1=0, a-c—-e+g-1=0, (6.242)
-b-d+f+h=p, b—d—-f+h=0. (6.243)
The condition in (6.221) is rewritten as
Ap,geZ st pih=pL qh=D0. (6.244)

Recall that 1 < ¢ <k < n/2. Thus, for the case |5 < 2, we see that pii = ,32 is not satisfied for any
p. From this, we have || > 3. The sum of equalities in (6.243) leads to 8 = —2(d — h). From this,
Biseven. Recall thata+ b+ ...+ h < 3. From this, 8 = —b — d + f + h takes a value within the
range of —3 < 8 < 3. Hence, we have 8 = +2. This contradicts |5 > 3.

For the case (iv), the elements of A in (6.220) represent

a+c—e—-g-1=0, a-c—-e+g-1=0, (6.245)
-b-d+f+h=0, b—d-f+h=y. (6.246)

The condition in (6.221) is rewritten as
Ap,geZ st pa=0, gh = yk. (6.247)

Recall that 1 < £ < k < 71/2. Thus, for the case |y| < 2, we see that git = yk is not satisfied for any
q. From this, we have |y| > 3. The sum of equalities in (6.246) leads to y = —2(d — h). From this,
v is even. Recall thata + b+ ...+ h < 3. From this, y = b —d — f + h takes a value within the
range of —3 < y < 3. Hence, we have y = 2. This contradicts |y| > 3.

For the case (v), the elements of A in (6.220) represent

at+c—e—g—-1=0, a-c—e+g—-1=9, (6.248)
-b-d+f+h=0, b—-d-f+h=0. (6.249)
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The condition in (6.221) is rewritten as
dp,geZ st pian=0, gh =06l (6.250)

Recall that 1 < 2 < k < n/2. Thus, for the case |0] < 2, we see that git = ¢ is not satisfied for any
p. From this, we have |6| > 3. Recall thata+ b+ ...+ h < 3. Fromthis,0 =a—-c—-e+g—1
takes a value within the range of —4 < ¢ < 2. From this and |0] > 3, we have 6 = —4. From (6.248)
and (6.249), we have (a, b, c,d, e, f,g,h) = (0,0,2,0,1,0,0,0). From (6.250), we have —4f = pi.
This condition is satisfied for p = —1. Hence, we have

(0,0,2,0,1,0,0,0) € P for it = 4.
For the case (vi), the elements of A in (6.220) represent

a+c—-e—-g-1l=a, a-c—e+g-1=0, (6.251)
-b-d+f+h=0, b—d-f+h=y. (6.252)

The condition in (6.221) is rewritten as
Ap,qeZ st ph=ak, gh=yk.

Recall that 1 < ¢ <k < n/2. Thus, for the case |y| < 2, we see that git = ylAc is not satisfied for any
q. From this, we have |y| > 3. The sum of equalities in (6.252) leads to y = —2(d — h). From this,
v is even. Recall thata + b+ ...+ h < 3. From this, y = b —d — f + h takes a value within the
range of —3 < y < 3. Hence, we have y = +2. This contradicts |y| > 3.

For the case (vii), the elements of A in (6.220) represent

a+c—e—-g-1=0, a-c—-e+g-1=9, (6.253)
-b-d+f+h=8, b—d-f+h=0. (6.254)

The condition in (6.221) is rewritten as
Ap,geZ st pha=pE gh=6tL. (6.255)

Recall that 1 < ¢ <k < n/2. Thus, for the case |5 < 2, we see that pii = ,32 is not satisfied for any
p. From this, we have || > 3. The sum of equalities in (6.254) leads to 8 = —2(d — h). From this,
Bis even. Recall thata+ b + ...+ h < 3. From this, 8 = —b — d + f + h takes a value within the
range of —3 < 8 < 3. Hence, we have 8 = +2. This contradicts |5 > 3.

For the case (viii), the elements of A in (6.220) represent

a+c—-e—-g-1l=a, a-c—-e+g-1=0, (6.256)
-b-d+f+h=8, b—d-f+h=0. (6.257)

The condition in (6.221) is rewritten as

Ap,geZ st ph=ak+pE gi=0. (6.258)
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Recall thata + b+ ...+ h < 3. From this, « = a + ¢ — e — g — 1 takes a value within the range
of -4 < a < 2. The sum of equalities in (6.256) leads to @ = 2(a — e — 1). Thus, « is even.

Hence, we have @« = +2,—-4. In a similar manner, 8 = —b — d + f + h takes a value within
the range of —3 < 8 < 3. The sum of equalities in (6.257) leads to 8 = —2(d — h). Thus, S
is even. Hence, we have 8 = +2. When we consider « = —4, we have (a,b,c,d,e, f,g,h) =

0,0,0,0,1,0,2,0). Hence, we have 8 = 0. This contradicts 8 # 0. When we consider @ = 2,
we have (a,b,c,d,e, f,g,h) = (2,0,1,0,0,0,0,0). Hence, we have 8 = 0. This contradicts g # 0.
When we consider @ = -2 with 8 = 2, we have (a, b, c,d,e, f,g,h) = (0,0,0,0,0,1,1,1). From
(6.258), we have —2(k — ) = pi. Recall that 1 < £ < k < /1/2. From this, we have 1 < k—¢ < /2.
Thus, the condition —2(k — ) = pii is not satisfied for any p. When we consider @ = —2 with
B =-2,wehave (a,b,c,d,e, f,g,h) =(0,1,0,1,0,0,1,0). From (6.258), we have —2(/A<+ {A’) = pi.
This condition is satisfied for p = —1. Hence, we have

(0,1,0,1,0,0,1,0) € P for i = 2k + 2.
For the case (ix), the elements of A in (6.220) represent

a+c—e—g—-1=0, a-c—-e+g—-1=9, (6.259)
-b-d+f+h=0, b—d-f+h=y. (6.260)

The condition in (6.221) is rewritten as
Ap,geZ st pa=0, gh =yk+ 6. (6.261)

Recall that a + b + ... + h < 3. From this, « = a — c — e + g — 1 takes a value within the
range of —4 < a < 2. The sum of equalities in (6.259) leads to @ = 2(a — e — 1). Thus, a is
even. Hence, we have @ = +2,—4. In a similar manner, 8 = b — d — f + h takes a value within
the range of -3 < # < 3. The sum of equalities in (6.260) leads to § = —2(d — h). Thus, S
is even. Hence, we have § = +2. When we consider « = —4, we have (a,b,c,d,e, f,g,h) =
0,0,2,0,1,0,0,0). Hence, we have 8 = 0. This contradicts 8 # 0. When we consider @ = 2,
we have (a,b,c,d,e, f,g,h) = (2,0,0,0,0,0, 1,0). Hence, we have g = 0. This contradicts g # 0.
When we consider @ = -2 with 8 = 2, we have (a,b,c,d,e, f,g,h) = (0,1,1,0,0,0,0,1). From
(6.261), we have —2(k — #) = gi. Recall that 1 < £ < k < /2. From this, we have 1 < k- < /1/2.

Thus, the condition —2(k — #) = g is not satisfied for any g. When we consider @ = —2 with
B =-2,wehave (a,b,c,d,e, f,g,h) =(0,0,1,1,0,1,0,0). From (6.261), we have —2(k + {) = gi.
This condition is satisfied for ¢ = —1. Hence, we have

(0,0,1,1,0,1,0,0) € P for it = 2k + 2¢.
For the case (x), the elements of A in (6.220) represent
a+c—-e—g-l=a, a-c—-e+g—-1=9, (6.262)

—b-d+f+h=0, b—d—-f+h=0. (6.263)

167



The condition in (6.221) is equivalent to
dp,qeZ st pn=ak, gin=0dt. (6.264)

Recall that 1 < ¢ < k < n/2. Thus, for the case |a| < 2, we see that pii = ak is not satisfied
for any p. From this, we have |a| > 3. Similarly, for the case |6| < 2, we see that gi = 6l is
not satisfied for any g. From this, we have |6] > 3. According to the results in Table 6.11-6.11,
only (a,b,c,d,e, f,g,h) = (0,0,0,0,2,0,0,0) corresponds to this case. From (6.264), we have
ph = =3k and qn = —30. From 1 < ¢ < k < /2, we have p = —1 and ¢ = —1. Thus, we have
A = 3k and 7 = 3¢. This contradicts k # £.

For the case (xi), the elements of A in (6.220) represent

a+c—e—g—-1=0, a-c—-e+g-1=0, (6.265)
-b-d+f+h=8, b—-d—-f+h=y. (6.266)

The condition in (6.221) is equivalent to
Ap,qeZ st pih=pL, gh = yk. (6.267)

Recall that 1 < ¢ < k < #1/2. Thus, for the case |8 < 2, we see that pii = B¢ is not satisfied for
any p. From this, we have |8| > 3. Similarly, for the case |y| < 2, we see that gi = yk is not
satisfied for any g. From this, we have |y| > 3. According to the results in Table 6.6-6.11, no
(a,b,c,d,e, f, g, h) corresponds to this case.

For the case (xii), the elements of A in (6.220) represent

a+c—e—g—-l=a, a-c—e+g—-1=9, (6.268)
-b-d+f+h=8 b-d-f+h=. (6.269)

The condition in (6.221) is rewritten as

Ap,ge€Z st ph=ak+pl gh =vk+ 6. (6.270)
All (a,b,c,d,e, f, g, h) that correspond to this case are shown in Table 6.6-6.11.
Based on the above discussion, F; (i = 1,...,4) is restricted to the form of
F; = aj¢z; + FC + (other terms), i=1,...,4, (6.271)
where
F$ = zi(@la P + aslzal* + aglzsl® + aslzal?), (6.272)
FS = 2(alzal* + aslzi* + aglzal® + aslzsl?), (6.273)
FS = z(@lssl® + aslzal + aglzil” + aslzal), (6.274)
F$ = z(alzl + aslzs* + alzol® + aslzi ) (6.275)
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Table 6.12: Nonzero coefficients of leading terms which belong to ~other terms” in (6.271)

(h, k, ?) Nonzero coefficients

General (71, k, Z’) None

(5,2,1) A01001000(0); A00000200(0), A03000000(0), A00002100(0)

(8,3,1) A01010010(0); A00110100(0), A00021000(0), A00002001(0); A00000003(0)
(10,3, 1) A01002000(0), A00000300(0)

(4k,k, O) A00001020(0)

@l k,0) A00201000(0)

2k + 22,k 0) A01010010(0); A00110100(0), A00021000(0)

with (k, ) # (3,1)

Table 6.13: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 8

(n, k, Z’) Solutions Stability conditions (necessary conditions)

General (7, k, {) Wstripel» Wstripell max(asz, as,as) < a; <0

Wuypside-downl>, Wupside-downll 43 —d4 +as < az < —laql

WsqT —a3z +aqtas<ay< —|a3|

WsqvM ap +az < —lag + as|

a — a3 < —lag — as|

with the following notations:'?

ar = Alooo0000(0)s @2 = A20001000(0), a3 = A11000100(0),
as = Aio100010(0),  as = Aipo10001(0). (6.276)

F», F3, and F, are obtained by (6.203), (6.204), and (6.206), respectively.

In (6.271), F IC corresponds to cubic terms, and the form of “(other terms)” varies with the
values of (7, IAc, 2). For the case (7, IAc, Z’) = (5,2, 1), we have quadratic terms as leading terms. For
any other cases, we have cubic terms as leading terms that vary with the values of (4, k, £). From
this point of view, we classify the form of the bifurcation equation as shown in Table 6.12 by the
values of (7, k, Z’).

The form of “(other terms)” in (6.271) depends on the values of (7, k, {A’) in (6.176). All the
possible cases and stability conditions for the bifurcating solutions are summarized in Tables 6.13—
6.15. The main finding of this section is as follows:

Proposition 6.14. For a critical point of multiplicity 8 associated with u = (8; k, {), we have the
following statements:

2These notations are local and should not be confused with (6.128) used in Section 6.4.1.
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Table 6.14: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 8

(n, k, Z’) Solutions Stability conditions

(5,2,1)  Wstripel, Wstripell Does not exist

Wypside-downl> Wupside-downll Does not exist

WgqT Always unstable

a(,+a7<0
WsqvM 3a6+a7 >0 ifw>0
2a6 + a7 >0
ag+a7 >0
3a6+a7 >0 ifw<0

2a¢ +a7 >0

8,3,1) Wstripel, Wistripell Does not exist

Whypside-downl> Wupside-downll Does not exist

WsqT Does not exist

WsqvM a)+az+aqg+as+ayg+an +a12+a13+a14<0
a2+a3—a4—a5—a10—a11—a12—2a14<0
az—a3+a4—a5—a10—a11—a12—2a14<0
az—a3—a4+a5—a10—a11+a12+a13+a14<0
ajo + ap +2a12+a13—a14>0
a13+a14>0

(10,3, 1) Wystripel» Wstripell Does not exist

Whuypside-downl> Wupside-downll Does not exist

WsqT a)+az+as +apg <0
az—a3—2a16<0
3ai5+ajg >0
ar+az—ag—as+ajis+ae <0

WsqvM a)+azy+ag+as+as+apeg <0
a2+a3—a4—a5—a15—a16<0
a)—az+ag —as —2aj <0
a)—az—ag +as—2aj6<0
3a15+a16>0
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Table 6.15: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 8

N

(h, k, 0) Solutions Stability conditions (necessary conditions)
4k, k, &) Wtripel, Wtripell max(as, as + lai7l, as) < ax < 0
Wypside-downl> Wupside-downll @3 — d4 +as —ayy < a < —lag + ayy|
as >0
WsqT Does not exist
WsqvM a)+az+ag+as+ap; <0
ar+az—ag—as—ap; <0
a—asz+aq—as+ayy <0
a) —as —aq +as —ayy <0
a7 > 0
48,k 0) Wtripel, Witripell max(as,aq + |agl, as) <az <0

Wypside-downl> Wupside-downIl

az —aq +as+ap7 <ay < —|a4 +a13|

alg > 0
WsqT Does not exist
WsqvM a2+a3+a4+a5+alg<0

a2+a3—a4—a5—alg<0
a)—az+as—as+ag <0
ar—az—ag+as—ag <0
a18>0

Qk +22,k,?)
with (k, ) # (3,1)

Wistripel» Wstripell

max(as, as, as — layz|) < a; <0

Whypside-downl> Wupside-downll

ar < —laal
ax+az —as —as —ap > —lap + ap|

a» +az —as —as +app > —layp — anl

WsqT

Does not exist

WsqvM

a2+a3+a4+a5+a10+a11+a12<0
az+a3—a4—a5—a10—a11—a12<0
az—a3+a4—a5—a10—a11—a12<0
az—a3—a4+a5—a10—a11+a12<0

ajpt+ap + 2a1p > 0
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e For the case (i, IAc, 2’) = (5,2,1), the bifurcating solution wr is always unstable in the
neighborhood of the critical point, and the bifurcating curve takes the form ¢ ~ cw for some
constant c.

e For any other cases, the stability of the bifurcating solutions Wsyiper, Wsripell, Wupside—downls
Wypside-downll; WsqT, and Wsqym depends on the values of the coefficients of the power series
expansion of the bifurcation equation in (6.223), and the bifurcating curve takes the form
5 ~ cw? for some constant c.

To show these results, we focus on each case and study stability conditions for the bifurcating
solutions in the remainder of this section.

Case 1: General (i1, k, 2)
For general cases, other than special cases to be treated in the sequel, the asymptotic form of
F:i=1,...,4)in (6.271) becomes

Fi ~ a\pz + FE, (6.277)

where Ft.c (i =1,...,4) are given in (6.272) — (6.275). Then, the asymptotic form of F, (i =
.,8)1n (6.182) — (6.185) becomes

F; ~ aj¢w; + F€ (6.278)
with

Flc = wilao (w2 + wa?) + azs(ws? + wi?) + as(ws® + we?) + as(ws” + wg?)}, (6.279)
fzc = walay (Wi + wa?) + as(w3? + wy?) + as(ws? + we?) + as(wr + wg?)}, (6.280)
F3C = wi{as (w3 + wy?) + as(wi? + wa?) + as(wr? + w?) + as(ws® + we2)}, (6.281)
Ff = w4{a2(w3 + W) + azs(wi > + wy?) + a4(w7 + wg2) + as(ws> + wg )}, (6.282)
fsc = ws{ar(Ws> + we?) + az(w7> + wg) + as(wi? + wr2) + as(ws? + wa?)), (6.283)
Fg = welaa(Ws? + W) + az(wr? + wg2) + as(wi 2 + wi?) + as(ws? + wa?)}, (6.284)
f7c = W7{a2(W7 + wg ) + az(ws® + wg ) + Cl4(W3 +wyd) + a5(w1 + Wy )}, (6.285)
fgc = we{ar (W7 + wg?) + az(ws> + we?) + as(ws> + wa?) + as(wi + wp2)), (6.286)

Hence, the asymptotic form of the Jacobian matrix in (6.180) becomes
J(w, ) ~ a1pls + Be (6.287)
with the following notations:'?

Bc = ayBy + asB3 + a4 B4 + asBs, (6288)

13The notations here are local and should not be confused with (6.141) used in Section 6.4.1.
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BZ 9] BS 9] ] [ B4 B4 ] [ BS
B, = 1 , By = 1 , B,= 1 3 , Bs= 1
: [ 0 B ] 3 [ o B e Bl T B B
[ 3W12 + W22 2W1W2 0 0
B 2wiwy  wiZ 4 3wy 0 0
1 0 0 3wy +wyr 2wawy ’
0 0 2W3W4 W32 + 3W42 ]
[ ?)W52 + W62 2wsweg 0 0
B = 2wWswg ws2 + 3w 0 0
2 0 0 3W72 + Wg2 2W7W8 ’
0 0 2wiwg  wq” + 3wsg?
[ W32 + W42 0 2W1W3 2Wiwy
B3 _ 0 W32 + W42 2W2W3 2W2W4
L= 2W]W3 2W2W3 W]2 + W22 0 ’
2W1W4 2W2W4 0 W12 + W22
[ W72 + W32 0 2wswy 2wswg
B3 _ 0 W72 + W82 2Wwews 2WeWs
27 2wswy 2WeWy  Ws® + we? 0 ’
2wswg 2weWg 0 W52 + W62
B = (ws* + we) D o) B = w1+ woH)l 0
! 0] (W72 + Wgz)lz | ’ 2 0] (W32 + W42)12 ’
Wiws WiWg 0 0
B4 -9 WoWs5 WoWg 0 0 BS _ (W72 + W82)12 0
3 0 0  wyw; wywg | ! ) ws* +weHh |’
0 0 WaWwy  Wawg |
0 0  wiw; wiwg
BS _ (W32 + W42)12 o BS _ 0 0 WoWw7  WoWg
2 0] (W]2 + W22)12 ’ 3 WiWs  W3Wg 0 0
WaWs  WaWe 0 0

Substituting Wyiper = (W, 0,0,0,0,0,0,0) into (6.278) and solving F; = 0 for 5, we have

—_— (12
——w?
a

¢ = astripel =
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Evaluating the Jacobian matrix (6.287) at (Wsiper, asmpel), we have

0 G
with
2a, 0 0 0
_ 0 O 0 0 _ (—ay + ay)l,
=10 0 —aytas 0 | CZ‘[ 0
0 O 0 —ap + as

-~ ~ —~ stripel 2 C 1 0]
J(wstripel’ ¢stripel) =Jc =W [

The eigenvalues of the matrix f(wsmpel, Esmpel) are given by

A ~ 2a,w?,
A = 0(W3),
3 & —(ay — a;)w’
A~ —(ar — apw’

As ~ —(a, — as)w?

(repeated twice),
(repeated twice),

(repeated twice).

] (6.289)

0

e@+%m]' (6.290)

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a, <0,

a, —az > 0,
a2—614>0,
a, —as > 0.

These conditions are equivalent to

max(as, as, as) < a, < 0. (6.291)

Thus, the stability of wyyiper is conditional and depends on the values of as, . . ., as.
Substituting Wyiperr = (0, w,0,0,0,0,0,0) into (6.278) and solving F, = 0 for ¢, we have
—_ a 5

¢ = ¢stripeII X -—Ww.
ai

Evaluating the Jacobian matrix (6.287) at (Wggiper, asmpen), we have

-~ ~ ~ stripell C O
J(wstripell’ ¢stripeII) =Jc ’ ~ W2 [ 03 C, ] (6.292)
with
0 O 0 0
0 2a, 0 0
C3 - 0 O _a2 + a3 O D) (6.293)
0 O 0 —day + as



where C, is given in (6.290). The eigenvalues of the matrix .ﬁwstripellaastripeﬂ) are equivalent to
that for wgyiper. Hence, stability conditions for wgiper are equivalent to that for wgyiper.
Substituting Wypsige-downt = (W, 0, 0,0,w, 0,0, 0) into (6.278) and solving F'; = 0 for ¢, we have
~ ~ a) +as 5
& = Gupside-downl ~ _a—W .
1

Evaluating the Jacobian matrix (6.287) at (Wypside-downl aupside_downl), we have

- ~ ~ upside-downl C C
J(wupside—downl’ ¢upside—downl) =Jc ’ ~ WZ [ C: Ci ] (6.294)
with
2a, 0 0 0 2a, 0 0 O
0 O 0 0 0 00O
“=l 0 0 —m+ra-a+as 0 + G=l o 000 ©®
0O O 0 —ay +az —ay + as 0O 0 0O

The eigenvalues of the matrix J(Wypside-downts Pupside-downt) are given by

A, Ay ~ 2(ay + agw?,
A3 =~ OW?) (repeated twice),
A~ —(ay — az + aq — as)w” (repeated 4 times).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a < —|agl,

a, —az +ayg —as > 0.
These conditions are equivalent to
az — ag + as < ay < —|agl. (6296)

Thus, the stability of wypgide-downr 1 conditional and depends on the values of a, .. ., as.
Substituting wypside-downt = (0, w,0,0,0,w, 0, 0) into (6.278) and solving F, = 0 for ¢, we have

~ ~ a)+a4 5
& = Gupside-downll ¥ — w-.
ap

Evaluating the Jacobian matrix (6.287) at (Wypside-down aupside_downl), we have

-~ ~ ~ upside-downlIl C C
J(wupside—downHa ¢upside—d0wnH) =Jc ’ ~ Wz[ C: C; ] (6.297)
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with

0 0 0 0 0 0 00
10 24 0 0 {0 224 00

C=1o o —ay + a3 — ay + as 0 - G=1g 0 0 0 (6.298)
0 O 0 —ay +az —aq + as 0O 0 00

The eigenvalues of the matrix ﬁwupside_downn,Eupside_downn) are equivalent to that for wypside-down-
Hence, stability conditions for wypside-downir are equivalent to that for wypside-downt-
Substituting wr = (W, 0,w,0,0,0,0,0) into (6.278) and solving F'; = 0 for ¢, we have

Evaluating the Jacobian matrix (6.287) at (wqr, aqu), we have

7 ~ — sqT Cs O
J(wgqr, Psgr) = Jc = =~ w? [ 08 Co ] (6.299)
ar 0 as 0
0 0 0 O

Cg = 2 a; 0 a 0 , Co= —(612 +az—ag — 615)[4. (6300)
0 0 0 O

The eigenvalues of the matrix f('wqu, Equ) are given by

AL, A = 2(ay + 03)W2,
A3 ~ OwW?) (repeated twice),
Ay~ —(ay + a3 — aq — as)w” (repeated 4 times).
Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):
a, < —las|,
a, + a3 —ayg —as > 0.
These are equivalent to
—a3 + as + as < ap < —|as|. (6.301)

Thus, the stability of wyqr is conditional and depends on the values of a, .. ., as. N
Substituting wsym = (W, 0, w,0,w,0,w,0) into (6.278) and solving F; = 0 for ¢, we have

~ ~ Q) +az+aqg+as ,
¢:¢sqVMz_ w-.

a

Evaluating the Jacobian matrix (6.287) at (wsqvm, asqVM), we have

—sqVM 2[ Cs Cy ]
W

RwsqVMaasqVM) =Jc Cio Cs (6.302)
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with

ay ds
0 0
as ay

0 0 O

S O O

Cip=2 (6.303)

o O OO

where Cg is given in (6.300). The eigenvalues of the matrix JN(quVM, asqVM) are given by

A1, Ay = 2{ay + az + (ag + as)w?,
A3, A4 = 2as — as * (ay — as)w?,

As ~ OW?) (repeated 4 times).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a, +asz < —|a4 + a5|, (6304)
a, —az < —|Cl4 - a5|. (6305)
Thus, the stability of w,qvnm 1s conditional and depends on the values of a, .. ., as.

Case 2: (i, k,0) = (5,2,1)
For the case (ﬁ,fc, Z’) =(5,2,1), we have

0,1,0,0,1,0,0,0), (0,0,0,0,0,2,0,0), (0,3,0,0,0,0,0,0), (0,0,0,0,2,1,0,0) € P
as well as

(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0,1,0,0),
(1’0’ 1?0’ O’ O, 1’0), (1303 O, 1307 O, 0’ 1) E P

in (6.238). Then, the asymptotic form of F; (i = 1,...,4) in (6.271) becomes

F = a@zl + as2271 + 617222 + agZ23 + agzlzzz + Ff, (6.306)
F, = algzZ + 62170 + @721 + asZic + avZa’zy + Fg, (6.307)
Fi =~ a15z3 + agz7423 + a7Z42 +asz] + a923224 + F3C, (6.308)
Fi= a15z4 + A67374 + a773° + agZ33 + a9242z3 + Ff (6.309)

with
as = A01001000(0), a7 = Ao0000200(0),  ag = Ao3000000(0), @9 = Agooo2100(0),
where FI.C (i=1,...,4)isgivenin (6.272) — (6.275). Then, the asymptotic form offi (i=1,...,8)
in (6.182) — (6.185) becomes
F] ~ afq?wl + ag(wiwsz + wawy) + a7(w32 - W42)
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+ agws (w3 = 3wy?) + aolws(wi® — wy?) — 2wiwawy} + Flc,
Fy = ay¢wy + ag(wiwy — waws) — 2azw3wy

+ agwy(3ws® — wi?) + aol—wa(wi” — wy?) = 2wiwaws} + cm,
F3 = a1¢ws + ag(wiws — wawg) + az(wi? — wr?)

+agwi(wi” = 3wa?) + aglwi(ws® — wa?) + 2wawaws} + F}C,
Fy = aypwy + ag(—wiwy — waws) + 2azwiwy

+ agwr(=3w12 + wo?) + ao{wa(ws® — wa?) — 2wswaw; ) + ff,
Fs ~ ai¢ws + ag(wswy + wews) + az(w;” — ws?)

+ 618W7(W72 - 3W82) + 09{W7(W52 - W62) — 2wswewg} + F5C,

Fe ~ aj¢we + ag(wswg — wewy) — 2a7w7wg

2 2 2 2 —C
+ agwg(3wr™ — wg”) + ag{—wg(ws™ — we™) — 2wswewq} + F,
- e 2 2
F7 = ay¢pwy + ag(wswr7 — wews) + a;(ws” — we")
2 2 2 2 —C
+ agws(ws”™ — 3we") + agiws(w;” — wg”) + 2wywgwe} + F7,

Fg ~ a,dws + ag(—wsws — wew;) + 2a7wswe

+ agwe(=3ws” + we”) + aolws(wr® — wg?) — 2wywgws} + F§,

(6.310)

(6.311)

(6.312)

(6.313)

(6.314)

(6.315)

(6.316)

(6.317)

where fl C@=1,...,8)is given in (6.279) — (6.286). Hence, the asymptotic form of the Jacobian

matrix in (6.180) becomes

.T('w,a) =~ alélg + a6B6 + Cl7B7 + ang + ang + BC,

where B¢ is given in (6.288) and

B® O B O B 0O B
Bﬁz[ ! 6]’ B7:[ ! 7:|’ BS_[ ! g | B9_ !
O BS O B O B 9,
w3 Wy wq %) w7y wsg W5 We
BS = Wy —W3 —Wp W BS = wg —W7 —Wg Ws
1= P 2=
%] —Wy4 wq 1%} w7 —Ws Ws —We
—W4q4 —W3 —Wp —W;p | —Wg —W; —Wg —Ws
0 0 w3 —Wy | 0 0 w7y —Ws
0 0 -wy —-w 0O 0 -wg —-w
7 _ 4 3 7 8 7
By =2 w, —-w, O o | B,=2 ws —wg O 0
Wy W 0 0 We Ws 0 0
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0 0 W32 - W42 —2W3W4

Bg _3 0 0 2W3W4 W32 — W42
! le - W22 —2W1W2 0 0 ’
2w iw, —W12 + W22 0 0
0 0 W72 - Wgz —2W7W8
Bg _3 0 0 2W7W8 W72 - W32
2 W52 - W62 —2W5W6 0 0 ’
—2wswg —W52 + W62 0 0
r 2 2
2wiws —wawy)  2(—wiws — wows) wim = wp —2wiw,
2 2
Bg _ 2(—W1W4 - W2W3) 2(—W1W3 + W2W4) —2wiwy -wWi1” + Wy
1= 2 _ 2 2 2 2(— ’
w3® = wy W3Wy (Wiws + wawy)  2(=wiwy + wows)
—2w3wy wi? — wy? 2(=wiwg + wowz)  2(=wiw3 — wawy) |
r 2 2
2(wswy — wewg)  2(—wswg — weWr) Ws” — We —2wswe
2 2
B = 2(=wswg — wew7)  2(=Wwsw7 + WeWg) —2wswe —Ws~ + We
2 wr? — wg? 2w 2( + ) 2(- + )
7 8 TW3 WsW7 + WeWg WsWwg + WeW7
—2wws wr? — wg? 2(—wsws + wewr)  2(—wswy — wews) |

Substituting wr = (W, 0,w,0,0,0,0,0) into (6.310) and solving F'; = 0 for 5, we have

ae + ay

= Poqr ® —

|

a

Evaluating the Jacobian matrix (6.318) at (wqr, aqu), we have

T/ e C11 0]
J(wqu, ¢qu) ~wW [ 0 Cp, ] (6.319)
with
—ay 0 ae + 2a; 0
_ 0 —2a6 — az 0 ag — 2ay _
Cn= ag + 2a; 0 —ay 0 s Cia=—(ag + a7)ly. (6.320)
0 —a6 + 2a; 0 —2a6 — a;

The eigenvalues of the matrix f(wqu, Equ) are given by

A1 = (ag + ap)w,

Ay = —(ag + 3a7)w,

A3, A4y = —Qag + a7)w + i(ag — 2a7)w,

As ~ —(ag + a7)w  (repeated 4 times).
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Since the eigenvalues A, and A5 have opposite signs, there is at least one positive eigenvalue. Thus,
the bifurcating solution wjqr is always unstable. .

Substituting wqym = (W, 0, w,0,w,0,w,0) into (6.310) with (6.279) and solving F; = 0 for ¢,
we have

~ ~ ae + ay
¢ = ¢sqVM =

w.
ai

Evaluating the Jacobian matrix (6.318) at (wsqvm, EsqVM), we have

Cn O ] (6.321)

J(wsqVM’ ¢sqVM) =W [ 9] Cll

where C; is given in (6.320). The eigenvalues of the matrix .ﬁwsqVM, asqVM) are given by

A1 = (ae + a7)w,
Ay = —(3ag + a7)w,

A3, Ay = —{2a¢ + a7 + 1(ag — 2a7)}w

and are all repeated twice. Assume that all eigenvalues have negative real parts. If w < 0, we have
the following stability conditions:

ag +a; <0, (6.322)
3a¢ + a7 >0, (6.323)
2a¢ + a7 > 0. (6.324)

If w < 0, we have the following stability conditions:

ag +a; > 0, (6.325)
3ag +a; <0, (6.326)
2a¢ + a7 < 0. (6.327)

Thus, the stability of wvm depends on the direction w of the bifurcating solution and the values
of ag and a.

Remark 6.3. For the case (7, k, Z’) = (5,2, 1), we have the following statements:

e The solutions Wgiper and Wygiperr do not exist. See Proposition 6.10 in Section 6.5.3. In fact,
k* + ¢ = 5. This is divisible by 7 = 5. Hence, the condition (6.230) is not satisfied.

e The solutions wypside-downt ANd Wypside-downtt dO NOt exist. See Proposition 6.12 in Section

6.5.4. In fact, gcd(k® + £,k — &) = gcd(5,3) = 1. This is divisible by ged(f, 2kf) =
gcd(5,4) = 1. Hence, the condition (6.234) is not satisfied.
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Case 3: (i, k,0) = (8,3,1)
For the case of (71, k, f’) = (8,3, 1), we have

0,1,0,1,0,0,1,0), (0,0,1,1,0,1,0,0), (0,0,0,2,1,0,0,0),
0,0,0,0,2,0,0,1), (0,0,0,0,0,0,0,3) € P

as well as

(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0,1,0,0),
(1,0,1,0,0,0,1,0), (1,0,0,1,0,0,0,1) € P

in (6.238). Then, the asymptotic form of F; (i = 1,...,4) in (6.271) becomes

- - - - — 2 -3 c
Fy ~ a1¢z1 + 410222423 + A11232420 + 1224721 + 41321 24 + 1424 + F,
- - - 2= = 2= -3 c
Fr = a1z + 410212324 + 411242321 + A1223°22 + 4132223 + asz3” + Fy,
- - - 2= = 2= -3 c
F3 = a1¢23 + 410242221 + 411212224 + A1222°73 + A1323 22 + as2” + F5,

~ - - 2= = 2= =3,
Fy ~ a1¢z4 + a10232122 + a11222123 + A1221724 + A1324°21 + @142y + Fy
with

aio = Ao1010010(0), a1 = Aoo110100(0), @12 = Ao0021000(0),

a3 = Ap0002001(0),  a1a = Aoo000003(0),

(6.328)
(6.329)
(6.330)
(6.331)

(6.332)

where FIC (i=1,...,4)is givenin (6.272) — (6.275). Then, the asymptotic form ofE (i=1,...,8)

in (6.182) — (6.185) becomes

Fi = ai¢wy + ajo{ws(wsws — wawsg) + we(wawg + waws)}

+ aj{ws(wswy — wewg) + wa(wswg + wew7)}

2 2 2 2
+ ap{wi(w;™ —wg”) + 2wowswsg) + ap{ws(wi” — wa) — 2wgwiw,}

+ 6114\/1/7(W72 — 3W82) + FC,
Fy = aj¢pwy + ajp{ws(wswg + waws) — we(wswy — wawg)}

+ aj{ws(wswg + wews) — wa(wswy — wews)}

2 2 2 2
+ ap{-—wr(w7” — wg”) + 2wiwawg} + apz{—ws(wi” — wy") = 2wyw ws}

+ (114W8(—3W72 + Wgz) + FC,
F3 ~ aj¢ws + ajp{lwi(wswy — wews) + wa(wswg + wew)}

+ ay{wr(wiws — waws) + wg(Wiws + waws)}

2 2 2 2
+ ap{ws(ws™ — we™) + 2wawswe} + apz{ws(ws”™ — wy”) — 2wewzwy}

+ arws(ws® — 3we?) + FS,
Fy = aipwy + ajp{lwi(wswg + wews) — wa(wswy — wewg)}
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+ ay{wr(wiws + waws) — wg(wiws — waws)}

+ ap{-wa(ws® — we?) + 2wswswe} + apz{—we(ws> — wy?) — 2wswiwa)

+ a1awe(=3ws> + we?) + FS, (6.336)
Fs ~ aipws + aiolwi(wswy — wywg) + wa(wswg + wawr))

+ ay{wr(wiws — wawy) + wg(wiwy + wows)}

+ ap{ws(ws® — wa®) + 2wswawe} + a{ws(ws® — we’) — 2wawsw)

+ ayws(wi? = 3wy?) + FS, (6.337)
F6 ~ a@wé + arolwi(wswg + wawr) — wa(wiws — waws)}

+ ap{wi(wiws + waws) — wg(wiws — waws)}

+ ap{-we(ws™ = wa®) + 2wawaws) + apz{—wa(ws® — we’) — 2w3wsw)

+ agwa(=3ws? + wy?) + FE, (6.338)
Fr ~ 01$W7 + arpfws(wiws — wawy) + we(wiwy + wows)}

+ ar{ws(wiws — wawe) + wa(wiws + waws)}

+ ap{wi(wi® = wa?) + 2wgwiwa} + az{wi(w,” — ws®) — 2wawyws}

+ aygwi (w2 = 3w,?) + FS, (6.339)
Fg ~ a;¢wg + aiofws(wiwy + waws) — we(wiws — wawy))

+ ai{iws(wiwes + waws) — wa(wiws — wawe)}

+ ap{-ws(wi® = wa?) + 2wiwiwa} + aps{-wa(ws® — ws?) — 2w wowsg)

+ aywa(=3w, % + wy?) + FE, (6.340)

where IA':I C@=1,...,8)is given in (6.279) — (6.286). Hence, the asymptotic form of the Jacobian
matrix in (6.180) becomes

-T(U?,a) e Clléls +aioBio + an B + ainBiy + ai3Bi3 + a1sBis + Be, (6.341)

where B¢ is given in (6.288) and

10 pl10 11 pll 12 12
Bo=| o oo | Bu=| o o | Be=| g e (6.342)
B, B, B, B, (B") B,
13 pl3 14
Bz = B B 14 = 0 5
> 13 13 |° - 14 ’
B’ B, B O
0 0 WsW7 + WeWg  —WsWg + WeWy
Bl _ 0 0 WsWg — WeW7  WsW7 + WeWg
! WsW7 — WeWsg  WsWg + WeWr 0 0 ’
Wswg + WeW7  —WsW7 + WeWg 0 0
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0 0 WiW3 + WoWy —WiW4 + WoWs

Blo 0 0 WiW4 — WaW3  WIW3 + Waly
2 WiW3 — WaWa  WiWa + WoWws 0 0
WiW4 + Wow3  —Wiw3 + wWowy 0 0
W3W7 — WaWg  WiWg + Wawy W3Ws5 + WaWe W3We — WyW5
Blo | Wawg +wWawy  —Wawg + WaWg  —W3We + WaWs  W3Ws + WaWe
3 WiwW7 + Wowg —W i Wg + WaW7; W W5+ WiWg —W[Wg + WriWs
WiWg — WoWw7  WiW7 + WoWg WiWeg — WoWs WiWs + Wowg
W3W7 — WyWg W3Wwg + Wawsy Wiw7 + Wowg  —wWiwg + WoWwy
BIO _ W3wg + Waw7  —W3W7 + WaWwg  WiWg — WaWwy Wiw7 + Wowsg
4 W3Ws5 + WaWe W3Wg — WaW5 WiWs5 + WoWg WiWg — WaW5
—W3Wg + WaWs5  W3Ws5 + WaWg  —W W + WoW5  W1W5 + WoWg
[ 0 0 WsW7 — WeWs  WsWg + WeWq
Bl 0 0 WsWg + WeW7 —WsW7 + WeWg
1 WsW7 + WeWg  WsWg — WeWq 0 0
| —WsWg + WeW7  WsW7 + WgWg 0 0
[ 0 0 WIW3 — WoWy  WiW4 + WoWws3
Bl — 0 0 WiW4 + WaW3 —W W3 + Woly
2 WIW3 + WaWs  WiW4 — WoWs 0 0
| —WiW4 + WoWs  WiW3 + WaWwy 0 0
W3W7 + Wawg  —W3Wg + WaW7 WiWs + WyWg —W3Wg + WeW5
Bll W3Wg — Wawy W3W7 + WaWwg  WiWg — WyWs  W3Ws5 + WaWg
3 wiwy7 + wowsg WIWg — WoaWw7 Wi W5 — WaWg Wi Wg + WaWs
—WiWwg +wWowy  Wiw7 +WwWawg W Wg+ WrWs —WWs5 + WrWg
W3W7 + Wyawg W3Wg — Wywy WiWw7 + Wowsg Wiwg — Wowy
Bll —W3Wg + WaW7  W3W7 + Wawg  —WiWg + WoWwy  WiW7 + Wowsg
4 W3Ws5 + WaWg  —W3Wg + WaWs  WiWs5 — WrWg WiWg + WaWs
W3We — WaW5 W3Ws + WaWg WiWe + WoWs  —W W5 + WoWg
w2 —wg>  2wowg 0 0
B2 _ 2wiwg  —wqZ 4 wg? 0 0
! 0 0 W52 — W2 2Wswe ’
0 0 2wswg —W52 + W62
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W32 - W42
2W3W4
0
0

0
0
B?=2
W3Ws5 + WaWe
W3Wg — WyWs

Wiw7 — Wawg
—WiWg — WoWwy
0
0

B =2

W3Ws5 — WyWeg
—W3Wg — WyW5
0
0

0

13 _ 0
B3 - 2 2
W3~ — Wy

—2W3 Wy

0

ai_| 0
4 7 a2 — e
7 wg

—2W7W3

0
0

=3
2 g2

Ws
—2W5W6

0
0
14 _
=3 le—sz

—2W1W2

2W3W4
—W32 + W42
0
0

0
0

—W3Wg + WaWs
W3Ws5 + WaWg

—WiWwg — Wawy
—WiwW7 + Wowg

0
0

—W3Wg — WyWs5
—W3W5 + WaWg

0
0

0
0
—2w3wy
—W32 + W42

0
0
—2w7wg
—W72 + Wg2

0
0
—2wswg
—W52 + W62

0
0
=2wiw,
—W12 + sz
184

0 0
0 0
wiZ—wy2  2ww,
2wiwy —W12 + W22

Wiw7 + Wowsg
Wiwg — WaWwsg
0
0

W3Ws — WaWeg
—W3Wg — WyaW5

0

0
Wiw7 — Woawsg
—Wiwg — Wowy

W12 — W22 —2W1W2
2wiwy, =W+ wy?
0 0 ’
0 0
W52 — W62 —2W5W6
2WsWg  —Ws + W2
0 0 ’
0 0 |
w2 —wg>  —2wowyg
“2wiwg =W + wg?
0 0 ’
0 0 |
W32 — W42 —2W3W4
—2W3wy —W32 + W42
0 0
0 0

—Wiwg + wowy
Wiws + Wowsg
0
0

0

0
—W3Wg — WyWs
—W3Ws + WaWws |

0

0
—Wiwg — Wowy
—Wiw7 + wawg |




Substituting wsgym = (w, 0, w, 0, w, 0, w, 0) into (6.333) and solving F; = 0 for 5, we have

~  ~ a)taz+aqs+as+aptay +dadpt+apstayg ,
¢ = Psqvm ~® — w.

a
Evaluating the Jacobian matrix (6.341) at (wsqvm, 5sqVM), we have
T =7 G 1 |+ 62

where fCSqVM is given in (6.302) and

C1 0 C3 0 C3 0 Cs 0
C 0 Cy 0 Cy C 0 —C4 0 Ce
12 = 13 =
C3 0 C1 o’ 3 Cs 0 C3 0’
0 —C4 0 C 0 Ce 0 Cy
c1=-ajp—apn+api—au, C€y=-—aj-—ay—2ap—3a3 — du,

c3 =ajp tap, Cc4=app—an,
Cs =ayjp+an+ 26112 +a;z + 36114, Co = ayjp +an + 26112 —dap;z — 36114.
The eigenvalues of the matrix f(wsqVM, asqVM) are given by
A1, Ay & {(c1 + ¢3) % (¢5 + co)Iw?,
3, A4 ~ {(c1 — ¢3) % (5 — co)Iw?,
As, Ag ~ (¢ £ cr)w? (repeated twice),
which are rewritten as
Ay =2ay+az+as+as+ajg+a; +apn+as+ a14)w2,
A ~2a,+a3—as—as—ajp—ap —ap— 26114)W2,
A3~ 2(ay — as + ag — as — ay — ay — dip — 214w,
A= 2a,—a3—as+as—ayp—ap +ap+aps+ 014)W2,
As = —2(6110 +ap +2a; + a3 — Cl14)W2 (repeated tWiCG),
As

2

—4(ay; + a)w? (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions:

dy+az+as+as+ag+ay+apn+as+aps <0, (6.344)

ar+ay—as—as—dajg—day —apn —2a14 <0, (6.345)

a)—az+ags—as—ajg—day —ap —2ai14 <0, (6.346)

ar—az—as+as—aj—dy +ap+aiz+aps <0, (6.347)

ayp + an +2ap +apz —a >0, (6.348)

apz +ay > 0. (6.349)
Thus, the stability of w,qvm depends on the values of a,, ..., as and ajo, . . ., a.
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Remark 6.4. For the case (7, k, Z’) = (8,3, 1), we have the following statements:

e The solutions Wyyiper and Wyyiperr do not exist. See Proposition 6.10 in Section 6.5.3. In fact,
k* — ¢ = 8. This is divisible by /2 = 8. Hence, the condition (6.230) is not satisfied.

e The solutions wypside-downt ANd Wypside-downtt dO NOt exist. See Proposition 6.12 in Section
6.5.4. In fact, gcd(k*> + £,k* — £) = 2gcd(10,8) = 2. This is divisible by ged(#, 2kf) =
gcd(8, 6) = 2. Hence, the condition (6.234) is not satisfied.

e The solution wy,r does not exist. See Proposition 5.28 in Section 5.6.7. This case corre-
sponds to the case (i1, k,€) = 2k + 2¢,k,€). In fact, 2 gcd(k,{) = 2gcd(3,1) = 2. This is
divisible by ged(k? + £2,71) = ged(10, 8) = 2. Hence, GCD-div in (5.97) is not satisfied.

O
Case 4: (A, k,0) = (10,3,1)
For the case of (71, k, Z’) = (10, 3, 1), we have
0,1,0,0,2,0,0,0), (0,0,0,0,0,3,0,0) € P
as well as
(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0,1,0,0),
(1’ 0’ 1’ 0’ 0’ 09 1’ O), (1, O’ O, 17 O’ O, 07 1) e P
in (6.238). Then, the asymptotic form of F; (i = 1,...,4) in (6.271) becomes
Fi ~ alEZ] + a1522212 + 6116223 + Flc, (6.350)
Fr ~ 61522 + a1521222 +az’ + cm, (6.351)
Fs~ a1¢z; + a1524%5° + ares’ + F5, (6.352)
F, =~ 611524 + a1523242 + Cl16Z33 + Ff (6353)

with
ais = Ao1002000(0),  aie = Aoo000300(0),

where Flc (i=1,...,4)isgivenin (6.272) — (6.275). Then, the asymptotic form ofﬁ (i=1,...,8)
in (6.182) — (6.185) becomes

Fl ~ alawl + arsiws(wi? — wa?) + 2wawiwa} + argws(ws? — 3wa?) + FC, (6.354)
Fz ~ a15w2 + arsiwa(wi? = wa?) = 2wawiwa} + arewa(=3ws + wy?) + FC, (6.355)
Fy ~ aidws + arsiwi(ws? — wi?) = 2wawswy} + agw (i — 3wy?) + FS, (6.356)
Fy = a1¢wy + arsl—wa(ws® — wy?) = 2wiwswy} + a1wa (3w ® — wy?) + FS, (6.357)
FS = alaws + ais{wi(ws® — we?) + 2wgwswe) + aiews (7> — 3ws®) + F¢, (6.358)
Fe ~ a1dwe + ars{ws(ws> — we2) — 2wiwswe} + argws(=3wr% + ws?) + F€, (6.359)
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F7 R 6115W7 + 0l15{Ws(W72 - Wsz) — 2wewrwg} + 6116W5(W52 - 3W62) + FC, (6.360)

Fg ~ a1¢wg + ajs{—we(w:> — wg?) — 2wswywg} + a16we(3ws> — we?) + FS, (6.361)

where I::l C@=1,...,8)is given in (6.279) — (6.286). Hence, the asymptotic form of the Jacobian
matrix in (6.180) becomes

J(w, $) ~ a1l + a\sBs + a16Bi6 + Bc, (6.362)

where B¢ is given in (6.288) and

BIS 18] Bl6 0]
BlS = |: ]’ Bl6 = [ ! ],

1
15 16
O B, O B,
[ 2(W1W3 + W2W4) 2(W1W4 — Wow3) W]2 - W22 2wiwy
2 2
15 2(wiwg — waws)  2(=wiwz — wowy) —2wiws Wit —wy
By = 2 2 2 2 2 ’
w3 — wy —2w3wy (Wiws —wawy)  2(—wiwg — wows)
—2w3wy —w3? + wy? 2(=wiwg —wowz)  2(=wiws + wowy) |
[ 2(wsw7 + wewg)  2(Wswg — wewq) Ws2 — We> 2wswe
2 2
15 _ 2(wswg — wew7)  2(—=wsw7 — wewy) —2wswe W5~ — Wg
B2 - 2 2 2 2 2 ’
wr” —wg —2wywg (Wsw7 —wewg)  2(—=wswg — wew7)
—2woWyg w72 + wg? 2(—wswg — wew7)  2(—wswy + wewyg) |
0 0 W32 — W42 —2W3W4
16 0 0 —2W3wy —W32 + W42
B] = 3 2 2 )
1% il 1 %) —2W1W2 0 0
2W1W2 W12 — W22 0 0
0 0 W72 - Wg2 —2W7W8
16 0 0 —2w7wg —W72 + W82
By’ =3 2 2
W5~ — Wg —2W5W6 0 0
2W5W6 W52 - W62 0 0

Substituting wgr = (w,0,w,0,0,0,0, 0) into (6.354) and solving F; = 0 for 5, we have

~ QG +az+a;s+ae 5
w-.

$:¢quz_

aj
Evaluating the Jacobian matrix (6.362) at (wyqr, aqu), we have

ey e C 0] —~sqT
J(quT, ¢qu) ~ W2 [ 014 C15 ] + JC ‘ ’ (6363)
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where J~CSqT is given in (6.289) and

ais — die 0 as + 3ais 0
_ 0 —36115 —dle 0 ais — 36116
Cra = ais + 3ae 0 ais — Ay 0 ’ (6364)
0 —ay5 + 3aie 0 —3a;15 — aje
Cis = —(ai5 + aip)ls. (6.365)

The eigenvalues of the matrix f(quT, Equ) are given by

/11 5 2(612 +az+ a5+ alﬁ)wz,
A = 2ay — az — 2a)w?,

. 2
A3, Ay = —{3ai5 + aie £ 1(ais — 3aie)Iw’,

As = —(612 +az—aq4—as+ a5+ 6116)W2 (repeated 4 times).

Assuming that all eigenvalues have negative real parts, we have the following stability conditions:

a +az+a;s+ae < 0, (6366)

a —as — 26116 <0, (6367)

3a;s + ajg > 0, (6.368)

a +az—aq—as+a;s+ae < 0. (6369)
Thus, the stability of wyqr depends on the values of a,, ..., as,a;5s and aje.

Substituting wqym = (W, 0, w,0,w,0,w,0) into (6.354) and solving F; = 0 for 5, we have

~ ~ ) +az+aqg+as+a;s+ae 5
¢ = dsqvm ® — we.

a
Evaluating the Jacobian matrix (6.362) at (wsqvm, ESqVM), we have

-~ ~ C 0 ~ sqVM
J(wqvm, Psqvm) = w? [ 014 o ] + I, (6.370)

where Ci4 is given in (6.364), and fCSqVM is given in (6.302). The eigenvalues of the matrix
J(wgqvm, Psqvm) are given by

A = 2(ay + as + aq + as + ajs + ajg)w?,
A~ 2ay +as — ag — as — ays — aje)w’,
A3 % 2az — a3 + ay — as — 2a16)w°,
Ay = 2(ar — az — ag + as — 2a,6)W°,

As, A ~ —{3a15 + aie + i(as — 3ai6)w? (repeated twice).
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Assuming that all eigenvalues have negative real parts, we have the following stability conditions:

ar + a3z +as +as+ a5 +ae <0, (6.371)

ar +az—as—as —ajs —ae <0, (6.372)

a) —az+as—as —2ai <0, (6.373)

ar — a3y —as +as —2a56 < 0, (6.374)

3a;5 + aje > 0. (6.375)
Thus, the stability of wsqvm depends on the values of a, ..., as,a;5 and aje.

Remark 6.5. For the case (7, lAc, 2) = (10, 3, 1), we have the following statements:

e The solutions Wgiper and wygiperr do not exist. See Proposition 6.10 in Section 6.5.3. In fact,
k* + £ = 10. This is divisible by # = 10. Hence, the condition (6.230) is not satisfied.

e The solutions wypside-downt ANd Wypside-downtt dO DOt exist. See Proposition 6.12 in Section
6.5.4. In fact, gcd(k*> + £,k* — £) = 2gcd(10,8) = 2. This is divisible by ged(#, 2kf) =
gcd(10, 6) = 2. Hence, the condition (6.234) is not satisfied.

O
Case 5: (i, k,0) = (4k,k, )
For the case of (71, k, Z’) with 7 = 4k, we have
(0,0,0,0,1,0,2,0) e P
as well as
(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0, 1,0, 0),
(1,0,1,0,0,0,1,0), (1,0,0,1,0,0,0,1) € P
in (6.238). Then, the asymptotic form of F; (i = 1,...,4) in (6.271) becomes
Fi = aipz) +anzizs” + F¢, (6.376)
Fy ~ a1¢z + ayzazs® + F5, (6.377)
F3 ~ aipzs + anZsa)” + FS, (6.378)
Fy ~ a1y + a;12azs” + FS (6.379)

with
a7 = Aooo01020(0),

where Fl.c (i=1,...,4)isgivenin (6.272) — (6.275). Then, the asymptotic form off,- (i=1,...,8)
in (6.182) — (6.185) becomes

Fi =~ aipw) + ail wi(ws? — we?) — 2wawswe)} + flc’ (6.380)
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Fy = aydws + arz{-way(ws> — we?) — 2wywswe) + FS, (6.381)
E ~ a1$W3 +ai{ wiwr? — wg?) + 2wawswg) + Ff, (6.382)
Fy ~ a1dwy + ayr{—wa(ws> — ws?) + 2wswywg) + FS, (6.383)
Fs ~ aj¢ws + ajz{ ws(wi2 — wy?) — 2wew wy} + FC, (6.384)
F6 ~ a1$w6 + ar{—we(wi? = wa?) — 2wswiwa} + Fg, (6.385)
F7 = aywy + arz{ wi(ws® — ws?) + 2wgwswy) + FS, (6.386)
Fg ~ a@ws + ar{—ws(ws® — wa?) + 2wrwswa) + fg, (6.387)

where 171 C(i=1,...,8)is given in (6.279) — (6.286). Hence, the asymptotic form of the Jacobian
matrix in (6.180) becomes

J(w, ) ~ a\pls + 7By + Be, (6.388)
where B¢ is given in (6.288) and
Bl7 Bl7
By = 117 T i7 ’
(B;")" B,

[ W52 - W62 —2W5W6 0 0
B = 2WsWe  —Ws> + W2 X 0 X 0 ’
0 0 w7™ — Wg 2W7W8
0 0 2wrwg —W72 + Wgz ]
i W12 - W22 —2W1W2 0 0
Bl7 _ =2wiw, —W12 + sz 0 0
2 - 0 0 W32 — W42 2W3W4 ’
0 0 2W3wy —W32 + W42
WiWs — WaWg  —W{We — WaWs5 0 0
Bl7 -9 —WiWg — WaW5 —WiW5 + WrWg 0 0
3 0 0 W3wW7 + Wawg —WwWizwg + wWawy
0 0 W3Wg — WaW7  W3W7 + WaWg

Substituting wyiper = (W, 0,0,0,0,0,0,0) into (6.380) and solving F; = 0 for 5, we have

—  — a ,
¢ = ¢stripel W
aj

Evaluating the Jacobian matrix (6.388) at (Wgiper, 5smpe1), we have

—~ stripel

- ~ o 0O
J(wstripeb ¢stripeI) X W2 [ 0 C16 ] + JC ’ (6389)
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where fCStripel is given in (6.289) and

ay 0 00

_ 0 —ay7 0 0
Co=l o 0 00
0 0O 00

The eigenvalues of the matrix f(wsmpel, astripel) are given by

A ~ 2a,w?,

L~ Ow),

A3, 4 % —(ay — ag = ay7)w?,

As ~ —(ay — a;)w? (repeated twice),

Ae = —(ay — as)w* (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a2<0,

a, —ag +ap; >0,

a, —das > 0,
a, —ds > 0.
These are equivalen to
max(as,as + |ayq],as) < ap < 0. (6.390)
Thus, the stability of wyiper depends on the values of a,, . .., as and ay;.

Substituting wyiipen = (0, w, 0, 0,0, 0,0, 0) into (6.380) and solving F, = 0 for 5, we have

— - a ,
¢ = ¢stripeII X -—w
ai

Evaluating the Jacobian matrix (6.388) at (Wgipers asmpen), we have

- ~ (0] (0 ~ stripell
J(Wggiperts Pstripetn) Wz[ 0 —Cy ] + I (6.391)

where Ci6 ~is given in (6.5.5), and fcsmpen is given in (6.292). The eigenvalues of the matrix

J(Wgripern, Psipert) are equivalent to that for wgyriper. Hence, stability conditions for wgyipenr are
equivalent to that for wgiper.
Substituting Wypsige-downt = (W, 0,0,0,w,0,0, 0) into (6.278) and solving F'; = 0 for ¢, we have

~ ~ ) +aqg+ayy 5
o= ¢upside—downl = w-.
ai
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Evaluating the Jacobian matrix (6.287) at (Wypside-downl aupside_downl), we have

T e C C —~ upside-downl
. . ~ w2 17 18 p
J(wup51de—downla ¢up51de—downl) w [ C18 C17 ] + JC (6392)
with
0 O 0 0 2ay7 0 00
_ 0 —26117 0 0 _ 0 —2017 00
Co=lo 0 - o " 9=l 0 o 0o (6.393)
0 O 0 -apy 0 0 00

The eigenvalues of the matrix J(Wypside-downts Pupside-downt) are given by

A1, A & 2ay £ (as + ay))w’,
A3~ —daw?,
A= OW?),
As ~ —(a, — az + a, — as + a;7)w*  (repeated 4 times).
Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):
ay < —lag + ayl,
apg > 0,

a) —az+as—as+apg > 0.
These conditions are equivalent to

az —as +as —ay <a; < —lag + a
ay > 0.
Thus, the stability of Wypside-downr 1S conditional and depends on the values of a,, ..., as and a;7.
Substituting wypside-downt = (0, w,0,0,0,w, 0, 0) into (6.278) and solving F, = 0 for ¢, we have

~ a)t+aqg+ay ,
—_—W.

& = Gupside-downll ¥ —
aj

Evaluating the Jacobian matrix (6.287) at (wWypside-downII, aupside—downll)’ we have

—~ —~ ~ upside-downlII C -C
J(wupside—downll’ ¢upside—downll) =Jc P ~w? [ _5?8 C1;8 ] (6.394)
with
—2a17 0 0 0
Cp = 000 0 (6.395)



where Cig is given in (6.393). The eigenvalues of the matrix f(wupside_downn, aupside-downll) are equiv-
alent to that for wypside-downi- Hence, stability conditions for wypside-downnt are equivalent to that for

Wypside-downl - ~
Substituting wsqym = (W, 0, w,0,w, 0, w,0) into (6.380) and solving F'; = 0 for ¢, we have

~ ~ ) +az+ag+as+ay; ,
¢:¢sqVMz_ P w-.
1

Evaluating the Jacobian matrix (6.388) at (wsqvm, ESqVM), we have

Cyo CZI] —5qVM

T/ - 2
J(wsqvm, Psqvm) = W [ Cyi Coy + Je , (6.396)

where fcsqVM is given in (6.302) and

O 0 0 O a; 0 0 O

_ 0 —day7 0 0 _ 0 —day7 0 0
20=21g 0 0 o |" 7% 0 0 ay 0
0 0 0 —ay7 0 0 0 ayy

The eigenvalues of the matrix f(wsqVM, asqVM) are given by

A = 2(ay + a3 +ay +as + a17)w2,
A~ 2(ax + a3 — as — as — a;)w’,
Az~ 2ay — a3 + ay — as + a;)w?,
Ay = 2(ar — az — ag + as — ayg)w?,
As ~ —da;w?, (repeated twice)
Ag & OW?) (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a+az+as+as+apg <0, (6.397)

a)+ay—as—as—apg <0, (6.398)

ar—az+as—as+apg <0, (6.399)

a)—ay—as+as—apg <0, (6.400)

ap; > 0. (6.401)
Thus, the stability of wvm depends on the values of a,, ..., as and ay7.

Remark 6.6. For the case (7, k, 2’) = (412, k, Z’), wgqr does not exist. See Proposition 5.28 in Section
5.6.7. ]
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Case 6: (0, k,0) = (42, k, )
For the case of (71, IAc, f’) with 71 = 42, we have

(0,0,2,0,1,0,0,0) e P
as well as

(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0,1,0,0),
(1,0,1,0,0,0,1,0), (1,0,0,1,0,0,0,1) € P

in (6.238). Then, the asymptotic form of F; (i = 1,...,4) in (6.271) becomes

Fi ~ a\¢z; + aiszs’z + FY, (6.402)
Fy ~ a\¢z + aisz’z + FS, (6.403)
F3 ~ a1z + aiszi’zs + FS, (6.404)
Fy~ a1y + aig2:°24 + FS (6.405)

with
aig = Ao0201000(0).

where FIC (i=1,...,4)is givenin (6.272) — (6.275). Then, the asymptotic form ofI::,- (i=1,...,8)
in (6.182) — (6.185) becomes

Fl ~ alawl +aig] wiws® = we2) + 2wawswe)} + FIC, (6.406)
fz ~ a@wz + ars{—wa(ws> — we) + 2wiwswe)) + cm, (6.407)
Fy ~ aipws + arsl wi(ws® = ws?) = 2wawywg)} + F§, (6.408)
F4 ~ a15w4 + ars{—waws? — wg?) — 2wawswsg)} + Ff, (6.409)
f5 ~ algws +as{ ws(wi® = wa?) + 2wewiwa)) + FSC, (6.410)
Fo ~ a1¢we + arg{—we(wi2 — wy?) + 2wswywy)} + FC, (6.411)
F7 = agwy + aigl wi(ws® — wy?) = 2wgwawy)} + E , (6.412)
Fg = aigws + aigl—wg(ws® — wy?) — 2wowswy)} + FS, (6.413)

where Fl C@=1,...,8)is given in (6.279) — (6.286). Hence, the asymptotic form of the Jacobian
matrix in (6.180) becomes o
J(w,$) = a\pls + aisBis + B, (6.414)

where B¢ is given in (6.288) and
B B
(B;S)T BéS
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[ W52 - W62 2W5W6 0 0
Blg 2wWsWe —W52 + W62 0 0
1 - 0 0 w2 —wg>  2wowg |’
0 0 —2w7wg —W72 + Wgz
| W12 - W22 2W1W2 0 0
B]g 2wiwy —W12 + W22 0 0
2 0 0 W32 — W42 —2W3W4 ’
0 0 —2w3wy —W32 + W42 |
WiWs + WaWg —W We + WoWs 0 0
B%g _o| Wiwe —waws - wiws + Wowe 0 0
0 0 W3W7 — WaWg —W3Wg — WyWy
0 0 —W3Wg — Waw7 —W3W7 + WaWwg

Substituting wgiper into (6.406) and solving F; = 0 for 5 we have

_ o~ a ,
¢ = ¢stripel N oW
aj

Evaluating the Jacobian matrix (6.414) at (Wgiper, Esmpel), we have

-~ ~ 0 ~ stripel
J(wstripeb ¢stripeI) ~ W2 [ 0 Cyn ] +Jc P s (6415)
where Jo"™*" is given in (6.289) and
ag 0 00
_ 0 —ag 0 0
2=l o 0 00
0 0 00

The eigenvalues of the matrix f(wsmpel, Estripel) are given by

/11 ~ 2612W2,

/12 ~ 0(W3)7

A3, 4 = —(ap —as £ als)Wz,

As ~ —(ay — az)w* (repeated twice),

As ~ —(ar — as)w* (repeated twice).
Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a, < O,
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az—a4ia18>0,

a, —az > 0,
a, —as > 0.
These are equivalen to
max(ag,a4 + |Cl13|,a5) < day < 0. (6416)

Thus, the stability of wgyiper depends on the values of as, . .., as and ays. .
Substituting Wyipenn = (0,w,0, 0,0, 0,0, 0) into (6.380) and solving F, = 0 for ¢, we have
—_~ ay

¢ = ¢stripell X -—w.
ai

Evaluating the Jacobian matrix (6.414) at (Wggipe, 5stripell)a we have

= ~ (0 (0] ~ stripell
J (Wyiipert, Gswipert) & W [ 0 —Cp ] +Je (6.417)
where Ca, ~is given in (6.5.5), and fcsmpen is given in (6.292). The eigenvalues of the matrix

J(Wgripenr, Psriper) are equivalent to that for wyyiper. Hence, stability conditions for wggyipenr are
equivalent to that for wgyiper.
Substituting Wypsige-downt = (W, 0, 0,0,w, 0,0, 0) into (6.278) and solving F'; = 0 for ¢, we have

—~ a)t+ag+ag ,
—_— W

¢ = ¢upside—d0wnl X =
a

Evaluating the Jacobian matrix (6.287) at (Wypside-downl aupside_downl), we have

T(Wapside-downts Pupside-downt) = W [ gii gi: ] + fcupSide_downl (6.418)
with
0 0 0 0 2a;3 0 0 O
A N A ]
0 0 0 —ag 0 0 00

The eigenvalues of the matrix J(Wypside-down Eupside_downl) are given by
A1, Ay ~ 2ay + (ag + ajg)w?,
3~ —ajgw’,
/l4 ~ 0(W3)9
As ~ —(ay — az + aq — as + a;g)w? (repeated 4 times).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a < —las + aisl,
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ag > 0,

a) —az+as—as+ag > 0.
These conditions are equivalent to

az —as +as + ay; < ay < —|ag + asg|

ag > 0.

Thus, the stability of Wypsige-downr 1S conditional and depends on the values of a,, ..., as End as.
Substituting Wypside-downtt = (0, w,0,0,0,w, 0,0) into (6.278) and solving F, = 0 for ¢, we have

~ a)t+aqg+ag ,
—_—W.

¢ = ¢upside—downll =
ai

Evaluating the Jacobian matrix (6.287) at (Wypside-downli, 5upside—d0wnll)’ we have

-~ ) - _ ~ upside-downII .2 C25 C24
J(wupmde-downll’ ¢up51de-downII) = JC ~wW [ C24 C25 ] (6420)
with
—2a;3 0 0 0
0O 0 O 0
C25 - O 0 —6118 O s (6.421)

0 0 0 —aig

where Cig is given in (6.393). The eigenvalues of the matrix f(wupside_downn, aupside-downn) are equiv-
alent to that for wypside-downi- Hence, stability conditions for wypgide-downn are equivalent to that for
Wypside-downl - .

Substituting wsqym = (W, 0, w,0,w, 0, w, 0) into (6.406) and solving F'; = 0 for ¢, we have

~ ~ W t+az+ag+as+ag ,
¢:¢sqVMz_ w-.

aj
Evaluating the Jacobian matrix (6.414) at (wsqvm, EsqVM), we have

7 ~ Cy C —5qVM
J(Wiqv, Psqvm) ¥ W [ Co C ] +Ie (6:422)

where fCSqVM is given in (6.302) and

0O 0 0 0 as 0 0 0
_ 0 —ag 0 0 _ 0 ag 0 0
Ca=21g 0 0 o |° 22 0 0 a5 0
0 0 0 —ag 0 0 0 -ap

The eigenvalues of the matrix f(wsqVM, asqVM) are given by

A = 2(612 +az+aq+as+ Cl]g)Wz,
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A~ 2(ay + az — ag — as — a;g)w?,
A3 = 2(ay — a3 +ay —as + alg)wz,
Ay~ 2(ay — az — ag + as — ajg)w?,
As ~ —dagw? (repeated twice),
A & O(W?) (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ar)+az+as+as+ag <0, (6.423)

ar+a3—as—as—ag <0, (6.424)

a)—az+as—as+ag <0, (6.425)

a, —az —ayg+as —ag <0, (6.426)

ag > 0. (6.427)
Thus, the stability of w,qvm depends on the values of a, ..., as and a;s.

Remark 6.7. For the case (7, k, 2) = (4?, k, 2), wgqr does not exist. See Proposition 5.28 in Section
5.6.7. ]

Case 7: (A, k,0) = Qk +22,k, ), (k,0) # (3,1)
For the case of (1, k, £) with A4 = 2(k + ) and (k, ) # (3, 1), we have

0,1,0,1,0,0,1,0), (0,0,1,1,0,1,0,0), (0,0,0,2,1,0,0,0) € P.
as well as

(1,0,0,0,0,0,0,0), (2,0,0,0,1,0,0,0), (1,1,0,0,0,1,0,0),
(1,0,1,0,0,0,1,0), (1,0,0,1,0,0,0,1) € P

in (6.238). Then, the asymptotic form of F; (i = 1,...,4) in (6.271) becomes

Fi ~ a162) + 410222433 + 4112327 + ap24°21 + FS, (6.428)
Fy ~ a1z, + 410212324 + 411242321 + a3z + FS, (6.429)
Fi = 6115Z3 + 10242221 + 11212224 + a12Z2223 + Fg, (6.430)
Fy = Cll’(;ZAL + 10232122 + 11222123 + a12Z1224 + Ff (6.431)

with a9, a1, ap given in (6.332), and F,.C (i=1,...,4) given in (6.272) — (6.275). Then, the
asymptotic form of F; (i = 1,...,8) in (6.182) — (6.185) becomes

Fy = aigwy + arolws(wswr — wawg) + we(wiwsg + wawq)}
+ aj{ws(wswy — wewg) + wa(wswg + wewy)}
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+ ap{wi(wy® — ws®) + 2wawyws} + flc’ (6.432)
Fay = aj¢wy + ajo{ws(wswg + wawy) — we(wzws — wawg)}

+ aj{ws(wswg + wews) — wa(wswy — wews)}

+ alz{—wz(w72 - wsz) + 2wiwrwg} + fzc’ (6.433)
F3 ~ aj¢pws + ajp{lwi(wswy — wews) + wa(wswg + wewy)}

+ aj{wr(wiws — wawe) + wg(Wiwe + wows)}

+ ap{ws(ws® — we?) + 2wawswe) + FS, (6.434)
Fy = ajpwy + ajp{lwi(wswg + wews) — wa(wswy — wews)}

+ aj{wr(wiwe + waws) — wg(wiws — wowe)}

+ app{—wa(ws? — we?) + 2wswswe) + FS, (6.435)
Fs = aj¢pws + ajo{wi(wswy — wawg) + wa(wazwg + wawy)}

+ aj{wr(wiws — wawy) + wg(wiwy + wows)}

+ alz{W5(W32 — W42) + 2W3W4W6} + Fg, (6436)
Fo =~ aipws + aro{wi(wswg + waws) — wa(wzwy — wawg)}

+ ap{wr(wiwg + waws) — wg(wiwsz — wawy)}

+ anf—we(ws? — wy?) + 2wawyws) + FC, (6.437)
F7 = ai¢wr + ajofws(wiws — wowy) + we(Wiws + wows)}

+ aj{ws(wiws — wawe) + wa(wiwe + wows)}

+ alz{W7(W12 — W22) + 2W8W1W2} + F7C, (6438)
Fg ~ aj¢wg + ajplws(wiws + wows) — we(wiws — wawy)}

+ aj{ws(wiwe + waws) — wa(wiws — wowe)}

+ ap{—ws(wi2 = wr?) + 2wowwa) + FS, (6.439)

where I::l C@=1,...,8)is given in (6.279) — (6.286). Hence, the asymptotic form of the Jacobian
matrix in (6.180) becomes

T(W,a) ~ a1dly + a1oBio + a1 By + anBia + B, (6.440)

with B¢ given in (6.288), By, By; and By, given in (6.342). .
Substituting wyyiper = (W, 0,0,0,0,0,0,0) into (6.432) and solving F; = 0 for ¢, we have
—_ a ,

O = Pspiper ® ——W".
ai

Evaluating the Jacobian matrix (6.440) at (Wgiper, asmpel), we have

—~ stripel

= ~ 0O O
J(wstripeb ¢stripeI) ~ W2 [ 0 C23 ] +Jc s (644])
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where fCStripel is given in (6.289) and

00 0 0
00 0 0
Cs=19 o ap, 0
00 0 -ap

The eigenvalues of the matrix f(wsmpel, astripel) are given by

A ~ 2a,w?,

D, A3 ~ —(az — as = ap)w?,

A~ OW),

As ~ —(ay — az;)w?, (repeated twice)
Ao = —(ay — ay))w?, (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a <0,

a, — as > —|ajl,

a —as > 0,
a, — ag > 0.
These are equivalent to
max(as, as, as — lapz]) < ar < 0. (6.442)
Thus, the stability of wyiper depends on the values of a,, . .., as and a;.

Substituting wygipen = (0, w,0,0,0,0,0, 0) into (6.432) and solving F, = 0 for 5, we have

— - a ,
¢ = ¢stripeII X -—w.
ai

Evaluating the Jacobian matrix (6.440) at (Wgiper, asmpen), we have

o o [T (6.443)

—~ ~ 5 0 0 ~ stripell
J(wstripell, ¢stripeH) =W |: ]

where Cy; ~is given in (6.5.5), and fcsmpen is given in (6.292). The eigenvalues of the matrix

J(Wgripern, Psipert) are equivalent to that for wgyriper. Hence, stability conditions for wgyipenr are
equivalent to that for wgiper.
Substituting Wypsige-downt = (W, 0,0,0,w,0,0, 0) into (6.432) and solving F; = 0 for ¢, we have

~ ~ a +ag 5
o= ¢upside—downl = w-.

a
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Evaluating the Jacobian matrix (6.440) at (Wypside-downl aupside_downl), we have

T ~ C C ~ upside-downl
. . ~ 2 24 25
J (wup51de-downla ¢up51de-downl) w [ C25 C24 ] + J, C (6444)
with
00 O 0 00 0 0
00 O 0 00 0 0
Cyu = 00 a, 0 | Cys = 00 ap+a 0 (6.445)

00 0 —ajn 00 0 ajp — an

The eigenvalues of the matrix J(Wypside-downts Pupside-downt) are given by

A, A = 2(612 + (14)W2,
2
A3, Ay = {—(ax + a3 —as — as — ayp) £ (ap + an)w’,
P
As, de ® {—(ax + a3 — as — as + ap) £ (a0 — an)w’,

A7 = OW?) (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a < —|ayl,
ar +az —as —as —ap > —layp + anl,

a) +az—as—as +ap > —layp — anl.

Thus, the stability of wypgige-down1 depends on the values of as, ..., as and ayo, .. ., ajs. .
Substituting wypside-downt = (0, w,0,0,0,w, 0, 0) into (6.278) and solving F, = 0 for ¢, we have

~ a +aq4 5

¢ = ¢upside—downll X - w-.
ai

Evaluating the Jacobian matrix (6.287) at (Wypside-downirs aupside—downll)’ we have

T —~ -C C ~ upside-downll
J(wupside—downll’ ¢upside—downll) ~ W2 [ Cz? _sz; ] + JC b (6446)
with
00 0 0
00 0 0
C=19 o o — iy 0 (6.447)
0 0 0 ayp + an

where C»4 1s given in (6.445). The eigenvalues of the matrix f(wupside_downn, aupside-downn) are equiv-
alent to that for wpside-downi- Hence, stability conditions for wypgide-downn are equivalent to that for

Wypside-downl -
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Substituting wsgym = (w, 0, w, 0, w, 0, w, 0) into (6.432) and solving F; = 0 for 5, we have

~ I +az+aq+as+ayptdangtapn 5
w-.

¢ = ¢sqVM ~ =
ai

Evaluating the Jacobian matrix (6.440) at (wsqvm, asqVM), we have

— — C C ~sqVM
| € Cyg
J(Wsqvm, Psqvm) = W [ Co Cor ] +Je

where fCSqVM is given in (6.302) and

—ajp —an 0 app t+an 0
Cyy = 0 —ajp — an —2anp 0 aio —an ’
aio + ap 0 —ajp — a4y 0
0 —ayo T an 0 —ay —an — 2an
ayp + a 0 ap +ap +2ap 0
Coe = 0 —apo + an 0 ayg +ap +2ap
8= apt+ap + 26112 0 app + an 0
0 app + an +2a12 0 ajp — an

The eigenvalues of the matrix f(wsqVM, ?quVM) are given by

/11 ~ 2(612 +a3+aqg+as+agt+an+ alg)Wz,
D~ 2az + az — ag — as — ag — ay — ap)w’,
A3 = 2ay — az + ag — as — a — ay — ap)w’,
Ay =2(ar —az —ag +as —ajp—ap + a12)W2’

As ~ =2(ayy + ayy + 2a;)w? (repeated twice),

(6.448)

(6.449)
(6.450)
(6.451)
(6.452)
(6.453)

Ag ~ OW>) (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a +az+aq+as+apg+an +apn <0,

a)+az—as—as—ajp—ay —ap <0,

ay—az+as—as—ap—ay —ap<0,

ay—az—as+as—ap—ap +ap<0,

appt+an t+ 2ap, > 0.
Thus, the stability of w,qvm depends on the values of a,, ..., as and aj, ..., ars.

A

Remark 6.8. For the case (7, IAc, {) = (21% + 22, lAc, 2), wgqr does not exist. See Proposition 5.28 in

Section 5.6.7.
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7. Bifurcating Solutions and Invariant Patterns for the Replicator Dynamic

In this chapter, we study bifurcation mechanisms for a spatial economic model with the repli-
cator dynamics on the square lattice. Direct and further bifurcating solutions from the uniform
state form a complicated network of solution curves. We aim to elucidate the mechanism of this
complicated network in the point of view of the symmetry of the square lattice.

We conduct a numerical bifurcation analysis for a spatial economic model and demonstrate
the emergence of theoretically predicted bifurcating solutions in Chapter 6. We search for these
bifurcating solutions and investigate their stability by using comparative static analysis with re-
spect to the trade freeness, which is one of the major parameter of a spatial economic model and
is employed here as a bifurcation parameter.

We futhermore focus on invariant patterns that retain their spatial distribution when the value
of a bifurcation parameter changes. The existence of invariant patterns is the special feature of
the replicator dynamics that hitherto has not been given much attention in nonlinear mathematics.
In fact, solution curves of invariant patterns are connected by those of non-invariant ones, thereby
forming a complicated mesh-like structure. From this point of view, we propose a bifurcation
analysis procedure using invariant patterns efficiently to find stable equilibria.

This chapter is organized as follows. A general framework of spatial economic models with
the replicator dynamics is represented in Section 7.1. The equivariance of the governing equation
for spatial economic models on the square lattice is expressed in Section 7.2. A theory of invariant
patterns for the replicator dynamics is introduced in Section 7.3. Numerical bifurcation analysis
are conducted in Section 7.4.

7.1. Spatial Economic Model with the Replicator Dynamics

We introduce a general framework of spatial economic models (e.g., see Fujita et al., 1999
[30D.

7.1.1. General Framework

Consider an economy composed of K regions. Each mobile agent, who can migrate between
regions, selects one region. A spatial distribution of mobile agents is denoted by A = {1, > 0| i =
1,..., K}. The indirect utility function of mobile agents is denoted by v € Rf , which is defined as
a smooth function of A and the trade freeness ¢. A spatial equilibrium is denoted by A*, which is
defined as a spatial distribution that satisfies the following conditions:

. (7.1)
A Vi(A, (b) > 0 if /ll' = O,

{v* —viA,$) =0 if >0,
and X, A; = 1, where v* denotes the equilibrium utility level. This condition means that there is
no incentive for mobile agents to change the location choice.

Spatial equilibria and their stability depend on the definition of the utility function of each
model. We focus on a multi-regional version of the FO model (Forslid and Ottaviano, 2003 [31])
as a specific example in the numerical bifurcation analysis The basic assumptions of this model is
introduced briefly.
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There are two factors of production: skilled and unskilled workers. The endowments of skilled
and unskilled workers are H (= 1) and L (= 1), respectively. Skilled workers are mobile and move
between regions. Unskilled workers are immobile and are evenly distributed across the K regions
with the population L/K in each region.

There are two sectors of production: A-sector (agriculture) and M-sector (manufacturing). A-
sector produces horizontally homogeneous goods, which require one unit of unskilled workers
to produce one unit of goods under constant returns to scale and perfect competition. M-sector
produces horizontally differentiated goods, which require a fixed requirement of « units of skilled
workers and a marginal input requirement of S units of unskilled workers under increasing returns
to scale and Dixit-Stiglitz monopolistic competition.

There are two major micro economic parameters for the FO model: o (> 1) expresses the
constant elasticity of substitution between any two M-sector goods, and u € (0, 1) denotes the
constant expenditure share on M-sector goods.

Goods of both sectors are transported between regions and consumed in each region. The
transportation of A-sector goods is cost free, while the transportation of M-sector goods demands
the iceberg costs. In other words, for each unit of M-sector goods transported from a region i to
J (# 1), only a fraction 1/7;; < 1 arrives. We assume that 7; = 1 for all i € {1,---, K} and that
7;; = 7;; (1) 1s a function in the transportation cost parameter 7 > 0 as

7;; = explTm(i, j)], (7.2)

where m(i, j) represents the shortest distance between region i and j. The trade freeness is defined
by

¢ = exp[-(o — Ddr], ¢€(0,1), (7.3)

where d denotes the nominal distance. The trade freeness ¢ is inversely proportional to the trans-
portation cost parameter 7.

7.1.2. Replicator Dynamics
Mobile agents migrate to a region where they achieve the highest indirect utility. In order to
describe the process of the migration of mobile agents, we consider the replicator dynamics:

dX
where
F\¢)=FXNo)|i=1,...,K) (7.5)
with
FI(A’ ¢) = (VI(A’ ¢) - \_}(A9 ¢))/ll’ (76)
and v is the average utility defined by
K
= A (1.7)



The population of mobile agents in a region is determined by the indirect utility v;, the average
utility v, and the number A; of mobile agents in the region.

We can convert a problem to find a set of stable equilibria of spatial economic models into
another problem to find a set of stable stationary points of the replicator dynamics (see Sandholm,
2010 [32]). Stationary points A*(¢) of the replicator dynamics are defined as points which satisfy
a static governing equation

F(\*, ¢)=0. (7.8)
Using the eigenvalues of the Jacobian matrix J(A*, ¢) = OF'/ON(A", ), we evaluate the stability
of a stationary point as

linearly stable: every eigenvalue has a negative real part,
linearly unstable: at least one eigenvalue has a positive real part.

A stationary point is asymptotically stable or unstable according to whether it is linearly stable or
unstable.

7.2. Equivariance of the Governing Equation on the Square Lattice

The nxn square lattice provides uniformly distributed nxn discrete regions (K = n?), which are
connected by links of the same length d forming a square mesh. As represented in the following
proposition, the FO model with the replicator dynamics to which applied the n X n square lattice
satisfies the equivariance.

Proposition 7.1. The FO model with (7.6) on the square lattice is equivariant to G = Dy » (Z, X
Zy), that is,
T@F\ ¢)=F(T(@N¢), g€GCG (7.9)

for the N-dimensional permutation representation T(g) of G.'*

Proof. Each element g of G acts as a permutation of place numbers (1,..., K), and the action of
g € G is expressed as g : i — i*. For the FO model, we have v,(T(g)\,#) = vi-(\, ¢) because
of the form of the transport cost parameter in (7.2). We also have ¥(T'(g)\, ¢) = V(\, ¢) by (7.7).
Therefore, we have

Fi(T (@A, ¢) = (vir(A, §) = V(A, §) A = Fi (X, ¢)
for the function F; in (7.6). This proves the equivariance (7.9). O
Note that the uniform state
Auniform = (1/K, ..., 1/K)T (7.10)

satisfies the governing equation (7.8) for any ¢, and hence this solution is one of the invariant
patterns (see Proposition 7.4). The symmetry of the uniform state is represented as

T(g)Auniform = Auniform, g€ G, (711)

and hence this solution is G-symmetric. Critical points on the uniform state are investigated nu-
merically in Section 7.4.3.

14The concrete form of T'(g) was given in Section 4.1.
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7.3. Invariant Patterns on the Square Lattice

Stationary points form solution curves (A*(¢),¢). In general, a spatial distribution \*(¢)
changes as the value of ¢ along a solution curve. In contrast, there can be a special solution
curve (A\*(¢), ) = (A, ¢) that has a constant spatial distribution A along a solution curve." Such
a distribution A is called an invariant pattern, and (A, ¢) is a solution for any ¢. In contrast, a
solution curve with distribution A*(¢) that varies with ¢ is called a non-invariant pattern. Thus, the
spatial patterns for stationary points are classified into

invariant pattern: A=A,
non-invariant pattern: A* = X*(¢).

Rearranging the order of the components of A*, we introduce (\,, Ag) with A, ={4; >0]i =
1,...,m}and Ay = O for later discussion of invariant patterns. As a candidate of invariant patterns,
we consider a spatial distribution of a special form

1
(}\+,)\0):(—1,0), I<m<K (7.12)
m

with an m-dimensional vector 1 = (1,...,1)". This distribution expresses equal complete ag-
glomeration to m places and can be an invariant pattern under some symmetry conditions in the
following proposition:

Proposition 7.2. A spatial distribution (A, Ag) = (% 1, 0) is an invariant pattern if this distribution
satisfies

1) Ay, Ag) = (%1, 0) is invariant to some subgroup G’ of G.

(ii) The set of points for A, belongs to an orbit of G'.

Proof. Since the m places of A, belong to an orbit, we have vi = --- = v,. Then, we have
v=2" A4v;=viandv; =¥ =0( = 1,...,m). Hence, we have Fi(+1,0,¢) =0 (i = 1,...,m).
For K — m places with no population, we have 4; = 0 (j = m + 1,...,K). Hence, we have
Fi(+1,0,¢) =0 (i = m+ 1,...,K). This shows that (A,, Ao, ) = (:-1,0, ¢) is a solution for any
¢. Hence, (%1, 0) is an invariant pattern. O

Spatial distributions for m = 1, 2, and K in (7.12) are called mono-centric, duo-centric, and
uniform distribution, respectively.'® We have the following propositions for these distributions.

Proposition 7.3. A mono-centric distribution at any place is an invariant pattern for any economy.

Proof. Consider 4; = 1 and 4; =0 (i = 2,...,K). Then, we have ¥ = "', A,v; = v;. Thus, we
have vi — v = 0. Hence, we have F(1,0,¢) = 0. For K — 1 places with no population, we have
A; = 0. Hence, we have F;(1,0,¢) =0 (i = 2,..., K). This shows that (\,, Ao, ¢) = (1,0, ¢) serves
as a solution for any ¢. Hence, a mono-center at one place is an invariant pattern. O

15Such a solution curve observed in the two-place economy (Fujita et al., 1999 [30]).
16These three distributions are proved to be invariant patterns for the hexagonal lattice (Ikeda et al., 2019 [10]).

206



Proposition 7.4. The uniform and a duo-centric distribution are invariant patterns for an n X n
square lattice.

Proof. Consider two nodes (n;,n,) and (n},n}). Then, we have
rzplipzj -(ny,m) = (—ny —i,—np, — j) mod n.
Hence, for any pair of (n,,n,) and (], n}), we see that
g-(ny,m) =m,ns), g-n,ny)=(n,n) modn

by g = r’pi'py/ withi = —ny — n} and j = —n, — n}. By choosing G’ = (r’pi'p,’), we see
that a duo-center (m = 2) at any places is an invariant pattern by Proposition 7.2. The uniform
distribution can be shown as an invariant pattern by extending the proof for the duo-center. O

We search for invariant patterns on the n X n square lattice by finding a set of m nodal points
and a subgroup G’ that satisfy Proposition 7.2 for the group G = D4 x (Z, X Z,). We propose the
following procedure to obtain all invariant patterns.

e Choose a set of m nodal points among a total of n> nodal points.
e Find elements of G that retain the set of points invariant.

e If these elements form a group and permute any two of the m nodal points, this group is
chosen as G’ in Proposition 7.2 to ensure that the set of points gives an invariant pattern.

In this procedure, it is convenient to note that the number m of agglomerated places is not arbitrary
but depends on the lattice size n as explained in the following proposition:

Proposition 7.5. If a spatial distribution (A, Ao) = (%1, 0) is an invariant pattern on an n X n
square lattice, then the number m (1 < m < n?) divides 8n?.

Proof. Since G’ is a subgroup of G with |G| = [{r, s, p1, p2)| = 8n?, |G’| divides 8n” by Lagrange’s
theorem. The number m of elements of an orbit divides |G’| (Kochendorfer, 1970 [33, §3.1.2]).
Hence, 8n? is divisible by m. O

For example, list of all invariant patterns for n = 6 are depicted in Figures. 7.1 and 7.2.

7.4. Bifurcation Analysis of the 6 X 6 Square Lattice

We focus on the 6 X 6 square lattice that accommodates various kinds of bifurcating solutions.
We conduct a numerical bifurcation analysis for the FO model and investigate the connectivity of
bifurcating solutions to invariant patterns.
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Figure 7.1: List of invariant patterns for the 6 X 6 square lattice. The size of a circle represents the mass of population
in each place.
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Figure 7.3: Bifurcating solutions for the 6 X 6 square lattice. A black circle denotes a positive component, and a white
circle denotes a negative component. The size of a circle represents the magnitude of the associated component.
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Table 7.1: Bifurcating solutions for the 6 X 6 square lattice

u Bifurcating solutions (w € R)

Q++,-) w
(2;+,+) Wyq = (W, W), Wyripe = (W, 0)
4;1,0,4)  wsq = (W, 0,w,0), Wyyiper = (W, 0,0,0)
(4;2,0,4)  wsq = (w,0,w,0), Wyyiper = (W, 0,0,0)
4 1,1,+)  wyg = W,0,w,0), Wyiper = (W,0,0,0)
(4;2,2,4)  wsq = (W,0,w,0), wyyiper = (W, 0,0,0)
4;3,1,4)  wsgq = (W,0,w,0), Wyriper = (W, 0,0,0), wyyipenn = (0, w,0,0)
(4;3,2,4)  wsgq = (W,0,w,0), Wygriper = (W, 0,0,0), wygipenn = (0, w,0,0)
8;2,1) wsgvm = (W, 0,w,0,w,0,w,0),
Wypside-downl = (W, 0,0, 0,w,0,0,0), Wypside-downtt = (0, w, 0,0,0,w,0,0),
Wygripel = (W,0,0,0,0,0,0,0), Wyipenn = (0,w,0,0,0,0,0,0),

7.4.1. Bifurcating Solutions from the Uniform distribution

As a consequence of the irreducible decomposition (4.11) of the permutation representation 7
for this lattice, the irreducible representation u of the group G = Dy < (Zg X Zg) to be considered
in bifurcation analysis is restricted to

p= L4+ 4, (L4 +0), (2i+,4), (4:1,0,4), (4:2,0,+),
41 1,4), (452,2,4), (4:3,1,+4), (4:3,2,+4), (8;2,1). (7.13)

Theoretically possible bifurcating solutions associated with y in (7.13) are listed in Table 7.1 and
depicted in Figure 7.3. Note that for u = (4;2,0,+) and (4;2,2, +), the two solutions ws, and
—w,q, which have opposite signs, represent different physical behaviour. The same holds for the
solutions Wygiper and —wyyiper. Other bifurcating solutions with opposite signs represent the same
physical behaviour.

Remark 7.1. For the 6 X 6 square lattice, we have the following statements:

o Foru = (4;1,0,+), (4;2,0,+), (4;1,1,+), (4;2,2,+), the solution wyyiper = (0,w,0,0)
does not exist. See Proposition 6.5 in Section 6.4.3. Note that the condition in Proposition
6.5 is not satisfied since 7 is odd for these cases.

e For u = (8;2,1), the solution wyr = (w,0,w,0,0,0,0,0) does not exist. See Proposition
5.28 in Section 5.6.7. This case corresponds to the case (i, lAc, 2) = (ZIAc + 22, IAc, 2). In fact,
2gcd(k,f) = 2ged(2,1) = 2. This is divisible by ged(k> + #2,7) = ged(6,6) = 1. Hence,
GCD-div in (5.97) is not satisfied.
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Figure 7.4: Invariant patterns that are engendered through asymmetric bifurcating solutions from the uniform state
for the 6 X 6 square lattice. The figures to the left represent bifurcating solutions, and the ones to the right represent
corresponding invariant patterns. The number in the label of each invariant pattern corresponds to Figures 7.1 and 7.2.
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7.4.2. Connectivity of Bifurcating Solutions to Invariant Patterns

We investigate the connectivity of the uniform state to invariant patterns via bifurcating solu-
tions presented in Figure 7.3. Figures 7.4-7.6 present several pairs of the eigenvector of a bifurcat-
ing solution in the left and the associated invariant pattern in the right connected by an arrow —.
Each pair displays similar geometrical patterns. Moreover, we explain below such similarity arises
from bifurcation mechanism. In the numerical bifurcation analysis of the FO model presented in
Section 7.1, population in places with the positive components of bifurcating solutions tended to
increase, while population in places with the negative components of bifurcating solutions tended
to decrease along all bifurcating curves from the uniform state. Based on this tendency, we propose
the following conjecture that explains the connectivity between the pairs in Figures 7.4-7.6.

Conjecture 1. Population is agglomerated completely to places with the largest positive compo-
nents of the eigenvalues for the bifurcating solutions.

Under this conjecture, we predict that invariant patterns shown in Figures 7.4—7.6 can be en-
gendered from the uniform state as consequence of direct bifurcations. For example, a mono-
center can be engendered from a critical point associated with qi“’o) + q§4;1’0) (see the top-left of
Figure 7.4). Such connectivity is also observed for the other pairs connected by the arrow —.
This conjecture is fairly in line with the bifurcation and the agglomeration behaviour of the FO
model to be investigated in Section 7.4.3 and is insightful in the understanding of spatial economic
agglomerations.

A remark is on the symmetry/asymmetry of the bifurcating solutions. When the solutions in
the positive and the negative directions from the bifurcation point are conjugate, these solutions
can arrive at the same invariant pattern (see Figures 7.4 and 7.5). When the two solutions are not

conjugate, these solutions can arrive at two different patterns (see Figure 7.6).

7.4.3. Stability of Bifurcating Solutions and Invariant Patterns

We conducted the comparative static analysis with respect to the trade freeness ¢ of the FO
model. Parameter values for the FO model were chosen as (o, u) = (6.0, 0.4), following Fujita et
al., 1999 [30]. The nominal distance of the square lattice was chosen asd = 1/n = 1/6.

We found stable invariant patterns engendered by direct bifurcation from the uniform state and
computed solution curves for non-invariant patterns that connect the invariant patterns with the
uniform state. Figure 7.7 shows that 9 invariant patterns are engendered by direct bifurcations
from the uniform state and have become stable. When the trade freeness ¢ is increased from a
small value, the uniform state loses stability at the critical point A associated with u = (1; +, +, —).
Then, the bifurcating solution (Figure 7.3 (a)) is engendered from A. The bifurcating solution
curve is connected to an invariant pattern of 18 places and regains stability. As we expected in the
previous section, population is agglomerated completely to places with the positive components
of the bifurcating solution. The same holds for the solution curves from the critical points B,
C, D, E, F, and G associated with u = (4;2,2,+), (4;3,1,+), (8;2,1), (4;2,0,+), (4;1,1,+),
and (4; 1,0, +), respectively. For these solution curves, we see that almost all the non-invariant
patterns are unstable. Accordingly, we find out a mesh-like structure of the solution curves for
stable invariant patterns and unstable non-invariant ones. Hence, a knowledge of invariant patterns
is useful in the understanding of the mechanism of such a bifurcation behaviour.
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7.1 and 7.2.

We investigate the stability of all invariant patterns for the 6 X6 square lattice. Figure 7.8 shows
invariant patterns that become stable for some ¢. As shown in this figure, as many as 22 patterns
are stable for some ¢ including other patterns than that are connected to the uniform state. We see
a tendency that when the trade freeness ¢ is increased from a small value, the number of places
that have population is decreased.

We identified group-theoretic critical points on the uniform state Aypiform = (1/36,...,1/36)7
for all the irreducible representations u in (7.13) and computed bifurcating solution curves from
these points. Figures 7.9-7.17 shows bifurcating solution curves for each u. From these results,
we have demonstrated the emergence of each bifurcating solution that was theoretically predicted
in Chapters 5 and 6. We see that all the bifurcating solutions are unstable just after bifurcation
although stable ones are theoretically possible. For almost all the bifurcating solution curves,
population tend to be agglomerated completely to places with the largest positive or negative
components of the bifurcating solution after the bifurcation. Note that wy, with u = (43,2, +)
in Figure 7.16 and wqvm with u = (8;2, 1) in Figure 7.17 are exceptions to this tendency. These
solutions have a common property that some places have a zero component. For solutions with
such a property, computing the bifurcating solution curves is troublesome since we cannot predict
increase and decrease in population in places with a zero component.

The main contribution of this chapter is not only demonstrating the emergence of bifurcating
solutions for the FO model but also proposing a general framework to understand bifurcation
behaviour for any spatial economic model with symmetry. Through the same procedure conducted
in this chapter, we can completely figure out bifurcation behaviour for any model.
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Figure 7.12: Bifurcating curves for u = (4;2, 0, +). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.
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Figure 7.13: Bifurcating curves for u = (4; 1, 1, +). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.
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Figure 7.14: Bifurcating curves for u = (4;2,2, +). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.
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Figure 7.15: Bifurcating curves for 4 = (4; 3, 1, +). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.
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Figure 7.16: Bifurcating curves for u = (4; 3,2, +). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.
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Figure 7.17: Bifurcating curves for u = (8;2,1). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.
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8. Concluding Remarks

This paper developed a group-theoretic methodology for analyzing spatial economic models
on a square lattice in collaboration with nonlinear mathematics and new economic geography.
Such a methodology provides an effective approach to elucidate the complicated agglomeration
behaviour of spatial economic models systematically.

Chapters 2—4 provided preparation of fundamental issues for the group-theoretic bifurcation
analysis. Chapter 2 introduced an n X n square lattice and a group Dy < (Z, X Z,) expressing
the symmetry of this lattice. Chapter 3 gave a series of irreducible representations of the group
Dy »< (Z, X Z,). Chapter 4 presented matrix representations of this group.

Chapters 5 and 6 revealed the mechanism of the self-organization of square patterns as bifurca-
tion phenomena in a system of equations modeled on the square lattice. Two different approaches,
using the equivariant branching lemma and solving the bifurcation equation, proceeded.

Chapter 7 applied the group-theoretic methodology to a prototype of spatial economic mod-
els. Square agglomeration patterns, which are consistent with bifurcating solutions revealed in the
previous chapters, emerged from the uniform population distribution. Under the replicator dynam-
ics, invariant patterns, which are connected with the bifurcating solutions via bifurcating curves,
played a vital role in the elucidation of agglomeration behaviour as a solutions to the governing
equation irrespective of the trade freeness.

As the theoretical contribution of this paper, we presented a complete list of typical bifurcat-
ing solutions from the uniform distribution on the square lattice for an arbitrary lattice size n (see
Figure 7.3 for n = 6). As another kind of possible agglomeration patterns, we obtained invari-
ant patterns on the square lattice. Invariant patterns display characteristic population distribution
depicted in Figures 7.4-7.6.

In the numerical analysis of a prototype spatial economic model, the Forslid and Ottaviano
model, we showed the connectivity between bifurcating solutions and invariant patterns via bi-
furcating solutions from the uniform state (Conjecture 1). We found a mesh-like structure of the
solution curves for stable invariant patterns and unstable non-invariant ones. A knowledge of
such a bifurcation mechanism would make a substantial contribution to the understanding of two-
dimensional economic agglomerations. It is emphasized that this paper not only demonstrated
the emergence of bifurcating solutions for the Forslid and Ottaviano model but also proposed a
general framework to understand bifurcation behaviour applicable to any spatial economic model.
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