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Abstract

This study considers a three-period overlapping generations model with an endogenous growth
setting, in which an agent borrows in the first period and repays the loan in the second period under
a perfect credit market. Two educational subsidy schemes are considered: one is provided when
an agent borrows and the other is provided when the agent repays their loan. This study compares
the growth rates and social welfare under each educational subsidy scheme at a unique balanced
growth path equilibrium. The first contribution of this paper is that it provides sufficient conditions
under which the growth rate in one scheme is higher than that in the other. A key to determining the
size relationship of growth rates is whether the production of goods and services is physical-capital-
intensive, which determines the size of the interest rate. The second contribution is that it shows that
higher growth and higher social welfare may not be achieved simultaneously. Specifically, this paper
presents a case wherein, even if the growth rate when student loans are subsidized is higher than that
when the cost of education is subsidized, social welfare defined by the Golden Rule criterion in the
former scheme can be lower than that in the latter scheme.

Keywords: Endogenous growth, educational subsidy, balanced growth path equilibrium, growth rate,
social welfare, Golden Rule

JEL Classification: 040, 122, H52

1 Introduction

Since the studies of Lucas (1988) and Azariadis and Drazen (1990), human capital externalities have
become important for understanding the sources of income differences across countries. However, a
laissez-faire equilibrium allocation may not be dynamically efficient under human capital externalities.
To correct the inefficiencies caused by these externalities, some form of educational subsidy is needed.

*I would like to thank Editage (www.editage.com) for English language editing. All errors are my own.
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If individuals need to borrow to pursue education in a perfect credit market, the question is when ed-
ucational subsidies should be provided: when individuals borrow or when they repay their loans?' If
the timing of providing educational subsidies differs, an individual’s decision-making regarding human
capital investment and savings will also differ, and this difference will cause different growth rates for a
balanced growth path. Therefore, this study considers a three-period overlapping generations model with
physical and human capital, investigating which educational subsidy scheme will lead to a higher growth
rate for a balanced growth path. Furthermore, this study investigates whether a higher growth rate leads
to higher social welfare.

The model is a three-period overlapping generations model, in which an agent borrows for education
in the first period and repays the loan in the second period. A perfect credit market is assumed. Under this
setting, two educational subsidy schemes are considered: one is when educational subsidies are provided
in the first period, when an agent borrows, and the other is when subsidies are provided in the second pe-
riod, when an agent repays their loan.? The educational subsidy is financed by proportional labor income
tax and I assume the government budget is balanced in each period. Hence, if the cost of education is
subsidized in the first period of an agent’s life, the educational subsidy is an inter-generational transfer
scheme. If the student loans are subsidized in the second period of an agent’s life, the educational sub-
sidy is an intra-generational transfer scheme. Under each educational subsidy scheme, a perfect foresight
competitive equilibrium for a balanced growth path, called the balanced growth path (BGP) equilibrium,
is characterized and the growth rates and social welfare of the BGP equilibrium under both schemes are
compared.

The motivation of this study is closely related to that of Eckwert and Zilcha (2014). That is, Eck-
wert and Zilcha (2014) considers a two-period model where human capital is under-invested and shows
that two subsidization schemes similar to those in this paper induce individuals to invest more in terms
of human capital and lead to a more socially desirable income distribution. Additionally, Eckwert and
Zilcha (2014) compares the two educational subsidy schemes from the perspective of income distribu-
tion, whereas this study compares them from the perspectives of growth rate and social welfare in the
long run. In contrast to the main results of Eckwert and Zilcha (2014), this study implies that there is
no dominance relationship between the two schemes from the perspectives of long-run growth rate and
social welfare. Furthermore, this study shows that even if the growth rate when student loans are subsi-
dized is higher than that when the cost of education is subsidized, social welfare in the former scheme
can be lower than that in the latter scheme.

In an endogenous growth setting, some studies, such as Blankenau (2005) and Docquier et al. (2007),
consider a model for subsidizing the cost of education, while other papers, such as Yakita (2004), Del
Rey and Lopez-Garcia (2013), Del Rey and Lopez-Garcia (2016), and Del Rey and Lopez-Garcia (2019),
consider a model with subsidizing loans. To the best of my knowledge, this study is the first to compare
the effects of different educational subsidy schemes under an endogenous growth setting.

One contribution of this paper is providing sufficient conditions under which one of the two growth
rates under the two educational subsidy schemes is larger than the other. A key to determining the
size relationship of the two growth rates is whether the output production is physical-capital-intensive.
When the production function is sufficiently physical-capital-intensive, the interest rate tends to be high.

'As shown by Boldrin and Montes (2005), if a credit market is imperfect, educational subsidies should be provided when
individuals borrow. Hence, this study assumes a perfect credit market.
2Eckwert and Zilcha (2014) call the first scheme subsidizing tuition and the second one subsidizing student loans.



If a young agent borrows the cost of education, they need to repay it with interest. A higher interest
rate increases the interest payment. If an educational subsidy is provided when a young agent borrows,
the interest payment will become small, even if the agent borrows a large amount. This merit is large
when the interest rate is high. Therefore, when the production function is sufficiently physical-capital-
intensive, the growth rate in an economy subsidizing the cost of education is higher than that in an
economy subsidizing student loans. Conversely, when the production function is sufficiently effective-
labor-intensive, the opposite is likely to hold because the interest rate tends to be low.

Another contribution of this paper is that it shows that a higher growth rate and higher social welfare
may not be achieved simultaneously. Specifically, this paper demonstrates that even if the growth rate
when subsidizing student loans is higher than that when subsidizing the cost of education, social welfare
defined by the Golden Rule criterion under the latter scheme can be higher than that under the former
scheme. This finding implies that policy makers must make their goal when they provide educational
subsidy because, depending on their goal, the type of educational subsidy that should be used will differ.

The remainder of this paper is organized as follows. Section 2 characterizes the BGP equilibrium in
the model subsidizing the cost of education, and Section 3 describes the BGP equilibrium in the model
subsidizing loans. In Section 4, the growth rates and social welfare under the previous BGP equilibria
are compared, and Section 5 concludes the paper.

2 Model: Subsidizing the cost of education

Time is discrete and continues forever, namely t = 1,2,.... An agent lives for three periods: young,
middle, and old. Therefore, in each period ¢, three generations coexist. When an agent is young, in
period ¢ — 1, they decide on the educational expenditure, e,_;, to accumulate human capital. Assuming
that a young agent has no wealth or income, they must borrow to manage the educational expenditure. Let
b;_1 denote the real debt of an agent born in period ¢. Additionally, a young agent receives educational
subsidies provided by the government. If a young agent spends e,_; to accumulate human capital, then
the agent will receive an educational subsidy, denoted by 6;_1¢,—1 (6,—1 € [0,1)). Thus, the first period
budget constraint in period f — 1 is

(1—0't—1)€t—1 =b; . (D

A young agent who borrows b;_j in period # — 1 will repay the debt in the next period with interest
rate r;. Furthermore, I assume a perfect credit market. If a young agent spends e,_; for human capital
accumulation in period # — 1, the agent’s human capital in period ¢ will be

he=0el b, 2)
where 6 > 0 and 1 € (0,1). Following literature such as Azariadis and Drazen (1990), Glomm and
Ravikumar (1992), de la Croix and Doepke (2003), and de la Croix and Doepke (2004), I assume that
human capital fully depreciates from one period to another. Assume that eg > 0 and Ap > 0.

A middle-aged agent in period ¢ is endowed with one unit of time and supplies this unit for labor
inelastically. A middle-aged agent with human capital %, receives an effective labor income of w;h;,
consumes ¢;, repays debt (1 + r;)b,_, and saves s;, where w; is the effective wage in period ¢ and r; is
the interest rate in period . Additionally, a middle-aged agent will pay a labor income tax whose tax



rate is T € [0, 1). T assume that tax rate T is time-invariant and set by the government. Then, the budget
constraint for the middle-aged agent is

Ct+sl‘+(1+r[)b[_1:(I_T)W[ht. (3)

When an agent becomes old, they retire. An old agent in period 7 + 1 has interest income (1 +r,41)s;
and consumes d, 1. Therefore, the budget constraint for an old agent is

div1 = (1+re41)s. “4)
From Equations (1), (3), and (4), the lifetime budget constraint of an agent born in period t — 1 is:

d,
Gt (1) (1= 0 ey = (1= Dwih. 5)
+ 1

An agent’s lifetime utility is expressed as
U(CtadtJrl) = ln(ct) + B ln(dt+1)7

where f3 € (0,1) is a discount factor.
Let N, be the population of middle-aged agents in period ¢. Population growth rate n > —1 is given
exogenously. Therefore, the population of middle-aged agents in period ¢ + 1 is

Assume that Ny > 0.
There exists a representative firm in the economy whose production function is expressed as

Y, = AF (K, H;) := AK*H ™%,

where A > 0 represents the productivity, o € (0,1), and K; and H, are the aggregate capital stock and
aggregate effective labor in the economy, respectively. Given effective wage w; and real rental rate of
capital r;, the firm’s profit in period ¢ is

AK*H!'™% — (14 r,)K; — w;H,.

I assume that physical capital is fully depreciated after production. Let k, := K; /N, denote the per capita
physical capital in period ¢.

The government provides educational subsidies for young agents by taxing middle-aged agents. The
government balances the budget for every period. Therefore, the government’s budget constraint in
period t is

Nitwihy = Niy10ve;. (6)

An equilibrium concept is a standard perfect foresight competitive equilibrium. The formal definition
is expressed as follows:



Definition 2.1. Given Ny > 0, hy > 0, e > 0, 59 >0, 69 > 0, and T € [0, 1), an equilibrium consists of
a consumption sequence (di, (cf,d;, |)72,); a sequence of educational expenditure (e});>,; a sequence
of savings (s});2,; a sequence of human capital (h})?_,; a sequence of production inputs (K;,H;" )7
sequence of prices (w/,r;);>,; and a sequence of educational subsidy (o;°);” | so that

=14

1. Forallt>2, given (r},w/,r}, ), by

‘1, and o, (e;_;,c/,d} ) is a solution to:

MaXe, | c;,di4 ln(ct) + B ln(derl)
dr i1
1+ I+1

hy = 96[71( t—l)lim

S.t. Ct+ +(1—|—I’;k)(1—6,*71)e,_1 :(I—T)W;Fhl,

2. Given (r{,wi,r3), eo >0, hg >0, and oy > 0, (c},d3) is a solution to:

max., 4, In(cy)+ ,B In(d,)

s.t. 1

I (1+FT)(1—60>60:(1—T)WTh1,

= Oe]

3. For the initial old agent, di = (1+r})so

k* o k* o—1
wj:(l—a)A(};*) 1+r,—ocA<h*) :
t t

5. Given t, (0/);, satisfies:

4. (wy,r});, satisfies:

* 7%k * %
Nitw hi = Niy10/e;.

6. The capital and a labor market clear in each period. For all t, H' = N;h and
N[St Kt+1+Nt+1(1_Gt*)e;k

A BGP equilibrium is an equilibrium where all per capita variables grow at a constant rate.

2.1 Characterizing equilibrium

The first-order conditions for a middle-aged agent’s problem in period ¢ induce:

div1 = B(l+r1)e, (7)
wi(l—0)8me’ a1 = (1—0,1)(1+r). (8)

Multiplying both sides of Equation (8) by ¢,_1, I obtain:

wi(l—2)nhy = (14r)(1—0,—1)e;—1. 9)



Substituting Equations (7) and (9) into Equation (5), I have:

1

= m(l —n)(1 —1)w;h,.

Ct

Using Equation (3), a middle-age agent saves:

_ B
1+

From Equation (9), a middle-aged agent in period ¢ + 1 spends:

(I—=n)(1—7)wih,. (10)

St

_ Wi (1= T)Nh g
' (1+ra)(1—or)

(1D

for human capital accumulation. Note that, without considering the general equilibrium effect, a young
agent invests more as the interest rate and tax rate become lower and the subsidy rate becomes larger.
The government budget constraint for educational subsidies (Equation (6)) induces:

w1 (1= T)Nh gy
(I+rm)(1-0)

TWtht = (1 +n>G[

Rearranging this equation, o; in equilibrium satisfies:

(1+r41)TWihy _ T
(U mweer (1= Nhepr + (b rp)Twehy i 2 () — gyl 4 g

1+r41 wy

o = (12)

As the educational subsidy is in this case financed inter-generationally, the variables in period ¢ + 1 such
as ry4+1, W1, and k41 appear in o; in Equation (12) because of the general equilibrium effect.
From the capital market and labor market clearing conditions,

KH-] _ ]V[St _NI-H (1 — G,)e, _ 1
Ni1 N1 l+n

ki1 = si—(1—oy)e

holds in equilibrium. Inserting Equation (10) into this equation yields:

1B

=Tt MU Dl = (1= 0er (13)

ki1

k) A weer (1=7)nh s
Because w; = (1 — o)A (h—i) 1+ =0A (ﬁ) ;and (1 —6;)e = == at equilibrium, the

following equation is derived from Equation (13):

B a-m-@(-A,
ST B arn(i-a(-a) O .

kt+1
From Equation (11):

Bt _ g [A=0n 1=k = s
ht o 1—61 o hl‘+1 .




Using Equation (12), Equation (15) can be rewritten as:

_ 1% apl—o 77 JL
il gty [(l—f)nl a} ! [1+ atA __kih ] (k’“) o (16)
a (I+n)(1=1)n ki ]

The dynamics of the economy at equilibrium are characterized by Equations (14) and (16). Equation
(14) implies that, at equilibrium, ko g constant, that is:

k& hi =
kt+1 :Z: 1 ﬁ 05(1_77)(1_0‘)(1_7:)14 (17)
k&h} = T l+nl+f a+n(l-1t)(l-a)
Combining this equation with Equation (16), I obtain:
h 1—a]™ atA 17 (ko \ T
t+1 = - N +1 )
=0T |[(1-17)n—— I+ —— . (18)
0 oot i) )

Dividing both sides of Equation (14) by A1, I obtain

kvt :Z<kt>a hy ‘
hy i1 he ) hea
Inserting Equation (18) into this equation, the dynamics of k, := fl—i which is the physical capital per
effective unit of labor in period ¢, at equilibrium are:

_ Z —a(1—
Bt = - _ S, (19)
0 (=%) [(1—1’)1124—%

Therefore, the equilibrium sequence of k; converges to:

1
1-a(l-n)

~ V4
k = ] 7 (20)
0(152)" [(1-7nZ+ e ]
From Equation (17), the growth factor under the BGP equilibrium is:
~ [ I—a) el
h Z 11— el-n |~ ~ A
e —graim () "z [(1—7)172—1— ar }
hy (k )I-@ o 1+n
(=)
l-a)(l-7 1+ T | Tel) 1-7 T=a(l-)
= o) e e R [
a+n(l-17)(1—-a) B 1-n oa+n(1-1)(1—0a)
1)
B N (el R B %1,,) o
where Q 1= @ T-o(-n) (=2 ) mall=n) { o - -m(1— e equi-
here Q := @ T-ea0 n)( = )la(l n)(1+nl+ﬁaA) (1 ) a(l '7)(1 n)laln Atthe BGP eq
librium:
G b Gy
G dy €

7



and

The proposition below is a summary of the above results.

Proposition 2.1. Forany hy >0, so >0, and T € [0,1), there is a unique BGP equilibrium under which

%k d* Sk - ptd L.
Cfg—tl = ;T**l = e’gﬁ =1+g" and % = 1. Furthermore, it is globally stable.
1 A 1 t

For any initial capital and human capital, ko > 0 and ho, and (k; )7, at equilibrium follows the law of

motion defined by Equation (19). As (1 —7) € (0, 1), a unique steady state, k , is globally stable.
At the BGP equilibrium, growth rate depends on various parameters. Hence, it is not easy to provide
meaningful sufficient conditions for g* > 0. The next lemma provides a necessary condition for g* > 0.

Lemma 2.1. Ifg* > 0, then T € [0, 1) cannot be high.
Proof. See the Appendix. Q.E.D.

Even though high 7 leads to high subsidies for education, it also reduces disposable labor income,
which discourages a young agent from borrowing and investing in their human capital. This leads to a
low economic growth rate. Note that this is a necessary condition. Hence, even if 7 is low enough, g* < 0
is possible. For instance, if 0 is low, or if « is high, then from Equation (21), g* < 0.

Below, I investigate how the changes in 7 affect g*.

Proposition 2.2. 1. Art=0, %% , > 0forall a € (0,1).

’811

2. Fix t € (0,1) arbitrarily. Then, for sufficiently large a € (0, 1), %ij <0.
Proof. See the Appendix. Q.E.D.

An increase in T decreases the disposable labor income, which in turn lowers the return from edu-
cation. Then, an increase in T discourages a young agent from investing in their human capital, which
causes a decreases in the growth rate. The role of educational subsidies mitigates this negative effect on
growth. Based on the first statement, an introduction of educational subsidies accelerates growth for all
o € (0,1). This may not hold anymore when T > 0. When 7 > 0, if « is high enough, an increase in 7
decelerates growth. A high value of & implies that the labor income share is small, indicating that labor
income for a middle-aged agent is small. Additionally, an increase in 7T decreases the disposable labor
income. These two effects discourage a young agent from investing in their human capital, which lowers
the growth rate in the BGP equilibrium.

3 Model: Subsidizing student loans

Here, I examine another way to provide educational subsidies. In the previous section, in period ¢t — 1,
a young agent born in period ¢ — 1 receives educational subsidy o;_je;—1. Therefore, a young agent



borrows b,_1(= (1 — 0,1 )e;—1) in period t — 1 and repays debt (1 + r;)b,_ in period ¢. Another way to
provide educational subsidies is to provide subsidies when a middle-aged agent repays their debt.

All but a young agent’s budget constraint, a middle-aged agent’s budget constraint and the govern-
ment’s budget constraint for educational subsidies are the same as before. The young agent’s budget
constraint changes from Equation (1) to:

e—1=b_1. (22)
The middle-aged agent’s budget constraint changes from Equation (3) to:
Ct—i-st—l-(l—G,)(l—l—rt)bt,l:(1—T)W,ht. (23)

Because an old agent’s budget constraint is the same as in Equation (4), an agent’s lifetime budget
constraint is:

di+1
L +rin

¢+ +(1—Gt>(1+rt)€t71 :(1—T)Wtht

The government’s budget constraint for educational subsidies changes from Equation (6) to:
NtTW[ht = ]VtG,(l + rt)e,;,l .

The equilibrium concept is the same as that described in the previous section except for the capital
market clearing condition. The capital market clearing condition in the equilibrium definition is:

% % *
Kt +Ntet71 = Nt—lstfl‘

for all .

3.1 Characterizing equilibrium

The first-order conditions for a young agent’s problem induce Equation (7) and:
n-lgl-n  _
wi(l=1)0ne. 'h,_\' = (1—0)(1+nr). (24)
Multiplying both sides of Equation (24) by e;_1, I obtain:
W[(l—f)nh[:(1—6[)(1"_7’[)6[71. (25)

Substituting Equations (7) and (25) into an agent’s lifetime budget constraint, I have:

1

= ﬂ(1 —n)(1—1)wih,.

Ct

Using Equation (23), a middle-aged agent saves:

_ P i ow
s,—1+ﬁ(1 n)(1—1)wh,. (26)



From Equation (25), a middle-aged agent in period ¢ spends:

Wt(l — T)nht

(1+r)(1—0) @7

€1 =
for human capital accumulation. Since, the government’s budget constraint must be satisfied at equilib-
rium,

wi(1—1)nh,

TW; h[ = Oy 1 pos
- YUt

holds. At equilibrium, o; is set to satisfy this equation. By rearranging the equation, ¢; must satisfy the
following:

T

T U—ontt

(28)
In contrast to Equation (12) in the previous section, since the educational subsidy is in this case financed
intra-generationally, the variables in period 7 4+ 1 do not appear in o; in Equation (28) and ©; is constant
over time.

From the capital market and labor market clearing conditions,

K1 _ Nisi —Niyre _ 1
Niq1 Nit1 1+n

ki1 = St — €

holds at equilibrium. Substituting Equation (26) into this equation yields:

1
k[+] :Mli}(l_n)(l_f)Wthl_et (29)

: _ o ki « _ ky ol _ we(I=1)nhyy 1 .
Since w, = (1 — o)A ) o 1+rn=0aA 3 ,and ¢, = oo T at equilibrium, from Equation
(29), I obtain:

~(k\*
k=2~ | i, (30)
t
where
= 1 I-n)(1—a)(1—-17)A
5. B a(l-n)(1-a)(l-1)A 31)
l+nl+Ba+(l—a)[(1—1)n+T1]
From Equation (27):
%
hi 1 :eﬁ [(1_7)77 1—05kt+1} ”. (32)
hy -0 a hyg
Using Equation (28), Equation (32) can be rewritten as:
N o
hH—l 1 <1—O£>1’7 o <k[+]>ln
=01 | —— l—t)n+1|™n . 33
; o) om0 (33)

10



Combining Equations (30) and (33) yields:

z'n Zoti=m)
60 (59)"[(1—7)n+1n

kt+1 -

Therefore, the equilibrium sequence of k; converges to:

Z%
= - (34)

g et (l=a) a1 el
(%) [(1-1)n+71]

1)

From Equation (31), the growth factor at BGP equilibrium is:

~ n(l-a)
h Z e 1— T—a(l-1) (-
t+1:1+§* = — _91; <a> ! [(1_7)17_1_1]10( qj)Zla
]’lt ; o
1 ) 1(1711)”) 1
T —a(l-n -7
l—-T)n+7t
Q{a+ l—ﬂn+ﬂK n @ {a+(LﬂnK1—ﬁn+ﬂ
n
Ll -7 ()
= 1-7)n+r7 Hx .
ofti-ay-on+ayath{ ot
At the BGP equilibrium:
Z‘Erkl _dt*il _?itl 4+
Ct dy €
and
8*
=
Gt

Note that the ratio of educational subsidies, oy, is constant at the BGP equilibrium to satisfy the govern-
ment’s budget constraint. However, since educational expenditure e, increases over time, the amount of
educational subsidy, o;e;, also increases over time.

The following proposition summarizes the above results.

Proposition 3.1. Foranyhy>0,50>0,7€[0,1), and A €0, 1], there exists a unique BGP equilibrium,

d* —k =3 L.
in which ’“ = L’l%;l = eie%l =1+g" and Gét' = 1. Furthermore, it is globally stable.
o A t 1

Analogous to Proposition 2.1, a unique BGP equilibrium is globally stable. Moreover, I provide a
necessary condition for which g* > 0 below.

Lemma 3.1. If g* > 0, then t € [0, 1) cannot take high value.
Proof. See the Appendix. Q.E.D.

The next proposition explains how a change in 7 affects g*.

11

an
} T—a(1-1)

(35)



Proposition 3.2. There exists a unique 1 € (0,1) such that:

1. form <, there is a unique T € (0,1) such that:

> <
2g* N
ai = 0ift¢ = »7
T < >
~ Jg* ag*
2. form=n, & T:O:Oanda—gr > 0 for all T > 0.
3. forn >0, % <0forall te[0,1).
Proof. See the Appendix. Q.E.D.

Different from Proposition 2.2, the effects of T on growth rate is fully characterized. Depending the
value of 1, the functional form of g*(7) changes. Notice that 1 expresses the output elasticity in the
production function of human capital represented by Equation (2). That is, a small value of 1 implies
that a 1% change of e, does not considerably change 4, ;. In such a case, g*(7) is inverted U-shaped
in 7. Intuitively, when 1 is small, despite that ¢, is invested, /1 does not increase significantly. Then,
a young agent’s incentive to invest in their human capital is low. In such a case, providing educational
subsidies is more effective. Therefore, g* is inverted U-shaped in T when 7 is small.

4 Comparison of the two educational subsidy schemes

4.1 Growth rate comparison
This section analyzes which educational subsidy leads to a higher growth rate in the BGP equilibrium.

Proposition4.1. 1. If1 =0, then g = g*.

-1
I-n(1-7)*
-7

2. Assume T > 0. Then, g* > g* for all « > a*, where a* :=

-8B n
B
1+ 581
3. Assume T > 0. Assume further that 1 is sufficiently small. If T is sufficiently small, then g* > g*
forall a < @
Proof. See the Appendix. Q.E.D.

When 7 = 0, there is no educational subsidy. Given that both models are exactly the same, there is
no difference between the two growth rates.

When 7 > 0, the result depends on the parameter values. When the cost of education is subsidized,
from Equation (12),

~. T

o = -
CoEEA+g)(1-Tt)n+e

12



at the BGP equilibrium. When the student loans are subsidized, from Equation (28),

~ T
T U-onr

at the BGP equilibrium. If o; is large, then educational investment becomes large, which accelerates
economic growth. When « is large, production is physical-capital-intensive. Therefore, the interest
rate tends to be high. Given that higher 1 +7* makes G,° higher, a young agent invests more in their
human capital, leading to g* > g*. By contrast, for a small & € (0, 1) and with additional parameters, the
opposite is likely to hold because the interest rate tends to be low.

4.2 Social welfare comparison

Among two systems, which one is “better” for agents? Does higher growth rate induce higher welfare?
To answer these questions, I compare welfare in the BGP equilibrium under each system.

First, following Docquier et al. (2007), social welfare is defined as follows. Given a social discount
factor, y € (0,1), let

W(e) = Y 7~ [in@) + Bn(d.,)].
and
W(e)= Y 7 [in@) + pin(d@.)].

be social welfare when the cost of education is subsidized and that when student loans are subsidized,
respectively. Note that, at the BGP equilibrium, an agent’s lifetime utility is

Ulersdpyr) = (14 B)In(e;) + BIn(1 + 1 y) + BIn(B).
Additionally, at the BGP equilibrium, a middle-aged agent’s consumption is

1 —x
f=—— (1= (1 -1)A(l —a)(k,)*(1+g*) ho.
¢ leﬁ( M1 =)A= )k, )*(1+¢") ho
When the cost of education is subsidized, an agent’s lifetime utility in period # in the BGP equilibrium
is

U ,dyy) = (1+ﬁ)ln(5?)~+l31n(1+7f+1)+l31n(ﬁ)
= (1—|—ﬁ)ln(gk_i_);(l—n)(l—T)A(l—a)(l—l—?)’ho)+ﬁln(Aa(;:)O‘_l)—|—ﬁln([3)

~%

= [(1+B)a+B(a—1)|nk )+ (1+B)In((1-n)(1-1)A(1 — o)) +tIn(1+g")+C,

3Note that the condition on « in the third statement is a limit point of o as 11 and T go to 0.
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where C:= (14 ) 1In ( ) + B1n(Aap) is constant. Thus,

1=PW(1) = [(1+B)a+Bla—DInE )+ (1+B)In((1—n)(1 - D)A(l - a))
+ (1—-y)In(1+g")D+C, (36)

where D =Y ;2 | 1Y < +oo is some positive finite number.
When student loans are subsidized, an agent’s lifetime utility in period ¢ in the BGP equilibrium is

.

UG.d) = [(1+B)a+B(a— 1]k )+ (1+B)n((1-n)(1-1)A(1-a))+In(1+g")+C.
Thus,
(I-PW() = [(1+B)a+B(a— 1) )+(1+B)In((1—n)(1 - DA -a))
+ (1—-y)In(1+g")D+C. (37)
From Equations (36) and (37),
~ ~ E* B , 1+g*
(I—Y)[W(T)—W(f)]—[(l—ﬁ)a+B(a—1)]1n<?>+(1 pon(TE). oy

Does higher growth rate induce higher welfare? The answer to this question is “not necessarily.” For
instance, assume that « is large enough to satisfy o > a*. Then, from Proposition 4.1, 1 +g* > 1+ g*.
This implies that the second term in Equation (38) is positive. From Equations (20) and (34),

((1 — ) {a+(1—-a)[ —r)n+r]}>1<lx<lnn>
o+n(l—-1)(1-a)

N‘Q‘ N‘\}e

n
1 1 1 T—a(l-n)
(1 - ‘L')T[ (oc+n)((1 52 oc)) +7 (a+n)((1 r(;() i ocf)) !

(
1—
(1=n)(1=a)(1-1) 1+
- emiaia o5
If «a is larger, both the first and second terms in Equation (39) is smaller than 1, which implies that the
first term in Equation (38) is negative. Depending on other parameters, such as 8 and ¥, Equation (38)
can be negative.
Given that it is not easy to determine analytically which social welfare is larger, I use the Golden
Rule criterion suggested by Del Rey and Lopez-Garcia (2013) as social welfare hereinafter. Let

Ct dH—l dt—H
U :=In In .
(ht hy ) (hl> +ﬁ ( hy >

Under the Golden Rule criterion, each agent’s welfare is measured by using consumption per effective
unit of labor. Note that, on the BGP, given that all generations’ welfare under this criterion are equal,
all generations are treated equally in this sense. Then, when the cost of education is subsidized, social
welfare is

(39)

[UCI diil) =[(1+B)a+Bla—nE ) +(1+B)n((1-n)(1- DA~ @) +E,  40)
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where E := (1+f8)1n (ﬁ) + B 1In(AcfB) is constant. When the student loans are subsidized, welfare is

U (g,d’;jl) —[(1+B)a+Bla— D]k )+ (1+B)In((1—n)(1—0)A(l—a)) +E. (@41

Proposition 4.2. Assume that T > 0. Further, assume further that M is sufficiently small. If T is suffi-

ciently small, then U | ==, =L ) > U ( £, 2L ) forall o < #HB
h/ h[ h[ h, 1+T

Proof. See the Appendix. Q.E.D.

Note that the conditions guarantee 1 + g* > 1+ g* from Proposition 4.1. From Equations (21) and

(35), when 1+g* > 1+g*, k >k holds because Z>Z. The growth rate at the BGP equilibrium when
student loans are subsidized is higher than that when the cost of education is subsidized, whereas social
welfare defined by the Golden Rule criterion when the cost of education is subsidized is higher than that
when the student loans are subsidized.

5 Concluding remarks

This study considered a three-period OLG model with educational subsidies, in which a young agent
borrows for their education in a perfect credit market and a middle-aged agent repays these loans. Two
educational subsidy schemes were considered: one is to provide subsidies when a young agent borrows
and the other is to provide subsidies when a middle-aged agent repays their loan. I characterized a unique
BGP equilibrium under each educational subsidy scheme and compared their growth rates and welfare.
Regarding the comparison of growth rates, I found that the size relationship of growth rates depends on
whether the production is sufficiently physical-capital-intensive. If the production is highly physical-
capital-intensive, the interest rate tends to be high in the credit market. This discourages a young agent
from borrowing because the interest payments will become a burden for the agent. In this case, the
existence of an educational subsidy is helpful for a young agent, allowing them to borrow and invest in
human capital. Therefore, in this case, an educational subsidy provided when a young agent borrows
leads to a higher growth rate than that the one provided when a middle-aged agent repays their loan.
If the production is not highly physical-capital-intensive, the opposite is likely to hold. Regarding the
comparison of welfare, I consider two concepts of welfare criteria. Specifically, I demonstrated that even
if educational subsidies for the student loans lead to a higher growth rate in the BGP equilibrium, social
welfare defined by the Golden Rule criterion can be lower that when the cost of education is subsidized.

When educational subsidies are provided, several educational subsidy schemes can be considered.
This study indicates that a higher growth rate and higher welfare may not be achieved simultaneously.
Therefore, when a policy maker provides an educational subsidy, making the policy maker’s aim clear is
quite important.
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A Appendix

A.1 Proof of Lemma 2.1

Proof. Suppose, by way of contradiction, that 7 is sufficiently high. Then, from Equation (21),as 7 — 1,
1+ g* — 0 for any given parameters. This implies that g* < O for sufficiently high 7 for any given
parameters. Q.E.D.

A.2 Proof of Proposition 2.2

Proof. Taking the derivative of g* with respect to 7, I obtain

g =agn _an
ag* . (I—a)(1—1) B ﬂ T —a(l-1) 1—1 e
T Q{“n(l—f)(l—a)(l R l—n] Lx+n(1—r)(1—oc)
n -
a(i—m) farn(—n1—ap “2)
where

_ _ 4B 2 —o)2 (1B 1
- (1= ]_">+Tﬁ(1 @ (115 ) 2
o (1- 458
(1 - e (1- 52 20 ) +3n2(1- ) (1- 12 L)
+ T
ra{am(l-a)- L} - B (1 - a)(147)
1+/3) ) ( 1+[3> 2( 1+ 1 )}
— (1-a)|-(1- + ad+2n(1-n——2)a+n?(1-—2 ).
(1-a)|~(1-m) (n+ n(1-n- 58 aenr (1- 2L
(43)
At T =0, the sign of % is equivalent to that of A(0).
Let
~ 1+ﬁ> 2 ( 1+[3> 2< 1+ 1 )
Gla) :=—(1—- +—a+2n|ll1l-n—-———|a+ l——].
(@) == (n+ 55 a(1-n- 28 Yasn (1- 2L
Notethaté(()):n2<1—liﬁ><Obecauseﬁ>1and%>l.Giventhat

B
en Y oo ) (- )

oo ) ()

G(a) = 0 has no real number solutions. Therefore, G(a) < 0 for all a € (0,1). This implies that at
7=0,A(0) =—(1 —a)G(a) > 0 for all @ € (0,1), which completes the proof of the first statement.
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Fix arbitrary 7 € (0,1). As ot — 1, A(T) — —%LT < 0. Hence, for sufficiently large o < 1,
% 0. Q.E.D.

A.3 Proof of Lemma 3.1

Proof. Suppose, by way of contradiction, that 7 is high. As 7 — 1, from Equation (35), 1+ g* — 0. This
implies that if 7 is quite high, then g* < 0. Q.E.D.

A4 Proof of Proposition 3.2

Proof. Taking the derivative of g* with respect to 7, I obtain

8?‘ B 1 la 111)737 1 1 = a(l n
= ol -y 1Tn+f} -
-« on
- a+a—muvwm+ﬂ{“‘”“‘m“‘” - )w—ﬂn+ﬂ}
Hence, the sign of is equivalent to that of (1 —a)(1—n)(1—17) — (1( a)[(iﬁf)nﬂ] Let

L(z):=(1—a)(1-n)(1—71)
and

o (-on4s
RO = ol o+

Note that L() is strictly decreasing i 1n 7, L(0) = (1—a)(1—=n) > 0, and L(1) = 0. Moreover, R(7)
is strictly increasing in 7, R(0) = ﬁ >0, and R(1) = 1. If L(0) > R(0), then there is a unique

€ (0,1) such that Z(t) > R(7) for all 7 < 7 and L(7) < R(t) for all T > 7. If L(0) < R(0), then
L(t) < R(0) for all T € [0,1). Now, I derive conditions under which L(0) > R(0) holds.
Note that L(0;n) = (1 — a)(1 — 1) is strictly decreasing in n1, L(O;n=0)=1—a>0and L(0;n =
1) = 0. Notice further that R(0;n) is strictly increasing in 1, R(0;1 = 0) = 0 and R(0;n) = 1) = 1. This
implies that there is a unique 7 € (0,1) such that L(0) > R(0) for all < 7} and L(0) < R(0) for all
n>n.
Therefore, if n < 1, there is a unique 7 € (0,1) such that ag >0forall t<7 and ¢ <0 for all
T>7. Ifn>n - < 0 forall 7. Q.E.D.

A.5 Proof of Proposition 4.1
Proof. From Equations (21) and (35), g* > g* if and only if
(1-0)n
(1—o)(1—om+ B T | Y 1 (1 - )1 - )
(I—a)[(1=7)n+7] ~lat+(1=a)[(1-7)n+7]

_n
1-a(1-n)
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or

(I—o) =N+ 5 7 L atnl-n)(l-a) "
—on+ 7] “ar-wli-ontg Y
Note that, if T = 0, both sides of Equation (44) are the same, which completes the proof of statement 1.
Assume that 7 > 0. Note that the right-hand side of Equation (44) is less than 1. Meanwhile, if the
left-hand side of Equation (44) is larger than or equal to 1, g* > g* holds. The term inside the bracket of
the left-hand side of Equation (44) is greater than or equal to 1 if

(—a)(i -7+ P T etnl=n(=0)

>(1—-a)[(l-7)n+1].

B 1—1 1-n
This is equivalent to
1=,
o> o = —n
= 1+8 1 1-n(l-1)’
Y e

which proves the second statement.
As 1 goes to 0, the left-hand side of Equation (44) goes to

a 1+ 1 1"7¢

45
l-aa B 1-7 (“43)
and the right-hand side of it goes to
o
_—. 46
o+(l—a)t (46)
As 7 becomes 0, Equation (45) also leads to
a 1+p]1°
47
=y “n
and Equation (46) goesto 1. As o < @,
1
l-a B

holds, which implies Equation (47) is less than 1.
Given that Equation (45) is strictly increasing in T and Equation (46) is strictly decreasing in 7, for

1-o
sufficiently small 7, m > {ﬁ%ﬁ] for a0 < ﬁ. Therefore, for sufficiently small 7,
B
gt > gt forall o < 1+++ﬁ Q.E.D.
B
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A.6 Proof of Proposition 4.2

Proof. From Equations (40) and (41), U <§ s > >U (c’ iy 1) if and only if

B’ by n hy
%*
[(1+B)a+B(ax—1)]In > 0. (48)
k
From Equations (17) and (31), Z>Zifand only if 7 > 0. Given that 1 +g* = ( *) and 1 4+g* = (;)2 ,
k k
14+g* <14 g" implies A Hence, ln<k ) < 0. When o < - 1+ﬁ (1+p)oa+B(a—1) <
B
Therefore, Equation (48) holds. Q.E.

Data Availability Statement
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