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This note contains two remarks on the traditional capital asset pricing model (CAPM)
with one risk-free asset. Firstly, an elementary proof of the two-fund separation theorem is provided showing that asset-demand may become undefined if the limiting slope
of the investor’s indifference curves is finite. Secondly, it is shown that an additional
limiting condition on the risk aversion is generally necessary to guarantee existence of
an equilibrium in the CAPM with one risk-free asset. The role of these two limiting
conditions seems to have been overlooked in the established literature. A generalized
existence result is formulated which allows for the case in which in equilibrium not all
investors participate in the market for risky assets.
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Introduction

One the most central results of the capital asset pricing model (CAPM), developed by
Sharpe (1964), Lintner (1965), and Mossin (1966), is the two-fund separation theorem.
In an agent-based modelling framework, Böhm & Chiarella (2005) have recently investigated an intertemporal model which is founded on a modern formulation of the
two-fund separation theorem (Lemma 2.3) along with an existence and uniqueness result of (intertemporal) CAPM equilibria (Lemma 2.5). For the proofs of these two
results the reader is referred to Böhm (2002). Unfortunately, however, the proof of the
separation theorem there is incomplete, leaving their existence result in suspension.
There are two core issues. Firstly, the asset demand function may become undefined
if the limiting slope of the investor’s indifference curves is finite. Secondly, the risk
involved in the market portfolio may be greater than the aggregate willingness of all
investors to take on risk if all limiting slopes are infinite.
The first issue seems to have been overlooked by Tobin (1958), Lintner (1965), Merton (1972) and Fama & Miller (1972) who provide formal proofs of the separation
principle which are all based on the implicit assumption that the limiting slope of the
indifference curves is infinite. In the vast amount of recent research into agent-based
models of financial markets asset demand functions play a central role in characterizing agents investment behavior, e.g., see the forthcoming volume of the handbook
of finance edited by Hens & Schenk-Hoppé (2008). Since various aspects of multiple
risky assets in an agent-based framework are at the center of ongoing research, it seems
to be justified to formulate a modern and complete proof of the two-fund separation
theorem. This should be of particular interest for disequilibrium models in which asset
prices are not necessarily market-clearing but set by a market maker, e.g., see Chiarella,
Dieci & He (2008) and references therein. While the intuitive proof of the separation
principle is found in almost any finance textbook, e.g., see Cuthbertson (1996), or
Copeland, Weston & Shastri (2005), its mathematically rigorous treatment has mostly
been abandoned.
In this note, we will demonstrate that the asset demand function derived from meanvariance preferences is well defined and hence the separation principle is meaningful
only, if the market price of risk is less than the limiting slope of the investor’s indifference curves. This limiting slope may be finite for a range of examples, implying that
an investor is willing to take on an infinite amount of risk for a finite price of risk.
Secondly, adopting a notion of risk aversion introduced by Nielsen (1987), it will be
shown that existence of an asset-market equilibrium in the standard CAPM with one
risk-free asset, generally, requires a certain limiting condition on the risk aversion of at
least one of the investors. This limiting condition is essential in the case in which all
limiting slopes of the investors are infinite. Despite the fact that in this case the separation principle holds for all prices and all investors, an asset-market equilibrium will
fail to exist if the risk of the market portfolio is higher than the aggregate willingness
to take risk. On the contrary, if the limiting slope of one of the investors is finite, then
at least one investor is willing to take on an infinite amount of risk, implying that an
asset-market equilibrium exists for any possible market portfolio.
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The role of the limiting condition on the risk aversions seem to have been overlooked by
Böhm & Chiarella (2005), Dana (1999), and Hens, Laitenberger & Löffler (2002). The
main purpose of these notes therefore is to provide an elementary and self-contained
proof of the two-fund separation theorem for mean-standard deviation utility functions
of the form U(µ, σ) and arbitrary probability distributions for future returns. From
there on the well-established existence and uniqueness result of CAPM equilibria of
Dana (1999) is revisited demonstrating the importance of the limiting condition on the
risk aversion. Her existence result is generalized in allowing for the case in which some
of the investors do not hold risky assets in equilibrium.
This note arose from a survey article (Wenzelburger 2008) I was asked to prepare for
the handbook of finance and are a revised and extended version of a lecture that I
had to deliver to students in the context of my Habilitation at Bielefeld University in
December 2002, see Wenzelburger (2002).
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Prerequisites

In view of the above mentioned agent-based models, the CAPM will formulated in
terms of prices rather than in terms of returns.1 Consider the investment decision of
an investor with a one-period planning horizon who needs to transfer wealth from the
first to the second period. Her endowment consists of e > 0 units of a non-storable
consumption good in the first period and none in the second period. Suppose for simplicity that she does only consume in the second period. The investment opportunities
consist of K +1 assets the proceeds of which she plans to consume in the second period.
All prices and payments are denominated in the non-storable consumption good which
thus serves as the numéraire. The K risky assets are characterized by stochastic gross
returns q̃ = (q̃ (1) , . . . , q̃ (K) ) per unit which take values in RK
+ . The risk-free bond pays
a constant return Rf = 1 + rf > 0 per unit. A portfolio is represented by a vector
(x, y) ∈ RK × R. The vector x = (x(1) , . . . , x(K) ) represents the portfolio of risky assets
with x(k) denoting the number of shares of the k-th risky asset. The scalar y describes
the number of risk-free bonds in the portfolio (x, y). The total amount of risky assets
is xm ∈ RK
+ and referred to as the market portfolio of the economy.
Assume, for simplicity, that there are no short-sale constraints. If p = (p(1) , . . . , p(K) ) ∈
RK denotes the price vector of risky assets, the investor’s budget constraint is
e = y + hp, xi = y +

K
X

p(k) x(k) ,

k=1

where h·, ·i denotes the scalar product on RK . Substituting for y, the investor’s secondperiod wealth associated with the portfolio x ∈ RK of risky assets becomes
w(e, p, q̃, x) = Rf e + hq̃ − Rf p, xi.
1

The setup and notation is based on Böhm, Deutscher & Wenzelburger (2000) and extended to
multiple risky assets.
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The uncertainty of second-period wealth rests with the random gross return q̃ of risky
assets, when the investor treats the asset price p of the first period as a parameter of
her decision problem. This uncertainty is described by a probability space (RK , B, ν),
where ν ∈ Prob(RK ) is a probability distribution for q̃ and Prob(RK ) denotes the set
of all Borelian probability measures.
Rather than using the full probability distribution ν, the CAPM assumes that an
investor bases her evaluation of the uncertain return solely on the mean and the variance
of second-period wealth. Denote expected gross returns by
Z
q = E[q̃] :=
q ν(dq) ∈ RK
RK

and the (variance)-covariance matrix of future returns by
Z
V = V[q̃] :=
[q − q][q − q]⊤ ν(dq) ∈ MK ,
RK

where MK denotes the set of all symmetric and positive definite K × K matrices. The
kl-th entry of the V is the covariance Vkl = Cov[q̃ (k) , q̃ (l) ] between the gross returns of
the k-th and the l-th risky asset. The positive definiteness of V ensures that there are
no redundant assets in the market. Based on ν, the expected wealth and its standard
deviation associated with a portfolio of risky assets x ∈ RK becomes


µw (e, p, x) := E w(e, p, ·, x) = Rf e + hq − Rf p, xi
and


1
1
σw (x) := Var w(e, p, ·, x) 2 = hx, V xi 2 ,

respectively.2 The investment behavior of an investor is now based on the following
assumption.
Assumption 1
An investor is characterized by an utility function U which is a function of the mean
and the standard deviation of future wealth and a probability distribution ν for future
gross returns. These satisfy the following:
(i) The utility function U : R × R+ → R is continuously differentiable, strictly
increasing in µ, strictly decreasing in σ, and strictly concave.3
(ii) The probability distribution ν ∈ Prob(RK ) is parameterized by a pair (q, V ),
where q ∈ RK and V ∈ MK .
The assumptions on U(µ, σ) are standard except that utility on the boundary of R×R+
may be strictly increasing. This allows to include cases in which the investor requires
2

To relate the notation to the one adopted in the incomplete markets literature (e.g., LeRoy &
Werner 2001), note that each function q 7→ w(e, p, q, x) is an element of the Hilbert space L2 (ν).
3
To include interesting examples, it is sometimes convenient to bound the domain of U from below.
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a positive minimum price of risk in order to participate in the asset market thereby
investing into risky assets.
With the notation introduced above, the decision problem of an investor takes the form

max U µw (e, p, x), σw (x) .
(1)
x∈RK

Assumption 1 implies that the objective function in (1) is strictly concave in x. To
ensure boundedness of the asset demand derived from (1), we need the concept of a
limiting slope of an indifference curve as adopted in Nielsen (1987). Recall that the
slope of any indifference curve in the µ − σ plane is given by the marginal rate of
substitution between risk and return
∂U

(µ, σ)
.
(µ, σ)
∂µ

∂σ
S(µ, σ) := − ∂U

(2)

S is a measure of the investor’s risk aversion. Consider the indifference curve through
the point (Rf e, 0) and denote by
ρU := sup {S(µ, σ) : (µ, σ) ∈ R × R+ s.t. U(µ, σ) = U(Rf e, 0)}
the limiting slope of this indifference curve. From convex analysis it is well known
that ρU is either positive and finite or plus infinity. Since U is concave, all indifference
curves have the same limiting slope ρU , see Rockafellar (1970).

3

Proof of the Two-fund Separation Theorem

In order to formulate and prove the two-fund separation theorem, we first construct
the capital market line, assuming that borrowing and lending at the safe rate Rf is
allowed. Let π := q − Rf p be the vector of expected excess returns and consider the
following mean-variance optimization problem
max µw (e, p, x) s.t. σw (x) ≤ σ,

x∈RK

(3)

where σ ≥ 0. This is a linear maximization problem on a convex set first considered by
Markowitz (1952). Its solution is well known and given in the following proposition.
Proposition 1
Let π 6= 0, V be positive definite and σ ≥ 0. Then the solution to (3) is
xeff (σ, π, V ) :=

σ
hπ, V

1

−1 πi 2

V −1 π.

Let e, q, π, and V be arbitrary but fixed with π = q̄ − Rf p 6= 0 and consider the curve

σ 7→ µw e, p, xeff (σ, π, V ) .
4

Inserting xeff (σ, π, V ), one gets a straight line

1
µ = µw e, p, xeff (σ, π, V ) = Rf e + hπ, V −1 πi 2 σ

(4)

1

whose slope is the so-called market price of risk hπ, V −1 πi 2 . Hence equation (4) is
nothing but the efficient frontier expressed in terms of wealth rather than returns.
(σ,π,V ))
− 1 denotes the return of xeff (σ, π, V ), then (4) implies
Indeed, if r = w(e,p,q,xeff
e
the well-known efficient frontier
µr = rf + ρ σr ,
stating that the relationship between the expected return µr and the standard deviation
σr of any efficient portfolio is linear. The efficient frontier (4) is now used to formulate
the two-fund separation theorem.
Theorem 1
Let the hypotheses of Assumption 1 be satisfied. Then for any e > 0 and any π ∈ RK
1
with hπ, V −1 πi 2 < ρU , the optimization problem (1) has a unique maximizer x⋆ ∈ RK .
The corresponding asset demand function Φ takes the form

1
 ϕ(e,hπ,V −1 πi 2 ) V −1 π, if π 6= 0,
1
hπ,V −1 πi 2
(5)
x⋆ = Φ(e, π, V ) :=
0,
otherwise.
where for each ρ ∈ [0, ρU ),

ϕ(e, ρ) := argmax U Rf e + ρ σ, σ
σ≥0

is bounded from above.



(6)

The formulation of Theorem 1 is, in essence, that of Böhm & Chiarella (2005, Lemma
2.3). A quite similar formulation has been applied by Rochet (1992) and others to
describe the behavior of commercial banks, see also Freixas & Rochet (1997, Chap.
8) and references therein. The present formulation of Theorem 1, however, accounts
for two special cases that the literature usually does not consider. Firstly, the case of
a finite limiting slope ρU , in which the objective function σ 7→ U(Rf e + ρσ, σ) in (6)
becomes unbounded for each ρ ≥ ρU so that the asset demand function (5) is undefined
whenever ρ ≥ ρU . Nielsen (1987), as an exception, has noted that asset demand may
become unbounded for ρ ≥ ρU but without stating the explicit form (5). Secondly, the
case in which the investor will not participate in the asset market which occurs if either
the expected excess return π is zero or her willingness to take risk ϕ(e, ρ) is zero.
Proof of Theorem 1. The proof proceeds in 5 steps.
Step 1. The monotonicity properties of U imply U(Rf e, 0) > U(Rf e, σ) for all σ > 0.
Thus x⋆ = 0 for π = 0. For the remainder of the proof, assume therefore that π =
6 0.
Then µw (e, p, x) = Rf e + hπ, xi is a linear function of x and
1

σw (x) = hx, V xi 2
5

is a convex function of x, as it defines an norm on RK . Since U is increasing in
µ, decreasing in σ, and strictly concave, it follows that the objective function x 7→
U µw (e, p, x), σw (x) is strictly concave in x. Hence, if a bounded solution exists, it is
uniquely determined.
Step 2. The first order conditions for x⋆ 6= 0 are


!
0 = Dx U µw (e, p, x⋆ ), σw (x⋆ )
(7)


1
∂U
∂U
=
µw (e, p, x⋆ ), σw (x⋆ ) π +
µw (e, p, x⋆ ), σw (x⋆ )
1 V x⋆ .
∂µ
∂σ
2
hx
,
V
x
i
⋆
⋆
{z
}
|
|
{z
}
<0

>0

Rearranging and using (2), one has
x⋆ =

σw (x⋆ )
 V −1 π.
S µw (e, p, x⋆ ), σw (x⋆ )

(8)

Hence a non-zero solution to (1) must be an efficient portfolio. Inserting (8) into
1
σw (x⋆ ) := hx⋆ , V x⋆ i 2 , we see that
σw (x⋆ ) =

1
σw (x⋆ )
 hπ, V −1 πi 2 .
S µw (e, p, x⋆ ), σw (x⋆ )

Therefore, the first order conditions (7) take the form

!
σw (x⋆ )
−1
 x⋆
=
π,
1 V
hπ,V −1 πi 2
 hπ, V −1 πi 12 =! S µ (e, p, x ), σ (x ).
w
⋆
w ⋆

(9)

Step 3. Let σ⋆ ≥ 0 be arbitrary and set
x̃ :=

σ⋆

hπ, V −1 πi

1
2

1

V −1 π

and ρ = hπ, V −1 πi 2 .

(10)

Then
1

σw (x̃) = hx̃, V x̃i 2 = σ⋆ ,
µw (x̃) = Rf e + hπ, x̃i = Rf e + ρ σ⋆ .
Thus x̃ as defined in (10) satisfies the first order conditions (9) if and only if σ⋆ satisfies
 !
S Rf e + ρ σ⋆ , σ⋆ = ρ.

(11)

max U(Rf e + ρ σ, σ)

(12)

Step 4. Observe that the first order condition of the maximization problem
σ≥0

6

is exactly equation (11). The strict concavity of U implies that for each fixed ρ ≥ 0,
the objective function σ 7→ U(Rf e + ρ σ, σ) is strictly concave. We have 0 ≤ S(Rf e, 0)
and for any 0 ≤ ρ < ρU ,

S Rf e + ρ σ, σ > ρ for all sufficiently large σ.
(13)
Thus for each 0 ≤ ρ < ρU , the function σ 7→ U(Rf e + ρ σ, σ) is decreasing for all
sufficiently large σ. This shows that problem (12) admits a unique maximizer
σ⋆ := ϕ(e, ρ) < ∞,

(14)

given by (6). Moreover, any strictly positive maximizer (14) solves (11).
Step 5. If σ⋆ as given by (14) solves the first order conditions (11), then x⋆ = x̃ as
defined in (10) solves (9) and hence is the interior solution to the maximization problem
(1). If, on the contrary, (13) holds for all σ ≥ 0, then

1
U(Rf e, 0) > U Rf e + hπ, V −1 πi 2 σ, σ for all σ > 0.

Since σw (x) > 0 for any efficient portfolio x 6= 0, then x⋆ = 0.



The separation theorem is illustrated in Figure 1 (a). The proof was obtained straightforwardly from comparing the first-order conditions corresponding to the two maximization problems (1) and (3): in an interior optimum, the marginal rate of substitution between risk and return has to be equal to the price of risk ρ.4 The boundary
case in which the investor does not partake in the market for risky assets was treated
separately.
The interpretation is standard. The separation theorem states that given π and V , the
optimal portfolio x⋆ is collinear to xeff (1) and hence efficient. Thus investors with the
same beliefs (q, V ) will invest in the same two funds, the risk-free asset on the one hand
and a ‘mutual fund’ with the same mix of risky assets. Since σw (x⋆ ) = ϕ(e, ρ), the
function ϕ describes the investor’s willingness to take risk. Unlike the portfolio mix,
this willingness and hence the amount of the endowment invested into risky assets
depends on the investor’s preferences.

4

Risk-taking behavior

The separation theorem may be used to describe the risk-taking behavior of investor
and to address existence and uniqueness issues in the CAPM. As recognized by Lajeri &
Nielsen (2000), the willingness to take risk function ϕ can be characterized by properties
of the risk aversion S(µ, σ). The following result is a slight generalization of Dana (1999,
Prop. 3.1 and 3.4) and Hens, Laitenberger & Löffler (2002, Lemma 1). It includes a
condition formulated in Assumption (ii) that guarantees the surjectivity of ϕ and which
seems to have been overlooked by Dana and Hens et al. It also includes the boundary
case in which ∂U
(µ, 0) may be positive.
∂σ
4

The important assumption here is that the investor may short-sell risky assets as wells as borrow
and lend at the risk-free rate rf . Such constraints are investigated in Lintner (1965) and Black (1972).
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µ
Rf e + ρ σ

v ′ (σ)

u′ (Rf e)ρ

Rf e

u′(Rf e + ρσ)ρ

v ′ (0)
ϕ(e, ρ)

ϕ(e, ρ)

σ

(a) Separation principle

σ

(b) Optimality with separable utility

Figure 1: Portfolio selection

Proposition 2
Let Assumption 1 be satisfied and assume, in addition, that U is twice continuously
differentiable. Let Rf e > 0 be arbitrary but fixed. Then ϕ(e, ·) is differentiable on
(0, ρU ) except for ρ = S(Rf e, 0). Moreover:
(i) ϕ(e, ρ) = 0 for all 0 ≤ ρ ≤ S(Rf e, 0).
S(Rf e + µ, σ)
= 0 for all σ > 0, then for each risk σ ∈ R+ , there exists a
µ→∞
µ
market price of risk ρσ ∈ [0, ρU ) such that ϕ(e, ρσ ) = σ.

(ii) If lim

(iii) ϕ(e, ρ) is increasing for all ρ ∈ [S(Rf e, 0), ρU ), if and only if

∂S
Rf e + ρ ϕ(e, ρ), ϕ(e, ρ) ϕ(e, ρ) < 1 for all ρ ∈ [S(Rf e, 0), ρU ).
∂µ
(iv) For each ρ ∈ [S(Rf e, 0), ρU ), ϕ(e, ρ) is decreasing in e ≥ 0, if and only if

∂S
Rf e + ρ ϕ(e, ρ), ϕ(e, ρ) > 0 for e ≥ 0.
∂µ
Proof. The demand function ϕ(e, ρ) exists by Theorem 1. Its differentiability follows
from the implicit function theorem. The other properties are derived as follows.
(i) Given ρ ≥ 0, the first order conditions are
!

S(Rf e + ρ σ, σ) = ρ.

(15)

Hence, the solution σ⋆ = ϕ(e, ρ) is a boundary solution ϕ(e, ρ) = 0 for all ρ ≤ S(Rf e, 0).
It is an interior one with ϕ(e, ρ) > 0 for all ρ > S(Rf e, 0).
(ii) Substituting µ = ρσ into (15), the first order conditions take the form
µ
= S(Rf e + µ, σ).
σ
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(16)

Since lim S(Rf e + µ, σ)/µ = 0 for each σ > 0, there exists a unique µσ > 0 that solves
µ→∞

(16). Substituting back, we see that for each σ > 0, there exists ρσ =
ϕ(e, ρσ ) = σ.

σ
µσ

such that

(iii) Analogously to Hens, Laitenberger & Löffler (2002, Lemma 1), Assertion (iii)
follows from differentiating (15) with respect to ρ.
(iv) Assertion (iv) follows from differentiating (15) with respect to e.

The innovative part of Proposition 2 is the limiting condition in Assertion (ii) which
ensures that the willingness to take risk ϕ is surjective on R+ , implying that an investor
is prepared to take on any amount of risk, provided that the market price of risk is
high enough. This condition is automatically satisfied if the limiting slope ρU is finite.
However, the condition is essential when ρU is infinite and is missing in Dana (1999)
and Hens, Laitenberger & Löffler (2002). Böhm (2002) has realized that surjectivity
of ϕ may fail to hold but without being able to properly identify its structural cause.
Assertion (iii) states conditions under which ϕ is increasing in the price of risk. For
sake of completeness we have included a result by Lajeri & Nielsen (2000) in Assertion
(iv) which states that risk in an inferior good if risk aversion is decreasing in means.
For additive separable utility functions of the form U(µ, σ) = u(µ) − v(σ), the risk
aversion (2) becomes
v ′ (σ)
S(µ, σ) = ′ ,
u (µ)
implying

−v ′ (σ)u′′ (µ)
∂S
(µ, σ) =
.
∂µ
u′ (µ)2

In this case it is straightforward to verify that condition (iii) is reduced to the elasticity
condition of Dana (1999, Prop. 3.4) which takes the following form:
(iii’) ϕ(e, ρ) is strictly increasing for all
of u′(Rf e + µ) satisfies

u′′ (Rf e+µ)µ
u′ (Rf e+µ)

v′ (0)
u′ (Rf e)

< ρ < ρU , if and only if the elasticity

> −1 for all µ > 0.

For the separable case, the proof of Proposition 2 is illustrated in Figure 1 (b). Proposition 2 will be further illustrated in Section 6 below.

5

Existence and uniqueness of equilibrium

An abundant amount of the literature has addressed the existence and uniqueness of
asset-market equilibria in the traditional CAPM and its extensions, e.g., see Nielsen
(1988, 1990a,b), Allingham (1991), Dana (1993, 1999), or Hens, Laitenberger & Löffler
(2002). For the case under consideration we follow a basic line of reasoning in Dana
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(1999, Sec. 3) which has been adapted in Böhm & Chiarella (2005) and Böhm (2002),
respectively.
Consider an asset market with i = 1, . . . , I investors who are all characterized by
Assumption 1. Suppose that utility functions and endowments are heterogeneous but
that their expectations regarding future gross returns are identical and given by (q, V ).
Let e(i) denote investor i’s endowment and ϕ(i) be her willingness to take risk derived
from some U (i) satisfying Assumption 1. For fixed endowments e(i) , define aggregate
willingness to take risk by
φ(ρ) :=

I
X

ϕ(i) (e(i) , ρ),

ρ ∈ [0, ρ),

i=1

(i)

(17)
(i)

where ρ := min{ρU : i = 1, . . . , I} is the minimum of all limiting slopes ρU of U (i) . In
light of the examples which will be presented below, ρ may be either finite or infinite.
Note that the domain of definition of φ may be smaller than R+ .5
Set σmax := sup{φ(ρ) : ρ ∈ [0, ρ)} for the upper bound of risk, the investors are willing
to accept. The following result is a refinement of Böhm & Chiarella (2005, Lemma 2.5)
that includes the case in which the limiting slope ρ is finite.
Theorem 2
Let (q, V ) and e(1) , . . . , e(I) > 0 be given. Assume that aggregate willingness to take
risk φ : [0, ρ) → R+ is a continuous map with respect to ρ. Then the following holds:
1

2
(i) For each 0 6= xm ∈ RK
+ with hxm , V xm i < σmax , there exists an asset-market
equilibrium with market-clearing prices
i
h
ρ⋆
p⋆ = R1f q −
V
x
(18)
m ,
1
hxm , V xm i 2

where ρ⋆ ∈ (0, ρ) is a solution to (20).
(ii) If, in addition, φ is strictly increasing with respect to all ρ for which φ(ρ) > 0,
then the asset-market equilibrium (18) is uniquely determined.
Proof. Using Theorem 1, the asset-market equilibrium condition takes the form
1

φ(hπ, V −1 πi 2 )
1

hπ, V −1 πi 2

V −1 π = xm ,

(19)

where π = q − Rf p 6= 0 is the vector of excess returns. Computing the standard
deviation of the wealth associated with xm and with the portfolio on the l.h.s of (19),
1
π⋆ is a solution to (19), if ρ⋆ := hπ⋆ , V −1 π⋆ i 2 ∈ (0, ρ) solves
1

φ(ρ) = hxm , V xm i 2 .
5

This fact has been overlooked in Böhm & Chiarella (2005).
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(20)

Vice versa, if some ρ⋆ ∈ (0, ρ) solves (20), then π⋆ :=

ρ⋆
1

hxm ,V xm i 2

V xm is a solution to

(19). Hence in equilibrium, aggregate willingness to take risk must be equal to the
1
aggregate risk of the market hxm , V xm i 2 . The existence of ρ⋆ now follows from the
intermediate-value theorem, observing that φ(0) = 0.


The price function (18) as such is quite standard in finance and has been used in the
form of a temporary equilibrium map in Böhm & Chiarella (2005).
The first insight of the present formulation is that the equilibrium price of risk ρ⋆ is
bounded from above by the lowest limiting slope ρ, so that individual asset demands
are always well defined in equilibrium. The second observation is that σmax as defined
before Theorem 2 is infinite if ρ is finite. This is an immediate consequence of Proposition 2 (ii), implying that an asset-market equilibrium exists for any market portfolio
xm if ρ is finite.
The third observation is that the aggregate demand for risk may be zero for all sufficiently low prices of risk. This is a slight generalization of Dana (1999, Prop. 3.4) which
allows to include cases in which some of the investors will not invest into risky assets
in equilibrium. The fourth observation is that the equilibrium price of risk responds to
changes in second-moment beliefs V but not to changes in first-moment beliefs q. As a
consequence, any change in first-moment beliefs q changes the corresponding marketclearing asset prices in a linear fashion, irrespective of any nonlinearities in investors’
utility functions.
The next corollary is immediate from Proposition 2 and Theorem 2 and corresponds
to Dana (1999, Prop. 3.4) and Hens, Laitenberger & Löffler (2002, Thm. 1). It is a
generalization of Böhm (2002, Thm. 3.2) for non-separable utility functions. The key
observation is that aggregate willingness to take risk φ is invertible with respect to all
ρ ∈ (0, ρ), if all individual demand functions ϕ(i) are non-decreasing in ρ with at least
one demand function being increasing for ρ > 0 and surjective on R+ .
Corollary 1
Under the hypotheses of Theorem 2, suppose that the willingness to take risk of all
investors is non-decreasing in ρ and that the preferences of at least one investor satisfies
the conditions of Proposition 2 stated in (ii) and (iii). Then for any market portfolio
0 6= xm ∈ RK
+ , there exists a unique asset-market equilibrium.

6

An Illustration

The importance of the conditions in Proposition 2 for the existence of CAPM equilibria
may be illustrated with four examples. Consider first the quasi-linear case
U(µ, σ) = µ − v(σ).

The assumptions on U imply v ′ > 0 and v ′′ > 0. Since S(µ, σ) = v ′ (σ), the limiting
slope ρU is finite (infinite) if and only if lim v ′ (σ) is finite (infinite). As a consequence,
σ→∞
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surjectivity of ϕ is determined by v ′ alone. Moreover, ϕ(e, ρ) is increasing in ρ for
′
ρ > vR(0)
and independent of e whenever v ′ (0) = 0.
fe
Secondly, the fact that surjectivity may not obtain can also be seen from considering
U(µ, σ) = ln µ − σ,

(21)

see also Böhm (2002). The limiting slope is ρU = ∞ and the willingness to take risk is
given by


Rf e
ϕ(e, ρ) = max 1 −
, 0 , ρ ∈ R+ .
ρ
In this case, the condition of Assertion (ii) is not satisfied, as
S(Rf e + µ, σ)
Rf e + µ
= lim
= 1 > 0.
µ→∞
µ→∞
µ
µ
lim

ϕ is increasing in ρ but the maximum risk that the investor is willing to accept is
σmax = 1. The resulting offer curve is depicted in Figure 2 (a).
Thirdly, risk can be decreasing in ρ. This is seen from considering
 µ
− σ, a > 0,
U(µ, σ) = −a exp −
a

(22)

where u(µ) is of the CARA form. The willingness to take risk is given by
n
o
1
ϕ(e, ρ) = max ρ [a ln ρ − Rf e], 0 , ρ ≥ 0.

The limiting slope is again infinite, but in this case the two conditions stated in Assertions (ii) and (iii) of Proposition 2 are violated. For each e > 0, the
 map ϕ(e,
 ρ) is
Rf e
unimodal with respect to ρ and attains its maximum at ρmax = exp 1 + a . The


Rf e
maximum risk which the investor is willing to take is σmax = a/ exp 1 + a . Note
that lim ϕ(e, ρ) = 0. In the µ − σ plane, the ‘offer curve’ for risk is backward bending
ρ→∞

as in Figure 2 (b).

Finally, the limiting slope ρU may be finite. Consider
p
U(µ, σ) = (µ2 + 2µ) − σ, (µ, σ) ∈ R2+ .

(23)

Then ρU = 1 and

n h
ϕ(e, ρ) = max ρ1 √ 1

1−ρ2

i o
− (Rf e + 1) , 0 ,

ρ ∈ [0, 1).

An investor characterized by (23) is prepared to take any risk σ ∈ R+ as ϕ(e, ·) is
surjective on R+ . However, in this case ϕ and hence the corresponding asset demand
(5) is undefined for all ρ ≥ 1.
More examples are found in Böhm (2002).
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µ

µ

Rf e + ρ2 σ
Rf e + ρ1 σ

Rf e

Rf e
σmax

σ

σmax σ
(b) Backward bending offer curve,
U (µ, σ) = − exp(−µ) − σ.

(a) Failure of surjectivity,
U (µ, σ) = ln µ − σ.

Figure 2: The willingness to take risk.

7

Conclusion

These notes provided an elementary and concise proof of the classical two-fund separation theorem and a generalized existence and uniqueness result for the CAPM with
one risk-free asset, pointing out the importance of two limiting properties of the risk
aversion associated with the investor’s preferences. The formulation of the two-fund
separation theorem is particularly amenable for disequilibrium models while the existence result allows for non-market participation in equilibrium.

A

Appendix

Proof of Proposition 1. The Lagrangian function is
1

L(x ; λ) := Re + hπ, xi + λ[σ̄ − hx, V xi 2 ].
The first order conditions for a solution (x⋆ , λ⋆ ) are
#
"
−2
!
= 0.
Dx L(x⋆ ; λ⋆ ) = π + λ⋆
1 V x⋆
2hx⋆ , V x⋆ i 2
The complementary slackness conditions are

1 !
λ⋆ σ − hx⋆ , V x⋆ i 2 = 0.

Since µw (e, p, x) is increasing in x, λ⋆ > 0 and the boundary condition must be binding.
Hence
σ
−1
x⋆ =
π.
1 V
−1
2
hπ, V πi
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Hens, T., J. Laitenberger & A. Löffler (2002): “Two Remarks on the Uniqueness of Equilibria in the CAPM”, Journal of Mathematical Economics, 37, 123–132.
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