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❆❜str❛❝t

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❡st✐♥❣ ✜♥✐t❡♥❡ss ♦❢ ♠♦♠❡♥ts ❢♦r ❛ ❝❧❛ss ♦❢ s❡♠✐✲

♣❛r❛♠❡tr✐❝ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ ♠♦❞❡❧s ❡♥❝♦♠♣❛ss✐♥❣ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ s♣❡❝✐✜❝❛✲

t✐♦♥s✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡✲♣♦✇❡r ♠♦♠❡♥ts ♦❢ t❤❡ str✐❝t❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐s

❝❤❛r❛❝t❡r✐③❡❞ t❤r♦✉❣❤ t❤❡ ▼♦♠❡♥t ●❡♥❡r❛t✐♥❣ ❋✉♥❝t✐♦♥ ✭▼●❋✮ ♦❢ t❤❡ ♠♦❞❡❧✱ ❞❡✜♥❡❞

❛s t❤❡ ▼●❋ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ r❛♥❞♦♠ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ✈♦❧❛t✐❧✲

✐t② ❞②♥❛♠✐❝s✳ ❲❡ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋✱ ❢r♦♠

✇❤✐❝❤ t❡sts ♦❢ ♠♦♠❡♥ts ❛r❡ ❞❡❞✉❝❡❞✳ ❆❧t❡r♥❛t✐✈❡ t❡sts r❡❧②✐♥❣ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢

t❤❡ ▼❛①✐♠❛❧ ▼♦♠❡♥t ❊①♣♦♥❡♥t ✭▼▼❊✮ ❛r❡ st✉❞✐❡❞✳ P♦✇❡r ❝♦♠♣❛r✐s♦♥s ❜❛s❡❞ ♦♥ ❧♦✲

❝❛❧ ❛❧t❡r♥❛t✐✈❡s ❛♥❞ t❤❡ ❇❛❤❛❞✉r ❛♣♣r♦❛❝❤ ❛r❡ ♣r♦♣♦s❡❞✳ ❲❡ ♣r♦✈✐❞❡ ❛♥ ✐❧❧✉str❛t✐♦♥

♦♥ r❡❛❧ ✜♥❛♥❝✐❛❧ ❞❛t❛✱ s❤♦✇✐♥❣ t❤❛t s❡♠✐✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼▼❊ ♦✛❡rs ❛♥

✐♥t❡r❡st✐♥❣ ❛❧t❡r♥❛t✐✈❡ t♦ ❍✐❧❧✬s ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦r ♦❢ t❤❡ t❛✐❧ ✐♥❞❡①✳

❑❡②✇♦r❞s✿ ❆P❆❘❈❍ ♠♦❞❡❧✱ ❇❛❤❛❞✉r s❧♦♣❡s✱ ❍✐❧❧✬s ❡st✐♠❛t♦r✱ ▲♦❝❛❧ ❛s②♠♣t♦t✐❝ ♣♦✇❡r✱ ▼❛①✲
✐♠❛❧ ♠♦♠❡♥t ❡①♣♦♥❡♥t✱ ▼♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❱♦❧❛t✐❧✐t② ♦❢ ✜♥❛♥❝✐❛❧ r❡t✉r♥s ❝❡rt❛✐♥❧② ❝♦♥st✐t✉t❡s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t ✐♥ ❞❡❝✐s✐♦♥
♠❛❦✐♥❣ ❜❛s❡❞ ♦♥ r✐s❦ ❛♥❛❧②s✐s✱ ♣♦rt❢♦❧✐♦ ♠❛♥❛❣❡♠❡♥t ♦r ❛ss❡t ♣r✐❝✐♥❣✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❛
♣❧❡t❤♦r❛ ♦❢ ♠♦❞❡❧s ❤❛s ❡♠❡r❣❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st ❢♦✉r ❞❡❝❛❞❡s✳ ❆♠♦♥❣ t❤❡♠✱ ●❆❘❈❍✲t②♣❡
❢♦r♠✉❧❛t✐♦♥s ❝♦♥t✐♥✉❡ t♦ ❛ttr❛❝t t❤❡ ❣r❡❛t❡st ❛tt❡♥t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ❞✉❡ t♦ t❤❡✐r s✐♠♣❧✐❝✐t②
♦❢ ✉s❡✱ ✢❡①✐❜✐❧✐t② ❛♥❞ t❤❡✐r s❡❡♠✐♥❣❧② ✐♥✜♥✐t❡ ❝❛♣❛❝✐t② ♦❢ ❡①t❡♥s✐♦♥s✳

❇② ❝♦♥str✉❝t✐♦♥✱ ●❆❘❈❍ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡
❜✉t✱ ✐♥❞✐r❡❝t❧②✱ t❤❡ ✈♦❧❛t✐❧✐t② ❞②♥❛♠✐❝s ❝♦♥str❛✐♥s t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ r❡t✉r♥s ♣r♦❝❡ss✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤r♦✉❣❤ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♠♦♠❡♥ts✳ ❋♦r ♠♦st ❝❧❛ss❡s ♦❢
●❆❘❈❍ ♠♦❞❡❧s✱ ♠♦♠❡♥ts ❞♦ ♥♦t ❡①✐st ❛t ❛♥② ♦r❞❡r ❛♥❞ t❤❡✐r ❡①✐st❡♥❝❡ ✐s ♥♦t ❛ s✐♠♣❧❡
❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠♦❞❡❧ ❝♦❡✣❝✐❡♥ts✱ ❜✉t ❛❧s♦ ❞❡♣❡♥❞s ✐♥tr✐❝❛t❡❧② ✭♥♦t ♦♥❧② t❤r♦✉❣❤ t❤❡
♠♦♠❡♥ts✮ ♦❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s ❞✐str✐❜✉t✐♦♥✳ ◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ●❆❘❈❍ ♣r♦❝❡ss❡s ❛r❡ ✇❡❧❧✲❦♥♦✇♥✱ ❛t ❧❡❛st ❢♦r t❤❡ st❛♥❞❛r❞ ●❆❘❈❍
❢♦r♠✉❧❛t✐♦♥ ✭❡✳❣✳ ▲✐♥❣ ❛♥❞ ▼❝❆❧❡❡r ✭✷✵✵✷✮✮✱ ❜✉t ❧✐tt❧❡ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❡st✐♥❣
t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❚❡st✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts s❡❡♠s ❤♦✇❡✈❡r ❝r✉❝✐❛❧✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r
t❤❡ ✈❛❧✐❞✐t② ♦❢ ♠❛♥② st❛t✐st✐❝❛❧ t♦♦❧s ❝♦♠♠♦♥❧② ✉s❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ s✉❝❤ ♠♦❞❡❧s✳ ❊✈❡♥ ✐❢
t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗✉❛s✐✲▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ✭◗▼▲✮ ❡st✐♠❛t♦rs ♦❢ ●❆❘❈❍
♠♦❞❡❧s ❤♦❧❞ ✇✐t❤♦✉t ❛♥② ❡①tr❛ ♠♦♠❡♥t ❛ss✉♠♣t✐♦♥✱ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s r❡st ♦♥ ✜♥✐t❡ ✉♥✲
❝♦♥❞✐t✐♦♥❛❧ ♠♦♠❡♥ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts ❢♦r ✜♥❛♥❝✐❛❧ r❡t✉r♥s ✐s ♣❡r s❡ ❛♥
✐♥t❡r❡st✐♥❣ ✐ss✉❡✱ ✇❤✐❝❤ r❡❣✉❧❛r❧② ❣✐✈❡s r✐s❡ t♦ ❝♦♥tr♦✈❡rs✐❛❧ ✈✐❡✇s ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❛♥❝❡
❧✐t❡r❛t✉r❡✳

❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ♣r♦♣♦s❡s ♥❡✇ ♠❡t❤♦❞s ❢♦r t❡st✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts ❢♦r ❛
❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ●❆❘❈❍✲t②♣❡ ♣r♦❝❡ss❡s✳ ❆ ✜rst st❡♣ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ❤❛s ❜❡❡♥ t❛❦❡♥ ✐♥
❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✷✶❛✮ ✇❤♦ ♣r♦♣♦s❡❞ t❡sts ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡✈❡♥✲♦r❞❡r ♠♦♠❡♥ts ❢♦r
t❤❡ st❛♥❞❛r❞ ●❆❘❈❍ ♠♦❞❡❧✳ ■♥ t❤✐s s❡t ✉♣✱ t❤❡ ♣r♦❜❧❡♠ ❡ss❡♥t✐❛❧❧② r❡❞✉❝❡s t♦ t❤❡ ❞❡r✐✈❛t✐♦♥
♦❢ t❤❡ ❥♦✐♥t ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ◗▼▲ ❡st✐♠❛t♦r ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ♣❛r❛♠❡t❡r ❛♥❞ ♦❢
❛ ✈❡❝t♦r ♦❢ ♠♦♠❡♥ts ♦❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s ♣r♦❝❡ss ✭s❡❡ ❍❡✐♥❡♠❛♥♥ ✭✷✵✶✾✮ ❢♦r ❛ ❜♦♦tstr❛♣✲❜❛s❡❞
❛♣♣r♦❛❝❤✮✳ ❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ ♦t❤❡r ●❆❘❈❍ ❢♦r♠✉❧❛t✐♦♥s ❢♦r
✇❤✐❝❤ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦t s♦ ❡①♣❧✐❝✐t✳ ▼♦r❡♦✈❡r✱ ✐t ❞♦❡s ♥♦t ❛❧❧♦✇ t♦ ❤❛♥❞❧❡ ♥♦♥
❡✈❡♥✲♦r❞❡r ♠♦♠❡♥ts✱ ✐♥ ♣❛rt✐❝✉❧❛r ♥♦♥✲✐♥t❡❣❡r ♣♦✇❡r ♠♦♠❡♥ts✳

✶✳✶ ❆✉❣♠❡♥t❡❞ ●❆❘❈❍

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss ♦❢ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ ♣r♦❝❡ss❡s ✭s❡❡ ❡✳❣✳ ❆✉❡ ❡t ❛❧✳ ✭✷✵✵✻✮✮✱ ❞❡✜♥❡❞
❛s {

ǫt = σtηt,
σδ
t = ω(ηt−1) + a(ηt−1)σ

δ
t−1

✭✶✮

✇❤❡r❡ (ηt)t≥0 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✭✐✐❞✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ ✉♥✐t ✈❛r✐❛♥❝❡✱ δ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s ω(·) ❛♥❞
a(·) s❛t✐s❢② ω : R → [ω,+∞) ❛♥❞ a : R → [a,+∞)✱ ❢♦r s♦♠❡ ω > 0 ❛♥❞ a ≥ 0✳ ❚❤✐s ❝❧❛ss✱
✐♥tr♦❞✉❝❡❞ ❜② ❍❡ ❛♥❞ ❚❡räs✈✐rt❛ ✭✶✾✾✾✮✱ ❡♥❝♦♠♣❛ss❡s ♠♦st ●❆❘❈❍✲t②♣❡ ♠♦❞❡❧s ✐♥tr♦❞✉❝❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✷



✶✳✷ ❚✇♦ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts

❯♥❞❡r ❛♣♣r♦♣r✐❛t❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♠♦❞❡❧ ❛❞♠✐ts ❛ str✐❝t❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥ (ǫt) ✇❤✐❝❤ ❤❛s
❛ ♠♦♠❡♥t ♦❢ ♦r❞❡r uδ✱ ❢♦r u > 0✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ E|ηt|uδ < ∞ ❛♥❞ E(σuδ

t ) < ∞✳ ❚❤❡ ❧❛tt❡r
❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s ✭s❡❡ ▲✐♥❣ ❛♥❞ ▼❝❆❧❡❡r ✭✷✵✵✷✮ ❛♥❞ ❆✉❡ ❡t ❛❧✳ ✭✷✵✵✻✮✮

E(σuδ
t ) <∞ ⇔ E[au(η1)] < 1 ❛♥❞ E[ωu(η1)] <∞. ✭✷✮

❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ u 7→ E[au(η1)]✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤r♦✉❣❤♦✉t ▼♦♠❡♥t
●❡♥❡r❛t✐♥❣ ❋✉♥❝t✐♦♥ ✭▼●❋✮ ♦❢ ▼♦❞❡❧ ✭✶✮ ✐s t❤✉s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✳ ■♥
❣❡♥❡r❛❧✱ t❤❡ ▼●❋ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠♦♠❡♥ts ♦❢ ηt✱ ♠❛❦✐♥❣ t❤❡ ❛♣♣r♦❛❝❤
❞❡✈❡❧♦♣❡❞ ✐♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✷✶❛✮ ✐♥❛♣♣❧✐❝❛❜❧❡ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳

❯♥❞❡r ♠✐❧❞ ❝♦♥❞✐t✐♦♥s ❞✐s❝✉ss❡❞ ❜❡❧♦✇✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u0 > 0 s✉❝❤ t❤❛tE[au0(η1)] =
1 ❛♥❞ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥

E(σuδ
t ) <∞ ⇔ u < u0. ✭✸✮

❋♦❧❧♦✇✐♥❣ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❇❡r❦❡s ❡t ❛❧✳ ✭✷✵✵✸✮✱ ✇❤♦ ♣r♦♣♦s❡❞ ❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝♦❡✣✲
❝✐❡♥t ❢♦r st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧s✱ t❤❡ ❝♦❡✣❝✐❡♥t u0 ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ▼❛①✐♠❛❧
▼♦♠❡♥t ❊①♣♦♥❡♥t ✭▼▼❊✮✳ ❯♥❞❡r ♠✐❧❞ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✱ t❤✐s ❝♦❡✣❝✐❡♥t ✇✐❧❧ ❜❡ r❡❧❛t❡❞
t♦ t❤❡ t❛✐❧ ✐♥❞❡① ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ǫt✳

✶✳✸ ❚❡st✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts

❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦♣♦s❡ t❡sts ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥t ♦❢
❛♥② ✭♣♦s✐t✐✈❡✮ ♦r❞❡r✱ ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ ✈❡rs✐♦♥s ♦❢ t❤❡ ▼●❋ ❛♥❞ ▼▼❊✳ ❘❡❧②✐♥❣ ♦♥ ❛
s❡♠✐✲♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ ▼♦❞❡❧ ✭✶✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥s a ❛♥❞ ω ❞❡♣❡♥❞ ♦♥ ❛ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r θ0 ❜✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ηt ✐s ❧❡❢t ✉♥s♣❡❝✐✜❡❞✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❝♦♥✲
❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋ ❛♥❞ ▼▼❊

S(u)
n =

1

n

n∑

t=1

au(η̂t; θ̂n), ûn = sup{u > 0; S(u)
n ≤ 1}, ✭✹✮

✇❤❡r❡ θ̂n ❞❡♥♦t❡s ❛♥② ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ θ0✱ ❛♥❞ η̂t, t = 1, . . . , n ❞❡♥♦t❡ t❤❡ r❡s✐❞✉❛❧s✳
❇✉✐❧❞✐♥❣ ♦♥ t❤✐s✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ t❡sts ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ t❡st

st❛t✐st✐❝s ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋ ❛♥❞ ▼▼❊✱

T (u)
n =

√
n
{
S
(u)
n − 1

}

υ̂u
❛♥❞ U (u)

n =

√
n {u− ûn}
ŵûn

,

✇❤❡r❡ υ̂2u ❛♥❞ ŵ2
ûn

❞❡♥♦t❡ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ♦❢ S
(u)
n ❛♥❞ ûn✱

r❡s♣❡❝t✐✈❡❧②✱ t❡sts ♦❢ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ E(σuδ
t ) <∞ ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥s

C
(u)
T = {T (u)

n > Φ−1(1− α)} ❛♥❞ C
(u)
U = {U (u)

n > Φ−1(1− α)},
✇❤❡r❡ Φ ✐s t❤❡ N (0, 1) ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❆ss✉♠✐♥❣ t❤❛t ηt ❤❛s ❛ ❦♥♦✇♥

❞❡♥s✐t② f ✱ ♦r ❛ ♣❛r❛♠❡tr✐❝ ❞❡♥s✐t② f(·;ν)✱ ♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥s V
(u)
n ❛♥❞ W

(u)
n ♦❢ t❤❡ st❛t✐st✐❝

U ✇✐❧❧ ❛❧s♦ ❜❡ ✐♥tr♦❞✉❝❡❞✳

✸



✶✳✹ ❈♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r

❋♦r t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ ▼♦❞❡❧ ✭✶✮✱ ✇❡ st✉❞② t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ t❡sts ❢♦r t❤❡
❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✳ ❚❤❡ ♠♦❞❡❧ ❜❡✐♥❣ s❡♠✐✲♣❛r❛♠❡tr✐❝ ✇❡ ✇✐❧❧ ♥♦t r❡❧② ♦♥ t❤❡ ▼❛①✐♠✉♠
▲✐❦❡❧✐❤♦♦❞ ✭▼▲✮ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦r ❛♥② s♣❡❝✐✜❝ ♠❡t❤♦❞ ♦❢ ❡st✐♠❛t✐♦♥ ❢♦r t❤❡ ♣❛r❛♠❡✲
t❡r θ0✳ ❖✉r ❝♦♥❞✐t✐♦♥s ❛❧❧♦✇ ❢♦r ❣❡♥❡r❛❧ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs ❛❞♠✐tt✐♥❣ ❛ ❇❛❤❛❞✉r✲t②♣❡
❡①♣❛♥s✐♦♥✱ s♦♠❡ ♦❢ ♦✉r r❡s✉❧ts ❜❡✐♥❣ ♣❛rt✐❝✉❧❛r✐③❡❞ ❢♦r t❤❡ ◗▼▲ ❛♥❞ ▼▲ ♠❡t❤♦❞s✳

❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❛s ❢♦❧❧♦✇s✿

❛✮ ✇❡ ❞✐s❝✉ss t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣❛r❛♠❡tr✐❝ ❙❘❊ ❛ss♦❝✐❛t❡❞
✇✐t❤ ▼♦❞❡❧ ✭✶✮❀ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ▼▼❊ ❛r❡ ♣r♦✈✐❞❡❞❀

❜✮ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋ ♣r♦❝❡ss✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡
t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ▼▼❊✴t❛✐❧ ✐♥❞❡①❀

❝✮ ✇❡ ♣r♦♣♦s❡ ♥❡✇ t❡sts ♦❢ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥❀

❞✮ ❝❛s❡s ✇❤❡r❡ t❤❡ ❡rr♦rs ❞❡♥s✐t② ✐s ❡✐t❤❡r ❦♥♦✇♥ ♦r ♣❛r❛♠❡t❡r✐③❡❞ ❛r❡ ❞✐s❝✉ss❡❞❀

❡✮ ✇❡ ♣r♦✈✐❞❡ ♣♦✇❡r ❝♦♠♣❛r✐s♦♥s ♦❢ t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❛♥❞ ♣❛r❛♠❡tr✐❝ t❡sts ✉♥❞❡r ❧♦❝❛❧
❛❧t❡r♥❛t✐✈❡s ♦r ✉s✐♥❣ t❤❡ ❇❛❤❛❞✉r ❛♣♣r♦❛❝❤✳

✶✳✺ ❖r❣❛♥✐s❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r

■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋✳ ❙❡❝t✐♦♥ ✸ ❞❡r✐✈❡s t❤❡
t❡st ❜❛s❡❞ ♦♥ t❤❡ ▼●❋✱ ✇❤✐❧❡ ❙❡❝t✐♦♥ ✹ ❞❡r✐✈❡s t❤❡ t❡st ❜❛s❡❞ ♦♥ t❤❡ ▼▼❊✳ ❈♦♠♣❛r✐s♦♥s
❜❛s❡❞ ♦♥ ❧♦❝❛❧ ❛❧t❡r♥❛t✐✈❡s ❛r❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣♦✇❡r δ ✐s ✉♥❦♥♦✇♥ ✐s
st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳ ❆♥ ❡♠♣✐r✐❝❛❧ ✐❧❧✉str❛t✐♦♥ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳ ❙❡❝t✐♦♥ ✽ ❝♦♥❝❧✉❞❡s✳
❋✐♥❛❧❧②✱ ✐♥ ❛♣♣❡♥❞✐① ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢s ♦❢ ♦✉r r❡s✉❧ts✱ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ▼♦♥t❡✲
❈❛r❧♦ ❡①♣❡r✐♠❡♥ts✳

✷ ❊st✐♠❛t✐♥❣ t❤❡ ▼●❋ ♦❢ t❤❡ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍

❈♦♥s✐❞❡r ❛ s❡♠✐✲♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ ▼♦❞❡❧ ✭✶✮ ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s
{
ǫt = σt(θ0)ηt,
σδ
t (θ0) = ω(ηt−1;θ0) + a(ηt−1;θ0)σ

δ
t−1(θ0)

✭✺✮

✇❤❡r❡ δ > 0 ✐s ❣✐✈❡♥ ✭s❡❡ ❙❡❝t✐♦♥ ✻ ❢♦r ❛♥ ❡①t❡♥s✐♦♥✮ ❛♥❞ θ0 ∈ R
d ✐s ❛ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs✳

▲❡t θ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡❧♦♥❣ t♦ ❛ ❝♦♠♣❛❝t
♣❛r❛♠❡t❡r s❡t Θ ⊂ R

d✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r ❛♥② θ ∈ Θ✱ t❤❡ ❢✉♥❝t✐♦♥s ω(·;θ) ❛♥❞ a(·;θ) s❛t✐s❢②
ω(·;θ) : R → [ω,+∞) ❛♥❞ a(·;θ) : R → [a,+∞)✳

❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✺✮ ❤❛s t❤❡ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ r❡❝✉rr❡♥❝❡ ❡q✉❛t✐♦♥ ✭❙❘❊✮ ✇❤✐❝❤
❡♥❛❜❧❡s t♦ st✉❞② ✐ts ♣r♦❜❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳ ▲❡t (ǫt) ❞❡♥♦t❡ t❤❡ str✐❝t❧② st❛t✐♦♥❛r②✱ ♥♦♥✲

❛♥t✐❝✐♣❛t✐✈❡
✶

❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ ♦❢ ▼♦❞❡❧ ✭✺✮ ✭✉♥❞❡r ❆ss✉♠♣t✐♦♥❆✶ ✐♥ ❆♣♣❡♥❞✐① ❆✮✳ ●✐✈❡♥

✶
✐✳❡✳ ǫt ∈ Ft✱ t❤❡ σ✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② (ηt, ηt−1, . . .)

✹



♦❜s❡r✈❛t✐♦♥s ǫ1, . . . , ǫn✱ ❛♥❞ ❛r❜✐tr❛r② ✐♥✐t✐❛❧ ✈❛❧✉❡s ǫ̃0 ❛♥❞ σ̃0 > 0 ✇❡ ❞❡✜♥❡✱ ❢♦r t = 1, . . . , n
❛♥❞ ❛♥② θ ❜❡❧♦♥❣✐♥❣ t♦ Θ✱

σ̃δ
t (θ) = ω

(
ǫt−1

σ̃t−1(θ)
;θ

)
+ a

(
ǫt−1

σ̃t−1(θ)
;θ

)
σ̃δ
t−1(θ)

✇❤❡r❡ σ̃0(θ) = σ̃0 ❛♥❞ ǫ0 = ǫ̃0✳ ❚❤❡ ❛❜♦✈❡ ❙❘❊ r❛✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡
♠♦❞❡❧✱ ✇❤✐❝❤ ❤♦❧❞s ♦♥❧② ✐❢ σ̃δ

t (θ) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❛s②♠♣t♦t✐❝❛❧❧② ♦♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✭s❡❡
❙tr❛✉♠❛♥♥ ❛♥❞ ▼✐❦♦s❝❤ ✭✷✵✵✻✮✱ ❇❧❛sq✉❡s ❡t ❛❧✳ ✭✷✵✶✽✮✮✳ ❯♥❞❡r ❝♦♥❞✐t✐♦♥ ❆✸ ❜❡❧♦✇✱ t❤❡
s❡q✉❡♥❝❡ (σ̃δ

t (θ))t≥0 ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ♣r♦❝❡ss (σδ
t (θ)) s♦❧✉t✐♦♥ ♦❢

t❤❡ ❙❘❊

σδ
t (θ) = ω

(
ǫt−1

σt−1(θ)
;θ

)
+ a

(
ǫt−1

σt−1(θ)
;θ

)
σδ
t−1(θ), t ∈ Z. ✭✻✮

▲❡♠♠❛ ✶ ✐♥ ❛♣♣❡♥❞✐① ♣r♦✈✐❞❡s ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str✐❝t❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥
t♦ t❤❡ ♣r❡✈✐♦✉s ❙❘❊✳ ❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ s > 0✱ E[as(η1;θ0)] < ∞✳ ❋♦r 0 < u ≤ s✱

❝♦♥s✐❞❡r t❤❡ ❡st✐♠❛t♦r S
(u)
n ❞❡✜♥❡❞ ✐♥ ✭✹✮ ♦❢ t❤❡ ▼●❋ S

(u)
∞ := E[au(η1;θ0)] ✇❤❡r❡ θ̂n ❞❡♥♦t❡s

❛♥② str♦♥❣❧② ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ θ0 ∈ Θ✱ η̂t = ǫt/σ̂t, ✇✐t❤ σ̂t = σ̃t(θ̂n)✳ ❚♦ s✐♠♣❧✐❢②
t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ♣r❡❝✐s❡ ❛ss✉♠♣t✐♦♥s✱ ❧❛❜❡❧❧❡❞ ❆✶✲❆✶✵ ❛r❡ r❡❧❡❣❛t❡❞ t♦ ❆♣♣❡♥❞✐① ❆✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❛ ♠♦♠❡♥t ❛ss✉♠♣t✐♦♥ ♦♥ a(ηt,θ0) ✐s r❡q✉✐r❡❞✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ ♠✉❝❤
✇❡❛❦❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛ss✉♠♣t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ♣r♦❝❡ss✳ ■♥ s♦♠❡ ♠♦❞❡❧s✱ t❤❡
♠♦♠❡♥t ❛ss✉♠♣t✐♦♥ ♦♥ a(ηt,θ0) ✐s ✐♥♦❝✉♦✉s ✭❛s ✐♥ t❤❡ ❇❡t❛✲t✲●❆❘❈❍ ♦❢ ❍❛r✈❡② ✭✷✵✶✸✮ ❛♥❞
❈r❡❛❧ ❡t ❛❧✳ ✭✷✵✶✸✮ ✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s a(ηt,θ0) ❛r❡ ❜♦✉♥❞❡❞✮✳ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ❛ss✉♠♣t✐♦♥

❝❛♥ ❜❡ ❛ss❡ss❡❞ ✉s✐♥❣ t❤❡ ✜❧t❡r❡❞ ✈❛r✐❛❜❧❡s a(η̃t, θ̂n) ❛♥❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♥♦♥♣❛r❛♠❡tr✐❝
❛♣♣r♦❛❝❤ ♦❢ ❍✐❧❧ ✭✷✵✶✺✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♣r♦✈✐❞❡s t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋ S
(u)
n ✳

❚❤❡♦r❡♠ ✶ ❯♥❞❡r ❆✶✲❆✻ ❛♥❞ ❆✼✭u✮ ✇✐t❤ 0 < u ≤ s/2✱ ✇❡ ❤❛✈❡

√
n
{
S(u)
n − S(u)

∞
} L→ N (0, υ2u := g′

uΣgu + ψu + 2g′
uξu) , ✭✼✮

✇❤❡r❡ Σ = E(∆tΥ∆
′
t)✱ ψu = ❱❛r[au(η1;θ0)]✱ ξu = ΛE[V (ηt)a

u(ηt;θ0)]✱ gu = E
(
gu,t

)
✇❤❡r❡

gu,t =
[

∂
∂θ
au{ηt(θ);θ}

]
θ=θ0

. ▼♦r❡♦✈❡r υ2u > 0 ✇❤❡♥❡✈❡r ❱❛r {au(ηt;θ0) + g′
u∆t−1V (ηt)} >

0✳
✷

❚❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋ ❤❛s ❛ ♠♦r❡ ❡①♣❧✐❝✐t ❢♦r♠ ✐♥ t❤❡ ❝❛s❡ ♦❢
t❤❡ ●❆❘❈❍✭✶✱✶✮ ✭δ = 2✮ ❢♦r t✇♦ ✐♠♣♦rt❛♥t ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s✿ t❤❡ ●❛✉ss✐❛♥ ◗▼▲ ❛♥❞
t❤❡ ▼▲✳

❈♦r♦❧❧❛r② ✶ ✭●❆❘❈❍✭✶✱✶✮✮ ❋♦r t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢
❚❤❡♦r❡♠ ✶✱ ❧❡tt✐♥❣ Mx,y = E[η2xt (α0η

2
t + β0)

y]✱ x, y ∈ R✱ ❛♥❞

Ω = E

(
1

σ2
t (θ)

∂σ2
t (θ0)

∂θ

)
, J = E

(
1

σ4
t

∂σ2
t (θ0)

∂θ

∂σ2
t (θ0)

∂θ′

)
, ✭✽✮

✷
❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✈❡❝t♦r

{au(ηt;θ0),V
′(ηt)}✳

✺



✇❡ ✜♥❞ t❤❛t gu = u {mu − α0M1,u−1Ω} , ✇❤❡r❡ mu = (0,M1,u−1,M0,u−1)
′, ❛♥❞

υ2u = cηu
2
{
m′

uJ
−1mu − α2

0M
2
1,u−1

}
+M0,2u −M2

0,u, ✭✾✮

✇❤❡r❡ cη = κ4 − 1 ✇✐t❤ κ4 = Eη4t ❢♦r t❤❡ ◗▼▲❊✱ ❛♥❞ cη = 4/ιf ❢♦r t❤❡ ▼▲❊✱ ✇❤❡r❡

ιf =
∫
{1 + yf ′(y)/f(y)}2 f(y)dµ(y) ✐s t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ❢♦r s❝❛❧❡✳

✸

❆♥ ❡①❛♠♣❧❡ ♦❢ ♠♦❞❡❧ ♦❢ t❤❡ ❢♦r♠ ✭✶✮ ✐s t❤❡ ❆P❆❘❈❍ ✭❆s②♠♠❡tr✐❝ P♦✇❡r ❆❘❈❍✮ ♦❢
❉✐♥❣ ❡t ❛❧✳ ✭✶✾✾✸✮ ❞❡✜♥❡❞ ❜② ω(η) = ω✱ a(η) = α+|η|δ1❧η>0 + α−|η|δ1❧η<0 + β✳ ❋♦r ❆P❆❘❈❍
❡st✐♠❛t❡❞ ❜② ◗▼▲✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡❞✳

❈♦r♦❧❧❛r② ✷ ✭❆P❆❘❈❍ ♠♦❞❡❧✮ ❯♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿ ✐✮ P (ηt > 0) ∈ (0, 1)✱
t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ηt ❝♦♥t❛✐♥s ❛t ❧❡❛st t❤r❡❡ ♣♦✐♥ts✱ ❛♥❞ E(|ηt|sδ) < ∞ ✇✐t❤

sδ ≥ 4❀ ✐✐✮ Θ ⊂ [ω,∞)× (0,∞)2 × [0, 1) ✐s ❝♦♠♣❛❝t ❛♥❞ θ0 ∈
◦
Θ✱ ✐✐✐✮ E log a(η1,θ0) < 0✱ t❤❡

❝♦♥❝❧✉s✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❤♦❧❞ ❢♦r t❤❡ ◗▼▲ ❡st✐♠❛t♦r ❛♥❞ u ≤ s/2✳

✸ ❚❡st✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ❣✐✈❡♥ ♦r❞❡r ✉s✐♥❣

t❤❡ ▼●❋

❋♦r u > 0✱ ❝♦♥s✐❞❡r t❤❡ uδ✲t❤ ♦r❞❡r ♠♦♠❡♥ts t❡st✐♥❣ ♣r♦❜❧❡♠s

H0,u : E(|ǫt|uδ) <∞ ❛❣❛✐♥st H1,u : E(|ǫt|uδ) = ∞, ✭✶✵✮

❛♥❞

H∗
0,u : E(|ǫt|uδ) = ∞ ❛❣❛✐♥st H∗

1,u : E(|ǫt|uδ) <∞. ✭✶✶✮

◆♦t❡ t❤❛t ❜② ✭✷✮✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s

E|η1|uδ <∞, E[ωu(η1)] <∞, ✭✶✷✮

t❤❡ t❡st✐♥❣ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s

H0,u : E{au(ηt)} < 1 ❛❣❛✐♥st H1,u : E{au(ηt)} ≥ 1, ✭✶✸✮

❛♥❞ s✐♠✐❧❛r❧② ❢♦r H∗
0,u✳ ▲❡t t❤❡ t❡st st❛t✐st✐❝ ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋

T (u)
n =

√
n
{
S
(u)
n − 1

}

υ̂u
, ✇❤❡r❡ υ̂2u = ĝ′

uΣ̂ĝu + ψ̂u + 2ĝ′
uξ̂u,

♣r♦✈✐❞❡❞ υ̂2u > 0✱ ✇✐t❤

ĝu =
1

n

n∑

t=1

∂

∂θ
au
(
ǫt
σ̃t
(θ̂n); θ̂n

)
, ψ̂u =

1

n

n∑

t=1

a2u
(
ǫt
σ̃t
(θ̂n); θ̂n

)
−
{
1

n

n∑

t=1

au
(
ǫt
σ̃t
(θ̂n); θ̂n

)}2

❛♥❞ ξ̂u ❛♥❞ Σ̂ str♦♥❣❧② ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs ♦❢ ξu ❛♥❞ Σ.

✸
❛ss✉♠✐♥❣ t❤❛t ηt ❤❛s ❛ ❞❡♥s✐t② f ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ σ✲✜♥✐t❡ ♠❡❛s✉r❡ µ✳ ❈♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡

♦❢ ιf ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❆ss✉♠♣t✐♦♥s ❇✶✲❇✷ ♦❢ ❆♣♣❡♥❞✐① ❆✳

✻



Pr♦♣♦s✐t✐♦♥ ✶ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ✇✐t❤ υu > 0 ❛♥❞ ✉♥❞❡r ✭✶✷✮✱ ❛ t❡st ♦❢
H0,u ❬r❡s♣✳ H∗

0,u❪ ❛t t❤❡ ❛s②♠♣t♦t✐❝ ❧❡✈❡❧ α ∈ (0, 1) ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥

C
(u)
T = {T (u)

n > Φ−1(1− α)}, [r❡s♣✳ {T (u)
n < Φ−1(α)}]. ✭✶✹✮

❚❤✐s r❡s✉❧t ♣r♦✈✐❞❡s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ t❡st st✉❞✐❡❞ ❜② ❋r❛♥❝q ❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✷✶❛✮ ✐♥ t❤❡
❝❛s❡ ✇❤❡r❡ u ✐s ❡✈❡♥ ❛♥❞ (ǫt) ❢♦❧❧♦✇s ❛ st❛♥❞❛r❞ ●❆❘❈❍✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ♠♦♠❡♥t
❝♦♥❞✐t✐♦♥ ✐s ❛♥ ❡①♣❧✐❝✐t ❢✉♥❝t✐♦♥ ♦❢ θ0 ❛♥❞ ♠♦♠❡♥ts ♦❢ ηt✳ ❚❤❡ t❡st st❛t✐st✐❝ ✐s t❤✉s ❝♦♠♣✉t❡❞
❞✐✛❡r❡♥t❧②✱ ❜✉t ✐s ❡q✉✐✈❛❧❡♥t t♦ T

(u)
n ✱ ❛s t❤❡ ♥❡①t ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s✳

❊①❛♠♣❧❡ ✶ ✭✷♥❞✲♦r❞❡r st❛t✐♦♥❛r✐t② t❡st✐♥❣ ✭u = 1✮ ✐♥ st❛♥❞❛r❞ ●❆❘❈❍ ✭δ = 2✮✮
❲❡ ❤❛✈❡ a(η,θ) = αη2 + β✳ ❲❤❡♥ t❤❡ ♠♦❞❡❧ ✐s ❡st✐♠❛t❡❞ ❜② ●❛✉ss✐❛♥ ◗▼▲ ✇❡ ❤❛✈❡✱ ❜②
❈♦r♦❧❧❛r② ✶✱ υ21 = (κ4 − 1)e′

0J
−1e0 + (α0 + β0)

2 − 1, ✇❤❡r❡ e′
0 = (0, 1, 1)✳ ❚❤✉s ✉♥❞❡r H0,1✱

S(1)
n =

1

n

n∑

t=1

(α̂nη̂
2
t + β̂n) = α̂n + β̂n + oP (1), υ21 = (κ4 − 1)e′

0J
−1e0.

❲❡ r❡tr✐❡✈❡ t❤❡ ❲❛❧❞✲t②♣❡ t❡st st❛t✐st✐❝ ❢♦r t❡st✐♥❣ s❡❝♦♥❞✲♦r❞❡r st❛t✐♦♥❛r✐t②✱

T (1)
n =

√
n

(α̂n + β̂n − 1)

{(κ̂4 − 1)e′
0Ĵ

−1
e0}1/2

+ oP (1).

✹ ❊st✐♠❛t✐♥❣ t❤❡ ▼▼❊ ❛♥❞ ❛❧t❡r♥❛t✐✈❡ t❡sts

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❣❛t❤❡r ❡①✐st✐♥❣ r❡s✉❧ts ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜♥✐t❡ ▼▼❊✳

Pr♦♣♦s✐t✐♦♥ ✷ ❙✉♣♣♦s❡ γ = E log a(η1) < 0✳
✐✮ ■❢ P [a(η1) ≤ 1] = 1✿ ❢♦r ❛❧❧ u > 0✱ E[au(η1)] < 1✱ ❛♥❞ E(σuδ

t ) <∞ ✐❢ E[ωu(η1)] <∞✳
✐✐✮ ■❢ P [a(η1) ≤ 1] < 1 ❛♥❞ 1 ≤ E[as(η1)] < ∞ ❢♦r s♦♠❡ s > 0✿ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

u0 > 0 s✉❝❤ t❤❛t E[au0(η1)] = 1.
▼♦r❡♦✈❡r✱ ✐❢ E[au(η1)] < 1 ❛♥❞ E[av(η1)] > 1 ❢♦r 0 < u < v t❤❡♥ u0 ∈ (u, v)✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢
E[ωu0(η1)] <∞, t❤❡♥ E(σuδ

t ) <∞ ❢♦r ❛❧❧ u < u0✱ ❛♥❞ E(σ
uδ
t ) = ∞ ❢♦r u ≥ u0✳

■❢ ✐✐✮ ❤♦❧❞s✱ t❤❡ ❧❛✇ ♦❢ log a(η1) ✐s ♥♦♥❛r✐t❤♠❡t✐❝✱ ❛♥❞ ✐❢ Ea(η1)
u0 log+ a(η1) <∞, t❤❡r❡ ❡①✲

✐sts c > 0 s✉❝❤ t❤❛t P (σt > x) ∼ cx−δu0 , ❛♥❞ P (|ǫt| > x) ∼ E|ηt|δu0P (σt > x), ❛s x→ ∞✳

❘❡♠❛r❦ ✶ ❲❤❡♥ a(η1) ❤❛s ✉♥❜♦✉♥❞❡❞ s✉♣♣♦rt ❛♥❞ ❛❞♠✐ts ♠♦♠❡♥ts ❛t ❛♥② ♦r❞❡r m✱ s✉❝❤
♠♦♠❡♥ts t❡♥❞ t♦ ✐♥✜♥✐t② ✇❤❡♥ m ✐♥❝r❡❛s❡s ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ 1 ≤ E[as(η1)] < ∞ ❢♦r s♦♠❡
s > 0 ✐s s❛t✐s✜❡❞✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ♠♦st ❝❧❛ss✐❝❛❧ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ✉♥❜♦✉♥❞❡❞ s✉♣♣♦rt
t❤❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ♥♦♥
tr✐✈✐❛❧✿ s✉♣♣♦s❡ t❤❛t t❤❡ ❞❡♥s✐t② g ♦❢ a(η1) ✐s s✉❝❤ t❤❛t g(x)

x→∞∼ K(x2 log2 x)−1✳ ❚❤❡♥ ✇❡
❤❛✈❡ E[as(η1)] = ∞ ❢♦r ❛♥② s > 1 ❜✉t E[a(η1)] < ∞ ✭✐❢✱ ❢♦r ✐♥st❛♥❝❡✱ g ✐s ❜♦✉♥❞❡❞✮✳ ■t ✐s
❝❧❡❛r t❤❛t t❤❡ ❧❛tt❡r ❡①♣❡❝t❛t✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ s♠❛❧❧❡r t❤❛♥ ✶ ❜② s❝❛❧✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ a✳ ❋♦r
s✉❝❤ ❞✐str✐❜✉t✐♦♥s✱ u0 ❞♦❡s ♥♦t ❡①✐st✳

✼
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❋✐❣✉r❡ ✶✿ ▼●❋ ❢♦r t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ✇✐t❤ α0 = 0.10, β0 = 0.85 ❛♥❞ ❢♦r ❙t✉❞❡♥t

❡rr♦rs ✇✐t❤ ν ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❱❛❧✉❡s ♦❢ t❤❡ ▼▼❊ u0 ❛r❡ ❞✐s♣❧❛②❡❞ ♦✈❡r t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✳

❘❡♠❛r❦ ✷ ❚❤❡ t❛✐❧ ♣r♦♣❡rt✐❡s ✐♥ t❤✐s ♣r♦♣♦s✐t✐♦♥✕❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ st❛♥❞❛r❞ ●❆❘❈❍
❜② ▼✐❦♦s❝❤ ❛♥❞ ❙t➔r✐❝➔ ✭✷✵✵✵✮ ❛♥❞ ❢♦r ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ ❜② ❩❤❛♥❣ ❛♥❞ ▲✐♥❣ ✭✷✵✶✺✮✕s❤♦✇
t❤❛t✱ ✉♥❞❡r ♠✐❧❞ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❝♦❡✣❝✐❡♥t δu0 ✐s ❛❧s♦ t❤❡ t❛✐❧ ✐♥❞❡① ♦❢ t❤❡ ❛✉❣✲
♠❡♥t❡❞ ●❆❘❈❍ ♣r♦❝❡ss✳ ❈♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ t❛✐❧ ✐♥❞❡① ❢♦r ❣❡♥❡r❛❧ ❙❘❊ ✇❡r❡
❞❡r✐✈❡❞ ❜② ❇❛sr❛❦ ❡t ❛❧✳ ✭✷✵✵✷✮✱ ❛♥❞ ❑❡st❡♥ ✭✶✾✼✸✮ ❝❤❛r❛❝t❡r✐③❡❞ t❤✐s ❝♦❡✣❝✐❡♥t ❛s t❤❡ s♦✲
❧✉t✐♦♥ ♦❢ ❛♥ ❡q✉❛t✐♦♥ t❛❦✐♥❣ t❤❡ ❢♦r♠ E[au0(η1)] = 1 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍✭✶✱✶✮
♣r♦❝❡ss❡s✳

Pr♦♣♦s✐t✐♦♥ ✷ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶ ❢♦r ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ν = 10, 15 ❛♥❞ 20.
❲❡ ✇✐❧❧ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼▼❊ u0 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡st ✉♥❞❡r

t❤r❡❡ ❞✐✛❡r❡♥t s❡tt✐♥❣s✳

✽



✹✳✶ ❙❡♠✐✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼▼❊

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❤❡ s❛♠♣❧❡ ❝♦✉♥t❡r♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳

Pr♦♣♦s✐t✐♦♥ ✸ ❙✉♣♣♦s❡ γn := 1
n

∑n
t=1 log a(η̂t; θ̂n) < 0✳

■❢ a(η̂t; θ̂n) ≤ 1 ❢♦r ❛❧❧ 1 ≤ t ≤ n✱ t❤❡♥ S
(u)
n < 1, ❢♦r ❛❧❧ u > 0✳

❈♦♥✈❡rs❡❧②✱ ✐❢ a(η̂t; θ̂n) > 1 ❢♦r ❛t ❧❡❛st ♦♥❡ 1 ≤ t ≤ n✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ un > 0

s✉❝❤ t❤❛t S
(un)
n = 1. ▼♦r❡♦✈❡r✱ ✐❢ S

(u)
n < 1 ❛♥❞ S

(v)
n > 1 ❢♦r 0 < u < v t❤❡♥ un ∈ (u, v)✳

▲❡tt✐♥❣ ûn = sup{u > 0; S
(u)
n ≤ 1}, ✇❡ ❤❛✈❡ ûn = ∞ ✇❤❡♥ a(η̂t; θ̂n) ≤ 1 ❢♦r ❛❧❧ 1 ≤ t ≤ n✱

❛♥❞ ûn = un ✭♦❢ Pr♦♣♦s✐t✐♦♥ ✸✮ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❝❛s❡✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢
ûn✳

❚❤❡♦r❡♠ ✷ ❙✉♣♣♦s❡ γ = E{a(ηt)} < 0✱ ✇✐t❤ a(η) = a(η;θ0)✳ ❯♥❞❡r ❆✶✲❆✹✱ ❆✻ ❛♥❞
E supθ∈V (θ0)

∥∥ ∂
∂θ

log a(ǫt/σt(θ);θ)
∥∥ <∞✱ ✇❡ ❤❛✈❡ γn → γ, a.s. ▼♦r❡♦✈❡r✱ ✐❢

✐✮ P [a(η1) ≤ 1] = 1✱ t❤❡♥ ûn → ∞, a.s.
✐✐✮ P [a(η1) > 1] > 0✱ ❛♥❞ 1 < E[as(η1)] <∞ ❢♦r s♦♠❡ s > 0✱ t❤❡♥ ûn → u0, a.s.✱ ✇❤❡r❡

u0 > 0 ✐s s✉❝❤ t❤❛t E[au0(η1)] = 1.

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ ûn✱ ✇❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧
❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❋♦r u1 < u2✱ ❧❡t C[u1, u2] ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥
[u1, u2]✱ ❛♥❞ ❧❡t ⇒ ❞❡♥♦t❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ t❤❡ s♣❛❝❡ C ❡q✉✐♣♣❡❞ ✇✐t❤ ✉♥✐❢♦r♠ ❞✐st❛♥❝❡✳

❚❤❡♦r❡♠ ✸ ■❢ ❆✶✲❆✻ ❛♥❞ ❆✼✭u2✮ ❤♦❧❞✱ ❢♦r [u1, u2] ⊂ (0, s/2)

√
n
{
S(u)
n − S(u)

∞
} C[u1,u2]

=⇒ Γ(u) ✭✶✺✮

✇❤❡r❡ Γ(u) st❛♥❞s ❢♦r ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ EΓ(u) = 0 ❛♥❞ ❈♦✈{Γ(u),Γ(v)} = g′
uΣgv +

ψu,v + g′
uξv + g′

vξu ✇❤❡r❡ ψu,v = ❈♦✈{au(η1;θ0), a
v(η1;θ0)}.

▲❡t D
(u)
∞ = E[au(η1;θ0) log{a(η1;θ0)}] t❤❡ ✜rst✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▼●❋ u→ S

(u)
∞ ✱ ✇❤✐❝❤

✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r u < s ✉♥❞❡r ❆✶✳ ◆♦t❡ t❤❛t D
(u0)
∞ ✐s ♣♦s✐t✐✈❡ ✭✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ♦❢

t❤❡ ▼●❋✮✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼▼❊ ✇❛s ❞❡r✐✈❡❞ ✐♥ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍
❝❛s❡ ❜② ▼✐❦♦s❝❤ ❛♥❞ ❙t➔r✐❝➔ ✭✷✵✵✵✮ ❛♥❞ ❇❡r❦❡s ❡t ❛❧✳ ✭✷✵✵✸✮✱ ❢♦r ❉♦✉❜❧❡ ❆❘✭✶✮ ♠♦❞❡❧s ❜②
❈❤❛♥ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ❛♥❞ ❢♦r ❜♦t❤ ♠♦❞❡❧s ✉s✐♥❣ ❛ ❧❡❛st ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ❡st✐♠❛t♦r ❜② ❩❤❛♥❣
❡t ❛❧✳ ✭✷✵✶✾✮✳ ❋♦r t❤❡ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✱ ✐❢ ❆ss✉♠♣t✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✷ ❤♦❧❞s✱
✇✐t❤ u0 ∈ (0, u2)✱ ✇❡ ❤❛✈❡

√
n(ûn − u0)

L→ N
(
0, w2

u0
:= {D(u0)

∞ }−2υ2u0

)
.

❚❤✐s r❡s✉❧t ❛❧❧♦✇s t♦ ❜✉✐❧❞ ❛s②♠♣t♦t✐❝ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✭❈■✮ ❢♦r t❤❡ ▼▼❊ u0 ❛♥❞ ❛❧s♦✱ ❜②
Pr♦♣♦s✐t✐♦♥ ✷✱ ❢♦r t❤❡ t❛✐❧ ✐♥❞❡① ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ǫt✳ ❍✐❧❧✬s ❡st✐♠❛t♦r ♦❢ t❤❡ t❛✐❧ ✐♥❞❡① ❤❛s
❜❡❡♥ st✉❞✐❡❞ ❢♦r t✐♠❡ s❡r✐❡s ♠♦❞❡❧s ✉♥❞❡r ❞✐✛❡r❡♥t ❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣t✐♦♥s ✭❛s ❢♦r ✐♥st❛♥❝❡

✾



✐♥ ❉r❡❡s ✭✷✵✵✵✮ ♦r ❘❡s♥✐❝❦ ❛♥❞ ❙t➔r✐❝➔ ✭✶✾✾✽✮✮✳ ❍♦✇❡✈❡r✱ t❤✐s ❡st✐♠❛t♦r ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞s
♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ s❛♠♣❧❡ ♦♥ ✇❤✐❝❤ ✐t ✐s ❝♦♠♣✉t❡❞ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❋✐❣✉r❡ ✶
✐♥ ❩❤✉ ❛♥❞ ▲✐♥❣ ✭✷✵✶✶✮✮✳ ▼♦r❡♦✈❡r✱ ❇❛❡❦✱ P✐♣✐r❛s✱ ❲❡♥❞t ❛♥❞ ❆❜r② ✭✷✵✵✾✮ s❤♦✇❡❞ t❤❛t
t❤❡ ❍✐❧❧ ❡st✐♠❛t♦r ✐s ❡①tr❡♠❡❧② ❜✐❛s❡❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ t❛✐❧ ✐♥❞❡① ♦❢ ❆❘❈❍✲t②♣❡ ♠♦❞❡❧s✳
❊✈❡♥ ❢♦r ✐✐❞ ❞❛t❛ ❛♥❞ ✈❡r② ❧❛r❣❡ s❛♠♣❧❡s✱ ❡st✐♠❛t✐♥❣ t❤❡ t❛✐❧ ✐♥❞❡① ✉s✐♥❣ ❍✐❧❧✬s ❡st✐♠❛t♦r ✐s

✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ ✉♥❧❡ss t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❛t❛ ❝♦♠❡s ❢r♦♠ ❛ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥
✹

✭s❡❡ ❜❡❧♦✇
❡①♣❡r✐♠❡♥ts ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s❡❝t✐♦♥ ✉s✐♥❣ ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥s✮✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❈■ ❢♦r
t❤❡ t❛✐❧ ✐♥❞❡① ✉s✐♥❣ ❍✐❧❧✬s ❡st✐♠❛t♦r ✐s ❡✈❡♥ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ❇② ❚❤❡♦r❡♠ ✹ ♦♥❡ ❝❛♥ ❡st✐♠❛t❡
t❤❡ t❛✐❧ ✐♥❞❡① ♦❢ ❛♥ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ ❛t ❛ ♣❛r❛♠❡tr✐❝ r❛t❡✱ ✐♥st❡❛❞ ♦❢ r❡s♦rt✐♥❣ t♦ ❡①tr❡♠❡
✈❛❧✉❡ st❛t✐st✐❝s✳ ❆ s✐♠✐❧❛r s✐t✉❛t✐♦♥ ♦❝❝✉rs ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ❛ ●❆❘❈❍✭✶✱✶✮
s✐♥❝❡✱ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ❞②♥❛♠✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ❉❡❧❛✐❣❧❡ ❡t ❛❧✳ ✭✷✵✶✻✮ ♠❛♥❛❣❡❞ t♦
♣r♦✈✐❞❡ ❛ r♦♦t✲n ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r✳ ❚r❛♣❛♥✐ ✭✷✵✶✻✮ ❛❧s♦ ♥♦t❡❞ t❤❛t ❍✐❧❧✬s ❡st✐♠❛t✐♦♥ ♦❢ t❤❡
t❛✐❧ ✐♥❞❡① ✧✐s ❢r❛✉❣❤t ✇✐t❤ ❞✐✣❝✉❧t✐❡s✧ ❛♥❞ ♣r♦♣♦s❡❞ ❛ r❛♥❞♦♠✐s❡❞ t❡st✐♥❣ ♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡❞
♦♥ s❛♠♣❧❡ ♠♦♠❡♥ts ❢♦r t❡st✐♥❣ ❢♦r ✭✐♥✮✜♥✐t❡ ♠♦♠❡♥ts ✐♥ ❛ ❣❡♥❡r❛❧ ♥♦♥♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦✳

◆♦✇ ❝♦♥s✐❞❡r t❡st✐♥❣ ✭✶✵✮ ❢♦r ❛ ❣✐✈❡♥ u > 0✳ ◆♦t❡ t❤❛t t❤❡ ♥✉❧❧ ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡
❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ H0,u : u < u0. ▲❡t t❤❡ t❡st st❛t✐st✐❝✱

U (u)
n =

√
n {u− ûn}
ŵûn

, ✇❤❡r❡ ŵ2
u =

{
1

n

n∑

t=1

au(η̂t; θ̂n) log{a(η̂t; θ̂n)}
}−2

υ̂2u.

Pr♦♣♦s✐t✐♦♥ ✹ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹ ✇✐t❤ w2
u0
> 0✱ ❛♥❞ ✭✶✷✮✱ ❛ t❡st ♦❢ H0,u

❬r❡s♣✳ H∗
0,u❪ ❛t t❤❡ ❛s②♠♣t♦t✐❝ ❧❡✈❡❧ α ∈ (0, 1) ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥

C
(u)
U = {U (u)

n > Φ−1(1− α)}, [r❡s♣✳ {U (u)
n < Φ−1(α)}], ✭✶✻✮

❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ 100(1− α)✪ ❈■ ❢♦r u0 ✐s ûn ± n−1/2Φ−1(1− α)ŵûn
✳

❲❡ ✇✐❧❧ ♥♦✇ ❝♦♥s✐❞❡r s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❡rr♦rs ❤❛✈❡ ❛ ❞❡♥s✐t② ✇❤✐❝❤ ✐s ❡✐t❤❡r ❦♥♦✇♥✱ ♦r
❦♥♦✇♥ ✉♣ t♦ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✐s ❡st✐♠❛t❡❞✱ ②✐❡❧❞✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛✲
t♦rs ♦❢ t❤❡ ▼▼❊✳

✹✳✷ P✉r❡❧② ♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs ♦❢ t❤❡ ▼▼❊

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ηt ❤❛s ❛ ❞❡♥s✐t② f ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❡✈❡r②✇❤❡r❡✱ ✇✐t❤ t❤✐r❞✲
♦r❞❡r ❞❡r✐✈❛t✐✈❡s ❛♥❞ s❛t✐s❢②✐♥❣ s♦♠❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ❞✐s♣❧❛②❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❚❤❡s❡
r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❢♦r ♥✉♠❡r♦✉s ❞✐str✐❜✉t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐✲
❜✉t✐♦♥✱ ❛♥❞ ❡♥t❛✐❧ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ❢♦r s❝❛❧❡ ιf ✐♥tr♦❞✉❝❡❞ ✐♥ ❈♦r♦❧✲
❧❛r② ✶✳

✹
❆❝❝♦r❞✐♥❣ t♦ ❉r❡❡s ❡t ❛❧✳ ✭✷✵✵✵✮✱ ✧❖♥❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ♣❛r❛♥♦r♠❛❧ t♦ ❞✐s❝❡r♥ ✇✐t❤ ❝♦♥✜❞❡♥❝❡ t❤❡ tr✉❡

✈❛❧✉❡ ❢r♦♠ t❤❡ ❍✐❧❧ ♣❧♦t✳✧

✶✵



✹✳✷✳✶ ❲❤❡♥ t❤❡ ❡rr♦rs ❞❡♥s✐t② ✐s ❦♥♦✇♥

❲❤❡♥ t❤❡ ❞❡♥s✐t② f ♦❢ ηt ✐s ❦♥♦✇♥✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✷✱ ❣✐✈❡♥ θ t❤❡
♠❛①✐♠❛❧ ♠♦♠❡♥t ❡①♣♦♥❡♥t u0 = u0,f (θ) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❡q✉❛t✐♦♥

∫
au0(x;θ)f(x)dx = 1.

❯♥❞❡r ❇✸ t❤✐s s♦❧✉t✐♦♥ s❛t✐s✜❡s✱ ❜② t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✱

∂u0,f (θ0)

∂θ
=

−1

D
(u0)
∞

ru0 , ru0 :=
∂

∂θ
S(u0)
∞ = E

(
u0a

u0−1(ηt;θ0)
∂a(ηt;θ0)

∂θ

)
.

❋♦r t❤❡ ❝❧❛ss✐❝❛❧ ●❆❘❈❍✭✶✱✶✮✱ ✇❡ ❤❛✈❡ ru0 = u0mu0 ✇❤❡r❡ mu0 ✐s ❞❡✜♥❡❞ ✐♥ ❈♦r♦❧❧❛r② ✶✳

▲❡t ûn,f = u0,f (θ̂n,ML) ✇❤❡r❡ θ̂n,ML ✐s t❤❡ ▼▲❊ ♦❢ θ0✱ t❤❛t ✐s✱ t❤❡ ❡st✐♠❛t♦r ♦❢ u0 ♦❜t❛✐♥❡❞
❜② s♦❧✈✐♥❣ ∫

aûn,f (x; θ̂n,ML)f(x)dx = 1.

◆♦t❡ t❤❛t ûn,f ✐s t❤❡ ▼▲ ❡st✐♠❛t♦r ♦❢ u0 ✭❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r✮

✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ♦❢ ûn ✭❡✈❡♥ ✇❤❡♥ θ̂n ✐s t❤❡ ▼▲ ❡st✐♠❛t♦r ♦❢ θ0✮✳
❯♥❞❡r r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ✭❞❡r✐✈❡❞ ❜② ❇❡r❦❡s ❛♥❞ ❍♦r✈át❤ ✭✷✵✵✹✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡

st❛♥❞❛r❞ ●❆❘❈❍(p, q) ♠♦❞❡❧✮✱ t❤❡ ▼▲❊ ♦❢ θ0 s❛t✐s✜❡s ❛♥ ❡①♣❛♥s✐♦♥ ❞✐s♣❧❛②❡❞ ✐♥ ❇✹ ✭s❡❡
❆♣♣❡♥❞✐① ❆✮✳ ▲❡t t❤❡ t❡st st❛t✐st✐❝

V (u)
n =

√
n(u− ûn,f )

σ̂f
,

✇❤❡r❡ σ̂f ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ σf =
(

4
ιf

∂u0

∂θ′ J
−1 ∂u0

∂θ

)1/2
= 1

D
(u0)
∞

{
4
ιf
r′
u0
J−1ru0

}1/2

✳

Pr♦♣♦s✐t✐♦♥ ✺ ▲❡t ❆ss✉♠♣t✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✷✱ ✭✶✷✮✱ ❆ss✉♠♣t✐♦♥s ❇✶✲❇✹ ❤♦❧❞✱ ❛♥❞ ❧❡t
ru0 6= 0✳ ❚❤❡♥✱ ❛ t❡st ♦❢ H0,u ❬r❡s♣✳ H∗

0,u❪ ❛t t❤❡ ❛s②♠♣t♦t✐❝ ❧❡✈❡❧ α ∈ (0, 1) ✐s ❞❡✜♥❡❞ ❜②
t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥

C
(u)
V = {V (u)

n > Φ−1(1− α)}, [r❡s♣✳ {V (u)
n < Φ−1(α)}], ✭✶✼✮

❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ 100(1− α)✪ ❈■ ❢♦r u0 ✐s ûn,f ± n−1/2Φ−1(1− α)σ̂f ✳

✹✳✷✳✷ ❲❤❡♥ t❤❡ ❡rr♦r ❞❡♥s✐t② ✐s ♣❛r❛♠❡tr✐③❡❞

■♥ ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❞❡♥s✐t② f ♦❢ ηt ✐s ❦♥♦✇♥ ✐s ♥♦t r❡❛❧✐st✐❝✳ ❆❧t❡r♥❛✲
t✐✈❡❧②✱ t❤❡ ❞❡♥s✐t② ❝❛♥ ❜❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❦♥♦✇♥ ✉♣ t♦ s♦♠❡ ✜♥✐t❡ ♣❛r❛♠❡t❡r✿ f(·) = f(·,ν0)
✇❤❡r❡ ν0 ∈ R

m ❢♦r m ∈ N✳ ▲❡t ϕ0 = (θ′
0,ν

′
0)

′ ❛♥❞ ❛ss✉♠❡ ϕ ∈ Φ ⊂ R
m+d✳ ●✐✈❡♥ ϕ✱ t❤❡

▼▼❊✱ ✇❤❡♥ ✐t ❡①✐sts✱ ✐s ♥♦✇ t❤❡ s♦❧✉t✐♦♥ u0 = u0,f (ϕ) ♦❢
∫
au0(x;θ)f(x,ν)dx = 1.

✶✶



❯♥❞❡r ❇✺✱ ✇❡ ❤❛✈❡

∂u0,f (ϕ0)

∂θ
=

−1

D
(u0)
∞

ru0 ,
∂u0,f (ϕ0)

∂ν
=

−1

D
(u0)
∞

su0 , su0 := E

(
au0(ηt;θ0)

1

f(ηt;ν0)

∂f(ηt;ν0)

∂ν

)
.

▲❡t ûn,f̂ = u0,f (θ̂n, ν̂n) ✇❤❡r❡ (θ̂n, ν̂n) ✐s t❤❡ ▼▲❊ ♦❢ ϕ0✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣

∫
aûn,f̂ (x; θ̂n)f(x, ν̂n)dx = 1. ✭✶✽✮

❚❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r ♦❢ ϕ0 ✇❡r❡ ❡st❛❜❧✐s❤❡❞ ❜② ❙tr❛✉♠❛♥♥ ✭❈❤❛♣✲
t❡r ✻✱ ✷✵✵✺✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ❞❡❢❡r t♦ t❤✐s r❡❢❡r❡♥❝❡ ❢♦r ♣r❡❝✐s❡ ❛ss✉♠♣t✐♦♥s ✉♥❞❡r
✇❤✐❝❤ s✉❝❤ ♣r♦♣❡rt✐❡s r❡❧②✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ▼▲❊ s❛t✐s✜❡s t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ❇✻✳ ▲❡t t❤❡

t❡st st❛t✐st✐❝ W
(u)
n =

√
n(u−û

n,f̂
)

ς̂f
✇❤❡r❡ ς̂f ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢

ςf =

{(
∂u0
∂θ′ ,

∂u0
∂ν ′

)
J
−1

(
∂u0
∂θ′ ,

∂u0
∂ν ′

)′}1/2

=
1

D
(u0)
∞

{(
r′
u0
, s′u0

)
J
−1
(
r′
u0
, s′u0

)′}1/2

.

Pr♦♣♦s✐t✐♦♥ ✻ ▲❡t ❆ss✉♠♣t✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✷✱ ✭✶✷✮✱ ❆ss✉♠♣t✐♦♥s ❇✶✲❇✷ ✇✐t❤ f(·) r❡✲
♣❧❛❝❡❞ ❜② f(·;ν0)✱ ❇✺✲❇✻ ❤♦❧❞✱ ❛♥❞ ❧❡t (r′

u0
, s′u0

) 6= 0✳ ❚❤❡♥✱ ❛ t❡st ♦❢ H0,u ❬r❡s♣✳ H∗
0,u❪ ❛t

t❤❡ ❛s②♠♣t♦t✐❝ ❧❡✈❡❧ α ∈ (0, 1) ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥

C
(u)
W = {W (u)

n > Φ−1(1− α)}, [r❡s♣✳ {W (u)
n < Φ−1(α)}], ✭✶✾✮

❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ 100(1− α)✪ ❈■ ❢♦r u0 ✐s ûn,f̂ ± n−1/2Φ−1(1− α)ς̂f ✳

✺ ❆s②♠♣t♦t✐❝ ♣♦✇❡r ❝♦♠♣❛r✐s♦♥s

❚♦ ❝♦♠♣❛r❡ t❤❡ t❡sts ♦❢ H0,u ✇❡ ✜rst ♥♦t❡ t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹ ❛♥❞
❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✱

U (u0)
n = T (u0)

n + oP (1). ✭✷✵✮

❚❤✉s t❤❡ st❛t✐st✐❝s ❛r❡ ❡q✉✐✈❛❧❡♥t ❛t t❤❡ ❢r♦♥t✐❡r ♦❢ t❤❡ ♥✉❧❧ ❛ss✉♠♣t✐♦♥ ❛♥❞✱ ❢r♦♠ t❤❡ ▲❡ ❈❛♠
t❤❡♦r②✱ t❤❡② ❛r❡ ❛❧s♦ ❡q✉✐✈❛❧❡♥t ✉♥❞❡r ❧♦❝❛❧ ❛❧t❡r♥❛t✐✈❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡
t❤❡s❡ t❡sts ✇✐t❤ t❤❡ ♣❛r❛♠❡tr✐❝ ♦♥❡s ❛♥❞ ❛❧s♦ ♣r♦✈✐❞❡ ♥♦♥✲❧♦❝❛❧ ❝♦♠♣❛r✐s♦♥s✳

✺✳✶ ❆s②♠♣t♦t✐❝ ♣♦✇❡r ✉♥❞❡r ❧♦❝❛❧ ❛❧t❡r♥❛t✐✈❡s

❈♦♥❞✐t✐♦♥❛❧ ♦♥ ǫ0 ❛♥❞ σ0✱ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s (ǫ1, . . . , ǫn) s❛t✐s❢②✐♥❣ ✭✺✮ ✐s ❣✐✈❡♥
❜② Ln,f (θ0) =

∏n
t=1 σ

−1
t (θ0)f

{
σ−1
t (θ0)ǫt

}
.

❆r♦✉♥❞ θ0 ∈
◦
Θ✱ ❧❡t ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❢♦r♠

θn = θ0 + τ/
√
n, ✭✷✶✮

✶✷



✇❤❡r❡ τ ∈ R
d✳ ❲❡ ❞❡♥♦t❡ ❜② Pn,τ ✭r❡s♣✳ P0✮ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ✇❤❡♥ t❤❡

♣❛r❛♠❡t❡r ✐s θn ✭r❡s♣✳ θ0✮✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✷✱ ❢♦r ❣✐✈❡♥ f ❛♥❞ θ0✱
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u0 := u0(θ0, f) s✉❝❤ t❤❛t E{au0(η1)} = 1✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱
❛ss✉♠❡ t❤❛t n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ s♦ t❤❛t θn ∈ Θ✳ ◆♦t❡ t❤❛t✱ ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡ ❛ss✉♠♣t✐♦♥s
♦♥ τ ✱ t❤❡ ♣❛r❛♠❡t❡r θn ❜❡❧♦♥❣s t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❢♦r t❡st✐♥❣ H0,u0 ✳

❉r♦st ❛♥❞ ❑❧❛❛ss❡♥ ✭✶✾✾✼✮ s❤♦✇❡❞ t❤❛t ❢♦r st❛♥❞❛r❞ ●❆❘❈❍✱ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ r❛t✐♦
Λn,f (θn,θ0) = logLn,f (θn)/Ln,f (θ0) s❛t✐s✜❡s t❤❡ ▲❆◆ ♣r♦♣❡rt②

Λn,f (θn,θ0) = τ ′
∆n,f (θ0)−

1

2
τ ′
Ifτ + oPθ0

(1), ✭✷✷✮

✇❤❡r❡

∆n,f (θ0) =
−1√
n

n∑

t=1

g1(ηt)
1

σt

∂σt(θ0)

∂θ

d−→ N (0,If ) , If = ιfE

(
1

σ2
t

∂σt(θ0)

∂θ

∂σt(θ0)

∂θ′

)

✉♥❞❡r Pθ0 ❛s n → ∞✳ ◆♦t❡ t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ❝❡♥tr❛❧ s❡q✉❡♥❝❡ ∆n,f (θ0) ✐s ❝♦♥❞✐t✐♦♥❛❧ ♦♥
t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✳ ■t ✐s s❤♦✇♥ ✐♥ ❉r♦st ❡t ❛❧✳ ✭✶✾✾✼✮ ❛♥❞ ▲✐♥❣ ❛♥❞ ▼❝❆❧❡❡r ✭✷✵✵✸✮ t❤❛t ✭✷✷✮
❝♦♥t✐♥✉❡s t♦ ❤♦❧❞ ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦s✳ ▲❡❡ ❛♥❞ ❚❛♥✐❣✉❝❤✐ ✭✷✵✵✺✮ s❤♦✇❡❞ t❤❛t t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡s ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ▲❆◆ ♣r♦♣❡rt②✳ ❚♦❣❡t❤❡r ✇✐t❤ ▲❡ ❈❛♠✬s t❤✐r❞ ❧❡♠♠❛✱
t❤❡ ▲❆◆ ♣r♦♣❡rt② ❛❧❧♦✇s ✉s t♦ ❞❡r✐✈❡ t❤❡ ▲♦❝❛❧ ❆s②♠♣t♦t✐❝ P♦✇❡rs ✭▲❆P✮ ♦❢ ♦✉r t❡sts✳

Pr♦♣♦s✐t✐♦♥ ✼ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❇✶✲❇✷✱ ✭✷✷✮ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥s ✶
❛♥❞ ✹✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ▲❆P ♦❢ t❤❡ t❡sts ♦❢ H0,u0 ❞❡✜♥❡❞ ✐♥ ✭✶✹✮ ❛♥❞ ✭✶✻✮ ❛r❡ ❣✐✈❡♥ ❜②

lim
n→∞

Pn,τ

(
C

(u0)
T

)
= lim

n→∞
Pn,τ

(
C

(u0)
U

)
= Φ

{
cf,u0(θ0)− Φ−1(1− α)

}
✭✷✸✮

✇❤❡r❡✱ ✉s✐♥❣ g1(y) = 1 + y f ′

f
(y)✱

cf,u0(θ0) = − τ ′

υu0

[
E

(
1

σt

∂σt(θ0)

∂θ

)
E{au0(η1)g1(η1)}+ E

(
1

σt

∂σt(θ0)

∂θ
g′
u0
∆t−1

)
E{V (η1)g1(η1)}

]
.

❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ❡st✐♠❛t❡❞ ❜② ◗▼▲ ♦r ❜② ▼▲✱ ❝♦♠♣✉t❛t✐♦♥s
r❡♣♦rt❡❞ ✐♥ ❛♣♣❡♥❞✐① s❤♦✇ t❤❛t✱ ✇✐t❤ ♦❜✈✐♦✉s ♥♦t❛t✐♦♥✱

cQML
f,u0

(θ0) =
u0

υu0,QML

τ ′mu0 ≤ cML
f,u0

(θ0) =
u0

υu0,ML

τ ′mu0 , ✭✷✹✮

✇❤❡r❡ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ✭✾✮✳ ■t ❝❛♥ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ t❡sts ❛r❡ ❧♦❝❛❧❧②
❛s②♠♣t♦t✐❝❛❧❧② ✉♥❜✐❛s❡❞ ✭✐✳❡✳ cf,u0 > 0✮ ✇❤❡♥❡✈❡r τ3/τ2 ≥ β0/α0✳

■♥ t❤❡ ✉s✉❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣♦✇❡r u0 ❞❡❝r❡❛s❡s ✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r ✐♥❝r❡❛s❡s ✐♥ ❛ ❣✐✈❡♥
❞✐r❡❝t✐♦♥ e ∈ R

d✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ♣♦✇❡r ♦❢ ❛s②♠♣t♦t✐❝❛❧❧② ❧♦❝❛❧❧② ❯♥✐❢♦r♠❧② ▼♦st
P♦✇❡r❢✉❧ ❯♥❜✐❛s❡❞ ✭❯▼P❯✮ t❡sts ❛♥❞ ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ t❡sts T ❛♥❞ U t♦ ❜❡ ♦♣t✐♠❛❧
✐♥ t❤✐s s❡♥s❡✳

✶✸



Pr♦♣♦s✐t✐♦♥ ✽ ❆ss✉♠❡ t❤❛t u0(θ0 +
εe√
n
, f) < u0(θ0, f) ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ❛♥② ε > 0✳

❚❤❡♥✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✱ ❛♥② ❛s②♠♣t♦t✐❝❛❧❧② ❧♦❝❛❧❧② ❯▼P❯ t❡st ❢♦r
t❡st✐♥❣ H0,u : u0(θ0, f) > u ❛❣❛✐♥st H1,n,u : u(θ0 +

εe√
n
, f) ≤ u ❤❛s ❛s②♠♣t♦t✐❝ ♣♦✇❡r

❜♦✉♥❞❡❞ ❜②

lim
n→∞

PH1,n,u
(C) = 1− Φ

{
Φ−1 (1− α)− cε

}
, ✇✐t❤ cε = ε

ι
1/2
f e′e

2
√
e′J−1e

. ✭✷✺✮

❋♦r t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ✇✐t❤ u0 = 1 ❛♥❞ e = (0, 1, 1)′✱ t❤❡ t❡sts C
(1)
T ❛♥❞ C

(1)
U ♦❜t❛✐♥❡❞

❜② ◗▼▲✴▼▲ ❡st✐♠❛t✐♦♥ ❛r❡ ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❞❡♥s✐t② ♦❢ ηt ❤❛s t❤❡ ❢♦r♠

f(y) =
aa

Γ(a)
e−ay2 |y|2a−1, a > 0, Γ(a) =

∫ ∞

0

ta−1e−tdt. ✭✷✻✮

❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ▼▼❊ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② ❝♦♠♠♦♥❧② ✉s❡❞ ●❆❘❈❍✲
t②♣❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ✈♦❧❛t✐❧✐t② ✐♥❝r❡❛s❡s ✇❤❡♥ ❛♥② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✐♥❝r❡❛s❡s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s t❤❡ ▲❆P ♦❢ t❤❡ t❡st ❛ss✉♠✐♥❣ t❤❡ ❞❡♥s✐t② ✐s ❦♥♦✇♥✳

Pr♦♣♦s✐t✐♦♥ ✾ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥s ✺ ❛♥❞ ✼✱ t❤❡ ▲❆P ♦❢ t❤❡ t❡st ♦❢ H0,u0

❞❡✜♥❡❞ ✐♥ ✭✶✼✮ ✐s ❣✐✈❡♥ ❜②

lim
n→∞

Pn,τ

(
C

(u0)
V

)
= Φ

{
df,u0(θ0)− Φ−1(1− α)

}
✇❤❡r❡ df,u0(θ0) =

r′
u0
τ√

4
ιf
r′
u0
J−1ru0

. ✭✷✼✮

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✱ t❤❡ t❡st C
(u0)
V ✐s ♦♣t✐♠❛❧ ✐❢ t❤❡ ✈❡❝t♦rs ru0 ❛♥❞ e

❛r❡ ❝♦❧❧✐♥❡❛r✳
◆❡①t✱ ✇❡ t✉r♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✷ ✇❤❡r❡ t❤❡ ❡rr♦rs ❞❡♥s✐t② ✐s ♣❛r❛♠❡tr✐③❡❞ ❛♥❞

❡st✐♠❛t❡❞✳ ❆r♦✉♥❞ ϕ0 = (θ′
0,ν

′
0)

′ ∈
◦
Φ✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ♣❛r❛♠❡t❡rs ♦❢

t❤❡ ❢♦r♠
θn = θ0 + τ 1/

√
n, νn = ν0 + τ 2/

√
n, ✭✷✽✮

✇❤❡r❡ τ 1 ∈ R
d, τ 2 ∈ R

m✳ ❲❡ st✐❧❧ ❞❡♥♦t❡ ❜② Pn,τ ✭r❡s♣✳ P0✮ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✲
✈❛t✐♦♥s ✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r ✐s ϕn = (θ′

0 + τ ′
1/
√
n,ν ′

0 + τ ′
2/
√
n)′ := ϕ0 + τ/

√
n ✭r❡s♣✳ ϕ0✮✳

▲❡t t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ Λn(ϕ0 + τ/
√
n,ϕ0) = logLn,f (ϕn)/Ln,f (ϕ0)✳

❚❤❡ ▲❆◆ ♣r♦♣❡rt② ✭✷✷✮ ❤♦❧❞s ✇❤❡♥ t❤❡ ❞❡♥s✐t② f ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡r✳ ■♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✷✶❜✮✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ▲❆◆ ♣r♦♣❡rt② ❛❧s♦
❤♦❧❞s ✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s s❡❝t✐♦♥✿ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ ϕ0 ♦❢ t❤❡
❧♦❣✲❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ②✐❡❧❞s

Λn,f (ϕn,ϕ0) = τ ′
∆n,f (ϕ0)−

1

2
τ ′
Jn(ϕ0)τ + oPθ0

(1), ✭✷✾✮

✇❤❡r❡ Jn(ϕ0) ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ J ❛♥❞✱ ✉♥❞❡r P0✱

∆n,f (ϕ0) =

(
−1√
n

n∑

t=1

g1(ηt,ν0)
1

σt

∂σt(θ0)

∂θ′ ,
1√
n

n∑

t=1

1

f(ηt,ν0)

∂f(ηt,ν0)

∂ν ′

)′
d−→ N (0, J) .

✭✸✵✮

❚❤❡ ♥❡①t r❡s✉❧t ♣r♦✈✐❞❡s t❤❡ ▲❆P ♦❢ t❤❡ t❡st W ✳

✶✹



Pr♦♣♦s✐t✐♦♥ ✶✵ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❇✶✲❇✷✱ ✭✷✾✮✲✭✸✵✮✱ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥
✻✱ t❤❡ ▲❆P ♦❢ t❤❡ t❡st ♦❢ H0,u0 ❞❡✜♥❡❞ ✐♥ ✭✶✾✮ ✐s ❣✐✈❡♥ ❜②

lim
n→∞

Pn,τ

(
C

(u0)
W

)
= Φ

{
ef,u0(θ0)− Φ−1(1− α)

}
, ef,u0(θ0) =

r′
u0
τ 1 + s′u0

τ 2√(
r′
u0
, s′u0

)
J
−1
(
r′
u0
, s′u0

)′ .

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✱ t❤❡ t❡st C
(u0)
W ✐s ♦♣t✐♠❛❧ ✐❢ t❤❡ ✈❡❝t♦rs

(
r′
u0
, s′u0

)

❛♥❞ τ ′ ❛r❡ ❝♦❧✐♥❡❛r✳
Pr♦♣♦s✐t✐♦♥s ✼✱✾ ❛♥❞ ✶✵ ✭✇✐t❤ τ 2 = 0✮ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷ ❢♦r ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥s

✇✐t❤ ν = 5, 20, 30 ❛♥❞ ∞. ■♥ t❤❡ ●❆❘❈❍✭✶✱✶✮ ❝❛s❡ t❤❡ ▲❆Ps ♦❢ t❤❡ t❡sts T, U, V ❛♥❞ W
❞❡♣❡♥❞ ♦♥ τ t❤r♦✉❣❤ m′

u0
τ ✱ ✇❤✐❝❤ ✐s t❤✉s r❡♣♦rt❡❞ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✳ ❆s ❡①♣❡❝t❡❞✱

t❤❡ t❡st V ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ♦t❤❡r t❡sts✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ u0 ✐s
s♠❛❧❧ ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥t t❡sts T ❛♥❞ U ✳ ❚❤❡ ❧❛tt❡r t✇♦ t❡sts ❛r❡ ❛❧s♦ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ t❡st
W ✳

✺✳✷ ❈♦♠♣❛r✐s♦♥s ❜❛s❡❞ ♦♥ ❇❛❤❛❞✉r s❧♦♣❡s

❚♦ ❜❡ ❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ t❡sts T ❛♥❞ U ✱ ✇❡ t✉r♥ t♦ t❤❡ ❇❛❤❛❞✉r ❛♣♣r♦❛❝❤✳ ❲❡ ✇✐❧❧
❛❧s♦ ❝♦♠♣❛r❡ t❤❡♠ ✇✐t❤ t❤❡ t❡sts V ❛♥❞W r❡q✉✐r✐♥❣ ❦♥♦✇❧❡❞❣❡ ♦r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t②✳
❘❡❝❛❧❧ t❤❛t t❤❡ ❇❛❤❛❞✉r s❧♦♣❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❛❧♠♦st s✉r❡ ❧✐♠✐t ♦❢ −2/n t✐♠❡s t❤❡ ❧♦❣❛r✐t❤♠

♦❢ t❤❡ p✲✈❛❧✉❡ ♦❢ t❤❡ t❡st✳ ❚❤❡ st❛t✐st✐❝s T
(u)
n ✱ U

(u)
n ❛♥❞W

(u)
n ❛r❡ N (0, 1) ❞✐str✐❜✉t❡❞ ✉♥❞❡r t❤❡

♥✉❧❧✳ ❚❤❡ p✲✈❛❧✉❡s ♦❢ t❤❡ t❡sts ❜❛s❡❞ ♦♥ T
(u)
n ❛♥❞ U

(u)
n ❛r❡ t❤✉s 1−Φ

(
T

(u)
n

)
❛♥❞ 1−Φ

(
U

(u)
n

)

r❡s♣❡❝t✐✈❡❧②✳ ❯♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡ H1,u : u > u0 ✇❡ ❤❛✈❡✱ ❛❧♠♦st s✉r❡❧②✱ ❛s n→ ∞✱

T (u)
n =

√
n
{
S
(u)
n − 1

}

υ̂u
∼

√
n
{
S
(u)
∞ − 1

}

υu
, U (u)

n =

√
n {u− ûn}
ŵûn

∼
√
n {u− u0}
wu0

,

V (u)
n =

√
n(u− ûn,f̂ )

σ̂f
∼

√
n(u− u0)

σf
, W (u)

n =

√
n(u− û0,f̂ )

ς̂f
∼

√
n(u− u0)

ςf
.

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t log{1 − Φ(x)} ∼ −x2/2 ❛s x → +∞✳ ❚❤❡ ❛s②♠♣t♦t✐❝ s❧♦♣❡s ♦❢ t❤❡
t❡sts ❛r❡ t❤✉s

cT (u) =

{
S
(u)
∞ − 1

}2

υ2u
, cU(u) =

{u− u0}2
w2

u0

, cV (u) =
{u− u0}2

σ2
f

❛♥❞ cW (u) =
{u− u0}2

ς2f
.

■♥ t❤❡ ❇❛❤❛❞✉r s❡♥s❡✱ t❤❡ t❡st T
(u)
n ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ U

(u)
n ✐❢ ❛♥❞ ♦♥❧② ✐❢

cT (u)

cU(u)
=

{
S
(u)
∞ − 1

}2

{u− u0}2
υ2u0

{E[au0(η1;θ0) log{a(η1;θ0)}]}2υ2u
> 1,

✶✺
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❋✐❣✉r❡ ✷✿ ▲❆Ps ♦❢ t❤❡ t❡st T ❛♥❞ U ✭❜❧✉❡ ❧✐♥❡✮ ❜❛s❡❞ ♦♥ t❤❡ ●❛✉ss✐❛♥ ◗▼▲✱ t❤❡ t❡st V ✭❞♦tt❡❞

r❡❞ ❧✐♥❡✮✱ ❛♥❞ t❤❡ t❡st W ✭❞♦tt❡❞ ♦r❛♥❣❡ ❧✐♥❡✮ ❛s ❢✉♥❝t✐♦♥s ♦❢ m′
u0
τ ✱ ❢♦r t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮

♠♦❞❡❧ ✇✐t❤ α0 = 0.10, β0 = 0.85 ❛♥❞ ❢♦r ❙t✉❞❡♥t ❡rr♦rs ✇✐t❤ ν ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳
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❋✐❣✉r❡ ✸✿ ❆s②♠♣t♦t✐❝ s❧♦♣❡s ♦❢ t❤❡ t❡sts T, U ❛♥❞ V ❢♦r ●❛✉ss✐❛♥ ❡rr♦rs ❛♥❞ t❤❡ st❛♥❞❛r❞

●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧s✳

❛♥❞ t❤❡ t❡st W
(u)
n ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ U

(u)
n ✐❢ ❛♥❞ ♦♥❧② ✐❢

cW (u)

cU(u)
= υ2u0

(
r′
u0
, s′u0

)
J
−1
(
r′
u0
, s′u0

)′
> 1.

◆♦t❡ t❤❛t t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ u✱ ✐✳❡✳ ♦♥ t❤❡ ❛❧t❡r♥❛t✐✈❡✳
❊①❛♠♣❧❡s ♦❢ ❛s②♠♣t♦t✐❝ s❧♦♣❡s ✐♥ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ❝❛s❡ ✇✐t❤ ●❛✉ss✐❛♥ ❡rr♦rs ❛r❡

❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡s❡ ❣r❛♣❤s t❤❛t✱ ❢♦r t❤❡ ❛❧t❡r♥❛t✐✈❡ H1,u : u > u0✱
t❤❡ t❡st U ❜❛s❡❞ ♦♥ t❤❡ ▼▼❊ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ t❡st T ❜❛s❡❞ ♦♥ t❤❡ ●▼❋✱ ❛♥❞ t❤❛t
t❤❡ r❛t✐♦ cU(u)/cT (u) ✐♥❝r❡❛s❡s ❛s u ❞❡♣❛rts ❢r♦♠ u0✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❢♦r t❤❡ ❛❧t❡r♥❛t✐✈❡
H∗

1,u : u < u0✱ t❤❡ ❛s②♠♣t♦t✐❝ s❧♦♣❡s ❛r❡ ✐♥ ❢❛✈♦r ♦❢ t❤❡ t❡st T ✳ ❚❤❡ t❡st V ❤❛s ❛❧✇❛②s
❜❡tt❡r ♣♦✇❡r t❤❛♥ U ✱ ❜✉t ♠❛② ❜❡ ♦✉t♣❡r❢♦r♠❡❞ ❜② T ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ u0✳ ■♥t❡r❡st✐♥❣❧②✱
t❤❡ ❧❡❢t ♣❛♥❡❧ s❤♦✇s t❤❛t t❤❡ s❧♦♣❡ ♦❢ t❤❡ t❡st T ♠❛② ❞❡❝r❡❛s❡ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ u✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤✐s r❛t✐♦ ❜♦t❤ t❡♥❞
t♦ ✐♥✜♥✐t② ❛s u ✐♥❝r❡❛s❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ u t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥
u < s/2 r❡q✉✐r❡❞ ❢♦r t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ t❡st T ❝❛♥ ❜❡ s❛t✐s✜❡❞ ✇❤✐❧❡ t❤❡ ❝♦♥❞✐t✐♦♥ u0 < s/2✱
r❡q✉✐r❡❞ ❢♦r t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ t❡st U ✱ ♠✐❣❤t ❜❡ ✈✐♦❧❛t❡❞✳ ❙✐♠✐❧❛r ❣r❛♣❤s ❢♦r ❙t✉❞❡♥t ❡rr♦rs
❛r❡ r❡♣♦rt❡❞ ✐♥ ❛♣♣❡♥❞✐①✳

▼♦♥t❡✲❈❛r❧♦ ❡①♣❡r✐♠❡♥ts ❞✐s♣❧❛②❡❞ ✐♥ ❛♣♣❡♥❞✐① ✐❧❧✉str❛t❡ t❤❡ ❧❛❝❦ ♦❢ ♣♦✇❡r ♦❢ t❤❡ t❡st
T ✱ ❝♦♠♣❛r❡❞ t♦ ✐ts ❝♦♠♣❡t✐t♦rs✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❋✐❣✉r❡ ✸✳

✶✼



✻ ❙❡❧❡❝t✐♥❣ δ

■♥ ♣r❛❝t✐❝❡✱ ❡st✐♠❛t✐♥❣ δ > 0 ✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✳ ❊✈❡♥ ✐❢ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡
❥♦✐♥t ◗▼▲ ❡st✐♠❛t♦r ♦❢ δ ❛♥❞ θ0 ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✱ t❤❡ ✈❛❧✉❡ ♦❢ δ ❝❛♥ ❜❡ ❡①tr❡♠❡❧② ❞✐✣❝✉❧t
t♦ ✐❞❡♥t✐❢② ✐♥ ✜♥✐t❡ s❛♠♣❧❡ ✭s❡❡ ❍❛♠❛❞❡❤ ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✶✮✮✳ ❚❤❡ q✉❛s✐✲❧✐❦❡❧✐❤♦♦❞ ❜❡✐♥❣
✈❡r② ✢❛t ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ δ✱ ❡st✐♠❛t✐♥❣ t❤✐s ❝♦❡✣❝✐❡♥t ♠❛② ❡♥t❛✐❧ ❝♦♥s✐❞❡r❛❜❧❡ ♥✉♠❡r✐❝❛❧
❞✐✣❝✉❧t✐❡s ❛♥❞ r❡s✉❧t ✐♥ ♣♦♦r ❛❝❝✉r❛❝②✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✐♥st❡❛❞ ♦❢ tr❡❛t✐♥❣ δ ❛s ❛ r❡❛❧✲✈❛❧✉❡❞
♣❛r❛♠❡t❡r✱ ♣r❛❝t✐t✐♦♥❡rs t❡♥❞ t♦ s❡❧❡❝t δ ❢r♦♠ ❛ ✜♥✐t❡ s❡t ♦❢ ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✇❡❧❧✲
❦♥♦✇♥ ♠♦❞❡❧s s✉❝❤ ❛s t❤❡ st❛♥❞❛r❞ ♦r ●❏❘✲●❆❘❈❍ ✭δ = 2✮ ♦r t❤❡ ❚✲●❆❘❈❍ ✭δ = 1✮✳ ❚♦
r❡✢❡❝t t❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛❧ ❝❛♥❞✐❞❛t❡s ❢♦r δ✱ ❛ss✉♠❡ t❤❛t t❤❡ tr✉❡ ✈❛❧✉❡ δ0 ❜❡❧♦♥❣s t♦ ❛
✜♥✐t❡ s❡t✱

δ0 ∈ D = {δ1, . . . , δd}, δi > 0, i = 1, . . . , d.

❋♦r t❤❡ s❛❦❡ ♦❢ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❆P❆❘❈❍ ♠♦❞❡❧ ❛♥❞ t❤❡ ◗▼▲ ❡st✐♠❛t♦r✳
❲r✐t❡ t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ❛s ϑ = (δ,θ′)′ ❛♥❞ ❛ss✉♠❡ ϑ ∈ D × Θ ✇❤❡r❡ Θ ✐s

❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ (0,∞) × [0,∞)3 × [0, 1)✳ ❚❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ✈❛❧✉❡ ✐s ❞❡♥♦t❡❞ ❜②
ϑ0 = (δ0,θ

′
0)

′✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ◗▼▲❊ ♦❢ ϑ✱ ✇❡ ❞❡✜♥❡ r❡❝✉rs✐✈❡❧② σ̃t✱ ❢♦r t ≥ 1✱ ❜②

σ̃t = σ̃t(ϑ) =
(
ω + α+(ǫ

+
t−1)

δ + α−(−ǫ−t−1)
δ + βσ̃δ

t−1

)1/δ
.

❆ ◗▼▲❊ ♦❢ ϑ ✐s ❞❡✜♥❡❞ ❛s ❛♥② ♠❡❛s✉r❛❜❧❡ s♦❧✉t✐♦♥ ϑ̂
QML

n = (δ̂QML
n , θ̂

QML′

)′ ♦❢

ϑ̂
QML

n = ❛r❣ ♠✐♥
ϑ∈D×Θ

l̃n(ϑ), l̃n(ϑ) = n−1

n∑

t=1

ℓ̃t, ℓ̃t = ℓ̃t(ϑ) =
ǫ2t
σ̃2
t

+ ln σ̃2
t .

▲❡t a(η,ϑ) = α+|η|δ1❧η>0 + α−|η|δ1❧η<0 + β ❛♥❞ ❧❡t S
(u)
n = 1

n

∑n
t=1 a

u(η̂t; ϑ̂n)✳

Pr♦♣♦s✐t✐♦♥ ✶✶ ❯♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿ ✐✮ ηt ❤❛s ❛ ♣♦s✐t✐✈❡ ❞❡♥s✐t② ♦♥ s♦♠❡

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ③❡r♦✱ E(|ηt|sδ0) < ∞ ✇✐t❤ sδ0 ≥ 4❀ ✐✐✮ θ0 ∈
◦
Θ✱ ❛♥❞ ✐✐✐✮ E log a(η1,ϑ0) < 0✱

✇❡ ❤❛✈❡ δ̂QML
n = δ0 ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ❚❤❡♦r❡♠s ✶ ❛♥❞ ✸ ❤♦❧❞✳ ■❢ ηt

❤❛s ❛ ♣♦s✐t✐✈❡ ❞❡♥s✐t② ♦✈❡r t❤❡ r❡❛❧ ❧✐♥❡✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹ ❤♦❧❞s✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ t❡sts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤♦✉t ♠♦❞✐✜❝❛t✐♦♥ ❢♦r
t❤✐s ♠♦❞❡❧✳

✼ ❊♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥

❉❛✈✐s ❛♥❞ ▼✐❦♦s❝❤ ✭✷✵✵✾✮ ♥♦t❡❞ t❤❛t ✧■♥ ❛♣♣❧✐❝❛t✐♦♥s t♦ r❡❛❧✲❧✐❢❡ ❞❛t❛ ♦♥❡ ♦❢t❡♥ ♦❜s❡r✈❡s t❤❛t

t❤❡ s✉♠ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs α̂1+β̂1 ✐s ❝❧♦s❡ t♦ ✶ ✐♠♣❧②✐♥❣ t❤❛t ♠♦♠❡♥ts s❧✐❣❤t❧② ❧❛r❣❡r
t❤❛♥ t✇♦ ♠✐❣❤t ♥♦t ❡①✐st ❢♦r ❛ ✜tt❡❞ ●❆❘❈❍ ♣r♦❝❡ss✳✧ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✷✶❛✮ ♠❛❞❡ ❛
✜rst ❛tt❡♠♣t t♦ ❝❤❡❝❦ t❤✐s ✐♥t✉✐t✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡t✉r♥s ♦❢ t❤❡ ❋r❡♥❝❤ ❡♥❡r❣② ❝♦♠♣❛♥②
❚♦t❛❧ ❙❆✱ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ ❈❆❈✹✵ ✐♥❞❡①✱ ♦✈❡r t❤❡ ♣❡r✐♦❞ ✷✵✵✶✲✵✼✲✶✻ t♦
✷✵✶✽✲✵✾✲✷✶✳ ❖♥ t❤✐s s❡r✐❡s✱ t❤❡② ✜tt❡❞ ❛ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ❛♥❞✱ ✉s✐♥❣ T

(u)
n ❢♦r

✶✽



t❡st✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡✈❡♥✲♦r❞❡r ♠♦♠❡♥ts✱ ❢♦✉♥❞ str♦♥❣ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡
s❡❝♦♥❞ ♦r❞❡r ♠❛r❣✐♥❛❧ ♠♦♠❡♥t ❛♥❞ s✉s♣✐❝✐♦♥s ♦❢ ♥♦♥ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✽✲t❤ ♦r❞❡r ♠♦♠❡♥t✳
●✐✈❡♥ t❤❛t ✭✐✮ t❡sts ❜❛s❡❞ ♦♥ T

(u)
n ♦❢t❡♥ t✉r♥ ♦✉t t♦ ❜❡ ♠✉❝❤ ❧❡ss ♣♦✇❡r❢✉❧ t❤❛♥ t❤♦s❡ ❜❛s❡❞

♦♥ U
(u)
n ❛♥❞ W

(u)
n ❀ ✭✐✐✮ ✇❡ ❛r❡ ❛❜❧❡ t♦ t❡st ✜♥✐t❡♥❡ss ♦❢ ❛♥② r❡❛❧✲♦r❞❡r ♠♦♠❡♥t✱ ❛♥❞ ✭✐✐✐✮ ♦✉r

❛♥❛❧②s✐s ✐s ♥♦t r❡str✐❝t❡❞ t♦ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍ ♠♦❞❡❧✱ t❤❡r❡ ✐s ❤♦♣❡ t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧ts
♦❜t❛✐♥❡❞ ✐♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✷✶❛✮✳

❲❡ t❤✉s r❡❝♦♥s✐❞❡r❡❞ t❤❡ s❛♠❡ s❡r✐❡s ❛♥❞ ❡st✐♠❛t❡❞ ❆P❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧s✱ ❜② ✉s✐♥❣ t❤❡

◗▼▲❊ ❢♦r t❡sts T
(u)
n ✱ U

(u)
n ❛♥❞ V

(u)
n ✭t❤❡ ◗▼▲❊ ✐s ❛❝t✉❛❧❧② t❤❡ ●❛✉ss✐❛♥ ▼▲❊ ✐♥ t❤❡ ❧❛tt❡r

❝❛s❡✮ ❛♥❞ t❤❡ ▼▲❊✱ ❛ss✉♠✐♥❣ ❛ st❛♥❞❛r❞✐③❡❞ ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ν ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

❢♦r t❤❡ ✐✐❞ ✐♥♥♦✈❛t✐♦♥s✱ ❢♦r t❤❡ W
(u)
n t❡st✳ ❲❡ s❡❛r❝❤❡❞ δ ∈ {0.5, 1, 1.5, 2}✱ ❛♥❞ ❡st✐♠❛t❡❞ t❤❡

♦♣t✐♠❛❧ ✈❛❧✉❡ δ = 1 ✇✐t❤ ❜♦t❤ t❤❡ ◗▼▲ ❛♥❞ ▼▲ ❡st✐♠❛t♦rs✳ ❚❤❡ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ❡st✐♠❛t❡❞
❜② ◗▼▲ ✐s

σt = 0.037
(0.006)

+ 0.018
(0.010)

|ǫt−1|1❧ǫt−1>0 + 0.132
(0.012)

|ǫt−1|1❧ǫt−1<0 + 0.916
(0.009)

σt−1

✇❤❡r❡ t❤❡ ❡st✐♠❛t❡❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥t♦ ❜r❛❝❦❡ts✳ ❚❤❡ ♠♦❞❡❧ ❡st✐♠❛t❡❞ ❜②
❙t✉❞❡♥t✲▼▲ ✐s

σt = 0.033
(0.007)

+ 0.016
(0.010)

|ǫt−1|1❧ǫt−1>0 + 0.126
(0.016)

|ǫt−1|1❧ǫt−1<0 + 0.922
(0.013)

σt−1, ηt ∼ ❙t

(
11.1
(1.7)

)

✇❤❡r❡ ❙t(ν) ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞✐③❡❞ ❙t✉❞❡♥t ✇✐t❤ ν ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ◆♦t❡ t❤❛t t❤❡
✈♦❧❛t✐❧✐t✐❡s ❡st✐♠❛t❡❞ ❜② ◗▼▲ ❛♥❞ ▼▲ ❛r❡ ❛❧♠♦st t❤❡ s❛♠❡✳ ❘❡s✉❧ts ❞✐s♣❧❛②❡❞ ✐♥ ❛♣♣❡♥❞✐①
s❤♦✇ t❤❛t t❤❡ ◗▼▲❊ ❛♥❞ ▼▲❊ r❡s✐❞✉❛❧s ❞♦ ♥♦t s❤♦✇ ❛♥② s✐❣♥ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ t❤❛t
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧s ✐s ❜❡tt❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❙t✉❞❡♥t t❤❛♥ ❜② t❤❡ ●❛✉ss✐❛♥
❞✐str✐❜✉t✐♦♥ ✭✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡♠♣✐r✐❝❛❧ ❦✉rt♦s✐s ♦❢ t❤❡ ◗▼▲❊ ❛♥❞ ▼▲❊ r❡s✐❞✉❛❧s ❛r❡ r❡s♣❡❝✲
t✐✈❡❧② 3.807 ❛♥❞ 3.816✱ ✇❤✐❝❤ ✐s ♠✉❝❤ ❝❧♦s❡r t♦ t❤❡ ❦✉rt♦s✐s ♦❢ t❤❡ ✜tt❡❞ ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥✱
✇❤✐❝❤ ✐s 3 + 6/(ν − 4) = 3.848✱ t❤❛♥ t❤❡ ●❛✉s✐❛♥ ❦✉rt♦s✐s✮✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❛t t❤❡ t❡sts

❜❛s❡❞ ♦♥ U
(u)
n ❛♥❞ W

(u)
n ❣✐✈❡ s✐♠✐❧❛r r❡s✉❧ts✱ ❛♥❞ ❛r❡ ♠✉❝❤ ♠♦r❡ ❝♦♥❝❧✉s✐✈❡ t❤❛♥ t❤❡ t❡st

❜❛s❡❞ ♦♥ T
(u)
n ✳ ❚❤❡ t❡st ❜❛s❡❞ ♦♥ V

(u)
n ❞♦❡s ♥♦t s❡❡♠ r❡❧✐❛❜❧❡ s✐♥❝❡ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡

❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧s ✐s ❢❛r ❢r♦♠ t❤❡ ●❛✉ss✐❛♥✳ ❚❤❡ ❡st✐♠❛t❡❞ ♠❛①✐♠✉♠
♠♦♠❡♥t ♦r❞❡r ✐s û0 = 7.9 ✇✐t❤ t❤❡ U

(u)
n st❛t✐st✐❝✱ ❛♥❞ û0 = 7.8 ✇✐t❤ t❤❡W

(u)
n st❛t✐st✐❝✳ ❆t t❤❡

❛s②♠♣t♦t✐❝ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ✾✺✪✱ ❛♥ ❡st✐♠❛t❡❞ ❈■ ❢♦r u0 ✐s [4.5, 11.3] ✇✐t❤ t❤❡ U
(u)
n st❛t✐st✐❝

❛♥❞ [5.9, 9.6] ✇✐t❤ t❤❡ W
(u)
n st❛t✐st✐❝✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ▼●❋ S

(u)
n ✐s ❞r❛✇♥ ✐♥ r❡❞ ✐♥ ❋✐❣✉r❡ ✺✳

❚❤✐s ❝✉r✈❡ ❝r♦ss❡s t❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ y = 1 ❛t û0 = 7.9✱ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡ ♦❢ u0 ❜❛s❡❞ ♦♥
U

(u)
n ✳ ❚♦ ❤❛✈❡ ❛♥ ✐❞❡❛ ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤✐s ❡st✐♠❛t♦r ✇✐t❤♦✉t r❡❧②✐♥❣ ♦♥ t❤❡ ❛s②♠♣t♦t✐❝

t❤❡♦r②✱ ✇❡ s✐♠✉❧❛t❡❞ ❆P❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧s ✇✐t❤ ♣❛r❛♠❡t❡r θ̂n✕t❤❡ ◗▼▲❊ ❝♦♠♣✉t❡❞ ♦♥ t❤❡
❚♦t❛❧ s❡r✐❡s✕❛♥❞ ❛ ♥♦✐s❡ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s t❤❛t ♦❢ t❤❡ ◗▼▲ r❡s✐❞✉❛❧s✳ ❚❤❡ ▼●❋ ❝♦♠✲
♣✉t❡❞ ♦♥ t❤❡ ✜rst ✷✵ r❡♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❜♦♦tstr❛♣ s✐♠✉❧❛t✐♦♥ ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✺✳ ❯s✐♥❣
10000 ❜♦♦tstr❛♣ r❡♣❧✐❝❛t✐♦♥s✱ ❛♥ ❡♠♣✐r✐❝❛❧ ✾✺✪ ❈■ ❢♦r u0 ✐s [5.7, 9.8]✱ ✇❤✐❝❤ ✐s q✉✐t❡ s✐♠✐❧❛r
t♦ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r②✳ ❚❤❡ t✇♦ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s ❜❛s❡❞
♦♥ U

(u)
n ❛♥❞ W

(u)
n t❤❡r❡❢♦r❡ ❣✐✈❡ ❛ s✐♠✐❧❛r ❡st✐♠❛t❡❞ t❛✐❧ ✐♥❞❡① ❜✉t✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ ❢✉❧❧②

♣❛r❛♠❡tr✐❝ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ W
(u)
n ♣r♦✈✐❞❡s ❛ t✐❣❤t❡r ❈■✳ ❲❡ t❤✉s ✜♥❞ str♦♥❣ ❡✈✐❞❡♥❝❡ ❢♦r

✶✾



❚❛❜❧❡ ✶✿ ❚❡st st❛t✐st✐❝s T
(u)
n ✱ U

(u)
n ✱ V

(u)
n ✭❛ss✉♠✐♥❣ ●❛✉ss✐❛♥ ✐♥♥♦✈❛t✐♦♥s✮✱ W

(u)
n ✭❛ss✉♠✐♥❣ ❙t✉❞❡♥t ✐♥♥♦✲

✈❛t✐♦♥s✮ ❜❛s❡❞ ♦♥ ❛ ❆P❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ❢♦r t❤❡ ❚♦t❛❧ r❡t✉r♥ s❡r✐❡s✳

u ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✶✶ ✶✷

T
(u)
n ✲✹✳✼✶ ✲✹✳✶✽ ✲✸✳✺✵ ✲✷✳✼✷ ✲✶✳✾✶ ✲✶✳✶✺ ✲✵✳✹✾ ✵✳✵✹ ✵✳✹✻ ✵✳✼✻ ✵✳✾✼ ✶✳✶✶

U
(u)
n ✲✸✳✾✹ ✲✸✳✸✼ ✲✷✳✽✵ ✲✷✳✷✸ ✲✶✳✻✻ ✲✶✳✵✾ ✲✵✳✺✷ ✵✳✵✺ ✵✳✻✷ ✶✳✶✾ ✶✳✼✻ ✷✳✸✸

V
(u)
n ✲✼✳✷✺ ✲✻✳✷✸ ✲✺✳✷✶ ✲✹✳✶✾ ✲✸✳✶✽ ✲✷✳✶✻ ✲✶✳✶✹ ✲✵✳✶✷ ✵✳✽✾ ✶✳✾✶ ✷✳✾✸ ✸✳✾✺

W
(u)
n ✲✻✳✽✽ ✲✺✳✽✻ ✲✹✳✽✹ ✲✸✳✽✷ ✲✷✳✽✶ ✲✶✳✼✾ ✲✵✳✼✼ ✵✳✷✺ ✶✳✷✻ ✷✳✷✽ ✸✳✸✵ ✹✳✸✷

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✜♥✐t❡ ♠♦♠❡♥ts ♦❢ ♦r❞❡r ✺ ♦r ✻✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ✈❛❧✐❞❛t❡ ❝❡rt❛✐♥
st❛t✐st✐❝❛❧ ♣r♦❝❡❞✉r❡s✱ s✉❝❤ ❛s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢
t❤❡ sq✉❛r❡❞ r❡t✉r♥s ♦✈❡r ❛ ❧♦♥❣ ❤♦r✐③♦♥✳ ❇② ❝♦♥tr❛st✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✱ t❤❡ ✉s✉❛❧
❍✐❧❧ ❡st✐♠❛t♦r ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡ ✐♥❢♦r♠❛t✐✈❡ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❛✐❧ ✐♥❞❡①✱ ❜♦t❤ ♦♥ t❤❡
❚♦t❛❧ s❡r✐❡s ✭❧❡❢t ❣r❛♣❤✮ ❛♥❞ ♦♥ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢♦r ✇❤✐❝❤ ✇❡ ❦♥♦✇ t❤❛t u0 = 7.8
✐s ♠❛①✐♠✉♠ ♠♦♠❡♥t ♦r❞❡r✳ ◆♦t❡ t❤❛t ❋✐❣✉r❡ ✹ ✐s ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ ❋✐❣✉r❡s ✷ ❛♥❞
✸ ♦❢ ❇❛❡❦ ❡t ❛❧✳ ✭✷✵✵✾✮✳

❋r♦♠ t❤✐s st✉❞② ✇❡ ❞r❛✇ t❤❡ ❝♦♥❝❧✉s✐♦♥s t❤❛t✿ ✶✮ t❤❡ t❡sts ♣r♦♣♦s❡❞ ❤❡r❡ ❛r❡ ♠✉❝❤ ♠♦r❡
❡✛❡❝t✐✈❡ t❤❛♥ t❤❡ ❍✐❧❧ ❡st✐♠❛t♦r t♦ ❛ss❡ss t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❛✐❧ ✐♥❞❡① ♦❢ ❛ ●❆❘❈❍✲t②♣❡ ♠♦❞❡❧❀
✷✮ ❡st✐♠❛t✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♠♦♠❡♥t ♦r❞❡r ✐s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✭s✐♥❝❡ t❤❡ ❈■ r❡♠❛✐♥ ❧❛r❣❡✱
❡✈❡♥ ✐♥ ❛ ❢✉❧❧② ♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦✮❀ ✸✮ ❛t ❧❡❛st ❢♦r t❤❡ ❚♦t❛❧ s❡r✐❡s✱ ♠♦♠❡♥ts s❡❡♠ t♦ ❡①✐st
❛t ❛♥ ♦r❞❡r ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t✇♦✱ ✇❤✐❝❤ ❧❡❛❞s t♦ r❡❧❛t✐✈✐③❡ t❤❡ ♦✈❡r❧② ♣❡ss✐♠✐st✐❝ st❛t❡♠❡♥t
q✉♦t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✳

✽ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥tr♦❞✉❝❡❞ st❛t✐st✐❝s ❢♦r t❡st✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ❣✐✈❡♥ ♦r❞❡r
❜❛s❡❞ ♦♥ t❤❡ ▼●❋ ❛♥❞ ▼▼❊ ♦❢ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ ♣r♦❝❡ss❡s✳ ❚❤❡ t❡sts ❛r❡ ❛♠❡♥❛❜❧❡ t♦
❞✐✛❡r❡♥t ♣❛r❛♠❡tr✐❝ ♦r s❡♠✐✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡r✳ ❲❡ ♣r♦✈✐❞❡❞
❧♦❝❛❧ ❛♥❞ ♥♦♥✲❧♦❝❛❧ ❛s②♠♣t♦t✐❝ ❝♦♠♣❛r✐s♦♥s ♦❢ t❤❡ t❡sts ❛♥❞ ✐❧❧✉tr❛t❡❞ t❤❡✐r ✉s❡❢✉❧♥❡ss ♦♥
❛ r❡❛❧ ✜♥❛♥❝✐❛❧ s❡r✐❡s✳ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼▼❊ ♦✛❡rs ❛♥ ✐♥t❡r❡st✐♥❣ ❛❧t❡r♥❛t✐✈❡ t♦ ❍✐❧❧✬s
❡st✐♠❛t♦r ♦❢ t❤❡ t❛✐❧ ✐♥❞❡① ✇❤✐❝❤ ✐s ♦❢t❡♥ ♥♦♥ ✐♥❢♦r♠❛t✐✈❡ ✐♥ ♣r❛❝t✐❝❡✳

❆ ♣♦t❡♥t✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r t❡sts ✇♦✉❧❞ ❝♦♥❝❡r♥ ❤✐❣❤❡r✲♦r❞❡r ●❆❘❈❍ ✈♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡
❢♦r♠

σδ
t = ω(ηt−1, . . . , ηt−k) + a(ηt−1, . . . , ηt−k)σ

δ
t−k

✇❤❡r❡ k ≥ 1✳ ❚❤✐s ❡①t❡♥s✐♦♥ ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥s✳
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15 413 861 1359 1907 2455 3003 3551 4099

0
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7.29000 1.83000 1.16000 0.74800 0.41300 0.12400

Order Statistics
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ph

a 
(C

I, 
p 

=
0.

95
)

Threshold

❋✐❣✉r❡ ✹✿ ❍✐❧❧ ♣❧♦ts ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❚♦t❛❧ r❡t✉r♥ s❡r✐❡s ✭r✐❣❤t ❣r❛♣❤✮ ❛♥❞ ♦❢ ❛ s✐♠✉❧❛t✐♦♥

♦❢ ❛♥ ❆P❆❘❈❍ ♠♦❞❡❧ ✇✐t❤ t❛✐❧ ✐♥❞❡① ✼✳✽ ✭❧❡❢t ❣r❛♣❤✮✳

✷✶
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❋✐❣✉r❡ ✺✿ ❊♠♣✐r✐❝❛❧ ▼●❋ ❢♦r t❤❡ ❆P❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ✜tt❡❞ ♦♥ t❤❡ ❚♦t❛❧ r❡t✉r♥ s❡r✐❡s ✭r❡❞ ❢✉❧❧

❧✐♥❡✮✱ ▼●❋ ♦❢ ✷✵ ❜♦♦tstr❛♣ r❡♣❧✐❝❛t✐♦♥s ✭❜❧✉❡ ❞♦tt❡❞ ❧✐♥❡✮✱ ❛♥❞ ✾✺✪ ❜♦♦tstr❛♣ ✐♥t❡r✈❛❧ ✭❞❡❧✐♠✐t❡❞

❜② ✈❡rt✐❝❛❧ ❞♦tt❡❞ ❧✐♥❡s✮ ♦✈❡r 10000 ❜♦♦tstr❛♣ r❡♣❧✐❝❛t✐♦♥s✳

✷✷



❆♣♣❡♥❞✐①

❆ ❆ss✉♠♣t✐♦♥s

❚❤❡ ♥❡①t ❛ss✉♠♣t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ♦❢ ❙❡❝t✐♦♥s ✷✱ ✸ ❛♥❞ ✹✳✶✳

❆✶✿ E[ως(η1,θ0)] <∞✱ E log a(η1,θ0) < 0 ❛♥❞ E[as(η1,θ0)] <∞ ❢♦r s♦♠❡ ς > 0 ❛♥❞ s > 0✳

❆✷✿ ❋♦r ❛♥② θ ∈ Θ✱ t❤❡r❡ ❡①✐sts z0 > ω s✉❝❤ t❤❛t

E log+ ω

(
ǫt

z
1/δ
0

;θ

)
+log+ a

(
ǫt

z
1/δ
0

;θ

)
<∞, E log sup

z≥ω

∣∣∣∣
∂

∂z

{
ω
( ǫt
z1/δ

;θ
)
+ a

( ǫt
z1/δ

;θ
)
z
}∣∣∣∣ < 0.

❆✸✿ ❚❤❡ Ft−1✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ θ → (σt(θ), σ̃t(θ)) ✐s ❛✳s✳ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥✲

t✐❛❜❧❡✳ ▼♦r❡♦✈❡r✱ supθ∈Θ |σt(θ)− σ̃t(θ)| +
∣∣∣∂σt(θ)

∂θ
− ∂σ̃t(θ)

∂θ

∣∣∣ ≤ Ktρ
t ✇❤❡r❡ Kt ∈ Ft−1

❛♥❞ suptE(K
r
t ) <∞ ❢♦r s♦♠❡ r > 0✳

❆✹✿ ❚❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V (θ0) ♦❢ θ0 s✉❝❤ t❤❛t E
(
supθ∈V (θ0)

σt(θ0)
σt(θ)

)r
< ∞ ❛♥❞

E supθ∈V (θ0) ‖∂σt(θ)/∂θ‖
r <∞✳

❆✺✿ θ0 ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡r✐♦r
◦
Θ ♦❢ Θ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❇❛❤❛❞✉r ❡①♣❛♥s✐♦♥ ❤♦❧❞s

√
n
(
θ̂n − θ0

)
=

1√
n

n∑

t=1

∆t−1V (ηt) + oP (1),

✇❤❡r❡ V (·) ✐s ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✱ V : R 7→ R
k ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ❛♥❞

∆t−1 ✐s ❛ Ft−1✲♠❡❛s✉r❛❜❧❡ d× k ♠❛tr✐①✱ (∆t) ❜❡✐♥❣ st❛t✐♦♥❛r②✳ ❚❤❡ ✈❛r✐❛❜❧❡s ∆t ❛♥❞
V (ηt) ❜❡❧♦♥❣ t♦ L2 ✇✐t❤ EV (ηt) = 0, ✈❛r{V (ηt)} = Υ ✐s ♥♦♥s✐♥❣✉❧❛r ❛♥❞ E∆t = Λ

✐s ❢✉❧❧ r♦✇ r❛♥❦✳

❆✻✿ ❋♦r ❛❧♠♦st ❛❧❧ ǫ✱ t❤❡ ❢✉♥❝t✐♦♥ (σ,θ) 7→ a( ǫ
σ
;θ) ✐s t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦✈❡r [ω,+∞) ×

V (θ0) ❛♥❞ t❤❡r❡ ❡①✐st C, τ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② (ǫ, σ,θ) ∈ R× [ω,+∞)× V (θ0)✱

max

{
a
( ǫ
σ
;θ
)
,

∣∣∣∣
∂ log a( ǫ

σ
;θ)

∂σ

∣∣∣∣ ,
∣∣∣∣
∂2 log a( ǫ

σ
;θ)

∂σ2

∣∣∣∣ ,
∥∥∥∥
∂ log a( ǫ

σ
;θ)

∂θ

∥∥∥∥ ,
∥∥∥∥
∂2 log a( ǫ

σ
;θ)

∂θ∂σ

∥∥∥∥
}

≤ C

{( |ǫ|
σ

)τ

+ 1

}
.

▲❡t ηt(θ) = ǫt/σt(θ)✳ ❋♦r ❛♥② u > 0✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳

❆✼✭u✮✿ ❚❤❡r❡ ❡①✐st p, q > 0 s✉❝❤ t❤❛t 1
p
+ 2

q
= 1 ❛♥❞

E sup
θ∈V (θ0)

(
aup(ηt(θ);θ) +

∥∥∥∥
∂ log a(ηt(θ);θ)

∂θ

∥∥∥∥
q

+

∥∥∥∥
∂2 log a(ηt(θ);θ)

∂θ∂θ′

∥∥∥∥
q/2
)
<∞.

✷✸



❆ss✉♠♣t✐♦♥ ❆✶ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ (ǫt) t♦
▼♦❞❡❧ ✭✺✮✱ ✇❤✐❧❡ ❆✷ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ t♦ t❤❡
❙❘❊ ✭✻✮ ❜② ▲❡♠♠❛ ✶✳ ❆ss✉♠♣t✐♦♥ ❆✸ ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❝♦♥tr♦❧ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s
♦♥ t❤❡ st❛t✐st✐❝s ✉♥❞❡r st✉❞② ❛s t❤❡ s❛♠♣❧❡ s✐③❡ ✐♥❝r❡❛s❡s✳ ❆✺ ✐s ❛ ♠✐❧❞ ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ✐s
❢✉❧✜❧❧❡❞ ❜② ❝♦♠♠♦♥❧② ✉s❡❞ ❡st✐♠❛t♦rs ♦❢ ✈♦❧❛t✐❧✐t② ♣❛r❛♠❡t❡rs✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❈♦r♦❧❧❛r② ✶✳
❚❤❡ ♦t❤❡r ❛ss✉♠♣t✐♦♥s r❡❞✉❝❡ ❝♦♥s✐❞❡r❛❜❧② ❢♦r ♣❛rt✐❝✉❧❛r s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ ▼●❋✱ s❡❡ ❢♦r
✐♥st❛♥❝❡ ❈♦r♦❧❧❛r② ✷✳

❚❤❡ ♥❡①t ❛ss✉♠♣t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❢✉❧❧②✲♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳

❇✶✿ lim|y|→∞ yf(y) = 0 ❛♥❞ lim|y|→∞ y2f ′(y) = 0.

❇✷✿ ❋♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts K ❛♥❞ ς✱

|y|
∣∣∣∣
f ′

f
(y)

∣∣∣∣+ y2
∣∣∣∣
(
f ′

f

)′
(y)

∣∣∣∣+ y2
∣∣∣∣
(
f ′

f

)′′
(y)

∣∣∣∣ ≤ K (1 + |y|ς) , E |η1|2ς <∞.

❇✸✿ ❚❤❡ ❢✉♥❝t✐♦♥ θ 7→
∫
au0(x;θ)f(x)dx ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧

s✐❣♥✳

❇✹✿ ▲❡tt✐♥❣ g1(y) = 1 + y f ′

f
(y) ✇❡ ❤❛✈❡

√
n(θ̂n,ML − θ0) = −2J−1

ιf
√
n

n∑

t=1

1

σ2
t

∂σ2
t

∂θ
g1(ηt) + oP (1).

❇✺✿ ❚❤❡ ❢✉♥❝t✐♦♥s θ 7→
∫
au0(x;θ)f(x,ν)dx, ν 7→

∫
au0(x;θ)f(x,ν)dx ❛r❡ ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥s✳

❇✻✿ ❲❡ ❤❛✈❡

√
n(ϕ̂n,ML −ϕ0) = J

−1

(
1

2
√
n

∑n
t=1

1
σ2
t

∂σ2
t

∂θ
g1(ηt)

−1√
n

∑n
t=1

1
f(ηt;ν0)

∂f(ηt;ν0)
∂ν

)
+ oP (1),

✇❤❡r❡

J =




ιf
4
J −1

2
ΩE

(
g1(ηt)

f(ηt;ν0)
∂f(ηt;ν0)

∂ν′

)

−1
2
E
(

g1(ηt)
f(ηt;ν0)

∂f(ηt;ν0)
∂ν

)
Ω

′ E
(

1
f2(ηt;ν0)

∂f(ηt;ν0)
∂ν

∂f(ηt;ν0)
∂ν′

)

 .

❇ ❊①❛♠♣❧❡s ♦❢ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ ♠♦❞❡❧s

❈ ❈♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str✐❝t❧② st❛t✐♦♥❛r②

s♦❧✉t✐♦♥ t♦ t❤❡ ❙❘❊ ✭✻✮

▲❡♠♠❛ ✶ ▲❡t (Xt) ❜❡ ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ♣r♦❝❡ss✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r s♦♠❡ ❞✐✛❡r❡♥t✐❛❜❧❡
❢✉♥❝t✐♦♥s ω : R → [ω,+∞) ❛♥❞ a : R → [a,+∞)✱ ✇❤❡r❡ ω > 0 ❛♥❞ a ≥ 0✱ ❛♥❞ ❢♦r δ > 0✱

E log+ ω

(
Xt

z
1/δ
0

)
+ E log+ a

(
Xt

z
1/δ
0

)
<∞, E log sup

z≥ω

∣∣∣∣
∂

∂z

{
ω

(
Xt

z1/δ

)
+ a

(
Xt

z1/δ

)
z

}∣∣∣∣ < 0,

✷✹



❚❛❜❧❡ ✷✿ ❊①❛♠♣❧❡s ♦❢ ♠♦❞❡❧s s❛t✐s❢②✐♥❣ ✭✺✮ ✭✇✐t❤ x+ = max(x, 0), x− = max(−x, 0)✮
▼♦❞❡❧ θ, δ a(ηt,θ)
●❆❘❈❍1 (ω, α, β), 2 αη2 + β
❚❛②❧♦r ♠♦❞❡❧2 (ω, α, β), 1 α|η|+ β
❚●❆❘❈❍3 (ω, α+, α−, β), 1 α+η

+ + α−η
− + β

●❏❘✲●❆❘❈❍4 (ω, α+, α−, β), 2 α+η
+2 + α−η

−2 + β
❆P❆❘❈❍5 (ω, α, ξ, β), δ ω + α(|η| − ξη)δ + β

❇❡t❛✲t✲●❆❘❈❍6 (ω, α, β, ν), 2 β + α(ν+1)η2

(ν−2)+η2

1 σ2
t = ω + αǫ2t−1 + βσ2

t−1
4 σ2

t = ω + α+ǫ
+2
t−1 + α−ǫ

−2
t−1 + βσ2

t−1
2 σt = ω + α|ǫt−1|+ βσt−1

5 σδ
t = ω + α(|ǫt−1| − ξǫt−1)

δ + βσδ
t−1

3 σt = ω + α+ǫ
+
t−1 + α−ǫ

−
t−1 + βσt−1

6 σ2
t = ω + βσ2

t−1 + α
(ν+1)ǫ2t−1

(ν−2)+ǫ2t−1/σ
2
t−1

❢♦r s♦♠❡ z0 ≥ ω✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ (Zt)✱ Zt ∈ [ω,∞)✱ t♦
t❤❡ ❙❘❊

Zt = ω

(
Xt−1

Z
1/δ
t−1

)
+ a

(
Xt−1

Z
1/δ
t−1

)
Zt−1, t ∈ Z.

❉ Pr♦♦❢s

❉✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

❲❡ ♣r♦✈✐❞❡ ❛ ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ ✭❜✉t ♥♦♥✲❡①♣❧✐❝✐t✮ r❡s✉❧t ♦❢ ✭❙tr❛✉♠❛♥♥ ❛♥❞ ▼✐❦♦s❝❤ ✭✷✵✵✻✮✱ ❚❤❡♦r❡♠
✷✳✽✮✳ ❋♦r ❛❧❧ n ∈ N, n > 0 ❧❡t

Zt,n = ω

(
Xt−1

Z
1/δ
t−1,n−1

)
+ a

(
Xt−1

Z
1/δ
t−1,n−1

)
Zt−1,n−1 := ϕ(Xt−1, Zt−1,n−1), t ∈ Z,

✇❤❡r❡ Zt,0 = z0✳ ❋♦r ✜①❡❞ n✱ t❤❡ s❡q✉❡♥❝❡ (Zt,n)t ✐s st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❇② t❤❡ ♠❡❛♥✲
✈❛❧✉❡ t❤❡♦r❡♠✱

sup
z 6=z̃,z∧z̃≥ω

∣∣∣∣
ϕ(Xt, z)− ϕ(Xt, z̃)

z − z̃

∣∣∣∣ ≤ Λt := sup
z∈[ω,∞)

∣∣∣∣
∂ϕ(Xt, z)

∂z

∣∣∣∣ .

■t ❢♦❧❧♦✇s t❤❛t

|Zt,n − Zt,n−1| ≤ Λt−1|Zt−1,n−1 − Zt−1,n−2| ≤ Λt−1Λt−2 . . .Λt−n+1|ϕ(Xt−n, z0)− z0|.

❚❤✉s✱ ❢♦r n < m✱

|Zt,m − Zt,n| ≤
m−n−1∑

k=0

|Zt,m−k − Zt,m−k−1|

✷✺



≤
m−n−1∑

k=0

Λt−1 . . .Λt−m+k+1|ϕ(Xt−m+k, z0)− z0|

≤
∞∑

j=n+1

Λt−1 . . .Λt−j+1|ϕ(Xt−j, z0)− z0| → 0 ❛✳s✳ ❛s n→ ∞.

❚❤❡ ❧❛tt❡r ❝♦♥✈❡r❣❡♥❝❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❈❛✉❝❤② r✉❧❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥✜♥✐t❡ s✉♠✱ ✉s✐♥❣
E log+ λt < ∞ ❛♥❞ E log λt < 0✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❛✳s✳✱ (Zt,n)n∈N ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡✳
❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❜② st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✳

❉✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

■t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❝♦♥s✐❞❡r t❤❡ t❤❡♦r❡t✐❝❛❧ q✉❛♥t✐t✐❡s ❞❡✜♥❡❞ ❢♦r θ ∈ Θ ❜②

S(u)
n (θ) =

1

n

n∑

t=1

au{ηt(θ);θ}, S̃(u)
n (θ) =

1

n

n∑

t=1

au{η̃t(θ);θ},

✇❤❡r❡ η̃t(θ) = ǫtσ̃
−1
t (θ)✳

◆♦t✐♥❣ t❤❛t S
(u)
n = S̃

(u)
n (θ̂n)✱ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ S

(u)
n (θ̂n) ❛r♦✉♥❞ θ0 ②✐❡❧❞s

√
n
{
S(u)
n − S(u)

∞
}

=
√
n
{
S̃(u)
n (θ̂n)− S(u)

n (θ̂n)
}
+

[
∂S

(u)
n (θ∗

n)

∂θ′ − ∂S
(u)
n (θ0)

∂θ′

]
√
n(θ̂n − θ0)

+
∂S

(u)
n (θ0)

∂θ′
√
n(θ̂n − θ0) +

√
n
{
S(u)
n (θ0)− S(u)

∞
}
, ✭✸✶✮

✇❤❡r❡ θ∗
n ✐s ❜❡t✇❡❡♥ θ̂n ❛♥❞ θ0✳

❲r✐t❡ a( ǫ
σ
;θ) = b(ǫ, σ;θ) ✇❤❡r❡ b : R × R

+ ×Θ 7→ R
+✳ ❯♥❞❡r ❆✻✱ ❢♦r s✉❝❤ ❢✉♥❝t✐♦♥ b

♦r log b✱ ∇σ ✭r❡s♣✳ ∇θ✮ ❞❡♥♦t❡s t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ σ ✭r❡s♣✳ θ✮✱ ❛♥❞ ∇2
σσ

✭r❡s♣✳ ∇2
σθ✮ ❞❡♥♦t❡s t❤❡ ✉♥♠✐①❡❞ ✭r❡s♣✳ ♠✐①❡❞✮ s❡❝♦♥❞✲♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t

t♦ σ ✭r❡s♣✳ σ ❛♥❞ θ✮✳
✺

❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ✐♥st❛♥❝❡

∂

∂θ
a (ηt(θ);θ) =

∂

∂θ
b (ηt, σt(θ);θ) = ∇θb (ǫt, σt(θ);θ) +∇σb (ǫt, σt(θ);θ)

∂

∂θ
σt(θ).

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ✇❤♦s❡ ♣r♦♦❢s ❛r❡
♣r♦✈✐❞❡❞ ❜❡❧♦✇✳

▲❡♠♠❛ ✷ ■❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥

sup
θ∈V (θ0)

n
∣∣∣S̃(u)

n (θ)− S(u)
n (θ)

∣∣∣ = O(1) ❛✳s✳ ✭✸✷✮

✺
❋♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ✇✐t❤ θ = (ω, α, β)′✱ ✇❡ ❤❛✈❡ b(ǫ, σ;θ) = α

(
ǫ
σ

)2
+ β✱

∇σ log b(ǫ, σ;θ) =
−2

α( ǫ

σ
)
2

+β

α
σ

(
ǫ
σ

)2
❛♥❞ ∇θ log b(ǫ, σ;θ) =

1

α( ǫ

σ
)
2

+β

(
0,
(
ǫ
σ

)2
, 1
)
′

✳ ■♥ t❤❡ ❆❘❈❍✭✶✮ ❝❛s❡✱ ✇✐t❤

θ = (ω, α)′✱ ✇❡ ❤❛✈❡ b(ǫ, σ;θ) = α
(
ǫ
σ

)2
✱ t❤✉s ∇σ log b(ǫ, σ;θ) =

−2
σ

❛♥❞ ∇θ log b(ǫ, σ;θ) =
(
0, 1

α

)
′

.

✷✻



▲❡♠♠❛ ✸ ■❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥

∂S
(u)
n (θn)

∂θ
− ∂S

(u)
n (θ0)

∂θ
→ 0,

❛✳s✳ ❛s n→ ∞✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ (θn) s✉❝❤ t❤❛t θn → θ0 ❛✳s✳

▲❡♠♠❛ ✹ ■❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥

∂S
(u)
n (θ0)

∂θ
→ E

[
∂

∂θ
au{ηt(θ);θ}

]

θ=θ0

, ❛✳s✳ ❛s n→ ∞.

◆♦✇ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ■♥ ✈✐❡✇ ♦❢ ✭✸✶✮✱ t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ θ̂n ❛♥❞
t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s✱ ✇❡ ❤❛✈❡

√
n
{
S(u)
n − S(u)

∞
}
=

√
n
{
S(u)
n (θ0)− S(u)

∞
}
+ g′

u

√
n(θ̂n − θ0) + oP (1). ✭✸✸✮

❚❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ✐♥ ✭✼✮ ❢♦❧❧♦✇s ❢r♦♠ ❆✺ ❛♥❞ t❤❡ ❈▲❚ ❢♦r st❛t✐♦♥❛r② s❡❝♦♥❞✲♦r❞❡r
♠❛rt✐♥❣❛❧❡ ❞✐✛❡r❡♥❝❡s ♦❢ ✭✻✮✳

❉✳✸ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✷

❆ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ s❤♦✇s t❤❛t ❢♦r θ ∈ V (θ0)

au{η̃t(θ);θ} − au{ηt(θ);θ} = bu{ǫt, σ̃t(θ);θ} − bu{ǫt, σt(θ);θ}
= ubu{ǫt, σ∗

t ;θ}∇σ log b(ǫt, σ
∗
t ;θ){σ̃t(θ)− σt(θ)} ✭✸✹✮

✇❤❡r❡ σ∗
t ✐s ❜❡t✇❡❡♥ σ̃t(θ) ❛♥❞ σt(θ)✳

❚❤❡♥✱ ✉s✐♥❣ A3✱ A6 ❛♥❞ t❤❡ cr ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡

|au{η̃t(θ);θ} − au{ηt(θ);θ}| ≤ u2uCu+1

{( |ǫt|
σ∗
t

)τ(u+1)

+ 1

}
Ktρ

t.

❚❤❡ r✳❤✳s✳ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐s ❜♦✉♥❞❡❞ ❜② ❛ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ ❢♦r♠ Xtρ
t ✇❤❡r❡ Xt ❛❞♠✐ts

❛ s♠❛❧❧ ♠♦♠❡♥t✱ ✉♥✐❢♦r♠❧② ✐♥ t✱ ✉s✐♥❣ ❆✸✲❆✹ ❛♥❞ ♥♦t✐♥❣ t❤❛t

|ǫt|
σ∗
t

≤ |ηt|
σt(θ0)

σt(θ)

σt(θ)

σ∗
t

≤ |ηt|
(
1 +

Ktρ
t

ω

)
sup

θ∈V (θ0)

σt(θ0)

σt(θ)
.

❚❤✉s

n
∣∣∣S̃(u)

n (θ)− S(u)
n (θ)

∣∣∣ ≤
n∑

t=1

Xtρ
t ≤

∞∑

t=1

Xtρ
t,

✇❤❡r❡ t❤❡ ❧❛tt❡r s✉♠ ❛❞♠✐ts ❛ s♠❛❧❧ ♠♦♠❡♥t ❛♥❞ t❤✉s ✐s ✜♥✐t❡ ❛✳s✳

✷✼



❉✳✹ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸

❲❡ ❤❛✈❡

∂2S
(u)
n (θ)

∂θ∂θ′ =
1

n

n∑

t=1

ubu(ǫt, σt(θ);θ)

{
∂

∂θ
log b(ǫt, σt(θ);θ)

∂

∂θ′ log b(ǫt, σt(θ);θ)

+
∂2

∂θ∂θ′ log b(ǫt, σt(θ);θ)

}
.

❋r♦♠ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ❆✼✭u✮

sup
θ∈V (θ0)

∥∥∥∥∥
∂2S

(u)
n (θ)

∂θ∂θ′

∥∥∥∥∥ = O(1), a.s.

❇② ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ ∂S
(u)
n (θn)
∂θ

❛r♦✉♥❞ θ0✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❉✳✺ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✹

◆♦t✐♥❣ t❤❛t

∂S
(u)
n (θ0)

∂θ
=

1

n

n∑

t=1

ubu(ǫt, σt(θ0);θ0)
∂

∂θ
log b(ǫt, σt(θ0);θ0)

t❤❡ r❡s✉❧t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ❆✼✭u✮ ❛♥❞ t❤❡ ❡r❣♦❞✐❝
t❤❡♦r❡♠✳

❉✳✻ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶

✐✮ ❲❤❡♥ t❤❡ ♠♦❞❡❧ ✐s ❡st✐♠❛t❡❞ ❜② ◗▼▲ ✇❡ ❤❛✈❡

V (ηt) = η2t − 1, ∆t−1 = J−1 1

σ2
t

∂σ2
t (θ0)

∂θ
,

t❤✉s Σ = (κ4 − 1)J−1. ■t ❢♦❧❧♦✇s t❤❛t

υ2u = u2(κ4 − 1)
{
m′

uJ
−1mu + α2

0M
2
1,u−1 − 2α0M1,u−1m

′
uJ

−1
Ω
}

+M0,2u −M2
0,u + 2u(M1,u −M0,u)

{
m′

uJ
−1
Ω− α0M1,u−1

}
.

◆♦t✐♥❣ t❤❛t J−1
Ω = (ω0, α0, 0)

′ ✭s❡❡ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✸❜✮✮✱ ✇❡ ♦❜t❛✐♥ g′
uξu = 0 ❛♥❞

t❤❡ ❢♦r♠✉❧❛ ❢♦r υ2u ❢♦❧❧♦✇s✳
✐✐✮ ■❢ t❤❡ ♠♦❞❡❧ ✐s ❡st✐♠❛t❡❞ ❜② ▼▲ ✇❡ ❤❛✈❡

Σ =
4

ιf
J−1, V (ηt) = g1(ηt), ∆t−1 = − 2

ιf
J−1 1

σ2
t

∂σ2
t (θ0)

∂θ
,

✷✽



✇❤❡r❡ g1(y) = 1 + y f ′

f
(y)✳ ◆♦t✐♥❣ t❤❛t

Ea(ηt; θ)g1(ηt) = α + β +

∫
(αx2 + β)xf ′(x)dx = α + β −

∫
(3αx2 + β)f(x)dx = −2α,

✇❡ ❤❛✈❡✱ ✉s✐♥❣ Ω
′J−1

Ω = 1 ✭s❡❡ ❘❡♠❛r❦ ✸ ✐♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✸❜✮✮ ❛♥❞ J−1
Ω =

(ω0, α0, 0)
′✱

g′
uξu = u {mu − α0M1,u−1Ω}′ 2

ιf
J−1

ΩEau(ηt)g1(ηt) = 0

❛♥❞

g′
uΣgu =

4u2

ιf
{mu − α0M1,u−1Ω}′ J−1 {mu − α0M1,u−1Ω} =

4u2

ιf

{
m′

uJ
−1mu − α2

0M
2
1,u−1

}
.

❚❤✉s

υ2u = g′
uΣgu + ψu =

4u2

ιf

{
m′

uJ
−1mu − α2

0M
2
1,u−1

}
+M0,2u −M2

0,u.

❚❤❡ ▼▲❊ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ◗▼▲❊ s✐♥❝❡ κ4 − 1 ≥ 4/ιf ❛♥❞✱ ❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③
✐♥❡q✉❛❧✐t②✱

m′
uJ

−1mu−α2
0M

2
1,u−1 = m′

uJ
−1mu−(m′

uJ
−1
Ω)2 ≥ m′

uJ
−1mu−(m′

uJ
−1mu)(Ω

′J−1
Ω) = 0.

❉✳✼ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷

❚❤❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ◗▼▲❊ ✇❡r❡ ❡st❛❜❧✐s❤❡❞ ❜② ❍❛♠❛❞❡❤ ❛♥❞
❩❛❦♦ï❛♥ ✭✷✵✶✶✮✳ ❚❤❡ ❢❛❝t t❤❛t ❆ss✉♠♣t✐♦♥s ❆✶ ❛♥❞ ❆✸✲❆✺ ❤♦❧❞ tr✉❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡
♣r♦♦❢ ♦❢ t❤❡✐r ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❆ss✉♠♣t✐♦♥ ❆✺ ❤♦❧❞s ✇✐t❤

V (ηt) = η2t − 1, ∆t−1 =
δ

2
J−1

δ

1

σδ
t

∂σδ
t (θ0)

∂θ
, Λ =

δ

2
J−1

δ Ωδ,

✇❤❡r❡ Ωδ = E(Dt)✱ J δ = E(DtD
′
t) ✇✐t❤ Dt = Dt(θ0) ❛♥❞ Dt(θ) = σ−δ

t (θ)∂σδ
t (θ)/∂θ✳

◆♦t✐♥❣ t❤❛t t❤❡ str✐❝t❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ❛❞♠✐ts ❛ s♠❛❧❧✲♦r❞❡r ♠♦♠❡♥t✱ ❛♥❞ t❤❛t t❤❡
❞❡r✐✈❛t✐✈❡ ✐♥ ❆✷ ✐s ❡q✉❛❧ t♦ β✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♦❜✈✐♦✉s❧② s❛t✐s✜❡❞✳ ❍❛♠❛❞❡❤ ❛♥❞ ❩❛❦♦✐❛♥
s❤♦✇❡❞ t❤❛t

E sup
θ∈V (θ0)

∥∥∥∥
1

σδ
t (θ)

∂σδ
t (θ)

∂θ

∥∥∥∥
d

<∞, E sup
θ∈V (θ0)

∥∥∥∥
1

σδ
t (θ)

∂2σδ
t (θ)

∂θ∂θ′

∥∥∥∥
d

<∞

❢♦r ❛♥② ✐♥t❡❣❡r d ✭❜② ✭✺✳✷✵✮ ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣❛♣❡r✮✳ ◆♦t✐♥❣ t❤❛t b(ǫ, σ,θ) = |ǫ|δ
σδ (α+1❧ǫ>0+

α−1❧ǫ<0) + β t❤❡ ❧❛st t✇♦ ❝♦♥❞✐t✐♦♥s ♦❢ ❆✼✭u✮ ❛r❡ t❤✉s s❛t✐s✜❡❞ ❢♦r ❛♥② q > 0✱ ✇❤✐❧❡ t❤❡ ✜rst
❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r p ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ✶ s✐♥❝❡ u < s✳ ❆ss✉♠♣t✐♦♥ ❆✻ ✐s s❛t✐s✜❡❞ ❢♦r
τ = δ✳

✷✾



❉✳✽ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

◆♦t✐♥❣ t❤❛t ĝu = ∂S̃
(u)
n (θ̂n)
∂θ

, ▲❡♠♠❛s ✸✱ ✹ ❛♥❞ ✺ ❜❡❧♦✇✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ θ̂n✱
❡♥t❛✐❧ t❤❛t ĝu ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ gu✳

▲❡♠♠❛ ✺ ■❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥

sup
θ∈V (θ0)

∥∥∥∥∥
∂S̃

(u)
n (θ)

∂θ
− ∂S

(u)
n (θ)

∂θ

∥∥∥∥∥→ 0, ✐♥ ♣r♦❜❛❜✐❧✐t② ❛s n→ ∞.

❚❤❡ ❡st✐♠❛t♦r ♦❢ ψu ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳ ❯s✐♥❣ ❛❧s♦ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ξ̂u ❛♥❞ Σ̂✱ ✐t
❢♦❧❧♦✇s t❤❛t υ̂u ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ υu✳ ◆♦✇ ✇❡ ❤❛✈❡

PH0,u(C
(u)
T ) = PH0,u

[
υ̂−1
u

√
n
{
S(u)
n − 1

}
> Φ−1(1− α)

]

= PH0,u

[
υ̂−1
u

√
n
{
S(u)
n − S(u)

∞
}
+ υ̂−1

u

√
n
{
S(u)
∞ − S(u0)

∞
}
> Φ−1(1− α)

]

≤ PH0,u

[
υ̂−1
u

√
n
{
S(u)
n − S(u)

∞
}
> Φ−1(1− α)

]

✇❤✐❝❤ t❡♥❞s t♦ α ❛s n→ ∞ ❜② ❚❤❡♦r❡♠ ✶✳

❉✳✾ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✺

❲❡ ❤❛✈❡

∂S
(u)
n (θ)

∂θ
− ∂S̃

(u)
n (θ)

∂θ

=
1

n

n∑

t=1

u {bu(ǫt, σt(θ);θ)− bu(ǫt, σ̃t(θ);θ)}
{
∇σ log b(ǫt, σt(θ);θ)

∂σt(θ)

∂θ
+∇θ log b(ǫt, σt(θ);θ)

}

+
1

n

n∑

t=1

ubu(ǫt, σ̃t(θ);θ) {∇σ log b(ǫt, σt(θ);θ)−∇σ log b(ǫt, σ̃t(θ);θ)}
∂σt(θ)

∂θ

+
1

n

n∑

t=1

ubu(ǫt, σ̃t(θ);θ)∇σ log b(ǫt, σ̃t(θ);θ)

(
∂σt(θ)

∂θ
− ∂σ̃t(θ)

∂θ

)

+
1

n

n∑

t=1

ubu(ǫt, σ̃t(θ);θ) {∇θ log b(ǫt, σt(θ);θ)−∇θ log b(ǫt, σ̃t(θ);θ)}

:= ∆1n(θ) + ∆2n(θ) + ∆3n(θ) + ∆4n(θ).

❋✐rst ❝♦♥s✐❞❡r ∆1n(θ)✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷ ✇❡ ❤❛✈❡

sup
θ∈V (θ0)

|bu(ǫt, σt(θ);θ)− bu(ǫt, σ̃t(θ);θ)| ≤ Xtρ
t

✇❤❡r❡ Xt ❛❞♠✐ts ❛ s♠❛❧❧ ♠♦♠❡♥t✳ ❇② ❆✹ ❛♥❞ ❆✻✱ t❤❡ ♦t❤❡r s✉♠♠❛♥❞s ✐♥✈♦❧✈❡❞ ✐♥ ∆1 ❛❧s♦
❛❞♠✐t s♠❛❧❧ ♠♦♠❡♥ts✳ ■t ❢♦❧❧♦✇s t❤❛t supθ∈V (θ0) |∆1n(θ)| → 0, ✐♥ ♣r♦❜❛❜✐❧✐t② ❛s n→ ∞✳

✸✵



◆♦✇ ✇❡ t✉r♥ t♦ ∆2n✳ ❆♥♦t❤❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ②✐❡❧❞s

∇σ log b(ǫt, σt(θ);θ)−∇σ log b(ǫt, σ̃t(θ);θ) = ∇2
σσ log b(ǫt, σ

∗
t ;θ){σ̃t(θ)− σt(θ)},

✇❤❡r❡ σ∗
t ✐s ❜❡t✇❡❡♥ σ̃t(θ) ❛♥❞ σt(θ)✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts s❤♦✇ t❤❛t supθ∈V (θ0) |∆2n(θ)| → 0,

✐♥ ♣r♦❜❛❜✐❧✐t② ❛s n→ ∞✳ ❚❤❡ ❧❛st t✇♦ t❡r♠s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳

❉✳✶✵ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❜✉t ✈❡r② s✐♠✐❧❛r r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡
❛rt✐❝❧❡s ❛❧r❡❛❞② ❝✐t❡❞✳

❚❤❡ ✐✮ ✐s ♦❜✈✐♦✉s ✐♥ ✈✐❡✇ ♦❢ ✭✷✮✿ t❤❡ ❝♦♥❞✐t✐♦♥ P [a(η1) ≤ 1] = 1 ❡♥t❛✐❧s E[au(η1)] ≤ 1
❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t ❜❡❝❛✉s❡ γ < 0✳
◆♦✇ s✉♣♣♦s❡ P [a(η1) ≤ 1] < 1 ❛♥❞ ❧❡t ǫ > 0 s✉❝❤ t❤❛t P [a(η1) > 1 + ǫ] > 0. ❚❤❡♥

S
(u)
∞ = E[au(η1)] > (1 + ǫ)uP [a(η1) > 1 + ǫ] → ∞ ❛s u → ∞✳ ❋♦r ❛♥② η > 0✱ t❤❡ ❢✉♥❝t✐♦♥
u 7→ au(η) ✐s ❝♦♥✈❡①✳ ❚❤✉s u 7→ E[au(η1)] ✐s ❝♦♥✈❡① ♦♥ (0, s]✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿ ❛✮

✇❤❡♥ P [a(η1) = 0] = p > 0 ✇❡ ❤❛✈❡ S
(0+)
∞ = 1− p < S

(0)
∞ = 1✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ❛♥❞

t❤❡ ❢❛❝t S
(s)
∞ ≥ 1✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s❀ ❜✮ ✇❤❡♥ P [a(η1) = 0] = 0✱ t❤❡ r✐❣❤t ❞❡r✐✈❛t✐✈❡ ♦❢

u 7→ S
(u)
∞ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ 0 ✐s ♥❡❣❛t✐✈❡✳ ❚❤✉s t❤❡r❡ ❡①✐sts 0 < s0 < s s✉❝❤ t❤❛t t❤❡

❢✉♥❝t✐♦♥ u 7→ E[au(η1)] ❞❡❝r❡❛s❡s ♦✈❡r (0, s0) ❛♥❞ ✐♥❝r❡❛s❡s ♦✈❡r (s0, s]✳ ❙✐♥❝❡ S
(s)
∞ ≥ 1✱ ✐t

❢♦❧❧♦✇s t❤❛t t❤❡r❡ ✐s t❤❡ ✉♥✐q✉❡ u > 0 s✉❝❤ t❤❛t E[au(η1)] = 1. ❋✐♥❛❧❧②✱ ❜② ✭✷✮✱ ♠♦♠❡♥ts
♦❢ σt ❞♦ ♥♦t ❡①✐st ❛t ❛♥② ♦r❞❡r✿ E(σuδ

t ) < ∞ ❢♦r ❛❧❧ u < u0 s✉❝❤ t❤❛t E[ωu(η1)] < ∞, ❛♥❞
E(σuδ

t ) = ∞ ❢♦r u > u0✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✐✐✮ ❢♦❧❧♦✇s✳
❚❤❡ t❛✐❧ r❡s✉❧t ♦♥ σt ✐s ❡st❛❜❧✐s❤❡❞ ✉s✐♥❣ ❚❤❡♦r❡♠ ✹✳✶ ✐♥ ✭✷✶✮✳ ❚❤❡ t❛✐❧ r❡s✉❧t ♦♥ ǫt ❢♦❧❧♦✇s

❜② t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ❜② ▼✐❦♦s❝❤ ❛♥❞ ❙t➔r✐❝➔ ✭✷✵✵✵✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡✐r ❚❤❡♦r❡♠ ✷✳✶✳

❉✳✶✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸

❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷ s✉❜st✐t✉t✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦♥ {a(η̂t; θ̂n) : t = 1, . . . , n}
❢♦r t❤❡ t❤❡♦r❡t✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ a(η1)✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s > 0 ✈❛♥✐s❤❡s
❜❡❝❛✉s❡ ♠♦♠❡♥ts ❡①✐st ❛t ❛♥② ♦r❞❡r ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥✳

❉✳✶✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❙✐♠✐❧❛r t♦ ✭✸✹✮ ✇❡ ❤❛✈❡

log b(ǫt, σt(θ);θ)− log b(ǫt, σ̃t(θ);θ) = ∇σ log b(ǫt, σ
∗
t ;θ){σ̃t(θ)− σt(θ)}, ✭✸✺✮

t❤✉s✱ ❜② ❛r❣✉♠❡♥ts ❛❧r❡❛❞② ✉s❡❞✱ γn = 1
n

∑n
t=1 log b(ǫt, σt(θ̂n); θ̂n) + o(1), a.s. ▼♦r❡♦✈❡r✱

log b(ǫt, σt(θ);θ)− log b(ǫt, σt(θ0);θ0) =
∂

∂θ′ log b(ǫt, σt(θ
∗);θ∗)(θ − θ0), ✭✸✻✮

✸✶



❢♦r θ∗ ❜❡t✇❡❡♥ θ ❛♥❞ θ0✳ ❯s✐♥❣ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ θ̂n ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

γn =
1

n

n∑

t=1

log b(ǫt, σt(θ0);θ0) + o(1), a.s.

❚❤❡ ❛✳s✳ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ γn ❢♦❧❧♦✇s ❜② t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✳
❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ❛♥❞ t❤♦s❡ ♦❢ t❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛s ✷✱ ✸ ❛♥❞ ✹✱

S(u)
n → S(u)

∞ a.s., ❢♦r ❛♥② u s✉❝❤ t❤❛t S(u)
∞ <∞. ✭✸✼✮

◆♦✇✱ ✇❡ t✉r♥ t♦ ❝❛s❡ ✐✮✳ ❲❡ ❤❛✈❡ S
(u)
∞ < 1 ❜② Pr♦♣♦s✐t✐♦♥ ✷✱ t❤✉s S

(u)
n < 1 ❢♦r n ❧❛r❣❡

❡♥♦✉❣❤ ❜② ✭✸✼✮✳ ■t ❢♦❧❧♦✇s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✱ t❤❛t ûn > u ❢♦r ❛❧❧ u ❛♥❞ n ❧❛r❣❡ ❡♥♦✉❣❤✳
❚✉r♥✐♥❣ t♦ ❝❛s❡ ✐✐✮✱ ✇❡ ♥♦t❡ t❤❛t✱ ❢♦r ε ∈ (0,max{u0, s− uo})✱

lim
n→∞

a.s. S(u0−ε)
n = S(u0−ε)

∞ < 1, lim
n→∞

a.s. S(u0+ε)
n = S(u0+ε)

∞ > 1,

t❤✉s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ûn✳

❉✳✶✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

▲❡t Γn(u) =
√
n
{
S
(u)
n − S

(u)
∞
}
❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ✭✸✸✮✱ ❧❡t

Γ0
n(u) =

√
n
{
S(u)
n (θ0)− S(u)

∞
}
+ g′

u

1√
n

n∑

t=1

∆t−1V (ηt).

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t

Γ0
n

C[u1,u2]
=⇒ Γ, sup

u∈(u1,u2)

|Γn(u)− Γ0
n(u)| = oP (1). ✭✸✽✮

❇② t❤❡ ❈r❛♠ér✲❲♦❧❞ ❞❡✈✐❝❡✱ ❛♥❞ ❜② ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱ ✐t ❝❛♥ ❜❡
❡st❛❜❧✐s❤❡❞ t❤❛t t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ Γ0

n ❝♦♥✈❡r❣❡ t♦ t❤♦s❡ ♦❢ Γ✳ ❇② s❤♦✇✐♥❣
t❤❛t

t❤❡ s❡q✉❡♥❝❡ {Γ0
n(u1)} ✐s t✐❣❤t ✭✸✾✮

❛♥❞✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t K > 0✱

E[Γ0
n(u)− Γ0

n(v)]
2 ≤ K(u− v)2, ✭✹✵✮

t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ {Γ0
n} ✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✷✳✸ ♦❢ ❇✐❧❧✐♥❣s✲

❧❡② ✭✶✾✻✽✮✳ ❚❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ✭✸✽✮ ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✽✳✶ ♦❢ ❇✐❧❧✐♥❣s❧❡② ✭✶✾✻✽✮✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ {Γ0

n(u1)} ❡♥t❛✐❧s ✭✸✾✮✳
❲❡ ❤❛✈❡

Γ0
n(u)− Γ0

n(v) =
1√
n

n∑

t=1

au{ηt;θ0} − E[au{ηt;θ0}]− av{ηt;θ0}+ E[av{ηt;θ0}]

✸✷



+(gu − gv)
′ 1√
n

n∑

t=1

∆t−1V (ηt)

:= ∆n,1(u, v) + ∆n,2(u, v).

◆♦t❡ t❤❛t

E∆2
n,1(u, v) = ❱❛r{au(ηt)− av(ηt)}

≤ (u− v)2E
(
{a2u1(ηt) + a2u2(ηt)}{log a(ηt)}2

)
≤ K(u− v)2.

◆♦✇

gu − gv = E

(
∂2

∂u∂θi
bu{ǫt, σt(θ);θ}

∣∣∣∣
θ=θ0,u=u∗

i

)
(u− v)

✇❤❡r❡ t❤❡ u∗i ❜❡❧♦♥❣ t♦ (u, v) ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❆✼✭u2✮✳

▼♦r❡♦✈❡r ❱❛r
(

1√
n

∑n
t=1 ∆t−1V (ηt)

)
= Σ✳ ■t ❢♦❧❧♦✇s t❤❛t E∆2

n,2(u, v) ≤ K(u − v)2. ❚❤✐s

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ✭✸✽✮✳

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜❛❜✐❧✐t② ✐♥ ✭✸✽✮✳ ❲❡ ❤❛✈❡✱ ❢♦r θ∗ ❜❡t✇❡❡♥ θ̂n

❛♥❞ θ0✱

Γn(u)− Γ0
n(u) =

√
n
{
S(u)
n − S(u)

n (θ̂n)
}
+

1

n

n∑

t=1

[
∂

∂θ
bu{ǫt, σt(θ∗);θ∗} − gu

]′ √
n(θ̂n − θ0)

+g′
u

{
√
n(θ̂n − θ0)−

1√
n

n∑

t=1

∆t−1V (ηt)

}

:= Rn,1(u) +Rn,2(u) +Rn,3(u).

❲❡ ❤❛✈❡✱ ❜② ❆✸✱ ✇✐t❤ σ∗
t (θ) ❜❡t✇❡❡♥ σ̃t(θ) ❛♥❞ σt(θ)

|Rn,1(u)| ≤ 1√
n

n∑

t=1

sup
θ∈V (θ0)

ubu{ǫt, σ∗
t (θ);θ} |∇σ log b(ǫt, σ

∗
t (θ);θ)|Ktρ

t = oP (1),

✉♥✐❢♦r♠❧② ✐♥ u✱ ♥♦t✐♥❣ t❤❛t✱ ❜② ❆✻✱ t❤❡ s✉♣r❡♠✉♠ ❛❞♠✐ts ❛ s♠❛❧❧✲♦r❞❡r ♠♦♠❡♥t✳ ❚❤❡
s❡❝♦♥❞ t❡r♠✱ Rn,2(u)✱ ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❜② ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ ∂

∂θ
bu{ǫt, σt(θ∗);θ∗} ❛r♦✉♥❞

θ0✳ ❚❤❡ t❤✐r❞ t❡r♠✱ Rn,3(u)✱ ✐s ❛♥ oP (1) ✉♥✐❢♦r♠❧② ✐♥ u ❜② ❆✺ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t
supu∈(u1,u2) ‖gu‖ <∞✳

❉✳✶✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹

❲r✐t✐♥❣
0 = S(ûn)

n − S(u0)
∞ = S(ûn)

n − S(ûn)
∞ + S(ûn)

∞ − S(u0)
∞ ,

✇❡ ❞❡❞✉❝❡✱ ❜② t❤❡ ♠❡❛♥✲✈❛❧✉❡ t❤❡♦r❡♠✱

√
n(ûn − u0) = − 1

D
(u∗

n)∞

√
n
(
S(ûn)
n − S(ûn)

∞
)
= − 1

D
(u∗

n)∞
Γn(ûn)

✸✸



✇❤❡r❡ u∗n ✐s ❜❡t✇❡❡♥ ûn ❛♥❞ u0✳ ❇② ❝♦♥t✐♥✉✐t② ♦❢ D
(u)
∞ ✇❡ ❤❛✈❡ D

(u∗

n)∞ → D
(u0)
∞ ✐♥ ♣r♦❜❛❜✐❧✐t②

✭❛♥❞ ❛❧s♦ ❛✳s✳✮✱ ❛♥❞ Γn(ûn)
L→ Γ(u0). ■♥❞❡❡❞✱ ❢♦r ς, ς

′ > 0✱

P [Γn(ûn) > x] ≤ P [Γn(ûn) > x, |ûn − u0| ≤ ς] + P [|ûn − u0| > ς]

≤ P [ sup
|u−u0|≤ς

Γn(u) > x] + P [|ûn − u0| > ς]

≤ P [Γn(u0) > x− ς ′] + P [ sup
|u−u0|≤ς

|Γn(u)− Γn(u0)| > ς ′] + P [|ûn − u0| > ς].

❯s✐♥❣ t❤❡ t✐❣❤t♥❡ss ♣r♦♣❡rt② ❛♥❞ t❤❡ ❛✳s✳ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ûn✱ t❤❡ ❧❛st t✇♦ ♣r♦❜❛❜✐❧✐t✐❡s ❝❛♥
❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❢♦r n s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❛♥❞ ς s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡ ♦t❤❡r ♣r♦❜❛❜✐❧✐t②
❝♦♥✈❡r❣❡s t♦ P [Γ(u0) > x− ς ′] ✇❤✐❝❤ ✐s ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ P [Γ(u0) > x] ❢♦r ς ′ s♠❛❧❧ ❡♥♦✉❣❤✳
❆ s✐♠✐❧❛r ✉♣♣❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r P [Γn(ûn) < x] ❢r♦♠ ✇❤✐❝❤ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❉✳✶✺ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹

❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✱ ✉s✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②
♦❢

√
n(ûn − u0) ❡st❛❜❧✐s❤❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳

❉✳✶✻ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺

❇② t❤❡ ❞❡❧t❛ ♠❡t❤♦❞ ✇❡ ❤❛✈❡✱

√
n (ûn,f − u0) =

∂u0
∂θ′

√
n(θ̂n,ML − θ0) + oP (1)

d−→ N
(
0, σ2

f

)
.

■♥ ✈✐❡✇ ♦❢ ❇✹ ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ σ̂f ✱ ✇❡ ❞❡❞✉❝❡

V (u0)
n =

√
n(u0 − ûn,f )

σ̂f
=

−2

σf ιf
√
n

n∑

t=1

∂u0
∂θ′ J

−1 1

σ2
t

∂σ2
t

∂θ
g1(ηt) + oP (1), ✭✹✶✮

❢r♦♠ ✇❤✐❝❤ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❉✳✶✼ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✱ r❡❧②✐♥❣ ♦♥ ❇✻ ❛♥❞ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥

√
n(u0 − û0,f̂ )

ς̂f
=

−1

ςf

(
∂u0
∂θ′

√
n(θ̂n − θ0) +

∂u0
∂ν ′

√
n(ν̂n − ν0)

)
+ oP (1)

=
−1

ςf

[
∂u0
∂θ′

∂u0
∂ν ′

]
J
−1

(
1

2
√
n

∑n
t=1

1
σ2
t

∂σ2
t

∂θ
g1(ηt)

−1√
n

∑n
t=1

1
f(ηt;ν0)

∂f(ηt;ν0)
∂ν

)
+ oP (1). ✭✹✷✮

✸✹



❉✳✶✽ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼ ❛♥❞ ✐♥❡q✉❛❧✐t② ✭✷✹✮

■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t

T (u)
n =

1√
n

n∑

t=1

au(ηt)− 1

υu
+ g′

u

1

υu
√
n

n∑

t=1

∆t−1V (ηt) + oP (1), ✭✹✸✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ✐s ❝❡♥t❡r❡❞ ♦♥❧② ❢♦r u = u0✳ ❇② ✭✷✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t ✉♥❞❡r P0

(
T

(u0)
n

Λn,f (θ0 + τ/
√
n,θ0)

)
d−→ N

{(
0

−1
2
τ ′Ifτ

)
,

(
1 cf,u0(θ0)

cf,u0(θ0) τ ′Ifτ

)}
.

▲❡ ❈❛♠✬s t❤✐r❞ ❧❡♠♠❛ ✭s❡❡ ❡✳❣✳ ✈❛♥ ❞❡r ❱❛❛rt✱ ✶✾✾✽✱ ♣❛❣❡ ✾✵✮ s❤♦✇s t❤❛t

T (u0)
n

d−→ N (cf,u0(θ0), 1) , ✉♥❞❡r Pn,τ .

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼ ❡❛s✐❧② ❢♦❧❧♦✇s ❢♦r t❤❡ t✇♦ t❡sts ✉s✐♥❣ ✭✷✵✮✳
❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✱ ❢♦r t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮

❡st✐♠❛t❡❞ ❜② ◗▼▲ ✇❡ ❤❛✈❡

E

(
1

σt

∂σt(θ0)

∂θ
g′
u0
∆t−1

)
= E

(
1

σt

∂σt(θ0)

∂θ
∆

′
t−1gu0

)
=

1

2
gu0

, E{V (η1)g1(η1)} = −2,

✇❤✐❧❡ ✇✐t❤ t❤❡ ▼▲ ✇❡ ❤❛✈❡

E

(
1

σt

∂σt(θ0)

∂θ
g′
u0
∆t−1

)
= E

(
1

σt

∂σt(θ0)

∂θ
∆

′
t−1gu0

)
=

−1

ιf
gu0

, E{V (η1)g1(η1)} = ιf .

▼♦r❡♦✈❡r✱

1

2
Eau0

t

{
1 + ηt

f ′

f
(ηt)

}
+ α0u0Eη

2
t a

u0−1
t

=
1

2
+

1

2

∫
au0(x)xf ′(x)dx+ α0u0

∫
x2au0−1(x)f(x)dx

=
1

2
+

1

2

∫
au0(x)xf ′(x)dx+ [au0(x)

x

2
f(x)]

−
∫
au0(x)

(
f(x)

2
+
x

2
f ′(x)

)
dx = 0.

❚❤✉s✱ ✐♥ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ❝❛s❡✱

cf,u0(θ0) = − τ ′

υu0

[
1

2
ΩE{au0(η1)g1(η1)} − u0 (mu0 − α0M1,u0−1Ω)

]
=

u0
υu0

τ ′mu0 .

✇❤❡r❡ t❤❡ ❢♦r♠✉❧❛s ❢♦r υu0 ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ✭✾✮ ❢♦r t❤❡ ▼▲ ❛♥❞ ◗▼▲ ❡st✐♠❛t♦rs✳

✸✺



❉✳✶✾ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽

❘❡❧❛t✐♦♥ ✭✷✷✮ ✐♠♣❧✐❡s t❤❛t

Λn,f (θ0 + τ/
√
n,θ0)

d−→ N
(
−1

2
τ ′
Ifτ , τ

′
Ifτ

)
✉♥❞❡r P0,

✇❤✐❝❤ ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ✐♥ t❤❡ st❛t✐st✐❝❛❧ ♠♦❞❡❧ N
(
τ ,I−1

f

)
♦❢

♣❛r❛♠❡t❡r τ ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❞❡♥♦t✐♥❣ ❜② T ❛ s✉❜s❡t ♦❢ Rd ❝♦♥t❛✐♥✐♥❣ ❛ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ 0✱ t❤❡ s♦✲❝❛❧❧❡❞ ❧♦❝❛❧ ❡①♣❡r✐♠❡♥ts {Ln,f (θ0 + τ/

√
n), τ ∈ T } ❝♦♥✈❡r❣❡ t♦ t❤❡ ❣❛✉ss✐❛♥

❡①♣❡r✐♠❡♥t
{
N
(
τ ,I−1

f

)
, τ ∈ T

}
✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ♦♥ u0(θ0, f)✱ ❢♦r ❣✐✈❡♥ u✱ t❡st✐♥❣H0,u : u(θ0, f) >
u ❛❣❛✐♥st H1,u : u(θ0, f) ≤ u✱ ❛♠♦✉♥ts t♦ t❡st✐♥❣ H0 : τ = 0 ❛❣❛✐♥st H1 : τ = εe ❢♦r
ε > 0 ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ❯▼P❯ t❡st ❜❛s❡❞ ♦♥ X ∼ N

(
τ ,I−1

f

)
✐s t❤❡ t❡st ♦❢

r❡❥❡❝t✐♦♥ r❡❣✐♦♥

C =

{
e′X/

√
e′I−1

f e > Φ−1(1− α)

}
.

❚❤✐s ❯▼P❯ t❡st ❤❛s t❤❡ ♣♦✇❡r ❣✐✈❡♥ ✐♥ ✭✷✺✮✳
❋♦r τ = εe0✱ ε > 0✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮✱

cQML
f,1 (θ0) =

εe′
0e0√

(κ4 − 1)e′0J
−1e0

≤ cML
f,1 (θ0) =

εe′
0e0√

4
ιf
e′0J

−1e0 + α2
0

(
κ4 − 1− 4

ιf

)

≤ cε = ε
ι
1/2
f e′

0e0

2
√

e′
0J

−1e0

,

❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇✐t❤ ❡q✉❛❧✐t② ♦♥❧② ✇❤❡♥ g1(y) = K(1 − y2)✱ t❤❛t ✐s ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡ ❞❡♥s✐t② ♦❢ ηt ❤❛s t❤❡ ❢♦r♠ ✭✷✻✮ ✭s❡❡ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✸❛✮✱ Pr♦♣♦s✐t✐♦♥
✺✳✺✮✮✳

❉✳✷✵ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾

❇② t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✱ ✉s✐♥❣ ✭✹✶✮✱ ✇❡ ♦❜t❛✐♥

df,u0(θ0) = − 1

σf

∂u

∂θ′τ =
− ∂u

∂θ′τ√
4
ιf

∂u
∂θ′J

−1 ∂u
∂θ

=
r′
u0
τ√

4
ιf
r′
u0
J−1ru0

.

❉✳✷✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵

❋♦❧❧♦✇s ❜② t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✱ ✉s✐♥❣ ✭✹✷✮ ❛♥❞ t❤❡ ▲❆◆ ♣r♦♣❡rt②
✭✷✾✮✲✭✸✵✮✳

✸✻



❉✳✷✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶

❚❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ ϑ̂
QML

n ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ ❍❛♠❛❞❡❤ ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✶✮✳

❇❡❝❛✉s❡ D ✐s ❞✐s❝r❡t❡✱ ✐t ❢♦❧❧♦✇s t❤❛t δ̂QML
n = δ0 ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ n✳ ❇② ❈♦r♦❧❧❛r② ✷✱

t❤❡ ❛ss✉♠♣t✐♦♥s r❡q✉✐r❡❞ ❢♦r ❚❤❡♦r❡♠s ✶ ❛♥❞ ✸ ❛r❡ s❛t✐s✜❡❞ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ✇❤❡♥ δ ✐s
r❡♣❧❛❝❡❞ ❜② δ̂QML

n ✳ ■❢ ηt ❤❛s ❛ ♣♦s✐t✐✈❡ ❞❡♥s✐t② ♦✈❡r t❤❡ r❡❛❧ ❧✐♥❡✱ ❆ss✉♠♣t✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦r❡♠
✷ ❤♦❧❞s ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❊ ❈♦♠♣❧❡♠❡♥t t♦ ❙❡❝t✐♦♥ ✺✳✷

❊①❛♠♣❧❡s ♦❢ ❛s②♠♣t♦t✐❝ s❧♦♣❡s ✐♥ t❤❡ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ❝❛s❡ ✇✐t❤ ❙t✉❞❡♥t ❡rr♦rs ❛r❡
❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✻✳

2 3 4 5 6 7 8

0.
00

0
0.

00
4

0.
00

8
0.

01
2

α = 0.1, β = 0.86, ν = 40

u

S
lo

pe

u0 = 3.79

cT(u)
cU(u)
cV(u)

5.5 6.5 7.5 8.5

0e
+

00
2e

−
04

4e
−

04
6e

−
04

α = 0.09, β = 0.8, ν = 40

u

S
lo

pe

u0 = 6.56

cT(u)
cU(u)
cV(u)

❋✐❣✉r❡ ✻✿ ❆s②♠♣t♦t✐❝ s❧♦♣❡s ♦❢ t❤❡ t❡sts T, U ❛♥❞ V ❢♦r ❙t✉❞❡♥t ❡rr♦rs (ν = 40) ❛♥❞ t❤❡
st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧s✳

❋ ▼♦♥t❡ ❈❛r❧♦ ❡①♣❡r✐♠❡♥ts

❲❡ ✜rst ♠❛❞❡ ✶✵✱✵✵✵ s✐♠✉❧❛t✐♦♥s ♦❢ ❛ st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ✇✐t❤ (α0, β0) = (0.10, 0.86) ❛♥❞
●❛✉ss✐❛♥ ✐♥♥♦✈❛t✐♦♥s s✉❝❤ t❤❛t u0 = 4✱ ❢♦r ❞✐✛❡r❡♥t s❛♠♣❧❡ s✐③❡s✳ ❚❤❡ r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞
✐♥ ❚❛❜❧❡ ✸✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ t❡sts✱ t❤❡ ♠♦st str✐❦✐♥❣ ♦✉t♣✉t ✐s t❤❡ ❧❛❝❦ ♦❢ ♣♦✇❡r ♦❢ t❤❡ t❡st
T ✱ ❝♦♠♣❛r❡❞ t♦ ✐ts ❝♦♠♣❡t✐t♦rs✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❋✐❣✉r❡ ✸✳ ❊✈❡♥ ❢♦r ❧❛r❣❡ s❛♠♣❧❡ s✐③❡s✱
t❤❡ t❡st T ✐s t♦♦ ❝♦♥s❡r✈❛t✐✈❡ ❜✉t t❤❡ ❧❡✈❡❧s ♦❢ t❤❡ t❡sts U ❛♥❞ V ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
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♥✉❧❧ ❛r❡ ❝♦rr❡❝t✳ ❆s ❡①♣❡❝t❡❞ t❤❡ t❡st V ✐s s❧✐❣❤t❧② ♠♦r❡ ♣♦✇❡r❢✉❧ t❤❛♥ t❤❡ t❡st U ✳ ❚❤❡
❈■ ❜❛s❡❞ ♦♥ t❤❡ st❛t✐st✐❝s ûn ❛♥❞ ûn,f ✭❧✐♥❡s U

(u)
n ❛♥❞ V

(u)
n ✮ ❛r❡ s✐♠✐❧❛r ❛♥❞✱ ❛s ❡①♣❡❝t❡❞✱

s❧✐❣❤t❧② t✐❣❤t❡r ✇✐t❤ t❤❡ ❢✉❧❧② ♣❛r❛♠❡tr✐❝ ♠❡t❤♦❞ ✭t❤❛t ❜❛s❡❞ ♦♥ ûn,f ✇✐t❤ f ●❛✉ss✐❛♥✮✳ ◆♦t❡
t❤❛t t❤❡ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❡①❝❡❧❧❡♥t ✭✐✳❡✳ ✈❡r② ❝❧♦s❡ t♦ ♥♦♠✐♥❛❧ ❧❡✈❡❧ 1 − α✮ ✇❤❡♥
n = 4000 ♦r n = 8000✳ ❘❡s✉❧ts ❞✐s♣❧❛②❡❞ ✐♥ ❛♣♣❡♥❞✐① ❝♦♥❝❡r♥ t❤❡ t❡st ♦❢ H∗

0,u✱ ❢♦r t❤❡ s❛♠❡
❡①♣❡r✐♠❡♥ts✳ ■♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❋✐❣✉r❡ ✸ t❤❡s❡ r❡s✉❧ts ❛r❡ ♠♦r❡ ❢❛✈♦r❛❜❧❡ t♦ t❤❡ t❡st T ✱ ❡✈❡♥
✐❢ t❤❡ ❧❡✈❡❧ ✐s ♣♦♦r❧② ❝♦♥tr♦❧❧❡❞✳

◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss ♦❢ t❤❡ ❇❡t❛✲t✲●❆❘❈❍ ✐♥tr♦❞✉❝❡❞ ✐♥ ❍❛r✈❡② ✭✷✵✶✸✮ ❛♥❞ ❈r❡❛❧
❡t ❛❧✳ ✭✷✵✶✸✮✱ s✉❝❤ t❤❛t

σ2
t = ω + βσ2

t−1 + α
(ν + 1)ǫ2t−1

(ν − 2) + ǫ2t−1/σ
2
t−1

,

❛♥❞ t❤❡ r❡s❝❛❧❡❞ ✐♥♥♦✈❛t✐♦♥s ❛r❡ ❙t✉❞❡♥t✬s t ❞✐str✐❜✉t❡❞ ✇✐t❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ν✳ ❚❤✐s

♠♦❞❡❧ ✐s ♦❢ t❤❡ ❢♦r♠ ✭✶✮ ✇✐t❤ δ = 2✱ ω(η) = ω ❛♥❞ a(η) = β + α(ν+1)η2

(ν−2)+η2
. ❘❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r

s✐♠✉❧❛t✐♦♥s ♦❢ ❛ ❇❡t❛✲t✲●❆❘❈❍ ♠♦❞❡❧ ❧❡❛❞ t♦ s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s ✭s❡❡ t❤❡ ❛♣♣❡♥❞✐①✮✳

✸✽



❚❛❜❧❡ ✸✿ ❋♦r t❤❡ t❡sts T
(u)
n ❛♥❞ U

(u)
n ✱ r❡❧❛t✐✈❡ ❢r❡q✉❡♥❝② ♦❢ r❡❥❡❝t✐♦♥ ♦❢ H0,u ❛t t❤❡ ♥♦♠✐♥❛❧ ❧❡✈❡❧ α%✳ ❚❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐s tr✉❡ ❢♦r u ≤ 4

❛♥❞ ❢❛❧s❡ ❢♦r u > 4✳ ❚❤❡ ❧❛st ✸ ❝♦❧✉♠♥s ❝♦♥❝❡r♥ ❈■ ❢♦r u0 ❛t t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ 1 − α✳ ❚❤❡ ❝♦❧✉♠♥ ✧♠❡❛♥✧ ✭r❡s♣✳ ✧♠❡❞✐❛♥✧✮
❣✐✈❡s t❤❡ ♠❡❛♥s ✭r❡s♣✳ t❤❡ ♠❡❞✐❛♥s✮ ♦❢ t❤❡ ❈■ ❜♦✉♥❞s✳ ❚❤❡ ❝♦❧✉♠♥ ✧❝♦✈❡r❛❣❡✧ ❣✐✈❡s t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❛t ✐s t❤❡ ♣r♦♣♦rt✐♦♥
♦❢ ❈■ t❤❛t ❝♦♥t❛✐♥s u0 ❛♠♦♥❣ t❤❡ N = 10, 000 r❡♣❧✐❝❛t✐♦♥s✳

n α ❚❡st u = 2 u = 3 u = 4 u = 5 u = 6 u = 7 ♠❡❛♥ ♠❡❞✐❛♥ ❝♦✈❡r❛❣❡

✶✵✵✵ ✶✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

U
(u)
n ✵✳✵✵ ✵✳✵✷ ✶✳✸✷ ✽✳✹✹ ✷✷✳✶✺ ✸✽✳✾✻ ❬✵✳✹✾✱✾✳✵✹❪ ❬✵✳✻✷✱✽✳✵✸❪ ✵✳✾✾

V
(u)
n ✵✳✵✵ ✵✳✵✷ ✶✳✷✺ ✽✳✽✶ ✷✸✳✸✺ ✹✶✳✻✽ ❬✵✳✻✹✱✽✳✻✸❪ ❬✵✳✼✹✱✼✳✽✸❪ ✵✳✾✾

✺✪ T
(u)
n ✵✳✵✵ ✵✳✵✷ ✵✳✷✵ ✵✳✺✹ ✵✳✹✻ ✵✳✵✹

U
(u)
n ✵✳✵✵ ✵✳✶✽ ✹✳✹✵ ✶✼✳✻✸ ✸✻✳✻✶ ✺✹✳✹✶ ❬✶✳✺✶✱✽✳✵✷❪ ❬✶✳✺✹✱✼✳✶✻❪ ✵✳✾✼

V
(u)
n ✵✳✵✵ ✵✳✶✼ ✹✳✼✶ ✶✽✳✻✷ ✸✾✳✵✼ ✺✼✳✽✾ ❬✶✳✻✵✱✼✳✻✽❪ ❬✶✳✻✶✱✻✳✾✽❪ ✵✳✾✼

✶✵✪ T
(u)
n ✵✳✵✵ ✵✳✶✷ ✷✳✵✼ ✻✳✷✺ ✾✳✷✹ ✽✳✶✷

U
(u)
n ✵✳✵✵ ✵✳✺✺ ✽✳✵✷ ✷✺✳✵✹ ✹✻✳✶✸ ✻✸✳✺✽ ❬✷✳✵✸✱✼✳✺✵❪ ❬✷✳✵✷✱✻✳✼✷❪ ✵✳✾✺

V
(u)
n ✵✳✵✵ ✵✳✻✵ ✽✳✶✺ ✷✻✳✺✽ ✹✽✳✼✻ ✻✻✳✽✾ ❬✷✳✵✾✱✼✳✶✾❪ ❬✷✳✵✺✱✻✳✺✺❪ ✵✳✾✺

✹✵✵✵ ✶✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✵✼ ✶✳✼✻ ✺✳✾✹ ✻✳✺✽

U
(u)
n ✵✳✵✵ ✵✳✵✶ ✶✳✷✾ ✷✷✳✻✾ ✻✸✳✽✵ ✽✽✳✼✸ ❬✷✳✹✵✱✺✳✾✹❪ ❬✷✳✸✼✱✺✳✽✶❪ ✵✳✾✾

V
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✷✼ ✷✸✳✽✸ ✻✻✳✹✾ ✾✵✳✽✻ ❬✷✳✹✸✱✺✳✽✻❪ ❬✷✳✹✵✱✺✳✼✻❪ ✵✳✾✾

✺✪ T
(u)
n ✵✳✵✵ ✵✳✵✶ ✶✳✾✹ ✷✶✳✵✺ ✺✷✳✺✺ ✼✷✳✷✷

U
(u)
n ✵✳✵✵ ✵✳✵✸ ✹✳✾✺ ✹✵✳✻✸ ✼✾✳✾✸ ✾✺✳✹✼ ❬✷✳✽✷✱✺✳✺✶❪ ❬✷✳✼✾✱✺✳✹✵❪ ✵✳✾✺

V
(u)
n ✵✳✵✵ ✵✳✵✹ ✺✳✶✹ ✹✷✳✸✷ ✽✷✳✷✷ ✾✻✳✹✷ ❬✷✳✽✹✱✺✳✹✺❪ ❬✷✳✽✶✱✺✳✸✼❪ ✵✳✾✻

✶✵✪ T
(u)
n ✵✳✵✵ ✵✳✵✹ ✺✳✼✼ ✸✾✳✷✼ ✼✺✳✼✶ ✾✶✳✸✸

U
(u)
n ✵✳✵✵ ✵✳✵✻ ✾✳✵✽ ✺✷✳✸✵ ✽✻✳✸✺ ✾✼✳✺✶ ❬✸✳✵✹✱✺✳✸✵❪ ❬✸✳✵✵✱✺✳✷✵❪ ✵✳✾✶

V
(u)
n ✵✳✵✵ ✵✳✵✺ ✾✳✸✾ ✺✹✳✵✵ ✽✽✳✺✸ ✾✽✳✶✵ ❬✸✳✵✺✱✺✳✷✹❪ ❬✸✳✵✶✱✺✳✶✻❪ ✵✳✾✶

✽✵✵✵ ✶✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✷✶ ✶✹✳✻✷ ✺✻✳✽✼ ✼✾✳✺✺

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✷✻ ✹✵✳✽✷ ✾✵✳✶✸ ✾✾✳✸✽ ❬✷✳✽✼✱✺✳✸✵❪ ❬✷✳✽✹✱✺✳✷✺❪ ✵✳✾✾

V
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✸✹ ✹✷✳✽✹ ✾✶✳✾✹ ✾✾✳✻✾ ❬✷✳✽✾✱✺✳✷✻❪ ❬✷✳✽✼✱ ✺✳✷✷❪ ✵✳✾✾

✺✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✷✳✻✼ ✹✼✳✽✹ ✾✵✳✼✺ ✾✽✳✺✸

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✺✳✸✵ ✻✷✳✹✼ ✾✻✳✹✼ ✾✾✳✾✷ ❬✸✳✶✻✱✺✳✵✶❪ ❬✸✳✶✸✱✹✳✾✻❪ ✵✳✾✺

V
(u)
n ✵✳✵✵ ✵✳✵✵ ✺✳✷✶ ✻✹✳✷✶ ✾✼✳✸✹ ✾✾✳✾✻ ❬✸✳✶✼✱✹✳✾✽❪ ❬✸✳✶✺✱✹✳✾✸❪ ✵✳✾✺

✶✵✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✼✳✵✻ ✻✺✳✻✸ ✾✻✳✺✺ ✾✾✳✽✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✾✳✻✹ ✼✸✳✵✻ ✾✽✳✶✽ ✾✾✳✾✼ ❬✸✳✸✶✱✹✳✽✻❪ ❬✸✳✷✽✱✹✳✽✶❪ ✵✳✾✵

V
(u)
n ✵✳✵✵ ✵✳✵✵ ✾✳✽✼ ✼✺✳✷✺ ✾✽✳✻✼ ✾✾✳✾✾ ❬✸✳✸✶✱✹✳✽✸❪ ❬✸✳✷✾✱✹✳✼✾❪ ✵✳✾✵

✸✾



❚❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✹ ❝♦♥❝❡r♥ t❤❡ t❡st ♦❢ H∗
0,u✱ ❢♦r t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥ts ❛s ✐♥

❚❛❜❧❡ ✸✳
❚❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡s ✺ ❛♥❞ ✻ ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❇❡t❛✲t✲●❆❘❈❍

♠♦❞❡❧✿

ǫt = σtηt, σ2
t = ω + βσ2

t−1 + α
(ν + 1)ǫ2t−1

(ν − 2) + ǫ2t−1/σ
2
t−1

,

✇✐t❤ ❡rr♦rs ❞❡♥s✐t②

f(y) =
1√

(ν − 2)π

Γ
(
ν+1
2

)

Γ
(
ν
2

)
(
1 +

y2

ν − 2

)− ν+1
2

,

✇✐t❤ ν > 2 ❛♥❞ θ = (ω, α, β, ν)′ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ Θ✱ ❛ s✉❜s❡t ♦❢
(ω,∞)2 × [0, 1)× (2,∞) ❢♦r s♦♠❡ ω > 0✳ ❋♦r t❤❡ ❝❤♦s❡♥ ♣❛r❛♠❡t❡rs ✇❡ ❤❛✈❡ u0 = 3.5✳ ◆♦t❡
t❤❛t ❢♦r t❤✐s ♠♦❞❡❧✱ ❡✈❡♥ ✐❢ t❤❡ ❞✐st✉r❜❛♥❝❡s ❛r❡ t✲❞✐str✐❜✉t❡❞✱ ✇❡ ❤❛✈❡ s = ∞✱ ✐✳❡✳ a(ηt)
❛❞♠✐ts ♠♦♠❡♥ts ❛t ❛♥② ♦r❞❡r✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❞r❛✇♥ ❢♦r ❚❛❜❧❡s ✸ ❛♥❞
✹✳

● ❆ ❝♦♠♣❧❡♠❡♥t t♦ ❙❡❝t✐♦♥ ✼

❚❤❡ ◗▼▲❊ ❛♥❞ ▼▲❊ r❡s✐❞✉❛❧s ♦❢ t❤❡ ❚♦t❛❧ r❡t✉r♥ s❡r✐❡s ❞♦ ♥♦t s❤♦✇ ❛♥② s✐❣♥ ♦❢ ❞❡♣❡♥❞❡♥❝❡
✭♦♥ ❋✐❣✉r❡ ✼✱ t❤❡ ❛✉❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ sq✉❛r❡❞ r❡s✐❞✉❛❧s ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ♥♦♥✕③❡r♦✮✳
▼♦r❡♦✈❡r✱ ✐t ✐s s❡❡♥ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧s ✐s ❜❡tt❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❙t✉❞❡♥t
t❤❛♥ ❜② t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✉❡ ❆✳✱ ❇❡r❦❡s✱ ■✳ ❛♥❞ ▲✳ ❍♦r✈át❤ ✭✷✵✵✻✮ ❙tr♦♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ s✉♠s ♦❢
sq✉❛r❡s ♦❢ ❛✉❣♠❡♥t❡❞ ●❆❘❈❍ s❡q✉❡♥❝❡s✳ ❇❡r♥♦✉❧❧✐ ✶✷ ✺✽✸✕✻✵✽✳

❬✷❪ ❇❛❡❦✱ ❈✳✱ P✐♣✐r❛s✱ ❱✳✱ ❲❡♥❞t✱ ❍✳ ❛♥❞ P✳ ❆❜r② ✭✷✵✵✾✮ ❙❡❝♦♥❞ ♦r❞❡r ♣r♦♣❡rt✐❡s ♦❢
❞✐str✐❜✉t✐♦♥ t❛✐❧s ❛♥❞ ❡st✐♠❛t✐♦♥ ♦❢ t❛✐❧ ❡①♣♦♥❡♥ts ✐♥ r❛♥❞♦♠ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s✳ ❊①tr❡♠❡s
✶✷ ✸✻✶✕✹✵✵✳

❬✸❪ ❇❛sr❛❦✱ ❇✳✱ ❉❛✈✐s✱ ❘✳❆✳ ❛♥❞ ❚✳ ▼✐❦♦s❝❤ ✭✷✵✵✷✮ ❘❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ●❆❘❈❍
♣r♦❝❡ss❡s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s ✾✾ ✾✺✕✶✶✻✳

❬✹❪ ❇❡r❦❡s✱ ■✳✱ ❍♦r✈át❤✱ ▲✳ ❛♥❞ P✳❙✳ ❑♦❦♦s③❦❛ ✭✷✵✵✸✮ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼❛①✐♠❛❧
▼♦♠❡♥t ❊①♣♦♥❡♥t ♦❢ ❛ ●❆❘❈❍✭✶✱✶✮ s❡q✉❡♥❝❡✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✶✾ ✺✻✺✕✺✽✻✳

❬✺❪ ❇❡r❦❡s✱ ■✳ ❛♥❞ ▲✳ ❍♦r✈át❤ ✭✷✵✵✹✮ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♣❛r❛♠❡t❡rs
✐♥ ●❆❘❈❍ ♣r♦❝❡ss❡s✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✸✷ ✻✸✸✕✻✺✺✳

❬✻❪ ❇✐❧❧✐♥❣s❧❡②✱ P✳ ✭✶✾✻✶✮ ❚❤❡ ▲✐♥❞❡❜❡r❣✲▲é✈② t❤❡♦r❡♠ ❢♦r ♠❛rt✐♥❣❛❧❡s✳ Pr♦❝❡❡❞✐♥❣s ♦❢
t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ✶✷ ✼✽✽✕✼✾✷✳

✹✵



❚❛❜❧❡ ✹✿ ❆s ✜rst ♣❛rt ♦❢ ❚❛❜❧❡ ✸✱ ❜✉t ❢♦r t❤❡ ♥✉❧❧ H∗

0,u✱ ✇❤✐❝❤ ✐s tr✉❡ ❢♦r u ≥ 4 ❛♥❞ ❢❛❧s❡ ❢♦r u < 4✳

n α ❚❡st u = 2 u = 3 u = 4 u = 5 u = 6 u = 7

✶✵✵✵ ✶✪ T
(u)
n ✺✳✺✶ ✶✳✸✾ ✵✳✹✺ ✵✳✷✸ ✵✳✶✹ ✵✳✶✵

U
(u)
n ✵✳✺✶ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✷✳✼✸ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

✺✪ T
(u)
n ✻✵✳✵✹ ✷✸✳✹✺ ✼✳✻✼ ✷✳✼✶ ✶✳✵✻ ✵✳✹✶

U
(u)
n ✺✶✳✺✹ ✾✳✶✸ ✵✳✵✹ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✺✷✳✼✽ ✶✷✳✵✺ ✵✳✹✸ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

✶✵✪ T
(u)
n ✽✵✳✼✹ ✹✷✳✵✽ ✶✼✳✶✼ ✻✳✹✽ ✷✳✼✶ ✶✳✷✻

U
(u)
n ✼✻✳✶✶ ✸✵✳✽✺ ✼✳✼✽ ✶✳✸✹ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✼✻✳✷✾ ✸✶✳✹✹ ✽✳✷✷ ✶✳✸✾ ✵✳✵✸ ✵✳✵✵

✹✵✵✵ ✶✪ T
(u)
n ✾✺✳✻✺ ✸✵✳✹✾ ✷✳✵✺ ✵✳✵✷ ✵✳✵✶ ✵✳✵✵

U
(u)
n ✾✷✳✵✶ ✶✻✳✹✸ ✵✳✷✻ ✵✳✵✶ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✾✷✳✺✽ ✶✼✳✹✽ ✵✳✸✶ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

✺✪ T
(u)
n ✾✾✳✺✵ ✺✾✳✸✺ ✽✳✺✷ ✵✳✹✾ ✵✳✵✷ ✵✳✵✶

U
(u)
n ✾✾✳✷✷ ✹✾✳✾✻ ✹✳✸✸ ✵✳✵✼ ✵✳✵✶ ✵✳✵✵

V
(u)
n ✾✾✳✸✵ ✺✶✳✵✻ ✹✳✷✽ ✵✳✵✾ ✵✳✵✵ ✵✳✵✵

✶✵✪ T
(u)
n ✾✾✳✽✾ ✼✸✳✶✼ ✶✹✳✾✻ ✶✳✷✸ ✵✳✵✸ ✵✳✵✷

U
(u)
n ✾✾✳✽✺ ✻✽✳✶✵ ✶✵✳✾✸ ✵✳✺✺ ✵✳✵✷ ✵✳✵✶

V
(u)
n ✾✾✳✾✵ ✻✽✳✸✶ ✶✵✳✸✾ ✵✳✺✶ ✵✳✵✷ ✵✳✵✵

✽✵✵✵ ✶✪ T
(u)
n ✶✵✵✳✵✵ ✺✾✳✹✵ ✷✳✶✻ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

U
(u)
n ✾✾✳✾✼ ✹✻✳✵✹ ✵✳✺✸ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✶✵✵✳✵✵ ✹✼✳✾✹ ✵✳✹✻ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

✺✪ T
(u)
n ✶✵✵✳✵✵ ✽✷✳✻✸ ✼✳✼✹ ✵✳✵✺ ✵✳✵✵ ✵✳✵✵

U
(u)
n ✶✵✵✳✵✵ ✼✼✳✾✼ ✹✳✾✺ ✵✳✵✶ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✶✵✵✳✵✵ ✼✽✳✽✻ ✹✳✻✻ ✵✳✵✶ ✵✳✵✵ ✵✳✵✵

✶✵✪ T
(u)
n ✶✵✵✳✵✵ ✾✵✳✸✹ ✶✸✳✻✶ ✵✳✶✻ ✵✳✵✵ ✵✳✵✵

U
(u)
n ✶✵✵✳✵✵ ✽✽✳✸✶ ✶✵✳✺✹ ✵✳✵✻ ✵✳✵✵ ✵✳✵✵

V
(u)
n ✶✵✵✳✵✵ ✽✽✳✼✼ ✶✵✳✸✵ ✵✳✵✹ ✵✳✵✵ ✵✳✵✵

✹✶



❚❛❜❧❡ ✺✿ ❆s ❚❛❜❧❡ ✸✱ ❜✉t ❢♦r N = 1000 r❡♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❇❡t❛✲t✲●❆❘❈❍ ♠♦❞❡❧ ✇✐t❤ (ω0, α0, β0, ν0) =

(0.5, 0.1, 0.88, 7.78)✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ♥✉❧❧ ❝♦rr❡s♣♦♥❞s t♦ u = 3.5✳

n α ❚❡st u = 1.5 u = 2.5 u = 3.5 u = 4.5 u = 5.5 u = 6.5

✷✵✵✵ ✶✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✶✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✷✳✶✵ ✾✳✽✵ ✷✺✳✹✵ ✹✹✳✸✵

W
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✶✵ ✾✳✽✵ ✷✽✳✷✵ ✺✵✳✶✵

✺✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✻✵ ✸✳✽✵ ✻✳✶✵ ✼✳✻✵

U
(u)
n ✵✳✵✵ ✵✳✶✵ ✺✳✷✵ ✶✾✳✹✵ ✹✷✳✵✵ ✻✶✳✶✵

W
(u)
n ✵✳✵✵ ✵✳✶✵ ✹✳✸✵ ✶✾✳✻✵ ✹✺✳✼✵ ✻✹✳✷✵

✶✵✪ T
(u)
n ✵✳✵✵ ✵✳✶✵ ✹✳✷✵ ✶✶✳✼✵ ✷✵✳✼✵ ✷✼✳✻✵

U
(u)
n ✵✳✵✵ ✵✳✻✵ ✽✳✻✵ ✷✽✳✼✵ ✺✶✳✼✵ ✻✽✳✾✵

W
(u)
n ✵✳✵✵ ✵✳✻✵ ✼✳✹✵ ✷✾✳✼✵ ✺✸✳✾✵ ✼✶✳✶✵

✹✵✵✵ ✶✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✺✵ ✷✳✸✵ ✸✳✶✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✹✵ ✶✻✳✼✵ ✹✺✳✶✵ ✻✾✳✸✵

W
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✷✵ ✶✽✳✹✵ ✺✵✳✾✵ ✼✻✳✹✵

✺✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✷✳✶✵ ✶✸✳✻✵ ✷✾✳✶✵ ✹✶✳✹✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✻✳✸✵ ✸✷✳✺✵ ✻✶✳✹✵ ✽✷✳✾✵

W
(u)
n ✵✳✵✵ ✵✳✵✵ ✺✳✸✵ ✸✸✳✻✵ ✻✽✳✹✵ ✽✹✳✾✵

✶✵✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✻✳✾✵ ✷✼✳✻✵ ✺✷✳✸✵ ✻✾✳✵✵

U
(u)
n ✵✳✵✵ ✵✳✶✵ ✶✵✳✺✵ ✹✷✳✶✵ ✼✵✳✼✵ ✽✽✳✵✵

W
(u)
n ✵✳✵✵ ✵✳✶✵ ✾✳✸✵ ✹✹✳✻✵ ✼✻✳✾✵ ✽✾✳✼✵

✽✵✵✵ ✶✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✺✳✻✵ ✷✸✳✵✵ ✹✷✳✼✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✸✵ ✷✺✳✾✵ ✼✵✳✷✵ ✾✶✳✼✵

W
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✳✵✵ ✸✷✳✸✵ ✼✽✳✶✵ ✾✺✳✻✵

✺✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✷✳✾✵ ✷✾✳✵✵ ✻✽✳✽✵ ✽✼✳✺✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✻✳✶✵ ✹✻✳✽✵ ✽✺✳✵✵ ✾✻✳✵✵

W
(u)
n ✵✳✵✵ ✵✳✵✵ ✺✳✻✵ ✺✹✳✵✵ ✽✾✳✹✵ ✾✽✳✻✵

✶✵✪ T
(u)
n ✵✳✵✵ ✵✳✵✵ ✼✳✷✵ ✹✽✳✽✵ ✽✹✳✹✵ ✾✺✳✷✵

U
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✵✳✸✵ ✺✽✳✻✵ ✽✾✳✻✵ ✾✽✳✶✵

W
(u)
n ✵✳✵✵ ✵✳✵✵ ✶✵✳✹✵ ✻✺✳✷✵ ✾✸✳✻✵ ✾✾✳✸✵✹✷



❚❛❜❧❡ ✻✿ ❆s ❚❛❜❧❡ ✺✱ ❜✉t ❢♦r t❤❡ ♥✉❧❧ H∗

0,u

n α ❚❡st u = 1.5 u = 2.5 u = 3.5 u = 4.5 u = 5.5 u = 6.5

✷✵✵✵ ✶✪ T
(u)
n ✶✸✳✽✵ ✷✳✹✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

U
(u)
n ✵✳✻✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

W
(u)
n ✼✳✽✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

✺✪ T
(u)
n ✻✷✳✹✵ ✷✶✳✼✵ ✻✳✹✵ ✶✳✺✵ ✵✳✺✵ ✵✳✶✵

U
(u)
n ✹✾✳✼✵ ✺✳✻✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵

W
(u)
n ✻✶✳✹✵ ✻✳✾✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵
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