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❈♦❧❧❡❝t✐✈❡ ▲❡❛r♥✐♥❣ ❛♥❞ ❉✐str✐❜✉t✐✈❡

❯♥❝❡rt❛✐♥t②✯

❇♦r✐s ●✐♥③❜✉r❣❸

✾t❤ ▼❛r❝❤ ✷✵✷✷

❆❜str❛❝t

■ st✉❞② ❛ ❝♦♠♠✐tt❡❡ t❤❛t ✐s ❝♦♥s✐❞❡r✐♥❣ ❛ ❝♦st❧② ♣r♦❥❡❝t ✇❤♦s❡

❞✐str✐❜✉t✐✈❡ ❝♦♥s❡q✉❡♥❝❡s ❛r❡ ✉♥❦♥♦✇♥✳ ❚❤❡ ❝♦♠♠✐tt❡❡ ✐s ❞✐✈✐❞❡❞ ✐♥t♦

t✇♦ ❢❛❝t✐♦♥s✳ ❙✉♣♣♦rt ♦❢ ❜♦t❤ ❢❛❝t✐♦♥s ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ♣r♦❥❡❝t t♦ ❜❡

❛♣♣r♦✈❡❞✳ ❇② ❞❡❧❛②✐♥❣ ❛♣♣r♦✈❛❧✱ t❤❡ ❝♦♠♠✐tt❡❡ ❝❛♥ ❣r❛❞✉❛❧❧② ❧❡❛r♥

✇❤✐❝❤ ❢❛❝t✐♦♥ ❜❡♥❡✜ts ❢r♦♠ t❤❡ ♣r♦❥❡❝t✳ ■ s❤♦✇ t❤❛t ❛ ♣r♦❥❡❝t t❤❛t

❣✐✈❡s ❛ ❧♦✇❡r ♣❛②♦✛ t♦ ❡✈❡r②♦♥❡ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛♣♣r♦✈❡❞ t❤❛♥ ❛

♠♦r❡ s♦❝✐❛❧❧② ❡✣❝✐❡♥t ♣r♦❥❡❝t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♠♦✉♥t ♦❢

❧❡❛r♥✐♥❣ ✐s ❡①❝❡ss✐✈❡✱ ❛♥❞ ❛ ❞❡❛❞❧✐♥❡ ♦♥ ❛❞♦♣t✐♥❣ t❤❡ ♣r♦❥❡❝t ✐s s♦❝✐❛❧❧②

♦♣t✐♠❛❧ ✐♥ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❡tt✐♥❣s✳

❑❡②✇♦r❞s✿ ✈♦t✐♥❣✱ ❧❡❛r♥✐♥❣✱ r❡❢♦r♠ ❛❞♦♣t✐♦♥✱ ❝♦❧❧❡❝t✐✈❡ ❡①♣❡r✐✲

♠❡♥t❛t✐♦♥✱ ❞✐str✐❜✉t✐✈❡ ✉♥❝❡rt❛✐♥t②

❏❊▲ ❝♦❞❡s✿ ❉✼✷✱ ❉✽✸✳

✯■ t❤❛♥❦ ❱ ❇❤❛s❦❛r✱ ❛s ✇❡❧❧ ❛s ❙t❡✈❡♥ ❈❛❧❧❛♥❞❡r✱ ❆♥t♦✐♥❡ ▲♦❡♣❡r✱ ❛♥❞ ❋r❛♥❝❡s❝♦
❙q✉✐♥t❛♥✐✱ ❢♦r ❤❡❧♣❢✉❧ ❛❞✈✐❝❡✳ ❋✐♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ❙♣❛♥✐s❤ ❙t❛t❡ ❘❡s❡❛r❝❤
❆❣❡♥❝② ✭❣r❛♥t ▼❉▼ ✷✵✶✹✲✵✹✸✶✮✱ ❛♥❞ ❈♦♠✉♥✐❞❛❞ ❞❡ ▼❛❞r✐❞ ❣r❛♥t ▼❆❉✲❊❈❖◆✲P❖▲✲
❈▼ ✭❍✷✵✶✾✴❍❯▼✲✺✽✾✶✮✱ ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳

❸❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐❞❛❞ ❈❛r❧♦s ■■■ ❞❡ ▼❛❞r✐❞✱ ❈❛❧❧❡ ▼❛❞r✐❞ ✶✷✻✱ ✷✽✾✵✸
●❡t❛❢❡ ✭▼❛❞r✐❞✮✱ ❙♣❛✐♥✳ ❊♠❛✐❧✿ ❜❣✐♥③❜✉r❅❡❝♦✳✉❝✸♠✳❡s✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❘❡❢♦r♠s ❛♥❞ ♦t❤❡r ❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥s ♦❢t❡♥ ✐♥✈♦❧✈❡ ❞✐str✐❜✉t✐✈❡ ❝♦♥s❡q✉❡♥❝❡s

t❤❛t ❛r❡ ✐♥✐t✐❛❧❧② ✉♥❦♥♦✇♥ ❜✉t ❣r❛❞✉❛❧❧② r❡✈❡❛❧❡❞✳ ❈♦♥s✐❞❡r✱ ❢♦r ❡①❛♠♣❧❡✱ ❛

r❡❣✐♦♥❛❧ ❧❡❣✐s❧❛t✉r❡ t❤❛t ❝❛♥ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ♦✛❡r ❛ s✉❜s✐❞② t♦ ❛ ❢♦r❡✐❣♥

✜r♠✳ ■❢ t❤❡ s✉❜s✐❞② ✐s ♦✛❡r❡❞✱ t❤❡ ✜r♠ ✇✐❧❧ ♦♣❡♥ ❛ ♣r♦❞✉❝t✐♦♥ ❢❛❝✐❧✐t② ✐♥ t❤❡

r❡❣✐♦♥✳ ❚❤❡ ❧❡❣✐s❧❛t✉r❡ ❞♦❡s ♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ✜r♠ ✇✐❧❧ ♣❧❛❝❡ t❤❡ ❢❛❝✐❧✐t②

✐♥ ❝✐t② A ♦r ✐♥ ❝✐t② B✳ ❇♦t❤ ❝✐t✐❡s ✇♦✉❧❞ ❤❛✈❡ t♦ s❤❛r❡ t❤❡ ❝♦st ♦❢ t❤❡ s✉❜s✐❞②✱

❜✉t ♦♥❧② t❤❡ ❝✐t② ✇❤❡r❡ t❤❡ ❢❛❝✐❧✐t② ✐s ♣❧❛❝❡❞ ✇✐❧❧ r❡❛♣ t❤❡ ❜❡♥❡✜ts✳ ❈✐t② B

❤❛s ❜❡tt❡r tr❛♥s♣♦rt ❝♦♥♥❡❝t✐♦♥s✱ s♦ ✐t ✐s ❛ ♠♦r❡ ❧✐❦❡❧② ❝❛♥❞✐❞❛t❡✳ ❍♦✇❡✈❡r✱

t❤❡ ♥❛t✐♦♥❛❧ ❣♦✈❡r♥♠❡♥t ✐s ❝♦♥s✐❞❡r✐♥❣ ✇❤❡t❤❡r t♦ ❜✉✐❧❞ ❛ r❛✐❧✇❛② ❧✐♥❡ t♦

❝✐t② A ✕ ✐❢ ✐t ❛♥♥♦✉♥❝❡s ✐ts ✐♥t❡♥t✐♦♥ t♦ ❞♦ s♦✱ t❤❡ ✜r♠ ✇✐❧❧ ♣r❡❢❡r t♦ ❜✉✐❧❞

t❤❡ ❢❛❝✐❧✐t② t❤❡r❡✳ ❇② ❞❡❧❛②✐♥❣ t❤❡ ✈♦t❡ ♦♥ t❤❡ s✉❜s✐❞②✱ t❤❡ ❧❡❣✐s❧❛t✉r❡ ❝❛♥

✉♣❞❛t❡ ✐ts ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ❣♦✈❡r♥♠❡♥t✬s ❧✐❦❡❧② ❞❡❝✐s✐♦♥✱ ❛♥❞ ❤❡♥❝❡ ❛❜♦✉t t❤❡

✐❞❡♥t✐t② ♦❢ t❤❡ ❝✐t② t❤❛t ✇♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ t❤❡ s✉❜s✐❞②✳

❈♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥s ♦♥ s✉❝❤ ♣r♦❥❡❝ts✱ ✐♥ ✇❤✐❝❤ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜❡♥❡✲

✜ts ✐s ✐♥✐t✐❛❧❧② ✉♥❦♥♦✇♥ ❜✉t ❣r❛❞✉❛❧❧② r❡✈❡❛❧❡❞✱ ❛r❡ ❝♦♠♠♦♥ ✐♥ ♣♦❧✐t✐❝s ❛♥❞

❡❝♦♥♦♠✐❝s✳ ❚❤❡② ✐♥❝❧✉❞❡ ❝♦✉♥tr✐❡s ❝❤♦♦s✐♥❣ t♦ ❥♦✐♥ ♦r ❧❡❛✈❡ ❢r❡❡ tr❛❞❡ ③♦♥❡s

✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❝❤❛♥❣❡ ✐♥ r❡❧❛t✐✈❡ ♣r✐❝❡s❀ ✜r♠s

❞❡❝✐❞✐♥❣ t♦ ❥♦✐♥t❧② ❧♦❜❜② ❢♦r ✐♥❝r❡❛s❡❞ ♣❛t❡♥t ♣r♦t❡❝t✐♦♥ ♣r✐♦r t♦ ❦♥♦✇✐♥❣

✇❤✐❝❤ ♦❢ t❤❡♠ ✇✐♥s ❛ ♣❛t❡♥t r❛❝❡❀ ❛♥❞ ❧❡❣✐s❧❛t✉r❡s ❝❤♦♦s✐♥❣ t♦ ✐♥❝r❡❛s❡ s✉❜✲

s✐❞✐❡s ❢♦r ❛❧t❡r♥❛t✐✈❡ ❡♥❡r❣② s♦✉r❝❡s ✇✐t❤♦✉t ❦♥♦✇✐♥❣ ✇❤✐❝❤ t❡❝❤♥♦❧♦❣② ✇✐❧❧

♣r♦✈❡ ♠♦st ♣r♦♠✐s✐♥❣ ✭❛♥❞ ❤❡♥❝❡ ✇❤✐❝❤ ✜r♠s ✇✐❧❧ ❜❡♥❡✜t ❢r♦♠ t❤❡ s✉❜s✐❞②✮✳

■♥ t❤✐s ♣❛♣❡r✱ ■ ❡①♣❧♦r❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ s✉❝❤ ❞✐str✐❜✉t✐✈❡ ✉♥❝❡rt❛✐♥t② ♦♥

✈♦t✐♥❣ ♦✉t❝♦♠❡s✱ ❛♥❞ t❤❡✐r ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ r✉❧❡s✳

■♥ ♠♦r❡ ❞❡t❛✐❧✱ t❤❡ ♣❛♣❡r ♠♦❞❡❧s ❛ ❝♦♠♠✐tt❡❡ t❤❛t ♥❡❡❞s t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r

t♦ ✐♠♣❧❡♠❡♥t ❛ ❝♦st❧② ♣r♦❥❡❝t✳ ❚❤❡ ❝♦♠♠✐tt❡❡ ❝♦♥s✐sts ♦❢ t✇♦ ❢❛❝t✐♦♥s✱ ❝❛❧❧❡❞

A ❛♥❞ B✳ ❚❤❡ ♣r♦❥❡❝t ❝❛♥ ❜❡ ♦❢ t✇♦ t②♣❡s✳ ❖♥❡ t②♣❡ ♦❢ t❤❡ ♣r♦❥❡❝t ❜r✐♥❣s

❛ ♣♦s✐t✐✈❡ ♣❛②♦✛ t♦ ❢❛❝t✐♦♥ A✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✕ t♦ ❢❛❝t✐♦♥ B✳ ❚❤❡ t②♣❡ ✐s

✐♥✐t✐❛❧❧② ✉♥❦♥♦✇♥✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♠♠♦♥ ❜❡❧✐❡❢ ❛❜♦✉t ✐t✳ ❚✐♠❡ ✐s ❝♦♥t✐♥✉✲

♦✉s✳ ❆t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✱ t❤❡ ❝♦♠♠✐tt❡❡ ❝❛♥ ❡✐t❤❡r ❛♣♣r♦✈❡ t❤❡ ♣r♦❥❡❝t✱

✷



✇❤✐❝❤ ❡♥❞s t❤❡ ❣❛♠❡✱ ♦r ❝♦♥t✐♥✉❡ ✇❛✐t✐♥❣✳ ❆s ❧♦♥❣ ❛s t❤❡ ❝♦♠♠✐tt❡❡ ✇❛✐ts✱

❛t ❛♥② ♣♦✐♥t ❛ ♣✉❜❧✐❝ s✐❣♥❛❧ ❝❛♥ ❛rr✐✈❡ ❛♥❞ r❡✈❡❛❧ t❤❡ ♣r♦❥❡❝t✬s t②♣❡✳ ❆rr✐✈❛❧

♦❢ ❛ s✐❣♥❛❧ r❡✈❡❛❧✐♥❣ ❡❛❝❤ t②♣❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❥✉♠♣ ✐♥ ❛ P♦✐ss♦♥ ♣r♦❝❡ss✳

❚❤❡ t②♣❡ t❤❛t ❢❛✈♦✉rs ❢❛❝t✐♦♥ A ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ r❡✈❡❛❧❡❞ s♦♦♥❡r ✕ ❤❡♥❝❡✱

❛s ❧♦♥❣ ❛s ♥♦ s✐❣♥❛❧ ❤❛s ❛rr✐✈❡❞✱ t❤❡ ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t

❜❡♥❡✜ts ❢❛❝t✐♦♥ A ✐s ❞❡❝r❡❛s✐♥❣✳

❆♣♣r♦✈❛❧ ♦❢ t❤❡ ♣r♦❥❡❝t r❡q✉✐r❡s s✉♣♣♦rt ♦❢ ❜♦t❤ ❢❛❝t✐♦♥s✳✶ ❇❡❝❛✉s❡ ♦❢

t❤✐s✱ ♦♥❝❡ t❤❡ t②♣❡ ♦❢ t❤❡ ♣r♦❥❡❝t ✐s r❡✈❡❛❧❡❞✱ t❤❡ ❢❛❝t✐♦♥ t❤❛t ❞♦❡s ♥♦t ❣❛✐♥

❢r♦♠ t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ✈♦t❡ ❛❣❛✐♥st ✐t ❢♦r❡✈❡r✱ ❜❧♦❝❦✐♥❣ ✐ts ❛♣♣r♦✈❛❧✳ ▼♦r❡

❣❡♥❡r❛❧❧②✱ t❤❡ ♣r♦❥❡❝t ❝❛♥ ♦♥❧② ❜❡ ❛♣♣r♦✈❡❞ ✐❢ ❢♦r ❡❛❝❤ ❢❛❝t✐♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t t❤❡ ♣r♦❥❡❝t ❜❡♥❡✜ts ✐t ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✳ ❍❡♥❝❡✱ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥

✐s ❞r✐✈❡♥ ❜② t❤❡ ❝♦♠♠♦♥ ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ♣r♦❥❡❝t✬s t②♣❡❀ ❛♥❞ t❤❡ ♣r♦❥❡❝t ✐s

❛♣♣r♦✈❡❞ ✇❤❡♥ t❤✐s ❜❡❧✐❡❢ r❡❛❝❤❡s ❛ ❝❡rt❛✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡✳

❚❤❛t ✈❛❧✉❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛s②♠♠❡tr② ✐♥ t❤❡ ❢❛❝t✐♦♥s✬ ❜❡❤❛✈✐♦✉r✳

❇❡❝❛✉s❡ t❤❡ ❜❡❧✐❡❢ ✐s ♦♥❧② ❜❡❝♦♠✐♥❣ ✇♦rs❡ ❢♦r ❢❛❝t✐♦♥ A✱ ✐t ❞♦❡s ♥♦t ❣❛✐♥

❢r♦♠ ❧❡❛r♥✐♥❣✳ ■♥st❡❛❞ ✐t s✐♠♣❧② ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t ✉♥t✐❧ ✐ts ❡①♣❡❝t❡❞

♣❛②♦✛ ❢r♦♠ ❛♣♣r♦✈✐♥❣ ✐t ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ ❋❛❝t✐♦♥ B✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

❣❛✐♥s ❢r♦♠ ❞❡❧❛②✐♥❣ ❛♣♣r♦✈❛❧✱ ❜❡❝❛✉s❡ t❤✐s ♠❛❦❡s ✐t ❧❡ss ❧✐❦❡❧② t❤❛t ❛ ♣r♦❥❡❝t

❢r♦♠ ✇❤✐❝❤ ✐t ❞♦❡s ♥♦t ❣❛✐♥ ✐s ❛♣♣r♦✈❡❞✳ ❍♦✇❡✈❡r✱ ✐t ❦♥♦✇s t❤❛t ❛❢t❡r ❛

❝❡rt❛✐♥ ♣♦✐♥t✱ ❢❛❝t✐♦♥ A ✇✐❧❧ ❝❡❛s❡ t♦ s✉♣♣♦rt t❤❡ ♣r♦❥❡❝t✳ ❆♥t✐❝✐♣❛t✐♥❣ t❤✐s✱

❢❛❝t✐♦♥ B s✇✐t❝❤❡s ✐ts ❞❡❝✐s✐♦♥ ❛♥❞ ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t✳

❚❤✐s ❧♦❣✐❝ ❧❡❛❞s t♦ t✇♦ ♠❛✐♥ r❡s✉❧ts✳ ❋✐rst✱ ❢♦r ❛ s✐❣♥✐✜❝❛♥t r❛♥❣❡ ♦❢

♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ t❤❡ ♣r♦❥❡❝t ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛♣♣r♦✈❡❞ ✇❤❡♥❡✈❡r ✐ts ❝♦st

✐s ❤✐❣❤❡r✳ ❍❡♥❝❡✱ ❛ ♣r♦❥❡❝t t❤❛t ✐s ❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st ✇♦rs❡ ❢♦r ❡✈❡r②♦♥❡

❤❛s ❛ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ ✐♠♣❧❡♠❡♥t❡❞ t❤❛♥ ❛ ♠♦r❡ ❡✣❝✐❡♥t ♣r♦❥❡❝t✳

❚❤❡ r❡❛s♦♥ ✐s t❤❛t✱ ✇❤❡♥ t❤❡ ❝♦st ♦❢ t❤❡ ♣r♦❥❡❝t ✐s ❤✐❣❤❡r✱ ❢❛❝t✐♦♥ A st♦♣s

s✉♣♣♦rt✐♥❣ ✐t ❡❛r❧✐❡r✳ ❚❤✐s ❢♦r❝❡s ❢❛❝t✐♦♥ B t♦ ❛❧s♦ s✇✐t❝❤ ✐ts ❞❡❝✐s✐♦♥ ❡❛r❧✐❡r✱

♦r ❡❧s❡ t❤❡ ♣r♦❥❡❝t ✇♦✉❧❞ ♥❡✈❡r ❜❡ ❛♣♣r♦✈❡❞✳ ❇❡❝❛✉s❡ ❜♦t❤ ❢❛❝t✐♦♥s ❛❣r❡❡ ♦♥

✶■❢ ♦♥❡ ❢❛❝t✐♦♥ ❤❛s s✉✣❝✐❡♥t ✇❡✐❣❤t t♦ ❜❡ ❛❜❧❡ t♦ ❢♦r❝❡ ❛♣♣r♦✈❛❧ ♦♥ ✐ts ♦✇♥✱ t❤❡ ♣r♦❜❧❡♠
❜❡❝♦♠❡s ❡q✉✐✈❛❧❡♥t t♦ ❛ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ❛s ✐♥ ❑❡❧❧❡r ❡t ❛❧✳
✭✷✵✵✺✮✳
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t❤❡ ♣r♦❥❡❝t ❛t ❛♥ ❡❛r❧✐❡r t✐♠❡✱ t❤❡r❡ ✐s ❛ ❧♦✇❡r ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t✬s

t②♣❡ ✐s r❡✈❡❛❧❡❞ ✭♣r❡✈❡♥t✐♥❣ ❛♣♣r♦✈❛❧✮ ❜❡❢♦r❡ t❤❛t✳

❙❡❝♦♥❞✱ ■ s❤♦✇ t❤❛t✱ ✉♥❧❡ss t❤❡ s✐③❡ ♦❢ ❢❛❝t✐♦♥ A ✐s ✈❡r② s♠❛❧❧✱ t❤❡ ❡q✉✐✲

❧✐❜r✐✉♠ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ✐s ❡①❝❡ss✐✈❡ ✕ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡

❝♦♠♠✐tt❡❡ ❞❡❧❛②s t❤❡ ❞❡❝✐s✐♦♥ ❢♦r t♦♦ ❧♦♥❣✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ ✐t ✐s s♦❝✐❛❧❧②

♦♣t✐♠❛❧ t♦ ✐♠♣♦s❡ ❛ ❞❡❛❞❧✐♥❡✱ ❢♦r❝✐♥❣ t❤❡ ❝♦♠♠✐tt❡❡ t♦ ❛❞♦♣t t❤❡ ♣r♦❥❡❝t

❜❡❢♦r❡ t❤❡ ❞❡❛❞❧✐♥❡ ♦r ♥❡✈❡r ❛t ❛❧❧✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❛❞♦♣t✐♥❣ ❛ ♣r♦❥❡❝t

❡❛r❧✐❡r ♠❛❦❡s ✐t ❧❡ss ❧✐❦❡❧② t❤❛t ♥❛t✉r❡ r❡✈❡❛❧s t❤❡ t②♣❡ ❛♥❞ ♣r❡✈❡♥ts ❛♥ ❡①

❛♥t❡ s♦❝✐❛❧❧② ❡✣❝✐❡♥t ♣r♦❥❡❝t ❢r♦♠ ❜❡✐♥❣ ❛♣♣r♦✈❡❞✳ ❇❡❝❛✉s❡ ❛ ❞❡❛❞❧✐♥❡ r❡s✲

✉❧ts ✐♥ t❤❡ ♣r♦❥❡❝t ❜❡✐♥❣ ❛❞♦♣t❡❞ ❛t ❛ t✐♠❡ ✇❤❡♥ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡♥❡✜t

❢❛❝t✐♦♥ A✱ ✐t ❛❧s♦ r❡❞✐str✐❜✉t❡s s✉r♣❧✉s ❢r♦♠ ❢❛❝t✐♦♥ B t♦ ❢❛❝t✐♦♥ A ✕ ❤❡♥❝❡✱

t❤❡ ❡✣❝✐❡♥❝② ❣❛✐♥ ❢r♦♠ ✐t ✐s ❤✐❣❤❡r ✇❤❡♥ t❤❡ ✇❡✐❣❤t ♦❢ ❢❛❝t✐♦♥ A ✐s ❣r❡❛t❡r✳

❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ❞✐s❝✉ss❡s t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦✲

❞✉❝❡s t❤❡ ❜❛s✐❝ ♠♦❞❡❧✱ ✐♥ ✇❤✐❝❤ ♦♥❧② ♦♥❡ t②♣❡ ❝❛♥ ❜❡ r❡✈❡❛❧❡❞✱ ❛♥❞ ♣❧❛②❡rs

❞♦ ♥♦t ❞✐s❝♦✉♥t t❤❡✐r ❢✉t✉r❡ ♣❛②♦✛s✳ ■t t❤❡♥ ❞❡r✐✈❡s t❤❡ ❡q✉✐❧✐❜r✐❛✱ ❛♥❞ ❡s✲

t❛❜❧✐s❤❡s t❤❡ ♠❛✐♥ r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✸ ❛♥❛❧②s❡s ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✇✐t❤

❞✐s❝♦✉♥t✐♥❣ ❛♥❞ ❛ ♣♦ss✐❜✐❧✐t② ♦❢ ❡✐t❤❡r t②♣❡ ❜❡✐♥❣ r❡✈❡❛❧❡❞✳ ❙❡❝t✐♦♥ ✹ ❝♦♥✲

❝❧✉❞❡s✳ ❆❧❧ ♣r♦♦❢s ❛r❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

❘❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ✐❞❡❛ t❤❛t t❤❡ ♣❛②♦✛ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❝♦❧❧❡❝t✐✈❡

❞❡❝✐s✐♦♥s ❛r❡ ❡① ❛♥t❡ ✉♥❝❡rt❛✐♥ ❞❛t❡s ❜❛❝❦ t♦ ❛t ❧❡❛st ❋❡r♥❛♥❞❡③ ❛♥❞ ❘♦❞r✐❦

✭✶✾✾✶✮✳ ▼♦r❡ r❡❝❡♥t❧②✱ r❡s❡❛r❝❤❡rs ❤❛✈❡ ❧♦♦❦❡❞ ❛t s❡tt✐♥❣s ✐♥ ✇❤✐❝❤ ❞❡❝✐s✐♦♥✲

♠❛❦✐♥❣ ❜♦❞✐❡s ❝❛♥ ❛❧s♦ ✈♦t❡ t♦ ❧❡❛r♥ t❤❡s❡ ❝♦♥s❡q✉❡♥❝❡s✳ ❖♥❡ str❛♥❞ ♦❢

❧✐t❡r❛t✉r❡ ❛♣♣❧✐❡s t❤❡ ✐❞❡❛ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥ t♦ ❛ ✈♦t✐♥❣ ❢r❛♠❡✲

✇♦r❦✳ ■♥ ❙tr✉❧♦✈✐❝✐ ✭✷✵✶✵✮✱ ❡❛❝❤ ✈♦t❡r ✐s ✉♥s✉r❡ ❛❜♦✉t ❤❡r ♣r❡❢❡r❡♥❝❡s ♦✈❡r ❛

♣r♦♣♦s❛❧✳ ❱♦t❡rs ❛r❡ ❡① ❛♥t❡ ✐❞❡♥t✐❝❛❧✱ ❛♥❞ ❤❛✈❡ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ t②♣❡s

t❤❛t ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r t❤❡② st❛♥❞ t♦ ❣❛✐♥ ♦r t♦ ❧♦s❡ ✐❢ t❤❡ ♣r♦♣♦s❛❧ ✐s ❛❞♦♣t❡❞✳

❆s t❤❡ ❞❡❝✐s✐♦♥ ✐s ❜❡✐♥❣ ❞❡❧❛②❡❞✱ ❡❛❝❤ ✈♦t❡r ❝❛♥ ❧❡❛r♥ ❛❜♦✉t ❤❡r t②♣❡✳ ❆ ❦❡②

r❡s✉❧t ✐s t❤❛t t❤❡ ❝♦♠♠✐tt❡❡ st♦♣s ❧❡❛r♥✐♥❣ t♦♦ ❡❛r❧② ❝♦♠♣❛r❡❞ t♦ t❤❡ s♦❝✐❛❧

♦♣t✐♠✉♠ ✕ ❛ ❝♦♥❝❧✉s✐♦♥ t❤❛t ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r✳ ■♥ ❛

✹



r❡❧❛t❡❞ ❢r❛♠❡✇♦r❦✱ ▼❡ss♥❡r ❛♥❞ P♦❧❜♦r♥ ✭✷✵✶✷✮ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ❞✐✛❡r❡♥t

✈♦t✐♥❣ r✉❧❡s✱ s❤♦✇✐♥❣ t❤❛t ❛ s✉♣❡r♠❛❥♦r✐t② r✉❧❡ ✐s ♦♣t✐♠❛❧✳ ❍✉❞❥❛ ✭✷✵✶✾✮ ❛♥❞

❋r❡❡r ❡t ❛❧✳ ✭✷✵✷✵✮ st✉❞② ❛ s✐♠✐❧❛r s❡tt✐♥❣ ✐♥ ❧❛❜♦r❛t♦r② ❡①♣❡r✐♠❡♥ts✳

❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ♠♦❞❡❧s ❝♦❧❧❡❝t✐✈❡ ❧❡❛r♥✐♥❣ ❛s ❛❝q✉✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥

❛❜♦✉t ❛ ❝♦♠♠♦♥ st❛t❡✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ ✈♦t❡rs ❝❤♦♦s❡ ❜❡t✇❡❡♥ t✇♦ ❛❧t❡r♥✲

❛t✐✈❡s✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ✐s ♣r❡❢❡rr❡❞ ❜② ❛❧❧ ✈♦t❡rs ✐♥ ♦♥❡ st❛t❡✱ ✇❤✐❧❡ ❛♥♦t❤❡r ✐s

♣r❡❢❡rr❡❞ ❜② ❛❧❧ ✈♦t❡rs ✐♥ t❤❡ ♦t❤❡r st❛t❡✳ ❆ ❝❧❛ss✐❝ ❡①❛♠♣❧❡ ✐s ❛ ❥✉r② ❞❡❝✐❞✐♥❣

✇❤❡t❤❡r t♦ ❝♦♥✈✐❝t ♦r ❛❝q✉✐t t❤❡ ❞❡❢❡♥❞❛♥t✱ ✇✐t❤ ❛❧❧ ❥✉r♦rs ❛❣r❡❡✐♥❣ t❤❛t t❤❡

❞❡❢❡♥❞❛♥t s❤♦✉❧❞ ❜❡ ❝♦♥✈✐❝t❡❞ ✐❢ ❤❡ ✐s ❣✉✐❧t②✱ ❛♥❞ ❛❝q✉✐tt❡❞ ✐❢ ❤❡ ✐s ✐♥♥♦❝❡♥t✳

■♥ ❈❤❛♥ ❡t ❛❧✳ ✭✷✵✶✽✮✱ ❛ ❝♦♠♠✐tt❡❡ ✐s ❞❡❝✐❞✐♥❣ ♦♥ ✇❤❡t❤❡r t♦ ❛♣♣r♦✈❡ ♦♥❡

♦❢ t✇♦ ❛❧t❡r♥❛t✐✈❡s ♦r ❝♦♥t✐♥✉❡ ❣❛t❤❡r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ st❛t❡ ♦❢ t❤❡

✇♦r❧❞✳ ❆❧❧ ♠❡♠❜❡rs ✇❛♥t t♦ s❡❧❡❝t t❤❡ ❛❧t❡r♥❛t✐✈❡ t❤❛t ♠❛t❝❤❡s t❤❡ st❛t❡ ♦❢

t❤❡ ✇♦r❧❞✱ ❛❧t❤♦✉❣❤ ♣r❡❢❡r❡♥❝❡ ✐♥t❡♥s✐t✐❡s ❞✐✛❡r✳ ❚❤❡ r❡❛s♦♥ ✇❤② t❤❡ ❝♦♠♠✐t✲

t❡❡✱ ❛t s♦♠❡ ♣♦✐♥t✱ ❝❤♦♦s❡s t♦ st♦♣ ❛❝q✉✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐s t❤❛t ✐♥❢♦r♠❛t✐♦♥

❛❝q✉✐s✐t✐♦♥ ✐s ❝♦st❧②✳ ❆♥❡s✐ ❛♥❞ ❇♦✇❡♥ ✭✷✵✶✽✮ ❛♥❛❧②s❡ ♣♦❧✐❝② ❡①♣❡r✐♠❡♥t❛t✐♦♥

✐♥ ✇❤✐❝❤ ❛ ❝♦♠♠✐tt❡❡✱ ❛t ❡❛❝❤ st❛❣❡✱ ✐s ✈♦t✐♥❣ ♦♥ ❛ t❛① r❛t❡✱ ♦♥ ❛ r❡❞✐str✐❜✉✲

t✐♦♥ s❝❤❡♠❡✱ ❛s ✇❡❧❧ ❛s ❝❤♦♦s✐♥❣ ❜❡t✇❡❡♥ ❛ r✐s❦② r❡❢♦r♠ ❛♥❞ ❛ s❛❢❡ ❛❧t❡r♥❛t✐✈❡❀

s❡❧❡❝t✐♥❣ t❤❡ r❡❢♦r♠ ❡♥❛❜❧❡s ❧❡❛r♥✐♥❣ ✇❤❡t❤❡r ✐t ✐s ❣♦♦❞ ♦r ❜❛❞✳ ❆s ✐♥ ❈❤❛♥

❡t ❛❧✳ ✭✷✵✶✽✮✱ ❛❧❧ ♠❡♠❜❡rs ❛❣r❡❡ t❤❛t ❛ ❣♦♦❞ r❡❢♦r♠ ✐s ❜❡tt❡r t❤❛♥ t❤❡ st❛t✉s

q✉♦✱ ❛♥❞ ❛ ❜❛❞ r❡❢♦r♠ ✐s ✇♦rs❡❀ t❤❡ r❡❛s♦♥ ✇❤② ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ st♦♣s

✐s ❛❧s♦ ❞✉❡ t♦ ❝♦st✿ ❛❝q✉✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ r❡q✉✐r❡s s❡❧❡❝t✐♥❣ t❤❡ r❡❢♦r♠✱ ✇❤✐❝❤

✐s ❝♦st❧② ✐❢ t❤❡ r❡❢♦r♠ ✐s ❜❛❞✳ ❆♥❡s✐ ❛♥❞ ❙❛❢r♦♥♦✈ ✭✷✵✷✶✮ ❛♥❛❧②s❡ t❤❡ ✐♠♣❛❝t

♦❢ r✉❧❡s t❤❛t ❛❧❧♦✇ ❝♦st❧② ❞❡❧✐❜❡r❛t✐♦♥ t♦ st♦♣✳ ■♥ t❤❡✐r ♠♦❞❡❧✱ ❛t ❡❛❝❤ st❛❣❡✱

t❤❡ ❝♦♠♠✐tt❡❡ ❝❛♥ ✈♦t❡ t♦ st♦♣ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥❀ ❞♦✐♥❣ s♦ ❡♥❛❜❧❡s ✐t

t♦ ♠❛❦❡ ❛ ✈♦t❡ ♦♥ ❛♣♣r♦✈✐♥❣ ♦r r❡❥❡❝t✐♥❣ t❤❡ r❡❢♦r♠✳ ❚❤❡ ♣❛♣❡r s❤♦✇s ❤♦✇

s✉❝❤ ❞❡❧✐❜❡r❛t✐♦♥ r✉❧❡s ❝❛♥ ❜r✐♥❣ P❛❡rt♦✲✐♥❡✣❝✐❡♥t ♦✉t❝♦♠❡s✳✷

❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❧✐♥❡s ♦❢ r❡s❡❛r❝❤ ❛♥❞ t❤✐s ♣❛♣❡r ✐s

t❤❛t ✐♥ ♠② ♠♦❞❡❧✱ ✈♦t❡rs ❛r❡ ❧❡❛r♥✐♥❣ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥s❡q✉❡♥❝❡s ♦❢

✷❆ ♥✉♠❜❡r ♦❢ ♣❛♣❡rs ❛❧s♦ st✉❞② ♣♦❧✐❝② ❡①♣❡r✐♠❡♥t❛t✐♦♥ ❜② ♠✉❧t✐♣❧❡ ❛❧t❡r♥❛t✐♥❣ ♣r✐♥✲
❝✐♣❛❧s✱ ❜✉t ✇✐t❤♦✉t ✈♦t✐♥❣✳ ❙❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❈❛❧❧❛♥❞❡r ❛♥❞ ❍✉♠♠❡❧ ✭✷✵✶✹✮✳

✺



❛ ♣r♦♣♦s❛❧✳ ❚❤✉s✱ ✉♥❧✐❦❡ ♠♦❞❡❧s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥✱ ✐♥ ♠② ♣❛♣❡r

❛ s✐❣♥❛❧ r❡✈❡❛❧s t❤❡ ♣❛②♦✛s ♦❢ ❛❧❧ ✈♦t❡rs ❢r♦♠ t❤❡ ♣r♦❥❡❝t✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛

❝♦♠♠♦♥ ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ♣r♦❥❡❝t✬s t②♣❡✱ ✇❤✐❝❤ ❞r✐✈❡s t❤❡ ❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥✳✸

❆t t❤❡ s❛♠❡ t✐♠❡✱ ✉♥❧✐❦❡ ♠♦❞❡❧s ♦❢ ❥✉r② ❞❡❝✐s✐♦♥s✱ ♣❛②♦✛s ♥❡❡❞ ♥♦t ❤❛✈❡ t❤❡

s❛♠❡ s✐❣♥ ❢♦r ❛❧❧ ✈♦t❡rs ✕ ✐♥st❡❛❞✱ ✈♦t❡rs ♦❢ ❞✐✛❡r❡♥t ❢❛❝t✐♦♥s ❤❛✈❡ ♦♣♣♦s✐♥❣

♣r❡❢❡r❡♥❝❡s✳✹ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ♣❛②♦✛ str✉❝t✉r❡ ✉♥❞❡r❧✐❡s t❤❡ r❡s✉❧ts ♦❢

t❤❡ ♣❛♣❡r✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✐♠♣❧✐❡s t❤❛t ✇❤❡♥ ✐♥❢♦r♠❛t✐♦♥ ✐s ❢✉❧❧② r❡✈❡❛❧❡❞

✭❛♥❞✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❤❡♥ t❤❡ ❝♦♠♠♦♥ ❜❡❧✐❡❢ ✐s ❝❧♦s❡ t♦ ③❡r♦ ♦r ♦♥❡✮ t❤❡

♣r♦❥❡❝t ✐s ❛❧✇❛②s r❡❥❡❝t❡❞ ❡✈❡♥ ✐❢ ✐t ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧ t♦ ❛❞♦♣t ✐t✳✺ ❍❡♥❝❡✱

t❤❡ ♣r♦❥❡❝t ❝❛♥ ♦♥❧② ❜❡ ❛♣♣r♦✈❡❞ ❛t ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❛♥❣❡ ♦❢ ❜❡❧✐❡❢s✱ ✇❤✐❝❤

✐♠♣❧✐❡s t❤❛t ❛ ❝♦st❧✐❡r ♣r♦❥❡❝t ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛♣♣r♦✈❡❞✳ ❚❤❡ ❢❛❝t t❤❛t ✐♥

❡❛❝❤ st❛t❡ t❤❡ t✇♦ ❢❛❝t✐♦♥s r❡❝❡✐✈❡ ♦♣♣♦s✐♥❣ ♣❛②♦✛s ♠❡❛♥s t❤❛t✱ ✉♥❧✐❦❡ ❡❛r❧✐❡r

♠♦❞❡❧s ✐♥ ✇❤✐❝❤ ❝♦st❧❡ss ✐♥❢♦r♠❛t✐♦♥ ♥❡✈❡r ❤✉rts✱ ✐♥ t❤✐s ♠♦❞❡❧ ❢✉❧❧ r❡✈❡❧❛t✐♦♥

♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t s♦❝✐❛❧❧② ♦♣t✐♠❛❧✱ ❛s ✐t ❜❧♦❝❦s ✇❡❧❢❛r❡✲✐♠♣r♦✈✐♥❣ ♣r♦❥❡❝ts

❢r♦♠ ❜❡✐♥❣ ❛♣♣r♦✈❡❞✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ❛ ❞❡❛❞❧✐♥❡✳

❖✈❡r❛❧❧✱ ♠♦❞❡❧s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ❛r❡ r❡❧❡✈❛♥t ❢♦r s❡tt✐♥❣s

✐♥ ✇❤✐❝❤ ❡① ❛♥t❡ s✐♠✐❧❛r ✈♦t❡rs ❛r❡ ✉♥s✉r❡ ❛❜♦✉t t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ ♣❛②♦✛s

❢r♦♠ ❛❞♦♣t✐♥❣ t❤❡ ♣r♦♣♦s❛❧✱ ❜✉t ♥♦t ❛❜♦✉t t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ✐ts❡❧❢✳

▼♦❞❡❧s ♦❢ ❥✉r② ❞❡❝✐s✐♦♥s ❛♣♣❧② t♦ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ✈♦t❡rs ❛r❡ ✉♥❝❡rt❛✐♥

❛❜♦✉t ✇❤❡t❤❡r t❤❡ ♣r♦♣♦s❛❧ ✐s ❣♦♦❞ ♦r ❜❛❞ ❢♦r ❡✈❡r②♦♥❡✳ ▼② ♣❛♣❡r✱ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❛♣♣❧✐❡s t♦ s❡tt✐♥❣s ✐♥ ✇❤✐❝❤ ✈♦t❡rs ❤❛✈❡ ❦♥♦✇♥ ❢❛❝t✐♦♥❛❧ ✐❞❡♥t✐t✐❡s

❛♥❞ ❛r❡ ❧❡❛r♥✐♥❣ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛②♦✛s ❢r♦♠ t❤❡ ♣r♦❥❡❝t ❛❝r♦ss

❢❛❝t✐♦♥s✳

✸■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♠♦❞❡❧s ♦❢ ❡①♣❡r✐♠❡♥t❛t✐♦♥✱ ✐♥ ♠② ♠♦❞❡❧ t❤❡ t②♣❡ ♦❢ ❡❛❝❤ ✈♦t❡r ✐s
♣❡r❢❡❝t❧② ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ t②♣❡s ♦❢ ♠❡♠❜❡rs ♦❢ t❤❡ s❛♠❡ ❢❛❝t✐♦♥✱ ❛♥❞ ♣❡r❢❡❝t❧②
♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ t②♣❡s ♦❢ ♠❡♠❜❡rs ♦❢ t❤❡ ♦t❤❡r ❢❛❝t✐♦♥✳ ◆♦t❡ t❤❛t ✇❤✐❧❡ ❛
❢❛❝t✐♦♥ ❛❝ts ❛s ✐❢ ✐t ✇❛s ❛ s✐♥❣❧❡ ♣❧❛②❡r✱ t❤❡ s✐③❡ ♦❢ ❡❛❝❤ ❢❛❝t✐♦♥ ♠❛tt❡rs ❢♦r t❤❡ ✇❡❧❢❛r❡
❛♥❛❧②s✐s✳

✹❋♦r ❛ ♠♦❞❡❧ ♦❢ ✈♦t✐♥❣ ✉♥❞❡r s✐♠✐❧❛r ❛❞✈❡rs❛r✐❛❧ ♣r❡❢❡r❡♥❝❡s ✐♥ ❛ s❡tt✐♥❣ ✇✐t❤♦✉t ❝♦❧✲
❧❡❝t✐✈❡ ❧❡❛r♥✐♥❣✱ s❡❡ ❑✐♠ ❛♥❞ ❋❡② ✭✷✵✵✼✮✳

✺■♥ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ♠♦❞❡❧s✱ ✐♥ ❝♦♥tr❛st✱ ✐❢ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ✐s r❡✈❡❛❧❡❞ t❤❡ ❞❡❝✐s✐♦♥
❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r t❤❡ ♠❛❥♦r✐t② ♦❢ ✈♦t❡rs ❣❛✐♥s ♦r ❧♦s❡s ❢r♦♠ t❤❡ ♣r♦❥❡❝t✳ ■♥ ❥✉r② ♠♦❞❡❧s✱
✐❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ❢✉❧❧② r❡✈❡❛❧❡❞ ❛❧❧ ✈♦t❡rs ❛r❡ ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧t❡r♥❛t✐✈❡✳

✻



❆ r❡❧❛t❡❞ ♣❛♣❡r t❤❛t s✐♠✐❧❛r❧② st✉❞✐❡s ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❜② ❛ ❞✐✈✐❞❡❞

❝♦♠♠✐tt❡❡ ✇✐t❤ ❝♦♥✢✐❝t✐♥❣ ♣r❡❢❡r❡♥❝❡s ✐s ●✐♥③❜✉r❣ ❛♥❞ ●✉❡rr❛ ✭✷✵✶✾✮✳ ■♥ ✐t✱

❛ ❝♦♠♠✐tt❡❡ ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ ❧❡❛r♥ t❤❡ st❛t❡ ❜❡❢♦r❡ ❝❤♦♦s✐♥❣ t♦ ❛❝❝❡♣t ♦r

r❡❥❡❝t ❛ ♣r♦♣♦s❛❧✳ ▲❡❛r♥✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ✐s ❛ ♦♥❡✲s❤♦t ❞❡❝✐s✐♦♥✱ ❛♥❞

❜♦t❤ st❛t❡s ❛r❡ ❡q✉❛❧❧② ❧✐❦❡❧② t♦ ❜❡ r❡✈❡❛❧❡❞ ✐❢ t❤❡ ❝♦♠♠✐tt❡❡ ✈♦t❡s ✐♥ ❢❛✈♦✉r

♦❢ ❧❡❛r♥✐♥❣✳ ❍❡r❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st❛t❡ ✐s r❡✈❡❛❧❡❞ ❣r❛❞✉❛❧❧②✱ ❛♥❞

♦♥❡ st❛t❡ ✐s r❡✈❡❛❧❡❞ ❢❛st❡r t❤❛♥ t❤❡ ♦t❤❡r ✕ ❤❡♥❝❡✱ t❤❡ ✏✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✑ ♦❢

❧❡❛r♥✐♥❣ ❜❡❝♦♠❡s ❛♥ ♦❜❥❡❝t ♦❢ ❛♥❛❧②s✐s✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❤❛✈❡ ❛ ♣❛r❛❧❧❡❧ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❧❡❣✐s❧❛t✐✈❡

❜❛r❣❛✐♥✐♥❣ ✭s❡❡ ❊r❛s❧❛♥ ❡t ❛❧✳✱ ✷✵✷✵ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❆✉st❡♥✲

❙♠✐t❤ ❡t ❛❧✳ ✭✷✵✶✾✮✱ ✐♥❡✣❝✐❡♥t ♣♦❧✐❝✐❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❝❤♦s❡♥ ❜❡❝❛✉s❡

t❤❡② ✇♦✉❧❞ ❜❡ ❡❛s✐❡r t♦ r❡♣❡❛❧✳ ❆ s✐♠✐❧❛r ❡✛❡❝t ❡♠❡r❣❡s ✐♥ ♠② ♣❛♣❡r✿ ♠♦r❡

❝♦st❧② ♣r♦♣♦s❛❧s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛❞♦♣t❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s ❤❛♣♣❡♥s ♥♦t

❜❡❝❛✉s❡ ♦❢ ❝♦♥❝❡r♥s ♦✈❡r ❛❜✐❧✐t② t♦ r❡♣❡❛❧ ✭♦♥❝❡ ❛❞♦♣t❡❞✱ t❤❡ ♣r♦♣♦s❛❧ ✐s

✐rr❡✈❡rs✐❜❧❡✮✱ ❜✉t ❜❡❝❛✉s❡ ❛ ♠♦r❡ ❝♦st❧② ♣r♦❥❡❝t ❢♦r❝❡s t❤❡ ❝♦♠♠✐tt❡❡ t♦ ❝♦♠❡

t♦ ❛♥ ❛❣r❡❡♠❡♥t ❡❛r❧✐❡r✳

✷ ❇❛s✐❝ ▼♦❞❡❧ ❛♥❞ ❘❡s✉❧ts

✷✳✶ ▼♦❞❡❧ s❡t✉♣

❆ ❝♦♠♠✐tt❡❡ ❝♦♥s✐st✐♥❣ ♦❢ ❢❛❝t✐♦♥s A ❛♥❞ B ✐s ❝♦♥s✐❞❡r✐♥❣ ✇❤❡t❤❡r t♦ ✐♠✲

♣❧❡♠❡♥t ❛ ♣r♦❥❡❝t✳ ❚❤❡r❡ ✐s ❝♦♥t✐♥✉♦✉s t✐♠❡ t✳ ❆t ❡✈❡r② ♣♦✐♥t ✐♥ t✐♠❡✱

❡❛❝❤ ❢❛❝t✐♦♥ ❞❡❝✐❞❡s ❜❡t✇❡❡♥ ✈♦t✐♥❣ ❢♦r ❛♥❞ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t✳ ◆❡✐t❤❡r

❢❛❝t✐♦♥ ❤❛s s✉✣❝✐❡♥t ✇❡✐❣❤t t♦ ❢♦r❝❡ t❤❡ ❝♦♠♠✐tt❡❡ t♦ ❛♣♣r♦✈❡ t❤❡ ♣r♦❥❡❝t✳

❍❡♥❝❡✱ t❤❡ ♣r♦❥❡❝t ✐s ✐♠♣❧❡♠❡♥t❡❞ ♦♥❝❡ ❜♦t❤ ❢❛❝t✐♦♥s ✈♦t❡ ✐♥ ❢❛✈♦✉r ♦❢ ✐t ✕

t❤✐s ♠❡❛♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t ❛♥② ❢❛❝t✐♦♥ ❝❛♥ ❜❧♦❝❦ t❤❡ ♣r♦❥❡❝t ❜② ✈♦t✐♥❣

❛❣❛✐♥st ✐t ❢♦r❡✈❡r✳ ❲❤❡♥ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞✱ t❤❡ ❣❛♠❡ ❡♥❞s ❛♥❞ ♣❛②♦✛s

✭❞✐s❝✉ss❡❞ ❜❡❧♦✇✮ ❛r❡ r❡❛❧✐s❡❞✳

■♠♣❧❡♠❡♥t✐♥❣ t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ✐♠♣♦s❡ ❛ ❝♦st c ∈ (0, 1) ♦♥ ❡❛❝❤ ♦❢ t❤❡

❢❛❝t✐♦♥s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐❢ ✐♠♣❧❡♠❡♥t❡❞✱ t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ❣❡♥❡r❛t❡ ❛

✼



❜❡♥❡✜t ✇❤♦s❡ ✈❛❧✉❡ ✐s ♥♦r♠❛❧✐s❡❞ t♦ 1✳ ❚❤❡ ♣r♦❥❡❝t ❤❛s ❛♥ ✉♥❦♥♦✇♥ t②♣❡

θ ∈ {a, b}✳ ❚❤❡ t②♣❡ ♦❢ t❤❡ ♣r♦❥❡❝t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢❛❝t✐♦♥ t❤❛t r❡❝❡✐✈❡s

t❤❡ ❜❡♥❡✜t✳ ❚❤✉s✱ ✐❢ ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ a ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ t✱ ❢❛❝t✐♦♥ A

r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ 1 − c > 0✱ ✇❤✐❧❡ ❢❛❝t✐♦♥ B r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ −c < 0✳

❙✐♠✐❧❛r❧②✱ ✐❢ ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ b ✐s ❛♣♣r♦✈❡❞✱ ❢❛❝t✐♦♥ A r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ −c✱

✇❤✐❧❡ ❢❛❝t✐♦♥ B r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ 1− c✳ ❯♥t✐❧ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞✱ ❡❛❝❤

❢❛❝t✐♦♥ r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ ③❡r♦✳

■❢ t❤❡ ♣r♦❥❡❝t ❤❛s t②♣❡ θ = a✱ ❛t ❛♥② t✐♠❡ ❛ ♣✉❜❧✐❝ s✐❣♥❛❧ ❝❛♥ ❛rr✐✈❡ ❛♥❞

r❡✈❡❛❧ ✐ts t②♣❡✳ ❚❤❡ ❛rr✐✈❛❧ ♦❢ ❛ s✐❣♥❛❧ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❥✉♠♣ t✐♠❡ ♦❢ ❛ P♦✐ss♦♥

♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② λ✳ ❆s ❧♦♥❣ ❛s t❤❡ s✐❣♥❛❧ ❤❛s ♥♦t ❛rr✐✈❡❞✱ ♣❧❛②❡rs ❛r❡

✉♣❞❛t✐♥❣ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ t②♣❡✳ ▲❡t p0 ❜❡ t❤❡ ❝♦♠♠♦♥ ♣r✐♦r ♣r♦❜❛❜✐❧✐t②

t❤❛t θ = a✱ ❛♥❞ ❧❡t pt ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t θ = a ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♥♦ s✐❣♥❛❧

❛rr✐✈✐♥❣ ❜❡❢♦r❡ t✐♠❡ t✳ ■♥ t❤❡ s✉❜s❡q✉❡♥t t❡①t✱ ■ ✇✐❧❧ r❡❢❡r t♦ pt ❛s ✏t❤❡ ❜❡❧✐❡❢✑✳

❆❧❧ ❛s♣❡❝ts ♦❢ t❤❡ ❣❛♠❡ ❡①❝❡♣t ❢♦r t❤❡ t②♣❡ ❛r❡ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡✳

■ ✇✐❧❧ ❢♦❝✉s ♦♥ ▼❛r❦♦✈ str❛t❡❣✐❡s ✇✐t❤ pt ❛s ❛ ▼❛r❦♦✈ st❛t❡✳ ❋♦r ❡❛❝❤

❢❛❝t✐♦♥ i ∈ {A,B}✱ ❛ ▼❛r❦♦✈ str❛t❡❣② ✐♠♣❧✐❡s ❛ s❡t Si ∈ [0, 1] ♦❢ ❜❡❧✐❡❢s✱

s✉❝❤ t❤❛t ❢❛❝t✐♦♥ i ✈♦t❡s t♦ ❛♣♣r♦✈❡ t❤❡ ♣r♦❥❡❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ pt ∈ Si✳ ❚❤✉s✱

Si ❢✉❧❧② ❞❡s❝r✐❜❡s ❢❛❝t✐♦♥ i✬s str❛t❡❣②✳ ◆♦t❡ t❤❛t✱ ♦♥❝❡ ❛ s✐❣♥❛❧ ❛rr✐✈❡s✱ pt

r❡♠❛✐♥s ❝♦♥st❛♥t ❛t ③❡r♦ ♦r ❛t ♦♥❡ ❢♦r❡✈❡r✳ ❍❡♥❝❡✱ ❛❢t❡r ❛ s✐❣♥❛❧ ❛rr✐✈❡s✱ t❤❡

♣r♦❥❡❝t ✇✐❧❧ ♥❡✈❡r ❜❡ ❛♣♣r♦✈❡❞✱ ❛s ♦♥❡ ♦❢ t❤❡ ❢❛❝t✐♦♥s str✐❝t❧② ♣r❡❢❡rs t♦ ✈♦t❡

❛❣❛✐♥st ✐t✳

❆s ✉s✉❛❧ ✐♥ ✈♦t✐♥❣ ❣❛♠❡s✱ t❤❡ ❣❛♠❡ ❤❛s ♠❛♥② tr✐✈✐❛❧ ❡q✉✐❧✐❜r✐❛✱ ❢♦r ❡①✲

❛♠♣❧❡✱ ♦♥❡ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❢❛❝t✐♦♥ ✈♦t❡s ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❛t ❛❧❧ ❜❡❧✐❡❢s✳

❍❡♥❝❡✱ ■ ✇✐❧❧ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✲

✐❝s✿ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛ ❢❛❝t✐♦♥ ✈♦t❡s t♦ ❛♣♣r♦✈❡ t❤❡ ♣r♦❥❡❝t ❛t ❜❡❧✐❡❢ pt ✐❢

❛♥❞ ♦♥❧② ✐❢ ✐ts ❡①♣❡❝t❡❞ ♣❛②♦✛ ✇❤❡♥ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t pt ✐s ❧❛r❣❡r

t❤❛♥ ✐ts ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ❞❡❧❛②✐♥❣ t❤❡ ♣r♦❥❡❝t ❜② ❛♥② ✭♣♦ss✐❜❧② ✐♥✜♥✐t❡✮

❛♠♦✉♥t ♦❢ t✐♠❡ ❜❡❢♦r❡ r❡t✉r♥✐♥❣ t♦ ♣❧❛②✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

❚❤✐s ❡❧✐♠✐♥❛t❡s ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞ str❛t❡❣✐❡s ✐♥ ✇❛② s✐♠✐❧❛r t♦ t❤❡ st❛♥❞❛r❞

r❡✜♥❡♠❡♥t ❛♣♣❧✐❡❞ ✐♥ ✈♦t✐♥❣ ❣❛♠❡s✱ ❛♥❞ ❛ss✉♠❡s t❤❛t ❛ ♣❧❛②❡r ✈♦t❡s ❛s ✐❢ s❤❡

✽



✇❛s ♣✐✈♦t❛❧✳✻

❋♦r♠❛❧❧②✱ ❝♦♥s✐❞❡r str❛t❡❣✐❡s SA, SB✱ ❛♥❞ t❛❦❡ ❛♥② ❜❡❧✐❡❢ pt ∈ (0, 1)✳ ▲❡t

ui (pt) ❜❡ ❢❛❝t✐♦♥ i✬s ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐❢ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t ❜❡❧✐❡❢ pt✳
✼

●✐✈❡♥ t❤❡ str❛t❡❣② S−i ♦❢ t❤❡ ♦t❤❡r ❢❛❝t✐♦♥✱ ❢♦r ❡❛❝❤ T > 0✱ ❧❡t Vi (pt, T, S−i)

❜❡ ❢❛❝t✐♦♥ i✬s ❡①♣❡❝t❡❞ ♣❛②♦✛ ❛t ❜❡❧✐❡❢ pt ❢r♦♠ ✈♦t✐♥❣ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❢♦r

T ✉♥✐ts ♦❢ t✐♠❡ ❜❡❢♦r❡ s✇✐t❝❤✐♥❣ t♦ ✈♦t✐♥❣ ✐♥ ❢❛✈♦✉r ♦❢ ✐t ✐❢ ♥♦ s✐❣♥❛❧ ❤❛s

❛rr✐✈❡❞ ❞✉r✐♥❣ t❤❛t t✐♠❡✳ ■ ✇✐❧❧ ❛ss✉♠❡ t❤❛t str❛t❡❣✐❡s SA, SB ❝♦♥st✐t✉t❡ ❛♥

❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥❡✈❡r ❢♦r ❡❛❝❤ i ∈ {A,B} ❛♥❞ ❛❧❧ pt ∈ [0, 1]✱ ✇❡ ❤❛✈❡ pt ∈ Si

✐❢ ❛♥❞ ♦♥❧② ✐❢ ui (pt) ≥ Vi (pt, T, S−i) ❢♦r ❛❧❧ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡ T > 0✳

✷✳✷ ❊q✉✐❧✐❜r✐✉♠

❈♦♥s✐❞❡r ❛ ❜❡❧✐❡❢ pt✳ ❚❤❡ ♣❛②♦✛s ♦❢ ❢❛❝t✐♦♥s A ❛♥❞ B ❢r♦♠ ❛♣♣r♦✈✐♥❣ t❤❡

♣r♦❥❡❝t ✐♠♠❡❞✐❛t❡❧② ❡q✉❛❧

uA (pt) = pt (1− c)− (1− pt) c = pt − c,

❛♥❞

uB (pt) = −ptc+ (1− pt) (1− c) = 1− c− pt.

◆♦t❡ t❤❛t✱ ❛t ❛ ❣✐✈❡♥ ❜❡❧✐❡❢✱ ❛♥② ❢❛❝t✐♦♥ ❝❛♥ ❡♥s✉r❡ ❛ ♣❛②♦✛ ♦❢ ③❡r♦ ❜②

✈♦t✐♥❣ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❢♦r❡✈❡r✱ ❛s ❞♦✐♥❣ s♦ ✇✐❧❧ ♠❡❛♥ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s

♥❡✈❡r ❛❞♦♣t❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢❛❝t✐♦♥ i ∈ {A,B} ✇✐❧❧ ♥♦t ✈♦t❡ ❢♦r t❤❡ ♣r♦❥❡❝t

✇❤❡♥ ✐ts ✐♥st❛♥t❛♥❡♦✉s ♣❛②♦✛ ui (pt) ✐s ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ❢❛❝t✐♦♥ A ✇✐❧❧

✈♦t❡ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❛t ❛❧❧ pt < c✱ ✇❤✐❧❡ ❢❛❝t✐♦♥ B ✇✐❧❧ ✈♦t❡ ❛❣❛✐♥st t❤❡

♣r♦❥❡❝t ❛t ❛❧❧ pt > 1 − c✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ c > 1
2
✱ t❤❡♥ ❛t ❛♥② ❜❡❧✐❡❢ ❛t

❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢❛❝t✐♦♥s ✇✐❧❧ ✈♦t❡ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ♣r♦❥❡❝t

✇✐❧❧ ♥❡✈❡r ❜❡ ❛♣♣r♦✈❡❞✳ ■❢ c ≤ 1
2
✱ t❤❡ ♣r♦❥❡❝t ❝❛♥ ♦♥❧② ❜❡ ❛♣♣r♦✈❡❞ ✇❤❡♥

pt ∈ [c, 1− c]✳

✻❙❡❡ ❛❧s♦ ❙tr✉❧♦✈✐❝✐ ✭✷✵✶✵✮ ❢♦r ❛ s✐♠✐❧❛r r❡✜♥❡♠❡♥t ✐♥ ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ✈♦t✐♥❣ ❣❛♠❡✳
✼■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ str❛t❡❣✐❝ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ✭❑❡❧❧❡r ❡t ❛❧✳✱ ✷✵✵✺✮✱

ui (pt) ✐s t❤❡ ♠②♦♣✐❝ ♣❛②♦✛ ♦❢ ❢❛❝t✐♦♥ i ❢r♦♠ ❛❞♦♣t✐♥❣ t❤❡ ♣r♦❥❡❝t ❛t ❜❡❧✐❡❢ pt✳

✾



❆s t❤❡ ❛♣♣r♦✈❛❧ ✐s ❜❡✐♥❣ ❞❡❧❛②❡❞✱ ♣❧❛②❡rs ❛r❡ ✉♣❞❛t✐♥❣ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t

t❤❡ t②♣❡ ♦❢ t❤❡ ♣r♦❥❡❝t✳ ■❢ ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t✐♠❡ t✱ t❤❡ ❜❡❧✐❡❢ ❡q✉❛❧s

pt =
p0e

−λt

p0e−λt + (1− p0)
=

1

1 + 1−p0
p0

eλt
. ✭✶✮

❆s pt ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ t✐♠❡✱ ❢❛❝t✐♦♥ A ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ♠♦r❡ ♣❡ss✲

✐♠✐st✐❝ ❛❜♦✉t ✐ts ♣❛②♦✛ ❢r♦♠ t❤❡ ♣r♦❥❡❝t✳ ❍❡♥❝❡✱ ✐t r❡❝❡✐✈❡s ♥♦ ❜❡♥❡✜t ❢r♦♠

❧❡❛r♥✐♥❣✱ ❛♥❞ ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡❧❛② ✈♦t✐♥❣ ❢♦r t❤❡ ♣r♦❥❡❝t ✐♥ ♦r❞❡r t♦ ❧❡❛r♥

✐ts t②♣❡✳ ■♥st❡❛❞✱ ✐t ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t ✇❤❡♥❡✈❡r ✐ts ♠②♦♣✐❝ ♣❛②♦✛ uA (pt)

❢r♦♠ ❛❞♦♣t✐♥❣ t❤❡ ♣r♦❥❡❝t ✐s ❣r❡❛t❡r t❤❛♥ ③❡r♦ ✕ t❤❛t ✐s✱ ❛s ❧♦♥❣ ❛s pt ≥ c✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✈❡s t❤✐s ❢♦r♠❛❧❧②✿

▲❡♠♠❛ ✶✳ ❆t ❛♥② ❡q✉✐❧✐❜r✐✉♠✱ ❢❛❝t✐♦♥ A ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢

pt ∈ [c, 1]✳

❚❤✐s ♠❡❛♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛❧ ❜❡❧✐❡❢ p0 ✐s ❜❡❧♦✇ c✱ t❤❡ ♣r♦❥❡❝t

✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

❋♦r ❢❛❝t✐♦♥ B✱ ❞❡❧❛②✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡s ✐t ♠♦r❡ ❧✐❦❡❧② t❤❛t ❛ s✐❣♥❛❧

❛rr✐✈❡s ❛♥❞ r❡✈❡❛❧s t❤❡ ♣r♦❥❡❝t✬s t②♣❡ t♦ ❜❡ a✳ ❍❡♥❝❡✱ ❞❡❧❛②✐♥❣ ❛❞♦♣t✐♦♥ ♦❢

t❤❡ ♣r♦❥❡❝t ❜❡♥❡✜ts ❢❛❝t✐♦♥ B✱ ❛s ✐t ♠❛❦❡s ✐t ❧❡ss ❧✐❦❡❧② t❤❛t ❛ ♣r♦❥❡❝t ♦❢ t②♣❡

a ✐s ❛♣♣r♦✈❡❞✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ pt ❢❛❧❧s t♦ c✱ ❛♥② ❢✉rt❤❡r ❞❡❧❛② ♠❡❛♥s t❤❛t t❤❡

♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✱ ❛s ❢❛❝t✐♦♥ A ✇♦✉❧❞ s✇✐t❝❤ t♦ ♦♣♣♦s✐♥❣ ✐t✳ ❍❡♥❝❡✱ ❛t

pt = c✱ ❢❛❝t✐♦♥ B ❤❛s t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ ❛♣♣r♦✈✐♥❣ t❤❡ ♣r♦❥❡❝t ✐♠♠❡❞✐❛t❡❧②✱

♦r ♥❡✈❡r ❛❞♦♣t✐♥❣ ✐t✳ ■t ❝❤♦♦s❡s t❤❡ ❢♦r♠❡r ✐❢ c ✐s ❧♦✇ ❡♥♦✉❣❤ t❤❛t ✐ts ♣❛②♦✛

❢r♦♠ ❛♣♣r♦✈✐♥❣ t❤❡ ♣r♦❥❡❝t ❛t pt = c ✐s ♣♦s✐t✐✈❡✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣r♦❥❡❝t ✐s

♥❡✈❡r ❛♣♣r♦✈❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♣t✉r❡s t❤✐s ✐♥t✉✐t✐♦♥ ❛♥❞ ❞❡s❝r✐❜❡s

t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠✿

▲❡♠♠❛ ✷✳ ■❢ c ≤ min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ t∗ = 1
λ
ln
(

p0
1−p0

1−c
c

)

✇❤❡♥ t❤❡ ❜❡❧✐❡❢ ❡q✉❛❧s c✱ ✉♥❧❡ss ❛ s✐❣♥❛❧ ❛rr✐✈❡s ❜❡❢♦r❡ t❤❛t✳ ■❢ c > min
{

p0,
1
2

}

✱

t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

✶✵



❙✐♥❝❡ ❛♣♣r♦✈❛❧ ♦❢ t❤❡ ♣r♦❥❡❝t r❡q✉✐r❡s s✉♣♣♦rt ♦❢ ❜♦t❤ ❢❛❝t✐♦♥s✱ ♥❡✐t❤❡r

❝❛♥ r❡❝❡✐✈❡ ❛ str✐❝t❧② ♥❡❣❛t✐✈❡ ♣❛②♦✛ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱

▲❡♠♠❛ ✷ ✐♠♣❧✐❡s t❤❛t ❛♣♣r♦✈❛❧ ♦❢ t❤❡ ♣r♦❥❡❝t✱ ✐❢ ✐t ❤❛♣♣❡♥s ❛t ❛❧❧✱ t❛❦❡s ♣❧❛❝❡

✇❤❡♥ ❢❛❝t✐♦♥ A ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❛♣♣r♦✈✐♥❣ ❛♥❞ r❡❥❡❝t✐♥❣ t❤❡ ♣r♦❥❡❝t✳

❍❡♥❝❡✱ ✐ts ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s ③❡r♦ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ✇✐❧❧ ❤❛♣♣❡♥ ❡✈❡♥ ✇❤❡♥

p0 ✐s ❤✐❣❤✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ♣r♦❥❡❝t ✐s ❡① ❛♥t❡ ❧✐❦❡❧② t♦ ❢❛✈♦✉r ✐t✳ ❋❛❝t✐♦♥ B✱

❤♦✇❡✈❡r✱ ❝❛♥ r❡❝❡✐✈❡ ❛ ♣♦s✐t✐✈❡ ❡①♣❡❝t❡❞ ♣❛②♦✛✳ ❍❡♥❝❡✱ t❤❡ ❢❛❝t✐♦♥ ✇❤♦s❡

♣r❡❢❡rr❡❞ t②♣❡ t❡♥❞s t♦ ❜❡ r❡✈❡❛❧❡❞ ✇✐t❤ t✐♠❡ ✐s ✇♦rs❡ ♦✛ t❤❛♥ t❤❡ ❢❛❝t✐♦♥

✇❤♦s❡ ♣r❡❢❡rr❡❞ t②♣❡ ✐s ♥♦t r❡✈❡❛❧❡❞✳

✷✳✸ Pr♦❥❡❝t q✉❛❧✐t② ❛♥❞ ❛♣♣r♦✈❛❧ ❝❤❛♥❝❡

❲❡ ❝❛♥ ♥♦✇ t✉r♥ t♦ t❤❡ ✜rst ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r✱ ✇❤✐❝❤ r❡❧❛t❡s t❤❡

♣r♦❥❡❝t✬s ❡✣❝✐❡♥❝② t♦ ✐ts ❝❤❛♥❝❡ ♦❢ ❜❡✐♥❣ ❛♣♣r♦✈❡❞✳ ❘❡❝❛❧❧ t❤❛t ❛ ♣r♦❥❡❝t✱ ✐❢

❛♣♣r♦✈❡❞✱ ✐♠♣♦s❡s ❛ ❝♦st c ♦♥ ❡❛❝❤ ❢❛❝t✐♦♥✳ ❚❤✉s✱ ❣✐✈❡♥ t❤❡ ❜❡❧✐❡❢✱ ❛ ♣r♦❥❡❝t

✇✐t❤ ❛ ❧♦✇❡r ❝♦st P❛r❡t♦✲❞♦♠✐♥❛t❡s ❛ ♣r♦❥❡❝t ✇✐t❤ ❛ ❤✐❣❤❡r ❝♦st✳ ❉♦❡s t❤❡

♦✉t❝♦♠❡ ♦❢ t❤❡ ✈♦t❡ r❡✢❡❝t t❤✐s ❡✣❝✐❡♥❝② r❛♥❦✐♥❣❄

■❢ c ≤ min
{

p0,
1
2

}

✱ ▲❡♠♠❛ ✷ ✐♠♣❧✐❡s t❤❛t ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ b ✐s ❛♣♣r♦✈❡❞

✇✐t❤ ❝❡rt❛✐♥t②✳ ❆ ♣r♦❥❡❝t ♦❢ t②♣❡ a ✐s ❛♣♣r♦✈❡❞ ♦♥❝❡ t❤❡ ❜❡❧✐❡❢ r❡❛❝❤❡s c✱ ❛s

❧♦♥❣ ❛s ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳ ❍❡♥❝❡✱ ❛♣♣r♦✈❛❧ ✐s ♠♦r❡ ❧✐❦❡❧② ✐❢ ✐t t❛❦❡s

❧❡ss t✐♠❡ ❢♦r t❤❡ ❜❡❧✐❡❢ t♦ r❡❛❝❤ c✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ✐❢ c ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❜❡❧✐❡❢ p0

❛r❡ ❝❧♦s❡r t♦ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ c ≤ min
{

p0,
1
2

}

✱ t❤❡ ❡① ❛♥t❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t

✐s ❛♣♣r♦✈❡❞ ✐s 1−p0
1−c

✱ ✇❤✐❝❤ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p0 ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ c✳ ■❢ c >

min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

❚❤✉s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣r♦✈❛❧ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ c ❢♦r ❛♥② ♣r♦❥❡❝t✱

❡①❝❡♣t t❤♦s❡ t❤❛t ❤❛✈❡ ③❡r♦ ❝❤❛♥❝❡ ♦❢ ❛❝❝❡♣t❛♥❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ♣r♦❥❡❝t

t❤❛t ✐s ❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st ❧❡ss P❛r❡t♦✲❡✣❝✐❡♥t ❤❛s ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ ♦❢ ❜❡✐♥❣

❛♣♣r♦✈❡❞✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t ❢❛❝t✐♦♥ A ✐s ♠♦r❡ r❡❧✉❝t❛♥t t♦ s✉♣♣♦rt

❛ ♣r♦❥❡❝t ✇✐t❤ ❛ ❤✐❣❤❡r ❝♦st✳ ❍❡♥❝❡ ✐t s✇✐t❝❤❡s ❢r♦♠ s✉♣♣♦rt✐♥❣ t♦ ♦♣♣♦s✐♥❣

✶✶



c
✵ ✶1

2

2
5

1
5

❋✐❣✉r❡ ✶✿ Pr♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ c✱ ❢♦r
p0 = 0.8✳

t❤❡ ♣r♦❥❡❝t ❡❛r❧✐❡r✳ ❆s ❛ r❡s✉❧t✱ ❢❛❝t✐♦♥ B ✇✐❧❧ ✇❛✐t ❧❡ss ❜❡❢♦r❡ s✇✐t❝❤✐♥❣ t♦

s✉♣♣♦rt t❤❡ ♣r♦❥❡❝t✳ ❇❡❝❛✉s❡ ❛ s❤♦rt❡r ❞❡❧❛② ♠❛❦❡s ✐t ❧❡ss ❧✐❦❡❧② t❤❛t t❤❡

t②♣❡ ✐s r❡✈❡❛❧❡❞✱ ✐t ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❥❡❝t ❤❛s ❛ ❤✐❣❤❡r ❡① ❛♥t❡ ❝❤❛♥❝❡ ♦❢

❜❡✐♥❣ ❛♣♣r♦✈❡❞✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣r♦✈❛❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ♣r♦❥❡❝t✬s ❝♦st c✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✐s ❛❧s♦ ❞❡❝r❡❛s✲

✐♥❣ ✐♥ p0✳ ❚❤✉s✱ ❛❧t❤♦✉❣❤ t❤❡ ✈♦t✐♥❣ r✉❧❡ ✐s s②♠♠❡tr✐❝ ✐♥ t❤❡ s❡♥s❡ ♦❢ r❡q✉✐r✐♥❣

❝♦♥s❡♥t ♦❢ ❜♦t❤ ❢❛❝t✐♦♥s ❢♦r ❛♣♣r♦✈❛❧✱ ❛ ♣r♦❥❡❝t ❤❛s ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ ♦❢ ❜❡✐♥❣

❛♣♣r♦✈❡❞ ✐❢ ✐t ✐s ❡① ❛♥t❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❢❛✈♦✉r ❢❛❝t✐♦♥ B✳

✷✳✹ ❖♣t✐♠❛❧ ❛♠♦✉♥t ♦❢ ❧❡❛r♥✐♥❣

❍♦✇ ❝❛♥ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♣r♦❝❡❞✉r❡ ❜❡ ♠♦❞✐✜❡❞ t♦ ✐♠♣r♦✈❡ ❡✣❝✐❡♥❝②❄ ■♥

♠❛♥② ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ❜♦❞✐❡s t❤❡r❡ ✐s ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ❜❡t✇❡❡♥ t❤❡

s✉❜♠✐ss✐♦♥ ♦❢ ❛ ♣r♦♣♦s❛❧ ❛♥❞ ❛ ✜♥❛❧ ❞❡❝✐s✐♦♥ ♦♥ ✐t✳ ❋♦r ❡①❛♠♣❧❡✱ ♣❛r❧✐❛♠❡♥ts

♦❢t❡♥ r❡q✉✐r❡ s❡✈❡r❛❧ r❡❛❞✐♥❣s t♦ ❛♣♣r♦✈❡ ❛ ❧❛✇✱ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ t✐♠❡ ❜❡t✇❡❡♥

t❤❡♠✳ ❙✉❝❤ ❛rr❛♥❣❡♠❡♥ts ✐♠♣♦s❡ ❛ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ❧❡❛r♥✐♥❣ ❜❡❢♦r❡ ❛

♣r♦❥❡❝t ❝❛♥ ❜❡ ❛❞♦♣t❡❞✳ ❈♦♥✈❡rs❡❧②✱ s♦♠❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♣r♦❝❡❞✉r❡s ✐♠♣♦s❡

❛ ❞❡❛❞❧✐♥❡ ❛❢t❡r ✇❤✐❝❤ t❤❡ ♣r♦♣♦s❛❧ ❝❛♥♥♦t ❜❡ ❛❞♦♣t❡❞ ✕ t❤✐s ❤❛s t❤❡ ❡✛❡❝t

♦❢ ❧✐♠✐t✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❧❡♥❣t❤ ♦❢ ❧❡❛r♥✐♥❣✳ ❯♥❞❡r t❤❡ ✉t✐❧✐t❛r✐❛♥ ✇❡❧❢❛r❡

❝r✐t❡r✐♦♥✱ ✇❤❡♥ ❛r❡ s✉❝❤ r✉❧❡s ♦♣t✐♠❛❧❄

❙✉♣♣♦s❡ t❤❡ s❤❛r❡ ♦❢ ❢❛❝t✐♦♥ A✬s ♠❡♠❜❡rs ✐s α✱ ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ❢❛❝t✐♦♥

✶✷



B✬s ♠❡♠❜❡rs ✐s 1 − α✳ ❚❤✉s✱ α ✐s t❤❡ ✇❡✐❣❤t ♦❢ ❢❛❝t✐♦♥ A✬s ✉t✐❧✐t② ✐♥ t❤❡

✉t✐❧✐t❛r✐❛♥ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥✳ ■❢ c > min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

❆ ❞❡❛❞❧✐♥❡ ♦r ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ❤❛s ♥♦ ❡✛❡❝t ✐♥ t❤✐s ❝❛s❡✳ ❖t❤❡r✇✐s❡✱

t❤❡ ❡✛❡❝t ♦❢ ♣❧❛♥♥❡r✬s ✐♥t❡r✈❡♥t✐♦♥s ❞❡♣❡♥❞s ♦♥ α✱ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

s❤♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✷✳ ❙✉♣♣♦s❡ c ≤ min
{

p0,
1
2

}

✳ ■❢ c ≥ α✱ ♥♦t ✐♠♣♦s✐♥❣ ❛ ❞❡❝✐s✐♦♥

r✉❧❡ ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧✳ ■❢ c < α✱ ✐t ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧ t♦ ✐♠♣♦s❡ ❛ ❞❡❛❞❧✐♥❡

♦❢

T̄ =
1

λ
ln

(

p0

1− p0

1− p∗

p∗

)

, ✇❤❡r❡ p∗ = min {p0, 1− c} .

❍❡♥❝❡✱ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ✐s ♥❡✈❡r s♦❝✐❛❧❧② ♦♣t✐♠❛❧✱ ✇❤✐❧❡ ❛ ❞❡❛❞❧✐♥❡

✐s ♦♣t✐♠❛❧ ✐❢ t❤❡ s❤❛r❡ ♦❢ ❢❛❝t✐♦♥ A ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

■♥t✉✐t✐✈❡❧②✱ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ t❤❛t ✐s s♠❛❧❧❡r t❤❛♥ t∗ ❛s ❞❡✜♥❡❞

✐♥ ▲❡♠♠❛ ✷ ❤❛s ♥♦ ❡✛❡❝t✱ s✐♥❝❡ t❤❡ ❝♦♠♠✐tt❡❡ ✇✐❧❧ ❛♥②✇❛② ✇❛✐t ✉♥t✐❧ t∗✳

❆ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ❣r❡❛t❡r t❤❛♥ t∗ ♠❡❛♥s t❤❛t ❜② t❤❛t t✐♠❡ ❡✐t❤❡r

t❤❡ t②♣❡ ✐s r❡✈❡❛❧❡❞✱ ♦r t❤❡ ❜❡❧✐❡❢ pt ❢❛❧❧s ❜❡❧♦✇ c✳ ■♥ ❜♦t❤ ♦❢ t❤❡s❡ ❝❛s❡s✱

t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ♥♦t ❜❡ ❛♣♣r♦✈❡❞✱ ❛♥❞ ❡❛❝❤ ❢❛❝t✐♦♥ ✇✐❧❧ r❡❝❡✐✈❡ ❛ ♣❛②♦✛ ♦❢

③❡r♦✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❤♦✇❡✈❡r✱ t❤❡ ❡① ❛♥t❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s ♣♦s✐t✐✈❡ ❢♦r

❢❛❝t✐♦♥ B✱ ❛♥❞ ③❡r♦ ❢♦r ❢❛❝t✐♦♥ A ✕ ❤❡♥❝❡✱ ✐♠♣♦s✐♥❣ s✉❝❤ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣

t✐♠❡ ✐s s✉❜♦♣t✐♠❛❧✳

❆ ❞❡❛❞❧✐♥❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❛♥ ❢♦r❝❡ t❤❡ ❝♦♠♠✐tt❡❡ t♦ ❛❣r❡❡ ♦♥ ❛♣✲

♣r♦✈✐♥❣ t❤❡ ♣r♦❥❡❝t ❛t ❛♥ ❡❛r❧✐❡r t✐♠❡ t❤❛♥ t∗✳ ❚❤✐s ❤❛s t✇♦ ❡✛❡❝ts✳ ❋✐rst✱

✐t r❡❞✉❝❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ t②♣❡ ✐s r❡✈❡❛❧❡❞ ❜❡❢♦r❡ t❤❡ ❝♦♠♠✐tt❡❡

❛❣r❡❡s ♦♥ ❛♣♣r♦✈✐♥❣ t❤❡ ♣r♦❥❡❝t✳ ❚❤✐s ♠❛❦❡s ❛♣♣r♦✈❛❧ ♠♦r❡ ❧✐❦❡❧②✱ ✐♥❝r❡❛s✐♥❣

✇❡❧❢❛r❡✳ ❙❡❝♦♥❞✱ ❜② ❢♦r❝✐♥❣ ❛♣♣r♦✈❛❧ ✇❤❡♥ t❤❡ ❜❡❧✐❡❢ ✐s ❤✐❣❤❡r✱ ❛ ❞❡❛❞❧✐♥❡

❛❞❞✐t✐♦♥❛❧❧② ❜❡♥❡✜ts ❢❛❝t✐♦♥ A ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❢❛❝t✐♦♥ B✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱

✇❤❡♥❡✈❡r t❤❡ ❡① ❛♥t❡ ✇❡❧❢❛r❡ ❣❛✐♥ ❢r♦♠ t❤❡ ♣r♦❥❡❝t ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ❛♥❞

t❤❡ s❤❛r❡ ♦❢ ❢❛❝t✐♦♥ A ✐s ❧❛r❣❡ ✕ t❤❛t ✐s✱ ✇❤❡♥ c ✐s s♠❛❧❧ ❛♥❞ α ✐s ❧❛r❣❡ ✕ t❤❡

❡❛r❧✐❡st ❞❡❛❞❧✐♥❡ ❛t ✇❤✐❝❤ t❤❡ ♣r♦❥❡❝t ❝❛♥ st✐❧❧ ❜❡ ❛❞♦♣t❡❞ ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧✳

❚❤❛t ❡❛r❧✐❡st ❞❡❛❞❧✐♥❡ ✐s t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ❜❡❧✐❡❢ ❡q✉❛❧s min {p0, 1− c}✳

✶✸



Pr♦♣♦s✐t✐♦♥ ✷ ✐♠♣❧✐❡s t❤❛t ✇❤❡♥ c < α✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♠♦✉♥t ♦❢ ❧❡❛r♥✲

✐♥❣ ✐s ❡①❝❡ss✐✈❡✳ ❆ ❜❡♥❡✈♦❧❡♥t s♦❝✐❛❧ ♣❧❛♥♥❡r s❤♦✉❧❞ t❤❡♥ r❡❞✉❝❡ t❤❡ ❛♠♦✉♥t

♦❢ ✐♥❢♦r♠❛t✐♦♥ t❤❛t t❤❡ ❝♦♠♠✐tt❡❡ ❛❝q✉✐r❡s ❜② ✐♠♣♦s✐♥❣ ❛ ❞❡❛❞❧✐♥❡✳ ■♥ ♣❛r✲

t✐❝✉❧❛r✱ ✇❤❡♥ t❤❡ ❝♦st ♦❢ t❤❡ ♣r♦❥❡❝t ✐s s✉✣❝✐❡♥t❧② ❧♦✇ r❡❧❛t✐✈❡ t♦ ♦t❤❡r ♣❛r❛✲

♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✱ ✐t ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧ t♦ s❡t t❤❡ t✐❣❤t❡st ♣♦ss✐❜❧❡ ❞❡❛❞❧✐♥❡

✕ t❤❛t ✐s✱ t♦ ❢♦r❝❡ t❤❡ ❝♦♠♠✐tt❡❡ t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ ❛♣♣r♦✈✐♥❣ t❤❡ ♣r♦❥❡❝t

✐♠♠❡❞✐❛t❡❧② ♦r ♥❡✈❡r ❛t ❛❧❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤✐s ❢♦r♠❛❧❧②✿

❈♦r♦❧❧❛r② ✶✳ ■❢ c < min
{

α, 1− p0, p0,
1
2

}

✱ ✐t ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧ t♦ s❡t ❛

❞❡❛❞❧✐♥❡ T̄ = 0✳

❍❡♥❝❡✱ ❢♦r ❧♦✇✲❝♦st ♣r♦❥❡❝ts✱ ♥♦t ❛❝q✉✐r✐♥❣ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ✐s s♦❝✐❛❧❧②

♦♣t✐♠❛❧✳

✸ ●❡♥❡r❛❧ ❝❛s❡

❚❤✐s s❡❝t✐♦♥ ❣❡♥❡r❛❧✐s❡s t❤❡ ♣r❡❝❡❞✐♥❣ ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ✇❤❡♥ ❢✉t✉r❡ ♣❛②♦✛s

❛r❡ ❞✐s❝♦✉♥t❡❞ ❛♥❞ ❜♦t❤ t②♣❡s ❝❛♥ ❜❡ r❡✈❡❛❧❡❞ ❜② ♥❛t✉r❡✳

❙✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♠♠✐tt❡❡ ❞✐s❝♦✉♥ts ♣❛②♦✛s ❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡ r >

0✳ ❙✉♣♣♦s❡ ❢✉rt❤❡r t❤❛t t②♣❡s a ❛♥❞ b ❛r❡ r❡✈❡❛❧❡❞ ❛t r❛t❡s λa ❛♥❞ λb✱

r❡s♣❡❝t✐✈❡❧②✳ ❆ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t λa ≥ λb✳ ■❢ λa = λb✱ t❤❡

❜❡❧✐❡❢ ❞♦❡s ♥♦t ❡✈♦❧✈❡ ✇✐t❤ t✐♠❡ ✉♥t✐❧ ❛ t②♣❡ ✐s r❡✈❡❛❧❡❞✳ ❍❡♥❝❡✱ ❛t ❛ ▼❛r❦♦✈

❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣r♦❥❡❝t ✐s ❡✐t❤❡r ❛❞♦♣t❡❞ ✐♠♠❡❞✐❛t❡❧②✱ ♦r ♥❡✈❡r ❛❞♦♣t❡❞✳ ❚❤❡

❢♦r♠❡r ❤❛♣♣❡♥s ✇❤❡♥ ❜♦t❤ ❢❛❝t✐♦♥s ❛r❡ ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ♣r♦❥❡❝t ❡① ❛♥t❡✱ t❤❛t

✐s✱ ✇❤❡♥ p0 ∈ [c, 1− c]❀ ♦t❤❡r✇✐s❡✱ t❤❡ ❧❛tt❡r ❤❛♣♣❡♥s✳

❋r♦♠ ♥♦✇ ♦♥ ■ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✇❤❡♥ λa > λb✳ ❚❤❡

❜❡❧✐❡❢ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ♦❢ t②♣❡ a ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♥♦ s✐❣♥❛❧ ❛rr✐✈✐♥❣ ❜❡❢♦r❡

t✐♠❡ t ❡q✉❛❧s

pt =
p0e

−λat

p0e−λat + (1− p0) e−λbt
=

1

1 + 1−p0
p0

e(λa−λb)t
, ✭✷✮

✶✹



✇❤✐❝❤✱ ❛s ❜❡❢♦r❡✱ ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ t✐♠❡✳ ❍❡♥❝❡✱ ❢❛❝t✐♦♥ A✱ ❛s ❜❡❢♦r❡✱ ❞♦❡s

♥♦t ❣❛✐♥ ❢r♦♠ ❧❡❛r♥✐♥❣✱ ❛♥❞ ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ♠②♦♣✐❝

♣❛②♦✛ ❢r♦♠ t❤❡ ♣r♦❥❡❝t ✐s ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✶

❝♦♥t✐♥✉❡s t♦ ❤♦❧❞✱ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s✿

▲❡♠♠❛ ✸✳ ❆t ❛♥② ❡q✉✐❧✐❜r✐✉♠✱ ❢❛❝t✐♦♥ A ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢

pt ∈ [c, 1]✳

❍♦✇❡✈❡r✱ ❢❛❝t✐♦♥ B ♥♦✇ ❢❛❝❡s ❛ tr❛❞❡♦✛✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛ ❞❡❧❛② r❡❞✉❝❡s

t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t ♦❢ t②♣❡ a ✐s ❛❞♦♣t❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✐t ❛❧s♦ r❡❞✉❝❡s t❤❡ ♣❛②♦✛ ❢r♦♠ t❤❡ ♣r♦❥❡❝t ❞✉❡ t♦ ❞✐s❝♦✉♥t✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱

t②♣❡ b ❝❛♥ ♥♦✇ ❜❡ r❡✈❡❛❧❡❞ ✇✐t❤ t✐♠❡ ✕ ❤❡♥❝❡✱ ✇❛✐t✐♥❣ ♥♦✇ ❛❧s♦ r❡❞✉❝❡s t❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ b ✐s ❛♣♣r♦✈❡❞✳ ❚❤✐s tr❛❞❡♦✛ ❞❡t❡r♠✐♥❡s t❤❡

♣♦✐♥t ❛t ✇❤✐❝❤ ❢❛❝t✐♦♥ B st❛rts ✈♦t✐♥❣ ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ♣r♦❥❡❝t ✕ t❤❛t ✐s✱ t❤❡

t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ♣r♦❥❡❝t ✐s ❛❞♦♣t❡❞ ✐❢ ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳

❲❤❡♥ pt < c✱ t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ♥❡✈❡r ❜❡ ❛❞♦♣t❡❞✱ s✐♥❝❡ ❢❛❝t✐♦♥ A ✇✐❧❧

✈♦t❡ ❛❣❛✐♥st ✐t✳ ❚❤✉s✱ ❛s ❜❡❢♦r❡✱ t❤❡ ♣r♦❥❡❝t ❝❛♥♥♦t ❜❡ ❛♣♣r♦✈❡❞ ✐❢ c > p0✳

❋✉rt❤❡r♠♦r❡✱ ❛❣❛✐♥ ❛s ❜❡❢♦r❡✱ ✐❢ c > 1
2
✱ t❤❡r❡ ✐s ♥♦ ❜❡❧✐❡❢ ❛t ✇❤✐❝❤ ❜♦t❤ ❢❛❝t✐♦♥s

❛❣r❡❡ t♦ ❛♣♣r♦✈❡ t❤❡ ♣r♦❥❡❝t✱ s♦ t❤❡ ♣r♦❥❡❝t ❛❧s♦ ❝❛♥♥♦t ❜❡ ❛♣♣r♦✈❡❞✳

❖t❤❡r✇✐s❡✱ ❛t ❛❧❧ pt ≥ c✱ ❢❛❝t✐♦♥ B ❝❛♥ ❝❤♦♦s❡ t♦ ❛♣♣r♦✈❡ t❤❡ ♣r♦❥❡❝t

❛t ❛♥② t✐♠❡ ❜❡❢♦r❡ pt r❡❛❝❤❡s c✳ ■t t❤❡♥ ❢❛❝❡s ❛ st❛♥❞❛r❞ ♦♣t✐♠❛❧ st♦♣♣✐♥❣

♣r♦❜❧❡♠✱ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ t❤❛t ✐❢ t❤❡ ♣r♦❥❡❝t ✐s ♥♦t ❛♣♣r♦✈❡❞ ✇❤❡♥ t❤❡

❜❡❧✐❡❢ r❡❛❝❤❡s c✱ ✐t ✇✐❧❧ ♥❡✈❡r ❜❡ ❛♣♣r♦✈❡❞✱ ❛♥❞ ❢❛❝t✐♦♥ B ✇✐❧❧ r❡❝❡✐✈❡ ❛ ♣❛②♦✛

♦❢ ③❡r♦✳

■❢ ✇✐t❤♦✉t t❤❡ r❡str✐❝t✐♦♥ t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✐♥✈♦❧✈❡s

st♦♣♣✐♥❣ ❛t t❤❡ ❜❡❧✐❡❢ t❤❛t ✐s ❣r❡❛t❡r t❤❛♥ c✱ t❤❡♥ ✐t ❛❧s♦ ♦♣t✐♠❛❧ ❢♦r ❢❛❝t✐♦♥

B t♦ s✇✐t❝❤ t♦ ❛♣♣r♦✈✐♥❣ t❤❡ ♣r♦❥❡❝t ❛t t❤❛t ❜❡❧✐❡❢✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

t❤❡ ✉♥r❡str✐❝t❡❞ s♦❧✉t✐♦♥ ✐♥✈♦❧✈❡s st♦♣♣✐♥❣ ❛t ❛ ❜❡❧✐❡❢ ❜❡❧♦✇ c✱ t❤❡♥ ❛t pt = c

❢❛❝t✐♦♥ B ❦♥♦✇s t❤❛t ❝♦♥t✐♥✉✐♥❣ t♦ ♦♣♣♦s❡ t❤❡ ♣r♦❥❡❝t ♠❡❛♥s t❤❛t ✐ts ♣❛②♦✛

✐s ③❡r♦✳ ❍❡♥❝❡✱ ❛t pt = c ✐t ✇✐❧❧ s✉♣♣♦rt t❤❡ ♣r♦❥❡❝t ✐❢ ✐ts ✐♥st❛♥t❛♥❡♦✉s ♣❛②♦✛

❢r♦♠ ✐t ✐s ♣♦s✐t✐✈❡ ✕ t❤❛t ✐s✱ ✐❢ c ≤ 1
2
✳

❚❤✐s r❡❛s♦♥✐♥❣ ✐♠♣❧✐❡s t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧♦♦❦s ❛s ❢♦❧❧♦✇s✿

✶✺



▲❡♠♠❛ ✹✳ ▲❡t c̄ :=
√
λb+r√

λa+r+
√
λb+r

< 1
2
✱ ❛♥❞ ❧❡t

p∗ :=







1

1+λa+r

λb+r

c

1−c

≥ c ✐❢ c ∈ (0, c̄] ,

c ✐❢ c ∈
(

c̄, 1
2

]

.

■❢ c ≤ min
{

p0,
1
2

}

❛♥❞ p0 > p∗✱ t❤❡♥ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣r♦❥❡❝t ✐s

❛♣♣r♦✈❡❞ ❛t ❜❡❧✐❡❢ p∗ ❛♥❞ ❛t t✐♠❡ t∗ = 1
λa−λb

ln
(

p0
1−p0

1−p∗

p∗

)

✱ ✉♥❧❡ss ❛ s✐❣♥❛❧

❛rr✐✈❡s ❜❡❢♦r❡ t❤❛t✳ ■❢ c ≤ min
{

p0,
1
2

}

❛♥❞ p0 ≤ p∗✱ t❤❡♥ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠

t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✐♠♠❡❞✐❛t❡❧② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ■❢ c > min
{

p0,
1
2

}

✱

t❤❡♥ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

❚♦ s❡❡ t❤❡ ✐♥t✉✐t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ c ≤ min
{

p0,
1
2

}

❛♥❞ t❤❡ ✐♥✐t✐❛❧

❜❡❧✐❡❢ p0 ✐s ❣r❡❛t❡r t❤❛♥ p∗✳ ❲❤❡♥ c ≤ c̄✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞

✉♥r❡str✐❝t❡❞ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✭✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ❡q✉❛❧s p∗✮ ✐s ✇❡❛❦❧② ❣r❡❛t❡r

t❤❛♥ c✳ ■♥ t❤✐s ❝❛s❡✱ ❢❛❝t✐♦♥ B s✇✐t❝❤❡s t♦ s✉♣♣♦rt✐♥❣ t❤❡ ♣r♦❥❡❝t ✇❤❡♥ t❤❡

❜❡❧✐❡❢ r❡❛❝❤❡s t❤❛t s♦❧✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ c > c̄✱ t❤❡ ✉♥r❡str✐❝t❡❞

s♦❧✉t✐♦♥ ✐s s♠❛❧❧❡r t❤❛♥ c✳ ❚❤❡♥ ❢❛❝t✐♦♥ B ❞❡❧❛②s ❛♣♣r♦✈❛❧ ✉♥t✐❧ t❤❡ ❜❡❧✐❡❢

r❡❛❝❤❡s c✱ ❛♥❞ ❛t t❤❛t ♣♦✐♥t ✈♦t❡s ❢♦r t❤❡ ♣r♦❥❡❝t✳

❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐❢ c ≤ min
{

p0,
1
2

}

❛♥❞ p0 ✐s ❛❧r❡❛❞② ❜❡❧♦✇ t❤❡ ♦♣t✐♠❛❧

s♦❧✉t✐♦♥✱ t❤❡ ♣r♦❥❡❝t ✐s ❛❞♦♣t❡❞ ❛t t❤❡ st❛rt✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ c > min
{

p0,
1
2

}

✱

t❤❡ ♣r♦❥❡❝t✱ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

◆♦t❡ t❤❛t ✇❤❡♥ λb = r = 0 ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ c̄ = 0

❛♥❞ p∗ = c✳ ❍❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜❡❝♦♠❡s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥

Pr♦♣♦s✐t✐♦♥ ✶✳

❲❤❡♥ c ≤ c̄✱ ❜② ▲❡♠♠❛ ✹ t❤❡ ❜❡❧✐❡❢ p∗ ❛t ✇❤✐❝❤ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞

✐s ❞❡❝r❡❛s✐♥❣ ✐♥ c✳ ❚❤✉s✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦st ♦❢ t❤❡ ♣r♦❥❡❝t ♠❡❛♥s t❤❡

❝♦♠♠✐tt❡❡ ✇❛✐ts ❧♦♥❣❡r✱ ♠❛❦✐♥❣ ❛♣♣r♦✈❛❧ ❧❡ss ❧✐❦❡❧②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

c > c̄✱ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t ❜❡❧✐❡❢ p∗ = c✱ ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✳

❚❤❡♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ c ♠❛❦❡s t❤❡ ❝♦♠♠✐tt❡❡ ✇❛✐t ❧❡ss✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ❝❤❛♥❝❡

♦❢ ❛♣♣r♦✈❛❧✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✶✻



c
✵

✶

✶1
17

c̄ = 1
3

1
2

❋✐❣✉r❡ ✷✿ Pr♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ c✱ ❢♦r
r = 1✱ λa = 15✱ λb = 3✱ ❛♥❞ p0 = 0.8✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ c > min
{

p0,
1
2

}

✱ ♦r ✐❢ p0 ≤ p∗✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t

t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ p0 ♦r c✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p0❀ ❢✉rt❤❡r♠♦r❡✱ ✐t ✐s ❞❡❝r❡❛s✐♥❣

✐♥ c ✇❤❡♥ c < c̄✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ c ✐❢ c > c̄✳

❆s ❜❡❢♦r❡✱ t❤❡ ♣r♦❥❡❝t ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛♣♣r♦✈❡❞ ✐❢ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② t♦

❢❛✈♦✉r ❢❛❝t✐♦♥ B✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛ ❝❡rt❛✐♥ r❛♥❣❡ ♦❢ ❝♦sts✱ ❛ ❧❡ss s♦❝✐❛❧❧②

❡✣❝✐❡♥t ♣r♦❥❡❝t ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛♣♣r♦✈❡❞✳ ❚❤✐s r❡s✉❧t ❣❡♥❡r❛❧✐s❡s t❤❡

r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ✕ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ λb ❛♥❞ r ❛♣♣r♦❛❝❤ ③❡r♦✱ t❤❡♥ c̄

❛♣♣r♦❛❝❤❡s ③❡r♦ ❛s ✇❡❧❧✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣r♦✈❛❧ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡

♣r♦❥❡❝t✬s ❝♦st c ❢♦r ❛❧♠♦st ❛❧❧ ✈❛❧✉❡s ♦❢ c✳

❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣r♦✈❛❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ c✳ ❆s ♦♥❡

❝❛♥ s❡❡ ❢r♦♠ t❤❡ ✜❣✉r❡✱ ✐❢ t❤❡ ❝♦st ♦❢ t❤❡ ♣r♦❥❡❝t ✐s ✈❡r② ❧♦✇✱ t❤❡♥ p∗ ≥ p0✱

❛♥❞ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ❆s t❤❡ ❝♦st ✐♥❝r❡❛s❡s✱ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣r♦✈❛❧ ❢❛❧❧s✳ ❖♥❝❡ t❤❡ ❝♦st ❡①❝❡❡❞s c̄✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

❛♣♣r♦✈❛❧ st❛rts t♦ ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❝♦st✳ ❋✐♥❛❧❧②✱ ✐❢ t❤❡ ❝♦st ✐s ❡①❝❡❡❞s 1
2
✱ t❤❡

♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ r✉❧❡s✳ ❆s ❜❡❢♦r❡✱ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣

✶✼



t✐♠❡ ✐♥❝r❡❛s❡s t❤❡ ❛♠♦✉♥t ♦❢ ❧❡❛r♥✐♥❣✱ ✇❤✐❧❡ ❛ ❞❡❛❞❧✐♥❡ r❡❞✉❝❡s ✐t✳ ❋✉rt❤❡r✲

♠♦r❡✱ ❛s ❜❡❢♦r❡✱ ❛ ❞❡❛❞❧✐♥❡ ♠❛❦❡s ❛♣♣r♦✈❛❧ ♠♦r❡ ❧✐❦❡❧② ❛♥❞ r❡❞✐str✐❜✉t❡s

s✉r♣❧✉s ❢r♦♠ ❢❛❝t✐♦♥ B t♦ ❢❛❝t✐♦♥ A✳ ❘❡❝❛❧❧ t❤❛t α ❞❡♥♦t❡s t❤❡ ✇❡✐❣❤t ♦❢

❢❛❝t✐♦♥ A ✐♥ t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❞❡s❝r✐❜❡s

t❤❡ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ r✉❧❡s✿

Pr♦♣♦s✐t✐♦♥ ✹✳ ❙✉♣♣♦s❡ c ≤ min
{

p0,
1
2

}

✳ ■❢ p0 ≤ p∗✱ ♦r ✐❢ c > max
{

α,
√
λb+r√

λa+r+
√
λb+r

}

✱

♥♦t ✐♠♣♦s✐♥❣ ❛ ❞❡❝✐s✐♦♥ r✉❧❡ ✐s ✇❡❛❦❧② ♦♣t✐♠❛❧✳ ■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱ ❛ ❞❡❛❞❧✐♥❡

✐s ♦♣t✐♠❛❧✳

❍❡♥❝❡✱ ✇❤❡♥ α > c t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥

✐s ✐♥❡✣❝✐❡♥t❧② ❧❛r❣❡✱ ❛♥❞ ❛ ❞❡❛❞❧✐♥❡ ✐s r❡q✉✐r❡❞ t♦ ❝♦rr❡❝t t❤✐s✳ ❚❤✐s r❡s✉❧t

♠✐rr♦rs t❤❡ r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♠♦✉♥t ♦❢

❧❡❛r♥✐♥❣ ✐s ❛❧s♦ t♦♦ ❤✐❣❤ ✐❢
√
λb+r√

λa+r+
√
λb+r

> c✳ ❚❤✐s ❝❛♥ ❤♦❧❞ ✇❤❡♥ λb ✐s ❧❛r❣❡

✭s♦ ❧❡❛r♥✐♥❣ ✐s s❧♦✇✮✱ ♦r ✇❤❡♥ r ✐s ❧❛r❣❡ ✭s♦ ❞❡❧❛②✐♥❣ r❡❞✉❝❡s t❤❡ ♣r❡s❡♥t ✈❛❧✉❡

♦❢ ♣❛②♦✛s ❜② ❛ ❧❛r❣❡ ❛♠♦✉♥t✳

◆♦t❡ t❤❛t ✇❤❡♥ λb = r = 0 ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ t❤❡♥ p∗ = c✳ ❍❡♥❝❡✱

t❤❡ ❝♦♥❞✐t✐♦♥ p0 ≥ p∗ ❛✉t♦♠❛t✐❝❛❧❧② ❤♦❧❞s ✇❤❡♥ c ≤ min
{

p0,
1
2

}

✱ ✇❤✐❧❡ t❤❡

s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ c > α ✕ ❤❡♥❝❡✱ t❤❡ r❡s✉❧t ❜❡❝♦♠❡s ✐❞❡♥t✐❝❛❧

t♦ t❤❡ ♦♥❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳

✹ ❈♦♥❝❧✉s✐♦♥s

❈♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥s t❤❛t ✐♥✈♦❧✈❡ ✉♥❝❡rt❛✐♥t② ❛r❡ ❝♦♠♠♦♥✳ ❚❤✐s ♣❛♣❡r ❤❛s

❧♦♦❦❡❞ ❛t s❡tt✐♥❣s ✐♥ ✇❤✐❝❤ t❤❡ ✉♥❝❡rt❛✐♥t② ❝♦♥❝❡r♥s ❞✐str✐❜✉t✐✈❡ ❝♦♥s❡q✉❡♥❝❡s

♦❢ ❛ ❞❡❝✐s✐♦♥✱ ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ❧❡❛r♥✐♥❣ ❝❛♥ ❜❡ ❡♥❞♦❣❡♥♦✉s❧② ❝❤♦s❡♥✳ ❋♦r

t❤❡s❡ s✐t✉❛t✐♦♥s✱ t❤❡ ♣❛♣❡r ❤❛s s❤♦✇♥ t✇♦ r❡s✉❧ts✳ ❋✐rst✱ ✐♥ ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢

s❡tt✐♥❣s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♠♦✉♥t ♦❢ ❧❡❛r♥✐♥❣ ✐s ❡①❝❡ss✐✈❡✳ ❙❡❝♦♥❞✱ t❤❡ ♥❡❡❞ ❢♦r

❝♦♥s❡♥s✉s ❜❡t✇❡❡♥ ❢❛❝t✐♦♥s ✇✐t❤ ♦♣♣♦s✐♥❣ ✐♥t❡r❡sts ❡♥s✉r❡s t❤❛t ❧❡ss ❡✣❝✐❡♥t

♣r♦❥❡❝ts ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛♣♣r♦✈❡❞✳

✶✽



❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ■❢ pt < c✱ t❤❡♥ ❢♦r ❛♥② SB✱ uA (pt) < VA (pt,∞, SB) =

0✱ ✇❤❡r❡ VA (pt,∞, SB) ✐s ❢❛❝t✐♦♥ A✬s ♣❛②♦✛ ❢r♦♠ ✈♦t✐♥❣ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t

❢♦r❡✈❡r✳ ❍❡♥❝❡✱ ❛♥② pt < c ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ SA✳

❈♦♥s✐❞❡r ♥♦✇ ❛♥② pt ≥ c✱ ❛♥❞ ✜① SB✳ ❙✉♣♣♦s❡ ❢❛❝t✐♦♥ A ✈♦t❡s ❛❣❛✐♥st t❤❡

♣r♦❥❡❝t ❢♦r T ✉♥✐ts ♦❢ t✐♠❡ ❜❡❢♦r❡ ✈♦t✐♥❣ ✐♥ ❢❛✈♦✉r ♦❢ ✐t✳ ❉♦✐♥❣ t❤✐s ✐♠♣❧✐❡s ❛

✭♣♦ss✐❜❧② ✐♥✜♥✐t❡✮ t✐♠❡ τ ≥ T s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ τ ✐❢

♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡ t✐♠❡

τ ❡q✉❛❧s e−λτ ❢♦r ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ a✱ ❛♥❞ ❡q✉❛❧s 1 ❢♦r t②♣❡ b✳ ❍❡♥❝❡✱ ❢♦r ❛♥②

T > 0 ❛♥❞ ❛♥② SB✱ ✇❡ ❤❛✈❡

VA (pt, T, SB) =pt (1− c) e−λτ − (1− pt) c

<pt (1− c)− (1− pt) c

=uA (pt) .

❍❡♥❝❡✱ ✐❢ pt ≥ c✱ t❤❡♥ uA (pt) > VA (pt, T, SB) ❢♦r ❛❧❧ T > 0✱ ❛♥❞ t❤✉s

pt ∈ SA✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡♥ c > 1
2
✳ ❚❤❡♥ ❛t ❛♥②

❜❡❧✐❡❢ pt ≥ c✱ t❤❡ ♣❛②♦✛ ♦❢ ❢❛❝t✐♦♥ B ✐❢ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✐♠♠❡❞✐❛t❡❧②

✐s

uB (pt) = (1− pt) (1− c)− ptc = 1− pt − c < 0,

❛♥❞ ❤❡♥❝❡ B ✈♦t❡s ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❛t pt✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ♥♦ pt ❛t ✇❤✐❝❤

❜♦t❤ A ❛♥❞ B ✈♦t❡ ❢♦r t❤❡ ♣r♦❥❡❝t✱ s♦ t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳ ❙✐♠✐❧❛r❧②✱

✐❢ c > p0✱ t❤❡♥ t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✱ ❜❡❝❛✉s❡ ❢❛❝t✐♦♥ A ✇✐❧❧ ♥❡✈❡r

✈♦t❡ ✐♥ ❢❛✈♦✉r ♦❢ ✐t ❡①❝❡♣t ✇❤❡♥ t❤❡ t②♣❡ ✐s r❡✈❡❛❧❡❞ t♦ ❜❡ a✱ ✐♥ ✇❤✐❝❤ ❝❛s❡

❢❛❝t✐♦♥ B ✇✐❧❧ ✈♦t❡ ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ c ≤ 1
2
❛♥❞ c ≤ p0✳ ❚❛❦❡ ❛♥② pt > c✳ ❇② ❝♦♥✲

t✐♥✉✐t② ♦❢ ✭✶✮✱ t❤❡r❡ ❡①✐t s✉✣❝✐❡♥t❧② s♠❛❧❧ ε > 0 s✉❝❤ t❤❛t pt+ε ≥ c✳ ❙✉♣♣♦s❡

✶✾



❢❛❝t✐♦♥ B ✈♦t❡s ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❢♦r ε ✉♥✐ts ♦❢ t✐♠❡ ❜❡❢♦r❡ s✇✐t❝❤✐♥❣ t♦

✈♦t✐♥❣ ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ♣r♦❥❡❝t✳ ❚❤❡♥ t❤❡ ♣r♦❥❡❝t ✐s ❛❞♦♣t❡❞ ε ✉♥✐ts ♦❢ t✐♠❡

❧❛t❡r ✉♥❧❡ss ✐ts t②♣❡ ✐s a ❛♥❞ ❛ s✐❣♥❛❧ r❡✈❡❛❧s ✐t ❞✉r✐♥❣ t❤✐s ♣❡r✐♦❞✳ ❚❤❡ ♣❛②♦✛

♦❢ ❢❛❝t✐♦♥ B ❢r♦♠ t❤❡♥ ❡q✉❛❧s

VB (pt, ε, SA) = (1− pt) (1− c)− ptce
−λε > (1− pt) (1− c)− ptc = uB (pt) .

❚❤✉s✱ ❢❛❝t✐♦♥ B ✈♦t❡s ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❛t pt✳

◆♦✇ t❛❦❡ pt = c✳ ❚❤❡♥ uB (c) = (1− c)2 − c2 ≥ 0✳ ●✐✈❡♥ t❤❡ str❛t❡❣② ♦❢

❢❛❝t✐♦♥ A✱ ✐❢ ❢❛❝t✐♦♥ B ✈♦t❡s ❛❣❛✐♥st t❤❡ ♣r♦❥❡❝t ❢♦r ❛♥② T > 0 ✉♥✐ts ♦❢ t✐♠❡✱

t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ♥♦t ❜❡ ❛❞♦♣t❡❞✳ ❍❡♥❝❡✱ uB (c) ≥ VB (c, T, SA) = 0, ∀T > 0✳

❚❤❡r❡❢♦r❡✱ ❢❛❝t✐♦♥ B ✈♦t❡s ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ♣r♦❥❡❝t✳

❍❡♥❝❡✱ t❤❡ ♣r♦❥❡❝t ✐s ❛❞♦♣t❡❞ ✇❤❡♥ t❤❡ ❜❡❧✐❡❢ pt r❡❛❝❤❡s c✳ ❙✉❜st✐t✉t✐♥❣

pt = c ✐♥t♦ ✭✶✮ ❛♥❞ s♦❧✈✐♥❣ ❢♦r t ②✐❡❧❞s t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ t✐♠❡ t∗✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❇② ▲❡♠♠❛ ✷✱ ✐❢ c > min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ✐s

♥❡✈❡r ❛♣♣r♦✈❡❞✳ ■❢ c ≤ min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ t∗ ✐❢ ♥♦

s✐❣♥❛❧ ❛rr✐✈❡s✳ ❚❤✐s ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② e−λt∗ ✳ ❙✉❜st✐t✉t✐♥❣ t = t∗ ✐♥t♦

✭✶✮ ❛♥❞ ✉s✐♥❣ pt = c ②✐❡❧❞s e−λt∗ = 1−p0
p0

c
1−c

✳ ❚❤❡♥ t❤❡ ❡① ❛♥t❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❡q✉❛❧s

p0e
−λt∗ + (1− p0) = (1− p0)

(

c

1− c
+ 1

)

,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t c ≤ min
{

p0,
1
2

}

✳ ❇② ▲❡♠♠❛ ✷✱ t❤❡ ♣r♦❥❡❝t

✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ t∗ ❛♥❞ ❛t ❜❡❧✐❡❢ pt = c✱ ✐❢ ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳

❙❡tt✐♥❣ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ T ≤ t∗ ❤❛s ♥♦ ❡✛❡❝t✳ ❙❡tt✐♥❣ ❛ ♠✐♥✐♠✉♠

✇❛✐t✐♥❣ t✐♠❡ T > t∗ ♠❡❛♥s t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ♥♦t ❛♣♣r♦✈❡❞✳ ❘❡❝❛❧❧ t❤❛t ❛t

t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣r♦❥❡❝t ✐s ♦♥❧② ❛♣♣r♦✈❡❞ ✇❤❡♥ ❡❛❝❤ ❢❛❝t✐♦♥✬s ♣❛②♦✛ ❢r♦♠

✷✵



❛♣♣r♦✈❛❧ ✐s ✇❡❛❦❧② ♣♦s✐t✐✈❡✳ ❍❡♥❝❡✱ s❡tt✐♥❣ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ T > t∗

✇❡❛❦❧② r❡❞✉❝❡s ✇❡❧❢❛r❡✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ✐s

❛❧✇❛②s ✇❡❛❦❧② ✇❡❧❢❛r❡✲r❡❞✉❝✐♥❣✳

❈♦♥s✐❞❡r ♥♦✇ ❛ ❞❡❛❞❧✐♥❡ T̄ ✳ ■❢ T̄ ≥ t∗✱ t❤❡ ❞❡❛❞❧✐♥❡ ❤❛s ♥♦ ❡✛❡❝t✳ ❙✉♣♣♦s❡

♥♦✇ t❤❛t T̄ < t∗✳ ■❢ T̄ ✐s s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✱ t❤✐s

✐♥t❡r✈❡♥t✐♦♥ ✐s ♥♦t ♦♣t✐♠❛❧ ❜② t❤❡ s❛♠❡ ❧♦❣✐❝ ❛s ❛❜♦✈❡✳ ❙✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t

T̄ ✐s s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t T̄ ✉♥❧❡ss ❛ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳

■♥ t❤✐s ❝❛s❡✱ ✐❢ θ = b✱ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✇✐t❤ ❝❡rt❛✐♥t②❀ ❛♥❞ ✐❢ θ = a✱

t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② e−λT̄ ✳ ❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢

❢❛❝t✐♦♥ A ❡q✉❛❧s

UA = p0e
−λT̄ (1− c)− (1− p0) c,

✇❤✐❧❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❢❛❝t✐♦♥ B ❡q✉❛❧s

UB = −p0e
−λT̄ c+ (1− p0) (1− c) .

❚❤❡♥ t❤❡ ✉t✐❧✐t❛r✐❛♥ ✇❡❧❢❛r❡ ♦❢ t❤❡ ♣r♦❥❡❝t ❡q✉❛❧s

W =αUA + (1− α)UB

=p0 (α− c) e−λT̄ + (1− p0) (1− α− c) .

■❢ α < c✱ ✇❡❧❢❛r❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ T̄ ✱ s♦ ✐t ✐s ♦♣t✐♠❛❧ t♦ ❧❡t T̄ → t∗✱ t❤❛t

✐s✱ ♥♦t t♦ ✐♠♣♦s❡ ❛ ❞❡❛❞❧✐♥❡✳ ■❢ α = c✱ ✇❡❧❢❛r❡ ✐s ❝♦♥st❛♥t ✐♥ T̄ ✱ s♦ ✐t ✐s ❛❧s♦

✇❡❛❦❧② s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ♥♦t t♦ ✐♠♣♦s❡ ❛ ❞❡❛❞❧✐♥❡✳

■❢ α > c✱ ✇❡❧❢❛r❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ T̄ ✱ s♦ ✐t ✐s ♦♣t✐♠❛❧ t♦ ✐♠♣♦s❡ ❛ ❞❡❛❞❧✐♥❡

T̄ ❡q✉❛❧ t♦ t❤❡ ❡❛r❧✐❡st t✐♠❡ ❛t ✇❤✐❝❤ ❜♦t❤ ❢❛❝t✐♦♥s ❝❛♥ ✈♦t❡ ❢♦r t❤❡ ♣r♦❥❡❝t✳

■❢ p0 ≤ 1− c✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ T̄ = 0✳ ■❢ p0 > 1− c✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ T̄

s✉❝❤ t❤❛t pT̄ = 1− c❀ ✉s✐♥❣ ✭✶✮✱ t❤❛t t✐♠❡ ❡q✉❛❧s 1
λ
ln
(

p0
1−p0

c
1−c

)

✳ ❈♦♠❜✐♥✐♥❣

t❤❡s❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s ②✐❡❧❞s t❤❡ r❡s✉❧t✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ■❢ c < min
{

α, 1− p0, p0,
1
2

}

✱ t❤❡♥ c < min
{

p0,
1
2

}

❛♥❞ α > c✱ ❤❡♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷ ✐t ✐s ♦♣t✐♠❛❧ t♦ ✐♠♣♦s❡ ❛ ❞❡❛❞❧✐♥❡ ♦❢ T̄ ✳

✷✶



❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ c ✐♠♣❧✐❡s t❤❛t p0 < 1− c✱ ❛♥❞ ❤❡♥❝❡ p∗ = p0✱

s♦ T̄ = 0✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ■❢ pt < c✱ t❤❡♥ uA (pt) = e−rt (pt − c) < 0✳ ❚❤✉s✱ ❢♦r

❛♥② SB✱ uA (pt) < Vi (pt,∞, SB) = 0✳ ❍❡♥❝❡✱ ❛♥② pt < c ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦

SA✳

❈♦♥s✐❞❡r ♥♦✇ ❛♥② pt ≥ c✱ ❛♥❞ ✜① SB✳ ❙✉♣♣♦s❡ ❢❛❝t✐♦♥ A ✈♦t❡s ❛❣❛✐♥st t❤❡

♣r♦❥❡❝t ❢♦r T ✉♥✐ts ♦❢ t✐♠❡ ❜❡❢♦r❡ ✈♦t✐♥❣ ✐♥ ❢❛✈♦✉r ♦❢ ✐t✳ ❉♦✐♥❣ t❤✐s ✐♠♣❧✐❡s

❛ ✭♣♦ss✐❜❧② ✐♥✜♥✐t❡✮ t✐♠❡ τ ≥ T s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ τ

♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥❀ ♦t❤❡r✇✐s❡✱ ✐t ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡ t✐♠❡ τ ❡q✉❛❧s e−λaτ ❢♦r ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ a✱ ❛♥❞

e−λbτ ❢♦r t②♣❡ b✳ ❍❡♥❝❡✱ ❢♦r ❛♥② T > 0 ❛♥❞ ❛♥② SB✱ ✇❡ ❤❛✈❡

VA (pt, T, SB) =
[

pt (1− c) e−λaτ − (1− pt) ce
−λbτ

]

e−r[t+τ ]

<
[

pt (1− c) e−λbτ − (1− pt) ce
−λbτ

]

e−r[t+τ ]

= [pt (1− c)− (1− pt) c] e
−(λb+r)τ−rt

=uA (pt) e
−(λb+r)τ−rt

≤uA (pt) ,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t uA (pt) = pt (1− c) −

(1− pt) c ≥ 0 ❢♦r ❛❧❧ pt ≥ c✳ ❍❡♥❝❡✱ ✐❢ pt ≥ c✱ t❤❡♥ uA (pt) > VA (pt, T, SB)

❢♦r ❛❧❧ T > 0✱ ❛♥❞ t❤❡r❡❢♦r❡ pt ∈ SA✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✐❢ c > min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t

✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳ ❋♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ c ≤

min
{

p0,
1
2

}

✳ ▲❡t t ❜❡ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ❢❛❝t✐♦♥ B s✇✐t❝❤❡s t♦ ✈♦t✐♥❣ ❢♦r t❤❡

♣r♦❥❡❝t✳ ▲❡t WB (t) ❜❡ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❢❛❝t✐♦♥ B ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✳

❚❤❡♥ ❢❛❝t✐♦♥ B s♦❧✈❡s

max
t

WB (t) s✉❜❥❡❝t t♦ pt ≥ c. ✭✸✮

✷✷



◆♦t❡ t❤❛t WB (t) = −p0ce
−(λa+r)t + (1− p0) (1− c) e−(λb+r)t✱ ❛♥❞

∂WB (t)

∂t
= (λa + r) p0ce

−(λa+r)t − (λb + r) (1− p0) (1− c) e−(λb+r)t.

❚❤✐s ❞❡r✐✈❛t✐✈❡ ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

(λb + r) (1− p0) (1− c) e−(λb+r)t < (λa + r) p0ce
−(λa+r)t

⇐⇒ e(λa−λb)t <
λa + r

λb + r

p0

1− p0

c

1− c
. ✭✹✮

❙✉♣♣♦s❡ t❤❛t p0 ≤ p∗❀ ♥♦t❡ t❤❛t t❤✐s ❝❛♥ ♦♥❧② ❤♦❧❞ t♦❣❡t❤❡r ✇✐t❤ c ≤

min
{

p0,
1
2

}

✇❤❡♥ p∗ ≥ c✱ t❤❛t ✐s✱ ✇❤❡♥ p∗ = 1

1+λa+r

λb+r

c

1−c

✳ ❚❤❡♥ ✇❡ ❤❛✈❡

p0 ≤
1

1 + λa+r
λb+r

c
1−c

⇐⇒
p0

1− p0
≤

λb + r

λa + r

1− c

c

⇐⇒
λa + r

λb + r

p0

1− p0

c

1− c
≤ 1,

❛♥❞ ❤❡♥❝❡ ✭✹✮ ❝❛♥♥♦t ❤♦❧❞✱ ❜❡❝❛✉s❡ λa > λb ✐♠♣❧✐❡s t❤❛t e(λa−λb)t > 1✳ ❚❤✉s✱

WB (t) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ♦♣t✐♠❛❧ t ❡q✉❛❧s ③❡r♦✱ s♦ t❤❡ ♣r♦❥❡❝t

✐s ❛❞♦♣t❡❞ ✐♠♠❡❞✐❛t❡❧②✳

❙✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t p0 > p∗✳ ❚❤❡♥ ✭✹✮ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢

t <
1

λa − λb

ln

(

λa + r

λb + r

p0

1− p0

c

1− c

)

:= t̂.

❚❤✉s✱ t̂ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✉♥r❡str✐❝t❡❞ st♦♣♣✐♥❣ ♣r♦❜❧❡♠✳ ❆t t✐♠❡ t̂✱

t❤❡ ❜❡❧✐❡❢ ❡q✉❛❧s pt̂ =
1

1+λa+r

λb+r

c

1−c

✳

■❢ c ∈
(

0,
√
λb+r√

λa+r+
√
λb+r

]

✱ t❤❡♥ λa+r
λb+r

≤
(

1−c
c

)2
✱ s♦ pt̂ ≥ c✱ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t

✐♥ ✭✸✮ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥ ❢❛❝t✐♦♥ B s✇✐t❝❤❡s t♦ ✈♦t✐♥❣ ❢♦r t❤❡ ♣r♦❥❡❝t ❛t t∗ = t̂✱

✇❤❡♥ t❤❡ ❜❡❧✐❡❢ ❡q✉❛❧s p∗ = pt̂✳ ◆♦t❡ ❛❧s♦ t❤❛t c ∈
(

0,
√
λb+r√

λa+r+
√
λb+r

]

✐♠♣❧✐❡s

✷✸



t❤❛t λa+r
λb+r

≤
(

1−c
c

)2
✱ ❛♥❞ ❤❡♥❝❡

p∗ = pt̂ =
1

1 + λa+r
λb+r

c
1−c

≥
1

1 + 1−c
c

= c.

■❢ c ∈
( √

λb+r√
λa+r+

√
λb+r

, 1
2

]

✱ t❤❡♥ λa+r
λb+r

>
(

1−c
c

)2
✱ s♦ pt̂ < c✳ ❚❤❡♥ ∂WB(t)

∂t
> 0

❢♦r ❛❧❧ t s✉❝❤ t❤❛t pt ≥ c✱ ❛♥❞ ✇❡ ❤❛✈❡ ❛ ❝♦r♥❡r s♦❧✉t✐♦♥ ❛t ✇❤✐❝❤ ❢❛❝t✐♦♥ B

s✇✐t❝❤❡s t♦ ✈♦t✐♥❣ ❢♦r t❤❡ ♣r♦❥❡❝t ❛t ❛ ❜❡❧✐❡❢ p∗ = c✳ ❚❤❛t ❜❡❧✐❡❢ ✐s r❡❛❝❤❡❞

❛t t✐♠❡ t∗ = 1
λa−λb

ln
(

p0
1−p0

1−p∗

p∗

)

✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ p0 ≤ p∗✱ ♦r ✐❢ c > min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ✐s

❡✐t❤❡r ❛♣♣r♦✈❡❞ ✐♠♠❡❞✐❛t❡❧② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✱ ♦r ✐s ♥❡✈❡r ❛♣♣r♦✈❡❞✳ ■♥

❡✐t❤❡r ❝❛s❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥

p0 ❛♥❞ ♦♥ c✳

❋♦r ❛❧❧ ♦t❤❡r ❝❛s❡s✱ ♥♦t❡ t❤❛t ❜② ▲❡♠♠❛ ✹✱ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t

t✐♠❡ t∗ = 1
λa−λb

ln
(

p0
1−p0

1−p∗

p∗

)

✐❢ ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜❡❢♦r❡ t❤❛t✳ ❚❤❡ ❡① ❛♥t❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣r♦✈❛❧ t❤❡♥ ❡q✉❛❧s

p0e
−λat

∗

+ (1− p0) e
−λbt

∗

=p0

(

p0

1− p0

1− p∗

p∗

)− λa

λa−λb

+ (1− p0)

(

p0

1− p0

1− p∗

p∗

)−
λb

λa−λb

=p
−

λb

λa−λb

0 (1− p0)
λa

λa−λb





(

1− p∗

p∗

)− λa

λa−λb

+

(

1− p∗

p∗

)−
λb

λa−λb



 .

❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p0✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ✐♥❝r❡❛s✐♥❣ ✐♥

p∗✱ ❛♥❞ ❜② ▲❡♠♠❛ ✹✱ p∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ c ✐❢ c ≤
√
λb+r√

λa+r+
√
λb+r

✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣

✐♥ c ♦t❤❡r✇✐s❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ r❡s✉❧t✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❲❤❡♥ c > min
{

p0,
1
2

}

✱ t❤❡ ♣r♦❥❡❝t ❝❛♥ ♥❡✈❡r ❜❡

❛♣♣r♦✈❡❞✱ s♦ ❞❡❝✐s✐♦♥ r✉❧❡s ❤❛✈❡ ♥♦ ❡✛❡❝t✳

✷✹



❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡♥ c ≤ min
{

p0,
1
2

}

✳ ■❢

p0 > p∗✱ t❤❡♥ ❜② ▲❡♠♠❛ ✭✹✮✱ ✇✐t❤♦✉t ❛ ❞❡❝✐s✐♦♥ r✉❧❡ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞

❛t t✐♠❡ t∗ ✐❢ ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳ ■❢ p0 ≤ p∗✱ ✇✐t❤♦✉t ❛ ❞❡❝✐s✐♦♥ r✉❧❡ t❤❡

♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ ③❡r♦✳

❲❤❡♥ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞✱ ❜♦t❤ ❢❛❝t✐♦♥s r❡❝❡✐✈❡ ❛ ✇❡❛❦❧② ♣♦s✐t✐✈❡

♣❛②♦✛✱ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❢❛❝t✐♦♥ r❡❝❡✐✈❡s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣❛②♦✛✳ ❙✐♥❝❡ ❛♣✲

♣r♦✈❛❧ ♦❢ t❤❡ ♣r♦❥❡❝t ❤❛♣♣❡♥s ✇✐t❤ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ♣r♦❥❡❝t

✐s ❡① ❛♥t❡ ✇❡❧❢❛r❡ ✐♠♣r♦✈✐♥❣✳ ❍❡♥❝❡✱ ❛♥② ❞❡❛❞❧✐♥❡ ♦r ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣

t✐♠❡ t❤❛t ❡♥s✉r❡s t❤❛t t❤❡ ♣r♦❥❡❝t ✇✐❧❧ ♥♦t ❜❡ ❛♣♣r♦✈❡❞ r❡❞✉❝❡s s♦❝✐❛❧ ✇❡❧✲

❢❛r❡✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❢♦❝✉s ♦♥ ❞❡❝✐s✐♦♥ r✉❧❡s ❛t ✇❤✐❝❤

t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳

❙✉❝❤ ❛ ❞❡❝✐s✐♦♥ r✉❧❡ ✐♠♣❧✐❡s ❛ t✐♠❡ T s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞

❛t T ✐❢ ♥♦ s✐❣♥❛❧ ❛rr✐✈❡s ❜② t❤❡♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ θ = a ✐s

❛♣♣r♦✈❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② e−λaT ✱ ✇❤✐❧❡ ❛ ♣r♦❥❡❝t ♦❢ t②♣❡ θ = b ✐s ❛♣♣r♦✈❡❞

✇✐t❤ ♣r♦❜❛❜✐❧✐t② e−λbT ✳ ▲❡t W (T ) ❞❡♥♦t❡ t❤❡ ✉t✐❧✐t❛r✐❛♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢♦r ❛

❞❡❝✐s✐♦♥ r✉❧❡ ✇✐t❤ ❛ ❣✐✈❡♥ T ✳ ■t ✐s ❣✐✈❡♥ ❜②

W (T ) =p0 [α (1− c)− (1− α) c] e−(λa+r)T + (1− p0) [(1− α) (1− c)− αc] e−(λb+r)T

=p0 (α− c) e−(λa+r)T + (1− p0) (1− α− c) e−(λb+r)T .

❋♦r t❤❡ ♣r♦❥❡❝t t♦ ❜❡ ❛♣♣r♦✈❡❞ ❛t t✐♠❡ T ✱ t❤❡ ❜❡❧✐❡❢ ❛t t❤❛t t✐♠❡ ♠✉st

s❛t✐s❢② pT ∈ [c, 1− c]✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ ♠✉st ❤❛✈❡ pT ≤ p0✳ ❍❡♥❝❡✱ t❤❡

s❡t ♦❢ ❢❡❛s✐❜❧❡ ✈❛❧✉❡s ♦❢ T ✐s ❣✐✈❡♥ ❜② pT ∈ [c,min {1− c, p0}] . ❯s✐♥❣ ✭✷✮✱ t❤✐s

✐s ❡q✉✐✈❛❧❡♥t t♦

e(λa−λb)T ∈

[

max

{

p0

1− p0

c

1− c
, 1

}

,
p0

1− p0

1− c

c

]

.

❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ T ✐s ❣✐✈❡♥ ❜②

argmax
T

W (T ) s✉❜❥❡❝t t♦ e(λa−λb)T ∈

[

max

{

p0

1− p0

c

1− c
, 1

}

,
p0

1− p0

1− c

c

]

✳

✷✺



❉✐✛❡r❡♥t✐❛t✐♥❣✱ ✇❡ ♦❜t❛✐♥

∂W (T )

∂T
= (λa + r) p0 (c− α) e−(λa+r)T−(λb + r) (1− p0) (1− α− c) e−(λb+r)T .

❲❡ ❤❛✈❡ ❢♦✉r ❝❛s❡s✳

❈❛s❡ ✶✿ α ∈ [c, 1− c]✳ ❚❤❡♥ ∂W (T )
∂T

< 0 ❢♦r ❛❧❧ T ✳ ❍❡♥❝❡✱ t❤❡ s♠❛❧❧❡st

♣♦ss✐❜❧❡ T ✐s ♦♣t✐♠❛❧✳ ❚❤❡r❡❢♦r❡✱ ❛ ❞❡❛❞❧✐♥❡ ✐s ♦♣t✐♠❛❧ ✐❢ p0 > p∗✱ ❛♥❞ ♥♦

✐♥t❡r✈❡♥t✐♦♥ ✐s ♥❡❡❞❡❞ ✐❢ p0 ≤ p∗✳

❈❛s❡ ✷✿ α > 1− c ≥ c✳ ❚❤❡♥ ∂W (T )
∂T

> 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

e(λa−λb)T >
(λa + r) p0 (α− c)

(λb + r) (1− p0) (α− [1− c])
.

❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ T ✐s s✉❝❤ t❤❛t ❡✐t❤❡r e(λa−λb)T = max
{

p0
1−p0

c
1−c

, 1
}

✱ ♦r

e(λa−λb)T = p0
1−p0

1−c
c
✳ ❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r ✐♥ t❤❡ ❢♦r♠❡r ❝❛s❡✳

■❢ max
{

p0
1−p0

c
1−c

, 1
}

= 1✱ ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r ✐♥ t❤❡ ❢♦r♠❡r ❝❛s❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

p0 (α− c) + (1− p0) (1− α− c)

≥p0 (α− c)

(

p0

1− p0

1− c

c

)− λa+r

λa−λb

+ (1− p0) (1− α− c)

(

p0

1− p0

1− c

c

)−
λb+r

λa−λb

,

✇❤✐❝❤ ❛❧✇❛②s ❤♦❧❞s✱ ❜❡❝❛✉s❡ p0 ≥ c ✐♠♣❧✐❡s t❤❛t p0
1−p0

1−c
c

≥ 1✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ max
{

p0
1−p0

c
1−c

, 1
}

= p0
1−p0

c
1−c

✱ ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r ✇❤❡♥

✷✻



e(λa−λb)T = max
{

p0
1−p0

c
1−c

, 1
}

✐❢ ❛♥❞ ♦♥❧② ✐❢

p0 (α− c)

(

p0

1− p0

c

1− c

)− λa+r

λa−λb

+ (1− p0) (1− α− c)

(

p0

1− p0

c

1− c

)−
λb+r

λa−λb

≥p0 (α− c)

(

p0

1− p0

1− c

c

)− λa+r

λa−λb

+ (1− p0) (1− α− c)

(

p0

1− p0

1− c

c

)−
λb+r

λa−λb

⇐⇒ p
−

λb+r

λa−λb

0 (1− p0)
λa+r

λa−λb



(α− c)

(

c

1− c

)− λa+r

λa−λb

+ (1− α− c)

(

c

1− c

)−
λb+r

λa−λb





≥p
−

λb+r

λa−λb

0 (1− p0)
λa+r

λa−λb



(α− c)

(

1− c

c

)− λa+r

λa−λb

+ (1− α− c)

(

1− c

c

)−
λb+r

λa−λb





⇐⇒ (α− c)

[

(

c

1− c

)− λa+r

λa−λb

−

(

1− c

c

)− λa+r

λa−λb

]

≥ (1− α− c)





(

1− c

c

)−
λb+r

λa−λb

−

(

c

1− c

)−
λb+r

λa−λb



 ,

✇❤✐❝❤ ❤♦❧❞s ❜❡❝❛✉s❡ c ≤ 1 − c ✐♠♣❧✐❡s t❤❛t
(

c
1−c

)− λa+r

λa−λb −
(

1−c
c

)− λa+r

λa−λb ≥ 0

❛♥❞
(

1−c
c

)−
λb+r

λa−λb −
(

c
1−c

)−
λb+r

λa−λb ≤ 0✳

❚❤❡r❡❢♦r❡✱ ✇❤❡♥ α > 1 − c ≥ c✱ ✇❡❧❢❛r❡ ✐s t❤❡ ❤✐❣❤❡st ✇❤❡♥ e(λa−λb)T =

max
{

p0
1−p0

c
1−c

, 1
}

✱ t❤❛t ✐s✱ ❛t t❤❡ s♠❛❧❧❡st ❢❡❛s✐❜❧❡ T ✳ ❍❡♥❝❡✱ ❛ ❞❡❛❞❧✐♥❡ ✐s

♦♣t✐♠❛❧ ✐❢ p0 > p∗✱ ❛♥❞ ♥♦ ✐♥t❡r✈❡♥t✐♦♥ ✐s ♥❡❡❞❡❞ ✐❢ p0 ≤ p∗✳

❈❛s❡ ✸✿ α < c ≤ 1 − c ❛♥❞ p0 ≤ p∗✳ ❲❤❡♥ α < c ≤ 1 − c✱ ✇❡ ❤❛✈❡
∂W (T )
∂T

> 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

e(λa−λb)T <
λa + r

λb + r

p0

1− p0

c− α

1− c− α
. ✭✺✮

❆s p0 ≤ p∗✱ ✇✐t❤♦✉t ✐♥t❡r✈❡♥t✐♦♥ t❤❡ ♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t t✐♠❡ 0✳ ❆

❞❡❛❞❧✐♥❡ ❤❛s ♥♦ ❡✛❡❝t✳ ❆ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✷✼



✇❡❧❢❛r❡ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ T ❛t T = 0 ✕ t❤❛t ✐s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

1 <
λa + r

λb + r

p0

1− p0

c− α

1− c− α

⇐⇒ p0 >
1

1 + λa+r
λb+r

c−α
1−c−α

. ✭✻✮

❇② ▲❡♠♠❛ ✹✱ ❡✐t❤❡r p∗ = c✱ ♦r p∗ = 1

1+λa+r

λb+r

c

1−c

✳ ❙✐♥❝❡ c ≤ min
{

p0,
1
2

}

✱ t❤❡

❢♦r♠❡r ❝❛s❡ ❝❛♥♥♦t ❤♦❧❞ ✇❤❡♥ p0 ≤ p∗✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ p∗ = 1

1+λa+r

λb+r

c

1−c

✱

t❤❡♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t c < 1 − c✱ ✇❡ ❤❛✈❡ c
1−c

> c−α
1−c−α

❢♦r ❛❧❧ α ∈ (0, 1)✱

❛♥❞ t❤✉s p∗ < 1

1+λa+r

λb+r

c−α

1−c−α

✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t p0 ≤ p∗✱ t❤✐s ✐♠♣❧✐❡s

t❤❛t ✭✻✮ ♥❡✈❡r ❤♦❧❞s✱ ❛♥❞ ❤❡♥❝❡ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ✐s ♥❡✈❡r ♦♣t✐♠❛❧✳

❚♦ s✉♠♠❛r✐s❡✱ ♥♦ ❞❡❝✐s✐♦♥ r✉❧❡ ✐s ♦♣t✐♠❛❧ ✐♥ t❤✐s ❝❛s❡✳

❈❛s❡ ✹✿ α < c ≤ 1−c ❛♥❞ p0 > p∗✳ ■♥ t❤✐s ❝❛s❡ ❛ ❞❡❛❞❧✐♥❡ ✐s ♦♣t✐♠❛❧ ✐❢

e(λa−λb)t
∗

✐s ❣r❡❛t❡r t❤❛♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✮✱ ❛♥❞ ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣

t✐♠❡ ✐s ♦♣t✐♠❛❧ ✐❢ e(λa−λb)t
∗

✐s s♠❛❧❧❡r t❤❛♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✮✳

■❢ c ≤
√
λb+r√

λa+r+
√
λb+r

✱ t❤❡♥ ▲❡♠♠❛ ✹ ✐♠♣❧✐❡s t❤❛t

e(λa−λb)t
∗

=
p0

1− p0

1− p∗

p∗
=

p0

1− p0

λa + r

λb + r

c

1− c
,

❛♥❞ ❞❡❛❞❧✐♥❡ ✐s ♦♣t✐♠❛❧ ✇❤❡♥❡✈❡r c
1−c

> c−α
1−c−α

✳ ❚❤✐s ✐s tr✉❡ ❢♦r ❛♥② α ∈ (0, 1)✳

■❢ c ∈
( √

λb+r√
λa+r+

√
λb+r

, 1
2

]

✱ t❤❡♥ ▲❡♠♠❛ ✹ ✐♠♣❧✐❡s t❤❛t

e(λa−λb)t
∗

=
p0

1− p0

1− p∗

p∗
=

p0

1− p0

1− c

c
,

✇❤✐❝❤ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

1− c

c
>

λa + r

λb + r

c− α

1− c− α
. ✭✼✮

✷✽



■❢ α = 0✱ ✭✼✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ 1−c
c

>
√

λa+r
λb+r

✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤♦❧❞ ✇❤❡♥

c ∈
( √

λb+r√
λa+r+

√
λb+r

, 1
2

]

✳ ❋✉rt❤❡r♠♦r❡✱ ❛s t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✮ ✐s ✐♥❝r❡❛s✲

✐♥❣ ✐♥ α✱ ✭✼✮ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❛♥② α ∈ [0, c]✳ ❍❡♥❝❡✱ ❛ ❞❡❛❞❧✐♥❡ ✐s ♥❡✈❡r

♦♣t✐♠❛❧ ✇❤❡♥ α < c < 1 − c ❛♥❞ c ∈
( √

λb+r√
λa+r+

√
λb+r

, 1
2

]

✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱

✇❤❡♥ c ∈
( √

λb+r√
λa+r+

√
λb+r

, 1
2

]

✱ ▲❡♠♠❛ ✹ ✐♠♣❧✐❡s t❤❛t ✇✐t❤♦✉t ✐♥t❡r✈❡♥t✐♦♥✱ t❤❡

♣r♦❥❡❝t ✐s ❛♣♣r♦✈❡❞ ❛t ❜❡❧✐❡❢ p∗ = c✱ t❤❛t ✐s✱ ✇❤❡♥ e(λa−λb)T = p0
1−p0

1−c
c
✳ ❆

♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ❝❛♥♥♦t ❡①t❡♥❞ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❢✉rt❤❡r ✇✐t❤♦✉t ♣r❡✲

✈❡♥t✐♥❣ ♣r♦❥❡❝t ❛♣♣r♦✈❛❧✱ ✇❤✐❝❤✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥✱ ✐s s✉❜♦♣t✐♠❛❧✳ ❚❤❡r❡❢♦r❡✱

♥♦ ✐♥t❡r✈❡♥t✐♦♥ ✐s ♦♣t✐♠❛❧ ✐♥ t❤✐s ❝❛s❡✳

❚♦ s✉♠♠❛r✐s❡✱ ♥❡✐t❤❡r ❛ ❞❡❛❞❧✐♥❡ ♥♦r ❛ ♠✐♥✐♠✉♠ ✇❛✐t✐♥❣ t✐♠❡ ✐s ♦♣t✐♠❛❧

✐❢ c > min
{

p0,
1
2

}

❀ ✐❢ p0 ≤ p∗❀ ♦r ✐❢ α < c < 1 − c ❛♥❞ c ∈
( √

λb+r√
λa+r+

√
λb+r

, 1
2

]

✳

❖t❤❡r✇✐s❡✱ ❛ ❞❡❛❞❧✐♥❡ ✐s ♦♣t✐♠❛❧✳
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❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✾✾✶✳
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❆✈❛✐❧❛❜❧❡ ❛t ❙❙❘◆ ✸✹✼✸✹✷✻✱ ✷✵✶✾✳

❑❡❧❧❡r✱ ●♦❞❢r❡②✱ ❙✈❡♥ ❘❛❞②✱ ❛♥❞ ▼❛rt✐♥ ❈r✐♣♣s✱ ✏❙tr❛t❡❣✐❝ ❡①♣❡r✐✲

♠❡♥t❛t✐♦♥ ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❜❛♥❞✐ts✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✷✵✵✺✱ ✼✸ ✭✶✮✱ ✸✾✕✻✽✳
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