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Abstract

The present thesis aims to elucidate the mechanism of economic agglomerations in two-dimensional
economic spaces equipped with square road networks, which prosper worldwide (e.g., Chicago
and Kyoto). A series of theoretical approaches provided in the present thesis makes it possible to
investigate the spatial patterns of economic agglomerations on such spatial platforms systematically.
Theoretical results in the present thesis would contribute greatly to analytical and numerical
investigation of economic agglomerations.

Studies of the spatial patterns of economic activities date back to the classical central place
theory in economic geography (Christaller, 1933; Losch, 1940). This theory suggested that central
places, where economic activities are concentrated, would form geometrical patterns under the
assumption of completely flat land surface and uniformly distributed consumers. The crude
geometric prediction of this theory has come to be supplemented with full-fledged microeconomic
foundations. The hexagonal distributions of economic agglomerations on the hexagonal lattice
economy have come to be simulated by theoretical and numerical analysis of economic geography
models (Ikeda et al., 2012b, 2017b, 2018a). That said, the present thesis focuses on square
distributions on the square lattice economy, which has not somewhat been given much attention.

Economic geography models, which encompass a wide range of spatial models in various fields,
such as new economic geography, urban economics, and international trade theory, contribute to the
understanding of the spatial patterns of economic activities. These models provide a comprehensive
knowledge on how the level of transportation costs affects the spatial patterns of agglomerations,
such as mono-centric and poly-centric distributions. Possible spatial patterns, however, depend
on both economic modeling and spatial platforms. The present thesis mainly focuses on the
latter, that is, mathematical mechanisms due to the symmetry of spatial platforms. We introduce
appropriate spatial platforms to investigate agglomeration behaviour from the uniform distribution
(Chapters 3 and 4), dispersion behaviour from the mono-centric distribution (Chapter 5), and
economic interactions between local and global scales (Chapter 6).

Each spatial platform introduced in the present thesis has the symmetry described by a group,
such as the dihedral group. Classification of bifurcation behaviour in such symmetric systems
is the main subject of group-theoretic bifurcation theory (Golubitsky et al., 1988). We apply
group-theoretic predictions to the investigation of bifurcation behavior of economic geography
models. Our analysis places a special emphasis on model-independent bifurcation mechanisms
behind agglomeration and dispersion behaviour, while the model dependency of such behaviour
has come to be elucidated recently by Akamatsu et al. (2021).
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The present thesis provides a systematic analysis procedure that is applicable to a wide range
of economic geography models. Note, however, that Chapters 4—-6 employ the replicator dynamics
and assume the presence of corner solutions; accordingly, are not applicable to the models that
prohibit corner solutions, such as Helpman (1998) and Allen and Arkolakis (2014) models.

The present thesis is organized as follows:

Chapter 1 is the introduction that summarizes theoretical background, the contributions of the
present thesis, and related studies.

Chapter 2 introduces a general setup of economic geography models. Various kinds of models
have been developed in the previous studies. We accordingly discuss the applicability of theoretical
results in each chapter to specific models. We employ Forslid and Ottaviano (2003), Helpman
(1998), and Pfliiger and Stidekum (2008) models as representatives of economic geography models
for the numerical analyses throughout the present thesis.

Chapter 3 offers a group-theoretic bifurcation theory to explain the mechanism of the self-
organization of square patterns in economic agglomerations. As a spatial platform, we introduce
an n X n square lattice that has the symmetry described by the group D4 < (Z,, X Z,). We investigate
steady-state bifurcation of the spatially uniform equilibrium on the square lattice. We show the
existence of bifurcating solutions expressing square and stripe patterns by using two different
mathematical methods: (i) the equivariant branching lemma and (ii) the bifurcation equations.

Chapter 4 focuses on the existence of invariant patterns that is a special feature of the replicator
dynamics. Invariant patterns are stationary points that retain their spatial distribution even when
the value of the bifurcation parameter changes. We propose a methodology to find invariant
patterns exhaustively. In view of invariant patterns, we develop an innovative bifurcation analysis
procedure and apply this procedure to economic geography models. We numerically demonstrate
the connectivity between the uniform distribution and invariant patterns via bifurcations.

Chapter 5 investigates the bifurcation mechanism of the full agglomeration at the geographical
center of a square lattice. We theoretically show the existence of bifurcating solutions that represent
a place at the center with large population surrounded by several places with small population.
Some of these solutions can be interpreted as the formation of satellite cities around the central
city. We numerically demonstrate transition processes by which population is absorbed into or
migrates from the center as the level of transport costs changes.

Chapter 6 proposes a local-global system, a spatial platform that can represent a hierarchical
structure but can retain the insightfulness of bifurcation mechanisms. It consists of the two-level
hierarchy comprising local and global systems. Each local system has a particular population
size and a geographical configuration such as a square lattice. The global system expresses
the geographical distribution of the local systems. We would like to develop the framework of
conventional economic geography models to a direction of the qualitative spatial economics.

Chapter 7 summarizes the main results of the present thesis and suggests the directions of future
research.

Keywords: bifurcation, economic agglomeration, economic geography, group-theoretic
bifurcation theory, invariant pattern, local-global system, replicator dynamics, square lattice.
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Figure 1.1: Distribution of large cities in southern Germany.

1. Introduction

Hierarchical urbanization of megalopolises, cities, towns, villages, and so on displays char-
acteristic spatial patterns. Figure 1.1 depicts a distribution of large cities in southern Germany
with cities of various sizes. In particular, Frankfurt, Stuttgart, Nuremberg, and Munich display
a distinctive geometrical pattern. This is hinting at the existence of the underlying geometrical
mechanism. Christaller (1933) conducted the first attempt to elucidate such a mechanism for pop-
ulation distribution of Southern Germany to develop central place theory of economic geography.
Self-organization of hexagonal market areas of various kinds was proposed. Hexagonal market
areas with different sizes were expected to form hierarchical hexagonal distributions of population
(cities, towns, villages, etc.). For reviews of central place theory, see Losch (1940), Lloyd and
Dicken (1972), Dicken and Lloyd (1990), Isard (1975), and Beavon (1977), for example.

In economics, central place theory has been exposed to a criticism that it is not based on market
equilibrium conditions (Fujita et al., 1999b). To overcome this, Eaton and Lipsey (1975, 1982)
made the earliest attempt to provide central place theory with a microeconomic foundation. Clarke
and Wilson (1985) and Munz and Weidlich (1990) demonstrated the emergence of spatial patterns
in economic agglomerations. Krugman (1996) envisioned that hexagonal distributions envisaged
in central place theory are to be self-organized in core-periphery models with a two-dimensional
spatial platform.

Core-periphery models, which are based on the Dixit-Stiglitz competition, can express the
migration of population among cities with a microeconomic foundation (e.g., Krugman, 1991;
Combes et al., 2008). Most studies for these models, however, employed an too much simplified
setup of the two-place economy to exploit analytical solvability.

In search of the mechanism of various spatial patterns in economic agglomerations, a proper
choice of a spatial platform is vital. To transcend the two-place economy, studies on several spatial
platforms have been conducted as reviewed in the Related Studies below. These spatial platforms,
for example, include a star economy, a line segment economy, a racetrack economy, an equidistant
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economy, and a lattice economy. The line segment and racetrack economies are one-dimensional,
whereas the equidistant and the lattice economies are two-dimensional.

In search of realistic spatial patterns, which are essentially two-dimensional, it is pertinent
to employ the square and the hexagonal lattices that are capable of expressing diverse spatial
agglomeration patterns:

* The square lattice can engender square, rectangular, and deformed triangular patterns.
* The hexagonal lattice can engender triangular, rectangular, and hexagonal patterns.

The suitability of these two kinds of lattices varies with cases as explained below:

In the simulation of hexagonal distributions, the use of hexagonal lattices is adequate. In
nonlinear mathematics, hexagonal distributions have been shown to exist on planar systems en-
dowed with hexagonal symmetry for several physical problems (Golubitsky and Stewart, 2002).
In central place theory, the regular-triangular lattice was suggested for use based on geometrical
discussion (Losch, 1940). In economics, Eaton and Lipsey (1975) displayed the mechanism of the
formation of a hexagonal distribution of mobile production factors (e.g., firms and workers) in two
dimensions as an economic equilibrium for spatial competition. The bifurcation mechanism of the
self-organization of hexagonal distributions on the hexagonal lattice was elucidated (Ikeda et al.,
2014; Ikeda and Murota, 2014), as an extension of group-theoretic bifurcation analysis, which is
applied mainly to a continuous space (Golubitsky and Schaeffer, 1985; Golubitsky et al., 1988), to
a discreteized space.

On the other hand, it is quite noteworthy that square road networks exist worldwide. Chicago
(USA) and Kyoto (Japan), for example, are well-known to accommodate such square networks
historically (see Fig. 1.2). In fact, several studies of spatial agglomeration have been conducted
on square lattices (Clarke and Wilson, 1983, 1985; Weidlich and Haag, 1987; Munz and Weidlich,
1990; Brakman et al., 1999). Yet, bifurcation analysis on a discretized space of a square lattice is
very rare, and the study of Ikeda et al. (2018b) is an only exception.

This motivates the study of agglomeration and dispersion mechanisms on a square lattice.
The present thesis aims to elucidate such mechanisms on a square lattice by direct and extended
group-theoretic bifurcation analyses. We pay attention to the role of boundary conditions: (i)
periodic boundary conditions and (ii) ordinary boundary conditions. In search of the square
lattice counterpart of hexagonal distributions in central place theory, which considers an infinite
and uniform plain, it is pertinent to employ the periodic boundary conditions. We would like to
elucidate the mechanism of economic agglomerations on a square lattice with periodic boundary
conditions in Chapters 3 and 4. On the other hand, the importance of ordinary (non-periodic)
boundary conditions should not be overlooked. The infinite and uniform plain considered in
central place theory is an idealization of a finite space with boundary in the real world. We would
like to elucidate the mechanism of economic agglomerations on a square lattice with an ordinary
boundary condition in Chapters 5 and 6.

Overall, the present thesis provides a systematic analysis procedure that can be applicable to
a wide range of economic geography models. While studies of spatial economics are centered
mainly on the economic modeling, the present thesis focuses on the spatial structure of economic
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Figure 1.2: Satellite photographs of cities provided by Google Maps displaying square road networks



agglomerations, which is somewhat overlooked in these studies, despite its vital importance in
economic agglomeration. The contributions of the present thesis are summarized as follows:

Chapter 2 introduces a general framework of economic geography models. There is a great
number of economic geography models proposed in the previous studies. Accordingly, we discuss
the applicability of theoretical analysis to be conducted in each chapter to specific models. We
focus on Forslid and Ottaviano (2003), Helpman (1998), and Pfliiger and Siidekum (2008) models
as typical models for numerical analyses in each chapter.

Chapter 3 reveals the mechanism of the self-organization of square agglomeration patterns from
a uniform state by relying on group-theoretic bifurcation analysis (Golubitsky et al., 1988). The
results of this chapter are applicable to any economic geography models with a single independent
variable (expressing mobile population) at each nodal point. As a spatial platform, we introduce an
nxn square lattice with periodic boundary conditions that has the symmetry described by the group
D4 < (Z, X Z,), where the group D4 expresses square symmetry and Z, represents translational
symmetry. We investigate steady-state bifurcation of the spatially uniform equilibrium and, in
turn, to show the existence of bifurcating solutions expressing square and stripe patterns by using
two different mathematical methods: (i) the equivariant branching lemma and (ii) the bifurcation
equations. The stability of bifurcating solutions is investigated. Square patterns are highlighted as
a square lattice counterpart of hexagonal patterns on a hexagonal lattice.

Chapter 4 shows the existence of invariant patterns, which is a special feature of the replicator
dynamics. The results of this chapter are applicable to any economic geography models with the
replicator dynamics with a single independent variable (expressing mobile population) at each
nodal point and the independent variable can possibly become zero at some nodal point (no mobile
population at the point). Invariant patterns are stationary points that retain their spatial distribution
when the value of the bifurcation parameter changes. In view of invariant patterns, we propose
an innovative bifurcation analysis procedure: (i) obtaining invariant patterns and (ii) searching for
bifurcating equilibrium curves connecting stable invariant patterns. We apply this procedure to
economic geography models. We numerically demonstrate the connectivity between the uniform
equilibrium and invariant patterns through the bifurcating solutions.

Chapter 5 elucidates the bifurcation mechanism of the full agglomeration at the geographical
center in a square lattice. The results of this chapter are applicable to any economic geography
models with invariant patterns, which includes the full agglomeration to a single nodal point.
We theoretically show the existence of bifurcating solutions that represent one large central place
surrounded several places with small population. Some of these bifurcating solutions can be
interpreted as the formation of satellite cities around the center. We numerically demonstrate a
transition that population emerges from, or is absorbed into, the center as the transport cost changes.

Chapter 6 proposes a spatial platform that can represent a hierarchical structure but can retain
the insightfulness of bifurcation mechanisms. It consists of two-level hierarchy of local and global
systems. Each local system has a particular population size and a geographical configuration such
as a square lattice. The global system expresses the geographical distribution of the local systems.
We would like to develop the framework of conventional economic geography models to a direction
of the qualitative spatial economics. As specific examples, we employ two identical square lattices
of which the centers are connected directly. The global transport costs between the square lattices
and local transport costs within each square lattice are considered.
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Related Literature

The present thesis fundamentally relies on group-theoretic bifurcation theory, which has been
developed in nonlinear mathematics (e.g., Mitropolsky and Lopatin, 1988; Allgower et al., 1992;
Olver, 1995; Marsden and Ratiu, 1999; Hoyle, 2006). Group-theoretic bifurcation theory pro-
vides a powerful tool to analyze a system of equations with symmetry described by the group
equivariance. Pattern formations in many physical phenomena® are often modeled by differential
equations with the group equivariance on an infinite plane and is investigated by group-theoretic
bifurcation analysis. Systems with the Euclidean group symmetry have been employed for reaction-
diffusion systems (Turing, 1952), the Rayleigh-Bénard convection (Busse, 1978), cellular patterns
in combustion (Sivashinsky, 1983), and solidification (Coriell and McFadden, 1993). Steady-state
bifurcation from the fully symmetric equilibrium (the uniform distribution) on these systems was
classified (Melbourne, 1999). The bifurcation behaviour of systems with dihedral group symmetry
has been studied in applied mathematics (Sattinger, 1983; Healey, 1988; Dellnitz and Werner,
1989), chemistry (Kim, 1999), and physics (Kettle, 2007). The mechanism of hexagonal patterns*
are related to the symmetry of the dihedral group D¢, while we focus on the dihedral group D4
expressing square symmetry in Chapters 5 and 6. As an unified modeling for reaction-diffusion
systems, the Navier-Stokes flow, the Bénard problem, and so on, a system with the symmetry of the
infinite group Dy = T? (T? express the two-torus of translation symmetry) has been studied (Dionne
et al., 1997; Golubitsky and Stewart, 2002), while we employ the finite group D4 » (Z, X Z,) in
Chapters 3 and 4.

The present thesis contributes to an understanding of how group-theoretic bifurcation theory
adapts to analysis of economic geography models. Economic geography models, which theoreti-
cally describe the spatial patterns of economic activities, include a wide range of spatial models.
While a fraction of these models is introduced and classified in Section 2 with reference to the
viewpoint of Akamatsu et al. (2021), the readers may refer to standard textbooks, such as Brakman
et al. (2001), Fujita and Thisse (2002), Baldwin et al. (2003), and Combes et al. (2008), to name a
few.

Various spatial platforms were employed to observe diverse spatial agglomeration patterns.
For a long narrow economy on a line segment or an infinite straight line, the literature reports
several characteristic agglomeration patterns: the simplest core—satellite pattern for three places
(Ago et al., 2006), a chain of spatially repeated core—periphery patterns a la Christaller and Losch
(Fujita and Mori, 1997), and a megalopolis which consists of large core cities that are connected
by an industrial belt, i.e., a continuum of cities (Mori, 1997). These patterns were numerically
observed by changing agglomeration forces and transport costs (Ikeda et al., 2017a).

3 For example, in fluid dynamics, the Rayleigh-Bénard convection, which is observed for a horizontal layer of
fluid heated from below, displays hexagonal patterns (Bénard, 1900; Koschmieder, 1993). The Couette-Taylor flow,
which is a rotating annular fluid in a hollow cylinder, displays various symmetric patterns (Taylor, 1923). In material
mechanics, uniform materials, such as cylindrical soils, undergo symmetric deformation patterns (Ikeda and Murota,
2019; Tanaka et al., 2002). Flower patterns of a honeycomb structure, which are observed in uniaxial and biaxial
in-plane compression, have drawn keen interest (Saiki et al., 2005).

4 For example, the mechanism of hexagonal patterns in the Rayleigh-Bénard convection was elucidated by
(Kirchgidssner, 1979). Competition between hexagonal and triangular patterns on surface waves was studied (Skeldon
and Silber, 1998; Silber and Proctor, 1998).



A racetrack economy, which comprises a system of identical cities spread uniformly around
the circumference of a circle, was studied extensively as a semi-two-dimensional spatial plarform.
Krugman (1993, 1996) carried out local stability analysis of a core-periphery model on the racetrack
economy to identify the emergence of several spatial frequencies. For the racetrack economy with
2k cities, a spatially alternation of a core place with a large population and a peripheral place
with a small population was observed for economic geography models (Picard and Tabuchi, 2010;
Tabuchi and Thisse, 2011). Such a mechanism was explained in terms of the spatial period doubling
bifurcation cascade, which produces fewer larger agglomerations through repeated doubling of the
spatial period of agglomerated cities (Ikeda et al., 2012a; Akamatsu et al., 2012; Osawa et al.,
2017). Anas (2004) demonstrated the presence of other agglomeration patterns, such as balanced
agglomeration, concentrated agglomeration, and de-agglomeration.

The racetrack economy was studied comparatively with an economy on a line segment (a long
narrow economy) by Mossay and Picard (2011) in a continuous space to display the difference in
agglomeration patterns. Agglomerations in racetrack and star economies were studied compara-
tively (Barbero and Zofio, 2016). An analogy of the agglomerations in the racetrack economy to
a long narrow economy and a square lattice economy was studied in Ikeda et al. (2017a, 2018b),
respectively.



2. Economic Geography Models

This chapter provides the general framework of economic geography models, which we em-
ployed throughout the present thesis. Section 2.1 explains basic assumptions of the modeling
on a symmetric spatial platform. Section 2.2 presents the classification of a series of economic
geography models with reference to Akamatsu et al. (2021). Section 2.3 introduces some particular
models, which we use for numerical simulations.

2.1. General Framework

We explain modeling of the economy to investigate the spatial patterns of economic agglomer-
ations.

2.1.1. Basic Assumptions

Let P = {1, ..., K} be the set of places. A spatial distribution of mobile workers is denoted by
A = (A;) under the normalizing constraint }};cp A4; = 1. The payoff for the mobile workers is given
by a payoff function v = (v;).

The economy of economic geography models involves spatial frictions. That is, the payoff
function v depends on a proximity matrix D = [d;;] with d;; = ¢"®) where ¢ € (0, 1) is the trade
freeness between two consecutive places, and m(i, j) is the shortest distance between places i and
Jj along the transport network of the economy.

Each mobile worker selects a place to locate in response to the payoff v;. A spatial equilibrium
is defined as a spatial distribution A that satisfies the following condition:

V*—Vi(/l,(ﬁ):() if 4; >0, 2.1
v —vi(A,¢) >0 if 4; =0, ‘
where v* denotes the equilibrium utility level.
To investigate the stability of a spatial equilibrium, we consider an adjustment dynamics:
da
— =F(, 2.2
—=F(.¢) 22)

with F = (F;). A stationary point of the adjustment dynamics is given as a spatial distribution A
that satisfies the governing equation:
F(4,¢)=0. (2.3)

The stability of a stationary point is classified via eigenanalysis of the Jacobian matrix J = F /04
as follows:

linearly stable: every eigenvalue has a negative real part,
linearly unstable: at least one eigenvalue has a positive real part.

Example 2.1. A most customary example of the adjustment dynamics in (2.2) is the replicator
dynamics:
Fi(4, ¢) = (vi(4, ¢) — v(4, §))A;, (2.4
7



where v represents the weighted average utility defined as
= A (2.5)

This dynamics is widely used in economics including Krugman’s original study (Krugman, 1991).
Another well-known example is the logit dynamics:

F(L¢) = exp[0vi(4, ¢)] N (2.6)

2jep exp[0v;(4, ¢)]

where 0 € (0, c0) is a parameter denoting the inverse of variance of idiosyncratic tastes. O

Remark 2.1. Chapter 3 provides general results that are independent of the functional form of
adjustment dynamics. Chapters 4-6, however, employ the replicator dynamics, and hence the
results are not applicable to other dynamics such as the logit dynamics. O

2.1.2. Group Equivariance

We are interested in the economy defined on a symmetric spatial platform, where places are
symmetrically emplaced according to a certain rule. We assume that the payoft function v and
thus the adjustment dynamics F introduces no additional asymmetry. Such a condition can be
formalized as the group equivariance:

T(g)F(A,¢) = F(T(g)A, ¢). g€G, 2.7

where G is a group describing the symmetry of the underlying spatial platform, and 7'(g) is the
permutation matrix specified by

T(g)D =DT(g), gce<gG. (2.8)

Example 2.2. Models with the replicator dynamics in (2.4) on a symmetric spatial platform that
are endowed with the equivariance of a group G satisfy the equivariance to G in the sense of (2.7)
as proved in Proposition 2.1 at the end of this chapter. The proof for the logit dynamics can be
treated in a similar manner. O

2.2. Classification of the Models

In the classification of economic geography models with the general framework in Section 2.1,
we rely on the recent work of Akamatsu et al. (2021). This reference considers a racetrack
economy, in which a number of regions with the same characteristics are equidistantly located
over a circumference. Proposition 1 in this reference shows that the endogenous spatial patterns
that emerge upon the instability of the symmetric equilibrium (the uniform distribution of mobile
workers) substantially differ across model classes. That is, this classification depends on the spatial
scale of dispersion forces in a model. If a model is of Class I, a multimodal pattern emerges. For
a model of Class II, only a unimodal pattern emerges. If a model is of Class III, both possibilities
arise, depending on the bifurcation parameter (trade freeness).
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Example 2.3. Each model class includes the following typical models:

* Class I includes models by Krugman (1991), Puga (1999), Forslid and Ottaviano (2003),
Pfliiger (2004), and Harris and Wilson (1978).

* Class Il includes models by Helpman (1998), Murata and Thisse (2005), Redding and Sturm
(2008), Allen and Arkolakis (2014), Redding and Rossi-Hansberg (2017), and Beckmann
(1976).

* Class III includes modelds by Tabuchi (1998), Pfliiger and Siidekum (2008), and Takayama
and Akamatsu (2011).

O

Remark 2.2. In Chapters 4-6, we focus on a special kind of corner solutions, called invariant
patterns, which admit A to have zero components. Hence, the results of these chapters are not
applicable to models that do not take corner solutions due to the existence of the housing market,
such as Helpman (1998) and Allen and Arkolakis (2014) models. O

2.3. Examples of Economic Geography Models and their Group Equivariance

Among the models presented in Example 2.3, we introduce Forslid and Ottaviano (2003),
Helpman (1998), and Pfliiger and Stidekum (2008) models as representatives of Class I, II, and III,
respectively. We employ these models for numerical bifurcation and stability analysis throughout
the present thesis. The fundamental logic of these models are investigated in the work of Akamatsu
et al. (2021). We explain their group equivariance for symmetric spatial platforms.

2.3.1. Examples of Economic Geography Models

We briefly introduce the multi-regional versions of these three models. As a basic assumption
for these three models, there is a manufacturing industrial sector (M-sector). The transportation
cost for the M-sector goods are assumed to take the iceberg form. For each unit of M-sector goods
transported from place i to j (# i), only a fraction 1/7;; < 1 arrives (r; = 1forall i), and 7;; = 7;;(7)
is a function in the transportation cost parameter 7 > 0 defined as

7;; = exp[T m(, j)], (2.9)

where m(i, j) is the shortest distance between places i and j. The trade freeness ¢ is defined as
¢ =exp[-(c - 11|, ¢€(0,1). (2.10)
Note that ¢ is inversely proportional to 7. Then, the spatial discounting factor d;; is represented as

dij = ¢m(l§j) = Tl.j_(o'_l), (2.11)



Forslid and Ottaviano (2003) (FO) Model

There are two types of workers: skilled and unskilled workers. The total endowments of
skilled and unskilled workers are H and L, respectively. Skilled workers are mobile across K
places. The number of skilled workers in place i is denoted by A; under the normalizing constraint

lli  Ai = 1. Unskilled workers are immobile and are distributed equally across all places with
L/K. For simplicity, we assume that H = 1 and L/K = 1.

There are two industrial sectors: manufacturing (M) and agriculture (A). The A-sector is
modeled by perfect competition and requires a unit input of unskilled workers to produce one unit
of goods. The M-sector is modeled by Dixit-Stiglitz monopolistic competition and requires both
skilled and unskilled workers as the input.

Preferences over the M-sector and A-sector goods are identical across individuals. The utility
function U of an individual in place i is defined by

Ui=ulnCM+(1 - p)InCA, (2.12)

where u € (0, 1) is the constant expenditure share of manufacturing sector goods, Cl.A stands for the
consumption of the A-sector product in place i, and ClM represents the manufacturing aggregates

in place i, defined as
a/(o=1)

K on
MY [ g ae| .13
=170

where g;;({) represents the consumption in place i of a variety ¢ € [0, n;] produced in place j € P,
n; stands for the number of produced varieties at place j, and o € (1, c0) denotes the constant
elasticity of substitution between any two varieties.

The indirect utility v; in place i is given by

J7i
0-_

Vv, = 1 In A,‘ +In Wi, (214)

where A; = Zle dijdx. The market equilibrium wage w; is given by the equilibrium wage
equation:

K
_H _J Y
== Z:; y (w;d; +1). (2.15)
With the notations
w = (W,‘), D= [d,‘j], A= diag(Al, ey AK), A= diag(/ll, ey /l[(), (216)
the equation (2.15) is written as
w =X DA (Aw + 1), 2.17)
o
which can be solved for w; as
-1
w=t (1 _HK DA‘IA) DA™, (2.18)
o o
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Helpman (1998) (Hm) Model

The Hm model assumes that all workers are mobile across K places. The total endowment of
mobile workers is H. For simplicity, we set H = 1.

There are two industrial sectors: the housing (H) sector and the manufacturing (M) sector. The
amount of housing stock in place i is denoted by a;. The M-sector is based the same assumption
as those of the FO model. The utility function U of an individual in place i is defined by

Ui=ulnCM+(1 - p)nCH, (2.19)

where C lH represents the consumption of H-sector goods.
The indirect utility function v; in place i is given by
/1,'(W,' +r ) A;

B 1A+ uln In 2, (2.20)
o-1 a; a;

Vi =

where A; = Zj.(:  d jiw} ~7 ;. The market equilibrium wage w; is given by the equilibrium wage
equation:

di-w.
Widi = p ) S (wi + 1), (2.21)

where r represents a dividend of rental revenue. For simplicity, we set r = 1 and a; = 1.

Pfliiger and Siidekum (2008) (PS) Model
The PS model is based on the same assumptions as those of the FO model. This model
introduces the H-sector and employs a quasi-linear logarithmic function as the utility function
instead of (2.12):
Ui =pulnCM+yInCH + CA, (2.22)

where y € (0, 1) denotes the constant expenditure share of H-sector goods.
The indirect utility v; in place i is given by

b= —H A —ym At (2.23)
o-1 a;
where the market equilibrium wage w; is given by
-—ﬁi—’a + ). (2.24)
o A;

For simplicity, we set a; = 1.

2.3.2. Group Equivariance
We have the following proposition for the equivariance of the FO model, the Hm model, and
the PS model with the replicator dynamics for symmetric spatial platforms.
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Proposition 2.1. For a spatial platform that has the symmetry described by a group G, the FO
model, the Hm model, and the PS model with the replicator dynamics in (2.4) are equivariant to G
in the sense of (2.7), i.e.,

T(g)F(A,9)=F(T(g)A,¢), g€G (2.25)

for some permutation matrix T(g) of G.

Proof. We treat the case of an n X n square lattice with G = D4 < (Z,, X Z,) to be introduced in
Section 3.2. Note that the concrete form of 7'(g) is to be given in Section 3.4.1. Each element g
of G acts as a permutation of place numbers (1, ..., K), and the action of g € G is expressed as
g : i — i*. For the indirect utility function v; in (2.14) for the FO model, that in (2.20) for the
Hm model, and that in (2.23) for the PS model, we have v;(T(g)4, #) = v;+(4, ¢) because of the
definition of the transport cost parameter in (2.9). We also have v(T(g)A4, ¢) = v(4, ¢) by (2.5).
Therefore, we have

Fi(T()A, ¢) = (vi-(4, ¢) = V(A, §)) - = Fi=(A, §) (2.26)

for the function F; in (2.2). This proves the equivariance in (2.25). O

It is possible to extend this proposition to other dynamics, such as the logit dynamics in (2.6).

12



(b) Kyoto (Japan)

Figure 3.1: Satellite photographs of cities provided by Google Maps displaying square road networks.

3. Bifurcation Mechanism from the Uniform Distribution on a Square Lattice

This chapter presents details of our published paper (Kogure et al., 2021). Theoretical results
in this chapter are an adaptation of the results for the hexagonal lattice (Ikeda and Murota, 2014)
to a square lattice.

3.1. Introduction

Square road networks prosper worldwide. Chicago (the U.S.) and Kyoto (Japan), for example,
are well-known to accommodate such square networks historically (see Fig. 3.1). We intend to
elucidate the mechanism of economic agglomerations on such square networks as an important
contribution of nonlinear mathematics to spatial economics.

In spatial economics, the mechanism of economic agglomerations is highlighted as the most
important topic. After a pioneering work by Krugman (1991), bifurcation is welcomed as a catalyst
to engender a core place and a peripheral place from two identical places. The study of spatial
agglomerations have come to be extended from the two-places economy to a racetrack economy
(one-dimension) and, in turn, to explain various poly-centric agglomerations (Tabuchi and Thisse,
2011; Ikeda et al., 2012a; Akamatsu et al., 2012). In economic geography, central place theory
(Christaller, 1933; Losch, 1940) envisaged the emergence of hexagonal agglomerations based on the
distribution of cities and towns in Southern Germany. The existence of the hexagonal distribution
of mobile production factors (e.g., firms and workers) was shown based on a microeconomic
foundation (Eaton and Lipsey, 1975). To explain the mechanism of economic agglomerations
in the real world, spatial platforms for economic geography models need to be extended to two-
dimensional spaces as conducted in this chapter.

Lattice economies, including hexagonal and square lattices, can accommodate various two-
dimensional agglomeration patterns of economic interest. Motivated by hexagonal agglomerations
in central place theory, Ikeda and Murota (2014) elucidated the bifurcation mechanism of eco-
nomic geography models on a hexagonal lattice. The stability of bifurcating solutions from the
uniform distribution was investigated to demonstrate that theoretically predicted bifurcating solu-
tions, including hexagonal patterns, are all unstable just after the bifurcation (Ikeda et al., 2018a).
For economic geography models with the replicator dynamics, geometrical distributions that are
solutions to the governing equation, irrespective of the value of the bifurcation (transport cost) pa-
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rameter, are called invariant patterns and were demonstrated to represent economic agglomerations
of great economic interest (Ikeda et al., 2019a).

Yet the bifurcation mechanism of economic geography models on a square lattice is not
understood to the full extent. Some studies dealt with economic agglomerations on a square lattice
(Clarke and Wilson, 1983; Weidlich and Haag, 1987; Munz and Weidlich, 1990; Brakman et al.,
1999) but are not based on economic geography models. As a pioneering study that combined a
square lattice with an economic geography model, Ikeda et al. (2018b) investigated the mechanism
of break bifurcation on the uniform distribution and indicated the occurrence of period-doubling
bifurcation. They, however, found just a fraction of bifurcating solutions on a square lattice by
relying on an ad hoc procedure.

That said, this chapter aims to develop group-theoretic bifurcation theory for economic geogra-
phy models on a square lattice that has the symmetry described by the finite group Dy % (Z, X Z,).
We focus on a bifurcation mechanism due to the geometrical symmetry and present an exhaustive
list of bifurcating solutions from the uniform distribution on this lattice. This list would be of
assistance in the study of economic agglomerations. We futhermore pay a special attention to the
symmetry of two half branches at a bifurcation point. We obtain theoretical conditions for the
symmetry and the asymmetry of such bifurcating half branches. The present theory is applicable
to any economic geography models with a single degree of freedom at each node.

Many pattern-formation phenomena have been modeled by partial differential equations with
group equivariance on an infinite plane. As the mathematical model of reaction-diffusion models,
Navier-Stokes flow, and the Bénard problem, a system that is equivariant to the infinite group
Dy =< T2 (T2 expresses the two-torus of translation symmetries) has been studied (Dionne et al.,
1997; Golubitsky and Stewart, 2002). As for economic agglomerations described by economic
geography models, it is essential to consider a discretized finite plane. For this reason, we employ
the finite group D4 % (Z, X Z,) that is not studied up to now.

This chapter is organized as follows. Section 3.2 introduces an nXn square lattice with symmetry
labeled by the group D4 < (Z, X Z,) and classifies square patterns for economic agglomerations
on this lattice. Section 3.3 gives derivation of the irreducible representations of the group Dy
(Z, x Zy). Section 3.4 provides the matrix representations of this group. Section 3.5, as well
as Appendix A.6, presents group-theoretic bifurcation analysis by using equivariant branching
lemma and that by solving bifurcation equations. Section 3.6 summarizes results of the stability of
bifurcating solutions. Section 3.7 applies group-theoretic bifurcation analysis to typical economic
geography models on this lattice and conducts numerical simulations based on theoretical results
elucidated in the previous sections.

3.2. Square Lattice and its Symmetry

In this section, we introduce an n X n finite square lattice comprising a system of uniformly
distributed nxn places. We allocate discretized degrees-of-freedom to each node of this lattice. We
apply periodic boundary conditions to this lattice to express infiniteness and to avoid heterogeneity
due to boundaries. Periodic repetition of this lattice covers an infinite two-dimensional plane.

Using a group consisting of D4 and Z, X Z,, we express the symmetry of this lattice. We
consider the compatibility of n with square patterns of interest on this lattice. We present and
classify subgroups expressing the symmetry of square patterns. The study conducted in this
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Figure 3.2: An infinite square lattice.

section is purely geometric and involves no bifurcation mechanism. It forms, however, an important
foundation of group-theoretic bifurcation analysis in Section 3.5 and Appendix A.6.

This section is organized as follows. An infinite square lattice is introduced in Section 3.2.1.
Square patterns on this lattice are described in Section 3.2.2. The n X n square lattice is introduced
in Section 3.2.3. The group expressing the symmetry of this lattice is given in Section 3.2.4.

3.2.1. Infinite Square Lattice
We introduce an infinite square lattice as a set of integer combinations of oblique basis vectors

1 0
{1 —d[O], t’g—d[l], (3.1)
where d > 0 means the length of these vectors. We denote the infinite square lattice as

H ={nity + mpb | ny,np € Z}, (3.2)

where Z denotes the set of integers. Figure 3.2 depicts the infinite square lattice.
To represent square patterns on the infinite square lattice, we consider a sublattice spanned by
basis vectors
ty=al) + b, t,=-B +aly, (3.3)

where @ and S are integer-valued parameters with (@, 8) # (0,0). We denote the sublattice by
H(a, B), that is,

H(a, B) = {nit1 + naty | ny,ny € Z}
= {(ma —mpP)t; + (m B+ )by | ni,ny € Z}

-{te alf [

15

ny,ny € Z} . (3-4)



(a) (@, B) = (2,0) (b) (@ B) =(2.1)

Figure 3.3: Square patterns represented by sublattices.

We see that the angle between ¢ and ¢, is /2. In addition, we have || = |£;|. Thus, the sublattice
H(a, B) represents a square pattern (see Fig. 3.3).

We define the spatial period L as
L = dqJa? + B4, (3.5)

which represents the common length of the basis vectors ¢; and ¢,. We refer to

N (3.6)

as the normalized spatial period, which is an important index for characterizing the size of a square
pattern. Although this definition refers to the basis vectors ¢; and ¢, the spatial period L, as well
as the normalized spatial period L/d, is in fact determined by the sublattice H (a, ), as seen from
(3.8) with (3.7) below.

The normalized spatial period L/d in (3.6) takes specific values \/T, \/E, \/4_1, \/5, ...asa
consequence of the fact that @ and S are integers. The square pattern with L/d = 1 is called the
uniform distribution. The normalized spatial period is obtained from (3.6) as

%zwlaz+,82

1,2,3,4,5,...,
B {\/Z\E\@\/ﬁ\/ﬁ,\/ﬁ\/ﬁ,\/ﬁ....

16



The parameter values are given as follows:

(LO) (L/d=1),
(L) (L/d=V2),
2.0) (L/d=2),
21) (L/d=5),
(22) (L/d=V8),
(3.0) (L/d=3)
(3.1) (L/d =V10),
(3.2) (L/d=V13),
(4.0) (L/d=4),
4.1) (L/d=NT17)
(3.3) (L/d=N13)
(4.2) (L/d =~20),
4.3) (L/d=5),
(5,00 (L/d=)5),....

(@ B) =

3.2.2. Description of Square Patterns
Sublattices introduced in the previous subsection describe square patterns on an infinite square
lattice. Using the parameter values of the sublattices, we classify square patterns into several types.

Parameterization of Square Patterns
In the parameterization (a, ) of sublattices, let us note its non-uniqueness that different pa-
rameter values of (@, 8) can sometimes result in the same sublattice H (a, ). We define

D = D(a,B) = a® + B2, (3.7)

which is a positive integer for (a, 8) # (0,0). It will be shown later in this subsection that D is an
invariant in this parameterization, that is, we have the following implication:

H(a,B)=H('.p) = D(a.p)=D,p). (3.3)
Then, the parameter space for sublattices is given as follows:

Proposition 3.1. Square sublattices H(a, 5) are parameterized, one-to-one, by
{(@,8) € Z* | a >0, B>0}. (3.9)

Two sublattices H(a, 8) and H(B, @) are not identical in general, but are mirror images with
respect to the y-axis. They are regarded as the same essentially. We call two sublattices essentially
different if they are neither identical nor mirror images with respect to the y-axis. Essentially
different square sublattices are parameterized as follows:
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Table 3.1: The values of D(a, B) for (@, 8) in (3.10).

a\ B 1 2 3 4 5 6 7
1 2

5 8

10 13 18

1720 32

29 34 4]

37 40 45 52 61 72
53 58 65 74 85 98

N N AW
BN =
Y LEET e
[\
N

Proposition 3.2. Essentially different square sublattices H(a, B) are parameterized, one-to-one,
by
{(@,B)€Z? |a>B>0, a#0}. (3.10)

Table 3.1 shows the values of D = D(a, B) for (o, ) with0 < 8 < a <7, @ # 0. It is worth
noting that the values of D in this table are all distinct with the exceptions of D(5,0) = D(4,3) = 25
and D(5,5) = D(7,1) = 50. This means, in particular, that smaller square patterns (with D < 25)
are uniquely determined by their spatial period L, which is related to D as

5: VD (3.11)

by (3.6) and (3.7).

Proofs of (3.8) and Propositions 3.1 and 3.2
First, recall that H(«, B) is generated by (¢1,¢) = (¢1(a, B), t2(, B)) in (3.3), which can be

expressed as
plqzvlmﬁ-ﬂ.

The determinant of this coefficient matrix coincides with D(a, 8) in (3.7), i.e.,
2, 2 a —fB
D(a,B)=a” +p —det[ﬂ a/]'

If 7‘[(0/, B’) € H(a, B), then
[ , /] [ ] [ . 12]
B B a||x2 x2

for some integers x11, X12, X21, X22. Hence, D(a’, B’) is a multiple of D(a, ). Exchanging the roles

of (@, B) and (o, B’), we have (3.8).
Next, we derive the parameter spaces (3.9) and (3.10) for H(a, 8). We observe geometrically
(see Fig. 3.4(a)) that H(a',B’) = H(a,p) if and only if ¢] = '€, + '€, is obtained from
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(=8, @)

(7(1'7 7/j)

(B,— ) (—B,—a)
(a) A square for (3.12) (b) A square for (3.13)

Figure 3.4: Squares associated with (3.12) and (3.13).

t; = aly + Bf, by arotation at an angle that is a multiple of /2, i.e., ti = R* ¢, with

0

_|cos(m/2) —sin(n/2)
4~ lsin(r/2)  cos(n/2)

Vo

for some k € {0, 1,2,3}. Since

Raty = Ry(aly + Bbo) = a(b) + f(=01) = [(1 6] [(1) _(1)] [Z] ,

we have H(a/, B) = H(a, B) if and only if

| (0 -1 “la

gl |t o] (B

for some k € {0, 1,2,3}. Therefore, we obtain the same lattice for the following four parameter
values:

(aa ﬁ)’ (_IB’ CZ), (—CZ, _ﬁ)’ (ﬁa —CZ). (312)

This allows us to adopt (3.9) as the parameter space for H(a, 8), by which we mean that, for
every (o, 8') # (0,0) in Z?, the sublattice H(c’, 8’) is the same as the sublattice H (a, 8) for some
(uniquely determined) (@, B) in (3.9). It should be mentioned, in particular, that (0, 8) = H (3, 0)
by (3.12). Hence, we have @ > 0 in (3.9).

Geometrically, the sublattices for (@, 8) and (B, @) are mirror images with respect to the line
x = y. In this sense, we regard H(«, 8) and H (B, @) as essentially the same. Thus, we regard the
following four parameter values as essentially equivalent to (a, 8):

(ﬁ’ (l’), (_a/’ ﬁ)’ (_ﬁ’ _a/)a (a/’ _18) (313)

See Fig. 3.4(b) for the square of (3.13). If 8 = 0 or @ = S, the set of four parameters in (3.13) is
identical to the set in (3.12). This is because the lattices for § = 0 or @ = 8 are symmetric with
respect to the line x = y.
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(a) Type V (b) Type M (c) Type T

Figure 3.5: Square patterns of three types that are centered at the origin.

Thus, essentially equivalent parameter values can be summarized as follows:

(@, B), (=B a), (—a,—-B), (B,—a), (B, @), (-a,p), (=B, —a), (a,—P). (3.14)
which reduces in a special case of 8 = 0 to
(@,0), (0,), (-a,0), (0,—) (3.15)
or in another special case of @ = 3 to
(@ a), (-, @), (~a,—a), (@, —a). (3.16)

On the basis of the observations above, (3.10) can be adopted as the parameter space for essentially
different sublattices. This means that every (o, 8) # (0,0) in Z? is essentially equivalent to some
(uniquely determined) member in (3.10).

Types of Square Patterns
We define the tilt angle ¢ of H(a, B) as

(&)t
el - llel’

where (a, ) belongs to the parameter space in (3.9) or (3.10). This definition is equivalent to

cos @ = 3.17)

¢ = arcsin (\/MLT,BZ) . (3.18)

We have 0 < ¢ < /2 in the case of (3.9) and 0 < ¢ < 7/4 in the case of (3.10).
With reference to the tilt angle ¢, we classify square patterns into three types:

type V. if ¢ =0,
type M if ¢ = /4, (3.19)
type T  otherwise.
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Figure 3.5 depicts square patterns of these types that are centered at the origin, where “V” indicates
that the x-axis contains a vertex of the square, “M” denotes that the x-axis contains the midpoint
of two neighboring vertices of that square, and “T”” means “tilted.” Using the parameter (a, ), we

also have
type V  if (a, B) = (o, 0) (@ > 1),

typeM if (@, ) = (B,B) (B> 1), (3.20)
type T  otherwise,

where the parameter space for type T depends on the choice of (3.9) or (3.10) as

For 3.9): {(a,B) | >0, B >0, a # B}, (3.21)
For (3.10): {(a, B) | @ > B = 0}. (3.22)

Accordingly, the parameter spaces in (3.9) and (3.10) are divided, respectively, into three parts:

{(@0)az1} U{BB)IB21} U {(e.p)|a>0, 20, a+p} (3.23)
{(@0)|az1} UA{B.A |21} U {(a.p)|a>p 20} (3.24)

The types V, M, and T are correlated with the normalized spatial period as

\/4_1, Vo, \/E, \/ﬁ, ... fortypeV,
L/d = \/Z\/g,\/ﬁ,@,... for type M,
\/5, \/E \/B \/ﬁ ... fortypeT.

It should be emphasized, however, that the type does not always determine, nor is determined by,
the spatial period. This is demonstrated by the two lattices H(5,0) and H (4, 3). These lattices
share the same normalized spatial period L/d = V25 but are different types; the former is of type V
and the latter of type T.

3.2.3. Square Lattice with Periodic Boundaries
We introduce an n X n finite square lattice H,, as a subset of the infinite square lattice H
spreading over the entire plane. We define H,, as

H,={nmby+mb, | n,€Z 0<n; <n-13G=12)}, (3.25)

which consists of integer combinations with coefficients between 0 and n — 1. This is a finite set
comprising n* elements, where n represents the size of the lattice. Figure 3.6(a) depicts the 4 x 4
square lattice.

The infinite square lattice H is regarded as a periodic extension of the n X n square lattice H,,
with the two-dimensional period of (nf}, nf;). In other words, H is regarded as being covered by
translations of H,, by vectors of the form m;(nf;) + my(nt,) with integers m; and m;. A point
nily + naby in H corresponds to n| €y + n b, in H, for (n|, n}) given by

ny=n; modn, n),=n, modn. (3.26)
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(a) The 4 x 4 square lattice (b) Periodic boundaries

Figure 3.6: A system of places on the 4 X 4 square lattice with periodic boundaries.

Figure 3.6(b) depicts the 4 x 4 square lattice with periodic boundaries.

For the sublattice H(a, 8) of H, we may consider its portion H(«, 8) N H, contained in H,,
and assume that the periodic extension of this portion coincides with H(a, B) itself. If this is the
case, we say that (a, ) is compatible with n, or n is compatible with (a, 8). Using the Minkowski
sum® of H (e, B) N H, and H(n, 0), we have the condition for compatibility as

(H(a, B) N Hy) + H(n,0) = H(a, B), (3.27)
which is equivalent to
H(n,0) € H(a, B). (3.28)

We can restate the compatibility condition as follows:

Proposition 3.3. The size n of ‘H, is compatible with (a, B) if and only if n is a multiple of

D(a, B)/gcd(a, B), that is,
D(a, p)

=m R
ged(a, B)
Proof. By (3.28), the size n is compatible with (a, §) if and only if

X111 X12
o ][22

=12.... (3.29)

=n [l’l fz]

for some integers xi1, X12, X21, X22, Where ¢; and ¢, are defined in (3.3). Substituting

ool =la olfy 7]

3 For two sets X, Y C Z2, their Minkowski sum X + Y isdefinedas X +Y = {x +y | x € X, y € Y'}.
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into the above equation and multiplying the inverse of [ ‘6 O ] from the left, we obtain

[a —,B [xll X12| _ n [1 0]

B oa||xn xp| |0 1)

from which
[xu X12 a —,8]_1 . n @ ,8] _ n ged(a, B) [& ,é]
x1 xn| |B «a " Dp)|-B a| Dwp) |-B @&l

where & = a/gcd(a, B) and ,@ = B/gcd(a, B). This shows that x;1, x12, x21, Xp2 are integers if and
only if n is a multiple of D(a, B)/gcd(a, B). O

With the classification of three types in (3.20), the compatibility condition (3.29) in Proposi-
tion 3.3 leads to the following statements:

* For a pattern H(a, 8) of type V, parameterized by (@, 8) = (@, 0) with @ > 1, a compatible
n is a multiple of «.

* For a pattern H(«a, B8) of type M, parameterized by (a, 8) = (B, 8) with 8 > 1, a compatible
n is a multiple of 2.

* For a pattern H(a, ) of type T, with (@, 8) in (3.21) or (3.22), a compatible n is a multiple
of D(e, B)/gcd(e, B).

To sum up, we have
ma (@ > 1) for type V,
n=12mB (B =>1) for type M, (3.30)
mD(a, B)/gcd(a, B) for type T,

wherem=1,2,....

3.2.4. Group Expressing Symmetry

We introduce the group expressing the symmetry of the n X n square lattice. As a first step of
bifurcation analysis of the square patterns on the n X n square lattice, we identify the subgroups
expressing the symmetry of these patterns.

Symmetry of the Finite Square Lattice
The symmetry of H,, in (3.25) is characterized by invariance with respect to

* r: counterclockwise rotation about the origin at an angle of /2,
* s: reflection y — —y,
* pi: periodic translation along the £;-axis (i.e., the x-axis), and

* po: periodic translation along the £;-axis (i.e., the y-axis).
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Consequently, the symmetry of the square lattice H,, is described by the group

G = (r,s,p1,p2), (3.31)

which is generated by r, s, p1, and p> with the fundamental relations:

rt=s’=(rs) =p"=p"=e pop1 =pipa,

rpi=par, rpa=piTin spi=pis, spa=pas, (3.32)
where e is the identity element. Each element of G can be represented uniquely in the form of
slrpiipyl, 1€{0,1}, me{0,1,2,3}, i,j € {0,1,...,n—1}. (3.33)
The group G contains the dihedral group
(r,s) =~ Dy

and the cyclic groups
(P1) =Zn, (p2) =2y

as its subgroups, where Z, means the cyclic group of order n, which is denoted as C,,. The group
G has the structure of the semidirect product of D4 by Z,, X Z,, that is, G = Dy = (Z,, X Zy,).

Remark 3.1. A group G is said to be the semidirect product of a subgroup H by another subgroup
A, denoted G = A~ H, if

* A is a normal subgroup of G, and
* each element g € G is represented uniquely as g = ah witha € Aand h € H.

Each element g = ah € G can also be represented uniquely in an alternative form of g = h’a with
W e Handa € A,since g = ah = h(h~'ah) and i’ = h™'ah € A by the normality of A. Our group
G = (r, s, p1, p2) is asemidirect product of H = Dy by A = Z,XZ,, and we have G = Dy~ (Z,XZ,)
in accordance with g = s'r"p’p>/ in (3.33) with s'r™ € D4 and p'p>/ € Z, X Z,. For more details
on the definition of semidirect product, see Curtis and Reiner (1962).

O

Subgroups for Square Patterns
The symmetry of H(a, B) N H, is described by a subgroup of G = (r, s, p1, p2), which is
denoted by G(e, 8). With notations®

(o, B) = (1,8, p1p2P, p17 P pa®), (3.34)
So(a, B) = (r, p12p2P, p1 P pa®), (3.35)

6 The subscript “0” to Zo(a, ) indicates the lack of s.
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the subgroup G(«, ) is given as follows:

(r,s, p1% p2%) = Z(a, 0) ifa>1, =0 (type V),
G(a, B) = {(r, s, p1PpP, p1 PPy = 2(B.B) ifa=p, B> 1 (type M), (3.36)
(r, p12p2®, p17Pp2®) = Zo(a, B)  otherwise (type T),

where the parameter («, 8) for type T runs over {(a,8) | @ > 0, 8 > 0, @ # B} in (3.21) or
{(a,B) | @ > B = 0} in (3.22), depending on the adopted parameter space (3.9) or (3.10).

The parameter (a, 3) must be compatible with the lattice size n via (3.30), which restricts (a, 3)
to stay in a bounded range. Among the square patterns of type V on the n X n square lattice,
we exclude those with X(1,0) from our consideration of subgroups since X(1,0) = (r, s, p1, p2)
represents the symmetry of the underlying n X n square lattice. That is, we consider Z(a, 0)
for 2 < @ < n since n is divisible by a by (3.30). A square pattern with the symmetry of
%(n,0) = D4, which lacks translational symmetry, is included here as a square of type V for
theoretical consistency. As for type M, we must have 1 < 8 < n/2 in X(B, 8) since n is divisible
by 28 (8 > 1) by (3.30). The parameter for type T, which is dependent on the choice of (3.9) or
(3.10), must stay in the range

for B9):{(e,B) |1 <a<n-1,1<B<n-1, a#p} (3.37)
for (3.10): {(@,B) | 1 < B<a <n-1}. (3.38)

To sum up, the relevant subgroups of our interest are given by

2(a,0)={r,s,p1% p2?) 2 < a<n) for type V,
(B, B) = (r, s,plﬁpzﬁ,pl_ﬂp2ﬁ> (1<B<n/2) for type M, (3.39)
To(a, B) = (r, p19p2”, p1Pp2®) (@, B) € (3.37) or (3.38))  for type T.

Recall that (@, 8) must also satisfy the compatibility condition in (3.30).

3.3. Irreducible Representations of the Group for the Square Lattice

In the previous section, we introduced the n X n square lattice as a two-dimensional discretized
space. We identified the symmetry of this lattice by the group in (3.31):

G = (r, s, p1,P2), (3.40)

which is composed of the dihedral group (r, s) ~ D4 expressing local square symmetry and the
group (pi1, p2) =~ Z, X Z, (direct product of two cyclic groups of order n) expressing transla-
tional symmetry in two directions. In group-theoretic bifurcation analysis in Section 3.5 and
Appendix A.6, we will find bifurcating solutions for each irreducible representation of this group,
as each irreducible representation is associated with possible bifurcating solutions with certain
symmetries. The first step of the analysis is to obtain all the irreducible representations of this
group.

It is not difficult to obtain all irreducible representations for groups with simple structures such
as the dihedral and cyclic groups. Since the group G in (3.40) has a far more complicated structure,
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it might be difficult to list all the irreducible representations in an ad hoc way. Fortunately, we
can use the method of little groups in group representation theory to obtain all the irreducible
representations in a systematic manner. In this section, we describe this method and construct a
complete list of the irreducible representations of G. It turns out that the irreducible representations
over R are one-, two-, four-, or eight-dimensional, and all of them are absolutely irreducible. We will
use the irreducible representations derived in this manner in group-theoretic bifurcation analysis
in Section 3.5 and Appendix A.6 to prove the existence of square patterns.

In this section, the matrix forms of the irreducible representations of the group G in (3.40)
are listed. A systematic method using little groups to construct the irreducible representations
of G is described in Appendix A.1.2 and is applied to G in Appendix A.1.3. All the irreducible
representations of G are derived in Appendix A.1.4.

List of Irreducible Representations

The irreducible representations of Dy x (Z, X Z,) over R are one-, two-, four-, or eight-
dimensional. The number N, of the d-dimensional irreducible representations of D4 x (Z, X Z,)
depends on n, as shown below:

n\d |1 2 4 8
N1 N2 N4 Ng

2m 8 6 3(n-2) (n>*-6n+8)/8
2m—-1|4 1 2mn-1) (n*-4n+3)/8

(3.41)

where m denotes a positive integer. For several values of n, the concrete numbers N; of the
d-dimensional irreducible representations are listed in Table 3.2. This table for n = 1 shows that
D4 = (Zy X Z), being isomorphic to D4, has four one-dimensional irreducible representations
and one two-dimensional ones. Four-dimensional irreducible representations exist for n > 3 and
eight-dimensional ones appear for n > 5.

We have the relation

Z d*Ny = 12Ny + 22N, + 42Ny + 82Ng = 812, (3.42)
d

which is a special case of the well-known general identity for the number of irreducible representa-
tions over C. This formula applies since all the irreducible representations over R of Dy = (Z, X Z,)
are absolutely irreducible (see Appendix A.1.4).

In the following subsections, we present the matrix forms of the irreducible representations
of respective dimensions together with their characters. Table 3.3 summarizes the irreducible
representations. The labels such as (1; +, +, +) and (8; &, €) represent the name of the irreducible
representations.

One-Dimensional Irreducible Representations
The group D4 = (Z, X Z,) = {(r, s, p1, p2) has eight one-dimensional irreducible representations.
These are labeled by

(L+++), (L+—+), (L=++), (== +)
(1,+’ +, _)7 (1;+7 > _)7 (1;_’ +7 _)’ (17_’ ) _)
26
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Table 3.2: The number Ny of the d-dimensional irreducible representations of Dy &< (Z,, X Z,,).

Ni N, Nis Ny XNy Nt Ny, Ny Ny SNy
4 1 0 0 5 13 | 4 1 24 15 44
2(8 6 0 0 14 4 |8 6 36 15 65
304 140 9 15 14 1 28 21 54
418 6 6 0 20 6 |8 6 42 21 77
sS4 18 1 14 17 | 4 1 32 28 65
6,8 6 12 1 27 18 |8 6 48 28 90
704 1123 20 19 |4 1 36 36 77
8§, 8 6 18 3 35 20 |8 6 54 36 104
914 1 16 6 27 20 | 4 1 40 45 90
100/8 6 24 6 44
1|4 1 20 10 35 - P 1 : ¢
Table 3.3: The irreducible representations of D4 = (Z,, X Zj,).
n\d 1 2 4 8
m | (a4, (L+—t) (24 (2:-) 4k, 0,4), (4 k0,-)  (8:k0)

(Li+ =+ (= —+) 2+ +),2:+,-)
(L++ =)+ —=) (25—+),2:—-)
(1’ ) +’ _)’ (1’ T T _)

(4’ ka ka +), (4$ k, k, _)

4;n/2,6,+),(4;n/2,¢,-)

2m—1 1] (I;+++), (1;+ - +) (2:+)

(1’ +’ ) +)9 (1’ BERE) +)

(4’ k3 Oa +), (4’ k, O’ _)
(49 k’ k’ +)’ (4’ k’ k’ _)

8k, 0)

(45 k,0;+), (4, k,0; =) with 1 < k < |(n—1)/2] in (3.49);
@k ky+), (45 k k;—)with 1 <k < [(n—1)/2] in (3.50);
4;n/2,6;+),(4;n/2,€;—)with 1 < € < |[(n—1)/2] in (3.51);
@Bk, f)ywithl <€ <k-1,2<k <|(n-1)/2] in (3.60)
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and are given by

T(1;+,+,+)(r) =1,
T = 1,

TU=H4(r) = -1,

TH==H(r) = 1,
TUH+7)(r) = 1,
TU+=7)(r) = 1,
TU=+7)(r) = —1,
T0==7)(r) = —1,

T(1;+,+,+)(s) =1,
TU*=)(s) = -1,
TU=+)(s) = 1,

TU==4)(s) = —1,
T+ (s) = 1,
TU*=)(s) = —1,
T=+o)(s) = 1,
T==)(s) = 1,

T+ (py) = 1,
T+ py) = 1,
T (py) = 1,
Ty = 1,
T+ (py) = -1,
T+ (py) = -1,
7= (py) = -1,
T py) = -1,

Two-Dimensional Irreducible Representations

The group Dy < (Z, X Z,) = (r, s, p1, p2) has six or one two-dimensional irreducible represen-
tations depending on whether 7 is even or odd. Two two-dimensional irreducible representations,
which are denoted as (2; o) (o € {+, —}), exist for n even and are defined by

T(Z;‘r)(r) - [1 _1] , T(2;c7)(s) — [

1

1) =17 = o ||

T+ (py) = 1,
T (py) = 1,
T (py) = 1,
T (py) = 1,
T4 (py) = —1,
T (py) = —1,
T (py) = —1,
70 (py) = —1.

(3.44)

(3.45)

(3.46)

whereas only (2; +) is present for n odd. The other four two-dimensional irreducible representations,
denoted as (2; o, o) (074, 05 € {+, —}), exist when n is even and are defined by

T(2;0'r’0's)(r) — [1 O-r:| , T(z;ﬂ'raa's)(s) e O-S [1 o :| s

: -1 . -1
T(Z,crr,crs)(pl) - l 1] , T(Z,crr,rrs)(pz) - [ _1} ]

Four-Dimensional Irreducible Representations
The group D4 =< (Z, X Z,) = (r, s, p1, p2) With n > 3 has four-dimensional irreducible represen-
tations. We can designate them by

(4;k,0,0) with 1 <k <

(4;k, k,0) with 1 <k <

n-—1

n-—1

2

|, oe{+ -}

|, oe{+-}

(4:n)2,6,0) with 1 <€ < g— 1, o€ {+-}.

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

Therein, (4;n/2, ¢, o) exists only for n even, and | x| denotes the largest integer not larger than x
for a real number x. The number of four-dimensional irreducible representations is given by

3n—-6
Ny =
2n-2

if n is even,
if n is odd.
28
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The irreducible representation (4; k, 0, o) is given by

T(4;k,0,(1')(r) — [1 S] ’ T(4;k,0,0')(s) - [[ S:| ’ (353)
(4:k.0,0) R (4:k,0,07) 1
TR0y = | TRy = T (3.54)
where
_|cos(2m/n) —sin(2m/n) ! |1
= lsin@r/n) cos@a/m) |° S| -1|0 T 1| (3.55)
The irreducible representation (4; k, k, o) is given by
pékko) oy = | S ko) (o) — S
(r)= 7 , T (s)=0c s , (3.56)
(dik ko) R (dsk ko) R
=55 (p1) = gl T 7(p2) = RE|- (3.57)
The irreducible representation (4; n/2, ¢, o) is given by
g@n2to)y = | S @n/26a) oy = |
(r) - I ’ T (S) =0 I ’ (358)
(dn/2.L.0) -1 (dn/2.L.0) R
T2 py) = gt T 7p2) = e (3.59)

Eight-Dimensional Irreducible Representations
The group Dy < (Z, X Z,) = (r, s, p1, p2) With n > 5 has eight-dimensional irreducible repre-
sentations. We can designate them by (8; k, £) with

Tl 2

The number of eight-dimensional irreducible representations is given by

l<l<k-1, 2sk<{”_w. (3.60)

N = (nZ—6n+8)/8 %fn%s even, 3.61)
(n*—4n+3)/8 if nisodd.
The irreducible representation (8; k, €) is defined as
(3.62)
: R :
T (py) = R . TE(p) = (3.63)

with R, §, and [ defined in (3.55).
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3.4. Representation Matrix for the Square Lattice

In the previous section, we found the irreducible representations of the group Dy = (Z, X Z,)
in preparation for group-theoretic analysis in Section 3.5 and Appendix A.6. Note that not all
the irreducible representations are involved in mathematical models on the square lattice. The
consideration of relevant irreducible representations is essential in group-theoretic analysis that
provides information about bifurcating solutions.

In this section, we first identify the irreducible representations u that are relevant to our analysis
on the square lattice. For this purpose, we derive the explicit form of the permutation representation
T(g) of the group Dy = (Z, X Z,) and investigate the irreducible decomposition of this permutation
representation. We can exclude irreducible representations that are not contained in 7(g) from
consideration in search of square bifurcating patterns in Section 3.5 and Appendix A.6. It turns
out that only some of the one-, two-, and four-dimensional ones are relevant, while all of the
eight-dimensional ones are relevant.

We next present the transformation matrix Q for irreducible decomposition. Since the irre-
ducible representations of the group Dy < (Z, X Z,) have a special feature of multiplicity-free,’ the
orthogonal transformation of the Jacobian matrix J = dF /dA of the governing equation in (2.3)
takes a diagonal form

0~ 'J0 = diag(ey, . . ., ex).

This diagonal form is useful in eigenanalysis of computational bifurcation analysis on the square
lattice.

This section is organized as follows. The permutation representation for the square lattice is
investigated in Section 3.4.1. The irreducible decomposition of the permutation representation
is presented in Section 3.4.2. Transformation matrices for block-diagonalization are derived in
Section 3.4.3.

3.4.1. Representation Matrix

In our study of a system of K = n” places on the n X n square lattice, each element g of
Dy < (Z, X Z,) = (r, s, p1, p2) acts as a permutation of place numbers (1, ..., K). Consequently,
the representation matrix 7'(g) is a permutation matrix for each g. By definition, 7'(g) has “1” at
the (i, j) entry if place j is moved to place i by the action of g.

The representation matrix 7(g) for general n can be determined as follows. The coordinate of
a place on the n X n square lattice is given by

x=mbli+mby, n,n=01...,n-1

with £; = d(1,0)7, &, = d(0,1)T in (3.1), where d means the length of the vectors £; and £,. Thus,
the n? places are indexed by (n1, n»), and so are the rows and columns of the representation matrix
T(g). The action of r is expressed as

r-f1=f2, r-f2=—f1.

7 The multiplicity is either 1 or 0 for each irreducible representation.
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Hence, we have
rex =m(r-6)+m(r- ) =nmb)+na(=6) = (—n)ly + m b,
which means that the action of r on (n1, ny) is given by
r-(ni,m) =(-nyn;) mod n. (3.64)

Then, the column of 7'(r) indexed by (n1,n;) has “1” in the row indexed by (—n, mod n, ny).
Similarly, the actions of s, p;, and p; are expressed as

s+ (n1,n2) = (n,—ny) mod n, (3.65)
p1-(n,n) = (n; +1,n2) mod n, (3.66)
p2 - (n,m) = (ny,ny +1) mod n. (3.67)

The permutation representation 7'(g) is specified by (3.64)—(3.67) above.

Example 3.1. The permutation representation for the 4 X 4 square lattice is given by (3.64)—(3.67)
as follows:

T(p1) = ] , T(p2) =
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3.4.2. Irreducible Decomposition

The irreducible decomposition of the permutation representation 7'(g) for the nxn square lattice
is now investigated. The multiplicities of irreducible representations in this decomposition are
determined. It is to be emphasized that irreducible representations lacking in the decomposition of
T(g) can be excluded from consideration in the search for square bifurcating patterns in Section 3.5
and Appendix A.6.

Simple Examples
Prior to the analysis for general n, we present the results for n = 3 and n = 4. We begin with
the case of n = 3. The group D4 < (Z3 X Z3) has nine irreducible representations (see Section 3.3):

R(Dg = (Z3 X Z3)) = {(1; +, + +), (1; 4+, —, +), (I; =+, +), (1, —, —, +),
(2;4),(4,1,0,+),(4;1,0,-),(4; 1, 1,+),(4; 1, 1, —)}.

Among these nine irreducible representations, only three of them, (1;+,+, +), (4;1,0,+), and
(4;1,1,+), are contained in T(g) with multiplicity 1, whereas the others are missing in 7(g).
Indeed we will see in Section 3.4.3 in a general setting that

0"'T(g)Q = T (g) @ THIM () @ THL(g), g € Dy < (Z3 X Za)

for some orthogonal matrix Q. Accordingly, the multiplicities a* for u € R(Dy4 < (Z3 X Z3)) are
given as follows:

a(1;+,+,+) =1, a(1;+,—,+) =0, a(l;—,+,+) =0, a(l;—,—,+) =0:

]

a(2;+) — 0’ a(4;1,0,+) — 1’ a(4;1,0,—) — 0’ a(4;1,1,+) — 1’ a(4;1,1,—) — 0

We next show the case of n = 4. Recall the permutation representation 7(g) for n = 4 from
Example 3.1. The group D4 = (Z4 X Z4) has 20 irreducible representations (see Section 3.3):

R(Dy = (Zg X Z4)) = {(1;+,+,+), (1; +, = +), (L; = +,+), (1; =, —, +),
(L +, 4+, =), (L4, =), (I, =+, =), (1, = =, =),
(27 +)’ (2a _)’ (29 +, +)’ (2’ +, _)’ (2’ ) +)7 (27 ) _)a
(4:1,0,4),(4:1,0,-), (4: 1, L, +), (4: 1,1, -), (4:2, 1, +), (4:2, 1, -)}.

Among these 20 irreducible representations, only six of them, (1;+, +, +), (1;+, +, —), (2; +, +),
(4;1,0,+), (4;1,1,+), and (4; 2, 1, +), are contained in 7(g) with multiplicity 1, whereas the others
are missing in 7'(g), as we will see in Section 3.4.3 in a general setting. This means that

07'T(g)Q = T+ 9(g) @ T+ (g) @ T H(g) @ TH O () @ TH 1) (g) @ TH214) (),
g € Dy < (Z4 X Zy)
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Table 3.4: The values of character y of the permutation representation 7.

8 X(8)
8 x(g) spi'py  (i=0,j=2k)| 2n n
e n’ i=0,j+2k) 0 n
n'pY (G)H#O00)] 0 (i 0) 0 0
rpi'py (i +j = 2k) 2 1 (n=2m) (n#2m)
(i+j+2k) 0 1 srpiipy (i =j) n
(n=2m) (n+2m) @ +7j) 0
r2piips! (i, j: even) 4 1 srPpiipy) (j =0, i =2k) 2n n
(other (i, j)) 0 1 (j=0,i+2k) 0 n
(n=2m) (n+2m) (j#0) 0 0
Ppitpy (i +j =2k) 2 1 (n=2m) (n#2m)
(i +j # 2k) 0 1 sripiipy)  (i=n-j) n
(n=2m) (n+2m) i#n-j) 0

0<ij<n-1; k,m: integers

for some orthogonal matrix Q, the concrete form of which is given in Example 3.2 in Section 3.4.3.
Accordingly, the multiplicities a* for u € R(Dy4 < (Z4 X Z4)) are given as follows:

gt — 1, gt = 0, g=+t) = 0, a==") = 0,
gt = 1, gt = 0, g=+") = 0, a7 =0,
aZh) = 0, a®) = 0, aZHt) = 1, aZ+) = 0,

a®=>% =0, %) =0,

a@104) | g®100) Z g &Ly Z @) _ g
a4219) 1 g4210) .

Analysis for the Finite Square Lattice

For general n, the permutation representation 7(g) is specified by (3.64)—(3.67). We determine
the irreducible decomposition of T'(g) with the aid of characters. Let y(g) be the character of 7(g),

which is defined by
x(8) =TrT(g)

g € Dy = (Zy X Zy).

(3.68)

Table 3.4 shows the values of y(g) for all g € Dy %< (Z,, X Z,), which are dependent on whether
n is even or odd. For example, the action of rp;'p,’/ reads

rplipzj s(n,m)=r-(np+i,ny+j)=(—np — j,ny +i).

Invariant points (n, np) are those which satisfying (ny, np) = (—np — j, ny +1i) (mod n). The number
of these points, which depends on i + j and n, gives y(rpi‘p>/).



Table 3.5: The values of irreducible characters y* appearing in (3.71).

g FHnt) k04 VS FERO o) K@) A n/260)
(n=2m) (n=2m) (n=2m)
piipy 1 2[cos(ki@)  2[cos(k(i + j)F) (A.6) (=1 (=1) +(=1Y 2[(=1) cos(£j0)
+cos(kjO)] +cos(k(i— j)o)] +(=1Y cos(£if)]
rpiipy’ 1 0 0 0 (=1)i+ 0 0
Ppipd | 0 0 0 (=D (=1 4 (=1) 0
rpiipy 1 0 0 0 (- 0 (=D +(-1y
spiipy 1 2 cos(kif) 0 0 (=D (=1 +(=1)/  2(=1Y cos(£if)
srpiipy’ 1 0 2 cos(k(i — j)0) 0 (=1)i*J 0 0
sr2piipy’ 1 2 cos(kj6) 0 0 (=) (=1)  +(=1))  2(=1)' cos(£jH)
srpiipyt 1 0 2 cos(k(i + j)O) 0 (=1)*7 0 0

0 = 2n/n; (A.6) reads:
X &R (p1ipaTy = 2[cos((ki + £)0) + cos((—Ci + kj)O) + cos((ki — €/)0) + cos((—Li — kj)O)]

In terms of characters, the irreducible decomposition of 7'(g) can be expressed as

x(g)= ), a"x"(g), g €Dy (ZyXZy) (3.69)
M

where y* is the character of u € R(Dy = (Z, X Z,)), and the multiplicity a* of u can be determined
by the formula

1
a'=cs D x@x(). (3.70)
" gD ZuxZ,)

In the case of n = 2m, for example, we obtain

x(8) = X g) + ) 4+ B+ Y ()

k:G51)
Y O 1 T Ry T RO
k:(3.49) k:(3.50) (k,£):(3.60)

as the decomposition (3.69). The terms yi+*7)(g), ¥ ***)(g), and y*"/>6+)(g) appear only
when 7 is even. Hence, we may represent this succinctly as

x(@) = X (g) [+ X (g) + ¥ E I (g) + D Y EE(g)
k:(3.51)

if n=2m
O I 3T Ry N Bk,
k:(3.49) k:(3.50) (k,£):(3.60)
8 € Dy < (Zy X Zy), (3.71)
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where [ - | ,=0,, means that the term is included when # is even. Table 3.5 shows the values of the
irreducible characters y*(g) appearing on the right-hand side of (3.71) (see Appendix A.1.1 for
details about y*#(g)). The equality in (3.71) can be verified with the aid of Tables 3.4 and 3.5.

The decomposition (3.71) of the character y(g) of T(g) means that some orthogonal matrix Q
exists such that

07'T()Q = T+ (g) |@ T+ 7(g) 0 TE P (g) @ (] TH/249(g)
k:3.51) if n=2m

® @ T(4;k,0,+)(g) ® @ T(4;k,k,+)(g) ® @ T(S;k,f)(g)’

k:(3.49) k:(3.50) (k,£):(3.60)
g € Dy =< (Z, XZy,). (3.72)

This gives the irreducible decomposition of 7(g). Accordingly, the multiplicities a* in the irre-
ducible decomposition of 7(g) are given as follows:

a(1;+,+,+) =1, a(1;+,—,+) =0, a(l;—,+,+) =0, a(l;—,—,+) =0,

dlt+) =1, gt =0, o) =0, o) =,

a¥Y =0, a%) =0,

g+ 1 %fn %s cven, a®) = 0, a3 = 0, a%=) = 0,
0 ifnis odd,

AWEOH) Z k00 0 | <k < {n - 1|’

2
adkk) Z 1 g@kkD) 20 ] <k < n; 1| ,
SAnI205) 1 ifniseven, A4 _o 1 <o n_ L
0 ifnis odd, 2

, —1
a®k0 = 1, 1s€sk—L23ks{17+.

It is noteworthy that the multiplicity is either O or 1 for each irreducible representation, that is, the
permutation representation 7(g) in (3.64)—(3.67) is multiplicity-free (see Remark 3.2). Table 3.6
shows a summary.

By N4, we denote the number of d-dimensional irreducible representations of Dy = (Z, X Z,)
that exist in the permutation representation T(g). We have the following expressions for Ny:

n\d | 1 2 4 8
N N Ny Ng
2m 2 1 3n-2)/2 (n*-6n+8)/8
2m—-1|1 0 n-1 (n* —4n+3)/8
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Table 3.6: Irreducible representations contained in the permutation representation 7'.

n\d 1 2 4 8
2m L+ +4+),(L++-) 2:++) 4 kO0+), 4k k;+),(4;n/2,6,+) (8;k,€)
2m—1 1+, +,+) 45k, 0;+), (4s k, k; +) 8k, £)

(4;k,0;+) with 1 < k < [(n—1)/2];

Ak, k;+)with 1 < k < [(n-1)/2];
4;n/2,¢;+)with 1 <€ <n/2 -1,
Sk ) withl <€ <k-1,2<k<|[(n-1)/2]

Table 3.7: The number N, of the d-dimensional irreducible representations of Dy x (Z, X Z,) contained in the
permutation representation 7" for the square lattice.

n\d| 1 2 4 8  TN\g[ 1 2 4 38
Ni_Np Ni Ng ¥ Na Vi N Ni Ny X N4
1 1 1 13 | 1 12 15 28
2 02 1 3 4 ] 2 1 18 15 36
31 2 3 15 | 1 14 21 36
4 12 1 3 6 16| 2 1 21 21 45
S 4 1 6 17 |1 16 28 45
6 | 2 1 6 1 10 18 | 2 1 24 28 55
701 6 3 10 19 | 1 18 36 55
8 |2 1 9 3 IS 20 2 1 27 36 66
9 | 1 § 6 15 21 | 1 20 45 66
02 112 6 21
TR 10 10 21 1 Coor 1
ol 2 115 10 o8 4|2 130 190 223
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whereas Table 3.7 shows the values of N, for several n. Also note the relation

Z dN, = n?. (3.74)
d

Remark 3.2. It is a basic fact that a permutation representation 7(g) representing the action of
a group G on a finite set P is multiplicity-free if there exists some g € G such that g - p = ¢
and g - ¢ = p (e.g., see Proposition 1.4.8 of Ceccherini-Silberstein et al., 2010). The permutation
representation 7(g) in (3.64)—(3.67) satisfies this condition as follows. By (3.64), (3.66), and
(3.67), we have

r’pi'py! - (ni,my) = (= —i,ny — j)  mod n.

Hence, any pair of (n;, n2) and (n}, n})) can be rewritten as
g - (nm,m) = (n},ny) modn, g-(nj,n))=(n,n) modn

by g = r’pi'py’ withi = ny — nj and j = ny — nj.

3.4.3. Transformation Matrix for Irreducible Decomposition
For the n X n square lattice with the symmetry of D4 = (Z, X Z,), we derive the transformation
matrix

Q = (Q" | 1 € Dy < (Zn X Zy)) (3.75)

for the irreducible decomposition. Note that the column set of Q is partitioned into blocks, each
associated with an irreducible representation u contained in 7(g) (see Table 3.6). Since such u has
a’ =1 (multiplicity-free), we have the relation

T(8)Q" = QFTH(g), & € D4 < (Zn X Zy), (3.76)

where T'(g) is the permutation representation given in Section 3.4.1.
The vector A expressing population distribution is defined as

A=, ..., )"
= (00 -+ +» Au=1.05 A0Ls - o> Ane1.13 +++ 5 et~ - > Anmtn—1) -
= (Apn, | n1,m2=0,...,n—=1),

where K = n? and (Anyn, | n1,n2 =0, ...,n—1)is a K-dimensional column vector. For a vector on
this lattice with the (n1, n2)-component g(n1, n2), we express its normalization as®

—
|
—_

n—1n

(g(n1,m2)) = (g(n1, ma)/( gl /) | nna=0,....n—1). (3.77)

i=0 j

Il
(e]
Il
(]

8 The notation (-) here should not be confused with that for the generators of a group.

37



Recall that the permutation representation 7'(g) is specified by (3.64)—(3.67) above. The action

of r on (ny, ny), for example, is expressed by

r-(ny,ny) = (-ny,ny) mod n

in (3.64), which shows that the column of 7'(r) indexed by (n, n;) has “1” in the row indexed by
(—ny,n1) mod n. For the present purpose, however, it is convenient to consider 7(g) row-wise. It
is seen that the row of T'(r) indexed by (ny, ny) has “1” at the column indexed by (n,, —n;) mod n,

since
(n},n}) = (—n2,n1) mod n

can be solved for (n, n;) as
(n1,nz) = (nh, —n})) mod n.
We denote this as
r*(ny,ny) = (np,—ny) mod n.

For s, p1, and p», a similar argument based on (3.65)—(3.67) yields
s *(n,m) = (ny,—np) mod n,

p1*(n,np) = (n; —1,n2) mod n,

p2 * (n,m) = (n;,n; — 1) mod n.

(3.78)

(3.79)
(3.80)
(3.81)

The submatrices Q* for u are given by the following proposition, where the notation (-) for

normalization in (3.77) is used.

Proposition 3.4. The submatrices Q" of the transformation matrix Q on the n X n square lattice

are given by

01+ = L 1T =,
n
i) — [(cos(m(n; — ny)))] if niseven,
- missing if n is odd,
0+ = [{(cos(mtny)), {(cos(mny))] if nis even,
B missing if n is odd,
QWkOY) = [(cos(2rkny /n)), (sin(2wkn;/n)), {(cos(2rkna/n)), (sin(2rkna/n))],

1<k<
ks

QWA = [(cos(2mk(ny + n2)/n)), (sin(2mk(ny + n2)/n)),
(cos(Qmk(—n; + ny)/n)), (sin2rk(—n + ny)/n))|,

n-—1
1<k<
Bl _\‘ 2 |,
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n-—1

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)



[{cos(mn| + 2ntny/n)), (sin(rn; + 2ntny /n)),
Q264 _ (cos(—2nlni/n + wny)), (sin(-2ntny/n + nny))l, - (3.87)
1<f<5-1 ifniseven,

missing if n is odd,

0®k0 = [(cos(2n(kny + €na)/n)), (sinQr(kn; + €ny)/n)),
(cos2nr(—tny + kny)/n)), {(sin(2n(—€ny + kny)/n)),
(cos(2n(kn| — €ny)/n)), (sin(2r(kn; — €ny)/n)),
(cos(2n(=Cny — knz)/n)), (sin(2rn(—Cny — kny)/n))],

~1
ls{’sk—l,ZSksVT* (3.88)

Proof. Proof is given in Appendix A.2. O

An example of the transformation matrix Q for n = 4 is presented below by assembling
submatrices Q* in Proposition 3.4.

Example 3.2. The transformation matrix Q for the 4 x 4 square lattice reads

0= [Q(1;+,+,+)’ Q(1;+’+’_), Q(2;+,+)’ Q(4;1,0,+)’ Q(4;1,1,+), Q(4;2,1,+)]

= [{1) [ {cos(m(n1 —n2))) | {cos(nmny)), (cos(nnz)) |
(cos(m n1/2)), (sin(m n1/2)), (cos(rnz/2)), (sin(nnz/2)) |
(cos(mr(n1 + n2)/2)), (sin(r(ny + n2)/2)), {cos(m(—n1 +n2)/2)), (sin(x(-n1 +n2)/2)) |
(cos(mny + mny/2)), (sin(mn + nny/2)), {cos(—nni/2 + nmny)), {(sin(—nn,/2 + nny))|

T O S U B /) V2 V2 V2 V2 V2

1] -1]-1 1 V2 V2 V2 V2 | -V2 -2

11| 1 1|-v2 V2 -2 -2 V2 -2

1] -1]-1 1 -2 V2 -V2 V2 | V2 V2

1-1] 1 1] v2 V2 V2 V2 V2 -2

1] 1]-1 -1 V2 V2 | -V2 V2 -2 V2

-1 1 -1|-v2 V2 -2 -2 V2 V2
IR -V2 V2| V2 -V2 -V2 -V2
T4l ]t w2 -2 -2 -2 -2 V2

1] -1]-1 1 V2 -2 -2 V2| V2 -2

11| 1 1|-v2 -2 V2 V2 -2 -2

1|-1]-1 1 -2 -2 V2 V2| V2 V2

1|-1] 1 -1| V2 -2 -2 -2 -2 -2

1] 1]-1 -1 V2 V2| V2 -2 V2 V2

1-1] 1 =1|-v2 -2 V2 V2 -2 V2

[ 1| 1| -1 -1 -V2 -V2 | -V2 V2 V2 -V2 |

3.5. Existence of Bifurcating Solutions with Square Symmetry

We presented fundamental facts about the square lattice in Sections 3.2-3.4. We introduced the
n X n square lattice with periodic boundary conditions as a spatial platform for agglomeration (cf.,
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Section 3.2). We labeled the symmetry of this lattice by the group D4 < (Z, X Z,), and obtained
the irreducible representations of this group (cf., Section 3.3). We decomposed the representation
matrix for the square lattice into irreducible components to determine the multiplicity a* of each
irreducible representation u (cf., Section 3.4).

We would like to investigate the existence of square patterns as bifurcating solutions on the
square lattice. For each irreducible representation u with a* > 1, we study bifurcation from a
critical point associated with u by using group-theoretic bifurcation analysis procedures under
group symmetry. The following two different methods of analysis are available:

(i) The equivariant branching lemma is applied to the bifurcation equation associated with u
to show the existence of bifurcating solutions with a specified symmetry. This analysis is
algebraic or group-theoretic, which focuses on the symmetry of solutions. The concrete
form of the bifurcation equation need not be derived, and isotropy subgroups play a key role
in this analysis.

(ii) The bifurcation equation is obtained in the form of power series expansions and is solved
asymptotically. This method is more complicated, treating nonlinear terms directly, but is
more informative, giving asymptotic forms of the bifurcating solutions and their directions
in addition to their existence.

In this section, we apply the first method (i), using the equivariant branching lemma, to the
economy on the n X n square lattice with the symmetry of D4 = (Z, X Z,). We obtain possible
bifurcating square patterns and associated lattice sizes for all the irreducible representations, which
are related to group-theoretic critical points with multiplicity M = 1,2, 4, 8.

The second method (ii), solving the bifurcation equation, is not based on the equivariant
branching lemma and, in principle, capable of capturing all bifurcating solutions by dealing with
the bifurcation equation explicitly. The first method conducted in this section demands less
analytical effort than the second method and fits to pinpoint the targeted square patterns among
many other bifurcating solutions.

This section is organized as follows. Theoretically predicted bifurcating square patterns are
previewed in Section 3.5.1. Fundamentals of bifurcation analysis are recapitulated in Section 3.5.2.
Bifurcation points of multiplicity M = 1,2, 4, 8 are respectively studied in Sections 3.5.3-3.5.6.

3.5.1. Summary of Theoretical Results

As a preview of group-theoretic bifurcation analysis to be conducted in Sections 3.5.4-3.5.6,
we present possible bifurcations that produce bifurcating square patterns. Note that all critical
points are assumed to be group-theoretic as explained in Section 3.5.2.

Symmetry of Bifurcating Square Patterns
Recall that the symmetry of the n X n square lattice is labeled by the group

G = (r,s,p1,p2) = Dy =< (Z, X Z,) (3.89)
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in (3.31). The fundamental relations are given as

7‘4

s>=(rs =p"=p"=e pap1=pipa
rpy =p2r, rp2= pl_lr, Sp1 = p1s, Sp2 = pz'ls (3.90)

in (3.32), where e is the identity element.
Let us consider the governing equation

F(A,¢)=0 (3.91)

in (2.3), where 1 = (4,...,Ax)" with K(= n?) is a K-dimensional independent variable vector,

and ¢ is the bifurcation parameter. Among many possible solutions A to the governing equation in

(3.91), we are particularly interested in those bifurcating solutions that represent square patterns.
To describe square patterns, we introduced a sublattice

H(e, B) = {ni(als + Bl) + na(—=pl1 + als) | ny,ny € Z}

= {[{’1 1’2] [Z _a'B [Z;] | ni,ny € 2} (3.92)
in (3.4), where
{6 =d (1)], 6H=d l(l)] (3.93)

are basis vectors of length d of the underlying infinite square lattice
H = {mt, +nxbr | n,ny € 2} (3.94)
in (3.2). In this chapter, we adopt the parameter space
{(@,8)eZ? | a>0, B>0} (3.95)

in (3.9) of Proposition 3.1, instead of {(a, 8) € Z> | @ > B > 0, @ # 0} in (3.10), unless otherwise
stated. We characterized the size of a square pattern H(«, §) by

D = D(a, B) = a* + B? (3.96)

in (3.7).
The n X n square lattice is described by

H, ={mti+mb,|neZ 0<n; <n-13G=12)} (3.97)

in (3.25). The symmetry of a square pattern H(«, ) N H, on this lattice is represented by the
subgroup G(«, B8) of G. This subgroup is classified into three types:

(r,s, p1% p2%) = Z(a, 0) ifa>1, =0 (type V),
G(a, B) = (.8, 1P 2P, p1 PPy = 2(B.B) ifa =B, B=1(type M), (3.98)
(r,p19p2”, p17Pp2%) = Zo(a, B)  otherwise (type T)
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in (3.36). It is convenient to introduce a convention
20(0,0) = (r), X2(0,0)=<(r,s), Z(1,0)=<(r,s,p1,p2). (3.99)
We have the compatibility condition in (3.30) between (a, 8) and n given as

ma (@ > 1) for type V,
n=12mB (B >1) for type M, (3.100)
mD(a, B)/gcd(a, B) for type T,

wherem=1,2,....
The objective of this section is to look for a solution A to (3.91) such that the isotropy subgroup
>(A) for the symmetry of A coincides with one of the subgroups in (3.98).

Square Patterns Engendered by Direct Bifurcations

The main message of this section is that bifurcating solutions for square patterns do arise
from the mathematical model on the square lattice with pertinent lattice sizes, and therefore these
patterns can be understood within the framework of group-theoretic bifurcation theory. The major
results to be derived in Sections 3.5.4—-3.5.6 are summarized as follows:

Proposition 3.5. A bifurcating solution with the square symmetry expressed by the subgroup in
(3.98) exists for pertinent lattice sizes n. To be specific, we have the following, where m denotes a
positive integer.

e For (a,B;n) = (a,0;am) (2 < @ < n), a square pattern of type V with symmetry X(a, 0)
branches at a bifurcation point with multiplicity M =2 (¢ =2), M =4 (a > 3), or M = 8
(@ =5).

e For(a,B;n) = (B,B;2Bm) (1 < B < n/2), a square pattern of type M with symmetry X(8, B)
branches at a bifurcation point with multiplicity M =1 (B=1), M =4 (8 >2),or M =8
(B=4).

e For (o, B:n) = (a, B;mD(a, B)/gcd(a, B)), where 1| < @« <n-1,1< 8 <n-1, and
a # B, a square pattern of type T with symmetry Zo(a, B) branches at a bifurcation point
with multiplicity M = 8.

Proof. This is proved in Sections 3.5.4-3.5.6. O
Possible square patterns for each value of (@, B; n) in Proposition 3.5 are summarized as follows:
(@, B;n) M | Type
a=2 2
(a, 0; am) a >3 4 \Y
a>5 8
p=1 1
B.B:2pm) B2 4| M
B =>4 8
D
(Q,B;M) Il<a<<n-1,1<B<n-l,a+#B| 8 T
ged(a, B)




wherem=1,2,....
The following proposition plays a pivotal role in the search for square patterns.

Proposition 3.6. The existence of square patterns depends on the divisors of the lattice size n as
follows:

(i) If n has a divisor a (2 < a < n), a square pattern of type V with symmetry X(a, 0) exists.

(ii) If n has a divisor 23 (1 < B < n/2), a square pattern of type M with symmetry X(, 3)
exists.

(iii) If n has a divisor D(«a, B)/gcd(a, B), where | <a <n-1,1<B<n—-1l,anda # B, a
square pattern of type T with symmetry Zo(a, B) exists.

Proof. This follows from Proposition 3.5. O

Possible square patterns emerging via direct bifurcations for several values of n, obtained from
Proposition 3.6, are listed in Tables 3.8 and 3.9.

3.5.2. Analysis Procedure Using Equivariant Branching Lemma
We summarize a bifurcation analysis procedure resorting to the equivariant branching lemma.

Bifurcation and Symmetry of Solutions
Let us consider the governing equation

FA4,¢)=0 (3.101)
in (2.3) endowed with the equivariance to G = D4 x (Z, X Z,) as
T(Q)F(A,¢) =F(T(g)A.¢). g€G (3.102)

in (2.7). Recall that ¢, being the trade freeness, serves as the bifurcation parameter, 4 € RX is
an independent variable vector of dimension K = n? expressing a pattern of mobile population,
F : RExR — RX is the nonlinear function, and T is the K-dimensional permutation representation
in Section 3.4.1 of the group G = Dy = (Z,, X Z,,).

Let (A, ¢¢) be a critical point of multiplicity M (> 1), at which the Jacobian matrix of F has a
rank deficiency M. The critical point (A, ¢.) is assumed to be G-symmetric in the sense of

T(g)dc =1, ge€G. (3.103)

Moreover, it is assumed to be group-theoretic, which means, by definition, that the M-dimensional
kernel space of the Jacobian matrix at (A, ¢¢) is irreducible with respect to the representation 7.
Then the critical point (A, ¢.) is associated with an irreducible representation u of G, and the
multiplicity M corresponds to the dimension of the irreducible representation yu. We denote the
representation matrix for u by T#(g).

By the Liapunov—Schmidt reduction with symmetry,” the full system in (3.101) is reduced, in
a neighborhood of the critical point (A, ¢.), to a system of M equations

Fw,$)=0 (3.104)

9 For details on the Liapunov—Schmidt reduction, see Sattinger (1979), Chow and Hale (1982), and Golubitsky
et al. (1988).
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Table 3.8: Possible square patterns for several lattice sizes n (n = 2—17).

n| (a,p) D | Type | G(a,B) M
21 (2,0 4| V %(2,0) 2
(1,1) 2| M (1, 1) 1
31 (3,0 9| V %(3,0) 4
41 (2,0 41V >(2,0) 2
4,0) 16| V >(4,0) 4
(1,1) 2| M (1, 1) 1
(2,2) 8| M %(2,2) 4
51 (50) 251V >(5,0) | 4or8
2,1) 5 T 0(5,0) 4
6| (2,0 4| V %(2,0) 2
(3,0) 91 V %(3,0) 4
(6,0) 36| V 3(6,0) | 4or8
(1,1) 2| M (1, 1) 1
(3,3) 18| M %(3,3) 4
71 (7,0) 49 |V %(7,0) | 4or8
8| (2,0) 4| V %(2,0) 2
(4,0) 16| V %(4,0) 4
(8,0) 64| V >(8,0) | 4or8
(1,1) 2| M (1, 1) 1
(2,2) 8| M %(2,2) 4
4,4) 32| M ¥(4,4) | 4or8
91 (3,0 91 V %(3,0) 4
9,0) 81 v %(9,0) | 4or8
10 | (2,0) 4| V %(2,0) 2
(5,0) 25 \Y >(5,0) | 4or8
(10,0) | 100 | V | 2(10,0) | 4o0r8
(1,1) 2| M (1, 1) 1
5,5) 50| M %(5,5) | 4or8
2,1 5 T ¥0(2, 1) 8
(3, 1) 10 T %0(3,1) 8
4,2) 20 T >0(4,2) 8

n| (a,p) D | Type | G(a, B) M
11| (11,0) | 121 V | £(11,0) | 4or8
12 | (2,0 4|1 V %(2,0) 2

(3,0) 9| V %(3,0) 4
(4,0) 16| V %(4,0) 4
(6,0) 36| V 3(6,0) | 4or8
(12,0) | 144 | V | 2(12,0) | 40r8
(1,1) 2| M >(1,1) 1
(2,2) 8| M ¥(2,2) 4
3,3) 18| M %(3,3) 4
(6,6) 72| M 3(6,6) | 4or8
13 ] (13,0) | 169 | V | X(13,0) | 4o0r8
(3,2) 13 T >0(3,2) 8
14 | (2,0) 41 V %(2,0) 2
(7,0) 49 | V %(7,0) | 4or8
(14,0) | 196 | V | £(14,0) | 4o0r8
(1,1) 2| M >(1,1) 1
(7,7) 9% | M %(7,7) | 8or8
15| (3,0) 9| V %(3,0) 4
(5,0) 25|V %(5,0) | 4or8
(15,0) | 225 V | X(15,0) | 4o0r8
2, 1) 5 T Y0(2,1) 8
(6,3) 45 T >0(6,3) 8
16 | (2,0) 4| V %(2,0) 2
4,0) 16| V >(4,0) 4
(8,0) 64| V %(8,0) | 4or8
(16,0) | 256 | V | 2(16,0) | 40r8
(1,1) 2| M >(1,1) 1
(2,2) 8| M %(2,2) 4
4,4 32| M >(4,4) | 4or8
(8,8) | 128 | M >(8,8) | 4or8
17 | (17,0) | 289 | V | %(17,0) | 40r8
4,1 17 T Y0(4,1) 8




Table 3.9: Possible square patterns for several lattice sizes n (n = 18-30).

n| (aopB8) D | Type | G(a,p) M n| (o,B) D | Type | G(a,B) M
18 | (2,0) 4| V %(2,0) 2 25 | (5,0) 25|V %(5,0) | 4or8
(3,0) 91 V %(3,0) 4 (25,0) | 625 | V ¥(25,0) | 4or8
(6,0) 36| V %(6,0) | 4or8 2, 1) 5 T 22, 1) 8
9,0) 81 \% %(9,0) | 4or8 4,3) 25 T >(4,3) 8
(18,0) | 324 | V %(18,0) | 4or8 (10,5) | 125 T %(10,5) 8
(1,1) 2| M (1, 1) 1 26 | (2,0) 41 V %(2,0) 2
(3,3) 18| M %(3,3) 4 (13,0) | 169 | V ¥(13,0) | 4or8
9,9 |162| M 2(9,9) | 4or8 (26,0) | 676 | V %(26,0) | 4or8
19 | (19,0) | 361 \Y %(19,0) | 4or8 (1, 1) 2| M >(1,1) 1
20 | (2,0) 41V 3(2,0) 2 (13,13) | 338 | M | X(13,13) | 4o0r8
4,0) 16| V 3(4,0) 4 (3,2) 13 T >0(3,2) 8
(5,0) 251V %(5,0) | 4or8 5, 1) 26 T 20(5, 1) 8
(10,0) | 100 | V %(10,0) | 4or8 (6,4) 52 T ¥0(6,4) 8
(20,0) | 400 | V 3(20,0) | 4or8 27 | (3,0) 9| V %(3,0) 4
(1,1) 21 M 2(1,1) 1 9,0) 81 v ¥(9,0) | 4or8
(2,2) 8| M 2(2,2) 4 (27,0) | 729 | V %(27,0) | 4or8
5,5) 50| M 3(5,5) | 4or8 28 | (2,0) 41V %(2,0) 2
(10,10) | 200 | M | 2(10,10) | 40r8 (4,0) 16| V %(4,0) 4
2,1 5 T ¥0(2, 1) 8 (7,0) 49 | V %(7,0) | 4or8
3, 1) 10| T ¥0(3, 1) 8 (14,0) | 196 | V ¥(14,0) | 4or8
4,2) 200 T ¥0(4,2) 8 (28,0) | 784 | V ¥(28,0) | 4or8
6,2) 40| T %0(6,2) 8 (1,1) 2| M X(1,1) 1
(8,4) 80 | T 20(8,4) 8 (2,2) 8| M %(2,2) 4
21 | (3,0) 91 V %(3,0) 4 (7,7) 98 | M %(7,7) | 4or8
(7,0) 49| V %(7,0) | 4or8 (14,14) | 392 | M | X(14,14) | 4o0r8
(21,0) | 441 v ¥(21,0) | 4or8 29 | (29,0) | 841 \Y% ¥(29,0) | 4or8
22 | (2,0) 4| V %(2,0) 2 (5,2) 29 T >0(5,2) 8
(11,0) | 121 \% ¥(11,0) | 4or8 30 | (2,0) 4| V %(2,0) 2
(22,0) | 484 | V ¥(22,0) | 4or8 (3,0) 9| V %(3,0) 4
1,1) 2| M >(1,1) 1 (5,0) 25| V %(5,0) | 4or8
(11,11) | 242 | M | Z(11,11) | 4o0r8 (6,0) 36| V %(6,0) | 4or8
23 | (23,0) | 529 | V %(23,0) | 4or8 (10,0) | 100 | V %(10,0) | 4or8
24 | (2,0) 4| V 2(2,0) 2 (15,0) | 225 \Y ¥(15,0) | 4or8
(3,0) 91 V %(3,0) 4 (30,0) | 900 | V ¥(30,0) | 4or8
(4,0) 16| V >(4,0) 4 (1,1) 2| M >(1,1) 1
(6,0) 36| V %(6,0) | 4or8 (3,3) 18| M %(3,3) 4
(12,0) | 144 | V ¥(12,0) | 4or8 (5,5) 50| M %(5,5) | 4or8
(24,0) | 576 | V ¥(24,0) | 4or8 (15,15) | 450 | M | £(15,15) | 4or8
(1,1) 2| M (1, 1) 1 2, 1) 5 T ¥0(2, 1) 8
(2,2) 8| M (2,2) 4 (3,1) 10 T (3, 1) 8
(3,3) 18| M %(3,3) 4 4,2) 20 T Y0(4,2) 8
4,4) 32| M 3(4,4) | 4or8 (6,3) 45 T ¥0(6,3) 8
(6,6) 72| M 3(6,6) | 4or8 9,3) 90 T %0(9,3) 8
(12,12) | 288 | M | 2(12,12) | 40r8 (12,6) | 180 T 0(12,6) 8
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inw € RY, where F: RY xR — RM is a function and ¢ = ¢ — ¢ denotes the increment of ¢.
This reduced system is called the bifurcation equation.

In the reduction process, the equivariance in (3.102) of the full system is inherited by the
reduced system in (3.104). With the use of the representation matrix 7#(g) for the associated
irreducible representation u, the equivariance of F can be expressed as

TH(g)F (w, $) = F(T"(g)w, $), g €G. (3.105)

This inherited symmetry plays a key role in determining the symmetry of bifurcating solutions.

The reduced system in (3.104) can possibly admit multiple solutions w = w(¢) with w(0) = 0
since (w, @) = (0,0) is a singular point of (3.104). This gives rise to bifurcation. Each w uniquely
determines a solution A to the full system in (3.101), and moreover the symmetry of w is identical
with that of A. Indeed, we have the following relation:

GH C ZH(w) = Z(Q), (3.106)
where G* is a subgroup of G as
Gl ={geG|THg) =1}, (3.107)
and XZ(A) and #(w) are isotropy subgroups defined respectively as

Y(A) =2A;G,T)={g G| T(g)A =4}, (3.108)
SHw)=2(w;G,TH)={g e G| TH(gw = w}. (3.109)

The significance of the relation in (3.106) is twofold. First, unless a subgroup X is large enough
to contain G*, no bifurcating solution A exists such that £ = X£(1). Second, the symmetry of a
bifurcating solution A is known as X(1) = X#(w) through analysis of the bifurcation equation in w.

Remark 3.3. We define the variables w = (wy,...,wy)" in the bifurcation equation in (3.104)
with the matrix Q derived in Section 3.4.3. That is, the components of w = (wy,...,wy)" are
assumed to correspond to the column vectors of QF = [q’f ye .,q]/f,[]. Then, the equivariance
condition in (3.105) holds for the matrix representations T# of the irreducible representations u
derived in Appendix A.1.4.

O

Bifurcation Equation and the Associated Irreducible Representation

To investigate the existence of a bifurcating solution A with a specified symmetry X to the
governing equation F(4,¢) = 0 in (3.101), it is pertinent to apply the equivariant branching
lemma to the bifurcation equation F(w, ¢) in (3.104). This is justified by the fact that the isotropy
subgroup X(A4) expressing the symmetry of a bifurcating solution A is identical to the isotropy
subgroup Z#(w) of the corresponding solution w for the bifurcation equation, i.e., (1) = Z¥(w)
as shown in (3.106).

The bifurcation equation is associated with an irreducible representation u of G = Dy=(Z,,XZ,,)
as in (3.105). The associated irreducible representation y is restricted to

w=1+++), (L ++-), 25+ +), (4,0, +), (4 k, ks +), (4;n/2,€;+), (8 k, €)
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Table 3.10: The irreducible representations of D4 x (Z,, X Z,) to be considered in bifurcation analysis.

n\d 1 2 4 8
2m L+ ++),(L++-) 2:++) 4kO0+), 4k k+),(4;n/2,6,+) (8;k,€)
2m -1 (1;+,+,+) (4:k,0;+), (4 k, ks +) (8;k,0)

(4;k,0;+)with 1 <k < |[(n-1)/2];

4k, k;+)with1 < k < [(n-1)/2];
An/2,6;+)withl < €< |[(n—1)/2];

Bk O)withl < <k-1,2<k<|[(n—-1)/2]

with k for (4; k,0; +) in (3.49), k for (4; k, k; +) in (3.50), € for (4;n/2,¢;+) in (3.51), and (k, {)
for (8; k, ¢) in (3.60), as a consequence of the irreducible decomposition (3.72) of the permutation
representation 7 for the economy on the n X n square lattice. The unit representation (1; +, +, +) has
been excluded since it does not correspond to a symmetry-breaking bifurcation point. Thus we have
to deal with critical points of multiplicity M = 1, 2,4, 8. As a modified form of Table 3.6, therefore,
we obtain Table 3.10, where the multiplicity M of a critical point is equal to the dimension d of
the associated irreducible representation.

Isotropy Subgroup and Fixed-Point Subspace
In analysis by the equivariant branching lemma, the isotropy subgroup of w with respect to T#:

SHw)={g e G| THgw =w} (3.110)
in (3.109) and the fixed-point subspace of X for T#:
Fix“(Z) = {w e RM | T*(g)w = w forall g € =} (3.111)

play the major roles. The following facts, though immediate from the definitions, are important
and useful.

* By definition, X is an isotropy subgroup if and only if ¥ = Z#(w) for some w # 0.

If ¥ = Z#(w), then w € Fix*(X) and dim Fix*(X) > 1.

* Not every X with the property of dim Fix*(Z) > 1 is an isotropy subgroup.

¥ C XH(w) for every w € Fix*(Z).
* X is an isotropy subgroup if and only if X = Z#(w) for some w € Fix#(X) with w # 0.

* Unless X is an isotropy subgroup, there exists no bifurcating solution w with symmetry X.
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Analysis Procedure Using Equivariant Branching Lemma

Equivariant branching lemma is a useful mathematical means to prove the existence of a
bifurcating solution with a specified symmetry without actually solving the bifurcation equation
in (3.104). By the equivariant branching lemma, we shall demonstrate the emergence of square
patterns.

Analysis for the n X n square lattice based on the equivariant branching lemma follows the steps
below.

1. Specify an irreducible representation u of D4 < (Z, X Z,) in Table 3.10.

2. Specify a subgroup ¥ as a candidate of an isotropy subgroup of a possible bifurcating
solution.

3. Obtain the fixed-point subspace Fix#(X) in (3.111) for the subgroup X with respect to the
irreducible representation p.

4. Search for some w € Fix*(Z) such that £*(w) = Z. If no such w exists, then X is not an
isotropy subgroup, and hence there exists no solution with the specified symmetry X for the
bifurcation equation associated with p. If such w exists, then we can ensure that X is an
isotropy subgroup, and can proceed to the next step.

5. Calculate the dimension dim Fix#(X) of the fixed-point subspace.

6. If dim Fix#(X) = 1, a bifurcating solution with symmetry X is guaranteed to exist generically
by the equivariant branching lemma. If dim Fix*(X) > 2, no definite conclusion can be
reached by means of the equivariant branching lemma.

Remark 3.4. The equivariant branching lemma assumes two technical conditions: (i) absolute
irreducibility and (ii) genericity (see Section 2.4.5 of lkeda and Murota, 2014). The former
condition is satisfied by the group G = Dy = (Z, X Z,) since all the irreducible representations over
R of this group are absolutely irreducible (see Appendix A.1.4). The latter condition is a matter
of modeling, and we assume this condition throughout this chapter. For details on the equivariant
branching lemma, see Cicogna (1981), Vanderbauwhede (1982), and Golubitsky et al. (1988).

O

3.5.3. Bifurcation Point of Multiplicity 1

As shown by Table 3.10 in Section 3.5.2, a critical point of multiplicity 1 is associated with the
one-dimensional irreducible representation (1; +, +, —), which exists only when rn is even. Recall
from (3.44) that this irreducible representation is given by

T Iy =1, TN =1, 10+ p)=-1, TE ) =-1. (3.112)

In view of Remark 3.3 in Section 3.5.2, let us assume that the variable w = w for the bifurcation
equation (3.104) corresponds to the column vector of

QU+ = g = [{cos(n(n — m)))] (3.113)

in (3.83). The spatial pattern for this vector is depicted in Fig. 3.7 for n = 6. This is the smallest
square pattern.
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Figure 3.7: A pattern on the 6 X 6 square lattice expressed by the column vector of Q') A black circle denotes a
positive component, and a white circle denotes a negative component.

Proposition 3.7. When n is even, a bifurcating solution in the direction of q with the symmetry
of (r, s, p1p2, p1~\p2) arises from a critical point of multiplicity 1 associated with the irreducible
representation (1; +, +, —).

Proof. The general procedure in Section 3.5.2 is applied to ¢ = (1;+,+,—) and £ = (r,s) x

(p1p2. p1”'p>). We have
FiX(1;+’+’_)(2) = {W € R}

since
TE )y =w, TESS N w=w, TESDpipw =w, TES (o p)w = w
by (3.112). Thus the targeted symmetry X is an isotropy subgroup with
dim Fix(E+*7)(z) = 1.

The equivariant branching lemma then guarantees the existence of a bifurcating path with symmetry
2. O

3.5.4. Bifurcation Point of Multiplicity 2

As shown by Table 3.10 in Section 3.5.2, a critical point of multiplicity 2 is associated with
the two-dimensional irreducible representation (2; +, +), which exists only when n is even. Recall
from (3.47) and (3.48) that this irreducible representation is given by

T**(r) = [1 l], T (s) =

1] , (3.114)
T(2;+,+)(p1) _ [_1 1] ’ T(2;+,+)(p2) - [1 _1]’ (3.115)

In view of Remark 3.3 in Section 3.5.2, let us assume that the variable w = (wy, w»)T for the
bifurcation equation (3.104) corresponds to the column vectors of

0@+ = [q1, g2] = [{cos(rm1)), {cos(nnz))] (3.116)

in (3.84). The spatial patterns for these vectors are depicted in Fig. 3.8 for n = 6. The vectors g
and ¢, represent stripe patterns but g; + g, expresses a square pattern.
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@) q1 ((F2 s, 12 p2))  (0) g2 (P25, pip2?))  (©) q1 + g2 ((ry 5, p12 p22))

Figure 3.8: Patterns on the 6 x 6 square lattice expressed by the column vectors of Q%**+). A black circle denotes a
positive component, and a white circle denotes a negative component.

Proposition 3.8. When n is even, bifurcating solutions from a critical point of multiplicity 2
associated with the irreducible representation (2; +, +) exist in the following directions:

() g1 + g with the symmetry of (r, s, p1°, p22),

(ii) g1 with the symmetry of (r?, s, p12, p2), and

(iii) g2 with the symmetry of (r?, s, p1, p2%).

Proof. (i) The general procedure in Section 3.5.2 is applied to u = (2;+,+) and £ = (r,s)

(P12 p2*). Note
FixZ*9(2) = Fix®*HD(r)) n FixFHY (s, pi2, pa?)).

Here we have
Fix®*9((r)) = {c(1, )T | c € R}

since T&HH)(r)(wy, wa)T = (wa, wi)T by (3.114), whereas
FixZ (s, p12 p2?)) = R?
since T&+H)(s) = TEH)(pi2) = TEHH)(py2) = I by (3.114) and (3.115). Therefore,
FixZ* () = {c(1,1)T | c € R},

that is, £ = Z*+)(wq) for wy = (1,1)T. Thus the targeted symmetry X is an isotropy subgroup
with dim Fix®**)(Z) = 1. The equivariant branching lemma then guarantees the existence of a
bifurcating path with symmetry X.

(ii) Next the general procedure is applied to u = (2;+,+) and £ = (r%, s, p12, p2). Note

Fix%*7(2) = Fix®*D((p2)) 0 FixFH (5, p1%)).

Here we have
Fix®*((p2)) = {c(1,0)" | ¢ € R}

since T®HH) (p2)(wi, w2)T = (wi, —w»)T by (3.114), whereas
FixZ*9((r%, s, p1?)) = R?
since TZHH)(r2) = T+ (s) = TZ+H)(py?) = I by (3.114) and (3.115). Therefore,
FixZ+9(2) = {¢(1,0)" | ¢ € R},

that is, T = X&) (wg) for wy = (1,0)7. Thus the targeted symmetry X is an isotropy subgroup
with dim Fix®**)(Z) = 1. The equivariant branching lemma then guarantees the existence of a
bifurcating path with symmetry X. The case of (iii) can be treated similarly. O
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3.5.5. Bifurcation Point of Multiplicity 4

We investigate square patterns branching from bifurcation points of multiplicity 4.

Representation in Complex Variables

As shown by Table 3.10 in Section 3.5.2, a critical point of multiplicity 4 is associated with

one of the four-dimensional irreducible representations

(4;k,0,+) with 1 <k <

n-1
ol

n-1
ol

(4;n/2,€,+) with 1 << g— 1,

(4;k, k,+) with 1 <k <

where n > 3 and (4;n/2, €, +) exists only when n is even.
The irreducible representation (4; k, 0, +) is given by

) S ) 1
T(4,k,0,+)(r) — [1 ] , T(4,k,0,+)(s) — [ S] ,

(4:k,0,4) _ R (4:,0,4) | ]
T (p1) = T (p2) = RE

where

_|cos(2m/n) —sin(2m/n) g= 1 /=
"~ |sinRx/n)  cos(2m/n) |’ a —-1]’ a

The irreducible representation (4; k, k, +) is given by

) S ) S
T(4,k,k,+)(r) — [I ] , T(4,k,k,+)(s) — [S ] ,

: Rk : Rk
TEA (py) = [ R_k], TEREN) (py) = [

The irreducible representation (4;n/2, ¢, +) is given by

T = | S]’ /265 () = [S 1]’

(43n)2,6,+) -1 (4in)2,6,+) Rf
T ”(pl): R—f’ T ”(pZ):

-

"

o

Bl

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

Let us assume that, for (4; k, 0, +), the variable w = (wy, wp, w3, wy) " for the bifurcation equation

(3.104) corresponds to the column vectors of

QWO = [(cos(2rk ny /n)), (sin(2rk ny/n)), (cosrkny/n)), (sin(2rkna/n))]
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in (3.85). The variables w for (4; k, k,+) and (4;n/2, ¢, +) can be defined similarly. The spatial
patterns for these vectors are depicted in Fig. 3.9 for n = 6.
Using complex variables
(21, 22) = (W1 +iwg, w3 + iwy),

we can express the actions in (4;k,0, +), given in (3.120) and (3.121) for the four-dimensional

vectors (wy, ..., wy), as
Z Z Z Z
o [ s |2 , s [ = |4 ,
22 21 22 22

. (3.128)
N SN N s R EST I |
Prei., 2 | P | wkz |’
where w = exp(i27/n). The actions in (4; k, k, +), given in (3.123) and (3.124), are
‘ [Zl] Ez] ) [Z] [22]
v - s A =,
22 21 22 <1
' L (3.129)
A [ @ RSN I (s
R 3 e el e e
The actions in (4;n/2, ¢, +), given in (3.125) and (3.126), are
0 S s AR B
22 21 22 22
‘ (3.130)
B R4 N —<1 4! N w21
Prls, wln|” P2 |z -2 |
The actions of p; and p; in (4; k, £, +) are expressed in a unified form as
a] o [t a] o [@a (3.131)
pre1,, wlnl” P2 wkz | ‘

Isotropy Subgroups

To apply the method of analysis in Section 3.5.2, we identify isotropy subgroups for (4; &, 0, +),
(4; k, k, +), and (4;n/2, ¢, +) that are relevant to square patterns. We denote the isotropy subgroup
of z = (z1, z2) and the fixed-point subspace of = with respect to T*%6+) with £ € {0, k} as

() = (g € G | T (g) - 2 = 2}, (3.132)

Fix#%61)(2) = {7 | TWHOH)(g) - z = zforall g € X}, (3.133)
where T*%6+)(g) . z means the action of g € G = Dy = (Z, X Z,) on z given in (3.128) and (3.129).
We also define

RN R S SE O R —

ged(n, k) gcd(n, k)’ gcd(n, £) gcd(n, £)
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where ged(, -) means the greatest common divisor of the integers therein.

The symmetries of (r) and (r, s) and the translational symmetry of p;%p,” are dealt with in
Propositions 3.9, 3.10, and 3.11 below. In this connection, the isotropy subgroups of z = (z1, 22) =
(1,1) (i.e., w = (1,0,1,0)7) play a crucial role. Remark 3.5 given later should be consulted with
regard to the geometrical interpretation of these propositions.

Proposition 3.9. For (4;k,0, +) in (3.49), we have the following statements:
(i) Fix*R0H(r)) = Fix*R 09 (1, s)) = {c(1,1) | ¢ € R} for each k.
(ii) p1pa” € SHEON((1, 1) if and only if

ka=0, kb=0 mod 7. (3.135)

(iii) Z#R0H((1, 1)) = (11, 0) and Fix“* 09 (2(11,0)) = {c(1,1) | ¢ € R}. That is, £(#1, 0) is the
isotropy subgroup of z = (1, 1) with dim Fix®**09)(2(31,0)) = 1.

(iv) If X(a, B) is an isotropy subgroup (for some z), then (a, 8) = (1,0) and it is the isotropy
subgroup of z = (1, 1).

(v) Zo(a, B) is not an isotropy subgroup (for any z) for any value of (a, B).
Proof. (i) By (3.128), z = (z1,22) is invariant to r if and only if (z2,21) = (z1,22), Which is

equivalent to z; = o € R. Such z is also invariant to s.
(i) By (3.131) for (4; k, £, +), the invariance of z = (1, 1) to p1“p,” is expressed as

ka+¢b=0, —-la+kb=0 modn, (3.136)
For ¢ = 0, this condition reduces to
ka=0, kb=0 mod n,

which is equivalent to (3.135).

(iii) (a, b) satisfies (3.135) if and only if both @ and b are multiples of 7i. The subgroup of G
generated by p¢p,? for such (g, b), together with r and s, coincides with Z(#, 0).

(iv) This follows from (i) and (iii).

(v) This follows from (v). |

Proposition 3.10. For (4; k, k, +) in (3.50), we have the following statements:
(i) Fix*R6H)((r)) = Fix 0N, 5)) = {c(1,1) | ¢ € R} for each k.
(ii) p1pa” € SHHED((1, 1) if and only if

k(a+b)=0, k(-a+b)=0 mod 7. (3.137)

(iii) If 11 is even, then we have
SERE((1,1)) = 2(1/2,11/2),
Fix 5 9(201/2,71/2)) = {e(1,1) | ¢ € R);
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that is, £(71/2,71/2) is the isotropy subgroup of z = (1, 1) with dim Fix*559(2(31/2,11/2)) = 1. If
7 is odd, then we have

ZEER(1, 1) = 2(4,0),

Fix 4 (2(,0) = {e(L, 1) | ¢ € R);

that is, (i1, 0) is the isotropy subgroup of z = (1, 1) with dim Fix**6*)(Z(, 0)) = 1.
(iv) If Z(a, B) is an isotropy subgroup (for some z), then

(n/2,n/2) ifniseven,
(@.B) =1, oy
(711,0) if 71 is odd.

(v) Zo(a, B) is not an isotropy subgroup (for any z) for any value of (a, B).

Proof. (i) By (3.129), z = (z1,z2) is invariant to r if and only if (z2,z1) = (z1,22), which is
equivalent to z; = o € R. Such z is also invariant to s.
(ii) The condition (3.136) for £ = k reduces to

k(a+b)=0, k(-a+b)=0 mod n,

which is equivalent to (3.137).
(iii) The condition (3.137) is equivalent to the existence of integers p and g such that

RIHE

Hence a and b satisfy (3.137) if and only if they are integers expressed as

al |1 1] [p] a1 —1][p
ol =o)L
for some integers p and g. When 71 is odd, this is equivalent to (a, b) = 7i(p’, ¢’) for integers p’ and
q'. Therefore, the subgroup of G generated by p“p,? with such (g, b), together with r and s, is
given by X(11, 0) with (p’, ¢’) = (1,0) or 2(1i1/2,11/2) with (p, q) = (1,0) according to whether 7 is
odd or even .

(iv) This follows from (i) and (iii).

(v) This follows from (i). O

Proposition 3.11. For (4;n/2,¢, +) in (3.51), we have the following statements.
(i) Fix®269(r)) = Fix* 269, s)) = {c(1,1) | ¢ € R} for each €.
(i) p1?pa’ € TWZER((1,1)) if and only if
1. . o1 i
zna +¢b=0, —fla+ Enb =0 mod 7. (3.138)
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(iii) If i is odd, then we have
SE2ED((1, 1)) = 2(27, 0),
Fix 2693227, 0)) = {c(1,1) | ¢ € R};
that is, (2, 0) is the isotropy subgroup of z = (1,1) with dim Fix*">69)(2(273,0)) = 1. If it is
even and ii/2 is odd, then we have
EEED(1, 1) = Z(7/2,7/2),
Fix“"269(2(7i/2,1/2)) = {e(1,1) | ¢ € R};
that is, $(71/2, ii/2) is the isotropy subgroup of z = (1,1) with dim Fix*"/265(3(7i/2,7/2)) = 1.
If it is even and 71/2 is even, then we have
TE2E0((1,1)) = 22, 0),
Fix®"260(2(7,0) = {c(1,1) | ¢ € R};

that is, £(ii, 0) is the isotropy subgroup of z = (1, 1) with dim Fix*"/269(2(7,0)) = 1.
(iv) If Z(a, B) is an isotropy subgroup (for some z), then

(271, 0) if 71 is odd,
(o, B) = 1(7,0) if 71 is even, and 71/2 is even,
(n/2,7/2) ifaiseven,and 7i/2 is odd.

(v) Zo(a, B) is not an isotropy subgroup (for any z) for any value of (a, B).

Proof. (i) By (3.130), z = (zi1,z2) is invariant to r if and only if (z2,z1) = (z1,22), which is
equivalent to z; = o € R. Such z is also invariant to s.
(ii) The condition (3.136) for k = n/2 reduces to

ga+€b50, —€a+gb50 mod 7,

which is equivalent to (3.138).

(iii) When 7 is odd, (3.139) gives p and ¢ are even, that is, (p, q) = (2p’,2q’) for integers p’
and ¢g’. Then, we have (a, b) = (2p’,2q") = 2ii(p’, q’). When i is even, from (3.138), we have
(a,b) = (1/2)(p, q) for integers p and ¢ and this equation is rewritten as

gp +lg=0, —lp+ gq =0 mod 2. (3.139)
When 7 is even and 7i/2 is even, we have ¢ odd and (p,q) = (2p”,2q9”). Hence, we have
(a,b) = (1/2)2p",2q") = 7i(p”, q") for integers p” and ¢”. When 7 is even and 7i/2 is odd (£
odd), we have (a,b) = (i1/2)(p, q) for p + g even. Therefore, the subgroup of G generated by
p14p2? with such (a, b), together with r and s, is given by (27, 0) with (p’, ¢’) = (1,0), X(#, 0) with
(p”,q") = (1,0), or X(71/2,7/2) with (p, q) = (1, 1), according to whether 7 is odd, 7i/2 is even, or
7i/2 is odd.

(iv) This follows from (i) and (iii).

(v) This follows from (i). O
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The above propositions show that, in either case of (4; k, 0, +), (4; k, k, +), and (4;n/2, ¢, +), any
isotropy subgroup X containing (r), which is of our interest, can be represented as X = L*:56+)(z7)
for z = (1, 1) and that dim Fix**6+)(2) = 1. On the basis of this fact, we will investigate possible
occurrences of square patterns for each of the three types V, M, and T in the remaining of this
section.

Remark 3.5. The four-dimensional space of w = (wy, wa, w3, wg) " for the bifurcation equation
(3.104) is spanned by the column vectors of

QUkED) = 141, qa, 3, g4, (3.140)

the concrete forms of which are given in (3.85)—(3.87). For example, the spatial patterns for these
vectors with n = 6 are depicted in Fig. 3.9. The two vectors q; and g3 represent stripe patterns
in different directions. The sum gg,,m = g1 + g3 of these two vectors, which is associated with
z = (1, 1), represents square patterns.

O

Square Patterns of Type V

Square patterns of type V are here shown to branch from critical points of multiplicity 4.
Recall that a square pattern of type V is characterized by the symmetry of X(a,0) with2 < @ < n
compatible with 7 (see (3.98) and (3.100)) and that D(a, 0) = a?.

The following proposition is concerned with the square patterns of type V.

Proposition 3.12. Square patterns of type V with the symmetry of X(a,0) (@ > 3) arise as

bifurcating solutions from critical points of multiplicity 4 for specific values of n and associated
irreducible representations given by

(,8) D n (k,)in(4;k, €, +)

(@,0) &> am (pm,0)
(@,0) &®> am (pm,pm) (o is odd) (3.141)
(@,0) &®> am (am/2, pm) (a is even, and a//2 is even)
(@,0) o> am (am/2,2p'm) (o is even, and /2 is odd)
where m > 1 and
ged(p,a) =1, 1<p<al2 (3.142)
ged(p',a/2) =1, 1<p <a/b. (3.143)

Proof. By Propositions 3.9, 3.10, and 3.11, we have three possibilities: (4;k, 0, +), (4; k, k, +),
and (4;n/2,¢,+). For (4;k,0,+), we fix a and look for (k,n) that satisfies (3.117) and 71 = «a.
For such (k, n), (e, 0) = (%, 0) is an isotropy subgroup with dim Fix**0+) (3(e,0)) = 1 by
Proposition 3.9. Then, the equivariant branching lemma (Section 3.5.2) guarantees the existence
of a bifurcating solution with symmetry (e, 0).

For (4; k, k,+), we fix @ that is odd and look for (k, n) that satisfies (3.118) and 77 = «, and
proceed in a similar manner using Proposition 3.10.
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(a) Q(4;1,0,+)

q1 + g3 (<r’ S>)

i cE

ve

q2 q3 q4 q1+q3 (1, s))
(b) Q(4;2,0,+)

a
it

q q2 q4 q1+q3 {(r,5))

o
o

q2 q3 q4 q1+q3 {r,5))

i
e

q1 q2 q3 q4 q1+q3 (1, s))
(e) Q(4;3, 1,+)

R

q1 q2 q3 q4 q1+q3 ((r,5))
(f) Q(4;3,2,+)

i

Figure 3.9: Patterns on the 6 X 6 square lattice expressed by the column vectors of Q¥ for four-dimensional irreducible
representations. A black circle denotes a positive component, and a white circle denotes a negative component.
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For (4;n/2, ¢, +), we fix a that is even and look for (¢, n) that satisfies (3.119) and 7i = /2 for
/2 odd and 7i = « for a/2 even, and proceed in a similar manner using Proposition 3.11.

Suppose that (k, n) for (k,€) = (pm,0) and (pm, pm) is given by (3.141) with (3.142). Then,
m = gecd(k,n) by ged(p,) = 1 and 71 = n/ged(k,n) = n/m = . We have k = pm > 1 and
k/n = p/a < 1/2, thereby showing 1 < k < [%1] in (3.117) for (4; pm, 0, +) and (3.118) for
(4; pm, pm, +).

Suppose that (¢, n) for (k, ) = (am/2, pm) is given by (3.141) with (3.142). Then m = gcd(n, {)
by gcd(p, @) = 1 and 72 = n/ged(€,n) = n/m = a. Wehave { = pm > 1 and {/n = p/a < 1/2,
thereby showing (3.119).

Suppose that (¢, n) for (k,€) = (am/2,2p’m) is given by (3.141) with (3.143). Then 2m =
gcd(n, €) by ged(p’,@/2) = 1 and 7i = n/ged(¢,n) = n/(2m) = a/2. We have £ = 2p'm > 1 and
t/n =2p"/a < 1/2, thereby showing (3.119).

Conversely, suppose that (k, n) satisfies 71 = @, and (3.117) or (3.118). Then we have a = 71 =
n/ gcd(k n), which shows ged(k, n) =n/ais an integer, say m. We also have k = k ged(k, n) = mp
for p = k. Then ged(p, @) = ged(k, %) =1, p =k > 1,and p/a = k/n < 1/2 by (3.117) or (3.118),
thereby showing (3.142).

Suppose that a/2 is even and (¢, n) satisfies i = @, and (3.119). Then we have @ = 7i =
n/gcd(¢, n), which shows gcd(£, n) = n/a is an integer, say m. We also have ¢ = £ gcd(£, n) = mp
for p = £. Then ged(p, @) = ged(4,7)) = 1, p =€ > 1, and p/a = €/n < 1/2 by (3.119), thereby
showing (3.142).

Suppose that @ /2 is odd and (¢, n) satisfies 277 = « and (3.119). Then we have @ = 271 =
2n/gcd(¢, n), which shows gcd(¢,n) = 2n/a is an even integer, say 2m. We also have £ =
Cged(6,n) = 2mp’ for p’ = £. Then ged(p’, @/2) = ged(4,71) = 1, p’ =€ > 1, and p’/a = £/(2n) <
1/4 by (3.119), thereby showing (3.143).

The above argument is in fact valid for @ > 2. For @ = 2, however, the condition 1 < p < /2
or 1 < p’ < a/4is already a contradiction, which proves the nonexistence of the square pattern
with D =4 (a = 2). O

Example 3.3. The parameter values of (3.141) in Proposition 3.12 give
(@B) D n  (k{O)in(4 k¢ +)

3,00 9 3m (m0); (m, m)

4,0) 16 4m (m,0); (2m, m)

(5,0) 25 5m (m,0),(2m,0); (m, m), (2m, 2m)

(6,0) 36 6m (m,0); (3m,2m)

(7,0) 49 Tm (m,0),(2m,0),(3m,0); (m,m),(2m,2m),(3m,3m)

(8,0) 64 8m (m,0),(3m,0); (4m, m), (4m, 3m)

where m > 1. For each a > 3, there exists at least one eligible (k, n) for (4; k, 0, +) in (3.141); for
instance, (k, n) = (m, am), which corresponds to p = 1.
O

Square Patterns of Type M
Square patterns of type M are shown here to branch from critical points of multiplicity 4. Recall
that a square pattern of type M is characterized by the symmetry of (8, 8) with 1 < B8 < n/2
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compatible with z (see (3.98) and (3.100)) and D(B, 8) = 23>
The following proposition is concerned with the square patterns of type M.

Proposition 3.13. Square patterns of type M with the symmetry of X(B,8) (B > 2) arise as
bifurcating solutions from critical points of multiplicity 4 for specific values of n and associated
irreducible representations given by

(o0,8) D n (k,€)in (4; k, ¢, +)
(B,B) 28> 2Bm (pm, pm) (3.144)
(B.B) 2B* 2Bm (Bm,pm) (Bisodd)

where m > 1 and
ged(p,2B) =1, 1<p<p. (3.145)

Proof. By Propositions 3.9, 3.10, and 3.11, we have two possibilities: (4; k, k, +) and (4;n/2, ¢, +)
and look for (k, n) that satisfies (3.118) or (3.119) and the condition that

for (4; k, k, +): niis even, and B = 11/2, (3.146)
for (4;n/2,¢,+): 1 is even, 71/2 is odd, and 8 = i1/2. (3.147)

For such parameter value (k, n) in (3.146), (B, 8) = £(71/2, 11/2) is an isotropy subgroup with
dim Fix**%"(z(B, 8)) = 1 (3.148)

by Proposition 3.10. For such parameter value (¢, n) in (3.147), (B, B) = X(71/2, 71/2) is an isotropy
subgroup with
dim Fix*"269(2(8,B)) = 1 (3.149)

by Proposition 3.11. Then, the equivariant branching lemma (Section 3.5.2) guarantees the exis-
tence of a bifurcating solution with symmetry (g, 8) for both (4; k, k, +) and (4;n/2, ¢, +).

For (4; k, k, +), suppose that (k, n) is given by (3.144). Then m = gcd(k, n) by ged(p,28) = 1,
and 71 = n/gcd(k, n) = 23, which shows (3.146). As for the condition (3.118), we first observe that
k/n=p/(2B) < 1/2, which shows k < n/2. The case of (4;n/2, ¢, +) can be treated similarly.

Conversely, for (4; k, k, +), suppose that (k, n) satisfies (3.118) and (3.146). Put m’ = gcd(k, n)
to obtain n = m’ii = 2m’B and k = m’k = m’p for p = k. Hence we have (k,n) = (pn, 28m’),
where ged(p, 28) = ged(k, i) = 1 and p/(2B8) = k/n < 1/2, thereby showing (3.145). The case of
(4;n/2,¢, +) can be treated similarly.

The above argument is valid also for 8 = 1. For § = 1, however, no p satisfies 1 < p < . This
proves the nonexistence of the square pattern with D = 2. |

Example 3.4. The parameter values of (3.144) in Proposition 3.13 give

(,B) D n (k,£)in(4;k, €, +)
(2,2) 8 4m  (m,m)
(3,3) 18 6m (m,m); (3m, m)
4,4) 32 8m (m,m),(3m,3m),
(5,5 50 10m (m,m),(3m,3m); (5m, m),(5m,3m)
(6,6) 72 12m (m,m),(5m,5m)
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where m > 1. For each 8 > 2, there exists at least one eligible (k,n) in (3.144); for instance,

(k,n) = (m,2Bm), which corresponds to p = 1.
O

Square Patterns of Type T

It is shown that square patterns of type T do not appear from critical points of multiplicity
4. Recall that a square pattern of type T is characterized by the symmetry of Xo(a, 8) with
I1<a<n-1,1<B<n-1, a+p(see(3.39)). The following proposition denies the existence
of square patterns of type T.

Proposition 3.14. Square patterns of type T with the symmetry of Zo(a, ) 1 <a <n-1,1 < B <
n— 1, a # B do not arise as bifurcating solutions from critical points of multiplicity 4 for any n.

Proof. By Propositions 3.9, 3.10, and 3.11, Z¢(a, B8) is not an isotropy subgroup with respect to
neither (4; k, 0, +), nor (4; k, k, +), nor (4;,n/2,{). m]

Possible Square Patterns for Several Lattice Sizes

We have investigated possible occurrences of square patterns for each of the three types V, M,
and T, and enumerated all possible parameter values of n for the lattice size and k for the associated
irreducible representations (4; k, 0, +), (4; k, k, +), and/or (4;n/2, ¢, +). By compiling the obtained
facts, we can capture, for each n, all square patterns that can potentially arise from critical points
of multiplicity 4. The result is given in Tables 3.11-3.14 for several lattice sizes n.

3.5.6. Bifurcation Point of Multiplicity 8

We investigate square patterns branching from critical points of multiplicity 8. The emergence
of tilted square patterns of type T is the most phenomenal finding of this section. In addition, larger
square patterns of type V and type M also branch.

Representation in Complex Variables
As shown by Table 3.10 in Section 3.5.2, a critical point of multiplicity 8 is associated with the
eight-dimensional irreducible representation (8; &, £) with

1<0<k-1 2<k<

-1
& | : (3.150)
where n > 5.
Recall from (3.62)—(3.63) that the irreducible representation (8; &, £) is given by
S
(3.151)

(3.152)




Table 3.11: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (77 is given for
(4; k,0,+) and (4; k, k, +), and 7 is given for (4;n/2, ¢, +)).

n | (k{)in(4k €, +) n A (ap) D  Type
31 (10 3 (3,0) 9 Vv
(11
4| (1,0 4 4,00 16 v
2,1 4
(1, 1) 4 2.2) g8 M
51 (L,0),(2,0) 5 (5,00 25 \%
(1,1),(2,2)
6| (20 3 (3,0) 9 Vv
(2.2
(1,0 6 6,00 36 V
(3,2) 3
(1,1 6 (3.3) I8 M
(€R)) 6
7| (1,0),(2,0),(3,0) 7 (7,0) 49 v
(1,1),(2,2),(3,3)
81 (20 4 40 16 V
4,2) 4
(1,0),(3,0) 8 (8,00 64 V
(4,1),(4,3) 8
2,2) 4 2.2) g M
(1,1),(3,3) 8 44 32 M
9130 3 (3,0) 9 Vv
(3.3)
(1,0),(2,0), (4,0 9 (9,00 81 \Y
(1,1),(2,2), (4, 4)
10 | (2,0),(4,0) 5 (5,00 25 \%
(2,2), (4, 4)
(1,0),(3,0) 10 (10,0) 100 V
(5,2),(5,4) 5
(1,1),(3,3) 10 (5,5 50 M
(5.1)(53) 10
11 | (1, 0), (2 0), (3,0), (4, 0), (5,0 11 15,0y 121 v
(1,1),(2,2), (3,3), (4, 4), (5,5)
12| 4,0 3 (3,0) 9 v
(4,4)
(3,0 4 (4, 0) 16 vV
(6,3) 4
(2,0 6 6,00 36 V
(6,4) 3
(1,0), (5,0 12 (12,0) 144 V
(6,1),(6,5) 12
(3,3) 4 2.2 g M
(2,2) 6 (3,3) 18 M
(6,2) 6
(1, 1), (55) 12 6,6) 72 M
13 | (1,0),(2,0), (3,0), (4 0),(50),(6,0) | 13 (13,00 169 V
(1,1),(2,2), (3,3), (4, 4), (5,5), (6, 6)
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Table 3.12: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (1 is given for
(4; k,0,+) and (4; k, k, +), and 7 is given for (4;n/2, ¢, +)).

n | (k,£)in(4k ¢ +) n a (ofB) D Type

141 (2,0),(4,0),(6,0) 7 (7,00 49 V
(2,2), (4, 4), (6,6)
(1,0),(3,0), (50 14 (14,0) 196 V
(7,2),(7.4), (7, 6) 7
(1,1),3,3)(55) 4 77 98 M
(7,1),(7,3), (7, 5) 14

15 1 (5,0 3 (3,0) 9 Vv
(5.5)
(3,0),(6,0) 5 (5,00 25 v
(3,3), (6,6)
(1,0),(2,0), (4,0, (7,0) 15 (15,0) 225 v
1,1),(2,2), (4, 4),(7,7)

16 | (4,0) 4 4,0) 16 \%
(8,4) 4
(2,0),(6,0) 8 8,00 64 V
(8,2),(8,6) 8
(1,0),(3,0),(5,0), (7,0 16 (16,0) 256 V
(8,1),(8,3),(85),(87) 16
4,4) 4 2.2) g M
(2,2),(6,6) 8 44 32 M
(1,1),(3,3),(55),(7,7) 16 88 72 M

17 | (1,0),(2,0), (3,0), (4, 0), (5,0), (6,0), (7, 0), (8, 0) 17 (17,0) 289 V
1,1),(2,2), (3,3), (4,4), (5, 5), (6,6), (7, 7), (8 8)

18 | (6,0) 3 (3,0) 9 Vv
(6,6)
(3,0 6 6,00 36 \%
9, 6) 3
(2,0),(4,0),(8,0) 9 9,00 81 A
(2,2), (4,4), (8, 8)
(1,0),(5,0), (7,0) 18 (18,0) 324 V
(9,2),(9,4),(9,8) 9
(3,3) 6 3,3) 18 M
6,3) 6
(L, 1),(5,5,(7,7) 18 9,9 162 M
9, 1),(9.5),0.7) 18

19 [ (1,0), (2,0, (3,0, (4, 0), (5,0, (6, 0), (7, 0), 8,0), (9, 0) | 19 (19,0) 361 \Y
1,1),(2,2), (3, 3), (4, 4), (5,5), (6, 6), (7, 7), (8 8), (9, 9)

20 | (50) 4 40 16 V
(10, 5) 4
(4,0), (8,0) 5 (5,00 25 v
(4,4),(8,8)
(2,0), (6,0 10 (10,0) 100 V
(10, 4), (10, 8) 5
(1,0),(3,0),(7,0), (9,0 20 (20,0) 400 V
(10, 1), (10, 3), (10, 7), (10, 9) 20
(5,5) 4 2.2 g M
(2,2),(6,6) 10 (5,5 50 M
(10, 2), (10, 6) 10
(1,1),(3,3) (7,759 20 (10,10) 200 M
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Table 3.13: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (71 is given for
(4; k,0,+) and (4; k, k, +), and 71 is given for (4;n/2, ¢, +)).

n | (k&)in 4k 6 +) n a (a, B) D  Type
21 | (7,0 3 (3,0) 9 Vv
@7
(3,0),(6,0),(5,0) 7 (7,00 49 VvV
(3,3), (6,6),(9,9)
(1,0), (2, 0), (4, 0), (5, 0), (8, 0), (10, 0) 21 (21,0) 441 \%
(1, 1), (2,2), (4,4), (5,5), (8 8), (10, 10)
22 | (2,0),(4,0),(6,0),(8,0),(10,0) 11 11,0y 121 v
(2,2), (4, 4), (6,6), (8, 8), (10, 10)
(1,0), (3, 0), (5,0), (7, 0), (9, 0) 22 (22,0) 484 \%
(11,2), (11, 4), (11, 6), (11, 8), (11, 10) 11
(1,1),(3,3), (55, (7,7),99) 22 (I, 1) 242 M
(11, 1), (11, 3), (11, 5), (11, 7), (11, 9) 22
23 | (1,0),(2,0), (3,0), (4, 0), (5, 0), (6, 0), (7, 0), (8, 0), (9, 0), (10, 0) 23 (23,0) 529 V
(11,0)
(1,1),(2,2), (3,3), (4, 4), (5, 5), (6, 6), (7,7), (8, 8), (9, 9), (10, 10)
11, 11)
24| (8,0) 3 (3,0) 9 v
(8,8)
(6,0) 4 4,0 16 V
(12, 6) 4
4,0 6 6,0 36 V
(12, 8) 3
(3,0)(50) 8 (8,00 64 \Y
(12, 3), (12, 9) 8
(2,0),(10,0) 12 (12,0) 144 V
(12, 2), (12, 10) 12
(1,0),(5,0),(7,0), (11,0 24 (24,00 576 V
(12, 1), (12, 5), (12, 7)(12, 11) 24
(6,6) 4 2.2) g M
4,4) 6 3,3 18 M
(12, 4) 6
(3,3).0,9) 8 4,4 32 M
(2,2), (10, 10) 12 66 72 M
(1, 1), (5,5), (7, 7), (11, 11) 24 (12,12) 28 M
25 | (5,0),(10,0) 5 (5,00 25 N
(5, 5), (10, 10)
(1,0), (2, 0), (3, 0), (4, 0), (6,0), (7, 0), (8,0), (9, 0), (11, 0), (12, 0) 25 (25,0) 625 V
(1, 1), (2,2), (3,3), (4, 4), (6,6), (7,7), (8 8),(9,9), (11, 11), (12, 12)
26 | (2,0),(4,0),(6,0), (8 0), (10, 0), (12, 0) 13 (13,0) 169 V
(2,2), (4, 4), (6,6), (8, 8), (10, 10), (12, 12)
(1,0),(3,0), (5,0), (7,0), (9, 0), (11, 0) 26 (26,0) 676 V
(13,2), (13, 4), (13, 6), (13, 8), (13, 10), (13, 12) 13
(1,1, 3,3),(5,5), 7 7),9,9, (1, 11) 26 (I3, 13) 338 ™M
(13, 1), (13, 3), (13, 5), (13, 7), (13, 9), (13, 11) 26
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Table 3.14: Square patterns arising from critical points of multiplicity 4 for several lattice sizes n (1 is given for
(4; k,0,+) and (4; k, k, +), and 7 is given for (4;n/2, ¢, +)).

n | (k,€)in (4;k, €, +) n ﬁ (a, B) D Type
27 | (9,0 3 (3,0) 9 Vv
9.9
(3,0),(6,0), (12,0) 9 (9,00 81 \%
(3,3), (6,6), (12, 12)
(1,0), (2, 0), (4, 0), (5, 0), (7, 0), (8, 0), (10, 0), (11, 0), (13, 0) 27 (27,00 729 V
(1, 1), (2,2), (4,4), (5,5), (7,7), (8, 8), (10, 10), (11, 11), (13, 13) 27
28 | (7,0) 4 (4,0) 16 VvV
(14, 7) 4
(4,0),(8,0),(12,0) 7 (7,0) 49 A
(4,4), (8, 8), (12, 12)
(2,0), (6, 0), (10,0) 14 (14,00 392 V
(14, 4), (14, 8), (14, 12) 7
(1,0), (3, 0), (5,0), (9, 0), (11, 0), (13, 0) 28 (28,0) 784 V
(14, 1), (14, 3), (14, 5), (14,9), (14, 11), (14, 13) 28
(7,7) 24 2.2 g M
(2,2),(6,6), (10, 10) 14 (7,7 98 M
(14,2), (14, 6), (14, 10) 14
(1,1),3,3),(55),9,9), (11, 11), (13, 13) 28 (14,14) 392 M
29 | (1,0), (2,0), (3,0), (4, 0), (5, 0), (6 0), (7,0), (8,0), (9, 0), (10,0) | 29 (29,0) 841 \Y
(11,0), (12, 0), (13, 0), (14, 0)
(1,1),(2,2), (3,3), (4,4), (5,5), (6, 6), (7,7), (8 8), (9, 9), (10, 10)
(11, 11), (12, 12), (13, 13), (14, 14)
30 | (10,0) 3 (3,0) 9 \Y
(10, 10)
(6,0),(12,0) 5 (5,00 25 A
(6,6), (12, 12)
(5,0 6 6,00 36 V
(15, 10) 3
(3,0),(9,0) 10 (10,0) 100 V
(15,6), (15, 12) 5
(2,0), (4,0), (8,0), (14,0) 15 (15,00 225 V
(2,2), (4, 4), (8, 8), (14, 14)
(1,0),(7,0), (11,0), (13, 0) 30 (30,0) 900 V
(15,2), (15, 4), (15, 8), (15, 14) 15
5,5) 6 (3.3) I8 M
(15,5) 6
(3,3).09.9 10 (5,5 50 M
(15, 3), (15,9) 10
(1, 1), (7,7), (11, 11), (13, 13) 30 (15,15) 450 M
(15, 1), (15, 7), (15, 11), (15, 13) 30
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B A

(@) q1 (b) g2 ©) q3 (d) q4 € qs

%f

f
e

(f) g6 (@ q7 (h) g3 (i) g1 +q3+qs5+q7 (1,5))

Figure 3.10: Patterns on the 6 X 6 square lattice expressed by the column vectors of Q21 A black circle denotes a
positive component, and a white circle denotes a negative component.

with

_|cos(2r/n) —sin(2m/n) e N
- |sin(27/n) COS(27T/n)]’ S_[ _1]’ I—[ 1]- (3.153)

Let us assume that the variable w = (wy, wy, w3, wa, ws, we, w7, wg) ' for the bifurcation equation
in (3.104) corresponds to the column vectors of
0®k0 = [(cos(2nr(kny + €ny)/n)), (sin(2r(kny + £ny)/n)),
(cos(2n(—€ny + kny)/n)), (sin(2x(—€n; + kny)/n)),
(cos(2n(kn; — €ny)/n)), (sinn(kn; — €ny)/n)),
(cos(2n(=Ctni — knz)/n)), (sin(2r(—Cny — kna)/n))],

1s€sk—1,2sks{%|. (3.154)

The spatial patterns for these vectors are depicted in Fig. 3.10 for n = 6.
The action given in (3.151) and (3.152) on 8-dimensional vectors (wy, . . ., wg) can be expressed
for complex variables z; = wpj_1 +iwo; (j = 1,...,4) as

71 22 71 23

Z Z Z Z
ro [ s [ , S 2l [ , (3.155)
23 4 13 <1
74 73] 74 2
4| wk 21 71 w* <1
k) w7 ) w* 7
pP1: = k , D2 = , (3.156)
23 w" 73 3 w "3
24 W™t z4] 2 w*z
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where w = exp(i2n/n).

Summary of the Theoretical Results

We preview the major ingredients of our analysis for critical points of multiplicity 8 associated
with (8; k, £).

We denote the isotropy subgroup of z = (zy, . . ., z4) with respect to (8; k, £) as

GO = {g e G | T®)(g) - 7 = 7}, (3.157)

where T®*0(g) - z means the action of g € G = D4 = (Z, X Z,) on z given in (3.155) and (3.156).
It turns out that the isotropy subgroup of z = (1, 1, 0, 0) plays a crucial role in our analysis and that

$®50((1,1,0,0)) = Zo(a, B) (3.158)

for a uniquely determined (a, 8) with 0 < B < @ < n (see Proposition 3.21). We denote this
correspondence (k, £) — (a, B) = (a(k, ¢, n), B(k, ¢, n)) by

Dk, 4, n) = (a, B). (3.159)

In a sense, (k, £) and («, B8) are dual to each other; (k, £) prescribes the action of the translations p
and p», and (o, 8) describes the symmetry preserved under this action.!?

Whereas the concrete form of the correspondence @ is discussed in detail in Appendix A.3, the
following proposition shows the most fundamental formulas connecting (k, ¢) and («, 8). We use

the notations: v p

~ n

S S 3.160
acd(k, £, n) ecd(k,&,n) " gcd(k, €,n) (3.160)

where gcd(k, £, n) means the greatest common divisor of &, ¢, and n.

k=

Proposition 3.15. Let (a, B) = ®(k, ¢, n).

v D(a, B)

. D(a,

= e (3.161)
(i A

" = gcd(a, B). (3.162)

ged(k? + €2, )

Proof. The proof is given in Appendix A.4; see Propositions A.7(ii) and A.8. It is mentioned here
that the proof relies on the Smith normal form for integer matrices. O

Our analysis of bifurcation consists of two stages (see Fig. 3.11):

1. Connect the irreducible representation (&, €) to the associated symmetry represented by («a, 3)
by obtaining the function @ : (k, £) — (a, B).

2. Connect the symmetry represented by (a, ) to the existence of bifurcating solutions on the
basis of the equivariant branching lemma.
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irred. rep.
(k. €)

symmetry

(. B)

bifurcating

—(®)— solution

—(Eq. Br. Lemma)—

Figure 3.11: Two stages of bifurcation analysis at a critical point of multiplicity 8.

Proposition 3.16 below is a preview of a major result (Proposition 3.24) in a simplified form.
For classification of bifurcation into several cases, we consider the condition

GCD-div: 2 gcd(k, ) is not divisible by ged(k? + £2, ), (3.163)

and the negation of this condition is referred to as GCD-div. The set of even integers is denoted
by 27Z below.

Proposition 3.16. For a critical point of multiplicity 8, let (8; k,{) be the associated irreducible
representation and (a, B) = ®(k, ¢, n). The bifurcation at this point is classified as follows.

Case 1: GCD-div and ged(k — €, i) ¢ 2Z: A bifurcating solution with symmetry Z(f, 0) exists.
This solution is of type V.

Case 2: GCD-div and ged(k — £, /) € 2Z: A bifurcating solution with symmetry %(i/2, /i/2)
exists. This solution is of type M.

Case 3: GCD-div and ged(k — £,4) ¢ 2Z: Bifurcating solutions with symmetries (i, 0),
To(a, B), and Xo(B, @) exist.'! The first solution is of type V, and the other two solutions are of
type T.

Case 4: GCD-div and ged(k — ¢, i) € 2Z: Bifurcating solutions with symmetries L(ii/2, ii/2),
Yo(a, B), and Zo(B, @) exist. The first solution is of type M, and the other two solutions are of type T.

The classification criteria for the above four cases become more transparent when expressed in

terms of (a, B) (= ®(k, £, n)) rather than (k, £). The expressions in terms of (@, 8) can be obtained
from Proposition 3.17 below, where

[0

B

b=——1+-—, f=—0o, (3.164)
ged(a, B) ged(a, B)
A A D
h=a?+fp= D0h (3.165)
(ged(a, B))
It is noted in passing that an alternative expression
D = ged(k? + % i) (3.166)

results from (3.161), (3.162), and (3.165).

Proposition 3.17. Let (a, B) = ®(k, ¢, n).
() ged(k — £,7) € 2Z & D €2Z
(ii) GCD-div in (3.163) < B =0ora =B.

10 In an analogy with physics we may compare (k, £) to frequency and (a, 8) to wave length.
1 To be precise, Zo(8, ) should be denoted as Zo(a’, 8’) with (a’, ") in (3.174), which lies in the parameter space
of (3.95).
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Table 3.15: The classification of bifurcation at a critical point associated with (8; k, €) with (@, 8) = ©(k, ¢, n).

ged(k — €,7) ¢ 2Z | ged(k - £,h) € 2Z
D¢2z De2z
GCD-div Case 1: Case 2:
B=0ora=p type V type M
GCD-div Case 3: Case 4:
B#0anda # B | type Vand type T | type M and type T

Table 3.16: Bifurcation at a critical point associated with (8; k, £) classified in terms of the subgroup X¢(a, 8) for
(o, B) = D(k, L, n).

Zo(a, B) NZo(B, @) | Zola, B) N Zo(B, @)
= Zo(a”,0) =Zo(B",B")
Yo(a, B) = Zo(B, @) Case 1: Case 2:
type V type M
Yo(a, B) # Zo(B, @) Case 3: Case 4:
type V and type T | type M and type T

Proof. The proof is given in Appendix A.4; see Proposition A.7(i) and Proposition A.12. It is
mentioned here that the proof of the equivalence in (ii) relies on the Smith normal form for integer
matrices and the integer analogue of the Farkas lemma. O

Propositions 3.16 and 3.17 together yield Table 3.15 that summarizes the classification of
bifurcation phenomena into the four cases in terms of both (k, €) and (a, B).

An important observation here is that the classification into the four cases in Proposition 3.16,
as well as in Table 3.15, can also be described in terms of the subgroup Zo(a, ). The following
proposition shows how the conditions “f = 0 or @ = B” and “D € 2Z” can be replaced by
conditions for Zy(a, B).

Proposition 3.18.
(@) Zo(a, B) =Zo(Ba) & B=0ora=p
(ii)
Xo(a”,0) if D¢2Z,
Zo(e, B) N Zo(B @) = O(a,, ) o ¢ (3.167)
o(B”,B") if De2Z
with b b
7”7 — (a’ ﬁ) , ﬁ” — (C}’/’ ﬁ) . (3,168)
ged(a, B) 2 ged(a, B)
Proof. (i) This is obvious from the definition of X¢(a, 8) in (3.98).
(ii) The proof is given in Proposition A.4 in Appendix A.4. O
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By Proposition 3.18 above, we can rewrite Table 3.15 as Table 3.16. In particular, solutions
of type T exist if and only if Zy(a, 8) is asymmetric in the sense of Zy(a, 8) # Zo(B, @). Not
only is this statement intuitively appealing, but it plays a crucial role in our technical arguments in
Appendix A 4.

Remark 3.6. Some comments are in order about (3.167) in each case corresponding to type V,
type M, or type T.

« If =0, we have D = 1 and o” = D(a, 0)/gcd(e, 0) = o/ = a.

o If @ = 8, we have D =2 and B’ =D(B,B)/(2gcd(B,B)) = (ZBZ)/(Zﬂ) = B.

* For (a, 8) with 1 < B < a, we have D = 5,10, 13, 17,20, and so on, some of which satisfy
D € 27, while others do not.

It should be also mentioned that the identity (3.167) is purely geometric in that it is valid for all
(@, B) that may or may not be related to irreducible representation (8; k, €). If («, B8) is associated
with (8; k, €), we have ” = 71 and B” = 71/2 by (3.161) and (3.168), respectively.

O

Isotropy Subgroups

To apply the method of analysis described in Section 3.5.2, we identify isotropy subgroups for
(8; k, ¢) related to square patterns.

We denote the fixed-point subspace of X in terms of z = (zy, ..., 24) as

Fix®%0(2) = {7 | T®*D(g) -z = z forall g € T}, (3.169)

where T®%0)(g) - z means the action of g € G = Dy = (Z, X Z,) on z given in (3.155) and (3.156).
Also recall from (3.157) the notation %9 (z) for the isotropy subgroup of z.

The symmetries of (r) and (r, s) are dealt with in Proposition 3.19 below, and the translational
symmetry p1“p,” is considered thereafter. Remark 3.10 below should be consulted with regard to
the geometrical interpretation of the following discussion.

Proposition 3.19.

(1) Fix®%O0((r)) = {¢(1,1,0,0) + ¢’(0,0,1,1) | ¢, ¢’ € R}.

(i) Fix®%O0((r, s)) = {c(1, 1, 1,1) | ¢ € R}.
Proof. (i) By (3.155), z is invariant to r if and only if (22, 21, 24, 23) = (21, 22, 23, 24), Which is
equivalentto z; =z € Rand z3 = z4 € R.

(ii) By (3.155), z is invariant to s if and only if (z3, z4, 21, 22) = (21, 22, 23, 24), Which is equivalent
to z1 = zz and 2o = z4. Hence zis invariant to both r and s ifandonly ifz; =z =z3 =z € R. O

The above proposition implies that any isotropy subgroup X containing (r), which is of our
interest, can be represented as ¥ = X&0(z) for some vector z of the form

z=¢(1,1,0,0)+ ¢'(0,0,1,1), ¢ €R, (3.170)

and that dim Fix®%)(3) < 2.
We now turn to the invariance to the translational symmetry p;“p,°.
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Proposition 3.20.
() p19p2t € TERO((1, 1,0,0)) if and only if

ka+{b=0, la—kb=0 mod i. (3.171)
(i) p19p2? € 2®&kO((0,0,1, 1)) if and only if
ka-th=0, fa+kb=0 mod f. (3.172)
Proof. (i) By (3.156), the invariance of z = (1, 1,0, 0) to plapzb is expressed as
ka+¢tb=0, ¢a-kb=0 mod n,

which is equivalent to (3.171) with the notations in (3.160).
(i) By (3.156) the invariance of z = (0,0, 1, 1) to p1¢p,? is expressed as

ka—-tb=0, Ca+kb=0 mod n,
which is equivalent to (3.172). O

The isotropy subgroup of z = ¢(1,1,0,0) + ¢’(0,0, 1, 1) of the form of (3.170) is identified in
the following two propositions: the case with c¢” = 0 in Proposition 3.21 and the case with cc” # 0
in Proposition 3.22.

Proposition 3.21.
(i) For each (k, ), we have

»®%0((1,1,0,0)) = Zo(a, B) (3.173)

for a uniquely determined (o, ) with0 < B <n, 0 < a < n.
(ii) For the (a, B) associated with (k, €) as in (i) above, define

y oo (Ba) it B >0,
(,p) = {(Q’O) ifg=0. (3.174)
Then we have
s@80(0,0,1,1)) = Zo(’, B). (3.175)

Proof. (i) By (3.155), =®k0((1,1,0,0)) contains r and not s. To investigate the translation
symmetry, denote by A(k, £, n) the set of all (a, b) satisfying (3.171). That is,

Ak, 6,n) = {(a,b) € Z* | ka+ b =0, fa—kb=0 mod A}. (3.176)

Then A(k, ¢, n) is closed under integer combination, i.e., if (aj, by), (az, by) € A(k, L, n), then
ni(ai, by) + ny(ay, by) € A(k, £, n) for any ny,n, € Z. Next, if (a, b) € A(k,{, n), then (a’,b") =
(—b, a) also belongs to A(k, £, n) since

ka' + b = k(-b)+la=¢la—kb=0 mod A,
bd' — kb’ = é(=b) — ka = —(ka + €b) =0 mod .
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The above argument shows that A(k, £, n) coincides with a set of the form
L(B) ={(a,b) € Z* | (a,b) = ni(a. B) + ma(=P. @), n1,ny € Z} (3.177)

for some appropriately chosen integers @ and S. For such («, 8) we have
SEO((1,1,0,0)) = () =< (p1” 2P p1 P pa®) = Zo(a. B).

To see the uniqueness of («, 8) we note the obvious correspondence between L(a, 8) and the
square sublattice H(a, B8) in (3.4). By Proposition 3.1, H(a, B) is uniquely parameterized by (a, 8)
with 0 < 8 < a. Furthermore, we have @ < n as a consequence of the fact that £(«, 5) contains
no point (a, b) of the form of (a, b) = x(a, B) + y(—B, @) with0 < x < 1 and 0 < y < 1, which lies
in the interior of the parallelogram formed by its basis vectors (a, 8) and (=23, @). To prove this by
contradiction, suppose that @ > n and consider the point (a, b) = (@ — n, ). This point belongs to
L(a, B), satisfying the defining conditions in of A(k, ¢, n) in (3.176), whereas the corresponding
(x,y) satisfies 0 < x < 1 and 0 < y < 1, which is a contradiction.

(ii) Since

0,0,1,1) = T®*I(5) - (1, 1,0,0),
it follows using the relation for the orbit X(T(g)u) = g - Z(u) - g~! (g € G), (3.173), (3.32), and
(3.174) in this order that

2ERD(0,0,1,1)) = 5 - TERO(1,1,0,0)) - 57" = 5 Zp(@, B) - 57! = Zo(B, @) = Zo(d, B).
O

We denote the correspondence (k,€) — (a, 8) = (a(k,{, n), B(k, ¢, n)) defined by (3.173) in
Proposition 3.21 as
Ok, t,n) = (a, B). (3.178)

Remark 3.7. A preliminary explanation is presented here about how the value of (a, 8) = ®(k, £, n)

can be determined, whereas a systematic method is given in Appendix A.3.
The condition for (a, b) € A(k, ¢, n) in (3.176) is equivalent to the existence of integers p and
ﬂ. (3.179)

q satisfying o
k €|]|a _ 4
¢ —k||p| " " |g

Hence a pair of integers (a, b) belongs to A(k, ¢, n) if and only if

~ ~n a1 ~ ~
a k ¢ pl_ kK ¢||p
s=ale S = wtale Sl G150

-k q
for some integers p and g. There are two cases to consider.

A

=7
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o If 4/(k* + £?) is an integer, a simpler method works. In this case, the right-hand side of
(3.180) gives a pair of integers for any integers p and ¢g. Therefore, we set (p, g) = (1,0) to
obtain an integer vector

@ Ak

=—7F 13 3.181
,3] k242 (¢ ] ( )
and note that the vectors (a, b)" of integers satisfying (3.179) form a lattice spanned by
(o, B)T and (B, —a)". For (k,£,n) = (3, 1,20), for example, we have (k, £, 7)) = (3, 1,20) and
A/(k* + £%) = 20/10 = 2, and hence (3.180) reads

al |13 1]|p
ol =[]
This shows ®(3, 1,20) = (@, B) = (6,2), corresponding to (p, ¢) = (1,0).
o If 2/(k* + £2) is not an integer, number-theoretic considerations are needed to determine

(a, B) = O(k, ¢, n). For (k,€,n) = (18,2,42), for instance, we have (12, l, i) =(9,1,21) and

k% + % = 82, and (3.180) reads
al _2119 1(|p
bl 8211 -9]||q|°

With some inspection we could arrive at ®(18,2,42) = (a, 8) = (21,0), which corresponds
to (p,g) = (9,1). A systematic procedure based on the Smith normal form is given in
Appendix A.3.

O

Remark 3.8. In the following arguments we shall make use of Propositions 3.15, 3.17, and 3.18
presented in Section 3.5.6. The readers may take these propositions for granted in the first reading,
but those who are interested in mathematical issues are advised to have a look at their proofs given
in Appendix A.4.

O
Proposition 3.22. Let (o, 8) = O(k, ¢, n), and define
” D(a7 ﬁ) 44 D(a,’ ﬁ)
- , = 3.182
zed@p) P 7 Tged(anp) 182

For distinct nonzero real numbers ¢ and ¢’ (¢ # ¢’), we have the following statements:
()
X(a”,0) if D ¢2Z,

Z(S;k’[)((c7 C’ C’ C)) = . Fay
x(B”,B") ifD €2z

where D is defined in (3.165) and D € 2Z means that D is even.
(ii)
. o(a”,0) if D ¢ 27,
SERO((c, e, ¢’ ¢')) = o(@”,0) i D ¢
>o(B”,B") if D e 2Z.
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Proof. We first prove (ii). By (3.155), Z®&&0((c, ¢, ¢/, ¢’)) contains r and not s. We have

80, e, ¢!, ) = ZERI((1,1,0,00) N ZEO((0,0, 1, 1)
= 20(0’, ﬁ) N ZO(Q/,’ ﬁ/)’
where the second equality is due to Proposition 3.21. Then the claim follows from Proposi-
tion 3.18(ii).
Next we prove (i). By (3.155), Z®&&0((c, ¢, ¢, ¢)) contains both r and s. We can proceed in a
similar manner as above while including the element s. Therefore

£®50((¢, ¢.¢,0) = 2(a, B) N 2(, B),
which implies the claim. O

In Proposition 3.23, we can present the isotropy subgroups containing (r), with a classification
of the irreducible representations (8; k, €) in terms of (@, 8) = ®(k, £, n). See Fig. 3.12 for the
classification.

Proposition 3.23. For an irreducible representation (8;k,{), let (a, ) = ®(k,{,n), and define
(o, B), @ and B” by (3.174) and (3.182), respectively. Then the isotropy subgroups containing
(r) are given by X listed below.

Case 1: (o,8) =(a,0) with1 < a < n.

(a) T = X(a, 0) = &KO((1, 1,1, 1)),
Fix®%O(2) = {(c, ¢, ¢, ¢) | ¢ € R}, dim Fix®kO(Z) = 1.

(b) = = Zp(a, 0) = ZE&D((¢, ¢, ¢, ")) (¢ # ¢/sc # 0, # 0),
Fix&0(2) = {(¢c, ¢, ¢/, ¢') | ¢, ¢’ € R}, dim Fix®kO(x) = 2.

Case2: (a,8)=(B,B)with1l < B <n/2.

(a) T = (8, 8) = ZERO((1, 1,1, 1)),
Fix®%)(2) = {(¢c, ¢, ¢, ¢) | ¢ € R}, dim Fix®%0(%) = 1.

() = =2o(B,B) = =&RD((c,c,c’, ")) (c # ¢',c # 0, #0),
Fix®50(2) = {(c, ¢, ¢, ') | ¢, ¢’ € R}, dim Fix®kO(Z) = 2.

Case3: (o, Q)withl <a<n-1,1<B<n-1, ai,B,andf)eéZZ.

(a) T = X(e”,0) = &O(1, 1, 1, 1)),
Fix®&)(2) = {(¢, ¢, ¢, ¢) | ¢ € R}, dim Fix®%O(%) = 1.
(b) T = Zo(a, B) = T®I((1,1,0,0)),
Fix®%0(2) = {(¢, ¢,0,0) | ¢ € R}, dim Fix®*)(z) = 1.
(©) = Zo(a, B) = ZB40((0,0, 1, 1)),
Fix®50(2) = {(0,0, ¢, ¢') | ¢ € R}, dim Fix®*)(x) = 1.
(d) = =Zp(a”,0) = Z&KO((c,c,c', ) (c # ¢/, c #0,¢" #0),
Fix®50(2) = {(¢, ¢, ¢, ') | ¢, ¢’ € R}, dim Fix®kO(2) = 2.
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(0,0,1,1) (1,1,1,1)

/ \{ (e”,0) ifD g2z

Sola, 8) S(8". 8" it De2zZ

- Eo(a”, 0) or Yo (/3//$ 3”)

. (1.1,0,0)
20(017/3)

A general result

20((1/.0)

Yo(B, 8)
. L

Y(a,0) (8, 8)
XHZO(O@ 0) x X (B* 3)
\Zg(ﬂo) \20(61,[—3)
Case 1. (a, B) = (, 0) Case 2. (o, B) = (B, B)
dim FixX(a, 0) = 1: type V,z = (1, 1,1, 1) dim FixX(B,8) = 1: typeM, z=(1,1,1,1)
dim FixX¥g(a@, 0) =2:  non-targeted dim FixXy(B,8) =2: non-targeted

/ZO((}/. ;6)/) /Zo(al, ‘3/)

1/ 1
x<«—=3%4(a”,0) x<—=% (8", 8")
" S(a. ) (. 9)

Case 3. (@, 8): a # B, Case 4. (o, B): a # B,
l<as<n-1,1<B<n-1,D¢2Z l<as<n-1,1<p<n-1,De2z2
dim FixZ(a”,0) = 1: typeV, z=(1,1,1,1) dim FixZ(8”,B"”) = 1: typeM, z=(1,1,1,1)
dim FixXZ¢(a, B) = 1: type T, z =(1,1,0,0) dim FixZp(a, B) = 1: type T, z =(1,1,0,0)
dim FixX¥g(a/,B’)=1: typeT, z=(0,0,1,1) dim FixXy(a/, B’) = 1: type T, z =(0,0, 1, 1)

dim FixX¥g(a”,0) =2:  non-targeted dim FixXZ¢(B”,B”) =2: non-targeted

Figure 3.12: Isotropy subgroups for (8; k, £) with (@, B) = ®(k, £, n), (a’, f’) in (3.174), and (a”’, ") in (3.182).

74



Case4: (o,B)withl <a<n-1,1<B<n-1, a#pB, and D € 2Z.

(a) £ =2(B", p") = ZERO((1, 1, 1, 1)),
Fix®&~)(2) = {(¢, ¢, ¢, ¢) | ¢ € R}, dim Fix®%)(Z) = 1.
(b) T = Zo(a, B) = T®I((1,1,0,0)),
Fix®50(2) = {(c, ¢,0,0) | ¢ € R}, dim Fix®*)(z) = 1.
(©) T = Zo(a’, B) = ZBRO((0,0, 1, 1)),
Fix®%0(2) = {(0,0,¢, ¢’) | ¢’ € R}, dim Fix®%0(x) = 1.
(d) = =2o(B”, B”) = Z&RO((c,c,c’, ")) (c # ¢/,c # 0, #0),
Fix®50(2) = {(c, ¢, ¢, ') | ¢, ¢’ € R}, dim Fix®kO(2) = 2.

Proof. With an observation that Zo(a, B8) # Zo(a’, 8’) in Cases 3 and 4, the above classification
follows immediately from Propositions 3.21 and 3.22. O

Remark 3.9. In Case 1 of Proposition 3.23, we may have a = n, in which case X(a, 0) = £(0,0) =
(r,s) and Zo(a, 0) = £¢(0,0) = (r), and the translational symmetry is absent.
|

Remark 3.10. The isotropy subgroups in Proposition 3.23 can be understood quite naturally with
reference to the column vectors of the matrix

Q¥4 = [qy,..., gs]

given in (3.88). The spatial patterns for these vectors are depicted in Fig. 3.13, for example,
for (8;2,1) with n = 5. Although the four vectors q;, g3, gs, and g7 do not represent square
patterns (Figs. 3.13(a)—(f)), the sum of these four vectors, which is associated with z = (1,1, 1, 1)
(w = (1,0,1,0,1,0,1,0)7), represents a square pattern of type V with D = 25 (Fig. 3.13(g)).
Moreover, the sum ¢q; + g3, which is associated with z = (1, 1,0, 0), represents square pattern of
type T with D = 5 (Fig. 3.13(e)). On the other hand, the pattern in Fig. 3.13(f), which is associated
with z = (0,0, 1, 1), represents another square pattern of type T with D = 5.

O

Existence of Square Patterns

A combination of Proposition 3.23 with the equivariant branching lemma (Section 3.5.2) shows
the existence of solutions with the targeted symmetry bifurcating from a critical point associated
with (8; k, £).

Bifurcating solutions can be classified in accordance with number-theoretic properties of (k, ).
To be specific, it depends on the following two properties:

2 ged(k, £) is divisible by ged(k? + €2, ), (3.183)
gcd(k - €, n) € 2Z. (3.184)
We refer to the condition (3.183) as GCD-div and its negation as GCD-div. It should be mentioned

that a simplified version of the following proposition has already been presented as Proposition 3.16
in Section 3.5.6. See also Table 3.15.
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St

(a) q1 (b) ¢13 (©) gs (d) q7
pi?ppi ' p2®))  (pi%p2pi'p2®)  (pip22pi?p2))  (pip2 pi2p2)

LR

(e) q1 +qs3 (f) g5 + q7 (&) 2i=13574i
(o2, 1) = {r,pi?p2. p17'p2?))  (Zo(1,2) = (r, p1p2% p172p2)) (Dg = (r,s))

Figure 3.13: Patterns on the 5 x 5 square lattice expressed by the column vectors of Q®>1 . A black circle denotes a
positive component, and a white circle denotes a negative component.

Proposition 3.24. From a critical point associated with the irreducible representation (8; k, (),
solutions with the following symmetries emerge as bifurcating solutions, where (@, ) = ©(k, €, n)
and (o', B') is defined in (3.174). We have four cases.

Case 1: GCD-div and gcd(k — €, i) ¢ 2Z: We have ®(k, £,n) = (o, B) = (A, 0). A bifurcating
solution with symmetry (i1, 0), which corresponds to 7D = c(1,1,1,1), exists. This solution is of
type V.

Case 2: GCD-div and ged(k — £,4) € 2Z: We have ®(k,t,n) = (o, B) = (A)2,4)2). A
bifurcating solution with symmetry ()2, 7/2), corresponding to zV = ¢(1, 1,1, 1), exists. This
solution is of type M.

Case 3: GCD-div and ged(k — £,7) ¢ 2Z: We have ®(k,6,n) = (a,B) with 1 < a <
n—1,1<pg<n-1, a+p and D¢ 27 Bifurcating solutions with symmetries (i, 0), Zo(a, B),
and Xo(a’, B), corresponding to 7V = ¢(1,1,1,1), z? = ¢(1,1,0,0), and z® = ¢(0,0,1,1),
respectively, exist. The first solution is of type V, and the other two solutions are of type T.

Case 4: GCD-div and ged(k — €, 7) € 2Z: We have ®(k, £,n) = (o, B)with1 <@ <n-1, 1 <
B<n-1, a# B and D € 2Z. Bifurcating solutions with symmetries %(/i/2,/2), Zo(a, B),
and Xo(a’, B'), corresponding to 7D = c(1,1,1,1), 7 = c(1,1,0,0), and 73 = c(0,0,1,1),
respectively, exist. The first solution is of type M, and the other two solutions are of type T.

Proof. By Proposition 3.17, as well as Remark 3.6 in Section 3.5.6, the above four cases correspond
to those in Proposition 3.23. In all cases, the relevant subgroup X is an isotropy subgroup with
dim Fix®*9(2) = 1 by Proposition 3.23. Then the equivariant branching lemma (Section 3.5.2)
guarantees the existence of a bifurcating solution with symmetry X. O
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Remark 3.11. The subgroup £ = Xy(a, 0), Zo(B, B), Zo(A, 0) or Zo(7i/2,7/2) appearing in Propo-
sition 3.23 is an isotropy subgroup with dim Fix®*(2) = 2, for which the equivariant branching
lemma is not effective. It is emphasized that Proposition 3.24 does not assert the nonexistence of
solutions of these symmetries. Nonetheless, we do not have to deal with these subgroups since
none of these symmetries corresponds to square patterns (see (3.98)).

O

Square Patterns of Type V

Square patterns of type V (with D > 25) are predicted to branch from critical points of
multiplicity 8, whereas smaller square patterns of type V with D = 4,9, 16 do not exist. Recall that
a square pattern of type V is characterized by the symmetry of Z(a, 0) with 2 < @ < n (see (3.98))
and that D(a, 0) = a?.

The following propositions show such nonexistence and existence of square patterns of type V.

Proposition 3.25. Square patterns of type V with D = 4,9, 16 do not arise as bifurcating solutions
from critical points of multiplicity 8 for any n.

Proof. The proof is given at the end of the proof of Proposition 3.26. O

Proposition 3.26. Square patterns of type V with the symmetry of Z(a,0) (5 < @ < n) arise as
bifurcating solutions from critical points of multiplicity 8 for specific values of n and irreducible
representations given by
(0,8) D n (k,€)in(8;k,¢)
(@,0) o am ((p+q)m,qm)

(3.185)

with m > 1 and
p=>1, qg=>1, gcdp,ga)=1, gecd(p,a)¢?2Z,

2p+qg+1)<a niseven,andm =1, (3.186)
2(p+q)+1 < a otherwise.

Proof. Type V occurs in Case 1 and Case 3 in Proposition 3.24, characterized by the condition

of gcd(k — ¢,n) ¢ 2Z. Put k = p+ g and £ = g for some p,q € Z and note i = @. Since

gcd(k — ¢, i) = ged(p, @), the condition ged(k — €, /1) ¢ 2Z holds if and only if ged(p, @) ¢ 2Z. We

have (k, ¢, n) = ((p + q)m, gm, am) for m = gcd(k, ¢, n). Here we must have

1= gcd(l%, l, i) =gcd(p + q, g, @) = ged(p, g, @).
The inequality constraint in (3.150) is translated as

ls{’sk—l,ZsksVT

—
p>1,¢3>1, 2p+g+1) < a ifnise:.venandmzl,
2(p+q)+1<a otherwise.

Proposition 3.26 is thus obtained.
To prove Proposition 3.25, we note that, for @ = 2, 3,4, no (p, g) satisfies (3.186), which proves
the nonexistence of the smaller square patterns claimed in Proposition 3.25. O
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Table 3.17: Correspondence of irreducible representation (8; k, £) to («, ) for square patterns of type V.

(o,8) D n  (k,{)in (8;k,°¢)

(5,00 25 5S5m (2m,m)*

(6,00 36 6m (2m,m)

(7,00 49 Tm  (2m,m),(3m,m), (3m,2m)

8,0) 64 8m (2m,m),(3m,2m)

(9,0) 81 9m (2m,m), 3m,m), (3m,2m), (4m, m), (4m, 2m), (4m, 3m)
(10,0) 100 10m (2m,m)*, (3m,2m), (4m, m), (4m,3m)*
(11,0) 121 11m (Q@m,m),(3m, m), 3m,2m), (4m, m), (4m,2m), (4m, 3m),

(5m, m), (5m, 2m), (Sm, 3m), (Sm, 4m)

(12,0) 144 12m (2m,m), 3m,2m), (4m, m), (4m, 3m), (5Sm, 2m), (5m, 4m)
m=1,2,...; (-)* indicates coexistence of type T (Case 3)

Example 3.5. The parameter values of (3.185) in Proposition 3.26 give Table 3.17. The asterisk
(-)* indicates coexistence of type T (see (3.189)), i.e., Case 3 of Proposition 3.24, whereas unmarked
cases correspond to Case 1 of Proposition 3.24, where no solution of type T coexists.

]

Remark 3.12. In all cases in (3.185), the compatibility condition (3.100) is satisfied for X(«a, 0) as
n = ma with m = ged(k, £, n), since we have

gcd(k, €, n) = ((p + q)m, gm,am) = mged(p + q,q, @) = mged(p, g, @) = m
by (3.185) and (3.186).

Square Patterns of Type M

Larger square patterns of type M (with D > 32) are predicted to branch from critical points of
multiplicity 8, whereas smaller square patterns of type M with D = 2,8, 18 do not exist. Recall
that a square pattern of type M is characterized by the symmetry of X(8, 8) with 1 < 8 < n/2 (see
(3.98)) and that D(B, B) = 28>

The following propositions show such nonexistence and existence of square patterns of type M.

Proposition 3.27. Square patterns of type M with D = 2, 8, 18 do not arise as bifurcating solutions
from critical points of multiplicity 8 for any n.

Proof. The proof is given at the end of the proof of Proposition 3.28. O

Proposition 3.28. Square patterns of type M with the symmetry of (B, B) (4 < B < n/2) arise as
bifurcating solutions from critical points of multiplicity 8 for specific values of n and irreducible
representations given by

(,B) D n  (k,£)in (8;k,¢)

(B.B) 2B% 2Bm ((2p+ q)m, qm)
78
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Table 3.18: Correspondence of irreducible representation (8; k, £) to (@, 8) for square patterns of type M.

(0,8 D n (k,€)in (8;k,¢)

4,4) 32 8m (3Bm,m)

(5,5 50 10m (3m,m)*

6,6) 72 12m (Bm,m),(5m, m), (5m,3m)
(7,7) 98 14m (3m,m), (Sm,m), (5m,3m)

(8,8) 128 16m (3m,m),(5m,m),(5m,3m),(Tm, m),(7m,3m), (7m, 5m)
(9,9) 162 18m (3m, m),(5Sm,m), (5m,3m), (Tm, m), (7m, 3m), (Tm, Sm)
(10,10) 162 20m (3m, m)*, (5m, m), (5m,3m), (7Tm, m)*, (7Tm, 3m), (7m, Sm),

(9m, m), (9m, 3m)*, (9m, 5m), (9m, Tm)*
(11,11) 242 22m (3m, m), (5m, m), (5m,3m), (Tm, m), (Tm, 3m), (Tm, 5m),
(9m, m), (9m, 3m), (9m, Sm), (9m, Tm)
(12,12) 288 24m (3m, m),(5m, m),(5m,3m), (Tm, m), (7m, 3m), (Tm, 5m),
(9m, m), (9m, Sm), (Om, Tm), (11m, m), (11m, 3m), (11m, Sm),
(11m, Tm), (11m, 9m)
m=1,2,...; (-)* indicates coexistence of type T (Case 3)

where m > 1 and
p=1l, g=>1, 2p+q<pB-1, q¢2Z gcdp.gqp)=1. (3.188)

Proof. Type M occurs in Case 2 and Case 4 in Proposition 3.24, characterized by the condition of
gcd(k — ¢, i) € 27Z. For k — € € 2Z to be true, we can put k = 2p + g and £ = ¢ for some p, g € Z.
Then (k, £,n) = (2p + q)m, gm, 23m) for m = gcd(k, £, n). Since

1= ged(k,£.7) = ged(2p + ¢.4.28) = ged(2p. 4. 26).
we must have g ¢ 27 and gcd(p, g, 8) = 1. The inequality constraint in (3.150) is translated as

_
1s€sk—1,2sksvT| = p>1q>12p+qg<f-L

Proposition 3.28 is thus proved.
Finally, for 8 = 1,2, 3, no (p, q) satisfies (3.188), which proves the nonexistence of the smaller
square patterns claimed in Proposition 3.27. O

Example 3.6. The parameter values of (3.187) in Proposition 3.28 give Table 3.17. The asterisk
(-)* indicates the coexistence of type T (see (3.189)), i.e., Case 4 of Proposition 3.24. The other
(unmarked) cases correspond to Case 2 of Proposition 3.24, where no solution of type T coexists.
The coexistence of type T is a relatively rare event; it does not occur for n = 8m, 12m, 14m, but it
recurs for n = 10m.

O
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Remark 3.13. In all cases in (3.187), the compatibility condition (3.100) for (B, B) is satisfied as
n = 2mp with m = ged(k, €, n), since

ged(k, €, n) = ged((2p + q)m, gm,2Bm) = mged(2p + q, q,2B) = mged(2p, ¢,28) = m

by (3.187) and (3.188).

Square Patterns of Type T

Square patterns of type T are shown here to branch from critical points of multiplicity 8. Recall
that a square pattern of type T is characterized by the symmetry of Xo(a, 8) with 1 < @ < n -1,
1 <B<n-1,and a # B (see (3.98)).

The following proposition is concerned with the five square patterns of type T with D =5, 10,
13, 17 and 20 among ten smallest square patterns.

Proposition 3.29. Square patterns of type T with D = 5, 10, 13, 17, and 20 arise as bifurcating
solutions from critical points of multiplicity 8 for specific values of n and irreducible representations
given by

(,B) D n (k,€)in (8; k, )
2@ =¢(1,1,0,0) 23 =¢(0,0,1,1)
2,1) 5 5m (2m,m) none
(1,2) none (2m, m)
(3,1) 10 10m (B3m,m) none
(1,3) none (3m, m)
3,2) 13 13m  Gm,m), (6m, 4m) (Sm, m) (3.139)
(2,3) (5m, m) (3m, m), (6m, 4m)
4,1 17 17m (4m,m),(7m,6m),(8m,2m) (5m,3m)
(1,4) (5m, 3m) (4m, m), (Tm, 6m)(8m, 2m)
(4,2) 20 20m (4m,2m) (8m, 6m)
(2,4) (8m, 6m) (4m,2m)

where m > 1 is an integer.

Proof. By Proposition 3.24 (Case 3 and 4), a bifurcating solution with symmetry Xo(a, 8) exists
for (k, €) such that ®(k, £, n) = («, 8), where the bifurcating solution corresponds to z = ¢(1, 1,0, 0).
For such (k, ), another bifurcating solution exists, which corresponds to z = ¢(0,0, 1, 1) and is
endowed with the symmetry Xo(a’, 8') for (o, 8’) given by (3.174). The list of parameters in
(3.189) is obtained by searching for such (k, £) in the range of (3.150) using the method given in
Appendix A.3, which was previewed in Remark 3.7. Alternatively, we can search for such (k, £) in
the range of (3.150) satisfying (3.171) for a given (a, b). O

For square patterns of type T, in general, the above statement extends as follows.
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Proposition 3.30. Assume | <a <n-1,1<B<n-1,and a # B for (a, B).

(i) Square patterns of type T with the symmetry of Lo(a, B) arise as bifurcating solutions from
critical points of multiplicity 8 associated with the irreducible representation (8;k,€) such that
O(k, 6, n) = (a, B) or (o, B'), where (’, B) is defined by (3.174).

(ii) Some (k, ¢, n) exist such that ®(k, €,n) = (a, B) or (¢, B).

Proof. The proof is given in Appendix A.S. O

Square patterns of type T appear in Cases 3 and 4 in Proposition 3.24, and these two cases are
characterized by a single condition

GCD-div: 2 ged(k, £) is not divisible by ged(k2 + £2, 7). (3.190)
This observation yields the following statement:
Proposition 3.31. A bifurcating solution of type T exists if and only if GCD-div holds.
In addition, we have the following statement for some concrete cases.

Proposition 3.32. A bifurcating solution of type T does not exist for the cases (A, k, €) = (4k, k, ©),
(44, k, ), and (2k + 2L, k, ©).

Proof. The proof is given in Appendix A.S. O
Remark 3.14. The compatibility condition (3.100) for Zo(a, B) is satisfied as

_ D@p)
ged(a, B)
with m = ged(k, €, n) by (3.161) with (3.160).

Possible Square patterns for Several Lattice Sizes

In the previous subsections, we have investigated possible occurrences of square patterns for
each of the three types V, M, and T and have enumerated all possible combinations of lattice size
n and irreducible representation (8; &, £) that can potentially engender square patterns. Compiling
these results, we can capture, for each n, all square patterns that can potentially arise from critical
points of multiplicity 8. The results are given in Tables 3.19 and 3.20 for several lattice sizes. The
results are also incorporated in Table 3.8. Recall from Proposition 3.24 that bifurcating square
patterns are associated with

D =¢(1,1,1,1) fortype V or type M,
7=14z0 = ¢(1,1,0,0) for type T,
73 =¢(0,0,1,1) for type T.

For n = 5, square patterns of type T exist for the irreducible representation (8; k, ¢) = (8;2,1)
with Zo(a, B) = Zo(2, 1) and (1, 2). For a composite number n = 20 with several divisors, square
patterns of various kinds exist. Subgroups of D4 < (Z, X Z,) expressing square patterns satisfy the
inclusion relations given below.
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Table 3.19: Square patterns of types V, M, and T arising from critical points of multiplicity 8 for the n X n square
lattices with n = 5,6, 10, 13, 17, 18 (D is defined in (3.165)).

@ @ 5

2 1,2 5

3,1 100 (55 50

z? 31 10 10
zZ® (1,3 10 10
@21 10 zD @100 100 1
zZ@ @2 20 20
Z® 24 20 20
4,3) 10 zD (10,0 100 1
zZ@ @24 20 20
Z® @2 20 20
(3,2), (4, 1) 10 zD @100 100 1
13 | (3,2),(6,4) 13 | 20 (13,00 169 1
Z@ 32 13 13
Z® @23 13 13
5,1 13 1 z0 @130 169 1
Z@ 23 13 13
Z® 32 13 13
other (k, £)’s 13 1 z0 @130 169 1
17 | (4,1),(7,6),(8,2) 17 | 20 7,00 172 1
2@ @n 17 17
2 @1e 17 17
5,3) 17 |20 17,00 172 1
2@ 1,49 17 17
22 @n 17 17

(k, €) in (8;k, £) n z (a, B) D D  Type

50 @0 50z0 3,00 25 1
5020 @01 5 5

5020 1,2 5 5

6| (2 1) 6 zV (60 36 1
10 | 4,2 50z0 3,00 25 1
5

5

2

< < <dl<lR <R << A<LP A< R<LAR<LRARERA<<AR<

other (k, £)’s 17 20 @a7,0 172 1
18 | (6,3) 6z (60 36 1
(4,2), (6,2), (6,4), (8,2), (8 4), (8, 6) 9|z 90 81 1
2, 1),(3,2), (4, 1), (4,3),(5,2),(5,4),(6,1),(6,5) | 18 | zD (18,0) 182 1

(7,2), (7, 4), (7, 6), (8, 1), (8, 3), (8 5), (8 7)
(3, 1), (5, 1), (5 3), (7, 1),(7,3), (7, 5) 18]zD 99 162 2

=
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Table 3.20: Square patterns of types V, M, and T arising from critical points of multiplicity 8 for the n X n square
lattice with n = 20,24 (D is defined in (3.165)).

n | (k,€)in(8;k, ) i z (a, B) D D Type
20 | (8,4) 5 | 0 (5,00 25 1
z@ 1) 5 5
z® (1,2) 5
(6,2) 10 | z® (5,5 50 2

z@ 3,1) 10 10
z® (L3) 10 10
4,2) 10zD  (@10,00 100 1
7@ (4,2) 20 20
z® (2,4 20 20
(8,6) 10zD (10,00 100 1
7@ (2,4 20 20
z® (4,2) 20 20
(3.1).(9.3) 20 | z® (10,100 200 2
7@ 6,2) 40 40
z® (2,6) 40 40
(7,1, 09,7 20 [ 2 (10,100 200 2
7@ (2,6) 40 40
z® (6,2) 40 40
(4,3),(7,4),(8,1), (9, 8) 20 | z® (20,00 400 1
7@ (8,4) 80 80
z® (4,8) 80 80
(2,1),(6,3),(7,6),(9,2) 20 | z® (20,00 400 1
z@ (4,8 80 80
z® (8,4 80 80

< <A H<R A< RZHERERA<LAR<AaZRAa<

(6,4), (8,2) 10zD (@100 100 1

(3,2), (4, 1), (5,2), (5,4), (6, 1), (6, 5) 20 | z® (20,00 400 1

(7,2), (8,3),(8,5), (8,7), (9, 4), (9, 6)

(5, 1), (5,3),(7,3), (7,5), (9, 1), (9, 5) 10z @10,100 200 2 M
24 | (8,4) 6 | zM 60 36 1 V

(6,3),(9,6) 8 |z 80 64 1 V

(4,2), (6,4),(8,2), (8, 6), (10, 4), (10, 8) 12 |z0 20 144 1 \%

(2,1),(3,2),(4,1),(4,3),(52),54),6,1),06,5 | 24 | z0 (24,00 242 1 A

(7,2),(7,4),(7,6),(8,1),(8,3), (8,5), (8,7),(9,2)
(9,4), (9, 8), (10, 1), (10, 3), (10, 5), (10, 7), (10, 9)
(11,2),(11,4),(11,6,(11, 8), (11, 10)

9,3) 8 | zM 44 32 2 M
(6,2),(10,2), (10, 6) 12 | 20 66) 72 2 M
(3, 1), (5 1), (53),(7,1),(7,3), (7,5, (9, 1) 24 |z (12,12) 288 2 M

(9,5),9,7), (11, 1), (11, 3), (11, 5), (11,7), (11,9)
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Table 3.21: Square patterns of types V and M arising from for critical points of all kinds of multiplicity (M = 1,2,4, 8)
for the n X n square lattice with n = 18, 24.

n | por(k,€)in(4;k,€)or (k,€) in (8;k, £) (a, B) D Type M
18 | (I5+,+-) 1, 1) 2 M 1
2+, +) 2,0 4 v 2
(6,0) (3,0) 9 vV 4
(6,6)
(3,0) (6,0) 36 \Y
©,6)
(2,0),(4,0),(8,0) 9, 0) 81 \Y%
(2,2), (4, 4), (8, 8)
(1,0),(5,0),(7,0) (18,0) 324 \Y4
(9, 2), (9, 4), (9, 8)
(3,3) (3.3) 18 M
9,3) 18 M
(1,1),(5,5),(7,7) 9,9) 162 M
9,1),9,5),0,7 162 M
(6,3) (6,0) 36 \ 3
(4,2), (6,2), (6,4), (8,2), (8,4), (8, 6) 9, 0) 81 \Y
2,1),(3,2), (4, 1),(4,3),(52),(54),6,1),6,5) | (180 182 \
(7,2), (7,4), (7,6), (8, 1), (8, 3), (8,5), (8, 7)
G, D, G, 1), (5 3), (7, 1),(7,3), (7,5 ©,9 162 M
24 | (i++-) (1, 1) 2 M 1
25+, +) 2,0 4 \% 2
(8,0) (3,0) 9 A 4
(8,8)
(6,0) 4,0) 16 \Y4
(12, 6)
4,0) (6,0) 36
(12, 8)
(3,0), (9,0 (8,0) 64 \%
(12, 3), (12, 9)
(2,0),(10,0) (12,0) 144 \Y4
(12, 2), (12, 10)
(1,0),(5,0),(7,0), (11,0) (24,0) 576 \Y4
(12, 1), (12, 5), (12, 7)(12, 11)
(6,6) 2.2) 8 M
4, 4) (3,3) 18 M
(12, 4)
(3,3).,9) 4, 4) 32 M
(2,2), (10, 10) (6, 6) 72 M
(1,1),(5,5),(7,7), (11, 11) (12,12) 288 M
(8, 4) (6, 0) 36 Vv 3
(6,3),(9,6) (8,0) 64 A
(4,2), (6,4),(8,2), (8, 6), (10, 4), (10, 8) (12,0) 144 \%
(2,1),(3,2), (4, 1), (4,3),(52),(5,4),(6,1),(6,5 | (24,00 242 \%
(7,2), (7,4), (7, 6), (8, 1), (8 3), (8,5), (8 7), (9, 2)
(9, 4), (9, 8), (10, 1), (10, 3), (10, 5), (10, 7), (10, 9)
(11,2), (11, 4), (11, 6), (11, 8), (11, 10)
,3) 4, 4) 32 M
(6,2), (10, 2), (10, 6) (6, 6) 72 M
(3, 1), (5, 1), (5 3), (7, 1),(7,3), (7,5), (9, 1) (12,12) 288 M
9,5),(9,7), (11, 1), (11, 3), (11, 5), (11, 7), (11, 9)
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Table 3.22: Square patterns of types V, M, and T arising from for critical points of all kinds of multiplicity (M =
1,2,4, 8) for the n X n square lattice with n = 20.

n | por(k,€)in (4;k, €) or (k, €) in (8;k, £) (a, B) D Type M
20 | (L;+,+,-) (1, 1) 2 M 1
24, +) (2,0) 4 \% 2
(5,0) 4,0) 16 Vv 4
(10, 5)
(4,0), (8,0) (5,0) 25 \Y%
(4,4),(8,8)
(2,0),(6,0) (10, 0) 100 A%
(10, 4), (10, 8)
(1,0),(3,0), (7,0), (9, 0) (20,0) 400 v
(10, 1), (10, 3), (10, 7), (10, 9)
5,5) 2,2) 8 M
(2,2),(6,6) 5,5) 50 M
(10, 2), (10, 6)
(1,1),(3,3),(7,7),(9,9) (10, 10) 200 M
(8, 4) (5,0) 25 \Y 8
@1 5 T
(1,2) 5 T
6,2) 5,5) 50 M
3, 1) 10 T
(1,3) 10 T
4,2) (10, 0) 100 v
4,2) 20 T
2,4 20 T
(8, 6) (10,0) 100 \Y
24 20 T
4,2) 20 T
(3,1),(9,3) (10, 10) 200 M
6,2) 40 T
(2,6) 40 T
(7,1),(9,7) (10, 10) 200 M
(2,6) 40 T
6,2) 40 T
(4,3),(7,4),(8,1),(9,8) (20,0) 400 Vv
(8,4) 80 T
4,8) 80 T
2 1),(6,3), (7,6), 9, 2) (20,0) 400 \Y
(4,8) 80 T
(8,4) 80 T
6,4),(8,2) (10,0) 100 \Y
(3,2),(4,1),(5,2),(5,4), (6,1), (6,5) (20,0) 400 \Y%
(7,2), (8,3), (8,5), (8,7), (9, 4), (9, 6)
(5,1),(5,3),(7,3),(7,5), (9, 1), (9, 5) (10,10) 200 M
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Example 3.7. For n = 20, possible square patterns are of types V, M, and T. Subgroups for square
patterns of type T have inclusion relations

sans {3402

602> { 50

ggg Z; } 5 56(20,0) = (),

S | 2 %002 )

Uuu uu

and satisfy
Zo(3,1) N Xo(1,3) = Zo(5,5),
Y0(4,2) N Zp(2,4) = £p(10,0),
20(6,2) N Zp(2,6) = Zp(10, 10),
20(8,4) N Zp(4, 8) = 2p(20,0) = (r).

In addition, subgroups for square patterns of types V and M satisfy
(1,0) 5 2(1,1) o Z(2,0) o 2(2,2) > X240 > X(4,4)
’ ¥(5,00 > X(55 > X(10,0)0 > X(10,10)
D %(20,0) = (r, s).

O

In particular, possible square patterns for n = 18,20,24 for critical points of all kinds of
multiplicity (M = 1,2, 4, 8) are classified in Tables 3.21 and 3.22.

3.6. Stability of Bifurcating Solutions

In Section 3.5, we showed the existence of square patterns by using the equivariant branching
lemma. In this section, we explain another approach of group-theoretic bifurcation analysis with
bifurcation equations. As worked out in Appendix A.6, we can show the existence of bifurcating
solutions by solving bifurcation equations. In addition, we can investigate the stability of bifurcating
solutions by using the Jacobian matrix of a bifurcation equation.

3.6.1. Illustration of Analysis
Let us consider the bifurcation equation

Fw,$)=0 (3.191)

in (3.104), where F : RM x R — RM is a function, and ¢ = ¢ — ¢ denotes the increment of ¢.
With the use of the matrix representation 7#(g) for the associated irreducible representation yu of
the group G = Dy < (Z, X Z,), we have the equivariance condition

TH(g)F(w,$) = F(T*(g)w,$), g€G (3.192)

in (3.105).
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(2++) (2++) (2++) (2++)
(a) Stripe patterns (b) A square pattern
Figure 3.14: Patterns of the eigenvectors q<1 *) and q(2 %) on the 6 X 6 square lattice. A black circle denotes a

positive component and a white circle denotes a negative component of the associated eigenvector. The size of a circle
represents the magnitude of the associated component.

We demonstrate, for example, group-theoretic bifurcation analysis of a critical point of multi-
plicity 2 associated with the irreducible representation y = (2; +, +). The matrices 7#(g) in (3.192)
for u = (2; +, +) are represented as

T(2;+,+)(r) — [1 1] ’ T(2;+,+)(S) _ [1 1} ,

: -1 . 1
T (py) = [ 1], T+ (py) = [ _1] -

By the equivariance condition in (3.192), we see that fl (i = 1,2)in (3.191) take the form

Fi(wi, wa, ) = wy Z Z Asar126(@)W1 > W, (3.193)
a=0 b=0
Fa(wi, w2, @) = w2 D " Asgs1n()wa ™ wi? (3.194)
a=0 b=0
with coefficients Aa,+12, € R (see Appendix A.6.3 for the proof). We use the column vectors
q52++) and q(2;+’+) of 0%*%) in (3.84) as the basis vectors of the two-dimensional space for
(2;+,+)

w = (w1, w). Fig. 3.14(a) depicts the spatial patterns of g, and q(2 %) We see that these two

vectors represent stripe patterns.
Using the equations in (3.193) and (3.194), we have the following propositions for the existence
and the symmetry of bifurcating solutions.

Proposition 3.33. For a critical point of multiplicity 2 associated with u = (2; +, +), we have the
following bifurcating solutions:

e the stripe pattern: wgyipe = (w, 0) (w € R) [Fig. 3.14(a)],
e the square pattern: wgq = (w, w) (w € R) [Fig. 3.14(b)].
Proof. Substituting Wyipe = (w, 0) into (3.193), we have

Fiw,0,8) = w ) Asgrro@w™ ~ w {A7(0)¢ + Azo(0)w’} (3.195)
a=0
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with A7,(0) = dA;o/ 86(0). Thus, Fi(w,0,¢) = 0 represents the ¢ versus w relation for Witripe-
Substituting wyipe into (3. 194) we see that Fz(w 0, ¢) 0 is satisfied for any w. Thus, there is a
bifurcating curve satisfying F, = Fz = 0 for wyipe. Similar discussion holds for wy. O

Proposition 3.34. For a critical point of multiplicity 2 associated with p = (2;+,+), the two
bifurcating solutions (w, ¢) and (—w, ) are conjugate for w = Wsq» Wtripe-

Proof Since w = (w, 0) and (—w, 0) satisfy the same relation 3> 0A2a+10(¢)w = 0(cf,, (3.195)),
Fi(w, 0, $) is an odd function in w, that is, Fi(—w,0,$) = —Fj(w,0, ). Thus, (Wstripes #) and
(=Wstripe» @ ) are conjugate solutions for F, 1 = 0. Similar discussion holds for wg. O

We evaluate the stability of bifurcating solutions. The Jacobian matrix of F becomes

A, (0)¢ + 3A30(0)w1 % + A1p(0)w)? 2A12(0)wiwy

2A12(0)W1W2 A,O(O)‘;'i' 3A30(0)W22 + AIZ(O)W]Z (3.196)

J(w,¢) ~
with A}(0) = dA 0/ d¢(0). Evaluating the eigenvalues of J for each bifurcating solution and

employing the assumption that the pre-bifurcation distribution is stable, we have the following
proposition (see Appendix A.6.3 for the proof):

Proposition 3.35. For a critical point of multiplicity 2 associated with u = (2;+, +), under the
assumption that all the eigenvalues of the Jacobian matrix other than those for u = (2;+, +) are
negative, we have the following statements in the neighborhood of the critical point.

e If A30(0) < A12(0) < —A30(0) is satisfied, the square pattern wq is stable.
e If A12(0) < A30(0) < O is satisfied, the stripe pattern Wgyipe is stable.

® The two solutions wsq and Wyyipe are not stable simultaneously.

Proposition 3.35 implies possible existence of stable bifurcating solutions from the uniform
distribution for economic geography models on the square lattice. This makes a sharp contrast
with a knowledge on Sy invariant space and a hexagonal lattice, for which all bifurcating paths
are unstable in the neighborhood of the bifurcation points (Elmihirst, 2004; Ikeda et al., 2018a;
Aizawa et al., 2020).

3.6.2. Summary of Theoretical Results

Similarly to the case of a critical point of multiplicity 2, we also investigate the existence
and the stability of bifurcating solutions for other bifurcation points. We summarize theoretically
predicted bifurcating solutions in Table 3.23. For these bifurcating solutions, we have the following
propositions (see Appendices A.6.4 and A.6.5 for the proofs):

Proposition 3.36. For a critical point of multiplicity 4, we have the following statements:

o For u = (4;k,0,+) and u = (4;k, k,+) with n = 3, under the assumption that all the
eigenvalues of the Jacobian matrix other than those for u = (4;k,0,+) and (4; k, k, +) are
negative, the bifurcating solutions wsq and Wyiper are always unstable in the neighborhood
of the critical point. The bifurcating curve takes the form ¢ ~ cw for some constant c.
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Table 3.23: Theoretically predicted bifurcating solutions for critical points with multiplicity M.

M  Bifurcating solutions (w € R) Existence conditions
1w if n is even
2 wgg=(w,w) if n is even
Witripe = (W, 0) if n is even
4wy =(w,0,w,0) Always
Wstripel = (W, 0,0, 0) Always
Wstripelt = (0, w,0,0) if 71 is even
8  Wsqvm = (W, 0,w,0,w,0,w,0) Always
Wwsqr = (w,0,w,0,0,0,0,0) if 2 ged(k, £) is not divisible by ged(k? + 2, i)

Wpside—downt = (W,0,0,0,w,0,0,0)  if (k + £) ged(k + £, k — {) is not divisible by ged(2kl, /1)
Wupside—downtl = (0, w,0,0,0,w,0,0) if 7 is even and

(k + €) ged(k + £, k — ) is not divisible by gcd(2k?, )
Witripel = (0, 0,0,0,0,0,0,0) if k2 + £2,2k¢, and k? — % are not divisible by 7
Watripert = (0, w,0,0,0,0,0,0) if 7i is even and

k2 + {92’ 2/2{9, and k2 — 2 are not divisible by 71

i = n/gced(k, n) for M = 4 in (3.134);
i =n/ged(k, €, n), k = k/ged(k, &,n), € = £/gcd(k, €, n) for M = 8 in (3.160)
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e For any other cases, the stability of Wsq, Wsripel, and Wyyipen1 depends on the values of the
coefficients of the power series expansion of the bifurcation equation. The bifurcating curve
takes the form ¢ ~ cw? for some constant c.

Proposition 3.37. For a critical point of multiplicity 8, we have the following statements:

e For u = (8; k, ) with (i, k, f) = (5,2, 1), under the assumption that all the eigenvalues of the
Jacobian matrix other than those for p = (8; k, £) are negative, the bifurcating solution wqr
is always unstable in the neighborhood of the critical point. The bifurcating curve takes the
form ¢ ~ cw for some constant c.

e For any other cases, the stability of Wiripel, Wstripell, Wupside—downl, Wupside—downIl, WsqT> and
WsqvMm depends on the values of the coefficients of the power series expansion of the bifurca-
tion equation. The bifurcating curve takes the form ¢ ~ cw? for some constant c.

Propositions 3.36 and 3.37 indicate that for particular lattice sizes n, several types of bifurcating
solutions are always unstable in the neighborhood of the critical point. Note that these are common
results for any models with the equivariance to the group G = D4 = (Z, X Zy,).

3.7. Bifurcation Behavior of Economic Geography Models

In this section, we conduct numerical bifurcation analysis for economic geography models on
the square lattice. To demonstrate the applicability of theoretical results in this chapter, we employ
three types of economic geography models: the FO model (Forslid and Ottaviano, 2003), the Hm
model (Helpman, 1998), and the PS model (Pfliiger and Siidekum, 2008). We demonstrate the
emergence of theoretically predicted bifurcating solutions that were presented in Section 3.5 and
Appendix A.6. We search for bifurcating solution curves and investigate their stability by using
comparative static analysis with respect to the trade freeness, which is one of the major parameter
of economic geography models and is employed here as the bifurcation parameter.

3.7.1. Group Equivariance
The FO model, the Hm model, and the PS model with the replicator dynamics on the n X n
square lattice satisfies the equivariance to G = Dy < (Z,, X Z,,) (see Proposition 2.1 in Section 2.3.2
for the proof):
T(g)F (A, ¢) =F(T(g)A, ¢), g€G (3.197)

for the K(= n?)-dimensional permutation representation T(g) of G.!> Thus, theoretical results in
this chapter is applicable to these models.
Note that the uniform distribution

/luniform = (1/K’ cee I/K)T (3198)

12 The concrete form of T(g) was given in Section 3.4.1.
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Table 3.24: Bifurcating solutions for the 6 X 6 square lattice.

u Bifurcating solutions (w € R)

(1;+,+-) w
(2s+4)  weg = (W, W), Wtripe = (W, 0)
4;1,0,+)  wsq = (w,0,w,0), wygiper = (w,0,0,0)
(4:2,0,+)  wgq = (w,0,w,0), wygiper = (w,0,0,0)
4 1L1L,+)  wegq =W, 0,w,0), Wgriper = (w,0,0,0)
(4:2,2,4)  wsq = (w,0,w,0), Weriper = (w,0,0,0)
43, 1,4)  wsq = (w,0,w,0), Wriper = (W, 0, 0,0), Wiriperr = (0, w, 0, 0)
(4;3,2,4)  wsq = (w,0,w,0), Weriper = (W, 0,0,0), wgriperr = (0, w, 0, 0)
(8;2,1) WsqvM = (W, 0, w, 0, w, 0, w,0),
Wupside-downl = (W, 0,0,0,w, 0,0, 0), wypside-downt = (0, w,0,0,0,w,0,0),
Wstripel = (W, 0,0,0,0,0,0,0), wiperr = (0, w,0,0,0,0,0,0),

on the n X n square lattice satisfies the governing equation in (2.3) for any ¢.'> All places have the
same economic environments with the same indirect utility v; = v (i = 1,.. .,nz). The uniform
distribution satisfies

T(g )/luniform = Auniforms g € G, (3.199)

and hence this solution is G-symmetric. We investigate group-theoretic critical points on the
uniform distribution in the following subsections.

3.7.2. Theoretically Predicted Bifurcating Solutions

We focus on the 6 X 6 square lattice that accommodates various kinds of bifurcating solutions.
As a consequence of the irreducible decomposition (3.72) of the permutation representation 7" for
this lattice, the irreducible representation u of the group G = Dy < (Zg X Zg) to be considered in
bifurcation analysis is restricted to

w=++4+) L+ +-), 25+ +),(4:1,0,4), (45 2,0, +),
(4;1,1,+), (4;2,2,+),(4;3,1,+), (4;3,2,+),(8; 2, 1). (3.200)

Theoretically possible bifurcating solutions associated with y in (3.200) are listed in Table 3.24
and depicted in Fig. 3.15. Note that for u = (4;2,0,+) and p = (4;2,2, +), the two solutions wgq
and —wq, which have opposite signs, represent different physical behaviour. The same holds for
the solutions Wgiper and —Wgyiper. Other bifurcating solutions with opposite signs represent the
same physical behaviour. See Appendix A.6.4 for theoretical details.

Remark 3.15. For the 6 X 6 square lattice, we have the following statements:

13 We call such distributions as invariant patterns. See Proposition 4.2 in Section 4.3.
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Witripe Witripel
@up=(1++-) (b) p=(2++) (C) pn=(41,0+)
Witripel Witripel Wsq Witripel
(d) p=(4:20+) (e) p=@1L1+) ) p=(422+)
Wstripel Wstripell Witripel Wstripell
(@ u=(431+) (h) p=(432+)
o
(e 5
Py
WsqVM Wstripel Wstripell Wupside—downl ~ Wupside—downII

(i) p=(8:21)

Figure 3.15: Bifurcating solutions for the 6 x 6 square lattice. A black circle denotes a positive component, and a white
circle denotes a negative component. The size of a circle represents the magnitude of the associated component.
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* For = (4;1,0,+),(4;2,0,+),(4; 1, 1, +),(4; 2,2, +), the solution wiperr = (0, w, 0,0) does
not exist. See Proposition A.17 in Section A.6.4. Note that the condition in Proposition A.17
is not satisfied since 7 is odd for these cases.

* For u = (8;2, 1), the solution wyqr = (w,0,w,0,0,0,0,0) does not exist. See Proposition
3.32 in Section 3.5.6. This case corresponds to the case (7, k, {9) = (2/2 + 20k, f). In fact,
2gcd(k, ) = 2ged(2, 1) = 2. This is divisible by ged(k? + £2,/4) = ged(6,6) = 1. Hence,
GCD-div in (3.190) is not satisfied.

3.7.3. Numerical Bifurcation Analysis

We conduct comparative static analysis for the FO model (Forslid and Ottaviano, 2003), the
Hm model (Helpman, 1998), and the PS model (Pfliiger and Siidekum, 2008) with respect to the
trade freeness ¢ € (0,1). We aim to demonstrate the applicability of theoretical results in this
chapter for these models. We focus on group-theoretic critical points on the uniform distribution
Ao = (1/36,...,1/36)" associated with the irreducible representations u = (1;+,+,—), u =
(2;4,4),and u = (4; 1,0, +) in (3.200) and compute bifurcating solution curves from these points.
Figures 3.16-3.18 show the results of numerical simulations, in which Ay,x = max(4y,..., dg) is
plotted against ¢.

For these three models, the elasticity of substitution o € (1, o) and the expenditure share of
manufacturing goods u € (0, 1) are model parameters. Note that the expenditure share of housing
goods ¥ € (0,1) is another model parameter for the PS model. Bifurcating curves for other
irreducible representations are presented in Appendix A.7 for the FO model.

FO model

Figure 3.16 shows equilibrium curves of the FO model. Following Fujita et al. (1999b), we
choose the parameter values as o = 6.0, u = 0.4. In the early state where ¢ is small, the uniform
distribution is the only stable equilibrium. When ¢ reaches ¢* in Fig. 3.16(a), the first bifurcation
occurs at the bifurcation point P associated with y = (1; +, +, —). A 18-centric distribution emerges
and becomes stable at the point B. From the bifurcation point Q associated with u = (2;+,+), a 9-
centric distribution and a stripe one emerge simultaneously (see Fig. 3.16(b)). From the bifurcation
point R associated with u = (4; 1,0, +), a diffused distribution and another stripe one emerge (see
Fig. 3.16(c)). This diffused distribution tends to be agglomerated to a single place and arrives at
the mono-centric distribution that becomes stable when ¢ is close to 1.

The state A of each diagram is consistent with theoretically predicted bifurcating solutions in
Fig. 3.15. After the bifurcation, population tends to be agglomerated completely to places with
the largest positive components of the bifurcation mode. Note that all the bifurcating solutions are
unstable just after the bifurcation. Stable ones are theoretically possible and may exist for other
parameter values.
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Figure 3.16: Equilibrium curves of the FO model for several irreducible representations u. Solid curves represent
stable stationary points, and dashed curves represent unstable ones.
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stable stationary points, and dashed curves represent unstable ones.
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Hm model

Figure 3.17 shows equilibrium curves of the Hm model. We choose the parameter values
as o = 2.0, u = 0.8 in order to realise bifurcation from the uniform distribution.'* When ¢ is
close to 1, the uniform distribution is stable, unlike the FO model. When ¢ decreases to ¢** in
Fig. 3.17(c), the first bifurcation occurs at the bifurcation point R associated with u = (4; 1,0, +),
and the stable mono-centric agglomeration pattern emerges. Note that this bifurcating solution is
stable (supercritical bifurcation), while the others are unstable.

Similarly to the case of the FO model, we see that population tends to be agglomerated to
places with the largest positive components of the bifurcation mode. Progress of stable equilibria
of the Hm model as ¢ increases from O to 1, however, is significantly different from that of the FO
model. For small ¢, while the uniform distribution prevails for the FO model, the mono-centric
distribution prevails for the Hm model. Thus, the stability of a particular distribution is model
dependent.

PS model

Figure 3.18 shows equilibrium curves of the PS model. We choose the parameter values as
o =3.0, u=0.6, y = 0.2 inreference to Akamatsu et al. (2021); in the early state where ¢ is small,
the stable equilibrium is the uniform distribution. The first bifurcation occurs at the supercritical
bifurcation point P associated with u = (1; +, +, —) when ¢ decreases to ¢*** in Fig. 3.18(a). Then,
a stable 18-centric distribution emerges. The progress of stable equilibria as ¢ increases of the PS
model is similar to that of the FO model.

3.8. Concluding Remarks

This chapter has tried to exhaustively find bifurcating solutions of economic geography models
on an n X n square lattice by group-theoretic bifurcation analysis. We presented a complete list of
typical bifurcating solutions from the uniform distribution for an arbitrary lattice size n. Possible
bifurcating solutions elucidated in this chapter were square, stripe, and upside-down patterns. In
numerical analysis of several economic geography models, we demonstrated the emergence of
these bifurcating solutions. The stability of bifurcating solutions and the order of occurrence of
particular bifurcations are found to be dependent on the models.

The main message of this chapter is not only to demonstrate the emergence of bifurcating
solutions for particular models but also to develop a general theory to understand bifurcation
behaviour for any economic geography model. This chapter would provide a contribution of
nonlinear mathematics to the study of economic agglomerations in spatial economics.

14 For the Hm model, the uniform distribution is the unique equilibrium, and no bifurcation occurs when (1-pu)o > 1
(Redding and Sturm, 2008). For the parameter values (o, ) = (6.0,0.4) used for the FO model, no bifurcation,
accordingly, takes place for the Hm model.
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4. Invariant Patterns for the Replicator Dynamics

This chapter presents details of our published paper (Kogure et al., 2021).

4.1. Introduction

A plethora of direct and further bifurcating patterns from the uniform distribution that form
a complicated network of equilibrium curves has come to be observed for economic geography
models on lattice economies (Ikeda and Murota, 2014; Ikeda et al., 2012b, 2014, 2017b, 2018a).
This chapter aims to elucidate the mechanism of this complicated network in the light of geometrical
symmetry.

As a hint of this, we refer to an example of bifurcation diagrams for an economic geography
model with the replicator dynamics on a square lattice shown in Fig. 4.1. From the curve OA of the
uniform distribution, a bifurcating curve AB branches and arrives at the curve BC of an 18-centric
distribution. Itis to be noted that the curves OA and BC are horizontal as the population distribution
remains constant along these curves when the bifurcation parameter changes. We may wonder
why these curves are horizontal. The existence of such constant distributions, called invariant
patterns (Ikeda et al., 2018b), has come to be acknowledged in economic geography models with
the replicator dynamics, which is widely used in economics (Sandholm, 2010). The horizontal
curves are connected by a non-horizontal one AB. Moreover, we encounter, in Section 4.4, a
complicated mesh-like structure with a large number of horizontal and non-horizontal curves, just

like threads of warp and weft.

That said, this chapter aims to carry out a theoretical study of invariant patterns for the replicator
dynamics on a square lattice. We consider an n X n square lattice that has symmetry expressed
by the finite group Dy %< (Z, X Z,) . Exploiting the geometrical symmetry and the structure of
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the replicator dynamics, we obtain invariant patterns exhaustively, including the uniform, mono-
centric, and poly-centric distributions. A list of invariant patterns advanced in this chapter would
be of assistance in the study of economic agglomerations.

In addition, we combine invariant patterns with bifurcation mechanisms due to the geometrical
symmetry. We propose the following innovative bifurcation analysis procedure to find stable
equilibria:

* Obtain all invariant patterns and investigate their stability.

* Search for bifurcating equilibrium curves that connect stable invariant patterns and investigate
their stability.

We apply such a procedure to the FO model (Forslid and Ottaviano, 2003) and the PS model
(Pfliiger and Stidekum, 2008) to observe network structures of equilibrium curves. We elucidate
the connectivity between the uniform distribution and invariant patterns: Population tends to
be agglomerated to places with the largest positive components of a bifurcating solution from
the uniform distribution, and then the spatial distribution arrives at an invariant pattern via a
bifurcating curve. We see that when two half branches at a bifurcation point are symmetric
(respectively, asymmetric), they would arrive at one (respectively, two) invariant patterns.

Economic agglomerations are studied for several spatial platforms, including the two-places
economy (Fujita et al., 1999b; Baldwin et al., 2011), a long narrow economy (Fujita and Mori,
1997; Mori, 1997; Fujita et al., 1999a), and a racetrack economy (Tabuchi and Thisse, 2011;
Mossay and Picard, 2011; Akamatsu et al., 2012). Invariant patterns on a racetrack economy
were observed in several studies (Castro et al., 2012; Ikeda et al., 2012a, 2019b). A knowledge
of invariant patterns has come to be used in analysis of economic geography models to capture a
series of agglomeration patterns of economic interest (Takayama et al., 2020; Osawa et al., 2020).
We use a systematic procedure proposed for a hexagonal lattice (Ikeda et al., 2019a) and obtain
invariant patterns exhaustively.

This chapter is organized as follows. A general framework of economic geography models
with the replicator dynamics is presented in Section 4.2. A theory of invariant patterns for the
replicator dynamics is introduced in Section 4.3. Numerical stability analysis of invariant patterns
on the square lattice is conducted for the FO model and PS model in Section 4.4. The bifurcation
behaviour of the FO model is investigated in detail in Section 4.5 by focusing on the connectivity
of bifurcating solutions from the uniform distribution to invariant patterns.

4.2. Spatial Equilibrium and the Replicator Dynamics

We employ a general framework of economic geography models with the replicator dynamics
that was introduced in Section 2.1. We briefly explain a spatial equilibrium of the economy
comprising K places. Mobile agents (e.g., skilled workers for the FO model) can migrate among
the K places.

Let P = {1,...,K} be the set of places. Define the payoff function vector v = v(4, ¢) € RX
as a continuous function of the spatial distribution of mobile agents A (1; > 0; i € P) and the
trade freeness ¢. Define a spatial equilibrium as a spatial distribution that satisfies the following
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NxN square lattice (v = 2)

AR S

Figure 4.2: Square lattice.

conditions:

4.1

vi—v; =0 ifA; >0,
vi—v; <0 ifA; =0,

and
Z =1, 4.2)

where v* denotes the equilibrium payoff level. This condition means that there is no incentive for
mobile agents to change the location choice.
We consider the replicator dynamics:

da

i F(A, ¢), (4.3)
where F (A, ¢) = (Fi(A, ¢) | i € P), and F; takes the form
E(/l’ ¢) = /l,(V,(/l, ¢) - ‘7(/1’ ¢))’ i €P. (44)

Here, v = };cp A;v; represents the weighted average payoff. We can restate a problem to obtain
a set of stable spatial equilibria by another problem to find a set of stable stationary points of the
replicator dynamics (Sandholm, 2010). A stationary point (4, ¢) of the replicator dynamics is a
solution to the governing equation:

F(a,¢)=0. 4.5)

A stationary point is linearly stable if every eigenvalue of the Jacobian matrix J = dF /0A has a
negative real part.

4.3. Theory of Invariant Patterns

In this section, we explain a theory of invariant patterns for the replicator dynamics. Consider
a system of places allocated at each node of the n X n square lattice: Figure 4.2 depicts an example
for n = 2 by the dashed lines. The n X n square lattice provides uniformly distributed n X n discrete
regions (K = n?), which are connected by links of the same length d forming a square mesh.

The symmetry of the n X n square lattice is described by the group

G = (r,s,p1,p2) = Dy =< (Z, X Z,), (4.6)

where (- - - ) denotes a group generated by the elements therein, and
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* r: counterclockwise rotation about the origin at an angle of /2,
* s: reflection y — —y,

* pp: periodic translation along the £;-axis (i.e., the x-axis), and

* po: periodic translation along the £;-axis (i.e., the y-axis).

The symmetry of the n X n square lattice ensures the equivariance in the sense that

T(g)F(A,¢) = F(T(g)A,¢), ge€G. 4.7

Therein, T(g) (g € G) denotes an orthogonal matrix representation of the group G on the K-
dimensional space RX. The concrete form of T(g) was presented in Section 3.4.

Stationary points of the replicator dynamics form solution curves (4¥(¢), ¢). In general, a
spatial distribution A*(¢) changes as the value of ¢ along a solution curve. In contrast, there can
be a special solution curve (1*(¢), #) = (A, ¢) that has a constant spatial distribution A along a
solution curve.! Such a distribution A is called an invariant pattern, and (4, ¢) is a solution for any
¢. In contrast, a solution curve with distribution 1*(¢) that varies with ¢ is called a non-invariant
pattern. Thus, stationary points are classified into

{invariant pattern: A* = A,

non-invariant pattern: A* = 1%(¢).

Rearranging the order of the components of A* pertinently, we introduce (4, Ag) with 4, =
{4 >01]i=1,...,m} and A9 = 0 for later discussion of invariant patterns, and rearrange the
order of F; accordingly to arrive at Fj. As a candidate of invariant patterns, we consider a spatial
distribution of a special form

1
Ay, A) = (El, 0), 1<m<K (4.8)

with an m-dimensional vector 1 = (1,...,1)". This distribution expresses equal complete ag-
glomeration to m places and can be an invariant pattern under some symmetry conditions in the
following proposition:

Proposition 4.1. A spatial distribution (A, Ay) = (%l, 0) of an economic geography model with
the replicator dynamics is an invariant pattern if this distribution satisfies

(1) (A4, A9) = (%1, 0) is invariant to some subgroup G’ of G.

(ii) The set of points for A belongs to an orbit of G’.

Proof. Since the m places of A, belong to an orbit, we have vi = --- = v,. Then, we have
v=2"A4vi=viandv;—v =0( = 1,...,m). Hence, we have Fi(%l,(),qb) =0(G=1,...,m).
For K — m places with no population, we have 4; = 0 (j = m + 1,...,K). Hence, we have
FI-(%I, 0,0)=0(=m+1,...,K). This shows that (4., Ag, ) = (n%l, 0, ¢) is a solution for any ¢.
Hence, (%l, 0) is an invariant pattern. O

15 Such a solution curve was observed in the two-place economy (Fujita et al., 1999b).
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Remark 4.1. The concept of invariant patterns is not applicable to some kind of models. We
employ the replicator dynamics and admit A to have zero components. Hence, it cannot be applied
to models that do not take corner solutions due to the existence of the housing market such as
Helpman (1998) and Allen and Arkolakis (2014) models. Also it cannot be applied to other
dynamics such as the logit dynamics in (2.6). O

Spatial distributions for m = 1,2, K in (4.8) are called mono-centric, duo-centric, and uniform
distribution, respectively.'® We have the following propositions for these distributions.

Proposition 4.2. A mono-centric distribution at any place is an invariant pattern for any economy.

Proof. Consider ; = 1and 4; =0 (i = 2,...,K). Then, we have v = }."", A;v; = vi. Thus, we
have vi — ¥ = 0. Hence, we have Fl(l, 0,¢) = 0. For K — 1 places with no population, we have
A; = 0. Hence, we have F;(1,0,¢) =0 (i = 2,. .., K). This shows that (1, Ao, ¢) = (1,0, ¢) serves
as a solution for any ¢. Hence, a mono-center at one place is an invariant pattern. O

Proposition 4.3. The uniform and a duo-centric distribution are invariant patterns for an n X n
square lattice.

Proof. Consider two nodes (n1, n2) and (n}, n)). Then, we have
r*pi'pa’ - (n1,m2) = (—ny —i,—np — j) mod n.
Hence, for any pair of (n;, ny) and (n’l, n’z), we see that

g (m,m) = (ny,ny), g-(n},n5) =(nm,n2) modn

’

by g = r’piipy/ withi = —ny — n and j = —ny — nj,. By choosing G' = (r3pi'py’), we see
that a duo-center (m = 2) at any places is an invariant pattern by Proposition 4.1. The uniform
distribution can be shown as an invariant pattern by extending the proof for the duo-center. O

We search for invariant patterns on the n X n square lattice by finding a set of m nodal points
and a subgroup G’ that satisfy Proposition 4.1. We propose the following procedure to obtain all
invariant patterns.

» Choose a set of m nodal points among a total of > nodal points.
* Find elements of G that retain the set of points invariant.

e If these elements form a group and permute any two of the m nodal points, this group is
chosen as G’ in Proposition 4.1 to ensure that the set of points gives an invariant pattern.

In this procedure, it is convenient to note that the number m of agglomerated places is not arbitrary
but depends on the lattice size n as explained in the following proposition:

Proposition 4.4. If a spatial distribution (A, dg) = (%l, 0) is an invariant pattern on an n X n
square lattice, then the number m (1 < m < n?) divides 8n>.
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Figure 4.3: List of invariant patterns for the 6 X 6 square lattice. The size of a circle represents the mass of population
in each place.
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Proof. Since G’ is a subgroup of G with |G| = [(r, 5, p1, p2)| = 8n?, |G’| divides 8n” by Lagrange’s
theorem. The number m of elements of an orbit divides |G’| (e.g., see §3.1.2 of Kochendorfer,
1970). Hence, 8n? is divisible by m. ]

For example, a list of invariant patterns for n = 6 are depicted in Figs. 4.3 and 4.4.

4.4. Stable Invariant Patterns for Economic Geography Models

In this section, we investigate the stability of invariant patterns by numerical analysis. We
employ the FO model (Forslid and Ottaviano, 2003) and the PS model (Pfliiger and Siidekum,
2008) as specific examples of economic geography models (see Section 2.3.1 for the FO and the
PS models). Note that these models with the replicator dynamics on the n X n square lattice satisfy
the equivariance to G = Dy < (Z, X Z,) (see Proposition 2.1 in Section 2.3.2 for the proof):

T(g)F(A,¢)=F(T(g)A. ¢), g€G (4.9)

for the K (= n?)-dimensional permutation representation 7(g) of G.!” Thus, the theoretical predic-
tion of invariant patterns in Section 4.3 is applicable to these two models.

We show the stability of invariant patterns on the 6 X 6 square lattice by comparative static
analysis with respect to the bifurcation parameter (trade freeness) ¢ € (0, 1) for each model. We
use the same settings of the model parameters as in Section 3.7. Note that we can systematically
investigate the stability of invariant patterns also for the other parameter settings.

FO model

For the FO model, Figure 4.5 depicts by solid lines the range of ¢ where the associated invariant
patterns are stable. Parameter values are chosen as o = 6.0, u = 0.4. There are as many as 22
invariant patterns that are stable for some range of ¢. We see a tendency that when the trade freeness
¢ increases from O to 1, the number of places with positive population decreases. Although most of
the invariant patterns are not connected directly to the uniform distribution, some of them may be
activated through secondary and further bifurcations from the uniform distribution or bifurcations
from other invariant patterns.

PS model

For the PS model, Figure 4.6 depicts by solid lines the range of ¢ where the associated patterns
are stable. Parameter values are chosenas oo = 3.0, = 0.6, y = 0.2. There are 8 invariant patterns
that are stable for some range of ¢. Unlike the FO model, invariant patterns with small number of
agglomerated places (e.g., mono-centric and duo-centric distributions) are not stable. When ¢ is
close to 0, the uniform distribution is stable. As ¢ increases from 0, the uniform distribution loses
its stability. When ¢ is close to 1, the uniform distribution becomes stable again. The 8-centric
(51) and 12-centric (65) distributions also show the same feature as the uniform distribution.

16 These three distributions are proved to be invariant patterns for the hexagonal lattice (Tkeda et al., 2019a).
17 The concrete form of T(g) was given in Section 3.4.1.
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4.5. Bifurcation Behaviour of the Forslid and Ottaviano (2003) Model

In this section, we conduct numerical bifurcation and stability analysis of the FO model (Forslid
and Ottaviano, 2003) on the 6 X6 square lattice, focusing on the connectivity of bifurcating solutions
to invariant patterns. We would like to show the usefulness of a knowledge of invariant patterns in
bifurcation analysis of economic geography models.

4.5.1. Path Tracing Focusing on Invariant Patterns

Figure 4.7 depicts the Apma,x = max(A4y, ..., k) versus ¢ relation of the equilibrium curves.
When the trade freeness ¢ increases from 0, the uniform distribution (83) in Fig. 4.5 loses its
stability at the bifurcation point A associated with u = (1; +, +, —). Then, the bifurcating solution
q51;+’+’_) emerges, and the solution curve connects to an invariant pattern of 18-centric distribution
(80) in Fig. 4.5. During this process, population tends to be agglomerated completely to places
with the largest positive components of the bifurcating solution. There is the same tendency for
the solution curves from the bifurcation points B, C, D, E, F, and G associated with the irreducible
representations (4;2,2,+), (4;3,1,+), (8;2,1), (4;2,0,+), (4; 1, 1, +), and (4; 1, 0, +), respectively.

Figure 4.7 captures stable invariant patterns engendered from the uniform distribution and
solution curves for non-invariant patterns connecting the uniform distribution to these invariant
patterns. So far as these solution curves are concerned, stable equilibria are always invariant
patterns, and non-invariant patterns are all unstable. These unstable non-invariant patterns often
regain their stability upon arriving at stable invariant patterns. We have observed a mesh-like
structure of the horizontal curves for stable invariant patterns and unstable non-invariant ones in
Fig. 4.7. As we have seen, a knowledge of invariant patterns is useful in the understanding of the
mechanism of such network-like structure of the bifurcation behaviour.
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Table 4.1: Bifurcating solutions for the 6 X 6 square lattice

u Bifurcating solutions (w € R)
L+ +-) w
25+, +) Wsq = (w,w), Wstripe = (w,0)

4;1,0,+)  wsq = (w,0,w,0), wygiper = (w,0,0,0)

(4:2,0,+)  wgq = (w,0,w,0), wygiper = (w,0,0,0)

4 1L1L,+)  wegq =W, 0,w,0), Wgriper = (w,0,0,0)

(4:2,2,4)  wsq = (w,0,w,0), Weriper = (w,0,0,0)

43,1, +)  wsq = (w,0,w,0), wgriper = (W, 0,0, 0), wegiperr = (0, w, 0,0)

(4;3,2,4)  wsq = (w,0,w,0), Weriper = (W, 0,0,0), wgriperr = (0, w, 0, 0)

(8;2,1) WsqvM = (W, 0, w, 0, w, 0, w,0),
Wupside-downl = (W, 0,0,0,w, 0,0, 0), wypside-downt = (0, w,0,0,0,w,0,0),
Wstripel = (W, 0,0,0,0,0,0,0), wiperr = (0, w,0,0,0,0,0,0),

4.5.2. Connectivity of Bifurcating Solutions to Invariant Patterns

We can observe the connectivity of the uniform distribution to invariant patterns via bifurcating
solutions. As a consequence of the irreducible decomposition (3.72) in Section 3.4.2 of the
permutation representation 7 for the 6 X 6 square lattice, the irreducible representation u of the
group G = D4 = (Zg X Zg) to be considered in bifurcation analysis is restricted to

u= G+ ++),(1++-),(2;+ +),(4;1,0,+),(4; 2,0, +),
41, 1,+4),(4;2,2,+),(4;3,1,+),(4;3,2,+),(8; 2, 1). (4.10)

Theoretically possible bifurcating solutions associated with u in (4.10) are listed in Table 4.1 and
depicted in Fig. 4.8. Note that for 4 = (4;2,0,+) and p = (4;2,2, +), the two solutions wy, and
—Wwgq, Which have opposite signs, represent different physical behaviour. The same holds for the
solutions Wiper and —Wyiper. Other bifurcating solutions with opposite signs represent the same
physical behaviour.

We can observe the connectivity of the uniform distribution to invariant patterns via bifurcating
solutions presented in Fig. 4.8. The eigenvector of a bifurcating solution at the left and the
associated invariant pattern at the right that are connected by an arrow — forms a pair and several
pairs are presented in Figs 4.9—4.11. Each pair displays similar geometrical patterns. In numerical
bifurcation analysis of the FO model from the uniform distribution in Section 4.5.1, we see how such
connectivity arises from a bifurcation mechanism. Population in places with positive components
of bifurcating solutions tended to increase, while population in places with negative components
of bifurcating solutions tended to decrease along all bifurcating curves.

Based on this tendency, we predict that invariant patterns shown in Figs. 4.9—4.11 can be
engendered from the uniform distribution via direct bifurcations. For example, a mono-center can
be engendered from a critical point associated with q(14;1’0) + q§4;1’0) (see the top-left of Fig. 4.9).
Such connectivity is also observed for other pairs connected by the arrow —. This prediction is
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fairly in line with the bifurcation behaviour of the FO model that was investigated in Section 4.5.1
and is insightful in the understanding of spatial economic agglomerations.

A remark is on the symmetry/asymmetry of the bifurcating solutions. When the solutions in
the positive and the negative directions from the bifurcation point are conjugate, these solutions
can arrive at the same invariant pattern (see Figs. 4.9 and 4.10). When the two solutions are not
conjugate, these solutions can arrive at two different patterns (see Fig. 4.11).

4.6. Concluding Remarks

This chapter has assessed the usefulness of invariant patterns for analysis of economic geogra-
phy models with the replicator dynamics. In view of invariant patterns, we proposed a systematic
procedure to find stable equilibria of economic geography models: (i) obtaining all invariant pat-
terns and investigate their stability, and (ii) searching for bifurcating equilibrium curves connecting
stable invariant patterns. In the numerical analysis of the FO model and PS model, we demonstrated
the usefulness of this procedure in the elucidation of the agglomeration behaviour of economic
geography models.

Invariant patterns on an n X n square lattice display characteristic geometrical patterns, includ-
ing mono-centric and poly-centric distributions. Using the FO model, we showed the connectivity
between such invariant patterns and bifurcating solutions via bifurcation from the uniform distri-
bution. We demonstrated that such connectivity produces a mesh-like structure of the equilibrium
curves for stable invariant patterns and unstable non-invariant ones.

The main contribution of this chapter is not only revealing the agglomeration behaviour of
particular models but also proposing a general framework to understand bifurcation behaviour for
any economic geography model that has corner solutions under the replicator dynamics. Using
the procedure proposed in this chapter, we can completely figure out bifurcation behaviour for any
economic geography model.
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5. Bifurcation Mechanism from the Mono-centric Distribution on a Square Domain

5.1. Introduction

Central place theory (Christaller, 1933; Losch, 1940) put forward agglomeration patterns of
one large core city surrounded by small satellite cities. In fact, such agglomeration patterns prosper
worldwide. Using population data of Germany and the U.S., Ikeda et al. (2018c, 2022) detected
such core—periphery distributions by group-theoretic spectrum analysis.

Several studies in spatial economics dealt with the emergence of cities. The formation of
satellite cities around a single large city was explored in a linear space (Fujita and Krugman, 1995;
Mori, 1997; Fujita and Mori, 1997; Fujita et al., 1999a). A hub city formation from a central mono-
center was investigated in three regions on a line segment (Ago et al., 2006). The spatial platforms
in these studies, however, are restricted to be one-dimensional. To describe the mechanism of
economic agglomerations in the real world, spatial platforms for economic geography models are
to be extended to two-dimensional spaces or various network topologies. For example, Barbero
and Zofio (2016) analyzed the agglomeration and dispersion forces of a canonical core—periphery
model with a homogeneous ring and heterogeneous star network topologies.

That said, this chapter aims to elucidate a bifurcation mechanism from the mono-centric
distribution in a two-dimensional space for economic geography models. This can be interpreted
as the formation of satellite cities. In search of realistic agglomeration patterns, we employ a
square lattice with ordinary boundaries, that is, a two-dimensional square domain where discrete
places are evenly distributed. Places at the border of a square lattice with ordinary boundaries have
locational disadvantage, unlike a square lattice with periodic boundaries in Chapter 3. Focusing
on a bifurcation mechanism due to the geometrical symmetry, we present an exhaustive list of
bifurcating solutions from the mono-centric distribution. This list would be of assistance in the
study of spatial economics.

In numerical analysis, we demonstrate the emergence of theoretically predicted bifurcating
solutions. We use the FO model (Forslid and Ottaviano, 2003) and the PS model (Pfliiger and
Stidekum, 2008) as specific examples of economic geography models. For each parameter value of
these models, we investigate which bifurcating solution occurs from the mono-centric distribution
as the trade freeness (transportation cost) changes.

This chapter is organized as follows. Basic assumptions of economic geography models with
the replicator dynamics are presented in Section 5.2. A square lattice and its orbit decomposition is
explained in Section 5.3. Bifurcation from the mono-centric distribution is studied in Section 5.4.
Numerical bifurcation analysis of economic geography models on the square lattice is conducted
in Section 5.5.

5.2. Spatial Equilibrium and the Replicator Dynamics

We employ a general framework of economic geography models with the replicator dynamics
that was introduced in Section 2.1. We briefly explain a spatial equilibrium of the economy
comprising K places. Mobile agents (e.g., skilled workers for the FO model) can migrate among
the K places.

Let P = {1,...,K} be the set of places. Define the payoff function vector v = v(4, ¢) € RX
as a continuous function of the spatial distribution of mobile agents A (4; > 0; i € P) and the
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Figure 5.1: A square lattice with 25 places.

trade freeness ¢. Define a spatial equilibrium as a spatial distribution that satisfies the following
conditions:

(5.1)

vi—v; =0 ifA >0,
vi—vy; <0 ifA; =0,

and

Z A =1, (5.2)

where v* denotes the equilibrium payoff level.
We consider the replicator dynamics:

da
i F(a,¢), (5.3)

where F (A, ¢) = (Fi(A, ¢) | i € P), and F; takes the form

E(/l’ ¢) = /l,(V,(/l, ¢) - ‘7(/1’ ¢))’ i€P. (54)

Here, v = },cp A;v; represents the weighted average payoff. We can restate a problem to obtain
a set of stable spatial equilibria by another problem to find a set of stable stationary points of the
replicator dynamics (Sandholm, 2010). A stationary point (4, ¢) of the replicator dynamics is a
solution to the governing equation:

F(A,¢)=0. (5.5)

A stationary point is linearly stable if every eigenvalue of the Jacobian matrix J = dF /A has a
negative real part.

5.3. Square Lattice and Orbit Decomposition of Places

We employ a square lattice with K places at the nodal points (cf., Fig. 5.1 for K = 25). In the
description of spatial distributions on this lattice, it is essential to resort to its symmetry labeled by
the dihedral group:

G=D4:{e,r,...,rS,s,sr,...,sr3}, (5.6)

where e is the identity transformation, s is a reflection y +— —y, and r/ is a counterclockwise
rotation about the center of this lattice by an angle of 7j/2 (j =0, 1, 2, 3).
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We can decompose the K places into subsets, called orbits. Each orbit has some geometrical
symmetry described by a subgroup of G. Subgroups of G are given as follows:

Dy = {e,r,r% 3, s, sr,sr% sr3} square symmetry,

D, = {e, r2s, srz} : diagonal symmetry,

D, = {e, s} : bilateral symmetry,

Cy ={e,r,r%r’} : (r/2)—rotation symmetry,
Cy = {e, r2} : m—rotation symmetry,

E =C;| ={e} : asymmetry.

The set of places P is decomposed into disjoint orbits with respect to a subgroup G’ of G:

P= U P, (5.7)

where P; is an orbit, and £ is the whole set of orbits with the symmetry labeled by G’. Orbit
decomposition with respect to each subgroup other than E is depicted in Fig. 5.2, while each node
becomes an orbit for G’ = E. The same symbols in Fig. 5.2 (such as o or 0O0) imply that they belong
to the same orbit.

We assume that the symmetry of a square lattice ensures the equivariance with respect to the
payoft function:

T(gv(A,¢) =v(T(g)A, ¢), g <G, (5.8)

where T'(g) is a matrix representation of G that permutes place numbers. Under this assumption,
we have the following lemma:

Lemma 1. The payoff function v; in the same orbit for a subgroup takes the same value when a
spatial distribution is symmetric with respect to this subgroup.

Proof. The spatial distribution is symmetric with respect to a subgroup G’ of G, that is, T(g)1 = A
for g € G’. Hence, we have T(g)v(4, ¢) = v(4A, ¢) for g € G’ by virtue of the equivariance in (5.8).
This means that v; in the same orbit is permutable. This suffices for the proof. O

5.4. Bifurcating Solutions from the Mono-centric Distribution

Let AF4 = (1,0,...,0) be the mono-centric distribution,'® which represents the full agglom-
eration to the place at the center of a square lattice. We investigate bifurcation points on the
mono-centric distribution. Recall that a bifurcation occurs when the Jacobian matrix becomes
singular. The following lemma provides the form of the Jacobian matrix at the mono-centric
distribution.

18 Note that the mono-centric distribution is an invariant pattern, which satisfies the governing equation in (5.5) for
any ¢ (cf., Proposition 4.3 in Section 4.3).
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Lemma 2. The Jacobian matrix at the mono-centric distribution takes the following form:

FA ~ _ [ V1 J+o
J(A™, 9) —( o I ) (5.9)
where
J+0 = (—Vz, ey —VK), J() = diag(v2 —Vi,..., VK — Vl). (510)
Proof. Since the replicator dynamics takes F; = A;(v; = v) (i = 1,..., K), we have
OF; o0v; 0 ;
M:v,-—m (_v_ _Z Vk) =1...K, (5.11)
o _  [ovi 8vk . .
5. ( Z/zk ij=1,...K, j#i. (5.12)

Note that 7 = 3%, 4;v; = vy at A = A™. Substituting 4 = A¥ into (5.11) and (5.12), we have

OF; - =1
o e=h (5.13)
OA; [y vi—-vi ([(#1)
OF; -v; (=1
Rl _ v i=h (5.14)
a/l] A=AFA 0 (l * 1)
Thus, the Jacobian matrix J = dF /dA(A™A, ¢) takes the form (5.9) with (5.10). O

Note that the mono-centric distribution is symmetric with respect to the group Dy:
T(g)A™ =A™, ¢ e Dy. (5.15)

Thus, we carry out orbit decomposition with respect to D4 in order to apply Lemma 1 to the mono-
centric distribution. As a result, each orbit other than the center of the square lattice comprises
four or eight places. We denote these orbits by

P={1}UaU...Uan UBLU...UpBn, (5.16)
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Figure 5.5: Geometrical configurations of bifurcating solutions from the mono-centric distribution for Type a; orbit.

where {1} represents an orbit comprising only the place at the center, «; (i = 1,...,n;) represents
an orbit with square-shaped four places, and 3; (i = 1,. .., ny) represents an orbit with eight places.
For example, Figure 5.3 depicts orbits for K = 25 places (n; = 4,np = 1).

By Lemma 1, the payoff function v; in the same orbit with respect to D4 takes the same value
at the mono-centric distribution. We denote such values as

Vays - - > Va, fora; (i=1,...,mn), (5.17)
vﬁl""’vﬁnz forﬁ,-(izl,...,nz). )
Then, we have the following condition:
Lemma 3. A bifurcating solution in the space Zle Aj = 1 emerges from the mono-centric
distribution if one of the following conditions is satisfied:
Vo, —v1 =0 forsomee; (i =1,...,ny), (5.18)
vg,—vi =0 forsomepg;(i=1,...,m). (5.19)

Proof. The Jacobian matrix (5.9) becomes singular if one of the following conditions is satisfied:

v =0, (5.20)
Vo, —v1 =0 forsomeq; (i =1,...,ny), (5.21)
vg; —vi =0 forsome B; (i =1,...,m). (5.22)

For (5.20), no bifurcating solution emerges in the space Z{i 1 Ai = 1 since the direction of this
solution is (1,0,...,0). Thus, only (5.21) and (5.22) are the bifurcating conditions from the
mono-center. O

Let ¢ be the trade freeness at vy — v; = 0 (k € P — {1}). In analysis of bifurcating solutions
from a critical point (™4, ¢¥), we employ the bifurcation equation. The bifurcation equation for
Type «; orbit takes the following form (see Appendix B.1.1 for the proof):
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Figure 5.6: Geometrical configurations of bifurcating solutions from the mono-centric distribution for Type S; orbit.

Lemma 4. For a bifurcation point associated with Type «; orbit, the bifurcation equation is
SJour-dimensional and is expressed as follows (cf., Fig. 5.4 (a)):

@(Xl, X2, X3, X4, ) = X1 R(x1, X2, X3, X2, ) = 0,
Fo(x1, X2, X3, X4, ) = X2 R(x2, X3, x4, X1, ) = 0,

. 5.23
F3(x1, X2, x3, X4, ) = x3R(x3, X4, x1, X2,40) = O, (5-23)
F4(X1’ X2, X3, X4, w) = X4R(X4, X1, X2, X3, lﬁ) =0,
where x = (X1, X2,...,x4) = {4; | j € a;}, and R is a function with
R(x1, x2, X3, X4, ) = R(x1, X4, X3, X2, ). (5.24)

Solving the bifurcation equation for Type a; orbit, we obtain the following bifurcating solutions
(see Appendix B.1.2 for the proof):

Proposition 5.1. The bifurcation equation for a bifurcation point associated with Type «; orbit has
the following solutions (cf., Fig. 5.5):

w(l,1,1,1): Square-,
1,1 : -
r = w(1,1,0,0): Duo-I, (5.25)
w(1,0,1,0): Duo-II,
w(1,0,0,0): Mono-I
for some w > Q.

On the other hand, the bifurcation equation for Type S; orbit takes the following form (see
Appendix B.2.1 for the proof):

Lemma 5. For a bifurcation point associated with Type B; orbit, the bifurcation equation is
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eight-dimensional and is expressed as follows (cf., Fig. 5.4(b)):

Fi(x, ) = x1R(x1, X2, X3, X4, X5, X6, X7, X5, ) = 0,
Fo(x,¢) = x2R(x2, x1, X3, X7, X6, X5, X4, X3, /) = 0,
Ijg(x, W) = x3R(x3, x4, X5, X6, X7, X8, X1, X2, ) = 0,
Fa(x,¢) = x4R(x4, x3, X2, X1, X8, X7, X6, X5, 1)) = O,
]i'5(x, W) = xs5R(xs, x6, X7, X8, X1, X2, X3, X4, /) = O,
Fo(x,¢) = x6R(xe, x5, x4, X3, X2, X1, X3, X7, ¥/) = 0,
F7(x, ) = x7R(x7, x3, X1, X2, X3, X4, X5, X6, ) = 0,
Fg(x,¥) = xgR(xg, x7, X6, X5, X4, X3, X2, X1, /) = 0,

(5.26)

where x = (x1,x2,...,x3) = {4, | j € B;}, and R is a function.

Solving the bifurcation equation for Type S; orbit, we obtain the following bifurcating solutions
(see Appendix B.2.2 for the proof):

Proposition 5.2. The bifurcation equation for a bifurcation point associated with Type [; orbit has
the following bifurcating solutions (cf., Fig. 5.6):

w(l,1,1,1,1,1,1,1):  Square-II,
w(1,0,1,0,1,0,1,0): Square-III,
w(l1,1,0,0,1,1,0,0): Quad-I,
w(1,0,0,1,1,0,0,1): Quad-II,
w(l,1,0,0,0,0,0,0): Duo-III,

x = (5.27)
w(1,0,0,1,0,0,0,0): Duo-IV,
w(1,0,0,0,1,0,0,0): Duo-V,
w(1,0,0,0,0,1,0,0): Duo-VI,
w(1,0,0,0,0,0,0,1): Duo-VII,
w(1,0,0,0,0,0,0,0): Mono-II

for some w > 0.

Note that the stability of all the bifurcating solutions depend on cases. See Appendix B.1.3 for
Type «; orbit and Appendix B.2.3 for Type g; orbit.

5.5. Bifurcation Behaviour of Economic Geography Models

Based on theoretically possible bifurcating solutions presented in Section 5.4, we conduct
numerical bifurcation analysis of the FO model (Forslid and Ottaviano, 2003) and the PS model
(Pfliiger and Siidekum, 2008) on a square lattice. For these two models, the elasticity of substitution
o € (1,00) and the expenditure share of manufacturing goods u € (0, 1) are model parameters.
Note that the expenditure share of housing goods y € (0, 1) is another model parameter for the PS
model. The trade freeness ¢ € (0, 1) serves as the bifurcation parameter.
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Figure 5.7: The stability areas of the mono-centric distribution on a square lattice with 25 places for the FO model in
(¢, 1) € (0,1) x (0, 1).

5.5.1. Forslid and Ottaviano (2003) Model

We conduct numerical bifurcation analysis of the FO model (Forslid and Ottaviano, 2003) on a
square lattice. We investigate the influence of model parameters o and p on the types of bifurcating
solutions from the stable mono-centric distribution. We additionally discuss the influence of the
boundary conditions of a square lattice.

Bifurcation Behaviour

We employ a square lattice with 25 places (cf., Fig. 5.1) and demonstrate the bifurcation
behaviour of the FO model on this lattice. The 25 places can be decomposed into six kinds of
orbits (cf., Fig. 5.3):

{1}: a place at the center,
ap,...,as: 4 places, (5.28)
Bi: 8 places.

There are five kinds of bifurcation points associated with Type a1, . .., a4, and §; orbits, whereas

the orbit {1} is not associated with bifurcation.

We investigate the stability of the mono-centric distribution. Figures 5.7(a) and (b) show the
stability areas of the mono-centric distribution in the space of (¢, u) € (0, 1)x (0, 1) for o = 6.0 and
o = 3.0, respectively. For each u, the mono-centric distribution loses its stability at a bifurcation
point when ¢ decreases from 1. An increase of u expands a range of ¢ for the stability areas
where the mono-centric distribution becomes stable. Comparing Figs. 5.7(a) and (b), we see that
a decrease of o~ expands the stability area of the mono-centric distribution.

We show the emergence of bifurcating solutions from the stable mono-centric distribution.
Figure 5.8 shows equilibrium curves for (o, i) = (6.0, 0.4). When ¢ decreases from 1, a bifurcation
occurs at the point E. The bifurcating path EA shows that the stable agglomeration pattern shifts
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from the mono-centric distribution to Square-I pattern for Type @3 orbit (cf., @3 in Fig. 5.3). The
other bifurcating paths EB, EC, and ED are all unstable.

Figure 5.9 depicts equilibrium curves for (o, u) = (3.0,0.4). The stable bifurcating path
EA represents Square-I pattern for Type a4 orbit (cf., @4 in Fig. 5.3) unlike that for the case of
(o, u) = (6.0,0.4).

Influence of Model Parameters

The types of bifurcating solutions from a bifurcation point on the stable mono-centric distribu-
tion vary with the values of model parameters o~ and u (cf., Figs. 5.8 and 5.9). With this in mind,
we investigate the influence of model parameters o~ and u on bifurcation behaviour. Figure 5.10
shows the parameter dependence of the types of bifurcating solutions from the stable mono-centric
distribution. The areas painted using different colors express the emergence of different bifurcating
solutions.!” Figure 5.10 indicates that places where population emerges are dependent on an ag-
glomeration force: As an agglomeration force increases (1/0 and u become close to 1), population
emerges at places away from the center.

19 For the FO model, no bifurcation occurs in the area of 4 > o — 1. This is the violation of the no-black-hole
condition (Robert-Nicoud, 2005).
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A square lattice with 25 places shows that only two types of bifurcating solutions can occur as
depicted in Fig. 5.10(a). The number of possible bifurcating solutions increases as the size of a
square lattice increases. A bifurcating solution that can be interpreted as the formation of satellite
places surrounding the center occurs when u or 1/ is close to 0 (cf., the area painted using blue
in Figs. 5.10(b), (c), and (d)). The exogenous disadvantages of places near the borders get worse
as the size of a square lattice increases. A square lattice with 81 places and that with 121 places
show that bifurcating solutions with population at the corners do not arise. (cf., the area painted
using green in Fig. 5.10(c) and that painted using yellow in Fig. 5.10(d)).

Influence of Boundary Conditions

We investigate the influence of boundary conditions for a square lattice on bifurcation behaviour.
We employ an n X n square lattice with periodic boundaries that was introduced in Chapter 3, while
we have used a square lattice with ordinary boundaries in this chapter. Note that periodic boundaries
reduce the exogenous disadvantages of places near the borders.

Figure 5.11 shows the parameter dependence of the types of bifurcating solutions from the
stable mono-centric distribution. This result indicates that bifurcating solutions with population
at places near the center do not arise. That is, bifurcating solutions that represent the formation
of satellite places surrounding the center do not arise, while those can occur on a square lattice
with ordinary boundaries. For n = 5, population emerges at the corners for any value of o and
u. Forn =7,n =29, and n = 11, there are two possible bifurcating solutions. The areas where
population emerges at the corners decreases as the size of a square lattice increases (cf., the area
painted using cyan in Fig. 5.11(b), that painted using yellow in Fig. 5.11(c), and that painted using
red in Fig. 5.11(d)).

5.5.2. Pfliiger and Siidekum (2008) Model
We conduct numerical bifurcation analysis of the PS model (Pfliiger and Siidekum, 2008) on a
square lattice.

Bifurcation Behaviour

We examine bifurcation points on the stable mono-centric distribution. Figures 5.12(a) and
(b) show the stability areas of the mono-centric distribution in (¢, i, y) € (0, 1) x (0,1) x (0, 1) for
o = 6.0 and o = 3.0, respectively. Comparing (a) and (b), we see that a decrease of o expands
the stability area of the mono-centric distribution.

For each case in Fig. 5.12, the mono-centric distribution is unstable when ¢ is relatively small
(¢ < 0.5). The plane at y = 0.2 indicates that the mono-centric distribution becomes stable at
a bifurcation point as ¢ increases from 0. The stable mono-centric distribution loses its stability
when ¢ reaches another bifurcation point. This observation implies that the stable mono-centric
distribution encounters two kinds of bifurcation points as the value of ¢ changes. Thus, the PS
model can potentially describe the formation of satellite places due to an increase and also due to
a decrease of ¢.

We demonstrate the emergence of bifurcating solutions from the stable mono-centric distribu-
tion. Figure 5.13 shows equilibrium curves for (o, u, y) = (3.0,0.6,0.2). The path AEE’F shows
the progress of stable equilibria when ¢ increases from O to 1. The stable path AE represents
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Figure 5.11: The dependence of the types of bifurcating solutions on the values of (1/0-, u) € (0, 1) x (0, 1) for the FO

model on an n X n square lattice with periodic boundaries. A blue circle shows the size of population at each place.
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Figure 5.12: The stability areas of the mono-centric distribution on a square lattice with 25 places for the PS model in
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The vertical axis shows the size of population at the center. Solid curves represent stable equilibria, and dashed ones
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Square-I pattern for Type a; orbit (cf., @ in Fig. 5.3). As ¢ increases from the point A, population
surrounding the center disappears. The mono-centric distribution becomes stable at the bifurca-
tion point E and loses its stability at another bifurcation point E’. The stable path E’A represents
Square-I pattern for Type o orbit again. The other bifurcating paths are all unstable.

Influence of Model Parameters

For the PS model, the stable mono-centric distribution encounters two kinds of bifurcation
points (cf., the bifurcation points E and E’ in Fig. 5.13). Bifurcating solutions EA, EB, EC, and ED
emerge from the bifurcation point E when ¢ decreases. On the other hand, bifurcating solutions
emerge from the bifurcation point E* when ¢ increases. With these in mind, we investigate
the dependence of the types of bifurcating solutions from the two bifurcation points on model
parameters.

Figure 5.14 shows the dependence of the types of bifurcating solutions on the values of model
parameters o and p for K = 25. For the bifurcation point E, population tends to emerge away
from the center as an agglomeration force increases (1/0 and yp become close to 1). For the
bifurcation point E’, bifurcating solutions with population surrounding the center is the only
possibility regardless of the value of o~ and p.

Figure 5.15 shows the dependence of the types of bifurcating solutions from the bifurcation
point E on the values of model parameters o and p for K = 49, K = 81, and K = 121, respectively.
For each case, population emerges at places surrounding the center when 1/0 and yu are close to
0. These bifurcating solutions represent the formation of satellite places surrounding the center.
As an agglomeration force increases (1/0 and u become close to 1), population emerges at places
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at each place.

0.2 on a square lattice. A blue circle shows the size of population
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away from the center. Note that for the bifurcation point E’, bifurcating solutions with population
surrounding the center is the only possibility regardless of the value of o and u.

Influence of Boundary Conditions

Figure 5.16 shows the dependence of the types of bifurcating solutions on the values of model
parameters o~ and u for n = 5. Bifurcation behaviour is common with that for a square lattice with
ordinary boundaries: For the bifurcation point E, population tends to emerge away from the center
as 1 /0 and u become close to 1. For the bifurcation point E’, bifurcating solutions with population
surrounding the center is the only possibility regardless of the value of o and pu.

Figure 5.17 shows the dependence of the types of bifurcating solutions from the bifurcation
point E, on the values of model parameters o and p forn = 7, n =9, and n = 11. For each case,
population tends to emerge away from the center as 1/0- and u become close to 1. Bifurcating
solutions that represent the formation of satellite places surrounding the center do not arise, while
those can occur on a square lattice with ordinary boundaries. Note that for the bifurcation point

E’, bifurcating solutions with population surrounding the center is the only possibility regardless
of the value of o and pu.

5.6. Concluding Remarks

This chapter has elucidated a bifurcation mechanism from the mono-centric distribution on
a square lattice with ordinary boundaries. We derived bifurcating solutions, including spatial
distributions that represent the formation of satellite places surrounding a central place, from
the mono-centric distribution on a square lattice by group-theoretic bifurcation analysis.
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demonstrated the emergence of theoretically predicted bifurcating solutions from the stable mono-
centric distribution by numerical analysis of the FO model and the PS model. We also investigated
the influence of model parameters on the types of bifurcating solutions for these models.

The main contribution of this chapter is to propose a general theory to understand bifurcation
behaviour of economic geography models from the mono-centric distribution. It is emphasized
that theoretical analysis conducted in this chapter relies only on the symmetry of spatial platforms.
Thus, this analysis procedure would be applicable to any economic geography model that takes
the mono-centric distribution under the replicator dynamics. It is a future topic to apply such
investigation to many other economic geography models.
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(a) Stelder (2005) (b) Allen and Arkolakis (2014)

Figure 6.1: A spatial platform of Europe in Stelder (2005) and that of the U.S. in Allen and Arkolakis (2014).

6. Interacting Local and Global Platforms for Economic Geography Models

6.1. Introduction

A hierarchical spatial structure of economic agglomerations comprising countries, cities, towns,
and so on, is observed worldwide. Central place theory proposed the geometrical mechanism of the
self-organization of such a hierarchical structure (Christaller, 1933; Losch, 1940) but failed to im-
plement microeconomic mechanisms. Krugman (1991) elucidated the microeconomic mechanism
of the emergence of core and periphery places from two identical places, highlighting bifurcation as
a catalyst to engender the simplest two-level hierarchy. Economic geography models mushroomed
thereafter but mostly dealt with two places that is too simple to represent such a hierarchical struc-
ture. Qualitative spatial economics (Redding and Rossi-Hansberg, 2017) has been developed to
deal with a realistic spatial platform with a large number of places, but does not necessarily have
insightful bifurcation mechanisms.

Figure 6.1 shows a spatial platform of Europe in Stelder (2005) and that of the U.S. in Allen
and Arkolakis (2014). Stelder (2005) used a grid of land points in Europe and conducted a
simulation of agglomeration. Allen and Arkolakis (2014) used a geography based on the data of
highway, rail, and navigable water networks in the U.S. and estimated the topography of trade costs,
productivities, and amenities. Sheard (2021) studied the influence of the network of airports in the
U.S on employment. Such spatial platforms with irregular and asymmetric networks can express
detailed and complicated geometries but rely too heavily on numerical analysis.

This chapter aims to develop a spatial platform that can present a hierarchical structure but
can still retain the insightfulness of a bifurcation mechanism. We consider a two level hierarchy
of global and local systems. A global system is made up of a system of cities and expresses the
geographical distribution of cites. Each city has a micro structure comprising a system of local
places and has its particular population size and geography. The number of grid points in a local
system is used to index the amount of mobile population of a city, and the distribution of these
points to express its geographical properties.
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Figure 6.2: Examples of spatial platforms for economic geography models. Each node represents a place to locate,
and each edge indicates a transportation link.

Candidates of local and/or global spatial platforms are depicted in Fig. 6.2. The two places in
(a) is most popular but does not have much spatial structure. The line segment in (b) expresses a
chain of cities. The equidistant economy in (c) represents a system of cities connected each other
by airplanes. The radial network in (d) can be seen in many traditional cities such as Paris. The
square and hexagonal lattices in (e) and (f), respectively, are suitable in modeling densely and
regularly distributed locations.

In the selection of a local spatial platform, it is to be noted that square road networks prosper
worldwide. Chicago (the U.S.) and Kyoto (Japan), for example, are well-known to accommodate
such square networks historically (see Fig. 6.3). Accordingly, this chapter employs a square lattice
as a local spatial platform, whereas a hexagonal lattice network would be suitable in other cases.
In fact, several studies of spatial economic agglomerations have been conducted on square lattices

(a) Chicago (the U.S.) (b) Kyoto (Japan)
Figure 6.3: Satellite photographs of cities provided by the Google Map displaying square road networks.
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Figure 6.4: Systems comprising two local platforms connected at the borders. A group G represents the symmetry of
a system.

G =Dy

(Clarke and Wilson, 1983, 1985; Weidlich and Haag, 1987; Munz and Weidlich, 1990; Brakman
et al., 1999).

As a global spatial platform, this chapter employs an equidistant economy. This economy is
welcomed as a simplifying assumption and is popular in spatial economics (Puga, 1999; Tabuchi
et al., 2005; Bosker et al., 2010; Gaspar et al., 2018, 2020). Break and sustain bifurcations of an
equidistant economy with arbitrary many regions were studied in Aizawa et al. (2020) extending the
analysis for break bifurcation for the symmetric group Sy for N objects (Golubitsky and Stewart,
2002; Elmihirst, 2004).

We intend to investigate the bifurcation behaviour of economic geography models on local-
global systems. In numerical analysis for the demonstration of the performance of local-global
systems, we use the FO model (Forslid and Ottaviano, 2003) as an example.

This chapter is organized as follows. The extension of spatial platforms for economic geography
models is discussed in Section 6.2. A local-global system with two identical local platforms is
introduced, and its symmetry is explained in Section 6.3. Systems with different local platforms
are treated in Section 6.4.

6.2. Extension of Spatial Platforms for Economic Geography Models

In this section, we discuss the extension of spatial platforms, which is applicable to hub
airports in the U.S. that is presented as a future target in Section 6.5, for conventional economic
geography models. We explain the concept of local-global systems for realistic modeling of global
transportation networks.

As a first step, we consider systems that are made up of two local platforms. The left of Fig. 6.4
depicts a system comprising two identical local platforms that are connected at the borders. The
right of Fig. 6.4 depicts a system with two different ones. This kind of connections reduces the
symmetry of the whole space. The symmetry of such systems is labeled by the dihedral groups
G ~ Dy and G ~ D; with simple structures. Here, Dy represents the N-dimensional dihedral
group.

We next introduce hierarchical spatial platforms, called local-global systems, by connecting
the centers of the local platforms as depicted in Fig. 6.5. These systems can describe economic
interactions between local and global scales. Such a way of connection retains the symmetry

138



Gz(D4XD4)4—Sz G ~Dy XDy

Figure 6.5: Systems comprising two local platforms connected at the centers (local-global systems). A group G
represents the symmetry of a system.

Figure 6.6: A local-global system with two identical square lattices. A number associated with each node represents
the label of each place.

of each local platform and provides rich bifurcation mechanisms. The group G describing the
symmetry is represented by larger groups G ~ (D4 X Dg) + Sp and G ~ D4 X D4. Here, S,
represents the two-dimensional symmetric group.

Note that radial and square lattices are suitable to represent local transportation networks in
France (Paris) and Germany, respectively. We would like to employ systems comprising these two
different lattices in Section 6.4 as extended examples.

6.3. Local-global System with Two Identical Local Platforms

In this section, we consider two identical local platforms. We employ the general framework
of economic geography models with the replicator dynamics that was introduced in Chapter 2. As
candidates of stable equilibria of the system, we obtain invariant patterns that were explained in
Chapter 4.

6.3.1. Symmetry of the System

We consider the local-global system in Fig. 6.6 that is made up of two identical square lat-
tices, which represent intra-regional (local scale) transportation networks such as local roads and
railroads. The centers of the square lattices are connected by an inter-regional (global scale) trans-
portation networks such as a high-speed train or an airplane. A set of 18 places are allocated at the
nodal points.
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Figure 6.7: An orbit decomposition of the local-global system with two identical square lattices with respect to
G~ (D4 X D4) + Sz.

The symmetry of this local-global system is described by the group
G = (G XGy) + G3 = (Dg X Dg) + Ss. (6.1)
A group G is isomorphic to D4 and is described as
Gy = {er,ri,r%r, s sir, sin s (6.2)

where e is the identity transformation, s; is the reflection with respect to the xj-axis, and r/ is a
counterclockwise rotation about the origin (x1, y;) = (0,0) by an angle of 7j/2 (j = 0,1,2,3). A
group Gy, is also isomorphic to D4 and is described as

2 3 2 3
Gy = {ex, 1, 1", 127, 82, 5212, S212°, 52127 }, (6.3)

where e is the identity transformation, s, is the reflection with respect to the x;-axis, and ry/ is a
counterclockwise rotation about the origin (x,, y2) = (0,0) by an angle of 7j/2 (j = 0,1,2,3). A
group G3 is isomorphic to S, and is described as

Gs ={e3, 53} =Sy, (6.4)

where s3 is the permutation among the coordinates (xi, y1, X2, y2) +— (x2, y2, X1, ¥1), and e3 is the
identity transformation.

A set of the nodal points is decomposed into disjoint subsets, called orbits for a subgroup of
G. For example, Figure 6.7 depicts an orbit decomposition with respect to G ~ (D4 X D4) + S5. In
Fig. 6.7, places belonging to the same orbit are labeled by the same symbol o.

6.3.2. Invariant Patterns

Recall the concept of invariant patterns for the replicator dynamics in Section 4.3. For the
present local-global system, an identical complete agglomeration to places in the same orbit with
respect to a subgroup of G becomes an invariant pattern. An orbit decomposition with respect to
G ~ (D4 X Dyg) + S, was shown in Fig. 6.7.

Conducting orbit decompositions with respect to all subgroups of G, we can obtain invariant
patterns for this local-global system exhaustively. This local-global system has 18 invariant patterns
depicted in Fig. 6.8. Through numerical stability analysis of the FO model to be conducted in
Section 6.3.3, it turns out that the mono-centric distribution at i = 1 or 10 (at the center of a square
lattice) and the duo-centric one ati = 1 and 10 are superior in stability.
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Figure 6.8: A list of invariant patterns for the local-global system with two identical square lattices. The size of a blue
circle represents the size of population at each place.

6.3.3. Bifurcation Behaviour of the Forslid and Ottaviano (2003) Model

We investigate by numerical analysis the bifurcation behaviour of the local-global system
with two identical square lattices for the FO model (Forslid and Ottaviano, 2003). Recall a
general framework of the FO model that was introduced in Section 2.3. We introduce two
kinds of bifurcation parameters, @jocal and ¢globai, Which represent trade freeness of local and
global scales, respectively. We investigate the stability of invariant patterns for the whole set
(1ocal, Pelobal) € (0,1] x (0, 1] of the two parameters to find stable equilibria in the space of
(@1ocal, Palobal). We obtain bifurcating solution curves emanating from the equilibrium curves of
these invariant patterns to observe the transition of stable equilibria.

Basic Assumptions

We label nodal number of places as I} = {1,...,9} for the square lattice at the left and

I, = {10,.. ., 18} for that at the right for the present local-global system. We set the transportation
cost 7;; in (2.9) as follows:

o { exp[m(i’j)Tlocal] for l’] € Ik (k = 1’ 2)’ (6 5)

v exp[(m(i, 1) + m(l()’j))‘rlocal + m(l, 10)Tglobal] fori € I, J € I, '

Tji = Tij- (6.6)

Here, Tjocal and Tgjobal Tepresent transportation cost parameters for intra-regional and inter-regional
transportation, respectively; m(i, j) denotes the shortest distance between places i and j. We choose
the nominal length of the two local platforms as the unity, i.e., m(1,2) = 1, and set the distance
between the centers of the two local platforms to be also the unity, i.e., m(1,10) = 1. Other
distances m(i, j)’s within each lattice follow geometrically.

Define the spatial discounting factor d;; as

d,'j = Tij_(o-_l). (67)
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Figure 6.9: The stability areas of spatial distributions that become stable for some (Giocal, Pglobal)-

Then, d;; is evaluated to

m(i,j) i =
dij — { Plocal for 1, ] € Iy (k 1, 2), (68)

¢10calm(i’1)¢10calm(10’j)¢globalm(1’10) fori eI, j € b,

where

Plocal = eXP[—(O' - 1)Tlocal]a
Golobal = exp[—(o - 1)Tglobal]-

We use @jocal and ¢gjopal as the bifurcation parameters.

Numerical Simulations

We conduct numerical bifurcation and stability analysis of the FO model on the present local-
global system. We choose parameter values of the FO model as (o, u) = (6.0,0.4).

We numerically investigated the stability of spatial distributions, which are either invariant or
non-invariant patterns, for (¢iocal, @global) € (0, 1) x (0, 1). Figure 6.9 shows the stability areas of
spatial distributions that become stable for some (¢iocal, Pglobal)-
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* Among all the invariant patterns in Fig. 6.8, only two patterns, the mono-centric distribution
at the center of a square lattice (Pattern A in Fig. 6.9(b)) and the duo-centric one at the
centers of the square lattices (Pattern B), are stable for some (@iocat, @global). The stability
areas of these two invariant patterns are disjoint.

* There are non-invariant Patterns C, D, . . ., J that are stable for some (¢iocal, Pglobal)-

We can observe several characteristic features that are apparent from the information of stability
zones presented above.

* When ¢jocq is relatively high (¢1oca > 0.389), either the mono-centric or the duo-centric
distribution is stable for any ¢giobai. A stable invariant pattern shifts from the duo-centric
distribution to the mono-centric one at ¢gjobar = 0.745 as ¢ increases from 0. Such transition
is similar to that observed for the two-places economy (Krugman, 1991).

* When ¢jocal is low (¢1ocal < 0.227), the presence of local spatial platform takes effect. There
is no stable invariant pattern for any ¢gjopal and non-invariant Patterns C, D, ..., J become
stable. The two local lattices display the same behavior for low ¢gobar but have different
distributions for high ¢giopal.

e When both ¢gjopa1 and ¢jocar are low, nearly uniform Pattern J prevails.

It is noteworthy that the information of the stability zones for those spatial distributions is
useful in the prediction of the agglomeration behavior for a given ¢g1opa1 When the value of @jocy is
changed (or vice versa). For example, we can predict the following transitions:

Plocal = 0.5 B=A when @g)opal increases,
Plocal = 0.3 F—B=A when ¢gjopal increases,
Dlocal = 0.2 J>F=E when ¢jobar increases,
Dlocal = 0.1 I=1 when ¢ylobal increases,
Pgiobal = 0.8 I>E—C—A  when o increases,
Gglobal = 0.2 J—->F—B when @joca1 increases,
(= denotes an occurrence of bifurcation)

These transitions are actually observed below.

With Fig. 6.9 in mind, we first fix the local trade freeness ¢joca1 to some particular values
and investigate the transition of stable equilibria when the global trade freeness ¢gjobar increases.
Figure 6.10 shows equilibrium curves for ¢joca1 = 0.5. In this case, stable equilibria consist of
two invariant patterns: mono-centric and duo-centric distributions. A curve of an unstable non-
invariant solution connects these two invariant patterns. Such bifurcation behaviour is similar to
that observed for the two-places economy (Krugman, 1991). This behaviour can be seen to prevail
for ¢roca > 0.5 from Fig. 6.9.

Figure 6.11 shows equilibrium curves for ¢jocat = 0.3. The equilibrium curves for @gjopar >
0.355 are similar to those for the case of ¢joca = 0.5 in Fig. 6.10. For ¢gopa < 0.355, we
see the emergence of satellite places at the corners of the two square lattices (cf., the state A).
A bifurcation occurs from the duo-centric distribution at the point B of ¢gjopar = 0.355. The
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Figure 6.10: Equilibrium curves for ¢joca; = 0.5. The vertical axis shows Apax = max(4y,...,418). Solid curves
represent stable equilibria, and dashed ones represent unstable ones.
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Figure 6.11: Equilibrium curves for ¢joca; = 0.3. The vertical axis shows Apmax = max(4y,...,4;8). Solid curves
represent stable equilibria, and dashed ones represent unstable ones.
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population agglomerates from the corners to the centers. Such agglomeration of population cannot
be expressed by the two-places economy. It shows the importance of the use of square lattices as
local platforms.

Figure 6.12 shows equilibrium curves for ¢1ocs1 = 0.2. In this case, no invariant pattern is stable,
and some non-invariant patterns are stable. In the search of equilibrium curves, we employ a nearly
uniform distribution as an initial distribution (cf., the state A). The population at the centers of the
two square lattices increases along the curve ABB’ as ¢gjopar increases. A bifurcation occurs at the
point B” of ¢gioba = 0.616. Then, the population at the center of a square lattice becomes zero,
while the population at the center of another square lattice increases (cf., the state C).

Figure 6.13 shows equilibrium curves for ¢jocq = 0.1. Similarly to the case of ¢joca = 0.2,
no invariant pattern is stable. In the early state A, a nearly uniform distribution is stable. At the
point A" of ¢giobar = 0.504, a bifurcation occurs. The population at the center of a square lattice
becomes zero, while the population at the center of another lattice increases (cf., the state B). The
number of agglomerated places decreases along the curve BCD as ¢gjopal increases.

The results depicted in Figs. 6.10—6.13 imply that agglomeration behavior varies greatly with
the value of ¢oca. Note that the agglomeration behaviour on this local-global system is similar to
that on the two-places economy when @jocq is high (cf., Figs. 6.10 and 6.11). When ¢jocq is low
(cf., Figs. 6.12 and 6.13), the imbalance between the two local platforms becomes predominant
due to the relative superiority of the global trade.

We next fix the global trade freeness ¢giobal to some particular values and examine the transition
of stable equilibria when the local trade freeness ¢jocq increases. Figure 6.14 shows equilibrium
curves for ¢gjopar = 0.8. For any value of ¢jocal, the population at the center of a square lattice
is zero. The population at the center of another square lattice increases as ¢@jocal increases. At
the point E of ¢joca1 = 0.261, the mono-centric distribution becomes stable and remains stable
thereafter.

Figure 6.15 shows equilibrium curves for ¢giobar = 0.2. In contrast to the case of @gjopar = 0.8
in Fig. 6.14, the population at the two square lattices remains at some place for any value of @¢jocar.
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Figure 6.13: Equilibrium curves for ¢jocqy = 0.1. The vertical axis shows Apax = max(4,
represent stable equilibria, and dashed ones represent unstable ones.
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Figure 6.14: Equilibrium curves for ¢gopa = 0.8. The vertical axis shows Apax = max(4;,
represent stable equilibria, and dashed ones represent unstable ones.
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The population at the centers of square lattices increases as ¢jocq increases. At the point C of
Plocal = 0.332, the duo-centric distribution becomes stable.

The results depicted in Figs. 6.14 and 6.15 imply that the values of ¢gjopa affect the difference
of spatial distributions at each local platform. When ¢gjobar is high, population at each square lattice
shows different spatial distributions. We see that the mono-centric distribution at the center of a
square lattice becomes stable. When @b is low, population at each square lattice shows identical
spatial distributions. We see that the duo-centric distribution at the centers of the two square
lattices becomes stable. It is noteworthy that a large ¢gjopa accelerates the imbalance between the
two local systems.

A final remark is on the usefulness of the information on the map of stability areas presented in
Fig. 6.9. The results of comparative statics in Figs. 6.10-6.15 can be grasped a priori from this map.
This kind of map is quite informative and insightful in the investigation of spatial agglomerations.

6.4. Systems with Two Different Local Platforms

In this section, we consider systems comprising two different local platforms, which were
discussed in Section 6.2. We show the usefulness of the bifurcation mechanism of a local-global
system with reference to numerical simulations of the FO model.

6.4.1. Connection at the Borders

We introduce a spatial platform where the borders of the two local platforms are connected as
depicted in Fig. 6.16. Such a simple way of connection has been used widely in spatial economics.
Figure 6.17 shows equilibrium curves for the FO model on this spatial platform. Continuing from
the previous section, we chose the parameter values as o = 6.0 and u = 0.4. In the early state
A with low trade freeness, the population distributes almost uniformly. As the trade freeness ¢
increases, the population agglomerates mostly at places i = 1 and 10, and 13 in the state J (cf.,,
Fig. 6.16 for node numbers). Along the curve JKL, places i = 1 and 10 lose their population. At
the end, the mono-centric distribution at i = 13 (the left border of the square lattice at the right)
becomes stable.
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Figure 6.16: A system comprising two different local platforms connected at the borders proposed by J.-F. Thisse to
K. Ikeda. A number associated with each node represents the label of each place.
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Figure 6.17: Equilibrium curves for the connection of two different local platforms at the borders. The vertical axis

shows the size of population ati = 1 (the center of the radial network). Solid curves represent stable equilibria.
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Figure 6.18: A local-global system with two different local platforms. A number associated with each node represents
the label of each place.

6.4.2. Connection between the Centers: Local-global System

We introduce a local-global system with two different local platforms the centers of which are
connected directly as depicted in Fig. 6.18. This system retains the geometrical symmetry of each
local platform unlike the system with simple connection in Section 6.4.1. Thus, there exist invariant
patterns and associated bifurcation mechanisms. Continuing from the previous section, we use the
FO model (o = 6.0, u = 0.4) for numerical bifurcation and stability analysis. We set the distances
asm(1,2) =1, m(1,10) = 1, m(10, 11) = 1, and the other distances follow geometrically.

Figure 6.19 depicts all invariant patterns for this local-global system. Almost all patterns
correspond to those of each local platform. Note that the duo-centric distribution at i = 1 and 10
becomes an invariant pattern since places i = 1 and 10 are in the same geometrical connectivity
with other places.?°

To find stable equilibria for this local-global system, we focus on invariant patterns in Fig. 6.19
and investigate the stability of these patterns. Among all these patterns, only three patterns, the
mono-centric distribution at i = 1, the mono-centric one at i = 10, and the duo-centric one at
i = 1 and 10, are stable for some (¢iocal, Pglobal). Figure 6.20 shows the stability areas of these
three patterns. Note that the stability areas of the two mono-centric distributions and that of the
duo-centric one are disjoint and is separated by the horizontal line at ¢gjopar = 0.745.

We fix the local trade freeness ¢jocq1 to some particular values to investigate the influence of the
local trade freeness ¢gjopal ON the progress of stable equilibria. Figures 6.21-6.23 show equilibrium
curves for ¢jocar = 0.5, 0.3, and 0.1, respectively. When ¢jocq is high (cf., Figs. 6.21 and 6.22), the
mono-centric distributions and the duo-centric one are stable for a wide range of ¢gjopa like the
two-places economy. When ¢joc, is low (cf., Fig. 6.23), the population agglomerates to the center
of the radial network as ¢gjobal increases; this shows the relative superiority of this center for @jocal
small. Such bifurcation behaviour is quite similar to that of the system with two identical square
lattices in Section 6.3.3.

We fix the global trade freeness ¢gjopal to some particular values to examine the influence of
the local trade freeness ¢joca1 On the progress of stable equilibria. Figures 6.24 and 6.25 show

20 Note that Proposition 4.1 in Section 4.3 provides sufficient conditions for invariant patterns based only on their
geometrical configurations although it is not obvious geometrically.
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Figure 6.21: Equilibrium curves for ¢joca; = 0.5. The vertical axis shows the size of population at i = 1 (the center of
the radial network). Solid curves represent stable equilibria, and dashed ones represent unstable ones.
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Figure 6.22: Equilibrium curves for ¢joca1 = 0.3. The vertical axis shows the size of population at i = 1 (the center of
the radial network). Solid curves represent stable equilibria, and dashed ones represent unstable ones.
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Figure 6.23: Equilibrium curves for ¢joca1 = 0.1. The vertical axis shows the size of population at i = 1 (the center of
the radial network). Solid curves represent stable equilibria.
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Figure 6.24: Equilibrium curves for ¢g1oba1 = 0.8. The vertical axis of a diagram to the left shows the size of population
at i = 10 (the center of the square lattice), while that of a diagram to the right shows the size of population at i = 1
(the center of the radial network). Solid curves represent stable equilibria, and dashed ones represent unstable ones.

152



0.8F

0.6 |

G @B @=
@B @ e

A1

0.4F

0.2F

0 0.2 0.4 0.6 0.8 1
¢local

Figure 6.25: Equilibrium curves for ¢goba = 0.2. The vertical axis shows the size of population at i = 1 (the center
of the radial network). Solid curves represent stable equilibria.

equilibrium curves for ¢gobar = 0.8 and 0.2, respectively. When ¢gjobar is high (cf., Fig. 6.24), we
find two kinds of stable equilibrium paths. The path ABCDE represents transition of equilibria
from a spatial distribution where the center of the square lattice attracts population to the mono-
centric distribution at the center of the square lattice. The path FGH shows transition of equilibria
from a spatial distribution where the center of the radial network gains large population to the
mono-centric distribution at the center of the radial network. When ¢gjopa is low (cf., Fig. 6.25),
population at each local platform shows similar behaviour. The duo-centric distribution at the
centers of the two local platforms becomes stable for a wide range of ¢joca;. Similarly to the case of
the system with two identical square lattices in Section 6.3.3, a large ¢giobar facilitates the imbalance
between the two local systems.

6.5. Concluding Remarks

This chapter has introduced local-global systems that can express a hierarchical spatial structure
and can retain the insightfulness of bifurcation mechanisms. We obtained invariant patterns on
these systems as candidates of stable equilibria. As a specific model for numerical bifurcation and
stability analysis, we employed the FO model We considered two kinds of bifurcation parameters,
the local and global trade freeness. It turns out that the mono-centric and the duo-centric invariant
patterns are stable for wide ranges of the local and global trade freeness.

The main contribution of this chapter is to propose a general framework to explain economic
interaction between local and global scales for any economic geography model. This chapter,
however, focused on prototype local-global systems that are made up of two local platforms. It is
a future topic to consider local-global systems comprising three or more local platforms. Such a
research direction is essential to elucidate the mechanism of economic agglomerations on realistic
global transportation networks.

Future Topic: Modeling of Hub Airports in the U.S.
We would like to target a direction of the Qualitative Spatial Economics (Redding and Rossi-
Hansberg, 2017), which is based on the framework of conventional economic geography models. A
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Figure 6.26: Seven largest hub cities in the U.S. (plotted on the Google Map). Population is expressed by the area of
the red circles.

spatial structure in mind, for example, is the seven hub cities in the U.S. in 2019 that are connected
by airlines in Fig. 6.26.

We model a network of hub cities in the U.S. focusing on the seven cities with the first to the
seventh largest enplaned passengers as listed in Table 6.1(a). The populations of these seven cities
are listed in Table 6.1(b) and are normalized using 4* = 330, 000 as a normalizing constant.

With Table 6.1 in mind, we model the local transportation networks of these seven cities by
either a two-places economy or a square lattice economy as follows:

* Square lattice economy (25 places): New York.

* Square lattice economy (9 places): Los Angels and Chicago.

* Square lattice economy (star economy with 1 + 4 places): Dallas.
* Two-places economy: San Francisco, Denver, and Atlanta.

Figure 6.27 depicts square lattices and two-places economies that represent local transportation
networks in the U.S. We consider a local-global system where the centers of these local platforms
(one of the two places for the two-places economy) are connected equidistantly by inter-regional
transportation networks of airplanes. The symmetry of such a local-global system is described by
the group

G ~ Dy X {(D4 XD4) + Sz} X Dy X {(D2 X Dy X D2) + S3}

Here, S3 represents the three-dimensional symmetric group.
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Table 6.1: Seven hub airports with the first to the seventh largest enplaned passengers in the U.S. in 2019 by
United States Department of Transportation (https://www.bts.gov/content/passengers-boarded-top-50-us-airports) and
the population of each city in 2021 by World Population Review (https://worldpopulationreview.com/us-cities).

(a) Enplaned passengers at the seven hub airports

City Airport Total enplaned passengers (rank)
Atlanta Hartsfield-Jackson Atlanta International 53,505,357 (1)
Los Angeles  Los Angeles International 42,965,731 (2)
Chicago Chicago O’Hare International 40,887,890 (3)
Dallas Dallas/Fort Worth International 35,785,318 (4)
Denver Denver International 33,592,645 (5)
New York John F. Kennedy International 31,123,436 (6)
San Francisco San Francisco International 27,715,305 (7)

(b) The population of each city

City Population Normalized population Lattice size
Atlanta 524,067 1.6 2

Los Angeles 3,983,540 12.0 3x3
Chicago 2,679,080 8.1 3x3
Dallas 1,347,120 4.1 1+4
Denver 749,103 2.3 2

New York 8,230,290 249 5%x5
San Francisco 883,255 2.7 2
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Figure 6.27: Seven hub cities in the U.S. modeled by square lattices and two-places economies (plotted on the Google
Map).
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7. Concluding Remarks

The present thesis developed group-theoretic methods for analyzing economic geography mod-
els on a square lattice in collaboration with nonlinear mathematics and spatial economics. Such a
methodology provides an effective approach to elucidate the complicated agglomeration behaviour
of economic geography models systematically in the light of bifurcation mechanisms.

Chapter 3 provided a group-theoretic bifurcation mechanism from the uniform distribution on
an n X n square lattice, which has the symmetry of the group D4 < (Z, X Z,). We revealed the
self-organization of square patterns as bifurcation phenomena in a system of equations modeled on
the square lattice. Two different approaches, using the equivariant branching lemma and solving
the bifurcation equation, were employed.

We presented in Chapter 3 a complete list of typical bifurcating solutions from the uniform
distribution on the square lattice for an arbitrary lattice size n. To demonstrate the emergence
of these bifurcating solutions, we conducted numerical analysis of economic geography models.
For the FO model, the uniform distribution prevails for small ¢. For the Fm model, the uniform
distribution dominates for large ¢. For the PS model, the uniform distribution becomes stable when
¢ is close to 0 or 1. All the bifurcating solutions are unstable just after the bifurcation for the FO
model and the PS model, while stable bifurcating solutions occur for the Hm model.

Chapter 4 provided a theory of invariant patterns, which are one kind of stationary points of
the replicator dynamics. Invariant patterns retain their spatial distribution when the value of the
bifurcation parameter changes and display characteristic population distribution.

We proposed in Chapter 4 a methodology to find invariant patterns exhaustively. In view
of invariant patterns, we proposed an innovative bifurcation analysis procedure to find stable
equilibria: investigating the stability of invariant patterns and searching for bifurcating equilibrium
curves that connect stable invariant patterns. We applied this procedure to the FO model and
numerically showed the connectivity between bifurcating solutions and invariant patterns via
bifurcating solutions from the uniform state. We found a mesh-like structure of the solution curves
for stable invariant patterns and unstable non-invariant ones.

Chapter 5 provided a group-theoretic bifurcation mechanism from the mono-centric distribution
in a two-dimensional square domain. We obtained bifurcating solutions from the mono-centric
distribution by group-theoretic bifurcation analysis. We demonstrated the emergence of such
bifurcating solutions by numerical analysis of economic geography models. For the FO model,
the mono-centric distribution encounters a bifurcation point as ¢ decreases from 1 to 0. For the
PS model, the mono-centric distribution encounters two bifurcation points as ¢ changes. When ¢
increases, a bifurcating solution that represents the emergence of satellite cities emerges. When ¢
decreases, several bifurcating solutions that represent square distributions emerge.

Chapter 6 developed a spatial platform, a local-global system, that can present a hierarchical
structure but can still retain the insightfulness of bifurcation mechanisms. We employed a local-
global system constructed by two identical square lattices. We introduced two kinds of bifurcating
parameter, @jocal and @gional, Which represent the local trade freeness (related to transportation in a
lattice) and global trade freeness (related to transportation between two lattices), respectively. We
demonstrated complicated bifurcation behaviour due to the change of two bifurcation parameters
by numerical analysis of the FO model.
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A. Appendices for Chapter 3

A.l. Details of Irreducible Representations

In Section 3.3, we listed the matrix forms of the irreducible representations of the group G.
In this section, we describe a systematic method using little groups to construct these irreducible
representations.

A.l.1. Characters
We explain the characters of the irreducible representations of G, which play a vital role in the
method of little groups (Appendix A.1.2).

One-Dimensional Irreducible Representations
The characters y*(g) = Tr T#(g), which are equal to T#(g) for one-dimensional representations,
are given as follows:

g I (g) I H(g)  mt(g)  pimmt)(g)
pi'py/ 1 1 1 1
rpiipy’ 1 1 -1 -1
r2p1ipy’ 1 1 1 1 (A.1)
piip) 1 1 -1 -1
s piipy’ (m : even) 1 -1 1 -1
(m : odd) 1 -1 -1 1
g X g) x (g () (g
pi'py’ (-1 (- (- (=1
rpi'pay’ (=1)* (D) (=" (=)
rpi'py’ (=1)*/ (=1)* (=1)* (=1)*/ (A.2)
rpi'py’ (1) G A e ) e O Dia
sr"pi'py’ (m:even) | (=1)* —(=1) (=1 (=1
(m:odd) | (-1)* (- (- (—1)*7

wherei,j =0,1,...,n—1landm =0, 1,2,3.

Two-Dimensional Irreducible Representations

The characters y*(g) = Tr T#(g) for two-dimensional irreducible representations are given as
follows. For u = (2;+),(2; —) in (3.45) and (3.46), we have

g X% (g)  x*)(g)
pi'py’ 2 (—1)*/2
rpi'py’ 0 0 (A3)
r’pi'py’ -2 —(-1*2 '
rpi'py’ 0 0
sPpiipy |0 0




wherei, j =0,1,...,n—1landm =0,1,2,3. Foru = (2;+, +),(2; +,-), (2; —, +),(2; =, —) in (3.47)
and (3.48), we have

g xF ) B X B

pipy |+ (=1 )+ (=1 D) (1Y (1Y + (=1

rp1'p2’ 0 0 0 0

rPpipy | (1) (=1 D) (1Y (=1 = (=1 (1) = (1Y

r3piipy/ 0 0 0 0 (A4)
spipy | (D (1Y (=1 = (=1 (=1 = (=1)  —~(=1) + (=1)

srp1'pa’ 0 0 0 0
srPpipy | (1) + (=1 =(=1) = (=1Y (=1} +(=1)) (=1 = (=1)
sr3piips 0 0 0 0

wherei,j =0,1,...,n—1landm =0, 1,2, 3.

Four-Dimensional Irreducible Representations
The characters y*(g) = Tr T#(g) for four-dimensional irreducible representations are given as
follows:

g xR0 (g) xHRED(g) x 200N (g)
piip/ 2[cos(kif) 2[cos(k(i + j)8) 2[(=1) cos(£;0)
+cos(kjo)] + cos(k(i — j)0)] +(=1)/ cos(£i)]
rpiipy) 0 0 0
(m=1,23) (A.5)
spiipo/ 20 cos(kif) 0 20(=1) cos(£if)
srpipy’ 0 20 cos(k(i — j)O) 0
sr2piips 20 cos(kj6) 0 20 (=1) cos(£j6)
sr3piipy) 0 20 cos(k(i + j)O) 0

where 8 =2n/nandi,j=0,1,...,n— 1.

Eight-Dimensional Irreducible Representations
The characters y®59(g) = Tr T®%0(g) are given as follows. For g = p1/p,/, being free from
r and s, we have

Y ERO (1 pal) = 2{cos((ki +£))0) + cos((=Li + k j)) + cos((ki — £)0) + cos((—=Li — k j)B)}, (A.6)

where § = 2n/nandi,j =0,1,...,n— 1. For other g, we have y®&&0(g) = 0.
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A.1.2. Method of Little Groups

We describe a systematic method, called the method of little groups, for constructing irreducible
representations of a general group with the structure of the semidirect product by an abelian group.
For details about semidirect products, see Section 8.2 of Serre (1977).

Let G be a group that is a semidirect product of a group H and an abelian group A. This means
that A is a normal subgroup of G, and each element g € G is represented uniquely as g = ah with
acAandh e H.

Since A is abelian, every irreducible representation of A over C is one-dimensional, and is
identified with its character y. Accordingly, the set of all irreducible representations of A over C
can be denoted as

X ={x'|i€R(A)} (A7)
with a suitable index set R(A). For y € X and g € G, we define a function ¢ y on A by
$x(a) = x(g"'ag), aecA, (A8)

which is also a character of A, belonging to X. This defines an action of G on X.
With reference to the action of G on X, we classify the elements of X into orbits. It should be
noted that, for g = bh with b € A and h € H, we have

$x(a) = x((bh)'a(bh)) = x(h™'ah) =" x(a), a€ A, (A.9)

in which b~'ab = a since A is abelian. Hence, the orbits can in fact be obtained by the action of
the subgroup H on X, instead of that of G. Denote by

{x' |i € R(A)/H} (A.10)

a system of representatives from the orbits, where R(A)/H is an index set, or the set of “names” of
the orbit. This means that

« y' € Xforeachi € R(A)/H,
o for distinct i and j in R(A)/H, x' #" (/) for any h € H, and
« for each y € X, there exist some i € R(A)/H and h € H such that y =" (y/).
For eachi € R(A)/H, we define
H ={heH|"(x)=x"}, (A1)
which is a subgroup of H associated with the orbit i, and
G ={ah|acA, heHY, (A.12)

which is a subgroup of G, called the little group. Noting that each element of G can be represented
as ah with a € A and h € H', we define a function )Ei on G! by

P(ah) = x¥'(a), acA heH, (A.13)
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which is a one-dimensional representation (a character of degree one) of G'.
Let T# be an irreducible representation of H' over C indexed by u € R(H'). Then the matrix-
valued function T¢# defined on G’ of (A.12) by

TR (ah) = ¥ (a)T*(h), a€ A, heH (A.14)

is an irreducible representation of G'. Denote by 7¢#) the induced representation of G obtained
from T"H (see Remark A.1 below). Then TG is an irreducible representation of G. Moreover,
all the irreducible representations of G can be obtained in this manner, and 7¢-*)s are mutually
inequivalent for different (i, u). Thus, the irreducible representations of G are indexed by (i, ),
i.e.,

R(G) =A{G, ) | i € R(A)/H, € R(H')} (A.15)

and
(TG | i € R(A)/H, u < R(H)} (A.16)

gives a complete list of irreducible representations of G over C.

Remark A.1. The induced representation is explained here. Let G be a group, G’ be a subgroup
of G, and T’ be a representation of G’ of dimension N’. Consider the coset decomposition

G=g1G + G+ +gnG, (A.17)

where j = 1,...,m and m = |G|/|G’|. Each g € G causes a permutation of (g1, g2,...,2gn) to
(8r(1)> &x(2)» - - - » &x(m)) according to the equation

88j = 8x(hfi» fi€G (A.18)

for j = 1,...,m. Note that the choice of (g1, g2, .. ., gn) is not unique, but once this is fixed, f; is
uniquely determined for each g.

Define T(g) to be an mN’ X mN’ matrix with rows and columns partitioned into m blocks of
size N’ such that the (r(}), j)-block of T(g) equals 7’(f;), whereas the (i, j)-block of T(g) equals
O if i # n(j). Note that this is well-defined, since f; and n(j) are uniquely determined from g,
and 77(f;) for j = 1,...,m are assumed to be given. The family of matrices {T(g)| g € G}isa
representation of G of dimension mN’, called the induced representation. For example, if m = 3,
(m(1),7(2),7(3)) = (2,3,1), we have

) T'(f3)
T(g) = |T"(f)
T'(f3)

We shall apply this construction to 77 = T¢#) on G’ = G’ to obtain 7 = T¢#), where the
dimension N’ of T¢:#) is equal to that of T by (A.14).
O
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A.1.3. Derivation of the Little Groups
We apply the method of little groups to

A =7y XZy={p1)X{p2), H=Ds=(r,s) (A.19)

to obtain the irreducible representations of G = Dy < (Z,, X Z,).

As the first step we determine the system of representatives (A.10) in the orbit decomposition of
X. Since A = Z, X Z, is an abelian group, all the irreducible representations are one-dimensional.
The set X of irreducible representations of A = Z,, X Z, is indexed by

RA)={(k,)|0<k<n-10<¢{<n-1} (A.20)
where (k, £) denotes a one-dimensional representation (or character) y**) defined by

x50(p) = o, x*(p) = of (A21)

with
w = exp(2ni/n). (A.22)
We extend the notation (k, £) for any integers, to designate the element (k’, £’) of R(A) with k' = k

mod nand ¢/ = ¢ mod n.
For the orbit decomposition of X by H, we compute 4~ p;h and h~'p,h for h € H, to obtain

h e r r2 r3 s Sr sr2 o sr3

Wlpih lpr p2b pi™b pa | prop2t opit g (A.23)
Wlpoh\py pr p2' pit et opit ope p

For example, for 7 = s, we have (W~ 'pih, k™' pah) = (p1, p2~"), and we see, by (A.21), that the
action of s in (A.8) is given as * y &0 = » =0 which is expressed symbolically as (k, £) = (k, —¢).
In this manner, we can obtain the following orbit containing (k, £):

(6,—k) «— (k=0
l T
(k,t) — (=Lk)
U (A.24)
(k,=0) — (=t,~k)
T l
(Lk) « (=k0)

99 <6

where “|}” means the action of s, and “—” (or “«”, “1”, “|”") means the action of r. It should be
clear that (¢, —k), for example, is understood as (¢ mod n, —k mod n). The orbit (A.24) is illustrated
in Fig. A.1.

The system of representatives in (A.10) in the orbit decomposition of X with respect to the
action of G is given as follows. In view of Fig. A.1, it is natural to take

R(A)/H ={(k,0) |0 <t <k <[(n-1)/2]}, (A.25)
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Figure A.1: Orbit of (k, £) in (A.24).

which corresponds to the set of integer lattice points (k, ¢) contained in the triangle with vertices
at (k,¢) = (0,0),(n/2,0), (n/2,n/2), where the points on the edges of the triangle are included.
The subgroup H' = H* in (A.11) for i = (k, €), which is expressed as

H%) = {h e Dy | y*On " an) = y*9(a) for all a € Z, X Z,}, (A.26)
is obtained with reference to (A.21) and (A.23). For h € D4, we have h € H* if and only if

xSOhprh™hy = x5O, X O hpan™) = xHO(pa). (A.27)

For (k, £) = (0,0), for example, this condition is satisfied by all 4 € Dy, and hence H®? = (r, 5).
In this manner, we obtain

(r,s)  for (k) = (0,0),
(r, s) for (k,€) = (n/2,n/2) (n: even),
(r2,s)  for (k,€) = (n/2,0) (n: even),
H* = e sy for (k,0) = (k0) (1<k<|%L]), (A.28)
{e,sr3} for (k€)= (k,k) (1 <k<|%L])
{e,sr*} for (k,£) = (n/2,€) (n:even, 1 <¢< L"—EIJ),
{e} for(k,6) (1<l<k-1,2<k<|%)).

The little group G' = G%9 in (A.12) for i = (k, £) is obtained as the semidirect product of H*0)
by A = (p1, p2).

Example A.1. The system of representatives R(A)/H and the associated subgroups H*9 in (A.28)
forn =3,4,7,8,9 are given as follows:
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n=4

n=3 (k,¢) [ H®O n="7
(k,0)| H*D (0,0) | {r,s) (k, €) HE&D
(0,0) | <r,s) (2,2) | (r,s5) (0,0) (r, s)

(1,0) | {e, s} (2,0) | (% s) (1,0),(2,0), (3,0) | {e, s}
(1,1) | {e,sr3}  (1,0) | {e, s} (1,1),(2,2),(3,3) | {e, sr’}
(LD [{e.sr’}  (21,(3,1).(3,2) | {e}

2,1) | {e, sr?}

n=2_§
(k, €) H®&D n=9

(0,0) (r,s) (k,€) H®&D
(4,4) (r,s) (0,0) (r,s)
(4,0) (r3,s) (1,0),(2,0),(3,0), (4,0) | {e, s}
(1,0),(2,0),(3,0) | {e, s} (1,1),(2,2),(3,3), (4,4) | {e,sr3}
(1,1),(2,2),3,3) [ {e,sr3}  (2,1),(3,1),(3,2) {e}
(4,1),(4,2),(4,3) | {e,sr?}  (4,1),(4,2),(4,3) {e}
(2,1),(3,1),(3,2) | {e}

A.1.4. Construction of the Irreducible Representations

The systematic procedure for constructing irreducible representations over C (absolutely ir-
reducible representations) of G = (r, s, pi, p2) using orbit decomposition and little groups is
summarized as follows.

For each (k,£) € R(A)/H, we have the associated subgroup H*?) in (A.28). Let T* be an
irreducible representation of H%9 indexed by u € R(H*9), and define T4 by

TR (piipyl h) = Y& (pi pa \TH(R) = W TH(R), 0 <ij<n-1, he H*), (A29)

which is an irreducible representation of the little group G%0).
The coset decomposition (A.17) takes the form of

G =G*) + g,G*0 1 .. 4 g, GRD (A.30)

with m = |G|/|G%O| = |Dy|/|H®O| = 8/|H*D|. Since G*O D (p1, p»), we may assume that
gi€(r,s)yforj=1,...,mand g = e.

The induced representation 744 (g) is determined by its values at g = py, p, r, s that generate
the group G. Hence, it suffices to consider g = py, po, r, s in the equation (A.18):

88j = &(j)fj» (A.31)

where 7(j) and f; € G*0 are to be found for j = 1,...,m. The induced representation 764
is an irreducible representation of dimension mN* = §N*/|H (k0| over C, where N* denotes the
dimension of T#.
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Table A.1: Induced irreducible representations of Dy » (Z,, X Zj,).

(k,€) H*O
(0,0) (r, s)
(n/2,n/2) (r,s)
(n/2,0)  (r%s)
(k,0) {e, s}
(k, k) {e, sr3}

Induced irreducible representations

(L, 4+ ), (L + = ), (1 =+ ), (1 = = +), (25 +)
(L4, 4, 2), (1 +, = =), (1 =+, =), (1=, =, =), (25 -)
25+, 4), 254, -), (2, = +), (25— -)

(4:k,0,+), (4; k,0,-)

(4: k, k,+), (4; k, k, —)

(n/2,0)  {e sr?} (4;n)2,6,+),(4;n/2, €, -)

(k, £) {e} 8k, 0)

(k,€) = (n/2,n/2) and (n/2,0) exist if n is even;

(k,0) with 1 < k < [%51] in (3.49);

(k,k) with 1 < k < |21 ] in (3.50);

(n/2,¢) with 1 < ¢ < || in (3.51);

(k,f)with1 < £ <k-1,2<k < [(n—1)/2] in (3.60)

S I N N NG RN

According to the general theory, 744 obtained in this manner is not a representation over R
but over C, as is evident from the fact that w appearing in (A.29) is a complex number defined
by (A.22). Fortunately, however, all irreducible representations thus obtained are representable
over R. We can thus determine a complete list of irreducible representations over R of the group
G = Dy < (Z, X Z,). Table A.1 is a summary of the derivations below.

Case of (k,€) = (0,0)
For (k, £) = (0,0), x'*9 is the unit representation by (A.21), and therefore

H®O = (r,s) = Dg,

as is shown in (A.28). D4 has four one-dimensional irreducible representations (+, +, +), (+, —, +),
(-, +, +), (=, —, +), and one two-dimensional irreducible representation (2; +) (e.g., see Kim, 1999;
Kettle, 2007).

Since G* = G, the coset decomposition (A.30) is trivial with m = 1 and g; = e, and the
equation (A.31) reads g - g1 = g1 - g for every g € G. For each u, the induced representation
TOOW(g) for g = p1ip>/h with h € Dy is given by (A.29) as

7O (o) = TOOM (pip,T 1) = OO (i p,NTH(R) = TH(h).
With this result, we have the one-dimensional irreducible representations (1; +, +, +), (1; +, —, +),

(1; =, +,+), (1; =, —, +), and the two-dimensional irreducible representation (2; +) as the irreducible
representations for the group Dy < (Z, X Zy,).

Case of (k,€) = (n/2,n/2)
In this case, y = y&0 = y/21/2) is given by (A.21) as x(p1) = x(p2) = w"? = 1. For
(k,€) = (n/2,n/2), we have
H®O = (r,s) = Dy,
as is shown in (A.28). Hence we have the one-dimensional irreducible representations (1; +, +, —),
(1;4,—-,-), (I, - +,-), (1; -, —, —), and the two-dimensional irreducible representation (2; —).
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Case of (k,€) = (n/2,0)
The case of (k, £) = (n/2,0) occurs when n is even. In this case, y = y*0 = /20 j5 gjven
by (A.21) as y(p1) = —1 and x(p2) = 1, and therefore

H&D = {e, rz, S, srz} = (r2, s) =~ Dy,

as is shown in (A.28). This group has four one-dimensional irreducible representations, say,
u = (0r,05) = (+,+), (+, =), (=, +), (-, —) defined by

THr?) = oy = 21, TH(s) = oy = 1.
Since G*O = (12 s, p1, p2), the coset decomposition in (A.30) is given by
G = g1G*0 4+ g,G*0 = ¢ (72,5, p1, p2) + 1+ (r% s, pr. p2)

with m =2, g1 = e and g, = r. The equation (A.31) for g = py, pa, 1, s reads as follows:

P18 = &) i | P28 =8&G) i | 8 = &) Ji |58 = 8&r() Ji
pr-e=e-p pr-e=e-pr r-e=r-e sre=e-s

p1~r:r-p2_1 p2-r=r-p| rer=e-r? S r=r-sr:

For the one-dimensional representation u = (o) with oo € {+, —}, the induced representation
T = T®/201 is given by

L S R
o= [P ] =[]
T(r) = :x(e)T#(e) X(e)T“(rz)] _ [1 m]’
O N e L |

where (A.29) is used and the nonzero blocks here are determined with reference to 7(j) and f;
computed above (see Remark A.1).

Case of (k,€) = (k,0), (k, k), (n/2,€)
For (k, ) = (k, 0) in (3.49), we have y*9(p;) = w* and y*9(p,) = 1 by (A.21), and therefore

H*O = {e, s},

as is shown in (A.28). For (k,€) = (k, k) in (3.50), we have y*O(p;) = y*O(p,) = w¥, and
therefore
H*O = {e, sr3}.
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For (k,€) = (n/2,¢) in (3.51), we have y*9(p;) = —1 and y*9(p,) = w’, and therefore
H*O = {e, sr?}.

Let hg = s for (k, €) = (k,0), hg = s> for (k, €) = (k, k), and ho = sr* for (k, €) = (n/2,€). In either
case H&0 = {e, ho} is isomorphic to D; and has two one-dimensional irreducible representations,
say, u = uy, gy defined by

TH (hg) =1, TH(hy) = —1.

That is, T#(hg) = o* with o#' = 1 and 0#2 = —1. The notation is summarized as follows:
(ko) | H®O  ho T*(ho) T*(ho)
(k,0) {e,s} sr 1 -1
(k, k) | {e,sr3} sr’ 1 -1
(n/2,0) | {e,sr*} sr? 1 -1

The coset decomposition in (A.30) is given by G**0 = (hq, p1, p2), m = 4, and gi=r’ -1 for
Jj =1,...,4. The equation (A.31) for g = p1, pa, r, s reads as follows (see (A.23) for p; and p»):

P18 =8x() Ji | P2 8 = &) Ji | " 8j = 8x(j) " Ji
pire=e-p | pre=e-py | r-e=r-e
pior=r-p | prr=repr | ror=ri-e
pr-r?=rrpit  pprt=rtopt et =r7 e
pi-r’=rip | ppri=rip | rri=e-e

S8 = 8n(j) Jj

(k,0) (k, k) (n/2,0)
s-e=e-s |s-e=r>-sr3| s-e=r%-sr?
scr=r3-s |s-r=rf-sr3| s-r=r-sr?
s-rt=r-s|s-riP=r-sr3| s-r2=e-sr?
s-ri=r-s|s-rP=e-sr|s-r=r3 sr?

For (k,€) = (k,0), (k, k), (n/2,€) and u = u, up, the induced representation ThGw g given,
with w = exp(27 i/n), by

TEC (py) = diag(x(p1), ¥ (P2 ™) x (P17, x(p2)) = diag(w*, 0™, w7, ),
TEEN () = diag(x(p2), x(P1). x(P2 ™). x(p17h) = diag(w’, w*, 0™, ™),

Tkt = (e | =

f—
—



and

1 1
T(k,O,u)(s) = TH(s) | 1 - | 1 ,
1 1
1 1
(k) oy — TH( o3 L 1
T (s) = TH(sr”) | =0 | ,
1 1
1 1
F(n/260) (N = TH( o2 1 — H 1
T (s) = TH(sr?) 1 =0ty
1 1

The above representation over C can be transformed to a real representation. By permuting the
rows and columns as (1, 3, 2,4), we obtain

TkEW(p)) TkE1 (p,) T®EW (r)
wk
= = ,
W’
THOL)(s)
1
1
= gt
o |
1

It is apparent that these representations are equivalent, respectively, to the four-dimensional real
irreducible representations (4; k, 0, o) and (4; k, k, o) with o = o*.

Case of General (k, )

For (k, £) in (3.60), y = x*¥ is given by (A.21), and H*®) = {e}. The unit representation u
is the only irreducible representation of H*-0).

The coset decomposition in (A.30) is given by G*0 = {p1,p2), m =8, and

2 3 2 3
81 =6 8 =71, 83=r,8=71,85=S, 86 =S 8 =S, §8 = Sr-.
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The equation (A.31) for g = py, pa, 1, s reads as follows:

P18 =8x() Ji | P28 = &) Ji |7 8 = &) i |5 8 = &) S
pL-e=e-pi pr-e=e-po r-e=r-e s-e=s5-¢e
pl-r:r-pz‘1 P2t =T1-p1 rer=r’-e S-r=sr-e
pl-rzzrz-pl_l pz-rzzrz-pz_l rerr=r3.e s-ri=srt.e
pl-r3:r3-p2 p2~r3:r3~p1‘1 reri=e-e s-ri=sr-e
p1-s=s-p1 pz-s:s-pz'1 ros=srl-e s-s=e-e
pl-sr:sr-pz_1 pz-srzsr-pl_1 r-sr=s-e S-Sr=r-e
pl-er:sr2~p1_1 pz-er:srz-pz resr?=sr-e s-srt=r?-e
pl-sr3:sr3-p2 pz-sr3:sr3~p1 resri=srtoe| s-sri=r3-e

The induced representation T = 7564 of dimension 8, is given in terms of w = exp(27i/n)
as follows:

T(p1) = diag(w®, 0™, 0™, o', ", 0™ 0™, W),
T(pa) = diag(w’, 0f, 0™, 0™, W™, w™*, W', W),
3 c o 3 o I
T(}") - [0 CT] B T(S) - [I 0:|
with
1 1
1 1
C = 1 , I= 1
1 1

The above representation over C can be transformed to a real representation. By permuting the
rows and columns as (1, 3,2,4,5,7, 6, 8), we obtain

f(pl):[gl 91]’ f<p2)=[92 Q3], f(n:[D DT], f(s>:[1 ’]

with

Q

Q3 =

This representation is easily seen to be equivalent to the eight-dimensional real irreducible repre-
sentation (8; &, €).
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A.2. Construction of the Transformation Matrix

We will now show that the relation 7(g)Q* = Q#TH(g) in (3.76) is satisfied by Q¥ in Propo-
sition 3.4 for r, s, p1, and p, that generate the group Dy = (Z, X Z,). Recall the actions of r, s,
p1, and p, given in (3.78)—(3.81). We demonstrate the proof for u = (2; +, +) and (8; k, ¢), and the
other cases can be treated similarly.

Two-Dimensional Irreducible Representation
We shall prove that

0%+ = [(cos(nny)), (cos(nna))] (A.32)

satisfies (3.76) for i = (2; +, +). Recall that (2; +, +) exists when n is even and T3*+*)(g) is defined
by (3.47) and (3.48).

The action of r on the wave numbers (ny, ny) in (A.32) is given, by a formal calculation using
(3.78), as

rx(ny,np) = (r«ny,r*ny) = (np,—n;  mod n).

In the matrix form, this gives

T(r)Q***) = [(cos(mny)), (cos(=mn1))]
= [{cos(mnz)), (cos(nny))]

= [cos(ntny), cos(nny)] [1 1]
— Q(2;+’+)T(2;+’+)(r).
The action of p; on the wave numbers (n1, ny) is given by (3.80) as
pr#(n,n2) = (m —1 mod n,m),

which, in the matrix form, yields

T(p)Q***) = [(cos(a(n = 1)), (cos(rn))]

= [(—cos(mny)), {cos(nn3))]
~ eostmnh (ostmne)) ||
— Q(2;+’+)T(2;+)(p1).
The cases of s and p; can be treated similarly. Thus, we have
T(g)Q*H) = QEHITEHN (o), g =r,s,p1, pa.

This completes the proof for u = (2; +, +).
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Eight-Dimensional Irreducible Representations
We shall prove that

0®kO = [(cos2nr(kny + tny)/n)), (sin(2r(kny + €na)/n)),
(cos(n(—€n + kny)/n)), (sin2rx(fn; + kny)/n)),
(cos(n(kn| — €ny)/n)), (sinRn(kn; — {ny)/n)),
(cos(2m(—Cny — kny)/n)), (sin(2r(—tny — knz)/n))),

-1
1s€sk—1,2sks{n7| (A.33)

satisfies (3.76) for (8; k, £) where n > 5. Recall the definition of T(&H)(g) for g = r,s,pi, p2 in
(3.62) and (3.63), as well as the notations

_|cos(2m/n) —sin(2m/n) 1
~ |sin(2n/n) cos(27r/n)]’ S_[ _1]' (A.34)

The action of r on the four wave numbers in (A.33) is given by (3.78) as

kny + €ny —fny + kny
—fny + kny _ —(kl’ll + fnz)

T* kg = tny | = ==ty — k)| ™04
—fl’ll - kl’lz kl’ll — fl’lz

which permutes and changes the sign of the column vectors of 08,0 in (A.33) as

T(r)Q(&k")) — Q(8;k,f) - Q(S;k,f)T(&k,f)(r).

The action of s on the four wave numbers in (A.33) is given by (3.79) as

kny + tny kny —{ny
—€n1 + kl’lz _ —fl’ll - kn2

5 kl’ll - 5712 - k}’ll + fl’lz mod 7,
—tny — kny —fny + knz

which gives

T(S)Q(S;k,é’) — Q(S;k,f) _ Q(S;k,f)T(S;k,t’)( 5).
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The action of p; on the four wave numbers in (A.33) is given by (3.80) as

kl’ll + fl’lz kn1 + fl’lz -k
—fny + kl’l2 _ —fny + an + ¢
R e e e
—tny — kny —tny —kny + €
which gives
Rk
(8:k,0) (8:k,0) R (8:K,0) (8:K,€)
T(pQ ¥+ = 0% | = IO,

The action of p; on the four wave numbers in (A.33) is given by (3.81) as

kny + tny kny+tny — ¢
. —fny + kny _ —tny + kny, — k d

P2* kg —tny | T | kg —tma+ € | 0P

—€n1 — kl’lz —fnl - kn2 + k

which gives
Rf
8:k,l 8:k,l R* 8:k.0) (8K,
T(p2)Q™H) = 940 7 = QI (py).

Thus, we have the following relation to complete the proof for u = (8; k, £):
T(g)Q®* = QBRITERO(g), g = 1,5, pi1. pa.

A.3. Construction of the Function ®
A systematic construction procedure of the function ® in (3.178) is given here.

Basic Facts about Integer Matrices

We present here some basic facts about integer matrices?! that are used in the construction of

the correspondence ® and in the proofs in Appendix A.4.

A square integer matrix U is called unimodular if its determinant is equal to +1; U is unimodular
if and only if its inverse U~! exists and is an integer matrix. For an integer matrix A, the
kth determinantal divisor, denoted di(A), is the greatest common divisor of all k X k minors

(subdeterminants) of A. By convention we put dy(A) = 1.

The first theorem states that every integer matrix can be brought to the Smith normal form by a

bilateral unimodular transformation.

21 See Schrijver (1998) for more details on integer matrices.
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Theorem A.1. Let A be an m X n integer matrix. There exist unimodular matrices U and V such
that
aq 0

vav=| Ornr | (A35)

a

Om—r,r Om—r,n—r

where r = rank A and ay < ap < - -+ < @, are positive integers with the divisibility property:**

ai|az |- | ar.
Such integers a1, as, . . ., @, are uniquely determined by A, and are expressed as
dip(A
ay = KA) , k=1,...,r,
di-1(A)

in terms of the determinantal divisors d\(A), d>(A), . .., d,.(A) of A.

The second theorem gives a solvability criterion for a system of linear equations in unknown
integer vectors.

Theorem A.2. Let A be an m X n integer matrix and b an m-dimensional integer vector. The
following two conditions (a) and (b) are equivalent.

(a) The system of equations Ax = b admits an integer solution x.

(b) Two matrices A and [A | b] share the same determinantal divisors, i.e., rank A = rank [A | b]
and di(A) = di([A | b)) for all k.

As a corollary of Theorem A.2 we can obtain the following facts.

Proposition A.1. Let ay, ..., a, be integers.

(i) ged(ay, . . ., ay) = 1 if and only if there exist some integers X1, . .., X, such that ajx; + - - - +
anx, = 1.

(ii) An integer b is divisible by gcd(ay, . . ., a,) if and only if there exist some integers xi, . . ., X,

such that ayx; + -+ + ayx, = b.

The third theorem is a kind of duality theorem, which is sometimes referred to as the integer
analogue of the Farkas lemma.

Theorem A.3. Let A be an m X n integer matrix and b an m-dimensional integer vector. The
following two conditions (a) and (b) are equivalent.

(a) The system of equations Ax = b admits an integer solution x.
(b) We have “y"A € Z'" = y b € Z” for any m-dimensional vector y.

22 Notation “a | b” means that a divides b, that is, b is a multiple of a.
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Construction of @ via the Smith Normal Form

The correspondence @ : (k,{) — (a, 8) can be constructed with the aid of the Smith normal
form. Recall notations

P k ’ { R n
= — = —) n= ———
gcd(k, €, n)’ gcd(k, £, n) gcd(k, £, n)
in (3.160), for which
gcd(k, £,7) = 1. (A.36)

By the definition of the correspondence ® of (3.178) in Proposition 3.21, we have

Ak, t,n) = L(a, B) for (a, B) = O(k, £, n), (A.37)
where

Ak, t,n) = {(a,b) € Z* | ka+ b =0, ba—kb=0 mod A}, (A.38)

L(a,B) = {(a,b) € Z* | (a,b) = ni(a, B) + na(=B, @), ny,ny € Z}. (A.39)

The condition in the definition of A(k, £, n) can be rewritten in a matrix form as

[’; _512] [‘Z] _ [g] mod . (A.40)

We define matrices K and A as

_ k¢ | B
K—[é _,2], A= a], (A41)
which play the key role in our analysis. Note that
a ni
L, p) = {(a,b) | [b] =A [nz] ; ni,np € Z} (A.42)
by (A.39).
The condition for A(k, £, n) in (A.40) is equivalent to the existence of integers p and ¢ such
that
a
k¢ |-a 0 ]|p| 10O
[f il o —ﬁ] » —[0]. (A.43)

Since the determinantal divisors d; and d> of this 2 X 4 coefficient matrix are
dy = ged(k, €, 7) = 1,
dr = ged(k? + 2, ka, €n, 1?) = ged(k? + €%, i ged(k, €, 7))
= ged(k? + 0% h),
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the Smith normal form of that matrix is given (see Theorem A.1) as

k ¢ ]-a 0 1 0/0 0
U[é ~k| o —ﬁ]v_[OKOO]’ (A.49)
where U and V are unimodular matrices and
k = ged(k? + 82, 7). (A.45)

The 4 x4 matrix V for the Smith normal form in (A.44) affords an explicit representation of the
correspondence O that is defined rather implicitly by the relationship in (A.37). As stated in the
following proposition, the correspondence («, 8) = ®(k, £, n) is encoded in the upper-right block
of a suitably chosen matrix V. Partition the matrix V into 2 X 2 submatrices as

Vit V2
V= ,
[VZI sz]

and recall the matrix A in (A.41) that is parameterized by (a, 3).

Proposition A.2. We can take V such that Vi, = A for some (a,B) with « > 3 > 0. Then
O(k,l,n) = (a, B).

Proof. Putting

a 14 X _1]a
a = , = , = V
[b] P [q] y p]
and using (A.44), we can rewrite (A.43) as
. o-tlal |11 0100 |]|x|_
UK | -aIlV -V p]_[o k10 0|y =0.

This shows that x = 0 and y is free. Therefore, the solutions of (A.43) are given as
a 0 Vi 2

=V = R eZ".
P] M [sz] o

L(@.p)={a=(ab) |a=Vny, yeZ’.

This means, by (A.37), that

By comparing this with (A.42), we see that the column vectors of V}, and those of A are both basis
vectors of the same lattice. As is well-known, this implies that the matrices V> and A are related
as VoW = A for some unimodular matrix W. Therefore,
- |1 o]l [V W
V=V [0 W] B [‘721 Vo

is also a valid choice for the Smith normal form (A.44), with the property that V}, = A. O
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In what follows we assume Vi, = A, i.e.,

Vit Vi2 Vit A
V= = . A.46
[V21 sz] [VZI sz] ( )

Remark A.2. In Remark 3.7. we indicated a simpler construction of ® that works when 7i/(k2 +£?)
is an integer. This simpler construction can also be understood in the framework of the general
method here. Let U and V|| be some unimodular matrices that transform the matrix K in (A.41) to
its Smith normal form: UKV} = diag (1, «). By choosing

I 00 1 0
; IQ] VZI—[O 0], sz—[o _1]

in (A.46), we obtain a unimodular matrix V since |detV| = |detVj;| - |detVy| = 1. Then
we have (A.44), and therefore (a, 8) = ®(k, ¢, n) is obtained from the first column of Vi, i.e.,
(@, B) = m(k, ) with m = A/ (k% + 0?).

A

n

Vio = ——
k2 + €2

O

The use of the Smith normal form is demonstrated below when 7/(k? + %) is not an integer,
whereas when 7/(k2 + €2) is an integer, the simpler method of construction in Remark 3.7 is used.
The example is a case with a solution of type V and without one of type T.

Example A.2. [Case 1 of Proposition 3.23] For (k, ¢, n) = (2m, m,6m) with m > 1, we have

(k,l,7) = (2,1,6), k* + £> = 5, and « = gcd(5,6) = 1. The transformation to the Smith normal
form in (A.44) is given as

2 1]6 0
-1 0][2 1]-6 0|1 -2/0 6| [10]l0 0O
[0 —1”1—2 0 —6] I 02 1 ‘[010 o]'
0 1|1 -2

This shows A(2m, m,6m) = L(6,0), i.e., D(2m, m,6m) = (6,0) = (@, 8). We have @ = i = 6 and
(o, B') = (6,0) by (3.174). This is a case of (a, 8) = (¢, 8’), and we have

20((1’, ﬁ) = ZO(al,’ 13/) = EO(al’ 18) N ZO(Q//’ ﬁ/) = 20(6, 0)

When m = 1, 34(6,0) reduces to (r). We have (& ) = (1,0), D = 1 ¢ 2Z, ged(k - ¢, /) =
gcd(1,6) =1 ¢ 2Z, and GCD-div since 2 gcd(k, €) = 2 ged(2, 1) = 2 is divisible by x = 1.
|

A.4. Proofs of Propositions 3.15, 3.17, and 3.18

In this section, we establish a series of propositions, which together serve as the proofs of
Propositions 3.15, 3.17, and 3.18 presented in Section 3.5.6.
We first focus on Proposition 3.18.
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Proposition A.3.
() ged(@ + B, & — B) € {1,2}.
(ii) ged(@ + B, - f) =2 = D € 2Z
(iii) ged(@ + B,a—B) =1 = D ¢ 27

Proof. (i) Since ged(d, B) = 1, Proposition A.1(i) implies the existence of integers x and y such
that xa + y6=1. Forp=x+y,q = x —y, we have

p(@ + ) + q(@ - ) = 2(xa& + yp) = 2.

Then Proposition A.1(ii) shows that 2 is divisible by ged(& + 8, & — ), which is equivalent to the
statement of (i) of this proposition.

(i) We have {1,2} 3 ged(@ + B, & — B) = ged(& + B, 2&). Therefore, ged(d + B, & — B) = 2 if
and only if & + 3 € 2Z. Finally we note a simple identity D = (& + 8)* —2&8 to see that & + 8 € 2Z
if and only if D € 2Z.

(iii) This is obvious from (i) and (ii) above. O
Proposition A.4.
Yo(a”,0) if D¢ 227,
Zo(a, B) N Zo(B, @) = o Y ) A (A.47)
o(B”,B") if De2Z
v D(a. ) D(a. )
o a.
o = ———— i (A.48)
gcd(a, B) p 2 gcd(a, B)

Proof. First note that Xy(a, 8) N Zo(B, @) is the subgroup generated by r and pﬁ‘p’z’ for (a,b) €
L(a, B) N L(B,@). In considering L(a, B) of (A.39), it is convenient to have H(a, 8) of (3.92)
in mind, as it has a natural correspondence with L(a, ). The set H(a, 8) N H(B, @) is a square
sublattice with the reflection symmetry with respect to the x-axis, and hence it can be represented
as H(a"”,0) or H(B", B”) for some a” or ”. Such a” is determined as the minimum a” satisfying
L(a”,0) € L(a,B), and B” as the minimum B” satisfying L(B8”, 8”) € L(«, 8). Then L(a, B) N
L(B, @) coincides with the larger of L(a”,0) and L(B”, 8”).
The parameter «” is determined as follows. The inclusion L(a”,0) € L(a, 8) holds if and

only if integers n; and n, exist such that

ny| _ a”

)= [o]

a —f
B«
By the solvability criterion using determinantal divisors given in Theorem A.2, this holds if and
only if
a —f
a5

a —f
dz([ﬁ o

a//

0 ]) equals d; ([Z _f]) = gcd(a, B),

C:)” ]) equals dp ([Z —aﬁ]) = D(a, B).

176




The former condition is equivalent to @” being a multiple of gcd(a, B), and the latter to @” being
a multiple of D(a, 8)/gcd(a, B). Hence we have a” = D(«a, 8)/gcd(a, 8), which is a multiple of

ged(a, B) since D(, B)/ged(a, B) = D ged(a, B).
The parameter 8” is determined as follows. The inclusion L(8”, 8”) € L(«, ) holds if and
only if integers n; and n, exist such that

a _ﬂ I’L] _ ﬂ”
B al|m B’
Again by Theorem A.2, this holds if and only if

a —B|p" a B\ _
dl([,@ o ,8”]) equals dl([ﬂ a])—gcd(a,ﬁ),

dz([g, _aﬁg::]) equals dz([g _a/ﬁ]):D(a,ﬁ).

The former condition is equivalent to 5" being a multiple of gcd(e, 8), and the latter to 8” being a
multiple of

D@p)  _ D(a. )
gedla+ B, —B)  ged(a, B) ged(d@ + B, & — B)
Then by Proposition A.3, we obtain

, _ | D(a,B)/gcd(a, B) if D ¢ 22,
F= D(e, B)/(2ged(e, B)) if D € 2Z.

We have L(a”,0) > L(B”,B”) (with g7 = ") if D ¢ 2Z, and L(B”,8”) > L(a”,0) (with
B” = a”/2)if D € 2Z. This completes the proof. ]

We next focus on Proposition 3.15(i). With this aim in mind, we rephrase (A.47) in Proposi-
tion A.4 in terms of (k, ) instead of (a, B).

Proposition A.S.
() ged(k + €,k — €,7) € {1,2}.
(i) ged(k + £,k — ,7) =2 = ged(k - ,h) € 2Z.
(iii) ged(k + 6,k = 6,7) = 1 — ged(k - ¢, n) ¢ 2Z.

Proof. (i) Since ged(k, £, 1) = 1, Proposition A.1(i) implies the existence of integers a, b, and ¢
such that ak + bl + cn=1. Forp=a+ b,q = a— b, r = 2c, we have

pk + &)+ qlk = &) + riv = 2(ak + bl + ch) = 2.

Then Proposition A.1(ii) shows that 2 is divisible by ged(k + &, k — £, #), which is equivalent to the
claim in (i).
(ii) We have {1,2} 3 ged(k + £, k — £, 4) = ged(k — €, 28, 7). Hence follows the claim.
(iii) This is obvious from (i) and (ii) above. O
177



Proposition A.6.

¥o(h, 0) if ged(k —4,7) ¢ 27,

AR I (A.49)
So(A/2,4)2) if ged(k — 4, n) € 2Z.

Zo(a, B) N Zo(B, @) = {

Proof. Recall the notation A(k, ¢, n) in (A.38). By the same argument as in the proof of Propo-
sition A.4, we compute the minimum «” satisfying (a”,0) € A(k,¢,n) and the minimum S”
satisfying (8”7, B”) € A(k, {,n). Then L(a, B) N L(B, @) coincides with the larger of L(a”,0) and
L( ﬁ//’ :8”)-

By the definition of A(k, £, n) in (A.38) we have (a”,0) € A(k, ¢, n) if and only if

ka” =0, fa” =0 mod a.

Since ged(k, £, i) = 1, the smallest o satisfying this condition is given by o’ = A. As for B”, we
have (8”7, B”) € A(k, ¢, n) if and only if

(k+O)p"=0, (k-0)B"=0 mod .

The smallest 8” satisfying this condition is given by

ﬁ” _

A A if ged(k - 4,h) ¢ 22,
ged(k + €,k — €, 7)

~a/2 if ged(k - ¢,a) € 27,

where Proposition A.5 is used. We finally note L(#,71) ¢ L(#,0) and L(#,0) c L(7/2,7/2) if

i € 27. This completes the proof. O
Proposition A.7.
() ged(k — £,7) € 2Z < D € 2Z.
(ii)
D(e,
p= DB (A.50)
ged(a, B)
Proof. This follows from a comparison of Proposition A.4 with Proposition A.6. O

We next focus on Proposition 3.15(ii).

Proposition A.8.

A

——————— = ged(a, p). A5l
gcdB2+220) (@) (A1

Proof. We rely on the representation of @ given in Proposition A.2 in terms of the transformation
matrix V in the Smith normal form of [K | —#i/] in (A.44) with (A.41). Let

(Wi Wi
War Wa
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be the inverse of the matrix V in (A.44). We have |detV| = 1 since V is unimodular. By a
well-known formula in linear algebra and Vi, = A in (A.46), we have

| det Wia| = |det Vio|/| det V| = |det A| = D(a, B). (A.52)

On the other hand, it follows from (A.44) with V = W~! that

Ul% Cl-a 0] [1 00 0] Wy Wi
¢ k|0 -al| |0 |0 0]|Wy Wnl|
This implies
. 10
- U: [0 K:| W127
which shows
A% = k| det Wys| (A.53)

since |detU| = 1.
Combining (A.52) and (A.53) with the expression (A.45) of k, we obtain

A2 = k D(a, B) = ged(k? + 2, 71) - D(a, B).
By eliminating D(«, 8) using (A.50), we obtain (A.51). O

Propositions A.9—A.12 below are concerned with the symmetry of A(k, £, n) of (A.38), or that
of Zo(a, B). Interestingly, such symmetry consideration leads to the proof of Proposition 3.17 of
duality nature.

Proposition A.9. The four conditions (a), (b), (c), and (d) below are equivalent.
(@) (u1, u) € Z? exists such that

[ us) [I} _{7]2] =[f k] mod . (A.54)
(b) An integer matrix U exists such that
k ¢ ¢k .
U [f _]2] = [12 —f] mod 7. (A.55)

(c) ged(k? — €2, 2k¢) is divisible by ged(k2 + {2, A) .
(d) GCD-div in (3.163):

2 ged(k, £) is divisible by ged(k? + £2, ).

—Uuy Ui
an integer matrix that satisfies (A.55). This shows (a) = (b), whereas (b) = (a) is obvious.
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Next, we show (a) & (c). The condition (a) is equivalent to the existence of integers uy, us, p,
and g that satisfy

ui
k ¢ -n 0||u| |¢
¢ -k o -a||lp| |k
q
By the solvability criterion using determinantal divisors given in Theorem A.2, this holds if and
only if
k¢ -a 0|4 k¢ -a 0
dl([f &0 -h k]) equals dl([f k0 —ﬁ])_’
k¢ -a 0|4 k¢ -a 0
d2([f koo - k]) equals dz([f &0 _n])

The former condition imposes nothing and the latter reduces to (c). We have thus shown (a) & (¢).

Finally, we show (c) < (d). Since k2 + £2 is a multiple of k = ged(k? + €2, ), k2 — £2 is divisible
by « if and only if (k2 — £2) + (k* + €%) = 2k? is divisible by «. Therefore, ged(k? — £2, 2k?) is
divisible by « if and only if ged(2k?, 2kf) = 2k ged(k, £) is divisible by «. Since ged(k, A) = 1,
ged(k? — 2, 2k?) is divisible by « if and only if 2 ged(k, {) is divisible by «. O

Proposition A.10. The following two conditions are equivalent.
(a) A(k,t,n) = A, k, n).
(b) (a, b) € A(k,t,n) = (b,a) € A(k,{,n).

Proof. The defining equations in (A.38) for A(k, €, n) are invariant under the change of variables
(a,b,k,t) — (b,a,t, k), and therefore, A(L, k,n) = {(b,a) | (a,b) € A(k,{, n)}. This shows the
equivalence of (a) and (b). O

Proposition A.11. The following two conditions are equivalent.
(a) A(k, t,n) = AL, k, n).
(b) An integer matrix U exists such that (A.55) holds.

Proof. Although the claim is intuitively obvious from symmetry, we provide here a rigorous proof
on the basis of Theorem A.3 (the integer analogue of the Farkas lemma).

As in the proof of Proposition A.9, the condition (b) is equivalent to the existence of integer
tuples (u1, ua, p, q) and (), u), p’, q") such that

o u R o u’l R

lli €A -n 0 ] uz| _ l{] lli fA -n 0 ] u’2 _ l kA]

¢t -k 0 -—-al|p k|’ t -k 0 -dAl|ll|p |
q q

By Theorem A.3, the existence of such (uy, us, p, ) is equivalent to the following condition:

A~ A A

k -n 0 4
[y »2] [{9 i On A]€Z4 = |n ] [IE]EZ’

-
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which can be rewritten as
[ky1 + Oya, Oy1 = kys, —iiy1, Ay, 1€ 2 = iy1+ky, € Z.

Integrality condition for the third and fourth components allows us to put y; = a/ii and y, = b/
with integers a and b. Then we can rewrite the above as

ka+éb=0, Cta-kb=0 modi = da+kb=0 modA.
Similarly, the existence of (u}, u), p’, q’) above is equivalent to the following condition:
ka+thb=0, fa—kb=0 modi = ka-{b=0 mod f.

The above two conditions together are nothing but the statement that (a, b) € A(k, {, n) implies
(b, a) € A(k,,n), which is equivalent to (a) by Proposition A.10. O

Proposition A.12. Let (a, B) = O(k, £, n).

(1) Zo(a, B) = Zo(B,a) & B=0ora=p.
(ii) Zo(a, B) = Zo(B, @) < GCD-div in (3.163).

Proof. (i) is obvious, and (ii) follows from Propositions A.9 and A.11. Note that Zy(a, B) is the
subgroup generated by r and p;%p,? for (a, b) € A(k, {, n). O

A.5. Proofs of Propositions 3.30 and 3.32

In this section, we provide the proofs of Propositions 3.30 and 3.32 presented in Section 3.5.6.

Proof of Proposition 3.30

(i) The proof is the same as the proof of Proposition 3.29.
(ii) We can assume a > S by replacing (a, 8) by (’, B') if necessary. Take

(k, €,n) = m(@, B, D(, B)/ged(a; B),
for instance. Then m = ged(k, £, n) and (k, €, A) = (&, B, D(, B)/gcd(e, B)), and therefore
k?+ 0% = &* + B* = a/ged(a, B).

This shows that the simpler method of computing ®(k, ¢, n), described in Remark 3.7, is applicable.
The right-hand side of (3.181) is calculated as

A~

7 k a o’
]€2+€2 {Z‘:| —ng(Q’,ﬁ) [ﬁ"] - B s

which shows ®(k, £, n) = (a, B).
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We also note that the chosen parameter (k,¢) lies in the range of (3.150). The inequality
1 < ¢ < k—11isimmediate from g > 1 and @ > 3, whereas 2 < k < |_”21J is shown as follows.
The inequality k > 2 holds since & > 2. When # is odd,

E(\‘n—1|_k) :l(l’l—l—2k):gcd(a,ﬁ)(&2+ﬁ’\2)_1_2&
m 2 m ~
> @2 +p)-1-2a=a(a-2)+p>-120.

where @ > 2 and 3 > 1 is used in the last inequality. When n is even,

E({ﬂ—1| _k) = l(”—2—2k)=gcd(a,ﬁ)(&2+ﬁ2)_3_2&.
" m

m 2

If 7 is odd, we have m even since #n is even and

E(V—l|—k) >@+)-1-2a=a@-2)+p*-120.

m 2

If 71 is even,

3({”_1|—k) >@*+p)-2-2a=[a@-2)+B-1]-1>0

m 2
because [a(& —2) + 2 — 1 > 1 as (&, B) = (2, 1), which gives 7 = 5, is excluded by 7 even.

Proof of Proposition 3.32

First, we show that (4, k, {) = (4lAc k, ) contradicts the condition GCD-div in (3.190). Let
gcd(k f) = a. Then, we have it = 4k = 4a(k/a). Recall that gcd(k £,7) = 1. If @ # 1, then
A, k, and ¢ have a common divisor @ > 2. This contradicts gcd(k £,A) = 1. Hence, we have

gcd(k, f) = a = 1. Thus, we rewrite (3.190) as
GCD-div for (A, k, {) = (4k, k, €): 2 is not divisible by gcd(k? + {2, 4k). (A.56)

This condition is equivalent to that k2 + £2 and 4k have 4 or a prime number m > 3 as a common
divisor.

e For the case that k2 + ¢2 and 4k have 4 as a common divisor, we have
k* + 0% = 4p. (A.57)

Here, p is a positive integer. Using k2 + 2 = (k — £)* + 2k, we have
(k — 0)* + 2ké = 4p. (A.58)

Recall that gcd(k #) = 1. Hence, either k or £, or both are odd. When we consider either &
or ¢ is odd, we see that k — € is odd. Hence, (k — ¢)? is odd. Thus, (k {’)2 + 2k? is odd.
This contradicts (A.58). On the other hand, when we consider both k and ¢ are odd, we see
that k — £ is even. Hence, (k — £)? is divisible by 4. Since & is odd, 2k¢ is not divisible by
4. Hence, (k — 0)* + 2k is not divisible by 4. This contradicts (A.58).
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« For the case that k2 + {2 and 4k have a prime number m > 3 as a common divisor, we have
k? + 0? = mp, (A.59)
4k = mq. (A.60)
Here, p and ¢ are positive integers. Multiplying the both sides of (A.59) by g, we have
q(k* + %) = mpq. (A.61)
Multiplying the both sides of (A.60) by p, we have
4pk = mpq. (A.62)

Combining (A.61) and (A.62), we have g(k* + {?) = 4pk. Hence, we have g% = k(4p — gk).
Since ged(k, £) = 1, q is divisible by k. Hence, we have ¢ = rk with some positive integer r.
Substituting this into (A.60), we have m = 4 /r. Recall that m > 3. From this, we have r = 1.
Hence, we have m = 4/r = 4. Thus, we have ¢ = rk = k. Substituting this into (A.61), we
have k2 + {2 = 4p. Using k2 + €% = (k — 0)* + 2kl, we have

(k — 0)* + 2k¢ = 4p. (A.63)

This condition is equivalent to (A.58) in the above case. Hence, we have contradiction in a
similar manner to the above case.

Thus, we see that (7, k, f) = (412, k, {9) contradicts GCD-div. In the same way, we can see that
(A, k, 0) = (4¢, k, ¥) contradicts GCD-div.

Next, we show that (7, I% 0) = 2k + 20, k, ) contradicts the condition GCD-div in (3.190).
Let ged(k, &) = . Then, ft = 2k + 20 = 2a(k + {)/a. Recall that ged(k,£,7) = 1. If & # 1,
then A, k, and £ have a common divisor @. This contradicts gcd(k £,7) = 1. Hence, we have
gcd(k, f) = @ = 1. Thus, we rewrite GCD-div as

GCD-div for (A, k, {) = 2k + 20, k, £): 2 is not divisible by gcd(k? + £2,2k +20).  (A.64)

This condition is equivalent to that k% + £2 and 2k + 2¢ have 4 or a prime number m > 3 as a
common divisor.

« For the case that k2 + #2 and 2k + 27 have 4 as a common divisor, we have

k*+ 0% = 4p, (A.65)
2k + 20 = 44. (A.66)

Here 4 and g are positive integers. From (A.66), we have k+{ = 24. Since gcd(k H=a=1,
k and ¢ are not both even. Hence, we have

k=2r+1, (A.67)
{=2s+1. (A.68)



Here, r and s are positive integers. Substituting (A.67) and (A.68) into (A.65), we have
(2r + 1)? + (25 + 1)? = 4p. Rearranging this, we have

p—rr+1)—s(s+1)=1/2. (A.69)
This equality has contradiction since p — r(r + 1) — s(s + 1) is an integer.

e For the case that k2 + 2 and 2k + 2¢ have a prime number m > 3 as a common divisor, we
have

k* + 6% = mp, (A.70)
2k +2¢ = mg. (A.71)

Here, p and g are positive integers. Using k2 + {2 = (k + £)> — 2k¢, we have
(k +0)> = 2kl = mp. (A.72)

Substituting (A.71) into (A.72), we have qzm2 /4 - 2kt = mp. Rearranging this, we have

A

8kl /m = —4p + mg°. (A.73)

Hence, k/m or £/m is an integer. When we consider k/m is an integer, we have k = mr
with some positive integer r. From (A.71), we have ¢ = m(q — r). Hence, ¢ and k has m as
a common divisor. This contradicts gcd(l%, #) = 1. When we consider ¢/m is an integer, we
have contradiction in a similar manner.

Thus, we see that (7, k, f) = (212 + 20k, f) contradicts GCD-div.

A.6. Details of Stability Analysis

We introduced the n X n square lattice as a two-dimensional discretized space and presented the
group D4<(Z,XZ,) labeling the symmetry of this lattice in Section 3.2. We obtained the irreducible
decomposition of the permutation representation of the group D4 < (Z, X Z,) in Sections 3.3 and
3.4 to identify the irreducible representations. We presented the equivariant branching lemma in
Section 3.5 as a pertinent and sufficient means to show the existence of the square patterns for each
irreducible representation.

In this section, we advance bifurcation analysis by solving bifurcation equations as a more
informative means to investigate the properties of bifurcating solutions for each irreducible repre-
sentations. We derive the expanded forms of bifurcation equations by exploiting the symmetry of
the square lattice. We evaluate the stability of bifurcating solutions and present stability conditions.

This section is organized as follows. Fundamentals of analysis are summarized in Ap-
pendix A.6.1. Bifurcation points of multiplicity 1, 2, 4, and 8 are studied in Appendices A.6.2—
A.6.5, respectively.
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Table A.2: Irreducible representations of D4 = (Z,, X Z,,) to be considered in bifurcation analysis.

n\M 1 2 4 8
2m (L+++),(L++-) 2i++) GkO0+), 4k k+),(4n/2,6+) (8k L)
2m—1 (L;+++) (43 k,0;+), (45 k, ks +) (8;k,¢)

4k, 0;+4), 4k k;+)withl <k < |[(n—1)/2];
4;n/2,€;+)with1 <€ < |[(n—1)/2];
@k )withl <l<k-1,2<k<|(n-1)/2]

A.6.1. Analysis Procedure Solving Bifurcation Equations
Let us consider the governing equation

F(A,¢)=0 (A.74)
in (2.3) endowed with the equivariance to the group G = D4 < (Z, X Z,) as
T(@)F(A.¢)=F(T(g)A.¢). g€G (A.75)

in (2.7). Recall that ¢ is the bifurcation parameter, A € RX is a K = n> dimensional independent
variable vector expressing a distribution of mobile population, F : RK x R — RX is a nonlinear
function, and T is the K-dimensional permutation representation of the group G. The Jacobian
matrix of F is an K X K matrix expressed as

OF;

J

i,j:I,...,K). (A.76)

Let (A, ¢.) be a critical point of multiplicity M (> 1), at which the Jacobian matrix of F has a
rank deficiency M. The critical point (A, ¢.) is assumed to be G-symmetric in the sense of

T(g)le =, geG. (A.77)

Moreover, it is assumed to be group-theoretic, which means, by definition, that the M-dimensional
kernel space of the Jacobian matrix at (A, ¢¢) is irreducible with respect to the representation 7.
The critical point (A, @) is associated with one of the irreducible representations u of G in Table
A.2. The multiplicity M corresponds to the dimension of u, and a matrix representation for y is
denoted by T#(g).

By the Liapunov—Schmidt reduction with symmetry (Sattinger, 1979; Chow and Hale, 1982;
Golubitsky et al., 1988), the full system of the governing equation in (A.74) is reduced, in the
neighborhood of the critical point (A, ¢.), to a system of M equations

Fw,$)=0 (A.78)

inw € Ker(J,), where F: RM xR — RM is a function, ¢ = ¢ — ¢ denotes the increment of ¢, and
Ker(J.) is the kernel space of J(A., ¢.). We define variables w = (wy,...,wy)" in the bifurcation
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equation in (A.78) by using the column vectors of Q¥ = [q’l‘ s q”M] in Section 3.4.3 that span
Ker(J,).

In the reduction process, the equivariance in (A.75) of the full system is inherited by the reduced
system in (A.78). With the use of the matrix representation 7#(g) for the associated irreducible
representation u, the equivariance of F can be expressed as

TH(g)F(w,$) = F(T*(g)w,$), g€G. (A.79)

The reduced equation (A.78) can possibly admit multiple solutions w = w(¢) with w(0) = 0,
since (w, ) = (0,0) is a singular point of (A.78). This gives rise to bifurcation. Each w uniquely
determines a solution A to the full system (A.74).

Group-theoretic bifurcation analysis to investigate the stability of a bifurcating solution for a
critical point proceeds as follows:

* Specify an irreducible representation u of Dy = (Z, X Z,,) in Table A.2.
* Obtain the expanded form of the bifurcation equation by exploiting the symmetry.

* Obtain a bifurcating solution by using the equivariant branching lemma (Cicogna, 1981;
Vanderbauwhede, 1982; Golubitsky et al., 1988) or solving the bifurcation equation.

« Obtain the Jacobian matrix of F.

* Substitute the bifurcating solution into the Jacobian matrix and evaluate the eigenvalues to
determine their stability as

linearly stable: every eigenvalue has a negative real part,
linearly unstable: at least one eigenvalue has a positive real part.

We showed the existence of square patterns by using the equivariant branching lemma in
Section 3.5. Additionally, in this section, we show the existence of some other bifurcating solutions
by solving bifurcation equations. Theoretically predicted bifurcating solutions are summarized in
Table A.3. Stability analysis for these solutions is also conducted in this section.

A.6.2. Bifurcation Point of Multiplicity 1
We consider a critical point associated with the one-dimensional irreducible representation
u = (1;+, +,—) of the group Dy < (Z, X Z,). The action in (1; +, +, —) on a variable w € R can be
expressed as
ST WH W, pLp2i W —w. (A.80)

This case is nothing but pitchfork bifurcation and is well-known.
The bifurcation equation for a critical point of multiplicity 1 is a one-dimensional equation

over R as L
F(w,¢) =0, (A.81)
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Table A.3: Theoretically predicted bifurcating solutions for critical points with multiplicity M.

M  Bifurcating solutions (w € R) Existence conditions
1w if n is even
2 wgg=(w,w) if n is even
Witripe = (W, 0) if n is even
4wy =(w,0,w,0) Always
Wstripel = (W, 0,0, 0) Always
Wstripelt = (0, w,0,0) if 71 is even
8  Wsqvm = (W, 0,w,0,w,0,w,0) Always
Wwsqr = (w,0,w,0,0,0,0,0) if 2 ged(k, £) is not divisible by ged(k? + 2, i)

Wpside—downt = (W,0,0,0,w,0,0,0)  if (k + £) ged(k + £, k — {) is not divisible by ged(2kl, /1)
Wupside—downtl = (0, w,0,0,0,w,0,0) if 7 is even and

(k + €) ged(k + £, k — ) is not divisible by gcd(2k?, )
Witripel = (0, 0,0,0,0,0,0,0) if k2 + £2,2k¢, and k? — % are not divisible by 7
Watripert = (0, w,0,0,0,0,0,0) if 7i is even and

k2 + {92’ 2/2{9, and k2 — 2 are not divisible by 71

i = n/ged(k, n) for M = 4 in (A.113);
i =n/ged(k, €, n), k = k/ged(k, &,n), € = €/gcd(k, €, n) for M = 8 in (A.249)
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where (w, ) = (0,0) is assumed to correspond to the critical point. We expand F into a power
series as

Fw,8) = > Ad($)w* (A.82)
a=0

with coefficients A,(¢) € R. Since (w, ¢) = (0, 0) corresponds to the critical point, we have
Ap(0) =0, A1(0)=0.

Hence, we have _ _
A1(¢) = A1(0)¢.

for A7(0), which is generically nonzero.>

The equivariance of the bifurcation equation to the group Dy % (Z, X Z,) is identical to the
equivariance to the actions of the four elements r, s, p1, and p, generating this group. Hence, the
equivariance condition in (A.79) of the bifurcation equation is written for (A.82) as

r,s: f(w, 5) = F(w, a), (A.83)
pLpr: — F(w, @) = F(-w, §). (A.84)

From the equivariance condition (A.84), we have
DA @I = Ag(@)(-w)".
a=0 a=0

This condition implies (—1)¢ = —1, that is,
a=2b+1, beZ,,

where Z, represents the set of nonnegative integers. Hence, (A.82) is restricted to

Fov. @) =w ) Ayt (G, (A85)
b=0

The form of (A.85) implies that F(w, #) = 0 has the trivial solution and a bifurcating solution.
Note that F(w, ¢) is an odd function in w. Thus, (w, ¢) and (—w, @) are conjugate solutions for
F = 0. We hereafter call the two solutions that are conjugate as symmetric bifurcating solutions
and those that are not as asymmetric ones.

We evaluate the stability of the bifurcating solution by considering the asymptotic form of the
bifurcation equation. The asymptotic form of the bifurcation equation in (A.85) becomes

F(w, §) =~ w(A}(0)p + A3(0)w?), (A.86)

23 Notation A{(0) means the derivative of A (¢) with respect to ¢, evaluated at ¢ = 0. Generically we have A1(0) 0
since the group symmetry imposes no condition.
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and the Jacobian of F becomes

- —  OF —
J(w, ¢) = 7 ® A1(0)¢ + 3A3(0)w?. (A.87)

Solving F = 0, we have

iy W2A3(0)

=@sq ™~ T
A (0)

Ra

Substituting ¢7Sq into (A.87), we have
T(w, sq) ~ 2w*A3(0). (A.88)

Hence, the stability of the bifurcating solution in the neighborhood of the critical point depends on
the sign of A3(0), that is,

A3(0) < 0: stable,
A3(0) > 0: unstable.

A.6.3. Bifurcation Point of Multiplicity 2

We consider a critical point associated with the two-dimensional irreducible representation
u = (2;+,+) of the group Dy = (Z, X Z,). The action in (2; +, +) on a two-dimensional vector
(wy,wn) € R? can be expressed as

r: [Wl] — [Wz] , S [WI] — [Wl] , (A.89)
wo wi w2 w2
P [m - [‘W”Zl . [m - [_Vzvlz]. (A.90)

The bifurcation equation for a critical point of multiplicity 2 is a two-dimensional equation in
w = (wy, wy) € R? expressed as L
Fw,9)=0, i=12, (A91)

where (w1, wa, @) = (0,0,0) is assumed to correspond to the critical point. Accordingly, the
Jacobian matrix of F is an 2 X 2 matrix expressed as

- OF,
J(w,¢):(— i,jzl,...,Z). (A.92)
8wj
We expand fl into a power series as
Fi(wi, wa, ¢) = Z Z Aap(@)w1“ws" (A.93)
a=0 b=0

with coeflicients Aab(a) € R. Since (wq, wo, 5) = (0,0, 0) corresponds to the critical point, we have

Apo(0) =0,  Ajp(0) = Ap1(0) = 0.
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Since A}(0) is generically nonzero, we have

AIO((E) ~ A,lo(o)‘};-

The equivariance of the bifurcation equation to the group D4 < (Z, X Z,) is identical to the
equivariance to the actions of the four elements r, s, p1, and p, generating this group. Hence, the
equivariance condition (A.79) of the bifurcation equation is written for (A.91) as

ri o Fa(wi,wa) = Fi(wa, wy), (A.94)
Fi(wi, w2) = Fa(wa, wy), (A.95)

st Fiwi,wa) = Fi(wi, wa), (A.96)
F(wi,w2) = Fa(wy, wa), (A.97)

p1: = Fi(wi, wa) = Fi(=w1, wo), (A.98)
F(wi,w2) = Fa(—wi, wa), (A.99)

pr: Fi(wi,wa) = Fi(wi, —wa), (A.100)
— B(wi, w2) = Fa(wy, —wa). (A.101)

From the equivariance condition (A.98) or (A.101), we have
DY (CAp@wi W = 1" Au(@)(—wi) wa.
a=0 b=0 a=0 b=0
From the equivariance condition (A.99) or (A.100), we have
Z Z Aap(@)w1“wr? = Z Z Aap(@Iw1(=w2)".
a=0 b=0 a=0 b=0

These conditions imply that a is odd, and b is even. Thus,

a=2c+1, ceZ,,
b=2d, deZ,.

where Z, represents the set of nonnegative integers. Hence, E (i = 1,2) is restricted to

Fi(wi,wa, 8) = wi ) > Aserraa(@)wi*wa™. (A-102)
c=0 d=0

Fy(wi, wa, 8) = w2 D " Aserraa(@wawi . (A.103)
c=0 d=0

Therein, F5 is obtained by (A.94).
We have the following propositions on the existence and the symmetry of bifurcating solutions
by solving the bifurcation equation.
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Proposition A.13. For a critical point of multiplicity 2 associated with u = (2; +, +), we have the
following bifurcating solutions:

e the stripe pattern wgyipe = (w,0) (w € R),
e the square pattern wyq = (w, w) (w € R).
Proof. Substituting wgyipe = (w, 0) into (A.102), we have
Fi(w,0,8) = w " Asqero(@w™ ~ w {A1(0)¢ + Aso(0)w?} (A.104)
a=0

with A’lO(O) = 6A10/6$(O). Thus, I::l(w, 0,5) = 0 represents (}; versus w relation for wgipe.
Substituting wyipe into (A.103), we have fz(w, 0, 5) = 0. Thus, there is a bifurcating curve
satisfying F| = F, = 0 for wggipe. Similar discussion holds for wy. |

Proposition A.14. For a critical point of multiplicity 2 associated with p = (2;+, +), the two
bifurcating solutions (w, ¢) and (—w, ¢) are conjugate for w = Wy, Wiripe-

Proof. Since Wgipe = (W, 0) and —wgipe = (—w, 0) satisfy the same relation (cf., (A.104))
Z Asgr10(@)w* = 0,
a=0

I::l(w, 0, (};) is an odd function in w, that is,

E(_W9 Oa a) = _E(W’ Oa a)
Thus, (Wswipe, 5) and (—Wipes 5) are conjugate solutions for fl = (. Similar discussion holds for
(wsqa ¢) and (_wsq’ ¢) U

We evaluate the stability of the bifurcating solutions by considering the asymptotic form of the
bifurcation equation. The asymptotic form of the bifurcation equation becomes

Fi(wi, w2, §) = wi(A}p(0)¢ + Aso(0)wi” + Ap2(0)w2?), (A.105)
(w1, wa, ¢) & wa(A}(0)¢ + Azp(0)wa? + A2 (0)wi?), (A.106)

and the Jacobian matrix of F in (A.92) becomes

A o(0)¢ + 3A30(0)wi? + A12(0)w,? 2A12(0)wiws

J(w.¢) ~ 2415(0)wywa A1(0) + 3A30(0)w2? + Ap2(0)w; 2

. (A.107)

Substituting wgq = (w, w) into (A.105) and solving Fi = 0 for ¢, we have

—~_ = 5A3(0) + App(0)
¢ = ¢sq ~ —w A,IO(O) .
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Evaluating the Jacobian matrix (A.107) at (wq, <qu), we have

(A.108)

A30(0) AIZ(O)]
A2(0) Az0(0)]°

j(wsqa asq) ~ 2W2 [

The eigenvalues of f(wsq, (qu) are given by
A1, Az ~ 2w (A30(0) £ A12(0)).

Hence, the sign of the eigenvalues depends on the values of the coefficients A30(0) and A12(0).
Substituting wgipe = (W, 0) into (A.105) and solving F| = 0 for ¢, we have

_Wz A30(0)
Alp(0)

¢ = ¢stripe ~

Evaluating the Jacobian matrix (A.107) at (Wsyipe, qitripe), we have

2 |2A30(0) 0

J(wstripe, ¢stripe) =~ w 0 “A3(0) + Ap(0)] (A.109)

The eigenvalues of 7(wstripc, qztripe) are given by
A1 ~ 2w A30(0),
Ay ~ 2w (A12(0) — A30(0)).

Hence, the sign of the eigenvalues depends on the values of the coefficients A3y(0) and A;(0).
To sum up, we have the following proposition:

Proposition A.15. For a critical point of multiplicity 2 associated with u = (2;+, +), suppose
that all eigenvalues of J(A., ¢) other than those for u = (2;+, +) are negative. Then, we have the
following statements on the stability in the neighborhood of the critical point.

(i) If A30(0) < A12(0) < —A30(0) are satisfied, the square pattern wq is stable.
(ii) If A12(0) < A30(0) < O are satisfied, the stripe pattern Wyipe is stable.
(iii) The two solutions wsq and Wyipe are not stable simultaneously.

Proof. The first and second statements are obtained by assuming that all the eigenvalues of the
Jacobian matrix at each bifurcating solution are negative. The last statement are obtained by the
fact that A30(0) < A12(0) and A12(0) < A3p(0) cannot be satisfied simultaneously. O
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A.6.4. Bifurcation Point of Multiplicity 4
We consider a critical point associated with the four-dimensional irreducible representations u
of the group Dy =< (Z, X Zy,):

—1
(4:k,0,+) with 1sk5{”2 | (A.110)
4k k,+) with 1 <k < |——|, (A.111)
(4: k, k, +) with 1 <k ”21
;n/2,0,+) with 1 < €< - -1, (A.112)
(4:n)2,€,+) with 1 <¢ Z A112

where n > 3 and (4;n/2,{, +) exists when n is even. For (4;k,0,+) and (4; k, k, +), we use the

following notations:
k

n

= ————— k= ———. A.113
" gcd(k, n) gcd(k, n) ( )
For (4;n/2, ¢, +), we use the following notations:
n ~ 4
i=—— (= ) A.114
" gcd(¢, n) gcd(¢, n) ( )

The action in (4; &, 0, +) on a four-dimensional vector (wy,...,wy) € R* can be expressed for a
two-dimensional vector (z1, z2) with complex variables z; = wpj_1 +iwy; (j = 1,2) as (cf., (3.128))

ro [Zl] - 22], s [Zl] N [51 , (A.115)
22 21 22 22
k
RS w" 71 B4 21
p1: [Zz] — [ . ], P2 [Zz] — [O)kzz] (A.116)

with w = exp(i27/n). The action in (4; k, k, +) can be expressed as (cf., (3.129))

r: [Zl] — [Zz], S [Zl] — [52], (A.117)
22 21 22 <1
al L [@ta al S [eta (A.118)
p1: 2 w—kz2 s P2 o wkz2 ) .

and the action in (4;n/2, £, +) can be expressed as (cf., (3.130))
ro [zl] - [ZZ], s [Zl] N [Zl], (A.119)
22 21 22 22

4
. |<1 —Z1 R4 w" 71
Pl [Zz] — lw_€Z2] , P2 lzz] — [—Zz] . (A.120)
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Derivation of Bifurcation Equation
The bifurcation equation for a critical point of multiplicity 4 is a four-dimensional equation in
w=(Wiy...,wq) € R* expressed as

FEw,)=0, i=1,...,4 (A.121)
where (wy, ..., wq, (5) :~(O, ...,0,0) is assumed to correspond to the critical point. Accordingly,
the Jacobian matrix of F is a 4 X 4 matrix expressed as

— OF,
J(W,¢)=(— i,j=1,---,4). (A.122)
6wj

The bifurcation equation (A.121) can be represented as a two-dimensional equation in complex
variables z; = wpj_1 +iwy; (j = 1,2) as

Fi(z1,2,) =0, i=12, (A.123)

where (z1, 22, (5) = (0, 0, 0) corresponds to the critical point, and there are the following relationship:
Fi(z1,22,4) = Fi +iP, (A.124)

F(z1,22,9) = F5 + iFy. (A.125)

We expand F; into a power series as

Fiznz.8) = ). > > > Awea @22 21 % (A.126)

a=0 b=0 ¢=0 d=0
with coefficients Aabcd(fpv). Since (z1, 22, 5) = (0,0, 0) corresponds to the critical point, we have
Apooo(0) =0, A1000(0) = Ap100(0) = Ap10(0) = Agoo1(0) = 0.

In addition, since a; = (0) is generically nonzero, we have

A1000(9) ~ ai¢.

The equivariance of the bifurcation equation to the group Dy % (Z, X Z,) is identical to the
equivariance to the actions of the four elements r, s, p;, and p, generating this group. The
equivariance condition for (4; k, 0, +) is written as

’
AIOOO

r: Bz, 22) = Fi(za, 1), (A.127)
Fi(z1,22) = F2(z2, 21)s (A.128)

st Fi(z1,22) = Fi(z1,22), (A.129)
Fa(z1, 22) = Fa(21, 22)s (A.130)

p1: WFi(z1, ) = Fi(w*z1, 22), (A.131)
F(z1,22) = P (w* 21, 22), (A.132)

P2 Fi(z1,22) = Fi(z1, 0" 20), (A.133)
W By (21, 22) = Fa(z1, 0  22) (A.134)
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with w = exp(i27/n). The equivariance condition for (4; k, k, +) is written as

ri F(z1,22) = Fi(za, 20), (A.135)
Fi(z1, 22) = F2(22, 21), (A.136)

st Bz, ) = Fi(za,21), (A.137)
Fi(z1, 22) = F2(Z2, 71), (A.138)

p1: WFi(z1,2) = Fi(w* 21,07 2), (A.139)
w P (z1, ) = B(wz, 0™ 2), (A.140)

p2: W*Fi(z1,22) = Fi(0*z1, 05 2), (A.141)
W* P21, 22) = Fa(w* 21, 05 2). (A.142)

The equivariance condition for (4;n/2, ¢, +) is written as

r: F(z1,22) = Fi(z2, 21), (A.143)
Fi(z1, 22) = F2(z22, 21), (A.144)

st Fi(zi,22) = Fi(Z1, 22), (A.145)
Fa(z1, 22) = F2(Z1, 22), (A.146)

p1: —Fi(z1,22) = Fi(~z1,0  20), (A.147)
W Fy(z1, ) = Fa(—21, 0™ 22), (A.148)

P2 W'Fi(z1,22) = Fi(w'z1,—22), (A.149)
~-F(z1,22) = B(w'z1,-22). (A.150)

The equivariance condition with respect to r is equivalent to

F(z1,22) = Fi(22,21), (A.151)
Fi(z1,22) = Fi(Z1,22) (A.152)

for each irreducible representation. Hence, we can obtain F, from F; by the condition (A.151) and
see that

Aupea(d) €R (A.153)

by the condition (A.152).
The equivariance condition with respect to s is equivalent to F1(z1, z2) = F1(z1, z2) in (A.129),
which gives _ B
Aapea(9) = Agdcn($) (A.154)

for each irreducible representation as explained below. For (4;k,0, +), the condition (A.129)
applies. For (4; k, k, +), substituting (A.135) into (A.137), we have F|(z2,z1) = F1(z2,z1). This
condition is equivalent to Fi(z1,22) = Fi(z1,22). For (4;n/2,¢, +), the condition (A.145) gives
Fi(z1,22) = F1(z1, 22)- Using (A.153), we have F|(zZ1, z2) = F1(z1,72). Thus, we have Fi(z1,22) =
Fi(z1,22).
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For (4; k,0, +), the equivariance condition with respect to p; and p, is expressed as follows.
The equivariance condition (A.131) for p; is expressed as

W* Aubea($)21°22° 71 T Aaved @)@ 21) 2 (™ 7)) 7,
DIV =2.2.2.2,

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

which implies

wk(a—c—l) = exp

%’Tk(a—c— 1)] =1. (A.155)

The equivariance condition (A.133) for p; is expressed as

Z Z Z Z A”bcd(¢)Zl Zz Zl Zz Z Z Z Z Aabcd(¢)Z1 (CU Zz) <1 (w ) )

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

which implies
wk(b_d) = exp

i2
1—”k(b d)] - 1. (A.156)
Using (A.151), we rewrite the remaining equivariance conditions (A.132) and (A.134) as

Fi(22,71) = Fi(za, 0™ 71),

W Fi(22,71) = Fi(w* 2, 71),

which are expressed as

Z Z Z Z Aaved®)22° 71" 225219 = Z Aaved( 2™ 7)) 2 (wh 1),

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

k = —b=C_d =, kN =b, —k=+C_d
Z Z Z Z W Auped(P)22° 21" 22" 21 = Z Auped( ) w"22) 717 (™" 22) 21°.
a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

Each of these conditions leads to the same result as (A.156) and (A.155), respectively. To sum up,
from (A.155) and (A.156), we have the following conditions for (4; k, 0, +):

k(a—c—-1)=0 mod n,
k(b—d)=0 mod n.

Using (A.113), we rewrite these conditions as

k(a-c-1)=0 mod#n,
k(b—d)=0 mod 7,

which are equivalent to the following condition:

a=c+pn+1, b=d+qgn (p,qecZ). (A.157)
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Then, F; in (A.126) becomes

(o] (o]
~ = i+l digi = C = d
Fi(z1,20,¢) = § E E § Acipiirld+gied( @)1 P 20 7T 200

c=0 d=0 peZ, c+pn+1>0 q<€Z, d+qn>0

(A.158)
Note that @ = 0 and ¢ = 0 are not satisfied simultaneously in (A.157):
a=0=c=-pn—-1#0, ¢c=0=>a=pn+1=+0.
Thus, F; in (A.158) becomes
Fi(z1,22,8) = 21 Z Z Z Z Acspitdigied(@)z1 P 229797 7, € 7,
¢=0 d=0 peZ, c+pn+1>0 g€Z, d+qii=0
+71 Z Z Z Aodsgipi-1.a( @)z 7P 5 (A.159)

d=0 p=1 g€Z, d+qii>0

For (4; k, k, +), the equivariance condition (A.139) is expressed as

ZZZZw Aabcd(¢)Z1 Zz Z1 Zz ZZZZA“de(¢)(w Zl) (w~ Zz) (a, Z1) (w Zz) ,

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0
which implies

wkla=b=c+d=1) _ = exp [—k(a —b-c+d- 1)] =1. (A.160)

The equivariance condition (A.141) is expressed as

222 2 A @2 R = Y Y Y Awa@ @ ) @' ) (0 2) (0 B

a=0 b=0 c=0 d=0 a=0 b=0 ¢=0 d=0
which implies
klatb=e=d=1) — exp [%k(a+b—c— —1)] =1. (A.161)
Using (A.151), we rewrite the remaining equivariance conditions (A.140) and (A.142) as
w ¥ Fi(22,71) = Fil(w™ 2, 07" 71),

-k

W Fi(22,71) = Fi(w* 20, 0™ 71),

which are expressed as

Z Z Z Z W Agpea(@) 22" 71 22217

a=0 b=0 ¢=0 d=0
3 Adbea @™ ) (@™ 2) (04 ) (@ )",
a=0 b=0 ¢=0 d=0
> W Agpea( )22 21" 22 0
= 2 A 2)' (@t ) w2 ke
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Each of these conditions leads to the same result as (A.161) and (A.160), respectively. To sum up,
from (A.160) and (A.161), we have the following conditions for (4; k, k, +):

kla—b—c+d—-1)=0 mod n,
k(a+b—c—-d—-1)=0 mod n.

We rewrite these conditions as

k(a-b-—c+d-1)=0 mod n,
k(@a+b—-c—-d-1)=0 mod 7,

which are equivalent to the following condition:
a-b-c+d-1=vin, a+b-c—-d-1=wn (v,weZ).
Adding and subtracting the two equations from each other, we have
2@-c-1)=W+wn, 2b-d)=w-v)i.
This condition is equivalent to
a=c+WV+wi/2+1, b=d+(w-v)/2. (A.162)

Since the indices a, b, ¢, and d are integers, we have the following condition (p, g € Z):

{v+w:p, w—v=2qg—-p if 71 is even, (A.163)

v+w=2p, w-v=2qg-p) ifnisodd.

Note that for 71 odd, we can replace ¢ — p as ¢ (¢ € Z). From (A.162) and (A.163), we have the
following condition:

a=c+pn/2+1, b=d+ 2qg-p)n/2 ifniseven, (A.164)
a=c+pi+1l, b=d+qgn if 71 is odd. '
Note that for both cases in (A.164), a = 0 and ¢ = 0 are not satisfied simultaneously:
a=0=>c=-pn/2-1#0, c=0=a=pn/2+1+0 ifriiseven,
a=0=>c=-pi-1#0, c=0=>a=pn+1+#0 if 71 is odd.
If 71 is even, F} in (A.126) becomes
FI(ZI’ 22, @ =71 Z Z Z Ac+p%+1,d+(2q—p)%,cd(@zlc+p%Z2d+(2q_p)% EIC

¢=0 d=0 p ge7, c+pi+1>0, d+(2g—p)%>0

(o) (o]
= L = d+Qq+p)t = pi-2 - d
*R20 2 At ®a Tat . (A163)
d=0 p=1 gez, d+(2q+p)%>0
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If 72 is odd, Fj in (A.126) becomes

(o] (o)
Fi(z1,22, ) = 21 Z Z Z Acspil digied(@)z1 P 29747 7, € 2
c=0 d=0 peZ, c+pn+1>0 g€Z, d+qn=0
[ee] (]
= N, d+qi = pi-2 = d
+71 Z Z Ao,d+gitpii-1,d($)22 27" " (A.166)

For (4;n/2, ¢, +), the equivariance condition (A.147) is expressed as
~ 4 b=C— ~ ¢t b, — _d
DY D Awea @22 T 0 = D DY Awea @21 (@ ) (7)) (@ 2),
a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

which implies
_1 — (_1)a+Ca)f(d—b)'

We rewrite this condition as
i2
exp [l—n{g(a+c)+€(d—b)}] - -1, (A.167)
n

Therein, we used

(1) = exp | Z(a+ )| (aceZy)
n

where Z, represents the set of nonnegative integers. The equivariance condition (A.149) is
expressed as

SN N0 Aaea @2 70 = DTS Awsea( @'z (~22) (w0 T) (<22

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

which implies
wf — (_1)b+dw€(a—c).

We rewrite this condition as

exp

{ (b+d)+C(a—c— 1)}] (A.168)

Therein, we used

(-1)"*4 = exp [%ﬂ(b +d)| (bdeZ)).

Using (A.151), we rewrite the remaining equivariance conditions (A.148) and (A.150) as

w  Fi(22,71) = Fi(w™ 2, -71),
~Fi(22,71) = Fi(~2, 0™ 7)),
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which are expressed as

Z Z Z Z w” Aabcd(¢)Z2 Zl Zz Zl = Z Aabcd(a)(w_f@)a(—zl)b(wf Zz)C(—zl)d,
a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0
3 S Aaea @ 5 0 @ = Aabea( @) =22 (@ 71) (-2 (w21,
a=0 b=0 ¢=0 d=0 a=0 b=0 c=0 d=0

Each of these conditions leads to the same result as (A.168) and (A.167), respectively.

To sum up, from (A.167) and (A.168), we have the following conditions for (4;n/2, ¢, +):

Sa+c=1D)+{d-b)=0 modn,
g(b+d)+€(a—c— =0 mod 7.
We rewrite these conditions as

iila+c—1)+20(d-b)=0 mod 27,
i(b+d)+20a-—c—-1)=0 mod 27,

which are equivalent to the following condition:

fila+c—1)+20(d-b)=2pi, Ab+d)+2la—-c-1)=2qit (p,qcZ).

We investigate this condition dependent on the parity of 7.
When 7 is even, the condition (A.169) is equivalent to

(a+c—-1=-2p)i/2=b-d)¥, (a—c—-1)f=—(b+d-2q)i/2.
Since £ and 7 are coprime, we have the following conditions (v, w € Z):

b—d=viij2, b+d-2q=wi

a+c—-1-2p=vl, a-c—-1=-wii/2.
Adding and subtracting the two equations in (A.170) from each other, we have
20b—-q) =vii/2+wl, 2(d-q)=—-vii/2+wl.
This condition is equivalent to
b 1] 1[via/2+wl
ld] -4 [1] * 2 [—vﬁ/2 +wll|”

Since the indices b and d in (A.172) are integers, we have

vii)2 + wl € 2Z.
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(A.171)

(A.172)

(A.173)



Note that if the condition (A.173) is satisfied, then —vii/2 + wl € 27 is also satisfied. Adding and

subtracting the two equations in (A.171) from each other, we have
2a-1-p)=vl-—wii/2, 2(c—-p)=vl+wi/2.
This condition is equivalent to
a 1 1 [vé—wii)2 1
[c] - P [1] * 2 vl + wﬁ/Z] - [O] '

Since the indices a and c in (A.174) are integers, we have

vl + wii)2 € 2Z.

(A.174)

(A.175)

Note that if the ~condition (A.175) is satisfied, then vf — wii/2 € 2Z is also satisfied. Since ¢ and
71 are coprime, ¢ is odd. Thus, the conditions (A.173) and (A.175) are equivalent to the following

condition (¢, u,t’,u’ € Z):

(v, w) = (2t,2u) if 71/2 is even,
(v,w) = (2t,2u), 2t + 1,24’ + 1) if /2 is odd.

If 71/2 is even, the indices a, b, ¢, and d take the form

a 1 0 7 -i/2] [1
b 0 1 ii/2 ¢ 0
TP T ol 7 | T At o
d 0 1 —ii/2 7 0

Note that @ = 0 and ¢ = 0 are not satisfied simultaneously:
a=0=>c=un-1#0, ¢c=0=>a=-unn+1#0.
With this result, we define disjoint sets U and V as

U={(pq.t,u) €Z*|a>0,b>0,¢c>0,d>0},
V={(p.qtu)eZ"1a=0b>0,¢>0 d>0}

which satisfy U U V = ¢ and are rewritten as

p+tl—uit/2+1>0
g+tij2+ul >0
p+tl+uii)2 >0
qg—ti/2+ul >0
p+tl—uit/2+1=0
g+ti/2+ul >0
un—1>0
qg—ti/2+ul >0
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U=1(pqtu)eZ

V=1_(pqtu) ez

(A.176)

(A.177)

(A.178)

(A.179)



Then, F; in (A.126) becomes

oy N p+tl-ul  g+tliul = prtlrul = g-tZ+ul
Fi(z1,22,¢) = 21 Z Apﬂz_ug+1,q+tg+uf,p+t5+u§,q—tg+uz(¢)mp 2T PR T

(p.q.tu)elU
= L RN qrtEeul = ui-2 = g—t2+ul
T2 Z AO,q+t%+u€,uﬁ—1,q—t%+uf(¢)z2 A 20 2. (A.180)
(p.q.t.u)ev

If 71/2 is odd, the indices a, b, ¢, and d take the form

(] 1 0 ’ -i/2] [1

b| |0 1 /2 ¢ 0

=7 +q 0 +t ; +u /2 + ol (A.181)
d| 0 1 —ii)2 7 0

4] 1 0 14 —i1/2 {—ii)2 1

bl 10| 1] . |d/2 R 1|¢+7/2] |0

=P +q 0 +1 7 +u ii)2 2|7+a) + ol - (A.182)
d 0 1 —ii/2 ¢ t-i/2| |0

The first relation (A.181) is nothing but (A.177). Note that (A.181) and (A.182) take different
vectors. In fact, assuming (A.181) = (A.182), we have

1 0 ¢ —ii/2 -2 0

, 0 , 1 , /2 , ¢ 1|¢+i/2] |0
(.p_p) 1 +(q_Q) 0 +(t_t) g +(l/t—l/l) ﬁ/z +§ {7+ﬁ/2 - ol

0 1 —ii)2 ’ f—ai/2| |0

Substituting the first equation into the third equation, we have (' — u + 1/2)ii = 0. This is
a contradiction since ¥’ — u € Z. In addition, note that ¢ = 0 and ¢ = 0 are not satisfied
simultaneously:

a=0=>c=un-1#0, ¢c=0=>a=-uii+1+#0 for (A.181),
a=0=c=Qu+1)n/2-1#0, c=0=>a=-Q2u"+1Dnn/2+1#0 for(A.182).

With this result, we can define four disjoint sets U and V in (A.178) and (A.179) and U’ and V’
from (A.182) as

p+tl—uii)2+ (€ —7/2)/2+1>0
g+ti)2+ul + ([ +ii)/2)/2>0
p+tl+uit)2+(+7i/2)/2 >0 ’
g—ti/2+ul+({—-ii)2)/2>0
p+tl—uii)2+(—7i)2)/2+1=0
g+tif2+ul + ([ +ii)2)/2>0
Qu+Da/2-1>0

g—-ti/2+ul +({—-i)2)/2>0
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V' =1(p g, t,u) € Z* (A.184)




Then, F; in (A.126) becomes

oy N p+tl-ul | grriiul = prtlrul = q-tZ+ul
Fi(z1,22,9) = 21 Z Ap+zf_ugt+1,q+tg+u&p+tf+u§,q-tg+uz(¢)21” 21T TP 2717

(p.g.t,u)eU

= o Y +t24ul = ui-2 = q—t&+u£7
+t 2 Z AO,q+t%+u€,uﬁ—l,q—t§+u€(¢)z2q : 21 27
(p,q,t,u)evV
+ 21 ) Z) A PB4 A=) a1 gt Bl L(Ea DY pifru e b (T4 gt uls (0= 1)(9)
,q,t,u)eU’
5 il i T RR P diy L fy i i 5 1F i
% Z1p+t€—u§+§(€—§)Z2q+t§+u€+§(€+§) 21p+t€+u§+§(€+§) qu—t%+uﬁ+§(€—§)
+2 Z AQ gt Bl (B, 1) E—1gmt B ruds 1(7-1)(9)
(p.q.t,u)eV’

Ay fel(Fei) = [, SOSY, S Wy
x 7y t15 ult3(l+5) 7 QuiD)3-2 = g-t5+ult3((=3) (A.185)

When 7 is odd, the condition (A.169) is rewritten as
(a+c—-1=-2p)ii=20b-d), 20a-—c—-1)=—-(b+d-2g).
Since 2£ and 7i are coprime, we have the following conditions (v, w € Z):

b—d=vii, b+d-2q=2wl (A.186)
a+c—-1-2p=2v a-c-1=-wi. (A.187)

Adding and subtracting the two equations in (A.186) from each other, we have

20b—gq) =vit+2wl, 2(d-q)=—vii+2wl.

iR

Since the indices b and d in (A.188) are integers, and 71 is odd, we have v € 2Z. Therefore, we
replace v as 2t (t € Z). Adding and subtracting the two equations in (A.187) from each other, we
have

This condition is equivalent to

+w

t
{71 . (A.188)

2a—-1-p)=2l-wii, 2(c-p)=2vl+wi.

This condition is equivalent to
al |1
el =P

1 (A.189)
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Since the indices a and c¢ in (A.189) are integers, and 7 is odd, we have w € 2Z. Therefore, we
replace w as 2u (u € Z). To sum up, we have

a 1 0 2¢ —l 1
b 0 1 fi 20| |0
C—p1+q0+t2{7+uﬁ+0. (A.190)
d 0 1 —ii 22| |0
Note that @ = 0 and ¢ = 0 are not satisfied simultaneously:
a=0=>c=2ui-1#0, ¢c=0=>a=-ui+1+0.
Similarly to the case that 7i is even, we define sets U and V as
p+2tf —uii+1>0
Al g+t +2ul >0
U=1{((p.qtu) e , (A.191)

p+2t8 +uii >0
g—ti+2ul >0
p+2tl —uii+1=0

+ii+2ul >0
(p.q.t,u) € Z* guﬁ S . (A.192)

g—ti+2ul >0

<
I

Then, F; in (A.126) becomes
B — ~ ~ _ (A pr2ul—uii  g+ti+2ul = p2tl+uii = g—ti+2ul
Fi(z1, 22, 9) = 21 Z Ap+2t€—uﬁ+1,q+zﬁ+2uf,p+21£’+uﬁ,q—zﬁ+2uf(¢)Z1 22 21 22
(p.g.tu)eU
= _ IR qHAr2ul = 2ui-2 = q—ti+2ul
T2 Z Ag gt 2ul 2uii—1 g1 2ul($)22 21 22 . (A.193)
(psq.t,u)eV

Symmetry of Square Patterns

For the irreducible representations u = (4;k,0,+), (4; k, k,+), (4;n/2,€,+), a system of the
bifurcation equations F; = F, = 0 has a bifurcating solution, which represent the square pattern:
(z1,22) = (w,w) (w € R). In Section 3.5.5, we showed the existence of this bifurcating solution by
using the equivariant branching lemma (see Propositions 3.9-3.11). In this section, we discuss the
symmetry of this bifurcating solution.

Consider u = (4; k, 0, +). Substituting the square pattern (z1, z2) = (w, w) into (A.159), we have

Ao d=w S S TS A @ o

=0 d=0 peZ, c+pn+1>0 g€Z, d+qii>0

W i i Z AO,d+qﬁ,pﬁ_1’d(($)w2d+(l7+¢1)fl—2

d=0 p=1 g€Z, d+qii=0
~ W {A]400(0)¢ + (A1101(0) + A2010(0))w? + Aggi-1,0(0)W" 2} .
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If 71 is even, then F}(w, w, ¢) becomes an odd function in w, and hence the two bifurcating solutions
(w, w, ¢) and (—w, —w, ¢) are conjugate. If /i is odd, the two solutions are not conjugate.

Consider u = (4; k, k, +) with 71 even. Substituting the square pattern (z;,z2) = (w, w) into
(A.165), we have

- e
Fww. @) =w) ) D Arpiitasq-ppea W

=0 d=0 p 47, c+p2+1>0 d+(2q— p)2>0

Tw Z Z Z A03d+(2q+p)2 a1, d(¢)W2d+qn -

d=0 p=1 gez, d+(2q+p)%>0
~ W{A450(0)¢ + (A1101(0) + A2910(0))w?
+ (A00#-1.0(0) + Ag a5 _; o(0) + Agga_, (0))w'2}.

Since 71 is even, Fi(w, w, ¢) is an odd function in w. Hence, the two bifurcating solutions (w, w, ¢)
and (—w, —w, ¢) are conjugate.

Consider u = (4; k, k, +) with 71 odd. Substituting the square pattern (z;,z2) = (w, w) into
(A.166), we have

Fi(w,w,¢) =w Z Z Z Acpiel.degicd( @)W DHPHOR

c=0 d=0 peZ, c+pn+1>0 geZ, d+qin>0

tw i i Z Ao,a’+q;l,pﬁ_l,d(a)wzdﬂpw)ﬁ—z

d=0 p=1 q€Z, d+4ii=0
~ W {Al500(0)¢ + (A1101(0) + A2910(0)w? + Agoi1,0(0)w" 2} .

Since 71 is odd, Fi(w,w, 5) is not an odd function in w. Hence, the two bifurcating solutions
(w, w, a) and (—w, —w, 5) are not conjugate.

Consider u = (4;n/2, ¢, +) with 7i/2 even. Substituting the square pattern (z;, z2) = (w, w) into
(A.180), we have

N _ o R’ A(pr)+2(tu)l
r (W’ w, ¢) =W Z Ap+t€—u%+l,q+t%+u€,p+l€+u%,q—t%+u€(¢)w
(pgtu)el

L P2+ 2u(f+ 1) -2
+w Z AO,q+t%+u€,uﬁ—l,q—t%+u€(¢)w 2
(psq.t,u)evV

~ W {A]500(0)¢ + (A1101(0) + Azg10(0)w? + Agoi-1,0(0)w" 2} .
Then, Fi(w,w, ) is an odd function in w. Hence, the two bifurcating solutions (w, w, ¢) and

(—w, —w, ¢) are conjugate.
Consider u = (4;n/2,¢, +) with 7i/2 odd. Substituting the square pattern (z1, z2) = (w, w) into
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(A.185), we have
5) = o A 2p )2 u)l
Fi(zi,22,9) = w ’ Z; ; Ap+t€—ug+1,q+tg+u£,p+zt’+u%,q—z§+ue(¢)W
,q,t,u)el|

o R 2gF2u(f+ Ty -2
+w Z AO,q+t%+u£’,uﬁ—1,q—t%+uf(¢)w 2
(pq.t,u)eV)
+W( Z; At louB e L= D) e Lt Bl (O Dy prelaul + LT Dt B ruls 1(-1)(P)
p,q.t,u)eUs

x WZ(p+q)+2(z+u+1)€

o ) R 2g+QuA)(E+ B2
tw Z AO,q+t%+u£’+%(€+%),(2u+l)%—l,q—t%+u£’+%(€—%)(¢)w :

(p,q,t,u)eVg
~ w {Algo(0)¢ + (A1101(0) + Azo10(0))w” + Agoi-1,0(0)w" 2} .

Since ¢ + 7i /2 is even, Fi(w, w, 5) is an odd function in w. Hence, the two bifurcating solutions
(w, w, a) and (—w, —w, 5) are conjugate.
Consider u = (4;n/2,¢, +) with i odd. Substituting the square pattern (z;, z) = (w, w) into
(A.193), we have
Fl (W’ w, ¢) =w Z Ap+2tf—uﬁ+1,q+tﬁ+2u£7,p+2t{7+uﬁ,q—tﬁ+2u{7(¢)W2(p+q)+4(t+u)€
(p.q.t,u)eU

tw Z AO,q+zﬁ+2uf,2uﬁ—1,q—tﬁ+2ui(¢)w
(p.q.t,u)eV
~ W {A]400(0)¢ + (A1101(0) + A2g10(0)w?} .

2g+2u(28+7i)-2

Then, Fi(w,w, #) is an odd function in w. Hence, the two bifurcating solutions (w,w, #) and
(—w, —w, ¢) are conjugate.
To sum up, we have the following proposition on the symmetry of the square pattern.

Proposition A.16. For a critical point of multiplicity 4, the two bifurcating solutions (w, w, ¢) and
(—w, —=w, @) (w € R) are conjugate for the following cases:

o u=(4k0,+) 4k, k,+)within =n/ged(n, k) even,
o u=(4;n/2,¢ +) for any i = n/gcd(n, ),
and are not conjugate for u = (4; k, 0, +), (4; k, k, +) with 1 odd.

Existence and Symmetry of Stripe Patterns
In this section, we would like to show the existence and the symmetry of two types of stripe
patterns, which are represented as

Type I stripe pattern: (z1, 22) = (w,0) (w € R),
Type II stripe pattern: (zi, z2) = (iw, 0) (w € R).
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Consider u = (4; k,0,+). Substituting Type I stripe pattern (z1,z2) = (w, 0) into (A.159), we
have

Fi(w,0,8) =w Z Z Acapie1,0c0(@W TP+ w Z Aoopii-1,0(@)W" 2

c=0 peZ, c+pit+1>0 e
~ W {A]400(0)¢ + A2010(0)W? + Agoi-1,0(0)w 2} .

Thus, Fi(w,0, $) = 0 has the trivial solution w = 0 and a bifurcating solution. From (A.151), we
have F>(w,0) = Fi(0,w), and hence we have F| = F> = 0 for (z1,z2) = (w,0). If 71 is even, then
Fi(w, 0, c};) becomes an odd function in w, and hence the two bifurcating solutions (w, 0, 5) and
(-w, 0, ¢) are conjugate. If 71 is odd, the two solutions are not conjugate. Next, substituting Type
II stripe pattern (z1, z2) = (iw, 0) into (A.159), we have

o0 o0
Fi(iw, 0, ¢) = iw Z Z Acipiia1,000(@)IP WP — qyy Z Ao0,pi—1,0(@)(=D)P" 2w 2
¢=0 peZ, c+pn+1>0 p=1

~ iw {Ajo00(0)¢ + A2010(0)w” — Ago,i-1,0(0) (=) w2} .

If 71 is even (i”" and (—i)”"~2 are real), then F(iw, 0, ¢) = 0 has the trivial solution (w = 0) and a
bifurcating solution, and a discussion similar to that for Type I stripe pattern holds.

Consider u = (4; k, k, +) with 71 even. Substituting Type I stripe pattern (z;, z2) = (w, 0) into
(A.165), we have

(o] [o0)
~ = 2cigi ~ i
Fi(w,0,¢0) =w Z Z Acigii+1,0c0(@)w T+ w Z Aoo,gii-1,0(0)w?"
c=0 g€Z, c+qn+1>0 p=1

~ w {A]90(0)¢ + A2010(0)W? + Agoi-1,0(0)W" >} .

Thus, Fi(w, 0, (2;) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (A.151), we
have F>(w,0) = F;(0,w), and hence we have F; = F>, = 0 for (z1,z2) = (w,0). Since 7 is even,
Fi(w,0, ¢) is an odd function in w, and hence the two bifurcating solutions (w, 0, ¢) and (—w, 0, ¢)
are conjugate. Next, substituting Type II stripe pattern (z1, z2) = (iw, 0) into (A.165), we have

(o) (o]
Fi(iw,0,¢) = iw Z Z Acrgie1,0c0(@)IT W — Z Ago,gii—1,0(@)(—1) " 2w
c=0 g€Z, c+qn+1>0 q=1

~ iw {A500(0)¢ + A2010(0)W” = Agoi-1,0(0)(—i) 2w} .

Since 71 is even (19" and (—1)?"~2 are real), Fi(iw, 0, #) = 0 has the trivial solution (w = 0) and a
bifurcating solution, and a discussion similar to that for Type I stripe pattern holds.

Consider u = (4; k, k,+) with 72 odd. Substituting Type I stripe pattern (z1, z2) = (w, 0) into
(A.166), we have

Fi(w,0,¢) = w Z Z Acapir1,0c0(@IW TP+ w Z Agopi-1.0(P)WP 2

¢=0 p€eZ, c+pii+1>0 P
W {A,looo(o)a + 142010(0)w2 + Aoo’ﬁ_l’o(o)wﬁ—Z} _
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Thus, Fi(w, 0, (5) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (A.151),
we have F>(w,0) = F;(0,w), and hence we have F; = F, = 0 for (z1,z2) = (w,0). Since 7 is
odd, Fi(w, 0, ¢) is not an odd function in w, and hence the two bifurcating solutions (w, 0, ¢) and
(-w, 0, $) are not conjugate. Next, substituting Type II stripe pattern (zi, z2) = (iw, 0) into (A.166),
we have

(o] (o]
Fi(iw, 0, ¢) = iw Z Z Acipir1,000( @) WP — jyy Z Aoopii-1,0(@)(—1)" 2w 2,
c=0 peZ, c+pn+1>0 p=1

Since 71 is odd (i”" and (—i)?"~2 can be imaginary), F(iw, 0, ¢) = 0 cannot be solved for ¢.
Consider u = (4;n/2, ¢, +) with 7i/2 even. In (A.177), we have

b=q+ti/2+ul =0 g=-ul
d=gqg—ti/2+ul =0 t=0

Thus, we have

(o)
—~ —~ oiui — paud ~_ ui-2
Fi(21,0,¢) = 21 E', Ay w1 0prun 0@’ TP 4+ E Ao0.ui-1.0(4)21" .

DUEZ, p—u%+1>0, p+u§20 u=1

(A.194)

Substituting Type I stripe pattern (z1, 22) = (w, 0) into (A.194), we have

F] (W’ 0’ a) =w Z Ap—u%+l,()’p+u%,0(a)w2p +w Z AOO,uﬁ—l,O(‘;)Wuﬁ_z

DUEZ, p—u%+l>0, p+u§20 u=1

~ W {A]400(0)¢ + A2010(0)w* + Ago,5-1,0(0)w" 2} .

Thus, Fi(w, 0, a) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (A.151),
we have F>(w,0) = F1(0,w). Thus, we have F|; = F>» = 0 for (z1,z2) = (w,0). Since 7 is even,
Fi(w,0, ¢) is an odd function in w. Hence, the two bifurcating solutions (w, 0, ¢) and (—w, 0, ¢) are
conjugate. Next, substituting Type II stripe pattern (z;, z2) = (iw, 0) into (A.194), we have

Fi(iw, 0, )
=iw Z Ap—u%+l,0,p+u%,0($)(_l)p PP WP — Z Aooui-1,0(@I" 2w

DUEZ, p—u§+l>0, p+u%20 u=1

~ iw {A7300(0)¢ + Az010(0)w? — Ago,i-1,0(0)i">w" 2} .

Since 7i is even (i*"2 is real), Fi(iw,0, #) = 0 has the trivial solution (w = 0) and a bifurcating
solution. Then, a discussion similar to that for Type I stripe pattern holds.
Consider u = (4;n/2, ¢, +) with 7i/2 odd. In (A.182), we have

{b:q+m/2+u€+(€+n/2)/2:0 =2g+Qu+ 1)l =0,

d=qg—ti/2+ul +({—-i/2)/2=0
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Since ¢ is odd, this relation is a contradiction. Hence, b = 0 and d = O are not satisfied
simultaneously. In (A.181), we have

b=gq+ul+1ti/2=0 - qg=-ul
d=qg+ul —1i/2=0 r=0

To sum up, we have

(o)
s T Y + n —_ ~__ -2
Fi(z1,0,¢) = z1 Z Ap i opra o T 47 ZAoo,uﬁ—1,0(¢)21”" .
DUEZ, p—u%+1>0, p+u%20 u=1

Then, a discussion similar to that for u = (4;n/2, £, +) with (£, 7i/2) = (odd, even) holds.
Consider u = (4;n/2, ¢, +) with 7i odd. In (A.190), we have

b=g+ti+2uf =0 g =-2ul
d=g—ti+2ul =0 t=0 '

Thus, we have

oo

Iy e —uit = ptuii |, = = 2(uii—1
Fi(z1,0,¢) = 21 Z Ap—uii1,0p+ui0(@) 1P 7P + 7y Z Aoo2ui-1,0(9)71 27D,
pUEZ, p—uii+1>0, p+uin>0 u=1

(A.195)

Substituting Type I stripe pattern (zj, z2) = (w, 0) into (A.195), we have

(o)

Fi(w,0,¢) = w Z Apiie1 0p+ui0(BIWF + w Z Aoo2ui-1,0(@)w> Y

PUEZ, p—ufi+1>0, p+uin>0 u=1

~w {A3000(0)5+ AZOIO(O)WZ} .

Thus, Fi(w, 0, ¢) = 0 has the trivial solution (w = 0) and a bifurcating solution. From (A.151), we
have F>(w, 0) = F(0, w). Thus, we have F; = F> = 0 for (z1, z2) = (w, 0). We see that F(w, 0, ¢)
is an odd function in w. Hence, the two bifurcating solutions (w, 0, #) and (—w, 0, ¢) are conjugate.
Next, substituting Type II stripe pattern (zy, z2) = (iw, 0) into (A.195), we have

Fi(w,0, ¢)
(o)
- = i2p 2 = 2(uii-1). 2uii-1
=iw Z Apiis1,0,p+ui0 (@) (=1 TP WP — jw Z Aoo2ui—1,0(@)i20F Dy 2i=1)
pUEZ, p—ufi+1>0, p+uin>0 u=1

~ iw {Ago(0)¢ + A2010(0)w?} .

Since the indices of i are real, F;(iw, 0, 5) = 0 has the trivial solution (w = 0) and a bifurcating
solution. Then, a discussion similar to that for Type I stripe pattern holds.

To sum up, we have the following propositions on the existence and the symmetry of the stripe
patterns.
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Proposition A.17. For a critical point of multiplicity 4, the stripe patterns z = (w,0), (iw,0)
(w € R) exist for the following cases:

o u=(4:k0,+),(4;k, k,+) of Type I for any i1 = n/gcd(n, k) and Type Il with 7 even,
o u=(4;:n/2,¢,+) of Type I and Type Il for any ii = n/gcd(n, £).

Proposition A.18. For a critical point of multiplicity 4, the two bifurcating solutions (z, ¢) and
(—z, @) are conjugate for z = (w,0), (iw, 0) (w € R) for the following cases:

o u=(4k0,+), (4 k, k,+)with it = n/gcd(n, k) even,
o u=(4;n/2,¢ +) for any i = n/gcd(n, ),
and are not conjugate for z = (w,0) for u = (4; k,0,+), (4; k, k, +) with 1 odd.

Stability of bifurcating solutions

In Section 3.5.5, we found square patterns for a critical point of multiplicity 4 by using the
equivariant branching lemma. In the previous subsections, we showed two kinds of stripe patterns
by solving the bifurcation equation. These bifurcating solutions are represented for the bifurcation
equation in real variables in (A.121) as follows (w € R):

Wsq = (W, 0,w,0),
Wstripel = (W, 0,0, 0),
wstripeH = (0, w, 0, 0)

We would like to evaluate the stability of these bifurcating solutions.
We denote by S the set of nonnegative indices (a, b, ¢, d) as

{(a,b,c,d) € Z% | (A.157)} for u = (4;k,0,+),
S=<{(a,b,c,d) € Z* | (A.164)} for u = (4; k, k, +), (A.196)
{(a,b,c,d) € Z% | (A.169)} for u = (4;n/2,¢,+),

where 74 represents the set of nonnegative integers in Z*. Note that (a, b, ¢, d) must belong to S
when Agpcq(¢) # 0. Hence, we replace the power series (A.126) with

Fi(z1,2,8) = ) Aarea( 212" 21 2. (A.197)
S

To obtain the asymptotic form of the bifurcation equation and the Jacobian matrix, we elucidate the
elements of S in (A.196) and specify the form of the power series in (A.197). In other words, we
investigate which coefficient Aabcd(fi) becomes nonzero in (A.197). We focus on the coefficients of
linear terms, quadratic terms, and cubic terms, which play a vital role as leading terms in (A.197).
For this purpose, we take (a, b, ¢, d) € th with a + b + --- + h < 3 exhaustively and investigate
whether it belongs to S or not. For (4; k, 0, +), (4; k, k, +), and (4;n/2, ¢, +), we can see

(1,0,0,0),(1,1,0,1),(2,0,1,0) € S.
210



In addition, for some specific cases, we can see

(0,0,2,0) e S for (4; k, 0, +) with 71 = 3,
(0,0,3,0) € S for (4; k, 0, +) with 7i = 4,
(0,0,2,0) € S for (4; k, k, +) with 7 = 3,
(0,0,3,0),(0,2,1,0),(0,0,1,2) € S for (4; k, k, +) with 7t = 4,
(0,0,3,0) € S for (4;n/2, €, +) with 7i = 4.

Based on the above results, F; (i = 1,2) in (A.123) is restricted to the form of

F; = a1z + F© + (other terms), i = 1,2, (A.198)
where
FC — = 2=
| = 02212222 + A3217 21, (A.199)
Fy = mnZiz + :322°% (A.200)

with the following notations:
ar = Alypp(0), a2 = A1101(0), a3z = A2010(0). (A.201)

Therein, F, is obtained by (A.151). The form of “(other terms)” depends on the type of the
irreducible representations in (A.196). Accordingly, F; (i = 1,...,4) in (A.121) is restricted to the
form of

F; = aj¢w; + FC + (other terms), i=1,...,4 (A.202)
with
FE = aawi(ws® + wa®) + azwi(wi? + wr?), (A.203)
I::ZC = aowr(w32 + wa?) + aswa(wi % + wa?), (A.204)
Ff = ayws(wi* + wa?) + asws(wa® + wy?), (A.205)
F{ = aawa(wi® + wo?) + aswa(ws® + wa?). (A.206)

In (A.198), Fl.c corresponds to cubic terms, and the form of “(other terms)” varies with the
irreducible representations. For the case (4; k, 0, +) with 71 = 3, we have quadratic terms as leading
terms. For any other cases, we have cubic terms as leading terms that vary with the irreducible
representations. From this point of view, we can classify the form of the bifurcation equation as
shown in Table A.4 for each irreducible representation.

As mentioned earlier, the form of “(other terms)” in (A.202) depends on the type u of the
irreducible representations in (A.196). Therefore, we checked all the possible cases numerically
and classified each case by the form of leading terms. All the possible cases and stability conditions
for the bifurcating solutions are summarized in Table A.5. The main finding of this section is as
follows:

Proposition A.19. For a critical point of multiplicity 4, we have the following statements:
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Table A.4: Nonzero coefficients of leading terms which belong to "other terms" in (A.198).

u Cases Nonzero coeflicients
(4;k,0,+) General 1 None

=3 A0020(0)

=4 Ao030(0)
4k, k,+) General i None

=3 Ap020(0)

=4 A0030(0), Ap210(0), Ago12(0)
(4;n/2,¢,+) Generali None

ii=4 Ao030(0)

i =n/ged(k,n)in (A.113); 7 = n/ged(¢, n) in (A.114)

® For = (4;,k,0,+) and u = (4; k, k, +) with 1t = 3, the bifurcating solutions wsq and Wyipel
are always unstable in the neighborhood of the critical point, and the bifurcating curve takes
the form ¢ ~ cw for some constant c.

e Forany other cases, the stability of the bifurcating solutions wsq, Wgripel, and Wyipent depends
on the values of the coefficients of the power series expansion of the bifurcation equation in
(A.197), and the bifurcating curve takes the form ¢ ~ cw? for some constant c.

To show these results, we derive the asymptotic form of the bifurcation equation for each case and
conduct stability analysis for the bifurcating solutions in the remainder of this section.

Case 1: General (4;k,0,+)
For general (4; k, 0, +), we have

(1,0,0,0),(1,1,0,1),(2,0,1,0) € S,

and the other elements of S correspond to higher order terms. Then, the asymptotic form of
F; (i = 1,2) in (A.198) becomes

Fi(z1, 22, ¢) ~ aj¢z1 + FE, (A.207)
F>(z1, 22, ¢) ~ aj¢za + FS, (A.208)

where FI.C (i =1,2)is givenin (A.199) and (A.200). By (A.124) and (A.125), the asymptotic form
of F; (i = 1,...,4) in (A.121) becomes

Fi ~ aj¢w; + FF, (A.209)
Py ~ ay¢wy + FF, (A.210)
Fs3 ~ aj¢ws + FC, (A211)
Fi ~ aydws + FC, (A.212)
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Table A.5: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 4.

u Cases Solutions  Stability conditions
(4;k,0,+) n=73 Wsq Always unstable
Witripel Always unstable
Wstripell Does not exist
n=4 Wsq azy < —as <0, az + as <—|a2|
Witripel a3 < —as <0, a < az +as
Waripell a3 < —as <0, ay < a3z + as
4k, k,+) n=73 Wsq Always unstable
Watripel Always unstable
Witripell Does not exist
n=4 Wsq as +ag > 0, a3+a5<—|a2+2a6|
Wstripel az < —as <0, —2lag| < a3 + as
Wtripell az < —as <0, —2|ag| < a3 + as
@n/2,t,+) =4 Wsq az < —as <0, az +as < —|as|
Witripel az < —as; <0, a) < az +as
Witripell az < —as <0, ay < az + as
J7i Cases Solutions  Stability conditions (necessary condition)
(45 k,0,+) General 1 wyq az < —|ay|
Witripel a <az <0
Witripell ay < az < 0ifniseven

Does not exist if 7 is odd

(45 k, k,+) General 71wy az < —|az|
Wstripel ar<az3 <0
Witripell ay < az < 0if r1is even

Does not exist if 72 is odd

(4;n/2,6,+) General i wgq az < —|ay|
Witripel a<az <0
Witripell a<az <0

i = n/ged(k, n) in (A.113); 7 = n/ged({, n) in (A.114);
az = A1101(0), az = A2010(0), as = Ap20(0), as = Ago30(0), as = Ap210(0) in (A.197)
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where IF*:I.C (i=1,...,4)is given in (A.203) — (A.206). Hence, the asymptotic form of the Jacobian
matrix in (A.122) becomes

J(w, ¢) ~ a1ply + Bc (A.213)
with
Bc = a>B> + a3Bs, (A.214)
W32 + W42 0 2W1W3 2wiwy
B = 0 W32 + wy? 2wows 2wowy
2= 2W1W3 2W2W3 W12 + W22 0 ’
2w wy 2Worwy 0 W12 + W22
3W12 + W22 2wiwy 0 0
Ba = 2W1W2 W12 + 3W22 0 0
37 0 0 3W32 + W42 2w3wy
0 0 2w3wy W32 + 3W42

Substituting wyq into (A.209) and solving Fy =0 for ¢, we have
~  ~ ap + as
¢ = byg x ————w’.
a

Evaluating the Jacobian matrix (A.213) at (wq, (Fﬁvsq), we have

a30a20
[0 0 0 0
a a; 0

0

0 +0O(w). (A.215)
0 0 0

ﬂwsq’ $sq) ~ 2w

Then, the eigenvalues of the matrix J~(wsq, (;Sq) are given by

A, o = 2(a3  a)w?,

A3 ~ O(w?) (repeated twice).
A necessary condition where wyq is stable is a3 < —|az|. A more rigorous stability condition relies
on the concrete form of the terms of O(w?) for A3. Thus, the stability of Wsq depends on the values

of a> and as. _ B
Substituting wyiper into (A.209) and solving F; = 0 for ¢, we have

¢ = ¢stripel oW
aj

Evaluating the Jacobian matrix (A.213) at (Wipel, (Zsmpel), we have

2a3 0 0 0
-~ ~ 0 O 0 0
J(wstripela ¢stripeI) ~ w? 0 0 a)—as 0 + O(WB)- (A.216)

0 0 0 a) — das
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Then, the eigenvalues of the matrix J~(wsmpe1, astripel) are given by the diagonal components, i.e.,

A = 2a3w2,
A ~ O(w?),

A3 = (ap — a3)w2 (repeated twice).

Necessary conditions where wyipe is stable are ay < a3 < 0. A more rigorous stability condition
relies on the concrete form of the terms of 0(w3) for ;. Thus, the stability of wgiper depends on
the values of a, and as.
Substituting wyiperr into (A.210) and solving F> = 0 for ¢, we have
~ a3 2

O = Pstripen1 ® ——WwW".
ai

Evaluating the Jacobian matrix (A.213) at (Wgyiper, Ep'smpen), we have

0 O 0 0
—~ ~ 0 2a 0 0
J(wstripeH, ¢stripeH) ~w’ 0 03 a — az 0

0 0 0 a) — as

+ O(w?). (A.217)

The eigenvalues of the matrix f(wsmpen, (%tripell) are equivalent to that for wgyiper. Hence, stability
conditions for wgyiperr are equivalent to that for wyiper.

Case 2: (4;k,0,+)withn =3
For the case (4; k, 0, +) with 72 = 3, we have

(0,0,2,0) € S

as well as
(1,0,0,0),(1,1,0,1),(2,0,1,0) € S.

Then, the asymptotic form of F; (i = 1,2) in (A.198) becomes

Fi(z1, 22, 8) ~ a1dz1 + aszi” + FE, (A.218)
Fy(z1,22,9) ~ a1 + asz2” + Fy (A.219)

with ag = Agp20(0), where FI.C (i =1,2)is given in (A.199) and (A.200). By (A.124) and (A.125),
the asymptotic form of F, i=1,...,4)in (A.121) becomes

f] ~ a1$w1 + 614(w12 - W22) + fC, (A.220)
fz A al(;wz —2aswiwy + FE, (A.221)
F ~ arpws + as(ws? — wa?) + FE, (A.222)
Fy ~ ajdws — 2aswswy + FC, (A.223)
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where fic (i=1,...,4)is given in (A.203)—(A.206). Hence, the asymptotic form of the Jacobian
matrix in (A.122) becomes

7(W, 5) X (115]4 + asBs + Bc (A224)
with
Wi %) 0 0
_ Wy —Wi 0 0
B4 =2 0 0 w3 —W4 ’
0 0 —-wg —-ws

where B¢ is given in (A.214). _ B
Substituting wyq into (A.220) and solving F = 0 for ¢, we have

—_~ —_~ a4
¢ =psq® ——Ww.
a

Evaluating the Jacobian matrix (A.224) at (wq, asq), we have

I 0 0 O

= ~ 0 -30 0

J(wsq» ¢sq) X agw 0 O 1 0 (A225)
0 0 0 -3

Then, the eigenvalues of the matrix .7(wsq, gEq) are given by the diagonal components, i.e., agw
(repeated twice) and —3a4w (repeated twice). Since the eigenvalues a4w and —3a4w have opposite
signs, the bifurcating solution wgy is always unstable.
Substituting wiper into (A.220) and solving F; = 0 for a’ we have
~ a4

& = Qstripel ® ——W.
ai

Evaluating the Jacobian matrix (A.224) at (Wgipel, asmpel), we have

1 0 0 O

7 ~ 0 -3 0 O

J(wstripel, ¢stripel) ~ asw 0 0 -1 0 (A.226)
0O 0 0 -1

Then, the eigenvalues of the matrix f(wsmpel, @tﬁpel) are given by the diagonal components, i.e.,
asw, =3asw and —agw (repeated twice). Since the eigenvalues asw and —3asw have opposite
signs, the bifurcating solution wyiper is always unstable.

Remark A.3. Since 7i is odd, wgyipenr does not exist for the case (4;k,0,+) with 7 = 3. See
Proposition A.17.
O
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Case 3: (4;k,0,+)withn =4
For the case (4; k, 0, +) with 71 = 4, we have

(0,0,3,0) € S

as well as
(1,0,0,0),(1,1,0,1),(2,0,1,0) € S.

Then, the asymptotic form of F; (i = 1,2) in (A.198) becomes

Fi(z1, 22, 8) ~ arpz1 +aszi” + Ff, (A.227)
Fy(z1,22.9) ~ a1z + asza’ + Fy. (A.228)

with as = Ago30(0), where Fl.c (i = 1,2)is given in (A.199) and (A.200). By (A.124) and (A.125),
the asymptotic form of E i=1,...,4)in (A.121) becomes

1?1 ~ alawl + a5W1(w12 - 3w22) + I::IC, (A.229)
B ~ aj¢ws + aswr(wa? — 3wy %) + I?ZC, (A.230)
fg, ~ a1$W3 + a5W3(W32 - 3W42) + EC, (A.231)
I:i; ~ a1$W4 + a5W4(W42 - 3W32) + I::C, (A.232)

where I:“;C (i=1,...,4)is givenin (A.203) — (A.206). Hence, the asymptotic form of the Jacobian
matrix in (A.122) becomes

J(w, ) ~ a1¢ls + asBs + Bc (A.233)
with
W12 - W22 —2W1W2 0 0
_ —2W1W2 W22 - W12 0 0
Bs; =3 0 0 wi2 —wi? 2w (A.234)
0 0 —2w3wy wyZ — W32

where B¢ is given in (A.214). N B
Substituting wyq into (A.229) and solving F = 0 for ¢, we have

~ ~ as+az+as o
¢=¢q® ——————w".

ay

Evaluating the Jacobian matrix (A.233) at (wq, @q), we have

as + az 0 a, 0
~ ~ 0 —2a 0 0
N 2 5
J(Wsg, Psq) = 2w 0 0 astas 0 (A.235)
0 0 0 —2as
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Then, the eigenvalues of the matrix J~(wsq, @q) are given by

A, Ay = 2(615 + a3 az)wz,

2

A3 = —4asw*~ (repeated twice).

If a3 < —as < 0 and as + a3 < —|ay| are satisfied, wyq is stable. Otherwise, wgq is unstable. Thus,
the stability of wyq depends on the values of ay, a3 and as.
Substituting wiper into (A.229) and solving F = 0 for ¢, we have

~ as + az

rY 2
¢ = ¢stripeI X = we.

ai

Evaluating the Jacobian matrix (A.233) at (Wgipel, @tripel), we have

2(615 + 613) 0 0 0
= ~ 0 —4a 0 0
J(wstripel, ¢stripel) ~ w? 0 0 : —as + ar — as 0 (A.236)
0 0 0 —das +ay —as

Then, the eigenvalues of the matrix J~(Wstripe1, (ﬁtripel) are given by the diagonal components, i.e.,

A = 2(as + a3)w?,

A = —4a5w2,

A3~ —(as —a + 613)w2 (repeated twice).

If a3 < —as < 0 and a; < as + a3 are satisfied, Wyyiper is stable. Thus, the stability of Wyiper
depends on the values of a;, a3 and as. _
Substituting wyipenr into (A.230) and solving F, = 0 for ¢, we have

~ as + ajz

Y 2
¢ = Pstripell & — w-.

ai

Evaluating the Jacobian matrix (A.233) at (Wipelr, asmpeu), we have

—4as 0 0 0
= ~ 0 2as+a 0 0
J(wstripeII» ¢stripell) ~ w? 0 ( 50 ) —as + ar — a; 0 (A.237)
0 0 0 —das +ay —as

The eigenvalues of the matrix ﬂwstripen, (z;tripell) are equivalent to that for wgyiper. Hence, stability
conditions for wgyiperr are equivalent to that for wyiper.

Case 4: General (4;k, k, +)
For general (4; k, k, +), we have

(1,0,0,0), (1,1,0,1),(2,0,1,0) € S,

and the other elements of S correspond to higher order terms. Then, the asymptotic form of Fj in
(A.203) is equivalent to that for the case 1: General (4; k, 0, +). Hence, a discussion similar to that
for the case 1 holds.
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Case 5: (4;k, k,+)withnn =3
For the case (4; k, k, +) with 71 = 3, we have

(0,0,2,0) € §

as well as
(1,0,0,0),(1,1,0,1),(2,0,1,0) € S.

Then, the asymptotic form of Fj in (A.203) is equivalent to that for the case 2: (4;k,0, +) with
11 = 3. Hence, a discussion similar to that for the case 2 holds, that is, wsq and wyiper are always
unstable. Since 71 is odd, wgiperr does not exist for this case (see Proposition A.17).

Case 6: (4;k, k,+) withn = 4
For the case (4; k, k, +) with 71 = 4, we have

(0,0,3,0),(0,2,1,0),(0,0,1,2) € S

as well as
(1,0,0,0),(1,1,0,1),(2,0,1,0) € S.
From the condition (A.154), we have Ag210(0) = Agp12(0). Then, the asymptotic formof F; (i = 1,2)
in (A.198) becomes
Fi(z1, 22, @) ~ a1z + asz1° + agZ1 (2% + 22%) + FC, (A.238)
Fy(z1,22,0) ~ a1 + asz2” + agia(Z1” + 21%) + Fy (A.239)

with ag = Ag210(0), where Fl.c (i =1,2)1is given in (A.199) and (A.200). By (A.124) and (A.125),
the asymptotic form of F (i=1,...,4)in (A.121) becomes

I:"l ~ alawl + a5w1(w12 - 3wz2) + 2(16W1(W32 - W42) + I:;lc, (A.240)
fz ~ alawz + a5w2(w22 - 3w12) + 2616W2(W42 - W32) + fzc, (A.241)
Fg ~ a1$W3 + a5W3(W32 — 3W42) + 2a6W3(W12 - w22) + EC, (A.242)
E ~ a1$W4 + a5W4(W42 - 3W32) + 2(16W4(W22 - wlz) + FC, (A.243)

where ﬁ;c (i=1,...,4)is givenin (A.203) — (A.206). Hence, the asymptotic form of the Jacobian
matrix in (A.122) becomes

J(w, ) ~ a1dls + asBs + agBg + B¢ (A.244)
with
W12 - W22 —2W1W2 0 0
B =3 —2W1W2 sz — W12 0 0
3T 0 0 W32 - W42 —2W3W4
0 0 —2W3W4 W42 - W32
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W32 — Wy 0 2wiws —2wiwa

0 wa? — w32 —2wows 2Worwy
B6 = 2 2 2 N
2W1W3 —2W2W3 w1 —wsp 0
—2W1W4 2W2W4 0 W22 - W12

where Bs and Bc are given in (A.234) and (A.214). B
Substituting wyq into (A.240) and solving Fy = 0 for ¢, we have

~ a + az + as + 2ag 2
sq ¥~ wo.

S

ai

Evaluating the Jacobian matrix (A.244) at (w, asq), we have

as + asz 0 2616 + ap 0
~ ~ 0 —2(as + ag) 0 0
~ 2 5 6
J(qu, ¢Sq) ~ 2w 2a6 + as 0 as + as 0 (A.245)
0 0 0 —2(615 + a6)

Then, the eigenvalues of the matrix f(wsq, (;Sq) are given by

A1, o ~ 2{(as + a3) £ (2ag + a2)}w?,
A3 = —4(as + aG)w2 (repeated twice).

If as + ag > 0 and as + a3 < —|2ae + ay| are satisfied, wyq is stable. Otherwise, wyq is unstable.
Thus, the stability of wgq depends on the values of a,, a3, as and ae.

Substituting wygiper into (A.240) and solving fl =0 for 5, we have

as + az
W2.

¢ = ¢stripeI ~ =
ai

Evaluating the Jacobian matrix (A.244) at (Wgipel, (ﬂﬁ;stripel), we have

—2(615 + 613) 0 0 0
-~ ~ 0 4a 0 0
2 5
J(wstripel, ¢stripeI) i 0 0 as—2ag+a3 0 (A.246)
0 0 0 as + 2ag + as

Then, the eigenvalues of the matrix 7(Wstripe1, (ﬁtripel) are given by the diagonal components, i.e.,

A1 ~ 2(as + a3)w?,
Ao ~ —dasw?,

3, Ag & —(as + a3 + 2a6)w?,

If a3 < —as < 0 and —2|ag| < as + az are satisfied, Wyiper is stable. Otherwise, Wyiper is unstable.
Thus, the stability of wiper depends on the values of a3, as and ag.
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Substituting wiperr into (A.241) and solving fz = 0 for (;, we have

as + as
Wz.

¢ = ¢stripeII ~ =
ai

Evaluating the Jacobian matrix (A.244) at (Wgyiperr, (Zsmpeu), we have

4a5 0 O 0
= ~ 0 —2(as+as) 0 0
2 5 3
J(wstripeH’ ¢stripeH) ~ =W 0 0 as — 2as + as 0 (A.247)
0 0 0 as + 2a¢ + as

The eigenvalues of the matrix ﬂwstripen, (;Smpen) are equivalent to that for wgyiper. Hence, stability
conditions for wyiper is equivalent to that for wygiper.

Case 7: General (4;n/2, ¢, +)
For general (4;n/2, ¢, +), we have

(1,0,0,0),(1,1,0,1),(2,0,1,0) € S,

and the other elements of S correspond to higher order terms. Then, the asymptotic form of F} in
(A.203) is equivalent to that for the case 1: General (4; k, 0, +). Hence, a discussion similar to that
for the case 1 holds.

Case 8: (4;n/2,¢,+) within = 4
For the case (4;n/2, ¢, +) with 7i = 4, we have

(0,0,3,0) € S

as well as
(1,0,0,0),(1,1,0,1),(2,0,1,0) € S.

Then, the asymptotic form of Fj in (A.203) is equivalent to that for the case 3: (4;k,0, +) with
71 = 4. Hence, a discussion similar to that for the case 3 holds.

A.6.5. Bifurcation Point of Multiplicity 8
We consider a critical point associated with eight-dimensional irreducible representations u of
the group Dy =< (Z, X Zy,):

~1
(8 k, 0) withlsfsk—l,ZSksvz | (A.248)

where n > 5. For (8; k, £), we use the following notations:

k A 4 n
S S . S A.249
acd(k, £, n) acd(k,&,n) " gcd(k, 6,n) (A-249)
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The action in (8; k, ¢) on an eight-dimensional vector (wy, ..

.,wg) € R® can be expressed for a

four-dimensional vector (z1, ..., z4) with complex variables z; = woj_1 +iwp; (j = 1,...,4) as
(cf., (3.155) and (3.156))
21 22— <1 <3
b4 Z Z Z
o |2 e [N s [ e |, (A.250)
3 24 23 <1
24 23] 24 22
21 wk21 ] 21 ngI
-t k
22 w22 22 W'
p1: =k s P2t = (A.251)
23 w"z3 23 w3
2 w2 24 w2z

with w = exp(i27/n).

Derivation of Bifurcation Equations
The bifurcation equation for a critical point of multiplicity 8 is an eight-dimensional equation

inw = (wy,...,wg) € R® expressed as
Fw,$)=0, i=1,....8 (A.252)
where (wy, ..., ws, (5) :~(O, ...,0,0) is assumed to correspond to the critical point. Accordingly,
the Jacobian matrix of F is an 8 X 8 matrix expressed as
~ OF;
Jw,9)=|F—1|i,j=1,..., 8) . (A.253)
(?Wj

The bifurcation equation (A.252) can be expressed as a four-dimensional equation in complex

variables z; = wpj_1 +iw; (j = 1,...,4) as
i=1,...,4,

Fi(z1, 22, 23, 24, &) = 0, (A.254)

where (zi,..., 24, 5) = (0,...,0,0) corresponds to the critical point. There are the following
relationships between (A.252) and (A.254):

Fi(z1, 22, 23, 24, 8) = Fy + iF3, (A.255)
F(z1,22, 23, 24, ¢) = F3 + iFy, (A.256)
Fi(z1, 22, 23, 24, @) = Fs + iFg, (A.257)
Fy(z1, 22,23, 24, ) = Fy + iF. (A.258)

We expand F; into a power series as

Fi(z1,22, 23,24, ¢) = Z Z Z Z Z Z Z Z Aabedeen(9)21°22°23°24 71 27 730 7

a=0 b=0 ¢=0 d=0 e=0 f=0 g=0 =0
(A.259)
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Since (z1, 22, 23, 24, 5) =(0,0,0,0,0) corresponds to the critical point, we have

A00000000(0) = 0, A10000000(0) = A01000000(0) = - - - = Apo000001(0) = 0.

Since a1 = A/ )500000(0) is generically nonzero, we have

A10000000() ~ a1 ¢.

The equivariance of the bifurcation equation to the group D4 < (Z, X Z,) is identical to the
equivariance to the actions of the four elements r, s, p;, and p, generating this group. The
equivariance condition for (8; k, £) is written as

r: o F(z1, 22,23, 24) = F1(22, 21, 24, 23)s (A.260)
F1(z1, 22, 23, 24) = F2(22, 21, 24, 23), (A.261)

Fu(z1, 22, 23, 24) = F3(22, 21, 24, 23); (A.262)

F3(z1, 22, 23, 24) = Fu(Z2, 215 24, 23); (A.263)

st F(z1,22, 23, 24) = Fi(z3, 24, 21, 22), (A.264)
Fu(z1, 22, 23, 24) = F2(23, 24, 21, 22) (A.265)

Fi(z1, 22, 23, 24) = F3(23, 24, 21, 22) (A.266)

Fa(21, 22, 23, 24) = Fa(z3, 24, 21, 22) (A.267)

pri W*Fi(z1, 22,23, 24) = Fi (0¥ 21,07 20, 05 23, 070 24), (A.268)
W B (21,22, 23, 24) = (0¥ 21, 0™ 20, 0F 3, 07 ), (A.269)

W F3(z1, 22, 23, 24) = F3(0F 21, 07 20, 0 23, 07 24), (A.270)

W Fi(z1, 22, 73, 24) = Fa(0*z1, 0™ 20, 0F 23, 07 24), (A.271)

pr: W'Fi(z1, 22,23, 24) = Fi(w'z1, 0" 20, 0™ 23, 07 ), (A.272)
W Fa(z1, 20, 23, 24) = Fa(w'z1, 05 20, 07023, 075 2), (A.273)

w ' F3(21, 22, 23, 24) = F3(w'21, 0520, 0™ 23,07 24), (A.274)

W Fy(z1, 22, 23, 22) = Fa(w'z1, 0¥ 20, 0™ 23, 07 24). (A.275)

The equivariance conditions with respect to r and s are expressed as follows. The equivariance
condition (A.261) for r implies
F>(z1, 22, 23, 24) = F1(22, 21, 24, 23)- (A.276)
The equivariance condition (A.264) and (A.265) for s implies

Fs(z1, 22, 23, z4) = F1(z3, 24, 215 22), (A.277)
Fi(z1, 20, 23, 24) = F2(z23, 74, 21, 22). (A.278)
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Combining (A.276) and (A.278), we have
Fy(z1, 22, 23, 24) = F1(24, 23, 22, 21)- (A.279)

Hence, we obtain F,, F3 and F4 from F; by using (A.276), (A.277) and (A.279). Combining
(A.260) and (A.276), we have

F] (22’ <1, 247 Z3) = F] (Z27 El’ 24, 23)- (A.ZSO)
Hence, we have N
Agp-n(@) € R. (A.281)

It is ensured that the equivariance conditions (A.260) — (A.267) are satisfied by (A.276), (A.277),
(A.279), and (A.280).

The equivariance conditions with respect to p; and p; are expressed as follows. The equivari-
ance condition (A.268) for p; is expressed as

k ~ b d=e¢=f=g—=h
ZZZ“’ Aapn(P)21°22°25 240 71° 22 738 2

a=0 b=0 h=0

k(a+c—e—g)—L(b+d—f—h = boc.d=e=f=g=h
- ZZZ‘U (arememg)=lbrd=f=M 4, (B2 230 71° 2 70 T,
a=0 b=0  h=0

which implies

o
whlare=e=g=D=tord=f=h) _ ey o | T c—e—g—1)—bb+d—f-h}|=1. (A282)
n

The equivariance condition (A.272) for p; is expressed as

¢ = b d=—e=f=—g=h
Z Z e Zw Aapn(P)21°22°25240 71° 227 738 2

a=0 b=0 h=0

k(b—d—f+h)+l(a—c—e+ ~ boc.d=e=f=g=h
- ZZZ‘“ (brd=femrllaze=ere) g (@21 22 23 2 70° Tl 738 24,
a=0 b=0  h=0

which implies
o
@K bd=f+h+lla—c=etg=1) — oxp [ll{k(b —d-f+h)+la-c—-e+g-1} =1. (A.283)
n

Using (A.276), (A.277), or (A.279), we rewrite the equivariance conditions (A.269)—(A.271) for
p1 as follows:

W Fi(22,21, 74 3) = Fi(w {20, 07" 71, 0 24, 0% 23), (A.284)
W Fi(z3, 24, 21, ) = Fi(w¥ 23, 0024, 0¥ 21, 0 20), (A.285)
w ' Fi(24,73. 72, 21) = Filw za, 0% 23, 0 70, 05 20). (A.286)
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Similarly, we rewrite the equivariance conditions (A.273)—(A.275) for p; as follows:

W Fi(22,71. % 23) = Fi(0* 22, 07 21, 0" 74, 07 23), (A.287)
W Fi(z3, 24, 21, 22) = Fi(w ™ 23, w0 ™% 24, 0% 21, 05 22), (A.288)
W0 (24,7372, 21) = Fi(w ™ za, 0 73,075 20, 0% 21). (A.289)

The equivariance conditions (A.284), (A.286), and (A.288) lead to the same result as (A.283). The
equivariance conditions (A.285), (A.287), and a complex conjugate of (A.289) lead to the same
result as (A.282). To sum up, we have the following conditions for (8; k, ¢):

kla+c—-e—g—-1)—€t(b+d-f—-h)=0 modn,
kb—d-f+h+t(a-—c—-e+g—1)=0 mod n,

which are equivalent to

k(a+c—e—-g-1)—8é(b+d—-f-h)=0 mod A, (A.290)
kb-d-f+h+la—c-e+g—-1)=0 mod A. (A.291)

We rewrite the conditions (A.290) and (A.291) in a matrix form as

k| _ o N
A [2] = [O] mod 7 (A.292)
with
_latc-e-g-1 —-b-d+f+h
A= bod—f+h a-—c-e+g-1|" (A.293)
This condition is equivalent to the following condition:
k|l _ . [p
dp,geZ st A 7= al’ (A.294)
For this condition, we define a set P as
P={(a,b,...,h) € Z§ | (A.294) with (A.293)}, (A.295)
where Z. represents the set of nonnegative integers. Note that (a,b,...,h) € Z8 must belong to P
when Agp..n(¢) # 0in (A.259). Hence, we replace the power series (A.259) with
Fi(21, 22, 23 24, @) = Z Aabedefen(9) 21°22°23°24 71° 207 738 7 (A.296)
P

In addition, we have the following proposition:

Proposition A.20. Ifii = n/gcd(n, k, ) is even, then (a, b, ..., h) € P satisfiesa+b+c+d +e +
f+g+h¢?2Z.
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Proof. Since i is even, pii (p € Z) in (A.290) and g (¢ € Z) in (A.291) are even. Since #, k, and
¢ do not have a common divisor, (k,{) # (even,even). To prove the statement by contradiction,
assumea+b+c+d+e+ f+g+he2Z.

* Forthecasea+c+e+ge€2Zand b+d— f— h € 2Z, we have the following statements:
If (k,€) = (odd, even), the left-hand side of (A.290) is odd since it takes the form:

(odd) x (odd) + (even) X (even).
If (k, £) = (even, odd), the left-hand side of (A.291) is odd since it takes the form:
(even) X (even) + (odd) X (odd).
Thus, the condition (A.290) and (A.291) are cannot be satisfied simultaneously.
* Forthecasea+c+e+g ¢2Zand b+d + f + h ¢ 2Z, we have the following statements: If
(k, ) = (odd, even), the left-hand side of (A.291) is odd since it takes the form: (odd)+(even).

If (k, £) = (even, odd), the left-hand side of (A.290) is odd since it takes the form: (even) +
(odd). Thus, the condition (A.290) and (A.291) are cannot be satisfied simultaneously.

Hence,a+b+c+d+e+ f+ g+ h € 2Zis acontradiction. O

Symmetry of Square Patterns
For the irreducible representation u = (8; k, £), a system of the equations F} = F, = F3 = F4 =0
has the following bifurcating solutions:

Type VM square pattern: (z1, 22, 23, 24) = (W, w, w, w) (w € R),
Type T square pattern: (zy, z2, 23, 24) = (W, w, 0,0) (w € R).

In Section 3.5.6, we showed that the Type VM solution exists for any (7, k, £), while the Type T
solution exists if the values of (7, k, £) satisfies

GCD-div: 2 ged(k, ) is not divisible by ged(k? + £2, i) (A.297)

(see Proposition 3.24).
Substituting the Type VM solution (z1, 22, 23, z4) = (W, w, w, w) into (A.296), we have

Filw,w,w,w, a) = Z Aabcdefgh((3)Wa+b+d+e+f+g+h_

Proposition A.20 shows that if 7i is even, then Fi(w, w, w, w, #) becomes an odd function in w. Thus,
the two bifurcating solutions (w, w, w, w, #) and (—w, —w, —w, —w, $) are conjugate. Substituting
the Type T solution (z1, 22, 23, z4) = (W, w, 0, 0) into (A.296), we have

Fi(w,w,0,0,¢) = Z Aapooe oo(@IwHorer S
(a,b,0,0,e,f,0,0)eP
Proposition A.20 shows that if 7 is even, then a + b + e + f ¢ 27Z for (a, b,0,0, ¢, f,0,0) € P.
Thus, Fi(w,w,0,0, 5) becomes an odd function in w, and hence the two bifurcating solutions
(w,w,0,0, ¢) and (-w, —w, 0, 0, ¢) are conjugate.
To sum up, we have the following proposition on the symmetry of the square patterns.
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Proposition A.21. For a critical point of multiplicity 8 associated with p = (8;k,¢), the two
bifurcating solutions (z, ) and (—z, §) are conjugate for 7 = (w, w, w,w), (w,w,0,0) (w € R) if
i = n/ged(n, k, £) is even and are not conjugate if it is odd.

Existence and Symmetry of Stripe Patterns
We would like to show the existence and the symmetry of two types of stripe patterns, which
are represented as

Type I stripe pattern: (z1, 22, 23, z4) = (w,0,0,0) (w € R),
Type 11 stripe pattern: (z1, 22, 23, z4) = (iw, 0,0,0) (w € R).

For both cases, we have (a, b, . .., h) = (a,0,0,0, ¢, 0,0, 0), and hence (A.290) and (A.291) leads to
k(a-e-1)=0, da-—e—-1)=0 mod A, (A.298)
which imply a = e + pii + 1 (p € Z). Then, F) in (A.296) is rewritten as

Fi(z1,0,0,0, ¢)

= Z Agr1g(®)z11% 21 + Z
q=0

p=1

[Agpis1g( D211 2P + Ay gipao1(B) 211 21771 (A.299)

Mg

0

_
Il

With Aae(a) = AaOOOeOOO(a)'
Substituting the Type I stripe pattern (z1, 22, 23, z4) = (w, 0,0, 0) into (A.299), we have

Fl (W9 07 0’ 0’ (;) =w {Z Aq+l,q(@wzq + Z Z[Aq+pﬁ+1,q(a)w2q+pﬁ + Aq,q+pﬁ—l(@wzq+pﬁ_2]}

7=0 p=1q=0
~ w {A}o(0)¢ + A2 (0)w? + Agm1 (O)W' 2} .

We see that Fj(w,0,0,0,$) = 0 has the trivial solution (w = 0) and a bifurcating solution. Note
that F;(w, 0,0, 0, #) becomes an odd function in w if A is even. Then, the two bifurcating solutions
w,0,0,0, {5) and (-w, 0,0, 0, 5) are conjugate.

Substituting (z1, 22, 23, z4) = (w, 0,0, 0) into the equivariance conditions (A.276)—(A.279), we

have
F>(w,0,0,0) = F1(0,w,0,0),

F3(w,0,0,0) = F1(0,0,w,0), (A.300)
Fi(w,0,0,0) = F;(0,0,0, w).

With the use of P in (A.295), we have F; = 0 (i = 2,3,4) in (A.300) if

(0,5,0,0,0, £,0,0) ¢ P,
(07Oacaoa0’09g,0) ¢ P7
(0,0,0,d,0,0,0,h) ¢ P.
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The conditions in (A.290) and (A.291) lead to

kb-f)-¢=0, éb-f)+k=0 modn for(ab,c,d,e,f, gh)=(00>000,0f,0,0),
l?(c—g)—IQEO, f(c—g)+é9§0 mod /i for (a, b, c,d, e, f,g h) =(0,0,c0,0,0,g,0),
k(d-n)+¢=0, éd-h+k=0 modn for(ab,cde, f gh) =/(0,00dO0,0,0,h).

These relations can be expressed in a matrix form as

(A.301)

. |k -2 0
Ax =b w1thA—[{9 0 —ﬁ]'

The vectors x and b vary with (a, b, ¢, d, e, f, g, h) as follows:

b-f .

x=| p |,b= [_512 for (a, b, c,d, e, f,g,h) =(0,b,0,0,0, f,0,0),
q |
c—g ]2

x=| p [, :[—f for (a,b,c,d,e, f,g,h) =(0,0,¢,0,0,0,g,0),
q |
d_h _E'

x=| p |,b= [_12 for (a, b, c,d, e, f,g,h) =(0,0,0,d,0,0,0, h).
q |

The existence of an integer solution x of (A.301) is investigated by showing the two conditions
(A.302) in Remark A.4 below. The first condition is satisfied since we have

k -n 0
k A = k A = 2
ran ran [[ 0 —ﬁ]
and
k - 0 ¢]
rank [A | b] = rank 70 —h -k =2 for(ab,cde f,g h) =(0,b00,0,f,0,0),
k -A 0 k|
rank [A | b] = rank P 0 - 2T 2 for(a,b,c,de,f,g h)=1(0,0,c000,g,0),
k -A 0 =]
rank [A | b] = rank | , 0 -n —il= 2 for(a,b,c,de, f,g h)=1(0,0,04d00,0,h).

For the second condition, we have
di(A) = ged(, k, ) = 1,
di([A | b)) = ged(é, k, i) = 1,
d>(A) = ged(ka, £, #?) = f.
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The value of d»([A | b]) varies with (a, b, ¢, d, e, f, g, h) as follows:

d([A | b)) = ged(, k> + £2) for(a,b,c,d, e, f, g, h) = (0,b,0,0,0, f,0,0),
d>([A | b)) = ged(, 2kl) for (a,b,c,d, e, f, g, h) = (0,0,c,0,0,0,g,0),
d>([A | b)) = ged(h, k> — %) for(a,b,c,d,e, f, g, h) = (0,0,0,d,0,0,0, k).

For (a, b, c,d, e, f, g, h) = (0,b,0,0,0, f,0,0), we have da(A) = d»([A | b]) when k2 + {2 is divisible
by 7i. Then, the equation (A.301) has an integer solution x. Hence, we have (0, »,0,0,0, f,0,0) € P
and, in turn, F, # 0. On the contrary, we have (0, b,0,0,0, f,0,0) ¢ P and, in turn, F; = 0 when
k% + % is not divisible by 7i. In a similar manner, we have (0,0, ¢, 0,0,0,g,0) ¢ P and, in turn,
Fs = 0 when 2k¢ is not divisible by 7i. We have (0,0,0,d,0,0,0, #) ¢ P and, in turn, F; = 0 when
k2 — £2 is not divisible by A. Consequently, a system of the equations F| = F, = F3 = F4 = 0 holds
for (z1, 22, 23, 24) = (W, 0,0, 0) when k2 + 2, 2kf, and k* — 2 are not divisible by .

Remark A.4. Let A be an m X n integer matrix and b an m-dimensional integer vector. A system
of equations Ax = b admits an integer solution x if and only if two matrices A and [A | b] share
the same determinantal divisors, i.e.,

rank A =rank [A | b], di(A) = di([A ] b)) (A.302)

for all k. Here, d;(A) is the kth determinantal divisor, which is the greatest common divisor of all
k X k minors (subdeterminants) of the integer matrix A.
O

Substituting Type II stripe pattern (z1, 22, 23, z4) = (iw, 0,0, 0) into (A.299), we have
Fi(iw, 0,0,0, ¢)

=iw {Z Aq_,_l’q((};)WZC] + Z Z q+pﬁ+l,q(<$)ipﬁW2g+pﬁ + Aq,q+pﬁ—1 ((;)(_i)pﬁw2q+pﬁ—2]}

q=0 p=1gq
~ iw {A]y(0)¢ + A2 (O)w? + o,ﬁ_1<0><—i)ﬁwﬁ—2} .

Thus, Fi(iw, 0,0,0, #) = 0 has a bifurcating solution if 7 is even (i”* and (—i)"" are real). Then, a
discussion similar to that for the Type I stripe pattern holds.

To sum up, we have the following propositions on the existence and the symmetry of the stripe
patterns.

Proposition A.22. For a critical point of multiplicity 8 associated with u = (8; k, €), Type I stripe
pattern exists if the condition

k2 + ¢2, 2kl, and k% — €% are not divisible by 7 (A.303)

is satisfied. Therein, k = k/gcd(n, k, €), € = €/gcd(n, k, €), and /i = n/ged(n, k, £). Type I stripe
pattern exists if the condition (A.303) is satisfied and i is even.

Proposition A.23. For a critical point of multiplicity 8 associated with p = (8;k,{), the two
bifurcating solutions (z, §) and (—-z, §) are conjugate for z = (w,0,0,0), (iw,0,0,0) (w € R) if
i =n/ged(n, k, €) is even and are not conjugate for z = (w, 0,0,0) if i is odd.
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Existence and Symmetry of Upside-down Patterns

We would like to show the existence and the symmetry of two types of upside-down patterns,
which are represented as

Type I upside-down pattern: (z1, 22, 23, 24) = (W, 0, w, 0) (w € R),
Type II upside-down pattern: (z1, 22, 23, 24) = (iw, 0,iw, 0) (w € R).

For both cases, we have (a, b, ..., h) = (a,0,c,0,¢,0, g,0), and hence (A.290) and (A.291) leads to

k(a—e-1)+k(c—g)=0 mod A,
la-e-1)—l(c-g)=0 mod A,

which imply a = e + pii + 1 and ¢ = g + g7 (p, g € Z). Then, F} in (A.296) is rewritten as

o o
I N, et+pi+l +gih = e =
Fi(z21,0,23,0,¢) = Z Z Z Z Acipislgraneg(@)z1 P 2387 7)€ 238
e=0 g=0 peZ,e+pn+1>0 geZ,g+gn>0

(A.304)

with Aaceg(a) = AaOcOeOgO(a)'
Substituting Type I upside-down pattern (zy, 22, 23, 24) = (w, 0, w, 0) into (A.304), we have

Fy(w,0,w,0,4) = w {Z Z Z Z Acspis ngﬁ,e,g(('];)Wz(e+g)+<p+q>ﬁ}

e=0 g=0 peZ.e+pi+1>0 geZg+qn>0
~ w {A00(0)¢ + (A2010(0) + A1101(0))w?} .

We see that Fy(w, 0, w,0, ) = 0 has the trivial solution (w = 0) and a bifurcating solution. Note
that F;(w, 0, w, 0, (}7) becomes an odd function in w if 71 is even. Then, the two bifurcating solutions
(w, 0, w, 0, 5) and (—w, 0, —w, O, 5) are conjugate.

Substituting (z1, z2, 23, z4) = (w, 0, w, 0) into the equivariance conditions (A.276)—(A.279), we

have
F>(w,0,w,0) = F4(w,0,w,0) = F1(0,w, 0, w),
F3(w,0,w,0) = Fi(w,0,w,0).

With the use of P in (A.295), we have F; = 0 (i = 2,4) in (A.305) if

(A.305)

(0,5,0,d,0, f,0,h) ¢ P.
The use of (a, b, ...,h) =(0,b,0,d,0, f,0, h) in (A.290) and (A.291) leads to

—k-lb+d-f—-h)=0 mod A,
k(b-d—-f+h)—€=0 mod .
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This relation can be expressed in a matrix form as

Ax =b with A= [ ff ]E] . (A.306)

The existence of an integer solution x of (A.306) is investigated by showing the two conditions
(A.302) in Remark A.4. The first condition is satisfied since

A

-t - -a 0
rank A = rank Pk 0 -p =2,
¢t -t -aA 0 -k
rank[A|b]—rank[fC B0 -n {9]—2

For the second condition, we have

di(A) = ged(l, k, h) =
d\([A | B]) = ged (4 k, fl)

dr(A) = ged(2kE, ki, i, i ) gcd(zléf, ),
d>([A | b)) = ged(h, 2kl k* + 62, k2 - 02).

Hence, d>(A) = d>([A | b)) is satisfied if
ged(k? + 2, k% — £%) is divisible by ged(f, 2k),

Then, the equation (A.306) has an integer solution x, and hence we have (0, ,0,d, 0, f,0,h) € P
and, in turn, F, = F4; # 0. On the contrary, we have (0,5,0,d,0, f,0,h) ¢ P and, in turn,
P>, = Fy = 0if (k + €) gcd(k + £, k — {) is not divisible by ged(#, 2k?).

Substituting Type II upside-down pattern (z1, 22, 23, z4) = (iw, 0, iw, 0) into (A.304), we have

Fi(iw, 0, iw, 0, (Z)

- i i Z Z Actpire Lg+qieg(@)Aw) P iw) 1 (—iw)* (—iw)?

e=0 g=0 peZ,e+pi+1>0 qeZ g+qi>0

- {Z Z Z Z A6+pﬁ+1,g+qﬁ,e,g(@ipﬁ(_j)qﬁw2(6+g)+(p+q)ﬁ}

e=0 g=0 peZ,e+pi+1=>0 qeZg+qi=>0
~ iw {A7400(0)@ + (A2010(0) + A1101(0)w?} .

Thus, Fi(iw, 0,iw, O, 5) = 0 has a bifurcating solution if 7 is even (i”"* and (—i)?" are real). Then, a
discussion similar to that for Type I stripe pattern holds.

To sum up, we have the following propositions on the existence and the symmetry of the
upside-down patterns.
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Proposition A.24. For a critical point of multiplicity 8 associated with u = (8;k,€), Type I
upside-down pattern exists if the condition

ged(k? + 2, k% — £2) is not divisible by ged(#, 2k¢) (A.307)

is satisfied. Therein, k = k/gcd(n, k,€), £ = €/gcd(n, k,€), and i = n/ged(n, k,€). Type II
upside-down pattern exists if the condition (A.307) is satisfied and 7 is even.

Proposition A.25. For a critical point of multiplicity 8 associated with p = (8;k,¢), the two
bifurcating solutions (z, $) and (—z, ¢) are conjugate for z = (w,0,w,0), (iw, 0,iw,0) (w € R) if
i = n/ged(n, k, €) is even and are not conjugate for z = (w,0,w,0) if i1 is odd.

Stability of Bifurcating Solutions

In Section 3.5.6, we found the square patterns for a critical point of multiplicity 8 by using the
equivariant branching lemma. In the previous subsections, we showed the stripe and upside-down
patterns by solving the bifurcation equations. These bifurcating solutions are represented for the
bifurcation equation in real variables in (A.252) as follows (w € R):

Wsqvm = (W, 0, w, 0, w, 0, w, 0),

Wsqr = (W, 0,w,0,0,0,0,0),

Wstripel = (0,0,0,0,0,0,0,0),
Witripert = (0,w,0,0,0,0,0,0),
Wupside—downl = (W, 0,0,0,w,0,0,0),
Wupside—downtl = (0, w,0,0,0,w,0,0)

We would like to evaluate the stability of these bifurcating solutions.

To obtain the the asymptotic form of the bifurcation equation and the Jacobian matrix, we first
investigate which (a, b, . . ., h) € Z8 belongs to P in (A.295). In other words, we investigate which
Aab...h(a) becomes nonzero in (A.296). We focus on the coefficients of linear terms, quadratic
terms, and cubic terms, which play a vital role as leading terms in (A.296). For this purpose, we
exhaustively find (a, b, .. ., h) € Zﬁ such as

(a,b,...,h) e Pwitha+b+---+h <3.

Let us take some (a, b, ..., h) € Zi and substitute it into the matrix A in (A.293). Then, A becomes
any one of twelve possible forms as shown in Table A.6. The condition (A.294) varies with the
form of A.

For the case (i), the elements of A in (A.293) represent

a+c—e—g—-1=0, a—-c—e+g—-1=0, (A.308)
-b—d+f+h=0, b-d-f+h=0. (A.309)

The condition in (A.294) is rewritten as

dp,geZ st pin=0, gi=0. (A.310)



Table A.6: Possible cases for A in (A.293).

Cases Conditions in (A.294)

(1) A=0 dp.geZ st pi=0,gn=0

(ii) A= C(; 8 Ip,qeZ st pi=ak gi=0

0 B] NS

(i) A= 0 0 dp.qeZ st pi=p¢E gi=0

(iv) A= 2 8 Ip,geZ st pa=0, gi =yk
[0 0] . .o

v) A= 0 s dp,qgeZ st. pin=0, gi =04

(vi)y A= ;y 8} dp.qeZ st ph= ak, gh = yl%

(vi) A= 0 ?] Ip,geZ st pi=pE gh=60

(viii) A= @ g] Ip,geZ st pi=ak+pl gi=0

0
(ix) A= 3 g: Ip,geZ st pa=0, gi =yk+6f
(x) A= g g Ip,geZ st pi=ak, gh=6l
(xi) A= 2 g Ip,geZ st ph=pLl gh=yk
(xii) A= ‘;‘ ? IpgeZ st pi=ak+ Bl gh=vyk+ol
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Table A.7: Possible cases for (a, b, c,d, e, f, g, h) € Zﬁ.

(a,b,c,d,e, f,g,h) a B 6 A Existence of p, g € Z in (A.293)

\<

(0,0,0,0,0,0,0,0) -1 0
(1,0,0,0,0,0,0,00 0 0
(0,1,0,0,0,0,0,0) -1 -1
(0,0,1,0,0,0,0,00 0 0
(0,0,0,1,0,0,0,0) -1 -1
(0,0,0,0,1,0,0,00 -2 0
(0,0,0,0,0,1,0,0) -1 1
(0,0,0,0,0,0,1,0) -2 0

1

0

1 -
0 (@) p=0, g=0forany (i, {)
1 (i) -
2 v -
-1 (xii) -
2 (x) -
1 (i) -
0 Gi) -
-1 (xii) -
1 x) -
1 (i) -
3 -
-1 (xii) -

—_ O = O = = O = O = O = N O N DO N RO = O ~=O0O = OO0
1
98]

(0,0,0,0,0,0,0,1) -1
(2,0,0,0,0,0,0,0) 1
(0,2,0,0,0,0,0,0) -1 -2
(0,0,2,0,0,0,0,00 1 0
(0,0,0,2,0,0,0,0) -1

1
[\
1

(0,0,0,0,2,0,0,0) -3 0 (x) -
(0,0,0,0,0,2,0,0) -1 2 -2 -1 (xii)) p=0, g=—1for(Akf)=(521)
(0,0,0,0,0,0,2,0) -3 0 1 x -
(0,0,0,0,0,0,0,2) -1 2 1 (xil) -
(1,1,0,0,0,0,0,0) 0 -1 0 (xi) -
(1,0,1,0,0,0,0,00 1 0 1 x) -
(1,0,0,1,0,0,0,00 0 -1 -1 0 (xi) -
(1,0,0,0,1,0,0,0) -1 0 1 x -
(1,0,0,0,0,1,0,00 0 1 -1 0 (xi) -
(1,0,0,0,0,0,1,0) -1 0 (x) -
(1,0,0,0,0,0,0,1) 0 1 0 (xi) -
0,1,1,0,0,0,0,0) 0 -1 2 (xil) -
(0,1,0,1,0,0,0,0) -1 -2 -1 (xil) -
0,1,0,0,1,0,0,0) -2 -1 2 (xii)) p=-1, g=0for Ak 0) =(521)
(0,1,0,0,0,1,0,0) -1 0 1 x)-
(0,1,0,0,0,0,1,0) -2 -1 0 (xii) -
(0,1,0,0,0,0,0,1) -1 0 2 -1 (xii) -

a=a+c—-e—-g-1;==b—-d+f+h,y=b—-d—-f+h;0=a-c—-e+g—1
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Table A.8: Possible cases for (a, b, c,d, e, f, g, h) € Zﬁ.

(a,b,c,d,e, fog,h) a B 7y 6 A Existence of p, g € Z in (A.293)

(0,0,1,1,0,0,0,00 0 -1 -1 -2 (xii) -
(0,0,1,0,1,0,0,00 -1 0 0 -3 (x) -
0,0,1,0,0,1,0,00 0 1 -1 -2 (xii) -
(0,0,1,0,0,0,1,0) -1 0 0 -1 (x) -
0,0,1,0,0,0,0,1) 0 1 1 -2 (xii) -
(0,0,0,1,1,0,0,0) -2 -1 -1 -2 (xii) -
0,0,0,1,0,1,0,0) -1 0 -2 -1 (xii) -
(0,0,0,1,0,0,1,0) -2 -1 -1 0 (xii) -
(0,0,0,1,0,0,0,1) -1 0 -1 (x) -

0
(0,0,0,0,1,1,0,0) -2 1 -1 -2 (xii) -
(0,0,0,0,1,0,1,00) -3 0 0 -1 (x) -
(0,0,0,0,1,0,0,1) -2 1 1 -2 (xii) -
(0,0,0,0,0,1,1,0) -2 1 -1 0 (xii) -
(0,0,0,0,0,1,0,1) -1 2 0 -1 (xii) -
(0,0,0,0,0,0,1,1) -2 1 1 0 (xii) -
(3,0,0,0,0,0,0,00 2 0 0 2 (x) -
0,3,0,0,0,0,0,00 -1 -3 3 -1 (xii) p=-1, g=1for(Ak{)=(521
(0,0,3,0,0,0,000 2 0 0 -4 (x) -
(0,0,0,3,0,0,0,0) -1 -3 -3 -1 (xii) -

(0,0,0,0,3,0,0,00 -4 0 0 -4 (x) -
(0,0,0,0,0,3,0,00 -1 3 -3 -1 (xii)) p=0, g=1for(k ) =(10,31)
(0,0,0,0,0,0,3,00 -4 0 0 2 (x) -

(0,0,0,0,0,0,0,3) -1 3 3 -1 (xii) p=0, g=—1for(akf)=(83,1)

(2,1,0,0,0,0,0,0) 1 -1 1 (xii) -
(2,0,1,0,0,0,0,00 2 0 0 0 (i) -
(2,0,0,1,0,0,0,0) 1 -1 -1 1 (xii) -
(2,0,0,0,1,0,0,00 0 0 0 O (i) p=0, g=0forany (A k¢
(2,0,0,0,0,1,0,00 1 1 -1 1 (xii) -
(2,0,0,0,0,0,1,00 0 0O 0 2 (v) -
(2,0,0,0,0,0,0,1) 1 1 1 1 (xii) -

a=a+c—-e—-g-1;==b—-d+f+h,y=b—-d—-f+h;0=a-c—-e+g—1
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Table A.9: Possible cases for (a, b, ¢, d, e, f, g, h) € Zﬁ.

(a,b,c,d,e, f,g,h) a 8B 6 A Existence of p, g € Z in (A.293)

\<

(1,2,0,0,0,0,0,00 0 -2 2 0 (xi) -

0,2,1,0,0,0,0,00 0 -2 2 -2 (xii) -
0,2,0,1,0,0,0,0) -1 -3 1 -1 (xii) -

0,2,0,0,1,0,0,0) -2 -2 2 -2 (xii) -

0,2,0,0,0,1,0,0) -1 -1 1 -1 (xii) -

0,2,0,0,0,0,1,0) 2 -2 2 0 (xii) -

0,2,0,0,0,0,0,1) -1 -1 3 -1 (xi) -

(1,0,2,0,0,0,0,00 2 0 0 -2 (x) -

0,1,2,0,0,0,0,00 1 -1 1 -3 (xii) -

0,0,2,1,0,0,0,00 1 -1 -1 -3 (xii) -

(0,0,2,0,1,0,0000 0 0 0 -4 (vy p=0g=-1forai=4C(
0,0,2,0,0,1,0,00 1 1 -1 -3 (xii) -

0,0,2,0,0,0,1,00 0 0 0 -2 (v) -

0,0,2,0,0,0,0,1) 1 1 1 -3 (xii) -

(1,0,0,2,0,0,0,00 0 -2 -2 0 (xi) -
0,1,0,2,0,0,0,0) -1 -3 -1 -1 (xii) -

0,0,1,2,0,0,0,00 0 -2 -2 -2 (xii) -

0,0,0,2,1,0,0,0) -2 -2 -2 -2 (xii) p=-1, g=—1fora=2k+2¢
0,0,0,2,0,1,0,0) -1 -1 -3 -1 (xii) -

0,0,0,2,0,0,1,0) -2 -2 -2 0 (xii) -

0,0,0,2,0,0,0,1) -1 -1 -1 -1 (xii) -

(1,0,0,0,2,0,0,00 -2 0 0 -2 (x) -

(0,1,0,0,2,0,0,0) -3 -1 1 -3 (xii) p=-1, g=0for(ak ¢)=(0,31)
0,0,1,0,2,0,0,00 2 0 0 4 (x) -

(0,0,0,1,2,0,0,0) -3 -1 -1 -3 (xii) -
(0,0,0,0,2,1,0,00 -3 1 -1 -3 (xii) p=-1, g=—1for(Ak)=(521)
(0,0,0,0,2,0,1,0) -4 0 0 -2 (x) -
(0,0,0,0,2,0,0,1) -3 1 1 -3 (xii) p=-1, g=0for Ak {)=(831)

a=a+c—-e—-g-1;=-b-d+f+h y=b-d-f+h;d=a-c—e+g-1
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Table A.10: Possible cases for (a, b, ¢, d, e, f, g, h) € Z8.

(a,b,c,d,e, f,g,h) « vy 6 A Existence of p, g € Z in (A.293)

B
(1,0,0,0,0,2,0,0)0 0 2 -2 0 (xi) -
0,1,0,0,0,2,0,0) -1 1 -1 -1 (xii) -
(0,0,1,0,0,20,00 0 2 -2 -2 (xii) -
(0,0,0,1,0,2,0,0) -1 1 -3 -1 (xii) -
0,0,0,0,1,2,0,0) -2 2 -2 -2 (xii) -
0,0,0,0,0,2,1,0) -2 2 -2 0 (xii) -
0,0,0,0,0,2,0,1) -1 3 -1 -1 (xii) -
0

(1,0,0,0,0,0,2,0) -2 0 2 (x) -

0,1,0,0,0,0,2,0) -3 -1 1 1 (xii) -
(0,0,1,0,0,0,200 2 0 0 0 (i) -

0,0,0,1,0,0,2,0) -3 -1 -1 1 (xii) -

0,0,0,0,1,0,200 -4 0 0 0 (i) p=-1, g=0fora=4k
0,0,0,0,0,1,2,0) -3 1 -1 1 (xii) -

0,0,0,0,0,0,2,1) -3 1 1 1 (xii) -

(1,0,0,0,0,0,0,2) 0 2 2 0 (xi) -

0,1,0,0,0,0,0,2) -1 1 3 -1 (xii) -

0,0,1,0,0,0,0,2) 0 2 2 -2 (xii) -
0,0,0,1,0,0,0,2) -1 1 1 -1 (xii) -

0,0,0,0,1,0,0,2) -2 2 2 -2 (xii) -

0,0,0,0,0,1,0,2) -1 3 1 -1 (xii) -
0,0,0,0,0,0,1,2) -2 2 2 0 (xii) -

(1,1,1,0,0,0,0,00 1 -1 1 -1 (xii) -

(1,1,0,1,0,0,0,00 0 -2 0 0 (i) -
(1,1,0,0,1,0,0,0) -1 -1 1 -1 (xii) -

(1,1,0,0,0,1,0000 0 0 0 0 (i) p=0, ¢g=0forany Ak, ¢
(1,1,0,0,0,0,1,0) -1 -1 1 1 (xii) -

(1,1,0,0,0,0,001) 0 0 2 0 (v) -

a=a+c-e—g-1;,=-b—-d+f+h,y=b-d-f+h,6=a-c—-e+g-1
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Table A.11: Possible cases for (a, b, c,d, e, f, g, h) € Zi.

(a,b,c,d,e, f,g,h) By 6 A Existence of p, g € Z in (A.293)

a

(1,0,1,1,0,0,0,0) 1 -1 -1 -1 (xii) -

(1,0,1,0,1,0,0000 0 0 0 -2 (v) -

(1,0,1,0,0,1,0,00 1 1 -1 -1 (xii) -

(1,0,1,0,0,0,1,00 0 0 0 0 () p=0, g=0forany (A k,0)

(1,0,1,0,0,0,0,1) 1 1 1 -1 (xii) -

(1,0,0,1,1,0,0,0) -1 -1 -1 -1 (xii) -

(1,0,0,1,0,1,0,00 0 0 -2 0 (v) -

(1,0,0,1,0,0,1,0) -1 -1 -1 1 (xii) -

(1,0,0,1,0,0,001) 0 0 0 0 () p=0, g=0forany (i k,7)

(1,0,0,0,1,1,0,0)0 -1 1 -1 -1 (xii) -

(1,0,0,0,1,0,1,00 2 0 0 0O (i) -

(1,0,0,0,1,0,0,1) -1 1 1 -1 (xii) -

(1,0,0,0,0,1,1,0) -1 1 -1 1 (xii) -
2
1

(1,0,0,0,0,1,0,1) 0 0 0 (i) -
(1,0,0,0,0,0,1,1) -1 11 (xii) -
0,1,1,1,0,0,0,00 0 -2 0 -2 (vii) -
0,1,1,0,1,0,0,0) -1 -1 1 -3 (xi)) -
(0,1,1,0,0,1,0000 0 0 0 -2 (v) -
0,1,1,0,0,0,1,0) -1 -1 1 -1 (xi) -
0,1,1,0,0,0,0,1) 0 0 2 -2 (ix) -
0,1,0,1,1,0,0,00 -2 -2 0 -2 (xi)) -
0,1,0,1,0,1,0,0) -1 -1 -1 -1 (xi) -
0,1,0,1,0,0,1,0)0 -2 -2 0 0 (vii) p=-1, g=0forn =2k +2¢
(0,1,0,1,0,0,0,1) -1 -1 1 -1 (xii) -
(0,1,0,0,1,1,0,00 2 0 0 -2 (x) -
(0,1,0,0,1,0,1,0) -3 -1 1 -1 (xi)) -
0,1,0,0,1,0,0,1) 2 0 2 -2 (xii) -
(0,1,0,0,0,1,1,00 2 0 0 0 (i) -
0,1,0,0,0,1,0,1) -1 1 1 -1 (xi)) -

0,1,0,0,0,0,1,1) -2 0 2 0 (vi) -

a=a+c—-e—-g-1;==b—-d+f+h,y=b—-d—-f+h;0=a-c—-e+g—1
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Table A.12: Possible cases for (a, b, ¢, d, e, f, g, h) € Zﬁ.

(a,b,c,d,e, f,g,h) a B 7y 6 A Existence of p, g € Z in (A.293)

0,0,1,1,1,0,0,0) -1 -1 -1 -3 (xii)) -
0,0,1,1,0,1,0,0) 0 0 -2 -2 (ix) -

0,0,1,1,0,0,1,0) -1 -1 -1 -1 (xi) -
0,0,1,1,0,0,0,1) 0 0 0 -2 (v) p=0,g=—-1fora=2k+2¢
0,0,1,0,1,1,0,0)0 -1 1 -1 -3 (xii) -
(0,0,1,0,1,0,1,00 2 0 0 -2 (x) -
(0,0,1,0,1,0,0,1) -1 1 30 (xil) -
0,0,1,0,0,1,1,0) -1 1 -1 -1 (xii) -
0,0,1,0,0,1,0,1) 0 2 0 -2 (vii) -
(0,0,1,0,0,0,1,1) -1 1 1 (xii) -
(0,0,0,1,1,1,0,00 -2 0 -2 -2 (xi) -
0,0,0,1,1,0,1,0) -3 -1 -1 -1 (xii) -
0,0,0,1,1,0,0,1) -2 0 0 -2 (x) -
(0,0,0,1,0,1,1,0) -2 0 -2 0 (vi -
(0,0,0,1,0,1,0,1) -1 1 -1 -1 (xi) -
(0,0,0,1,0,0,1,1) -2 0 0 0 (i) -
0,0,0,0,1,1,1,0) -3 1 -1 -1 (xii) -
(0,0,0,0,1,1,0,1) -2 2 0 -2 (xi)) -
(0,0,0,0,1,0,1,1) -3 1 1 -1 (xi) -
0,0,0,0,0,1,1,1) -2 2 0 0 (viii) -

a=a+c—-e—-g-1;B=-b-d+f+h y=b-d-f+h;d=a-c—e+g-1
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This condition is satisfied for any values of (7, k,{)whenp = g = 0. Recallthata+b+...+h < 3.

Then, (a, b, . . ., h) which satisfy (A.308) and (A.309) are enumerated as follows:
(1,0,0,0,0,0,0,0),(2,0,0,0,1,0,0,0),(1,1,0,0,0, 1,0, 0),
(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0, 1) € P for any (A, k, ¢). (A311)

For the case (ii), the elements of A in (A.293) represent

a+c—e—g-l=qa a-c—-e+g—-1=0, (A.312)
-b—d+f+h=0, b-d-f+h=0. (A.313)

The condition in (A.294) is rewritten as
Ip,geZ st ph=ak, qgh=0. (A.314)

From the conditions for ¢, k, and n in (A.248), we have necessary conditions 1 < ¢ < k < n/2.
Dividing each side of these inequalities by gcd(k, €, n), we have 1/gcd(k,t,n) < € < k < i/2.
Since {9, l%, and 7 are integers, we have 1 < { <k < ii/2. Thus, for the case |a| < 2, we see that
pit = ak is not satisfied for any p. From this, we have || > 3. The sum of equalities in (A.312)
leads to @ = 2(a — e — 1). From this, « is even. Recall that a + b+ ...+ h < 3. From this,
a =a+c—e—g— 1 takes a value within the range of -4 < @ < 2. From this and |a| > 3, we
have @ = —4. From (A.312) and (A.313), we have (a, b, ¢, d, e, f, g, h) = (0,0,0,0, 1,0, 2,0). From
(A.314), we have —4f = pn. This condition is satisfied for p = —1. Hence, we have

(0,0,0,0,1,0,2,0) € P for A = 4k.
For the case (iii), the elements of A in (A.293) represent

a+c—e—g—-1=0, a-c—-e+g-1=0, (A.315)
-b—-d+f+h=8 b-d-f+h=0. (A.316)

The condition in (A.294) is rewritten as
Ip,geZ st ph=pe gh=0. (A.317)

Recall that 1 < ¢ < k < /2. Thus, for the case |8] < 2, we see that pA = B¢ is not satisfied for
any p. From this, we have |8| > 3. The sum of equalities in (A.316) leads to 8 = —2(d — h). From
this, S is even. Recall thata + b + ...+ h < 3. From this, 8 = —b —d + f + h takes a value within
the range of —3 < 8 < 3. Hence, we have 8 = +2. This contradicts |3| > 3.

For the case (iv), the elements of A in (A.293) represent

a+c—e—g—-1=0, a—-c—e+g-1=0, (A.318)
-b-d+f+h=0, b-d-f+h=y. (A.319)

The condition in (A.294) is rewritten as

Ap,geZ st pia=0, gi = vyk. (A.320)
240



Recall that 1 < ¢ < k < /2. Thus, for the case |y| < 2, we see that gi = yk is not satisfied for
any ¢g. From this, we have |y| > 3. The sum of equalities in (A.319) leads to y = =2(d — h). From
this, y is even. Recall thata + b+ ... + h < 3. From this, y = b —d — f + h takes a value within
the range of —3 < y < 3. Hence, we have y = +2. This contradicts |y| > 3.

For the case (v), the elements of A in (A.293) represent

a+c—e—g—-1=0, a-c—-e+g-1=06, (A.321)
-b-d+f+h=0, b—-d-f+h=0. (A.322)

The condition in (A.294) is rewritten as
Ip,geZ st pa=0, gi =6C. (A.323)

Recall that 1 < ¢ < k < 72/2. Thus, for the case |§| < 2, we see that git = 6¢ is not satisfied for any
p. From this, we have |§| > 3. Recall thata+b+...+h < 3. Fromthis,d = a—c—e+g— 1 takes
a value within the range of —4 < ¢ < 2. From this and || > 3, we have § = —4. From (A.321)
and (A.322), we have (a, b, c,d, e, f, g, h) = (0,0,2,0,1,0,0,0). From (A.323), we have —4f = pit.
This condition is satisfied for p = —1. Hence, we have

(0,0,2,0,1,0,0,0) € P for i = 4¢.
For the case (vi), the elements of A in (A.293) represent

a+c—-e—-g-1l=a, a-c—-e+g-1=0, (A.324)
-b—-d+f+h=0, b-d-f+h=y. (A.325)

The condition in (A.294) is rewritten as
Ip,geZ st ph=ak, gh=vk. (A.326)

Recall that 1 < ¢ < k < /2. Thus, for the case |y| < 2, we see that gii = yk is not satisfied for
any ¢g. From this, we have |y| > 3. The sum of equalities in (A.325) leads to y = =2(d — h). From
this, y is even. Recall thata + b+ ... + h < 3. From this, y = b —d — f + h takes a value within
the range of —3 < y < 3. Hence, we have y = +2. This contradicts |y| > 3.

For the case (vii), the elements of A in (A.293) represent

a+c—-e—g-1=0, a—-c—-e+g—-1=6, (A.327)
-b-d+f+h=8 b-d-f+h=0. (A.328)

The condition in (A.294) is rewritten as
Ap,geZ st ph=pL qgh=65C. (A.329)

Recall that 1 < £ < k < /2. Thus, for the case |8] < 2, we see that pii = B is not satisfied for
any p. From this, we have |8| > 3. The sum of equalities in (A.328) leads to 8 = —2(d — h). From
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this, S is even. Recall thata + b+ ...+ h < 3. From this, 8 = —b —d + f + h takes a value within
the range of —3 < 8 < 3. Hence, we have § = +2. This contradicts || > 3.
For the case (viii), the elements of A in (A.293) represent

a+c—e—g-l=a a-c—-e+g—-1=0, (A.330)
-b—d+f+h=8 b-d-f+h=0. (A.331)

The condition in (A.294) is rewritten as
Ap,geZ st ph=ak+pl gi=0. (A.332)

Recall thata + b+ ...+ h < 3. From this, « = a + ¢ — e — g — 1 takes a value within the range
of -4 < a < 2. The sum of equalities in (A.330) leads to @ = 2(a — e — 1). Thus, « is even.

Hence, we have @ = +2,—4. In a similar manner, § = —b — d + f + h takes a value within
the range of —3 < B < 3. The sum of equalities in (A.331) leads to 8 = —2(d — h). Thus, 8
is even. Hence, we have B = +2. When we consider @« = —4, we have (a, b,c,d,e, f, g, h) =

(0,0,0,0,1,0,2,0). Hence, we have B8 = 0. This contradicts 8 # 0. When we consider a = 2,
we have (a, b, c,d, e, f,g,h) =(2,0,1,0,0,0,0,0). Hence, we have 8 = 0. This contradicts 8 # O.
When we consider @ = -2 with 8 = 2, we have (a, b, c,d, e, f,g,h) = (0,0,0,0,0,1,1,1). From
(A.332), we have —2(k—{) = pi. Recallthat 1 < ¢ < k < A/2. From this, wehave 1 < k—¢ < A/2.
Thus, the condition —2(k — £) = p#i is not satisfied for any p. When we consider @ = —2 with
B = -2, wehave (a,b,c,d,e, f,g h) =(0,1,0,1,0,0,1,0). From (A.332), we have —2(k + {) = pA.
This condition is satisfied for p = —1. Hence, we have

0,1,0,1,0,0,1,0) € P for i = 2k + 2¢.
For the case (ix), the elements of A in (A.293) represent

a+c—-e—g—-1=0, a—-c—-e+g—-1=6, (A.333)
-b-d+f+h=0, b-d-f+h=y. (A.334)

The condition in (A.294) is rewritten as
Ip,geZ st pi=0, gi =yk+6L. (A.335)

Recall that a + b+ ... + h < 3. From this, « = a — ¢ — e + g — 1 takes a value within the
range of —4 < a < 2. The sum of equalities in (A.333) leads to @ = 2(a — e — 1). Thus, « is
even. Hence, we have @ = +2, —4. In a similar manner, § = b —d — f + h takes a value within
the range of —3 < B < 3. The sum of equalities in (A.334) leads to 8 = —2(d — h). Thus, B8
is even. Hence, we have 8 = +2. When we consider @« = —4, we have (a, b,c,d, e, f,g, h) =
(0,0,2,0,1,0,0,0). Hence, we have 8 = 0. This contradicts 8 # 0. When we consider a = 2,
we have (a, b, ¢, d, e, f,g,h) =(2,0,0,0,0,0, 1,0). Hence, we have 8 = 0. This contradicts 8 # 0.
When we consider @ = -2 with 8 = 2, we have (a, b, c,d, e, f,g,h) = (0,1,1,0,0,0,0,1). From
(A.335), we have —2(k —€) = gh. Recallthat 1 < ¢ < k < //2. From this, we have | < k—{ < /2.
Thus, the condition —2(k — ) = g# is not satisfied for any g. When we consider @ = -2 with
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B = -2, wehave (a,b,c,d,e, f,g h) =(0,0,1, 1,0,1,0,0). From (A.335), we have —2(k + {) = gA.
This condition is satisfied for ¢ = —1. Hence, we have

(0,0,1,1,0,1,0,0) € P for i = 2k + 2¢.
For the case (x), the elements of A in (A.293) represent

a+c—-e—g-1l=a a-c—-e+g-1=9, (A.336)
-b—-d+f+h=0, b-d-f+h=0. (A.337)

The condition in (A.294) is equivalent to
Ip,geZ st ph=ak, qgi=6L. (A.338)

Recall that 1 < ¢ < k < ii/2. Thus, for the case || < 2, we see that pii = ak is not satisfied
for any p. From this, we have |a| > 3. Similarly, for the case |§] < 2, we see that gi = 6 is
not satisfied for any ¢g. From this, we have |6| > 3. According to the results in Table A.12-A.12,
only (a,b,c,d,e, f,g,h) = (0,0,0,0,2,0,0,0) corresponds to this case. From (A.338), we have
pi = =3k and gi = =3f. From 1 < ¢ < k < /2, we have p = —1 and ¢ = —1. Thus, we have
A = 3k and 7 = 3£. This contradicts k # £.

For the case (xi), the elements of A in (A.293) represent

a+c—-e—g—-1=0, a—-c—-e+g-1=0, (A.339)
-b—d+f+h=8 b-d-f+h=vy. (A.340)

The condition in (A.294) is equivalent to
Ap,geZ st ph= Bl gh =yk. (A.341)

Recall that 1 < £ < k < /i/2. Thus, for the case |8] < 2, we see that pii = B¢ is not satisfied for
any p. From this, we have |8] > 3. Similarly, for the case |y| < 2, we see that gii = yk is not
satisfied for any g. From this, we have |y| > 3. According to the results in Table A.7-A.12, no
(a,b,c,d, e, f, g, h) corresponds to this case.

For the case (xii), the elements of A in (A.293) represent

a+c—e—g-l=qa a-c—-e+g—-1=9, (A.342)
-b—d+f+h=8 b-d-f+h=vy. (A.343)

The condition in (A.294) is rewritten as

Ip,geZ st ph=ak+pl gh=vyk+6t. (A.344)
All (a, b, c,d, e, f, g, h) that correspond to this case are shown in Table A.7-A.12.
Based on the above discussion, F; (i = 1, ...,4) is restricted to the form of
F; = a1z + FE + (other terms), i =1,...,4, (A.345)
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Table A.13: Nonzero coefficients of leading terms which belong to "other terms" in (A.345).

(A, k, 0) Nonzero coefficients

General (A, k, ) None

(5,2,1) A01001000(0), A00000200(0), A03000000(0), A00002100(0)

(8,3, 1) A01010010(0), A00110100(0), A00021000(0), A00002001(0), A00000003(0)
(10,3, 1) A01002000(0), A00000300(0)

(4k, &, 0) A00001020(0)

40k, 0) A00201000(0)

2k + 20, k, 0) A01010010(0), A00110100(0), A00021000(0)

with (k,£) # (3,1)

where
Ff = zi(aalz1? + aslza|* + aalzs]? + as|zal), (A.346)
Ff = n(wmlzl® + aslzi)* + aslzal* + as|z3), (A.347)
FE = z(alzal* + aslzal? + aslzi [ + as| 22, (A.348)
Ff = u(ao|zul® + aslz* + aslzl? + as|zi]?) (A.349)

with the following notations:>*

ar = Aloo00000(0) a2 = A20001000(0), a3 = A11000100(0),
as = A10100010(0),  as = A10010001(0). (A.350)

F,, F3, and Fy are obtained by (A.276), (A.277), and (A.279), respectively.

In (A.345), Fl.c corresponds to cubic terms, and the form of “(other terms)” varies with the
values of (7, k, f). For the case (7, k, f) = (5,2, 1), we have quadratic terms as leading terms. For
any other cases, we have cubic terms as leading terms that vary with the values of (7, k, £). From
this point of view, we classify the form of the bifurcation equation as shown in Table A.13 by the
values of (7, k, f).

The form of “(other terms)” in (A.345) depends on the values of (7, k, f) in (A.249). All
the possible cases and stability conditions for the bifurcating solutions are summarized in Tables
A.14-A.16. The main finding of this section is as follows:

Proposition A.26. For a critical point of multiplicity 8 associated with u = (8; k, £), we have the
following statements:

e For the case (i, k, f) = (5,2,1), the bifurcating solution wr is always unstable in the
neighborhood of the critical point, and the bifurcating curve takes the form ¢ =~ cw for some
constant c.

24 These notations are local and should not be confused with (A.201) used in Appendix A.6.4.
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Table A.14: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 8.

(A, k, €)

Solutions

Stability conditions (necessary conditions)

General (4, k, )

Witripel» Wstripell

max(a3, aq, a5) <apy < 0

Wupside—downI> Wupside—downlI

azy —aq +as <ay < —|a4|

WsqT

—az +ag+as <ap < —|a3|

WsqvM

ay +az < —|a4 +a5|, ay —az < —|a4 —ds

Table A.15: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 8.

(A, k,f)  Solutions Stability conditions
(5,2,1) Wstripel, Wstripell Does not exist
Wupside—downl> Wupside—downII Does not exist
WsqT Always unstable
WsqVM ag+a7 <0,3a6+a7 >0,2a6 +a7 >0 ifw>0
ag+a7; > 0,3a6 +a7 >0,2a6+a7 >0 ifw<0
(8,3,1)  Wyipel> Wstripell Does not exist
Wupside—downlI> Wupside—downII Does not exist
WsqT Does not exist
WsqvM a2+a3+a4+a5+a10+a11+a12+a13+a14<0
a) +asz—aq —as —ajp — ai —a12—2a14 <0
a)—az+as—as—ajp—ayj —ap —2aj4 <0
a)—asz—a4+as—ajp—aj +appt+apzt+tay < 0
ajpt+ap + 2a12 + a3 —ajpy > 0
a3z +aypg > 0
(10,3,1)  Wggripel, Wstripell Does not exist

Wupside—downl> Wupside—downII

Does not exist

WsqT a) +asz + a5+ dae <0
az—a3—2a16<0
3ai5 +aje >0
a)+az—as—as+ays+ae <0
WsqVM a)+az+aq+as+as+aig <0

a)+az—as—as—ajs —aje <0
ar)—az+as—as —2ae <0
a)—az—as+as —2aie <0
3a15 +aje >0
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Table A.16: Stability conditions of bifurcating solutions for group-theoretic critical points with multiplicity 8.

AA

A, k, €) Solutions Stability conditions (necessary conditions)
(4k, k, ) Wstripel» Wtripell max(az, a4 + |ay7],as) < ax <0
Wupside—downl> Wupside—downll a3 —d4 +ds —ay7 < az < —|ag + ay7]
aq > 0
WSqT Does not exist
WsqvM a+az+as+as+ay7 <0
a) +asz—a4 —as—ayy <0
a) —asz+aq —as+ ayy <0
a)—az—az+as—ayg <0
ayy > 0
(44, k, ) Witripel> Wstripell max(as, as + |aig|, as) < a; <0

Wupside—downl> Wupside—downII

azy—aq tas+ay7 <ay < —|a4+a18|

alg > 0
WSqT Does not exist
WsqvM a2+a3+a4+a5+a13<0

a+az—as—as—ag <0
a—az+as—as+ag<0
az—a3—a4+a5—alg<0
a13>0

2k + 28, k, f)
with (k, €) # (3,1)

Wstripel, Wstripell

max(as, a4, as — |ap|) < ax <0

Wupside—downI> Wupside—downII

ay < —|ayl
a» +az —as —as —app > —|aipo + a|

a» +az —as —as +app > —|ajp — ai|

WsqT

Does not exist

WsqvM

a2+a3+a4+a5+a10+a11+a12<O
a+az—as—as—ajp—aj—ap <0
az—a3+a4—a5—a1o—a11—a12<O
az—a3—a4+a5—a10—a11+a12<O
ajp+ap +2a;>0
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e For any other cases, the stability of the bifurcating solutions Wgyipel, Wstripell, Wupside—downl»
Wupside—downll, WsqT,» and wsqym depends on the values of the coefficients of the power series
expansion of the bifurcation equation in (A.296), and the bifurcating curve takes the form
gZ ~ cw? for some constant c.

To show these results, we focus on each case and study stability conditions for the bifurcating
solutions in the remainder of this section.

Case 1: General (i, k, f)
For general cases, other than special cases to be treated in the sequel, the asymptotic form of
F;(i=1,...,4)in (A.345) becomes

Fi~ aipz + Ff, (A.351)

where Fl.c (i = 1,...,4) are given in (A.346)—(A.349). Then, the asymptotic form of F; (i =
1,...,8)in (A.255)—(A.258) becomes

F; ~ aj¢w; + FC (A.352)
with

I::lc = wi{ax(W1? + w2?) + as(w3% + wa?) + as(ws® + we?) + as(w7”> + wg?)}, (A.353)
Ff = wof{a(wi? + wo?) + as(ws® + wa?) + as(ws® + we?) + as(wr” + wg?)}, (A.354)
ﬁsc = w3{aa (w3 + wa?) + az(w12 + w22) + as(wr? + wg?) + as(ws® + we?)}, (A.355)
ff = wa{ar(W3% + wa?) + as(w1? + wa?) + as(w7? + wg?) + as(ws® + we?)}, (A.356)
FE = ws{aa(ws® + we?) + az(wy” + wg?) + as(wi? + wa?) + as(w3* + wa?)}, (A.357)
}76C = we{ar(ws® + we?) + az(w7”> + wg?) + as(w1? + wa?) + as(ws3? + wa?)}, (A.358)
F;C = wi{ar(w7? + wg?) + az(ws® + we?) + as(w3” + wa?) + as(wi> + w2?)}, (A.359)
I:;SC = ws{ar(W7%> + wg?) + az(ws® + we?) + as(w3” + wa?) + as(wi> + w2?)}, (A.360)

Hence, the asymptotic form of the Jacobian matrix in (A.253) becomes

J(w, ) ~ argls + Bc (A.361)
with the following notations:>>
Bc = axB) + a3B3 + a4B4 + asBs, (A.362)
B2 0 B3 0 B4 B4 B5 BS
Bz=l1 ], Bs=[1 ], B4=[ L+ 3|, Bs= Lo 3,
O B; O B (B}) B (BY) B

25 The notations here are local and should not be confused with (A.214) used in Appendix A.6.4.
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(312 + wy? 2wiwy 0 0
B2 — 2wiwy w12 + 3wy2 0 0
1 0 0 3W32 + W42 2w3wy ’
0 0 2W3W4 W32 + 3W42_
—3W52 + W62 2wsweg 0 0
32 _ 2wswg W52 + 3W62 0 0
2 0 0 ?)W72 + Wgz 2W7W8 ’
0 0 2wrwg W72 + 3W82_
-5 ) :
w3~ + wy 0 2W1W3 2W1W4
3 0 W32 + W42 2wows 2wowy
Bl - 2 2 2 2 0 ’
wiws Wows3 wi1= +wy
| 2wiwy 2wowy 0 w1 + w22_
- 9 ) ;
w7° + wg 0 2wswy 2wswg
3 0 wiZ + wgZ  2wewy 2wews
B2 — 2 2 B
2wswy 2wew7  Ws + wg 0
| 2wswg 2wewsg 0 W52 + W62_
2 2 ] 2 2
B = (ws” +we")12 o B4 = (W1~ + w2 o0
! o (w2 +wsH)L|" 2 O (w32 + wa?)D |’
wiws wiwe 0 0
4 waws wowe 0 0 s _ [wi? +wsd)l 0
B3 = 2 5 Bl = 2 2 .
0 0 WwW3w7  W3wsg 0 (W5 + wg )12
0 0 WaW7  W4WS§
0 0 wiwys WwWiws
s |32+ wadh o 5 _ 0 0  wows wowg
B; = > 2 , B3=2
(0] (w1~ + wp ) W3Ws W3Wg 0 0
W4W5  W4We 0 0

Substituting wriper = (w, 0,0, 0,0,0,0,0) into (A.352) and solving F; = O for 5 we have

¢ = Pstripel =

a2 2

- W .

aj

Evaluating the Jacobian matrix (A.361) at (Wggipel, @tripel), we have

- ~ —stripel
J (wstripeIa ¢stripel) =Jc ~
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with

2a 0 0 0
_ 0 0 0 0 _ (—az + a4)12 0]
Ci = 0 0 —ar+as 0 , G= (0] (—az + a5)12 ’ (A'364)
0 0 0 —ajy + aj

The eigenvalues of the matrix 7(Wstripe1, astripel) are given by

/11 ~ 2612W2,

Ay ~ 0(W3),
A3 ~ —(ay — az)w? (repeated twice),

2 (repeated twice),

Ay = —(ax — ag)w
As =~ —(ap — a5)w2 (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

612<0, a—az3 >0, ay—as >0, ar—as>0.
These conditions are equivalent to
max(asz, as, as) < ap < 0. (A.365)

Thus, the stability of wgiper is conditional and depends on the values of ay, . . ., as.
Substituting wipert = (0, w, 0,0, 0,0, 0,0) into (A.352) and solving F> = 0 for 5, we have

& = Psriper1 ® ——Ww".
ai

Evaluating the Jacobian matrix (A.361) at (Wggiper, qitripell), we have

-~ ~ ~stripell C O
](WstripeH’ ¢stripeH) = JCS P W2 [03 CZ] (A.366)
with
0 O 0 0
10 242 0 0
S=lo 0 —ayva; 0 | (A.367)
0 O 0 —ap +as

where C; is given in (A.364). The eigenvalues of the matrix f(wsmpen, astripell) are equivalent to
that for wgyiper. Hence, stability conditions for wiperr are equivalent to that for wggiper.
Substituting Wypside—downt = (W, 0, 0,0, w, 0,0, 0) into (A.352) and solving F; = 0 for ¢, we have

~  ~ ar + ay
¢ = Pupside—downl ¥ —

249

w2,

ai



Evaluating the Jacobian matrix (A.361) at (Wupside—downl, (Fﬁ;upside_downl), we have

=~ ~ ~—upside—downl Cy C
J(wupside—downl, ¢upside—d0wnl) = JCupSl o ~ W2 [C: Cj] (A.368)
with
2a; 0 0 0 2a4 0 0 O
0 O 0 0 0O 00O
=10 0 —ar+as—as+as 0 + G=1o 00 0o A3
0 0 0 —ajy + a3z —aq + as 0O 000

The eigenvalues of the matrix J(Wupside—downls aupside—downl) are given by

A1, o ~ 2(an £ ag)w?,
A3 ~ O(w?) (repeated twice),

Ay ~ —(az — a3 + ag — as)w*  (repeated 4 times).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a2<—|a4|, a) —asz + aq — as > 0.
These conditions are equivalent to
az —aq +as <apy < —|a4|. (A.370)

Thus, the stability of Wypside—down is conditional and depends on the values of ay, . . ., as.
Substituting wypside—downtt = (0, w, 0,0, 0, w, 0, 0) into (A.352) and solving F> = 0 for 5, we have

~ a) + ay

re 2
¢ = ¢upside—downll = w-.

ai

Evaluating the Jacobian matrix (A.361) at (Wypside-downl, aupside—downl)’ we have

= ~ —upside—downlI Co C
J(wupside—downll’ ¢upside—d0wnll) = JCupSl e = W2 |:Cj CZ] (A371)
with
0 O 0 0 0O 0 0O
10 24 0 0 10 244 0 0
“=10 0 —m+m-a+a 0 + G=lo 0 o o A2
0 0 0 —ajy + a3z —aq + as 0O 0 0O

The eigenvalues of the matrix J(Wypside—downTl> Pupside—downiT) are equivalent to that for wypside—down-
Hence, stability conditions for wypside—downrr are equivalent to that for wypsige—downl-
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Substituting wsqr = (W, 0,w, 0,0, 0,0,0) into (A.352) and solving F; = O for g?;, we have

~ ar + az

¢:(/7);qu_

w?.,

ay

Evaluating the Jacobian matrix (A.361) at (wyr, (}byqu), we have

~ -~ —~—sqT 2 Cs 0]
JWeaT, =J W
( sqT ¢qu) C [0 Co
a 0 a3 O
0 0 0 O
Cg =2 a 0 a E C9 = —(az +asz—aq — a5)I4.
0 0 0 O

The eigenvalues of the matrix f(quT, qPS'SqT) are given by

A1, o ~ 2ar £ az)w?,
A3 ~ O(w?) (repeated twice),

Ay~ —(az + a3 — as — as)w* (repeated 4 times).

(A.373)

(A.374)

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary

conditions):
a < —|as|, ax+az—as—as>0.
These conditions are equivalent to

—aztaq+as<ay< —|a3|.

Thus, the stability of wyqr is conditional and depends on the values of ay, . .

Substituting wsqvm = (w, 0, w, 0, w, 0, w, 0) into (A.352) and solving Fj

ataz+aqst+as ,
w-.

¢ = ¢sqVM ~ =
ai

Evaluating the Jacobian matrix (A.361) at (Wsqvm, @qVM), we have

B _ —sqVM G C
J(WsquM, Psqvm) = Jcsq =W [CISO ClSO]
with
as 0 as O
0 0 0 O
Cio=2 as 0 as O ’
0 0 0 O

(A.375)

., as.

= 0 for ¢, we have

(A.376)

(A.377)



where Cg is given in (A.374). The eigenvalues of the matrix J~(wsqVM, (vasqVM) are given by

A, Ay = 2{ap + a3 + (aq + a5)}w2,
3, Ag = 2{ar — a3 + (ag — as)}w?,
As ~ O(w?) (repeated 4 times).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ay +az < —|a4 + a5|, (A.378)
ay —az < —|a4 — a5|. (A.379)
Thus, the stability of wgqyvy is conditional and depends on the values of ao, . . ., as.

Case 2: (A, k,f) = (5,2,1)
For the case (7, k, f) = (5,2, 1), we have

(0,1,0,0,1,0,0,0),(0,0,0,0,0,2,0,0),(0,3,0,0,0,0,0,0),(0,0,0,0,2,1,0,0) € P
as well as

(1,0,0,0,0,0,0,0),(2,0,0,0,1,0,0,0), (1, 1,0,0,0, 1,0,0),
(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0,1) € P

in (A.311). Then, the asymptotic form of F; (i = 1,...,4) in (A.345) becomes

F| ~ a1¢z) + asz271 + a122° + agzy’ + a9Z1°72 + FC, (A.380)
Fy ~ a1¢z + as2122 + a721> + agZy® + avZy>z1 + FS, (A.381)
F3 ~ a1¢23 + as24Z3 + 724" + agzy® + aoz3’Z4 + FE, (A.382)
Fy ~ a1dz4 + 467324 + a723° + ag73° + aoz4°23 + F4C (A.383)

with
as = A01001000(0), a7 = A00000200(0), as = Ao3000000(0), a9 = Apo002100(0),

where Fl.C (i = 1,...,4)is given in (A.346)—(A.349). Then, the asymptotic formof F; (i = 1, ..., 8)
in (A.255)—(A.258) becomes
Fi ~ ai¢wi + ag(wiws + waws) + az(ws® — wa?)
+ agw3(ws® = 3wa?) + ag{ws(w1> — wa?) = 2wiwawa} + FE, (A.384)
Fy ~ a1wa + ag(wiwg — waws) — 2a7w3wy
+ agW4(3W32 - W42) + ag{—W4(W12 - W22) —2wiwows} + ES, (A.385)
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F;
F
Fs
Fs

F7

~ ajgpws + ag(wiws — wawg) + az(wi — wy?)

+agwi(wi” = 3w2?) + ag{wi(w3” — wa?) + 2wawaws } + Fy,
~ a1¢ws + ag(—wiws — waws) + 2a7wiw;

+ agwa(=3w1? + wa?) + ag{wa(ws? — wa?) = 2wswawi } + Fy ,
~ aidws + as(wswy + wews) + az(w7” — ws”)

+ agwr(wr” = 3ws?) + ag{wr(ws® — we?) — 2wswews} + F<,
~ a1dwe + as(wsws — wews) — 2a7w7ws

+ agws(3ws® — ws?) + ag{—ws(ws® — we>) — 2wswewr} + Fy ,
~ a1wr + ag(wswy — wews) + az(ws* — we”)

+ asws(ws® — 3we?) + ag{ws(w7” — ws®) + 2wywgwe} + Fx ,
~ aidws + as(—wsws — wewr) + 2a7wswe

+ agwe(=3ws> + we?) + ao{we(w7*> — wg?) — 2wywgws} + FC,

(A.386)

(A.387)

(A.388)

(A.389)

(A.390)

(A.391)

where F;C (i=1,...,8)is given in (A.353)—(A.360). Hence, the asymptotic form of the Jacobian
matrix in (A.253) becomes

f(w, 5) x a1¢§lg + ClﬁB6 + a7B7 + ang + ang + Bc,

where B¢ is given in (A.362) and

B® O B! O] [B® O B? O
B6:[l 6:|a B7:|:] AR B8: ! 81> B9: ! 9
O BS O Bj] 0 BS O B)
w3 Wy wi %) ] [ w7 ws %] WwWe ]
B6 _ | W4 w3 —w2 Wi B6 _ | ws W7 —We ws
1~ ’ 2 ’
w3 —W4 Wi —W7 w7 —Wg w5 —We
—W4 —W3 —W2 —W1_ _—Wg W7 —Weg —W5_
0 0 w3 —wy] 0 0 wy  —wg]
0 0 -wy -w 0 0 -wg —-w
7 _ 4 3 7 _ 8 7
Bl =2 wip —Wwp 0 0| Bz 2 W5 —We 0 0
w2 Wi 0 0 | We  Ws 0 0
0 0 W32 — W42 —2W3W4
BS _3 0 0 2W3W4 W32 - W42
1 W12 - W22 —2W1W2 0 0 ’
—2wiwy —W12 + W22 0 0
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0 0 wi? —wg?  —2wywg

] 0 0 2wiwg w2 — wg?
BZ = 3 2 2 ’
w5~ — Weg —2W5W6 0 0
—2W5W6 —W52 + W62 0 0
[ 2(wiws — wawy)  2(—wiwyg — waws) wi? = wy? —2wiws
B0 — 2(—wiwg — wows) 2(—wiws3 + wowy) —2wiwy w12+ wy
1 W32 — W42 2w3wy 2(W1W3 + W2W4) 2(—W1W4 + W2W3) ’
—2W3W4 W32 — W42 2(—W1W4 + W2W3) 2(—W1W3 - W2W4)_
[ 2(wsw7 — wewg)  2(—wswg — wew7) ws® — we” —2wswe
g = |2(-wsws —wews)  2(=wsw7 + wews) —2wswe —ws? + we?
2 wy% — wg? 2wwg 2(wswy + wewg)  2(—wswg + wegw7)|
—2w7wg w7? — wg? 2(-wswg + wew7)  2(—wsw7 — wews) |

Substituting wsqr = (W, 0, w, 0,0, 0,0,0) into (A.384) and solving F; = 0 for 5, we have

aeg + ay

= ¢qu ==

hd

ai

Evaluating the Jacobian matrix (A.392) at (wgqr, (l?qu), we have

_ — Cu O
with
—ar 0 ae + 2a7 0
_ 0 —2a6 — a7 0 o~ 2a7 -
Cn= as + 2a7 0 —ay 0 , Cin=—(ag + a7)ly.
0 —ag + 2a7 0 285~ a1

The eigenvalues of the matrix J (WsqT, aqu) are given by

A1 = (ag + a7)w,

Ay = —(616 + 3a7)w,

A3, 44 ~ —(2a¢ + a7)w * i(ag — 2a7)w,
As ~ —(ag + a7)w  (repeated 4 times).

(A.393)

(A.394)

(A.395)
(A.396)
(A.397)
(A.398)

Since the eigenvalues A and A5 have opposite signs, there is at least one positive eigenvalue. Thus,

the bifurcating solution wyqr is always unstable.

Substituting wsqvm = (w, 0, w, 0, w, 0, w, 0) into (A.384) with (A.353) and solving F; = O for 5,

we have
~ ag + ay

¢ = dsqvm ~ —
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Evaluating the Jacobian matrix (A.392) at (Wsqvm, @QVM), we have

TWsqums Psqum) = W (A.399)

0O Ci

Cii 0]

where C; is given in (A.394). The eigenvalues of the matrix 7(quVM, (quVM) are given by

A1 = (ag + a7)w,
Ay = —=(3ag + a7)w,
A3, A4 = —{2a¢ + a7 + i(ag — 2a7)}w

and are all repeated twice. Assume that all eigenvalues have negative real parts. If w < 0, we have
the following stability conditions:

ag + a7 < 0, (A.400)
3ae + a7 > 0, (A.401)
2a¢ + a7 > 0. (A.402)

If w < 0, we have the following stability conditions:

ag + ay > 0, (A.403)
3ag + a7 <0, (A.404)
2a¢ + a7 < 0. (A.405)

Thus, the stability of wsqvm depends on the direction w of the bifurcating solution and the values
of ag and a7.

Remark A.5. For the case (7, k, f) = (5,2, 1), we have the following statements:

e The solutions wyiper and Wyriperr do not exist. See Proposition A.22. In fact, K2+ ¢ = 5.
This is divisible by 7 = 5. Hence, the condition (A.303) is not satisfied.

e The solutions Wypside—downl and Wypside—downnt do not exist. See Proposition A.24. In fact,
ged(k? + €, k2 — 0) = ged(5,3) = 1. This is divisible by ged(A, 2k€) = ged(5,4) = 1. Hence,
the condition (A.307) is not satisfied.

Case 3: (A, k,f) = (8,3,1)
For the case of (7, k, f) = (8,3, 1), we have

(0,1,0,1,0,0,1,0), (0,0, 1, 1,0, 1,0,0), (0,0,0,2, 1,0,0,0),
(0,0,0,0,2,0,0,1),(0,0,0,0,0,0,0,3) € P
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as well as

(1,0,0,0,0,0,0,0),(2,0,0,0, 1,0,0,0),(1,1,0,0,0, 1,0,0),
(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0,1) € P

in (A.311). Then, the asymptotic form of F; (i = 1, ...,4) in (A.345) becomes

~ - - 2= — 2= -3 c
F1 = a1¢z21 + a10222423 + a11232422 + a1224°21 + 1321724 + a1a24” + F,
—~ - - 2= — 2= -3 c
Fy ~ a19zp + 410212324 + 411242321 + 1223722 + a1322°23 + 41423~ + Fy,
e - - 2= - -3 c
F3 ~ a1¢z3 + 410242221 + 411212224 + 1222723 + a1323 22 + a1422” + Fy,

e - - 2= - 2= -3, -C
Fy ~ a1¢zq + a10z32122 + 411222123 + 41221724 + 41324721 + a1421” + F)
with

aio = A01010010(0),  a11 = Aoo110100(0), a1z = Ao0021000(0),
a1z = Ap0002001(0), @14 = A00000003(0),

(A.406)
(A.407)
(A.408)
(A.409)

(A.410)

where Fl.C (i = 1,...,4)is given in (A.346)—(A.349). Then, the asymptotic formof F; (i = 1, ..., 8)

in (A.255)—(A.258) becomes

Fi = arpwi + aro{ws(wzws — waws) + we(wzwsg + wawy)}
+ ar{ws(wswrs — wews) + wa(wswg + wews)}

+ app{wi(wr? — ws?) + 2wawyws} + apz{wr(wi? — wa?) — 2wgwiwa }

+ 611414/'7(\/1/72 — 3W32) + FC,
B> = aj¢pwy + ajo{ws(waws + wawy) — we(wawy — wawg)}
+ a{ws(wswg + wew7) — wa(wswz — wewg)}

+ app{~wa(ws* — wg?) + 2wiwyws} + az{—ws(w1> — wa%) — 2wywiwy }

+ a14W3(—3W72 + Wgz) + FC,

F3 = aj¢pws + ajo{wi(wswy — wewg) + wa(wswg + wew7)}
+ ap{wr(wiws — waws) + wg(wiwe + wows)}

+ ann{wi(ws? — we?) + 2wawswe} + arz{ws(ws? — wy®) — 2wewawa}

+ aigws(ws® — 3we?) + FY,
Fy = arpwa + aro{wi(wswg + wew7) — wa(wswz — wewg)}
+ a{wr(wiws + waws) — wg(wiws — wowe)}

+ app{-wa(ws? — we?) + 2wswswe} + a3 {—we(ws® — wa®) — 2wswiws}

+ a14w6(—3W52 + W62) + fc,
Fs = ai¢pws + ajo{wi1(wzws — waws) + wa(wzwg + wawy)}
+ar {wr(wiws — wawy) + wg(wiws + wows)}
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+ arn{ws(ws? — wa?) + 2wswawe} + a13{ws(ws> — we?) — 2wawswe }

+ a14W3(W32 - 3W42) + FC, (A.415)
Fo ~ a1we + ao{wi(wswg + wawy) — wa(waws — waws)}

+ap {wr(wiwg + wowz) — wg(wiwz — wawy)}

+ an{-we(ws® — wa?) + 2wawaws} + a;z{-wa(ws> — we’) — 2w3wswe }

+ apawa(=3ws? + wa?) + FE, (A.416)
Fy ~ a1dwy + ajo{ws(wiws — wawg) + we(wiwg + waws)}

+ap {wi(wiws — wawe) + wa(wiws + waws)}

+ app{wi(wi® = w2?) + 2wswiwy} + apz{wi(ws® — wg?) — 2wowyws}

+ aywi(wy? = 3w?) + FE, (A.417)
Fy ~ aydwg + ajo{ws(wiwy + waws) — we(wiws — wawy)}

+ay{ws(wiwe + waws) — wa(wiws — wawe)}

+ app{-ws(wi> — w2?) + 2wywiwa} + ajz{-wa (w7 — ws®) — 2w wyws}

+ ajawa(=3wi2 + wa?) + FC, (A.418)

where F:.C (i=1,...,8)is given in (A.353)—(A.360). Hence, the asymptotic form of the Jacobian
matrix in (A.253) becomes

Jw,$) = a1¢ly + ajoBio + a1 B1y + apBiz + a13B13 + a14B14 + Bc, (A.419)
where B¢ is given in (A.362) and
BIO BIO Bll Bll BIZ BIZ
Bo=|1, 3 By=|1 3 By = ! 3 (A.420)
10 plof’ 11 1| I2\T pl12|°
B,” B, B," B, (B3 ) B,
Bl3 Bl3 19) Bl4
Bi=|1 3 By = 1 (A.421)
13 13]° 14 ’
B,” B, B," O
0 0 Wsw7 + wgwsg —wswg + W6W7-
Bl0 _ 0 0 W5Wg — WeW7  WsW7 + WeWg
L7 lwswy — wewg  wswg + wgwy 0 0
| Wswg + wew7  —Wsw7 + wewg 0 0
0 0 WIW3 + Wowg —Wiwyg + W2W3-
Blo _ 0 0 WiW4 — Waw3  WIW3 + Wawy
2 7 lwiws — wawa  Wiwa + wows 0 0
[ wiwg + wows  —wiws + wowy 0 0
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W3W7 — W4Wg
W3wg + wWawy
Wiw7 + wows
Wiwg — Woaw7y

W3W7 — W4Wg
W3wsg + Wawy
W3Ws5 + WaWg
—W3Wwg + wWaws

0

0
Wsw7 + WgWwsg
| —W5W8g + wew7y

=
=
|

0

0
WIW3 + Wawy
| —Wiw4 + wows

W3W7 + Wawg
W3Wg — Waw7y
Wiw7 + Wowg
—wiwg + wowy

11 _
By =

W3W7 + Wqawg
—w3wg + wawy
W3Ws5 + WaWwg
W3Wg — W4W5

11 _
B4 -

—W72 — Wws

2wrwg
0
0

—W32 — W4
2w3wy
0
0

2

2

W3Wwg + Wawy
—W3wW7 + W4aws
—wiwg + wawy

Wiw7 + Wowsg

W3wg + wawy

—W3w7 + wawsg

W3Wg — W4Ws5
W3Ws5 + WaWwg

0

0
W5swg — WeW7
WsW7 + WeWwsg

0

0
WiW4 — WoW3
WiWw3 + Wowy

—W3wg + wWawy

W3w7 + Waws
Wwiwg — wawzy
wWiw7 + wowg

W3Wg — WaWwy
W3W7 + Wqawsg

—W3Wwg + waws

W3Ws5 + WaWg

2w7wg
—W72 + Wgz
0
0

2w3wy
—W32 + Wy
0
0

2
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W3Ws5 + WaWg
—W3Wg + W4W5
WiWs + Wawg
WiWg — WaWs

Wiw7 + Woawg
Wiwg — Wawy
Wiws + Wawg
—Wiwg + Waws

WsW7 — WeWg
wswg + Wewy
0
0

WIW3 — Wawy
WiW4 + Wow3
0
0

W3Ws5 + WaWg
W3We — W4W5
WiWs5 — WaWg
WiWg + Wows

Wiw7 + Woawg

—wiwg + wowy

WiWws — W2 We
WiWe + Wows

W3iWg — W4Ws5
W3Ws5 + WaWg
—WiWg + WaWws
WiWs5 + Woawg

—Wiwg + Wawy
Wiw7 + Woawg
WiWwe — WaWs
Wiws + Wawg

Wswg + Wew7y ]
—WwWsw7 + wewsg
0 5
0

WiW4 + Wow3 ]
—WiwW3 + Wowy
O b
0

—W3Wg + WqWws
W3Ws5 + WqaWeg
WiWg + Wows

—WiWs5 + Wawg

Wiwg — Wawy
wiw7 + wowg
WiWwg + Wows
—W1Ws5 + WaWg

0 0 ]
0 0
W52 — W62 2W5W6 ’
2wswg —W52 + W62_
0 0 ]
0 0
W]2 - sz 2W1W2 ’
2wiwy —wi?+ wzz_




12 _
B?=2

13
Bl

13
B2

0

0
W3Ws5 + WaWwg
W3Wg — WaWs

0

0
—W3Wg + WaWws
W3Ws5 + WaWwg

[ WIW7 — WaWwg  —WiWg — Wawy
-9 —Wiwg — Waw7 —WiW7 + Worwg
0 0
_ 0 0
[ W3iWwWs — W4aWeg —W3Wg — W4aWs5
-9 —W3Wg — WqaWs5 —W3Ws5 + WaWeg
0 0
0 0
[ 0 0
g | 0 0
3 W32 - W42 —2W3W4
| —2w3wy —W32 + W42
[ 0 0
ga_| 0 0
4 W72 - W82 —2W7W8
| —2W7W8 —W72 + Wg2
[ 0 0
L7 ws?2 —we? =2
5 6 WsWe
| —2wswe —wsZ + w2
[ 0 0
14 _ 0 0
BZ =3 2 2 2
wim = w2 —LWiw2
| =2wiws —W12 + W22

Wiw7 + Wawg
wWiwg — Wawg
0
0

0

0
W3W5 — WqaWeq
—W3Wg — W4aW5

0

0
Wiw7 — Woawsg
—Wiwg — woawy

2 2

wi1m —Wwp —2W1W2
—2W1W2 —W12 + W22
0 0 ’
0 0 |
W52 — W62 —2W5W6
—2W5W6 —W52 + W62
0 0 ’
0 0
w2 —wg?2  —2wiwg |
—2W7W3 —W72 + Wgz
0 0 ’
0 0 |
W32 - W42 —2W3W4
—2w3wy —W32 + W42
0 0
0 0 |

Wiwsg + wowy

WiwW7 + wWowsg

() b
0

0

0
—W3Wg — W4aW5
—W3ws + W4Ws |

0

0
—WiWwg — Woawy
—-wiwy + WoWg |

Substituting wgqvm = (w, 0, w, 0, w, 0, w, 0) into (A.411) and solving F; = 0 for (}5, we have

a+az+aqg+as+ayptatapt+aitayg o
w-.

¢ = ¢sqVM =

259

ai



Evaluating the Jacobian matrix (A.419) at (Wsqvm, asqVM), we have

Ci2 C”] + T vM (A.422)

_ ~ 2
J(quVM7 ¢sqVM) W [C13 Ci

where }ESqVM is given in (A.376) and

cc 0 ¢ O ez 0 ¢ O

10 2 0 « |0 —cs O cs
C12— C3 0 C1 of’ CB_ C5 0 C3 of’

0 —C4 0 2 0 Ce 0 C4

cl=-—ajp—ap +aj3—day, € =-ajp—ay —2ap—-3a;3—-ay, ¢3=ayp+ay,
c4 =aypp—ay, ¢s=ayp+ay+2ap+az+3ay  ce=apt+an +2apn - a3 —3apy.

The eigenvalues of the matrix f(wsqVM, @qVM) are given by

A1, A = {(c1 + ¢3) + (5 + cg) w2,
A3, A4 = {(c1 — ¢3) + (c5 — cg)}w?,

As, g ~ (cp C7)w2 (repeated twice),
which are rewritten as

A =2a+as+ag+as+ay+ay +ap+aps+ a14)w2,
A~ 2ay + a3 — as — as — ayo — ary — ap — 2a)w,

3~ 2ay — a3 + as — as — ayo — ary — aip — 2aja)w,

Ay~ 2ar — a3 —as +as — ayg — ary +app + a3 + a)w’,
As =~ =2(ayp + ay + 2a1p + a1z — a14)w2 (repeated twice),
Ag

Q

—4(a;z +a 14)w2 (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions:

a)+az+as+as+ajpg+ay +apt+aps+ang <0, (A.423)

a)+az—aq—as—ajp—ai] —ag —2a14 <0, (A.424)

a)—az+aq—as—ajp—ay] —ayp — 2a14 < 0, (A.425)

a)—az—as+as—ajp—aj +ap+ap+as <0, (A.426)

ajo +ap +2app +ayz —ayg >0, (A.427)

a3 +aps > 0. (A.428)
Thus, the stability of wyqvm depends on the values of ay, . . ., as and ajq, . . ., a4.
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Remark A.6. For the case (7, k¢ ) = (8,3, 1), we have the following statements:

* The solutions wyyiper and wgiperr do not exist. See Proposition A.22. In fact, k2-¢ = 8.
This is divisible by 7 = 8. Hence, the condition (A.303) is not satisfied.

* The solutions Wypsige—downt and Wypside—downtt d0 not exist. See Proposition A.24. In fact,
ged(k? + £,k - €) = 2gcd(10,8) = 2. This is divisible by ged(f, 2kf) = ged(8,6) = 2.
Hence, the condition (A.307) is not satisfied.

 The solution wsr does not exist. See Proposition 3.32. This case corresponds to the
case (A, k,0) = (2k + 20, k,f). In fact, 2 gcd(k,#) = 2gcd(3,1) = 2. This is divisible by
gcd(k2 + 2 i) = ged(10, 8) = 2. Hence, GCD-div in (3.190) is not satisfied.

O
Case 4: (A, k,¢) = (10,3, 1)
For the case of (7, k, f) = (10,3, 1), we have
(0,1,0,0,2,0,0,0),(0,0,0,0,0,3,0,0) € P
as well as
(1,0,0,0,0,0,0,0),(2,0,0,0,1,0,0,0),(1,1,0,0,0, 1,0, 0),
(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0,1) € P
in (A.311). Then, the asymptotic form of F; (i = 1,...,4) in (A.345) becomes
Fi ~ a1971 + a152271° + a1e22” + FL, (A.429)
Fy ~ a2y + a152122° + a621° + FE, (A.430)
F3 ~ ai¢z3 + a1sz?s” + aiezs” + Fy, (A.431)
Fy ~ a1¢z4 + a157324° + arezs” + Ff (A.432)

with
ais = Ao1002000(0),  ais = A00000300(0),

where Fl.C (i = 1,...,4)is given in (A.346)—(A.349). Then, the asymptotic formof F; (i = 1, ..., 8)
in (A.255)—(A.258) becomes

Fi ~ 1wy + ars{ws(wi® — wa?) + 2wawiwa} + ajews(ws® — 3wy?) + FE, (A.433)
Fy ~ a1dwa + ars{wa(wi® = wa?) = 2wswiwa} + ajewa(=3ws> + wy?) + FL, (A.434)
P ~ a1¢ws + ars{wi(ws® — wa®) — 2wawzwa} + ajewi (w1 — 3wp?) + FS, (A.435)
Fy ~ a1dwy + ars{—wa(w3® — ws?) = 2wiwawa} + a1ewa(3wi® — wo?) + FS, (A.436)
Fs ~ aj¢ws + ars{wi(ws> — we?) + 2wgwswe} + agws(ws* — 3wg?) + FE, (A.437)
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Fo = ajdpwe + a1s{ws(ws> — we?) — 2wywswe} + ajews(=3ws> + wg?) + FC,

Fy = ajdwy + ais{ws(ws> — wg?) — 2wewyws} + ajews(ws” — 3wg”) + Fx,

Fy ~ ajdwg + ais{—we(w7* — wg?) — 2wswywg} + argwe(3ws> — we?) + Fe,

(A.438)
(A.439)
(A.440)

where fic (i=1,...,8)is given in (A.353)—(A.360). Hence, the asymptotic form of the Jacobian

matrix in (A.253) becomes

J(w, ®) ~ a1$ls + aisBis + aigBis + Be,

where B¢ is given in (A.362) and

(A.441)

BIS 0 Bl6 0
Bis=|"] 5|, Bis=| /1 16>
O B, O B,
[2(wiws + wawa)  2(wiws — wows) wiZ = wy? 2wiwn
2 2
BIS _ 2(wiwg —wowz)  2(—=wiw3 — wawy) —2wiws Wi~ —wa
= 2 2 ,
! W3~ — Wy —2w3wy 2(wiws —wawy)  2(=wiwg — waws3)
—2W3W4 —W32 + W42 2(—W1W4 - W2W3) 2(—W1W3 + W2W4)_
[2(wsw7 + wewg)  2(wswg — wew7) WsZ — we2 2wswe
BIS — 2(wswg —wew7)  2(=wsw7 — wews) —2wswe ws? — we*
2 = 2 —wg? -2 2 — 2(- —~ ’
W7~ — wg W7wsg (wsw7 —wewg)  2(—wswg — wewr)
—2wywg —wq? + wg? 2(-wswg — wew7) 2(—wsw7 + wewg) |
0 0 W32 - W42 —2W3W4 ]
16 0 0 —2w3wy —W32 + W42
w1© —wp —2wiws 0 0
| 2wiwy wiZ — wy? 0 0
0 0 w2 —wg?2  —2wiwg |
16 0 0 —2W7W8 —W72 + Wg2
B)"=3| 2 2
w5~ — Weg —2W5W6 0 0
| 2wswe w52 — we? 0 0

Substituting wyqr = (w, 0,w, 0,0, 0,0,0) into (A.433) and solving Fy = 0 for 5, we have

= ¢qu ~ =

S

ai
Evaluating the Jacobian matrix (A.441) at (W, 5qu), we have

= - 2 |Cla O
J(wqu, ¢qu) ~w [ 10) C15
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a +asz+ajstae -
w-.

sqT

b

(A.442)



where 75qu is given in (A.363) and

ais — adie 0 ays + 36116 0
0 —3(115 —aie 0 ais — 3‘116
C1a = ais + 3aie 0 ais — aie 0 ’ (A-443)
0 —a1s + 3aig 0 —3a15 — ag
C15 = —((l15 + a16)I4. (A.444)

The eigenvalues of the matrix 7(wqu, (l?qu) are given by

/11 7 2((12 +a3+ a5+ a16)w2,
D = 2ar — a3 — 2ai6)w?,
D3, A4 ~ —{3ar5 + ag + i(ars — 3aie)}w?,

As = —(ap + a3 —aq — as + a5 + 016)W2 (repeated 4 times).

Assuming that all eigenvalues have negative real parts, we have the following stability conditions:

a)+az+ajs+aie < 0, (A.445)

ar —az —2ai6 < 0, (A.446)

3a1s5 + aje > 0, (A.447)

ar)+az—ag —as+ajs+ae < 0. (A448)
Thus, the stability of wyqr depends on the values of ay, . . ., as, ai5 and aje.

Substituting wsqvm = (w, 0, w, 0, w, 0, w, 0) into (A.433) and solving F; = O for 5, we have

~  ~ a) +az +aq +as+ a5 + age 2
¢:¢sqVMz_ w”.

a
Evaluating the Jacobian matrix (A.441) at (Wsqvm, q?sqVM), we have

~ ~ C 0 ~sqVM
TWsqvMs Psqvm) ~ W [ 014 C14] +Je (A.449)

where Ci4 is given in (A.443), and ?IESqVM is given in (A.376). The eigenvalues of the matrix
J(Wsqvm, Psqvm) are given by

Al ~ 2(as + az + as + as + ais + ajeg)w?,

Ay~ 2az + az — ag — as — ays — aie)w’,

A3 ~ 2(as — az + as — as — 2ai6)w>,

Ay = 2(as — az — as + as — 2a16)w>,

As, A ~ —{3ais + aie + i(a15 — 3a16)}w? (repeated twice).
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Assuming that all eigenvalues have negative real parts, we have the following stability conditions:

ar)+az+ag+as+as+ae <0,
a)+az—as—as—ays —aye <0,
az—a3+a4—a5—2a16<0,

a) —az — a4 +as —2ae <0,
3a15+a16>0.

Thus, the stability of wgqvm depends on the values of ay, . . ., as, a5 and aye.

Remark A.7. For the case (7, k, f) = (10, 3, 1), we have the following statements:

(A.450)
(A.451)
(A.452)
(A.453)
(A.454)

* The solutions Wyiper and Weriperr do not exist. See Proposition A.22. In fact, k2 + 7 =10.

This is divisible by 7 = 10. Hence, the condition (A.303) is not satisfied.

* The solutions Wypsige—down and Wypside—downt1 d0 not exist. See Proposition A.24. In fact,
ged(k? + £, k% — ) = 2.ged(10,8) = 2. This is divisible by ged(, 2k€) = ged(10,6) = 2.

Hence, the condition (A.307) is not satisfied.

Case 5: (A, k,€) = (4k, k, )
For the case of (7, k, f) with 7 = 4k, we have

(0,0,0,0,1,0,2,0) € P

as well as

(1,0,0,0,0,0,0,0),(2,0,0,0,1,0,0,0), (1, 1,0,0,0, 1,0, 0),

(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0,1) € P

in (A.311). Then, the asymptotic form of F; (i = 1, ...,4) in (A.345) becomes

~ —— 2, C
Fi = a1¢z1 + a172123° + F,

~ - 2
a1z + a11z2z4> + FE,

ST
2

~ —— 2 C
a1¢zz +ay7z3z1” + Fy,

oo
R QR

ry - C
arpza + 0117Z4Z22 + F4

with
a7 = Aoo001020(0),

(A.455)
(A.456)
(A.457)
(A.458)

where Fl.C (i=1,...,4)isgivenin (A.346)—(A.349). Then, the asymptotic form of I:“; @i=1...,8)

in (A.255)—(A.258) becomes

Fi =~ ajgpwy + ai7{ wi(ws® — wg?) — 2wawswe)} + FC,
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Fa ~ aj¢wr + apr{-wa(ws* — we) — 2wiwswe} +
F3 ~ ai¢ws + ain{ wi(ws® — wg?) + 2wawywg} +
Fy ~ a1¢wy + ayr{-wa(w7* — wg?) + 2wawywg} +
Fs ~ a1gws + aiz{ ws(wi? = wr?) = 2wewiwa} +
Fo ~ a1¢we + air{-we(w1? — wa%) — 2wswiwo} +
Fr ~ a1gwy + arr{ wi(ws? — wa®) + 2wgwawa} +

Fy ~ a1¢pws + air{-ws(ws” — wa?) + 2wyw3wa} +

Fy,
Ff,
Ff,
F¢,
FE,
FY,

ﬁC

(A.460)
(A.461)
(A.462)
(A.463)
(A.464)
(A.465)
(A.466)

where F;C (i=1,...,8)is given in (A.353)—(A.360). Hence, the asymptotic form of the Jacobian
matrix in (A.253) becomes

J(w, $) ~ a\$lg + a17By7 + B,

where B¢ is given in (A.362) and

0
0

Bl7 Bl7
By7 = L 3
17\T 171’
(B;')" B,
-W52 - W(,2 —2W5W6 0 0
Bl 2wswe  —WsZ + we2 0 0
= 0 0 wy? — wg? 2wwg
0 0 2wiwg  —wgZ + Wgz_
—W12 - W22 —2W1W2 0 0
B17 _ —2W1W2 —W12 + W22 0 0
2 - 0 0 W32 - W42 2W3W4
0 0 2waws  —ws3Z + W42_
Wiws — Wawg —WiWe — WoWs5 0
—WiWe — WaWws5 —WiWs5 + WrWg 0

By =2 0

0

0
0

W3wW7 + Waws
W3Wwg — Wawy

—w3wg + wawy |
W3W7 + Wawg

(A.467)

Substituting wiper = (w, 0,0, 0,0,0,0,0) into (A.459) and solving F; = 0 for 5, we have

¢ = ¢stripel oW
ai

Evaluating the Jacobian matrix (A.467) at (Wipel, asmpel)’ we have

—stripel

T Y 0o O
JWstipet, Gitriper) = W [0 C16] +Jc
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where %Stripel is given in (A.363) and

aly 0 0 0

_ 0 —ai7 0 0
Co=10o 0 o0 ol
0 0O 00

The eigenvalues of the matrix f(wsmpel, gsmpel) are given by

A = 2a2W2,

A = O(w),
3, Aa = —(az — as = ajp)w?,
As = —(apy — ag)w2 (repeated twice),

Adg ~ —(ay — as)w2 (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a <0, ay—as+ay;7 >0, az—a3>0, az—a5>0.
These conditions are equivalent to
max(as, aq + |ay7|,as) < ax <O0. (A.469)

Thus, the stability of wgyiper depends on the values of ay, . . ., as and a;7.
Substituting wgipert = (0, w, 0,0,0,0, 0, 0) into (A.459) and solving F> = 0 for ¢, we have
—_~ —_~ az
& = Pstripell © ——w?.
ai
Evaluating the Jacobian matrix (A.467) at (Wgyiperr, (Zsmpeu), we have

—~stripell

+Je ) (A.470)

.7 Wtri becri ~ 1/1/'2
( stripell> ¢str1peH) 19) _Cl 6

where Ci¢ is given in (A.6.5), and »stmpen is given in (A.366). The eigenvalues of the matrix
f(wstripen, (;stripell) are equivalent to that for wyiper. Hence, stability conditions for wgyipery are
equivalent to that for wyiper.

Substituting Wupsidge—downt = (W, 0,0,0,w, 0,0, 0) into (A.352) and solving F; = O for 5 we have
a +ag +ayy o
_—w-

¢ = ¢upside—downl X -
aj

Evaluating the Jacobian matrix (A.361) at (Wypside—downl, aupside—downl)’ we have

Ciy Clg} + Tupside—downl (A471)

T re 2
J (wu side—downl> Pu side—downl) ~WwW
P i Cis Ci7
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with

0 0 0 0 2ay7 0 00

_ 0 —26117 0 0 _ 0 —26117 0 0
Ci7 = 0 0 I E Cig = 0 0 0 ol (A.472)

0 0 0 -—arny 0 0 00

The eigenvalues of the matrix J(Wupside—downls aupside—downl) are given by

A1, Ay =~ 2ap + (aq + a17)w2,
A3 ~ —dajw?,
A4 = O(w?),
As = —(ap — a3 + a4 — as + 6117)w2 (repeated 4 times).
Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ap < —lag+ay7|, a7 >0, ay—az+as—as+ay;>0.

These conditions are equivalent to

az—ag+as—ayy < ay < —|ag + ayq| (A.473)
as > 0. (A.474)
Thus, the stability of Wypside—downr is conditional and depends on the values of ay, . . ., a5 and a7.

Substituting Wypside—downtt = (0, w, 0,0, 0, w, 0, 0) into (A.352) and solving F> = 0 for 5, we have

~  ~ a +aqs+ay7 o,
¢ = ¢upside—downll ~ _—a w”.
1

Evaluating the Jacobian matrix (A.361) at (Wypside-downl> aupside—downll)a we have

—~ ~ ~upside—downlI C -C
J(wupside—downII, ¢upside—d0wnII) = JCupSI T 5 w? [_C{?S C1;8] (A.475)
with
—26117 0 0 0
0 0 O 0

0 0 0 —ai7

where Cg is given in (A.472). The eigenvalues of the matrix ﬂwupside_downu, aupside—downll) are
equivalent to that for wypgide—downi- Hence, stability conditions for wypside—downl are equivalent to
that for Wupside—downI -

Substituting wgqym = (w, 0, w, 0, w, 0, w, 0) into (A.459) and solving F; = 0 for (Z, we have

~  ~ ataz+aqstas+ayy ,
¢:¢sqVMz_ w”.

ai
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Evaluating the Jacobian matrix (A.467) at (Wsqvm, asqVM), we have

Tongon. qen) = [0 €314 T, (A47)
where ESqVM is given in (A.376) and
0O 0 0 O ai7 0 0 O
SR I S e (R
0 0 0 -an 0 0 0 air

The eigenvalues of the matrix f(wsqVM, qudsqVM) are given by

A = 2(ar + a3 + ag + as + a17)w2,

D = 2ay + a3 — aq — as — ay7)w?,

A3~ 2(ar —az + as — as + 6117)W2,

A4 ~ 2(ay — a3 — ag + as — ay7)w?,

A5 = —4a17w2, (repeated twice)

g ~ O(w?) (repeated twice).
Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a)+azt+aqg+as+ayy < 0, (A.478)

ar+azy—ag—as—apy <0, (A.479)

a)—az+as —as+ayy <0, (A.480)

a)—az—aq+as—ay7 < 0, (A.481)

a7 > 0. (A.482)
Thus, the stability of wsqvm depends on the values of ay, . . ., as and a;7.

A

Remark A.8. For the case (4, k, ) = (4k, k, £), Wwsqr does not exist. See Proposition 3.32.
Case 6: (A, k,0) = (40, k, )
For the case of (A, k, £) with /i = 4, we have
(0,0,2,0,1,0,0,0) € P
as well as

(1,0,0,0,0,0,0,0),(2,0,0,0,1,0,0,0), (1, 1,0,0,0, 1,0,0),
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(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0,1) € P
in (A.311). Then, the asymptotic form of F; (i = 1,...,4) in (A.345) becomes

— .
Fi ~ a1¢z1 + aizz3’z1 + FC,
— .,

F~a ¢z +agza 70 + FC,
8 -

F3 ~ ay¢z3 + aig21°23 + FS,

— o,
Fy ~ ar¢pza + a1822°74 + F4C
with

aig = A00201000(0).

where FZ.C (i=1,...,4)is givenin (A.346)—(A.349). Then, the asymptotic form of F, (i=

in (A.255)—(A.258) becomes

Fi ~ agwi + aig{ wi(ws® = we?) + 2wowswe)} + Ff,
Py ~ aydwa + aig{~wa(ws> — we?) + 2wiwswe)} + Fx,
Fy ~ aj¢ws + aig{ w3(ws* — ws?) — 2wawywg)} + FS,
Fy ~ aj¢wa + arg{—wa(ws* — ws?) — 2wawywg)} + L,
Fs ~ ai¢ws + ais{ ws(w1? — wa?) + 2wewiwo)} + F,
Fo ~ a1¢we + aig{-we(w1? = w2?) + 2wswiwo)} + F¢,
Fr ~ ajgwr + aig{ wi(ws® — wa?) — 2wgwawa)} + FX,

Fy ~ ayj¢wg + ajg{—wg(w3? — ws?) — 2wywywa)} + FS,

(A.483)
(A.484)
(A.485)
(A.486)

1,...,8)

(A.487)
(A.488)
(A.489)
(A.490)
(A.491)
(A.492)
(A.493)
(A.494)

where IAiC (i=1,...,8)is given in (A.353)—(A.360). Hence, the asymptotic form of the Jacobian

matrix in (A.253) becomes L
J(w,¢) =~ a1¢ls + aigB1s + Bc,

where B¢ is given in (A.362) and

BIS BIS
Big = 118 T 318 >
(B;®) B,
W52 - W62 2W5W6 0 0
Blg _ 2wsweg —W52 + W(,z 0 0
1 0 0 W72 - Wg2 —2W7W8
0 0 2wiwg  —wg% + wg?
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W12 - W22 2W1W2 0 0
BI8 _ 2wiws w2+ wy? 0 0
2 - 0 0 W32 — W42 —2W3W4
0 0 —2W3W4 —W32 + W42
WIWs5 + Wowg —WiWg + WoaWs 0 0
BIS 9 WiWg — Waws  WiW5 + WaWwg 0 0
3 0 0 W3W7 — wawg  —w3wg — wawq |’
0 0 —W3Wg — WaW7 —W3W7 + Wawg

Substituting wyiper into (A.487) and solving F; = 0 for 5, we have

—_~ —_~ a2 2
& = Qsripel ® ——W".
ai

Evaluating the Jacobian matrix (A.495) at (Wipel, (Zsmpel), we have

77 = 0O O —~stripel
J(Wstripel’ ¢stripel) ~ w? [0 sz] + JCS be , (A.496)

where ?EStﬂpeI is given in (A.363) and

aisg 0 00
10 —aig 0 0
2=y o o0 o
0 0O 00

The eigenvalues of the matrix J (Wstripel, (ﬁtripel) are given by

A =~ 2a2w2,

Ay~ O(W?),

3, Ay = —(an — ag + ajg)w?,

As = —(ap — ag)w2 (repeated twice),
Ag = —(ap — a5)w2 (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ar <0, a—as+xa13>0, ay—az>0, ay—as>0.
These conditions are equivalent to

max(as, ag + |aig|, as) < a; < 0. (A.497)
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Thus, the stability of wiper depends on the values of ao, . . ., as and as.
Substituting wipert = (0, w, 0,0, 0,0, 0, 0) into (A.459) and solving F> = 0 for 5, we have
a2 2

¢ = Pstripenn ¥ ——w".
ai

Evaluating the Jacobian matrix (A.495) at (Wipelr, (;stripeﬂ), we have

—stripell

T (Wstripell, Pstripert) = w* +Jc o, (A.498)

o
0 —Cx»

where C»; is given in (A.6.5), and 7Esmpen is given in (A.366). The eigenvalues of the matrix
f(wstripen, astripen) are equivalent to that for wggipe;. Hence, stability conditions for wyiperr are
equivalent to that for wyiper.

Substituting Wypsidge—downt = (W, 0,0,0,w, 0,0, 0) into (A.352) and solving F; = O for (Z, we have

~ a +ag +ag ,
—— 1 N

¢ = ¢upside—downl =
ai

Evaluating the Jacobian matrix (A.361) at (Wypside—downl, c};upside_downl), we have

Coz Oy ~—upside—downl

T(Wupside—downl> Pupside— ~ w? +J A.499
(wups1de downl ¢ups1de downl) w [C24 C23 C ( )
with
0 0 0 0 2a;3 0 0 O
_ 0 —26118 0 0 _ 0 26118 0 0
=10 0 -ag 0] X |lo 0 00 (4.500)
0 0 0 -—as 0 0 00

The eigenvalues of the matrix J(Wupside—downls ‘;upside—downl) are given by

Ay, Ay = 2ap + (ayg + ag)w?,
A3 ~ —aigw?,
A = O(w?),

As ~ —(ap —az + a4 — as + cizug)w2 (repeated 4 times).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ap < —|a4+a13|, aig >0, ap—az+aq—as+ag>0.
These conditions are equivalent to

azy—aq +as+ a7 <ay < —|a4 + a18| (A.SOI)
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aig > 0. (A.502)

Thus, the stability of Wypside—downr is conditional and depends on the values of ay, . . ., as and a;s.
Substituting wypside—downtt = (0, w, 0,0, 0, w, 0, 0) into (A.352) and solving F> = 0 for ¢, we have

~ a +ag +ag ,
—_— W .

¢ = ¢upside—downII =
ai

Evaluating the Jacobian matrix (A.361) at (Wupside—downll, (;upside—downll), we have

~ ~ ~upside—downlII Cys C
J(Wupside—downIIa ¢upside—downII) = JCupSI e ~ WZ [Czj Ci:] (A503)
with
—26118 0 0 0
0 0 O 0
0 0 0 —aig

where C;g is given in (A.472). The eigenvalues of the matrix ﬂwupside_downu, aupside—downll) are
equivalent to that for wypgide—downi- Hence, stability conditions for wypside—downl are equivalent to
that for Wupside—downI -

Substituting wgqvym = (w, 0, w, 0, w, 0, w, 0) into (A.487) and solving F; = 0O for (Z, we have

a+az+aqg+as+ag o
w-.

¢ = ¢sqVM ~ =
aj

Evaluating the Jacobian matrix (A.495) at (Wsqvm, asqVM), we have

-~ ~ Cy C ~sqVM
TWsqum, Psqum) ~ w? [CZ Cﬂ +Jo (A.505)

where ?ESqVM is given in (A.376) and

0 0 0 O ais 0 0 0

_ 0 —aig 0 0 _ 0 aig 0 0

Ca=2lg o o o | 2=2|¢ o ais 0
0 0 0 —aps 0 0 0 -aps

The eigenvalues of the matrix J (WsqvM> (F;;SqVM) are given by

A = 2(a2 +a3+aq+as+ alg)wz,

A~ 2(ay + a3 — as — as — ajg)w?,

Az = 2(a2 —az+aq —as+ alg)wz,

Ay = 2az — a3 — ag + as — ajg)w,
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2

As = —4a;gw” (repeated twice),

Ag ~ 0(w3) (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ar+az+as+as+ag <0, (A.506)

ar)+az—ag—as—ayg <0, (A.507)

ar—az+as—as+ajg <0, (A.508)

a)—az—as+as—ajg <0, (A.509)

aig > 0. (A.510)
Thus, the stability of wgqvm depends on the values of ay, . . ., a5 and a;3.

A

Remark A.9. For the case (7, k, f) = (4{9, k, {), wgqr does not exist. See Proposition 3.32.

O
Case 7: (A, k,€) = 2k + 26, k,0), (k,€) # (3,1)
For the case of (4, k, £) with 7 = 2(k + £) and (k, €) # (3, 1), we have
(0,1,0,1,0,0,1,0),(0,0,1,1,0,1,0,0),(0,0,0,2,1,0,0,0) € P.
as well as
(1,0,0,0,0,0,0,0),(2,0,0,0,1,0,0,0),(1,1,0,0,0, 1,0,0),
(1,0,1,0,0,0,1,0),(1,0,0,1,0,0,0,1) € P
in (A.311). Then, the asymptotic form of F; (i = 1,...,4) in (A.345) becomes
Fi ~ a1z + 410222473 + 411232422 + a1224°21 + Flc, (A.511)
B ~ a1z + 410212324 + A11742321 + a1223°22 + FE, (A.512)
F3 ~ a1¢z3 + a10242221 + a112122%4 + a1222°73 + FS, (A513)
Fi ~ a1¢zs + a10Z32122 + a11222123 + a1221°74 + FE (A.514)

with ajg, a1, ajp given in (A.410), and Fl.c (i =1,...,4) given in (A.346)—(A.349). Then, the
asymptotic form of f, (i=1,...,8)in (A.255)-(A.258) becomes

Fi ~ ajgwy + aio{ws(wswy — wawg) + we(wswg + wawq)}
+ ap{ws(wswy — wews) + wa(wswg + wewr)}
+ alz{wl(W72 - Wgz) + 2W2W7W8} + fC, (A.515)
Fy = aypwa + aro{ws(wswg + wawy) — we(wzws — waws)}
+ ay{wz(wswg + wewy) — wa(wswy — wewg)}
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+ 6112{—W2(W72 - Wgz) + 2W1W7W8} + FC, (A.516)
Fy ~ aj¢ws + ajo{wi(wswy — wews) + wa(wsws + wews)}

+aj {wr(wiws — waws) + wg(wiwe + waws)}

+ alz{W3(W52 — W62) + 2W4W5W6} + fC, (A.517)
Fy ~ aj¢wa + aro{wi(wsws + wewr) — wa(wswy — wews)}

+ aj{wr(wiws + waws) — wg(wiws — wawe)}

+ alz{—W4(W52 - W62) + 2W3W5W6} + FC, (A.518)
Fs ~ aidws + ajo{wi(w3ws — wawg) + wa(wzws + waw7)}

+ ar{wr(wiwz — wawa) + wg(wiws + wows)}

+ alg{WS(W32 - W42) + 2W3W4W6} + ﬁC’ (A.519)
Fo ~ a1¢we + aio{wi(wsws + wawr) — wa(wiwy — waws)}

+ai {wr(wiws + wawz) — wg(wiws — wawy)}

+ alz{—w6(W32 - W42) + 2W3W4W5} + FC, (A.SZO)
Fy ~ aj¢wr + aro{ws(wiws — waws) + we(wiws + waw3)}

+ ay{ws(wiws — wawe) + wa(wiwe + wows)}

+ alz{W7(W12 - W22) + 2W8W1W2} + FC, (A.521)
Fy ~ ajdws + ajo{ws(wiwa + waws) — we(wiwz — wawa)}

+ ar{wz(wiws + waws) — wa(wiws — wowe)}

+ alz{—Wg(wl2 - w22) + 2wrwiwa } + fc, (A.522)

where fic (i=1,...,8)is given in (A.353)—(A.360). Hence, the asymptotic form of the Jacobian
matrix in (A.253) becomes

Jw, ¢) ~ a1$ls + ajoBio + a1 By + a1aB12 + Be, (A.523)

with B¢ given in (A.362), Byg, Bi1 and B}, given in (A.420). B
Substituting wiper = (w, 0,0, 0,0,0,0,0) into (A.515) and solving F; = 0 for ¢, we have

—_~ —_~ a2 2
& = Qsripel ® ——W".
ai

Evaluating the Jacobian matrix (A.523) at (Wgipel, @tripel), we have

= ~ 0O O ~stripel
J(Wstripel’ ¢stripel) ~ w? [0 C23] + JCS e , (A.524)
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where %Stripel is given in (A.363) and

00 0 O
00 0 0
Cs=19 o ap 0
00 0 —ap

The eigenvalues of the matrix f(wsmpel, gsmpel) are given by

A = 2a2w2,

Ao, A3 ~ —(ap — as = ap)w?,

Ay = O(w?),

As = —(ap — Cl3)W2, (repeated twice)

Ag ~ —(az — a4)w2, (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

ay < 0, ay —as > —|a12|, ay —asz > 0, ar) —aq > 0.
These conditions are equivalent to
max(as, asq, as — |ajz|) < ax < 0. (A.525)

Thus, the stability of wgyiper depends on the values of ay, . . ., as and ay5.
Substituting wgipert = (0, w, 0,0,0,0, 0, 0) into (A.515) and solving F> = 0 for ¢, we have
—_~ —_~ az
& = Pstripell © ——w?.
ai
Evaluating the Jacobian matrix (A.523) at (Wgyiper, (Zsmpeu), we have

—~stripell

+ Jc , (A.526)

.7 Wtri becri ~ 1/1/'2
( stripell> ¢str1peH) 19) —C23

where C»3 is given in (A.6.5), and »stmpen is given in (A.366). The eigenvalues of the matrix
f(wstripen, (;stripell) are equivalent to that for wyiper. Hence, stability conditions for wgyiperr are
equivalent to that for wyiper.

Substituting Wupsidge—downt = (W, 0,0,0,w, 0,0, 0) into (A.515) and solving F; = O for 5 we have

ar + a4 ,
w-.

¢ = ¢upside—downl X -
aj

Evaluating the Jacobian matrix (A.523) at (Wypside-downl, aupside—downl)’ we have

Coy C25} + Tupside—downl (A 527)

T re 2
J (wu side—downl> Pu side—downl) ~WwW
P > TP Cys Cn
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with

00 O 0 00 0 0
00 O 0 00 0 0

Coa = 00 an 0 ’ CZS_ 0 0 ap +ap 0 (A'SZS)
0 0 0 —ain 00 0 ajn —ail

The eigenvalues of the matrix J(Wupside—downl Pupside—downl) are given by

A, A ~ 2(ay + a4)w2,

3, A4 ~ {~(az + a3 — as — as — ap) £ (a1o + arn)}w?,
As, A6 ~ {~(ar + a3 — as — as + app) * (arp — aj)w?,
A7 ~ O(w?) (repeated twice).

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a < —|aal, (A.529)

a) +asz—aq —as—agp > —|a10 + a11|, (A.530)

a)+as—aq—as+app > —|a10—a11|. (A.531)
Thus, the stability of Wypside—downr depends on the values of ay, . . ., as and ajq, . . ., aj2.

Substituting wypside—downtt = (0, w, 0,0, 0, w, 0, 0) into (A.352) and solving F> = 0 for ¢, we have

ap + ay

T 2
¢ = ¢upside—d0wnII = P w-.
1

Evaluating the Jacobian matrix (A.361) at (Wupside—downll, aupside—downll)a we have

7 —~ -C C ~—upside—downII
J(wupside—downIL ¢upside—downII) ~ w? [ C 24 _56 ] + qupgl emaonn (A.532)
26 24
with
00 0 0
00 0 0
Co = 0 0 ag-any 0 , (A.533)
00 0 alp +a

where Cyq is given in (A.528). The eigenvalues of the matrix f(wupside_downn, aupside—downll) are
equivalent to that for wypside—downi- Hence, stability conditions for wypside—downl are equivalent to
that for Wupside—downl -

Substituting wyqym = (w, 0, w, 0, w, 0, w, 0) into (A.515) and solving F; = 0O for 5, we have

~ a)taz+aqt+as+app+an t+apn ,
w-.

¢ = dsqvm ~ —
ai
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Evaluating the Jacobian matrix (A.523) at (Wsqvm, asqVM), we have

= ng] 4 oM (A.534)

_ ~ 2
J(quVM7 ¢sqVM) W [ng Cy7

where }ESqVM is given in (A.376) and

—ajp — ap 0 ayp + ap 0
Cpr = 0 —ajo —ap —2ap 0 aypo —ai ’
ayp +ap 0 —ajp — an 0
0 —ajp + a 0 —ajp —ay — 2a2
alp +a 0 alp +ar +2a12 0
Cos = 0 —ajp + a4 0 ajo +ap +2an
8= ajo + ar +2a12 0 ajp + ar 0
0 ajpg+ap + 2a12 0 ajp — ar

The eigenvalues of the matrix f(quVM, asqVM) are given by

A =2ay+az+aq+as+ayg+ap + alz)wz,
Ay~ 2ay+a3—ag—as—aypp—ay — alz)Wz,
A3 ~2ay—az+ag—as—ayp—ay — alz)Wz,
Ada = 2(ay—az—as+as—ayp—ap + alz)Wz,
As
A6

—2(ajo +ap + 2a]2)w2 (repeated twice),

X

Ow?)  (repeated twice).

X

Assuming that all eigenvalues are negative, we have the following stability conditions (necessary
conditions):

a)+az+aqg+as+ajpgt+an tap < 0, (A535)

a)+az—aq—as—ajp—ai; —ap < 0, (A.536)

a)—az+as—as—aj—ay —dap <0, (A.537)

a)—az—aq+as—ajp—ai +ap < 0, (A538)

ajpg+ap + 2a12 > 0. (A.539)
Thus, the stability of wyqvm depends on the values of ay, . . ., as and ajq, . . ., aj2.

Remark A.10. For the case (7, k, f) = (212 + 20k, {9), wqr does not exist. See Proposition 3.32.
O
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Figure A.2: Equilibrium curves for u = (1; +, +, —). Solid curves represent stable stationary points, and dashed curves
represent unstable ones.

A.7. Bifurcation Behaviour of the Forslid and Ottaviano (2003) Model

We identified bifurcating solutions from the uniform state on the 6 X 6 square lattice and
demonstrated the emergence of some typical solutions for three types of economic geography
models in Section 3.7. In this section, we compute equilibrium curves of all the bifurcating
solutions for the FO model (Forslid and Ottaviano, 2003).

Figures A.2—A.10 show bifurcating solution curves for each u. We see that all the bifurcating
solutions are unstable just after bifurcation although stable ones are theoretically possible. For
almost all the bifurcating solution curves, population tend to be agglomerated completely to places
with the largest positive or negative components of the bifurcating solution after the bifurcation.
Note that wyq with u = (4;3,2,+) in Fig. A.9 and wgqym with u = (8;2,1) in Fig. A.10 are
exceptions to this tendency. These solutions have a common property that some places have a
zero component. For solutions with such a property, computing the bifurcating solution curves
is troublesome since we cannot predict increase and decrease in population in places with a zero
component.
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B. Appendices for Chapter 5

We describe details of theoretical analysis in Chapter 5. Using the governing equation
Fi(4,¢) = 4(vi(4,¢) - V(A,¢)) =0, i€P (B.1)

in (5.5), we derive bifurcation equations. Solving the bifurcation equations, we show the existence
of bifurcating solutions from the the mono-centric distribution A™ = (1,0,...,0).

B.1. Bifurcation Point with Type «; Orbit
We investigate critical points associated with Type «; orbit.

B.1.1. Derivation of Bifurcation Equations

We focus on a critical point associated with Type a; orbit. We can investigate critical points
associated with Type «; (i = 2, ..., n;) orbits in a similar manner. Note that n; is dependent on the
number of places K (cf., Fig. 5.3 for K = 25).

Let (AFA, ¢2") be a critical point associated with Type a; orbit:

a1 = {2,3,4,5}. (B.2)

By the definition of ¢¢', we assume that v,, —v; = 0. Hence, the Jacobian matrix J. = J(AF, ¢¢")
takes the following form:

Jo =
v —-vily —Va, 14 e —Va,, 14 —vg, 13 e ~VB,, 1g
0OX Iy
(Vay = V)14
, B.3
(Va,,l — vy (B-3)
(vg, = vi)Is
(vg,, = vi)ig
where [; is the j X j identity matrix, and 1; is the j-dimensional all-one row vector.
We decompose the increment 2 — AF into two components as
A=+ w+w, (B.4)

where w € ker(J.) and w € ker(J;)*. Note that ker(J,) represents the kernel space of J., which is
generated by a basis satisfying J.p = 0:

ker(Jo) ={n e RX [ mi+m+m3+m+n5=0,n7=0, j=6,....K}, (B.5)
where 7; denotes the jth component of 7. We take a basis {n; | j = 1,...,4} of ker(J;) as

m = (~1,1,0,0,0,0,...,0), (B.6)
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n2=(-1,0,1,0,0,0,...,0), (B.7)

s = (=1,0,0,1,0,0,...,0), (B.8)
4 = (=1,0,0,0,1,0,. ..,0). (B.9)

Then, we can represent w as
W = X111 + X202 + X31]3 + X41)4. (B.10)

We take a basis {fj; | j = 1,..., K — 4} of ker(J.)" as
m=01L1L1L1...,1), (B.11)
ﬁj:(0,0,0,0,0,0,...,O,l, 09'--’0 )’ J:2”K_4 (B12)

~—— ~—
j—2 times  K—(j+4) times

Then, we can represent w as

w=Xx1 + XM (B.13)

Combining (B.4), (B.10), and (B.13), we can represent 4 as
A=((1+X] —X1 — X2 —X3— X4, X1 + X1,...,X] + X4, X1 + X0, ...,X] + Xk_4). (B.14)
Substituting (B.14) into the governing equation (5.5) with (5.4), we have
(X1 +X)(vjpa—v)=0, j=2,...,K-4. (B.15)

Note that by the definition of the critical point (1™, ¢¢'), we have v; — 7 # 0 (j ¢ @) at (AT, ¢¢"),
which means vj 4 — v # 0 (j =2,...,K —4). Then, the continuity of the payoff function ensures
vj+4 — ¥ # 0 in a neighborhood of (AFA, #e'). Hence, we have

X+x,=0, j=2...,K-4. (B.16)
Substituting (B.14) and (B.16) into the condition (5.2), we have
1+5x =1. (B.17)

Hence, we have
x1 =0. (B.18)

By the conditions (B.16) and (B.18), we can represent v; as a function of xi, x2, x3, x4, and :
v; = vi(1 = x| — X2 — X3 — X4, X1, X2, X3, X4, Og _5, ). (B.19)
We take a set of vectors {£; | j = 1,...,4} that satisfies §].TJC =0":

£ =(0,1,0,0,0,0,...,0)", (B.20)
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62 = (O’ O’ 1’ 0’ O? O? AR O)T’ (B.Zl)
£ =10,0,0,1,0,0,...,0), (B.22)
£4=10,0,0,0,1,0,...,0)". (B.23)

We can obtain the bifurcation equation for Type « orbit as the inner product between F and &;:

Fi(x1, x2, x3, x4, 0) = x1(v2 = 9) = x1(v2 — v1), (B.24)
Fs(x1, x2, x3, X4, 40) = x2(v3 = 7) = x2(v3 — vy), (B.25)
F3(x1, x0, x3, x4, 40) = x3(v4 — V) = x3(v4 — v1), (B.26)
Fy(x1, x0, x3, x4,4) = x4(vs — V) = x4(vs — vy), (B.27)

where ¢ = ¢ — ¢ ' represents the increment of ¢. Therein, we used v = vy since
Fi=(0-x1—x—x3—x4)(vi = V) =0. (B.28)
The bifurcation equation inherits the equivariance in (5.8) as
T(9)F (x.y) = F(T()x.y). g€G, (B.29)

where T is a subrepresentation of 7 on ker(J,). The equivariance condition for 7(r) imposes

Fy(x1, x2, x3, x4) = F1(x2, X3, X4, X1), (B.30)
F3(x1, x0, x3, x4) = F2(x2, X3, X4, X1), (B.31)
Fy(x1, x0, x3, x4) = F3(x2, X3, X4, X1), (B.32)
Fi(x1, x2, x3, Xa) = Fa(x2, x3, X, X1). (B.33)

Combining (B.30) and (B.31), we have

F3(x1, x2, %3, x4) = F1(x3, x4, X1, X2). (B.34)
Combining (B.34) and (B.32), we have

Fy(x1, x2, x3, x4) = Fi (x4, X1, X2, X3). (B.35)

The remaining condition (B.33) is equivalent to (B.35). To sum up, we have the condition (5.23)
in Lemma 4.
Let R be a function as
R(x, %) = vy —vy. (B.36)

We expand R into a power series as
R = D" D30 Aabeal) a3 xy (B.37)
a=0 b=0 ¢=0 d=0
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with coefficients A,p.q(¢¥) € R. Then, we can represent F as

Fi(x,y) = xiR(x,¥) = x| Z Z Z Z Agbea@)x19x2° %3 x4, (B.38)

a=0 b=0 ¢c=0 d=0

We conclude

E(x,¥) = x; Z Z Z Z AabedW)x2°x37 x4 %1, (B.39)
a=0 b=0 ¢=0 d=0

B(x,¢) = x3 Z Z Z Z Aaped(W)x3"x4°x1€ x5, (B.40)
a=0 b=0 ¢=0 d=0

Fa(x,¢0) = x4 Z Z Z Z Aubea(W) x4 x1° % x39. (B.41)
a=0 h=0 ¢=0 d=0

On the other hand, the equivariance condition for 7(s) imposes

Fi(x1, X2, X3, x4) = F1(x1, x4, X3, X2), (B.42)
Fy(x1, x2, x3, x4) = Fo(x1, X4, X3, X2), (B.43)
F3(x1, X2, X3, X4) = F3(x1, x4, X3, X2), (B.44)
Fa(x1, x2, x3, x4) = Fa(x1, X4, X3, X2). (B.45)

Combining (B.38) and (B.42), we have

i i i i Aabea(W)x1°x"x3 x4 = i i i i Aabea(W)x1°x4% %2 %37, (B.46)

a=0 b=0 ¢=0 d=0 a=0 b=0 ¢=0 d=0

which means Agpcq = Agdcpr. The remaining conditions (B.43)—(B.45) lead to the same result as
(B.46). To sum up, we have the condition (5.24) in Lemma 4.
Since (x,¢¥) = (0,0,0,0,0) corresponds to the critical point, we have

oF ok
Apooo(0) = T =0. (B.47)
X1 1 (,)=(0,0,0,0,0)
Since Ay, (0) is generically nonzero, we have Agoo(/) ~ aoyr with
, OR
= Alypo(0) = s (B.48)
U | )=(00000)
Then, the asymptotic form of the bifurcation equation becomes

Fi(x,¢) ~ xi{aoy + a1x1 + axxz + azxs + asxa}, (B.49)
E(x,¢) ~ xo{aoy + a1x2 + arx3 + azxs + asxi }, (B.50)
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Bs(x,¢) ~ x3{aoy + a1x3 + axxs + azxy + asxy}, (B.51)

Ea(x,¥) ~ xa{aoy + a1x4 + axxy + azxz + asxs}, (B.52)
where
OR
ar = Ajpoo(0) = x , (B.53)
X1 (x,)=(0,0,0,0,0)
OR
az = Ap100(0) = — , (B.54)
9%2{(x.4)=(0,0,0,00)
OR
az = Ap10(0) = P , (B.55)
X3 1(x,)=(0,0,0,0,0)
OR
as = Agoo1(0) = — : (B.56)
0X4{(x.4)=(0,0,0,00)
B.1.2. Existence of Bifurcating Solutions
We can predict the following bifurcating solutions (cf., Fig. 5.5):
XSquare-1 = w(l, 1,1, 1),
xDUO-I = W(l, 1, 09 O)a (B.57)

Xpuo-1 = w(1,0, 1,0),
XMono-I = W(l, 0,0, 0)

for some w > 0.
We first show the existence of Square-I solution. Substituting Xsquare-1 = w(1, 1, 1, 1) into Fi,
we have
o 0

Fl (xSquare-I, lﬁ) =w Z Z Z Z Aabcd(¢)wa+b+c+d ~ W{aol/’ + (al tax+az+ a4)w}.

a=0 b=0 ¢=0 d=0
We see that F) (Xsquare-1, ¥) = 0 has the trivial solution (w = 0) and a bifurcating solution:

ar+ay+az+ay

Y = Ysquare1 ® — w. (B.58)
ao

Substituting Xsquare-1 into £, F3, and £y in (B.39), (B.40), and (B.41), we see that £, = F3 = F, =
F; = 0. Hence, the bifurcation equation is satisfied for Xsquare-1. The other solutions can be treated
similarly as explained below.

Substituting Xxpyo.1 = w(l, 1,0, 0) into F, we have

Fi(Xpuos ) = w Z Z Aaboo(W)W*? = wiagy + (a1 + ax)w}.
a=0 b=0

We see that F| (Xpuo-1, %) = 0 has the trivial solution (w = 0) and a bifurcating solution:

a) +a

Y =Ypuo1 ® — w. (B.59)
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Substituting xpye-1 into F> in (B.39), we see that F> = F; = 0. Hence, the bifurcation equation is

satisfied for Xpyo..
Substituting xpyo.i1 = w(1,0, 1,0) into Fi, we have

Fi(xpwom ) = w Y > Awco@)w™™ ~ wlagy + (a1 +az)w}.
a=0 ¢=0
We see that | (Xpuo-ii, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

aray (B.60)
ao

Y = Ypuo-1 ® —

Substituting Xpyo.y1 into F3 in (B.40), we see that F3 = F| = 0. Hence, the bifurcation equation is

satisfied for xpyo-11.
Substituting Xpono-1 = w(1, 0,0, 0) into F;, we have

Fi(XMonon, ) = W Z Asoo0(W)w* = wlagy + aiw).
a=0

We see that F| (Xpono-1, ¥) = 0 has the trivial solution (w = 0) and a bifurcating solution:

a
¥ = YMonod X ——W. (B.61)
ao

Hence, the bifurcation equation is satisfied for Xnono-1-

B.1.3. Stability of Bifurcating Solutions
The asymptotic form of the Jacobian matrix J = dF /0x becomes

f(x, ) = Yaply + xlfl + )sz + X3j3 + X4j4, (B.62)

where } i ) i
2a1 a diz dg a 0 0 0
J= 0O as 0 O = | as 2a1 ay a3

10 0 a 0O 70 0 ay 0}

| 0 0 0 a | 0 0 0 a3

(a3 0O 0 O ] [as O 0 0 ]
= 0 ao 0 O = |0 a3z 0 O
37l as ag 200 |7 P70 0 a4 O

| 0 0 0 ay | ay aiz dag 2a1 |

To begin with, we investigate the stability of Square-I solution. Evaluating the Jacobian matrix

at the point
al+az +asz+ay
w

(xSquare-la 'ﬁSquare-l) = (w,w,w,w, — 0 ),
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Table B.1: Stability conditions of bifurcating solutions for critical points associated with Type «; orbit.

Solution Case  Stability conditions

XSquare-1 W > 0 ay+az<—|ay+ay

al—a3<0

w<0 a +az>|a+ayl
al—a3>0
XDuo-I w>0 ai —a2<0
ap+as <0

max(—ay + a4,0) < a; — as
w<0 a—a>0

a;+ag >0

min(—az + ay, 0) >a) —ajs

XDuo-II w>0 ar —az < 0
ay+aq < day+az <0
w<0 a—-a3>0
a) +aq > ay+az >0
XMono-I w>0 max(az, as, a4) <ap < 0
w <0 min(ay, az,ag) > a; >0

we have

ay dy daiz a4
as ay a» az
a3 a4 ay ap
ay az a4 aj

ﬂxSquare-I, lﬁSquare-I) =W (B.63)

The eigenvalues of this matrix are given as follows:
A1, A2 = w(ay + az) £ w(ay + ag),
Az, Ay = w(a1 - 613) + iw(az - a4).

Thus, the stability of xsquare-1 depends on the values of ay, az, as, and a4. The other solutions can
be treated similarly. Table B.1 summarizes the stability conditions of bifurcating solutions.
Evaluating the Jacobian matrix at the point

al + ap
(xDuo—I’ WDuo—I) = (W’ w,0,0,— a W)’
0
we have
ai a as as
~ as a)p—az+aq a as
J(XDuo- 1) R W B.64
( Duo-T> ¥Duo I) 0 0 —a)—ap+az+as 0 ( )
0 0 0 —ay +aj

The eigenvalues of this matrix are given as follows:

A = w(a) — az),
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A = w(ay + ag),
A3 = w(=ay + az),
Ay = w(—a; + a3 —ay + ag).

Thus, the stability of xpyo.1 depends on the values of ay, az, a3, and aq.
Evaluating the Jacobian matrix at the point

a) + as

(XDpuo-11; YDuo-1m) = (W, 0, w, 0, — o w),
we have
ai a as as
~ 0 —a)t+ay)—az+ay 0 0
J(XDuo-11, q) X w B.65
(XDuo-1 ¥Duo-1) s as al a5 (B.65)
0 0 0 —a+a—a3+as
The eigenvalues of this matrix are given as follows:
A1, 2 = w(ay + az),
A3 ~ w(—a; —az + ap + a4) (repeated twice).
Thus, the stability of xpyo-;r depends on the values of ay, az, a3, and aa.
Evaluating the Jacobian matrix at the point
aj
(xMono—I» l//Mono—I) = (W, 0,0,0, _a_OW)’
we have
aj ap as as
-~ 0 —a1+as 0 0
J(x I )R W B.66
( Mono-I wMono I) 0 0 —ay + as 0 ( )
0 0 0 —a) + a

The eigenvalues of this matrix are given as follows:

A1 = way,

A = w(-ai + a),
A3 = w(-a1 + az),
Ag =~ w(—aj + ay).

Thus, the stability of Xnono-1 depends on the values of ay, az, asz, and ay.

B.2. Bifurcation Point with Type ; Orbit
We investigate critical points associated with Type S; orbit.
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B.2.1. Derivation of Bifurcation Equations

We focus on a critical point associated with Type S orbit. We can investigate critical points
associated with Type B; (i = 2,. .., np) orbits in a similar manner. Note that n; and n; are dependent
on the number of places K (cf., Fig. 5.3 for K = 25).

Let (AFA, ¢f ') be a critical point associated with Type 3 orbit:

Bir={@n +1)+1,...,(4n; + 1)+ 8}. (B.67)

Note that we can investigate critical points associated with Type B; (i = 2,...,ny) orbits in a
similar manner. By the definition of ¢.', we assume that vg, —v; = 0. Hence, the Jacobian matrix

Je = J(AFA, ¢P1) takes the following form:

JC =
—Vi —Va,; 14 s —Vanl 14 —Vi 18 —Vﬁzlg cee _V/j'nz 18
(v(ll - V])I4
(Va/ 1 VI)I4
" B.
0x Is ,  (B.68)
(vg, = vi)Is
(V,an - Vl)Ig
where /; is the j X j identity matrix, and 1; is the j-dimensional all-one row vector.
We decompose the increment 2 — A¥ into two components as
A=A+ w+w, (B.69)

where w € ker(J.) and w € ker(J.)*. Note that ker(J;) represents the kernel space of J;, which is
generated by a basis satisfying J.np = 0:

ker(Jo) = {n € R [+ > me =0, =0, j ¢ {1} UA}, (B.70)
kepi

where 77; denotes the jth component of 77. We take a basis {n; | j = 1,..., 8} of ker(J.) as
nj=(-1 0,...,0 ,1, 0,...,0 ). (B.71)
j+4n;—1 times  K—(j+4n;+1) times

Note that ; is a vector whose component corresponding to jth place of the orbit 8 is 1. Then, we
can represent w as

8
W= X (B.72)
k=1
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We take a basis {fj; | j = 1,..., K — 8} of ker(J.)" as

=1, .1, (B.73)

7;=0,0...,0,1,0,...,0), j=2,...4n +]1, (B.74)
~— ~—
j—2 times  K-j times

7;=00,...,01, 0,...,0 ), j=4m+2,...,K-8. (B.75)
~—— ~——

j+6 times  K—(j+8) times

Then, we can represent w as
K-8
w = )f]ﬁ] + Z fkﬁk- (B.76)
k=2

Combining (B.69), (B.72), and (B.76), we can represent A as

M-

A=(1+x— Xiey X1+ X2, « ooy X1+ Xdpy 41, X1+ X1, . .oy X1+ X8, X1 +Xdp 42, - - -5 X +Xkx-g). (B.77)

k=1

Substituting (B.77) into the governing equation (5.5), we have

(X1 +x)v;=v)=0, j=2,...,4nm +1. (B.78)
(X1 +%)(vj;8—v)=0, j=4n+2,...,K-8. (B.79)

Note that by the definition of the critical point (A7, ¢£"), we have v; — 7 # 0 (j ¢ B) at (AT, ¢2").
Then, the continuity of the payoff function ensures v; — v # 0 (j ¢ B1) in a neighborhood of
(AFA, ¢P"), which means v; =5 # 0 (j = 2,...,4n; + 1) and vjsg = # 0 (j = 4ny +2,..., K —8).
Hence, we have

X+x=0 j=2...,K-8. (B.80)

Substituting (B.77) and (B.80) into the condition (5.2), we have
1+9x; =1. (B.81)
Hence, we have
X1 =0. (B.82)
By the conditions (B.80) and (B.82), we can represent v; as a function of xi, x2, x3, x4, and ¢

8

v =v;(l- Z X X1, X2, X3, X4, X5, X6, X7, X8, 0x 0, ¥). (B.83)
k=1

We take a set of vectors {&; | j = 1,..., 8} that satisfies ijJC =0":

&=0 0,...,0,1, 0,...,0 ). (B.84)
j+4n;—1 times  K—(j+4n;+1) times
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We can obtain the bifurcation equation for Type S; orbit as the inner product between F and &;:
Fj(x1, x2, X3, X4, X5, X6, X7, X8, /) = Xj(Vjsan 41 — V) = Xj(Vjdny+1 — V1), (B.85)

where ¥ = ¢ — ¢f " represents the increment of ¢. Therein, we used v = v; since

8

Fi=(1- Z x)(vy — ) = 0. (B.86)

k=1

The bifurcation equation inherits the equivariance in (5.8) as

T(9)F (x,y)=F(T(g)x,y), ge€G, (B.87)

where T is a subrepresentation of 7 on ker(J.). The equivariance condition for 7(r) imposes

F3(x1, x2, X3, X4, X5, X6, X7, X3) = F1(X3, X4, X5, X6, X7, X8, X1, X2), (B.88)
F4(x1, X2, X3, X4, X5, Xe, X7, X3) = F(x3, X4, X5, X6, X7, X3, X1, X2), (B.89)
Fs(x1, X2, X3, X4, X5, Xe, X7, X3) = F3(x3, X4, X5, X6, X7, X3, X1, X2), (B.90)
Fo(x1, X2, X3, X4, X5, Xe, X7, X3) = F4(x3, X4, X5, X6, X7, X3, X1, X2), (B.91)
F(x1, X2, X3, X4, X5, Xe, X7, X3) = F5(x3, X4, X5, X6, X7, X3, X1, X)), (B.92)
Fy(x1, X2, X3, X4, X5, Xe, X7, X3) = Fo(x3, X4, X5, X6, X7, X3, X1, X2), (B.93)
Fy(x1, X2, X3, X4, X5, Xe, X7, X3) = F7(x3, X4, X5, X6, X7, X3, X1, X)), (B.94)
F>(x1, X2, X3, X4, X5, Xe, X7, X3) = Fg(x3, X4, X5, X6, X7, X3, X1, X2). (B.95)

Using (B.88), we obtain F3 from F. Combining (B.88) and (B.90), we have

F5(x1, X2, X3, X4, X5, X6, X7, X8) = F1 (x5, X6, X7, Xg, X1, X2, X3, X4). (B.96)
Combining (B.92) and (B.96), we have

F7(x1, X2, X3, X4, X5, X6, X7, Xg) = Fi(27, Xg, X1, X2, X3, X4, X5, X6)- (B.97)
Using (B.89), we obtain F4 from F>. Combining (B.89) and (B.91), we have

Fo(x1, X2, X3, X4, X5, X6, X7, X3) = F (x5, X, X7, Xg, X1, X2, X3, X4). (B.98)
Combining (B.93) and (B.98), we have

Fy(x1, X, X3, X4, X5, X6, X7, X8) = F2(27, Xg, X1, X2, X3, X4, X5, Xe). (B.99)

The conditions (B.94) and (B.95) are equivalent to (B.97) and (B.99). On the other hand, the
equivariance condition for T(s) imposes

Fy(x1, x2, X3, X4, X5, X¢, X7, X3) = F1(X3, X7, X6, X5, X4, X3, X2, X1), (B.100)
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F7(x1, x2, X3, X4, X5, X6, X7, X3) = F2(x8, X7, X6, X5, X4, X3, X2, X1), (B.101)

Fo(x1, X2, X3, X4, X5, Xe, X7, X3) = F3(X3, X7, X6, X5, X4, X3, X, X1), (B.102)
Fs(x1, X2, X3, Xa, X5, X6, X7, X3) = F4(Xg, X7, Xe, X5, X4, X3, X2, X1), (B.103)
Fy(x1, X2, X3, Xa, X5, Xe, X7, X3) = F5(Xg, X7, X6, X5, X4, X3, X2, X1), (B.104)
F5(x1, X2, X3, Xa, X5, Xe, X7, X3) = Fo(X3, X7, Xe, X5, X4, X3, X2, X1), (B.105)
F>(x1, X2, X3, Xa, X5, Xe, X7, X3) = F7(Xg, X7, Xe, X5, X4, X3, X2, X1), (B.106)
Fy(x1, X2, X3, X4, X5, Xe, X7, X3) = F3(x3, X7, X6, X5, X4, X3, X2, X1). (B.107)

Using (B.100), we obtain Fg from F. Combining (B.102) and (B.88), we have

Fo(x1, X2, X3, X4, X5, X6, X7, X3) = F1 (X6, X5, X4, X3, X2, X1, X3, X7). (B.108)
Combining (B.104) and (B.96), we have

Fy(x1, X2, X3, X4, X5, X6, X7, X8) = F1 (x4, X3, X2, X1, X3, X7, X6, X5). (B.109)
Combining (B.106) and (B.97), we have

Fy(x1, X2, X3, X4, X5, X6, X7, X3) = F1 (%2, X1, Xg, X7, Xe, X5, X4, X3). (B.110)

The conditions (B.101), (B.103), (B.105), and (B.107) are equivalent to (B.106), (B.104), (B.102),
and (B.100). The remaining conditions (B.89), (B.98), and (B.99) for T(r) are equivalent to
(B.109), (B.108), and (B.100) for T(s). To sum up, we have the condition (5.26) in Lemma 5.

Let R be a function as

R(X, ) = Vi 42 — V1. (B.111)

We expand R into a power series as

R(x,¢) = i i i i i i i Aabede fen(W)x1° 02" x3 x4 x5 %6 278 x"  (B.112)

a=0 b=0 ¢=0 d=0 e=0 f=0 g=0 h=

%Mg
o

with coefficients Aupcdefon(¥) € R. Then, we can represent Fj as

Fl(x ¥) = x1R(x,¢) = x; i i i i i i i i Aabcdefgh(lﬁ)xlaX2bX3CX4dxsex6fX7gx8h.

(B.113)
We conclude

Adbede fon(W)x2%x1" x5 279 %6 x5  x48 53", (B.114)

Br(x,¢) = x i

Aabede fen(W) X3 x4" x5 x6 27 %87 x18 2", (B.115)

F3(x,4) = x3 i
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Me

[ee] (o) (o) (o] (o] [ee] (o)
= b d h
Fy(x,¢) = x4 Z Z Z Z Z Z Z Adbede fon(W)xa®x3"x2¢ x19 xg¢ x77 x68 x5,
a=0 b=0 ¢=0 d=0 e=0 f=0 =0 h=0
o0 o0 o0 o0 (o) o0 o0 o0
> b d h
Fs5(x,¢) = x5 Z Z Z Z Z Z Z Z Adbede fon(W)xs x6"x7 X% 127 138 x4,
a=0 b=0 c=0 d=0 e=0 =0 g=0 h=0
(o] (o] o0 [o0) o0 (o] (o] o0
= b d h
Fo(x,¥) = x6 Z Z Z Z Z Z Z Z Aabede fon(W) X6 %57 x4 339 %21 x5 7",
a=0 b=0 ¢=0 d=0 e=0 f=0 g=0 h=0
(o] (o] (o) (o) o0 (o] (o] (o)
= b d h
F7(x,¢) = x7 Z Z Z Z Z Z Z Z Aavede fon(W)x7x8"x1 %27 %3 x47 x58 x4,
a=0 b=0 c=0 d=0 e=0 f=0 =0 h=0
(o] [ee] (o] (o) (o) (o] o0 (o]
= b c d h
Fg(x,¢) = xg Z Z Z Z Z Z Z Z Agbede fon(W)Xs x7"x6 x5 x4 x37 x5 1.
a=0 b=0 c=0 d=0 e=0 f=0 =0 h=0

Since (x,¥) = (0,0,0,0,0,0,0,0,0) corresponds to the critical point, we have

oF,
Ap0000000(0) = T = 0.
X1 (6,01)=(0,0,0,0,0,0,0,0,0)
Since Ajy00000(0) is generically nonzero, we have Ap0000000(¥) ~ agy with
OR
a0 = Agpoo0000(0) = Em :
(x,4)=(0,0,0,0,0,0,0,0,0)

Then, the asymptotic form of the bifurcation equation becomes

Fl(x, V) = x1{aoy + a1 x1 + arxy + azxs + asx4 + asxs + agxe + a7x7 + agxg},
Fz(x, V) = xo{aoy + a1 xy + arxy + azxg + asx7 + asxe + Agxs + ajx4 + agxs},
F3(x, V) = x3{aoy + a1x3 + arxy4 + azxs + asxe + asxy + agxg + a7x| + agxy},
F4(x, V) = xa{ao + a1 x4 + arxs + azxy + agx; + asxg + agx7 + a7xe + agxs},
F5(x, V) = xs{aoy + a1 xs + arxe + azx7 + asxg + asx) + agxs + a7x3 + agx4},
Fﬁ(x, V) = xe{aoy + ayxe + arxs + azxs + asxs + asxy + agx) + ajxg + agxy},
F7(x, W) = x7{agy + aix7 + arxg + azx| + asxs + asxz + agx4 + a7xs + agxe},

Fg(x, lﬁ) X Xg{aol// + ajxg + arxy + azxeg + aqxs + asxq + agxsz + ayxpy + agxi },

where
OR
a=A 0)= — ,
| 10000000(0) 331 eu)-000000000
OR
a = A 0)=— ,
2 = A01000000(0) 552 e)-000000000
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OR

az = Ap0100000(0) = — , (B.133)
dx3 (x,4)=(0,0,0,0,0,0,0,0,0)
OR

as = Aopoo10000(0) = —— , (B.134)
dx4 (x,4)=(0,0,0,0,0,0,0,0,0)
OR

as = Apo01000(0) = — , (B.135)
dxs (x,4)=(0,0,0,0,0,0,0,0,0)
OR

as = Ao0000100(0) = — , (B.136)
dx6 (x,4)=(0,0,0,0,0,0,0,0,0)
OR

a7 = Aoo000010(0) = — , (B.137)
dx7 (x,4)=(0,0,0,0,0,0,0,0,0)
OR

ag = Aopoooooo1(0) = — : (B.138)
dxg (x,4)=(0,0,0,0,0,0,0,0,0)

B.2.2. Existence of Bifurcating Solutions
We can predict the following bifurcating solutions (cf., Fig. 5.6):

XSquare-II = W(l, 1, 1, 1, 1, 1, 1, 1),
XSquare-III = W(l, 0,1,0,1,0,1, O),
XQuad-1 = w(1,1,0,0,1,1,0,0),
XQuad-t = w(1,0,0,1,1,0,0, 1),
XDuo-III = W(l, 1, 0, 0, O, O, 0, 0),
Xpuo-v = w(1,0,0,1,0,0,0,0),
Xpuov = w(1,0,0,0,1,0,0,0),
Xpuo-vi = w(1,0,0,0,0, 1,0, 0),
XDuo-VII = W(l, 0, O, O, 0, 0, (), 1),
XMono-11 = W(1,0,0,0,0,0,0,0),

(B.139)

for some w > 0.
We first show the existence of Square-II solution. Substituting Xsquare-t = w(1, 1, 1,1, 1,1, 1, 1)
into 7, we have

(o)

Fl (xSquare-I, lﬂ) =w i i i i i i i Z Aabcdefgh(l//)Wa+b+c+d+e+f'+g+h
b=0 =

a=0 ¢=0 d=0 e=0 f=0 g=0 h=0
~w{agy + (a; + ay + as + a4 + as + ag + a7 + ag)w}.

We see that F; (Xsquare-1, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

ay+ay+az+aqg+as+ag+ay;+ag
¥ = Ysquare-ln ® — P w. (B.140)
0

Substituting Xsquare-i into (B.114)—(B.120), we see that Fr=F=F=F=F=F =F =
F; = 0. Hence, the bifurcation equation is satisfied for xsquare-11-
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Substituting xsquare-m = w(1,0, 1,0, 1,0, 1, 0) into F}, we have
(o] (o) (o) (o]
Fi(xsquare-1i, ) = w Z Z Z Z Aa0c0e0g0W )W ~ wlagy + (a1 + az + as + a7)w}.
a=0 ¢=0 e=0 g=0

We see that F) (Xsquare-11, ¥) = 0 has the trivial solution (w = 0) and a bifurcating solution:

sitastastar, (B.141)

Y = Ysquare-nmt X —
ap

Substituting Xsquare-im1 into F3, Fs,and F in (B.115), (B.117), and (B.119), we see that 5 = F5 =
F; = F; = 0. Hence, the bifurcation equation is satisfied for xgsquare-1-
Substituting xquad-1 = w(1,1,0,0, 1, 1,0, 0) into F,, we have

Fi(XQuad 1 ¥) = w i i

a=0 b=0 e

Z Aabooe 00 IWTT x wilagy + (ar + ap + as + ag)w}.
=0

M#

Il
o

We see that F; (XQuad-1, ¥) = 0 has the trivial solution (w = 0) and a bifurcating solution:

ay +ay +as + ag

Y = YQuad-1 X — w. (B.142)
ao

Substituting xQuad-1 into P>, Fs, and Fg in (B.114), (B.117), and (B.118), we see that 5> = F5 =
F¢ = F; = 0. Hence, the bifurcation equation is satisfied for xqQuad.1.
Substituting xquaant = w(1,0,0,1,1,0,0, 1) into F|, we have

o

Fi(xQuadn, ¥) = w Z Z Z Z Aa00de00n (W)W ~ wiagy + (a1 + ag + as + ag)w}.

a=0 d=0 e=0 h=0
We see that F, (XQuad-11, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

ay +aq +as+ag

U = YQuadl ¥ — w. (B.143)
ao

Substituting xquad-n1 into Fy, Fs, and Fy in (B.116), (B.117), and (B.120), we see that Fy = Fs =
Fy = F| = 0. Hence, the bifurcation equation is satisfied for xquad-11-
Substituting Xpyo.mr = w(l, 1,0,0,0,0,0,0) into F,, we have

Fi(Xpuoam, ¥) = w Z Z Aab000000W)W? = w{agy + (a1 + ax)w}.
a=0 b=0

We see that F(Xpuo-mm, /) = 0 has the trivial solution (w = 0) and a bifurcating solution:

a) +ap

Y = Ypuon ¥ — w. (B.144)
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Substituting xXpyo-1 into F> in (B.114), we see that F> = F; = 0. Hence, the bifurcation equation
is satisfied for xpyo-1i1.
Substituting xpuo.rv = w(1,0,0, 1,0,0,0,0) into £}, we have

Fi(Xpuorv, ¢¥) = w Z Z Aa00d0000W)W = wi{agy + (ar + ag)w}.
a=0 d=0

We see that F}(Xpuo-1v, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

ay +ay
w

Y = Ypuov & — (B.145)

ao

Substituting xpye.rv into Fy in (B.116), we see that Fy = F; = 0. Hence, the bifurcation equation
is satisfied for xpyo.1v.
Substituting xpyov = w(1,0,0,0, 1,0,0,0) into F,, we have

Fi(xpuov, ) = w Z Z Az000e000 W)W =~ w{agy + (a1 + as)w}.
a=0 e=0

We see that | (Xpuo-v, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

al + as
w

Y = Ypuov & — (B.146)

ao

Substituting Xpuo-v into Fs in (B.117), we see that F5 = F| = 0. Hence, the bifurcation equation is
satisfied for xpyo-v.-
Substituting xpyovi = w(1,0,0,0,0, 1,0,0) into F}, we have

Fi(xpuovL, ) = w Z Z Aqa0000 00w = w{agy + (a1 + ag)w}.
a=0 =0

We see that F|(Xpuovi, %) = 0 has the trivial solution (w = 0) and a bifurcating solution:

a) + ag

Y = Ypuovi ® — w. (B.147)

ao

Substituting xpyo-v1 into Fg in (B.118), we see that Fy = F; = 0. Hence, the bifurcation equation
is satisfied for xpyo-vi.
Substituting xpuovir = w(1,0,0,0,0,0,0, 1) into £, we have

Fi(xpuovin ) = w Z Z Aa0000000 (W)W ~ wi{agy + (a1 + ag)w}.
a=0 h=0

We see that F|(xpuo-vir, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

a) + ag

¥ = Ypuovn ® — w. (B.148)
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Substituting xpye-v1r into Fg in (B.120), we see that Fg = F; = 0. Hence, the bifurcation equation

is satisfied for xpyo.-vir-

Substituting Xnono-t = W(1,0,0,0,0,0,0,0) into £}, we have

We see that | (Xnmono-ir, ) = 0 has the trivial solution (w = 0) and a bifurcating solution:

Fi(XMono1 ) = W Z Aq0000000 )W = w{aoy + ayw}.

a=0

ai
Y = YMono-1 & _a_W-

Hence, the bifurcation equation is satisfied for Xnono-11-

B.2.3. Stability of Bifurcating Solutions

The asymptotic form of the Jacobian matrix J = F /dx becomes

where
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az 0 0 0 0 O O O] agz. 0 0 O O O O O
0O ag 0O O O O O O 0O a3 0O O 0O O O O
0 0 as 0 0 O O O 0 0 a¢ O 0O O O O
= [0 0 0 a O O O O = [0 0 0 a O O O O
1o 0 0 0 aa 0 0 0} 8710 0 0 0 aa 0 0 O
0O 0 0 0 0 a O O 0O 0 0 0 0 a 0 O
ay d4 dads deg aj dag 2611 a 0 0 0 0 0 0 ay 0
0 0 0 0 0 0 0 a| | ag a7 as as a4 a3 ax 2a; |

To begin with, we investigate the stability of Square-II solution. Evaluating the Jacobian matrix
at the point

ayt+ayt+asz+aqg+as+ag+ajy+ag

(xSquare-II, 'ﬁSquare-II) = (W, W, w, w, w, w, w, w, — p w),
0
we have ) )

ay dp az d4 as dadeg dj d4ag
a dy 4ag ajy d4ae daAs a4 as
ay d4ag ay day a4z a4 ds dae

= as ay dp dyp a4ag aj deg dads

J(xSquare—H’ l/’Square—H) =W (B.151)

as de dj dg a4y aAy a4az dg
ag ds d4 A3 a4z ay dg ajy
ay d4 ds deg ajy ag d; a
ag aj as as a4 az a ap |

The eigenvalues of this matrix are given as follows:

A, Ay = w(ay + ay + as + ag) £ w(az + a4 + a7 + ag),
A3, Ay = w(ay — ax + as — ag) + w(az — a4 + az — ag),

As, A ~ w(ay — as) = wy(az — ag)? — (a3 — a7)® + (as — ag)?  (repeated twice).

Thus, the stability of xgsquare-1 depends on the values of ay,...,ag. The other solutions can be
treated similarly. Tables B.2 and B.3 summarize the stability conditions of bifurcating solutions.
Evaluating the Jacobian matrix at the point

ay +az+as+ay

w),

(xSquare—HI, lquuare—III) = (W, 0’ W, 0’ w, 0’ w, 0’ - a
0

we have i )
ay dp az a4 das daeg dj dadg

ay dg dip dy az a4 d4ds de

J(Xsquare. m) R w B.152
(Square 11T l/’Square IH) as as a7 ag a; a, as ag > ( )

ay a4 as dag ay ag da; a
|0 0 0 0 0 0 0 a |
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Table B.2: Stability conditions of bifurcating solutions for critical points associated with Type S; orbit.

Solution

Case

Stability conditions

X Square-II

w >0,
(a2 — ag)* — (a3 — a7)* + (as — ag)* > 0

a1+a2+a5+a(,<—|a3+a4+a7+a3|
ay—ay +as—ag < —|las — a4 + a; — ag|

ar — as < —(az — ag)* — (a3 — a7)* + (a4 — ag)?

w >0,
(a2 — ag)* — (a3 — a7)* + (as — ag)* < 0

a1+a2+a5+a6<—|a3+a4+a7+a3|
ay—ap +as—ag < —|las — a4 + ay — ag|
a1—a5<0

w <0,
(a2 — a)? — (a3 — a7)* + (as — ag)* > 0

ay +ay +as + ag > |as + a4 + a7 + ag|
ay —az+as—ag > |a3—a4+a7—ag|

aj —as > \(ax — ag)? — (a3 — a7)? + (a4 — ag)?

w <0,
(a2 — a)? — (a3 — a7)* + (as — ag)* < 0

ay +ay +as + ag > |as + a4 + a7 + ag|
ay —ap +as—ag > |a3—a4+a7—a3|
al—a5>0

Xsquare-n W >0 —a1+a—az+as—as+ag—ay+ag <0
ay + as <—|a1—a3
al—a5<0
w<0 —a1+ay—az+as—as+ag—aj+ag >0
ay +as > |a1—a3
al—a5>0
X Quad-I w>0 —al—a2+a3+a4—a5—a(,+a7+a8<0
ay + ag <—|a2+a5|
ay — ag < —|ay — as|
w<0 —ay—a)+az+as—as—ag+a;+ag >0
ai + ag > |ay + as|
ay — ag > |ay — as|
X Quad-II w>0 —a+ar+az—as—as+ag+a;—ag <0
ai + as < —|ay + ag|
a; —as < —|as — ag|
w<0 —ay+ar+az—as—as+ag+a;—ag >0

ay +as > |a4+ag|
ay —as > |ay — ag|
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Table B.3: Stability conditions of bifurcating solutions for critical points associated with Type S; orbit.

Solution Case  Stability conditions

X Duo-III w>0 max(a3 + aq,as + aeg, a7 + ag) <a +a

a < —|ay|
w <0 min(as + aq,as + ag, a7 + ag) > aj + a
ay > |ay|
XDuorv W >0 max(ap +ay,az + ag, as +ag) < a; + ay
ay < —|ag|
w <0 min(ay + ay,as + ag, as + ag) > a; + a4
ap > |ay|
XDuo-V w >0 max(ay + ag, az + a7, a4 + ag) < ay + as
ay < —las|
w <0 min(ay + ag, az + a7, a4 + ag) > a; + as
ap > |as|
XDuo-VI w>0 max(a2 +as,az + ag,aq + a7) <ap+ag
a < —|agl
w <0 min(a; + as,as + ag, a4 + aj) > aj + dg
ap > |ag|
XDuo-VII w>0 max(az + as, a4 + as,ag + a7) <ap+ag
ay < —|ag|
w <0 min(ay + as, a4 + as,a¢ + a7) > a; + ag
ap > |ag|

>0  max(a, as, as, as, ag, az, ag) < a; < 0
w <0  min(ay, a3, as, as, as, a7, ag) > a; > 0

s

XMono-II
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where @ = —a; + a» — az + a4 — a5 + ag — a7 + ag. The eigenvalues of this matrix are given as
follows:

A1, A2 = w(ay + as) = w(as + ay),

A3, A4 = w(ay — as) £ iw(az — ay),

As = w(—ay +ay —az +as —as + ag —ay + ag) (repeated 4 times).
Thus, the stability of xXsquare-1r depends on the values of ajy, . . ., as.

Evaluating the Jacobian matrix at the point

ay+ay +as+ ag

(xQuad—I, wQuad—I) = (W, W9 O’ O’ W, W9 O’ O’ - aO W)’
we have ) )
ay dy az d4 as dadeg dj d4ag
a, ap ag aj ag ds d4 a
0O 0 a O O O O O
~ 0O 0 0 aa 0O O 0 O
J(XQuad-1» ¥Quad-1) & W A (B.153)
ag ds d4 A3 a4z ay d4dg ajy
O 0 0 0 0 0 o0 O
| 0 0 0 0 0 0 0 «a |
where @ = —a; — ax + az + a4 — as — ag + a7 + ag. The eigenvalues of this matrix are given as
follows:
A1, 2 = w(ar + ag) = w(az + as),
A3, 44 = w(ay — ag) + w(az — as),
As = w(—ay —ap + a3z +aq —as — ag + a7 + ag) (repeated 4 times).
Thus, the stability of xQuad-1 depends on the values of ay, .. ., ag.

Evaluating the Jacobian matrix at the point

a) +aq +as+ ag
w

),

(xQuad-II, wQuad-II) = (W9 05 05 w, w, 05 0’ w, — a0

we have
ar az a4 ds ae ay

ai
O a 0 0 O O
0 0 a 0O 0 O O

)

as
0
0

~ N as a3 a» ay ag aj dg das
J(xQuad-IIa wQuad-H) ~w as ag a7 ay a; ar az as |’ (B.154)
0O 0 0 0 0 a 0 O
0O 0 00 0 0 a O

ag dj de ds a4 asz dz aj
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where @ = —a; + a» + a3z — a4 — a5 + ag + a7 — ag. The eigenvalues of this matrix are given as

follows:

A1, A = w(ay + as) £ w(aq + ag),

A3, 44 = w(ay — as) £ w(as — ag),

As = w(—a; +ay +az —aq —as + ag + a7 —ag) (repeated 4 times).
Thus, the stability of xQuad-1 depends on the values of ay, . . ., as.

Evaluating the Jacobian matrix at the point

(xDllO-IH’ wDUO-HI) = (Wa w, 05 O, 09 O, 0’ 05 -

we have

J(XDuo-11L, YDuo-11) & W

0 0

S
[\S]
=

N
o)

[ lle el
S oo oo

a4
a

BN

0
B
0
0
0
0

cooR ool &

a +ap
w
ao
aeg dj dadg
as d4 as
0 0 O
0 0 O
0 0 O
a 0 O
0 B8 0
0 0 vy

(B.155)

where @ = —a; —ax+ay;+ag, B = —a; —ay +az+as, and y = —a; —a + as + ag. The eigenvalues

of this matrix are given as follows:

A1, Ay = w(ay £ ay) (repeated twice),

A3 ~ w(—a; —ar + az + ag),

Ay = w(—a; —ar + as + ag),

As ~ w(—aj; — ay + a7 + ag).

Thus, the stability of xpyo-iir depends on the values of ay, . .

Evaluating the Jacobian matrix at the point

(xDLlO—IV’ wDUO—IV) = (W’ 0’ 09 W’ 09 O’ O’ 0’ -

we have

J(xDUO—IV’ l/’Duo—IV) =W

[ a1 ay a3

0 aa O
0 0 «a
as az ap
0 0 O
0 0 O
0 0 O
0 0 0
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where @ = —a; —as+ax+ay, B = —ay —as+as+ag,and y = —a; — as + a3 + ag. The eigenvalues
of this matrix are given as follows:

A, Ay = w(ay £ aq) (repeated twice),

A3 = w(—a; —aq + ay + ay),

Ay = w(=ay — as + a3 + ag),

As = w(—a1 —aq +as+ ag).

Thus, the stability of xpyo.rv depends on the values of ay, . . ., as.
Evaluating the Jacobian matrix at the point
a) + as
(xDllO-V7 ¢DUO—V) = (W7 Oa O, 0’ w, 0’ 07 0’ - a W)7
0

we have ) )
ay dy az d4 as dadeg dj dag

O a 0 0O 0 O O O
O 0 g 0 0 O 0 O
0O 0 0 v 0 0 0 O

J(XDuo-vs YDuov) ® W as ac ar as ai ar as as |° (B.157)
0O 0 00 0 a 0 O
0O 0 0 00 0 B O
| 0 0 0 0 0 0 0 vy |
where @ = —a; —as+ax+ag, B = —ay —as+az +az,and y = —a; — as + a4 + ag. The eigenvalues

of this matrix are given as follows:

A1, Ay = w(ay £ as) (repeated twice),
A3 = w(—aj — as + ay + ag),
Ay = w(—ay; —as + az + ay),
As =~ w(—aj — as + aq4 + ag).

Thus, the stability of xpyo.v depends on the values of ay, . . ., ag.
Evaluating the Jacobian matrix at the point
a) + aeg
(XDuo-vs ¥Duo-vi) = (w,0,0,0,0,w,0,0, - e w),
we have
ay dy aiz da4 as ay
O a 0 0 O 0
0O 0 B 0 O 0
~ 0O 0 O 0
J(XDuovLYDuov) W | o o g o (B.158)
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where @ = —a; —ag+ax+as, B = —ay —ag+as+az,and y = —a; — ag + a3 + ag. The eigenvalues
of this matrix are given as follows:

Thus, the stability of xpyo-yv1 depends on the values of ay, . .

A1, Ay = w(ay £ ag) (repeated twice),

A3 ~ w(—ay — ag + ap + as),
Ay = w(—aj — ag + az + ag),

As ~ w(—aj — ag + a4 + ay).

Evaluating the Jacobian matrix at the point

we have
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where @ = —a; —ag+ax+ a3, B = —ay —ag+ag+az, and y = —a; — ag + a4 + as. The eigenvalues
of this matrix are given as follows:

Thus, the stability of xpyo-vi depends on the values of ay, . .
Evaluating the Jacobian matrix at the point

we have

A1, A ® w(a) = ag) (repeated twice),

A3 = w(—a; —ag + ax + a3),

A4 = w(—a1 —ag +aq + a5),

As = w(—aj — ag + ag + ay).
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The eigenvalues of this matrix are given as follows:

A1 = way,

A = w(-ai + a),
Az =~ w(-a; + az),
A = w(-ay + aa),
As ~ w(-ay + as),
e = w(=ay + ae),
A7 = w(-a; + ap),
Ag = w(—aj + ag).

Thus, the stability of Xnono-11 depends on the values of ay, . . .
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