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Abstract

This paper proposes maximum (quasi)likelihood estimation for high dimen-
sional factor models with regime switching in the loadings. The model parame-
ters are estimated jointly by EM algorithm, which in the current context only
requires iteratively calculating regime probabilities and principal components of
the weighted sample covariance matrix. When regime dynamics are taken into
account, smoothed regime probabilities are calculated using a recursive algo-
rithm. Consistency, convergence rates and limit distributions of the estimated
loadings and the estimated factors are established under weak cross-sectional
and temporal dependence as well as heteroscedasticity. It is worth noting that
due to high dimension, regime switching can be identified consistently right
after the switching point with only one observation. Simulation results show
good performance of the proposed method. An application to the FRED-MD
dataset demonstrates the potential of the proposed method for quick detection
of business cycle turning points.
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1 Introduction

A great deal of attention has focused on the loading instability issue in high dimen-
sional factor models'. Various procedures are proposed to detect and/or estimate
common abrupt breaks in loadings, including Cheng, Liao and Shorfheide (2016),
Baltagi, Kao and Wang (2017, 2021) and Bai, Han and Shi (2020), to mention a few.
Other models of time varying loadings, such as i.i.d./random walk, smooth change,
vector autoregression and threshold type, are studied in Bates, Plagborg-Moller, Stock
and Watson (2013), Su and Wang (2017), Mikkelsen, Hillebrand and Urga (2019) and
Massacci (2017), respectively.

An alternative approach of modeling loading instability is common regime switch-
ing. In business cycle analysis, several unobservable factors summarize the comove-
ments of many economic variables and loadings measure the importance of factors for
each economic variable. The importance of each factor may be different depending
on fiscal policy (expansionary, contractionary, neutral), or monetary policy (expan-
sionary, contractionary), or stage of the business cycle (peak, trough, expansion,
contraction), hence loadings may switch synchronously between several states under
different scenarios. In stock return analysis, loadings measure the impact of the factor
return on the expected return of each individual stock, hence loadings may switch
synchronously depending on the stock market scenarios (bull versus bear markets,
high versus low volatility), see for example Gu (2005) and Guidolin and Timmer-
mann (2008) for related discussions. In bond return analysis, the yields of bonds
with different maturities are well captured by the level factor, the slope factor and
the curvature factor, see for example Cochrane and Piazzesi (2005) and Diebold and
Li (2006). The importance of each factor could be different depending on stock mar-
ket volatility, or stage of the business cycle, or unemployment rate, hence loadings
may also switch synchronously according to these state variables. In general, large
factor model with regime switching in loadings could also be useful for other topics,

such as tracking labor productivity.

!For empirical evidences of parameter instability in macroeconomic and financial time series, see
Banerjee, Marcellino and Masten (2008), Stock and Watson (2009) and Korobilis (2013), to mention
a few.



There are only a few related results on large factor model with regime switching in
loadings. Liu and Chen (2016) proposes an iterative algorithm for estimating model
parameters and the hidden states based on eigen-decomposition and the Viterbi algo-
rithm, however, the asymptotic properties of the estimated parameters are established
only when the true states are known. Considering loadings as general functions of
some recurrent states, Pelger and Xiong (2021) develops nonparametric kernel esti-
mator for the loadings and factors, and establishes the relevant asymptotic theory.
However, Pelger and Xiong (2021) requires observable state variables. In general,
state variables may be misspecified or unobservable.

This paper proposes maximum (quasi)likelihood estimation for high dimensional
factor model with regime switching in loadings when the state variables are unob-
servable. The model parameters are estimated jointly by EM algorithm, which in the
current context only requires calculating principal components iteratively. Asymp-
totic properties of both the estimated parameters and the posterior probabilities of
each regime are established under general assumptions.

More specifically, in the E-step, posterior probabilities of each regime are calcu-
lated based on the observed data and the parameter values at the current iteration,
and the log joint likelihood of the observed data and the unobserved states are av-
eraged with respect to the calculated regime probabilities. When state dynamics are
ignored, regime probabilities at time ¢ are inferred only from x; (the observed time
series at time ¢). When state dynamics are taken into account, regime probabilities at
time ¢ are inferred from all data using a recursive algorithm modified from Hamilton
(1990). In the M-step, the estimated loadings for each regime are principal compo-
nents of the weighted sample covariance matrix of the observed time series, where the
weight on x; equals the probability of that regime at time ¢. Since principal compo-
nents can be easily calculated even when N (the dimension of time series) is large,
our method is very easy to implement.

Ignoring state dynamics, this paper establishes the convergence rates of the es-
timated loading space and the estimated factor space, the limit distributions of the
estimated loadings and the estimated factors, and consistency of the estimated prob-

abilities for each regime. This paper then show that all these results are still valid



when state dynamics are modeled as a Markov process and regime probabilities at
each time ¢ are inferred from all data using the proposed smoother algorithm. Consis-
tency of the transition probability matrix and the unconditional regime probabilities
are also proved. Note that asymptotic analysis under the regime switching setup is
more difficult than under the structural break setup, because the pattern of regimes
for the latter is much simpler.

These asymptotic results are essential in many empirical contexts. First, the limit
distributions of the estimated factors allow us to construct confidence intervals for
the true factors, which represent economic indices in many applications. The result
on the estimated factor space implies that if estimated factors are used in factor-
augmented forecasting (or factor-augmented VAR), the forecasting equation (or the
VAR equation) would have induced regime switching in model parameters. Second,
for asset management, the estimated loadings of each regime allow us to construct
portfolios according to each specific market scenario. For structural dynamic factor
analysis, consistently estimated loadings are also crucial for recovering the impulse
responses. Third, consistency of the estimated probabilities for each regime implies
that for each z;, we can consistently identify which regime z; belongs to as N — oc.
For asset management, this allows us to consistently identify the current market
scenario. For business cycle analysis, this allows us to consistently date turning
points of business cycle and quickly detect new recessions or expansions, especially
when high frequency (weekly, daily) data is utilized.

For cases with small NV, various methods have been proposed for estimating factor
models with regime switching. Kim (1994) proposes approximate Kalman filter for
likelihood evaluation and uses nonlinear optimization for likelihood maximization.
Kim and Yoo (1995) and Chauvet (1998) apply Kim (1994)’s method to a small
number of economic series and obtain recession probabilities and turning points very
close to the official NBER dates. Kim (1994) allows for regime switching in both
factor mean and factor loadings, but when N is large, Kim (1994)’s method would be

very time consuming and may have convergence problems?. Other methods, such as

2This is because the number of parameters grows proportionally to N and the likelihood function
is calculated numerically and maximized by nonlinear optimization algorithm.



Diebold and Rudebusch (1996) and Kim and Nelson (1998), assume stable loadings
and only focus on regime switching in factor mean. If loadings are unstable, these
methods are not applicable. More importantly, if there is only regime switching in
factor mean, we can not consistently identify each regime even when N is large.

In contrast with Kim (1994), our method is fast and easy to implement even
when N is very large. The crucial point behind our EM algorithm is to ignore factor
dynamics® and integrate out the factors in the likelihood function. If factors dynamics
are taken into account or factors are treated as parameters in the likelihood function,
the estimated loadings would not be the principal components of the weighted sample
covariance matrix, and consequently both the algorithm and the asymptotic analysis
would become infeasible. On the other hand, the efficiency loss of ignoring factor
dynamics is small when N is large.

This paper may also contribute to the literature on dating turning points of busi-
ness cycle. Currently there are two main approaches for dating business cycle using
multiple time series. The first approach, aggregating then dating, is to date business
cycle by focusing on a few highly aggregated time series such as GDP, industrial
production and nonfarm employment. The second approach, dating then aggregat-
ing, is to date turning point in each disaggregated series and then aggregate these
turning points in some appropriate way, see Burns and Mitchell (1946), Harding and
Pagan (2006) and Chauvet and Piger (2008). These papers only use a small number
of time series. Stock and Watson (2010, 2014) studies this issue using many time
series. This paper shows that it is possible to consistently identify turning points if
regime switching is synchronous and N is large enough. If N is small, consistency is
not possible no matter how large 7' is. This paper also shows that if N is large, it
is possible to consistently detect regime switching right after the turning point with
only one observation, thus the speed of detection could be improved significantly. If
N is small, we have to wait for enough observations from the new regime.

The rest of the paper is organized as follows. Section 2 introduces the model

3Factor dynamics are still allowed for the data generating process.



setup and estimation procedures ignoring state dynamics. Section 3 presents the
assumptions and asymptotic results ignoring state dynamics. Section 4 introduces
the estimation procedures and asymptotic results taking into account state dynamics.
Section 5 presents simulation results. Section 6 presents an empirical application of
the proposed method to the FRED-MD dataset. Section 7 concludes. All proofs are
relegated to the appendix.

Through out the paper, (N,T) — oo denotes N and T going to infinity jointly,
ONT = min{\/ﬁ T }. 2, and -% denotes convergence in probability and convergence
(4) and p(A)

denote its spectral norm, Frobenius norm, largest eigenvalue and smallest eigenvalue,

in distribution, respectively. For matrix A, let ||Al|, ||Allz; Pmax
respectively. Let Py = A(A’A)~!'A’ denote the projection matrix and My = I — Pj.

"w.p.a.1" denotes with probability approaching one.

2 Identification and Estimation

Consider the following factor model with regime switching: for ¢ = 1,..., N and
t=1,..,T,
it = f{'N) + e if 2 =, (1)

where \); is an 7

dimensional vector of loadings for regime j, f; is an ) dimensional
vector of factors, z; is the state variable indicating which regime x;; belongs to, and e;
is the error term allowed to have cross-sectional and temporal dependence as well as
heteroskedasticity. x;; is observable and all right hand side variables are unobservable.
The number of regimes J° and the number of factors in each regime 7’? are fixed as
(N,T) — oo (N and T go to infinity jointly) and assumed to be known. 79 is allowed
to be different for different j. How to determine r? and J° will be studied in a separate
paper.

The factor process {f°,t = 1,..., T} is allowed to be dynamic, and similar to the
principal component estimator (PCE) in Stock and Watson (2002) and Bai (2003)
and the maximum likelihood estimator (MLE) in Bai and Li (2012, 2016), factor

dynamics are ignored when estimating model parameters. Thus there is no need to



model factor dynamics. The state process {z;,t = 1,...,T} is independent with f?
and e;s for all 7 and s, but is not required to be a Markov process. The estimation
procedure in this section ignores the dynamics of z;, and the corresponding asymptotic
results in Section 3 are valid no matter whether z; is dynamic or not. In Section 4,
we shall assume {z;,t = 1,...,T'} to be Markov and take into account state dynamics
in parameters estimation and smoothed inference for regime probabilities of each t.
Let ¢° = (¢}, ..., ¢%)" denote the (J° x 1) vector of unconditional regime probabilities,
ie., q? = Pr(z; = j). When {z,t = 1,...,T} is a Markov process, let Q° denote
the (J° x J°) matrix of transition probabilities and QY. denote the probability of
switching from state k to state j.

In vector form, the model can be written as:
:Agfto—i—et if =4, fort=1,..,T, (2)

where A9 = (A%, .., \0y), @0 = (21, ... on) and e = (eyy,....eny)’. Let A® =
(AY,...,A%) and let E = (eq,...,er)" be the T' x N matrix of errors. When there are

no superscripts, ¢, @, A; and A denote parameters as variables.

2.1 Identification

Since factors are unobservable, regimes are defined in terms of the linear spaces
spanned by loadings. Two regimes are different if their loading spaces are differ-
ent, and vice versa. More specifically, the identification condition is: for any j and

k,

mln — HMAoA ft = IIllIl 'AO’MA A f) > C for some C > 0. (3)
A sufficient condition for (3) is:
lim —AO M AoA is positive definite for any j and k, (4)

N—oo N
and mtln || f+|| is nonzero.

Condition (4) requires limy_o (A9, AR)'(AY, A) to be full rank for any j and k.

Thus A9 and Aj are not allowed to share some columns, and columns of A} could not



be linear combination of A) and vice versa. An alternative sufficient condition for (3)
is:

1
lim NA%’MAgAg # 0 for any j and k, (5)

N—oo

and mtin |g§k ft‘ is nonzero,

where g;i is the eigenvector of limy_.oo +AY M, A9 A? corresponding to nonzero eigen-
value. Condition (5) only requires that the linear spaces spanned by A? and A} are
different, thus A9 and A} are allowed to share some columns, and some columns of
A9 are allowed to be linear combinations of A} and vice versa.

Note that condition (4) does not rule out the possibility that any regime j can
be further decomposed into multiple regimes. Suppose the true model contains three
regimes and A?, A9 and A§ are linearly independent with each other. If we consider
A? as the first regime and (A9, A9) as the second regime, this misspecified model also

satisfies condition (4). To rule out this possibility, we require that

) f2fY is positive definite, (6)

where A; denotes any subset of {t : 2z, = j} with cardinality |A;| and lim% > 0.
J
If ﬁzte 4, f2fY is not positive definite as T — oo for some A;, then A; and

{t:z =j,t¢ A;} are considered as two separate regimes.

2.2 First Order Conditions and EM Algorithm

Consider the following log-likelihood function for Gaussian mixture in covariance:

T

JO ]
Aot q) =) loa(y aillm]s = jihj,0%)), (7)

where L(z; |z, = j; Aj,0?) is the density of z; conditional on z; = j and evaluated at
(A;,0?), and

1. —1

N -y -1 — 5T i Tt
L(ze |z = js Mg, 0) = (2m) 72 [8y] 72 em2m e, (8)



Y; is the covariance matrix of x; for regime j, and
Ej = A]A; + O'2IN. (9)

The above log-likelihood function avoids estimating the factors. If factors are esti-
mated jointly with loadings, we would not have analytical first order conditions as
presented below, and consequently EM algorithm would become infeasible.

Equation (7) is a misspecified (quasi) log-likelihood function. First, similar to the
principal component estimator in Stock and Watson (2002) and Bai (2003), cross-
sectional and serial dependence and heteroscedasticity of the error term are ignored.
We may also take into account heteroscedasticity as Doz, Giannone and Reichlin
(2012) and Bai and Li (2012, 2016). With regime switching, the algorithm and
asymptotic analysis would be much more complicated, but the results should be
conceptually similar. Thus for simplicity, we do not pursue this direction.

Second, state dynamics are ignored. When N is large, x; itself contains large
information for z;, thus the information in zy,...., 2,1 is marginal. We shall show in
Section 4.2 that asymptotic results remain the same when state dynamics are taken
into account.

Third, factor dynamics are ignored. As shown in Bai (2003) for PCE and in Bai
and Li (2012, 2016) for MLE, when there is no regime switching, the asymptotic
properties of the estimated factors and loadings are robust to the presence of factor
dynamics if both N and T are large. When there is regime switching, the asymp-
totic results in Section 3 are also robust to the presence of factor dynamics. More
importantly, ignoring factor dynamics greatly simplifies the computation algorithm
for regime switching factor models. As shown below, with factor dynamics ignored,
we just need to calculate principal components iteratively. If factor dynamics are not
ignored, Kim (1994)’s method would be very time consuming and may have conver-

gence problems if NV is large?.

*When there is no regime switching, as suggested by Doz et al. (2012), large N factor model
with factor dynamics can be calculated by the EM algorithm. However, when there are both regime
switching and factor dynamics, the EM algorithm also fails. This is because in the E-step we need
to calculate the likelihood for each possible state chain z1, ...., 27 and there are (J°)” possibilities,
and in the M-step numerical optimization is still needed.



Fourth, equation (7) implicitly assumes that E(f?) = 0 and BE(f2fY) is stable
within each regime, and E(f{ ) is absorbed into A;A} in equation (9). This is not
a big issue since all results of this paper still hold when E(f?) # 0 and E(f?fY) is

unstable within regime, as long as Assumption 1 is satisfied.
First order conditions for A and o2

The parameters A, 02, q are estimated by maximizing I(A, 02, ¢). The derivative of
q; (2%)_% %] 2 o3 e with respect to A; equals itself multiplied by the derivative

of —1log || — 3215 'z, with respect to A;, and

0log [%;] -1

CO8ISI — onIn, 1
8A] ] J? ( 0)

o)y, . .

see Chapter 14.3 in Andersen (2003) for details on calculating these derivatives. The

probability of z; = j conditional on z; and evaluated at (A, o2, q) is

QjL<$Ut |Zt = j?Aj702)

Pr(z = j }xt;A,q, 02) = : (12)
Sl L@ |z = ki Ay, 02)
For simplicity, we just use p;; to denote Pr(z; = j |24; A, g, 0?). It follows that
ol(A\, 02, q T _ _ _
% — thl pt](—zj IAJ + 2] 1.Tt.]:;2j IAJ)
j
Set Mg’—fj"]) to 0, we have
DIRIVED Yl Sy V) (13)

where S; = S21 pymat/ 321 pij. S; can be considered as sample covariance matrix
for ¥; based on importance sampling. The weights p;;/ Z; ptj depend on the im-
portance of the sample x; for regime j, the larger p,; is, the more important x; is for
regime j. If true values of A, ¢, 02 are plugged into p;;, then B(Y/_, pyja.r)) = Tq)%;
T

and E(>,_, pij) = Tq?.

From equation (9), we have 3;A; = Aj(AjA; + 02IT9). Left multiply S;%;" on
both sides, we have S;A; = S;5 A (A/A; + JQIT?). From equation (13), we have

9



Aj = szj_lAj, thus
SjAj = A](A;A] + O'ZIT?). (14)

If A; is a solution for equation (14) and A} equals post-multiplying A; by the eigenvec-
tor matrix of A’A;, then A7 is also a solution for equation (14) and A}'A7 is diagonal.
Thus we can directly choose solution A; with A’A; being diagonal. Tt follows that
solution A; are eigenvectors of .S; and A’A; +021r9 are the corresponding eigenvalues.

We show in Appendix F that o2 satisfy the following condition:

1 1 T JO
o = Ntr(f thl Ty — Zj q;A5A). (15)

From the first order conditions, we can estimate the parameters as follows:
EM algorithm

Choose any q such that q; > 0 for all j, e.g., ¢ = 1/J°. Start from randomly
generated initial values of A© gnd 6% = 1. For h = 0,1,...,

E-step): calculate ﬁ(h) = Pr(z = J xt;A(h),&2(h),q rom equation (12), and
tj

~(h ~(h ~(h
calculate Sj(» ) = Zthl pﬁj)xtwi/ Zthl pgj);
(h)

A (h+1
tj A(‘ )

(M-step): given p,;’ and S'(h) N-hﬂ) are eigenvectors of g(-h) and normalize

such that A (ht1) Aghﬂ) + A2(h+1)l 0 are the corresponding eigenvalues, and & h+1) =

~tr( ST e — Zj L q]A (ht1) A(hH)') Note that computation of A BFD) nd 520D

2(h+1)

requires iteration because Aj depends on & and vice versa.

~

Iterate the FE-step and the M-step until converge. Let A = (S\jl, XjN)’ A =
(Al, .. AJO) and 6° denote the estimated parameters, and py; = Pr(z; = j |s; A6 2.q)

denote the estimated regime probabilities.

The asymptotic results in Section 3 hold for any ¢ as long as ¢; > 0 for all j. Here

we choose ¢; = 1/.J° for all j. Once we have A and &2, q) can be estimated by

N I A
q] e f Zt;l pt] (16)

We may also replace ¢; = 1/J° by ¢; = ¢; and repeat the EM algorithm. If we

iterate between (A, 6%) and ¢; until convergence, this turns out to be the maximum

10



likelihood estimator when ¢ is estimated jointly with A and 02 because equation (16)
is the first order condition for ¢, see Appendix F.
The asymptotic results in Section 3 also holds for any 62 as long as 62 is bounded

and bounded away from zero in probability. Consistency of 62 is not needed. When

1
rek

enough such that the true o2 lies in [é, C?]. We may also simply fix down 6% = 1 to

implementing the above algorithm, 6 will be restricted in [2;, C?] for some C' large

avoid the iteration between A§h+1) and 62"V This only affects the Euclidean norm
of A(ﬁ—i—l)
P

Remark 1 Since S; is a weighted average of x,x;, A; can be considered as a GLS
estimator. This is related to the GLS estimation for factors in Breitung and Tenhofen
(2011) and Choi (2012). Here the weights are py; = Pr(z = j|zi; A, q,02), while in

those papers the weights are inverse of error variances.

2.3 Estimate the Factors

Let 1,,—; denote the indicator function, i.e., 1,,—; = 1 if 2, = j and 0 otherwise.

Ignoring factor dynamics, conditioning on z;, the conditional expectation of f; is

JO

fe=>_. B

If factor dynamics are taken into account, conditioning on x1.; = (1, ..., 74),

=Y E

which is formidable since we need to calculate (J°)! probabilities. For large N, the

. JO L
T, 2 = J; Ay, &Q)ﬁtj = Z - A;‘(AjA;' + <A72]N>7137t13tj- (17)

J

A a2 A 52
xl:bzlztaAaO— )Pr(zlzt ml:thao— aQ>a

benefit of considering factor dynamics is marginal and is outweighed by the compu-

tational simplicity of ignoring factor dynamics.

3 Asymptotic Results

We assume the following conditions hold as (N,T) — oo.

11



Assumption 1 (1) For j = 1,...,J°, TLqQ S, B Yp, for some positive
J

definite X, , and plimm—lj| ZteAJ_ [P 1Y is also positive definite, where A; is defined in

section 2.1.

(2) For some a > 16, there exists M > 0 such that B(|| f2||*) < M for all t.

Assumption 1(1) rules out the possibility that for regime j, the subsample {¢ :
2 = j} can be further decomposed into multiple regimes, see the discussion in Section
2.1. Assumption 1(1) allows the factor process to be dynamic such that C'(L) f; = €.

Assumption 1(2) assumes that factors have bounded moments.

Assumption 2 (1) For j = 1,...,J° +AYAY — Xy, for some positive definite 3y,
and H)\SZH <M foranyi=1,...,N.

(2) For any j = 1,...,J° and k = 1,..., J°, mint%ff’Ag’MAgA?ff > C for some
C > 0.

Assumption 2(1) ensures that within each regime, each factor has a nontrivial
contribution. ||)\21H is assumed to be uniformly bounded over i. Assumption 2(2)
is the identification condition for determining which regime each z; belongs to, see

Section 2.1 for more details.

Assumption 3 (1) E(e;) =0, E(ef}) < M for some o > 16.

(2) Zszl Tie < M for any i, where E(egex) = Tigy with |Tigs| < Tip for some
Tk > 0 and for all t.

(3) Zstl Yo < M for all t, where E(eyeis) = v, with ‘%’,ts| < 7, for some
Vs > 0 and for all i.

(4) E(H s S (eiere — Bleser)) s —
and j =1, ..., J°.

2
)< M foralli=1,...N, k=1,...N

Assumption 3 allows the error term to have limited cross-sectional and serial
dependence as well as heteroscedasticity. These conditions are conventional in the

literature for approximate factor model.
Assumption 4 For j=1,...,.J°, %ZL l,—; 2 q? and 0 < q? < 1.

12



Note that Assumption 4 does not require z; to follow a Markov process, but if z;
is Markov, we can calculate smoothed estimates of probabilities of each regime for

each x;.

Assumption 5 (1)For some 8 > 2, B(||-% S, Mex ) <M foralj=1,..,J°
and all t.
2
(2) E( LT L el —ill ) < M forallj=1,..,J° and all i.

Assumption 5(1) assumes that errors are weakly correlated across i for each t.
When § = 2, Assumption 5(1) is implied by Assumptions 2(1), 3(1) and 3(2). As-
sumption 5(2) assumes that errors are weakly correlated across ¢ for each i. Assump-
tion 5(2) is implied by Assumptions 1(2), 3(1) and 3(4) if we further assume factors

are nonrandom or independent with errors.
1 1
Assumption 6 For each j = 1,...,J°, the eigenvalues of Zf\jZFJ, Z/ﬁj are different.

With Assumption 6, loadings and factors are identifiable up to a rotation. For

identification of the loading space and factor space, Assumption 6 is not needed.

2

) < M for all

2)<

Assumption 7 (1) E(Hﬁ SV S N eer — Bleien)) 1=,
L= 17 s N and j = ]-a ) JO; and IE‘(H\/%*]1 Zz]\il Zle(eiteis - E(eiteis))ftolzt:j
M foralls=1,...T and j =1, ..., J°.
2
(2) I[E‘(H\/%iﬂ1 ch\[:1 Z? 1 Ag ?lektlzt:j ) < M fOTj - ]-7 EaS) JO'
(3) Define ®;; = plimf Zs:l Zthl E(f2fYeiseils—jls,—;). For j = 1,..,J°,
d
\/;— Sty fleals—; = N(0,Dj).
. d

(4) Define ', = lim~ PORED D i ]kE(eztekt) Forj=1,..,J° \/—IN SV )\gzezt —

N(0,T).

Assumption 7 is conventional, part (3) and part (4) are just central limit theorems
and will be used for deriving the limit distributions of the estimated factors and

loadings.

Consistency of estimated loading space

13



Theorem 1 Under Assumptions 1, 2(1), 3 and 4, %
j as (N, T) — oc.

= O,(——) for each

ONT

2
F

M A9

Theorem 1 shows that the estimated loading space is consistent without observing
the state variable z;. Note that the estimated loadings Aj and the estimated regime
probabilities p;; depend on each other, thus we can not use standard technique in
the literature, e.g., Bai (2003), for analyzing Aj. The crucial point is to utilize large
N, see the Appendix for more details. Based on Theorem 1, we can show that the

estimated regime probabilities are consistent.
Consistency of estimated regime probabilities

Theorem 2 Under Assumptions 1-4 and 5(1), as (N, T) — oo, for each j and for
any n >0,

(1) sup, [Prj — 1aej| = 0p(55) ifT%/N — 0 and T%Jr%/N — 0,

(2) [Bej — La=jl = 0p(55)-

Note that 7 could be arbitrarily large, and o and [ could also be large as long as
Assumptions 1(2), 3(1) and 5(1) are satisfied. Theorem 2 shows that p;; is consistent
as N — oo and is uniformly consistent if T is relatively small compared to N. The
proof utilizes the exponential likelihood ratio.

Theorem 2 implies that we can consistently identify which regime z; belongs to for
all ¢, if there is common regime switching in loadings and the dimension of x; tends
to infinity. Theorem 2 also implies that we can consistently detect regime switching
right after the turning point with only one observation, so that we do not need to wait
for many observations of the time series from the new regime. This could improve
the speed of detection of new turning points, especially when high frequency data is

used.
Convergence rate of estimated loading space

If the true states z; were known, asymptotic properties of the estimated loadings

and factors are straightforward. Based on Theorem 2, we shall show that using
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estimated regime probabilities does not affect the asymptotic results. First, define
AA: N R T 0 0/1Z . AQ/[\, _
Wint = (&5~ + U—]\?IT?)(% Z?zlptj) and H; = Zt:lfijft = JWleT, then we have:

Proposition 1 Let V; be a 7’? X r? diagonal matriz consisting of eigenvalues of

Z/%\jEFjE/%\j in descending order and Y; be the corresponding eigenvectors. Under
Assumptions 1-6, and assume T /N — 0 and T%J’%/N — 0, as (N,T) — oo,

(1) Winr 2 @)V for each j,

(2) H; % EX],%TJ-VJ% for each j.}

Proposition 1 is an important auxiliary result. Note that the proof strategy of
Proposition 1 is slightly different from Bai (2003)’s framework, because here the first
order condition (14) does not tells us whether Aj is eigenvectors corresponding to the

largest r? eigenvalues of S; or not®.

16 2 2
Theorem 3 Under Assumptions 1-6, and assume T /N — 0 and T="3 /N — 0,
as (N, T) — oo, ‘ Aj — AYH|| = O,(52=) for each j.
NT

2
’ N P

Theorem 3 establishes the convergence rate of the estimated loading space for each
regime. This could help us study the effect of using estimated loadings on subsequent
applications. For example, if estimated loadings are used to construct portfolios,
Theorem 3 could help us calculate how the estimation error contained in Aj would

affect the performance of these portfolios.
Limit distributions of estimated loadings

16
Theorem 4 Under Assumptions 1-7, and assume \/T/N — 0, T*/N — 0 and

_1 1 1 _1
T /N =0, as (N,T) — 00, 1/ Tq)(Aji — HiA%) 5 N(0,V; T3 @53 T,V 2)

3N
for each j.

Theorem 4 shows that for each j and 1, j\ji has a limiting normal distribution.
This allows us to construct confidence interval for the estimated loadings. Also note

that the rotation matrix H; is different for different regime.

5H; corresponds to (H ')’ for the rotation matrix H in Bai (2003).

6Because of this, we can not use Weyl’s inequality. Bai (2003)’s proof of Proposition 1 relies on
his Lemma A.3(i), which relies on Weyl’s inequality. Our proof utilizes Theorem 1 and makes some
modifications on Bai (2003)’s framework.
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Remark 2 ¢; 2z q? is proved in the proof of Proposition 1(2). We can also prove con-
sistency and limit distribution of % (the probability limit of 6% is lim,,_ % S 02),

2

we omit it since this is not our focus.
Asymptotic properties of estimated factors

Theorem 5 Under Assumptions 1-7, and assume VN /T — 0, T%’?/N — 0 and
T%Jr%/N — 0, as (N,T) — oo,

(1) 250 7 - a0 = 0,

(2) VN(fy = HZ f2) 5 N0, V2 0 ST S T, Vs ),

Theorem 5(2) shows that the limit distribution of f; is mixed normal, since the
rotation matrix H_ 1 and the asymptotic variance depend on the state variable z,.
Theorem 5(1) establishes the convergence rate of the estimated factor space. Note
that if { fot =1, ...T'} is used as proxies for the true factors in factor-augmented fore-
casting (or factor-augmented VAR), the forecasting equation (or the VAR equation)
would have induced regime switching in model parameters, because H_ ! depends on
2. For illustration, consider the following h-period ahead forecasting model using

factors and some other observable variables W,:
Ytrn = a/fz? + VW, + g,

If ft is used as proxies for f?, the model can be written as

~

Yern = —a'H,, (fr — H;tlf?) + a/Hztft + Wy + wgsn.

The first term on the right hand side is asymptotically negligible. It is easy to see
that the coefficient o' H,, depends on z; and this need to be taken into account when

we estimate the forecasting equation.

4 MLE with State Dynamics

In this section we assume state process z; to be Markov and take into account the dy-

namics of z; in the EM algorithm and the asymptotic analysis. Since the state process
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of the business cycle/stock market is highly persistent, regime switching models that
capture the persistence should perform significantly better. In addition, taking into
account state dynamics would also be advantageous for mixed frequency data or
ragged edge data (data released at non-synchronized dates), since the number of

series available is small at early times.

4.1 Algorithm for MLE with State Dynamics

Let ¢ = (¢, ..., ¢50)" denote the initial probabilities of z;. With state dynamics taken

into account, the log-likelihood function is:

10,0%Q.0) =1ogy " S T LA 0®) Pr(en, 22 [Q,0)], (18)

where [[_, L(x; |2i; A, 0%) is the density of (z1, ..., z7) conditioning on (21, ..., ) and

Pr(zy,...,27|Q, ¢) is the probability of (z1, ..., zr).
First order conditions for A and o2

Let pyjjr = Pr(z = jlzir; A, 0%, Q, ¢).

al(A7027Q’¢) ZT aIOgL(ZEt ’Zt;Aa0-2>

= peiir = 0, (19)
A, t=1 A, i
Ol(N,0%,Q, ¢ 7 dlog L(xy |25\, o
( do? ! - Zt 1 Z t |2t )ptﬂ'\T =0. (20)

Recall that ., = (z1,...,2;) and 214 = (21,...,2). For any given @ and ¢, let
Pr(zy, ..., 27 wlzT;é(h)) be the probability of z;.r conditioning on z;.7 evaluated at
g — (AM 521 Q. ¢). At the h-th iteration, the EM algorithm maximizes the
expectation of the log-likelihood of (z1.7, z1.7) with respect to Pr(z1, ..., 21 |z1.1; é(h) ),

ie.,

080%Q0) = Y30 e[, Lo |5 .0 Prters 2 [Q.0)

Pr(zy, ..., 27 xl,T,H(h)).
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Since 2 is a Markov process, Pr(z1, ..., 27 [Q, ¢) = Pr(z1 |¢) [T1—, Pr(2: |2c_1; Q). Thus

JO JO T
h 2 . 2
IM(A02,0Q,¢) = E e 1... E o I[E tleogL(%!zt,Ap )
~(h)
+ E logPr (2t |21-1; Q) + log Pr(z1 |¢)] Pr(z1, ..., 27 (170" )
— — i AL 250
= E L E - logL(ajt"Zt—]yAJaU )Djr

T JO JO
~(h)
D ad i S g Quillle + 30 logouily. (21

7 (h)

() 1.1, 9 ) =

t]k\T =

where p Pr(z; = j,z11 = k :clT;@(h)) and p tle = Pr(zt =3

Zk 1 ﬁta K are smoothed probabilities based on z1.7 and 9 Appendix G presents

a recursive algorithm for calculating pgﬂle.

Olog L(wt|2=j;A;,0%)

From equations (10) and (11), Ee

= —Ej*lAj—l—E;lxtx;E;lAj. Thus

0 Efﬂ log L(x¢ |2, = j; Aj, 0 )ﬁy‘l) ZT
_ ) ) ]|T o -1 -1 =
OA; N t:1(_2j Aj+ Z]j xtth A, )ptle =0.

Let S‘J( = 1pt]|T zh) SN 1ptj|T, then we have
— 1 &(h —

Compare 5’ (") with S; in Section 2.2, we can see the difference is that py; is replaced

~(h)

by the smoothed estimates p Similar to equation (14), equation (22) implies that

t|T
S§h)A§h+l) _ ]\;h+1 ([\ (h+1) Aghﬂ) + 52(h+1)IT?)’ (23)
thus A ) are eigenvectors of S ) and A(hH)/A At +62(h+1)[T? are the corresponding

eigenvalues. To save space, we show in Appendix F that

1 1 .
~2(h+1) _ - Z _ Z Z h) (h+1) § (h+1)
? B Ntr(T j=1 T L= PuilT A A ) (24)

Remark 3 The second equality of equation (21) is crucial. Since factor dynamics
are ignored, L(zy.r |23 A, 02) = [11—; L(z: |26 A, 02), thus we only need to calculate

ﬁiz)T rather than the probability of the whole chain Pr(z, ..., 2 (2175 é(h)). The latter
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requires (J°)T calculations, which is hopeless when T is large. If factor dynamics are
not ignored, then L(zy.7|z1.7; A\, 0?) = L(x1 |21.7; A, 0?) HtT:2 L(x¢ |214-1, 211 A\, 02).
L(x¢ |w1e-1, 2173 A, 02) depends on the chain (21, ..., 27) through 21, thus we need to
calculate Pr(z1. |x1.1; é(h) ). This requires (J°) calculations, which is hopeless when t

18 large.
EM algorithm with state dynamics

Choose any ) and ¢ such that Q;, > 0 for any j and k and ¢, > 0 for all k,
e.g., Qi = 1/J° and ¢, = 1/J°. Start from randomly generated initial values of A©
and 5% =1. For h=0,1, ...,

(E-step): calculate ﬁgh,i‘T using the algorithm in Appendiz G, and calculate SJ(-h) =

Zt lptj|T"Et'rt/ Zt 1me with me Zk 1~§?/1|Tf

(M—step ): given ngﬂle and S , calculate A ) as eigenvectors of S( and nor-
malize A U such that A (1) A (1) 4 52(h+1)1 o are the corresponding eigenvalues
and equation (24) is satisfied. Note that the computatwn of A 0D gnd 520D g
quires iteration between equations (23) and (24).

Iterate the E-step and the M-step until converge. Let /~\j = (S\j]_, ...,S\jN)’, A=

(]\1, ...,]\Jo) and &% denote the estimated parameters.

The asymptotic results in Section 4.2 hold for any () and ¢ as long as ¢; > 0 for
any j and Q;; > 0 for any j and k. Here we choose Qj; = 1/J° and ¢, = 1/J°.
Based on A and 52, Q?k and ¢2 can be estimated by

~ T Jo T
Qjr = Zt:2ptjk|T/Zj:1Zt:2ptjk\T7 (25)

~ Jo
¢ = Pt :ijlﬁij|T7 (26)

where Pyrr = Pr(z = j,z-1 = k ‘xlzT;]X,&{Q,qﬁ). We may also plug ij and
¢, back in the EM algorithm and iterate between (A, 52) and (Q, ) until conver-
gence. This is the maximum likelihood estimator when (@, ¢) is estimated jointly
with (A, 0?), see Appendix F for details. The results in Section 4.2 are for (/~\, 5?)

with no iteration.
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The asymptotic results in Section 4.2 are also valid as long as 2 is bounded and
bounded away from zero in probability. Thus similar to the EM algorithm in Section
1., C?] for some large C' or simply fix down 62 = 1 to avoid

c2»
the iteration between /~\§h+1) and 521,

2.2, we will restrict 6% in [

Estimate the factors

The factors can be estimated by the expectation of f; conditioning on xy.7 and

ignoring factor dynamics:

~ JO
fo= > B(f
JO L
= i=1 A; (AJA; + ’OV'ZIN)iletﬁtj‘T . (27)

. ¢ ~ ~ JO . e ~ ~
LT 2t = j;Ajao-Q)ptﬂT = Z-flE(ft Lty 2t = ];Aja0-2 )PrjiT

4.2 Asymptotic Results for MLE with State Dynamics

For Aj, Pyjr and ft, the asymptotic results in Section 3 hold under the same assump-

tions. We summarize these results in the following theorem.

2

:Op( : )

F ONT

Theorem 6 (i) Under the same assumptions as Theorem 1, %
as (N, T) — oo,

Mj, A0

(i) Under the same assumptions as Theorem 2, as (N,T) — oo,

- 1
Pijir = Lamy] = (37 )s
1 16
Slip |]5tj|T - lzt:j} = Op(m) if T /N — 0 and T%’L%/N — 0,

(111) Under the same assumptions as Proposition 1, as (N,T) — oo,

_ A;A] 52 1 T

o -
Winr = (—N + NIT?)(T t:lpthT) ﬁ’ Q?V}‘a
T 0 0/ 07 A
_ 1, AYA; _ _1 1
H] — Zt:l ff]jt t=] ]]V J I/I/jij\}T & ZAjQ Tj‘/;’27

(iv) Under the same assumptions as Theorem 3, as (N,T) — oo,

~ _ 12 1
A - M| = 0,0,
NT

¥l
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(v) Under the same assumptions as Theorem 4, as (N, T) — oo,

J7 g

- _ 11 1 _1

VT — HINS) 5 N(0, V2 TI83 8,53 T,V 2),

(vi) Under the same assumptions as Theorem 5, as (N,T) — oo,
1 T

T

~ _ _1 _1 _1 _1
\/N<ft - Hz_tlfto) i N(Oa Vz 2T/2tZAZZtFZttZAz2f TZtVZt 2)‘

—— 2 1
fo= 2P| = Op(53),
NT

See the Appendix for the proof of Theorem 6. Theorem 6 shows that taking into
account dynamics of z; does not affect the asymptotic properties. This is because
when N is large, the information contained in state dynamics for estimating regime
probabilities becomes marginal.

Note that although the design of the smoothed algorithm utilizes the Markov
property of the state process, the asymptotic results in Theorem 6 do not require the
state process to be Markov. In fact, Theorem 6 allows for arbitrary regime pattern,
as long as Assumption 4 is satisfied. An interesting special case is when the smoothed
algorithm is applied to factor model with common structural breaks in the loadings.
Various methods are proposed recently for estimating the break points, e.g., Cheng
et al. (2016), Baltagi et al. (2017, 2021), Bai et al. (2020) and Ma and Su (2018).
Theorem 6(ii) implies that we can also consistently estimate the break points using
the smoothed algorithm. Finally, we show that the estimated transition probability

matrix is also consistent.

Theorem 7 Assume z; follows a Markov process, under Assumptions 1-4 and 5(1),

~ 16 2 2
as (N, T) — o0, Qi 2 Q% for each j and k if T /N — 0 and Ta%5/N — 0.

5 Simulations

In this section, we perform simulations to confirm the theoretical results and exam-
ine the finite sample performance of our methods under various empirically relevant

scenarios.
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5.1 Simulation Design

The data is generated as follows:

fori=1,...,Nandt=1,..1T,

ftol)\?i + €it lf Zt = 1,
mlt - or 0 .
t )\22 + eit 1f Zt = 2,

i.e., we consider two regimes. For the factors and the loadings, we consider three data
generating processes (DGP) as listed below:

DGP 1: There are two factors in both regimes and the loadings of both factors
have regime switching.

DGP 2: There are two factors in both regimes and only the loadings of the second
factor have regime switching.

DGP 3: There is one factor in both regimes and its loadings have regime switching.

For all these DGPs, the factors are generated as follows:
fgp = pftofl’p +epfort=2...Tandp=1,..r°

€tp isiid. N(0,1),and fP isiid. N(0, #) so that the distributions of the factors
are stationary. Serial correlation of the factors is controlled by the scalar p.

The errors are generated as follows:
eit = ey +vgfori=1,..., Nandt =2,...,T,

where v, = (viy,...,on,) s 1id. N(0,Q) for t = 2,....,7 and (eyq,...,en1) is
N(0, =€) so that the distributions of the errors are stationary. Serial correla-
tion of the errors is controlled by the scalar «. For 2, we set ;; = 3 =3l for some f3
between 0 and 1, thus cross-sectional dependence of the errors is controlled by 3. In
addition, the processes {¢;,} and {v;} are mutually independent for all p and 1.
The loadings are generated as follows: For DGP1, both A, and \}; are generated as
iid. N(O, %%1}) across i, and \}; and \J; are also independent with each other.

For DGP2, \?, and the second element of A5, are generated as i.i.d. N(0 10" 2R? I3)

’1—a? 1—-R?

across i. For DGP3, both A}, and A}, are generated as i.i.d. N(0, i:—gi%) across 1,
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and A}, and \); are also independent with each other. All loadings are independent

1-p? 2R2
1-a? 1—-R?

of the factors and the errors. The variance guarantees that the regression
R-square of each series i is equal to R?, this controls the signal-noise ratio. Following
the literature, we set R% = 0.5.

For the state process {z;,t = 1,...,T}, we consider four cases as listed below:

Regime Pattern 1: US business cycle 1945Q2-2020Q1

Regime Pattern 2: single common break at t =T /2

Regime Pattern 3: two common breaks at t = T'/3 and t = 2T'/3, and the loadings
switch back after the second break

Regime Pattern 4: a randomly generated Markov process

Regime pattern 1 is based on the US business cycle from 1945 Quarter 2 to 2020
Quarter 1, as determined by the NBER business cycle dating committee. There are
75 years (300 quarters) in total, thus we have 7' = 300. For t = 1,...,300, z, = 1
if the US economy at time ¢ is in expansion and z; = 2 if the US economy at time
t is in recession. The transition probabilities of the state process calibrated to the
US business cycle is @Y, = 0.95 and Q9, = 0.72 (average duration of expansion is
1/(1 — @QY,) = 20 and average duration of recession is 1/(1 — Q9,) ~ 3.5).

Regime patterns 2 and 3 correspond to the case where loadings have single common
break and multiple common breaks, respectively. Regime patterns 3 is especially
interesting since the case where there are multiple breaks and the loadings switch
back to their original values after the second break is rarely studied in the literature.
Various methods are proposed in the literature recently for estimating the break
points, here we perform simulations for regime patterns 2 and 3 to evaluate the finite
sample performance of our method when it is applied to these interesting cases.

Regime pattern 4 is a Markov process randomly generated with transition prob-
abilities QY, = 0.95 and QY, = 0.72, and {z,t = 1,...,T} is independent with f?
and e;; for all 7 and s. Regime patterns 1-3 are prespecified and are not necessarily
Markov processes, thus here we consider regime pattern 4 to evaluate the performance
of our method when applied to a Markov state process.

We study both the unsmoothed algorithm in Section 2.2 and the smoothed al-
gorithm in Section 4.1. The key difference is that in the E-step, the former uses
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unsmoothed regime probabilities while the latter uses smoothed regime probabilities.
Both algorithms start from randomly generated initial values of the loadings and
iterate between the E-step and the M-step until convergence. To search for global
maximum of the likelihood function, we generate initial values randomly for many
times and take the one with the largest likelihood. For other parameters, we set
02 =1,¢q;, =05 for j = 1,2, ¢, = 0.5 for k = 1,2, Q11 = 0.95 and Q2 = 0.72.
Q11 and Qoo are calibrated to regime pattern 1. Once we get the estimated regime
probabilities and the estimated loadings, Q11 and Qs are estimated by equation (25),
and factors are estimated by equations (17) and (27).

5.2 Simulation Results

Figure 1 displays the smoothed probabilities of regime 2 for DGP 1 with (N,T) =
(100, 300) and (p, @, 3) = (0,0,0). Subfigures 1-4 of Figure 1 correspond to regime
patterns 1-4, respectively. It is easy to see that in all subfigures when the true regime is
regime 1, the smoothed probabilities stay at zero with only a few short and mild spikes.
At the beginning of each shaded region, the smoothed probabilities increase to one
instantly, and at the end of each shaded region, the smoothed probabilities instantly
decrease to zero. Figure 2 displays the unsmoothed probabilities of regime 2 for DGP1
under the four regime patterns with (N, 7") = (100,300) and (p, o, ) = (0,0,0). The
estimated probabilities still stay at zero when it’s regime 1 and instantly increase
to one (decrease to zero) when there is regime switching, but compared to Figure
1, Figure 2 shows more and sharper spikes (upward or downward). These spikes
are false positives in detecting regime switching. Figure 3 and Figure 4 display the
smoothed and the unsmoothed probabilities of regime 2 for DGP2, respectively. The
performance of the estimated probabilities deteriorates since for DGP2 only one factor
has regime switching in its loadings. Overall, Figures 1-4 confirm the theoretical
results that turning points (break points) can be identified consistently if N is large.

Figure 5 focuses on regime pattern 1 and displays the estimated probabilities
of regime 2 for DGP1 and DGP2 with N = 200. Comparing the subfigure 3 and
subfigure 4 of Figure 5 to subfigure 1 of Figure 3 and subfigure 1 of Figure 4, it is
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easy to see that N = 200 improves the performance of the estimated probabilities.
Figure 6 also focuses on regime pattern 1 and displays the smoothed probabilities of
regime 2 for DGP1 and DGP2 with (p, «, 5) = (0.5,0,0) or (0,0.5,0.5). Comparing
to subfigure 1 of Figure 1 and subfigure 1 of Figure 3, it seems that the value of
(p, av, B) does not affect the performance too much if they were far away from 1.

Comparing Figure 2 to Figure 1 and Figure 4 to Figure 3, it is obvious that
the smoothed probabilities performs much better than the unsmoothed probabilities.
Many false positives in Figure 3 and Figure 4 are eliminated by the smoother. This
is because for each ¢, regimes at ¢ — 1 and ¢ + 1 contains information for detecting the
regime at period . Comparing subfigures 2-3 to subfigures 1 and 4 in Figures 1-4, we
can see that the performance of the estimated probabilities under regime patterns 2-3
is better than the performance under patterns 1 and 4. This is also because regimes
at neighborhood periods provide information for current regime. Roughly speaking,
the performance is better when the regime pattern is relatively simple. In addition,
we can also see that the performance under regime pattern 1 is slightly better than
the performance under regime pattern 4. This is because the subsample size of regime
2 under pattern 4 is larger than the subsample size under pattern 1 (72 vs 45). In
general, we find that to guarantee good performance, subsample size for each regime
should be not less than 40.

The number of initial value trials also significantly affect the performance. We
find that for regime pattern 1, normally 5 trials are enough, but to guarantee good
performance in all of 1000 replications, 30 trials are needed. For regime pattern 4,
normally 2 trials are enough and 15 trials are needed to guarantee good performance
in all replications. For regime patterns 2-3, 5 trials are enough for all replications. In
general, more trials are needed when the regime pattern is complex and subsample
size is small.

Now we consider determining the turning points (break points for regime patterns
2-3) using the estimated probabilities of regime 2. A straightforward way is to deter-
mine the regime at each ¢t by comparing the estimated probability of regime 2 to a
prespecified threshold, i.e, if the estimated probability is above 0.9 (below 0.1), period

t is classified as regime 2 (1). Since there are quite a few false positives in Figures
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2-6, a more robust way is to use the moving average of the estimated probabilities,
P = (Peojr + - + Pr—aor)/(d + 1), where d is the order of the moving average. If
regime switches from 2 to 1 (1 to 2) at the previous turning point, ¢ — d would be
considered as the turning point from regime 1 to regime 2 (regime 2 to regime 1)
when p"® increases to above the threshold 0.9 (decreases to below 0.1) for the first
time after the previous turning point.

Subfigures 1-2 of Figure 7 display the moving average of the smoothed probabilities
under DGP2 and regime pattern 1 for d = 1 and d = 2, and subfigure 3 displays the
moving average of the unsmoothed probabilities under DGP2 and regime pattern 3
for d = 3. Comparing to subfigure 1 of Figure 3 and subfigure 3 of Figure 4, it is
obvious that almost all false positives are eliminated by the moving average, although
true regime 2 are also eliminated three times in subfigures 1-2. In general, the cost
of using moving average is that true regime 2 may be eliminated if it only lasts for
a short period, and we need to wait for d periods to determine the turning point
(t — d is considered as the turning point when p** > 0.9). Therefore, d = 1 is a good
choice if regime switches relatively frequently and we want to quickly detect regime
switching. For offline estimation of the break points of regime patterns 2-3, large d is
a better choice.

Finally, to access the adequacy of the asymptotic distributions of the estimated
loadings and factors in approximating their finite sample counterparts, we display in
Figures 8-11 the histograms of the standardized estimated factors for ¢ = 7'/2 and
the standardized estimated loadings for i = N/2 under DGP3. The number of sim-
ulations is 1000. The histograms are normalized to be a density function and the
standard normal density curve is overlaid on them for comparison. It is easy to see
that in all subfigures of Figures 8-11, the standard normal density curve provides
good approximation to the normalized histograms. The histograms of the estimated
factors in Figure 8 are slightly fat-tailed because of bad initial values. Comparing the
four rows in each of Figures 8-11, we can see that the estimated loadings and factors
using the smoothed algorithm perform better than using the unsmoothed algorithm,
(p,a, ) = (0.5,0.5,0.5) does not matter too much, and N = 200 significantly im-

proves the performance.
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In addition, we also present in Table 1 the average R? of the estimated loadings of
regime 1 and regime 2 projecting on the true loadings, the average R? of the estimated
factors, and the average absolute error of the estimated transition probabilities. It is
easy to see that in Table 1, Rf; and Ry, are always close to one. R is always close
to one but R} is much smaller than R%, ;- This is consistent with Theorem 5(1) and
Theorem 6(vi). In summary, results in Figures 1-11 and Table 1 lend strong support

to the theoretical results and illustrate the usefulness of the proposed EM algorithms.

6 Empirical Application

In this section we apply the proposed method to detect turning points of US business
cycle from 02/1980 to 02/2020 using the FRED-MD (Federal Reserve Economic Data
- Monthly Data) data set. The FRED database is maintained by the Research divi-
sion of the Federal Reserve Bank of St. Louis, and is publicly accessible and updated
in real-time. The 03/2020 vintage of the FRED-MD data set contains 128 unbal-
anced monthly time series from 01/1959 to 02/2020, including eight groups (output
and income, labor market, housing, consumption and inventories, money and credit,
prices, stock market). After removing those series with missing values and data trans-
formation’, we have 106 balanced monthly series ranging from 03/1959 to 02/2020.
Finally, the data is demeaned and standardized.

For each month from 02/1980 to 02/2020 (481 months in total), we use the data
from 03/1959 to that month for calculating the probability of recession of that month,
i.e., we behave as if we were standing at that month®. More specifically, we apply the
algorithm in Section 4.1 to the data from 03/1959 to the previous month to estimate
the model parameters’, and then use the estimated parameters and the data of that

month to calculate the filtered probability of recession for that month. Since the data

"See the Appendix of McCracken and Ng (2016) for the details of data description and transfor-
mation.

8For simplicity, we do not use the vintage data of that month. Compared to the vintage data,
the data we use contains revision in some series if more accurate observations were available after
that month, but previous studies on business cycle dating show that data revisions have little effects
on the results.

9US business cycle from 03/1959 to the previous month as determined by NBER is used as the
initial values for probabilities.
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of that month is available at the end of that month or the beginning of the next
month, new recession or expansion starting from the beginning of that month could
only be detected with at least one month delay.

To convert the recession probability of each month into a binary variable that
indicates the state of the economy in that month, we compare the estimated recession
probability to a prespecified threshold. More specifically, if the previous turning point
is a trough and the recession probability of month ¢ exceeds 0.8 for the first time after
the previous turning point, month ¢ would be considered as a new turning point from
expansion to recession. Similarly, if the previous turning point is a peak and the
recession probability of month ¢ falls below 0.2 for the first time after the previous
turning point, month ¢ would be considered as a new turning point from recession
to expansion. For robustness check, we also consider (0.9,0.1) as the threshold, the
results are quite similar.

We consider the turning points determined by the NBER BCDC (business cycle
dating committee) as the benchmark for comparison and we mainly focus on the
accuracy and speed of the proposed method in detecting turning points. The proposed
method is applied to both the whole panel and a subset of the whole panel which
consists of only the first 50 series among all 106 series. The results of using only
the first 50 series are better. We conjecture that this is mainly because not all 106
series had regime switching in the factor loadings at each turning point determined
by the NBER BCDC!?, or some series had regime switching in their loadings at time
periods that are different from the NBER BCDC turning points. Thus we may further
improve the performance of the proposed method by selecting series that are most
relevant to and synchronous with business cycle. A careful selection is out of the
scope of this paper.

Table 2 presents the results of using the first 50 series. The number of factors in
each regime is set to be six. mm/yyyy in the second and the seventh row indicate

the starting month of each recession and expansion. The row corresponds to "NBER

10The NBER BCDC mainly focuses on four series, (1) non-farm payroll employment, (2) industrial
production, (3) real manufacturing and trade sales, and (4) real personal income excluding transfer
payments.
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BCDC", "Chauvet Piger" and "This paper" shows the number of months it takes
the NBER BCDC, Chauvet and Piger (2008) and this paper to detect each recession
and expansion, respectively. For example, the recession starting from the beginning
of February 1980 would be detected by the NBER BCDC at the beginning of June
1980, by Chauvet and Piger (2008) at the beginning of August 1980, and by this
paper at the beginning of May 1980, respectively. Overall, it is easy to see that this
paper detects turning points much faster than NBER BCDC and slightly faster than
Chauvet and Piger (2008). On average, this paper detects recessions with 6.25 months
delay and expansions with 5.4 months delay, NBER BCDC detects recessions with 7.4
months delay and expansions with 14.8 months delay, and Chauvet and Piger (2008)
detects recessions with 8.6 months delay and expansions with 6.2 months delay.
Table 2 shows that using more series could improve the speed of turning points
detection. However, using more series could also bring in false positives (turning
points detected by the proposed method using many series but not detected by NBER
BCDC), because the extra series may contain different turning points. Here we detect
eight false recessions: 09/1983-11/1983, 10/1986-02/1987, 07/1989-10/1989, 01/1993-
02/1993, 01/1995-03/1995, 08/1998, 05/2000-08/2000, 06/2010-10/2010, and one
false expansion: 02/1982. While these false positives should not be ignored, most
of them only last for a short periods and would have little effect on macroeconomic
policy. Overall, our results demonstrate the potential of using a large number of se-
ries and factor model with common loading switching for quick real-time detection of

business cycle turning points.

7 Conclusions

The exposure of economic time series to common factors may switch depending on
state variables such as fiscal policy, monetary policy, business cycle stage, stock mar-
ket volatility, technology and so on. For consistent estimation of the factor structure,
it is crucial to take into account such regime switching phenomena. This paper con-
siders maximum likelihood estimation for large factor models with common regime

switching in the loadings and proposes EM algorithm for computation, which is easy
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to implement and runs fast even when NN is large. Convergence rates and limit dis-
tributions of the estimated loadings and the estimated factors are established under
the approximate factor model setup. This paper also shows that when N is large,
regime switching can be identified consistently and only one observation after the
switching point is needed. This allows us to detect regime switching at very early
times. Monte Carlo simulations confirm the theoretical results and good performance
of our method. An application to the FRED-MD dataset demonstrates the poten-
tial of using many time series with our method for quick detection of business cycle
turning points.

Some related topics are worth further study. First, it would be interesting to see
the performance of the portfolio constructed using regime specific loadings, and how
the identified regime is related to exogenous variables such as market volatility and
money growth. Second, our results imply that the forecasting equation would have
induced regime switching if estimated factors are used for forecasting, so we want
to know whether it indeed matters. Finally, a selection of time series that are most
synchronous with or related to business cycle could improve the speed and accuracy
of our method for turning points detection, so we would like to see how much we can

achieve after careful selection.
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Figure 1: Smoothed Probabilities of Regime 2 for DGP 1
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Notes: Subfigures 1-4 correspond to regime pattern 1-4, respectively. The x-axis is time and the
y-axis is the probability. The shaded regions correspond to regime 2. (N,T") = (100,300) and
(p, v, B) = (0,0,0).
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Figure 2: Unsmoothed Probabilities of Regime 2 for DGP 1
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Notes: Subfigures 1-4 correspond to regime pattern 1-4, respectively. The x-axis is time and the
y-axis is the probability. The shaded regions correspond to regime 2. (N,T") = (100,300) and

(P, a, B) = (Oa 0, O)'
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Figure 3: Smoothed Probabilities of Regime 2 for DGP 2
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Notes: Subfigures 1-4 correspond to regime pattern 1-4, respectively. The x-axis is time and the
y-axis is the probability. The shaded regions correspond to regime 2. (N,T") = (100,300) and

(P, a, B) = (Oa 0, O)'
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Figure 4: Unsmoothed Probabilities of Regime 2 for DGP 2
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Notes: Subfigures 1-4 correspond to regime pattern 1-4, respectively. The x-axis is time and the
y-axis is the probability. The shaded regions correspond to regime 2. (N,T") = (100,300) and
(p,c, B) = (0,0,0).



Figure 5: Smoothed and Unsmoothed Probabilities of Regime 2 for Regime Pattern

1, (N, T) = (200,300) and (p, o, 8) = (0,0,0)
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Notes: Subfigures 1-4 correspond to smoothed probabilities for DGP1, unsmoothed probabilities for
DGP1, smoothed probabilities for DGP2 and unsmoothed probabilities for DGP2, respectively. The

x-axis is time and the y-axis is the probability. The shaded regions correspond to regime 2.
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Figure 6: Smoothed Probabilities of Regime 2 for Regime Pattern 1, (N,T) =
(100, 300) and (p, o, 5) = (0.5,0,0) or (p,, 5) = (0,0.5,0.5)
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Notes: Subfigures 1-4 correspond to smoothed probabilities for DGP1 with (p, , ) = (0.5, 0,0),
DGP1 with (p,«,3) =(0,0.5,0.5), DGP2 with (p,a, ) = (0.5,0,0) and DGP2 with
(p,a, ) = (0,0.5,0.5), respectively. The x-axis is time and the y-axis is the probability. The
shaded regions correspond to regime 2.



Figure 7: Moving Average of the Estimated Probabilities of Regime 2
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Notes: Subfigures 1-2 correspond to MA(1) and MA(2) of smoothed probabilities for DGP2 under
regime pattern 1, respectively. Subfigure 3 corresponds to MA(3) of unsmoothed probabilities for
DGP2 under regime pattern 3. The x-axis is time and the y-axis is the probability. The shaded
regions correspond to regime 2. (N, T") = (100, 300) and (p, v, ) = (0,0, 0).
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Figure 8: Histograms of the Estimated Loadings and the Estimated Factors for
Regime Pattern 1
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Notes:  Subfigures in the first to the fourth row correspond to the smoothed algo-
rithm with p=a = =0 and (N,T)=(100,300), the unsmoothed algorithm with
p=a=p=0 and (N,T) = (100,300), the smoothed algorithm with p = = /3 = 0.5
and (N,T)=(100,300), and the smoothed algorithm with p=a=F=0 and
(N, T) = (200, 300), respectively. Subfigures in the first to the third column correspond
to the estimated loadings for regime 1, the estimated loadings for regime 2 and the estimated

factors, respectively. The curve overlaid on the histograms is the standard normal density function.
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Figure 9: Histograms of the Estimated Loadings and the Estimated Factors for
Regime Pattern 2

Distribution of the Estimated Loadings for Regime 1 Distribution of the Estimated Loadings for Regime 2 Distribution of the Estimated Factors
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Notes:  Subfigures in the first to the fourth row correspond to the smoothed algo-
rithm with p=a = =0 and (N,T)=(100,300), the unsmoothed algorithm with
p=a=p=0 and (N,T) = (100,300), the smoothed algorithm with p = = /3 = 0.5
and (N,T)=(100,300), and the smoothed algorithm with p=a=F=0 and
(N, T) = (200, 300), respectively. Subfigures in the first to the third column correspond
to the estimated loadings for regime 1, the estimated loadings for regime 2 and the estimated

factors, respectively. The curve overlaid on the histograms is the standard normal density function.

39



Figure 10: Histograms of the Estimated Loadings and the Estimated Factors for
Regime Pattern 3
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Notes:  Subfigures in the first to the fourth row correspond to the smoothed algo-
rithm with p=a = =0 and (N,T)=(100,300), the unsmoothed algorithm with
p=a=p=0 and (N,T) = (100,300), the smoothed algorithm with p = = /3 = 0.5
and (N,T)=(100,300), and the smoothed algorithm with p=a=F=0 and
(N, T) = (200, 300), respectively. Subfigures in the first to the third column correspond
to the estimated loadings for regime 1, the estimated loadings for regime 2 and the estimated

factors, respectively. The curve overlaid on the histograms is the standard normal density function.
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Figure 11: Histograms of the Estimated Loadings and the Estimated Factors for
Regime Pattern 4

Distribution of the Estimated Loadings for Regime 1 Distribution of the Estimated Loadings for Regime 2 Distribution of the Estimated Factors

4 2 o 2 4 6

4 2 ) 2 4 6

_ Distribution of the Estimated Loadings for Regime 1 Distribution of the Estimated Loadings for Regime 2

Distribution of the Estimated Factors

£ -4 2 o 2 4 6

-4 2 ) 2 4 6 -

Distribution of the Estimated Loadings for Regime 1 Distribution of lings for Regime 2 Distribution of the Estimated Factors

Distribution of the Estimated Loadings for Regime 1 Distribution of the Estimated Loadings for Regime 2

Distribution of the Estimated Factors

Notes:  Subfigures in the first to the fourth row correspond to the smoothed algo-
rithm with p=a = =0 and (N,T)=(100,300), the unsmoothed algorithm with
p=a=p=0 and (N,T) = (100,300), the smoothed algorithm with p = = /3 = 0.5
and (N,T)=(100,300), and the smoothed algorithm with p=a=F=0 and
(N, T) = (200, 300), respectively. Subfigures in the first to the third column correspond
to the estimated loadings for regime 1, the estimated loadings for regime 2 and the estimated

factors, respectively. The curve overlaid on the histograms is the standard normal density function.
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Table 1: Average R? of the Estimated Loading Space, Average R? of the Estimated
Factor Space, and Average Absolute Error of the Estimated Transition Probabilities

2 2
Rll Rl2

R?v Ry f Qu Q22

Smoothed with (p, «, 5) =

(0,0,0) and (N, T) = (100, 300)

Pattern 1 0.996 0.9762
Pattern 2 0.9931 0.9932
Pattern 3 0.9949 0.9895
Pattern 4 0.9955 0.9854

0.7337 0.9889 0.0028 0.013
0.5155 0.9896 N.A. N.A.
0.541 09894 N.A. N.A.
0.6256 0.9892 0.0216 0.0378

Unsmoothed with (p, o, 8) = (0,0,0) and (N,T") = (100, 300)

Pattern 1  0.9959 0.9678
Pattern 2 0.9931 0.9932
Pattern 3 0.9949 0.9892
Pattern 4 0.9955 0.9853

0.6786 0.9782 N.A. N.A.
0.4855 0.9885 N.A. N.A.
0.5157 0.988 N.A. N.A.
0.6127 09875 N.A. N.A.

Smoothed with (p, «, 5) = (0.5,0.5,0.5) and (N,T") = (100, 300)

Pattern 1  0.9933 0.9631
Pattern 2 0.9928 0.9929
Pattern 3 0.9915 0.9827
Pattern 4 0.9927 0.9782

0.7255 0.9849 0.0053 0.0137
0.4797 09891 N.A. N.A.
0.5458 0.9889 N.A. N.A.
0.6285 0.9886 0.0239 0.0328

Smoothed with (p, «, 5) =

(0,0,0) and (IV, T) = (200, 300)

Pattern 1
Pattern 2
Pattern 3
Pattern 4

0.996  0.9756
0.9933 0.9933
0.995  0.9898
0.9956 0.9856

0.7408 0.9936 0.0017 0.0151
0.5183 0.9949 N.A. N.A.
0.5611 0.9949 N.A. N.A.
0.6227 0.9947 0.019 0.024

Notes: The column under R121 shows the average R? of the estimated loadings of regime 1 projecting

on the true loadings of regime 1. The column under Rl22 shows the average R? of the estimated

loadings of regime 2 projecting on the true loadings of regime 2. The column under R?c shows the

average R? of the estimated factors projecting on the true factors. The column under R%{ ¥ shows

the average R? of the estimated factors projecting on the factors rotated by the regime dependent

rotation matrix ,,.
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Table 2: Out of Sample Turning Points Detection

Recession  Expansion Recession FExpansion Recession
02/1980 08/1980 08/1981 12/1982 08/1990

NBER BCDC 4 11 5 7 9
Chauvet Piger 6 5 7 6 7
This paper 3 2 3 7 N.A.

Expansion Recession Expansion Recession Expansion
04/1991 04/2001 12/2001 01/2008 07/2009

NBER BCDC 21 8 20 11 15
Chauvet Piger 6 10 7 13 7
This paper 1 8 7 11 10

Notes: mm/yyyy in the second and the seventh row indicate the starting month of each recession
and expansion. The row corresponds to "NBER BCDC", "Chauvet Piger" and "This paper" shows
the number of months it takes the NBER BCDC, Chauvet and Piger (2008) and this paper to detect
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APPENDIX

A Details for Theorem 1
Lemma 1 Under Assumption 3(2) and 3(4), | E|| = O,(NiTz + N2T1).

Proof. We shall show E||E||* = O(NT? + N2T). First note that

4 e 2 s N N T ,
IBI = |E'EIP < |EBIG =30 S0 (50 ewer)®

It is easy to see that E(Ethl eitert)? is not larger than the sum of QE(Zthl CitCht —
ST Bleyer))? and 2(3° B(eyer))?. The sum of the former over i and k is not
larger than N?TM since by Assumption 3(4), E() \/LT Zle(eitekt — E(eiert)) ’2) <
M. The sum of the latter over i and k is not larger than NT2M under Assumption
3(2). m

Proof of Theorem 1

Proof. Step (1): For (A, 6%,q), let

_N
2

_1 S
my = arg max;{(2m) /A\jf\; + 62IN‘ ? e (A A+ 1) i= 1 J%}. (28)

Since Zj; q =1,
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Consider the last term on the right hand side of equation (29). By Woodbury identity,
(A A, +6°IN) " = 672y = 672 A, (6% 10, + A, Ap,)7'A, . Thus
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Since (A, A,) ™t = (67 Lo, + Ay A) ™t = (6°Lg, + A, Ay ) 167 (AL, A,) Y,

T 2
> (AmtAmt—|—aIN) ¢

- &—QZt 1 +Zt_ A, (6710, + N, A) T (A, A,) M AL, £30)

Step (2): I(A%, 67, q) = Zt 1 10%[23 1 4i(2m)” |AOAO/ + U2IN| ~a% A?A?,+&2IN)71“]-

The summation in the bracket has J° terms. Throw away all the other terms and

Al"t

only keep the term for j = z;, we have

!
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—Z Z AQtAgg + 62In) . (31)

Similar to equation (30),

S HALAY 62 Ty)
= o> | T WAD (6%, + AYAD) N AYAL) A, (32)

Step (3): I(A,6%,q) —I(A° 67, q) > 0. Thus from equations (29)-(32), we have

A9, Ty

T 2

T 2
~—2
Ay
t=1

L.
S
i

T 1 mitim,
= _thllogq“_iz 8 TNOAY § 671

I

MAQ Tt

]

MAmt Tt

1 T A A " N
5 Zt 1 x;Amt (6-2‘[7‘9;” + A;nzAmt)_ (A;’YLtAmt)_lA’lrnt'rt

+5 Z (67 Ly, + AZAZ)TH(AZAL) A (33)
(3.1) The first term on the right hand side: |~ >, logq.,| < T'log T O(T).

(3.2) The second term on the right hand side equals —3 ST log ‘U%f\;ntf\mt + Ly, |+



3 LT log | 2AYAD + 1, o | since
AN 02| = o™ | A A% 1 | = | Lavng 0@
and similarly ’Amt - &2IN‘ = N A' A e (35)
-5 Ly log |2 LA A .+ o | is negative, thus inequality (33) still holds when this
term is thrown away. By Assumptmn 2(1), |52 AUAL, + Lo | < (35 )" for some ¢ > 0,

lAOIAO —|—[0

2T T2t

thus 1 3"/ log is O,(T'log N).
(3.3) The third term on the right hand side is negative, thus inequality (33) still

holds when this term is thrown away.

(3.4) The fourth term is bounded by 2
H AO/AO 2A0/$t

Zt Zt

( 2[0 —|—AO,AO)

2zttt 2t

< ||z|| and (AO’AO) (6°Lo + AYAY)" LAYA? )2 =

(61, o +AJAD )™ The latter is because 6°1, o +AJAY and AYAY have the same
(0 210 +A2;A2t H < sup; [[(AYAN) 7| = O,(F)-
By Assumptions 1(2), 2(1) and 3(1), Et:l |2||> = O,(NT). Thus the fourth term is
O,(T).

(3.5) Now consider the left hand side of expression (33). Since z; = A? f +e, and

since

= HPAgtiﬁt

eigenvectors. By Assumption 2(1),

Mo A2, f =0, it is easy to verify that the left hand side equals

O OO 15 ST il 8

2

].

Mj, A2 f)

PAMt €t

(36)

—1

For the fourth term of expression (36), we have

< Zj . Zt . = ZJJ; thl eth;(ASA;) " Ae

T 2

Zt:l

P et

PAMt €t

0 T N I A )
< D (D) =) 1] |EE| = Op(N2T + NT3))

The last equality follows from Lemma 1. Similarly, the third term of expression (36)
is Op(N2T + NTz).



The second term of expression (36) equals 237, eAd fP —2 S . e Py A0 N
: 1
2T, AL 91 0, (VHT) becanse [, eia 77 < (L, ]S | S, 19172,
Zle ||ft0||2 = O0,(T') by Assumption 1(2), and by Assumptions 2(1), 3(1) and 3(2),
2
E( ‘\/LN val Agzezt )< M forall j =1,...,J° and all ¢.

By expression (37), Assumption 1(2) and Assumption 2(1 HZ 1 6Py AO Y

>, HPAmtet ST sup; || AY]| = L(N3T + NT3). Thus the second term
of expression (36) is Op(N4T + NT#).
(3.6) Move the second to the fourth term of expression (36) to the right hand side
of equation (33), and take the results (3.1)-(3.5) together, we have

1. o T 0 0
0 S 50- thl Aztft

+O(T) 4+ Op(N2T 4+ NT?) + O,(NiT + NT1).

m\»—t

O(T) 4+ O,(T'log N)

2
Thus Y, ||[M A ALY 18 Op(N iT + NT4%). In the summation, there are ¢9T

terms'’ with A2 = AY, since ¢} is the unconditional probability of z, = 1. For each ¢

with z, = 1, AQf0 are projected on one of A;, j = 1 ., J°, thus there exists one cer-
tain A such that A9 ft is projected on A at least T times. Define this A as A1, then
> it Imi=11z,21 > % Thus by Assumption 1(1), pmin(leT Sy S =1 121) >

c for some ¢ > 0 w.p.a.1. Since HM Ao, A% f?|| is positive for any z, and m;, we have

3 3 T 2 T 2
Op(NIT+NT3) = Y AR 2D M AL i L
T
= tT(A(l]/MAlA[I) Zt:l fto tOllmt=112t=1)

T
> tT(A[l]/MAlA(l))pmin(thl fto to,lmt=112t=1)

0

> (AU’MAlAO)T 70 © wp.al.
Thus + HM AOHF = itr(AO’MA A% = Oy( ;NT). Similarly, for j = 2,..., J°, we
= Oy( TNT) u

" Rigorously speaking, there are Zle 1,,—1 terms, but % Zthl 1,21 2 @) as T — oo.



B Details for Theorem 2

Lemma 2 Under the assumptions of Theorem 1, 4———— = Op(;) for each j =

+A' Ajp
1,...J% and each 1 = 1,. where A]l denotes the [-th column ofA

]7

Proof. (1) Consider expression (33). Instep (3.1), (3.2) and (3.4) of proof of Theorem
1, we have shown that the first, the second, and the fourth term on the right hand
side of expression (33) is O,(T"), O,(T'log N) and O,(T) respectively. In step (3.5) we
have shown that the left hand side of expression (33) equals expression (36), and the
last three terms of expression (36) together is O,(N3T + NT). Move the last three
terms of expression (36) to the right hand side of expression (33), and move the third
term on the right hand side of expression (33) to the left hand side, then we have

1, _yxT
37 v s

— 0,(NiT + NT?). (38)

T ~ ~ ~ ~ ~ N
Zt:]. x:fAmt (0—2[7'9,% + A;ntAmt)_l (A;’VLtAmt)_lA’ln’Lz Ty

The two terms on the left hand side of (38) are nonnegative, thus Y, #A,,, (521, 0, +
N Ay ) N (AL, A )AL 2 = O, (NST + NT?).
(2)

~ ~

Hzt 16Amt 2Iro + A An,)” 1([\;%/\ ) 1A’mtAgtft

< (0 6Ly, + 8 ) 2R R M 0N[4 )
1 T )
< 00 P, @M, 1 s 8] = 0, T 4 VT,

where the first inequality follows from Cauchy-Schwarz inequality, the second in-
equality follows from the fact that A;ntf\mt is diagonal and all diagonal elements of
&21}9” .t f\;mf\mt are larger than 6%, and the equality follows from Assumption 1(2),
Assumption 2(1) and expression (37) in step (3.5) of proof of Theorem 1.



(3) It follows from (1) and (2) that

m¢T Tzt

Zt ; FOAY A, (67T, + Ay A )T (AL A ) THAG, AD, 7
+Z 2[r9n +A;ntAmt)_%A;ntAmt)_lA;ntet
-y lmtA <210 + AL ) T A A ) A

met >tz

T ’'A ~ ;R 1,8 A
—2 Zt—l etAmt (0-2Ir9nt + AmtAmt) 1<AmtA ) 1A/ AO ft
) (39)

The two terms on the left hand side of (39) are nonnegative, thus >°,_, f¥AYA,,, (6* L0 Tt
A B )M AL A )AL A D = O,(N3T + NT%). Since each term in the summa-

me Zt
tion is nonnegative, we have thl E’Ag’f\j (&QIT;H—/A\;JA\ )~ (A’A ) A A L= =

Op(N%T—i- NT?) for each j.
q; or
J07

by Assumption 1(1), pmin(ﬁ Zt SR L, =i1,=5) > ¢ for some ¢ > 0

As explained in step (3.6) of proof of Theorem 1, ZtT L n=ila= > and

w.p.a.1l. Thus we have

T ~ A A ~
Op(NIT + NT%) = Y fUAYA;(6° 10 + NJA) T (AGA) 1A’.A0f£12t,j1mt,j
= tr(AYA;(6% Lo + AJA;) M AGA 1A’A°Z SO, i)
> tT(A?,AJ(a-2IT? +A;Aj)_1(A A lA,AO pmln Z ft mf—] Zt—j)
> tr(AYA;(6% Lo + AJA;) TN (ASA) AN T jo w.p.a.l.

Thus tr(AYA;(6% 1,0 + AA;) 7 (NjA) T AGAY) = O,(5=) for cach j.
(4) Noting that A;; is orthogonal to Aﬂ/ for [ # ', we have

>
=1
r? 1
lel 2 Al A “PAIA?
=145 , J
o” + AﬂA]l

Each term in the summation on the left hand side of equation (41) is nonnegative,

2
0

(40)

HPAJ_A

— || HMAJ_AS

: 2 -

2

’ ~2 A AT A N
= (YA (67 o + M) AR TTAGAD). (41)



thus

1 2
——||Px, A

i [Pt = o

) for each j and I. (42)
ONT

2 . . "
. Let Aj 1 = (Ao, ...,A~r?), we have

F J

Now consider HPAJ‘ A?

2
Zeﬂ HPfWA? P HPAJ A —”(AQP )
= (A} 1Aj,_1>—%A’ AOAYR; (N A )]
< A — P (ASAY). (43)

The inequality in expression (43) becomes equality when /A\L_l(f\;,_lf\j?_l) > are

eigenvectors of A?Ag’ corresponding to the largest 7’? — 1 eigenvalues. Expressions

2
(40) and (43) together implies that HPA' ANl > P (AJAY) — HM AO , thus by
j1 F
2
Assumption 2(1) and Theorem 1, % HPA 1A§‘) is bounded away from zero in probabll—
ity. This together with expression (42) 1mphes that W = Op(ﬁ). Similarly,
T’I\l =0 ( ) for [ = 2 u

Proof of Theorem 2

%L(l“t|zt =3j;h;,6%)
i 1%L(fﬂt‘2t kiAy,6%)

Proof. (1) From equation (12), p;; = Thus when z; = j,

2

Zk;&j e

Zk 1 ar L (7

Zt =

< z : %elog L(x¢ |zt:k;f&k,&2 )—log L(x¢ |zt:j;[\j,fr2 )

Prj — 1ay=j| = v 0

9

Zt—]{? Ak,A2

and when z;, = h # 7,

¢ L(zs |2

Zk 1 qrL(x |2

< ﬁelog L(wt|ze=5;A;,67 ) —log L(w¢| z=h3Ap.67)

Ay, ) dn

‘ﬁtj - 1Zt:j’

JiAj,6%)
— ki

Since Ziil Pw. = 1, for py; it suffices to consider the case z, = j.

. . log L(x+ zt:k;f\k,&2)—logL(xz zt:j;f\-,&2) _ 1
Since ¢; > 0, it suffices to show sup, e | | 77 = op(5)



for any k # j, i.e., it suffices to show for any M > 0,

M
Z lOg m) 07

% =kiA,6%)] < nlog N —log M) —(#1)

Pr(sup[log L(z |2 = k; Ay, 6%) — log Lz, |z = j; Aj, 6%)]
t

or Pr(mtin[log L(xy |2 = 75 /A\j,?fz) —log L(x,

Similar to equations (32),

. N 1. . -
2 =j;M;,6%) = ——log2m — = log [A; A

1
log L(x; 5 5 y ; + &QIN‘ — 56_2 M;\jxt
1 - A A A«
—§x;Aj(&21T9 + NA)THNA) T Ay,
A N 1 P . 1. 2
log Ly |2 = k; Ay, 6%) = —Elog27r — Elog AR+ O'QIN‘ — 30 2 HMAkth
1, o P .
—§x;Ak(62[T2 + A%Ak)71<AkAk)ilA;€$t,
AR as? sz hjAi+
and similar to equations (34) and (35), |{XJ/A\{+A2IN| . Thus
|Ak/\k+a IN| &%A%Akﬁ-lg
log Lz |2 = j3[\'a62> - 10gL(37t 2 = k;Akaa—Z)
1 / 1 /
= —élog AA +[o 2log AAk—l—Io
1 9 2 2 2
5 H CL’tH — HMA%xt + HMAS)Z',: — HMA].Z't + HMAgxt — HMAE.Z't )
1 P PO A 1, P P N
—§x;A-(62L@ + A’-A i) (A Aj)” IA;-xt + §x;Ak(&2]Tg + A;Ak)_l(AkAk)_lA;xt
1 1 . A P .
> —3 log A’A + 1, 0| — Ex;Aj(62IT? + A;Aj)_l(A;Aj)_lA;-xt
1. 5 2 1 2 2
+§0' 2(HMAkxtH — HMAglCt )+ 50’ 2(HMA?I‘t — HMA]%} )
1 1
_5&_2€;PAg€t + 6'_2€£MA2A2ftO + 5&_2fP/A?/MAgA?ftO, (45)

where the inequality follows from throwing away 3

1,0A (A2
xtAk(U Irg +



N Ag) " (ALAR) ALz, and e;PAget. It follows that

mtin[logL(a:t 2 =j; A, 6%) —log Lz |z = k; Ay, 67))
1 o R
> —§log A'A + Lo| - §SupxtA (6210 + NA)) TN A) T Ay
Ly My |~ | M 1“2 My — |35 20
_50' Sli];p H Akl‘tH — H A%xt — 50’ Slip H Ag.’xt — H A]_J?t

1, . 1,5 .
—350 2 Sltlp e;Proe; — 6 2 81tlp ‘e;MAgAgftO) + 50 2 min ff'A?'MAgA?ff
1
= —(A1+As+ Az + Ag+ As + Ag) + 5&‘2 min FUAY Mo AD £ (46)
Thus for expression (44), it suffices to show
1
Pr(§6_2 min FUAY My ASf) < Ay + Ay + A + Ay + As + Ag +nlog N) — 0. (47)

By Assumption 2(2), min, f"AY Mpo A} f > NC for some C' > 0. Thus it suffices
to show that Ay, ..., Ag are all 0,(/N) when T%/N — 0 and T%Jr%/N — 0.

Term A;: As shown in equation (14), A%, A + 62 is eigenvalue of S; = Ly et

Siap
which is bounded by sup, ||z;]|*. We next show that sup, ||z|| = O,(N2T%). By As-
sumption 2(1) and 1(2), sup, ||A%, f?||" < sup, HAoHa ST = N2T. By Holder
inequality, [le;]|” = Zf\; € < (Ez 1 €5) e “N'=%, thus supy [|e[|* < N2~ ISUPt(Zé\il ey) <

Nzt S o2 = O,(N3T) by Assumption 3(1). It follows that sup, ||z|| <
sup, HAtht H + sup, ||e| = p(NzTa). Thus

1 , 1l L+ 67
A = élog AA + 1o _52111 g 5
1 logT
< 5r9log w = 0,(log NT%) = 0,(N) when —>— — 0,
o)
Term Ay: By Lemma 2, "’++’Az = O,( 6NT) for each j and each [. We have
g G149



shown for term A; that sup, ||z:|| = Op(N%Ti). Thus

1 1 1 1
Ay < —sup :vasu—A<—su x¢]|“su ~
2= t(t P A’A)_2 P[] pAQ‘f‘A‘/leJl
1
= op(NT%)op(T) = 0,(N) when T's /N — 0 and o > 8.
NT
Term As
2 2 ,
HPAg_Pf\k < HPAg—PAk“FZtT[(PAg—PAk)]

1112
= 2tr(Ly — PagPy,) = 2| M5 ALAYAD 2|

2
1
= Op(

F (SNT

1 1 o0t
< o A2 (S aran ) )

where the last equality follows from Theorem 1 and Assumption 2(1). We have shown

for term A; that sup, ||z:|| = Op(N%Té). Thus

<

L, 2
507 Pag = Paf|sup

= Op(éjT)NTg = 0,(N) when T /N — 0 and o > 16.

1. _
Ay = 56 281t1p i(Pag — Py, )m

Similar to term As, Term Ay is also 0,(N) when T« /N — 0 and o > 16.

. Ag’et B T A%let B
Term As: By Assumption 5(1), sup, || Z5 || <X || T || = Op(T). Thus
.ol 1 oo A% |7 2 2
As < 57 (NAk A}) sup i = 0,(T?) = 0,(N) when T% /N — 0.
Term Ag: By Assumption 1(2), sup, || f2]|* < 3, [1F2* = Op(T), thus sup, || f7]| =
0,(T%). We have shown for term A5 that sup, % = 0,(T7 %) Thus

0/AO AO/AO
A < 07 sup |efALfY] + 0 sup e AR R e
t t
0/ AO 07A0
< o sup el sup 2] 1+ | (53 i
t t

= 0,(N2T«*5) = 0,(N) when T«*% /N — 0.

10



(2) Similar to expression (47), it suffices to show
1
Pr(ﬁ&_fo’A?’MAgA?ftO <AL+ AL+ AL+ A+ AL+ Ag+nlogN) — 0, (49)

where A}, ..., A; equals Ay, ..., Ag without taking supremum with respect to t. Given

the calculation of terms Ay, ..., Ag, it is not difficult to see that without taking supre-

mum, A}, ..., A; becomes O, (log N), Op(\/%), Op(éll), Op(ﬁi), 0,(1) and O,(N2)
T NT

respectively. Since f{"AY M A9 A fP > NC for some C' > 0, A}, ..., A are all dominated
by this term. m

C Details for Theorem 3 and Theorem 4

Proof of Proposition 1

Proof. (1) Let VJ NT be an r? X 7"? diagonal matrix consisting of eigenvalues of

1
(VA0S (ST f9 £, ) (AVA0)
NTq

vectors. Let AO AO(AO’ A9)~ 2T, yr be normalized version of A9, then AYAY = Lo.
Let A; = Aj(A;»Aj) 2 be normalized version of A;, then /V\;./v\j = L.

From equation (14), we have A, W,y = (<& ZtT | Drjrery)A ;. The left hand side
equals P;\?[XjVVjNT + M]\?/v&jVVjNT = AOAO’A Wint + MAoA Winr. The right hand

side equals

in descending order and Y ;x1 be the corresponding eigen-

T / /A / A
AC (Zt:l fto to 1zt=j)A? Aj n ZtT:1 E(etet) 2t ] Zt 1<€t€t <€t€t))1zt:jAj
J

NT NT NT
+ZtT:1 etft()/lzt:jA?,Aj n AO Zt 1 tet 2=\ Zt (P — 1, j)xt%]\'
NT NT NT J
T 0 £Or o7 X
1,,—;)AYA;
= A§<Zt=1ft‘itw A, L T+ 1T+ IIT+ 1V +D. (50)

0 (Ciiy FOF 2, =) AY A,
Note that Aj e

Aoq VinrAY A;, thus we have
ASAY M Winr — qiVine AT Ay) + Mo AjWing = I+ I+ IHIT +1V + D (51)
Terms I, ..., IV correspond to the right hand of equation (A.1) in Bai (2003). By

11



Assumption 3(2), ||1]|% = O,(%). By Assumption 3(4), 1113 = O,(%). By Assump-
tions 5(2) and 2(1), |11 and ||[IV||3 are O,(%). The detailed calculation is similar

to the proof of Theorem 1 in Bai and Ng (2002), hence omitted here. Now consider
< Zia|py—ta=y ol

T s . ’
term D. Since HZt:l(p”N;Zt:])xmt < ~T < sup, |prj — 1.,—j] Zimallwl? 1H=’L‘r|l :
we have
2 (s [ > ||a:tu 1
HDHF < JNTZt S ”A ”F < Sup Ptj — Loy=jl =S = 1 =0 (m)

(52)
= O,(1), which can be easily

ylle?

i llzel®
The last equality follows from Theorem 2 and ===

shown using Assumptions 1(2), 2(1) and 3(1). In summary, the right hand side of
equation (51) is Op(ﬁ). The two terms on the left hand side'? are orthogonal to
each other, thus both “MA?AjoNT“F and ||/_X§?(/_\?/]\]~I/VjNT V}NTAO’A H
Op(ﬁ). Since || A3 = tr(A’A) for any matrix A and AY is orthonormal,

F

1A A Wine = Vine MY Ay = [[A7 (AT A Wine = qVine A Ay)|| - = 0p(1). (53)

We next show that equation (53) implies that AY A5 Lo and Wiyt 2, Q.
First, the Euclidean norm of each column of Ag’ /\j converges in probability to 1

and the inner product of different columns converges in probability to 0, because

< RAAYA, g¢@w@—M@@A)
— o (1). 4
oo )

« _ 2
:M@MMU;WNmﬁ

The second inequality follows from the fact that _[7.? — A;/_X?/_Xg' ]\j is positive semi-
definite. The second to last equality follows from the fact that both /_\? and Aj are

A/

3

F

orthonormal. The last equality follows from Theorem 1.

Let Vint,i, Winr1 and (/_\?’ ]\j)z‘l denote the i-th diagonal element of V;yr, the 1st
diagonal element of W;yr and the (7,1)-th element of /_\Q/ A;, then the first column
of /_\?’AjoNT — q?VjNT/_XjQ’]\j is (Winr1 — q?Y/jNT7Z~)(A ‘A )i, t =1, ...,7"?. Equation

12The left hand side of equation (51) corresponds to a further decomposition of the left hand side
of equation (A.1) in Bai (2003).

12



(53) implies that for all i = 1,...,79, (Wjnp1 — q?VjNT’i)(/_\?']\j)il is 0,(1). We have
shown through expression (54) that Zil([\g'/&j)iﬁ 2 1, thus there exists at least
one certain ¢ such that (/_\?’ A;)i1 is bounded away from zero in probability. Without
loss of generality, suppose (/_\?' ]\j)ll is bounded away from zero in probability. Since
(WinT1 — q?V}NT,l)(/_\?’/VXj)H is 0,(1), we must have Win71 — q?VjNTJ = 0,(1). This
implies that Wnyr1 — q?Vj ~nr,; is bounded away from zero in probability for ¢ # 1
because by Assumption 6, Viyr; # Vinr1 w.p.a.l. Since (W;nr1 — q?VjNTJ)(/_\?’/VXj)ﬂ
is 0,(1) for all i, we must have (A?’Aj)il = 0,(1) for ¢ # 1. This together with
Zil(]\?’]\j)ﬁ % 1 implies that (AYA;);; © 1. In summary, we have shown that
the first column of /_\?’ A; converges in probability to (1,0, ...,0).

Similarly, for the second column of /_\?’ NWinr — QV; NT/_\?’ A;, we can also show
that one element converges in probability to 1 and the other elements are o,(1).
Since the inner product of the first column and the second column of /_\2/ A; is 0,(1),
(]_\?’Aj)lg must be o0,(1). Thus (A?’Aj)ig 2. 1 for certain 7 # 1 and (/_\]Q’Aj)ig = 0,(1)
for all the other i. Without loss of generality, suppose (AYA;)as 2 1 and (AYA)iz =
0,(1) for i # 2. Since (Wn72 — q.?‘/jNTJ)(A/_\?l[\j)iQ is 0,(1) for all 4, we must have
WinT2 — Q?VjNT,z = 0,(1).

Similarly, the third column of /_\2’ Aj converges in probability to (0,0,1,...,0) and
Wints — q?‘/} ~nT3 = 0p(1). Repeat the argument for all columns of AO’ A , we have
/_\2’/\]- LN [q and Wyt — q?VjNT = 0,(1). Since Vjyr LN V;, we have Winr 2 q]V

(2) By Theorem 2(1), Zt 1By — Lamy)| < supy By — Lamy| = 0p(55)- By
Assumption 4, TZ:;:1 2=j 2 qj. Thus thTzlﬁtj 2, q?. We have shown that
G thus 5% = W /2 S0y — % 1o % V. It follows that

P, 0
Wint = q;

Zt lft tOlth_] AO,A

Hj = T N W]J\}T
07 A O\—1 (AO,AO) (Zt 1ft fthZt J)<AO,AO)% 07/ A0 0/ AMA N1
= (AJAj)2 NT (AYAD) 2 AYA; (A A;) 2 Wiy
AYAO o A L
= (%)_QTJNT int(AY A (—2) 2 W) B ZA2T Vi (55)

13



Proof of Theorem 3

T 0 £07 RY LW
A?(Zt:l It EV;ZFJ)AJ Ay + (] + I+

Proof. From equation (50), we have AjM/jNT =
II1 + IV + D)(N/A;)7, ie.,

~

Aj— AOH; = (I + 11 + 111+ IV + D)(NA;) 2 Wi (56)

J

We have shown in Proposition 1 that || [ 4+ 11 + II] + IV + D|% = Op(52=), Winr 2

NT
AT AL N 2
¢V and 222 V. Thus & ||A; — A%H, =05

N NT

Proof of Theorem 4

Proof. Let I, II;, I11;, IV; and D; denote the i-th row of I, II, III, IV and D

respectively. From equation (56), we have
N = NUH; = (I + T + T1L + IV; + D) (AR ) Wk

By Assumptions 2(1) and 3(2) and Theorem 3, IZ(/A\;AJ)% = Op(\/NENT). By Assump-
tions 3(4) and 7(1) and Theorem 3, I]Z-(/A\g-f&j)% = Op(ﬁw). By Assumption 3(2)
and Theorem 3, I11;(A/A;)2 = Eemr el Loy AV AV, + O,(—=—). By Assumptions
’ e P\ Tong ) DY p
3(2) and 7(2) and Theorem 3, [V}(A;-Aj)% = Op(ﬁ%m)' The detailed calculation of
these four terms is similar to the proof of Lemma A.2 in Bai (2003), hence omitted

here. For the term DZ-(/A\}/AXJ»)%, we have

2 2

AU 1 T R
HDi(A;Aj)Q = Hﬁ thl(ptj_lzt:j)xitx;Aj
1 T 2. 2 N\ 2[4 |I?
< g Do, B = el Y el A
N 2
T T 2 ||A;
< sup|py; — 1 '|2 D1 T g el N _ o (L)
- tp pt] Zt=] T NT N P N277 Y

where the last equality follows from Theorem 2. We have shown in Proposition 1 that
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Wint = ¢}Vj, thus VV]_A}T = 0,(1). It follows that

OIAO e; 1Zt ﬁ
T = ) = e, Jeens 40,080+ o)
q.

J

Thus by Proposition 1 and Assumption 7(3),

VTa i = H)X%) 5 N(0,V; #155 @583 TV, %) when VT/N — 0.

J7 It

D Details for Theorem 5

Lemma 3 Under Assumptions 1-7, and assume T% /N — 0 and T%Jr%/N — 0,
(1) Ley(A; — AIH;) = Op(52—) for each j and t,
NT
(2) LAY(A; — AOH;) = O,(53—) for each j.
NT

Proof. Part (1): From equation (56), we have %eg(,f\k — N Hy) = ~ef(I+I1T+11T+
IV + D)(A}/A\j)%W{A}T. Consider each term one by one.

I(A,A )2 o /23:1 E<€t62)1zt:jA0H. +e 25:1 E(ere) 1= (]\ — A%H,)
J Vi

N “ N2T JHIT G N2T

By Assumption 3(1) and 3(2), the first term is O,(5). By Assumption 3(2) and

Theorem 3, the second term is Op(\/N;JNT).

IN 1
CARIVWY )5 E (ere} — E(ee))1s, Z (ere; — Bilese)) =5 4
1 Lat=1 tN2T ¢ JAOH+/ t=1 tN2T t ](A]‘—A?Hj).

By Assumption 7(1), the first term is O (T) By Assumption 3(4) and Theorem

3, the second term is Op(\/TTNT)'
QQII[(A A; )% Zt 1 etf;)/l%s ]A?/AOH Zt 1 etftmlzt—]AO/ A — AH
N € N2T te € N2T ( J Yy J)

The first term is O (T) + O,(%) since =€} S ef¥.,-;, =0 (T) + Oy(%),

15



which follows from Assumptions 3(3), 7(1) and eyess = 7,45 + (€it€is — Vigs)- By
: 1
Theorem 3, the second term is Op(m).

OZt 1 tet 2t J(
N2T

QQIV(A A, )% AOZt 1 tet 2t
t

_J 0
N = e, 2T AJH; + e

A; — A°H).

The first term is O (F) since by Assumption 7(2), += Et L fPel, A = Op(\/%—T).
By Theorem 3, the second term is O,( x/TTNT)'

e,D(AA;)2 e, NA;
; < |[—=[ 1215 || (=)
N VN N

Thus from equation (52), this term is op(ﬁ). Finally, note that VV]_NlT < q—lij_l, part
J
(1) is proved.

Part (2) can be proved similarly. m
Proof of Theorem 5

Proof. First, by Woodbury identity,

io= 30

7=1

= Zk 1ZJ 11515] (3 ]0 A ) 1A/A2ft Z2p= k+z ptj r?""[x;’/&j)fl/\;et.

0

(6210 + Ny TN oy

When z; = k, we have

Zil Pi (6210 + N A;) T ASAL f7
= (%L + ApAp) ALADFY
+(Pk — 1) (6 Lo + MAy) T AAD P + Z D1 (6° Lo + NAG)TIAAD £
= H P+ (6% Lo + NA) AN H — M) H' P — (67 Lo + MAR) 67 H ' Y
+(Pk — 1) (67 Lo + MAy) T AADF + Z (7L + AA) T AGAD Y
H; ' f) + Brit — Biot + Buat + Bra,

16



and

J° 2 Al A 1A’
ijl prj(0 Io + AA;) " Ne
= (6"Lo + ApA) T Ay — AVHL)'e, + (&21 o + A AR) T HAY e,
+(pu — 1) (671, o + N Ag) "t ALe, + Z pt] 61, 0+ A’A i) 1[&;et
= Chit + Crat + Chat + Chas.

It follows that f, — H'f! =B — Bo+ Bosi + Boar + Cp1i + Coor + Coyze + Clpaa
Proof of part (1): First consider B,,;.
S A2 1

=0, (—
S

AL A

(6210 + AJA;) T AY(ATH; — Aj)H;

J

> ||th I”
t=1 1t Z] 1 )7

where the equality is due to the following facts:
(1) By Proposition 1(1), %(621@ + /A\;f\j) = Wint/% ST by 2V for all .

(2) H\/LN/AX; = \/tr(%f&;f\j) 2 /tr(V;) for all j.

(3) By Theorem 3, HL(AQH~ - A)H @) ( —) for all j.

(4) By Proposition 1(1 ||H 1|| = 0,(1) for all J-

(5) 7 S 117 =0 ( ) by Assumptlon L.

It is easy to see that & Zt N Baaill” = Oy(55)- For B.,3, we have

Lat=11Jt 11 1 ft 1
Ll 1y

Zt Zt

T 2
B, I
—Z“”T oo Ssup||ﬁtzt—1||2H(62]rg + AL AT A
t t

where the equality is due to sup, [|pr., — 1|| < sup;sup, [Py — 1=l = 0p(57) by
Theorem 2. It is easy to see that %Zthl | Batll® = o,( ~%)- Similarly, we can

T 2 T 2 T 2
ZellCull i 0, Ly EmllCadl 5 0 (1) and botn ZmlCedl 4pg
NT

oy e

R 2

Zlenll are 0,(o)(04(3) + Oy Thus 237, [/ = 112 = 0,50,
Proof of part (2): By Theorem 3 and Lemma 3(2), A} (AYH, — Ay) = O (52 ) for
any k. This together with fact (1) and fact (4) listed above implies B,,1; = Op(ﬁ).

show that

Similarly, it is easy to see that B, = Op(%), B3 = op(ﬁ), B,y = op(ﬁ),

C,u = Op(ﬁ), Clo = Op(\/%), Cl.3t = op(ﬁ) and C,,4 = op(ﬁ). The leading

17



term is C,o;. Since % LV, H, > Z[Z T, V.2 and %ﬁAgiet A N(0,T,,;) by
Assumption 7(4), we have VN (f, — HZ'f) KR N(0, sziT’ZtZXft intZXi 1.V, 2). =
E Details for Results with State Dynamics

Proof of Theorem 6

Proof. Part (i): Since zr follows Markov process,

I(A,02,Q,¢) = log[ZjTl Zil l_LtT:1 L(zy ‘zt; A, 0%)Pr(z |¢) Hjﬁ Pr(z |z-1; Q)]

For (A,52,Q, ¢), define m; as equation (28) with Aj and 62 replaced by A and &2 re-
z = j; A, 52) takes maximum when j = m,. Since 220:1 Pr(z|z-1;Q) =

2 N, 67) Pr(z |21; Q) < Lz,

spectively, i.e, L(z;
z = my; A, 52). Thus

1 for any z;_1, 220:1 L(zy

I(A, ~2,Q,¢>

= 1og{z
>

Jo T—1 ~ T—1
. ~2 .
1™ g ot | |t:1 L(xy |25 A, 67) Pr(z |¢) | |t:2 Pr(z |z-1; Q)

) L(zr ‘ZT; A, 52) Pr(zr |2r_1;Q)]}

ap=
< IOg{ZZT =1 'Zle HtT:_ll Lz, 25 A, %) Pr(z |¢) HtT:_; Pr(z |2:-1; Q)
L(xg |z = mp; A, 6%)}
< log{z -ZJO HT_2 L(zy |23 A, %) Pr(z119) I_IT_2 Pr(z [2-1;Q)
2 =1 a=111i— =2
L(zp_y |2p—1 = mp_1; N, 6%) L(xr ‘ZT = mp; A, 62)}

< .. < Z log L(xy |2 = mt;/i,fo), (57)

i.e, equation (29) in the proof of Theorem 1 is still valid when state dynamics are
taken into account.

Now consider (A% 52, Q, ¢). Since Pr(z;|z-1; Q) > min;x Qjp,

Jo
Z ) L(z |Zt; A°, 52) Pr(2 [z-1;Q) > L(x |Zt; A°, 52) mikn Qjk-
z= 2

18



Note that on the right hand side of the inequality, z; denotes the true state. Then
similar to inequality (57),

0 ~2 T A0 <2 : )
l(A O 7Q7¢) Z Zt:l IOgL(xt ‘ZtaA O )+T10gnj1}€ank7

i.e., equation (31) is still valid when state dynamics are taken into account.

The rest of the proof is the same as Theorem 1.

Part (ii):

Step (1): We first show |pye — 1.—;| = 0,(=5)-

The proof is the same as the proof of Theorem 2, with slight modifications. First,
qx is replaced by pgj—1, and Aj and &% are replaced by /~\j and &%. Second, the
proof of Theorem 2 utilizes Theorem 1 while here the proof utilizes part (i). Third,
the proof of Theorem 2 requires ¢, to be bounded away from zero. Here we have
Dekft—1 = Qr-Di—1j¢—1 = min; Qp; > 0 for all k, where Q. denotes the k-th row of Q.

Step (2): We next prove pur = 0,(55) for k # j when the true state is z, = j.

Let @, denote the k-th column of ) and "+" denotes element-wise division for two
vectors.
Dkt = Pkt X Q{k<ﬁt+1\T +]5t+1|t) = Pikft X 131,5+1|T (Qur +]5t+1\t)
Qe 1 1

< ﬁtk|t max ——— =
U Qy Dijt

Op<m>a
where the inequality is due to the fact that each element of p, 1, = Qpy is not
smaller than Q.;p;; and the last equality follows from step (1) and min; Q;; > 0.

Part (iii): The proof is the same as the proof of Proposition 1, with slight
modifications. First, Aj, 52, Dtj, WinT and Hj is replaced by /~\j, &2, Dij|T 5 WjNT and
H; respectively. Second, the proof of Proposition 1 utilizes Theorem 1 and Theorem
2, here we utilize part (i) and part (ii).

Part (iv): The proof is the same as the proof of Theorem 3, with A;, W,z and
H; replaced by ]\j, VT/] N1 and Efj respectively.

Part (v): The proof is the same as the proof of Theorem 4, with 5\]-1-, Aj, WinT,
H; and p; replaced by S\ji, /~\j, Wj N1, H ; and Py respectively. The proof of Theorem
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4 utilizes Theorem 2, Proposition 1 and Theorem 3, here we utilize parts (ii)-(iv).
Part (vi): The proof is the same as the proof of Theorem 5, with ft, 52, Aj,

pr; and H,, replaced by fi, 52, [Xj, Pyjir and H.,. The proof of Theorem 5 utilizes

Theorem 2, Proposition 1, Theorem 3 and Lemma 3. Here we utilize parts (ii)-(iv),

and the results in Lemma 3 also can be proved for ]Xj. ]

Proof of Theorem 7

. X T =~ JO T = T -~ T—1 ~
Proof. First, Qjx = >, o Dijuir/ Zj:l Y o Pk = ﬁ Yoo Ptjk:|T/ﬁ thll Dik|T -

For the denominator, by Theorem 6(ii), we have

1 T-1 _ B 1 T—1 1 _
T — 1 t=1 ptle T T _ ]_ thl 1Zt:k + OP(W) - qk (58)
For the numerator, we have
1 T 1 T . .
T — 1 2w Pkt = ZM Prjir Pr(zia =k |z = j,2103 M, 6%, Q, ¢)
1 T 1 1
= = Lo+ o)l (59)

The second equality of (59) follows from: (1) pyjjr = 1.,—; + 0,(55) by Theorem 6(ii),

(2) Pr(zi1 = kl|z=j,211;0,6%,Q,0) =Pr(z1 = k|2 = j,214-1;A,6%,Q, 0)

Pr(zo1 =k,ze=1j

xl:t—l;A7527Q7¢) ijﬁt—l Elt—1
- = =J° ~
T1:4—1, Aa 027 Q? Qb) Zh:l thptflvh“*l

Pr(z;, =j

1
1Zt71:k + Op(m)v

where the last equality follows from Theorem 6(ii). Since z; follows a Markov process,

1 T P 0,0
T 1 Zt:2 1Zt:j1Zt—1:k' - E<1zt=j12t—1=k) = E[E(12t=j12t—1=k |1Zt—1:k )] = qujk'

T—-1
(60)
Take equations (58)-(60) together, we have shown ij LN Q?k. [ |
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F Details on First Order Conditions

First order condition of ¢ with no state dynamics:

Al(A, 02, q) T —3 log [3| — 23 wy)
Jo? N Zt:l ijl ptj @02

- ZtT . ZJO petr(S; ! — B X

- 73 Z ptjtT(Z - 571857

- 20423 12 pijtr(¥; = 5;)

- 204 Z thlptjAjA; +To’Iy — Zthl x,7)),

where the second equality is due to

010g|§]]|

07 r(3), (61)
orYlx
taT]zt = —tr(S; )Y, (62)

and the second last equality is due to

55(55 = 858 = (MA] + 0% In) (B — S5) (AN + 0 Iy) = o' (5; = S5;),  (63)

since (; — S;)A;A; = (AN} 4 0* Iy — S, )A /A, = 0 by equation (14). Set 61(/(;:22,11) to
zero, we have 02 = Ltr(k ST ma) — Zj AL gAY,

First order condition of ¢; with no state dynamics:

The Lagrangean is I(A,0%,q) + w(l — ¢ — ¢ — ... — qy). The derivative of the

T py

; T
=1 g — W Set it to zero, we have ), | p; = wq;.

Lagrangean with respect to ¢; is >
Take sum with respect to j, we have w = T'. Thus ¢; = % ZtT:lptj.

2

First order condition of ¢° with state dynamics:
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x|l ze=7:A 0.2
From equations (61) and (62), Olog L( t(L;z i) —itr(5;

¥ S5 t). Thus

0 . (h
LS gl = i i
Jo?

- —lzflzjlﬁxww—z-lwzm

= —‘Z] | Z PS5 Z Pt )
= _§ijl(z pt]\T)tT(Z IR Yy

N _%ﬂ {0 Zt P (25 = §)

_ / 2 /
— 204 ZJ 1Zt ) 1mTAA +To IN—Zzlxtxt),

Olog L(wt|2=j;A;,0%)

where the second last equality is explained in equation (63). Set 52 to
zero, we have 2" = Lyp(LS°T a0 — Z] DY t?|)TA]h+1 /~\ (hr1)ry

First order condition of () with state dynamics:

First, when (Q,¢) also enters the iteration, let (QU ,gb(h)) denote the value of
(Q, @) for the h-th iteration, and let g — (A 52h) Qh), %(h)).
. 0 . 0 0 ~ 0
Since Z}]:1 Q;r = 1, the Lagrangean is ZtT:Q ijl Zi:l log ijpg%T +ZZ:1 wy,(1—

Qi — Q2 — ... — Qo). The first order derivative of the Lagrangean with re-

spect to Qjx is 1 Zt 5D tle\T — wy. Set it to zero, we have Zf 2]5§?,1|T = QKW
h) h+1

Take sum over j, we have Z] 1Zt oD EJHT Zj L Qjrwr = wy. Thus Q( =

(h)
Zt 2P tgk\T/Z Zt 2 Pijkir -

First order condition of ¢ with state dynamics:

Since Zk | ¢, = 1, the Lagrangean is Zk | log gzﬁkplk'T w(l—¢y—Pg—...— P o).
The first order derivative of the Lagrangean with respect to ¢, is ¢1 ﬁgi)‘T —w. Set it to
zero, we have ]3(1};)'T = ¢,w. Take sum over k, we have 1 = Zk ) 11<>\T Z RGeS

~(ht1)  (h) JO  ~(h)
w, thus ¢~ = Py = 2 i1 Pajkir -
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G Smoother Algorithm for ﬁE%T

Step (1): Calculate conditional likelihoods L(x; mlzt_l;é(h)) and filtered estimates

fort=2,...,T.

ptgk\t

~(h)  _
Dijrpe =

XxPr(z; = jlaio1 =k Q)Pr(z1 =k

~(h
214:0") = Lz,

z = j; A, 520

h
L1g— 179( ))7

Pr(z; =j,ze1 =k

(h
l'lztfla )/L<xt

- i ONEE L($1|21=k;/~\(h),52(h))¢k
where Pl"(Z’l =k ‘1'17 0 ) - 23‘121 L(z1|z1:j;1~X(h),52(h))¢j
~(h
Z‘]O _Pr(zi1 =k, 20 ‘xlzt_l;Q( )). The denominator L(x;

Zt_g—].

and Pr(z,_, =k ‘xl:t_l;é(h)) =

T14-1; " ) equals the

sum of the numerator with respect to z; and z;_.
Step (2): Fix down z; = j, 2,1 = k, for all 2,4,

. h) % ~ .
Pl“(Zt+1,Zt = J,zna=Fk ‘%:tﬂ;@ ) = L($t+1 Zt+1;A(h),02(h))) Pr(2t+1 |Zt =7 Q)

. ~(h ~(h
X PT(Zt = Jza=k ‘xl:t;e( ))/L($t+1 ‘xlth Q( ))

)

for all z;11 and 2449,

%(h)

L1:¢42; 0 Zt425 Nh)? 52(h) )) PT(Zt+2 |Zt+1; Q)

~(h
X1: t+176( ))7

) = L<$t+2

Pr(zt+27 Rty Rt = j; Zt—1 = k

(h
XPT(ZtH,Zt = J,z-1 =k |T144150 )/L(It+2

and for 7=t +3,...,T, for all z; and z,_1,

(h)) = L(x; |20 AW 20N Pr(z, 2,15 Q)
7 ()
T1r— 1a9 )7

Pr(ZTaszlazt = )At-1= k 331~~,-;9

(
XPr(z;_1,20 = Jozee1 = k’fl?lT 1;0°7)/L(x,

"(h) )

JO
T1:7—1, 9

where Pr(z,_1,2; = j, 201 = k = 22772:1 Pr(z,_1,2r—2,2e = j, 201 =

k T1:7—1; é(h) )

Step (3): Calculate ﬁihﬁw = ZJO " Pr(zr, 201, 2 = j, 21 = k | 7173 é(h)).

ZT_l ZT71:1

Repeat steps (1)-(3) for all j and k.
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