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❲❤❡♥ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥tr♦❞✉❝❡s ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✱ ✐t ♠❛② ❧❡❛❞ t♦ ❛♥ ❡r♦s✐♦♥

♦❢ ❞❡♣♦s✐ts ❛s t❤❡ st❛❜❧❡ ❢✉♥❞✐♥❣ ❜❛s❡ ♦❢ ❜❛♥❦s ❛♥❞ r❡s✉❧t ✐♥ ❝❤❛❧❧❡♥❣❡s r❡❣❛r❞✐♥❣ t❤❡ ❛ss❡t

s✐❞❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❲❡ st✉❞② t❤❡ r❡s✉❧t✐♥❣ ❡❝♦♥♦♠② ❛♥❞ tr❛❞❡♦✛s ✐♥ ❛ st②❧✐③❡❞ ♥♦♠✐♥❛❧

✈❡rs✐♦♥ ♦❢ t❤❡ ❉✐❛♠♦♥❞✲❉②❜✈✐❣ ✭✶✾✽✸✮ ♠♦❞❡❧✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ♥♦✇ ✐♥✈♦❧✈❡❞ ✐♥ ♠❛t✉r✐t②

tr❛♥s❢♦r♠❛t✐♦♥✱ ✐❢ ✐t s♦ ❝❤♦♦s❡s✳ ❲❡ ♣♦s✐t t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣✉rs✉❡s t❤r❡❡ ♦❜❥❡❝t✐✈❡s✿ ♣r✐❝❡

st❛❜✐❧✐t②✱ ❡❝♦♥♦♠✐❝ ❡✣❝✐❡♥❝② ❛♥❞ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❛t ❛ ❈❇❉❈ ❚r✐❧❡♠♠❛

❛r✐s❡s✿ ♦✉t ♦❢ t❤❡s❡ t❤r❡❡ ♦❜❥❡❝t✐✈❡s✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❛❝❤✐❡✈❡ ❛t ♠♦st t✇♦✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❛ ❝♦♠♠✐t♠❡♥t t♦ ♣r✐❝❡ st❛❜✐❧✐t② ❝❛♥ ❝❛✉s❡ ❛ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡

s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r❡q✉✐r❡s ❛ ❝♦♠♠✐t♠❡♥t t♦ ✐♥✢❛t✐♦♥✳

❑❡②✇♦r❞s✿ ❈❇❉❈✱ ❝✉rr❡♥❝② ❝r✐s❡s✱ ♠♦♥❡t❛r② ♣♦❧✐❝②✱ ❜❛♥❦ r✉♥s✱ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥✱ ❝❡♥tr❛❧

❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✱ ✐♥✢❛t✐♦♥ t❛r❣❡t✐♥❣

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥s✿ ❊✺✽✱ ●✷✶✳

∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ▲✐♥❞❛ ❙❝❤✐❧❧✐♥❣✱ ❧✐♥❞❛s❅✇✉st❧✳❡❞✉✱ ❙✐♠♦♥ ❍❛❧❧✱ ✶ ❇r♦♦❦✐♥❣s ❉r✐✈❡✱ ❙t ▲♦✉✐s✱ ▼❖ ✻✸✶✸✵
❯❙❆✱ ❥❡s✉s❢✈❅❡❝♦♥✳✉♣❡♥♥✳❡❞✉✱ ❛♥❞ ❤✉❤❧✐❣❅✉❝❤✐❝❛❣♦✳❡❞✉✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ▲✐♥❞❛ ❙❝❤✐❧❧✐♥❣ ❤❛s ❜❡❡♥ ♣r❡♣❛r❡❞
✉♥❞❡r t❤❡ ▲❛♠❢❛❧✉ss② ❢❡❧❧♦✇s❤✐♣ ♣r♦❣r❛♠ s♣♦♥s♦r❡❞ ❜② t❤❡ ❊❈❇ ❛♥❞ ✇❛s ♦r✐❣✐♥❛❧❧② ♥❛♠❡❞ ✏❈❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧
❝✉rr❡♥❝② ❛♥❞ t❤❡ r❡♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ❜❛♥❦✐♥❣ s②st❡♠✳✑ ❲❡ ✈❡r② ♠✉❝❤ t❤❛♥❦ P❤✐❧ ❉②❜✈✐❣ ❢♦r ♥✉♠❡r♦✉s ✐♥s✐❣❤t❢✉❧
❝♦♠♠❡♥ts✳ ❲❡ t❤❛♥❦ ❆❣♥❡s❡ ▲❡♦♥❡❧❧♦ ❛♥❞ ❛♥ ❛♥♦♥②♠♦✉s ❊❈❇ r❡❢❡r❡❡ ❢♦r ✐♥s✐❣❤t❢✉❧ ❝♦♠♠❡♥ts✱ ❛s ✇❡❧❧ ❛s ♣❛rt✐❝✐♣❛♥ts
❛t ♥✉♠❡r♦✉s s❡♠✐♥❛rs✳ ❚❤❡ ✈✐❡✇s ❡①♣r❡ss❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ t❤♦s❡ ♦❢ t❤❡ ❛✉t❤♦rs ❛♥❞ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② r❡✢❡❝t t❤❡
✈✐❡✇s ♦❢ t❤❡ ❊❈❇✳
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▼❛♥② ❝❡♥tr❛❧ ❜❛♥❦s ❛♥❞ ♣♦❧✐❝②♠❛❦✐♥❣ ✐♥st✐t✉t✐♦♥s ❛r❡ ♦♣❡♥❧② ❞❡❜❛t✐♥❣ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛

❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝② ♦r ❈❇❉❈✳✶ ❲✐t❤ ❛ ❈❇❉❈✱ ❤♦✉s❡❤♦❧❞s ✇✐❧❧ ❤❛✈❡ ❛❝❝❡ss t♦ ❛♥ ❡❧❡❝tr♦♥✐❝

♠❡❛♥s ♦❢ ♣❛②♠❡♥t ❛♥❞✱ t❤✉s✱ ❛♥ ❛ttr❛❝t✐✈❡ ❛❧t❡r♥❛t✐✈❡ t♦ tr❛❞✐t✐♦♥❛❧ ❞❡♣♦s✐t ❛❝❝♦✉♥ts✳✷ ❖♥❡ ♠❛②

❢❡❛r t❤❛t ❞❡♣♦s✐ts ❛s ❛ st❛❜❧❡ ❢✉♥❞✐♥❣ ❜❛s❡ ❢♦r t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✐♥❣ s②st❡♠ ✇✐❧❧ ❡r♦❞❡✳ ❙♦♠❡ ❤❛✈❡

♣r♦♣♦s❡❞ t♦ ♠❛❦❡ ❈❇❉❈ ❛❝❝♦✉♥ts s✉✣❝✐❡♥t❧② ✉♥❛ttr❛❝t✐✈❡ ❛♥❞ ❧✐♠✐t❡❞ ✐♥ s❝♦♣❡ ♦r t♦ ❤❛✈❡ ♣r✐✈❛t❡

❜❛♥❦s ❜❡❝♦♠❡ ♠♦r❡ ❝♦♠♣❡t✐t✐✈❡ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s t❤r❡❛t ♦❢ ❞✐s✐♥t❡r♠❡❞✐❛t✐♦♥✳✸ ■♥ t❤✐s ♣❛♣❡r✱

✐♥st❡❛❞✱ ✇❡ t❤✐♥❦ t❤r♦✉❣❤ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❞✐s✐♥t❡r♠❡❞✐❛t✐♦♥ t♦ ✐ts ❡♥❞✳

Socially Optimal Allocation

Monetary Trust(No Central Bank Run)
Price Stability (Peg)

❋✐❣✉r❡ ✶✿ ❈❇❉❈ ❚r✐❧❡♠♠❛✿ ❋♦r t❤❡ ❝♦♥s♦❧✐❞❛t❡❞ ❝❡♥tr❛❧ ❜❛♥❦✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❛tt❛✐♥ ❛❧❧ t❤r❡❡
♦❜❥❡❝t✐✈❡s ❛t ❛ t✐♠❡✳ ❲❤❡♥ ♦♥❡ ♦❜❥❡❝t✐✈❡ ✐s ✜①❡❞✱ ❛t ❧❡❛st ♦♥❡ ♦t❤❡r ♦❜❥❡❝t✐✈❡ ❤❛s t♦ ❜❡ s❛❝r✐✜❝❡❞✳

❲❡ st✉❞② t❤❡ r❡s✉❧t✐♥❣ ❡❝♦♥♦♠② ❛♥❞ tr❛❞❡♦✛s ✐♥ ❛ st②❧✐③❡❞ ♥♦♠✐♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉✐❛♠♦♥❞✲

❉②❜✈✐❣ ✭✶✾✽✸✮ ♠♦❞❡❧✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ✐♥✈♦❧✈❡❞ ✐♥ ♠❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥✳ ❲❡ ♣♦s✐t t❤❛t

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣✉rs✉❡s t❤r❡❡ ♦❜❥❡❝t✐✈❡s✿ ❛ss✉r❡ ♣r✐❝❡ st❛❜✐❧✐t②✱ s✉♣♣♦rt ❡❝♦♥♦♠✐❝ ❡✣❝✐❡♥❝②✱ ❛♥❞

s❡❝✉r❡ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳ ❆s t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ❛ ❈❇❉❈

❚r✐❧❡♠♠❛ ❛r✐s❡s✱ s❡❡ ✜❣✉r❡ ✶✿ ♦✉t ♦❢ t❤❡s❡ t❤r❡❡ ♦❜❥❡❝t✐✈❡s✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❛❝❤✐❡✈❡ ❛t ♠♦st

t✇♦✳ ❲❡ s❤♦✇ t❤✐s ✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧t ❜② ✜①✐♥❣ ♦♥❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❜❥❡❝t✐✈❡ ❛♥❞ ❞❡♠♦♥str❛t✐♥❣ t❤❛t

❛t ❧❡❛st ♦♥❡ ♦t❤❡r ♦❜❥❡❝t✐✈❡ ✐s ✈✐♦❧❛t❡❞✳ ❲❡ ❢♦r♠❛❧❧② ✢❡s❤ ♦✉t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥t✳ ❈❡♥tr❛❧ ❜❛♥❦s

❤❛✈❡ tr❛❞✐t✐♦♥❛❧❧② ♦♣❡r❛t❡❞ ❛s ✏♥❛rr♦✇ ❜❛♥❦s✱✑ ♠❛✐♥❧② ❤♦❧❞✐♥❣ ❤✐❣❤❧② ❧✐q✉✐❞ ❣♦✈❡r♥♠❡♥t ❞❡❜t ♦♥ ✐ts

❛ss❡t s✐❞❡✳ ❲❤❡♥ ❛ ❈❇❉❈ ❜❡❝♦♠❡s ❛ ✇✐❞❡✲s♣r❡❛❞ s✉❜st✐t✉t❡ ❢♦r tr❛❞✐t✐♦♥❛❧ ❜❛♥❦ ❞❡♣♦s✐t ❛❝❝♦✉♥ts✱

s✉❝❤ ❛ ♥❛rr♦✇ ❜❛❧❛♥❝❡ s❤❡❡t ♠❛② ♠❛✐♥t❛✐♥ ♣r✐❝❡ st❛❜✐❧✐t② ❛♥❞ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t② ❜✉t ✇✐❧❧ r❡s✉❧t ✐♥

❛ ❧♦ss ♦❢ ❛❧❧♦❝❛t✐✈❡ ❡✣❝✐❡♥❝② ❛s ♣r✐✈❛t❡ s❡❝t♦r ❢✉♥❞✐♥❣ ❞r✐❡s ✉♣✱ ❤✉rt✐♥❣ t❤❡ s❡❝♦♥❞ ♦❜❥❡❝t✐✈❡✱ s❡❡

s❡❝t✐♦♥ ✺✳✷✳ ❖♥❡ ♠✐❣❤t t❤✉s ❛❧t❡r♥❛t✐✈❡❧② ❝♦♥t❡♠♣❧❛t❡ ❛✈❡♥✉❡s ❢♦r t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ r❡❢✉♥❞ t❤❡

♣r✐✈❛t❡ ✜♥❛♥❝✐❛❧ s❡❝t♦r✹ ❜② ❡✐t❤❡r ♣✉r❝❤❛s✐♥❣ ♣r✐✈❛t❡❧② ✐ss✉❡❞ ❛♥❞ ❛♣♣r♦♣r✐❛t❡❧② r❡❣✉❧❛t❡❞ ❜❛♥❦

✶❙❡❡ ❇❛rr❞❡❛r ❛♥❞ ❑✉♠❤♦❢✱ ✷✵✶✻❀ ❇❡❝❤ ❛♥❞ ●❛rr❛tt✱ ✷✵✶✼❀ ❈❤❛♣♠❛♥ ❡t ❛❧✳✱ ✷✵✶✼❀ ▲❛❣❛r❞❡✱ ✷✵✶✽❀ ■♥❣✈❡s✱ ✷✵✶✽❀
❑❛❤♥ ❡t ❛❧✳✱ ✷✵✶✾❀ ❉❛✈♦♦❞❛❧❤♦ss❡✐♥✐ ❡t ❛❧✳✱ ✷✵✷✵❀ ❆✉❡r ❛♥❞ ❇ö❤♠❡✱ ✷✵✷✵❀ ❆✉❡r ❡t ❛❧✳✱ ✷✵✷✵✱ ●r♦✉♣ ♦❢ ❚❤✐rt②✱ ✷✵✷✵
❛♥❞ ❇♦❛r❞ ♦❢ ●♦✈❡r♥♦rs ♦❢ t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❙②st❡♠✱ ✷✵✷✷✮✳

✷❆s ❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡ ❡t ❛❧✳ ✭✷✵✷✵✮ s❤♦✇ t❤❛t ❛ ❈❇❉❈ ♦✛❡r❡❞ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② ❜❡ s✉❝❤ ❛♥ ❛ttr❛❝t✐✈❡
❛❧t❡r♥❛t✐✈❡ t♦ ♣r✐✈❛t❡ ❜❛♥❦ ❞❡♣♦s✐ts t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❜❡❝♦♠❡s ❛ ❞❡♣♦s✐t ♠♦♥♦♣♦❧✐st✱ ❢✉rt❤❡r ❝♦♥s♦❧✐❞❛t✐♥❣ ✐ts
r♦❧❡ ❛s ❛ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t♦r✳

✸❚❤✐s ❛r❣✉♠❡♥t ❤❛s ❜❡❡♥ ♠❛❞❡ ✐♥ ♣❛rt✐❝✉❧❛r ❜② ❉❛rr❡❧❧ ❉✉✣❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❉✉✣❡ ❡t ❛❧✳ ✭✷✵✷✶✮✳ ❋♦r ❛ ♠♦r❡
❢♦r♠❛❧ ❛♥❛❧②s✐s✱ s❡❡ ❡✳❣✳ ▼♦♥♥❡t ❡t ❛❧✳ ✭✷✵✷✶✮✳

✹❚❤✐s ✐s ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❛r❣✉♠❡♥t ❜② ❇r✉♥♥❡r♠❡✐❡r ❛♥❞ ◆✐❡♣❡❧t✱ ✷✵✶✾✱ t❤❛t ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ r❡st♦r❡

✶



❜♦♥❞s✺✱ s❡❡ s❡❝t✐♦♥ ✾✱ ♦r ❜② ✜♥❛♥❝✐♥❣ t❤❡ r❡❛❧ ❡❝♦♥♦♠② ❞✐r❡❝t❧②✳ ❚❤✐s ❝❤♦✐❝❡✱ ✐♥ t✉r♥✱ ✐♠♣❧✐❡s

t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❡♥t❡rs t❤❡ ❜✉s✐♥❡ss ♦❢ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥ ❛♥❞ ♠❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥✱

tr❛❞✐t✐♦♥❛❧❧② r❡s❡r✈❡❞ ❢♦r t❤❡ ♣r✐✈❛t❡ s❡❝t♦r✳ ▼❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ❡♥❤❛♥❝❡s ❡✣❝✐❡♥❝②✳ ❍♦✇❡✈❡r✱

❛s ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ ❤❛✈❡ s❤♦✇♥ ✐♥ t❤❡✐r ❜❛♥❦✐♥❣ ♠♦❞❡❧ ✇✐t❤ r❡❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐ts✱

♠❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ❣✐✈❡s r✐s❡ t♦ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❜❛♥❦ r✉♥s ❛♥❞ ✜♥❛♥❝✐❛❧ ✐♥st❛❜✐❧✐t②✳ ❲❡

s❤♦✇ ✐♥ ♦✉r ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ♠♦❞❡❧ ❤❡r❡ ❤♦✇ ✜♥❛♥❝✐❛❧ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s♣❡♥❞✐♥❣

r✉♥✻ ♦♥ t❤❡ ❣♦♦❞s s✉♣♣❧② ❝❛♥ r❡s✉❧t ✇❤❡♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❝♦♠♠✐tt❡❞ t♦ ❦❡❡♣✐♥❣ ♣r✐❝❡s st❛❜❧❡✱

s❡❡ s❡❝t✐♦♥ ✺✳✸✳ ❲❡ ❝❛❧❧ t❤✐s ❛ ✏r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✑✿ ✇❤✐❧❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ♦❜✈✐♦✉s❧②

❛❧✇❛②s ❤♦♥♦r ✐ts ♥♦♠✐♥❛❧ ♦❜❧✐❣❛t✐♦♥s✱ ❛❣❡♥ts ♠❛② ❢❡❛r t❤❡ ❡r♦s✐♦♥ ♦❢ r❡❛❧ r❡s♦✉r❝❡s ❛✈❛✐❧❛❜❧❡ ❢♦r

♣✉r❝❤❛s❡ ❛❣❛✐♥st t❤❡✐r ♥♦♠✐♥❛❧ ❈❇❉❈ ❜❛❧❛♥❝❡s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥ ♠❛♥✐❢❡sts ✐ts❡❧❢ ❛s ❛

❝♦❧❧❡❝t✐✈❡ s♣❡♥❞✐♥❣ s♣r❡❡ ✇❤❡r❡ ❛❣❡♥ts ✇❤♦ ❤❛✈❡ ♥♦ ✐♥st❛♥t❛♥❡♦✉s ❝♦♥s✉♠♣t✐♦♥ ♥❡❡❞s ♥❡✈❡rt❤❡❧❡ss

s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s ♦♥ ❣♦♦❞s ❜❡❝❛✉s❡ t❤❡② ❡①♣❡❝t t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❝✉rr❡♥❝② t♦ ❞❡❝❧✐♥❡✳

■♥ t❤❛t ❝❛s❡✱ ❈❇❉❈ ❢♦r❢❡✐ts ✐ts ♣✉r♣♦s❡ ❛s t❤❡ st♦r❡ ♦❢ ✈❛❧✉❡✳ ■♥ s✉❝❤ ❛ r✉♥✱ ✐ss✉✐♥❣ ❛❞❞✐t✐♦♥❛❧

❛♠♦✉♥ts ♦❢ ❈❇❉❈ ♥♦t ♦♥❧② ❞♦❡s ♥♦t ❤❡❧♣ ❜✉t ✐t ♠❛❦❡s ✐♥✢❛t✐♦♥ ✇♦rs❡✳ ❚❤❡ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣

❜❡❤❛✈✐♦r ❛t ❛ ❣✐✈❡♥ ❣♦♦❞s s✉♣♣❧② ✐♠♣❛❝ts t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✈✐❛ ♠❛r❦❡t ❝❧❡❛r✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝❡♥tr❛❧

❜❛♥❦ r✉♥ ✇✐❧❧ ♠❛♥✐❢❡st ✐ts❡❧❢ ❛s ❛ r✉♥ ♦♥ t❤❡ ♣r✐❝❡ ❧❡✈❡❧✳ ▲✐❦❡✇✐s❡✱ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡s ♦♥ ❈❇❉❈

♦♥❧② ❝❤❛♥❣❡ ♣r✐❝❡ ❧❡✈❡❧s ✐♥ t❤❡ ❢✉t✉r❡ ✇❤❡♥ t❤❡ ✐♥t❡r❡st ✐s ♣❛✐❞ ♦✉t r❛t❤❡r t❤❛♥ st♦♣♣✐♥❣ t❤❡ r✉♥

♥♦✇✳ ❚❤❡ ❛❜✐❧✐t② ♦❢ ❛ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ✐ss✉❡ ❛s ♠✉❝❤ ❈❇❉❈ ❛s ❞❡s✐r❡❞ ✐s ❛ ✉s❡❧❡ss t♦♦❧ ❛❣❛✐♥st s✉❝❤

r✉♥s✱ s❡❡ s❡❝t✐♦♥ ✻✳ ❊✣❝✐❡♥t ♠❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛ str♦♥❣ ♣r✐❝❡ st❛❜✐❧✐t②

♦❜❥❡❝t✐✈❡ ✇✐❧❧ t❤✉s ✈✐♦❧❛t❡ t❤❡ t❤✐r❞ ♦❜❥❡❝t✐✈❡✱ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳ ❋✐♥❛♥❝✐❛❧ st❛❜✐❧✐t② ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞

❜② t❤r❡❛t❡♥✐♥❣ ♣r✐❝❡ ✐♥st❛❜✐❧✐t② ✐♥ ❝❛s❡ ♦❢ ❛ r✉♥✳ ■♥❞❡❡❞ ❛♥❞ ❛s ♦✉r ✜rst r❡s✉❧t✱ ✇❡ s❤♦✇ t❤❛t t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ✐♠♣❧❡♠❡♥t t❤❡ ❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s ❛♥❞ ❞❡t❡r ❝❡♥tr❛❧ ❜❛♥❦

r✉♥s ❡① ❛♥t❡ ❜✉t ♦♥❧② ✈✐❛ ❛♥ ✐♥✢❛t✐♦♥ t❤r❡❛t✱ s❡❡ s❡❝t✐♦♥ ✹✳ ❚❤❡ ✐♥✢❛t✐♦♥ t❤r❡❛t ✈✐♦❧❛t❡s t❤❡ ✜rst

♦❢ t❤❡ t❤r❡❡ ♦❜❥❡❝t✐✈❡s✱ s❤♦✉❧❞ ❛ r✉♥ ♦❝❝✉r✳ ❲❡ ❛r❣✉❡ ✐♥ s❡❝t✐♦♥ ✺✳✶✱ t❤❛t t❤✐s ✐♥✢❛t✐♦♥ t❤r❡❛t ✐s

♥❡✐t❤❡r ❛ ❝r❡❞✐❜❧❡ t✐♠❡✲❝♦♥s✐st❡♥t ♥♦r ❛ s✉❜❣❛♠❡✲♣❡r❢❡❝t ❝♦♠♠✐t♠❡♥t ❜② ❛ ❝❡♥tr❛❧ ❜❛♥❦ t❤❛t ❝❛r❡s

❛❜♦✉t ♣r✐❝❡ st❛❜✐❧✐t②✳

❚❤❡ ✐ss✉❡ ♦❢ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦ss✐❜❧② ❡♥❣❛❣✐♥❣ ✐♥ ♠❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ❛r✐s❡s s♣❡❝✐✜❝❛❧❧② ✇✐t❤

❈❇❉❈ ❛♥❞ ✇♦✉❧❞ t②♣✐❝❛❧❧② ♥♦t ❛r✐s❡ ✐♥ t❤❡ ❝✉rr❡♥t ❝❛s❤✲❜❛s❡❞ s②st❡♠ ❜❡❝❛✉s❡ ❡❧❡❝tr♦♥✐❝ s✉❜st✐t✉t❡s

❢♦r ❝❛s❤ ❛r❡ t❤❡ ♣r❡r♦❣❛t✐✈❡ ♦❢ t❤❡ ♣r✐✈❛t❡ s❡❝t♦r ❛♥❞ tr❛❞✐t✐♦♥❛❧ ❜❛♥❦ ❞❡♣♦s✐ts ❢✉♥❞ ✜♥❛♥❝✐❛❧ ✐♥t❡r✲

♠❡❞✐❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ s♣❡♥❞✐♥❣ ❞❡❝✐s✐♦♥s ✇✐❧❧ ❜❡ ❢❡❛s✐❜❧❡ ✇✐t❤ ❛ ❈❇❉❈ ♠❛❦❡s

t❤❡ t❤r❡❛t t♦ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t② ♠♦r❡ ❞r❛♠❛t✐❝ t❤❛♥ ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ ✐♥ ❛ ✇♦r❧❞ ❜❛s❡❞ ♦♥ ❝❛s❤

t❤❡ ♦r✐❣✐♥❛❧ ♥♦✲❈❇❉❈ ❡q✉✐❧✐❜r✐✉♠ ❜② ❝❤❛♥♥❡❧✐♥❣ ❢✉♥❞s t♦ t❤❡ s❛♠❡ r❡❝✐♣✐❡♥ts✳
✺❈❡♥tr❛❧ ❜❛♥❦s ❤❛✈❡ ❡♥❣❛❣❡❞ ✐♥ ❧❛r❣❡✲s❝❛❧❡✱ ❧♦♥❣✲t❡r♠ ❧❡♥❞✐♥❣ t♦ t❤❡ ❡❝♦♥♦♠② ✭✏q✉❛♥t✐t❛t✐✈❡ ❡❛s✐♥❣✑✮ s✐♥❝❡ t❤❡

✜♥❛♥❝✐❛❧ ❝r✐s❡s ✐♥ ✷✵✵✽✲✷✵✵✾✳ ❘❡❢✉♥❞✐♥❣ t❤❡ ❜❛♥❦✐♥❣ s❡❝t♦r ✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ✇✐❞❡✲s❝❛❧❡ ❈❇❉❈ ✇✐❧❧ ❝♦♥s✐❞✲
❡r❛❜❧② ❡♥❧❛r❣❡ t❤❡s❡ ❛❝t✐✈✐t✐❡s✳

✻❆s ❛ ♣❛r❛❧❧❡❧✱ ♦♥❡ ♠❛② t❤✐♥❦ ❛❜♦✉t t❤❡ ✏❡❧❡❝tr♦♥✐❝ ❞♦❧❧❛rs✑ t❤❛t ♠❛♥② ✉♥✐✈❡rs✐t✐❡s ✐ss✉❡ t♦ ❢❛❝✉❧t② ❛♥❞ st✉❞❡♥ts
✐♥ t❤❡✐r ■❉ ❝❛r❞s ❢♦r ♣✉r❝❤❛s❡s ♦♥ ❝❛♠♣✉s✳ ❖♥❡ ❝❛♥ s♣❡♥❞ ✏❡❧❡❝tr♦♥✐❝ ❞♦❧❧❛rs✑ ✐♥ ❞✐✛❡r❡♥t ❝❛♠♣✉s ❧♦❝❛t✐♦♥s✱ s✉❝❤ ❛s
✈❡♥❞✐♥❣ ♠❛❝❤✐♥❡s ❛♥❞ ❢♦♦❞ ❝♦✉rts✱ ❜✉t ♦♥❡ ❝❛♥♥♦t ✏✇✐t❤❞r❛✇✑ t❤❡ ✏❡❧❡❝tr♦♥✐❝ ❞♦❧❧❛rs✑ ♦r tr❛♥s❢♦r♠ t❤❡♠ ✐♥t♦ ♦t❤❡r
❛ss❡ts✳

✷



❛♥❞ ❞❡♣♦s✐ts✳ ❚♦❣❡t❤❡r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❛r❣✉♠❡♥ts ✐♥ t❤✐s ♣❛♣❡r ❛r✐s❡ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❈❇❉❈ ♦♥ ❛ ✇✐❞❡ s❝❛❧❡✱ ❛♥❞ ♥♦t ♦t❤❡r✇✐s❡✳

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r ❛♥❛❧②s✐s ❜② ❡①❛♠✐♥✐♥❣ s♦❧✉t✐♦♥s ❢♦r ❛✈♦✐❞✐♥❣ r✉♥s ♦♥ ♣r✐✈❛t❡

❜❛♥❦s✳ ❙✉s♣❡♥s✐♦♥ ♦❢ ❝♦♥✈❡rt✐❜✐❧✐t② t❤❡r❡ t✉r♥s ✐♥t♦ s✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞❛❜✐❧✐t② ❤❡r❡ ❜❡❝❛✉s❡ ❈❇❉❈

✐s ❛❧r❡❛❞② t❤❡ ♠♦st ❧✐q✉✐❞ ♠❡❛♥s ♦❢ ♣❛②♠❡♥t✳ ❲❡ ❛r❣✉❡ t❤❛t s✉❝❤ ❛ s✉s♣❡♥s✐♦♥ ❝❛♥ ✇♦r❦ ✇✐t❤✐♥ t❤❡

❝♦♥✜♥❡s ♦❢ ♦✉r ♠♦❞❡❧ ❜✉t ✐s ❧✐❦❡❧② t♦ ✉♥❞❡r♠✐♥❡ t❤❡ tr✉st ✐♥ t❤❡ ♠♦♥❡t❛r② s②st❡♠✱ s❡❡ s❡❝t✐♦♥ ✻✳ ■♥

s❡❝t✐♦♥ ✼✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ♣r♦♣♦s❛❧ ❜② ❏❛❝❦❧✐♥ ✭✶✾✽✼✮ t♦ ♣r❡✈❡♥t r✉♥s ❜② tr❛❞❡ ✐♥ ❡q✉✐t② s❤❛r❡s✳ ❲❡

❡①t❡♥❞ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮ t♦ ❛ ♥♦♠✐♥❛❧ ✈❡rs✐♦♥ ❛♥❞ s❤♦✇ ❤♦✇ tr❛❞❡ ✐♥ ❈❇❉❈✲❞❡♥♦♠✐♥❛t❡❞ s❤❛r❡s ❝❛♥

r❡s✉❧t ✐♥ t❤❡ ❛❝❤✐❡✈❡♠❡♥t ♦❢ ❛❧❧ t❤r❡❡ ♦❜❥❡❝t✐✈❡s ✇❤❡♥ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥✐♥❣ t❤❡ ❛ss❡t ❛♥❞ ❧✐q✉✐❞❛t✐♦♥

♣♦❧✐❝② ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❈❡♥tr❛❧ ❜❛♥❦ ❡q✉✐t② s❤❛r❡s ✇♦✉❧❞ ❜❡ ❛♥ ✉♥✉s✉❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛

♠❡❛♥s ♦❢ ♣❛②♠❡♥t✱ ❜✉t ✇♦rt❤② ♦❢ ❝♦♥s✐❞❡r❛t✐♦♥ ❛s ❈❇❉❈s ❣❡t ✐♥tr♦❞✉❝❡❞✳ ■♥ s❡❝t✐♦♥ ✽✱ ✇❡ ❡①❛♠✐♥❡

❛ ❢✉❧❧❡r ✈❡rs✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♠♣❡t❡s ✇✐t❤ ♣r✐✈❛t❡ ❜❛♥❦s✳ ❲❡ s❤♦✇ t❤❛t

t❤❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✐♥❣ s②st❡♠ r❡q✉✐r❡s t❤❡ ✐♥t❡r❡st ♦♥ ❈❇❉❈ t♦ ✉♥❞❡r❝✉t t❤❡

✐♥t❡r❡st ♦♥ r❡s❡r✈❡s ❜② ♣r✐✈❛t❡ ❜❛♥❦s ✇❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❡✣❝✐❡♥t ♦✉t❝♦♠❡✱ s❡❡ ❛♣♣❡♥❞✐① ✶✸✳

❲❡ ❞✐s❝✉ss ❡①t❡♥s✐♦♥s t♦ ❛ t♦❦❡♥✲❜❛s❡❞ ❈❇❉❈✱ s②♥t❤❡t✐❝ ❈❇❉❈ ❛♥❞ r❡t❛✐❧ ❜❛♥❦✐♥❣ ✐♥ s❡❝t✐♦♥ ✶✵✳

❚❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ t❤❡✐r ❝✉rr❡♥❝②✬s ♣✉r❝❤❛s✐♥❣ ♣♦✇❡r ✐s ❛ ♠❛✐♥ r❡❛s♦♥ ✇❤② ❝❡♥tr❛❧ ❜❛♥❦s ❡①✐st✳

❚❤✐s ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ✐s ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✐♥ ♠❛♥② ❝❡♥tr❛❧ ❜❛♥❦✬s st❛t✉t❡s✱ s✉❝❤ ❛s t❤❡ ❋❡❞❡r❛❧

❘❡s❡r✈❡✬s ✶✾✼✼ ✏❞✉❛❧ ♠❛♥❞❛t❡✑ ✐♥ t❤❡ ❯✳❙✳ ❛♥❞ ❆rt✐❝❧❡ ✶✷✼ ♦❢ t❤❡ ✏❚r❡❛t② ♦♥ t❤❡ ❋✉♥❝t✐♦♥✐♥❣ ♦❢

t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥✑ r❡❣✉❧❛t✐♥❣ t❤❡ ❊❈❇✳ ▼♦♥❡② ❛s ❛ st♦r❡ ♦❢ ✈❛❧✉❡✱ t❤❛t ✐s✱ ❛s ❛ ✇❛② t♦ s❤✐❢t

❝♦♥s✉♠♣t✐♦♥ ✐♥t♦ t❤❡ ❢✉t✉r❡✱ ✐s ✇✐❞❡❧② ❛❝❝❡♣t❡❞ t♦❞❛②✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ✐♥tr✐♥s✐❝ ✈❛❧✉❡ ♦❢ ❝♦♠♠♦♥

♣❛♣❡r ♠♦♥❡② ✐s ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ s✉❝❤ ♠♦♥❡t❛r② tr✉st ✐s ❢r❛❣✐❧❡ ❛♥❞ s❤♦✉❧❞ ♥♦t ❜❡ t❛❦❡♥ ❢♦r ❣r❛♥t❡❞✳

❚❤❡ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡st ❜❡t✇❡❡♥ ❛ ❝❡♥tr❛❧ ❜❛♥❦✬s tr❛❞✐t✐♦♥❛❧ r♦❧❡ ❛s ❣✉❛r❞✐❛♥ ♦❢ t❤❡ ♣r✐❝❡ ❧❡✈❡❧

❛♥❞ ✐ts ♥❡✇ r♦❧❡ ✐♥ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥ ✐s t❤❡ ❢♦❝✉s ♦❢ t❤✐s ♣❛♣❡r✳ ❚♦ ❢♦❝✉s ♦♥ t❤✐s t❡♥s✐♦♥✱ t❤❡

st❛rt✐♥❣ ♣♦✐♥t ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s t❤❡ ❢♦✉♥❞❛t✐♦♥❛❧ t❡♥❡t ♦❢ ❡❝♦♥♦♠✐❝s✱ t❤❛t ♣❡♦♣❧❡ ❛❝❝❡♣t ❝✉rr❡♥❝②

♦♥❧② ❜❡❝❛✉s❡ ✐t ❡♥❛❜❧❡s ❢✉t✉r❡ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ t❤❛t ♣❡♦♣❧❡ ❞♦ ♥♦t ❝❛r❡ ❢♦r ♠♦♥❡② ♣❡r s❡✳ ❚❤❡r❡❢♦r❡✱

✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦♥s✉♠♣t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❛♥ ❛❣❡♥t ✇❤❡♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ❛❝❝❡♣t❛♥❝❡

♦❢ ♠♦♥❡② ❛s ❛ st♦r❡ ♦❢ ✈❛❧✉❡✳ ❚❤❡ ✇❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ ❛❣❡♥ts✬ ♠♦♥❡② ❜❛❧❛♥❝❡s ✈❡rs✉s ❡①♣❡❝t❛t✐♦♥s

♦❢ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❝✉rr❡♥❝② ✐s ❝r✉❝✐❛❧ ❢♦r r❡❛❧✐③✐♥❣ ♦♣t✐♠❛❧ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦♥s✉♠♣t✐♦♥ ❜✉♥❞❧❡s

❛♥❞ ♠❛✐♥t❡♥❛♥❝❡ ♦❢ ♠♦♥❡t❛r② tr✉st✳ ❋✐♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t♦rs ♣❧❛② ❛ ❧❛r❣❡ r♦❧❡ ✐♥ ❡♥❛❜❧✐♥❣ ♦♣t✐♠❛❧

❝♦♥s✉♠♣t✐♦♥ ♣❛tt❡r♥s ♦❢ ❛❣❡♥ts ✈✐❛ r✐s❦✲s❤❛r✐♥❣ ❛❝r♦ss t✐♠❡✳ ❚❤✐s ♣❛♣❡r✱ t❤❡r❡❢♦r❡✱ st✉❞✐❡s ❛ ❤✐❣❤❧②

st②❧✐③❡❞ ♠♦❞❡❧✱ ♥❛♠❡❧② ❛ ♥♦♠✐♥❛❧ ✈❡rs✐♦♥ ♦❢ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✳ ❆❣❡♥ts ✐♥t❡r❛❝t ✇✐t❤

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐r❡❝t❧②✱ ❛❜str❛❝t✐♥❣ ❢r♦♠ ✜r♠s ❛♥❞ ♦t❤❡r ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t♦rs ✐♥ t❤❡ ❛♥❛❧②s✐s✳

❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❡r❡ ❛❧s♦ ❝♦♠♣r✐s❡s t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ✜r♠ ❛♥❞ ❣♦✈❡r♥♠❡♥t

✐♥✈❡st♠❡♥t ✐♥ t❤❡ r❡❛❧ ❡❝♦♥♦♠② ❛♥❞ t❤❡ ❜❛♥❦✬s r♦❧❡ ❛s ❛ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t♦r✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡

❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ❛ tr❛❞✐t✐♦♥❛❧ ❝❡♥tr❛❧ ❜❛♥❦✳ ■♥ t❤❛t ✇❛②✱ ✇❡ ❢♦❧❧♦✇ ❱❡❧❛s❝♦ ✭✶✾✾✻✮✱ ❈❛❧✈♦ ✭✶✾✽✽✮

✸



❛♥❞ ❖❜st❢❡❧❞ ✭✶✾✾✻✮ ✇❤♦ ❛❧s♦ ❝♦♥s✐❞❡r ❛ ❝♦♥s♦❧✐❞❛t❡❞ ❝❡♥tr❛❧ ❜❛♥❦✱ ❤♦✇❡✈❡r ✇✐t❤♦✉t t❤❡ ✜♥❛♥❝✐❛❧

✐♥t❡r♠❡❞✐❛t✐♦♥ r♦❧❡✱ ❛s ♠♦❞❡❧❡❞ ❤❡r❡✳ ❲❡ ❞✐s❝✉ss ❛❧❧♦✇✐♥❣ ❢♦r ❛ ❝♦♠♣❡t✐♥❣ ♣r✐✈❛t❡ ❜❛♥❦✐♥❣ s②st❡♠

✐♥ s❡❝t✐♦♥ ✽ ❛♥❞ t❤❡ r♦❧❡ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ s②st❡♠ ♠♦r❡ ❣❡♥❡r❛❧❧② ✐♥ s❡❝t✐♦♥ ✾✱ ❛♥❞ ❞❡♠♦♥str❛t❡ t❤❛t

t❤❡ ❧❡ss♦♥s ❢r♦♠ t❤❡ ❛♥❛❧②s✐s s♦ ❢❛r ❝♦♥t✐♥✉❡ t♦ ❤♦❧❞✳

❘❡❧❛t❡❞ ❧✐t❡r❛t✉r❡

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤r❡❡ ❧✐t❡r❛t✉r❡ str❛♥❞s✿ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥ ✈✐❛

♥♦♠✐♥❛❧ ❝♦♥tr❛❝ts✱ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✱ ❛♥❞ t❤❡ ♠❛❝r♦ ❧✐t❡r❛t✉r❡ ♦♥

❝✉rr❡♥❝② r✉♥s✿

❇✉✐❧❞✐♥❣ ♦♥ t❤❡ s❡♠✐♥❛❧ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ ♠♦❞❡❧✱ ✇❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥

✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥ ❛♥❞ ❜❛♥❦ ❢r❛❣✐❧✐t② ❜② str❡ss✐♥❣ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s r♦❧❡ ✐♥ ❧✐q✉✐❞✐t② tr❛♥s❢♦r✲

♠❛t✐♦♥ ✇❤❡♥ ✐ss✉✐♥❣ ❛ ❈❇❉❈ t❤❛t ❛❧❧♦✇s ❞❡♣♦s✐t♦rs t♦ s❤❛r❡ ✐❞✐♦s②♥❝r❛t✐❝ ❧✐q✉✐❞✐t② r✐s❦✳ ❙✐♠✐❧❛r t♦

❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ ❛♥❞ ❊♥♥✐s ❛♥❞ ❑❡✐st❡r ✭✷✵✵✾✮✱ ✇❡ st✉❞② t❤❡ ♠✐❝r♦ ✐♥❝❡♥t✐✈❡s ♦❢ ❞❡♣♦s✲

✐t♦rs t♦ s♣❡♥❞ ❢r♦♠ t❤❡ ❜❛♥❦✳ ❇✉t ✉♥❧✐❦❡ t❤❡♠✱ ✇❡ ❡♠♣❧♦② ♥♦♠✐♥❛❧ ✐♥st❡❛❞ ♦❢ r❡❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t

❝♦♥tr❛❝ts✱ ❣✐✈✐♥❣ ✏t❤❡ ❜❛♥❦✑ ❛♥ ❛❞❞✐t✐♦♥❛❧ t♦♦❧ ✕t❤❡ ♣r✐❝❡ ❧❡✈❡❧✕ t♦ ♣r❡✈❡♥t r✉♥s✳

◆♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ❝♦♥tr❛❝ts ❛♥❞ t❤❡✐r ♣r♦♥❡♥❡ss t♦ r✉♥s ❤❛✈❡ ♣r❡✈✐♦✉s❧② ❜❡❡♥ ❛♥❛❧②③❡❞

✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥ ❛ ❜❛♥❦✐♥❣ ♠♦❞❡❧ ✇✐t❤ ♠♦♥❡②✱ ❉✐❛♠♦♥❞ ❛♥❞ ❘❛❥❛♥ ✭✷✵✵✻✮ s❤♦✇ t❤❛t ♥♦♠✐♥❛❧

❞❡♣♦s✐t ❝♦♥tr❛❝ts ❛♥❞ ❛ ✢❡①✐❜❧❡ ♣r✐❝❡ ❧❡✈❡❧ r❡s♣♦♥s❡ ♣r♦t❡❝t ❜❛♥❦s ❢r♦♠ ❢❛✐❧✉r❡ ❞✉❡ t♦ ❧✐q✉✐❞✐t②

s❤♦❝❦s✳ ❱✐❛ ❛ s✐♠✐❧❛r ♠❡❝❤❛♥✐s♠✱ ❙❦❡✐❡ ✭✷✵✵✽✮ s❤♦✇s t❤❛t r✉♥s ♦♥ ♥♦♠✐♥❛❧ ❜❛♥❦ ❞❡♣♦s✐ts ❞♦ ♥♦t

♦❝❝✉r ✐♥ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ❜❡❝❛✉s❡ ♣r✐❝❡ ❧❡✈❡❧s ❛❞❥✉st ✢❡①✐❜❧② ❛♥❞ ♣r♦♠♣t ❝♦♠♣❡t✐t✐✈❡ ✜r♠s

t♦ ❛❞❥✉st t❤❡ ❣♦♦❞s s✉♣♣❧②✳ ❯♥❧✐❦❡ ❉✐❛♠♦♥❞ ❛♥❞ ❘❛❥❛♥ ✭✷✵✵✻✮✱ ✇❡ s❤❛r❡ ✇✐t❤ ❙❦❡✐❡ ✭✷✵✵✽✮ t❤❡

♣♦ss✐❜✐❧✐t② ♦❢ ♠✐s❝♦♦r❞❛t✐♦♥ ❛♥❞ ♣❛♥✐❝ r✉♥s ❜② ❞❡♣♦s✐t♦rs✳ ❍❡r❡✱ ✇✐t❤❞r❛✇❛❧s ❛r❡ str❛t❡❣✐❝✱ ❛♥❞

t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✇♦r❦s ✈✐❛ t❤❡ ✢❡①✐❜❧❡ ❛❞❥✉st♠❡♥t ♦❢ ❣♦♦❞s ♣r✐❝❡s t♦ t❤❡ ❞❡♠❛♥❞

❜② ❞❡♣♦s✐t♦rs✳ ❯♥❧✐❦❡ ❜♦t❤ ❉✐❛♠♦♥❞ ❛♥❞ ❘❛❥❛♥ ✭✷✵✵✻✮ ❛♥❞ ❙❦❡✐❡ ✭✷✵✵✽✮✱ ✇❡ s❤♦✇ ❤♦✇ ♥♦♠✐♥❛❧

❝♦♥tr❛❝ts ❛♥❞ ✢❡①✐❜❧❡ ♣r✐❝❡s ❤❡❧♣ ✇✐t❤ ✐♠♣❧❡♠❡♥t✐♥❣ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥s✳ ■♥ ❛ ❞✐✛❡r❡♥t

t②♣❡ ♦❢ ♠♦❞❡❧✱ ❆❧❧❡♥✱ ❈❛r❧❡tt✐✱ ❛♥❞ ●❛❧❡ ✭✷✵✶✹✮ s❤♦✇ t❤❛t t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ❝❛♥ ❜❡

✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ❝♦♠♣❡t✐t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✈✐❛ ✜r♠s ❛♥❞ ❜❛♥❦s✳ ❲❡ ✐♥st❡❛❞ ❝❤❛r❛❝t❡r✐③❡ ❛❧❧ ❛ss❡t

❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s t❤❛t ✐♠♣❧❡♠❡♥t t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s✳ ❆s t❤❡

♠❛✐♥ ♠♦❞❡❧✐♥❣ ❞✐✛❡r❡♥❝❡ t♦ ❆❧❧❡♥✱ ❈❛r❧❡tt✐✱ ❛♥❞ ●❛❧❡ ✭✷✵✶✹✮✱ ❵r✉♥s✬ ❛r❡ ♥♦♥✲str❛t❡❣✐❝ t❤❡r❡✱ ❛♥❞

❞❡♣♦s✐t ✇✐t❤❞r❛✇❛❧s ❛r❡ ❝❛✉s❡❞ ❜② ❡①♦❣❡♥♦✉s ❧✐q✉✐❞✐t② s❤♦❝❦s✳ ❇② ❝♦♥tr❛st✱ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r ❜②

❛❣❡♥ts ✐s str❛t❡❣✐❝ ❤❡r❡ ❜❡❝❛✉s❡ ♣❛t✐❡♥t t②♣❡s ❝❛♥ ❞❡❝✐❞❡ t♦ ❝♦♥s✉♠❡ ❡❛r❧② ✐❢ t❤❡② ❛♥t✐❝✐♣❛t❡ t❤❛t

t❤❡✐r ♥♦♠✐♥❛❧ ❜❛❧❛♥❝❡s ❜✉② t❤❡♠ ♠♦r❡ ❣♦♦❞s t♦❞❛② r❛t❤❡r t❤❛♥ t♦♠♦rr♦✇✳ ❙tr❛t❡❣✐❝ s♣❡♥❞✐♥❣

❛❧❧♦✇s ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s❡❧❢✲❢✉❧✜❧❧✐♥❣ s♣❡♥❞✐♥❣ ♣❛♥✐❝s ❛♥❞ ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t ❤♦✇ t♦ ♣r❡✈❡♥t

t❤❡♠ ❜② ❞❡s✐❣♥✐♥❣ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝②✳ ❯♥❧✐❦❡ ✐♥ ❙❦❡✐❡ ✭✷✵✵✽✮✱ ❉✐❛♠♦♥❞ ❛♥❞ ❘❛❥❛♥ ✭✷✵✵✻✮ ❛♥❞ ❆❧❧❡♥✱

❈❛r❧❡tt✐✱ ❛♥❞ ●❛❧❡ ✭✷✵✶✹✮✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s❡t ♦❢ r✉♥✲❞❡t❡rr✐♥❣ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s ❜✉t ❛❜str❛❝t

❢r♦♠ ♠♦❞❡❧✐♥❣ ❝♦♠♣❡t✐t✐✈❡ ✜r♠ ❛♥❞ ❜❛♥❦ ❜❡❤❛✈✐♦r✿ ❚❤❡ r❡❛s♦♥ ❢♦r ❞♦✐♥❣ s♦ ✐s t♦ ♠♦❞❡❧ ❛ ❝❡♥tr❛❧

✹



❜❛♥❦ t❤❛t ✐ss✉❡s ❛ ❈❇❉❈ t♦ ❝✐t✐③❡♥s ❛♥❞ ❝♦♥❞✉❝ts ♠❛t✉r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ❞✐r❡❝t❧②✳ ❲❡✱ t❤❡r❡❢♦r❡✱

❡♥✈✐s✐♦♥ ❛ str❛t❡❣✐❝✱ ❝♦♥s♦❧✐❞❛t❡❞ ❝❡♥tr❛❧ ❜❛♥❦ t❤❛t ❛ss✉♠❡s t❤❡ ♣♦✇❡rs ♦❢ ❛ ♣r✐✈❛t❡ ❜❛♥❦✱ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✱ ❛♥❞ ✜r♠s✳ ❚❤❡ str❛t❡❣✐❝ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥t❡r❛❝ts ✇✐t❤ str❛t❡❣✐❝ ❈❇❉❈ ❞❡♣♦s✐t♦rs ❞✐r❡❝t❧② ❛♥❞

✐♥✈❡sts ✐♥ t❤❡ r❡❛❧ ❡❝♦♥♦♠②✳ ❘❡❛❧ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ ❛❝ts ❛s ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ ✇❤✐❝❤

❛❧❧♦✇s ❤❡r t♦ st❡❡r t❤❡ ❛❣❡♥t✬s ✐♥❝❡♥t✐✈❡s✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ ✇❡ ❞✐✛❡r ❢r♦♠ ❆❧❧❡♥ ❛♥❞ ●❛❧❡ ✭✶✾✾✽✮✱

❉✐❛♠♦♥❞ ❛♥❞ ❘❛❥❛♥ ✭✷✵✵✻✮✱ ❙❦❡✐❡ ✭✷✵✵✽✮✱ ❆❧❧❡♥✱ ❈❛r❧❡tt✐✱ ❛♥❞ ●❛❧❡ ✭✷✵✶✹✮ ❜② ❞✐s❝✉ss✐♥❣ t❤❡ tr❛❞❡♦✛

❜❡t✇❡❡♥ t❤❡ t❤r❡❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❜❥❡❝t✐✈❡s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ tr✐❧❡♠♠❛✱ s❡❡ ✜❣✉r❡ ✶✳ ❖♥❡ ❝❛♥ t❤✐♥❦ ♦❢

❙❦❡✐❡ ✭✷✵✵✽✮ ❛s ❝♦✈❡r✐♥❣ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❝♦r♥❡rs ✇❤❡♥ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ✐s ♦❢ ♥♦ ❝♦♥❝❡r♥✳

❇② ❝♦♥tr❛st✱ ♠✉❝❤ ♦❢ ♦✉r ❛♥❛❧②s✐s ❝♦♥❝❡r♥s t❤❡ ✐♠♣❛❝t ♦❢ t❤❛t ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ♦♥ ❡✣❝✐❡♥❝②

❛♥❞ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳ ❲❡ ❝♦♥s❡❝✉t✐✈❡❧② ✜① ♦♥❡ ♦✉t ♦❢ t❤❡ t❤r❡❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❜❥❡❝t✐✈❡s ❛♥❞ s❤♦✇

t❤❛t ❛t ❧❡❛st ♦♥❡ ♦t❤❡r ❝❡♥tr❛❧ ❜❛♥❦ ♦❜❥❡❝t✐✈❡ ✐s ✈✐♦❧❛t❡❞✳ ❏♦✐♥t❧② ❛❧❧ t❤r❡❡ r❡s✉❧ts ❢♦r♠ t❤❡ ♠❛✐♥

❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✱ t❤❡ ❈❇❉❈ tr✐❧❡♠♠❛✳ ❇❛r❧❡✈②✱ ❇✐r❞✱ ❋❡rs❤t♠❛♥✱ ❛♥❞ ❲❡✐ss ✭✷✵✷✷✮ ♠♦❞✐❢②

❛♥❞ ❡①♣❛♥❞ ♦✉r ❛♥❛❧②s✐s ❤❡r❡✳ ❚❤❡② s❤♦✇ t❤❛t ❧❡♥❞✐♥❣ ♦❢ ❧❛st r❡s♦rt ✐s ♣♦ss✐❜❧❡ ✇✐t❤♦✉t ❝r❡❛t✐♥❣

✐♥✢❛t✐♦♥✳ ■♥ ❛ r❡❛❧ ❉✐❛♠♦♥❞✲❉②❜✈✐❣ ♠♦❞❡❧✱ ❊♥♥✐s ❛♥❞ ❑❡✐st❡r ✭✷✵✵✾✮ st✉❞② t❤❡ ♣❧❛♥♥❡r✬s t✐♠❡✲

✐♥❝♦♥s✐st❡♥❝② ♣r♦❜❧❡♠ ✇❤❡♥ ❛ ❜❛♥❦ r✉♥ ✐s ❤❛♣♣❡♥✐♥❣✳ ❚❤❡② s❤♦✇ t❤❛t ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ ❜❡②♦♥❞ t❤❡

❡① ❛♥t❡ ♦♣t✐♠❛❧ ❛♠♦✉♥t ❝❛♥ ❜❡ ❡① ♣♦st ❡✣❝✐❡♥t✳ ❲❡ st✉❞② t✐♠❡✲❝♦♥s✐st❡♥t ❧✐q✉✐❞❛t✐♦♥ ✐♥ s❡❝t✐♦♥ ✺✳✶✳

❆♣❛rt ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ❡♠♣❧♦② ❛ ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ❢r❛♠❡✇♦r❦✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♠♣♦rt❛♥t

♠♦❞❡❧✐♥❣ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ s❡q✉❡♥t✐❛❧ s❡r✈✐❝❡ ❝♦♥str❛✐♥t ✐♥ ♦✉r ♠♦❞❡❧✳

❖✉r ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ ❛ r❡❝❡♥t ❛♥❞ ❢❛st✲❡①♣❛♥❞✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥✲

❝✐❡s✱ s✉❝❤ ❛s ❇❡r❡♥ts❡♥ ✭✶✾✾✽✮❀ ❇ös❡r ❛♥❞ ●❡rs❜❛❝❤ ✭✷✵✶✾❛✱❜✮❀ ❇r✉♥♥❡r♠❡✐❡r ❛♥❞ ◆✐❡♣❡❧t ✭✷✵✶✾✮❀

❈❤✐✉✱ ❉❛✈♦♦❞❛❧❤♦ss❡✐♥✐✱ ❍✉❛ ❏✐❛♥❣✱ ❛♥❞ ❩❤✉ ✭✷✵✶✾✮❀ ❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡✱ ❙❛♥❝❤❡s✱ ❙❝❤✐❧❧✐♥❣✱ ❛♥❞

❯❤❧✐❣ ✭✷✵✷✵✮❀ ❋❡rr❛r✐✱ ▼❡❤❧✱ ❛♥❞ ❙tr❛❝❝❛ ✭✷✵✷✵✮❀ ❑❡✐st❡r ❛♥❞ ❙❛♥❝❤❡s ✭✷✵✶✾✮❀ ◆✐❡♣❡❧t ✭✷✵✷✵✮❀ ❙❦❡✐❡

✭✷✵✶✾✮❀ ❲✐❧❧✐❛♠s♦♥ ✭✷✵✶✾✮✳ ❉✐r❦ ◆✐❡♣❡❧t✱ ❡❞✳ ✭✷✵✷✶✮ ♣r♦✈✐❞❡s ❝❤❛♣t❡rs ❜② ✈❛r✐♦✉s ❛✉t❤♦rs✱ s✉♠✲

♠❛r✐③✐♥❣ s♦♠❡ ♦❢ t❤❡ ❢r♦♥t✐❡r r❡s❡❛r❝❤✳ ❆✉❡r✱ ❇❛♥❦❛✱ ❇♦❛❦②❡✲❆❞❥❡✐✱ ❋❛r❛❣❛❧❧❛❤✱ ❋r♦st✱ ◆❛r❛❥❛♥✱

❛♥❞ Pr❡♥✐♦ ✭✷✵✷✷✮ ✐♥✈❡st✐❣❛t❡ t❤❡ s❝♦♣❡ ♦❢ ❈❇❉❈s t♦ ❡♥❤❛♥❝❡ ✜♥❛♥❝✐❛❧ ✐♥❝❧✉s✐♦♥✳ ❆❧❧❡♥✱ ●✉✱ ❛♥❞

❏❛❣t✐❛♥✐ ✭✷✵✷✷✮ ✐♥✈❡st✐❣❛t❡ t❤❡ r✐s❡ ♦❢ ❡✲❈◆❨✱ t❤❡ ❈❤✐♥❡s❡ ❈❇❉❈✳ ❆♥❞♦❧❢❛tt♦ ✭✷✵✷✶✮✱ P✐❛③③❡s✐ ❛♥❞

❙❝❤♥❡✐❞❡r ✭✷✵✷✵✮✱ ●r♦ss ❛♥❞ ❙❤✐❧❧❡r ✭✷✵✷✶✮ ❛s ✇❡❧❧ ❛s ❇✉r❧♦♥✱ ▼♦♥t❡s✲●❛❧❞♦♥✱ ▼✉♥♦③✱ ❛♥❞ ❙♠❡ts

✭✷✵✷✷✮ st✉❞② t❤❡ ❞❡♣♦s✐t ❜❛s❡ ❡r♦s✐♦♥ ✐♥ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧✱ ✇❤❡♥ ❛ ❈❇❉❈ ✐s ✐♥tr♦❞✉❝❡❞✳ ❖♥ t❤❡

✢✐♣ s✐❞❡✱ ▼♦♥♥❡t✱ P❡t✉rs❞♦tt✐r✱ ❛♥❞ ❘♦❥❛s✲❇r❡✉ ✭✷✵✷✶✮ ❛r❣✉❡ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❈❇❉❈ ✇✐❧❧

❢♦r❝❡ t❤❡ ❜❛♥❦✐♥❣ s②st❡♠ t♦ ❜❡❝♦♠❡ ♠♦r❡ ❝♦♠♣❡t✐t✐✈❡✳ ❲❡ ❞✐✛❡r ❢r♦♠ t❤✐s ❧✐t❡r❛t✉r❡ ❜② ♣❛②✐♥❣

♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❛ss❡t s✐❞❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛♥❞ ✐ts r♦❧❡ ❛s ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t♦r

✇❤❡♥ t❤❡ ❞❡♣♦s✐t ❜❛s❡ ❛t ♣r✐✈❛t❡ ❜❛♥❦s ❤❛s ❡r♦❞❡❞ ❛♥❞ ❜② ♣♦✐♥t✐♥❣ ♦✉t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s tr❛❞❡✲♦✛

❜❡t✇❡❡♥ ❡✣❝✐❡♥❝②✱ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✱ ❛♥❞ ♣r✐❝❡ st❛❜✐❧✐t②✳

❚❤✐s ❛rt✐❝❧❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ✜rst✲ ❛♥❞ s❡❝♦♥❞✲❣❡♥❡r❛t✐♦♥ ❧✐t❡r❛t✉r❡ ♦♥ s❡❧❢✲❢✉❧✜❧❧✐♥❣ ❝✉rr❡♥❝②

❝r✐s❡s✳ ❙✐♠✐❧❛r t♦ ❑r✉❣♠❛♥ ✭✶✾✼✾✮✱ ❛ ❝✉rr❡♥❝② ❝r✐s✐s ✐s ❝❛✉s❡❞ ❞✉❡ t♦ ❡①♣❡❝t❛t✐♦♥s ♦❢ r❛t✐♦♥❛❧❧②

❜❡❤❛✈✐♥❣ ❛❣❡♥ts✳ ❙✐♠✐❧❛r t♦ ❖❜st❢❡❧❞ ✭✶✾✽✹✱ ✶✾✽✽✱ ✶✾✾✻✮✱ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❝❛♥ ❛r✐s❡ ❞✉❡ t♦ s❡❧❢✲

❢✉❧✜❧❧✐♥❣ ❡①♣❡❝t❛t✐♦♥s✳ ■♥ ❖❜st❢❡❧❞ ✭✶✾✾✻✮✱ ❛ ❣♦✈❡r♥♠❡♥t ❤♦❧❞s ❢♦r❡✐❣♥ r❡s❡r✈❡s t♦ ❞❡❢❡♥❞ ❛♥ ❡①❝❤❛♥❣❡

✺



r❛t❡ ♣❡❣✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ❢♦r❡✐❣♥ r❡s❡r✈❡s ❛♥❞ ❞♦♠❡st✐❝ ❝✉rr❡♥❝② ❤♦❧❞✐♥❣s ❜② t❤❡ ❛❣❡♥ts ❞❡t❡r♠✐♥❡

❤♦✇ r❡s✐❧✐❡♥t t❤❡ ❣♦✈❡r♥♠❡♥t ✐s ❛❣❛✐♥st s♣❡❝✉❧❛t✐✈❡ ❝✉rr❡♥❝② ❛tt❛❝❦s✳ ❍✐❣❤ r❡s❡r✈❡s ❝❛♥ ❞❡t❡r ❛t✲

t❛❝❦s ❝♦♠♣❧❡t❡❧② ✇❤❡r❡❛s ❧♦✇❡r r❡s❡r✈❡ ❤♦❧❞✐♥❣s ❣✐✈❡ r✐s❡ t♦ s❡❧❢✲❢✉❧✜❧❧✐♥❣ ❝✉rr❡♥❝② ❛tt❛❝❦s✳ ■♥ ❛

❞✐✛❡r❡♥t s❡❝t✐♦♥ ♦❢ t❤❛t ♣❛♣❡r✱ t❤❡ ❣♦✈❡r♥♠❡♥t t❛r❣❡ts ♦✉t♣✉t ❛♥❞ ❡①❝❤❛♥❣❡ r❛t❡ st❛❜✐❧✐t② s✉❜❥❡❝t

t♦ ❡①♦❣❡♥♦✉s ♦✉t♣✉t s❤♦❝❦s✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ❝❛♥ r❡s♣♦♥❞ t♦ s❤♦❝❦s ❛♥❞ ♠❛✐♥t❛✐♥ ♦✉t♣✉t ❤✐❣❤ ❜②

❞❡✈❛❧✉✐♥❣ ✐ts ❝✉rr❡♥❝②✱ t❤❛t ✐s✱ ❣✐✈✐♥❣ ✉♣ t❤❡ ♣❡❣✳ ❙✐♠✐❧❛r❧②✱ ❖❜st❢❡❧❞ ✭✶✾✽✹✮ ❢❡❛t✉r❡s ❡①♦❣❡♥♦✉s

s❤♦❝❦s t♦ ❞♦♠❡st✐❝ ❝r❡❞✐t✳ ❍❡r❡ ✐♥st❡❛❞✱ t❤❡r❡ ✐s ♥♦ ❡①♦❣❡♥♦✉s r❛♥❞♦♠♥❡ss ✇✐t❤ ♦✉t♣✉t✳ ■♥st❡❛❞✱

♦✉t♣✉t ✐s ❡♥❞♦❣❡♥♦✉s❧② s❡t ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❜② ❧✐q✉✐❞❛t✐♥❣ r❡❛❧ ❛ss❡ts ❢♦❧❧♦✇✐♥❣ t❤❡ ❡♥❞♦❣❡♥♦✉s

s♣❡♥❞✐♥❣ ❞❡❝✐s✐♦♥ ❜② t❤❡ ❛❣❡♥ts ✭r✉♥ ♦♥ ❝✉rr❡♥❝②✮✳ ▼♦r❡♦✈❡r✱ ❤❡r❡✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❞❡t❡r t❤❡

r✉♥ ♦♥ ❝✉rr❡♥❝② ❜② ❝r❡❞✐❜❧② ❝♦♠♠✐tt✐♥❣ t♦ ❛❜❛♥❞♦♥ t❤❡ ♣❡❣ ✇❤❡♥❡✈❡r ♦✉t♣✉t ✐s t❤r❡❛t❡♥❡❞ ✐♥ t❤❡

s❤♦rt✲r✉♥✱ s❡❡ ❛❧s♦ ❱❡❧❛s❝♦ ✭✶✾✾✻✮✳ ■♥ ❈❛❧✈♦ ✭✶✾✽✽✮✱ t❤❡ ❣♦✈❡r♥♠❡♥t ❝❛♥♥♦t ❝♦♠♠✐t t♦ t❤❡ r❡❛❧ ✈❛❧✉❡

♦❢ ♣✉❜❧✐❝ ❞❡❜t ❛♥❞ ❝❛♥ r❡♣✉❞✐❛t❡ ✈✐❛ ❡✐t❤❡r t❛①❛t✐♦♥ ♦r ✐♥✢❛t✐♥❣ ❞❡❜t✳ ❚❤❡ ❛❣❡♥ts ❛♥t✐❝✐♣❛t❡ t❤❡

❣♦✈❡r♥♠❡♥t✬s r❡♣✉❞✐❛t✐♦♥✱ ✇❤✐❝❤ ♠❛② ❝❛✉s❡ ❛ s❡❧❢✲❢✉❧✜❧❧✐♥❣ ❞❡❜t ❝r✐s✐s✳ ❯♥❧✐❦❡ t❤❡r❡✱ ❤❡r❡✱ ✐t ✐s ♥♦t

t❤❡ ❣♦✈❡r♥♠❡♥t ❜✉t t❤❡ s♣❡♥❞✐♥❣ ❛❣❡♥ts ✇❤♦ ❝❛♥♥♦t ❝♦♠♠✐t✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t❛❦❡s ❛❝t✐♦♥✱ ✉s✐♥❣

r❡♣✉❞✐❛t✐♦♥ ❛s ❛ t❤r❡❛t t♦ ❞❡t❡r ♣❛t✐❡♥t ❛❣❡♥ts ❢r♦♠ r✉♥♥✐♥❣ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ ✇❤✐❝❤ r❡q✉✐r❡s

❝✉rr❡♥❝② t♦ ❧♦s❡ ✈❛❧✉❡ ✐♥ t❤❡ s❤♦rt r✉♥✳ ❆s t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ t♦ ❈❛❧✈♦ ✭✶✾✽✽✮✱ ❖❜st❢❡❧❞ ✭✶✾✽✹✱

✶✾✾✻✮✱ ❛♥❞ ❱❡❧❛s❝♦ ✭✶✾✾✻✮ ♦✉r ♠♦❞❡❧ ❡♠♣❤❛s✐③❡s t❤❡ ♠❛t✉r✐t② tr❛♥s❢♦r♠✐♥❣ r♦❧❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❢♦r ❡♥❛❜❧✐♥❣ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥s ✈✐❛ ❈❇❉❈ ❝♦♥tr❛❝ts ✱ s✐♠✐❧❛r t♦ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✳ ❉✉❡

t♦ ❛ ❧✐q✉✐❞❛t✐♦♥ ❡①t❡r♥❛❧✐t②✱ ♦✉t♣✉t ✐s ❛♥ ❡♥❞♦❣❡♥♦✉s ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ❛❣❡♥t✬s ❛❝t✐♦♥s ❛♥❞ t❤❡

❝❡♥tr❛❧ ❜❛♥❦✬s ❝♦♠♠✐t♠❡♥t t♦ ❡✐t❤❡r ♣r✐❝❡ st❛❜✐❧✐t② ♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧❧♦✲

❝❛t✐♦♥s✳ Pr✐❝❡ st❛❜✐❧✐③❛t✐♦♥ ✈✐❛ ❧✐q✉✐❞❛t✐♦♥ ✐s ❝♦st❧② ❜❡❝❛✉s❡ ♣r❡♠❛t✉r❡ ❧✐q✉✐❞❛t✐♦♥ ✐♥❝r❡❛s❡s ♦✉t♣✉t

❛t t❤❡ ❡①♣❡♥s❡ ♦❢ r❡❞✉❝✐♥❣ ♦✉t♣✉t ✐♥ t❤❡ ❧♦♥❣✲r✉♥✳ ❉✉❡ t♦ t❤✐s ❧✐q✉✐❞❛t✐♦♥ ❡①t❡r♥❛❧✐t②✱ s❤♦rt✲t❡r♠

✐♥✢❛t✐♦♥ ❝❛♥ ❜❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ s✐♥❝❡ ✐t ❛❝ts ❛s ❛♥ ♦✛✲❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ t❤r❡❛t t♦ ❞❡t❡r s♣❡❝✉❧❛t✐♦♥

❛❣❛✐♥st t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❝✉rr❡♥❝②✳

✷ ❚❤❡ ❜❛s✐❝ ❢r❛♠❡✇♦r❦

❖✉r ❢r❛♠❡✇♦r❦ ❜✉✐❧❞s ♦♥ t❤❡ ❝❧❛ss✐❝ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ ♠♦❞❡❧ ♦❢ ❜❛♥❦✐♥❣✳ ❚✐♠❡ ✐s ❞✐s❝r❡t❡

✇✐t❤ t❤r❡❡ ♣♦✐♥ts ✐♥ t✐♠❡ t = 0, 1, 2✱ ❛♥❞ ♥♦ ❞✐s❝♦✉♥t✐♥❣✳ ❚❤❡r❡ ✐s ❛ [0, 1]✲❝♦♥t✐♥✉✉♠ ♦❢ ❛❣❡♥ts✱ ❡❛❝❤

❡♥❞♦✇❡❞ ✇✐t❤ 1 ✉♥✐t ♦❢ ❛ r❡❛❧ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞ ✐♥ ♣❡r✐♦❞ t = 0✳ ❆❣❡♥ts ❛r❡ s②♠♠❡tr✐❝ ✐♥ t❤❡

✐♥✐t✐❛❧ ♣❡r✐♦❞✱ ❜✉t ❝❛♥ ❜❡ ♦❢ t✇♦ t②♣❡s ✐♥ ♣❡r✐♦❞ 1✿ ♣❛t✐❡♥t ❛♥❞ ✐♠♣❛t✐❡♥t✳ ❆♥ ❛❣❡♥t ✐s ✐♠♣❛t✐❡♥t

✇✐t❤ ♣r♦❜❛❜✐❧✐t② λ ∈ (0, 1) ❛♥❞ ♦t❤❡r✇✐s❡ ✐s ♣❛t✐❡♥t✳ ❚❤❡ ❛❣❡♥t✬s t②♣❡ ✐s r❛♥❞♦♠❧② ❞r❛✇♥ ❛t t❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡r✐♦❞ ✶ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝r♦ss ❛❣❡♥ts✳ ❚②♣❡s ❛r❡ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❙✐♥❝❡ ✇❡

❤❛✈❡ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❛❣❡♥ts✱ t❤❡r❡ ✐s ♥♦ ❛❣❣r❡❣❛t❡ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ ♠❡❛s✉r❡ ♦❢ ♣❛t✐❡♥t ❛♥❞

✐♠♣❛t✐❡♥t t②♣❡s ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤✉s✱ λ ❛❧s♦ ❞❡♥♦t❡s t❤❡ s❤❛r❡ ♦❢ ✐♠♣❛t✐❡♥t ❛❣❡♥ts✳ ■♠♣❛t✐❡♥t

❛❣❡♥ts ✈❛❧✉❡ ❝♦♥s✉♠♣t✐♦♥ ♦♥❧② ✐♥ ♣❡r✐♦❞ 1✳ ■♥ ❝♦♥tr❛st✱ ♣❛t✐❡♥t ❛❣❡♥ts ✈❛❧✉❡ ❝♦♥s✉♠♣t✐♦♥ ✐♥ ♣❡r✐♦❞

t = 2✳ ❚♦ ♠❛❦❡ t❤✐s ♣r❡❝✐s❡✱ ❝♦♥s✐❞❡r s♦♠❡ ❛❣❡♥t j ∈ [0, 1] ❛♥❞ ❧❡t ct r❡♣r❡s❡♥t ❣♦♦❞s ❝♦♥s✉♠❡❞ ❜②

✻



❛♥ ❛❣❡♥t j ❛t ♣❡r✐♦❞ t✳ Pr❡❢❡r❡♥❝❡s ❢♦r ❛❣❡♥t j ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

U(c1, c2) =

{

u(c1), ✐❢ j ✐s ✐♠♣❛t✐❡♥t

u(c2), ✐❢ j ✐s ♣❛t✐❡♥t

✇❤❡r❡ u(·) ∈ R ✐s ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ str✐❝t❧② ❝♦♥❝❛✈❡✱ ❛♥❞ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✉t✐❧✐t②

❢✉♥❝t✐♦♥ ♦✈❡r ❝♦♥s✉♠♣t✐♦♥ c ∈ R+✳ ❲❡ ❢✉rt❤❡r ❛ss✉♠❡ ❛ r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥✱ −x ·u′′(x)/u′(x) > 1✱

❢♦r ❛❧❧ ❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧s x > 1✳

❚❤❡r❡ ❡①✐sts ❛ ❧♦♥❣✲t❡r♠ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋♦r ❡❛❝❤ ✉♥✐t ♦❢ t❤❡ ❣♦♦❞

✐♥✈❡st❡❞ ✐♥ t = 0✱ t❤❡ t❡❝❤♥♦❧♦❣② ②✐❡❧❞s ❡✐t❤❡r 1 ✉♥✐t ❛t t = 1 ♦r R > 1 ✉♥✐ts ❛t t = 2✳ ❆❞❞✐t✐♦♥❛❧❧②✱

t❤❡r❡ ✐s ❛ ❣♦♦❞s st♦r❛❣❡ t❡❝❤♥♦❧♦❣② ❜❡t✇❡❡♥ ♣❡r✐♦❞s 1 ❛♥❞ 2✱ ②✐❡❧❞✐♥❣ 1 ✉♥✐t ♦❢ t❤❡ ❣♦♦❞ ✐♥ t = 2

❢♦r ❡❛❝❤ ✉♥✐t ✐♥✈❡st❡❞ ✐♥ t = 1✳ ▲❡t x1 ≥ 0 ❞❡♥♦t❡ t❤❡ ❛❣❡♥t✬s r❡❛❧ ❝♦♥s✉♠♣t✐♦♥ ✇❤❡♥ ❞❡❝✐❞✐♥❣ t♦

s♣❡♥❞ ❛t t = 1✱ ❛♥❞ ❧❡t x2 ≥ 0 ❞❡♥♦t❡ t❤❡ ❛❣❡♥t✬s ❝♦♥s✉♠♣t✐♦♥ ✇❤❡♥ s♣❡♥❞✐♥❣ ❛t t = 2✳

✷✳✶ ❖♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣

❋♦❧❧♦✇✐♥❣ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ✇❡ ❞❡r✐✈❡✱ ✜rst✱ t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥✱ ✇❤❡♥ ♣r✐❝❡ st❛❜✐❧✐t②

❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ❛❜s❡♥t✳ ❚❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❝♦❧❧❡❝ts ❛♥❞ ✐♥✈❡sts t❤❡ ❛❣❣r❡❣❛t❡ ❡♥❞♦✇♠❡♥t ✐♥ t❤❡

❧♦♥❣ t❡❝❤♥♦❧♦❣②✳ ●✐✈❡♥ t❤❛t ❛❧❧ ❛❣❡♥ts ❜❡❤❛✈❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r t②♣❡✱ t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ♠❛①✐♠✐③❡s

❡①✲❛♥t❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ ❝♦♥s✉♠♣t✐♦♥

W = λu(x1) + (1− λ)u(x2) ✭✶✮

❜② ❝❤♦♦s✐♥❣ (x1, x2)✱ s✉❜❥❡❝t t♦ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥t λx1 ≤ 1✱ ❛♥❞ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t

(1 − λ)x2 ≤ R(1 − λx1)✳ ❲❡ ❝❛❧❧ W t❤❡ ❛❧❧♦❝❛t✐✈❡ ✇❡❧❢❛r❡ t♦ ❞✐st✐♥❣✉✐s❤ ✐t ❢r♦♠ t❤❡ ❜r♦❛❞❡r

♦❜❥❡❝t✐✈❡ ✐♥ ❡q✉❛t✐♦♥ ✭✶✾✮✱ ✇❤❡♥ ♣r✐❝❡ st❛❜✐❧✐t② ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ ✐♥t❡r✐♦r ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥ ❢♦r t❤✐s ♣r♦❜❧❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ (x∗1, x
∗

2) s❛t✐s✜❡s✿

u′(x∗1) = Ru′(x∗2)✳ ✭✷✮

●✐✈❡♥ ♦✉r ❛ss✉♠♣t✐♦♥s✱ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t ❜✐♥❞s ✐♥ t❤❡ ♦♣t✐♠✉♠

R(1− λx∗1) = (1− λ)x∗2✳ ✭✸✮

❚❤✐s ❝♦♥❞✐t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✮✱ ✉♥✐q✉❡❧② ♣✐♥s ❞♦✇♥ (x∗1, x
∗

2) ❛♥❞ ❞❡❧✐✈❡rs t❤❡ ❢❛♠✐❧✐❛r

♦♣t✐♠❛❧ ❞❡♣♦s✐t ❝♦♥tr❛❝t ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✳ ❚♦❣❡t❤❡r ✇✐t❤ R > 1 ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t②

♦❢ u(·)✱ ❡q✉❛t✐♦♥ ✭✷✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ♣❛t✐❡♥t ❛❣❡♥ts ✐s ❤✐❣❤❡r t❤❛♥ t❤❡

❝♦♥s✉♠♣t✐♦♥ ♦❢ ✐♠♣❛t✐❡♥t ♦♥❡s✿ x∗1 < x∗2✳

▼♦r❡♦✈❡r✱ t❤❡ ❞❡♣♦s✐t♦rs✬ r❡❧❛t✐✈❡ r✐s❦✲❛✈❡rs✐♦♥ ❡①❝❡❡❞✐♥❣ ✉♥✐t② ❛♥❞ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t ②✐❡❧❞

✼



x∗1 > 1 ❛♥❞ x∗2 < R✳✼

❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ s❤♦✇ t❤❛t ❛ ❞❡♠❛♥❞✲❞❡♣♦s✐t ❝♦♥tr❛❝t ❝❛♥ ✐♠♣❧❡♠❡♥t t❤❡ ❡✣❝✐❡♥t

❛❧❧♦❝❛t✐♦♥✳ ❆ ❦❡② ❢❡❛t✉r❡ ♦❢ t❤❡✐r ❛♥❛❧②s✐s ✐s t❤❡ ✉s❡ ♦❢ ❛ ✏r❡❛❧✑ ❞❡♠❛♥❞ ❞❡♣♦s✐t ❝♦♥tr❛❝t ✭✐✳❡✳✱ ❛

❝♦♥tr❛❝t t❤❛t ♣r♦♠✐s❡s t♦ ♣❛② ♦✉t ❣♦♦❞s ✐♥ ❢✉t✉r❡ ♣❡r✐♦❞s✮✳ ❉✉❡ t♦ ❛ ♠❛t✉r✐t② ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥

r❡❛❧ ❧♦♥❣✲t❡r♠ ✐♥✈❡st♠❡♥t ❛♥❞ r❡❛❧ ❞❡♣♦s✐t ❧✐❛❜✐❧✐t✐❡s✱ t❤❡ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ ❡♥✈✐r♦♥♠❡♥t✱

❤♦✇❡✈❡r✱ ❛❧s♦ ❢❡❛t✉r❡s ❛ ❜❛♥❦ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r ✇❤✐❝❤ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐s ♥♦t ✐♠♣❧❡♠❡♥t❡❞✳

❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t ❛ ♥♦♠✐♥❛❧ ❝♦♥tr❛❝t ❝❛♥ ❧❡❛❞ t♦ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡

❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ r✉♥s ❞♦ ♥♦t ♦❝❝✉r ❛❧♦♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣❛t❤✳ ❚❤❡ ❦❡② ♠❡❝❤❛♥✐s♠ ✐s t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ s❡t t❤❡ ♣r✐❝❡ ❧❡✈❡❧✱ t❤❡r❡❜② ❝♦♥tr♦❧❧✐♥❣ t❤❡

✇❡❞❣❡ ❜❡t✇❡❡♥ r❡❛❧ ❧♦♥❣✲t❡r♠ ✐♥✈❡st♠❡♥t ❛♥❞ ♥♦♠✐♥❛❧ ❞❡♣♦s✐t ❧✐❛❜✐❧✐t✐❡s✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥

❞♦♠✐♥❛♥t str❛t❡❣✐❡s ❝♦♠❡s ❛t ❛ ♣r✐❝❡✱ r❡q✉✐r✐♥❣ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡ ♣r✐❝❡ ❧❡✈❡❧✳

✸ ❆ ♥♦♠✐♥❛❧ ❡❝♦♥♦♠②

❈♦♥s✐❞❡r ♥♦✇ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ❛ s♦❝✐❛❧ ♣❧❛♥♥❡r t❤❛t ✉s❡s ♥♦♠✐♥❛❧ ❝♦♥tr❛❝ts t♦ ✐♠♣❧❡♠❡♥t t❤❡

❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥✳

◆♦♠✐♥❛❧ ❝♦♥tr❛❝ts✳ ❚❤❡ ♣❧❛♥♥❡r ♦✛❡rs ❝♦♥tr❛❝ts ✐♥ ❛ ✉♥✐t ♦❢ ❛❝❝♦✉♥t ❢♦r ✇❤✐❝❤ ✐t ✐s t❤❡ s♦❧❡

✐ss✉❡r✳ ❇❡❝❛✉s❡ ❝❡♥tr❛❧ ❜❛♥❦s ❤❛✈❡ ❛ ♠♦♥♦♣♦❧② ♦♥ ❝✉rr❡♥❝②✱ t❤❡ ♣❧❛♥♥❡r ✐♥ ♦✉r ❛♥❛❧②s✐s ❝❛♥ ❜❡

❡q✉❛t❡❞ ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦r ❛♥② ♦t❤❡r ♠♦♥❡t❛r② ❛✉t❤♦r✐t② ✇✐t❤ t❤❡ ❛❜✐❧✐t② t♦ ✐ss✉❡ ❝✉rr❡♥❝②✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ r❡❢❡r t♦ t❤❡ ✉♥✐t ♦❢ ❛❝❝♦✉♥t ❛s ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝② ✭❈❇❉❈✮ ♦r ❞✐❣✐t❛❧

❡✉r♦s✳ ❋♦r ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ❛❜str❛❝t ❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♠♣❡t✐♥❣ ♥❛t✐♦♥❛❧ ♦r ❞✐❣✐t❛❧ ❝✉rr❡♥❝✐❡s

❛♥❞ ❛ss✉♠❡ ❢✉❧❧ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ ❈❇❉❈ ❛❝❝♦✉♥t ❛♥❞ ❧❡❞❣❡r s②st❡♠✳

❆❣❡♥ts ✇❤♦ s✐❣♥ ❛ ❝♦♥tr❛❝t ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛♥❞ ♦✈❡r t❤❡✐r r❡❛❧ ❣♦♦❞s ❡♥❞♦✇♠❡♥t ❛♥❞

r❡❝❡✐✈❡ ❈❇❉❈ ❜❛❧❛♥❝❡s ✐♥ r❡t✉r♥✳ ❚❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♦✉r ❡♥✈✐r♦♥♠❡♥t ✐s

t♦ t❤✐♥❦ ♦❢ ❛ ❈❇❉❈ ❛s ❛♥ ❛❝❝♦✉♥t✲❜❛s❡❞ ❡❧❡❝tr♦♥✐❝ ❝✉rr❡♥❝② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❇❛rr❞❡❛r ❛♥❞ ❑✉♠❤♦❢

✭✷✵✶✻✮ ❛♥❞ ❇♦r❞♦ ❛♥❞ ▲❡✈✐♥ ✭✷✵✶✼✮✱ ✐✳❡✳✱ t♦ t❤✐♥❦ ♦❢ ❛ ❈❇❉❈ ❛s ❜❡✐♥❣ ❛❦✐♥ t♦ ❛ ❞❡♣♦s✐t ❛❝❝♦✉♥t

❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ■♥ ❙❡❝t✐♦♥ ✶✵✱ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡s✉❧ts ♦❢ ♦✉r ♣❛♣❡r ❧❛r❣❡❧② ❝❛rr② ♦✈❡r t♦ ❛

t♦❦❡♥✲❜❛s❡❞ s②st❡♠ ♦r ❤②❜r✐❞ s②st❡♠s✳ ❆❣❡♥ts ❝❛♥ s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s ❜② r❡❞❡❡♠✐♥❣ t❤❡♠

❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❣♦♦❞s✳ ❙♣❡♥❞✐♥❣ t❤❡r❡❢♦r❡ r❡❞✉❝❡s t❤❡ ❈❇❉❈ s✉♣♣❧②✳ ❆s ✇✐t❤

♣❤②s✐❝❛❧ ❡✉r♦s✱ ✇❡ ✐♠♣♦s❡ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛❣❡♥ts ❝❛♥♥♦t ❤♦❧❞ ♥❡❣❛t✐✈❡ ❛♠♦✉♥ts ♦❢ ❛ ❈❇❉❈✳

❚✐♠✐♥❣✳ ❆t t = 0✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝r❡❛t❡s ❛♥ ❡♠♣t② ❛❝❝♦✉♥t✱ ✐✳❡✳✱ ❛ ③❡r♦✲❜❛❧❛♥❝❡ ❈❇❉❈

❛❝❝♦✉♥t✱ ❢♦r ❡❛❝❤ ❛❣❡♥t ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t ✐♥ t = 0✱ ❛❧❧

❛❣❡♥ts s❡❧❧ t❤❡✐r ✉♥✐t ❡♥❞♦✇♠❡♥t ♦❢ t❤❡ ❣♦♦❞ t♦ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r M > 0 ✉♥✐ts

✼❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱

Ru′(R) = u′(1) +

∫
R

1

∂

∂x
(x · u′(x)) dx = u′(1) +

∫
R

1

(x · u′′(x) + u′(x)) dx < u′(1) ✭✹✮

❜② −x · u′′(x)/u′(x) > 1 ❢♦r ❛❧❧ x✳

✽



♦❢ ❞✐❣✐t❛❧ ❡✉r♦s✱ ❝r❡❞✐t❡❞ t♦ t❤❛t ❛❣❡♥t✬s ❛❝❝♦✉♥t✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t❤❡♥ ✐♥✈❡sts ❛❧❧ ❣♦♦❞s ✐♥ t❤❡

❧♦♥❣✲t❡r♠ t❡❝❤♥♦❧♦❣②✳ ❲❡ ❝♦♥s✐❞❡r ✈♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ t❤❡ ❛❣❡♥ts ✐♥ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♥tr❛❝ts

✐♥ s❡❝t✐♦♥ ✽✳

■♥ t = 1✱ ❛❣❡♥ts ❧❡❛r♥ t❤❡✐r t②♣❡ ❛♥❞ ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s✱ M ✱ ♦r t♦

❵r♦❧❧ t❤❡♠ ♦✈❡r✬✳ ■♥ t = 1✱ ❛❣❡♥ts ❛❧s♦ ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ ❣♦♦❞s st♦r❛❣❡ t❡❝❤♥♦❧♦❣② ❜❡t✇❡❡♥ t = 1

❛♥❞ t = 2✳✽ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♥tr❛❝t ✐♠♣♦s❡s t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛♥ ❛❣❡♥t ❡✐t❤❡r s♣❡♥❞s ❛❧❧ ♦❢

❤❡r ❜❛❧❛♥❝❡s ♦r ♥♦♥❡ ❛t ❛❧❧✳ ❇❡❝❛✉s❡ t②♣❡s ❛r❡ ✉♥♦❜s❡r✈❛❜❧❡✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥♥♦t ❞✐s❝r✐♠✐♥❛t❡

❜❡t✇❡❡♥ ♣❛t✐❡♥t ❛♥❞ ✐♠♣❛t✐❡♥t ❛❣❡♥ts t♦ ❞❡♥② ❛ ♣❛t✐❡♥t ❛❣❡♥t ❛❝❝❡ss t♦ ❤❡r ❜❛❧❛♥❝❡s✳ ▲❡t n ∈ [0, 1]

❞❡♥♦t❡ t❤❡ s❤❛r❡ ❛♥❞ ♠❡❛s✉r❡ ♦❢ ❛❣❡♥ts ✇❤♦ ❞❡❝✐❞❡ t♦ s♣❡♥❞ ✐♥ t = 1✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❜s❡r✈❡s n

❛♥❞ t❤❡♥ ❞❡❝✐❞❡s ♦♥ t❤❡ ❢r❛❝t✐♦♥ y = y(n) ♦❢ t❤❡ t❡❝❤♥♦❧♦❣② t♦ ❧✐q✉✐❞❛t❡✱ s✉♣♣❧②✐♥❣ t❤❛t ❛❝❝♦r❞✐♥❣

q✉❛♥t✐t② ✐♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛t t❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ✉♥✐t ♣r✐❝❡ P1✳ ◆♦t✐❝❡ t❤❛t t❤r♦✉❣❤ t❤❡ r❡s♦✉r❝❡

❝♦♥str❛✐♥t✱ ❡❛r❧② ❧✐q✉✐❞❛t✐♦♥ ♦❢ t❤❡ t❡❝❤♥♦❧♦❣② r❡❞✉❝❡s t❤❡ r❡♠❛✐♥✐♥❣ ✐♥✈❡st♠❡♥t ❛♥❞✱ ❤❡♥❝❡✱ t❤❡

s✉♣♣❧② ♦❢ ❣♦♦❞s ✐♥ t = 2✳ ❚❤❛t ✐s✱ t❤❡r❡ ✐s ❛ r❡❛❧ ♣❛②♦✛ ❡①t❡r♥❛❧✐t②✱ ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥

❝❤♦✐❝❡ ✐♥ t = 1 ❞❡t❡r♠✐♥❡s t❤❡ r❡❛❧ s✉♣♣❧② ♦❢ ❣♦♦❞s ❢♦r ❜♦t❤ ♦❢ t❤❡ ♣❡r✐♦❞s t = 1 ❛♥❞ t = 2✳ ❚❤❡r❡

✐s ♥♦ ❢r❡❡ ❞✐s♣♦s❛❧✱ t❤✉s✱ ❛❧❧ r❡t✉r♥s t❤❛t ❛❝❝r✉❡ t♦ t❤❡ t❡❝❤♥♦❧♦❣② ✐♥ t = 2 ❛r❡ ♦✛❡r❡❞ ✐♥ t❤❡ ❣♦♦❞s

♠❛r❦❡t ❢♦r ♣✉r❝❤❛s❡ ❛❣❛✐♥st ❈❇❉❈✳ ●✐✈❡♥ n✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛❧s♦ ❝❤♦♦s❡s ❛ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡

i = i(n) t♦ ❜❡ ♣❛✐❞ ✐♥ ♣❡r✐♦❞ 2 ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ❈❇❉❈ ❜❛❧❛♥❝❡s✳ ❊❛❝❤ ❞✐❣✐t❛❧ ❡✉r♦ ❤❡❧❞ ❛t t❤❡ ❡♥❞

♦❢ t = 1 t✉r♥s ✐♥t♦ 1 + i(n) ❞✐❣✐t❛❧ ❡✉r♦s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t = 2✳ ◆♦t✐❝❡ t❤❛t i(n) ≥ −1✱ ❣✐✈❡♥

t❤❛t ❛❣❡♥ts ❝❛♥♥♦t ❤♦❧❞ ♥❡❣❛t✐✈❡ ❛♠♦✉♥ts ♦❢ ❞✐❣✐t❛❧ ❡✉r♦s✳

■♥ t = 2✱ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥✈❡st♠❡♥t ✐♥ t❤❡ t❡❝❤♥♦❧♦❣② ♠❛t✉r❡s s♦ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ s✉♣♣❧✐❡s

R (1− y (n)) ✉♥✐ts ♦❢ ❣♦♦❞s ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ♠♦♥❡② ❜❛❧❛♥❝❡s✳ ❚❤❡ ♠❡❛s✉r❡ ♦❢ ❞❡♣♦s✐✲

t♦rs 1− n ✇❤♦ r♦❧❧❡❞ ♦✈❡r ❡❛❝❤ ❤❛✈❡ (1 + i)M ❞✐❣✐t❛❧ ❡✉r♦s t♦ s♣❡♥❞ ♦♥ ❣♦♦❞s ❛t ❛ ♠❛r❦❡t✲❝❧❡❛r✐♥❣

♣r✐❝❡ P2✳ ❋✐❣✉r❡ ✷ s✉♠♠❛r✐③❡s t❤✐s t✐♠✐♥❣✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✐s ❛ tr✐♣❧❡ (M,y(·), i(·))✱ ✇❤❡r❡ y : [0, 1] → (0, 1] ✐s t❤❡ ❝❡♥tr❛❧

❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ i : [0, 1] → [−1,∞) ✐s t❤❡ ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝② ❢♦r ❡✈❡r② ♣♦ss✐❜❧❡ s♣❡♥❞✐♥❣

❧❡✈❡❧ n ∈ [0, 1]✳

◆♦t✐❝❡ t❤❛t M ✐s ♥♦t st❛t❡✲❝♦♥t✐♥❣❡♥t✳ ❚❤❡ ❧♦❣✐❝ ❤❡r❡ ✐s t❤❛t✱ tr❛❞✐t✐♦♥❛❧❧②✱ 1 ❞♦❧❧❛r t♦❞❛② ✐s 1

❞♦❧❧❛r t♦♠♦rr♦✇✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ❞✐s❝✉ss ❛♥ ❡①t❡♥s✐♦♥ ✇❤❡r❡ ✇❡ ❛❧❧♦✇ M t♦ ❜❡ st❛t❡✲❝♦♥t✐♥❣❡♥t✳

❲❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ str✐❝t❧② ♣♦s✐t✐✈❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s y(·) > 0 t♦ r✉❧❡ ♦✉t ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡

✐♠♣❛t✐❡♥t ❛❣❡♥ts ❞♦ ♥♦t s♣❡♥❞ ❈❇❉❈ ❡❛r❧② s✐♥❝❡ ♥♦ ❣♦♦❞s ❛r❡ s✉♣♣❧✐❡❞ ✐♥ t❤❡ ❡❝♦♥♦♠②✳

▼❛r❦❡t ❝❧❡❛r✐♥❣✳ ■♥ ♣❡r✐♦❞s 1 ❛♥❞ 2✱ ❛❣❡♥ts s♣❡♥❞ t❤❡✐r ♠♦♥❡② ❜❛❧❛♥❝❡s ❢♦r ❣♦♦❞s ✐♥ ❛

✽❖✉r ♠♦❞❡❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ✇❤❡r❡ st♦r❛❣❡ ❜❡t✇❡❡♥ t = 1 ❛♥❞ t = 2 ❞♦❡s ♥♦t ❡①✐st✱
❜✉t ✇❤❡r❡ ♣❛t✐❡♥t ❛❣❡♥ts ❝❛♥ ❛❧s♦ ❝♦♥s✉♠❡ ✐♥ t = 1✳

✾



t0 t1 t2

-1

nominal
CBDC 
balances

real storage

M

real           
investment
(aggregate)

deposit 

in CB

M M(1+i)

M/P1

not spend

M(1+i)/P2

M/P1

spend 

CBDC

earlyreal

CBDC value
(individual)

1

1 (1-y)R

y ε (0,1)real           
supply
(aggregate)

(1-y)R

real           
supply
(individual)

y /n (1-y)R/(1-n)

real
liquidation 

remaining
investment
matures 

measure
'n' agents
spend 
CBDC
early

❋✐❣✉r❡ ✷✿ ◆♦♠✐♥❛❧ ❛♥❞ r❡❛❧ ✐♥✈❡st♠❡♥t ❛♥❞ ❝♦♥tr❛❝ts

❲❛❧r❛s✐❛♥ ♠❛r❦❡t✳ ❚❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡✿

nM
︸︷︷︸

♥♦♠✐♥❛❧ ❈❇❉❈
s✉♣♣❧② ✐♥ t1

= P1 · y(n)
︸︷︷︸

r❡❛❧ ❣♦♦❞s
s✉♣♣❧② ✐♥ t1

✭✺✮

(1− n)(1 + i(n))M
︸ ︷︷ ︸

♥♦♠✐♥❛❧ ❈❇❉❈
s✉♣♣❧② ✐♥ t2

= P2 R(1− y(n))
︸ ︷︷ ︸

r❡❛❧ ❣♦♦❞s
s✉♣♣❧② ✐♥ t2

✱ ✭✻✮

✇❤✐❝❤ t❛❦❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ q✉❛♥t✐t② t❤❡♦r② ❡q✉❛t✐♦♥ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ❆s t❤❡s❡ ❡q✉❛t✐♦♥s r❡✈❡❛❧✱ ❛

❤✐❣❤❡r ✐♥t❡r❡st r❛t❡ i(n) r❡s✉❧ts ♦♥❧② ✐♥ ❛ ❤✐❣❤❡r ♣r✐❝❡ ❧❡✈❡❧ P2✱ ✇❤❡♥ n ❛♥❞ y(n) r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳

❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ❋✐s❤❡r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡s ❛♥❞ ✐♥✢❛t✐♦♥✳ ◗✉❛♥t✐t②

✶✵



t❤❡♦r② t❤❡♥ ✐♠♣❧✐❡s ❛ ❤✐❣❤❡r ♥♦♠✐♥❛❧ ❈❇❉❈ s✉♣♣❧② ✐♥ t2✳ ●✐✈❡♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n ✐♥ t = 1✱ ❛♥❞

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝②✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❞❡t❡r♠✐♥❡ t❤❡ ♣r✐❝❡ ❧❡✈❡❧✱ P1 = P1(n) ❛♥❞ P2 = P2(n)✱

✐♥ ❡❛❝❤ ♣❡r✐♦❞✿

P1(n) =
nM

y(n)
✭✼✮

P2(n) =







(1−n)(1+i(n))M
R(1−y(n)) , y(n) < 1

∞, y(n) = 1, n < 1

∈ [0,∞], y(n) = 1, n = 1

✭✽✮

❚❤❡ s♣❡❝✐❛❧ ❝❛s❡ y(n) = 1, n < 1 ❞❡♥♦t❡s t❤❡ ✐♥❝✐❞❡♥❝❡ ✇❤❡r❡ t❤❡ ❣♦♦❞s s✉♣♣❧② ✐♥ t = 2 ❡q✉❛❧s ③❡r♦

✇❤✐❧❡ ❛ ❞❡♠❛♥❞ ❢♦r ❣♦♦❞s ❡①✐sts✳ ❚❤❡ s♣❡❝✐❛❧ ❝❛s❡ y(n) = 1, n = 1 ❞❡♥♦t❡s t❤❡ ✐♥❝✐❞❡♥❝❡ ✇❤❡r❡

❜♦t❤ t❤❡ ❣♦♦❞s s✉♣♣❧② ❛♥❞ t❤❡ ❣♦♦❞s ❞❡♠❛♥❞ ✐♥ t = 2 ❡q✉❛❧ ③❡r♦✳ ❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♥♦t ✐♠♣♦s❡❞

♣r✐❝❡ st❛❜✐❧✐t②✳ ■♥st❡❛❞✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧s ✢❡①✐❜❧② ❛❞❥✉st ✐♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s

❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❤♦♦s❡s t❤❡ ✐♥✐t✐❛❧ ♠♦♥❡② s✉♣♣❧② ❜❡❢♦r❡ ❧❡❛r♥✐♥❣ t❤❡ ♠❡❛s✉r❡ ♦❢

s♣❡♥❞✐♥❣ ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣❡r✐♦❞✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ ❤♦✇❡✈❡r✱ ❝♦♥tr♦❧s t❤❡ s✉♣♣❧② ♦❢ ❣♦♦❞s✱ ✇❤✐❝❤

✐s ❝❤♦s❡♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♠❡❛s✉r❡ ♦❢ s♣❡♥❞✐♥❣✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❛♥❞

✐♥t❡r❞❡♣❡♥❞❡♥t❧② ❝♦♥tr♦❧s t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐♥ ♣❡r✐♦❞ 1 ❛♥❞ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❈❇❉❈ ❛t t✐♠❡ ♦♥❡ ✈❡rs✉s

t✐♠❡ t✇♦✳✾ ❚❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ❛❧❧♦✇s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ❝♦♥tr♦❧ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐♥ ♣❡r✐♦❞ 2

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐♥ ♣❡r✐♦❞ 1✳ ❇❡❝❛✉s❡ ✐♥✈❡st♠❡♥t ✐s r❡❛❧ ❛♥❞ s✐♥❝❡ t❤❡ ✐♥t❡r♠❡❞✐❛r②

✐s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇✐t❤ ❛ ♠♦♥♦♣♦❧② ♦♥ t❤❡ ✉♥✐t ♦❢ ❛❝❝♦✉♥t ✐♥ ✇❤✐❝❤ ❝♦♥tr❛❝ts ❛r❡ ❞❡♥♦♠✐♥❛t❡❞✱ t❤❡

❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐s ✢❡①✐❜❧❡✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❈❇❉❈ ❡✉r♦ s♣❡♥t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② tr❛♥s❧❛t❡ ✐♥t♦ ❛

s♣❡❝✐✜❝✱ ♣r♦♣♦rt✐♦♥❛❧ r❛✐s❡ ✐♥ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥✳ ❘❛t❤❡r✱ ❧✐q✉✐❞❛t✐♦♥ ✐s str❛t❡❣✐❝❛❧❧② ❞✐r❡❝t❡❞ t♦ s❡r✈❡

❛s ❛ ♠♦♥❡t❛r② ♣♦❧✐❝② t♦♦❧✳

■♠♣❧✐❡❞ r❡❛❧ ❝♦♥tr❛❝t✳ P❛t✐❡♥t ❛❣❡♥ts ❤❛✈❡ ♥♦ ✐♥st❛♥t❛♥❡♦✉s ❝♦♥s✉♠♣t✐♦♥ ♥❡❡❞s ✐♥ t =

1✳ ❇❡❝❛✉s❡ st♦r❛❣❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s ✐s ♣♦ss✐❜❧❡ ❜❡t✇❡❡♥ t = 1 ❛♥❞ t = 2✱ ♣❛t✐❡♥t ❛❣❡♥ts

str❛t❡❣✐❝❛❧❧② s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❡❛r❧② ♦r ❧❛t❡✳ ❚❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ t❤❛t ❛ ♣❛t✐❡♥t ❛❣❡♥t

❝❛♥ ❛✛♦r❞ ✇✐t❤ ❤❡r ❈❇❉❈ ❜❛❧❛♥❝❡s ✇❤❡♥ s♣❡♥❞✐♥❣ ❡❛r❧② ✈❡rs✉s ❧❛t❡ ✐s ❛❧❧ t❤❛t ♠❛tt❡rs✳ ❚❤❡ r❡❛❧

✈❛❧✉❡ ♦❢ t❤❡ ❈❇❉❈ ❜❛❧❛♥❝❡s ✐♥ t = 1 ❡q✉❛❧s

x1 =
M

P1
✱ ✭✾✮

✾❆ ♣r✐✈❛t❡ ❜❛♥❦✱ ✐♥ ❝♦♥tr❛st✱ ✇♦✉❧❞ ♥❡❡❞ t♦ t❛❦❡ P1, P2 ❛s ❣✐✈❡♥✱ ✇❤✐❝❤ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ n ✐♠♣❧✐❡s
❛ ✉♥✐q✉❡ ❧✐q✉✐❞❛t✐♦♥ y(n, P1)✳ ■♥ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♠♦❞❡❧✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦✉❧❞ ❞❡t❡r♠✐♥❡ t❤❡ s✉♣♣❧② ♦❢ ❣♦♦❞s ❜②
❞✐✛❡r❡♥t ✐♥str✉♠❡♥ts✱ s✉❝❤ ❛s ❝❛❧❧✐♥❣ ❧♦❛♥s t♦ ♣r✐✈❛t❡ ❜❛♥❦s ♦r ❜② ♠♦✈✐♥❣ t❤❡ ♣♦❧✐❝② ✐♥t❡r❡st r❛t❡ ✭❛s ✐♥ ◆❡✇ ❑❡②♥❡s✐❛♥
♠♦❞❡❧s✮✳ ❚❤❡ ❞❡t❛✐❧s ♦❢ ❤♦✇ t❤❛t ❤❛♣♣❡♥s ❛r❡ ♥♦t ❝❡♥tr❛❧ t♦ ♦✉r ❛r❣✉♠❡♥t✳

✶✶



✇❤✐❧❡ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❈❇❉❈ ❜❛❧❛♥❝❡s ✐♥ t = 2 ❡q✉❛❧s

x2 =

{
(1+i(n))M

P2
, P2 < ∞

0, P2 = ∞
✭✶✵✮

❆❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n ❛♥❞ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y (n) ❥♦✐♥t❧② ❞❡t❡r♠✐♥❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❣♦♦❞s

✈✐❛ t❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥s ✇❤❡♥ s♣❡♥❞✐♥❣ ✐♥ t = 1 ✈❡rs✉s t = 2 ❝❛♥

t❤❡r❡❢♦r❡ ❜❡ r❡✇r✐tt❡♥ ✈✐❛ ✭✼✮ ❛♥❞ ✭✽✮ ❛s

x1(n) =

{
y(n)
n , n > 0

∞, n = 0
✭✶✶✮

x2(n) =







1−y(n)
1−n R, n < 1

0, n = 1, y(n) = 1

∞, n = 1, y(n) < 1

✭✶✷✮

❚❤❛t ✐s✱ ❢♦r ❣✐✈❡♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣✱ ✈✐❛ ❤❡r ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐r❡❝t❧② s❡ts t❤❡

r❡❛❧ ✈❛❧✉❡ ♦❢ ❈❇❉❈ ✐♥ t = 1 ❛♥❞ t = 2✳ ❇❡❝❛✉s❡ ❛❧❧ ❛❣❡♥ts t❤❛t s♣❡♥❞ ❈❇❉❈ ✐♥ t❤❡ s❛♠❡ ♣❡r✐♦❞

❤❛✈❡ t❤❡ s❛♠❡ ♥♦♠✐♥❛❧ ❡①♣❡♥s❡s✱ ❛♥❞ s✐♥❝❡ t❤❡ ❣♦♦❞s ♠❛r❦❡t ✐s ❝❡♥tr❛❧✐③❡❞✱ t❤❡ r❡❛❧ ❣♦♦❞s s✉♣♣❧②

y(n) ✐s ❡q✉❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝r♦ss ❛❧❧ s♣❡♥❞✐♥❣ ❛❣❡♥ts ✐♥ ♣❡r✐♦❞ 1✱ ❛♥❞ t❤❡ s✉♣♣❧② R(1 − y(n)) ✐s

❡q✉❛❧❧② ❛❧❧♦❝❛t❡❞ t♦ ❛❧❧ s♣❡♥❞✐♥❣ ❛❣❡♥ts ✐♥ ♣❡r✐♦❞ 2✳✶✵

●✐✈❡♥ ❛♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❧❡✈❡❧ n ∈ [0, 1]✱ ❢♦r ❛ ♣❛t✐❡♥t ❛❣❡♥t j ∈ [0, 1] ✐t ✐s ♦♣t✐♠❛❧ t♦

❵s♣❡♥❞✬ ❈❇❉❈ ♠♦♥❡② ❜❛❧❛♥❝❡s M ✐♥ t = 1 ✐❢ x1(n) ≥ x2(n) ✇❤✐❧❡ ✐t ✐s ♦♣t✐♠❛❧ t♦ ❵♥♦t s♣❡♥❞✬ ✐❢

x1(n) ≤ x2(n)✳ ❙✐♥❝❡ y(n) > 0 ❢♦r ❛❧❧ n ∈ [0, 1]✱ ❛♥❞ t❤✉s x1(n) > 0 ❢♦r ❛❧❧ n ∈ [0, 1] ❵s♣❡♥❞✬ ✐s

❛❧✇❛②s ♦♣t✐♠❛❧ ❢♦r ❛♥ ✐♠♣❛t✐❡♥t ❛❣❡♥t✳ ❲❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ ♣✉r❡ str❛t❡❣② ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✇✐t❤

r❡❣❛r❞ t♦ t❤❡ ❞❡♣♦s✐t♦rs✬ ❝♦♦r❞✐♥❛t✐♦♥ ❣❛♠❡✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❝❛s❡ x1(n) = x2(n) ❛♥❞ λ < n < 1✱ ❛

♠❛ss n− λ ♦❢ ♣❛t✐❡♥t ❛❣❡♥ts s♣❡♥❞s t❤❡✐r ❈❇❉❈ ♠♦♥❡② ❜❛❧❛♥❝❡s ✐♥ t = 1 ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♠❛ss

♦❢ ❛❣❡♥ts 1 − n ❞♦❡s ♥♦t✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦r✳ ❖✉r ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞

t♦ ❛❧❧♦✇ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ✈✐❛ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦♥t✐♥✉✉♠ ♦❢ ❛❣❡♥ts✱

s❡❡ ✭❯❤❧✐❣✱ ✶✾✾✻✮✳

❚♦ s✉♠♠❛r✐③❡✿ ✐♥ t = 0✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛♥♥♦✉♥❝❡s ❛♥❞ ❝♦♠♠✐ts t♦ ❛ ♣♦❧✐❝② (M, y(·), i(·))✱

♣✐♥♥✐♥❣ ❞♦✇♥ ❛ s♣❡♥❞✐♥❣✲❝♦♥t✐♥❣❡♥t r❡❛❧ ❣♦♦❞s s✉♣♣❧② ❛♥❞ ❛♥ ♦✛❡r ♦❢ ❛ ♥♦♠✐♥❛❧ ❝♦♥tr❛❝t (M,M(1+

i(·))) ✐♥ ❡①❝❤❛♥❣❡ ❢♦r 1 ✉♥✐t ♦❢ t❤❡ ❣♦♦❞✳ ❆❧❧ ❝♦♥s✉♠❡rs ❛❝❝❡♣t t❤❡ ❝♦♥tr❛❝t ❛♥❞ t❤❡ ♣♦❧✐❝②✱ ♠❡❛♥✐♥❣

t❤❡② ❤❛✈❡ t❤❡ ♦♣t✐♦♥ t♦ s♣❡♥❞ ❡✐t❤❡r M ❞✐❣✐t❛❧ ❡✉r♦s ✐♥ ♣❡r✐♦❞ 1 ♦r M(1 + i(n)) ❞✐❣✐t❛❧ ❡✉r♦s ✐♥

♣❡r✐♦❞ 2✱ ❢♦r ❡✈❡r② ♣♦ss✐❜❧❡ ❧❡✈❡❧ ♦❢ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n ∈ [0, 1]✳ ❲❡ ❞✐s❝✉ss ✈♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥

✐♥ ❝♦♥tr❛❝ts ✐♥ ❙❡❝t✐♦♥ ✽✳

■♥ t = 1✱ t❤❡ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❧❡✈❡❧ n ✐s r❡❛❧✐③❡❞✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝②✱ t♦✲

✶✵❚❤❡s❡ ❡q✉❛t✐♦♥s r❡♠❛✐♥ ✐♥t✉✐t✐✈❡ ❡✈❡♥ ✐❢ y(n) = 0 ♦r y(n) = 1✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡② ❝♦♥t✐♥✉❡ t♦ ❤♦❧❞✱
❞❡s♣✐t❡ ♦♥❡ ♦❢ t❤❡ ♣r✐❝❡ ❧❡✈❡❧s ❜❡✐♥❣ ♣♦t❡♥t✐❛❧❧② ✐❧❧✲❞❡✜♥❡❞ ♦r ✐♥✜♥✐t❡✳

✶✷



❣❡t❤❡r ✇✐t❤ t❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s✱ r❡s✉❧t ✐♥ t❤❡ r❡❛❧ ❝♦♥s✉♠♣t✐♦♥ ❛♠♦✉♥ts (x1(n), x2(n)) =

(MP1
, M(1+i(n))

P2
) =

(
y(n)
n , 1−y(n)

1−n R
)

✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❢✉❧❧② ❝♦♠♠✐tt❡❞ t♦ ❝❛rr② t❤r♦✉❣❤

✇✐t❤ ✐ts ♣♦❧✐❝② (M, y, i)✱ r❡❣❛r❞❧❡ss ♦❢ ✇❤✐❝❤ n ♦❜t❛✐♥s ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡

♣r✐❝❡ ❧❡✈❡❧s (P1, P2)✳ ❲❡✱ t❤❡r❡❢♦r❡✱ ❞❡✜♥❡

❉❡✜♥✐t✐♦♥ ✷✳ ❆♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐sts ♦❢ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② (M,y(·), i(·))✱ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣

❜❡❤❛✈✐♦r n ∈ [0, 1] ❛♥❞ ♣r✐❝❡ ❧❡✈❡❧s (P1, P2) s✉❝❤ t❤❛t✿

✭✐✮ ❚❤❡ s♣❡♥❞✐♥❣ ❞❡❝✐s✐♦♥ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠❡r ✐s ♦♣t✐♠❛❧ ❣✐✈❡♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❞❡❝✐✲

s✐♦♥s n✱ t❤❡ ❛♥♥♦✉♥❝❡❞ ♣♦❧✐❝② (M, y(·), i(·))✱ ❛♥❞ ♣r✐❝❡ ❧❡✈❡❧s (P1, P2)✳

✭✐✐✮ ●✐✈❡♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣r♦✈✐❞❡s y(n) ❣♦♦❞s ❛♥❞ s❡ts t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st

r❛t❡ i(n)✳

✭✐✐✐✮ ●✐✈❡♥ (n, y(n),M)✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ P1 ❝❧❡❛rs t❤❡ ♠❛r❦❡t ✐♥ t = 1✳

●✐✈❡♥ (n, y(n), i(n),M)✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ P2 ❝❧❡❛rs t❤❡ ♠❛r❦❡t ✐♥ t = 2✳

❆s ❛ ♣❛rt✐❝✉❧❛r ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧s (P1, P2) ✢❡①✐❜❧② ❛❞❥✉st

t♦ t❤❡ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ r❡❛❧✐③❛t✐♦♥ ❛♥❞ t❤❡ ❛♥♥♦✉♥❝❡❞ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝②✳

✹ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥

●✐✈❡♥ t❤❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❡❝❤♥♦❧♦❣② t❤❛t ✇❡ ♣♦st✉❧❛t❡❞ ❛❜♦✈❡✱ ♦♥❧② t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❣♦♦❞s

♠❛tt❡rs t♦ t❤❡ t✇♦ t②♣❡s ♦❢ ❛❣❡♥ts✳ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛❝ts t♦ ❡♥❛❜❧❡ ♦♣t✐♠❛❧ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥

❛s ✐♥ ✭❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣✱ ✶✾✽✸✮✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ r✐s❦✲s❤❛r✐♥❣ ❛rr❛♥❣❡♠❡♥t

(x∗1, x
∗

2) ✐s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❦❡② ♦❜❥❡❝t✐✈❡ ✇❤❡♥ ❞❡t❡r♠✐♥✐♥❣ ❤❡r ♣♦❧✐❝②✳ ❚❤❡r❡ ✐s✱ ❝♦♥s❡q✉❡♥t❧②✱ ♥♦

❛❞❞✐t✐♦♥❛❧ ♠♦t✐✈❡ ❢♦r t❤❡ ♠♦♥❡t❛r② ❛✉t❤♦r✐t② t♦ ❦❡❡♣ ♣r✐❝❡s st❛❜❧❡✳

❍♦✇❡✈❡r✱ ❢♦❝✉s✐♥❣ ♦♥❧② ♦♥ r❡❛❧ ❛❧❧♦❝❛t✐♦♥s ✐s ❛ ♥❛rr♦✇ ♣❡rs♣❡❝t✐✈❡✳ ❚❤❡r❡ ✐s ❛ ✈❛st ❧✐t❡r❛t✉r❡

❛r❣✉✐♥❣ ✐♥ ❢❛✈♦r ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s ❦❡❡♣✐♥❣ ♣r✐❝❡s st❛❜❧❡ ♦r s❡tt✐♥❣ ❛ ❣♦❛❧ ♦❢ ❧♦✇ ❛♥❞ st❛❜❧❡ ✐♥✢❛t✐♦♥

❢♦r r❡❛s♦♥s t❤❛t ❛r❡ ❛❜s❡♥t ❢r♦♠ ♦✉r ♠♦❞❡❧✳✶✶ ❍❛✈✐♥❣ t♦ ❤♦❧❞ ❝❛s❤ t♦ ❛❝❝♦♠♣❧✐s❤ tr❛♥s❛❝t✐♦♥s✱ s✉❝❤

❛s ✐♥ ❝❛s❤✲✐♥✲❛❞✈❛♥❝❡ ♦r ♠♦♥❡②✲✐♥✲✉t✐❧✐t② ♠♦❞❡❧s✱ ❝r❡❛t❡s ❛ ✇❤♦❧❡ r❛♥❣❡ ♦❢ ❞✐st♦rt✐♦♥s t❤❛t ❝❛♥ ❜❡

♠✐♥✐♠✐③❡❞ ❜② ❞❡❢t ♠❛♥❛❣❡♠❡♥t ♦❢ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✭t❤✐♥❦ ❛❜♦✉t t❤❡ ❧♦❣✐❝ ❜❡❤✐♥❞ t❤❡ ❋r✐❡❞♠❛♥ r✉❧❡✮✳

❘❛t❤❡r t❤❛♥ ❡①t❡♥❞✐♥❣ t❤❡ ♠♦❞❡❧ t♦ ✐♥❝❧✉❞❡ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ✇❡ s❤❛❧❧ ♣r♦❝❡❡❞

❜② ❞✐s❝✉ss✐♥❣ t❤❡ tr❛❞❡♦✛s ❜❡t✇❡❡♥ ❛❝❤✐❡✈✐♥❣ t❤❡ ♦♣t✐♠❛❧ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ t❤❡

✐♠♣❧✐❝❛t✐♦♥s ♦❢ s✉❝❤ ❛♥ ❡✛♦rt ❢♦r t❤❡ st❛❜✐❧✐t② ♦❢ ♣r✐❝❡s✳ ❲❡ r❡t✉r♥ t♦ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡

✐♥ s❡❝t✐♦♥ ✺✳

❘✉♥s ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❆ ♥♦♠✐♥❛❧ ❝♦♥tr❛❝t✱ ♣❡r s❡✱ ❞♦❡s ♥♦t r✉❧❡ ♦✉t t❤❡ ♣♦ss✐❜✐❧✐t②

♦❢ ❛ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❙✐♥❝❡ ✐♠♣❛t✐❡♥t ❛❣❡♥ts ♦♥❧② ❝❛r❡ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ✐♥ t = 1✱ ❡✈❡r②

✶✶❋♦r ✐♥st❛♥❝❡✱ st❛❜❧❡ ♣r✐❝❡s ♠✐♥✐♠✐③❡ t❤❡ ♠✐s❛❧❧♦❝❛t✐♦♥s ❝r❡❛t❡❞ ❜② ♥♦♠✐♥❛❧ r✐❣✐❞✐t✐❡s ❛s ✐♥ ❲♦♦❞❢♦r❞ ✭✷✵✵✸✮✳

✶✸



❡q✉✐❧✐❜r✐✉♠ ✇✐❧❧ ❡①❤✐❜✐t ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r ♦❢ ❛t ❧❡❛st λ✱ ✐♠♣❧②✐♥❣ n ≥ λ✳✶✷ P❛t✐❡♥t

❛❣❡♥ts✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s str❛t❡❣✐❝❛❧❧② ✐♥ t = 1 ♦r t = 2✳ ❚❤❡② s♣❡♥❞

✐♥ t = 1 ✐❢ t❤❡② ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝② ✐♠♣❧✐❡s ❛ ❤✐❣❤❡r r❡❛❧ ✈❛❧✉❡ ♦❢ ❈❇❉❈ ❜❛❧❛♥❝❡s

✐♥ t = 1 r❛t❤❡r t❤❛♥ t = 2✱ x1 > x2✳ ■♥ t❤❛t ❝❛s❡✱ ♣❛t✐❡♥t ❛❣❡♥ts ✇✐❧❧ ✉s❡ t❤❡ st♦r❛❣❡ t❡❝❤♥♦❧♦❣② t♦

❝♦♥s✉♠❡ x1 ✐♥ ♣❡r✐♦❞ 2✳ ❖t❤❡r✇✐s❡✱ ♣❛t✐❡♥t ❛❣❡♥ts ✇✐❧❧ ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ✇❛✐t ✉♥t✐❧ t❤❡ ✜♥❛❧ ♣❡r✐♦❞✳

❲❡ s❛②✱

❉❡✜♥✐t✐♦♥ ✸ ✭❈❡♥tr❛❧ ❇❛♥❦ ❘✉♥✮✳ ❆ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❝❝✉rs ✐❢ ♥♦t ♦♥❧② ✐♠♣❛t✐❡♥t ❜✉t ❛❧s♦

♣❛t✐❡♥t ❛❣❡♥ts s♣❡♥❞ ✐♥ t = 1✱ n > λ✳

■♥ ❛ ❜❛♥❦ r✉♥✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ♥♦t r✉♥♥✐♥❣ ♦✉t ♦❢ t❤❡ ✐t❡♠ t❤❛t ✐t ❝❛♥ ♣r♦❞✉❝❡ ❢r❡❡❧② ✭✐✳❡✳✱ ✐t ✐s

♥♦t r✉♥♥✐♥❣ ♦✉t ♦❢ ❞✐❣✐t❛❧ ♠♦♥❡②✮✳ ❚❤✐s ❢❡❛t✉r❡ ❞✐st✐♥❣✉✐s❤❡s t❤❡ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❤❡r❡ ❢r♦♠ t❤❡ ❜❛♥❦

r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ✐♥ ✇❤✐❝❤ ❛ ❝♦♠♠❡r❝✐❛❧ ❜❛♥❦ ♣r❡♠❛t✉r❡❧② ❧✐q✉✐❞❛t❡s

❛❧❧ ♦❢ ✐ts ❛ss❡ts t♦ s❛t✐s❢② t❤❡ ❞❡♠❛♥❞ ❢♦r ✇✐t❤❞r❛✇❛❧s ✐♥ ♣❡r✐♦❞ 1✱ t❤❡r❡❢♦r❡✱ ✉❧t✐♠❛t❡❧② r✉♥♥✐♥❣ ♦✉t

♦❢ r❡s♦✉r❝❡s✳ ❨❡t✱ t❤❡ r❡❛❧ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇✐t❤ ♥♦♠✐♥❛❧ ❝♦♥tr❛❝ts ❝❛♥ ❜❡

s✐♠✐❧❛r t♦ ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ r❡❛❧ ❝♦♥tr❛❝ts✳ ■♠♣♦rt❛♥t❧②✱ ❜② ❡q✉❛t✐♦♥s ✭✶✶✮ ❛♥❞ ✭✶✷✮✱

❛ ♣❛t✐❡♥t ❛❣❡♥t✬s ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ ✇❤❡t❤❡r t♦ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ t♦ s♣❡♥❞ ♦r ♥♦t✱ ❞❡♣❡♥❞s ♦♥

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝② ❝❤♦✐❝❡s ♦♥❧② t❤r♦✉❣❤ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(·) ❛♥❞ ♥♦t ✈✐❛ t❤❡ ♥♦♠✐♥❛❧

❡❧❡♠❡♥ts M ❛♥❞ i(n)✳ ❇② ♦✉r ❡q✉✐❧✐❜r✐✉♠ ❞❡✜♥✐t✐♦♥✱ t❤❡ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r n ❤❛s t♦ ❜❡

❝♦♥s✐st❡♥t ✇✐t❤ ♦♣t✐♠❛❧ ✐♥❞✐✈✐❞✉❛❧ ❝❤♦✐❝❡s✳ ❚❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♠♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✳ ●✐✈❡♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② (M,y(·), i(·))✱

✭✐✮ ❚❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ r✉♥✱ n = λ✱ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦♥❧② ✐❢ x1(λ) ≤ x2(λ)✳

✭✐✐✮ ❆ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥✱ n = 1✱ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x1(1) ≥ x2(1)✳

✭✐✐✐✮ ❆ ♣❛rt✐❛❧ r✉♥✱ n ∈ (λ, 1)✱ ♦❝❝✉rs ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣❛t✐❡♥t ❛❣❡♥ts ❛r❡ ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ ❡✐t❤❡r ❛❝t✐♦♥✱ r❡q✉✐r✐♥❣ x1(n) = x2(n)✳

●✐✈❡♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ♣♦❧✐❝②✲✐♠♣❧✐❡❞ r❡❛❧ ❛❧❧♦❝❛t✐♦♥✱ ❤♦✇ ❝❛♥ ❝❡♥tr❛❧

❜❛♥❦ ♣♦❧✐❝② ❛tt❛✐♥ t❤❡ ✜rst✲❜❡st ❛❧❧♦❝❛t✐♦♥❄

✹✳✶ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ✈✐❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②

❇② (x∗1, x
∗

2) =
(
y∗

λ , R(1−y∗)
1−λ

)

✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥t y ∈ [0, 1]✱ ❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥

❙❡❝t✐♦♥ ✷✳✶✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ r❡q✉✐r❡s ❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② t♦ s❛t✐s❢②

y∗(λ) = x∗1λ ∈ (λ, 1]. ✭✶✸✮

✶✷❲❤❡♥ y(n) = 0✱ ✐♠♣❛t✐❡♥t ❛❣❡♥ts ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s♣❡♥❞✐♥❣ ❛♥❞ ♥♦t s♣❡♥❞✐♥❣✳ ❚♦ ❜r❡❛❦ t✐❡s✱ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡② s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s ✐♥ t = 1✳

✶✹



❚❤❛t ✐s✱ ❣✐✈❡♥ t❤❛t ♦♥❧② ✐♠♣❛t✐❡♥t t②♣❡s s♣❡♥❞✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♥❡❡❞s t♦ ❧✐q✉✐❞❛t❡ ❡♥♦✉❣❤ ♦❢

t❤❡ t❡❝❤♥♦❧♦❣② t♦ ♣r♦✈✐❞❡ t❤❡ ♦♣t✐♠❛❧ x∗1✳ ❙✐♠✐❧❛r❧② t♦ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ t❤❡ r❡s♦✉r❝❡

❝♦♥str❛✐♥t y ∈ [0, 1] ❛♥❞ x∗1 > 1 ✐♠♣❧② t❤❛t ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ✐s ♥♦t ❢❡❛s✐❜❧❡ ✇❤❡♥ ❛❧❧ ❛❣❡♥ts s♣❡♥❞✿

■❢ n = 1✱ t❤❡♥ t❤❡ ❣♦♦❞s ♣r♦✈✐s✐♦♥ ✇♦✉❧❞ ♥❡❡❞ t♦ ❡①❝❡❡❞ ♦♥❡✱ 1 ·x∗1 > 1 ❜✉t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥♥♦t

❧✐q✉✐❞❛t❡ ❛ s❤❛r❡ ❧❛r❣❡r t❤❛♥ ♦♥❡ ♦❢ t❤❡ ❡♥t✐r❡ ✐♥✈❡st♠❡♥t✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞❡r✐✈❛t✐♦♥ ✇✐t❤

▲❡♠♠❛ ✹✳✶✱ ✇❡ ❛rr✐✈❡ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✷✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② (M,y(·), i(·)) ✐♠♣❧❡♠❡♥ts ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ (x∗1, x
∗

2) ✐♥

❞♦♠✐♥❛♥t str❛t❡❣✐❡s ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

✭✐✮ s❡ts y(λ) = y∗ ❢♦r ❛♥② n ≤ λ✳

✭✐✐✮ s❡ts ❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② t❤❛t ✐♠♣❧✐❡s x1(n) < x2(n) ❢♦r ❛❧❧ n > λ✳

●✐✈❡♥ t❤❛t ♦♥❧② ✐♠♣❛t✐❡♥t ❛❣❡♥ts ❛r❡ s♣❡♥❞✐♥❣✱ n = λ✱ t❤❡♥ ❛ ♣♦❧✐❝② ❝❤♦✐❝❡ ✇✐t❤ y(λ) = y∗

✐♠♣❧❡♠❡♥ts t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✳ ❚❤❛t ✐s✱ t❤❡r❡ ✐s ❛ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ♠♦♥❡t❛r② ♣♦❧✐❝✐❡s t❤❛t ✐♠♣❧❡♠❡♥t

t❤❡ ✜rst✲❜❡st s✐♥❝❡ t❤❡ ♣❛✐r (M, i(·)) ✐s ♥♦t ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥✳ ❲❤✐❧❡ t❤❡ ♣❛✐r (M, i(·)) ❞♦❡s ♥♦t

❛✛❡❝t ❞❡♣♦s✐t♦rs✬ ✐♥❝❡♥t✐✈❡s✱ ✐t ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ ♣r✐❝❡s ✈✐❛ ❡q✉❛t✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮✳ ■♥ t❤❡ s❡❝♦♥❞

♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ st❡❡rs t❤❡ ✐♥❝❡♥t✐✈❡s ♦❢ t❤❡ ♣❛t✐❡♥t ❛❣❡♥ts✳ P❛t✐❡♥t ❛❣❡♥ts

❝❛♥ ❜✉t ❞♦ ♥♦t ❤❛✈❡ t♦ s♣❡♥❞ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s ❛t t = 1✱ ❛♥❞ s♣❡♥❞ ❛t t = 2 ❢♦r s✉r❡ ♦♥❧② ✐❢

❢♦r ❡✈❡r② ♣♦ss✐❜❧❡ s♣❡♥❞✐♥❣ ❧❡✈❡❧ n t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ❛t t = 2 ❡①❝❡❡❞s t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛t t = 1✳ ❚❤❡

❝❡♥tr❛❧ ❜❛♥❦ ✐♥t❡r♥❛❧✐③❡s ❤❡r ❞❡♣♦s✐t♦rs✬ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣✳ ■t ♦❜s❡r✈❡s ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r

n ❜❡❢♦r❡ ✐t ❧✐q✉✐❞❛t❡s ❛♥② ❛ss❡t✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥✱ t❤❡r❡❢♦r❡✱ ❧✐q✉✐❞❛t❡ ✐♥ ❛ s♣❡♥❞✐♥❣✲❝♦♥t✐♥❣❡♥t

✇❛②✱ ❛♥❞ ✐s ♥♦t ❝♦♠♠✐tt❡❞ t♦ ❧✐q✉✐❞❛t✐♥❣ y∗ ✐❢ ❛❧s♦ ♣❛t✐❡♥t ❛❣❡♥ts ❛r❡ s♣❡♥❞✐♥❣✳ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ t❤✐s

❧❡♠♠❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❧❛ss✐❝ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥t ✐♥ t❤❡ ❜❛♥❦ r✉♥ ❧✐t❡r❛t✉r❡✿ s✐♥❝❡

t❤❡ ❞❡♣♦s✐t♦rs✬ ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❡①♣❡❝t❛t✐♦♥s ❛r❡ r❛t✐♦♥❛❧✱ ❛♥❞ s✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝②

✐s ❛♥♥♦✉♥❝❡❞ ✐♥ t = 0✱ t❤❡ ❞❡♣♦s✐t♦rs ❝♦rr❡❝t❧② ❛♥t✐❝✐♣❛t❡ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ t❤❡✐r ❈❇❉❈ ❜❛❧❛♥❝❡s

t❤❛t ✇♦✉❧❞ ❢♦❧❧♦✇ ❡✈❡r② ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r n✳ ❚♦ ❞❡t❡r ♣❛t✐❡♥t ❛❣❡♥ts ❢r♦♠ s♣❡♥❞✐♥❣✱

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ t❤r❡❛t❡♥ t♦ ✐♠♣❧❡♠❡♥t ❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(·) t❤❛t ♠❛❦❡s s♣❡♥❞✐♥❣ ❡❛r❧②

s✉❜✲♦♣t✐♠❛❧ ❡①✲♣♦st✱ ✐✳❡✳✱ s♦ t❤❛t x1 (n) < x2 (n) ❢♦r ❡✈❡r② n ∈ (λ, 1]✳ ■❢ t❤❡ ♠♦♥❡t❛r② ❛✉t❤♦r✐t②

❝❛♥ ❝r❡❞✐❜❧② t❤r❡❛t❡♥ ♣❛t✐❡♥t ❛❣❡♥ts ❜② ❛♥♥♦✉♥❝✐♥❣ s✉❝❤ ❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✱ ✐t ❞❡t❡rs t❤❡♠ ❢r♦♠

s♣❡♥❞✐♥❣ ❡①✲❛♥t❡✱ ❛♥❞ ❛ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥ ❞♦❡s ♥♦t ♦❝❝✉r ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ✉♥✐q✉❡

❡q✉✐❧✐❜r✐✉♠✱ ♦♥❧② ✐♠♣❛t✐❡♥t ❛❣❡♥ts s♣❡♥❞✱ ❛❧❧ ♣❛t✐❡♥t ❛❣❡♥ts r♦❧❧ ♦✈❡r✱ ❛♥❞ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐s

❛❧✇❛②s ❛tt❛✐♥❡❞✳

❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♠♣❧❡♠❡♥ts ✏s♣❡♥❞✐♥❣ ❧❛t❡✑ ❛s t❤❡ ❞♦♠✐♥❛♥t ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❢♦r ♣❛t✐❡♥t

❛❣❡♥ts ❜② ✜♥❡✲t✉♥✐♥❣ t❤❡ r❡❛❧ ❣♦♦❞s s✉♣♣❧② ✈✐❛ ✐ts ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✱ ✐✳❡✳✱ ❜② ♠❛❦✐♥❣ r❡❛❧ ❛ss❡t

❧✐q✉✐❞❛t✐♦♥ s♣❡♥❞✐♥❣✲❝♦♥t✐♥❣❡♥t✳

❉❡✜♥✐t✐♦♥ ✹✳ ❲❡ ❝❛❧❧ ❛ ❝❡♥tr❛❧ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(·) ✏r✉♥✲❞❡t❡rr✐♥❣✑ ✐❢ ✐t s❛t✐s✜❡s y(n) <
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yd(n) ❢♦r ❛❧❧ n ∈ (λ, 1]✱ ✇❤❡r❡ t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r② yd(n) ✐s ❞❡✜♥❡❞ ❜②

yd(n) =
nR

1 + n(R− 1)
, ❢♦r ❛❧❧ n ∈ (λ, 1]. ✭✶✹✮

❙✉❝❤ ❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐♠♣❧✐❡s t❤❛t ✏r♦❧❧ ♦✈❡r✑ ✐s ❡①✲♣♦st ♦♣t✐♠❛❧ x1(n) < x2(n) ✇❤❡♥❡✈❡r ♣❛t✐❡♥t

❛❣❡♥ts ❛r❡ s♣❡♥❞✐♥❣ ❡❛r❧② n ∈ (λ, 1]✳

0 0.2 0.4 0.6 0.8 1

n

0

0.2

0.4

0.6

0.8

1

y
(n

)

Run-deterring liquidation limit

nR/(1+n(R-1))

y

❋✐❣✉r❡ ✹✿ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❛ ✏r✉♥✲❞❡t❡rr✐♥❣✑ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n ✐s ♣❧♦tt❡❞ ✐♥
r❡❞✳ ❚❤❡ ❜♦✉♥❞ st❛rts ❛t λ ✭❢♦r ✐❧❧✉str❛t✐♦♥ ♣✉r♣♦s❡s✱ ❤❡r❡ ✵✳✷✺✮ ❜❡❝❛✉s❡ ✏✐♠♣❛t✐❡♥t ❛❣❡♥ts✧ ✇✐❧❧
❛❧✇❛②s s♣❡♥❞✳ ◆♦t❡ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✱ y∗✱ ✇❤✐❝❤ ✐s ❛t λ ✐♥ t❤❡ ♥✲❛①✐s ❛♥❞ ❜❡❧♦✇ t❤❡ ✉♣♣❡r ❜♦✉♥❞
✐♥ t❤❡ y(n)✲❛①✐s ❛♥❞✱ t♦ ♠❛❦❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❡❛s✐❡r✱ t❤❡ ✹✺✲❞❡❣r❡❡ ❧✐♥❡ ✐♥ ❞✐s❝♦♥t✐♥✉♦✉s s❡❣♠❡♥ts✳

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② ✐s ♦♥❧② ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥ t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ❛♥❞ t❤❡ ❛❣❡♥ts ❛r❡ ♥♦♠✐♥❛❧✳ ❚❤❡ ❧✐q✉✐❞❛t✐♦♥ ♦❢ ✐♥✈❡st♠❡♥ts ✐♥ t❤❡ r❡❛❧ t❡❝❤♥♦❧♦❣② ✐s

❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❞✐s❝r❡t✐♦♥✱ t❤❡r❡❜② ❝♦♥tr♦❧❧✐♥❣ t❤❡ r❡❛❧ ❣♦♦❞s s✉♣♣❧② ❛♥❞✱ ❢♦r ❛ ❣✐✈❡♥ s♣❡♥❞✐♥❣

❧❡✈❡❧✱ t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ✐♥ ❡✐t❤❡r t✐♠❡ ♣❡r✐♦❞✳ ❆ s♣❡♥❞✐♥❣✲❝♦♥t✐♥❣❡♥t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐♠♣❧✐❡s ❛

s♣❡♥❞✐♥❣✲❝♦♥t✐♥❣❡♥t ♣r✐❝❡ ❧❡✈❡❧✳ ■♥ t❤❡ ❝❛s❡ ♦❢ r❡❛❧ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥ ❛ ♣r✐✈❛t❡ ❜❛♥❦ ❛♥❞ ❞❡♣♦s✐t♦rs

s✉❝❤ ❛s ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ✐♥ ❝♦♥tr❛st✱ t❤❡ r❡❛❧ ❝❧❛✐♠s ♦❢ t❤❡ ❛❣❡♥ts ❛r❡ ✜①❡❞ ❛❧r❡❛❞②

✐♥ t = 0✱ t❤✉s ♣✐♥♥✐♥❣ ❞♦✇♥ ❛ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ❢♦r ❡✈❡r② ♠❡❛s✉r❡ ♦❢ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n✳ ■♥ t❤❡

❝❛s❡ ♦❢ ❤✐❣❤ s♣❡♥❞✐♥❣✱ r❛t✐♦♥✐♥❣ ♠✉st ♦❝❝✉r✳ ❙✐♠✐❧❛r❧②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♠✐♥❛❧ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥ ❛

♣r✐✈❛t❡ ❜❛♥❦ ❛♥❞ ❞❡♣♦s✐t♦rs✱ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ❤❛s t♦ t❛❦❡ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ❛s ❣✐✈❡♥✱ ✇❤✐❝❤ t❤❡♥ ❛❣❛✐♥

♣✐♥s ❞♦✇♥ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ❛❞❥✉sts ✈✐❛ ♠❛r❦❡t ❝❧❡❛r✐♥❣ t♦ ❤✐❣❤

❛❣❣r❡❣❛t❡ ♥♦♠✐♥❛❧ s♣❡♥❞✐♥❣ ✭❙❦❡✐❡✱ ✷✵✵✽✮✱ ✇❤✐❧❡ ❤❡r❡ ✐t ❝❛♥ s❡r✈❡ ❛s ❛ str❛t❡❣✐❝ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳

❆s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r✱

❈♦r♦❧❧❛r② ✺ ✭❚r✐❧❡♠♠❛ ♣❛rt ■ ✲ ◆♦ ♣r✐❝❡ st❛❜✐❧✐t②✮✳ ❊✈❡r② ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② (M, y(·), i(·)), n ∈

[0, 1] ✇✐t❤

y(λ) = y∗ ❛♥❞ y(n) < yd(n), ❢♦r ❛❧❧ n ∈ (λ, 1], ✭✶✺✮

✶✻



❞❡t❡rs ❝❡♥tr❛❧ ❜❛♥❦ r✉♥s ❛♥❞ ✐♠♣❧❡♠❡♥ts t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s✳ ❙✉❝❤ ❛ ❞❡t❡r❡♥❝❡

♣♦❧✐❝② ❝❤♦✐❝❡ r❡q✉✐r❡s t❤❡ ✐♥t❡r✐♠ ♣r✐❝❡ ❧❡✈❡❧ P1(n) t♦ ❡①❝❡❡❞ t❤❡ s♣❡♥❞✐♥❣✲❞❡♣❡♥❞❡♥t ❜♦✉♥❞✿

P1(n) >
M

R
(1 + n(R− 1)), ❢♦r ❛❧❧ n ∈ (λ, 1]. ✭✶✻✮

❯♥❞❡r ❛ ❝r❡❞✐❜❧❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✭✶✺✮ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ ❛ ❞♦♠✐♥❛♥t str❛t❡❣② t♦ s♣❡♥❞ ✐❢ ❛♥❞ ♦♥❧②

✐❢ t❤❡ ❛❣❡♥t ✐s ✐♠♣❛t✐❡♥t❀ ♦t❤❡r✇✐s❡ t❤❡② ✇❛✐t✳ ❚❤✉s✱ ✉♥❞❡r r❛t✐♦♥❛❧ ❜❡❤❛✈✐♦r✱ r✉♥s ❞♦ ♥♦t ♦❝❝✉r✱ ❛♥❞

❜② y(λ) = y∗ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ❛❧✇❛②s ♦❜t❛✐♥s✳ ❚❤❛t ✐s✱ ❛ str❛t❡❣✐❝ r❡❛❧ s✉♣♣❧② s❤♦❝❦ ❡♥❢♦r❝❡❞ ❜②

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛✉s❡s ❛ ❞❡♠❛♥❞ s❤♦❝❦ t♦ ❈❇❉❈ s♣❡♥❞✐♥❣ t❤❛t ❞❡t❡rs r✉♥s✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱

❤♦✇❡✈❡r✱ ❝♦♠❡s ❛t ❛ ♣r✐❝❡✳ ❋❡❛s✐❜✐❧✐t② ♦❢ ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② y(·) r❡q✉✐r❡s s❛❝r✐✜❝✐♥❣ ♣r✐❝❡ st❛❜✐❧✐t②✳

❇② ❝♦♥❞✐t✐♦♥ ✭✶✻✮✱ t❤❡ ♠♦r❡ ❛❣❡♥ts s♣❡♥❞✱ t❤❡ ❧❛r❣❡r t❤❡ r❡q✉✐r❡❞ ♣r✐❝❡ ❧❡✈❡❧ t❤r❡❛t t♦ ❞❡t❡r r✉♥s✳

■♥t✉✐t✐✈❡❧②✱ t♦ ❞❡t❡r ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❡❛r❧② ❈❇❉❈ s♣❡♥❞✐♥❣✱ ❛ ❤✐❣❤ ❈❇❉❈ s✉♣♣❧② ♠✉st ♠❡❡t ❛ ❧♦✇

s✉♣♣❧② ♦❢ ❣♦♦❞s✱ s♦ t❤❛t✱ ✈✐❛ ♠❛r❦❡t ❝❧❡❛r✐♥❣✱ ❡❛❝❤ ❣♦♦❞ ♠✉st ❤❛✈❡ ❛♥ ❡①♦r❜✐t❛♥t❧② ❤✐❣❤ ♣r✐❝❡✳ ❚❤❡

t❤r❡❛t ❤❛s t♦ ❜❡ ❝r❡❞✐❜❧❡ t♦ ❞❡t❡r r✉♥s ❡①✲❛♥t❡✳ ❆❣❡♥ts ❤❛✈❡ t♦ ❜❡❧✐❡✈❡ t❤❛t ❡①✲♣♦st t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

✇✐❧❧ ❣✐✈❡ ✉♣ ♣r✐❝❡ st❛❜✐❧✐t② ✇❤❡♥❡✈❡r r❡❛❧✐③❡❞ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r ✐s ❡①❝❡ss✐✈❡✳ ❖♥❧② t❤❡♥ ❞♦ r✉♥s

❛♥❞ ✐♥✢❛t✐♦♥ ♥♦t ♦❝❝✉r ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳ ■♥ t❤❛t ❝❛s❡✱ ✐♥✢❛t✐♦♥ ❛r✐s❡s ✈✐❛ ✭✶✻✮ ♦♥❧② ♦✛ t❤❡

❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳ ■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛✈♦✐❞ ✐♥✢❛t✐♦♥ ❛s ✐♥ ✭✶✻✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♥♦♠✐♥❛❧ ✐♥t❡r❡st

r❛t❡ ❜❡t✇❡❡♥ t = 0 ❛♥❞ t = 1✱ ✉♥❧❡ss t❤❡ ✐♥t❡r❡st r❛t❡ ✐s s♣❡♥❞✐♥❣✲❝♦♥t✐♥❣❡♥t ❛♥❞ t❤✉s r❛♥❞♦♠ ✐♥

t = 0✳ ❆ r❛♥❞♦♠ ♥♦♠✐♥❛❧ ✐♥t❡rst r❛t❡ ❜r✐♥❣s ♥❡✇ ❝❤❛❧❧❡♥❣❡s✱ s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ s❡❝t✐♦♥ ✻✳

■♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ✇❡ ❧❡❛r♥❡❞ t❤❡ ❞✐❧❡♠♠❛ t❤❛t ♦✛❡r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❛♠♦✉♥t ♦❢

r✐s❦ s❤❛r✐♥❣ ✈✐❛ ❞❡♠❛♥❞✲❞❡♣♦s✐t ❝♦♥tr❛❝ts r❡q✉✐r❡s ♣r✐✈❛t❡ ❜❛♥❦s t♦ ❜❡ ♣r♦♥❡ t♦ r✉♥s✳ ❚❤✉s✱ ❛ ❜❛❞

❜❛♥❦ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❛❧s♦ ❡①✐sts✳ ❖✉r r❡s✉❧t ❜r✐♥❣s t❤✐s ❞✐❧❡♠♠❛ t♦ t❤❡ ♥❡①t ❧❡✈❡❧✳ ■❢ t❤❡ ❜❛♥❦ ✐s

❛ ❝❡♥tr❛❧ ❜❛♥❦ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♣♦✇❡r t♦ s❡t ♣r✐❝❡ ❧❡✈❡❧s ❛♥❞ ❝♦♥tr♦❧ t❤❡ r❡❛❧ ❣♦♦❞s s✉♣♣❧②✱ t❤❡♥

♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s s✉❝❤ t❤❛t ❛ ❜❛♥❦ r✉♥ ♥❡✈❡r ♦❝❝✉rs✱

❜✉t ♦♥❧② ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ♣r✐❝❡ st❛❜✐❧✐t②✳

❖❜s❡r✈❡ t❤❛t ❜② t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t✱ y∗ < yd(λ) ❤♦❧❞s ❛♥❞

t❤❛t t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r② yd(n) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ n✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥st❛♥t ❧✐q✉✐❞❛t✐♦♥

♣♦❧✐❝②

y(n) ≡ y∗, ❢♦r ❛❧❧ n ∈ [0, 1] ✭✶✼✮

✐♠♣❧❡♠❡♥ts ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s✳ ❚❤❡r❡✱ ❤♦✇❡✈❡r✱ ❡①✐st ✐♥✜♥✐t❡❧② ♠❛♥② ♦t❤❡r

r✉♥✲❞❡t❡rr✐♥❣ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s✱ s❡❡ ❋✐❣✉r❡ ✹✳

❇❡s✐❞❡s ✐ts s✐♠♣❧✐❝✐t②✱ ♣♦❧✐❝② ✭✶✼✮ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣✱ s✐♥❝❡ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r✉♥✲

♣r♦♦❢ ❞✐✈✐❞❡♥❞ ♣♦❧✐❝② ✐♥ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts t❤❡ s♦❝✐❛❧ ❛❧❧♦❝❛t✐♦♥ ✈✐❛ ✐♥t❡r✐♠ tr❛❞❡ ✐♥

❡q✉✐t② s❤❛r❡s✳ ❙❡❝t✐♦♥ ✼ ❞✐s❝✉ss❡s t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤✐s r❡s✉❧t t♦ ♦✉r ♠♦❞❡❧ ❛♥❞ ❛r❣✉❡s t❤❛t ❏❛❝❦❧✐♥

✭✶✾✽✼✮ ❢❡❛t✉r❡s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝②✳ ❚❤❡ ♣♦❧✐❝② ✭✶✼✮ ❛❧s♦ ✐♠♣❧❡♠❡♥ts t❤❡ s❛♠❡

❛❧❧♦❝❛t✐♦♥ ❛s t❤❡ ❝❧❛ss✐❝ s✉s♣❡♥s✐♦♥✲♦❢✲❝♦♥✈❡rt✐❜✐❧✐t② ♦♣t✐♦♥✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❡①❝❧✉❞❡ ❜❛♥❦ r✉♥s ✐♥

t❤❡ ❉✐❛♠♦♥❞✲❉②❜✈✐❣ ✇♦r❧❞✳

✶✼



❚❤❡r❡ ✐s ❛ s✉❜t❧❡ ❜✉t ❡ss❡♥t✐❛❧ ❞✐✛❡r❡♥❝❡✱ t❤♦✉❣❤✱ ❜❡t✇❡❡♥ s✉s♣❡♥s✐♦♥ ❛♥❞ ♦✉r ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳

❙✉s♣❡♥s✐♦♥ ♦❢ ❝♦♥✈❡rt✐❜✐❧✐t② r❡q✉✐r❡s t❤❡ ❜❛♥❦ t♦ st♦♣ ♣❛②✐♥❣ ❝✉st♦♠❡rs ✇❤♦ ❛rr✐✈❡ ❛❢t❡r ❛ ❢r❛❝t✐♦♥

λ ♦❢ ❛❣❡♥ts ❤❛✈❡ ✇✐t❤❞r❛✇♥✳ ❇② ❝♦♥tr❛st✱ ✐♥ ♦✉r ❡♥✈✐r♦♥♠❡♥t✱ t❤❡r❡ ✐s ♥♦ r❡str✐❝t✐♦♥ ♦♥ ❛❣❡♥ts

t♦ s♣❡♥❞ t❤❡✐r ❞✐❣✐t❛❧ ❡✉r♦s ✐♥ ♣❡r✐♦❞ ✶✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ s✉s♣❡♥s✐♦♥ ♦❢ ❛❝❝♦✉♥ts✳ ■♥st❡❛❞✱ ✐t ✐s t❤❡

s✉♣♣❧② ♦❢ ❣♦♦❞s ♦✛❡r❡❞ ❢♦r tr❛❞❡ ❛❣❛✐♥st t❤♦s❡ ❞✐❣✐t❛❧ ❡✉r♦s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r✐❝❡

❧❡✈❡❧ t❤❛t ❣❡♥❡r❛t❡ t❤❡ ✐♥❝❡♥t✐✈❡s ❢♦r ♣❛t✐❡♥t ❛❣❡♥ts t♦ r❛t❤❡r ♣r❡❢❡r ❵r♦❧❧✐♥❣ ♦✈❡r✬✳ ❚❤✐s r❡❛s♦♥✐♥❣

❛❧s♦ ✐♠♣❧✐❡s t❤❛t✱ ✐♥ ♦✉r ♠♦❞❡❧✱ ✭♥♦♠✐♥❛❧✮ ❞❡♣♦s✐t ✐♥s✉r❛♥❝❡ ✇✐❧❧ ♥♦t ❞❡t❡r ❛❣❡♥ts ❢r♦♠ r✉♥♥✐♥❣ ♦♥

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❖♥❧② ❛ tr✉❡ ❝♦♠♠✐t♠❡♥t t♦ ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② ✐s ❛ ❣✉❛r❛♥t❡❡ ♦r ✐♥s✉r❛♥❝❡ ♦❢

❛ ♣♦s✐t✐✈❡ r❡❛❧ r❡t✉r♥ ♦♥ ❈❇❉❈✳

▼♦r❡ ❝♦♥❝r❡t❡❧②✱ ❧♦✇ ❧✐q✉✐❞❛t✐♦♥ ❛♥❞ t❤✉s ❛ ❧♦✇ ❣♦♦❞s s✉♣♣❧② ♣✉s❤ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ P1 ❛❜♦✈❡ ❛♥

✉♣♣❡r ❜♦✉♥❞ t❤❛t ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣✳✶✸ ❚❤❡ ❧♦✇ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✱ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ❞❡t❡rs ❧❛r❣❡ s♣❡♥❞✐♥❣ ❡①✲❛♥t❡✱ s✉❝❤ t❤❛t t❤❡ ❤✐❣❤ ♣r✐❝❡ ❧❡✈❡❧ ✭✶✻✮ ✐s ❛ t❤r❡❛t t❤❛t ✐s r❡❛❧✐③❡❞

♦♥❧② ♦✛✲❡q✉✐❧✐❜r✐✉♠✳ ❇✉t ❡❛❝❤ t✐♠❡ ✇❡ ❤❛✈❡ ❛♥ ♦✛✲❡q✉✐❧✐❜r✐✉♠ t❤r❡❛t✱ ✇❡ s❤♦✉❧❞ ✇♦rr② ❛❜♦✉t t❤❡

♣♦ss✐❜✐❧✐t② ♦❢ t✐♠❡ ✐♥❝♦♥s✐st❡♥❝②✳ ■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❝❧❛ss✐❝ tr❡❛t♠❡♥t ♦❢ t✐♠❡ ✐♥❝♦♥s✐st❡♥❝②

✐♥ ❑②❞❧❛♥❞ ❛♥❞ Pr❡s❝♦tt ✭✶✾✼✼✮✱ t❤❡ ❝♦♥❝❡r♥ ❤❡r❡ ✐s ♥♦t t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇✐❧❧ ❜❡ t❡♠♣t❡❞ t♦

✐♥✢❛t❡ t♦♦ ♠✉❝❤✱ ❜✉t t❤❛t ✐t ✇♦✉❧❞ ❜❡ t❡♠♣t❡❞ t♦ ✐♥✢❛t❡ t♦♦ ❧✐tt❧❡✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❛✈♦✐❞

s✉❜♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥s ❜② ❝♦♠♠✐tt✐♥❣ t♦ ❧❡t ✐♥✢❛t✐♦♥ ❣r♦✇ ✇❤❡♥❡✈❡r ♥❡❝❡ss❛r②✳ ❆ s✐♠✐❧❛r ❝♦♥❝❡r♥

❛♣♣❡❛rs ✐♥ ♠♦❞❡❧s ✇✐t❤ ❛ ③❡r♦ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡s✳ ❊❣❣❡rtss♦♥ ❛♥❞ ❲♦♦❞❢♦r❞

✭✷✵✵✸✮ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛ ❝❡♥tr❛❧ ❜❛♥❦ t❤❡♥ ✇❛♥ts t♦ ❝♦♠♠✐t t♦ ❦❡❡♣✐♥❣ ✐♥t❡r❡st r❛t❡s s✉✣❝✐❡♥t❧②

❧♦✇ ❢♦r s✉✣❝✐❡♥t❧② ❧♦♥❣✱ ❡✈❡♥ ❛❢t❡r t❤❡ ❡❝♦♥♦♠② ✐s ♦✉t ♦❢ r❡❝❡ss✐♦♥✱ t♦ ❣❡t t❤❡ ❡❝♦♥♦♠② ♦✛ t❤❡ ③❡r♦

❧♦✇❡r ❜♦✉♥❞ ✭s❡❡ ❛❧s♦ ❑r✉❣♠❛♥✱ ✶✾✾✽✱ ❢♦r ❛♥ ❡❛r❧② ✈❡rs✐♦♥ ♦❢ t❤✐s ✐❞❡❛✮✳ ❇✉t ♦♥❝❡ t❤❡ ❡❝♦♥♦♠② ✐s

❛✇❛② ❢r♦♠ t❤❡ ③❡r♦ ❧♦✇❡r ❜♦✉♥❞✱ t❤❡r❡ ✐s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ r❡♥❡❣❡ ♦♥ t❤❡ ❝♦♠♠✐t♠❡♥t t♦ ❧♦✇❡r ✐♥t❡r❡st

r❛t❡s ❛♥❞ ❛✈♦✐❞ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r✐❝❡ ❧❡✈❡❧✳

■♥ ♦✉r ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❢✉❧❧② ❝♦♠♠✐ts s✉❝❤ t❤❛t t❤❡ t❤r❡❛t ✐s ❝r❡❞✐❜❧❡✳

❇✉t ✇❤❛t ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♣r✐❝❡ st❛❜✐❧✐t② ❛♥❞✱ t❤❡r❡❢♦r❡✱ r❡❢✉s❡s t♦ ✐♥❞✉❝❡ ❛

❤✐❣❤ ♣r✐❝❡ ❧❡✈❡❧❄

✺ ❚❤❡ ❝❧❛ss✐❝ ♣♦❧✐❝② ❣♦❛❧✿ Pr✐❝❡ ❧❡✈❡❧ t❛r❣❡t✐♥❣

❚❤❡r❡ ❛r❡ ♠❛♥② ♣♦ss✐❜❧❡ r❡❛s♦♥s ✇❤② ❝❡♥tr❛❧ ❜❛♥❦s ✈✐❡✇ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ♣r✐❝❡ ❧❡✈❡❧s ♦r ❧♦✇

✐♥✢❛t✐♦♥ r❛t❡s ❛s ♦♥❡ ♦❢ t❤❡✐r ♣r✐♠❡ ♦❜❥❡❝t✐✈❡s✳ ❚❤✐s ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ✐s ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✐♥

♠❛♥② ❝❡♥tr❛❧ ❜❛♥❦✬s st❛t✉t❡s s✉❝❤ ❛s t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡✬s ✶✾✼✼ ✏❞✉❛❧ ♠❛♥❞❛t❡✑ ✐♥ t❤❡ ❯✳❙✳✱ ❛♥❞

❆rt✐❝❧❡ ✶✷✼ ♦❢ t❤❡ ✏❚r❡❛t② ♦♥ t❤❡ ❋✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥✑ r❡❣✉❧❛t✐♥❣ t❤❡ ❊❈❇✳ ■t ❛❧s♦

✐s ❛ ❦❡② ♦❜❥❡❝t✐✈❡ ❢♦r ❝❡♥tr❛❧ ❜❛♥❦s ✐♥ ❛ s✉❜st❛♥t✐❛❧ ♣❛rt ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♠♦♥❡t❛r② ❡❝♦♥♦♠✐❝s✱

✶✸❖✉r r❡s✉❧t r❡s❡♠❜❧❡s ❚❤❡♦r❡♠ ✹ ✐♥ ❆❧❧❡♥ ❛♥❞ ●❛❧❡ ✭✶✾✾✽✮ ❛♥❞ ❤❛s ❛ s✐♠✐❧❛r ✐♥t✉✐t✐♦♥✳ ■♥ ❆❧❧❡♥ ❛♥❞ ●❛❧❡ ✭✶✾✾✽✮✱
❛ ❝❡♥tr❛❧ ❜❛♥❦ ❧❡♥❞s t♦ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❜❛♥❦ ❛♥ ✐♥t❡r❡st✲❢r❡❡ ❧✐♥❡ ♦❢ ❝r❡❞✐t t♦ ❞✐❧✉t❡ t❤❡ ❝❧❛✐♠s ♦❢ t❤❡ ❡❛r❧② ❝♦♥s✉♠❡rs
s♦ t❤❛t t❤❡② ❜❡❛r ❛ s❤❛r❡ ♦❢ t❤❡ ❧♦✇ r❡t✉r♥s t♦ t❤❡ r✐s❦② ❛ss❡t✳ ■♥ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t✱ ♣r✐✈❛t❡ ❜❛♥❦ r✉♥s ❛r❡ r❡q✉✐r❡❞
t♦ ❛❝❤✐❡✈❡ t❤❡ ✜rst✲❜❡st r✐s❦ ❛❧❧♦❝❛t✐♦♥✳

✶✽



❛r✐s✐♥❣ ♦✉t ♦❢ ❝♦♥❝❡r♥s r❡❣❛r❞✐♥❣ ♥♦♠✐♥❛❧ r✐❣✐❞✐t✐❡s ♦r t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦sts ♦❢ ❤♦❧❞✐♥❣ ♠♦♥❡②✳ ■♥

s✉❜s❡❝t✐♦♥ ✺✳✶✱ ✇❡ ❡①♣❛♥❞ t❤❡ ❛❧❧♦❝❛t✐✈❡ ♦❜❥❡❝t✐✈❡ ✭✶✮ ✇✐t❤ ❛ ♣❡♥❛❧t② ❢♦r ❞❡✈✐❛t✐♥❣ ❢r♦♠ ❛ ♣r✐❝❡

t❛r❣❡t ❢♦r ♣❡r✐♦❞ t = 1✳ ❲❡ st✉❞② t❤❡ r❡s✉❧t✐♥❣ s✉❜❣❛♠❡✲♣❡r❢❡❝t ♦r t✐♠❡✲❝♦♥s✐st❡♥t ❡q✉✐❧✐❜r✐❛✳

❙✉❜s❡❝t✐♦♥s ✺✳✷ ❛♥❞ ✺✳✸ ❡①❛♠✐♥❡ ✐♠♣♦s❡ ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ❢♦r ♣❡r✐♦❞

t = 1 ♦r ❜♦t❤ ♣❡r✐♦❞s ❞✐r❡❝t❧②✱ ❛♥❞ ❛♥❛❧②③❡ t❤❡ r❡s✉❧t✐♥❣ ❝♦♥✢✐❝ts ✇✐t❤ ❛❧❧♦❝❛t✐✈❡ ❡✣❝✐❡♥❝② ❛♥❞

✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳ ❲❡ ❞✐s❝✉ss✱ ❤♦✇ t❤❡ ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝② ❛❝❤✐❡✈❡s st❛❜✐❧✐③✐♥❣ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐♥

♣❡r✐♦❞ t = 2✱ ❜✉t ✐s ✐♥❡✛❡❝t✐✈❡ ✐♥ ❛✛❡❝t✐♥❣ ❛❧❧♦❝❛t✐♦♥s ♦r t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐♥ ♣❡r✐♦❞ t = 1✳

✺✳✶ ❚✐♠❡✲❈♦♥s✐st❡♥❝②

■t ✐s ♥♦t ♣❧❛✉s✐❜❧❡ t❤❛t ❝❡♥tr❛❧ ❜❛♥❦s ✇♦✉❧❞ ❝♦♠♠✐t t♦ ♣♦t❡♥t✐❛❧❧② ❞✐s❛str♦✉s ♦✉t❝♦♠❡s ♥❡✐t❤❡r ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♥♦r ✇✐t❤ r❡s♣❡❝t t♦ ♣r✐❝❡s ❛♥❞ ✐♥✢❛t✐♦♥✱ s❤♦✉❧❞ s✉❝❤ r✉♥s ❛❝t✉❛❧❧② t❛❦❡

♣❧❛❝❡✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❧❡t ✉s ❛♥❛❧②③❡ t❤❡ s✉❜❣❛♠❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❧✐q✉✐❞❛t✐♥❣ y✱ ❛❢t❡r ♦❜s❡r✈✐♥❣

t❤❡ ❢r❛❝t✐♦♥ n ♦❢ ❛❣❡♥ts ✇❤♦ ❣♦ s❤♦♣♣✐♥❣ ✐♥ ♣❡r✐♦❞ ✶✳ ❆❧❧ ✐♠♣❛t✐❡♥t ❛❣❡♥ts ❛r❡ ❛♠♦♥❣ t❤❡♠✳ ❚❤❡

r❡♠❛✐♥✐♥❣ ❛❣❡♥ts ❛r❡ ♣❛t✐❡♥t ❛♥❞ ♣✉t t❤❡✐r ♣✉r❝❤❛s❡❞ ❣♦♦❞s ✐♥t♦ st♦r❛❣❡✳ ●✐✈❡♥ n ❛♥❞ ❛s ✐♥ ✭✶✮✱

t❤❡ ❛❧❧♦❝❛t✐✈❡ ✇❡❧❢❛r❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❧✐q✉✐❞❛t✐♥❣ y ✐s

W (y;n) = nu
(y

n

)

+ (1− n)u

(
R(1− y)

1− n

)

✭✶✽✮

✇❤❡r❡ x1 = y/n ❛r❡ t❤❡ r❡❛❧ r❡s♦✉r❝❡s ♦❜t❛✐♥❡❞ ❜② ❛♥ ❛❣❡♥t s♣❡♥❞✐♥❣ ✐♥ ♣❡r✐♦❞ ✶ ❛♥❞ x2 = R(1 −

y)/(1− n) ❛r❡ t❤❡ r❡❛❧ r❡s♦✉r❝❡s ♦❜t❛✐♥❡❞ ❜② ❛♥ ❛❣❡♥t s♣❡♥❞✐♥❣ ✐♥ ♣❡r✐♦❞ ✷✳ ❖✉r t✐♠❡✲❝♦♥s✐st❡♥❝②

❛♥❛❧②s✐s ❞✐✛❡rs ❢r♦♠ ❊♥♥✐s ❛♥❞ ❑❡✐st❡r ✭✷✵✵✾✮ s✐♥❝❡ t❤❡r❡ t❤❡ ❜❛♥❦ ❢♦❧❧♦✇s ❛ s❡q✉❡♥t✐❛❧ s❡r✈✐❝❡

❝♦♥str❛✐♥t✱ ❛♥❞ ✐s t❤✉s ❝♦♠♠✐tt❡❞ t♦ ♣❛②✐♥❣ x∗1 t♦ ❡❛❝❤ ✇✐t❤❞r❛✇✐♥❣ ❞❡♣♦s✐t♦r✳ ❆s t❤❡ ❜❛♥❦ t❤❡r❡

❧❡❛r♥s t❤❛t ❛ r✉♥ ✐s ❤❛♣♣❡♥✐♥❣✱ t❤❛t ✐s✱ ❛s s❤❡ s❡r✈❡s n > λ ❛❣❡♥ts✱ s✉s♣❡♥s✐♦♥ ♦❢ ❝♦♥✈❡rt✐❜✐❧✐t② ✐s

✐♠♣♦s❡❞ ✐♥ ❛♥ ❡① ♣♦st ❡✣❝✐❡♥t ✇❛② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r✐s❦ t❤❛t s♦♠❡ ✐♠♣❛t✐❡♥t t②♣❡s ♠❛②

r❡❝❡✐✈❡ ③❡r♦✳ ❍❡r❡✱ ✐♥ ❝♦♥tr❛st✱ ❈❇❉❈ s♣❡♥❞✐♥❣ ❤❛♣♣❡♥s ❢❛st s♦ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❜s❡r✈❡s

❛❧❧ ❛❣❡♥ts n t❤❛t ❣♦ s❤♦♣♣✐♥❣✱ t❤❛t ✐s✱ s❤❡ ♦❜s❡r✈❡s t❤❡ ❢✉❧❧ ❧❡♥❣t❤ ♦❢ t❤❡ q✉❡✉❡ ❛♥❞ ❦♥♦✇s ❛❜♦✉t

t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ r✉♥ ❜❡❢♦r❡ ❧✐q✉✐❞❛t✐♥❣ ❛ss❡ts✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s✱ t❤❡r❡❢♦r❡✱ ♥♦t ❝♦♠♠✐tt❡❞ t♦

♣❛②✐♥❣ x∗1 ❜✉t r❡♦♣t✐♠✐③❡s ✈✐❛ x1(n) = y/n✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❛❧❧ s❤♦♣♣✐♥❣ ❛❣❡♥ts r❡❝❡✐✈❡ ❛♥

❡q✉❛❧ s❤❛r❡ ♦❢ t❤❡ ❣♦♦❞s s✉♣♣❧② ❛♥❞ t❤❛t ❛❧❧ ✐♠♣❛t✐❡♥t t②♣❡s ♠✉st ❜❡ ❛♠♦♥❣ t❤❡ ♦❜s❡r✈❡❞ s❤♦♣♣❡rs✳

❙❡❝♦♥❞✱ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t❧②✱ ❞❡♠❛♥❞✲❞❡♣♦s✐ts ❤❡r❡ ❛r❡ ♥♦♠✐♥❛❧✱ ✇❤❡r❡❛s ❊♥♥✐s ❛♥❞ ❑❡✐st❡r ✭✷✵✵✾✮

❝♦♥s✐❞❡rs ❛ r❡❛❧ ❜❛♥❦✐♥❣ ♠♦❞❡❧✳ ❍❡r❡✱ ❛❞❞✐t✐♦♥❛❧ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ ❤❛s✱ t❤❡r❡❢♦r❡✱ ❛ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t

♦♥ t❤❡ ♣r✐❝❡ ❧❡✈❡❧✳

❚❤❡ ❛❧❧♦❝❛t✐✈❡ ✇❡❧❢❛r❡ ✭✶✽✮ s❤♦✉❧❞ ❜❡ ✈✐❡✇❡❞ ❛s ♣❛rt ♦❢ ❛ ❧❛r❣❡r ♠❛❝r♦❡❝♦♥♦♠✐❝ ❡♥✈✐r♦♥♠❡♥t✱

✇❤❡r❡ ♣r✐❝❡ st❛❜✐❧✐t② ✐s ❞❡s✐r❛❜❧❡✳ ❋♦r♠❛❧❧② ❛♥❞ ❢♦❧❧♦✇✐♥❣ ❛ ❧❛r❣❡ ♠♦♥❡t❛r② ♣♦❧✐❝② ❧✐t❡r❛t✉r❡✱ ✇❡✱

t❤❡r❡❢♦r❡✱ ❡①♣❛♥❞ t❤❡ ❛❧❧♦❝❛t✐✈❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✶✽✮ ✇✐t❤ ❛ ❝♦♥❝❡r♥ ❢♦r ♣r✐❝❡ st❛❜✐❧✐t②✱ ❡①♣r❡ss❡❞

❤❡r❡ ❜② ❛ q✉❛❞r❛t✐❝ ❧♦ss ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r✐❝❡ P1(n) = nM/y ❞❡✈✐❛t✐♥❣ ❢r♦♠ s♦♠❡ t❛r❣❡t P̄ ✱ ✇❤❡r❡

α ∈ [0, 1] ♣❛r❛♠❡t❡r✐③❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❛❧❧♦❝❛t✐✈❡ ♦❜❥❡❝t✐✈❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t②

✶✾



♦❜❥❡❝t✐✈❡✱

V (y;n, P̄ ) = αW (y;n)− (1− α)
(
P1(n)− P̄

)2
. ✭✶✾✮

❚❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ t✐♠❡✲❝♦♥s✐st❡♥t ❡q✉✐❧✐❜r✐✉♠ ♦r s✉❜❣❛♠❡✲♣❡r❢❡❝t ❡q✉✐❧❜r✐✉♠ ✐s ❝♦♠♣✉t❡❞ ❜②

♠❛①✐♠✐③✐♥❣ t❤✐s ❝❡♥tr❛❧ ❜❛♥❦ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❣✐✈❡♥ n ❛♥❞ t❤❡ ♣r✐❝❡ t❛r❣❡t P̄ ✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ α = 1✱ ♥❡❣❧❡❝t✐♥❣ ❛ ❝♦♥❝❡r♥ ❢♦r ♣r✐❝❡ st❛❜✐❧✐t②✳ ❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

②✐❡❧❞s

u′
(y

n

)

= Ru′
(
R(1− y)

1− n

)

. ✭✷✵✮

❙✉♣♣♦s❡ t❤❛t u(c) ✐s ❈❘❘❆✱ u(c) = (c1−η − 1)/(1− η)✳ ❊q✉❛t✐♦♥ ✭✷✵✮ t❤❡♥ ②✐❡❧❞s

y(n) =
n

n+R(1/η)−1(1− n)
✭✷✶✮

✇❤✐❝❤ ✐s ♥❡✐t❤❡r ❝♦♥st❛♥t ♥♦r ♣r♦♣♦rt✐♦♥❛❧ t♦ n✳ ❚❤❡ ✐♠♣❧✐❡❞ ♣❡r✐♦❞✲✶ ♣r✐❝❡ ❧❡✈❡❧ ✐s

P1(n) =
Mn

y(n)
= (n+R(1/η)−1(1− n))M ✭✷✷✮

❛♥❞ t❤✉s ❛✣♥❡✲❧✐♥❡❛r ✐♥ n✳ ❚❤❡ s✉❜❣❛♠❡✲♣❡r❢❡❝t s♦❧✉t✐♦♥ ✐s r✉♥✲❞❡t❡rr✐♥❣ ❢♦r ❡✈❡r② n < 1✶✹✱ s✐♥❝❡

♣❛t✐❡♥t ❛❣❡♥ts ❛❧✇❛②s r❡❝❡✐✈❡ ♠♦r❡✱ ✐❢ t❤❡② ✇❛✐t ✉♥t✐❧ ♣❡r✐♦❞ ✷✳ ❚❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✷✵✮ ❛♥❞

t❤❡ str✐❝t ❝♦♥❝❛✈✐t② ♦❢ u(·)✱ s✐♥❝❡ R > 1 ❛♥❞ x1 ❛♥❞ x2 ❛r❡ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ u′(·)✳

❚❤❡ s✐t✉❛t✐♦♥ ❝❤❛♥❣❡s✱ ✇❤❡♥ ❛ ❝♦♥❝❡r♥ ❢♦r ♣r✐❝❡ st❛❜✐❧✐t② ✐s ✐♥❝❧✉❞❡❞✱ ✐✳❡✳ ✇❤❡♥ α < 1✳ ❲❤✐❧❡ ✐t ✐s

str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧②✳

❲❡ ❞♦ s♦ ✐♥ ✜❣✉r❡ ✺ ❢♦r ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✇✐t❤ R = 2✱ λ = 0.25 ❛♥❞ ♣✐❝❦✐♥❣ η = 3.25 ❢♦r t❤❡

❈❘❘❆ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u(c) = c1−η/(1− η) s♦ t❤❛t x∗1 = 1.4✳ ❚❤❡ q✉❛♥t✐t② ♦❢ ♠♦♥❡② M = 1.4 t❤❡♥

✐♠♣❧✐❡s t❤❡ ♣❡r✐♦❞✲✶ ♣r✐❝❡ ❧❡✈❡❧ P ∗

1 = 1✱ ✐♥ ❝❛s❡ t❤❛t n = λ✳ ❚❤❡ ♣❧♦t ♦♥ t❤❡ ❧❡❢t ✐♥ ✜❣✉r❡ ✺ s❤♦✇s t❤❡

s✉❜❣❛♠❡✲♣❡r❢❡❝t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s yα(n) ❢♦r t❤❡ t❤r❡❡ ✇❡✐❣❤ts α = {0.1, 0.6, 1}✱ ❛♥❞ t❤❡ ♣❡r✐♦❞✲✶

♣r✐❝❡ t❛r❣❡t P̄ = P ∗

1 ✳ ❚❤❡② ❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r② yd(n)✱ ♣❧♦tt❡❞ ✐♥ r❡❞✳

❆❧❧ s✉❜❣❛♠❡✲♣❡r❢❡❝t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s ❣♦ t❤r♦✉❣❤ t❤❡ ❛❧❧♦❝❛t✐✈❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ y∗ ❛t n = λ✱

s✐♥❝❡ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ t❛r❣❡t P̄ = P ∗

1 ❛t t❤❛t ♣♦✐♥t✶✺✳ ❋♦r α = 1✱ t❤❡ s✉❜❣❛♠❡✲

♣❡r❢❡❝t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐s ❜❡❧♦✇ t❤❡ r❡❞ ❧✐♥❡ ❛♥❞ r✉♥✲♣r♦♦❢✳ ❍♦✇❡✈❡r✱ ❛s α ❞❡❝r❡❛s❡s ❛♥❞ t❤❡

✇❡✐❣❤t ♦♥ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ✐♥❝r❡❛s❡s✱ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ❡✈❡♥t✉❛❧❧② ❝✉ts t❤r♦✉❣❤ ❛♥❞

❡①❝❡❡❞s t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r② ❛t ✈❛❧✉❡s ❜❡❧♦✇ n = 1 ❛s t❤❡ ❧❡❢t ♣❧♦t ♦❢ ✜❣✉r❡ ✺ s❤♦✇s✳ ❚❤✐s ✐s

♠♦r❡ ❝❧❡❛r❧② ✈✐s✐❜❧❡ ✐♥ t❤❡ ♣❧♦t ♦♥ t❤❡ r✐❣❤t ❢♦r ♣❡r✐♦❞✲✶ ♣r✐❝❡s ✐♠♣❧✐❡❞ ❜② t❤❡s❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s✳

❋♦r α = 0.1✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣✉ts ❛ ❧❛r❣❡ ✇❡✐❣❤t ♦♥ st❛❜✐❧✐③✐♥❣ ♣r✐❝❡s✳ ❚❤❡② t❤✉s ❞r♦♣ ❜❡❧♦✇ t❤❡

✶✹❆t n = 1✱ ❢✉❧❧ ❧✐q✉✐❞❛t✐♦♥ y(n) = 1 t❛❦❡s ♣❧❛❝❡✱ ❛♥❞ x2 = 0 < x1 ♣❡r ✭✶✷✮✳
✶✺❚❤✐s ✐s ❛❦✐♥ t♦ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ✏❞✐✈✐♥❡ ❝♦✐♥❝✐❞❡♥❝❡✑ ♦❢ ◆❡✇ ❑❡②♥❡s✐❛♥ ♠♦❞❡❧s ✇❤❡♥ ❛♥ ♦✉t♣✉t ❣❛♣ ♦❢ ③❡r♦ ❝♦✐♥❝✐❞❡s

✇✐t❤ ❛❝❤✐❡✈✐♥❣ t❤❡ ✐♥✢❛t✐♦♥ t❛r❣❡t✳

✷✵
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▲✐q✉✐❞❛t✐♦♥ P♦❧✐❝✐❡s Pr✐❝❡s

❋✐❣✉r❡ ✺✿ s✉❜❣❛♠❡✲♣❡r❢❡❝t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ t❤❡✐r ♣r✐❝✐♥❣ ✐♠♣❧✐❝❛t✐♦♥✱ ✇✐t❤ ❛ ❝♦♠♣❛r✐s✐♦♥ t♦
t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r②✳

♣r✐❝❡ ❜♦✉♥❞❛r② ♥❡❝❡ss❛r② t♦ ❞❡t❡r r✉♥s✱ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ r❡❞ ❧✐♥❡✳ ■♥ s✉♠✱ ✇❤✐❧❡ α = 0.6 st✐❧❧ ②✐❡❧❞s

❛ r✉♥✲♣r♦♦❢ ❧✐q✉✐❞❛t✐♦♥ str❛t❡❣②✱ t❤✐s ✐s ♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ ❢♦r α = 0.1✳

❆ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② t❤✉s ❜❡ ❝♦♥❝❡r♥❡❞ ✐♥ ♣❡r✐♦❞ ✵ ❛❜♦✉t s❡tt✐♥❣ ❛ ♣r✐❝❡ t❛r❣❡t P̄ ❢♦r ♣❡r✐♦❞ ✶✱

✇❤✐❝❤ ♠✐❣❤t ❡s❝❛❧❛t❡ t♦ r✉♥s✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s t♦ s❡t t❤❡ ♣r✐❝❡ t❛r❣❡t P̄ s✉✣❝✐❡♥t❧② ❤✐❣❤ ❡① ❛♥t❡ ✐♥

♣❡r✐♦❞ ✵ ✐♥ ♦r❞❡r t♦ ❞❡t❡r r✉♥s✶✻✳ ❋♦r ❡❛❝❤ α✱ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠❛❧ P̄ (α) ≥ P ∗

1 ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛

s✉❜❣❛♠❡✲♣❡r❢❡❝t r✉♥✲♣r♦♦❢ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳ ❋✐❣✉r❡ ✻ ♣❧♦ts t❤❡ r❡s✉❧ts✶✼✳ ❋♦r α = 1 ❛♥❞ α = 0.6✱

t❤❡ ♣r✐❝❡ ❧❡✈❡❧ P̄ = P ∗

1 ✇♦r❦s ✜♥❡✳ ❍♦✇❡✈❡r✱ ❢♦r α = 0.1✱ t❤❡ ♣r✐❝❡ t❛r❣❡t ♥❡❡❞s t♦ ❜❡ ❛❞❥✉st❡❞

✉♣✇❛r❞s ✐♥ ♦r❞❡r t♦ ❛ss✉r❡ t❤❛t t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r②✱ ♣❧♦tt❡❞ ❛s ❛ r❡❞ ❧✐♥❡✱ ✐s ♥♦ ❧♦♥❣❡r

❝r♦ss❡❞✳ ❇② ❞❡s✐❣♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ♥♦✇ ❛❧❧ ❧✐❡ ❛❜♦✈❡ t❤❡ r✉♥✲❞❡t❡rr✐♥❣ ♣r✐❝❡ ❜♦✉♥❞✱ ♣❧♦tt❡❞

❛s ❛ r❡❞ ❧✐♥❡✱ ❛s t❤❡ r✐❣❤t ♣❧♦t ♦❢ ✜❣✉r❡ ✻ s❤♦✇s✳ ❚❤✐s✱ ❤♦✇❡✈❡r✱ ❝♦♠❡s ❛t ❛ ❝♦st✳ ❆s t❤❡ ❧❡❢t ♣❧♦t

s❤♦✇s✱ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s y(n;α) ♥♦ ❧♦♥❣❡r ❛❝❤✐❡✈❡ t❤❡ ❡✣❝✐❡♥t ♦✉t❝♦♠❡ y∗ ❢♦r n = λ✱ ✇❤❡♥

α = 0.1✳ ◆♦t❡ ❛❧s♦✱ t❤❛t t❤❡ ❧✐q✉✐❞❛t✐♦♥s yα(n) ❛♥❞ ♣r✐❝❡s P1;α(n) ❛r❡ ♥♦ ❧♦♥❣❡r ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s

♦❢ α ❢♦r ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡s ♦❢ n✱ ✐♥ ❝♦♥tr❛st t♦ ✜❣✉r❡ ✺✳

❋✐❣✉r❡ ✼ ❝♦♠♣❛r❡s t❤❡s❡ r✉♥✲♣r♦♦❢ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s ❛t n = λ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ♣r✐❝❡ t❛r❣❡ts

P̄ (α) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t α ♦♥ t❤❡ ❛❧❧♦❝❛t✐✈❡ ♦❜❥❡❝t✐✈❡ ✭✶✽✮✳ ❚❤❡ ❧✐q✉✐❞❛t✐♦♥ ✐♥❝r❡❛s❡s ❛♥❞ t❤❡

♣r✐❝❡ t❛r❣❡t ❞❡❝❧✐♥❡s✱ ✉♥t✐❧ t❤❡② ❡✈❡♥t✉❛❧❧② ❤✐t t❤❡ ❧❡✈❡❧s y∗ ❛♥❞ P ∗ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛❧❧♦❝❛t✐✈❡

❡✣❝✐❡♥t s♦❧✉t✐♦♥✳

✶✻❚❤✐s ♠❛②✱ ❛t ✜rst ❣❧❛♥❝❡✱ ❛♣♣❡❛r t♦ ❜❡ ✐♥❝♦♥s✐st❡♥t ✇✐t❤ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♥❝❡r♥❡❞ ❛❜♦✉t ♣r✐❝❡ st❛❜✐❧✐t②✳ ❍♦✇❡✈❡r✱
♥♦t❡ t❤❛t t❤✐s ♣r✐❝❡ t❛r❣❡t ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ✐♥ ♣❡r✐♦❞ 0✳ ❚❤✉s✱ ✐❢ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ❛r✐s❡s ♦✉t ♦❢ ❝♦sts ❢♦r
❛❞❥✉st✐♥❣ ♣r✐❝❡s ❜❡t✇❡❡♥ t❤❡ ✉♥♠♦❞❡❧❧❡❞ ♠❛r❦❡t ✐♥ ♣❡r✐♦❞ ✵ ❛♥❞ ♣❡r✐♦❞ ✶✱ ♣r✐❝❡s ✐♥ ♣❡r✐♦❞ ✵ s✐♠♣❧② ♥❡❡❞ t♦ ❜❡ s❡t
❤✐❣❤ ❡♥♦✉❣❤✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❛❞❥✉st t❤❡ ♠♦♥❡② s✉♣♣❧② t♦ ♠❛❦❡ P̄ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ s♦♠❡ ❛ ♣r✐♦r✐
❣✐✈❡♥ ♣r✐❝❡ ❧❡✈❡❧✿ ✐t ✐s ♦♥❧② P ✐♥ r❡❧❛t✐♦♥s❤✐♣ t♦ M t❤❛t ♠❛tt❡rs✳

✶✼❋♦r ♥✉♠❡r✐❝❛❧ r❡❛s♦♥s✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✈✐♦❧❛t❡s t❤❡ st❛❜✐❧✐t② ❧✐♠✐t ❛t s♦♠❡ n ≤ 0.99✳
❊❝♦♥♦♠✐❝❛❧❧②✱ ♦♥❡ ♠❛② ✐♥t❡r♣r❡t t❤✐s ❛s ❛ r❡str✐❝t✐♦♥ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ♥♦t ✇♦rr✐❡❞ ❛❜♦✉t ❛ r✉♥ ✐❢ ✐t t❛❦❡s ♠♦r❡
t❤❛♥ n = 0.99 ❛❣❡♥ts t♦ s♣❡♥❞ ✐♥ ♣❡r✐♦❞ ✶ ✐♥ t❤❡ ✜rst ♣❧❛❝❡ t♦ ♠❛❦❡ ✐t s✉st❛✐♥❛❜❧❡✳

✷✶
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▲✐q✉✐❞❛t✐♦♥ P♦❧✐❝✐❡s Pr✐❝❡s P1(n)

❋✐❣✉r❡ ✻✿ s✉❜❣❛♠❡✲♣❡r❢❡❝t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ t❤❡✐r ♣r✐❝✐♥❣ ✐♠♣❧✐❝❛t✐♦♥✱ ✇✐t❤ ❛ ❝♦♠♣❛r✐s✐♦♥ t♦
t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r②✱ ✇❤❡♥ P̄ ✐s s❡t ♠✐♥✐♠❛❧❧② s♦ t❤❛t t❤❡ ❧✐q✉✐❞❛t✐♦♥ ✐s r✉♥✲♣r♦♦❢ ❢♦r n < 1✳
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▲✐q✉✐❞❛t✐♦♥ P♦❧✐❝✐❡s ❛t n = λ Pr✐❝❡ t❛r❣❡t P̄ (α)

❋✐❣✉r❡ ✼✿ ❆❞❥✉st♠❡♥t ♦❢ t❤❡ ♣r✐❝❡ t❛r❣❡t P̄ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t ♦♥ t❤❡ ❛❧❧♦❝❛t✐✈❡ ❡✣❝✐❡♥❝② ❣♦❛❧
✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ r✉♥✲❞❡t❡rr✐♥❣ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐♥ t❤❡ s✉❜❣❛♠❡✲♣❡r❢❡❝t ❡q✉✐❧✐❜r✐✉♠✱ ♣r♦✈✐❞❡❞
t❤❛t n < 1✳ ❚❤❡ ❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡s s❤♦✇ t❤❡ ❡①✲❛♥t❡ ❡✣❝✐❡♥t ❧✐q✉✐❞❛t✐♦♥ ❧❡✈❡❧ y∗ = λx∗1 ❛♥❞ ♣❡r✐♦❞✲✶
♣r✐❝❡ P ∗

1 ✳

❚❤❡ ❧✐♠✐t α → 0 ✐s ♣❛rt✐❝✉❧❛r❧② ❝❧❡❛♥ t♦ ❛♥❛❧②③❡✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s ❜❡❝♦♠❡

❧✐♥❡❛r ✉♥t✐❧ t❤❡② ❤✐t ❢✉❧❧ ❧✐q✉✐❞❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r❡❝✐s❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡

♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ✐s ♥♦t ✐♠♣♦rt❛♥t ❛s ❧♦♥❣ ❛s t❤❡ s❛♠❡ ❧✐♠✐t ✐s r❡❛❝❤❡❞✳ ❲❡ ❛♥❛❧②③❡ t❤❡s❡

♣♦❧✐❝✐❡s ✐♥ t❤❡ ♥❡①t t✇♦ s✉❜s❡❝t✐♦♥s✳

✷✷



✺✳✷ ❋✉❧❧ ♣r✐❝❡ st❛❜✐❧✐t②

❉❡✜♥✐t✐♦♥ ✻✳ ❲❡ ❝❛❧❧ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝②

✭✐✮ P1✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ✐t ❛❝❤✐❡✈❡s P1(n) ≡ P ❢♦r t❤❡ ♣r✐❝❡ ❧❡✈❡❧ t❛r❣❡t P ✱ ❢♦r ❛❧❧ s♣❡♥❞✐♥❣

❜❡❤❛✈✐♦r n ∈ [λ, 1]✳

✭✐✐✮ ♣r✐❝❡✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ✐t ✐s P1✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ❛♥❞ ✐❢ ✐t ❛❝❤✐❡✈❡s P2(n) ≡ P ❢♦r ❛❧❧

s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r n ∈ [λ, 1)✳

❋♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r✐❝❡✲st❛❜❧❡ ♣♦❧✐❝②✱ ✇❡ ❡①❝❧✉❞❡ t❤❡ t♦t❛❧ r✉♥ n = 1✱ ❜② ❛❜s❡♥❝❡ ♦❢ ❛ ❞❡♠❛♥❞

❢♦r ❣♦♦❞s ✐♥ t = 2✱ s❡❡ ❞❡✜♥✐t✐♦♥ ✽✳ ■♥ ♦✉r ❞❡✜♥✐t✐♦♥✱ ♣r✐❝❡ st❛❜✐❧✐t② ❤❡r❡ ✐s tr❡❛t❡❞ ❛s ❛ ♠❛♥❞❛t❡

❛♥❞ ❝♦♠♠✐t♠❡♥t t♦ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ P ❡✈❡♥ ❢♦r ♦✛✲❡q✉✐❧✐❜r✐✉♠ r❡❛❧✐③❛t✐♦♥s ♦❢ n✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱

♣r✐❝❡ st❛❜✐❧✐t② ❛t s♦♠❡ ❧❡✈❡❧ P ✐♠♣❧✐❡s P1✲st❛❜✐❧✐t② ❛t P ✳ ❍❡♥❝❡✱ t❤❡ s❡❝♦♥❞ ♣r✐❝❡ st❛❜✐❧✐t② ❝r✐t❡r✐♦♥

✐s str♦♥❣❡r✳

❲❤❛t ❝♦♥str❛✐♥ts ❞♦❡s t❤❡ ♣r✐❝❡ st❛❜✐❧✐t② ♦❜❥❡❝t✐✈❡ ✐♠♣♦s❡ ♦♥ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝②❄

Pr♦♣♦s✐t✐♦♥ ✼ ✭P♦❧✐❝② ✉♥❞❡r ❋✉❧❧ Pr✐❝❡ ❙t❛❜✐❧✐t②✮✳ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✐s✿

✭✐✮ P1✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② s❛t✐s✜❡s✿

y(n) =
M

P
n, ❢♦r ❛❧❧ n ∈ [0, 1] ✭✷✸✮

✐♠♣❧②✐♥❣ ❛ r❡❛❧ ✐♥t❡r✐♠ ❛❧❧♦❝❛t✐♦♥✿

x1(n) ≡ x1 =
M

P
≤ 1. ✭✷✹✮

✭✐✐✮ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✐s ♣r✐❝❡✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② s❛t✐s✜❡s

❡q✉❛t✐♦♥ ✭✷✸✮✱ ✐ts ♣r✐❝❡ ❧❡✈❡❧ s❛t✐s✜❡s ✭✷✹✮✱ ❛♥❞ ✐ts ✐♥t❡r❡st ♣♦❧✐❝② s❛t✐s✜❡s✿

i(n) =
P
M − n

1− n
R− 1, ❢♦r n < 1 ✭✷✺✮

❆ ♣r✐❝❡✲st❛❜❧❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✭✷✸✮ r❡q✉✐r❡s ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ ✐♥ ❝♦♥st❛♥t ♣r♦♣♦rt✐♦♥ t♦ ❛❣❣r❡✲

❣❛t❡ s♣❡♥❞✐♥❣ ❢♦r ❛❧❧ n ∈ [0, 1]❀ s❡❡ t❤❡ ❣r❡❡♥ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✽❛✱ ✇❤❡r❡ ✇❡ ♣❧♦t y(n) ❢♦r ♣❛rt✐❛❧ ✈❡rs✉s

❢✉❧❧ ♣r✐❝❡✲st❛❜❧❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❛❧ ❝♦♥s✉♠♣t✐♦♥ x1✱ ❛♥❞

t❤❡r❡❢♦r❡ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❈❇❉❈ ❜❛❧❛♥❝❡s ❛r❡ ❝♦♥st❛♥t✱ r❡❣❛r❞❧❡ss ♦❢ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r✳

❚❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥✱ ❤♦✇❡✈❡r✱ ✉♥❞❡r❝✉ts 1 ❞✉❡ t♦ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t✱ s✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❝❛♥♥♦t ❧✐q✉✐❞❛t❡ ♠♦r❡ t❤❛♥ t❤❡ ❡♥t✐r❡ ✐♥✈❡st♠❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ❢✉❧❧② ♣r✐❝❡ st❛❜❧❡ ♣♦❧✐❝② ❝❛♥

♥❡✈❡r ✐♠♣❧❡♠❡♥t t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✳ ❇② ❡q✉❛t✐♦♥ ✭✷✹✮ ❛♥❞ ❛❣❛✐♥ ❞✉❡ t♦ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t✱

❢♦r ❛ ❣✐✈❡♥ ♠♦♥❡② s✉♣♣❧② M ✱ ♦♥❧② ♣r✐❝❡ ❧❡✈❡❧s P̄ ≥ M ❝❛♥ ❜❡ P1✲ st❛❜❧❡ ♦r ♣r✐❝❡✲st❛❜❧❡✳ ❚❤❡ s❧♦♣❡

♦❢ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐s✱ t❤✉s✱ ❡q✉❛❧ t♦ ♦r ❜❡❧♦✇ 1✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ r❛t✐♦♥✐♥❣ ♣r♦❜❧❡♠ s❤♦✇s
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λ
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price stability

y(n) for partial

price stability

λ x1

✭❛✮ P❛rt✐❛❧ ✈s✳ ❢✉❧❧ ♣r✐❝❡✲st❛❜❧❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐✲
❝✐❡s
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)

Comparing liquidation policies

y

✭❜✮ Pr✐❝❡✲st❛❜❧❡ ✈❡rs✉s r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝②

❋✐❣✉r❡ ✽✿ ❋✉❧❧② ♣r✐❝❡✲st❛❜❧❡ ♣♦❧✐❝✐❡s ❛r❡ r✉♥✲❞❡t❡rr✐♥❣ ✭❜❡❧♦✇ t❤❡ r❡❞ ❧✐♥❡✮ ❜✉t ❞♦ ♥♦t r❡❛❝❤ t❤❡ s♦❝✐❛❧
♦♣t✐♠✉♠ y∗✳ P❛rt✐❛❧❧② ♣r✐❝❡ st❛❜❧❡ ♣♦❧✐❝✐❡s ✭✇❤✐❝❤ ❛r❡ ♥♦t ❢✉❧❧② ♣r✐❝❡ st❛❜❧❡✮ ❛r❡ ♥♦t r✉♥✲❞❡t❡rr✐♥❣
❜✉t ❝❛♥ r❡❛❝❤ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✳ ❘✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝✐❡s ❝❛♥♥♦t ❜❡ ❢✉❧❧② ♣r✐❝❡ st❛❜❧❡ ✇❤✐❧❡ r❡❛❝❤✐♥❣
t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✱ s✐♥❝❡ ❛❧❧ ❢✉❧❧② ♣r✐❝❡ st❛❜❧❡ ♣♦❧✐❝✐❡s ♠✉st ❜❡ ❧✐♥❡❛r ✐♥ t❤❡ s♣❡♥❞✐♥❣ ❧❡✈❡❧ n ✇❤✐❧❡
❤❛✈✐♥❣ ❛ s❧♦♣❡ ❜❡❧♦✇ ♦r ❡q✉❛❧ t♦ ♦♥❡✳

✉♣ ✐♥❞✐r❡❝t❧② t❤r♦✉❣❤ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ❛❧❧ ♣♦ss✐❜❧❡ ♣r✐❝❡✲st❛❜❧❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝✐❡s✱ ✐♠♣♦s✐♥❣ ❛

❧♦✇ ❣♦♦❞s ♣r♦✈✐s✐♦♥ ♣❡r r❡❛❧✐③❡❞ s♣❡♥❞✐♥❣ ❧❡✈❡❧✳

❚❤❡r❡ ✐s ❛ ❝❛✈❡❛t ❤❡r❡✳ ❙❤♦✉❧❞ ❛❣❡♥ts ❜❡ ❛❜❧❡ t♦ ♦♣❡r❛t❡ t❤❡ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ♦♥ t❤❡✐r

♦✇♥✱ t❤❡♥ t❤❡② ❝❛♥ ❛❧✇❛②s ❛ss✉r❡ t❤❡♠s❡❧✈❡s ❛ r❡❛❧ ♣❛②♦✛ ♦❢ 1 ✐♥ ♣❡r✐♦❞ t = 1 ❢♦r ❡✈❡r② ❣♦♦❞ st♦r❡❞

✐♥ ♣❡r✐♦❞ t = 0✳ ❚❤✉s✱ t❤❡ ♦♥❧② ❈❇❉❈ ❝♦♥tr❛❝t t❤❛t ♣r❡✈❛✐❧s ✉♥❞❡r ✈♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥ ✇♦✉❧❞

❜❡ ❛ ✏❣r❡❡♥ ❧✐♥❡✑ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ t❤❡ ✹✺✲❞❡❣r❡❡ ❧✐♥❡ ❛♥❞ ❛ s❧♦♣❡ ♦❢ ✶✱ ✐✳❡✳ P̄ = M ✳ ❙❧♦♣❡s ❜❡❧♦✇ ✶ ❛r❡

❛❣r❡❡❛❜❧❡✱ ❤♦✇❡✈❡r✱ ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s t❤❡ ♦♥❧② ❡♥t✐t② ❝❛♣❛❜❧❡ ♦❢ ♦♣❡r❛t✐♥❣ t❤❡ r❡❛❧ ♣r♦❞✉❝t✐♦♥

t❡❝❤♥♦❧♦❣② ♦r t❤❡ ♦♥❧② ❡♥t✐t② ❝❛♣❛❜❧❡ ♦❢ ✐♥t❡r♠❡❞✐❛t✐♦♥ ✇✐t❤ ♦♣❡r❛t♦rs ♦❢ t❤❛t t❡❝❤♥♦❧♦❣②✳ ❚❤❡ ❝❛s❡

P̄ = M ✐s ❢✉rt❤❡r s♣❡❝✐❛❧ s✐♥❝❡ ✐t ✐s t❤❡ ♦♥❧② P1✲ st❛❜❧❡ ♣r✐❝❡ ❧❡✈❡❧ t❛r❣❡t ❛t ✇❤✐❝❤ t❤❡ r✉♥ ❡q✉✐❧✐❜r✐✉♠

♦❝❝✉rs s✐♥❝❡ s♣❡♥❞✐♥❣ ❜② ❛❧❧ ❛❣❡♥ts ✐♠♣❧✐❡s ❛ t♦t❛❧ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ y(1) = 1 = yd(1)✳

❚❤✐s ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t ♣r♦✈✐❞❡s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ♦✉r tr✐❧❡♠♠❛✿

❈♦r♦❧❧❛r② ✽ ✭❚r✐❧❡♠♠❛ ♣❛rt ■■ ✲ ◆♦ ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣✮✳ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♠♠✐ts t♦ ❛ P1✲

st❛❜❧❡ ♣♦❧✐❝②✱ t❤❡♥✿

✭✐✮ ❖♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ✐s ♥❡✈❡r ✐♠♣❧❡♠❡♥t❡❞✳

✭✐✐✮ ■❢ P̄ > M ✱ t❤❡♥ t❤❡ ♥♦✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s✳ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡

❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ♦♥❧② ✐♠♣❛t✐❡♥t ❛❣❡♥ts s♣❡♥❞✱ n∗ = λ✳ ❚❤❡r❡ ❛r❡ ♥♦ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥ ❡q✉✐❧✐❜r✐❛✳

✭✐✐✐✮ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦♠♠✐ts t♦ ❛ ♣r✐❝❡✲st❛❜❧❡ ♣♦❧✐❝②✱ t❤❡♥ t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ✐♥❝r❡❛s❡s ✐♥

n ❛♥❞ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ i(n) ≥ 0 ❢♦r ❛❧❧ n ∈ [λ, 1]✳

■♥t✉✐t✐✈❡❧②✱ ♥♦ r✉♥s t❛❦❡ ♣❧❛❝❡ ✉♥❞❡r ❛ P1✲st❛❜❧❡ ♣♦❧✐❝② s✐♥❝❡ t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ✐♥ t = 1 ✐s t♦♦

✷✹



❧♦✇✱ ❝❛✉s✐♥❣ ❛❧❧ ♣❛t✐❡♥t ❛❣❡♥ts t♦ ♣r❡❢❡r s♣❡♥❞✐♥❣ ❧❛t❡✳

✺✳✸ P❛rt✐❛❧ ♣r✐❝❡ st❛❜✐❧✐t②

❲❤✐❧❡ ♣r✐❝❡ st❛❜✐❧✐t② ❛♥❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥s ❛r❡ ❞❡s✐r❛❜❧❡✱ t❤❡ s❧♦♣❡ ❝♦♥str❛✐♥t ✭✷✹✮

❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t ❢❛✐❧✉r❡ t♦ ✐♠♣❧❡♠❡♥t ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ❛❧❧♦❝❛t✐♦♥s ✐s ♥♦t✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥

♦❢ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐s ✐♠♣♦ss✐❜❧❡ ✉♥❞❡r ❢✉❧❧ ♣r✐❝❡ st❛❜✐❧✐t②✳ ❘❡❝❛❧❧ t❤❛t ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ❛t

x∗1 > 1 tr✐❣❣❡rs ♣♦t❡♥t✐❛❧ ❜❛♥❦ r✉♥s ✐♥ ♠♦❞❡❧s ♦❢ t❤❡ ❉✐❛♠♦♥❞✲❉②❜✈✐❣ ✈❛r✐❡t②✿ t❤✉s✱ ♣❛rt ✭✐✐✮ ♦❢

t❤❡ ♣r♦♣♦s✐t✐♦♥ ❛❜♦✈❡ s❤♦✉❧❞ ♥♦t ❜❡ ❛ s✉r♣r✐s❡✳ ❉❡♠❛♥❞✐♥❣ ♣r✐❝❡ st❛❜✐❧✐t② ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ s♣❡♥❞✐♥❣

r❡❛❧✐③❛t✐♦♥s ♦❢ n ✐s t❤✉s t♦♦ str✐♥❣❡♥t✳ ❋♦r ❛tt❛✐♥✐♥❣ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✱ ✇❡ t❤❡r❡❢♦r❡ ❡①❛♠✐♥❡ ❛

♠♦r❡ ♠♦❞❡st ❣♦❛❧✿ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② st✐❧❧ ✇✐s❤ t♦ ❡♥s✉r❡ ♣r✐❝❡ st❛❜✐❧✐t②✱ ❜✉t ♠❛② ❞❡✈✐❛t❡ ❢r♦♠ ✐ts

❣♦❛❧ ✐♥ t✐♠❡s ♦❢ ❝r✐s❡s✳ ❲❡ ❝❛♣t✉r❡ t❤✐s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✾✳ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✐s

✭✐✮ ♣❛rt✐❛❧❧② P1✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ❢♦r ❛❧❧ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r n ∈ [λ, 1]✱ ❡✐t❤❡r t❤❡ ♣♦❧✐❝② ❛tt❛✐♥s

t❤❡ t❛r❣❡t P1(n) = P ❢♦r s♦♠❡ ♣r✐❝❡ ❧❡✈❡❧ t❛r❣❡t P ✱ ♦r ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ s❛t✐s✜❡s n > P̄/M ✳ ■♥

t❤❡ ❧❛tt❡r ❝❛s❡✱ ✇❡ r❡q✉✐r❡ ❢✉❧❧ ❧✐q✉✐❞❛t✐♦♥✱ y(n) = 1✳

✭✐✐✮ ♣❛rt✐❛❧❧② ♣r✐❝❡✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ❢♦r ❛❧❧ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r n ∈ [λ, 1]✱ ❡✐t❤❡r t❤❡ ♣♦❧✐❝②

❛❝❤✐❡✈❡s P1(n) = P2(n) = P ❢♦r s♦♠❡ ♣r✐❝❡ ❧❡✈❡❧ t❛r❣❡t P ✱ ♦r ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ s❛t✐s✜❡s n >

P̄/M ✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ✇❡ r❡q✉✐r❡ y(n) = 1✳

❚❤❡ ✐❞❡❛ ♦❢ t❤✐s ❞❡✜♥✐t✐♦♥ ✐s✱ ❢♦r ❛ ❣✐✈❡♥ s♣❡♥❞✐♥❣ r❡❛❧✐③❛t✐♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ tr✐❡s t♦ ❛tt❛✐♥ t❤❡

t❛r❣❡t ♣r✐❝❡ ❧❡✈❡❧ ✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✳ ❲❤❡♥ s♣❡♥❞✐♥❣ ✐s✱ ❤♦✇❡✈❡r✱ t♦♦ ❤✐❣❤✱ t❤❡ ♣r✐❝❡ t❛r❣❡t ❝❛♥ ♥♦

❧♦♥❣❡r ❜❡ r❡❛❝❤❡❞ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❧✐q✉✐❞❛t❡s ❛❧❧ ❛ss❡ts✳ ❋♦r ❛ ❣r❛♣❤✐❝❛❧ ✐❧❧✉str❛t✐♦♥✱

s❡❡ t❤❡ ❜❧✉❡ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✽❛✳ ❖❜✈✐♦✉s❧②✱ P1✲st❛❜❧❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝✐❡s ❛r❡ ❛❧s♦ ♣❛rt✐❛❧❧② P1✲st❛❜❧❡✱

❛♥❞ ♣r✐❝❡✲st❛❜❧❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝✐❡s ❛r❡ ❛❧s♦ ♣❛rt✐❛❧❧② ♣r✐❝❡✲st❛❜❧❡✳

❘❡❝❛❧❧ t❤❛t ♦♥❧② ♣r✐❝❡ ❧❡✈❡❧s ❛❜♦✈❡ t❤❡ ♠♦♥❡② s✉♣♣❧② P ≥ M ❝❛♥ ❛tt❛✐♥ ❢✉❧❧ ♣r✐❝❡ st❛❜✐❧✐t②✳

❲❡ t❤❡r❡❢♦r❡ ♥♦✇ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❧♦✇❡r ♣r✐❝❡ ❧❡✈❡❧s M > P ✱ s✐♥❝❡ ❛tt❛✐♥✐♥❣ ♦♣t✐♠❛❧✐t② r❡q✉✐r❡s

1 < x∗1 = M/P̄ ✳ ❲❡ ❛❞❞✐t✐♦♥❛❧❧② ❡♥❝♦✉♥t❡r ❛ ✭✇❡❛❦❡r✮ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥t ❢♦r ♣❛rt✐❛❧❧② ♣r✐❝❡✲st❛❜❧❡

♣♦❧✐❝✐❡s✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥♥♦t ❧✐q✉✐❞❛t❡ ♠♦r❡ t❤❛♥ t❤❡ ❡♥t✐r❡ ❛ss❡t✱ y(n) = x1n ∈ [0, 1] ❢♦r

❛❧❧ n ∈ [λ, 1]✱ ✐t ❢❛❝❡s t❤❡ ❝♦♥str❛✐♥t λx1 ≤ 1✳ ❋❡❛s✐❜✐❧✐t②✱ t❤❡r❡❢♦r❡✱ ✐♠♣❧✐❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ❛❧❧

♣♦ss✐❜❧❡ ♣❛rt✐❛❧❧② st❛❜❧❡ ♣r✐❝❡ ❧❡✈❡❧s✱ P ≥ λM ✳ P❛rt✐❛❧ ♣r✐❝❡ st❛❜✐❧✐t② r❡str✐❝ts ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝✐❡s

t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

Pr♦♣♦s✐t✐♦♥ ✶✵ ✭P♦❧✐❝② ✉♥❞❡r P❛rt✐❛❧ Pr✐❝❡✲❙t❛❜✐❧✐t②✮✳ ❙✉♣♣♦s❡ t❤❛t M > P ≥ λM ✳

✭✐✮ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✐s ♣❛rt✐❛❧❧② P1✲st❛❜❧❡ ❛t ❧❡✈❡❧ P ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②

s❛t✐s✜❡s✿

y(n) = min

{
M

P
n, 1

}

. ✭✷✻✮

✷✺



✭✐✐✮ ❋♦r ❡✈❡r② ♣❛rt✐❛❧❧② P1✲st❛❜❧❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ❛t ❧❡✈❡❧ P ✱ t❤❡r❡ ❡①✐sts ❛ ❝r✐t✐❝❛❧ ❛❣❣r❡❣❛t❡

s♣❡♥❞✐♥❣ ❧❡✈❡❧ nc ≡
P
M ∈ (0, 1) s✉❝❤ t❤❛t

✭✐✐✳❛✮ ❋♦r ❛❧❧ n ≤ nc✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐s st❛❜❧❡ ❛t P1(n) = P ❛♥❞ t❤❡ r❡❛❧ ❣♦♦❞s ♣✉r❝❤❛s❡❞ ♣❡r

❛❣❡♥t ✐♥ ♣❡r✐♦❞ t = 1 ❡q✉❛❧ x1(n) = x1 = M
P

> 1 ✇❤✐❧❡ r❡❛❧ ❣♦♦❞s ♣✉r❝❤❛s❡❞ ♣❡r ❛❣❡♥t ✐♥

♣❡r✐♦❞ t = 2 ❡q✉❛❧ x2(n) = R(1− x1n)/(1− n)✳

✭✐✐✳❜✮ ❋♦r s♣❡♥❞✐♥❣ n > nc✱ t❤❡ r❡❛❧ ❣♦♦❞s ♣✉r❝❤❛s❡❞ ♣❡r ❛❣❡♥t ✐♥ ♣❡r✐♦❞ t = 1 ❡q✉❛❧ x1(n) = 1/n

✇❤✐❧❡ x2(n) = 0 ❛♥❞ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ P1(n) ♣r♦♣♦rt✐♦♥❛❧❧② ✐♥❝r❡❛s❡s ✇✐t❤ t♦t❛❧ s♣❡♥❞✐♥❣ n✿

P1(n) = Mn✳

✭✐✐✐✮ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✐s ♣❛rt✐❛❧❧② ♣r✐❝❡✲st❛❜❧❡ ❛t P ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② s❛t✐s✜❡s

❡q✉❛t✐♦♥ ✭✷✻✮ ❛♥❞ ✐ts ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝② s❛t✐s✜❡s✿

i(n) =
P
M − n

1− n
R− 1, ❢♦r ❛❧❧ n ≤ nc. ✭✷✼✮

❋♦r n > nc✱ t❤❡r❡ ✐s ♥♦ s✉♣♣❧② ♦❢ r❡❛❧ ❣♦♦❞s ✐♥ t = 2✳ ❚❤✉s✱ P2 = ∞ ❛♥❞ i(n) ✐s ✐rr❡❧❡✈❛♥t✳

✭✐✈✮ ❋♦r ❛ ♣❛rt✐❛❧❧② ♣r✐❝❡✲st❛❜❧❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ❛t P ✱ t❤❡r❡ ❡①✐sts ❛ s♣❡♥❞✐♥❣ ❧❡✈❡❧

n0 =
R P

M − 1

R− 1
=

Rnc − 1

R− 1
∈ [0, nc), ✭✷✽✮

s✉❝❤ t❤❛t t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ t✉r♥s ♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ n ∈ (n0, nc)✳ ❋♦r R < M/P ✱ t❤❡

♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ✐s ♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ n ∈ [0, nc)✳

Pr♦♣♦s✐t✐♦♥ ✶✵ r❡✢❡❝ts t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❝❛♣❛❝✐t② t♦ ❦❡❡♣ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ❛♥❞ t❤❡ r❡❛❧ ✐♥t❡r✐♠

❛❧❧♦❝❛t✐♦♥ x1 st❛❜❧❡ ❢♦r s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r ❜❡❧♦✇ t❤❡ ❝r✐t✐❝❛❧ ❧❡✈❡❧ nc✳ ■♥❞❡❡❞✱ t❤❡ ♣❛rt✐❛❧ ♣r✐❝❡

st❛❜✐❧✐t② ♣♦❧✐❝② ♠❛② ❛r✐s❡ ♥♦t ❢r♦♠ ❛ ❝♦♥❝❡r♥ r❡❣❛r❞✐♥❣ ❦❡❡♣✐♥❣ ♣r✐❝❡s st❛❜❧❡✱ ❜✉t r❛t❤❡r ❢r♦♠ ❛

❝♦♠♠✐t♠❡♥t ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ♦✛❡r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ x∗1 t♦ ❛❧❧ n ❛❣❡♥ts s❤♦♣♣✐♥❣ ✐♥

♣❡r✐♦❞ t = 1✿ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐s t❤❡♥ y(n) = min{1, nx∗1}✳ ❚❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡ ❧❡✈❡❧

r❡q✉✐r❡s t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♦❢ r❡❛❧ ✐♥✈❡st♠❡♥t ♣r♦♣♦rt✐♦♥❛❧❧② t♦ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜② ❢❛❝t♦r M/P ✳ ❆t

t❤❡ ❝r✐t✐❝❛❧ s♣❡♥❞✐♥❣ ❧❡✈❡❧ nc✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❢♦r❝❡❞ t♦ ❧✐q✉✐❞❛t❡ t❤❡ ❡♥t✐r❡ ❛ss❡t t♦ ♠❛✐♥t❛✐♥ t❤❡

♣r✐❝❡ ❧❡✈❡❧ P1 ❛t t❤❡ t❛r❣❡t✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥♥♦t ❧✐q✉✐❞❛t❡ ♠♦r❡ t❤❛♥ ✐ts ❡♥t✐r❡ ✐♥✈❡st♠❡♥t✱

♣r✐❝❡ ❧❡✈❡❧ st❛❜✐❧✐③❛t✐♦♥ ✈✐❛ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ ❜❡❝♦♠❡s ✐♠♣♦ss✐❜❧❡ ❛s s♣❡♥❞✐♥❣ ❡①❝❡❡❞s t❤❡ ❝r✐t✐❝❛❧

❧❡✈❡❧ nc✳ ❋♦r ❛❧❧ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r n > nc✱ t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ t♦ ❧❛t❡ s♣❡♥❞✐♥❣ ❛❣❡♥ts ✐s t❤✉s ③❡r♦✳

❙✐♥❝❡ ❧✐q✉✐❞❛t✐♦♥ ❝❛♥ ♥♦ ❧♦♥❣❡r ✐♥❝r❡❛s❡✱ r❛t✐♦♥✐♥❣ ♦❢ r❡❛❧ ❣♦♦❞s ♦❝❝✉rs ✐♥ t = 1✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡

♣r✐❝❡ ❧❡✈❡❧ ❤❛s t♦ r✐s❡ ✐♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣✳ ❙✐♥❝❡ t❤❡ ❣♦♦❞s s✉♣♣❧② ✐♥ t = 2 ✐s ③❡r♦✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧

✐♥ t = 2 ❡①♣❧♦❞❡s✳ ❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ ❤❡r❡✱ t❤❛t t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ✐♥ t = 2 ❝❛♥ ❜❡ ♠❛✐♥t❛✐♥❡❞ ✇❤❡♥

s❡tt✐♥❣ ❛ ♥❡❣❛t✐✈❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ❛t i(n) = −1✳ ❚❤❛t ✇♦✉❧❞ ✐♠♣❧② t❤❛t ③❡r♦ ❈❇❉❈ ❜❛❧❛♥❝❡s

♠❡❡t ③❡r♦ ❣♦♦❞s ✐♥ t❤❡ ♠❛r❦❡t✳ ❇✉t t❤❛t ✇♦✉❧❞ ❥✉st ❜❡ ✇✐♥❞♦✇ ❞r❡ss✐♥❣✳

✷✻



❚❤❡ s♣❡♥❞✐♥❣ ❧❡✈❡❧ n0 < nc ✐s t❤❡ ❧❡✈❡❧ ❛t ✇❤✐❝❤ t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ t♦ ❡❛r❧② ❛♥❞ ❧❛t❡ s♣❡♥❞❡rs ✐s

❥✉st ❡q✉❛❧

x1(n0) = x2(n0) = x̄1. ✭✷✾✮

❚❤❡r❡❢♦r❡✱ n0 ✐s t❤❡ s♣❡♥❞✐♥❣ ❧❡✈❡❧ ❛t ✇❤✐❝❤ t❤❡ r❡❞ ❛♥❞ t❤❡ ❜❧✉❡ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✽❜ ✐♥t❡rs❡❝t✱ ❛♥❞

t❤✉s ❛ ♣❛rt✐❛❧ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✳ ◆♦t✐❝❡ t❤❛t x2(n) ❞❡❝❧✐♥❡s ✐♥ n ❢♦r n ∈ [0, nc]✳ ❚❤✉s✱ ✐❢ ❢❡✇❡r

t❤❛♥ ♠❡❛s✉r❡ n0 ♦❢ ❛❣❡♥ts s♣❡♥❞✱ t❤❡♥ ♥♦t s♣❡♥❞✐♥❣ ❡❛r❧②✱ ✐✳❡✳ ❵r♦❧❧ ♦✈❡r✬ ✐s ♦♣t✐♠❛❧ ❢♦r ♣❛t✐❡♥t

❛❣❡♥ts✳ ❇✉t ❢♦r ❛❧❧ s♣❡♥❞✐♥❣ r❡❛❧✐③❛t✐♦♥s n > n0✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛t t = 2 ✉♥❞❡r❝✉ts t❤❡ ❛❧❧♦❝❛t✐♦♥

❛t t = 1✿ x2(n) < x1(n)✱ t✉r♥✐♥❣ t❤❡ r❡❛❧ ✐♥t❡r❡st r❛t❡ ♦♥ t❤❡ ❈❇❉❈ ♥❡❣❛t✐✈❡✱ ❛♥❞ ❝❛✉s✐♥❣ ✏s♣❡♥❞

❡❛r❧②✑ t♦ ❜❡ ❛ ♣❛t✐❡♥t ❛❣❡♥t✬s ♦♣t✐♠❛❧ r❡s♣♦♥s❡ t♦ ❛♥ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r ✐♥ ❡①❝❡ss ♦❢ n0✳

❈♦♥s❡q✉❡♥t❧②✱ s❡❧❢✲❢✉❧✜❧❧✐♥❣ r✉♥s ❛r❡ ♣♦ss✐❜❧❡ ❛s ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✿

❈♦r♦❧❧❛r② ✶✶ ✭❚r✐❧❡♠♠❛ ♣❛rt ■■■✲ ❘✉♥s ♦♥ t❤❡ ❈❡♥tr❛❧ ❇❛♥❦ ✭❋r❛❣✐❧✐t②✮✮✳ ❯♥❞❡r ❡✈❡r② ♣❛rt✐❛❧❧②

P1✲st❛❜❧❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ✇✐t❤ M > P ≥ λM ✱ t❤❡r❡ ✐s ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡q✉✐❧✐❜r✐❛✿

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❣♦♦❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ♦♥❧② ✐♠♣❛t✐❡♥t ❛❣❡♥ts s♣❡♥❞✱ n∗ = λ✳ ■♥ t❤❛t ❝❛s❡✱

t❤❡r❡ ✐s ♥♦ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐s ❛tt❛✐♥❡❞ ❛♥❞ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ t❛r❣❡t

✐s ❛tt❛✐♥❡❞✱ P1 = P ✳

✭✐✐✮ ❚❤❡r❡ ❛❧s♦ ❡①✐sts ❛ ❜❛❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❛ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥ ♦❝❝✉rs✱ n∗ = 1✱ t❤❡ s♦❝✐❛❧

♦♣t✐♠✉♠ ✐s ♥♦t ❛tt❛✐♥❡❞✱ ❛♥❞ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ t❛r❣❡t ✐s ♠✐ss❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✵ ✐s ✐♥ ♠❛r❦❡❞ ❝♦♥tr❛st t♦ Pr♦♣♦s✐t✐♦♥ ✼✳ ❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t ✇❤❡♥ ❜❛♥❦✐♥❣ ✐s

✐♥t❡r❡st✐♥❣✱ ✐✳❡✳✱ x∗1 > 1✱ t❤❡♥ t❤❡ ❣♦❛❧ ♦❢ ♣r✐❝❡ st❛❜✐❧✐t② ✐♥❞✉❝❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r✉♥s ♦♥ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✱ t❤❡ ♥❡❝❡ss✐t② ❢♦r ♥❡❣❛t✐✈❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡s✱ ❛♥❞ t❤❡ ❛❜♦❧✐s❤♠❡♥t ♦❢ t❤❡ ♣r✐❝❡ st❛❜✐❧✐t②

❣♦❛❧✱ ✐❢ ❛ r✉♥ ✐♥❞❡❡❞ ♦❝❝✉rs✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❜❛♥❦✐♥❣ ✇✐t❤ r❡❛❧ ❝♦♥tr❛❝ts✱ ❊♥♥✐s ❛♥❞ ❑❡✐st❡r ✭✷✵✵✾✮

❛❧r❡❛❞② ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❞❡♣♦s✐t♦rs✬ ❛♥t✐❝✐♣❛t✐♦♥ ♦❢ t♦♦ ❧❡♥✐❡♥t ❜✉t ♣♦t❡♥t✐❛❧❧② ❡① ♣♦st ❡✣❝✐❡♥t

r❡❣✉❧❛t♦r② ♣♦❧✐❝✐❡s ♠❛② ❣✐✈❡ r✐s❡ t♦ ❜❛♥❦ r✉♥s✳ ❍❡r❡✱ t❤❡s❡ r✉♥s ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡

♣r✐❝❡ ❧❡✈❡❧✳

✻ ▼♦♥❡② s✉♣♣❧② ♣♦❧✐❝② ♦r s✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞✐♥❣

■t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ✇❤② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥♥♦t r❡s♦rt t♦ ❛ ♠♦r❡ ❝❧❛ss✐❝ ♠♦♥❡t❛r② ♣♦❧✐❝② t♦ r❡s♦❧✈❡

t❤❡ tr✐❧❡♠♠❛ ❛♥❞ ❛tt❛✐♥ ♣r✐❝❡ st❛❜✐❧✐t②✿ ❡①♣❛♥s✐♦♥ ♦r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠♦♥❡② s✉♣♣❧②✳ ■♥ t❤✐s s❡❝t✐♦♥✱

❧❡t ✉s t❤❡♥ ❛❧❧♦✇ ❢♦r t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t M ✐s st❛t❡✲❝♦♥t✐♥❣❡♥t✱ ✐✳❡✳✱ M ✐s ❝❤♦s❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ M = M(n) ❛t t = 1✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② ❝♦♥s✐sts ♦❢ t❤r❡❡ ❢✉♥❝t✐♦♥s

(M(·), y(·), i(·))✳

❚❤❡ ❛♥❛❧②s✐s ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❡❛s✐❡st t♦ ❡①♣❧❛✐♥ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❧✐q✉✐❞❛t✐♦♥

♣♦❧✐❝② ✐s ♥♦t st❛t❡✲❝♦♥t✐♥❣❡♥t✱ y(n) ≡ y∗✳ ❚♦ ♠❛✐♥t❛✐♥ ♣r✐❝❡ st❛❜✐❧✐t② ❛t s♦♠❡ ❧❡✈❡❧ P ✱ ♠❛r❦❡t

✷✼



❝❧❡❛r✐♥❣ ❞❡♠❛♥❞s

nM(n) = Py∗. ✭✸✵✮

❆s ❛ r❡s✉❧t✱ t❤❡ t♦t❛❧ ♠♦♥❡② ❜❛❧❛♥❝❡s s♣❡♥t ✐♥ t = 1 st❛② ❝♦♥st❛♥t ✐♥ n✱ ✐♠♣❧②✐♥❣

nM(n) ≡ λM(λ), ❢♦r ❛❧❧ n ∈ [λ, 1]. ✭✸✶✮

❇✉t s♣❡♥❞✐♥❣ ♣❡r ❛❣❡♥t ❛❧t❡rs✱ ❛s ❞♦❡s t❤❡ t♦t❛❧ ♠♦♥❡② s✉♣♣❧② M(n)✳ ❚❤❛t ✐s✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

✇♦✉❧❞ ❤❛✈❡ t♦ ❝♦♠♠✐t ✐ts❡❧❢ t♦ r❡❞✉❝✐♥❣ t❤❡ q✉❛♥t✐t② ♦❢ ♠♦♥❡② ✐♥ ❝✐r❝✉❧❛t✐♦♥ ✐♥ r❡s♣♦♥s❡ t♦ ❛

❞❡♠❛♥❞ s❤♦❝❦ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ n✿ t❤❡ ♠♦r❡ ♣❡♦♣❧❡ ❣♦ s❤♦♣♣✐♥❣✱ t❤❡ ❧♦✇❡r ❛r❡ ✐♥❞✐✈✐❞✉❛❧ ♠♦♥❡②

❜❛❧❛♥❝❡s✳ ❲✐t❤ ♣♦❧✐❝② ✭✸✵✮✱ y(n) ≡ y∗ ❛♥❞ i(n) ≡ i∗ ❝❤♦s❡♥ s♦ t❤❛t P2 = P ✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥

♥♦✇ ❛❝❤✐❡✈❡ ❢✉❧❧ ♣r✐❝❡ st❛❜✐❧✐t②✱ ❡✣❝✐❡♥❝②✱ ❛♥❞ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳ ❚❤❡ ❈❇❉❈ tr✐❧❡♠♠❛ ❛♣♣❡❛rs t♦

❜❡ r❡s♦❧✈❡❞✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s ♦❢ t❤✐♥❦✐♥❣ ❛❜♦✉t t❤✐s✳

❙t❛t❡✲❝♦♥t✐♥❣❡♥t ♠♦♥❡② s✉♣♣❧②✳ ❆ ✜rst ❛♣♣r♦❛❝❤ ✐s t♦ ♠❛❦❡ t❤❡ ❛♠♦✉♥t ♦❢ ❈❇❉❈ ❜❛❧❛♥❝❡s

❛✈❛✐❧❛❜❧❡ ❢♦r s❤♦♣♣✐♥❣ ✐♥ t = 1 st❛t❡✲❝♦♥t✐♥❣❡♥t✳ ❍❛✈✐♥❣ s✉❝❤ ❈❇❉❈ ❛❝❝♦✉♥ts ✇✐t❤ r❛♥❞♦♠ ❜❛❧❛♥❝❡s

✐s ❛♥ ✐♥tr✐❣✉✐♥❣ ♣♦ss✐❜✐❧✐t②✿ ✐t ✐s q✉✐t❡ ✐♠♣♦ss✐❜❧❡ ✇✐t❤ ♣❛♣❡r ♠♦♥❡② ❜✉t ❢❛✐r❧② str❛✐❣❤t❢♦r✇❛r❞ ✇✐t❤

❡❧❡❝tr♦♥✐❝ ❢♦r♠s ♦❢ ❝✉rr❡♥❝②✳ ❆ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t♦ t❤✐♥❦ ✐♥ t❡r♠s ♦❢

❛ st❛t❡✲❝♦♥t✐♥❣❡♥t ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ♣❛✐❞ ♦♥ ❈❇❉❈ ❛❝❝♦✉♥ts ❜❡t✇❡❡♥ t = 0 ❛♥❞ t = 1✳ ❖♥❡

s❤♦✉❧❞ r❡❝♦❣♥✐③❡ t❤❛t ❜♦t❤ ♦❢ t❤❡s❡ r♦✉t❡s ❛r❡ ❛ ❜✐t ♦❞❞✱ ❛♥❞ ❝♦♥tr❛r② t♦ ❤♦✇ ✇❡ ✉s✉❛❧❧② tr❡❛t ♠♦♥❡②

❛♥❞ ✐♥t❡r❡st r❛t❡s✳ ❆s ❢♦r ♠♦♥❡②✱ ❛ ❞♦❧❧❛r t♦❞❛② ✐s ❛ ❞♦❧❧❛r t♦♠♦rr♦✇✿ ❝❤❛♥❣✐♥❣ t❤❛t ❛♠♦✉♥t ✐♥ ❛

st❛t❡✲❝♦♥t✐♥❣❡♥t ❢❛s❤✐♦♥ ♣r♦❜❛❜❧② r✐s❦s s❡✈❡r❡❧② ✉♥❞❡r♠✐♥✐♥❣ t❤❡ tr✉st ✐♥ t❤❡ ♠♦♥❡t❛r② s②st❡♠✱ ❛♥❞

tr✉st ✐s ❦❡② ❢♦r ♠❛✐♥t❛✐♥✐♥❣ ❛ ✜❛t ❝✉rr❡♥❝②✳ ❆s ❢♦r ✐♥t❡r❡st r❛t❡s✱ ✐t ✐s ❝♦♠♠♦♥❧② ✉♥❞❡rst♦♦❞ t❤❛t

✐♥t❡r❡st r❛t❡s ❛r❡ ❛❣r❡❡❞ ✉♣♦♥ ❜❡❢♦r❡ ❡✈❡♥ts ❛r❡ r❡❛❧✐③❡❞ ✐♥ t❤❡ ❢✉t✉r❡✳ ❆ st❛t❡✲❝♦♥t✐♥❣❡♥t ✐♥t❡r❡st

r❛t❡ t✉r♥s ❛❝❝♦✉♥ts ✐♥t♦ r✐s❦② ❛♥❞ ❡q✉✐t②✲❧✐❦❡ ❝♦♥tr❛❝ts✱ ❧✐❦❡✇✐s❡ ✉♥❞❡r♠✐♥✐♥❣ tr✉st ✐♥ t❤❡ s❛❢❡t② ♦❢

t❤❡ s②st❡♠ ✭s❡❡✱ ♥♦♥❡t❤❡❧❡ss✱ ❙❡❝t✐♦♥ ✼ ❢♦r tr❛❞❡ ✐♥ ❡q✉✐t②✮✳

❍❡❧✐❝♦♣t❡r ❞r♦♣s✳ ❆ t❤✐r❞ ✇❛② t♦ t❤✐♥❦ ❛❜♦✉t t❤❡ st❛t❡✲❝♦♥t✐♥❣❡♥t ♥❛t✉r❡ ♦❢M ❝♦rr❡s♣♦♥❞s t♦

❛ ❝❧❛ss✐❝ ♠♦♥❡t❛r② ✐♥❥❡❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ st❛t❡✲❝♦♥t✐♥❣❡♥t ❧✉♠♣✲s✉♠ ♣❛②♠❡♥ts ✭✏❤❡❧✐❝♦♣t❡r ❞r♦♣s✑✮

M(n)−M̄ ✭♦r t❛①❡s✱ ✐❢ ♥❡❣❛t✐✈❡✮✱ ❝♦♠♣❛r❡❞ t♦ s♦♠❡ ♦r✐❣✐♥❛❧ ❜❛s❡❧✐♥❡ M̄ ✳ ■❢ ♦♥❡ ✇✐s❤❡s t♦ ✐♥s✐st t❤❛t

M(n)− M̄ ≥ 0✱ ✐✳❡✳✱ ♦♥❧② ❛❧❧♦✇✐♥❣ ❤❡❧✐❝♦♣t❡r ❞r♦♣s✱ t❤❡♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇♦✉❧❞ ❝❤♦♦s❡ M̄ ≤ M(1)

❛s ♣❛②♠❡♥t ❢♦r ❣♦♦❞s ✐♥ ♣❡r✐♦❞ t = 0 ❛♥❞ t❤✉s ❛❧✇❛②s ❞✐str✐❜✉t❡ ❛❞❞✐t✐♦♥❛❧ ❤❡❧✐❝♦♣t❡r ♠♦♥❡② ✐♥

t❤❡ ✏♥♦r♠❛❧✑ ❝❛s❡ n = λ ✐♥ ♣❡r✐♦❞ ✶✳ ◆♦t✐❝❡ t❤❛t ❞✐str✐❜✉t✐♦♥❛❧ ✐ss✉❡s ✇♦✉❧❞ ❛r✐s❡ ✐♥ r✐❝❤❡r ♠♦❞❡❧s✱

✇❤❡r❡ ❛❣❡♥ts ❛r❡ ♥♦t ❝♦♦r❞✐♥❛t✐♥❣ ♦♥ t❤❡ s❛♠❡ ❛❝t✐♦♥✱ t❤❡r❡❜② ❞✐st♦rt✐♥❣ s❛✈✐♥❣s ✐♥❝❡♥t✐✈❡s✳

❙✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞✐♥❣✳ ❲✐t❤ ❛♥ ❛❝❝♦✉♥t✲❜❛s❡❞ ❈❇❉❈✱ t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛♥❞ r❛t❤❡r

❞r❛st✐❝ ♣♦❧✐❝② t♦♦❧ ❛t t❤❡ ❞✐s♣♦s❛❧ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✿ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ s✐♠♣❧② ❞✐s❛❧❧♦✇ ❛❣❡♥ts

t♦ s♣❡♥❞ ✭✐✳❡✳✱ tr❛♥s❢❡r t♦ ♦t❤❡rs✮ ♠♦r❡ t❤❛♥ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t ♦❢ t❤❡✐r ❛❝❝♦✉♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱

t❤❡ ❜❛♥❦ ❝❛♥ ✐♠♣♦s❡ ❛ ✏❝♦rr❛❧✐t♦✑ ❛♥❞ s✉s♣❡♥❞ s♣❡♥❞✐♥❣✳ ❚❤✐s ♣♦❧✐❝② ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ st❛♥❞❛r❞

s✉s♣❡♥s✐♦♥ ♦❢ ❧✐q✉✐❞❛t✐♦♥✱ ❛s t❤❡ ❛♠♦✉♥t ♦❢ ❣♦♦❞s ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ ✐s ❛ ♣♦❧✐❝②✲✐♥❞✉❝❡❞ ❝❤♦✐❝❡ t❤❛t st✐❧❧

❡①✐sts s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ s✉s♣❡♥s✐♦♥✲♦❢✲s♣❡♥❞✐♥❣ ♣♦❧✐❝②✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t ✏s✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞✐♥❣✑
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s❤♦✉❧❞ ♣❡r❤❛♣s ♥♦t ❜❡ ❝❛❧❧❡❞ ✏s✉s♣❡♥s✐♦♥ ♦❢ ✇✐t❤❞r❛✇❛❧✳✑ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ♦♥❧② ❈❇❉❈ ❛❝❝♦✉♥ts

❛♥❞ t❤❡② ❝❛♥♥♦t ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ s♦♠❡t❤✐♥❣ ❡❧s❡✱ t❤❡ ❛♠♦✉♥ts ❝❛♥ ♦♥❧② ❜❡ tr❛♥s❢❡rr❡❞ t♦ ❛♥♦t❤❡r

❛❝❝♦✉♥t✳ ❲✐t❤ t❤❡ s✉s♣❡♥s✐♦♥✲♦❢✲s♣❡♥❞✐♥❣ ♣♦❧✐❝②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦✉❧❞ ❛rr❛♥❣❡ ♠❛tt❡rs ✐♥ s✉❝❤

❛ ✇❛② t❤❛t ♥♦t ♠♦r❡ t❤❛♥ t❤❡ ✐♥✐t✐❛❧❧② ✐♥t❡♥❞❡❞ ❛♠♦✉♥t ♦❢ ♠♦♥❡② λM(λ) ✇✐❧❧ ❜❡ s♣❡♥t ✐♥ ♣❡r✐♦❞

✶❀ s❡❡ ❡q✉❛t✐♦♥ ✭✸✶✮✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇♦✉❧❞ t❤❡♥ ❡✐t❤❡r t❛❦❡ ❛❧❧ s♣❡♥❞✐♥❣ r❡q✉❡sts ❛t

♦♥❝❡ ❛♥❞✱ ✐❢ t❤❡ t♦t❛❧ s♣❡♥❞✐♥❣ r❡q✉❡sts ❡①❝❡❡❞❡❞ t❤❡ ♦✈❡r❛❧❧ t❤r❡s❤♦❧❞✱ ✐♠♣♦s❡ ❛ ♣r♦✲r❛t❛ s♣❡♥❞✐♥❣

❧✐♠✐t✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐t ❝♦✉❧❞ ❛rr❛♥❣❡ ❛♥❞ ✇♦r❦ t❤r♦✉❣❤ t❤❡ s♣❡♥❞✐♥❣ r❡q✉❡sts ✐♥ s♦♠❡ s❡q✉❡♥❝❡

✭✜rst✲❝♦♠❡✲✜rst✲s❡r✈❡❞✮✱ t❤❡r❡❜② ♣♦ss✐❜❧② ✐♠♣♦s✐♥❣ ❞✐✛❡r❡♥t ❧✐♠✐ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛

r❡q✉❡st ✐♥ t❤❛t q✉❡✉❡✳

▼♦♥❡t❛r② ♥❡✉tr❛❧✐t②✳ ▲❛st ❜✉t ♥♦t ❧❡❛st✱ ❛ st❛t❡✲❝♦♥t✐♥❣❡♥t ♠♦♥❡② s✉♣♣❧② ❝❛♥♥♦t r❡♣❧❛❝❡ t❤❡

❝❡♥tr❛❧ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ❛s t❤❡ ❛❝t✐✈❡ ♣♦❧✐❝② ✈❛r✐❛❜❧❡✳ ◆♦t ♦♥❧② ♣r✐❝❡ t❛r❣❡t✐♥❣✱ ❜✉t ❛❧s♦ t❤❡

❞❡t❡rr❡♥❝❡ ♦❢ r✉♥s ✐s ❛♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❢♦r ❛tt❛✐♥✐♥❣ ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣✳

❆ st❛t❡✲❝♦♥t✐♥❣❡♥t ♠♦♥❡② s✉♣♣❧②✱ ❤♦✇❡✈❡r✱ ❞♦❡s ♥♦t ✐♠♣❛❝t t❤❡ ❛❣❡♥t✬s s♣❡♥❞✐♥❣ ❜❡❤❛✈✐♦r✿ t❤❡

✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥ts ❡①❝❧✉s✐✈❡❧② ❝❛r❡ ❢♦r t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ❛t t = 1✱ y/n✱ ✈❡rs✉s t = 2✱

R(1− y)/(1−n)✳ ❚❤❡s❡ ❛❧❧♦❝❛t✐♦♥s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♥♦♠✐♥❛❧ q✉❛♥t✐t✐❡s (M,P1)✳ ❚❤❛t ✐s✱ ♠♦♥❡②

✐s ♥❡✉tr❛❧✳ ●✐✈❡♥ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ y/n✱ t❤❡ ✐❞❡♥t✐t②✿

y

n
=

M(n)

P1
✭✸✷✮

♣✐♥s ❞♦✇♥ ❛ r❡❧❛t✐♦♥s❤✐♣ t❤❛t ♥❡❡❞s t♦ ❤♦❧❞ ❜❡t✇❡❡♥ t❤❡ ♠♦♥❡② s✉♣♣❧② ❛♥❞ t❤❡ ♣r✐❝❡ ❧❡✈❡❧ t❤❛t

❝❧❡❛rs t❤❡ ♠❛r❦❡t✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ✐♠♣❧❡♠❡♥t ❛❧❧ ♠♦♥❡② s✉♣♣❧✐❡s ❛♥❞ ♣r✐❝❡ ❧❡✈❡❧ ♣❛✐rs (M,P1)

t❤❛t s❛t✐s❢② ❡q✉❛t✐♦♥ ✭✸✷✮✳ ❆♥❞ ❛s s♦♦♥ ❛s t❤❡ ♣r✐❝❡ ❧❡✈❡❧ ❣♦❛❧ P1 ✐s ♣✐♥♥❡❞ ❞♦✇♥✱ ❝♦♥t✐♥❣❡♥t ♦♥ t❤❡

r❡❛❧✐③❛t✐♦♥ y
n ✱ t❤❡ ♠♦♥❡② s✉♣♣❧② t❤❛t s♦❧✈❡s ❡q✉❛t✐♦♥ ✭✸✷✮ ✐s ✉♥✐q✉❡✳ ❇✉t ✐♥ ❡q✉❛t✐♦♥ ✭✸✷✮ t❤❡ ❝❧❛ss✐❝

❞✐❝❤♦t♦♠② ❤♦❧❞s✱ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ (M,P1) ❝❛♥♥♦t ❛❧t❡r t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱

✐✳❡✳✱ ❝❛♥♥♦t ❛❧t❡r ✐♥❝❡♥t✐✈❡s t♦ r✉♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇❛♥ts t♦ ✐♠♣❛❝t ❝♦♥s✉♠❡rs✬

❜❡❤❛✈✐♦r t♦ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ✐♠♣❧❡♠❡♥t t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✱ ✐t ❝❛♥ ♦♥❧② ❞♦ s♦ ❜② ❛❧t❡r✐♥❣

t❤❡ r❡❛❧ ❣♦♦❞s s✉♣♣❧② y t❤r♦✉❣❤ ❛❞❥✉st♠❡♥t ♦❢ ✐ts ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳

■♥ s✉♠♠❛r②✳ ●✐✈❡♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ ❛ st❛t❡✲❝♦♥t✐♥❣❡♥t ♠♦♥❡② s✉♣♣❧② str✐❦❡s ✉s ❛s

♦❞❞ ♠♦♥❡t❛r② ♣♦❧✐❝②✳ ❋✐rst✱ t❤❡ ✉s✉❛❧ ✐♥❝❧✐♥❛t✐♦♥ ❢♦r ❝❡♥tr❛❧ ❜❛♥❦s ✐s t♦ ❛❝❝♦♠♠♦❞❛t❡ ❛♥ ✐♥❝r❡❛s❡

✐♥ ❞❡♠❛♥❞ ✇✐t❤ ❛ r✐s❡✱ r❛t❤❡r t❤❛♥ ❛ ❞❡❝❧✐♥❡ ✐♥ t❤❡ ♠♦♥❡② s✉♣♣❧②✳ ❆ ❝❡♥tr❛❧ ❜❛♥❦ t❤❛t r❡❛❝ts

t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❞❡♠❛♥❞ ❜② ♠❛❦✐♥❣ ♠♦♥❡② s❝❛r❝❡ ♠❛② ✉♥❞❡r♠✐♥❡ tr✉st ✐♥ t❤❡ ♠♦♥❡t❛r② s②st❡♠✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥❞ ♥❡❡❞❧❡ss t♦ s❛②✱ ❛ s♣❡♥❞✐♥❣ s✉s♣❡♥s✐♦♥ ♠✐❣❤t ❝r❡❛t❡ ❝♦♥s✐❞❡r❛❜❧❡ ❤❛✈♦❝❀ t❤❡

❡①♣❡r✐❡♥❝❡ ✐♥ ❆r❣❡♥t✐♥❛ ❛t t❤❡ ❡♥❞ ♦❢ ✷✵✵✶ ♣r♦✈✐❞❡s ❛♠♣❧❡ ♣r♦♦❢✳ ❊✈❡♥ ✐❢ t❤✐s ✇❛s ♥♦t t❤❡ ❝❛s❡✱

♠♦♥❡t❛r② ♥❡✉tr❛❧✐t② ✐♠♣❧✐❡s t❤❛t ❛❞❥✉st✐♥❣ t❤❡ ♠♦♥❡② s✉♣♣❧② ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ r✉♥ ❞❡❝✐s✐♦♥s ♦❢

❛❣❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ✇❡ t❤✐♥❦ t❤❛t t❤✐s ♣❛rt✐❝✉❧❛r ❡s❝❛♣❡ r♦✉t❡ ❢r♦♠ t❤❡ ❈❇❉❈ tr✐❧❡♠♠❛ ♥❡❡❞s t♦ ❜❡

tr❡❛t❡❞ ✇✐t❤ ❝♦♥s✐❞❡r❛❜❧❡ ❝❛✉t✐♦♥✳

✷✾



✼ ◆♦♠✐♥❛❧ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮✿ ❈❇❉❈ ❜❛❧❛♥❝❡s ❛s ❡q✉✐t② s❤❛r❡s

❋♦r t❤❡ r❡❛❧ ❜❛♥❦✐♥❣ ♠♦❞❡❧ ❜② ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮ ❞❡♠♦♥str❛t❡s t❤❛t

♦♣t✐♠❛❧ r✐s❦✲s❤❛r✐♥❣ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ r✉♥✲♣r♦♦❢ ✇❛② ✐❢ ❜❛♥❦s ♦✛❡r s❤❛r❡s ✐♥ ❡q✉✐t② ✐♥st❡❛❞

♦❢ ❞❡♠❛♥❞❛❜❧❡ ❞❡♣♦s✐ts✳ ❋♦r ❏❛❝❦❧✐♥✬s ♠❡❝❤❛♥✐s♠ t♦ ✇♦r❦✱ t❤❡ ❜❛♥❦ ♣❛②s r❡❛❧ ❞✐✈✐❞❡♥❞s ✐♥ t = 1

❛♥❞ t = 2 t♦ ❛❧❧ ❛❣❡♥ts✳ ❚❤❡ ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥ts ❛r❡ ♣r❡❞❡t❡r♠✐♥❡❞ ✐♥ t = 0✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♠♣❧②

❛ s♣❡❝✐✜❝ ❛♠♦✉♥t ♦❢ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥✱ ❛♥❞ t❤✉s ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠♣t✐♦♥ ✐♥ t = 1✳ ❚♦ ♦♣t✐♠✐③❡

✐♥t❡rt❡♠♣♦r❛❧ ❝♦♥s✉♠♣t✐♦♥✱ t❤❡ ❛❣❡♥t✬s ✐♥ ❏❛❝❦❧✐♥ ❝❛♥ tr❛❞❡ ❝❧❛✐♠s ♦♥ ❢✉t✉r❡ ❞✐✈✐❞❡♥❞s ✐♥ r❡t✉r♥

❢♦r ❝❧❛✐♠s ♦♥ ❝♦♥t❡♠♣♦r❛♥❡♦✉s ❞✐✈✐❞❡♥❞s✱ ✇❤✐❝❤✱ ❜② t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❞✐✈✐❞❡♥❞s✱ ❤❛♣♣❡♥s ✐♥ ❛♥

✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜❧❡ ✇❛② ❞❡♣❡♥❞✐♥❣ ♦♥ ❡❛❝❤ ❛❣❡♥t✬s t②♣❡ r❡❛❧✐③❛t✐♦♥✳

❚❤❡ ❏❛❝❦❧✐♥ s♦❧✉t✐♦♥ ✇✐❧❧ ✇♦r❦ ❤❡r❡✱ t♦♦✱ ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣r♦✈✐❞❡s ❛❣❡♥ts ✇✐t❤ ❝❧❛✐♠s t♦

t❤❡ r❡❛❧ r❡s♦✉r❝❡s✱ ❝✐r❝✉♠✈❡♥t✐♥❣ ♥♦♠✐♥❛❧ ❝✉rr❡♥❝✐❡s ❛❧t♦❣❡t❤❡r✳ ■♥ ❢❛❝t✱ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②

❞✐s❝✉ss❡❞ ❛r♦✉♥❞ ❡q✉❛t✐♦♥ ✭✶✼✮✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s ✈✐❛

❈❇❉❈ ❞❡♠❛♥❞ ❞❡♣♦s✐ts✱ ❡q✉❛❧s t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ t❤❛t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮ ✈✐❛ ❤✐s

♣r♦♣♦s❡❞ ❞✐✈✐❞❡♥❞ ♣♦❧✐❝②

D1 = λ c∗1 = y∗, ❢♦r ❛❧❧ n ∈ [0, 1]. ✭✸✸✮

❚❤❛t ✐s✱ t❤❡ ❞✐✈✐❞❡♥❞ ♣♦❧✐❝② ♣r♦♣♦s❡❞ ✐♥ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ r✉♥✲❞❡t❡rr✐♥❣ ❧✐q✉✐❞❛t✐♦♥

♣♦❧✐❝②✳

❚❤❡ ❢♦❝✉s ♦❢ t❤✐s ♣❛♣❡r✱ ❤♦✇❡✈❡r✱ ✐s ♦♥ ❛ ✇♦r❧❞ ✇❤❡r❡ ❛ ✭♥♦♠✐♥❛❧✮ ❈❇❉❈ ✐s ❛ ♣r✐♦r✐ ♥❡❝❡ss❛r②

❢♦r ❛❝q✉✐r✐♥❣ ❣♦♦❞s✳ ❲❤❛t ✐❢ ❏❛❝❦❧✐♥✬s ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥ts ✇❡r❡ ♥♦♠✐♥❛❧❄ ▼✉st ✐♥✢❛t✐♦♥ ❛r✐s❡ t❤❡r❡

t♦♦ ❢♦r ❞❡t❡rr✐♥❣ r✉♥s❄ ❆♥❞ ✇❤❛t ✐s ❛ r✉♥ ♦♥ ❛ ❜❛♥❦ ✉♥❞❡r tr❛❞❡ ✐♥ ❡q✉✐t② s❤❛r❡s❄

❚♦ ❛♥s✇❡r t❤❡s❡ q✉❡st✐♦♥s✱ ❛ss✉♠❡ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ✇❤❡r❡ ❛❣❡♥ts ❤❛♥❞ ♦✈❡r t❤❡✐r r❡❛❧ ❣♦♦❞s

❡♥❞♦✇♠❡♥t ✐♥ t = 0 ✐♥ r❡t✉r♥ ❢♦r ♥♦♠✐♥❛❧ ❡q✉✐t② s❤❛r❡s ✐♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳✶✽ ❆❧❧ ❛❣❡♥ts r❡❝❡✐✈❡ ❛

♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥t D1 ✐♥ ✉♥✐ts ♦❢ ❈❇❉❈ ❛t t = 1 ❛♥❞ ❛ ❞✐✈✐❞❡♥❞ D2 ✉♥✐ts ♦❢ ❈❇❉❈ ✐♥ t = 2✳

❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣r❡❞❡t❡r♠✐♥❡s ❛♥❞ t❤✉s ✜①❡s ❜♦t❤ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞s ✐♥ t = 0✳ ❈❛❧❧ (D1, D2) t❤❡

❝❡♥tr❛❧ ❜❛♥❦✬s ❞✐✈✐❞❡♥❞ ♣♦❧✐❝②✳ ❲❡ ✐♠♣♦s❡ ❢♦r ♥♦✇ t❤❛t D1 ❝❛♥ ♦♥❧② ❜❡ s♣❡♥t ✐♥ t = 1 ❛♥❞ D2 ❝❛♥

♦♥❧② ❜❡ s♣❡♥t ✐♥ t = 2✱ ❜✉t ✇❡ ✇✐❧❧ r❡❧❛① t❤✐s r❡str✐❝t✐♦♥ ❧❛t❡r✳ ❖♥❡ ❝❛♥ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ ❤❡r❡ t❤❛t

D1 ❡①♣✐r❡s ❛♥❞✱ ✉♥❧✐❦❡ ❛ ❞❡♠❛♥❞✲❞❡♣♦s✐t✱ ❝❛♥♥♦t ❜❡ r♦❧❧❡❞ ♦✈❡r t♦ t = 2✳ ❆s ❜❡❢♦r❡✱ t❤❡ ❝❡♥tr❛❧

❜❛♥❦ ♣♦♦❧s t❤❡ r❡❛❧ ❣♦♦❞s ❢♦r ✐♥✈❡st♠❡♥t ✐♥ t❤❡ r❡❛❧ t❡❝❤♥♦❧♦❣② ✐♥ t = 0✳ ■♥ t = 1✱ t②♣❡s r❡❛❧✐③❡

❛♥❞ ✐♠♣❛t✐❡♥t t②♣❡s ✇❛♥t t♦ ❝♦♥s✉♠❡ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ✐♥ t = 1✳ ●✐✈❡♥ t❤❡✐r t②♣❡✱ t❤❡ ❛❣❡♥ts

❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❝♦♥s✉♠❡ ✐♥ t = 1 ♦r t = 2✳ ❆s ✐♥ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮✱ ❛ ♠❛r❦❡t ❢♦r tr❛❞✐♥❣ ❝❧❛✐♠s ♦♥

❞✐✈✐❞❡♥❞s ✐s ❛ss✉♠❡❞ t♦ ❡①✐st✳ ❯♥❧✐❦❡ ✐♥ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮✱ ❞✐✈✐❞❡♥❞s ❛r❡ ♥♦♠✐♥❛❧ ❤❡r❡ ❛♥❞ t❤❡r❡❢♦r❡

❝❛♥♥♦t ❜❡ ❝♦♥s✉♠❡❞ ❞✐r❡❝t❧②✳ ■♥st❡❛❞✱ ✇❡ ❛ss✉♠❡ t❤❡ ♠❛r❦❡t ❢♦r ❝❧❛✐♠s ♦♣❡♥s ♣r✐♦r t♦ t❤❡ ❣♦♦❞s

♠❛r❦❡t✳ ❆❣❡♥ts ✇❤♦ ✇❛♥t t♦ ❝♦♥s✉♠❡ ✐♥ t = 1 ❝❛♥ ❝❛♥ s❡❧❧ t❤❡✐r ❝❧❛✐♠s ♦♥ ❛ ❧❛t❡ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞

✶✽❘❡❝❛❧❧ t❤❛t✱ ❤✐st♦r✐❝❛❧❧②✱ ♠❛♥② ❝❡♥tr❛❧ ❜❛♥❦s s♦❧❞ s❤❛r❡s t♦ t❤❡ ♣✉❜❧✐❝ ❛t ❧❛r❣❡ t❤❛t ♣❛✐❞ ❞✐✈✐❞❡♥❞s✳ ❊✈❡♥ t♦❞❛②✱
♦♥❡ ❝❛♥ ❜✉② s❤❛r❡s ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦s ♦❢ ❏❛♣❛♥ ❛♥❞ ❙✇✐t③❡r❧❛♥❞✳ ◆♦t❡ t❤❛t ❝❧❛✐♠s ♦♥ ✜①❡❞ ♥♦♠✐♥❛❧ ❢✉t✉r❡ ♣❛②♠❡♥ts
❛r❡ ❝♦♠♠♦♥❧② ❛❧s♦ ❝❛❧❧❡❞ ❜♦♥❞s r❛t❤❡r t❤❛♥ ❡q✉✐t②✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ t❡r♠✐♥♦❧♦❣② ❵❡q✉✐t② s❤❛r❡✬ ❛♥❞ ❵❞✐✈✐❞❡♥❞s✬
t♦ st❛② ✐♥ ❧✐♥❡ ✇✐t❤ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮✳
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D2 ✐♥ r❡t✉r♥ ❢♦r ❛❞❞✐t✐♦♥❛❧ ❡❛r❧② ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞s D1✳ ▲❡t 1+ q ❜❡ t❤❡ ♣r✐❝❡ ♦❢ ♦♥❡ ❈❇❉❈ ✉♥✐t ✐♥

t = 1 ❞❡♥♦♠✐♥❛t❡❞ ✐♥ t❡r♠s ♦❢ ❈❇❉❈ ✉♥✐ts ✐♥ t = 2✳ ◆♦t❡✱ q ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠❛r❦❡t ✐♥t❡r❡st

r❛t❡✳ ▲❡t n ∈ [0, 1] ❞❡♥♦t❡ t❤❡ ♠❡❛s✉r❡ ♦❢ ❛❣❡♥ts ✇❤♦ ❝❤♦♦s❡ t♦ tr❛❞❡ t❤❡✐r ❧❛t❡ ❈❇❉❈ ❞✐✈✐❞❡♥❞s

D2 ❢♦r ❡❛r❧② ❞✐✈✐❞❡♥❞s✳ ❚❤❡ ♠❛r❦❡t ✐♥t❡r❡st r❛t❡ q ✐s ♣✐♥♥❡❞ ❞♦✇♥ ♣❡r t❤❡ ❜♦♥❞ ♠❛r❦❡t✲❝❧❡❛r✐♥❣

❝♦♥❞✐t✐♦♥

nD2 = (1− n)D1(1 + q). ✭✸✹✮

❲❡ ❛ss✉♠❡ t❤❛t ❛♥ ❛❣❡♥t ❝❛♥ ✈✐s✐t t❤❡ ❣♦♦❞s ♠❛r❦❡t ♦♥❧② ♦♥❝❡✱ ❡✐t❤❡r ❡❛r❧② ✐♥ t = 1 ♦r ❧❛t❡ ✐♥

t = 2✳✶✾ ❚❤❡r❡❢♦r❡✱ ❛❣❡♥ts t❤❛t ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❝♦♥s✉♠✐♥❣ ❡❛r❧② ♦r ❧❛t❡ ✇✐❧❧ ♥♦t s♣❡♥❞

❡❛r❧② ❈❇❉❈ ❞✐✈✐❞❡♥❞s ♦♥ ❣♦♦❞s ✇✐t❤♦✉t tr❛❞✐♥❣ t❤❡✐r ❝❧❛✐♠s ♦♥ ❧❛t❡ ❞✐✈✐❞❡♥❞s ❢♦r ❛❞❞✐t✐♦♥❛❧ ❡❛r❧②

❞✐✈✐❞❡♥❞s✳ ❚❤❡r❡❢♦r❡✱ ❛♥❞ ❜❡❝❛✉s❡ D1 ❝❛♥ ♦♥❧② ❜❡ s♣❡♥t ✐♥ ♣❡r✐♦❞ t = 1✱ ❛❧❧ ❛❣❡♥ts t❤❛t tr❛❞❡

❝❧❛✐♠s ♦♥ ❧❛t❡ ❞✐✈✐❞❡♥❞s ❢♦r ❡❛r❧② ❞✐✈✐❞❡♥❞s ❛❧s♦ s♣❡♥❞ t❤❡ ❡♥t✐r❡ ❜❛❧❛♥❝❡ ♦❢ ❡❛r❧② ❞✐✈✐❞❡♥❞s ♦♥

❣♦♦❞s✱ t❤❛t ✐s✱ n ✐s ❛❧s♦ t❤❡ s❤❛r❡ ♦❢ ❛❣❡♥ts ✇❤♦ s♣❡♥❞ t❤❡✐r ♥♦♠✐♥❛❧ ❈❇❉❈ ❞✐✈✐❞❡♥❞s ✐♥ t❤❡ ❣♦♦❞s

♠❛r❦❡t✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦❜s❡r✈❡s t❤❡ s❤❛r❡ n ∈ [0, 1] ♦❢ s♣❡♥❞✐♥❣ ❛❣❡♥ts ❛♥❞ ❧✐q✉✐❞❛t❡s ❛ s❤❛r❡

y(n) ∈ [0, 1] ♦❢ ✐♥✈❡st♠❡♥t t♦ ♣r♦✈✐❞❡ ❣♦♦❞s ✐♥ t❤❡ ♠❛r❦❡t✳ ■♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t✱ t❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣

♣r✐❝❡ P1 = P1(n) s❛t✐s✜❡s

D1 = P1(n) y(n). ✭✸✺✮

■♥ ❝♦♥tr❛st t♦ t❤❡ ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ♠♦❞❡❧ ✭✼✮✱ t❤❡ q✉❛♥t✐t② ♦❢ ♠♦♥❡② s♣❡♥t ✐♥ ♣❡r✐♦❞ t = 1

✐s ♥♦✇ ✜①❡❞ ❛♥❞ ❞♦❡s ♥♦t r✐s❡ ✐♥ ♣r♦♣♦rt✐♦♥ ✇✐t❤ n✳ ▲✐❦❡✇✐s❡✱ ✐♥ t = 2 t❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ♣r✐❝❡

P2 = P2(n) s❛t✐s✜❡s

D2 = P2(n)R(1− y(n)). ✭✸✻✮

❚❤❡ t = 1 r❡❛❧ ❛❧❧♦❝❛t✐♦♥s ♣❡r ❛❣❡♥t ❡q✉❛❧s✱

x1 =
y(n)

n
=

D1

P1n
✭✸✼✮

❛♥❞ ✐♥ t = 2

x2 =
R(1− y)

1− n
=

D2

P2(1− n)
. ✭✸✽✮

❆s ❜❡❢♦r❡✱ t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y ❛♥❞ ♥♦t ♦♥ ♥♦♠✐♥❛❧ q✉❛♥t✐t✐❡s✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ✉♥❝❤❛♥❣❡❞ ❜✉t r❡✈❡❛❧s ✐ts❡❧❢ ❞✐✛❡r❡♥t❧②✳ ❉❡✜♥❡

❉❡✜♥✐t✐♦♥ ✼✳✶ ✭❘✉♥ ♦♥ ❡q✉✐t② s❤❛r❡s✮✳ ❆ r✉♥ ♦♥ ♥♦♠✐♥❛❧ ❡q✉✐t② s❤❛r❡s ✐s t❤❡ ✐♥❝✐❞❡♥❝❡ ✇❤❡r❡ ❛❧s♦

♣❛t✐❡♥t t②♣❡s s❤♦♣ ❢♦r ❣♦♦❞s ❡❛r❧② n > λ✳

❚❤❛t ✐s✱ s♦♠❡ ♣❛t✐❡♥t t②♣❡s ❛r❡ ✉♥✇✐❧❧✐♥❣ t♦ tr❛❞❡ t❤❡✐r ❡❛r❧② ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞s ❢♦r ❧❛t❡ ♥♦♠✐♥❛❧

❞✐✈✐❞❡♥❞s✱ ♠❡❛♥✐♥❣ t❤❛t tr❛❞❡ ✐♥ ❞✐✈✐❞❡♥❞s ❜❡t✇❡❡♥ t❤❡ ♣❛t✐❡♥t ❛♥❞ ✐♠♣❛t✐❡♥t ❛❣❡♥t ❣r♦✉♣s ♣❛rt✐❛❧❧②

✶✾■♥ t❤❡ ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ❝♦♥tr❛❝t ♠♦❞❡❧✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✇❛s ✐♠♣❧✐❝✐t ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛♥ ❛❣❡♥t
❝❛♥ ❡✐t❤❡r s♣❡♥❞ ❈❇❉❈ ❞❡♣♦s✐t ❜❛❧❛♥❝❡s ❡❛r❧② ♦r ❧❛t❡✱ ❜✉t ♥♦t ❜♦t❤✳
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❝♦❧❧❛♣s❡s✳ ❆♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ♥♦✇ ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ❞❡✜♥✐t✐♦♥ ✷✱ ❜✉t ✇❤❡r❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

♣♦❧✐❝② ❛♥♥♦✉♥❝❡❞ ✐♥ t = 0 ❡q✉❛❧s (D1, D2, y(·))✳

❘❡❝❛❧❧ t❤❡ r✉♥✲❞❡t❡rr❡♥❝❡ ❜♦✉♥❞❛r② yd(n) ♣❡r ❞❡✜♥✐t✐♦♥ ✹✳ ❙✐♠✐❧❛r t♦ ♣r♦♣♦s✐t✐♦♥ ✺ ❛♥❞ ❛s

❜❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✶✷ ✭❉❡t❡rr✐♥❣ r✉♥s ♦♥ ❡q✉✐t② s❤❛r❡s✮✳ ■♥ t❤❡ ♥♦♠✐♥❛❧ ❡q✉✐t② s❤❛r❡ ♠♦❞❡❧✱

✭✐✮ ❆ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ n > λ✱ ❝❛♥♥♦t ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐❢ y(n) < yd(n) ❢♦r ❛❧❧ n ∈ [0, 1]✳

✭✐✐✮ ❆ r✉♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ n > λ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐✛ y(n) ≥ yd(n)✳

❲❤② ✇♦✉❧❞ ❛ r✉♥ ♦♥ ♥♦♠✐♥❛❧ ❡q✉✐t② s❤❛r❡s ♦❝❝✉r ❤❡r❡❄ ■♥ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮✱ ❞✐✈✐❞❡♥❞s ❛r❡ r❡❛❧

❛♥❞ ♣r❡❞❡t❡r♠✐♥❡❞ ✐♥ t = 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❞✐✈✐❞❡♥❞s ✐s ✜①❡❞ t❤❡r❡ ❛t ♦♥❡✲t♦✲♦♥❡✳ ❇②

❝♦♥tr❛st✱ ✇✐t❤ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞s✱ ❛s ✐♥ ♦✉r ♠❛✐♥ ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ♠♦❞❡❧✱ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥

✐s ❤❡r❡ ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ ♠♦♥❡② s✉♣♣❧②✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❞✐✈✐❞❡♥❞s ✈❛r✐❡s ✇✐t❤

t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳ ●❡♥❡r✐❝❛❧❧②✱ ♣r❡❞❡t❡r♠✐♥❡❞ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞s ♦✛❡r ♥♦ s♦❧✉t✐♦♥ ❢♦r ❞❡t❡rr✐♥❣

r✉♥s✱ ❛❧❧ t❤❛t ♠❛tt❡rs ✐s t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(n)✳

❚❤❡ r❡q✉✐r❡♠❡♥t ♦♥ ❛ r✉♥✲♣r♦♦❢ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✷ ✭✐✮ ✐♠♣❧✐❡s ❛ ♣❛rt✐❝✉❧❛r

❞❡s✐❣♥ ♦♥ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❡❛r❧② ❞✐✈✐❞❡♥❞s ✈✐❛ ❡q✉❛t✐♦♥ ✭✸✺✮✳

❘❡♠❛r❦ ✼✳✶ ✭❘✉♥✲❞❡t❡rr✐♥❣ ♣r✐❝❡✲❞✐✈✐❞❡♥❞ ♣❛✐rs✮✳ ❆ ♣r✐❝❡✲❞✐✈✐❞❡♥❞ ♣❛✐r (D1, P1(·)) ❞❡t❡rs r✉♥s ♦♥

❡q✉✐t② s❤❛r❡s ✐❢
D1

P1(n)
<

nR

1 + n(R− 1)
, ❢♦r ❛❧❧ n ∈ (λ, 1]. ✭✸✾✮

◆♦t❡✱ ❜❡❝❛✉s❡ t❤❡ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥ts ❛r❡ ♣r❡❞❡t❡r♠✐♥❡❞ ✐♥ t = 0✱ t❤❡② ❝❛♥♥♦t ❞❡♣❡♥❞

♦♥ t❤❡ s❤❛r❡ ♦❢ s❤♦♣♣❡rs n✳ ❉❡✜♥❡ t❤❡ ❝♦♥st❛♥t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②

ŷ :=
λR

1 + λ(R− 1)
∈ (0, 1) ✭✹✵✮

❛s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✾✮✳

❈♦♠♣❛r✐♥❣ t❤❡ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞ ♠♦❞❡❧ t♦ t❤❡ ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ♠♦❞❡❧✱ t❤❡r❡ ❡①✐st ❞✐❢✲

❢❡r❡♥t ❝♦♥s❡q✉❡♥❝❡s ❢♦r ♣r✐❝❡s ✇❤❡♥ ❝♦♠♣❛r✐♥❣ ❡q✉❛t✐♦♥ ✭✸✺✮ t♦ ❡q✉❛t✐♦♥ ✭✼✮✳ ❇❡❝❛✉s❡ ❞✐✈✐❞❡♥❞s

❛r❡ ♣r❡❞❡t❡r♠✐♥❡❞ ✐♥ t = 0 ❛♥❞ ❝❛♥♥♦t ❜❡ st♦r❡❞✱ ✇❡ ♦❜t❛✐♥

▲❡♠♠❛ ✼✳✶ ✭Pr✐❝❡ st❛❜✐❧✐t②✮✳ ❈♦♥s✐❞❡r t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② (D1, D2, y(·)) ✇✐t❤ D1, D2 > 0✳

❊✈❡r② ❝♦♥st❛♥t ✭❞❡♠❛♥❞✲✐♥s❡♥s✐t✐✈❡✮ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(n) ≡ y ∈ (0, 1) ❢♦r ❛❧❧ n ∈ [0, 1] ✐♠♣❧✐❡s

❝♦♥st❛♥t ♣r✐❝❡ ❧❡✈❡❧s ✐♥ t = 1 ❛♥❞ t = 2✱ P1(n) = P̄1✱ P2(n) = P̄2 ❢♦r ❛❧❧ n ∈ [0, 1]✳

❚❤✐s r❡s✉❧t ❤♦❧❞s ✈✐❛ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ✭✸✺✮ ❛♥❞ ✭✸✻✮✳ ❇② ❝♦♥tr❛st✱ ✐❢ ❛❣❡♥ts ❤♦❧❞ ❛ ♥♦♠✐♥❛❧ ❈❇❉❈

❞❡♠❛♥❞✲❞❡♣♦s✐t ❝♦♥tr❛❝t ❛♥❞ t♦t❛❧ ❧✐q✉✐❞❛t✐♦♥ ✐s ❝♦♥st❛♥t ✐♥ ❈❇❉❈ s♣❡♥❞✐♥❣✱ y(n) = const✱ t❤❡

♣r✐❝❡ ❧❡✈❡❧ st✐❧❧ ✈❛r✐❡s ✇✐t❤ t❤❡ ♠❡❛s✉r❡ ♦❢ ❣♦♦❞s s❤♦♣♣❡rs ❜❡❝❛✉s❡ ❈❇❉❈ ❞❡♣♦s✐ts ❝❛♥ ❜❡ r♦❧❧❡❞

♦✈❡r t♦ t = 2❀ s❡❡ ❡q✉❛t✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮✳

✸✷



■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ tr✐❧❡♠♠❛ ❝❛♥ ♥♦✇ ❜❡ ❛✈♦✐❞❡❞ ❜② ✜①✐♥❣ t❤❡ ❡①t❡♥t ♦❢ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥ ❛t t❤❡

s♦❝✐❛❧❧② ❡✣❝✐❡♥t ❧❡✈❡❧✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶ ✭◆♦ tr✐❧❡♠♠❛ ✇✐t❤ ♥♦♠✐♥❛❧ ❞✐✈✐❞❡♥❞s✮✳ ❈♦♥s✐❞❡r t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② (D1, D2, y(·))

✇✐t❤ D1, D2 > 0✿

✭✐✮ ❬r✉♥✲❞❡t❡rr❡♥❝❡ ❛♥❞ ♣r✐❝❡✲st❛❜✐❧✐t②❪✿ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ s❡ts ❛ ❝♦♥st❛♥t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(n) =

ỹ ∈ (0, ŷ] ❢♦r ❛❧❧ n ∈ [0, 1]✱ s❤❡ ✐♠♣❧❡♠❡♥ts t❤❡ st❛❜❧❡ ♣r✐❝❡ ❧❡✈❡❧ P1(n) ≡
D1

ỹ =: P̄ ✐♥ t = 1 ❢♦r ❛❧❧

n ∈ [0, 1] ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡t❡rs r✉♥s ✳

✭✐✐✮ ❬r✉♥✲❞❡t❡rr❡♥❝❡✱ ♣r✐❝❡✲st❛❜✐❧✐t②✱ ❛♥❞ s♦❝✐❛❧ ♦♣t✐♠❛❧✐t②❪✿ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ s❡ts t❤❡ ❝♦♥st❛♥t ❧✐q✲

✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(n) = y∗ ❢♦r ❛❧❧ n ∈ [0, 1]✱ ♥♦t ♦♥❧② r✉♥s ❛r❡ ❞❡t❡rr❡❞ ❜✉t t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐s

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❞♦♠✐♥❛♥t str❛t❡❣✐❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♣r✐❝❡ t❛r❣❡t P1 = P̄ ✐s ❛tt❛✐♥❡❞ ✐♥ t = 1✳ ❚❤❡

tr✐❧❡♠♠❛ ✈❛♥✐s❤❡s✳

✭✐✐✐✮ ■❢ t❤❡ ❧❛t❡ ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥t D2 ❛❞❞✐t✐♦♥❛❧❧② s❛t✐s✜❡s

D2 = P̄R (1− ŷ) ✭✹✶✮

t❤❡♥ t❤❡ ♣r✐❝❡ t❛r❣❡t ✐s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t = 2✳

❘❡s✉❧t ✭✐✮✱ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛t❛ ✼✳✶✱ ✼✳✶✱ ❜♦✉♥❞ ✭✹✵✮ ❛♥❞ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ✭✸✺✮✳ P❛rt

✭✐✐✮ ❢♦❧❧♦✇s s✐♥❝❡ y∗ < ŷ ✐s ❢❡❛s✐❜❧❡✱ ❛♥❞ s✐♥❝❡ y∗ = λx∗1✳

❚♦ ❝♦♥❝❧✉❞❡✱ ❣❡♥❡r✐❝❛❧❧②✱ t❤❡ ♥♦♠✐♥❛❧ ✈❡rs✐♦♥ ♦❢ ❏❛❝❦❧✐♥ ✭✶✾✽✼✮ ✐s ♣r♦♥❡ t♦ r✉♥s✳ ❚❤❡r❡❢♦r❡✱

✇❤❡t❤❡r ❛❣❡♥ts r❡❝❡✐✈❡ ❈❇❉❈ ✈✐❛ ❞❡♠❛♥❞✲❞❡♣♦s✐t ❝♦♥tr❛❝ts ♦r ❞✐✈✐❞❡♥❞s ♠❛❦❡s ♥♦ ❞✐✛❡r❡♥❝❡ ❛s t♦

✇❤❡t❤❡r r✉♥s ♦❝❝✉r✿ ❛❧❧ t❤❛t ♠❛tt❡rs ✐s t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(n)✳ ❘✉♥s ❛r❡ ❞❡t❡rr❡❞✱ ✐❢ y(n) <

yd(n)✱ ❢♦r ❛❧❧ n ∈ [0, 1]✳ ❍♦✇❡✈❡r✱ ✉♥❧✐❦❡ ✐♥ t❤❡ ♥♦♠✐♥❛❧ ❞❡♠❛♥❞✲❞❡♣♦s✐t ♠♦❞❡❧✱ ✐♥ t❤❡ ♥♦♠✐♥❛❧

❞✐✈✐❞❡♥❞ ♠♦❞❡❧ t❤❡ ❛♠♦✉♥t ♦❢ ❈❇❉❈ s♣❡♥t ✐♥ ♣❡r✐♦❞ t = 1 ♥♦ ❧♦♥❣❡r ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡♥❞✐♥❣

❢r❛❝t✐♦♥ ♦❢ ❛❣❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ♣r✐❝❡ st❛❜✐❧✐t② ❝❛♥ ❜❡ ❛ss✉r❡❞ ✐❢ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ✐s ❝♦♥st❛♥t✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥st❛♥t ❧✐q✉✐❞❛t✐♦♥ y(n) ≡ y∗ ♥♦✇ ❛✈♦✐❞s t❤❡ tr✐❧❡♠♠❛ ❡♥t✐r❡❧②✳ ❚❤✐s✱ ❤♦✇❡✈❡r✱

❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❡r② ♣❛rt✐❝✉❧❛r ♠♦♥❡t❛r② s②st❡♠ ✇❤❡r❡ ❈❇❉❈ ✐s ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t ✐t ❝❛♥ ♦♥❧②

❜❡ s♣❡♥t ✐♥ t❤❡ ♣❡r✐♦❞ ✇❤❡♥ ✐t ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❞✐✈✐❞❡♥❞ ♣❛②♠❡♥t✱ t❤❛t ✐s✱ ❈❇❉❈ ✇♦✉❧❞ r❡q✉✐r❡ ❛♥

❡①♣✐r❛t✐♦♥ ❞❛t❡✳

✽ ❱♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ ❈❇❉❈ ❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❜② ♣r✐✈❛t❡

❜❛♥❦s

❚❤❡ ♠❛✐♥ ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t ❛❧❧ ❝♦♥s✉♠❡rs ✐♥✈❡st ✐♥ ❛ ❈❇❉❈✳ ■t r❡♠❛✐♥s t♦ ❝❧❛r✐❢② ✇❤❡t❤❡r ❛❣❡♥ts

♠❛② ❜❡ ❜❡tt❡r ♦✛ ✉s✐♥❣ t❤❡ ✐♥✈❡st♠❡♥t t❡❝❤♥♦❧♦❣② ♦♥ t❤❡✐r ♦✇♥✱ r❛t❤❡r t❤❛♥ r❡❧②✐♥❣ ♦♥ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥✿ ✐❢ ❛❣❡♥ts ✇❡r❡ t♦ ❞❡❝✐❞❡ t♦ st❛② ✐♥ ❛✉t❛r❦② ❛♥❞ ✐♥✈❡st ✐♥ t❤❡

✸✸



✐♥✈❡st♠❡♥t t❡❝❤♥♦❧♦❣② ❞✐r❡❝t❧②✱ t❤❡② ♠✐❣❤t ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ s✉♣♣❧② ❣♦♦❞s ❛t t❤❡ ✐♥t❡r✐♠ st❛❣❡✱

t❤✉s✱ ♣♦t❡♥t✐❛❧❧② ✉♥❞❡r♠✐♥✐♥❣ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✳ ❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥

✐s ♥♦t ❛✉t❛r❦② ❜✉t ✐♥✈❡st✐♥❣ ✐♥ ❞❡♣♦s✐ts ✇✐t❤ ❛ ❞✐✛❡r❡♥t✱ ♣r✐✈❛t❡ ❜❛♥❦✱ t❤❡♥ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ♦❢

t❤❛t ♣r✐✈❛t❡ ❜❛♥❦ ❤❛s ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❛❣❣r❡❣❛t❡ r❡❛❧ ❣♦♦❞s s✉♣♣❧② ❛t t❤❡ ✐♥t❡r✐♠ st❛❣❡✱ ❛❣❛✐♥

✐♠♣❛✐r✐♥❣ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝②✳ ❲❡ ♥♦✇ ❞✐s❝✉ss ❜♦t❤✳

✽✳✶ ❆✉t❛r❦② ❛♥❞ ✈♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ ❛ ❈❇❉❈

❆ss✉♠❡ ❛❧❧ ❜✉t ♦♥❡ ❛❣❡♥t ✐♥✈❡st ✐♥ ❛ ❈❇❉❈✳ ❆ss✉♠❡ t❤❛t t❤✐s s✐♥❣❧❡ ❛❣❡♥t ✐♥✈❡sts ✐♥ t❤❡ r❡❛❧

t❡❝❤♥♦❧♦❣② ❛t t = 0✱ ②✐❡❧❞✐♥❣ st♦r❛❣❡ ❜❡t✇❡❡♥ t = 0 ❛♥❞ t = 1✱ ❛♥❞ ②✐❡❧❞✐♥❣ R > 1 ✇❤❡♥ ❤❡❧❞

❜❡t✇❡❡♥ t = 0 ❛♥❞ t = 2✳ ❚❤❡♥✱ ❛t t = 1✱ s❤❡ ✇♦✉❧❞ ❧❡❛r♥ ❤❡r t②♣❡✳ ■❢ s❤❡ ✐s ✐♠♣❛t✐❡♥t✱ s❤❡ ✇✐❧❧

❧✐q✉✐❞❛t❡ t❤❡ t❡❝❤♥♦❧♦❣②✱ ②✐❡❧❞✐♥❣ 1 ✉♥✐t ♦❢ t❤❡ r❡❛❧ ❣♦♦❞✱ ❛♥❞ s❤❡ ✇♦✉❧❞ ❝♦♥s✉♠❡ ❤❡r ❣♦♦❞✳ ❙❤❡

✇♦✉❧❞ ♥♦t s❡❧❧ t❤❡ ❣♦♦❞ ❛❣❛✐♥st ♥♦♠✐♥❛❧ ❈❇❉❈ ❞❡♣♦s✐ts✱ s✐♥❝❡ s❤❡ ♦♥❧② ❝❛r❡s ❛❜♦✉t ❝♦♥s✉♠♣t✐♦♥ ❛t

t = 1✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ s❤❡ ✐s ✐♠♣❛t✐❡♥t✱ s❤❡ ✐s ✇♦rs❡ ♦✛ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❛♥ ❛❣❡♥t ✇❤♦ ✐♥✈❡st❡❞

✐♥ ❈❇❉❈s ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦✛❡rs ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ❛♥❞ ♠❛♥❛❣❡s t♦

✐♠♣❧❡♠❡♥t ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝②✳ ❚❤✐s ✐s s♦✱ s✐♥❝❡ ✉♥❞❡r t❤❡ ❧❛tt❡r✱ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✐♠♣❛t✐❡♥t ❛❣❡♥t

❣❡ts x∗1 > 1 r❡❛❧ ❣♦♦❞s✳

■❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥t ✐s ♣❛t✐❡♥t✱ s❤❡ ✇✐❧❧ st❛② ✐♥✈❡st❡❞ ✐♥ t❤❡ t❡❝❤♥♦❧♦❣② ✉♥t✐❧ t✐♠❡ t✇♦✳ ❚❤❡r❡✱

t❤❡ t❡❝❤♥♦❧♦❣② ②✐❡❧❞s R > 1 ✉♥✐ts ♦❢ t❤❡ ❣♦♦❞✳ ❚❤❡ ❛❣❡♥t ✇✐❧❧✱ t❤✉s✱ ❜❡ ❜❡tt❡r ♦✛ t❤❛♥ ✉♥❞❡r

✐♥✈❡st♠❡♥t ✐♥ ❛ ❈❇❉❈ s✐♥❝❡ x∗2 < R❀ s❡❡ ❙❡❝t✐♦♥ ✷✳✶✳ ❇✉t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❛❧s♦ ✐♥ t❤❡ ♣❛t✐❡♥t ❝❛s❡✱

t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥t ✇✐❧❧ ♥♦t ♦✛❡r ❣♦♦❞s ❢♦r s❛❧❡ ✐♥ t❤❡ ✐♥t❡r✐♠ ♣❡r✐♦❞✱ s✐♥❝❡ ❧✐q✉✐❞❛t✐♦♥ ❛♥❞ s❡❧❧✐♥❣

❛❣❛✐♥st ❛ ❈❇❉❈ ✇✐❧❧ ♦♥❧② ②✐❡❧❞ x∗2 ✐♥ t = 2✳ ❚❤✉s✱ ✐♥ ❡✐t❤❡r ❝❛s❡✱ ♣❛t✐❡♥t ♦r ✐♠♣❛t✐❡♥t✱ t❤❡ ❛❣❡♥t ✇❤♦

✐♥✈❡sts ✐♥ ❛✉t❛r❦② ✇✐❧❧ ♥♦t ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ✉♥❞❡r♠✐♥❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝② ❜② ✐♥❝r❡❛s✐♥❣

t❤❡ ❣♦♦❞s s✉♣♣❧② ✐♥ t❤❡ ✐♥t❡r✐♠ ♣❡r✐♦❞✳

❉♦❡s t❤❡ ❛❣❡♥t ♣r❡❢❡r t♦ r❡♠❛✐♥ ✐♥ ❛✉t❛r❦② r❛t❤❡r t❤❛♥ ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ❈❇❉❈❄ ❊①✲❛♥t❡✱ t❤❡

r✐s❦✲❛✈❡rs❡ ❛❣❡♥t ❝❛♥♥♦t ❦♥♦✇ ✇❤❡t❤❡r s❤❡ ✇✐❧❧ t✉r♥ ♦✉t t♦ ❜❡ ♣❛t✐❡♥t ♦r ✐♠♣❛t✐❡♥t✳ ❉✐❛♠♦♥❞ ❛♥❞

❉②❜✈✐❣ ✭✶✾✽✸✮ s❤♦✇ t❤❛t ♣♦♦❧✐♥❣ ♦❢ r❡s♦✉r❝❡s ✈✐❛ ❜❛♥❦✐♥❣ ❝❛♥ ❛tt❛✐♥ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✉♥❞❡r ❛♥

❛❜s❡♥❝❡ ♦❢ r✉♥s✱ ✇❤✐❧❡ ✐♥✈❡st♠❡♥t ✉♥❞❡r ❛✉t❛r❦② ❝❛♥♥♦t✳ ❚❤❛t ✐s✱ t❤❡ s✐♥❣❧❡ ❛❣❡♥t ✐s ❛❧✇❛②s ❜❡tt❡r

♦✛ ✐♥✈❡st✐♥❣ ✐♥ t❤❡ ❈❇❉❈ ❛❝❝♦✉♥t ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♦✛❡rs ♦♣t✐♠❛❧ r✐s❦ s❤❛r✐♥❣ ❛♥❞ ✐♠♣❧❡♠❡♥ts ❛

r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝②✳ ❚❤✉s✱ ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ t❤❡ ❈❇❉❈ ❛❝❝♦✉♥t ✐s ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧✳

❲❤❛t ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ r✉♥s ❛ ♣♦❧✐❝② ♦❢ ❢✉❧❧ ♣r✐❝❡ st❛❜✐❧✐t② ❛t ❣♦❛❧ P̄❄ ■♥ t❤❛t ❝❛s❡✱ ♦✉r s❡❝♦♥❞

♠❛✐♥ r❡s✉❧t✱ ❈♦r♦❧❧❛r② ✽✱ s❤♦✇s t❤❛t r✉♥s ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞♦ ♥♦t ♦❝❝✉r ❜✉t x1 ≤ 1✳ ❚❤✉s✱ ❢♦r

❛❧❧ x1 < 1✱ ✐♥✈❡st✐♥❣ ✐♥ ❛ ❈❇❉❈ ✐s ❞♦♠✐♥❛t❡❞ ❜② ✐♥✈❡st✐♥❣ ✐♥ ❛✉t❛r❦②✳ ❱♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥ t❤✉s

r❡q✉✐r❡s x1 = 1 ♦r M = P̄ ✱ ✐♠♣❧②✐♥❣ x2 = R✳ ❚❤❡ ❛❣❡♥t ✐s t❤❡♥ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ✐♥✈❡st✐♥❣ ✐♥

❛ ❈❇❉❈ ❛♥❞ st❛②✐♥❣ ✐♥ ❛✉t❛r❦②✳ ❨❡t✱ ✐❢ s❤❡ st❛②❡❞ ✐♥ ❛✉t❛r❦②✱ s❤❡ ✇✐❧❧ ♥♦t ✉♥❞❡r♠✐♥❡ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② ❢♦r t❤❡ r❡❛s♦♥s ❛❜♦✈❡✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt✐❛❧ ♣r✐❝❡✲st❛❜❧❡ ♣♦❧✐❝②✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❛s ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✳

❊①✲❛♥t❡✱ t❤❡ ❛❣❡♥t ❝❛♥♥♦t ❦♥♦✇ ✇❤❡t❤❡r ❛ r✉♥ ♦❝❝✉rs ♦r ♥♦t✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♥♦✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱
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✇❡ ✐♠♣❧❡♠❡♥t t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ❛♥❞ t❤❡ ❛❣❡♥t ✐s ❜❡tt❡r ♦✛ ✐♥✈❡st✐♥❣ ✐♥ ❛ ❈❇❉❈✳ ❇✉t ❝♦♥❞✐t✐♦♥❛❧

♦♥ t❤❡ r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ s❤❡ ✇❛s ❜❡tt❡r ♦✛ ✐♥ ❛✉t❛r❦②✳ ❋r♦♠ ✇✐t❤✐♥ t❤❡ ♠♦❞❡❧✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦

❛tt❛❝❤ ❧✐❦❡❧✐❤♦♦❞s ❢♦r ❡❛❝❤ ❡q✉✐❧✐❜r✐✉♠✳

✽✳✷ ❈❛♥ ♣r✐✈❛t❡ ❜❛♥❦s ✉♥❞❡r♠✐♥❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♣♦❧✐❝②❄

❚❤❡ q✉❡st✐♦♥ ♦❢ ✉♥❞❡r ✇❤❛t ❝✐r❝✉♠st❛♥❝❡s ❝♦♥s✉♠❡rs ♣r❡❢❡r ✐♥✈❡st✐♥❣ ✐♥ ❛ ❈❇❉❈ ❛❝❝♦✉♥t ✇✐t❤ t❤❡

❝❡♥tr❛❧ ❜❛♥❦ r❛t❤❡r t❤❛♥ ✐♥✈❡st✐♥❣ ✐♥ ❞❡♠❛♥❞ ❞❡♣♦s✐ts ✇✐t❤ ♣r✐✈❛t❡ ❜❛♥❦s✱ ✇✐t❤ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r

❤♦✇ ❜♦t❤ t②♣❡s ♦❢ ❜❛♥❦s ❝❛♥ ❝♦❡①✐st✱ ✐s ❛❞❞r❡ss❡❞ ✐♥ ❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡ ❡t ❛❧✳ ✭✷✵✷✵✮✳ ■♥ t❤✐s

s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ ♣r✐✈❛t❡ ❜❛♥❦s✬ ✐♥❝❡♥t✐✈❡s t♦ ♣r♦✈✐❞❡ ❣♦♦❞s ❛t t❤❡ ✐♥t❡r✐♠ st❛❣❡✱ ❝♦♥❞✐t✐♦♥❛❧

♦♥ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ ♣r✐✈❛t❡ ❜❛♥❦s ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳

●♦♦❞s s✉♣♣❧②✳ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝♦❡①✐sts ✇✐t❤ ♣r✐✈❛t❡ ❜❛♥❦s✱ ✐t ❝♦♥tr♦❧s t❤❡ ♠❛r❦❡t ♦❢ ❣♦♦❞s

♦♥❧② ♣❛rt✐❛❧❧②✱ ✇✐t❤ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ r❡❛❧ ❣♦♦❞s ❜❡✐♥❣ s✉♣♣❧✐❡❞ ❜② ❝♦♠♠❡r❝✐❛❧ ❜❛♥❦s✳ ❆s ❜❡❢♦r❡✱

t❤❡ ♠❡❛s✉r❡ ♦❢ ❛❣❡♥ts ✐s ♥♦r♠❛❧✐③❡❞ t♦ ♦♥❡✱ ❞✐✈✐❞❡❞ ❜❡t✇❡❡♥ ❛ s❤❛r❡ α ∈ (0, 1) ♦❢ ❛❣❡♥ts ✇❤♦ ❛r❡

❈❇❉❈ ❝✉st♦♠❡rs ❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛♥❞ ❛ s❤❛r❡ 1−α ✇❤♦ ❛r❡ ❝✉st♦♠❡rs ❛t ♣r✐✈❛t❡ ❜❛♥❦s✳ ❆ss✉♠❡

t❤❛t ❛❧❧ ❛❣❡♥ts ✐♥✈❡st t❤❡✐r 1 ✉♥✐t ❡♥❞♦✇♠❡♥t ✐♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛♥❦ ❛♥❞ t❤❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s

✐♥✈❡st ✐♥ t❤❡ s❛♠❡ ❛ss❡t ❛s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞♦❡s✳ ❚❤❡♥✱ ❛t t = 1✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ s✉♣♣❧② ✉♣

t♦ α ❣♦♦❞s ✈✐❛ ❧✐q✉✐❞❛t✐♦♥✱ ✇❤✐❧❡ ♣r✐✈❛t❡ ❜❛♥❦s ❝❛♥ s✉♣♣❧② ✉♣ t♦ 1− α ❣♦♦❞s✳

❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♦♥❡ ❝❡♥tr❛❧✐③❡❞ ❣♦♦❞s ♠❛r❦❡t t♦ ✇❤✐❝❤ ❝✉st♦♠❡rs ❛♥❞ ❜❛♥❦s ❤❛✈❡ ❛❝❝❡ss✳

❚❤❛t ✐s✱ ❈❇❉❈ ❞❡♣♦s✐t♦rs ❝❛♥ s♣❡♥❞ ❈❇❉❈ ❜❛❧❛♥❝❡s ♦♥ ❣♦♦❞s s✉♣♣❧✐❡❞ ❜② ♣r✐✈❛t❡ ❜❛♥❦s ❛♥❞ ♣r✐✈❛t❡

❜❛♥❦ ❝✉st♦♠❡rs ❝❛♥ s♣❡♥❞ t❤❡✐r ♣r✐✈❛t❡ ❞❡♣♦s✐t ❜❛❧❛♥❝❡s ♦♥ ❣♦♦❞s s✉♣♣❧✐❡❞ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳

▲❡t n ❞❡♥♦t❡ t❤❡ t♦t❛❧ ♠❡❛s✉r❡ ♦❢ s♣❡♥❞✐♥❣ ❛❣❡♥ts ❛❝r♦ss ❜♦t❤ ❝✉st♦♠❡r ❣r♦✉♣s ❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❛♥❞ ♣r✐✈❛t❡ ❜❛♥❦s✱ ❣✐✈❡♥ ❜②

n = αnCB + (1− α)nP , ✭✹✷✮

✇❤❡r❡ nCB ✐s t❤❡ t♦t❛❧ s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs ❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇❤♦ s♣❡♥❞✱ ✇❤✐❧❡ nP ✐s t❤❡ t♦t❛❧

s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs ❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ✇❤♦ s♣❡♥❞✳ ●✐✈❡♥ t♦t❛❧ s♣❡♥❞✐♥❣ n ✐♥ ♣❡r✐♦❞ t = 1✱ ❧❡t

yP (n) ❜❡ t❤❡ s❤❛r❡ ♦❢ ❛ss❡ts ❧✐q✉✐❞❛t❡❞ ❜② ♣r✐✈❛t❡ ❜❛♥❦s✳ ■♥ ❝♦♥tr❛st✱ ❧❡t yCB(n) ❜❡ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✱ ✐✳❡✳✱ t❤❡ s❤❛r❡ ♦❢ ❛ss❡ts ❧✐q✉✐❞❛t❡❞ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❚❤❡ t♦t❛❧ ❣♦♦❞s

s✉♣♣❧② y ✐♥ t❤❡ ❝❡♥tr❛❧✐③❡❞ ♠❛r❦❡t ❛t t❤❡ ✐♥t❡r✐♠ st❛❣❡ ✐s t❤❡♥✿

y(n) = α yCB(n) + (1− α) yP (n). ✭✹✸✮

Pr✐✈❛t❡ ❞❡♣♦s✐t ♠❛❦✐♥❣✳ ❚♦ ❝♦❧❧❡❝t ✐♥✈❡st♠❡♥t ✐♥ t = 0✱ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s ♦✛❡r ❛ ♥♦♠✐♥❛❧

❞❡♠❛♥❞✲❞❡♣♦s✐t ❛❝❝♦✉♥t ✐♥ r❡t✉r♥ ❢♦r 1 ✉♥✐t ♦❢ t❤❡ r❡❛❧ ❣♦♦❞✳ ❚❤❡ ♣r✐✈❛t❡ ♥♦♠✐♥❛❧ ❛❝❝♦✉♥ts ❛r❡

❞❡♥♦♠✐♥❛t❡❞ ✐♥ ✉♥✐ts ♦❢ t❤❡ ❈❇❉❈✳ ❉✉❡ t♦ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ t❤❡ ♣r✐✈❛t❡ ❝♦♥tr❛❝t

❛❧s♦ ♦✛❡rs M ✉♥✐ts ♦❢ t❤❡ ❈❇❉❈ ✐♥ t = 1 ♦r M(1 + i(n)) ✉♥✐ts ✐♥ t = 2✳

❚♦ s❡r✈✐❝❡ ✇✐t❤❞r❛✇❛❧s ✐♥ t❡r♠s ♦❢ t❤❡ ❈❇❉❈✱ ♣r✐✈❛t❡ ❜❛♥❦s ✜rst ♦❜s❡r✈❡ t❤❡✐r ❝✉st♦♠❡rs✬ ❈❇❉❈

✇✐t❤❞r❛✇❛❧ ♥❡❡❞s nP ✱ ❛♥❞ ❜♦rr♦✇ t❤❡ r❡q✉✐r❡❞ ❛♠♦✉♥t (1− α)nPM ♦❢ t❤❡ ❈❇❉❈ ❢r♦♠ t❤❡ ❝❡♥tr❛❧

✸✺



❜❛♥❦ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡r✐♦❞ t = 1✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝r❡❛t❡s t❤❡ ❈❇❉❈ q✉❛♥t✐t② (1− α)nPM

♦♥ ❞❡♠❛♥❞ ❢♦r t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s✳ Pr✐✈❛t❡ ❜❛♥❦s ♦❜s❡r✈❡ ❈❇❉❈ s♣❡♥❞✐♥❣ ❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ nCB✱

②✐❡❧❞✐♥❣ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n✳ ❉✉r✐♥❣ ♣❡r✐♦❞ ♦♥❡✱ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s s❡❧❧ t❤❡ s❤❛r❡ yP (n) ♦❢ t❤❡✐r

r❡❛❧ ❣♦♦❞s ✐♥✈❡st♠❡♥t ❛t ♣r✐❝❡ P1 ✐♥ t❤❡ ❝❡♥tr❛❧✐③❡❞ ♠❛r❦❡t t♦ ❛❧❧ ❝♦♥s✉♠❡rs✱ t❤✉s r❡❝❡✐✈✐♥❣ ♣r♦❝❡❡❞s

♦❢ P1yP (n)(1− α) ✉♥✐ts ♦❢ t❤❡ ❈❇❉❈ ✐♥ r❡t✉r♥✱ ✇❤❡r❡ P1 s❛t✐s✜❡s ♠❛r❦❡t ❝❧❡❛r✐♥❣✿

M
(

(1− α)nP + αnCB

)

= P1

(

yP (n)(1− α) + yCB(n)α
)

. ✭✹✹✮

❚❤❡ ♣r✐✈❛t❡ ❜❛♥❦s ✉s❡ t❤❡s❡ ❈❇❉❈ ♣r♦❝❡❡❞s t♦ ✭♣❛rt✐❛❧❧②✮ r❡♣❛② t❤❡✐r ❧♦❛♥ t♦ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❛t ③❡r♦ ✐♥t❡r❡st ✇✐t❤✐♥ ♣❡r✐♦❞ ♦♥❡✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ r❡t❛✐♥s ♦♥❧② ♣❛rt✐❛❧ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ❣♦♦❞s

♠❛r❦❡t✱ ✐t ❣❡♥❡r✐❝❛❧❧② ♥♦ ❧♦♥❣❡r ❤♦❧❞s nCBM = P1yCB(n)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s ❝❛♥

❤♦❧❞ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ❈❇❉❈ ❜❛❧❛♥❝❡s (1− α)(P1yP (n)− nPM) ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❜❡t✇❡❡♥

t = 1 ❛♥❞ t = 2✳

❲❡ s❡❡❦ t♦ ❡①❛♠✐♥❡ ❛ r❛♥❣❡ ♦❢ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ✇✐t❤❞r❛✇❛❧s nP ❛s ✇❡❧❧ ❛s

❧✐q✉✐❞❛t✐♦♥ ❝❤♦✐❝❡s yP ✳ ❚❤✉s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✐♠♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ♣r✐✈❛t❡ ❜❛♥❦s ♠❛❦❡ ③❡r♦

♣r♦✜ts✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✏❝✐r❝✉♠st❛♥❝❡s✑ nP ♦r t❤❡✐r ❝❤♦✐❝❡ ❢♦r yP ✳ ❚❤✐s r❡q✉✐r❡s s♦♠❡ ❝❛r❡❢✉❧

❝❛❧❝✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ♣r♦✈✐❞❡ ✐♥ ❆♣♣❡♥❞✐① ✶✸✱ ❛♥❞ ♦♥❧② s✉♠♠❛r✐③❡ ❤❡r❡✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❤❛r❣❡s ♦r ♣❛②s t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ z = (RP2/P1) − 1

♦♥ t❤❡ ❡①❝❡ss ♦r ❞❡✜❝✐t ❈❇❉❈ ❜❛❧❛♥❝❡s ♦❢ ♣r✐✈❛t❡ ❜❛♥❦s✱ t♦ ❜❡ s❡tt❧❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t = 2✳ ◆♦t❡

t❤❛t z > i✱ ✐❢ x1 > 1 ❛♥❞ ❡q✉❛❧s t❤❡ ✐♥t❡r♥❛❧ ♥♦♠✐♥❛❧ s❤❛❞♦✇ ✐♥t❡r❡st r❛t❡ r❡❣❛r❞✐♥❣ ♣r✐✈❛t❡ ❜❛♥❦

❧✐q✉✐❞❛t✐♦♥ ❝❤♦✐❝❡s✳ ▼♦r❡♦✈❡r✱ ✇❡ ✐♠♣♦s❡ ❛ ♠❛r❦❡t s❤❛r❡ t❛① ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ t = 2 ✐♥ ♦r❞❡r t♦

❝♦♠♣❡♥s❛t❡ ❢♦r ♣r♦✜ts ♦r ❧♦ss❡s ❞✉❡ t♦ ❝✐r❝✉♠st❛♥❝❡s nP ✳

❆t t = 2✱ t❤❡ r❡♠❛✐♥✐♥❣ ♣r✐✈❛t❡ ❝✉st♦♠❡rs s♣❡♥❞ t❤❡ q✉❛♥t✐t② (1 − α)(1 − nP )M(1 + i(n)) ♦❢

♣r✐✈❛t❡ ❈❇❉❈ ❛❝❝♦✉♥ts t❤❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s ❜♦rr♦✇ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢

t = 2✳ ❚❤❡ ♣r✐✈❛t❡ ❜❛♥❦s s❡❧❧ t❤❡✐r r❡t✉r♥s ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥✈❡st♠❡♥t R(1 − yP (n))(1 − α) ❛t

♣r✐❝❡ P2✱ ✇❤❡r❡ P2 s❛t✐s✜❡s ♠❛r❦❡t ❝❧❡❛r✐♥❣

M(1 + i(n))
(

(1− α)(1− nP ) + α(1− nCB)
)

=

P2R
(

(1− yP (n))(1− α) + (1− yCB(n))α
)

. ✭✹✺✮

❆t t❤❡ ❡♥❞ ♦❢ t = 2✱ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s s❡tt❧❡ t❤❡✐r ❛❝❝♦✉♥ts ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ t❛❦✐♥❣ ✐♥t♦

❛❝❝♦✉♥t t❤❡ r❡♠❛✐♥✐♥❣ ❜❛❧❛♥❝❡s ❛t t = 1 ❛❞❥✉st❡❞ ❢♦r ✐♥t❡r❡st✱ t❤❡ ❡♥❞✲♦❢✲♣❡r✐♦❞ t❛① ❝♦♠♣❡♥s❛t✐♥❣

❢♦r ❝✐r❝✉♠st❛♥❝❡s nP ✱ t❤❡ ❧♦❛♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t = 2✱ ❛♥❞ t❤❡ s❛❧❡s ♣r♦❝❡❡❞s ❛t t = 2✳

❏♦✐♥t ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ❚❤❡ ❛❝t✐♦♥s ♦❢ ♣r✐✈❛t❡ ❜❛♥❦s ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② ♥♦t ❜❡

♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞ ✇❤❡♥ ✐t ❝♦♠❡s t♦ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♦❢ ❛ss❡ts ❛♥❞ t❤❡ s✉♣♣❧② ♦❢ ❣♦♦❞s ❛t t❤❡ ✐♥t❡r✐♠

st❛❣❡✳ Pr✐✈❛t❡ ❜❛♥❦s ❝❛♥ ❤❛✈❡ ✈❛r✐♦✉s ♦❜❥❡❝t✐✈❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ♦✇♥❡rs❤✐♣ str✉❝t✉r❡ ❛♥❞ ♠❛②

❜❡ s✉❜❥❡❝t t♦ r❡❣✉❧❛t✐♦♥ ♦❢ t❤❡✐r ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝②✱ ❜♦t❤ s❤❛♣✐♥❣ yP ✳ ■♥❞❡♣❡♥❞❡♥t❧② ♦❢ ✇❤❡t❤❡r

✸✻



♣r✐✈❛t❡ ❜❛♥❦s ♠❛①✐♠✐③❡ ❞❡♣♦s✐t♦r ✇❡❧❢❛r❡ ❛s ✐♥ ❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮✱ ♦r ♣✉rs✉❡ s♦♠❡ ♦t❤❡r

♦❜❥❡❝t✐✈❡✱ t❤❡ ♣r❡✈❡♥t✐♦♥ ♦❢ r✉♥s ✐s ❦❡②✳ ❲❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡ t❤❛t r✉♥s ♦❝❝✉r ✐❢ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢

r❡❛❧ ❣♦♦❞s ❛t t❤❡ ✐♥t❡r✐♠ st❛❣❡ ✐s ❤✐❣❤✳ ❙✐♥❝❡ t❤❡ ♠❛r❦❡t ✐s ❝❡♥tr❛❧✐③❡❞✱ ❢♦r t❤❡ s♣❡♥❞✐♥❣ ✐♥❝❡♥t✐✈❡s

♦❢ ❜❛♥❦ ❝✉st♦♠❡rs ✐t ✐s ✐rr❡❧❡✈❛♥t ✇❤❡t❤❡r t❤❡s❡ ❣♦♦❞s ❛r❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♦r t❤❡

♣r✐✈❛t❡ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♦❢ ❛ss❡ts✳

❍❡♥❝❡✱ ❛s ❜❡❢♦r❡✱ ❛ r✉♥✲❞❡t❡rr✐♥❣ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② y(·) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛❣❣r❡❣❛t❡ s♣❡♥❞✐♥❣ n

s✉❝❤ t❤❛t t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ❛t t = 1 ✉♥❞❡r❝✉ts t❤❡ r❡❛❧ ❛❧❧♦❝❛t✐♦♥ ❛t t = 2✿

y(n)

n
< R

(1− y(n))

1− n
, ❢♦r ❛❧❧ n ∈ [λ, 1]. ✭✹✻✮

❚❤✉s✱ ❛❣❛✐♥✱ ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② s❛t✐s✜❡s

y(n) <
nR

1 + n(R− 1)
, ❢♦r ❛❧❧ n ∈ [λ, 1]. ✭✹✼✮

P❡r❢❡❝t ❝♦♦r❞✐♥❛t✐♦♥✳ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛♥❞ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s ❝♦♦r❞✐♥❛t❡ ♣❡r❢❡❝t❧②✱ ✐✳❡✳✱ ❛❝t

❛s ♦♥❡ ❡♥t✐t②✱ ❛♥❞ ❤❛✈❡ ❢✉❧❧ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ❛ss❡t ❧✐q✉✐❞❛t✐♦♥✱ t❤❡♥ ❛❧❧ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝✐❡s ❛r❡

♣♦ss✐❜❧❡✱ ❛s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❛ ♠♦♥♦♣♦❧✐st✳ ❇✉t ✇❤② ✇♦✉❧❞ t❤❡② ❝♦♦r❞✐♥❛t❡

♣❡r❢❡❝t❧②❄ ❇② t❤❡ ♠❛r❦❡t✬s ❝❡♥tr❛❧✐③❛t✐♦♥✱ t❤❡ ❞❡st✐♥② ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ✐♥t❡rt✇✐♥❡❞ ✇✐t❤ t❤❡

❞❡st✐♥② ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦s ❛♥❞ ❜♦t❤ t②♣❡s ♦❢ ❜❛♥❦s ❤❛✈❡ ❛♥ ✐♥t❡r❡st ✐♥ ❞❡t❡rr✐♥❣ r✉♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ✇✐❧❧✱ t❤❡r❡❢♦r❡✱ ♥♦t ✉♥❞❡r♠✐♥❡ ❛ ❝❡♥tr❛❧ ❜❛♥❦✬s r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② ❜② s✉♣♣❧②✐♥❣

❛❞❞✐t✐♦♥❛❧ ❣♦♦❞s ✇❤❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ ♣r✐❝❡s ❛r❡ ❤✐❣❤✱ s✐♥❝❡ t❤✐s ♠✐❣❤t ❝❛✉s❡ ❛ r✉♥ ♥♦t ♦♥❧② ♦♥

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❜✉t ❛❧s♦ ♦♥ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✳ ❈♦♦r❞✐♥❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❛♠♦♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠

♦✉t❝♦♠❡s✳

❘✉♥s ✉♥❞❡r ✐♠♣❡r❢❡❝t ❝♦♦r❞✐♥❛t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s ❤♦✇✱ ❢♦r ❣❡♥❡r❛❧ ❧✐q✉✐✲

❞❛t✐♦♥ ♣♦❧✐❝✐❡s yP ♦❢ ♣r✐✈❛t❡ ❜❛♥❦s✱ r✉♥s ❝❛♥ ♦❝❝✉r✳ ❆ss✉♠❡ t❤❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✱ ❢♦r s♦♠❡ r❡❛s♦♥✱

❢♦❧❧♦✇s ❛ ❧✐q✉✐❞❛t✐♦♥ r✉❧❡ yP (n) ∈ [0, 1] ✇❤❡r❡ yP (nb) = 1 ❢♦r ❛❧❧ n ≥ nb ✇❤❡r❡ nb ∈ (0, 1)✳ ❋♦r

✐♥st❛♥❝❡✱ nb = 1 − α✱ ✐✳❡✳✱ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ✐s s✉❜❥❡❝t t♦ r❡❣✉❧❛t✐♦♥ ❛♥❞ ❤❛s t♦ ❧✐q✉✐❞❛t❡ ❛❧❧ ❛ss❡ts

✐❢ ❛ ❢r❛❝t✐♦♥ ♦❢ ✐ts ❝✉st♦♠❡rs ❡q✉❛❧ t♦ ✐ts ♠❛r❦❡t s❤❛r❡ s♣❡♥❞s✳ ■♥ t❤❛t ❝❛s❡✱ ❛s ✇❡ s❤♦✇ ♥❡①t✱ t❤❡

❝❡♥tr❛❧ ❜❛♥❦✬s ❝❛♣❛❝✐t② t♦ ❞❡t❡r r✉♥s ❞❡♣❡♥❞s ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✐♥❣ s❡❝t♦r✱ ✐✳❡✳✱ ✐ts

♠❛r❦❡t ♣♦✇❡r α✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ♦♥❧② ❝♦♥tr♦❧ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♦❢ ✐ts ♦✇♥ ✐♥✈❡st♠❡♥t yCP ✱

✈✐❛ ✭✹✻✮ ❛♥❞ ✭✹✸✮✱ ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② yCB ♥❡❡❞s t♦ s❛t✐s❢②✿

yCB(n) <
Rn− (1− α)yP (n)(Rn+ 1− n)

α(Rn+ 1− n)
, ❢♦r ❛❧❧ n ∈ [λ, 1]. ✭✹✽✮

◆♦✇ ❛ss✉♠❡ n > nb✱ s✉❝❤ t❤❛t yP (n) = 1✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛s ❛ s♠❛❧❧ ♠❛r❦❡t

s❤❛r❡ α → 0✱ t❤❡♥ t❤❡ ♥✉♠❡r❛t♦r ❝♦♥✈❡r❣❡s t♦ −(1 − n)✱ ✇❤✐❧❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❣♦❡s t♦ ③❡r♦✱

α(1 + (R − 1)n) → 0✳ ❚❤❛t ✐s✱ ❢♦r nb < n < 1✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✹✽✮ ❣♦❡s t♦ ♠✐♥✉s ✐♥✜♥✐t②

s✉❝❤ t❤❛t ✭✹✽✮ ❝❛♥♥♦t ❤♦❧❞✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✳

✸✼



❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✿ ❘✉♥✲❞❡t❡rr❡♥❝❡ ✉♥❞❡r ✐♠♣❡r❢❡❝t ❝♦♦r❞✐♥❛t✐♦♥✳ ❚❤❡ ❡①❛♠♣❧❡

❛❜♦✈❡ ♠❛❦❡s ❝❧❡❛r t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s s❤❛r❡ ✐♥ t❤❡ ❞❡♣♦s✐t ♠❛r❦❡t ♥❡❡❞s t♦ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥

♦r❞❡r t♦ ♣r❡✈❡♥t r✉♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞ ✉♥❞❡r ✇❤✐❝❤ t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❡♥s✉r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ r✉♥✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ s❝❤❡❞✉❧❡

yP : [λ, 1] → [0, 1]✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s s❤❛r❡ ✐♥ t❤❡ ❞❡♣♦s✐t ♠❛r❦❡t s❛t✐s✜❡s

α >
1− λ

(1− λ+Rλ)
. ✭✹✾✮

❚❤❡♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ r✉♥✲❞❡t❡rr✐♥❣ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② yCB : [λ, 1] → [0, 1]✱ r❡❣❛r❞✲

❧❡ss ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✬s ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② yP : [λ, 1] → [0, 1]✳

❙✉❝❤ ❛♥ α ∈ (0, 1) ❡①✐sts s✐♥❝❡ 1−λ
(1−λ+Rλ) ∈ (0, 1)✳ ❚❤✉s✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ 1−λ

(1−λ+Rλ) ♦❢ ❡q✉❛t✐♦♥

✭✹✾✮ ✐♠♣♦s❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❜❛❧❛♥❝❡✲s❤❡❡t s✐③❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛s ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ t♦t❛❧

❞❡♠❛♥❞ ❞❡♣♦s✐t ♠❛r❦❡t✱ s✉❝❤ t❤❛t r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝✐❡s r❡♠❛✐♥ ♣♦ss✐❜❧❡ ❞❡s♣✐t❡ ❝♦❡①✐st✐♥❣ ♣r✐✈❛t❡

❜❛♥❦s t❤❛t ❛r❡ s✉❜❥❡❝t t♦ ❧✐q✉✐❞❛t✐♦♥ r❡str✐❝t✐♦♥s✳

Pr♦♦❢✳ ❬Pr♦♣♦s✐t✐♦♥ ✶✸❪ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② ♣r✐✈❛t❡ ❜❛♥❦ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② yP : [λ, 1] →

[0, 1]✱ t❤❡r❡ ✐s ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❧✐q✉✐❞❛t✐♦♥ ♣♦❧✐❝② yCB : [λ, 1] → [0, 1] s♦ t❤❛t ✭✹✽✮ ✐s s❛t✐s✜❡❞✳ ❚♦

❞❡r✐✈❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ♠❛r❦❡t s❤❛r❡ α ✉♥❞❡r ✇❤✐❝❤ ✐t ❝❛♥ ♥❡✈❡rt❤❡❧❡ss

✐♠♣❧❡♠❡♥t ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝②✱ ♥♦t❡ t❤❛t ❜② R > 1✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✹✽✮ ❞❡❝❧✐♥❡s ✐♥ t❤❡

✈❛❧✉❡ yp ❢♦r ❛❧❧ α ∈ (0, 1)✳ ❚❤✉s✱ ✐❢ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ♣♦❧✐❝② yCP ✐s r✉♥✲❞❡t❡rr✐♥❣ ❢♦r yP = 1 ❢♦r ❛❧❧

n ∈ [0, 1]✱ t❤❡♥ yCP ✐s ❛❧s♦ r✉♥✲❞❡t❡rr✐♥❣ ❢♦r ❛ ♣r✐✈❛t❡ ❜❛♥❦ ♣♦❧✐❝② yP (n) ≤ 1 ❢♦r ❛❧❧ n ∈ [0, 1]✳ ❚❤✉s✱

❛ss✉♠❡ yP = 1 ❢♦r ❛❧❧ n ∈ [0, 1]✳ ❚❤❡♥✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② ❛❣❛✐♥st ❛❧❧

♣r✐✈❛t❡ ❜❛♥❦ ♣♦❧✐❝✐❡s yP ✐s✿

yCB(n) <
Rn− (1− α)(Rn+ (1− n))

α(1 + (R− 1)n)
= 1−

1− n

α(1 + (R− 1)n)
, ❢♦r ❛❧❧ n ∈ [λ, 1]. ✭✺✵✮

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ n ❛♥❞ yCB(n) ❝❛♥♥♦t ✉♥❞❡r❝✉t ③❡r♦✳ ❚❤✉s✱ ❛ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦❧✐❝② yCB ∈ [0, 1] t❤❛t s❛t✐s✜❡s ✭✺✵✮ ✐s ❛♥ α s✉❝❤ t❤❛t✿

0 < 1−
1− λ

α(1 + (R− 1)λ)
. ✭✺✶✮
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✾ ❚❤❡ ✜♥❛♥❝✐❛❧ s②st❡♠

❖✉r ♠♦❞❡❧ ❛❜str❛❝ts ❢r♦♠ ♠❛♥② ❢❡❛t✉r❡s ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ s②st❡♠✳ ■♥ ♦✉r ❜❛s❡❧✐♥❡ s❡tt✐♥❣✱ ✇❡ ♦♥❧② ❤❛✈❡

❤♦✉s❡❤♦❧❞s ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ ❞r♦♣♣✐♥❣ t❤❡ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛r②

s❡❝t♦r ❡♥t✐r❡❧②✳ ❚❤✐s ❝❛♥ ❛♣♣❡❛r ❛s r❛t❤❡r ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ✐♥st✐t✉t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ s❡❡♥ ✐♥ ♣r❛❝t✐❝❡

❛♥❞ t❤❡ r✐s❦✲s❤❛r✐♥❣ ❢r❛♠❡✇♦r❦ ✐♥ ♣❧❛❝❡✳

❋✐❣✉r❡ ✾✿ ❚❤❡ ❋✐♥❛♥❝✐❛❧ ❙②st❡♠✿ ❍♦✉s❡❤♦❧❞s✱ ✜r♠s✱ ❛♥❞ ❜❛♥❦s✳

❈♦♥s✐❞❡r t❤❡♥ t❤❡ ✜♥❛♥❝✐❛❧ s②st❡♠ ❛s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✾✱ ❝♦♥t❛✐♥✐♥❣ ✜r♠s✱ ❜❛♥❦s✱ ❤♦✉s❡❤♦❧❞s

❛♥❞ ❛ ❝❡♥tr❛❧ ❜❛♥❦✳ ❇❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✱ ❤♦✉s❡❤♦❧❞s ❤♦❧❞

❞❡♣♦s✐ts ❛t ❜❛♥❦s✳ ❇❛♥❦s ✉s❡ t❤❡s❡ ❞❡♣♦s✐ts t♦ ♣r♦✈✐❞❡ ❧♦❛♥s t♦ ✜r♠s✱ ✇❤♦ ✐♥ t✉r♥ ✉s❡ t❤❡♠ t♦

✜♥❛♥❝❡ ✐♥✈❡st♠❡♥t ♣r♦❥❡❝ts✳ ❚❤❡s❡ ♣r♦❥❡❝ts ❛r❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ♦✉r ♠♦❞❡❧ ❛❜♦✈❡✳

❲✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❈❇❉❈✱ ❤♦✉s❡❤♦❧❞s ♠❛② ❜❡❝♦♠❡ ✐♥❝❧✐♥❡❞ t♦ ❤♦❧❞ ❈❇❉❈ r❛t❤❡r t❤❛♥

❞❡♣♦s✐ts✱ ❣✐✈❡♥ t❤❡ r❛t❤❡r s✐♠✐❧❛r ❢✉♥❝t✐♦♥❛❧✐t②✳ ❲✐t❤♦✉t ❢✉rt❤❡r ❛❝t✐♦♥✱ t❤✐s ✇♦✉❧❞ t❤❡♥ ❧❡❛❞ t♦ ❛

❞✐s✐♥t❡r♠❡❞✐❛t✐♦♥ ♦❢ t❤❡ ❜❛♥❦s ❛♥❞ ✐♠♣❛✐r t❤❡✐r ❛❜✐❧✐t② t♦ ♠❛❦❡ ❧♦❛♥s t♦ ✜r♠s✳ ❚❤✐s ✐ss✉❡ ❞♦❡s ♥♦t

❞✐s❛♣♣❡❛r ✐♥ ❛ ❤②❜r✐❞ s②st❡♠ ❡✐t❤❡r✱ ✇❤❡r❡ ❜❛♥❦s ❤❛♥❞❧❡ t❤❡ ✏❢r♦♥t ❡♥❞✑ ♦❢ t❤❡ ❈❇❉❈ ❛❝❝♦✉♥ts✿ ✐♥

♦r❞❡r t♦ ❛ss✉r❡ t❤❛t t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♠♦♥❡② ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❤❛♥❞❧✐♥❣ ❜❛♥❦✱ t❤❡s❡ ❝❛♥♥♦t

❜❡ tr❡❛t❡❞ ❛s ❞❡♣♦s✐t ❛❝❝♦✉♥ts✳ ❍♦✇❡✈❡r✱ t❤❡ ❞✐s✐♥t❡r♠❡❞✐❛t✐♦♥ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❡♥❣❛❣❡s ✐♥ ✏♣❛ss t❤r♦✉❣❤✱✑ ❢✉♥♥❡❧✐♥❣ t❤❡ ❢✉♥❞s ❞❡♣♦s✐t❡❞ ❜② ❤♦✉s❡❤♦❧❞s ❜❛❝❦ t♦ t❤❡ r❡t❛✐❧ ❜❛♥❦s✱ ❛s

❇r✉♥♥❡r♠❡✐❡r ❛♥❞ ◆✐❡♣❡❧t ✭✷✵✶✾✮ ❤❛✈❡ ❛r❣✉❡❞✳ ■♥ ✜❣✉r❡ ✾✱ t❤✐s ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦s

r❡❢✉♥❞✐♥❣ t❤❡ ❜❛♥❦s ✇✐t❤ ❧♦❛♥s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❜❛♥❦✲✐ss✉❡❞ ❜♦♥❞s✳ ■❢ ❞♦♥❡ ♣r♦♣❡r❧②✱ t❤❡ ✜♥❛♥❝✐♥❣ ♦❢

✜r♠s r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳

❲✐t❤ t❤✐s ♥❡✇ str✉❝t✉r❡✱ ❤♦✇❡✈❡r✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❡①♣♦s❡❞ t♦ t❤❡ ✐♥t❡r♠❡❞✐❛t✐♦♥ r✐s❦s ✐♥❤❡r❡♥t

✐♥ ❜❛♥❦✐♥❣ ❛♥❞ ✜r♠ ✜♥❛♥❝✐♥❣✳ ■♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛s ❡♥✈✐s✐♦♥ ✐♥ ✜❣✉r❡ ✾✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❜❡❝♦♠❡s

t❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ ❜❛♥❦ ❢✉♥❞✐♥❣✿ ❞❡♣♦s✐t ✜♥❛♥❝❡ ❤❛s ❞✐s❛♣♣❡❛r❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❝❛♥ ❡♥❝♦✉r❛❣❡ ♦r ❞✐s❝♦✉r❛❣❡ ♣r♦❞✉❝t✐♦♥ ❜② ✐♥❝r❡❛s✐♥❣ ♦r ❞❡❝r❡❛s✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ❜❛♥❦ ❜♦♥❞s ✐t

❤♦❧❞s✳ ❖♥❡ ❝♦✉❧❞ ❡♥r✐❝❤ t❤✐s str✉❝t✉r❡ ❜② ❛ss✉♠✐♥❣ t❤❛t ❤♦✉s❡❤♦❧❞s ♠❛② ❛❧s♦ ❤♦❧❞ ❜❛♥❦ ❜♦♥❞s ♦r
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❜❛♥❦ ❡q✉✐t②✳ ❲❤❛t ✐s ❦❡② t♦ ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❤♦✇❡✈❡r✱ ✐s t❤❛t ❈❇❉❈ r❛t❤❡r t❤❛♥ ❜❛♥❦ ❜♦♥❞

❤♦❧❞✐♥❣s ♦r ❜❛♥❦ ❡q✉✐t② ❤♦❧❞✐♥❣s ♦❢ ❤♦✉s❡❤♦❧❞s ✇✐❧❧ ❜❡ t❤❡ s✉❜st✐t✉t❡ ❢♦r t❤❡✐r ♦r✐❣✐♥❛❧ ❞❡♣♦s✐ts✱

❛♥❞ t❤❛t ❞❡♣♦s✐ts ♦r✐❣✐♥❛❧❧② ❛r❡ t❤❡ ❧✐♦♥ s❤❛r❡ ♦❢ st❛❜❧❡ ❜❛♥❦ ❢✉♥❞✐♥❣✳ ❲✐t❤ t❤❛t ❛♥❞ ✇✐t❤ t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❈❇❉❈✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇✐❧❧ ♥♦✇ ♣r♦✈✐❞❡ t❤❡ ❧✐♦♥ s❤❛r❡ ♦❢ st❛❜❧❡ ❜❛♥❦ ❢✉♥❞✐♥❣✳

❖♥❡ ✇❛② t♦ t❤✐♥❦ t❤r♦✉❣❤ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ✐s t♦ ♠♦❞❡❧ ✜r♠s✱ ❜❛♥❦s✱ ❤♦✉s❡❤♦❧❞s ❛♥❞ ❝❡♥tr❛❧

❜❛♥❦s ❛s ✇❡❧❧ ❛s t❤❡✐r ❝♦♥tr❛❝t✉❛❧ ✐♥t❡r♣❧❛② ❡①♣❧✐❝✐t❧②✳ ■t ✐s q✉✐t❡ ❝♦♠♠♦♥ ✐♥ t❤❡ ❜❛♥❦✐♥❣ ❧✐t❡r❛t✉r❡ t♦

❛ss✉♠❡ t❤❛t ❜❛♥❦s r✉♥ t❤❡s❡ ♣r♦❥❡❝ts ❞✐r❡❝t❧②✱ r❛t❤❡r t❤❛♥ ❡①♣❧✐❝✐t❧② ♠♦❞❡❧ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥

❜❛♥❦s ❛♥❞ ✜r♠s✳ ❍❡r❡ ❛♥❞ ✐♥ ❛♥❛❧♦❣②✱ ✇❡ ❣♦ ❛ st❡♣ ❢✉rt❤❡r✱ ❛♥❞ ♥♦✇ ❛ss✉♠❡ t❤❛t ✐t ✐s t❤❡ ❝❡♥tr❛❧

❜❛♥❦s r✉♥♥✐♥❣ t❤❡s❡ ♣r♦❥❡❝ts ❞✐r❡❝t❧②✳

■t s❤♦✉❧❞ ❜❡ ❝❧❡❛r t❤❛t ✇❡ ❞♦ ♥♦t ♠❡❛♥ t♦ ✐♠♣❧② t❤❛t ✇❡ ❡♥✈✐s✐♦♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ r✉♥

t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠②✳ ❘❛t❤❡r✱ t❤✐s ✐s ♠❡❛♥t t♦ ❜❡ ❛ ✉s❡❢✉❧ ❛❜str❛❝t✐♦♥ ♦❢ ❛ r✐❝❤❡r ❡♥✈✐r♦♥♠❡♥t ❛s

❡♥✈✐s✐♦♥❡❞ ✐♥ ✜❣✉r❡ ✾✱ ✇✐t❤ t❤❡ ❛✐♠ ♦❢ ♣r❡s❡♥t✐♥❣ ♦✉r ❛♥❛❧②s✐s ❛s ❝❧❡❛r❧② ❛s ♣♦ss✐❜❧❡✳

✶✵ ❊①t❡♥s✐♦♥s

✶✵✳✶ ❚♦❦❡♥✲❜❛s❡❞ ❈❇❉❈

❲✐t❤ ❛ t♦❦❡♥✲❜❛s❡❞ ❈❇❉❈✱ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ✐ss✉❡s ❛♥♦♥②♠♦✉s ❡❧❡❝tr♦♥✐❝ t♦❦❡♥s t♦ ❛❣❡♥ts ✐♥ ♣❡r✐♦❞

1✱ r❛t❤❡r t❤❛♥ ❛❝❝♦✉♥ts✳✷✵ ❚❤❡s❡ ❡❧❡❝tr♦♥✐❝ t♦❦❡♥s ❛r❡ ♠♦r❡ ❛❦✐♥ t♦ tr❛❞✐t✐♦♥❛❧ ❜❛♥❦♥♦t❡s t❤❛♥ t♦

❞❡♣♦s✐t ❛❝❝♦✉♥ts✳ ❚r❛❞✐♥❣ ✇✐t❤ t♦❦❡♥s ♦♥❧② r❡q✉✐r❡s tr✉st ✐♥ t❤❡ ❛✉t❤❡♥t✐❝✐t② ♦❢ t❤❡ t♦❦❡♥ r❛t❤❡r

t❤❛♥ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ♦❢ t❤❡ t♦❦❡♥ ❤♦❧❞❡r✳ ❚❤✉s✱ t♦❦❡♥✲❜❛s❡❞ tr❛♥s❛❝t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡

✇✐t❤♦✉t t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳

❲✐t❤ ❛♣♣r♦♣r✐❛t❡ s♦❢t✇❛r❡✱ ❞✐❣✐t❛❧ t♦❦❡♥s ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❡❛❝❤ ✉♥✐t ♦❢ ❛

t♦❦❡♥ ✐♥ t = 1 t✉r♥s ✐♥t♦ ❛ q✉❛♥t✐t② 1 + i ♦❢ t♦❦❡♥s ✐♥ t = 2✱ ✇✐t❤ i t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❡♥tr❛❧

❜❛♥❦ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡r✐♦❞ t = 2✿ ❡✈❡♥ ❛ ♥❡❣❛t✐✈❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ✐s ♣♦ss✐❜❧❡✳✷✶

❲✐t❤ t❤❛t✱ t❤❡ ❛♥❛❧②s✐s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s st✐❧❧ ❤♦❧❞s✱ s✐♥❝❡ ♥♦t❤✐♥❣ ♦❢ ❡ss❡♥❝❡ ❞❡♣❡♥❞s ♦♥

t❤❡ ✐❞❡♥t✐t② ♦❢ t❤❡ s♣❡♥❞✐♥❣ ❛❣❡♥ts ♦t❤❡r t❤❛♥ t♦t❛❧ ❈❇❉❈ t♦❦❡♥s s♣❡♥t ✐♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t✳ ❲✐t❤

❛ t♦❦❡♥✲❜❛s❡❞ ❈❇❉❈✱ ❛❣❡♥ts ♦❜t❛✐♥ M t♦❦❡♥s ✐♥ ♣❡r✐♦❞ t = 0✱ ❛♥❞ ❞❡❝✐❞❡ ❤♦✇ ♠✉❝❤ t♦ s♣❡♥❞ ✐♥

♣❡r✐♦❞s t = 1 ❛♥❞ t = 2✳ ❚❤✉s✱ t❤❡ s❛♠❡ ❛❧❧♦❝❛t✐♦♥s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❡①❝❡♣t ❢♦r t❤♦s❡ t❤❛t

r❡q✉✐r❡ t❤❡ s✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞✐♥❣✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✻✳

❋♦r t❤❡ ❧❛tt❡r✱ t❤❡ ❞❡❣r❡❡ ♦❢ ✐♠♣❧❡♠❡♥t❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ♦✉ts✐❞❡ t❤❡ s❝♦♣❡

✷✵❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ♦r ✇✐t❤♦✉t ❛ ❜❧♦❝❦❝❤❛✐♥✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❛ ❝❡♥tr❛❧✐③❡❞ ❧❡❞❣❡r t♦ r❡❝♦r❞ tr❛♥s❛❝t✐♦♥s ❝❛♥
❜❡ ❦❡♣t ❜② ❛ t❤✐r❞ ♣❛rt② t❤❛t ✐s s❡♣❛r❛t❡ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ❚❤❛t t❤✐r❞ ♣❛rt② ❝♦✉❧❞ ❛❧s♦ ♣♦t❡♥t✐❛❧❧② ♣❛② ✐♥t❡r❡st
♦r ✐♠♣♦s❡ ❛ s✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞✐♥❣✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✇♦rr② ❛❜♦✉t t❤❡ ♦♣❡r❛t✐♦♥❛❧
❞❡t❛✐❧s ♦❢ s✉❝❤ ❛ t❤✐r❞ ♣❛rt② ♦r t♦ s♣❡❝✐❢② ✇❤✐❝❤ ✇❛❧❧s s❤♦✉❧❞ ❡①✐st ❜❡t✇❡❡♥ ✐t ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ❣✉❛r❛♥t❡❡ t❤❡
❛♥♦♥②♠✐t② ♦❢ t♦❦❡♥s✳

✷✶❍✐st♦r✐❝❛❧❧②✱ ✇❡ ❤❛✈❡ ❡①❛♠♣❧❡s ♦❢ ❜❛♥❦♥♦t❡s ❜❡❛r✐♥❣ ♣♦s✐t✐✈❡ ✐♥t❡r❡st ✭❢♦r ✐♥st❛♥❝❡✱ ❞✉r✐♥❣ t❤❡ ❯✳❙✳ ❈✐✈✐❧ ❲❛r✱ t❤❡
❯✳❙✳ ❚r❡❛s✉r② ✐ss✉❡❞ ♥♦t❡s ✇✐t❤ ❝♦✉♣♦♥s t❤❛t ❝♦✉❧❞ ❜❡ ❝❧✐♣♣❡❞ ❛t r❡❣✉❧❛r ✐♥t❡r✈❛❧s✮ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♥t❡r❡st ✭❞❡♠✉rr❛❣❡✲
❝❤❛r❣❡❞ ❝✉rr❡♥❝②✱ s✉❝❤ ❛s t❤❡ ♣r♦s♣❡r✐t② ❝❡rt✐✜❝❛t❡s ✐♥ ❆❧❜❡rt❛✱ ❈❛♥❛❞❛✱ ❞✉r✐♥❣ ✶✾✸✻✮✳ ❚❤✉s✱ ❛♥ ✐♥t❡r❡st✲❜❡❛r✐♥❣
❡❧❡❝tr♦♥✐❝ t♦❦❡♥ ✐s ♥♦✈❡❧ ♦♥❧② ✐♥ ✐ts ✐♥❝❛r♥❛t✐♦♥✱ ❜✉t ♥♦t ✐♥ ✐ts ❡ss❡♥❝❡✳

✹✵



♦❢ t❤✐s ♣❛♣❡r✳ ◆♦t❡ t❤❛t ❡✈❡♥ ✇✐t❤ ❛ t♦❦❡♥✲❜❛s❡❞ s②st❡♠✱ t❤❡ tr❛♥s❢❡r ♦❢ t♦❦❡♥s ✉s✉❛❧❧② ♥❡❡❞s t♦

❜❡ r❡❣✐st❡r❡❞ s♦♠❡✇❤❡r❡✱ ❡✳❣✳✱ ♦♥ ❛ ❜❧♦❝❦❝❤❛✐♥✳ ■t ✐s t❡❝❤♥✐❝❛❧❧② ❢❡❛s✐❜❧❡ t♦ ❧✐♠✐t t❤❡ t♦t❛❧ q✉❛♥t✐t②

♦❢ t♦❦❡♥s t❤❛t ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ ♦♥✲❝❤❛✐♥ ✐♥ ❛♥② ❣✐✈❡♥ ♣❡r✐♦❞✳ ❆ ♣r♦✲r❛t❛ ❛rr❛♥❣❡♠❡♥t ❝❛♥ ❜❡

✐♠♣♦s❡❞ ❜② t❛❦✐♥❣ ❛❧❧ t❤❡ ♣❡♥❞✐♥❣ tr❛♥s❛❝t✐♦♥s ✇❛✐t✐♥❣ t♦ ❜❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❜❧♦❝❦❝❤❛✐♥✱ t❛❦✐♥❣ t❤❡

s✉♠ ♦❢ ❛❧❧ t❤❡ s♣❡♥❞✐♥❣ r❡q✉❡sts✱ ❛♥❞ ❛❝❝♦r❞✐♥❣❧② ❞✐✈✐❞✐♥❣ ❡❛❝❤ t♦❦❡♥ ✐♥t♦ ❛ ♣♦rt✐♦♥ t❤❛t ❝❛♥ ❜❡

tr❛♥s❢❡rr❡❞ ❛♥❞ ❛ ♣♦rt✐♦♥ t❤❛t ❝❛♥♥♦t✳ ■t ♠❛② ❜❡ t❤❛t ♦✛✲❝❤❛✐♥ s♦❧✉t✐♦♥s ❛r✐s❡ ❝✐r❝✉♠✈❡♥t✐♥❣ s♦♠❡

♦❢ t❤❡s❡ ♠❡❛s✉r❡s✱ ❜✉t t❤❡✐r ❛✈❛✐❧❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡❝✐s❡ t❡❝❤♥✐❝❛❧ ♣r♦t♦❝♦❧ ♦❢ t❤❡ ❈❇❉❈

t♦❦❡♥✲❜❛s❡❞ s②st❡♠✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ t♦❦❡♥✲❜❛s❡❞ ❈❇❉❈ ✐s ♦♣❡r❛t❡❞ ❜② ❛ ❝❡♥tr❛❧✐③❡❞ t❤✐r❞

♣❛rt②✱ s✉❝❤ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❡✈❡♥ ❡❛s✐❡r✳

✶✵✳✷ ❙②♥t❤❡t✐❝ ❈❇❉❈ ❛♥❞ r❡t❛✐❧ ❜❛♥❦✐♥❣

❲✐t❤ ❛ s②♥t❤❡t✐❝ ❈❇❉❈✱ ❛❣❡♥ts ❞♦ ♥♦t ❤♦❧❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❞✐❣✐t❛❧ ♠♦♥❡② ❞✐r❡❝t❧②✳ ❘❛t❤❡r✱

❛❣❡♥ts ❤♦❧❞ ❛❝❝♦✉♥ts ❛t t❤❡✐r ♦✇♥ r❡t❛✐❧ ❜❛♥❦✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❤♦❧❞s ❛ ❈❇❉❈ ♥♦t ♠✉❝❤ ❞✐✛❡r❡♥t ❢r♦♠

❝✉rr❡♥t ❝❡♥tr❛❧ ❜❛♥❦ r❡s❡r✈❡s✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦ t✐❣❤t r❡❣✉❧❛t✐♦♥ ❜② t❤❡ ♠♦♥❡t❛r② ❛✉t❤♦r✐t②✳ ❚❤❡

r❡t❛✐❧ ❜❛♥❦s ✉♥❞❡rt❛❦❡ t❤❡ r❡❛❧ ✐♥✈❡st♠❡♥ts ❡♥✈✐s✐♦♥❡❞ ❢♦r t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥ ♦✉r ❛♥❛❧②s✐s ❛❜♦✈❡✳

❆ s②♥t❤❡t✐❝ ❈❇❉❈✱ t❤❡r❡❢♦r❡✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠♦❞❡❧ s❦❡t❝❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✷ ✇✐t❤ α = 0✳

❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤❡ ❝✉rr❡♥t ❝❛s❤✲❛♥❞✲❞❡♣♦s✐t✲❜❛♥❦✐♥❣ s②st❡♠ ✐s t❤❛t ❝❛s❤ ❞♦❡s ♥♦t

❡①✐st ❛s ❛ s❡♣❛r❛t❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝✉rr❡♥❝② ♦r ♠❡❛♥s ♦❢ ♣❛②♠❡♥t✳ ❚❤❛t ✐s✱ ✐♥ ❛ s②♥t❤❡t✐❝ ❈❇❉❈

s②st❡♠✱ ❛❣❡♥ts ❝❛♥ tr❛♥s❢❡r ❛♠♦✉♥ts ❢r♦♠ ♦♥❡ ❛❝❝♦✉♥t t♦ ❛♥♦t❤❡r✱ ❜✉t t❤❡s❡ tr❛♥s❛❝t✐♦♥s ❛r❡ ❛❧✇❛②s

♦❜s❡r✈❛❜❧❡ t♦ t❤❡ ❜❛♥❦✐♥❣ s②st❡♠ ❛♥❞✱ t❤❡r❡❜②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ ▲✐❦❡✇✐s❡✱ ❛❣❡♥ts ✭❛♥❞ ❜❛♥❦s✮

❝❛♥♥♦t ❝✐r❝✉♠✈❡♥t ♥❡❣❛t✐✈❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st✱ ✇❤✐❧❡ t❤❡② ❝♦✉❧❞ ❞♦ s♦ ✐♥ ❛ ❝❧❛ss✐❝ ❝❛s❤✲❛♥❞✲❞❡♣♦s✐t

❜❛♥❦✐♥❣ s②st❡♠ ❜② ✇✐t❤❞r❛✇✐♥❣ ❝❛s❤ ❛♥❞ st♦r✐♥❣ ✐t✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ♦❜s❡r✈❛❜✐❧✐t② ✐s ❦❡②✳ ❖✉r ❛♥❛❧②s✐s ✐s r❡❧❡✈❛♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛

s②st❡♠✐❝ ❜❛♥❦ r✉♥✱ ✐✳❡✳✱ ✐❢ t❤❡ ❡❝♦♥♦♠②✲✇✐❞❡ ❢r❛❝t✐♦♥ ♦❢ s♣❡♥❞✐♥❣ ❛❣❡♥ts ❡①❝❡❡❞s t❤❡ ❡q✉✐❧✐❜r✐✉♠

♦✉t❝♦♠❡✳ ▼✉❝❤ t❤❡♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛♥❞ t❤❡ s②st❡♠ ♦❢ ♣r✐✈❛t❡

❜❛♥❦s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ♦❢ ❧♦♥❣✲t❡r♠ r❡❛❧ ♣r♦❥❡❝ts ✐s ✉♣ t♦ t❤❡ r❡t❛✐❧ ❜❛♥❦s✱ ❛♥❞ t❤❡s❡

r❡t❛✐❧ ❜❛♥❦s ❞❡❝✐❞❡ t♦ ♠❛❦❡ t❤❡ s❛♠❡ q✉❛♥t✐t② ♦❢ r❡❛❧ ❣♦♦❞s ❛✈❛✐❧❛❜❧❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✱ r❡❣❛r❞❧❡ss ♦❢

t❤❡ ♥♦♠✐♥❛❧ s♣❡♥❞✐♥❣ r❡q✉❡sts ❜② t❤❡✐r ❞❡♣♦s✐t♦rs✱ t❤❡♥ t❤❡ ❛❣❣r❡❣❛t❡ ♣r✐❝❡ ❧❡✈❡❧ ✇✐❧❧ ❤❛✈❡ t♦ ❛❞❥✉st✳

❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② s❡❡❦ t♦ ♣r❡✈❡♥t t❤✐s ❡✐t❤❡r ❜② ✐♠♣♦s✐♥❣ ❛ s✉s♣❡♥s✐♦♥ ♦❢ s♣❡♥❞✐♥❣ ❛t r❡t❛✐❧

❜❛♥❦s ♦r ❜② ❢♦r❝✐♥❣ ❜❛♥❦s ✐♥t♦ ❤✐❣❤❡r ❧✐q✉✐❞❛t✐♦♥ ♦❢ r❡❛❧ ♣r♦❥❡❝ts✿ ❜♦t❤ ✇♦✉❧❞ r❡q✉✐r❡ ❝♦♥s✐❞❡r❛❜❧❡

❛✉t❤♦r✐t② ❢♦r t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳ Pr♦♣♦s✐t✐♦♥ ✶✸✱ ❢♦r ✐♥st❛♥❝❡✱ s❛②s t❤❛t ✇✐t❤ α = 0✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❛❧♦♥❡ ❝❛♥♥♦t ✐♠♣❧❡♠❡♥t ❛ r✉♥✲❞❡t❡rr✐♥❣ ♣♦❧✐❝② ✇❤❡♥ ♦✛❡r✐♥❣ ❛ s②♥t❤❡t✐❝ ❈❇❉❈✳ ❘✉♥ ❞❡t❡rr❡♥❝❡

t❤❡♥ r❡q✉✐r❡s r❡t❛✐❧ ❜❛♥❦s t♦ ❝♦♥tr♦❧ ❧✐q✉✐❞❛t✐♦♥ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ✇❛②✳

✶✶ ❈♦♥❝❧✉s✐♦♥

❉✐❛♠♦♥❞ ❛♥❞ ❉②❜✈✐❣ ✭✶✾✽✸✮ ❤❛✈❡ t❛✉❣❤t ✉s t❤❛t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✈✐❛

✹✶



t❤❡ ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t✐♦♥ ♦❢ ❜❛♥❦s ❝♦♠❡s ❛t t❤❡ ❝♦st ♦❢ ♠❛❦✐♥❣ t❤❡s❡ ❜❛♥❦s ♣r♦♥❡ t♦ r✉♥s✳ ❚❤✐s

❞✐❧❡♠♠❛ ❜❡❝♦♠❡s ❛ tr✐❧❡♠♠❛ ✇❤❡♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛❝ts ❛s t❤❡ ✐♥t❡r♠❡❞✐❛r② ♦✛❡r✐♥❣ ❛ ❈❇❉❈

❜❡❝❛✉s❡ ❝❡♥tr❛❧ ❜❛♥❦s ❛r❡ ❛❞❞✐t✐♦♥❛❧❧② ❝♦♥❝❡r♥❡❞ ❛❜♦✉t ♣r✐❝❡ st❛❜✐❧✐t②✳ ❆s ♦✉r ♠❛✐♥ r❡s✉❧t✱ ❛ ❝❡♥tr❛❧

❜❛♥❦ t❤❛t ✇✐s❤❡s t♦ s✐♠✉❧t❛♥❡♦✉s❧② ❛❝❤✐❡✈❡ ❛ s♦❝✐❛❧❧② ❡✣❝✐❡♥t s♦❧✉t✐♦♥✱ ♣r✐❝❡ st❛❜✐❧✐t②✱ ❛♥❞ ✜♥❛♥❝✐❛❧

st❛❜✐❧✐t② ✭✐✳❡✳✱ ❛❜s❡♥❝❡ ♦❢ r✉♥s✮ ✇✐❧❧ s❡❡ ✐ts ❞❡s✐r❡s ❢r✉str❛t❡❞✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛ ❝❡♥tr❛❧ ❜❛♥❦

❝❛♥ ♦♥❧② r❡❛❧✐③❡ t✇♦ ♦❢ t❤❡s❡ t❤r❡❡ ❣♦❛❧s ❛t ❛ t✐♠❡✳

✹✷



✶✷ ❆♣♣❡♥❞✐① ❆✿ Pr♦♦❢s

Pr♦♦❢✳ ❬Pr♦♣♦s✐t✐♦♥ ✼❪ Pr♦♦❢ ✭✐✮✿ ❱✐❛ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✼✮✱ s❡tt✐♥❣ P1(n) ≡ P̄ ❢♦r ❛❧❧ n

r❡q✉✐r❡s y(n) = M
P
n, ❢♦r ❛❧❧ n ∈ [0, 1]✳ ❚❤✉s✱ ✈✐❛ ✭✶✶✮✱ x1(n) = y(n)/n = M

P
✐s ❝♦♥st❛♥t ❢♦r ❛❧❧ n✳

▲❛st✱ s✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥♥♦t ❧✐q✉✐❞❛t❡ ♠♦r❡ t❤❛♥ t❤❡ ❡♥t✐r❡ ✐♥✈❡st♠❡♥t ✐♥ t❤❡ r❡❛❧ t❡❝❤♥♦❧♦❣②✱

y(n) ∈ [0, 1] ❢♦r ❛❧❧ n✱ t♦❣❡t❤❡r ✇✐t❤ x1 ❝♦♥st❛♥t r❡q✉✐r❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ M
P

= x1 = x1(1) = y(1) ≤ 1✳

❚❤✉s✱ M ≤ P̄ ✳ Pr♦♦❢ ✭✐✐✮✿ ❲❤❡♥ ❛❞❞✐t✐♦♥❛❧❧② r❡q✉✐r✐♥❣ ♣r✐❝❡ st❛❜✐❧✐t②✱ P1(n) = P2(n) ≡ P̄ ✱ t❤❡

♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✽✮ t♦❣❡t❤❡r ✇✐t❤ ✭✷✸✮ ②✐❡❧❞s ✭✷✺✮✳

Pr♦♦❢✳ ❬❈♦r♦❧❧❛r② ✽❪ Pr♦♦❢ ✭✐✮✿ ❲❡ ❦♥♦✇ t❤❛t ♣r✐❝❡ st❛❜✐❧✐t② ❞❡♠❛♥❞s x1 ≤ 1 ❜✉t t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠

s❛t✐s✜❡s x∗1 > 1✳ Pr♦♦❢ ✭✐✐✮✿ x1 ≤ 1 ✐♠♣❧✐❡s x2(n) =
1−y(n)
1−n R = 1−nx1

1−n R ≥ R > 1 ≥ x✳ ❙✐♥❝❡ t❤❡ r❡❛❧

✈❛❧✉❡ ♦❢ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛t t = 2 ❛❧✇❛②s ❡①❝❡❡❞s t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ t❤❡ t✐♠❡ ♦♥❡ ❛❧❧♦❝❛t✐♦♥ ❛t t = 1✱

♣❛t✐❡♥t ❛❣❡♥ts ♥❡✈❡r s♣❡♥❞ ❛t t = 1❀ t❤✉s✱ t❤❡r❡ ❛r❡ ♥♦ r✉♥s✳ Pr♦♦❢ ✭✐✐✐✮✿ ❇② ❡q✉❛t✐♦♥ ✭✷✹✮✱ P
M ≥ 1✱

✐♠♣❧✐❡s i(n) =
P

M
−n

1−n R− 1 ≥ R− 1 > 0 ❢♦r ❛❧❧ n ∈ [λ, 1] ❜② R > 1✳ ❋✉rt❤❡r✱ P
M ≥ 1 ✐♠♣❧✐❡s t❤❛t i(n)

✐♥❝r❡❛s❡s ✐♥ n✳

Pr♦♦❢✳ ❬Pr♦♣♦s✐t✐♦♥ ✶✵❪ Pr♦♦❢ ✭✐✮✿ ❊q✉❛t✐♦♥ ✭✷✻✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✼✮ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t

y(n) ≤ 1✳ Pr♦♦❢ ✭✐✐✮✿ ■♥ n = nc✱ ✇❡ ❤❛✈❡ M
P̄
n = 1✳ ❚❤❡r❡❢♦r❡✱ nc > 0✳ ❇② ❛ss✉♠♣t✐♦♥ P̄ < M ✱

t❤✉s nc < 1✱ ✇✐t❤ nc ∈ (0, 1)✳ ❊q✉❛t✐♦♥ ✭✷✻✮ ✐♠♣❧✐❡s t❤❛t x1(n) = y(n)/n ✐s ❝♦♥st❛♥t ❛t t❤❡ ❧❡✈❡❧

x = M/P ✱ ❛s ❧♦♥❣ ❛s y(n) < 1✿ t❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r n < nc✳ ❋♦r n ≥ nc✱ y(n) ≡ 1✳ ❆❧❧ ❣♦♦❞s ❛r❡

❧✐q✉✐❞❛t❡❞✱ s♦ x1(n) = 1/n✳ ❊q✉❛t✐♦♥ P1(n) = Mn ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✼✮✳ Pr♦♦❢ ✭✐✐✐✮✿ ❊q✉❛t✐♦♥

✭✷✼✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✽✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✻✮✳ Pr♦♦❢ ✭✐✈✮✿ ❚❤✐s ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ✇❤❡♥ ♣❧✉❣❣✐♥❣ ✐♥ ✭✷✻✮

✐♥t♦ P2(n) ❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t n0 ✐s ♣♦s✐t✐✈❡ ♦♥❧② ❢♦r R > M/P ✳

✶✸ ❆♣♣❡♥❞✐① ❇✿ Pr✐✈❛t❡ ❜❛♥❦ ❛❝❝♦✉♥t✐♥❣

❈♦♥s✐❞❡r t❤❡ ❝♦❧❧❡❝t✐✈❡ ♦❢ ♣r✐✈❛t❡ ❜❛♥❦s ✇✐t❤ ♠❛r❦❡t s❤❛r❡ (1− α) ∈ (0, 1)✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱

✇❡ r❡❢❡r t♦ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❛s ✏t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✳✑ ❆ ❢r❛❝t✐♦♥ nP ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✬s ❝✉st♦♠❡rs s♣❡♥❞

✐♥ t = 1✱ ✇❤✐❧❡ ❛ ❢r❛❝t✐♦♥ nCB ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❝✉st♦♠❡rs ❞♦ s♦✱ ❢♦r ❛ t♦t❛❧ ❢r❛❝t✐♦♥ n ♦❢ ❛❧❧

❛❣❡♥ts n = (1−α)nP +αnCB✳ ❆❣❡♥ts ❛r❡ ♣r♦♠✐s❡❞ M ✉♥✐ts ♦❢ t❤❡ ❈❇❉❈✱ ✇❤❡♥ s♣❡♥❞✐♥❣ ✐♥ t = 1✱

♦r M(1 + i) ✉♥✐ts✱ ✇❤❡♥ s♣❡♥❞✐♥❣ ✐♥ t = 2✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❧✐q✉✐❞❛t❡s yCB ❣♦♦❞s ✐♥ ♣❡r✐♦❞ t = 1✱

✇❤✐❧❡ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ❧✐q✉✐❞❛t❡s yP ✱ ❢♦r t♦t❛❧ ❧✐q✉✐❞❛t✐♦♥ y = (1 − α)yP + αyCB✳ ❋♦r ❛❝❝♦✉♥t✐♥❣✱

✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥✳ ❚❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ❜♦rr♦✇s ❈❇❉❈ L1 ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ♠❡❡t

✇✐t❤❞r❛✇❛❧s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ ♣❡r✐♦❞✱ r❡♣❛②✐♥❣ t❤❡ ❧♦❛♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞ ✇✐t❤ t❤❡

s❛❧❡s ♣r♦❝❡❡❞ S1 ❢r♦♠ s❡❧❧✐♥❣ r❡❛❧ ❣♦♦❞s✳ ◆♦ ✐♥t❡r❡st ✐s ❝❤❛r❣❡❞ ❢♦r t❤❡ ✇✐t❤✐♥✲♣❡r✐♦❞ ❧♦❛♥✳

❚❤❡ ❞✐✛❡r❡♥❝❡ D1 ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ t = 1 ✐s ❦❡♣t ♦♥ ❛❝❝♦✉♥t ❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✱ ❡❛r♥✐♥❣

♦r ♣❛②✐♥❣ t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ z✱ t♦ ❜❡ s❡tt❧❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ t = 2✳ ❋✉rt❤❡r✱ t❤❡ ❜❛♥❦

❤❛s t♦ ♣❛② ❛ t❛① τ(1 − α) ❞❡♥♦t❡❞ ✐♥ ❈❇❉❈ ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ 2 ✭♦r r❡❝❡✐✈❡ t❤✐s ❛s ❛ s✉❜s✐❞②✱

✹✸



✐❢ τ < 0✮✳ ❚❤❡ ✐♥t❡r❡st r❛t❡ z ❛♥❞ t❤❡ t❛① τ ❛r❡ ❝❤♦s❡♥ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✭❈❇ ✐♥ t❤❡ ❛❝❝♦✉♥t✐♥❣

❜❡❧♦✇✮✱ ❛♥❞ ♠❛② ❞❡♣❡♥❞ ♦♥ nP ❛♥❞ ❝❤♦✐❝❡s yP ♦❢ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦✳ ❲❡ s❡❡❦ t♦ ❝❛❧❝✉❧❛t❡ x ❛♥❞ τ

s♦ t❤❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ♠❛❦❡s ③❡r♦ ♣r♦✜ts✱ ✐✳❡✳✱ ✐s ❧❡❢t ✇✐t❤ ③❡r♦ ❈❇❉❈ ❜❛❧❛♥❝❡s D2 ❛t t❤❡ ❡♥❞ ♦❢

♣❡r✐♦❞ ✷✱ ❛❢t❡r ❤❛✈✐♥❣ ❧✐q✉✐❞❛t❡❞ ❛♥❞ s♦❧❞ ❛❧❧ ✐ts r❡♠❛✐♥✐♥❣ ❣♦♦❞s ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ ✷✳ ❚❤❡♥✿

❆❝❝♦✉♥t✐♥❣ ✐♥ ♣❡r✐♦❞ t = 1✿

▲♦❛♥ ❢r♦♠ ❈❇✿ L1 = (1− α)nPM

❙❛❧❡s ♣r♦❝❡❡❞s✿ S1 = (1− α)P1yP

❉✐✛❡r❡♥❝❡✿ D1 = S1 − L1 = (1− α)(P1yP − nPM)

❆❝❝♦✉♥t✐♥❣ ✐♥ ♣❡r✐♦❞ t = 2✿

▲♦❛♥ ❢r♦♠ ❈❇✿ L2 = (1− α)(1− nP )(1 + i)M

❙❛❧❡s ♣r♦❝❡❡❞s✿ S2 = (1− α)P2R(1− yP )

❈❇ ❛❝❝♦✉♥t✿ A2 = (1 + z)D1 − τ(1− α)

❉✐✛❡r❡♥❝❡✿ D2 = A2 + S2 − L2

= (1− α)
(

P2R+ ((1 + z)P1 − P2R)yP − (1 + i)M − (z − i)nPM − τ
)

▼❛r❦❡t ❝❧❡❛r✐♥❣✿

■♥ t = 1✿ P1y = nM

■♥ t = 2✿ P2R(1− y) = (1− n)(1 + i)M

❙✉♠ (1 + i) t✐♠❡s t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❡q✉❛t✐♦♥ ❢♦r P1 ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥ ❢♦r P2 t♦ ♦❜t❛✐♥

P2R + ((1 + i)P1 − P2R)y = (1 + i)M ✳ ❯s❡ t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥ t♦ r❡♣❧❛❝❡ (1 + i)M ✐♥ t❤❡ ❧❛st

❡①♣r❡ss✐♦♥ ❢♦r D2 t♦ ✜♥❞

D2

P1(1− α)
= (i− s)(yP − y) + (z − i)(yP − nPx1)−

τ

P1
✭✺✷✮

✇❤❡r❡✱ ❛s ✉s✉❛❧✱ x1 =
M
P1

✐s t❤❡ ❛♠♦✉♥t ♦❢ r❡❛❧ ❣♦♦❞s ❛❝q✉✐r❡❞ ❜② ❛❣❡♥ts ✐♥ ♣❡r✐♦❞ t = 1 ❛♥❞ ✇❤❡r❡

✇❡ ✐♥tr♦❞✉❝❡✿

s =
P2

P1
R− 1 ✭✺✸✮

t♦ ❞❡♥♦t❡ t❤❡ ✏s❤❛❞♦✇✑ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ ❢♦r ♣r✐✈❛t❡ ❜❛♥❦s✱ ❡q✉❛t✐♥❣ ❧✐q✉✐❞❛t✐♥❣ ❛ ✉♥✐t ♦❢ t❤❡

❣♦♦❞ ✐♥ t = 1✱ s❡❧❧✐♥❣ ❛t P1 ❛♥❞ ✐♥✈❡st✐♥❣ ❛t t❤❡ s❤❛❞♦✇ ♥♦♠✐♥❛❧ r❡t✉r♥ 1+ s t♦ ❦❡❡♣✐♥❣ t❤❡ ✉♥✐t ♦❢

❣♦♦❞ ❛♥❞ t❤✉s s❡❧❧✐♥❣ R ✉♥✐ts ❛t ♣r✐❝❡ P2✳ ◆♦t✐❝❡ t❤❛t y = nx1 ❛♥❞ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❡q✉❛t✐♦♥s

✹✹



✐♠♣❧②

1 + s = (1 + i)
1− n

1− x1n
x1 ✭✺✹✮

❛♥❞✱ t❤✉s✱ s > i✱ ✇❤❡♥❡✈❡r x1 > 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s t❤❡ ❝❛s❡ ❛t t❤❡ ❡✣❝✐❡♥t ♦✉t❝♦♠❡✳ ❲❡ ♥♦t❡

t❤❛t s = i✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x1 = 1✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠❛❧ ❢✉❧❧ ♣r✐❝❡✲st❛❜❧❡ s♦❧✉t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ♠❛r❦❡t

❛❧❧♦❝❛t✐♦♥✱ ✇❤❡♥ ❛❣❡♥ts ❡♥❣❛❣❡ ✐♥ s❡❧❢✲st♦r❛❣❡✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ s❡❧❧s ❡①❛❝t❧② ❛s ♠❛♥② ❣♦♦❞s ❛s ♣✉r❝❤❛s❡❞ ❜② ✐ts ✇✐t❤❞r❛✇✐♥❣

❝✉st♦♠❡rs✱ ✐✳❡✳✱ yP = nPx1✳ ❆❜s❡♥t τ ✱ ❡q✉❛t✐♦♥ ✭✺✷✮ r❡✈❡❛❧s t❤❛t t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ✇✐❧❧ ♠❛❦❡ ❛ ❧♦ss

♦r ♣r♦✜t✱ ✐❢ x1 6= 1 ❛♥❞ ✐❢ yP 6= y✱ ✐✳❡✳✱ nP 6= n✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ s❤❛r❡ ♦❢ ♣r✐✈❛t❡✲❜❛♥❦ ❝✉st♦♠❡rs

✇❤♦ ❣♦ s❤♦♣♣✐♥❣ ✐♥ t = 1 ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ s❤❛r❡ ♦❢ ❝✉st♦♠❡rs ✇❤♦ s❤♦♣ ❡❝♦♥♦♠②✲✇✐❞❡✱

nP > n✱ ❛♥❞ ✐❢ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛❝❤✐❡✈❡s x1 > 1 ❛♥❞ t❤✉s s > i✱ t❤❡♥ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ✐♥❝✉rs ❛ ❧♦ss

D2 < 0✱ ❛❜s❡♥t τ ✱ ❛s t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦sts ❢♦r s❡r✈✐❝✐♥❣ ❛❣❡♥ts ✐♥ t = 1 ❛r❡ ❤✐❣❤✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡s❡

♦❜s❡r✈❛t✐♦♥s t♦ ✜① t❤❡ t❛① τ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡s❡ ❧♦ss❡s ♦r ♣r♦✜ts✱ ❛♥❞ ❛ss✉♠❡ t❤❛t

τ = P1(i− s)(nP − n)x1 ✭✺✺✮

❢r♦♠ ❤❡r❡ ♦♥✇❛r❞✳ ❚❤✐s τ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❝s ♦❢ t❤❡ ❜❛♥❦ ♦♥❧② ✈✐❛ t❤❡ ✏❝✐r❝✉♠st❛♥❝❡s✑ nP ❛♥❞

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ yP ✳ ❚♦ t❛❦❡ ❝❛r❡ ♦❢ t❤❡ ❝❛s❡ ✇❤❡r❡ yP 6= nPx1✱ ✇❡ ✉s❡ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✲❛❝❝♦✉♥t ✐♥t❡r❡st r❛t❡ z✳ ❙♦❧✈✐♥❣ ❢♦r z ♣❡r s❡tt✐♥❣ D2 = 0 ✐♥ ✭✺✷✮ ❛♥❞ ✐♠♣♦s✐♥❣ ✭✺✺✮ ②✐❡❧❞s t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✇❡ ❢♦r♠✉❧❛t❡ ❛s ❛ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✹✳ ❙✉♣♣♦s❡ τ s❛t✐s✜❡s ✭✺✺✮✳ ❚❤❡♥✱ D2 ≡ 0 ❢♦r ❛❧❧ 1 ≤ nP ≤ 1 ❛♥❞ ❛❧❧ yP ∈ [0, 1]✱ ✐✛

z = s✳

■♥ s✉♠✱ t❛①✐♥❣ t❤❡ ✏❝✐r❝✉♠st❛♥❝❡✑ ♣r♦✜ts ♣❡r ✭✺✺✮ ❛♥❞ ♣❛②✐♥❣ ❛♥ ✐♥t❡r♥❛❧ ✐♥t❡r❡st r❛t❡ z ♦♥ ❝❡♥tr❛❧

❜❛♥❦ ❜❛❧❛♥❝❡s ❡q✉❛❧ t♦ t❤❡ s❤❛❞♦✇ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ s ❛❝❤✐❡✈❡s t❤❡ ♦❜❥❡❝t✐✈❡ t❤❛t ♣r✐✈❛t❡ ❜❛♥❦s

♠❛❦❡ ③❡r♦ ♣r♦✜ts✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ❝✐r❝✉♠st❛♥❝❡s nP ❛♥❞ r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ❧✐q✉✐❞❛t✐♦♥ ❝❤♦✐❝❡ yP ✳

❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝♦✉❧❞ ❡♥✈✐s✐♦♥ s♦♠❡ ❦✐♥❞ ♦❢ r❡❣✉❧❛t✐♦♥ ♦r ♦t❤❡r ♣♦❧✐❝② t♦♦❧✱ t❤❛t ❡♥❢♦r❝❡s

yP ≡ yCB✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✐s ✉s❡❢✉❧✳ ■t s❤♦✇s t❤❛t ♦♥❡ ❝❛♥ ✐♠♣❧❡♠❡♥t t❤❡ ③❡r♦

♣r♦✜t s♦❧✉t✐♦♥ ✇✐t❤♦✉t ❛ t❛①✱ ♣r♦✈✐❞❡❞ t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥ r❡s❡r✈❡s D1 ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♥♦♠✐♥❛❧

✐♥t❡r❡st r❛t❡ ♦✛❡r❡❞ ♦♥ ❈❇❉❈ ❛❝❝♦✉♥ts✳

Pr♦♣♦s✐t✐♦♥ ✶✺✳ ❙✉♣♣♦s❡ t❤❡ ♣r✐✈❛t❡ ❜❛♥❦ ❛❧✇❛②s s❡ts yP ≡ yCB ❛♥❞ s✉♣♣♦s❡ t❤❛t τ ≡ 0✳ ❚❤❡♥✱

✜♥❛❧ ❜❛❧❛♥❝❡s ❛r❡ ③❡r♦✱ D2 = 0✱ ✐❢ t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥ r❡s❡r✈❡s s❛t✐s✜❡s z = i✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✷✮✳

✹✺



❘❡❢❡r❡♥❝❡s

❋r❛♥❦❧✐♥ ❆❧❧❡♥ ❛♥❞ ❉♦✉❣❧❛s ●❛❧❡✳ ❖♣t✐♠❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✺✸✭✹✮✿✶✷✹✺✕✶✷✽✹✱

✶✾✾✽✳

❋r❛♥❦❧✐♥ ❆❧❧❡♥✱ ❊❧❡♥❛ ❈❛r❧❡tt✐✱ ❛♥❞ ❉♦✉❣❧❛s ●❛❧❡✳ ▼♦♥❡②✱ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t② ❛♥❞ ❡✣❝✐❡♥❝②✳ ❏♦✉r♥❛❧

♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✹✾✿✶✵✵✕✶✷✼✱ ✷✵✶✹✳

❋r❛♥❦❧✐♥ ❆❧❧❡♥✱ ❳✐❛♥ ●✉✱ ❛♥❞ ❏✉❧❛♣❛ ❏❛❣t✐❛♥✐✳ ❋✐♥t❡❝❤✱ ❝r②♣t♦❝✉rr❡♥❝✐❡s✱ ❛♥❞ ❝❜❞❝✿ ❋✐♥❛♥❝✐❛❧

str✉❝t✉r❡ ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ ❝❤✐♥❛✳ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ▼♦♥❡② ❛♥❞ ❋✐♥❛♥❝❡✱ ✶✷✹✿✶✕✶✸✱

✷✵✷✷✳

❉❛✈✐❞ ❆♥❞♦❧❢❛tt♦✳ ❆ss❡ss✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝② ♦♥ ♣r✐✈❛t❡ ❜❛♥❦s✳ ❚❤❡

❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✱ ✶✸✶✭✻✸✹✮✿✺✷✺✕✺✹✵✱ ✷✵✷✶✳

❘❛♣❤❛❡❧ ❆✉❡r ❛♥❞ ❘❛✐♥❡r ❇ö❤♠❡✳ ❚❤❡ t❡❝❤♥♦❧♦❣② ♦❢ r❡t❛✐❧ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✳ ❇■❙

◗✉❛rt❡r❧② ❘❡✈✐❡✇✱ ▼❛r❝❤✱ ♣♣ ✽✺✲✶✵✵✱ ▼❛r❝❤✿✽✺✕✶✵✵✱ ✷✵✷✵✳

❘❛♣❤❛❡❧ ❆✉❡r✱ ●✐✉❧✐♦ ❈♦r♥❡❧❧✐✱ ❏♦♥ ❋r♦st✱ ❡t ❛❧✳ ❘✐s❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝✐❡s✿ ❞r✐✈❡rs✱

❛♣♣r♦❛❝❤❡s ❛♥❞ t❡❝❤♥♦❧♦❣✐❡s✳ ❇■❙ ❲♦r❦✐♥❣ P❛♣❡rs ✽✽✵✱ ❇❛♥❦ ❢♦r ■♥t❡r♥❛t✐♦♥❛❧ ❙❡tt❧❡♠❡♥ts✱ ✷✵✷✵✳

❘❛♣❤❛❡❧ ❆✉❡r✱ ❍♦❧t✐ ❇❛♥❦❛✱ ◆❛♥❛ ❨❛❛ ❇♦❛❦②❡✲❆❞❥❡✐✱ ❆❤♠❡❞ ❋❛r❛❣❛❧❧❛❤✱ ❏♦♥ ❋r♦st✱ ❍❛r✐s❤ ◆❛r❛❥❛♥✱

❛♥❞ ❏❡r♠② Pr❡♥✐♦✳ ❈❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝✐❡s✿ ❛ ♥❡✇ t♦♦❧ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧ ✐♥❝❧✉s✐♦♥ t♦♦❧❦✐t❄

❋❙■ ■♥s✐❣❤ts ✹✶✱ ❇❛♥❦ ❢♦r ■♥t❡r♥❛t✐♦♥❛❧ ❙❡tt❧❡♠❡♥ts✱ ✷✵✷✷✳

●❛❞✐ ❇❛r❧❡✈②✱ ❉❛♥✐❡❧ ❇✐r❞✱ ❉❛♥✐❡❧ ❋❡rs❤t♠❛♥✱ ❛♥❞ ❉❛✈✐❞ ❲❡✐ss✳ ▼♦♥❡② ✉♥❞❡r t❤❡ ♠❛ttr❡ss✿ ■♥✢❛t✐♦♥

❛♥❞ ❧❡♥❞✐♥❣ ♦❢ ❧❛st r❡s♦rt✳ ❞r❛❢t✱ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ❈❤✐❝❛❣♦✱ ✷✵✷✷✳

❏♦❤♥ ❇❛rr❞❡❛r ❛♥❞ ▼✐❝❤❛❡❧ ❑✉♠❤♦❢✳ ❚❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝s ♦❢ ❝❡♥tr❛❧ ❜❛♥❦ ✐ss✉❡❞ ❞✐❣✐t❛❧ ❝✉rr❡♥❝✐❡s✳

❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞ ❲♦r❦✐♥❣ P❛♣❡r ✻✵✺✱ ❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞✱ ✷✵✶✻✳

▼♦rt❡♥ ▲ ❇❡❝❤ ❛♥❞ ❘♦❞♥❡② ●❛rr❛tt✳ ❈❡♥tr❛❧ ❜❛♥❦ ❝r②♣t♦❝✉rr❡♥❝✐❡s✳ ❇■❙ ◗✉❛rt❡r❧② ❘❡✈✐❡✇ ❙❡♣t❡♠✲

❜❡r✱ ✷✵✶✼✳

❆❧❡❦s❛♥❞❡r ❇❡r❡♥ts❡♥✳ ▼♦♥❡t❛r② ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❞✐❣✐t❛❧ ♠♦♥❡②✳ ❑②❦❧♦s✱ ✺✶✿✽✾✕✶✶✼✱ ✶✾✾✽✳

❇♦❛r❞ ♦❢ ●♦✈❡r♥♦rs ♦❢ t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❙②st❡♠✳ ▼♦♥❡② ❛♥❞ ♣❛②♠❡♥ts✿ ❚❤❡ ✉✳s✳ ❞♦❧❧❛r ✐♥ t❤❡

❛❣❡ ♦❢ ❞✐❣✐t❛❧ tr❛♥s❢♦r♠❛t✐♦♥✳ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦✱ ❏❛♥✉❛r② ✷✵✷✷✳

▼✐❝❤❛❡❧ ❉ ❇♦r❞♦ ❛♥❞ ❆♥❞r❡✇ ❚ ▲❡✈✐♥✳ ❈❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝② ❛♥❞ t❤❡ ❢✉t✉r❡ ♦❢ ♠♦♥❡t❛r②

♣♦❧✐❝②✳ ❲♦r❦✐♥❣ P❛♣❡r ✷✸✼✶✶✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱ ❆✉❣✉st ✷✵✶✼✳

❋❧♦r✐❛♥ ❇ös❡r ❛♥❞ ❍❛♥s ●❡rs❜❛❝❤✳ ❆ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝② ✐♥ ♦✉r ♠♦♥❡t❛r② s②st❡♠❄ ▼✐♠❡♦✱

❈❡♥t❡r ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤ ❛t ❊❚❍ ❩✉r✐❝❤✱ ✷✵✶✾❛✳

✹✻



❋❧♦r✐❛♥ ❇ös❡r ❛♥❞ ❍❛♥s ●❡rs❜❛❝❤✳ ❉♦ ❈❇❉❈s ♠❛❦❡ ❛ ❞✐✛❡r❡♥❝❡❄ ❲♦r❦✐♥❣ ♣❛♣❡r✱ ✷✵✶✾❜✳

▼❛r❦✉s ❑✳ ❇r✉♥♥❡r♠❡✐❡r ❛♥❞ ❉✐r❦ ◆✐❡♣❡❧t✳ ❖♥ t❤❡ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ Pr✐✈❛t❡ ❛♥❞ P✉❜❧✐❝ ▼♦♥❡②✳

❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✶✵✻✭❈✮✿✷✼✕✹✶✱ ✷✵✶✾✳

▲♦r❡♥③♦ ❇✉r❧♦♥✱ ❈❛r❧♦s ▼♦♥t❡s✲●❛❧❞♦♥✱ ▼❛♥✉❡❧ ❆✳ ▼✉♥♦③✱ ❛♥❞ ❋r❛♥❦ ❙♠❡ts✳ ❚❤❡ ♦♣t✐♠❛❧ q✉❛♥t✐t②

♦❢ ❝❜❞❝ ✐♥ ❛ ❜❛♥❦✲❜❛s❡❞ ❡❝♦♥♦♠②✳ ❈❊P❘ ❉✐s❝✉ss✐♦♥ P❛♣❡r✱ ✭✶✻✾✾✺✮✱ ✷✵✷✷✳

●✉✐❧❧❡r♠♦ ❆ ❈❛❧✈♦✳ ❙❡r✈✐❝✐♥❣ t❤❡ ♣✉❜❧✐❝ ❞❡❜t✿ ❚❤❡ r♦❧❡ ♦❢ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇✱ ♣❛❣❡s ✻✹✼✕✻✻✶✱ ✶✾✽✽✳

❏❛♠❡s ❈❤❛♣♠❛♥✱ ❘♦❞♥❡② ●❛rr❛tt✱ ❙❝♦tt ❍❡♥❞r②✱ ❆♥❞r❡✇ ▼❝❈♦r♠❛❝❦✱ ❛♥❞ ❲❛❞❡ ▼❝▼❛❤♦♥✳

Pr♦❥❡❝t ❥❛s♣❡r✿ ❆r❡ ❞✐str✐❜✉t❡❞ ✇❤♦❧❡s❛❧❡ ♣❛②♠❡♥t s②st❡♠s ❢❡❛s✐❜❧❡ ②❡t❄ ❋✐♥❛♥❝✐❛❧ ❙②st❡♠✱

✺✾✱ ✷✵✶✼✳

❏♦♥❛t❤❛♥ ❈❤✐✉✱ ▼♦❤❛♠♠❛❞ ❉❛✈♦♦❞❛❧❤♦ss❡✐♥✐✱ ❏❛♥❡t ❍✉❛ ❏✐❛♥❣✱ ❛♥❞ ❨✉ ❩❤✉✳ ❇❛♥❦ ♠❛r❦❡t ♣♦✇❡r

❛♥❞ ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✿ ❚❤❡♦r② ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ❛ss❡ss♠❡♥t✳ ❇❛♥❦ ♦❢ ❈❛♥❛❞❛ ❙t❛✛

❲♦r❦✐♥❣ P❛♣❡r✱ ✭✷✵✶✾✲✷✵✱ ✉♣❞❛t❡❞ ▼❛② ✷✵✷✵✮✱ ▼❛② ✷✵✶✾✳

▼♦❤❛♠♠❛❞ ❉❛✈♦♦❞❛❧❤♦ss❡✐♥✐✱ ❋r❛♥❝✐s❝♦ ❘✐✈❛❞❡♥❡②r❛✱ ❛♥❞ ❨✉ ❩❤✉✳ ❈❇❉❈ ❛♥❞ ▼♦♥❡t❛r② P♦❧✐❝②✳

❙t❛✛ ❆♥❛❧②t✐❝❛❧ ◆♦t❡s ✷✵✷✵✲✹✱ ❇❛♥❦ ♦❢ ❈❛♥❛❞❛✱ ❋❡❜r✉❛r② ✷✵✷✵✳

❉♦✉❣❧❛s ❲✳ ❉✐❛♠♦♥❞ ❛♥❞ P❤✐❧✐♣ ❍✳ ❉②❜✈✐❣✳ ❇❛♥❦ ❘✉♥s✱ ❉❡♣♦s✐t ■♥s✉r❛♥❝❡✱ ❛♥❞ ▲✐q✉✐❞✐t②✳ ❏♦✉r♥❛❧

♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✾✶✭✸✮✿✹✵✶✕✹✶✾✱ ❏✉♥❡ ✶✾✽✸✳

❉♦✉❣❧❛s ❲ ❉✐❛♠♦♥❞ ❛♥❞ ❘❛❣❤✉r❛♠ ● ❘❛❥❛♥✳ ▼♦♥❡② ✐♥ ❛ t❤❡♦r② ♦❢ ❜❛♥❦✐♥❣✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇✱ ✾✻✭✶✮✿✸✵✕✺✸✱ ✷✵✵✻✳

❉✐r❦ ◆✐❡♣❡❧t✱ ❡❞✳ ❈❡♥tr❛❧ ❇❛♥❦ ❉✐❣✐t❛❧ ❈✉rr❡♥❝②✿ ❈♦♥s✐❞❡r❛t✐♦♥s✱ Pr♦❥❡❝ts✱ ❖✉t❧♦♦❦✳ ❈❊P❘ Pr❡ss✱

✷✵✷✶✳

❉❛rr❡❧❧ ❉✉✣❡✱ ❑❡❧❧② ▼❛t❤✐❡s♦♥✱ ❛♥❞ ❉❛r❦♦ P✐❧❛✈✳ ❈❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✿ Pr✐♥❝✐♣❧❡s ❢♦r

t❡❝❤♥✐❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❞r❛❢t✱ ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t②✱ ✷✵✷✶✳

●❛✉t✐ ❇✳ ❊❣❣❡rtss♦♥ ❛♥❞ ▼✐❝❤❛❡❧ ❲♦♦❞❢♦r❞✳ ❚❤❡ ③❡r♦ ❜♦✉♥❞ ♦♥ ✐♥t❡r❡st r❛t❡s ❛♥❞ ♦♣t✐♠❛❧ ♠♦♥❡t❛r②

♣♦❧✐❝②✳ ❇r♦♦❦✐♥❣s P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ✶✿✶✸✾✕✷✸✸✱ ✷✵✵✸✳

❍✉❜❡rt♦ ▼✳ ❊♥♥✐s ❛♥❞ ❚♦❞❞ ❑❡✐st❡r✳ ❇❛♥❦ r✉♥s ❛♥❞ ✐♥st✐t✉t✐♦♥s✿ ❚❤❡ ♣❡r✐❧s ♦❢ ✐♥t❡r✈❡♥t✐♦♥✳

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✾✭✹✮✿✶✺✽✽✕✶✻✵✼✱ ❙❡♣t❡♠❜❡r ✷✵✵✾✳

❏❡sús ❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡✱ ❉❛♥✐❡❧ ❙❛♥❝❤❡s✱ ▲✐♥❞❛ ❙❝❤✐❧❧✐♥❣✱ ❛♥❞ ❍❛r❛❧❞ ❯❤❧✐❣✳ ❈❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧

❝✉rr❡♥❝②✿ ❈❡♥tr❛❧ ❜❛♥❦✐♥❣ ❢♦r ❛❧❧❄ ❲♦r❦✐♥❣ P❛♣❡r ✷✻✼✺✸✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱

✷✵✷✵✳

✹✼



▼❛ss✐♠♦ ▼✐♥❡ss♦ ❋❡rr❛r✐✱ ❆r♥❛✉❞ ▼❡❤❧✱ ❛♥❞ ▲✐✈✐♦ ❙tr❛❝❝❛✳ ❈❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝② ✐♥ ❛♥

♦♣❡♥ ❡❝♦♥♦♠②✳ ❉✐s❝✉ss✐♦♥ P❛♣❡r ✶✺✸✸✺✱ ❈❊P❘✱ ✷✵✷✵✳

❏♦♥❛s ●r♦ss ❛♥❞ ❏♦♥❛t❤❛♥ ❙❤✐❧❧❡r✳ ❆ ♠♦❞❡❧ ❢♦r ❝❡♥tr❛❧ ❜❛♥❦ ❞✐❣✐t❛❧ ❝✉rr❡♥❝✐❡s✿ ■♠♣❧✐❝❛t✐♦♥s ❢♦r

❜❛♥❦ ❢✉♥❞✐♥❣ ❛♥❞ ♠♦♥❡t❛r② ♣♦❧✐❝②✳ ❞r❛❢t✱ ❯♥✐✈❡rs✐t② ♦❢ ❇❛②r❡✉t❤✱ ✷✵✷✶✳

●r♦✉♣ ♦❢ ❚❤✐rt②✳ ❉✐❣✐t❛❧ ❝✉rr❡♥❝✐❡s ❛♥❞ st❛❜❧❡❝♦✐♥s✿ ❘✐s❦s✱ ♦♣♣♦rt✉♥✐t✐❡s✱ ❛♥❞ ❝❤❛❧❧❡♥❣❡s ❛❤❡❛❞✳

●✸✵✱ ❏✉❧② ✷✵✷✵✳

❙t❡❢❛♥ ■♥❣✈❡s✳ ❉♦ ✇❡ ♥❡❡❞ ❛♥ ❡✲❦r♦♥❛❄ ❙✇❡❞✐s❤ ❍♦✉s❡ ♦❢ ❋✐♥❛♥❝❡✱ ✷✵✶✽✳

❈❤❛r❧❡s ❏ ❏❛❝❦❧✐♥✳ ❉❡♠❛♥❞ ❞❡♣♦s✐ts✱ tr❛❞✐♥❣ r❡str✐❝t✐♦♥s✱ ❛♥❞ r✐s❦ s❤❛r✐♥❣✳ ❈♦♥tr❛❝t✉❛❧ ❛rr❛♥❣❡♠❡♥ts

❢♦r ✐♥t❡rt❡♠♣♦r❛❧ tr❛❞❡✱ ✶✿✷✻✕✹✼✱ ✶✾✽✼✳

❈❤❛r❧❡s ▼ ❑❛❤♥✱ ❋r❛♥❝✐s❝♦ ❘✐✈❛❞❡♥❡②r❛✱ ❛♥❞ ❚s③✲◆❣❛ ❲♦♥❣✳ ❙❤♦✉❧❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐ss✉❡ ❡✲

♠♦♥❡②❄ ▼♦♥❡②✱ ♣❛❣❡s ✵✶✕✶✽✱ ✷✵✶✾✳

❚♦❞❞ ❑❡✐st❡r ❛♥❞ ❉❛♥✐❡❧ ❘✳ ❙❛♥❝❤❡s✳ ❙❤♦✉❧❞ ❈❡♥tr❛❧ ❇❛♥❦s ■ss✉❡ ❉✐❣✐t❛❧ ❈✉rr❡♥❝②❄ ❲♦r❦✐♥❣ P❛♣❡r

✶✾✲✷✻✱ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ P❤✐❧❛❞❡❧♣❤✐❛✱ ❏✉♥❡ ✷✵✶✾✳

P❛✉❧ ❑r✉❣♠❛♥✳ ❆ ♠♦❞❡❧ ♦❢ ❜❛❧❛♥❝❡✲♦❢✲♣❛②♠❡♥ts ❝r✐s❡s✳ ❏♦✉r♥❛❧ ♦❢ ♠♦♥❡②✱ ❝r❡❞✐t ❛♥❞ ❜❛♥❦✐♥❣✱ ✶✶

✭✸✮✿✸✶✶✕✸✷✺✱ ✶✾✼✾✳

P❛✉❧ ❘✳ ❑r✉❣♠❛♥✳ ■t✬s ❇❛❛❛❝❦✿ ❏❛♣❛♥✬s ❙❧✉♠♣ ❛♥❞ t❤❡ ❘❡t✉r♥ ♦❢ t❤❡ ▲✐q✉✐❞✐t② ❚r❛♣✳ ❇r♦♦❦✐♥❣s

P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ✷✾✭✷✮✿✶✸✼✕✷✵✻✱ ✶✾✾✽✳

❋✐♥♥ ❊ ❑②❞❧❛♥❞ ❛♥❞ ❊❞✇❛r❞ ❈ Pr❡s❝♦tt✳ ❘✉❧❡s ❘❛t❤❡r ❚❤❛♥ ❉✐s❝r❡t✐♦♥✿ ❚❤❡ ■♥❝♦♥s✐st❡♥❝② ♦❢

❖♣t✐♠❛❧ P❧❛♥s✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✽✺✭✸✮✿✹✼✸✕✹✾✶✱ ❏✉♥❡ ✶✾✼✼✳

❈❤r✐st✐♥❡ ▲❛❣❛r❞❡✳ ❲✐♥❞s ♦❢ ❝❤❛♥❣❡✿ ❚❤❡ ❝❛s❡ ❢♦r ♥❡✇ ❞✐❣✐t❛❧ ❝✉rr❡♥❝②✳ ❙✐♥❣❛♣♦r❡ ❋✐♥t❡❝❤ ❋❡st✐✈❛❧✱

✷✵✶✽✳

❈②r✐❧ ▼♦♥♥❡t✱ ❆s❣❡r❞✉r P❡t✉rs❞♦tt✐r✱ ❛♥❞ ▼❛r✐❛♥❛ ❘♦❥❛s✲❇r❡✉✳ ❈❡♥tr❛❧ ❜❛♥❦ ❛❝❝♦✉♥t ❢♦r ❛❧❧✿

❊✣❝✐❡♥❝② ❛♥❞ r✐s❦ t❛❦✐♥❣✳ ❞r❛❢t✱ ❯♥✐✈❡rs✐t② ♦❢ ❇❡r♥✱ ✷✵✷✶✳

❉✐r❦ ◆✐❡♣❡❧t✳ ▼♦♥❡t❛r② ♣♦❧✐❝② ✇✐t❤ r❡s❡r✈❡s ❛♥❞ ❝❜❞❝✿ ❖♣t✐♠❛❧✐t②✱ ❡q✉✐✈❛❧❡♥❝❡✱ ❛♥❞ ♣♦❧✐t✐❝s✳ ❈❊P❘

❉✐s❝✉ss✐♦♥ P❛♣❡r✱ ✭✶✺✹✺✼✮✱ ✷✵✷✵✳

▼❛✉r✐❝❡ ❖❜st❢❡❧❞✳ ❘❛t✐♦♥❛❧ ❛♥❞ s❡❧❢✲❢✉❧✜❧❧✐♥❣ ❜❛❧❛♥❝❡✲♦❢✲♣❛②♠❡♥ts ❝r✐s❡s✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ◆❛t✐♦♥❛❧

❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱ ✶✾✽✹✳

▼❛✉r✐❝❡ ❖❜st❢❡❧❞✳ ❚❤❡ ❧♦❣✐❝ ♦❢ ❝✉rr❡♥❝② ❝r✐s❡s✳ ■♥▼♦♥❡t❛r② ❛♥❞ ✜s❝❛❧ ♣♦❧✐❝② ✐♥ ❛♥ ✐♥t❡❣r❛t❡❞ ❊✉r♦♣❡✱

♣❛❣❡s ✻✷✕✾✵✳ ❙♣r✐♥❣❡r✱ ✶✾✽✽✳

✹✽



▼❛✉r✐❝❡ ❖❜st❢❡❧❞✳ ▼♦❞❡❧s ♦❢ ❝✉rr❡♥❝② ❝r✐s❡s ✇✐t❤ s❡❧❢✲❢✉❧✜❧❧✐♥❣ ❢❡❛t✉r❡s✳ ❊✉r♦♣❡❛♥ ❡❝♦♥♦♠✐❝ r❡✈✐❡✇✱

✹✵✭✸✲✺✮✿✶✵✸✼✕✶✵✹✼✱ ✶✾✾✻✳

▼♦♥✐❦❛ P✐❛③③❡s✐ ❛♥❞ ▼❛rt✐♥ ❙❝❤♥❡✐❞❡r✳ ❈r❡❞✐t ❧✐♥❡s✱ ❜❛♥❦ ❞❡♣♦s✐ts ♦r ❝❜❞❝✳ ❞r❛❢t✱ ❙t❛♥❢♦r❞ ❯♥✐✈❡r✲

s✐t②✱ ✷✵✷✵✳

❉❛✈✐❞ ❘ ❙❦❡✐❡✳ ❇❛♥❦✐♥❣ ✇✐t❤ ♥♦♠✐♥❛❧ ❞❡♣♦s✐ts ❛♥❞ ✐♥s✐❞❡ ♠♦♥❡②✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ■♥t❡r♠❡❞✐✲

❛t✐♦♥✱ ✶✼✭✹✮✿✺✻✷✕✺✽✹✱ ✷✵✵✽✳

❉❛✈✐❞ ❘ ❙❦❡✐❡✳ ❉✐❣✐t❛❧ ❝✉rr❡♥❝② r✉♥s✳ ❉r❛❢t✱ ❲❛r✇✐❝❦ ❇✉s✐♥❡ss ❙❝❤♦♦❧✱ ✷✵✶✾✳

❍❛r❛❧❞ ❯❤❧✐❣✳ ❆ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❢♦r ❧❛r❣❡ ❡❝♦♥♦♠✐❡s✳ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✽✭✶✮✿✹✶✕✺✵✱ ✶✾✾✻✳

❆♥❞r❡s ❱❡❧❛s❝♦✳ ❋✐①❡❞ ❡①❝❤❛♥❣❡ r❛t❡s✿ ❈r❡❞✐❜✐❧✐t②✱ ✢❡①✐❜✐❧✐t② ❛♥❞ ♠✉❧t✐♣❧✐❝✐t②✳ ❊✉r♦♣❡❛♥ ❡❝♦♥♦♠✐❝

r❡✈✐❡✇✱ ✹✵✭✸✲✺✮✿✶✵✷✸✕✶✵✸✺✱ ✶✾✾✻✳

❙t❡♣❤❡♥ ❲✐❧❧✐❛♠s♦♥✳ ❈❡♥tr❛❧ ❇❛♥❦ ❉✐❣✐t❛❧ ❈✉rr❡♥❝②✿ ❲❡❧❢❛r❡ ❛♥❞ P♦❧✐❝② ■♠♣❧✐❝❛t✐♦♥s✳ ❚❡❝❤♥✐❝❛❧

❘❡♣♦rt ✸✽✻✱ ❙♦❝✐❡t② ❢♦r ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ✷✵✶✾✳

▼✐❝❤❛❡❧ ❲♦♦❞❢♦r❞✳ ■♥t❡r❡st ❛♥❞ Pr✐❝❡s✿ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❛ ❚❤❡♦r② ♦❢ ▼♦♥❡t❛r② P♦❧✐❝②✳ Pr✐♥❝❡t♦♥

❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✸✳
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