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✼❆✈❡�❛❣❡ ❡✛❡❝	✐✈❡ 	❛① �❛	❡� ♦♥ ❡�✉✐	② �❡	✉�♥� ❛�❡ �❡	 ❛	 ✷✵ ♣❡�❝❡♥	✳ ❚♦ ❣❡♥❡�❛	❡ 	❤❡ ♣♦�	❢♦❧✐♦ ❝❤❛♥❣❡� ♦❜�❡�✈❡❞

✐♥ 	❤❡ ❞❛	❛ ❛ ❤✐❣❤❡� 	❛① �❛	❡ ♦♥ ❡�✉✐	② ✐� �❡�✉✐�❡❞✱ ❛� ❤✐❣❤ ❛� ✹✺ ♣❡�❝❡♥	✳
✽❙✐♠✐❧❛�❧②✱ ❈❤❛♠❜❡�� ❡	 ❛❧✳ ✭✷✵✵✾❛✮ ❡①❛♠✐♥❡ 	❤❡ ✐♠♣❛❝	 ♦❢ ❧♦❛♥ �	�✉❝	✉�❡� ♦♥ ✐♥❞✐✈✐❞✉❛❧ ♠♦�	❣❛❣❡ ❝❤♦✐❝❡�

❛♥❞ ❛❣❣�❡❣❛	❡ �	❛	✐�	✐❝�✱ ✇❤✐❧❡ ❈❤❛♠❜❡�� ❡	 ❛❧✳ ✭✷✵✵✾❜✮ ❧♦♦❦ ❛	 	❤❡ �♦❧❡ ♦❢ ❝❤❛♥❣✐♥❣ ❞❡♠♦❣�❛♣❤✐❝� ❛♥❞ ♠♦�	❣❛❣❡

✐♥♥♦✈❛	✐♦♥� ✐♥ ❡①♣❧❛✐♥✐♥❣ 	❤❡ �✐�❡ ✐♥ ❤♦♠❡♦✇♥❡��❤✐♣ �❛	❡� ❜❡	✇❡❡♥ ✶✾✾✹ ❛♥❞ ✷✵✵✺✳

✺



❚❤✐� ♣❛♣❡� ✐� ♦�❣❛♥✐③❡❞ ❛� ❢♦❧❧♦✇�✿ ❙❡❝�✐♦♥ ✷ ✐♥��♦❞✉❝❡� �❤❡ ❞②♥❛♠✐❝ ❣❡♥❡�❛❧ ❡�✉✐❧✐❜�✐✉♠

♠♦❞❡❧✳ ■♥ �❡❝�✐♦♥ ✸✱ ���✉❝�✉�❛❧ ♣❛�❛♠❡�❡�� ❛�❡ ❝❛❧✐❜�❛�❡❞ ❜❛�❡❞ ♦♥ ❞❛�❛ ❢�♦♠ �❤❡ ❯❙ ❡❝♦♥♦♠②✳

❘❡�✉❧�� ❢�♦♠ �❤❡ ♥✉♠❡�✐❝❛❧ �♦❧✉�✐♦♥ ❛�❡ ♣�❡�❡♥�❡❞ ✐♥ �❡❝�✐♦♥ ✹✳ ❙❡❝�✐♦♥ ✺ ❝♦♥❝❧✉❞❡� �❤❡ ❞✐�❝✉��✐♦♥

❜② ❛❧�♦ ♣�♦✈✐❞✐♥❣ �♦♠❡ ✐❞❡❛� ❢♦� ❢✉�✉�❡ �❡�❡❛�❝❤✳

✷✳ ❚❤❡ ♠♦❞❡❧

❚❤❡ ❡❝♦♥♦♠✐❝ ❡♥✈✐�♦♥♠❡♥� �❤❛� ✇❡ ❡①♣❧♦�❡ ✐� ❛ ❞②♥❛♠✐❝ ❣❡♥❡�❛❧ ❡�✉✐❧✐❜�✐✉♠ ❡❝♦♥♦♠② ♣♦♣✲

✉❧❛�❡❞ ❜② ♦✈❡�❧❛♣♣✐♥❣ ❣❡♥❡�❛�✐♦♥�✳ ❆❣❡♥�� ❞✐✛❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡✐� ❛❣❡✱ ❛✈❡�❛❣❡ ♣�♦❞✉❝�✐✈✐�②

�②♣❡✱ ❛��❡� ❤♦❧❞✐♥❣�✱ ✇♦�❦✐♥❣ ❛♥❞ ❤♦♠❡♦✇♥❡��❤✐♣ ��❛�✉�✳ ❙❛✈✐♥❣� ❛�❡ ✐♥✈❡��❡❞ ✐♥ ✜♥❛♥❝✐❛❧ ❝❛♣✐✲

�❛❧✱ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ❛♥❞ ♠♦♥❡② ❤♦❧❞✐♥❣�✳ ❚❤❡ ♠♦❞❡❧ ❡❝♦♥♦♠② ❤❛� ❛ ✜♥❛♥❝✐❛❧ ✐♥�❡�♠❡❞✐❛�② ✇❤✐❝❤

❝♦❧❧❡❝�� ✐♥❞✐✈✐❞✉❛❧ ❞❡♣♦�✐�� ❛♥❞ ✐��✉❡� ♠♦��❣❛❣❡ ❧♦❛♥�✱ ❢❛❝✐❧✐�❛�❡� ✐♥✈❡��♠❡♥�� ✐♥ �❡�✐❞❡♥�✐❛❧ ❛♥❞

❜✉�✐♥❡�� ❝❛♣✐�❛❧ ❛♥❞ ♣�♦✈✐❞❡� �❡♥�❛❧ ❛❝❝♦♠♠♦❞❛�✐♦♥ �❡�✈✐❝❡�✳ ❖✉�♣✉� ✐� ♣�♦❞✉❝❡❞ ❜② ✜�♠� ✉�✲

✐♥❣ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ ❛♥❞ ❡✛❡❝�✐✈❡ ❧❛❜♦✉� ✐♥♣✉��✳ ❋✐♥❛❧❧②✱ �❤❡�❡ ✐� ❛ ❣♦✈❡�♥♠❡♥� �❤❛� ❝♦♥❞✉❝��

❜♦�❤ ✜�❝❛❧ ❛♥❞ ♠♦♥❡�❛�② ♣♦❧✐❝②✳ ❚❛①❡� ❛�❡ ❧❡✈✐❡❞ ♦♥ ❡❛�♥✐♥❣� ❢�♦♠ ❧❛❜♦✉� ❛♥❞ ✜♥❛♥❝✐❛❧ ❛��❡��

✇❤✐❧❡ �❡✈❡♥✉❡� ❢�♦♠ �❛①❛�✐♦♥✱ �❡✐❣♥✐♦�❛❣❡ ❛♥❞ ✉♥✐♥�❡♥❞❡❞ ❜❡�✉❡��� ❛�❡ ❞✐���✐❜✉�❡❞ ❡�✉❛❧❧② �♦

❛❧❧ ❧✐✈✐♥❣ ♠❡♠❜❡�� ♦❢ �❤❡ ♣♦♣✉❧❛�✐♦♥✳

✷✳✶✳ ❉❡♠♦❣	❛♣❤✐❝�

❲❡ ❛��✉♠❡ �❤❛� ✐♥ ❡❛❝❤ ♣❡�✐♦❞ t ❛ ♥❡✇ ❣❡♥❡�❛�✐♦♥ ✐� ❜♦�♥✳ ❆ �②♣✐❝❛❧ ✐♥❞✐✈✐❞✉❛❧ ♠❛② ❧✐✈❡

❢♦� ❛ ♠❛①✐♠✉♠ ♦❢ J ♠♦❞❡❧ ♣❡�✐♦❞�✳ ❚❤❡ ❝♦♥❞✐�✐♦♥❛❧ ♣�♦❜❛❜✐❧✐�② ♦❢ �✉�✈✐✈✐♥❣ ❢�♦♠ ❛❣❡ j �♦ ❛❣❡

j + 1 ✐� ψj ∈ (0, 1)✱ ❢♦� j = 1, .., J − 1✳ ❚❤❡�❡❢♦�❡✱ �❤❡ ✉♥❝♦♥❞✐�✐♦♥❛❧ ♣�♦❜❛❜✐❧✐�② ♦❢ ❜❡❝♦♠✐♥❣

l✲②❡❛�� ♦❢ ❛❣❡ ✐� Πl
j=1{ψj}✳ -❡♦♣❧❡ ❛�❡ ❜♦�♥ ❛♥❞ ❞✐❡ ✇✐�❤ ❝❡��❛✐♥�②✱ �♦ ψ0 = 1 ❛♥❞ ψJ = 0✳ ❚❤❡

❢�❛❝�✐♦♥ ♦❢ ❡❛❝❤ ❝♦❤♦�� ✐♥ �❤❡ �♦�❛❧ ♣♦♣✉❧❛�✐♦♥ ✐� ❝♦♥��❛♥� ❛♥❞ ❣✐✈❡♥ ❜② μj+1 = (1 + n)−1μjψj

✇❤❡�❡ μ1 = (1+
∑J−1

j=1 (1+n)−jΠj
i=1ψi)

−1 ❛♥❞ n ✐� �❤❡ ❣�♦✇�❤ �❛�❡ ♦❢ �❤❡ ♣♦♣✉❧❛�✐♦♥✳ ❆❧❧ ❛❣❡♥��

�❡�✐�❡ ❢�♦♠ ✇♦�❦✐♥❣ ❛� �❤❡ ❛❣❡ ♦❢ jr✱ ✇❤✐❝❤ ✐� ♠❛♥❞❛�♦�②✳ ■❢ ✐♥❞✐✈✐❞✉❛❧� ❢❛✐❧ �♦ �✉�✈✐✈❡ ✉♥�✐❧ ❛❣❡

J ✱ �❤❡✐� ❛��❡�� ❛�❡ ❝♦❧❧❡❝�❡❞ ❜② �❤❡ ❣♦✈❡�♥♠❡♥� ❛♥❞ �❡❞✐���✐❜✉�❡❞ ✈✐❛ ❧✉♠♣✲�✉♠ ��❛♥�❢❡��✱ trt✳

✷✳✷✳ �	❡❢❡	❡♥❝❡�

-❡�✐♦❞ ✉�✐❧✐�② ✐� ❞❡�✐✈❡❞ ❢�♦♠ �❤❡ ❝♦♥�✉♠♣�✐♦♥ ♦❢ ❛ ♥♦♥✲❞✉�❛❜❧❡ ❝♦♠♣♦�✐�❡ ❣♦♦❞ (c)✱ ❤♦✉�✲

✐♥❣ �❡�✈✐❝❡� (s) ❛♥❞ �❡❛❧ ♠♦♥❡② ❜❛❧❛♥❝❡� (m)✳ ◆❡✇✲❡♥��❛♥�� ✐♥ �❤❡ ❡❝♦♥♦♠② ♠❛①✐♠✐③❡ �❤❡✐�

❞✐�❝♦✉♥�❡❞ ❡①♣❡❝�❡❞ ❧✐❢❡�✐♠❡ ✉�✐❧✐�②✿

E0

{

J
∑

j=1

βj−1

(

j
∏

i=1

ψi

)

U (cj,t,mj,t, sj,t)

}

✭✶✮

✇❤❡�❡ β ❞❡♥♦�❡� �❤❡ �✐♠❡ ❞✐�❝♦✉♥� ❢❛❝�♦�✳

❚❤❡ ♠♦♥❡② ✐♥ ✉�✐❧✐�② ❢✉♥❝�✐♦♥❛❧ ❢♦�♠ ✐� ❛❞♦♣�❡❞ ❢♦� �✐♠♣❧✐❝✐�② �♦ ❣❡♥❡�❛�❡ ❛ ❞❡♠❛♥❞ ❛♥❞

❞✐���✐❜✉�✐♦♥ ❢♦� �❤❡ ♠❡❞✐✉♠ ♦❢ ❡①❝❤❛♥❣❡ �♦ ✐� ❝❛♥ ❜❡ �❤♦✉❣❤� ♦❢ ❛� ❛ �❤♦��❝✉� �♦ ❛ ♠♦�❡

❝♦♠♣❧✐❝❛�❡❞ ��❛♥�❛❝�✐♦♥ ��♦�②✳

✻



✷✳✸✳ ❆��❡� ❤♦❧❞✐♥❣�✱ ✐♥❝♦♠❡ ❛♥❞ ♣�✐❝❡�

■♥❞✐✈✐❞✉❛❧	 ❝❛♥ ❡✐�❤❡� ♦✇♥ (hj,t) ♦� �❡♥� (xj,t) ❤♦✉	✐♥❣ 	❡�✈✐❝❡	 (sj,t)✳ ❲❡ ❛		✉♠❡ �❤❛� �❡♥�✐♥❣

❛♥❞ ♦✇♥✐♥❣ ❛�❡ ♣❡�❢❡❝� 	✉❜	�✐�✉�❡	 ✐♥ ❝♦♥	✉♠♣�✐♦♥✱ sj,t = hj,t+xj,t✱ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ✐♥✈❡	�♠❡♥�	

✐♥ �❡	✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧ ❛�❡ ♦✇♥❡�✲♦❝❝✉♣✐❡❞✳ ❚❤�♦✉❣❤ ❛ ❧✐♥❡❛� �❡❝❤♥♦❧♦❣②✱ ♦♥❡ ✉♥✐� ♦❢ ❤♦✉	✐♥❣

❝❛♣✐�❛❧ ❝❛♥ ❜❡ ��❛♥	❢♦�♠❡❞ ✐♥�♦ ♦♥❡ ✉♥✐� ♦❢ ❤♦✉	✐♥❣ 	❡�✈✐❝❡	✳

❍♦♠❡♦✇♥❡�	❤✐♣ ✐♥✈♦❧✈❡	 �✇♦ ❝♦♥	��❛✐♥�	✳ ❋✐�	�❧②✱ ✐� �❡�✉✐�❡	 ✐♥❞✐✈✐❞✉❛❧	 �♦ ❤♦❧❞ ❡�✉✐�② ✐♥ �❤❡

❢♦�♠ ♦❢ ❛ ❞♦✇♥♣❛②♠❡♥�✱ ❡�✉❛❧ �♦ ❛ ❢�❛❝�✐♦♥ γ ♦❢ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ❤♦✉	❡✳ ❙❡❝♦♥❞❧②✱ ♣✉�❝❤❛	✐♥❣

❤♦✉	✐♥❣ ✐♥✈♦❧✈❡	 ❛ ♠✐♥✐♠✉♠ �✉❛♥�✐�② �❡�✉✐�❡♠❡♥�✳ ❚❤✐	 ✐	 ❛❞❞❡❞ �♦ �❤❡ ♠♦❞❡❧ �♦ �❛❦❡ ✐♥�♦

❛❝❝♦✉♥� �❤❡ ❢❛❝� �❤❛� �❡♥�❛❧ ❛❝❝♦♠♠♦❞❛�✐♦♥ ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ✐♥ 	♠❛❧❧❡� �✉❛♥�✐�✐❡	 �❤❛♥ �②♣✐❝❛❧

�❡	✐❞❡♥�✐❛❧ ♣�♦♣❡��✐❡	 ❢♦� 	❛❧❡✳ ❚❤❡ 	♠❛❧❧❡	� ❛♠♦✉♥� ♦❢ ❤♦✉	✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠❛② ❜✉② ✐	 ❞❡♥♦�❡❞

❜② h✳ ■❢ �❤❡ �✇♦ ❝♦♥	��❛✐♥�	 ❛�❡ ♠❡� ❛♥❞ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬	 ♦✇♥ ✇❡❛❧�❤ ✐	 ♥♦� 	✉✣❝✐❡♥� �♦ ✜♥❛♥❝❡

❛ ❤♦✉	❡✱ ✐♥❞✐✈✐❞✉❛❧	 ♠❛② ❜♦��♦✇ ❢✉♥❞	 ❛❣❛✐♥	� �❤❡ ❤♦✉	❡ �♦ ✜♥❛♥❝❡ ✐�	 ♣❛②♠❡♥�✳ ❇♦��♦✇✐♥❣ ✐♥

�❤❡ ❢♦�♠ ♦❢ ❛ ♠♦��❣❛❣❡ ❧♦❛♥ ✐	 �❤❡ ♦♥❧② �②♣❡ ♦❢ ❜♦��♦✇✐♥❣ �❤❛� ✐	 ❛❧❧♦✇❡❞ ✐♥ �❤❡ ♠♦❞❡❧✳ ❙✐♥❝❡

❤♦✉	✐♥❣ ❝❛♣✐�❛❧ ❞❡♣�❡❝✐❛�❡	 ✐♥ ❡✈❡�② ♣❡�✐♦❞✱ ❤♦♠❡♦✇♥❡�	 ✐♥❝✉� ❛ ♠❛✐♥�❡♥❛♥❝❡ ❝♦	� δh ♣❡� ✉♥✐�

♦❢ ❤♦✉	✐♥❣ ❝❛♣✐�❛❧✳✾

■♥❞✐✈✐❞✉❛❧	 �❡❝❡✐✈❡ ✐♥❝♦♠❡ ❢�♦♠ ❧❛❜♦✉�✱ ✜♥❛♥❝✐❛❧ ❛		❡�	✱ ✐♠♣✉�❡❞ �❡♥�	 ❛♥❞ ❣♦✈❡�♥♠❡♥�

��❛♥	❢❡�	✳ ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐	 ❡♥❞♦✇❡❞ ✇✐�❤ ♦♥❡ ✉♥✐� ♦❢ ❧❛❜♦✉� �✐♠❡ ♣❡� ♣❡�✐♦❞ ✇❤✐❝❤ ✐	 	✉♣♣❧✐❡❞

✐♥❡❧❛	�✐❝❛❧❧② �♦ ✇♦�❦ ❛♥❞ ��❛♥	❢♦�♠❡❞ �♦ ǫj ❡✣❝✐❡♥❝② ✉♥✐�	 ♦❢ ❧❛❜♦✉�✳ ❚❤❡ ❡❝♦♥♦♠② ✐	 ♣♦♣✉❧❛�❡❞

✇✐�❤ ✐♥❞✐✈✐❞✉❛❧	 ✇❤♦ ❤❛✈❡ �✇♦ �②♣❡	 ♦❢ ❡❛�♥✐♥❣ ❛❜✐❧✐�②✿ ❤✐❣❤ ❛♥❞ ❧♦✇ ♣�♦❞✉❝�✐✈✐�② �②♣❡ ❛❣❡♥�	✳

❊❛❝❤ ❛❣❡♥�✱ ❞❡♥♦�❡❞ ❜② z ∈ (high, low)✱ ❤❛	 ❛ ❞❡�❡�♠✐♥✐	�✐❝ ♣�♦❞✉❝�✐✈✐�② ♣�♦✜❧❡✳ ❚❤❡ ♠❡❛	✉�❡

♦❢ ❡❛❝❤ ❛❣❡♥� �②♣❡ ✐	 λ(z) ∈ (0, 1)✳ ❖♥❡ ✉♥✐� ♦❢ ❡✛❡❝�✐✈❡ ❧❛❜♦✉� ✐	 ♣❛✐❞ �❤❡ ❛✈❡�❛❣❡ ✇❛❣❡ �❛�❡

wt✳ ▲❛❜♦✉� ✐♥❝♦♠❡ ✐	 �❛①❡❞ ❛� �❤❡ �❛�❡ τw✳

❙❛✈✐♥❣	 �❛❦❡ �❤❡ ❢♦�♠ ♦❢ ♥♦♥✲�❡	✐❞❡♥�✐❛❧ ❛		❡�	 ♥❡� ♦❢ ❜♦��♦✇✐♥❣ (aj,t)✱ �❡	✐❞❡♥�✐❛❧ ❛		❡�	

(hj,t) ❛♥❞ �❡❛❧ ♠♦♥❡② ❜❛❧❛♥❝❡	 (mj,t)✳ ◆♦♥✲�❡	✐❞❡♥�✐❛❧ ❛		❡�	 ❝♦♥	✐	� ♦❢ ❞❡♣♦	✐�	 ✐♥ ✜♥❛♥❝✐❛❧

✐♥	�✐�✉�✐♦♥	✳ ❚❤❡✐� �❡�✉�♥ ✐	 �❤❡ ♥♦♠✐♥❛❧ ✐♥�❡�❡	� �❛�❡ it ✇❤✐❝❤ ✐	 �❛①❡❞ ❛� ❛ ❝♦♥	�❛♥� �❛① �❛�❡ τa✳

❍♦✉	✐♥❣ �❡❝❡✐✈❡	 ✐♥❝♦♠❡ ✐♥ �❤❡ ❢♦�♠ ♦❢ ✐♠♣✉�❡❞ �❡♥�	 	✐♥❝❡ ❤♦♠❡♦✇♥❡�	 ❞♦ ♥♦� ♣❛② ❢♦� ❤♦✉	✐♥❣

	❡�✈✐❝❡	✳ ❚❤❡ �❛① �❛�❡ ♦♥ ✐♠♣✉�❡❞ �❡♥�	 ✐	 ❞❡♥♦�❡❞ ❜② τh✳
✶✵ ❚❤❡ �❛① ❝♦❞❡ ❛❧❧♦✇	 ❢♦� �✇♦ 	��❡❛♠	

♦❢ ❤♦✉	✐♥❣ ✐♥❝♦♠❡ �♦ ❣♦ ✉♥�❛①❡❞✿ ✜�	�❧②✱ ✐♠♣✉�❡❞ �❡♥�	 ✇❤✐❝❤ ❝♦♥	✐	� ♦❢ ❤♦♠❡♦✇♥❡�	 ❡♥❥♦②✐♥❣

❢�❡❡ ❤♦✉	✐♥❣ 	❡�✈✐❝❡	✱ ❛♥❞ 	❡❝♦♥❞❧②✱ ❝❛♣✐�❛❧ ❣❛✐♥	 ❛❝�✉✐�❡❞ ❢�♦♠ 	❡❧❧✐♥❣ ❤♦✉	✐♥❣ ❝❛♣✐�❛❧✳ ✶✶ ■♥ �❤❡

♠♦❞❡❧ ❡❝♦♥♦♠②✱ ❝❛♣✐�❛❧ ❣❛✐♥	 ♦♥ �❡	✐❞❡♥�✐❛❧ ♣�♦♣❡��② ❡�✉❛❧ �❤❡ ❧♦♥❣ �✉♥ �❛�❡ ♦❢ ✐♥✢❛�✐♦♥✱ ❛♥❞

�❤✉	 �❤❡ ✈❛❧✉❡ ♦❢ �❡	✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧ ✐	 ♣�❡	❡�✈❡❞ ✐♥ ❡❛❝❤ ♣❡�✐♦❞✳

✾❲❡ ❞♦ ♥♦� ❞✐��✐♥❣✉✐�❤ ❜❡�✇❡❡♥ ❞❡♣�❡❝✐❛�✐♦♥ �❛�❡� ♦❢ �❡♥�❛❧ ✉♥✐�� ❛♥❞ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�❡�✳ ❚②♣✐❝❛❧❧②✱

❤♦✇❡✈❡�✱ �❡♥�❛❧ ❛❝❝♦♠♠♦❞❛�✐♦♥ ✐♥✈♦❧✈❡� ❤✐❣❤❡� ♠❛✐♥�❡♥❛♥❝❡ ❝♦��� �❤❛♥ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ✭�❡❡ ❈❤❡♥

✭✷✵✶✵✮✮✳
✶✵■♥ �❤❡ ❜❡♥❝❤♠❛�❦ ♠♦❞❡❧✱ �❤❡ �❛① ♦♥ ✐♠♣✉�❡❞ �❡♥�� ✐� �❡� ❡$✉❛❧ �♦ ③❡�♦✳
✶✶❆♥♦�❤❡� ♣�♦✈✐�✐♦♥ ✐♥❝❧✉❞❡� ❢✉❧❧ ❞❡❞✉❝�❛❜✐❧✐�② ♦❢ ♠♦��❣❛❣❡ ✐♥�❡�❡�� ♣❛②♠❡♥�� ❢�♦♠ �❛①❛❜❧❡ ✐♥❝♦♠❡✳ ❍♦✇❡✈❡�✱

●❡�✈❛✐� ✭✷✵✵✷✮ �❤♦✇� �❤❛� ♠♦��❣❛❣❡ ✐♥�❡�❡�� �❛�❡ ❞❡❞✉❝�❛❜✐❧✐�② ♣❧❛②� ♦♥❧② ❛ �♠❛❧❧ �♦❧❡ ♦♥ �❤❡ ✐♥❝❡♥�✐✈❡ �♦

♦✈❡�✲✐♥✈❡�� ✐♥ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✱ ✐♥ ♣❛��✐❝✉❧❛�✱ �❤❡ �❡♠♦✈❛❧ ♦❢ �❤✐� ♣�♦✈✐�✐♦♥ ✐� ❛❝❝♦♠♣❛♥✐❡❞ ✇✐�❤ ❝❤❛♥❣❡� ✐♥

�❤❡ ❝♦♠♣♦�✐�✐♦♥ ♦❢ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ❜✉� ✐♥�✐❣♥✐✜❝❛♥� ❝❤❛♥❣❡� ♦❢ ✐�� $✉❛♥�✐�②✳ ❋♦� �❤✐� �❡❛�♦♥✱ ❛♥❞ �♦ ❡❛�❡ �❤❡

❝♦♠♣✉�❛�✐♦♥ ♦❢ �❤❡ ♠♦❞❡❧ ✇❡ ❤❛✈❡ ♦♠✐��❡❞ �❤✐� �❛① ♣�♦✈✐�✐♦♥✳

✼



▲❡� Pt ❞❡♥♦�❡ �❤❡ ♣	✐❝❡ ♦❢ �❤❡ ❝♦♠♣♦�✐�❡ ❣♦♦❞ ❛♥❞ P h
t ❞❡♥♦�❡ �❤❡ ♣	✐❝❡ ♦❢ ❤♦✉�✐♥❣ �❡	✈✐❝❡�✳

�	✐❝❡� ♦❢ ♦✉�♣✉�✱ 	❡�✐❞❡♥�✐❛❧ ❛♥❞ ♥♦♥✲	❡�✐❞❡♥�✐❛❧ ✐♥✈❡��♠❡♥� ❛♥❞ ♠❛✐♥�❡♥❛♥❝❡ ❣♦♦❞� ❛	❡ ❡�✉❛❧

�♦ �❤❡ ♣	✐❝❡ ♦❢ �❤❡ ❝♦♠♣♦�✐�❡ ❝♦♥�✉♠♣�✐♦♥ ❣♦♦❞✱ ✇❤✐❝❤ ✐� �❡� �♦ ❜❡ �❤❡ ♥✉♠❡	❛✐	❡✳ ❚❤✐� ✐� �❤❡

❝❛�❡ �✐♥❝❡ ♦✉�♣✉� ❝❛♥ ❜❡ ❝♦♥✈❡	�❡❞ ❛� ♥♦ ❝♦�� �♦ ❛♥② ♦❢ �❤❡�❡ ❝♦♠♣♦♥❡♥��✳ ▲❡� Pt

Pt−1
= 1 + πt

❞❡♥♦�❡ �❤❡ 	❛�❡ ♦❢ ✐♥✢❛�✐♦♥✱ vt =
Ph
t

Pt
�❤❡ 	❡❧❛�✐✈❡ ♣	✐❝❡ ♦❢ ❤♦✉�✐♥❣ �❡	✈✐❝❡� ❛♥❞ mj,t =

Mj,t

Pt
	❡❛❧

♠♦♥❡② ❤♦❧❞✐♥❣�✱ 	❡�♣❡❝�✐✈❡❧②✳ ❚❤❡ ♥♦♠✐♥❛❧ ✐♥�❡	❡�� 	❛�❡ it ✐� ❛♣♣	♦①✐♠❛�❡❞ ❜② ✉�✐♥❣ �❤❡ ❋✐�❤❡	

❡�✉❛�✐♦♥✿ it = (1 + πt)(1 + rt) − 1✱ ✇❤❡	❡ rt ✐� �❤❡ ❜❡❢♦	❡ �❛① 	❡❛❧ ✐♥�❡	❡�� 	❛�❡ ❞❡�❡	♠✐♥❡❞

❡♥❞♦❣❡♥♦✉�❧② ✐♥ �❤❡ ♠♦❞❡❧ ❜② ✐♥❞✐✈✐❞✉❛❧ ♦♣�✐♠❛❧ ♦✉�❝♦♠❡�✳ ❲❡ ❛��✉♠❡ �❤❛� �❤❡ ✐♥�❡	❡�� 	❛�❡

❛♣♣❧✐❡❞ ♦♥ ✜♥❛♥❝✐❛❧ ❛��❡�� ✐� �❤❡ �❛♠❡ ❛� �❤❡ 	❛�❡ ❝❤❛	❣❡❞ ♦♥ ❜♦		♦✇❡❞ ❢✉♥❞�✳

❈✉		❡♥� ♣❡	✐♦❞ ✇❡❛❧�❤ ✐� ❞❡♥♦�❡❞ ❜② ̟j,t ❛♥❞ ❝♦♥�✐��� ♦❢ ♥♦♥✲	❡�✐❞❡♥�✐❛❧ ❛��❡�� ♥❡� ♦❢ ❧♦❛♥�✱

	❡�✐❞❡♥�✐❛❧ ❛��❡�� ❛♥❞ ♠♦♥❡② ❤♦❧❞✐♥❣�✳ ❚♦ �✐♠♣❧✐❢② �❤❡ ♥♦�❛�✐♦♥✱ ✇❡ ❤❛✈❡ ♦♠✐��❡❞ ✐♥❞✐❝❡� �❤❛� ✐♥✲

❞✐❝❛�❡ �❤❡ ✐♥❞✐✈✐❞✉❛❧ �②♣❡ ✭❧♦✇ ❛♥❞ ❤✐❣❤ ❛✈❡	❛❣❡ ♣	♦❞✉❝�✐✈✐�② ♣	♦✜❧❡�✮✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉�❡❞ ✇❤❡♥

❛❣❣	❡❣❛�✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ♦✉�❝♦♠❡�✳ ❚❤❡ ♥♦♠✐♥❛❧ ❜✉❞❣❡� ❝♦♥��	❛✐♥� ❢♦	 ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❤♦♠❡♦✇♥❡	

❛❣❡❞ j ✐♥ ♣❡	✐♦❞ t ✐� ❣✐✈❡♥ ❜②✿✶✷

Ptcj,t + Ptaj+1,t+1 + Pthj+1,t+1 +Mj+1,t+1 = (1− τw)Ptǫjwt + Pttrt+

+Pt−1 (1 + (1− τa)it) aj,t − τhP
h
t hj,t + Pt(1− δh)hj,t +Mj,t ✭✷✮

❆♥❞ ❢♦	 �❤❡ ✐♥❞✐✈✐❞✉❛❧ 	❡♥�❡	✿

Ptcj,t + P h
t xj,t + Ptaj+1,t+1 + Pthj+1,t+1 +Mj+1,t+1 = (1− τw)Ptǫjwt + Pttrt+

+Pt−1 (1 + (1− τa)it) aj,t +Mj,t ✭✸✮

✷✳✹✳ ❚❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣�♦❜❧❡♠

❚♦ �♦❧✈❡ �❤❡ ❞②♥❛♠✐❝ ♣	♦❜❧❡♠ ✇❡ ❞✐✈✐❞❡ ✐� ✐♥�♦ ❛♥ ✐♥�❡	✲�❡♠♣♦	❛❧ ❛♥❞ ✐♥�	❛✲�❡♠♣♦	❛❧ ♦♣�✐✲

♠✐③❛�✐♦♥ ❞❡❝✐�✐♦♥✳✶✸ ❆� ❡❛❝❤ ♣♦✐♥� ✐♥ �✐♠❡ �❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐❞❡� �❤❡ �✉❛♥�✐�② ♦❢ �❛✈✐♥❣� �♦ ❜❡

�	❛♥�❢❡		❡❞ ♦✈❡	 �♦ �❤❡ ♥❡①� ♣❡	✐♦❞✱ ❧❡❛✈✐♥❣ ♦✉� �❤❡ ❞❡❝✐�✐♦♥ ♦❢ �❤❛� ♣❡	✐♦❞✬� ❛❧❧♦❝❛�✐♦♥ ♣	♦❜❧❡♠✳

■♥ ❛ ❢	❛♠❡✇♦	❦ ✇✐�❤♦✉� ✉♥❝❡	�❛✐♥�②✱ �❤❡ ❝♦♠♣♦�✐�✐♦♥ ♦❢ �❛✈✐♥❣� �❡� ❛�✐❞❡ ✐♥ �❤❡ ❝✉		❡♥� ♣❡	✐♦❞

✇✐❧❧ ❜❡ �❤❡ �❛♠❡✱ ✇❤❡�❤❡	 �❤❡ ❞❡❝✐�✐♦♥ ✐� ♠❛❞❡ ✐♥ �❤❡ ❝✉		❡♥� ♦	 �❤❡ ❢✉�✉	❡ ♣❡	✐♦❞✳ ❚❤✐� ✐� �❤❡

✐♥�❡	✲�❡♠♣♦	❛❧ ♣	♦❜❧❡♠✳ ❚❤❡ ✐♥�	❛✲�❡♠♣♦	❛❧ ♣	♦❜❧❡♠ ✐♥✈♦❧✈❡� ❛ ♣♦	�❢♦❧✐♦ ❛❧❧♦❝❛�✐♦♥ ♣	♦❜❧❡♠✿

❣✐✈❡♥ �❤❡ ❛♠♦✉♥� ♦❢ �❛✈✐♥❣� ❝❛		✐❡❞ ♦✈❡	 ❢	♦♠ �❤❡ ♣	❡✈✐♦✉� ♣❡	✐♦❞✱ ❝✉		❡♥� ❧❛❜♦✉	 ✐♥❝♦♠❡ ❛♥❞

❣♦✈❡	♥♠❡♥� �	❛♥�❢❡	�✱ �❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐❞❡� ❤❡	 ♦♣�✐♠❛❧ ❛❧❧♦❝❛�✐♦♥ ♦❢ ✇❡❛❧�❤ ✐♥�♦ ❝♦♥�✉♠♣�✐♦♥

❣♦♦❞�✱ ❤♦✉�✐♥❣ ❛♥❞ ♠♦♥❡② ❜❛❧❛♥❝❡�✳ ❙❤❡ ❛❧�♦ ❞❡❝✐❞❡� ♦♥ ✇❤❡�❤❡	 �♦ 	❡♥� ♦	 �♦ ♦✇♥ ❤♦✉�✐♥❣

�❡	✈✐❝❡�✱ ❜❛�❡❞ ♦♥ ✇❤✐❝❤ ♦♣�✐♦♥ ✐� ❛��❛✐♥❛❜❧❡ ❛♥❞ ②✐❡❧❞� �❤❡ ❤✐❣❤❡�� ❧❡✈❡❧ ♦❢ ✉�✐❧✐�②✳

❚❡♥✉	❡ ❝❤♦✐❝❡ ✐� ❞❡�❡	♠✐♥❡❞ ❜② �❡✈❡	❛❧ ❢❛❝�♦	�✳ ❙✐♥❝❡ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ 	❡❝❡✐✈❡� ♣	❡❢❡	❡♥�✐❛❧

�❛① �	❡❛�♠❡♥� ✭❢♦	 ❡①❛♠♣❧❡ ✇❤❡♥ τh = 0 ❛♥❞ τa > 0✮✱ ✐�� 	❛�❡ ♦❢ 	❡�✉	♥ ✐� ❤✐❣❤❡	 �❤❛♥ �❤❡

✶✷❋♦� �❤❡ ❤♦♠❡♦✇♥❡�✬� ❜✉❞❣❡� ❝♦♥���❛✐♥�✱ ✐♠♣✉�❡❞ �❡♥�� Ph
t hj,t ❝❛♥❝❡❧ ♦✉� ❢�♦♠ ❜♦�❤ �✐❞❡� ♦❢ ❡�✉❛�✐♦♥ ✷✳

✶✸❲❡ ❢♦❧❧♦✇ ❛ �✐♠✐❧❛� ♠❡�❤♦❞ �♦ ❑�✉��❡❧❧ ❛♥❞ ❙♠✐�❤ ✭✶✾✾✽✮✱ ❍❡❡� ✭✷✵✵✹✮✱ ❊�♦�❛ ❛♥❞ ❱❡♥�✉�❛ ✭✷✵✵✷✮ ❛♥❞

●❡�✈❛✐� ✭✷✵✵✷✮✳ ❆ ❞❡�❛✐❧❡❞ ❞❡�❝�✐♣�✐♦♥ ♦❢ �❤❡ ❛❧❣♦�✐�❤♠ ✐� ❢♦✉♥❞ ✐♥ �❤❡ ❛♣♣❡♥❞✐①✳

✽



�❡�✉�♥ ♦♥ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ ✐♥✈❡��♠❡♥��✳ ■♥✢❛�✐♦♥ ✐♥❝�❡❛�❡� �❤❡ ✇❡❞❣❡ ❜❡�✇❡❡♥ �❤❡ �✇♦ �❛�❡�

♦❢ �❡�✉�♥✱ ✇❤✐❝❤ ♠❛❦❡� �❡❛❧ ❡��❛�❡ ❝❛♣✐�❛❧ ❛♥ ❡✈❡♥ ♠♦�❡ ❛���❛❝�✐✈❡ ✐♥✈❡��♠❡♥�✳ ❈♦♥�❡�✉❡♥�❧②✱

✐♥ ❤✐❣❤ ✐♥✢❛�✐♦♥❛�② �❡❣✐♠❡� ✐♥❞✐✈✐❞✉❛❧ �❡♥�❡�� ❤❛✈❡ ❛♥ ✐♥❝❡♥�✐✈❡ �♦ ❜❡❝♦♠❡ ❤♦♠❡♦✇♥❡��✱ ❛♥❞

❤♦♠❡♦✇♥❡�� ❤❛✈❡ ❛♥ ✐♥❝❡♥�✐✈❡ �♦ ✐♥❝�❡❛�❡ �❤❡✐� ♦�✐❣✐♥❛❧ ✐♥✈❡��♠❡♥� ✐♥ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✳ ❍♦✇❡✈❡�✱

❛ �❤✐❢� ❢�♦♠ �❡♥�✐♥❣ �♦ ♦✇♥✐♥❣ ♦� ✐♥✈❡��✐♥❣ ✐♥ ❛❞❞✐�✐♦♥❛❧ ❤♦✉�✐♥❣ ✐� ♦♥❧② ♣♦��✐❜❧❡ ✐❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧

✐� ❛❜❧❡ �♦ ❛❝❝✉♠✉❧❛�❡ �✉✣❝✐❡♥� �❛✈✐♥❣� ❛♥❞ ♠❡❡� �❤❡ ❞♦✇♥♣❛②♠❡♥� �❡�✉✐�❡♠❡♥� ❛♥❞ �♦ ❞❡♠❛♥❞

❛� ❧❡❛�� �❤❡ �♠❛❧❧❡�� ❛✈❛✐❧❛❜❧❡ ❤♦✉�❡ ✐♥ �❤❡ ♠❛�❦❡�✳

❚❤❡ ✐♥�❡�✲�❡♠♣♦�❛❧ ♣�♦❜❧❡♠ ❢♦� ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡❞ j ❛� �✐♠❡ t ✐� ❣✐✈❡♥ ❜②✿

Vt (̟j,t; j) = max̟j+1,t+1∈Γ
{G (̟j,t, ̟j+1,t+1) + βψjVt+1 (̟j+1,t+1; j + 1)}

❍❡�❡ Γ ✐� ❛ ✜♥✐�❡ �❡� ❝♦♥�❛✐♥✐♥❣ ❛❧❧ ♣♦��✐❜❧❡ ✈❛❧✉❡� ♦❢ ̟j+1 ✐♥ �❤❡ ♥❡①� ♣❡�✐♦❞✳

●✐✈❡♥ ❛ ❝♦♠❜✐♥❛�✐♦♥ ♦❢ ✇❡❛❧�❤ �♦❞❛② ❛♥❞ �♦♠♦��♦✇ (̟j,t, ̟j+1,t+1 ∈ Γ)✱ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧

�♦❧✈❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥��❛✲�❡♠♣♦�❛❧ ♣�♦❜❧❡♠✿

Gt = maxcj,t,sj,t,aj,t,hj,t,mj,t
U (cj,t,mj,t, sj,t)

�✉❜❥❡❝� �♦ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡❛❧ ❜✉❞❣❡� ❝♦♥���❛✐♥��✿

cj,t+vtsj,t+̟j+1,t+1 = (1−τw)ǫjwt+trt+
1 + (1− τa) it

1 + πt

aj,t+(1 + (1− τh)vt − δh)hj,t+mj,t ✭✹✮

̟j,t = aj,t + hj,t + (1 + πt−1)mj,t ✭✺✮

sj,t = xj,t + hj,t ✭✻✮

hj,t ≥ h ✭✼✮

aj,t ≥ −(1− γ)hj,t ✭✽✮

cj,t > 0,mj,t > 0, hj,t > 0 ✭✾✮

a1,t = h1,t = 0 ✭✶✵✮

❲✐�❤✐♥ ❡❛❝❤ ♣❡�✐♦❞ ❛ �❡♥✉�❡ ❞❡❝✐�✐♦♥ ✐� ♠❛❞❡ ❜② ❝♦♠♣❛�✐♥❣ �❤❡ ✈❛❧✉❡ �❡❝❡✐✈❡❞ ✇❤❡♥ ❝❤♦♦�✐♥❣

�♦ ♦✇♥ (Go
t ) ♦� �♦ �❡♥� (Gr

t ) ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✿

Gt = max {Go
t , G

r
t} ✭✶✶✮

✷✳✺✳ ❋✐�♠�

❋✐�♠� ❝♦♠❜✐♥❡ ❛ ❈♦❜❜✲❉♦✉❣❧❛� �❡❝❤♥♦❧♦❣②✱ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ Kt ❛♥❞ ❡✛❡❝�✐✈❡ ❧❛❜♦✉� Nt �♦

♣�♦❞✉❝❡ ♦✉�♣✉� Yt✿

Yt = TtK
θ
tN

1−θ
t ✭✶✷✮

✇❤❡�❡ θ ✐� ❝❛♣✐�❛❧✬� �❤❛�❡ ♦❢ �♦�❛❧ ♦✉�♣✉� ❛♥❞ T ❞❡♥♦�❡� �❤❡ ❧❡✈❡❧ ♦❢ �♦�❛❧ ❢❛❝�♦� ♣�♦❞✉❝�✐✈✐�②✳

❇♦�❤ ❢❛❝�♦�� ♦❢ ♣�♦❞✉❝�✐♦♥ ❛�❡ ♣❛✐❞ �❤❡✐� ♠❛�❣✐♥❛❧ ♣�♦❞✉❝��✿

wt = (1− θ)TtK
θ
tN

−θ
t ✭✶✸✮

✾



rt = θTtK
θ−1
t N1−θ

t − δk ✭✶✹✮

❖♥❡ ✉♥✐
 ♦❢ ❜✉�✐♥❡�� ❝❛♣✐
❛❧ ❞❡♣�❡❝✐❛
❡� ❛
 
❤❡ �❛
❡ δk✳ ❖✉
♣✉
 ✐� ❝♦♥�✉♠❡❞ ❛♥❞ ✐♥✈❡�
❡❞ ✐♥

❜♦
❤ �❡�✐❞❡♥
✐❛❧ ❛♥❞ ♥♦♥✲�❡�✐❞❡♥
✐❛❧ ❝❛♣✐
❛❧✳ ❚❤❡ �
♦❝❦� ♦❢ ❜✉�✐♥❡�� ❝❛♣✐
❛❧ ❛♥❞ ❤♦✉�✐♥❣ ❝❛♣✐
❛❧

(Ht) ❡✈♦❧✈❡ ❛❝❝♦�❞✐♥❣ 
♦ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛
✐♦♥�✿

Kt+1 = Ikt + (1− δk)Kt ✭✶✺✮

Ht+1 = Iht + (1− δh)Ht ✭✶✻✮

✇❤❡�❡ Iht ❛♥❞ Ikt ❞❡♥♦
❡ ✐♥✈❡�
♠❡♥
 ✐♥ �❡�✐❞❡♥
✐❛❧ ❛♥❞ ♥♦♥✲�❡�✐❞❡♥
✐❛❧ ❝❛♣✐
❛❧✱ �❡�♣❡❝
✐✈❡❧②✳ ❍♦✉�✲

✐♥❣ ❝❛♣✐
❛❧ ✐♥❝❧✉❞❡� ❜♦
❤ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ Ho
t ❛♥❞ �❡♥
❛❧ ❤♦✉�✐♥❣ Hr

t ✿ Ht = Ho
t +Hr

t ✳

✷✳✻✳ ❋✐♥❛♥❝✐❛❧ ■♥�❡♠❡❞✐❛②

❲❡ ❛��✉♠❡ 
❤❛
 
❤❡ ♠♦❞❡❧ ❡❝♦♥♦♠② ❤❛� ❛ ✜♥❛♥❝✐❛❧ ✜�♠ ✇❤✐❝❤ ❛❝
� ❛� ❛♥ ✐♥
❡�♠❡❞✐❛�② 
♦

❢❛❝✐❧✐
❛
❡ 
❤❡ ♣�♦❝❡�� ♦❢ �❡♥
✐♥❣ ♦✉
 �❡�✐❞❡♥
✐❛❧ ❝❛♣✐
❛❧ 
♦ ✐♥❞✐✈✐❞✉❛❧ �❡♥
❡��✳ ❚❤❡ ✜�♠ �❡❝❡✐✈❡�

✜♥❛♥❝✐❛❧ ❛��❡
� ✐♥ 
❤❡ ❢♦�♠ ♦❢ ❞❡♣♦�✐
� ♥❡
 ♦❢ ❛♥② ♠♦�
❣❛❣❡ ❧♦❛♥�✱ At ❛♥❞ ✉�❡� 
❤❡♠ 
♦ ♣✉�❝❤❛�❡

❤♦✉�✐♥❣ ❛��❡
� Hr
t ❛♥❞ ❜✉�✐♥❡�� ❝❛♣✐
❛❧ Kt✳ ❘❡�✐❞❡♥
✐❛❧ ❝❛♣✐
❛❧ ✐� 
❤❡♥ �❡♥
❡❞ 
♦ ❤♦✉�❡❤♦❧❞� ✇❤♦

✇❡ ❛��✉♠❡ ❞❡❧✐✈❡� �❡♥
❛❧ ♣❛②♠❡♥
� ❛
 
❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ♣❡�✐♦❞✳ ❚❤❡�❡❢♦�❡ 
❤❡ ❜✉❞❣❡
 ❝♦♥�
�❛✐♥


♦❢ 
❤❡ ✜♥❛♥❝✐❛❧ ✜�♠ ✐� ❣✐✈❡♥ ❜②✿

(1− vt)H
r
t +Kt ≤ At ✭✶✼✮

■♥ ❡❛❝❤ ♣❡�✐♦❞ 
❤❡ ✜♥❛♥❝✐❛❧ ✜�♠ �❡❝❡✐✈❡� ♥♦♠✐♥❛❧ ✐♥
❡�❡�
 �❡
✉�♥� ♦♥ ❜✉�✐♥❡�� ❝❛♣✐
❛❧ Kt(1+ it)

❛♥❞ �❡♥
❛❧ ❤♦✉�✐♥❣ ♥❡
 ♦❢ ♠❛✐♥
❡♥❛♥❝❡ ❝♦�
�✱ Hr
t (1−δh)✳ ❚❤❡ ✜�♠ ❤❛� 
♦ �❡♣❛② ✐♥❞✐✈✐❞✉❛❧ ❧❡♥❞❡��


❤❡✐� ✜♥❛♥❝✐❛❧ ❛��❡
� ♣❧✉� ❛♥ ✐♥
❡�❡�
✱ At(1 + it)✳ ❚❤❡ ♦❜❥❡❝
✐✈❡ ♦❢ 
❤❡ ✜♥❛♥❝✐❛❧ ✐♥
❡�♠❡❞✐❛�② ✐�


♦ ♠❛①✐♠✐③❡ ✐
� ♣�♦✜
 ❢✉♥❝
✐♦♥✿

Πt = maxAt,H
r
t ,Kt

{Hr
t (1− δh) +Kt(1 + it)− At(1 + it)} ✭✶✽✮

�✉❜❥❡❝
 
♦ 
❤❡ ❜✉❞❣❡
 ❝♦♥�
�❛✐♥
 ❣✐✈❡♥ ❜② ❡�✉❛
✐♦♥ ✶✼✳

❆��✉♠✐♥❣ ❝♦♠♣❡
✐
✐✈❡ ♠❛�❦❡
� ✇❤❡�❡ 
❤❡ 
②♣✐❝❛❧ ✜�♠ ♠❛❦❡� ③❡�♦ ♣�♦✜
� ✐♥ ❡�✉✐❧✐❜�✐✉♠✱ ❛♥❞

�♦❧✈✐♥❣ 
❤❡ ♣�♦❜❧❡♠ ♦❢ 
❤❡ ✜♥❛♥❝✐❛❧ ❛❣❡♥❝②✱ 
❤❡ ♣�✐❝❡ ♦❢ ❤♦✉�✐♥❣ �❡�✈✐❝❡� �❡❧❛
✐✈❡ 
♦ 
❤❡ ♣�✐❝❡

♦❢ ♥♦♥✲❞✉�❛❜❧❡ ❣♦♦❞� ✐� ❣✐✈❡♥ ❜②✿

vt =
it + δh

1 + it
✭✶✾✮

❆♥♦
❤❡� ✇❛② ♦❢ �♣❡❝✐❢②✐♥❣ 
❤❡ ♣�♦❜❧❡♠ ♦❢ 
❤❡ ✜♥❛♥❝✐❛❧ ✐♥
❡�♠❡❞✐❛�② ✐� 
♦ ❛��✉♠❡ 
❤❛
 �❡❛❧

❡�
❛
❡ ✐♥ 
❤❡ ❝✉��❡♥
 ♣❡�✐♦❞ ❝❛♥ ♦♥❧② ❣❡♥❡�❛
❡ ❤♦✉�✐♥❣ �❡�✈✐❝❡� ✐♥ 
❤❡ ♥❡①
 ♣❡�✐♦❞✱ ❛ �♣❡❝✐✜❝❛
✐♦♥

�✐♠✐❧❛� 
♦ ●❡�✈❛✐� ✭✷✵✵✷✮✳ ■♥ 
❤❡ ❛♣♣❡♥❞✐① ✇❡ �❤♦✇ 
❤❛
 
❤❡ �❡�✉❧
� ♦❢ 
❤❡ ♠♦❞❡❧ ❛�❡ �♦❜✉�


✇❤❡♥ 
❤❡ ♣�♦❜❧❡♠ ♦❢ 
❤❡ ✜♥❛♥❝✐❛❧ ✐♥
❡�♠❡❞✐❛�② ✐� ❢♦�♠✉❧❛
❡❞ ✐♥ 
❤✐� ✇❛②✳

✶✵



✷✳✼✳ ●♦✈❡�♥♠❡♥�

❚❤❡ ❣♦✈❡�♥♠❡♥
 ✐� �❡�♣♦♥�✐❜❧❡ ❢♦� ❝❛��②✐♥❣ ♦✉
 ❜♦
❤ ✜�❝❛❧ ❛♥❞ ♠♦♥❡
❛�② ♣♦❧✐❝②✳ ❆� ❛ ♠♦♥✲

❡
❛�② ❛✉
❤♦�✐
②✱ 
❤❡ ❣♦✈❡�♥♠❡♥
 ♣�✐♥
� ♠♦♥❡② Mt ✇❤✐❝❤ ❣�♦✇� ❛
 
❤❡ �❛
❡ gm✿

Mt −Mt−1

Mt−1

= gm ✭✷✵✮

❚❤❡ ✐♥✢❛
✐♦♥ �❛
❡ ✐� ❞❡
❡�♠✐♥❡❞ ❜② 
❤❡ ♠♦♥❡② ❣�♦✇
❤ �❛
❡ ❛♥❞ ✐
 ❛❧�♦ ❡"✉❛❧� gm✳ ●♦✈❡�♥✲

♠❡♥
 ❡❛�♥✐♥❣� ✐♥❝❧✉❞❡ 
❛①❛
✐♦♥ ♦❢ ✐♥
❡�❡�
 ❜❡❛�✐♥❣ ❛��❡
� ❛♥❞ ❧❛❜♦✉� ✐♥❝♦♠❡✱ �❡✈❡♥✉❡� ❢�♦♠

�❡✐❣♥✐♦�❛❣❡✱ ❛♥❞ ✉♥✐♥
❡♥❞❡❞ ❜❡"✉❡�
�✳ ❚❤❡ ❣♦✈❡�♥♠❡♥
 ♠❛✐♥
❛✐♥� ❛ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡
 ❜② ❡"✉❛❧❧②

❞✐�
�✐❜✉
✐♥❣ �❡✈❡♥✉❡� 
♦ ❛❣❡♥
� ✈✐❛ ❧✉♠♣ �✉♠ 
�❛♥�❢❡��✿

τwwt

∑

z

∑

j

λ(z)μjǫ
z
j,t+τhvt

∑

z

∑

j

λ(z)μjh
z
j,t+

τa

1 + πt

it
∑

z

∑

j

λ(z)μja
z
j,t+beqt+

πt

1 + πt

mt−1 = trt

✭✷✶✮

✇❤❡�❡ 
❤❡ ❧❡✈❡❧ ♦❢ �❡✐❣♥✐♦�❛❣❡ ❛♥❞ ❜❡"✉❡�
� ❛�❡ ❣✐✈❡♥ ❜② ❡"✉❛
✐♦♥� ✭✷✷✮ ❛♥❞ ✭✷✸✮✱ �❡�♣❡❝
✐✈❡❧②✿

Mt −Mt−1

Pt

=
πt

1 + πt

mt−1 ✭✷✷✮

beqt =
∑

z

∑

j

λ(z)μj(1− ψj)̟
z
j,t ✭✷✸✮

✷✳✽✳ ❉❡✜♥✐�✐♦♥ ♦❢ �❤❡ ❝♦♠♣❡�✐�✐✈❡ ❡�✉✐❧✐❜�✐✉♠

❆ �
❛
✐♦♥❛�② ❡"✉✐❧✐❜�✐✉♠ ❢♦� 
❤❡ ❜❡♥❝❤♠❛�❦ ❡❝♦♥♦♠②✱ ❣✐✈❡♥ ❛ �❡
 ♦❢ ♣♦❧✐❝② ❛��❛♥❣❡♠❡♥
�

{gm, τh, τa, τw}✱ ✐� ❛ ❝♦❧❧❡❝
✐♦♥ ♦❢ ✈❛❧✉❡ ❢✉♥❝
✐♦♥� Vt (̟j, j)✱ ❛ �❡
 ✐♥❞✐✈✐❞✉❛❧ ♣♦❧✐❝② �✉❧❡� cj (̟j, ǫj)✱

xj (̟j, ǫj)✱ mj (̟j, ǫj)✱ aj (̟j, ǫj)✱ hj (̟j, ǫj) ❢♦� ❡❛❝❤ ❛❣❡ j = 1, ..., J ✱ ❛ 
✐♠❡ ✐♥✈❛�✐❛♥
 ♠❡❛�✉�❡

♦❢ ❛❣❡♥
 
②♣❡� λ(z) ❢♦� ❡❛❝❤ 
②♣❡ z ∈ (high, low)✱ ❛ ♣�♦❞✉❝
✐♦♥ ♣❧❛♥ {Y,K,N} ❢♦� 
❤❡ �❡♣�❡✲

�❡♥
❛
✐✈❡ ✜�♠✱ ❛♥ ❛❧❧♦❝❛
✐♦♥ �❡
 {A,Hr, K} ❢♦� 
❤❡ ✜♥❛♥❝✐❛❧ ✐♥
❡�♠❡❞✐❛�②✱ ❛♥❞ ❛ �❡
 ♦❢ �❡❧❛
✐✈❡

♣�✐❝❡� {v, r, w} �✉❝❤ 
❤❛
✿

✶✳ ❣✐✈❡♥ �❡❧❛
✐✈❡ ♣�✐❝❡� ❛♥❞ ❣♦✈❡�♥♠❡♥
 ♣♦❧✐❝② ♣❛�❛♠❡
❡��✱ ✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐�✐♦♥ �✉❧❡� �♦❧✈❡


❤❡ ❞②♥❛♠✐❝ ♣�♦❣�❛♠✳

✷✳ �❡❧❛
✐✈❡ ♣�✐❝❡� �♦❧✈❡ 
❤❡ ✜�♠✬� ♣�♦❜❧❡♠✳

✸✳ �❡❧❛
✐✈❡ ♣�✐❝❡� �♦❧✈❡ 
❤❡ ✜♥❛♥❝✐❛❧ ✐♥
❡�♠❡❞✐❛�②✬� ♣�♦❜❧❡♠✳

✹✳ 
❤❡ ❣♦✈❡�♥♠❡♥
 ❜✉❞❣❡
 ✐� ❜❛❧❛♥❝❡❞✳

✺✳ ✐♥❞✐✈✐❞✉❛❧ ❛♥❞ ❛❣❣�❡❣❛
❡ ❜❡❤❛✈✐♦✉� ❛�❡ ❝♦♥�✐�
❡♥
✿

A =
∑

z

∑

j

λ(z)μja
z
j

(

̟z
j , ǫ

z
j

)

N =
∑

z

∑

j

λ (z)μjǫ
z
j

C =
∑

z

∑

j

λ(z)μjc
z
j

(

̟z
j , ǫ

z
j

)

Ho =
∑

z

∑

j

λ(z)μjh
z
j

(

̟z
j , ǫ

z
j

)

Hr =
∑

z

∑

j

λ(z)μjx
z
j

(

̟z
j , ǫ

z
j

)

M
P

=
∑

z

∑

j

λ(z)μjm
z
j

(

̟z
j , ǫ

z
j

)

W =
∑

z

∑

j

λ(z)μj̟
z
j

✇❤❡�❡ W ❞❡♥♦
❡� 
❤❡ ❛❣❣�❡❣❛
❡ ❧❡✈❡❧ ♦❢ ✇❡❛❧
❤ ✐♥ 
❤❡ ❡❝♦♥♦♠②✳

✶✶



✻✳ ▼❛�❦❡�	 ❝❧❡❛�✿

✐✮ ❤♦✉	✐♥❣ ❛♥❞ �❡♥�❛❧ ♠❛�❦❡�	 ❝❧❡❛�✿

Hr = H −Ho

✐✐✮ ❣♦♦❞	 ♠❛�❦❡� ❝❧❡❛�	✿

C + Ih + Ik = Y

✐✐✐✮ �❤❡ ❛		❡� ♠❛�❦❡� ❝❧❡❛�	✿

K +Hr(1− v) = A

✸✳ ❈❛❧✐❜�❛	✐♦♥

❚❤❡ ♠♦❞❡❧ ✐	 ❝❛❧✐❜�❛�❡❞ ✇✐�❤ ❯❙ ❞❛�❛ �♦ ♣�♦❞✉❝❡ ❧♦♥❣ �✉♥ ❛✈❡�❛❣❡ 	�❛�✐	�✐❝	 ♦❢ �❤✐	 ❡❝♦♥♦♠②✳

❊❛❝❤ ♠♦❞❡❧ ♣❡�✐♦❞ ❛♠♦✉♥�	 �♦ ♦♥❡ ②❡❛� ✐♥ �❡❛❧ �✐♠❡ ❛♥❞ �❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧✐❢❡✲❝②❝❧❡ ♠❛② ❧❛	� ❢♦� ✉♣

�♦ ✻✵ ♣❡�✐♦❞	 ✭J = 60✮✳ ❈♦♥❞✐�✐♦♥❛❧ 	✉�✈✐✈❛❧ ♣�♦❜❛❜✐❧✐�✐❡	✱ ψj✱ ❛�❡ ♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ ❛❝�✉❛�✐❛❧

	�✉❞✐❡	 ♦❢ �❤❡ ❙♦❝✐❛❧ ❙❡❝✉�✐�② ❆❞♠✐♥✐	��❛�✐♦♥ ✭	❡❡ ❇❡❧❧ ❛♥❞ ▼✐❧❧❡� ✭✷✵✵✺✮✮✳ ❚❤❡ ♣♦♣✉❧❛�✐♦♥

❣�♦✇�❤ �❛�❡ n ✐	 	❡� �♦ ✵✳✵✶✷ ❛♥❞ ❡*✉❛❧	 �❤❡ ❧♦♥❣ �✉♥ ❛✈❡�❛❣❡ ✈❛❧✉❡ ✐♥ �❤❡ ❞❛�❛✳ ❚❤❡ ♠❛♥❞❛�♦�②

�❡�✐�❡♠❡♥� ❞❛�❡ ✐	 	❡� ❛� ❛❣❡ ✻✺ ✭jr = 45✮✳

❆✈❡�❛❣❡ ❞❡�❡�♠✐♥✐	�✐❝ ♣�♦❞✉❝�✐✈✐�② 	❡�✐❡	 ❛�❡ ♦❜�❛✐♥❡❞ ❢�♦♠ ❍❡❛�❤❝♦�❡ ❡� ❛❧✳ ✭✷✵✵✽✮ ✇❤♦

❡	�✐♠❛�❡ �❤❡ ❛❣❡ ❝♦♥��✐❜✉�✐♦♥ �♦ ❧❛❜♦✉� ♣�♦❞✉❝�✐✈✐�② ❢�♦♠ �❤❡ -❛♥❡❧ ❙�✉❞② ♦❢ ■♥❝♦♠❡ ❉②♥❛♠✐❝	

✭-❙■❉✮ ♦✈❡� �❤❡ ♣❡�✐♦❞ ✶✾✻✼✲✶✾✾✺✳ ❲❡ ❤❛✈❡ ❛		✉♠❡❞ �❤❛� �❤❡ ♣♦♣✉❧❛�✐♦♥ ✐♥ �❤❡ ♠♦❞❡❧ ✐♥❝❧✉❞❡	

�✇♦ ♣�♦❞✉❝�✐✈✐�② �②♣❡	 z✱ ❛❣❡♥�	 ✇✐�❤ ❧♦✇ ❛♥❞ ❤✐❣❤ ❛❜✐❧✐�②✳ ❍✐❣❤ ❛❜✐❧✐�② ✐♥❞✐✈✐❞✉❛❧	 ❛�❡ ✐❞❡♥�✐✜❡❞

❛	 �❤♦	❡ ✇❤♦ ❤❛✈❡ ❛❝*✉✐�❡❞ ❛ ❝♦❧❧❡❣❡ ♦� ❤✐❣❤❡� ❡❞✉❝❛�✐♦♥ ❞❡❣�❡❡✳ ❲♦�❦❡�	 ✇✐�❤ ❛ ❤✐❣❤ 	❝❤♦♦❧

❞❡❣�❡❡ ♦� ❧❡		 ❛�❡ ❝❧❛		✐✜❡❞ ❛	 ❧♦✇ ♣�♦❞✉❝�✐✈✐�② ✇♦�❦❡�	✳ ❋�♦♠ �❤❡ 	❛♠❡ 	�✉❞② ✇❡ ♦❜�❛✐♥ �❤❡

�❡♣♦��❡❞ ❛✈❡�❛❣❡ ❝♦❧❧❡❣❡ ✇❛❣❡ ♣�❡♠✐✉♠ ❛♥❞ 	❡� �❤❡ ❛❣❡ ❞❡♣❡♥❞❡♥� ❡✣❝✐❡♥❝② ♣❛�❛♠❡�❡� ❢♦�

✐♥❞✐✈✐❞✉❛❧	 ✐♥ �❤❡ ❤✐❣❤ ❛❜✐❧✐�② ❣�♦✉♣ ✶✳✽ �✐♠❡	 ❤✐❣❤❡� �❤❛♥ ✐♥❞✐✈✐❞✉❛❧	 ✐♥ �❤❡ ❧♦✇ ❛❜✐❧✐�② ❣�♦✉♣✳

❲❡ ❛❧	♦ ❣❡� �❤❡ 	❤❛�❡ ♦❢ ❝♦❧❧❡❣❡ ❣�❛❞✉❛�❡	 �♦ �❤❡ �♦�❛❧ ♥✉♠❜❡� ♦❢ ✇♦�❦✐♥❣ ❛❣❡♥�	✱ λ(z)✱ ✇❤✐❝❤

❤❛	 ❛ ✈❛❧✉❡ ♦❢ ✵✳✸✳

❚❤❡ ❢✉♥❝�✐♦♥❛❧ ❢♦�♠ ♦❢ �❤❡ ✉�✐❧✐�② ❢✉♥❝�✐♦♥ ✐	✿ U =
(cα1

j m
α2
j h

1−α1−α2
j )

1−σ

1−σ
✳ ❚❤❡ ❝♦❡✣❝✐❡♥� ♦❢

�❡❧❛�✐✈❡ �✐	❦ ❛✈❡�	✐♦♥✱ σ✱ ✐	 	❡� ❡*✉❛❧ �♦ ✷✱ ❛ ✈❛❧✉❡ ❝♦♠♠♦♥❧② ✉	❡❞ ✐♥ �❤❡ ♠❛❝�♦❡❝♦♥♦♠✐❝	

❧✐�❡�❛�✉�❡✳ ▲♦♥❣ �✉♥ 	�❛�✐	�✐❝	 ❢�♦♠ �❤❡ ❯❙ ❡❝♦♥♦♠② ✇❤✐❝❤ ❛�❡ �❛�❣❡�❡❞ ✐♥ �❤❡ ❝❛❧✐❜�❛�✐♦♥

♣�♦❝❡		 ❛�❡ ❝♦♠♣✉�❡❞ ❜② ❈❤❡♥ ✭✷✵✶✵✮ ❢♦� �❤❡ �✐♠❡ ♣❡�✐♦❞ ✶✾✺✹ �♦ ✷✵✵✵✳ ❲❡ ✉	❡ ❛ ❈♦❜❜✲

❉♦✉❣❧❛		 ♣�♦❞✉❝�✐♦♥ ❢✉♥❝�✐♦♥ ♦❢ ❝♦♥	�❛♥� �❡�✉�♥	 �♦ 	❝❛❧❡✿ Y = TKθN1−θ✳ ❚♦ ❝❛❧❝✉❧❛�❡ �❤❡

	❤❛�❡ ♦❢ ❜✉	✐♥❡		 ❝❛♣✐�❛❧ ✐♥❝♦♠❡ �♦ ♦✉�♣✉� ✐♥ �❤❡ ❞❛�❛✱ θ✱ ❈❤❡♥ ✭✷✵✶✵✮ 	✉❜��❛❝�	 ❢�♦♠ �♦�❛❧

✐♥❝♦♠❡ 	❡�✈✐❝❡ ✢♦✇	 ❢�♦♠ ❤♦✉	✐♥❣ ❝❛♣✐�❛❧✳ ❚❤❡ ✈❛❧✉❡ ✐	 ❡	�✐♠❛�❡❞ �♦ ❜❡ ✵✳✷✼✹✳ ❲❡ 	❡� �❤❡

♣❛�❛♠❡�❡� ♠❡❛	✉�✐♥❣ �♦�❛❧ ❢❛❝�♦� ♣�♦❞✉❝�✐✈✐�②✱ T ✱ ❡*✉❛❧ �♦ ✶ ❛♥❞ �❤❡ ♣�♦❞✉❝�✐✈✐�② ❣�♦✇�❤ �❛�❡

g ❡*✉❛❧ �♦ ✵✳✵✶✺✱ �❤❡ ❛✈❡�❛❣❡ ♦✉�♣✉� ❣�♦✇�❤ �❛�❡ ✐♥ �❤❡ ❯❙ ❞❛�❛✳

❚❤❡ ❞✐	❝♦✉♥� ❢❛❝�♦� β ❛♥❞ �✇♦ ♣❛�❛♠❡�❡�	 ✐♥ �❤❡ ✉�✐❧✐�② ❢✉♥❝�✐♦♥✱ α1 ❛♥❞ α2✱ ❛�❡ 	❡� ❥♦✐♥�❧②

�♦ ♠❛�❝❤ ❛	 ❝❧♦	❡❧② ❛	 ♣♦		✐❜❧❡ �❤❡ ♥♦♥✲�❡	✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧ �♦ ♦✉�♣✉� �❛�✐♦ K

Y
✭❛ ✈❛❧✉❡ ♦❢ ✶✳✼✷✾✮✱

�❤❡ ♠♦♥❡② ❜❛❧❛♥❝❡	 �♦ ♦✉�♣✉� �❛�✐♦ M

Y
✭❛ ✈❛❧✉❡ ♦❢ ✵✳✶✺✷✮ ❛♥❞ �❤❡ 	❤❛�❡ ♦❢ ♦✇♥❡�✲♦❝❝✉♣✐❡❞

✶✷



❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ✐♥ �♦�❛❧ ❛��❡�� Ho

Ho+A
✭❛ ✈❛❧✉❡ ♦❢ ✵✳✸✷✷✮✳✶✹ ❚❤❡✐� �❡�♣❡❝�✐✈❡ ✈❛❧✉❡� ❛�❡ ✵✳✾✾✶✱

✵✳✽✾✼ ❛♥❞ ✵✳✵✶✸✳ ❚❤❡ ❞❡♣�❡❝✐❛�✐♦♥ �❛�❡ ❢♦� ❜✉�✐♥❡�� ❝❛♣✐�❛❧ δk �❛❦❡� �❤❡ ✈❛❧✉❡ ✵✳✵✾✺✶ �♦ �❤❛�

�❤❡ ✐♥✈❡��♠❡♥� �♦ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ �❛�✐♦ ❡"✉❛❧� �❤❡ ❧♦♥❣ �✉♥ �❛�✐♦ Ik

K
♦❢ ✵✳✶✷✵✶ ✐♥ �❤❡ ❞❛�❛✳✶✺

❙✐♠✐❧❛�❧②✱ �❤❡ ❞❡♣�❡❝✐❛�✐♦♥ �❛�❡ ❢♦� �❡�✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧✱ δh✱ ✐� �❡� ❡"✉❛❧ �♦ ✵✳✵✷✵✺ �♦ ♠❛�❝❤ �❤❡

�❤❛�❡ ♦❢ �❡�✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧ �♦ �♦�❛❧ ♦✉�♣✉� ✐♥ �❤❡ ❞❛�❛ H

Y
✇❤✐❝❤ ❤❛� ❛ ✈❛❧✉❡ ♦❢ ✶✳✵✼✸✳✶✻ ■♥

❛❞❞✐�✐♦♥✱ �❤❡�❡ ♣❛�❛♠❡�❡�� ❝❧♦�❡❧② ❡��✐♠❛�❡ �❤❡ �❤❛�❡ ♦❢ �❤❡ ✈❛❧✉❡ ♦❢ ❤♦✉�✐♥❣ �❡�✈✐❝❡� ✐♥ �♦�❛❧

❝♦♥�✉♠♣�✐♦♥ ❡①♣❡♥❞✐�✉�❡✳

❚❤❡ �❛① �❛�❡ ♦♥ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ ✐♥❝♦♠❡ τa ❛♥❞ �❤❡ �❛① �❛�❡ ♦♥ ❧❛❜♦✉� ✐♥❝♦♠❡ τw ❛�❡ �❡�

❡"✉❛❧ �♦ ✵✳✷✾ ❛♥❞ ✵✳✷✵✱ �❡�♣❡❝�✐✈❡❧②✱ ❛♥❞ ❛�❡ ❡��✐♠❛�❡� ♦❢ ❛✈❡�❛❣❡ ❡✛❡❝�✐✈❡ �❛① �❛�❡� ❢♦� �❤❡

♣❡�✐♦❞ ✶✾✽✵ �♦ ✷✵✶✵ ♣�♦✈✐❞❡❞ ❜② ▼❝❉❛♥✐❡❧ ✭✷✵✵✼✮✳✶✼ ❋♦� �❤❡ ❜❡♥❝❤♠❛�❦ ♠♦❞❡❧✱ �❤❡ �❛① �❛�❡

♦♥ ❤♦✉�✐♥❣ �❡�✈✐❝❡� τh ✐� �❡� ❡"✉❛❧ �♦ ③❡�♦✳ ❚❤❡ ♠✐♥✐♠✉♠ ❤♦✉�❡ �✐③❡ �❡"✉✐�❡♠❡♥� �♦ ♣✉�❝❤❛�❡

❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ✐� �❡� ❡"✉❛❧ �♦ ✵✳✼✻✽✺ �♦ ♠❛�❝❤ �❤❡ ❤♦♠❡♦✇♥❡��❤✐♣ �❛�❡ ✐♥ �❤❡ ❯❙ ❡❝♦♥♦♠② ♦❢

✻✺✳✵✼ ♣❡�❝❡♥�✳✶✽ ❚❤❡ ❛✈❡�❛❣❡ ❞♦✇♥♣❛②♠❡♥� �❡"✉✐�❡♠❡♥� ❢♦� ♣�✐♠❛�② ♠♦��❣❛❣❡ ❧♦❛♥� ✐♥ �❤❡ ❯❙

✐� ✷✵ ♣❡�❝❡♥�✱ �♦ ✇❡ �❡� γ = 0.2✳ ❋✐♥❛❧❧②✱ �❤❡ ✐♥✢❛�✐♦♥ �❛�❡✱ π✱ ✐� �❡� �♦ ✸ ♣❡�❝❡♥� ✐♥ �❤❡ �❡❢❡�❡♥❝❡

❡❝♦♥♦♠②✱ �❤❡ ♠❡❛♥ ✐♥✢❛�✐♦♥ �❛�❡ ♦✈❡� �❤❡ ♣❡�✐♦❞ ✶✾✽✷ �♦ ✷✵✶✷✳✶✾

✹✳ ❘❡�✉❧��

✹✳✶✳ �♦❧✐❝② ❡①♣❡✐♠❡♥��

■♥ �❤✐� �❡❝�✐♦♥ ✇❡ ✐♥✐�✐❛❧❧② ❞❡�❝�✐❜❡ ❜♦�❤ ❛❣❣�❡❣❛�❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ♦✉�❝♦♠❡� �❤❛� ❛�✐�❡ ❢�♦♠

�❤❡ ❜❡♥❝❤♠❛�❦ ❡❝♦♥♦♠② ❛♥❞ �❤❡♥ ❝♦♠♣❛�❡ �❤❡✐� �❡�♣♦♥�❡ �♦ ❝❤❛♥❣❡� ✐♥ �❤❡ ❧♦♥❣ �✉♥ ✐♥✢❛�✐♦♥

�❛�❡✳ ❲❡ ♣❡�❢♦�♠ �❡✈❡�❛❧ ♣♦❧✐❝② ❡①♣❡�✐♠❡♥�� �♦ �❡�� ♦✉� ❤②♣♦�❤❡�✐� ✇❤✐❝❤ �❡❧❛�❡� ✐♥❝�❡❛�❡� ✐♥ �❤❡

�❛�❡ ♦❢ ✐♥✢❛�✐♦♥ �♦ �❤❡ ❛❝❝✉♠✉❧❛�✐♦♥ ♦❢ ❤♦✉�✐♥❣ ❛♥❞ ❜✉�✐♥❡�� ❝❛♣✐�❛❧✳ ❚❤❡ �❡�✉❧�� ❛�❡ ❝♦♥��❛��❡❞

�♦ ♦✉�❝♦♠❡� ❢�♦♠ ❡①♣❡�✐♠❡♥�� ✇✐�❤ �✇♦ ❛❧�❡�♥❛�✐✈❡ ❡❝♦♥♦♠✐❡�❀ ✐♥ �❤❡ ✜��� ❝❛�❡ ✇❡ �❛✐�❡ �❤❡ �❛①

�❛�❡ ♦♥ ✐♠♣✉�❡❞ �❡♥�� ♦❜�❛✐♥❡❞ ❢�♦♠ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ❛♥❞ ✐♥ �❤❡ �❡❝♦♥❞ ❝❛�❡✱

✇❡ ❡①❛♠✐♥❡ ❛♥ ❡❝♦♥♦♠② ✇❤❡�❡ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ❝❛♥ ♦♥❧② ❜❡ �❡♥�❡❞✳

✹✳✷✳ ❇❡♥❝❤♠❛❦ ❡❝♦♥♦♠②

❚❛❜❧❡ ✶ ❞✐�♣❧❛②� �❛�✐♦� ♦❢ ❛❣❣�❡❣❛�❡ ✈❛�✐❛❜❧❡� ✐♥ �❤❡ ❜❡♥❝❤♠❛�❦ ❡❝♦♥♦♠② ❛♥❞ ❯❙ ❞❛�❛✳ ❚❤❡

♠♦❞❡❧ ❣❡♥❡�❛�❡� �❤❡ ❛✈❡�❛❣❡ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ �♦ ♦✉�♣✉� �❛�✐♦ ♦❢ ✶✳✼✷✱ �❤❡ ❛✈❡�❛❣❡ ♠♦♥❡② �♦

♦✉�♣✉� �❛�✐♦ ♦❢ ✵✳✶✺✱ �❤❡ �❤❛�❡ ♦❢ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ �♦ �♦�❛❧ ❛��❡�� ♦❢ ✵✳✸✷✱ ❛♥❞ �❤❡

✶✹❚❤❡ �❛�✐♦ ♦❢ ♠♦♥❡② ❜❛❧❛♥❝❡� �♦ ♦✉�♣✉� ✐� �❡� ❡�✉❛❧ �♦ �❤❡ ❧♦♥❣ �✉♥ �❤❛�❡ ♦❢ ▼✶ �♦ ●◆� ✐♥ �❤❡ ❞❛�❛ ❝❛❧❝✉❧❛�❡❞

❜② ❊�♦�❛ ❛♥❞ ❱❡♥�✉�❛ ✭✷✵✵✷✮✳
✶✺●✐✈❡♥ �❤❡�❡ ❛❣❣�❡❣❛�❡ �❛�✐♦� ❝❛❧❝✉❧❛�❡❞ ❜② ❈❤❡♥ ✭✷✵✶✵✮✱ �❤❡ ✐♠♣❧✐❡❞ ��❡❛❞② ��❛�❡ �❡❛❧ ✐♥�❡�❡�� �❛�❡✱ r =

θY
K

− δk✱ ✐� ✻✳✸✹ ♣❡�❝❡♥�✳
✶✻❲❡ ♠❛❦❡ �❤❡ ❛��✉♠♣�✐♦♥ �❤❛� ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ✉�❡❞ ❢♦� �❡♥�❛❧ �❡�✈✐❝❡� ❞❡♣�❡❝✐❛�❡� ❛� �❤❡ �❛♠❡ �❛�❡ ❛�

♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✳ ■♥ ♣�❛❝�✐❝❡✱ ✐♥✈❡��♠❡♥�� ✐♥ �❡♥�❛❧ ❤♦✉�✐♥❣ ♠✐❣❤� ✐♥✈♦❧✈❡ ❤✐❣❤❡� ❞❡♣�❡❝✐❛�✐♦♥

�❛�❡� �❤❛♥ �❤♦�❡ ♦❢ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣✳ ❍♦✇❡✈❡�✱ �❤❡�❡ ❞✐✛❡�❡♥❝❡� ✇♦✉❧❞ ♦♥❧② ✐♥❝�❡❛�❡ �❤❡ ✐♥❝❡♥�✐✈❡ �♦

✐♥✈❡�� ✐♥ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✱ ❛♥❞ �❤✉� ♥♦� ❛✛❡❝� �❤❡ ❝♦�❡ ❛�❣✉♠❡♥� ♦❢ �❤❡ ♣❛♣❡�✳
✶✼❚❤❡ ❛✉�❤♦� ♣�♦✈✐❞❡� ✉♣❞❛�❡❞ ❡��✐♠❛�❡� ♦❢ �❤❡�❡ �❛① �❛�❡� ✉♣♦♥ �❡�✉❡��✳
✶✽❉❛�❛ ♦❜�❛✐♥❡❞ ❢�♦♠ ❯❙ ❈❡♥�✉� ❇✉�❡❛✉ ❙�❛�✐��✐❝�✱ ✶✾✻✵ �♦ ✷✵✵✾ ❛✈❡�❛❣❡✳
✶✾❍✐��♦�✐❝❛❧ ✐♥✢❛�✐♦♥ �❛�❡� ♣✉❜❧✐�❤❡❞ ♠♦♥�❤❧② ❜② �❤❡ ❯❙ ❇✉�❡❛✉ ♦❢ ▲❛❜♦� ❙�❛�✐��✐❝�✳

✶✸



❤♦♠❡♦✇♥❡��❤✐♣ �❛�❡ ♦❢ ✻✺ ♣❡�❝❡♥�✳ ❚❤❡ ✈❛❧✉❡ ♦❢ �❤❡ �❡�✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧ �♦ ♦✉�♣✉� �❛�✐♦ ✐� ✶✳✵✺

✐♥ �❤❡ ♠♦❞❡❧ ❛♥❞ ✶✳✵✼ ✐♥ ❞❛�❛✳ ❲❤✐❧❡ ♥♦� �❡� ❛� �❛�❣❡�� ✐♥ �❤❡ ❝❛❧✐❜�❛�✐♦♥ ♣�♦❝❡��✱ �❤❡ �❤❛�❡ ♦❢

�❤❡ ✈❛❧✉❡ ♦❢ ❤♦✉�✐♥❣ �❡�✈✐❝❡� ✐♥ �♦�❛❧ ❝♦♥�✉♠♣�✐♦♥ ❡①♣❡♥❞✐�✉�❡✱ vH

(C+vH)
✐� ✵✳✶✸✶✹ ✭✵✳✶✶✷✵ ✐♥ �❤❡

❞❛�❛✮✱ ✇❤❡�❡❛� �❤❡ ●✐♥✐ ❝♦❡✣❝✐❡♥� ❢♦� ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ ✐� ✵✳✹✸✶✻ ✭✵✳✻✹ ✐♥ �❤❡ ❞❛�❛✮✳ ✷✵

❋✐❣✉�❡ ✶ ❞✐�♣❧❛②� �❤❡ ❛❣❡ ♣�♦✜❧❡ ♦❢ ✇❡❛❧�❤ ❢♦� �❤❡ �✇♦ ✐♥❞✐✈✐❞✉❛❧ ♣�♦❞✉❝�✐✈✐�② �②♣❡� ✐♥ �❤❡

�❡❢❡�❡♥❝❡ ❡❝♦♥♦♠②✳ ❆� ✐� ✐� ❝♦♠♠♦♥ ✐♥ ❧✐❢❡✲❝②❝❧❡ ♠♦❞❡❧�✱ �❤❡ ♥❡� ✇♦��❤ ♦❢ �❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐�

❧♦✇ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ��❛❣❡� ♦❢ ❧✐❢❡✱ ♣❡❛❦� ♣�✐♦� �♦ �❡�✐�❡♠❡♥� ❛♥❞ ❣�❛❞✉❛❧❧② ❞❡❝❧✐♥❡� ✉♥�✐❧ ❢✉❧❧②

❞❡♣❧❡�❡❞✳ ❆❧❧ ❛❣❡♥�� �❡♥� ❤♦✉�✐♥❣ �❡�✈✐❝❡� ✇❤❡♥ ②♦✉♥❣ ✉♥�✐❧ ❡♥♦✉❣❤ �❛✈✐♥❣� ❛�❡ ❛❝❝✉♠✉❧❛�❡❞ �♦

❛✛♦�❞ ♣✉�❝❤❛�✐♥❣ ❛ ❤♦✉�❡✳ ❋✐❣✉�❡ ✷ ❞❡♣✐❝�� �❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧

❛♥❞ �❤♦✇� �❤❛� ❤✐❣❤ ✐♥❝♦♠❡ ✐♥❞✐✈✐❞✉❛❧� ❛�❡ ❛❜❧❡ �♦ ❜❡❝♦♠❡ ❤♦♠❡♦✇♥❡�� ❛� ❛♥ ❡❛�❧✐❡� ��❛❣❡ �❤❛♥

�❤❡✐� ❧♦✇ ✐♥❝♦♠❡ ❝♦✉♥�❡�♣❛���✳

✹✳✸✳ ❚❤❡ ❡✛❡❝	
 ♦❢ ❤✐❣❤❡� ✐♥✢❛	✐♦♥✿ ❜❡♥❝❤♠❛�❦ ♠♦❞❡❧

✹✳✸✳✶✳ ❘❡❧❛	✐✈❡ ❛♥❞ ❛❣❣�❡❣❛	❡ ♦✉	❝♦♠❡


■♥✢❛�✐♦♥ ❡✛❡❝�� ♦♥ ��❡❛❞② ��❛�❡ �❡❧❛�✐✈❡ ♦✉�❝♦♠❡� ❛�❡ ♣�❡�❡♥�❡❞ ✐♥ �❛❜❧❡ ✷✱ ♣❛♥❡❧ ❆✱ ❢♦� �❤❡

♠♦❞❡❧ ❡❝♦♥♦♠② ✉♥❞❡� �❤�❡❡ ✐♥✢❛�✐♦♥❛�② �❡❣✐♠❡� ✇❤❡�❡ �❤❡ ❛✈❡�❛❣❡ ✐♥✢❛�✐♦♥ �❛�❡� ❛�❡ ✶✱ ✸✱ ❛♥❞ ✻

♣❡�❝❡♥�✱ �❡�♣❡❝�✐✈❡❧②✳ ❆♥ ✐♥❝�❡❛�❡ ✐♥ ✐♥✢❛�✐♦♥ ❧♦✇❡�� �❤❡ �❛�✐♦ ♦❢ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ �♦ ♦✉�♣✉� ❛♥❞

✐♥❝�❡❛�❡� �❤❡ �❛�✐♦ ♦❢ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ �♦ ♦✉�♣✉�✳ ❍♦♠❡♦✇♥❡��❤✐♣ �❛�❡� ✐♥❝�❡❛�❡ ❛� ❞♦❡� �❤❡ �❤❛�❡

♦❢ ❤♦✉�✐♥❣ ❛��❡�� �♦ �♦�❛❧ ❛��❡�� ❛♥❞ ❛✈❡�❛❣❡ ❡①♣❡♥❞✐�✉�❡ �♣❡♥� ♦♥ ❤♦✉�✐♥❣ �❡�✈✐❝❡�✳ ❉❡�♣✐�❡ �❤❡

✐♥❝�❡❛�❡ ✐♥ �❤❡ �❛�✐♦ ♦❢ ❤♦✉�✐♥❣ ❛��❡�� �♦ ♦✉�♣✉�✱ ✇❡ ♦❜�❡�✈❡ �❤❛� ✇✐�❤ ❤✐❣❤❡� ✐♥✢❛�✐♦♥ �♦�❛❧

✇❡❛❧�❤ �❡❧❛�✐✈❡ �♦ ♦✉�♣✉� ❞❡❝❧✐♥❡�✳

1❛♥❡❧ ❆ ♦❢ �❛❜❧❡ ✸ ♣�♦✈✐❞❡� ❛ ♠♦�❡ ❞❡�❛✐❧❡❞ ❛❝❝♦✉♥� ♦❢ �❤❡ �❡�♣♦♥�❡ ♦❢ ❛❣❣�❡❣❛�❡ ✈❛�✐❛❜❧❡�

❛♥❞ �❡❧❛�✐✈❡ ♣�✐❝❡�✳ ❚♦ ✐❧❧✉���❛�❡✱ ✇❡ ♣�❡�❡♥� ♦✉�❝♦♠❡� ♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ ❜❡♥❝❤♠❛�❦ ❡❝♦♥♦♠②

✇✐�❤ ❛♥ ✐♥✢❛�✐♦♥ �❛�❡ ♦❢ ✸ ♣❡�❝❡♥� �♦ ♦✉�❝♦♠❡� ♦❜�❛✐♥❡❞ ❜② ✐♥❝�❡❛�✐♥❣ �❤❡ ✐♥✢❛�✐♦♥ �❛�❡ �♦

✻ ♣❡�❝❡♥�✳ ❲❡ ♦❜�❡�✈❡ �❤❛� ✐♥ �❤❡ ❤✐❣❤ ✐♥✢❛�✐♦♥ �❡❣✐♠❡✱ �❤❡ ♠♦❞❡❧ ❡❝♦♥♦♠② ✐� ❝❤❛�❛❝�❡�✐③❡❞

❜② ❛ ❤✐❣❤❡� ❧❡✈❡❧ ♦❢ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✱ ❛♥ ✐♥❝�❡❛�❡ ✐♥ �❤❡ ��♦❝❦ ♦❢ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ❛♥❞ ❛

❧♦✇❡� ❧❡✈❡❧ ♦❢ ❜✉�✐♥❡�� ❝❛♣✐�❛❧✳ ❙✐♥❝❡ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ ✐� ✉�❡❞ ✐♥ �❤❡ ♣�♦❞✉❝�✐♦♥ ♦❢ ❣♦♦❞� ❛♥❞

�❡�✈✐❝❡�✱ ✐�� ❞❡❝❧✐♥❡✱ ❝♦✉♣❧❡❞ ✇✐�❤ ❛ ❝♦♥��❛♥� �✉♣♣❧② ♦❢ ❡✛❡❝�✐✈❡ ❧❛❜♦✉� ❧❡❛❞� �♦ ❛ �❡❞✉❝�✐♦♥ ✐♥

❛❣❣�❡❣❛�❡ ♦✉�♣✉�✳ ●✐✈❡♥ �❤❛� ❧❛❜♦✉� ✐� ♣❛✐❞ ✐�� ♠❛�❣✐♥❛❧ ♣�♦❞✉❝�✱ �❤❡ ❞❡❝❧✐♥❡ ✐♥ ❜✉�✐♥❡�� ❝❛♣✐�❛❧

❛❧�♦ �❡❞✉❝❡� �❤❡ ❛✈❡�❛❣❡ ✇❛❣❡ �❛�❡✳ ■♥✢❛�✐♦♥ ❧♦✇❡�� �❤❡ ✈❛❧✉❡ ♦❢ ♠♦♥❡②✱ ✐♥❞✉❝✐♥❣ ❤♦✉�❡❤♦❧❞�

�♦ �❡❞✉❝❡ �❤❡ ��♦❝❦ ♦❢ �❡❛❧ ♠♦♥❡② ❜❛❧❛♥❝❡� ✐♥ �❤❡✐� ♦♣�✐♠❛❧ ♣♦��❢♦❧✐♦�✳ ❙✐♠✐❧❛�❧②✱ ❛❣❣�❡❣❛�❡

❝♦♥�✉♠♣�✐♦♥ ❛♥❞ �❡♥�❛❧ ❤♦✉�✐♥❣ �❡�✈✐❝❡� ❛❧�♦ ❞❡❝❧✐♥❡✳ ❚❤❡ ♥♦♠✐♥❛❧ ❛♥❞ �❡❛❧ ✐♥�❡�❡�� �❛�❡�✱ ❛�

✇❡❧❧ ❛� �❤❡ �❡❧❛�✐✈❡ ♣�✐❝❡ ♦❢ ❤♦✉�✐♥❣ ❛�❡ ❤✐❣❤❡� ✐♥ �❤❡ ❤✐❣❤ ✐♥✢❛�✐♦♥ �❡❣✐♠❡✳ ❘❡♥�❛❧ ❤♦✉�✐♥❣

�❡�✈✐❝❡� ❞❡❝❧✐♥❡ ❞✉❡ �♦ ❛♥ ✐♥❝�❡❛�❡ ✐♥ �❤❡ 5✉❛♥�✐�② ♦❢ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ❛♥❞ �❤❡ �❡❧❛�✐✈❡

✷✵❆�✉♦❜❛ ❡� ❛❧✳ ✭✷✵✶✷✮ ❞♦❝✉♠❡♥�� �❡♠✐✲❡❧❛��✐❝✐�✐❡� ♦❢ �❤❡ ✈❛❧✉❡ ♦❢ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ �❝❛❧❡❞ ❜② ●❉� ❛♥❞ ▼✶ ✇✐�❤

�❡�♣❡❝� �♦ ✐♥✢❛�✐♦♥ ❢�♦♠ ❢♦✉� ❞✐✛❡�❡♥� ❞❛�❛ �♦✉�❝❡�✱ �❤❡ ♠♦�� �❡❧✐❛❜❧❡ ♦❢ ✇❤✐❝❤ ❝♦♠❡� ❢�♦♠ ❉❛✈✐� ❛♥❞ ❍❡❛�❤❝♦�❡

✭✷✵✵✺✮✳ ❚❤❡ ❜❛�❡❧✐♥❡ ♠♦❞❡❧ ♦❢ ❆�✉♦❜❛ ❡� ❛❧✳ ✭✷✵✶✷✮ ❣❡♥❡�❛�❡� ❛ �❡♠✐✲❡❧❛��✐❝✐�② ♦❢ �❤❡ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧ �♦ ♦✉�♣✉�

�❛�✐♦ ✇✐�❤ �❡�♣❡❝� �♦ ✐♥✢❛�✐♦♥ ♦❢ ✵✳✷ ♣❡�❝❡♥� ✇❤✐❧❡ ✐♥ ♦✉� ♠♦❞❡❧ ✇❡ ❣❡♥❡�❛�❡ ❛ �❡♠✐✲❡❧❛��✐❝✐�② ✵✳✺✸ ♣❡�❝❡♥�✳ ❚❤❡

✈❛❧✉❡ ♦❢ �❤✐� ❡❧❛��✐❝✐�② ✐♥ �❤❡ ❞❛�❛ ✐� ✶✳✶ ♣❡�❝❡♥�✳

✶✹



♣�✐❝❡ ♦❢ �❡♥	✐♥❣ ❤♦✉✐♥❣ ❡�✈✐❝❡✳ ❋✐♥❛❧❧②✱ 	❤❡ ❤✐❣❤❡� 	❤❡ ❛✈❡�❛❣❡ ✐♥✢❛	✐♦♥ �❛	❡ ✐ ✐♥ 	❤❡ ❡❝♦♥♦♠②✱

	❤❡ ❧♦✇❡� 	❤❡ ❛❣❣�❡❣❛	❡ ❧❡✈❡❧ ♦❢ ✇❡❛❧	❤✳

✹✳✸✳✷✳ ■♥❞✐✈✐❞✉❛❧ ♦✉�❝♦♠❡�

❲❤❛	 ❡①♣❧❛✐♥ 	❤❡❡ ❡✛❡❝	 ♦❢ ✐♥✢❛	✐♦♥ ♦♥ 	❤❡ ❜❡♥❝❤♠❛�❦ ❡❝♦♥♦♠②❄ ❚♦ ❜❡		❡� ✉♥❞❡�	❛♥❞

❛❣❣�❡❣❛	❡ ♦✉	❝♦♠❡✱ ✇❡ ❝❧♦❡❧② ❡①❛♠✐♥❡ ✐♥❞✐✈✐❞✉❛❧ �❡♣♦♥❡ ✐♥ ❡❛❝❤ ♦❢ 	❤❡ 	✇♦ ✐♥✢❛	✐♦♥❛�②

❝❡♥❛�✐♦ ♣�❡❡♥	❡❞ ✐♥ ♣❛♥❡❧ ❆ ♦❢ 	❛❜❧❡ ✹✳ ❆ ❤✐❣❤❡� �❛	❡ ♦❢ ✐♥✢❛	✐♦♥ ✐♥❝�❡❛❡ 	❤❡ ♦♣♣♦�	✉♥✐	②

❝♦	 ♦❢ ❤♦❧❞✐♥❣ ♠♦♥❡② ❛♥❞ 	�✐❣❣❡� ❛ ♣♦�	❢♦❧✐♦ ❛❧❧♦❝❛	✐♦♥ ❡✛❡❝	✳ ■♥❞✐✈✐❞✉❛❧ ❛�❡ ✐♥❞✉❝❡❞ 	♦

❤✐❢	 �❡♦✉�❝❡ ❢�♦♠ ♠♦♥❡② ❤♦❧❞✐♥❣ 	♦ ✐♥	❡�❡	 ❜❡❛�✐♥❣ ❛❡	✱ ❡✈❡♥ 	❤♦✉❣❤ ✐♥ ❡#✉✐❧✐❜�✐✉♠ ❛

❝❡�	❛✐♥ ❛♠♦✉♥	 ♦❢ ♠♦♥❡② ❜❛❧❛♥❝❡ ✇✐❧❧ ❜❡ ♦♣	✐♠❛❧✱ ❣✐✈❡♥ 	❤❛	 ♠♦♥❡② ✐ ✈❛❧✉❡❞ ✐♥ 	❤❡ ✉	✐❧✐	②

❢✉♥❝	✐♦♥✳ ❘❡✐❞❡♥	✐❛❧ ❛♥❞ ♥♦♥✲�❡✐❞❡♥	✐❛❧ ✐♥✈❡	♠❡♥	 ❞❡❝✐✐♦♥ ❛�❡ ❜❛❡❞ ♦♥ 	❤❡ �❡♣♦♥❡ ♦❢

	❤❡✐� �❡♣❡❝	✐✈❡ �❛	❡ ♦❢ �❡	✉�♥ 	♦ ❛ ❤✐❣❤❡� �❛	❡ ♦❢ ✐♥✢❛	✐♦♥✳ ❚❤❡ �❡❛❧ ❛❢	❡� 	❛① �❛	❡ ♦❢ �❡	✉�♥ 	♦

✜♥❛♥❝✐❛❧ ❝❛♣✐	❛❧ ✐ ❣✐✈❡♥ ❜②✿ Ra =
1+(1−τa)it

1+πt
= τa

1+πt
+(1+rt)(1−τa)✳ ❚❤❡ �❡❛❧ �❛	❡ ♦❢ �❡	✉�♥ ✭♥❡	

♦❢ ✐♠♣❧✐❝✐	 �❡♥	❛❧ ✐♥❝♦♠❡✮ ❛♦❝✐❛	❡❞ ✇✐	❤ ✐♥✈❡	✐♥❣ ✐♥ ❤♦✉✐♥❣ ❝❛♣✐	❛❧ ✐✿ Rh = 1 − τhvt − δh✳

❚❤❡�❡❢♦�❡ ✐❢ τh = 0✱ Rh = 1 − δh✳ ■♥ ❡❛❝❤ ♣❡�✐♦❞ t ❤♦✉✐♥❣ ❛❧♦ �❡❝❡✐✈❡ ✉♥	❛①❡❞ ❝❛♣✐	❛❧ ❣❛✐♥

❡#✉❛❧ 	♦ πt✳ ❈♦♥❡#✉❡♥	❧②✱ ❢♦� ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ 	❤❡ �❡❛❧ ✐♥	❡�❡	 �❛	❡✱ ✐♥✢❛	✐♦♥ �❡❞✉❝❡ 	❤❡ �❡❛❧

❛❢	❡� 	❛① �❛	❡ ♦❢ �❡	✉�♥ 	♦ ❜✉✐♥❡ ❝❛♣✐	❛❧✿ ∂Ra

∂πt
< 0✱ ❜✉	 ❧❡❛✈❡ ✉♥❝❤❛♥❣❡❞ 	❤❡ ♣❡�✐♦❞ �❛	❡ ♦❢

�❡	✉�♥ 	♦ ❤♦✉✐♥❣ ❝❛♣✐	❛❧✳ +❛♥❡❧ ❆ ♦❢ 	❛❜❧❡ ✸ ❤♦✇ 	❤❛	✱ ❢♦� ❜✉✐♥❡ ❝❛♣✐	❛❧✱ 	❤❡ ❛❢	❡� 	❛① �❡❛❧

�❛	❡ ♦❢ �❡	✉�♥ ✐ ❧♦✇❡� ✐♥ ❤✐❣❤ ✐♥✢❛	✐♦♥ ❡#✉✐❧✐❜�✐❛ ❡✈❡♥ ✇❤❡♥ 	❤❡ �❡❛❧ ✐♥	❡�❡	 �❛	❡ ✐ ❛❧❧♦✇❡❞

	♦ �❡♣♦♥❞ 	♦ ❝❤❛♥❣❡ ✐♥ ✐♥✢❛	✐♦♥✳ ❈♦♥❡#✉❡♥	❧②✱ ❤♦✉✐♥❣ ❜❡❝♦♠❡ ♠♦�❡ ❛		�❛❝	✐✈❡ ♣�♦✈✐❞✐♥❣

❛♥ ✐♥❝❡♥	✐✈❡ ❢♦� ✐♥❞✐✈✐❞✉❛❧ �❡♥	❡� 	♦ ♠♦❞✐❢② 	❡♥✉�❡ ❞❡❝✐✐♦♥ ❛♥❞ ✐♥✈❡	 ✐♥ ♦✇♥❡�✲♦❝❝✉♣✐❡❞

❤♦✉✐♥❣✱ ♦� ✐♥❞✐✈✐❞✉❛❧ ❤♦♠❡♦✇♥❡� 	♦ ✐♥❝�❡❛❡ 	❤❡✐� ✐♥✈❡	♠❡♥	 ✐♥ ❤♦✉✐♥❣ ❝❛♣✐	❛❧✳

❆ ♠❡♥	✐♦♥❡❞ ❛❜♦✈❡✱ ♦♥ 	❤❡ ❛❣❣�❡❣❛	❡ ❧❡✈❡❧ ❜✉✐♥❡ ❝❛♣✐	❛❧ ❞❡❝❧✐♥❡ ❛♥❞ ❜♦	❤ ❤♦✉✐♥❣ ❝❛♣✲

✐	❛❧ ❛♥❞ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉✐♥❣ ❧❡✈❡❧ ✐♥❝�❡❛❡ ❛ ✇❡ ✐♥❝�❡❛❡ 	❤❡ �❛	❡ ♦❢ ✐♥✢❛	✐♦♥✳ ❘❡✐❞❡♥	✐❛❧

❝❛♣✐	❛❧ ❣�♦✇	❤ ❝♦♠❡ ❢�♦♠ ❜♦	❤ ❜✐❣❣❡� ❤♦✉❡ ❛♥❞ ♥❡✇ ❤♦♠❡♦✇♥❡� ❢♦� ❜♦	❤ 	❤❡ ❤✐❣❤ ❛♥❞

❧♦✇ ✐♥❝♦♠❡ ✐♥❞✐✈✐❞✉❛❧✱ ❡✈❡♥ 	❤♦✉❣❤ ❞✉❡ 	♦ �❡	�✐❝	✐♦♥ ✐♥ 	❤❡ ❤♦✉✐♥❣ ♠❛�❦❡	✱ ❤♦♠❡♦✇♥❡�✲

❤✐♣ �❛	❡ ✐♥❝�❡❛❡ ♠♦�❡ ❢♦� ❤✐❣❤ ✐♥❝♦♠❡ ❤♦✉❡❤♦❧❞✳ ❙✐♥❝❡ ❣�♦✉♣ ✇❤♦ �❡♥	 ❤♦✉✐♥❣ ❡�✈✐❝❡

✐♥ 	❤❡ �❡❢❡�❡♥❝❡ ❡❝♦♥♦♠② ❛�❡ ②♦✉♥❣ ✐♥❞✐✈✐❞✉❛❧✱ ♥❡✇ ❤♦♠❡♦✇♥❡� ❛�❡ 	❤❡♥ ②♦✉♥❣ ❤♦✉❡❤♦❧❞✱

❢♦� ✇❤♦♠ �❡♥	✐♥❣ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✐♥✐	✐❛❧❧② ♦♣	✐♠❛❧ ❛♥❞ ✇❤♦✱ ❞✉❡ 	♦ ✐♥✢❛	✐♦♥✱ ❛❧	❡� ♣�❡✈✐♦✉

	❡♥✉�❡ ❞❡❝✐✐♦♥ ✐♥ ❢❛✈♦✉� ♦❢ ❜✉②✐♥❣ ❤♦✉✐♥❣ ❝❛♣✐	❛❧✳ ❚❤❡ �❡❞✉❝	✐♦♥ ♦❢ ❜✉✐♥❡ ❝❛♣✐	❛❧ ❝♦♠❡

❢�♦♠ ❧♦✇❡� ❛✈✐♥❣ ✐♥ ✜♥❛♥❝✐❛❧ ❛❡	 ❢�♦♠ ❜♦	❤ ❧♦✇ ❛♥❞ ❤✐❣❤ ✐♥❝♦♠❡ ❤♦✉❡❤♦❧❞✳ ❖♥ ♦♥❡ ❤❛♥❞✱

❛✈✐♥❣ ❞❡❝❧✐♥❡ ❞✉❡ 	♦ 	❤❡ ✐♥✢❛	✐♦♥ ✐♥❞✉❝❡❞ ❤✐❣❤❡� 	❛①❛	✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧ ❛❡	✳ ❖♥ 	❤❡ ♦	❤❡�

❤❛♥❞✱ ❛ ✐♥✢❛	✐♦♥ ❝❤❛♥❣❡ 	❤❡ �❡❧❛	✐✈❡ �❛	❡ ♦❢ �❡	✉�♥ 	♦ ❛❡	 ✐♥ ❢❛✈♦✉� ♦❢ ❤♦♠❡♦✇♥❡�❤✐♣✱

	❤❡ ❞♦✇♥♣❛②♠❡♥	 �❡#✉✐�❡♠❡♥	 	♦ ♣✉�❝❤❛❡ ❤♦✉✐♥❣ ❝❛♣✐	❛❧ ❧♦✇❡� ❧✐❢❡✲❝②❝❧❡ ❛✈✐♥❣ ❛♥❞ ❜✉✐✲

♥❡ ❝❛♣✐	❛❧ ❛❝❝✉♠✉❧❛	✐♦♥ ❢♦� ✐♥❞✐✈✐❞✉❛❧ ❤♦✉❡❤♦❧❞✳ ❚❤❡ �❡♠❛✐♥✐♥❣ ✐♥❞✐✈✐❞✉❛❧ �❡♣♦♥❡ ❤❛✈❡

	❤❡ ❛♠❡ ✐❣♥ ❛ ♦♥ 	❤❡ ❛❣❣�❡❣❛	❡ ❧❡✈❡❧✿ ❢♦� ❜♦	❤ ✐♥❝♦♠❡ ❣�♦✉♣ ✐♥✢❛	✐♦♥ ❧♦✇❡� ✇❡❛❧	❤ ❧❡✈❡❧

❛❧♦♥❣✐❞❡ �❡♥	❛❧ ❤♦✉✐♥❣ ❡�✈✐❝❡ ❛♥❞ �❡❛❧ ♠♦♥❡② ❜❛❧❛♥❝❡✳

✶✺



✹✳✹✳ ❚❛①✐♥❣ ✐♠♣✉�❡❞ �❡♥��

■❢ �❛①❛�✐♦♥ ♦❢ ✐♠♣✉�❡❞ �❡♥�� ❢�♦♠ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣ ✇❡�❡ ❛❧❧♦✇❡❞✱ ✐♥✢❛�✐♦♥ ✇♦✉❧❞ ❛❧�♦

�❡❞✉❝❡ �❤❡ ♥❡� �❡�✉�♥� �♦ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣✱ �❤❡�❡❜② ❝♦��❡❝�✐♥❣ ✐♥ ❤✐❣❤ ✐♥✢❛�✐♦♥ ❡❝♦♥♦♠✐❡�

�♦♠❡ ♦❢ �❤❡ ♣♦��❢♦❧✐♦ ❛❧❧♦❝❛�✐♦♥ ✐♥❝❡♥�✐✈❡� �♦ ♦✈❡�✲✐♥✈❡�� ✐♥ ❤♦✉�✐♥❣ ❝❛♣✐�❛❧✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❤♦❧❞✐♥❣

�❤❡ �❡❛❧ ✐♥�❡�❡�� �❛�❡ ❝♦♥��❛♥�✱ ∂Rh

∂πt
= τh[(δh− 1)(1+π)−2(1+ r)−1] < 0✳ ❚♦ ✐❧❧✉���❛�❡ �❤✐� ♣♦✐♥�

✇❡ �❛✐�❡ �❤❡ �❛① �❛�❡ ♦♥ ✐♠♣✉�❡❞ �❡♥��✱ τh✱ ❛♥❞ �❡� ✐� ❡�✉❛❧ �♦ �❤❡ �❛① ♦♥ ❜✉�✐♥❡�� ❝❛♣✐�❛❧ ✐♥❝♦♠❡
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❛♥❞ ♠♦♥❡② ❜❛❧❛♥❝❡� ❞❡❝❧✐♥❡ ✇✐�❤ ❤✐❣❤❡� ✐♥✢❛�✐♦♥✳ ■♥ ❤✐❣❤ ✐♥✢❛�✐♦♥ �❡❣✐♠❡�✱ ❧♦✇ ✐♥❝♦♠❡ ❛♥❞

②♦✉♥❣❡� ❤♦✉�❡❤♦❧❞� ♠❛② ♥♦� ❜❡ ❛❜❧❡ �♦ ❛❝❤✐❡✈❡ �❤❡✐� ❞❡�✐�❡❞ ♣♦��❢♦❧✐♦ ❝♦♠♣♦�✐�✐♦♥ ♦❢ ❛��❡�

❤♦❧❞✐♥❣� ❞✉❡ �♦ �❡���✐❝�✐♦♥� ✐♥ �❤❡ ❤♦✉�✐♥❣ ♠❛�❦❡�✳ ❆❧�♦✱ ❛♥ ✐♥❝�❡❛�❡ ✐♥ �❤❡ ♥♦♠✐♥❛❧ �❛�❡ ♦❢

�❡�✉�♥ �♦ ✜♥❛♥❝✐❛❧ ❛��❡�� ✐♥❝�❡❛�❡� �❤❡ ♣�✐❝❡ ♦❢ ❤♦✉�✐♥❣ �❡�✈✐❝❡�✿ ∂vt
∂it

> 0✳ ❆� ❛ �❡�✉❧�✱ �❤❡ ♣�✐❝❡

♦❢ �❡♥�❛❧ ❤♦✉�✐♥❣ ✐♥❝�❡❛�❡� ❢♦� �❡♥�❡�� ✇❤♦ ❛�❡ ♣�❡❞♦♠✐♥❛�❡❧② ❧♦✇ ✐♥❝♦♠❡ ❤♦✉�❡❤♦❧❞�✳

❆� �❤❡ �❛♠❡ �✐♠❡✱ ✐♥✢❛�✐♦♥ ❣❡♥❡�❛�❡� ❛♥ ✐♥❝♦♠❡ �❡❞✐���✐❜✉�✐♦♥ ❡✛❡❝� ✇❤✐❝❤ ❜❡♥❡✜�� ❧♦✇

✐♥❝♦♠❡ ❤♦✉�❡❤♦❧❞�✳ )❛�� ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✐♥❝♦♠❡ ❝♦♥�✐��� ♦❢ ❣♦✈❡�♥♠❡♥� ��❛♥�❢❡�� ✇❤✐❝❤ ❛�❡ ❡*✉❛❧❧②

❞✐���✐❜✉�❡❞ ❛♠♦♥❣ �❤❡ ♣♦♣✉❧❛�✐♦♥ ❛♥❞ ✜♥❛♥❝❡❞ ❜② �❛①❛�✐♦♥ ❛♥❞ �❡✐❣♥✐♦�❛❣❡✳ ❙✐♥❝❡ ✐♥✢❛�✐♦♥

�❛✐�❡� �❤❡ �❡❛❧ ✐♥❝♦♠❡ �❛① ❜✉�❞❡♥ ♦❢ ✜♥❛♥❝✐❛❧ ❛��❡�� ❛♥❞ ❤✐❣❤ ✐♥❝♦♠❡ ❤♦✉�❡❤♦❧❞� ❤❛✈❡ �❤❡

❤✐❣❤❡�� ❤♦❧❞✐♥❣� ♦❢ ✜♥❛♥❝✐❛❧ ❝❛♣✐�❛❧✱ �❡❞✐���✐❜✉�✐♦♥ ♦❢ ✐♥❝♦♠❡ �❛❦❡� ♣❧❛❝❡ ❢�♦♠ ✇❡❛❧�❤✲�✐❝❤ �♦

✇❡❛❧�❤✲♣♦♦� ❤♦✉�❡❤♦❧❞�✳

❲❡❧❢❛�❡ ❝❤❛♥❣❡� ❞✉❡ �♦ ✐♥✢❛�✐♦♥ ❛�❡ ❢♦✉♥❞ ❜② ❝♦♠♣✉�✐♥❣ �❤❡ ❝♦♠♣❡♥�❛�✐♥❣ ✈❛�✐❛�✐♦♥ ❛�

�❤❡ ✜①❡❞ ♣❡�❝❡♥�❛❣❡ ∆ ♦❢ �❤❡ ❝♦♥�✉♠♣�✐♦♥ ✐♥❞❡① ❞❡✜♥❡❞ ❛�✿ cα1mα2s1−α1−α2 ✐♥ ❡❛❝❤ ♣❡�✐♦❞

�❡*✉✐�❡❞ �♦ ♠❛❦❡ ✐♥❞✐✈✐❞✉❛❧� ✐♥❞✐✛❡�❡♥� ✐♥ �❤❡ �✇♦ ✐♥✢❛�✐♦♥❛�② �❡❣✐♠❡�✳ ❉❡♥♦�✐♥❣ π0 ❛♥❞ π1 �❤❡

❡❝♦♥♦♠✐❡� ✇✐�❤ ❧♦✇ ❛♥❞ ❤✐❣❤ ✐♥✢❛�✐♦♥ �❛�❡�✱ �❡�♣❡❝�✐✈❡❧②✱ �❤❡ ❝♦♠♣❡♥�❛�✐♥❣ ✈❛�✐❛�✐♦♥ ❢♦� ❡❛❝❤

✐♥❞✐✈✐❞✉❛❧ ♦❢ �②♣❡ z ✐� ❝♦♠♣✉�❡❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

∆ =

(

V z{(cj,mj, sj/π0}

V z{(cj,mj, sj/π1}

)
1

1−σ

− 1 ✭✷✹✮

❲❡ ❧♦♦❦ ❛� �❤❡ ♣❡�❝❡♥� ��❡❛❞② ��❛�❡ ❝♦♥�✉♠♣�✐♦♥ ✐♥❞❡① �❤❛� ✐� ♥❡❝❡��❛�② �♦ ❝♦♠♣❡♥�❛�❡

✐♥❞✐✈✐❞✉❛❧� ❢♦� ❛♥ ✐♥❝�❡❛�❡ ✐♥ �❤❡ ✐♥✢❛�✐♦♥ �❛�❡ ❢�♦♠ ✶ �♦ ✸ ♣❡�❝❡♥�✳ ❚❤✐� ✐� ❢♦✉♥❞ �♦ ❜❡ ✵✳✼✹✸

♣❡�❝❡♥� ❢♦� ❤✐❣❤ ✐♥❝♦♠❡ ✐♥❞✐✈✐❞✉❛❧� ❛♥❞ ✶✳✵✵✸ ♣❡�❝❡♥� ❢♦� ❧♦✇ ✐♥❝♦♠❡ ✐♥❞✐✈✐❞✉❛❧�✳ ❲❡ ❝❛♥ �❡❡

�❤❛� �❤❡ ❝♦�� ♦❢ ✐♥✢❛�✐♦♥ ✐♥ �❤❡ ♠♦❞❡❧ ✐� ✉♥❡✈❡♥❧② ❞✐���✐❜✉�❡❞ ❛♥❞ ✐� ♥❡❣❛�✐✈❡❧② ✐♠♣❛❝�� ❧♦✇

✶✼



✐♥❝♦♠❡ ❤♦✉	❡❤♦❧❞	 ❜② ♠♦�❡ �❤❛♥ ❤✐❣❤ ✐♥❝♦♠❡ ❤♦✉	❡❤♦❧❞	✳ ▲♦✇ ✐♥❝♦♠❡ ❤♦✉	❡❤♦❧❞	 ♣❛② ❤✐❣❤❡�

❤♦✉	✐♥❣ �❡♥�	 ❛♥❞ ❤❛✈❡ ❛ ❤❛�❞❡� �✐♠❡ ❛❝❤✐❡✈✐♥❣ �❤❡✐� ❞❡	✐�❡❞ ❛		❡� ♣♦��❢♦❧✐♦ ❝♦♠♣♦	✐�✐♦♥ ✐♥ ❤✐❣❤

✐♥✢❛�✐♦♥❛�② �❡❣✐♠❡	✱ ❡✈❡♥ �❤♦✉❣❤ �❤❡② ❜❡♥❡✜� ❢�♦♠ 	♦♠❡ ✐♥❝♦♠❡ �❡❞✐	��✐❜✉�✐♦♥ �❛❦✐♥❣ ♣❧❛❝❡

❢�♦♠ ❤✐❣❤ �♦ ❧♦✇ ✐♥❝♦♠❡ ❤♦✉	❡❤♦❧❞	✳

✺✳ ❈♦♥❝❧✉	✐♦♥

■♥ �❤✐	 	�✉❞② ✇❡ ♣�❡	❡♥� ❛ ♠♦❞❡❧ �❤❛� ❡①♣❧❛✐♥	 �❤❡ ❧♦♥❣ �✉♥ ♣♦	✐�✐✈❡ ❛		♦❝✐❛�✐♦♥ ❜❡�✇❡❡♥

❤♦✉	✐♥❣ ❝❛♣✐�❛❧ ❛♥❞ ✐♥✢❛�✐♦♥✳ ❚❤❡ ❝❤❛♥♥❡❧	 �❤❛� ✇❡ ❡①♣❧♦�❡ ✐♥❝❧✉❞❡ �❤❡ �❡	♣♦♥	❡ �♦ ✐♥✢❛�✐♦♥ ♦❢

�❤❡ �❡❛❧ �❛�❡	 ♦❢ �❡�✉�♥ �♦ �❡	✐❞❡♥�✐❛❧ ❛♥❞ ♥♦♥✲�❡	✐❞❡♥�✐❛❧ ♣♦��❢♦❧✐♦ ❛		❡�	 ❛♥❞ �❡♥✉�❡ ❞❡❝✐	✐♦♥	

♦♥ ✇❤❡�❤❡� �♦ ♦✇♥ ♦� �♦ �❡♥� ❤♦✉	✐♥❣ 	❡�✈✐❝❡	✳ ❚♦ ✐❧❧✉	��❛�❡ �❤❡ ❞❡❣�❡❡ �♦ ✇❤✐❝❤ �❤❡	❡ ✐❞❡♥�✐✜❡❞

❝❤❛♥♥❡❧	 ♣❧❛② ❛ �♦❧❡ ♦♥ �❤❡ ❛❝❝✉♠✉❧❛�✐♦♥ ♦❢ ❤♦✉	✐♥❣ ❛♥❞ ❜✉	✐♥❡		 ❝❛♣✐�❛❧✱ ✇❡ ❛❧	♦ ❝♦♥	✐❞❡�

�✇♦ ❛❧�❡�♥❛�✐✈❡ ❡❝♦♥♦♠✐❡	✳ ■♥ �❤❡ ✜�	� ❛❧�❡�♥❛�✐✈❡ 	❝❡♥❛�✐♦✱ �❤❡ �❛①❛�✐♦♥ ♦❢ ❤♦✉	✐♥❣ ❝❛♣✐�❛❧

✇❛	 �❡✈✐	❡❞✱ ❛❧❧♦✇✐♥❣ ❢♦� �❛①❛�✐♦♥ ♦❢ ✐♠♣✉�❡❞ �❡♥�	 ♦♥ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉	✐♥❣ 	❡�✈✐❝❡	✳ ■♥ �❤❡

	❡❝♦♥❞ 	❝❡♥❛�✐♦✱ ✇❡ ❝♦♥	✐❞❡� ❛ ♦♥❡ ❛		❡� ❡❝♦♥♦♠② ❛♥❞ �❡♠♦✈❡ �❤❡ ❛❜✐❧✐�② �♦ ❛❝❝✉♠✉❧❛�❡ ✇❡❛❧�❤

✐♥ �❤❡ ❢♦�♠ ♦❢ ❤♦✉	✐♥❣ ❝❛♣✐�❛❧✳ ❖✉� ❛♥❛❧②	✐	 	❤♦✇	 �❤❛� �❤❡ ♣♦	✐�✐✈❡ ❝♦��❡❧❛�✐♦♥ ❜❡�✇❡❡♥ �❤❡

❛❝❝✉♠✉❧❛�✐♦♥ ♦❢ �❡	✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧ ❛♥❞ ✐♥✢❛�✐♦♥ ✐	 ♦♥❧② ♣�❡	❡♥� ✐♥ �❤❡ ❜❡♥❝❤♠❛�❦ ❡❝♦♥♦♠②✱

✇❤❡�❡ ✐♥✢❛�✐♦♥ ✐♥�❡�❛❝�	 ✇✐�❤ ❤♦✉	✐♥❣ ❢❡❛�✉�❡	 ❛♥❞ �❛①❛�✐♦♥✱ ❛	 ✇❡❧❧ ❛	 �❤❡ �❛①❛�✐♦♥ ♦❢ ♥♦♠✐♥❛❧

✐♥❝♦♠❡ ❢�♦♠ ❜✉	✐♥❡		 ❝❛♣✐�❛❧✳ ❚❤❡ 	�♦❝❦ ♦❢ ❜✉	✐♥❡		 ❝❛♣✐�❛❧ ❞❡❝❧✐♥❡	 ✐♥ ❤✐❣❤ ✐♥✢❛�✐♦♥❛�② �❡❣✐♠❡	

✐♥ ❛❧❧ ♦❢ �❤❡ ❡①♣❡�✐♠❡♥�	 ♣❡�❢♦�♠❡❞✳ ❲❡ ❛❧	♦ 	❤♦✇ �❤❛� �❤❡ ♥❡❣❛�✐✈❡ ✐♠♣❛❝� ♦❢ ✐♥✢❛�✐♦♥ ♦♥

❛❣❣�❡❣❛�❡ ✇❡❛❧�❤ ✐	 ♠✐�✐❣❛�❡❞ ✇❤❡♥ ❤♦✉	✐♥❣ ❝❛♣✐�❛❧ �❡❝❡✐✈❡	 ♣�❡❢❡�❡♥�✐❛❧ �❛① ��❡❛�♠❡♥�✳

❚❤❡�❡ ❛�❡ 	❡✈❡�❛❧ "✉❡	�✐♦♥	 ♥♦� ��❡❛�❡❞ ✐♥ �❤❡ ♣�❡	❡♥� ❛♥❛❧②	✐	 �❤❛� ❝❛♥ ❜❡ ❛❞❞�❡		❡❞ ✐♥ ❢✉�✉�❡

�❡	❡❛�❝❤✳ ❋♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡	 ✐♥ ✐♥✢❛�✐♦♥ �❛�❡	✱ ❛ ��❛♥	✐�✐♦♥❛❧ ❛♥❛❧②	✐	 ✇♦✉❧❞ ❜❡ ♦❢ ♣❛��✐❝✉❧❛�

✐♥�❡�❡	� �♦ ❡	�✐♠❛�❡ ♦✉�❝♦♠❡	 ✐♥ �❤❡ ♣�♦❝❡		 ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣♦��❢♦❧✐♦ ❛❞❥✉	�♠❡♥�	✳ ■♥ ❛❞❞✐�✐♦♥✱

✐♥❝♦�♣♦�❛�✐♥❣ ✉♥❝❡��❛✐♥�② ❛❜♦✉� ❢✉�✉�❡ ✐♥❝♦♠❡	 ❛♥❞ ✐♥✈❡	�♠❡♥� �❡�✉�♥	 ♠❛② ♣❧❛② ❛♥ ✐♠♣♦��❛♥�

�♦❧❡ ♦♥ ❤♦✉	❡❤♦❧❞ �❡♥✉�❡ ❞❡❝✐	✐♦♥	 ❛♥❞ �❤❡ ❞✐	��✐❜✉�✐♦♥❛❧ ❡✛❡❝�	 ♦❢ ✐♥✢❛�✐♦♥✳

❘❡❢❡�❡♥❝❡	

❙✳❇✳ ❆�✉♦❜❛✱ ▼✳❆✳ ❉❛✈✐	✱ ❛♥❞ ❘✳ ❲�✐❣❤�✳ ❍♦♠❡✇♦�❦ ✐♥ ♠♦♥❡�❛�② ❡❝♦♥♦♠✐❝	✿ ■♥✢❛�✐♦♥✱ ❤♦♠❡

♣�♦❞✉❝�✐♦♥✱ ❛♥❞ �❤❡ ♣�♦❞✉❝�✐♦♥ ♦❢ ❤♦♠❡	✳ ❲♦�❦✐♥❣ .❛♣❡� ✶✽✷✼✻✱ ◆❛�✐♦♥❛❧ ❇✉�❡❛✉ ♦❢ ❊❝♦✲

♥♦♠✐❝ ❘❡	❡❛�❝❤✱ ❆✉❣✉	� ✷✵✶✷✳ ❯❘▲ ❤��♣✿✴✴✇✇✇✳♥❜❡�✳♦�❣✴♣❛♣❡��✴✇✶✽✷✼✻✳

❋✳❈✳ ❇❡❧❧ ❛♥❞ ▼✳▲✳ ▼✐❧❧❡�✳ ▲✐❢❡ �❛❜❧❡	 ❢♦� �❤❡ ❯♥✐�❡❞ ❙�❛�❡	 ❙♦❝✐❛❧ ❙❡❝✉�✐�② ❆�❡❛ ✶✾✵✵✲✷✶✵✵✳

❖✣❝❡ ♦❢ �❤❡ ❈❤✐❡❢ ❆❝�✉❛�②✱ ❙♦❝✐❛❧ ❙❡❝✉�✐�② ❆❞♠✐♥✐���❛�✐♦♥✱ ❆❝�✉❛�✐❛❧ ��✉❞② ♥�✳ ✶✷✵ ✱ ✷✵✵✺✳

▼✳ ❑✳ ❇�✉♥♥❡�♠❡✐❡� ❛♥❞ ❈✳ ❏✉❧❧✐❛�❞✳ ▼♦♥❡② ✐❧❧✉	✐♦♥ ❛♥❞ ❤♦✉	✐♥❣ ❢�❡♥③✐❡	✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧

❙�✉❞✐❡�✱ ✷✶✭✶✮✿✶✸✺✕✶✽✵✱ ✷✵✵✽✳

▼✳ ❈❤❛♠❜❡�	✱ ❈✳ ●❛��✐❣❛✱ ❛♥❞ ❉✳ ❙❝❤❧❛❣❡♥❤❛✉❢✳ ❚❤❡ ❧♦❛♥ 	��✉❝�✉�❡ ❛♥❞ ❤♦✉	✐♥❣ �❡♥✉�❡ ❞❡❝✐	✐♦♥	

✐♥ ❛♥ ❡"✉✐❧✐❜�✐✉♠ ♠♦❞❡❧ ♦❢ ♠♦��❣❛❣❡ ❝❤♦✐❝❡✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝�✱ ✶✷✭✸✮✿✹✹✹✕✹✻✽✱

❏✉❧② ✷✵✵✾❛✳



▼✳ ❈❤❛♠❜❡	
✱ ❈✳ ●❛		✐❣❛✱ ❛♥❞ ❉✳ ❊✳ ❙❝❤❧❛❣❡♥❤❛✉❢✳ ❆❝❝♦✉♥�✐♥❣ ❢♦	 ❝❤❛♥❣❡
 ✐♥ �❤❡ ❤♦♠❡♦✇♥❡	✲


❤✐♣ 	❛�❡✳ ■♥�❡�♥❛�✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✺✵✭✸✮✿✻✼✼✕✼✷✻✱ ❆✉❣✉
� ✷✵✵✾❜✳

❑✳ ❈❤❡♥✳ ❆ ❧✐❢❡✲❝②❝❧❡ ❛♥❛❧②
✐
 ♦❢ 
♦❝✐❛❧ 
❡❝✉	✐�② ✇✐�❤ ❤♦✉
✐♥❣✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝�✱

✶✸✿✺✾✼✕✻✶✺✱ ✷✵✶✵✳

▼✳ ❆✳ ❉❛✈✐
 ❛♥❞ ❏✳ ❍❡❛�❤❝♦�❡✳ ❍♦✉
✐♥❣ ❛♥❞ �❤❡ ❜✉
✐♥❡

 ❝②❝❧❡✳ ■♥�❡�♥❛�✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱

✹✻✭✸✮✿✼✺✶✕✼✽✹✱ ✷✵✵✺✳

❆✳ ❉♦✉❣❤❡	�② ❛♥❞ ❘✳ ❱❛♥ ❖	❞❡	✳ ■♥✢❛�✐♦♥✱ ❤♦✉
✐♥❣ ❝♦
� ❛♥❞ �❤❡ ❝♦♥
✉♠❡	 ♣	✐❝❡ ✐♥❞❡①✳ ❚❤❡

❆♠❡�✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✼✷✭✶✮✿✶✺✹✕✶✻✹✱ ✶✾✽✷✳

7✳▲✳ ❊❜	✐❧❧ ❛♥❞ ❯✳▼✳ 7♦

❡♥✳ ■♥✢❛�✐♦♥ ❛♥❞ �❛①❛�✐♦♥ ♦❢ ❡:✉✐�② ✐♥ ❝♦♦	♣♦	❛�✐♦♥
 ❛♥❞ ♦✇♥❡	✲

♦❝❝✉♣✐❡❞ ❤♦✉
✐♥❣✳ ❏♦✉�♥❛❧ ♦❢ ▼♦♥❡②✱ ❈�❡❞✐� ❛♥❞ ❇❛♥❦✐♥❣✱ ✶✹✭✶✮✿✸✸✕✹✼✱ ✶✾✽✷✳

❆✳ ❊	♦
❛ ❛♥❞ ●✳ ❱❡♥�✉	❛✳ ❖♥ ✐♥✢❛�✐♦♥ ❛
 ❛ 	❡❣	❡

✐✈❡ ❝♦♥
✉♠♣�✐♦♥ �❛①✳ ❏♦✉�♥❛❧ ♦❢ ▼♦♥❡�❛�②

❊❝♦♥♦♠✐❝�✱ ✹✾✿✼✻✶✕✼✾✺✱ ✷✵✵✷✳

▼✳ ❋❡❧❞
�❡✐♥✳ ■♥✢❛�✐♦♥✱ �❛① 	✉❧❡
 ❛♥❞ �❤❡ ❛❝❝✉♠✉❧❛�✐♦♥ ♦❢ 	❡
✐❞❡♥�✐❛❧ ❛♥❞ ♥♦♥	❡
✐❞❡♥�✐❛❧ ❝❛♣✐�❛❧✳

❙❝❛♥❞✐♥❛✈✐❛♥ ❏♦✉�♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝�✱ ✽✹✭✷✮✿✷✾✸✕✸✶✶✱ ✶✾✽✷✳

❏✳❘✳ ❋♦❧❧❛✐♥ ❛♥❞ ❉✳❈✳ ▲✐♥❣✳ ❆♥♦�❤❡	 ❧♦♦❦ ❛� �❡♥✉	❡ ❝❤♦✐❝❡✱ ✐♥✢❛�✐♦♥✱ ❛♥❞ �❛①❡
✳ ❆❘❊❯❊❆

❏♦✉�♥❛❧✱ ✶✻✭✸✮✿✷✵✼✕✷✷✾✱ ✶✾✽✽✳

▼✳ ●❡	✈❛✐
✳ ❍♦✉
✐♥❣ �❛①❛�✐♦♥ ❛♥❞ ❝❛♣✐�❛❧ ❛❝❝✉♠✉❧❛�✐♦♥✳ ❏♦✉�♥❛❧ ♦❢ ▼♦♥❡�❛�② ❊❝♦♥♦♠✐❝�✱ ✹✾✿

✶✹✻✶✕✶✹✽✾✱ ✷✵✵✷✳

❏✳▼✳ ●	❛♥❞♠♦♥�✳ ❚❡♠♣♦	❛	② ❣❡♥❡	❛❧ ❡:✉✐❧✐❜	✐✉♠✳ ❊❝♦♥♦♠❡��✐❝❛✱ ✹✺✿✺✸✺✕✺✼✷✱ ✶✾✼✼✳

❏✳ ❍❡❛�❤❝♦�❡✱ ❑✳ ❙�♦	❡
❧❡��❡♥✱ ❛♥❞ ●✳ ▲✳ ❱✐♦❧❛♥�❡✳ ❚❤❡ ♠❛❝	♦❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛�✐♦♥
 ♦❢ 	✐
✐♥❣

✇❛❣❡ ✐♥❡:✉❛❧✐�② ✐♥ �❤❡ ✉♥✐�❡❞ 
�❛�❡
✳ ❲♦	❦✐♥❣ 7❛♣❡	 ✶✹✵✺✷✱ ◆❛�✐♦♥❛❧ ❇✉	❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝

❘❡
❡❛	❝❤✱ ❏✉♥❡ ✷✵✵✽✳

❇✳ ❍❡❡	✳ ◆♦♥
✉♣❡	♥❡✉�	❛❧✐�② ♦❢ ♠♦♥❡② ✐♥ �❤❡ ❙✐❞	❛✉
❦✐ ♠♦❞❡❧ ✇✐�❤ ❤❡�❡	♦❣❡♥♦✉
 ❛❣❡♥�
✳ ❊❝♦✲

♥♦♠✐❝� ❇✉❧❧❡�✐♥✱ ✺✭✽✮✿✶✕✻✱ ✷✵✵✹✳

❇✳ ❍❡❡	 ❛♥❞ ❇✳ ❙✉

♠✉�❤✳ ❊✛❡❝�
 ♦❢ ✐♥✢❛�✐♦♥ ♦♥ ✇❡❛❧�❤ ❞✐
�	✐❜✉�✐♦♥✿ ❉♦ 
�♦❝❦ ♠❛	❦❡� ♣❛	�✐❝✐✲

♣❛�✐♦♥ ❢❡❡
 ❛♥❞ ❝❛♣✐�❛❧ ✐♥❝♦♠❡ �❛①❛�✐♦♥ ♠❛��❡	❄ ❏♦✉�♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝� ❛♥❞ ❈♦♥��♦❧✱

✸✶✿✷✼✼✕✸✵✸✱ ✷✵✵✼✳

7✳❍✳ ❍❡♥❞❡	
❤♦�� ❛♥❞ ❙✳❈✳ ❍✉✳ ■♥✢❛�✐♦♥ ❛♥❞ ❡①�	❛♦	❞✐♥❛	② 	❡�✉	♥
 ♦♥ ♦✇♥❡	✲♦❝❝✉♣✐❡❞ ❤♦✉
✐♥❣✿

❙♦♠❡ ✐♠♣❧✐❝❛�✐♦♥
 ❢♦	 ❝❛♣✐�❛❧ ❛❧❧♦❝❛�✐♦♥ ❛♥❞ ♣	♦❞✉❝�✐✈✐�② ❣	♦✇�❤✳ ❏♦✉�♥❛❧ ♦❢ ▼❛❝�♦❡❝♦♥♦♠✐❝�✱

✸✿✶✼✼✕✷✵✸✱ ✶✾✽✶✳

7✳❍✳ ❍❡♥❞❡	
❤♦�� ❛♥❞ ❙✳❈✳ ❍✉✳ ❚❤❡ ❛❧❧♦❝❛�✐♦♥ ♦❢ ❝❛♣✐�❛❧ ❜❡�✇❡❡♥ 	❡
✐❞❡♥�✐❛❧ ❛♥❞ ♥♦♥	❡
✐❞❡♥�✐❛❧

✉
❡
✿ �❛①❡
✱ ✐♥✢❛�✐♦♥✱ ❛♥❞ ❝❛♣✐�❛❧ ♠❛	❦❡� ❝♦♥
�	❛✐♥�
✳ ❏♦✉�♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✸✽✭✸✮✿✼✾✺✕✽✶✷✱

✶✾✽✸✳

✶✾



❏✳❇✳ ❑❛✉ ❛♥❞ ❉✳ ❑❡❡♥❛♥✳ ■♥✢❛✐♦♥✱ ❛①❡� ❛♥❞ ❤♦✉�✐♥❣✿ ❛ ❤❡♦�❡✐❝❛❧ ❛♥❛❧②�✐�✳ ❏♦✉�♥❛❧ ♦❢ 	✉❜❧✐❝

❡❝♦♥♦♠✐❝�✱ ✷✶✿✾✸✕✶✵✹✱ ✶✾✽✸✳

"✳ ❑�✉��❡❧❧ ❛♥❞ ❆✳❆✳ ❙♠✐❤✳ ■♥❝♦♠❡ ❛♥❞ ✇❡❛❧❤ ❤❡❡�♦❣❡♥❡✐② ✐♥ ❤❡ ♠❛❝�♦❡❝♦♥♦♠②✳ ❏♦✉�♥❛❧

♦❢ 	♦❧✐�✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✵✻✿✽✻✼✕✽✾✻✱ ✶✾✾✽✳

❲✳ ▲✐ ❛♥❞ ❘✳ ❨❛♦✳ ❚❤❡ ❧✐❢❡✲❝②❝❧❡ ❡✛❡❝� ♦❢ ❤♦✉�❡ ♣�✐❝❡ ❝❤❛♥❣❡�✳ ❏♦✉�♥❛❧ ♦❢ ▼♦♥❡②✱ ❈�❡❞✐� ❛♥❞

❇❛♥❦✐♥❣✱ ✸✾✭✻✮✿✶✸✼✺✕✶✹✵✾✱ ✷✵✵✼✳

❈✳ ▼❝❉❛♥✐❡❧✳ ❆✈❡�❛❣❡ ❛① �❛❡� ♦♥ ❝♦♥�✉♠♣✐♦♥✱ ✐♥✈❡�♠❡♥✱ ❧❛❜♦� ❛♥❞ ❝❛♣✐❛❧ ✐♥ ❤❡ ♦❡❝❞

✶✾✺✵✲✷✵✵✸✳ ❲♦�❦✐♥❣ 	❛♣❡�✱ ❆�✐③♦♥❛ ❙�❛�❡ ❯♥✐✈❡��✐�②✱ ✷✵✵✼✳

❙✳❇✳ ◆✐❡❧�❡♥ ❛♥❞ "✳❇✳ ❙♦�❡♥�❡♥✳ ■♥✢❛✐♦♥✱ ❝❛♣✐❛❧ ❛①❛✐♦♥ ❛♥❞ ❤♦✉�✐♥❣✱ ❤❡ ❧♦♥❣ �✉♥ ✐♥ ❛ �♠❛❧❧

♦♣❡♥ ❡❝♦♥♦♠②✳ ❚❤❡ ❈❛♥❛❞✐❛♥ ❏♦✉�♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝�✱ ✷✼✭✶✮✿✶✾✽✕✷✶✼✱ ✶✾✾✹✳

▼✳ "✐❛③③❡�✐ ❛♥❞ ▼✳ ❙❝❤♥❡✐❞❡�✳ ■♥✢❛✐♦♥ ❛♥❞ ❤❡ ♣�✐❝❡ ♦❢ �❡❛❧ ❛��❡�✳ ❙❛✛ ❘❡♣♦� ✹✷✸✱ ❋❡❞❡�❛❧ ❘❡✲

�❡�✈❡ ❇❛♥❦ ♦❢ ▼✐♥♥❡❛♣♦❧✐�✱ ✷✵✵✾✳ ❯❘▲ ❤��♣✿✴✴✐❞❡❛
✳�❡♣❡❝✳♦�❣✴♣✴❢✐♣✴❢❡❞♠
�✴✹✷✸✳❤�♠❧ ✳

❏✳▼✳ "♦❡�❜❛✳ ❚❛①✲�✉❜�✐❞✐❡� ♦ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣✿ ❛♥ ❛��❡✲♠❛�❦❡ ❛♣♣�♦❛❝❤✳ ❚❤❡ ◗✉❛�✲

�❡�❧② ❏♦✉�♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝�✱ ✾✾✭✹✮✿✼✷✾✕✼✺✷✱ ✶✾✽✹✳

▲✳❍✳ ❙✉♠♠❡��✳ ■♥✢❛✐♦♥✱ ❤❡ �♦❝❦ ♠❛�❦❡ ❛♥❞ ♦✇♥❡�✲♦❝❝✉♣✐❡❞ ❤♦✉�✐♥❣✳ ❚❤❡ ❆♠❡�✐❝❛♥ ❊❝♦✲

♥♦♠✐❝ ❘❡✈✐❡✇✱ ✼✶✭✷✮✿✹✷✾✕✹✸✹✱ ✶✾✽✶✳

❙❤✳ ❚✐♠❛♥✳ ❚❤❡ ❡✛❡❝� ♦❢ ❛♥✐❝✐♣❛❡❞ ✐♥✢❛✐♦♥ ♦♥ ❤♦✉�✐♥❣ ♠❛�❦❡ ❡?✉✐❧✐❜�✐✉♠✳ ❏♦✉�♥❛❧ ♦❢

❋✐♥❛♥❝❡✱ ✸✼✭✸✮✿✽✷✼✕✽✹✷✱ ✶✾✽✷✳

❋✳ ❨❛♥❣✳ ❈♦♥�✉♠♣✐♦♥ ♦✈❡� ❤❡ ❧✐❢❡ ❝②❝❧❡✿ ❍♦✇ ❞✐✛❡�❡♥ ✐� ❤♦✉�✐♥❣❄ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝

❉②♥❛♠✐❝�✱ ✶✷✭✸✮✿✹✷✸✕✹✹✸✱ ❏✉❧② ✷✵✵✾✳

❘✳ ❨❛♦ ❛♥❞ ❍✳ ❍✳ ❩❤❛♥❣✳ ❖♣✐♠❛❧ ❝♦♥�✉♠♣✐♦♥ ❛♥❞ ♣♦�❢♦❧✐♦ ❝❤♦✐❝❡� ✇✐❤ �✐�❦② ❤♦✉�✐♥❣ ❛♥❞

❜♦��♦✇✐♥❣ ❝♦♥��❛✐♥�✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙�✉❞✐❡�✱ ✶✽✭✶✮✿✶✾✼✕✷✸✾✱ ✷✵✵✺✳

✷✵



❆♣♣❡♥❞✐①

❆❧�❡�♥❛�✐✈❡ 
♣❡❝✐✜❝❛�✐♦♥

❆♥ ❛❧�❡�♥❛�✐✈❡ 
♣❡❝✐✜❝❛�✐♦♥ ❢♦� �❤❡ ♣�♦❜❧❡♠ ♦❢ �❤❡ ✜♥❛♥❝✐❛❧ ✜�♠ ✐
 �♦ ❛

✉♠❡ �❤❛� �❡❛❧

❡
�❛�❡ ✐♥ �❤❡ ❝✉��❡♥� ♣❡�✐♦❞ ❝❛♥ ♦♥❧② ❣❡♥❡�❛�❡ ❤♦✉
✐♥❣ 
❡�✈✐❝❡
 ✐♥ �❤❡ ♥❡①� ♣❡�✐♦❞✳ ❚❤✐
 ✐
 �❤❡


♣❡❝✐✜❝❛�✐♦♥ ✐♥ ●❡�✈❛✐
 ✭✷✵✵✷✮✳

■♥ �❤✐
 ❝❛
❡ �❤❡ ♣�✐❝❡ ♦❢ ❤♦✉
✐♥❣ 
❡�✈✐❝❡
 �❡❧❛�✐✈❡ �♦ �❤❡ ♣�✐❝❡ ♦❢ ♥♦♥✲❞✉�❛❜❧❡ ❣♦♦❞
 ✐
 ❣✐✈❡♥

❜②✿

vt = it + δh ✭✷✺✮

❚❛❜❧❡ ✻ 
❤♦✇
 ♦✉�❝♦♠❡
 ♦❜�❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ �❤✐
 ❝♦♥❞✐�✐♦♥✳ ❚❤❡ �❡
✉❧�
 ❛�❡ �♦❜✉
� �♦ �❤✐



♣❡❝✐✜❝❛�✐♦♥ ❛♥❞ ❛❧❧ �❤❡ ♠❛✐♥ �❡❧❛�✐♦♥
❤✐♣
 ❞✐
❝✉

❡❞ ✐♥ �❤❡ ♣❛♣❡� �❡♠❛✐♥ �❤❡ 
❛♠❡✳

❙♦❧✉�✐♦♥ ❛❧❣♦�✐�❤♠

❚❤❡ ❡%✉✐❧✐❜�✐✉♠ ♦❢ �❤❡ ♠♦❞❡❧ ❡❝♦♥♦♠② ✐
 ❢♦✉♥❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

❙�❡♣ ✶✿ ●✉❡

 �❤❡ ❛❣❣�❡❣❛�❡ ❝❛♣✐�❛❧ 
�♦❝❦ �❤❛� ✐
 ✉
❡❞ ✐♥ ♣�♦❞✉❝�✐♦♥✳ ●✐✈❡♥ ❛ ❝♦♥
�❛♥� ❡✣✲

❝✐❡♥� ❧❛❜♦✉� 
✉♣♣❧② ❛♥❞ ❛ ❈♦❜❜✲❉♦✉❣❧❛
 ♣�♦❞✉❝�✐♦♥ ❢✉♥❝�✐♦♥✱ ❢❛❝�♦� ♣�✐❝❡
 ❝❛♥ ❜❡ ❝♦♠♣✉�❡❞✳

❯
✐♥❣ �❤❡ ❋✐
❤❡� ❡%✉❛�✐♦♥✱ �❤❡ �❡❛❧ �❛�❡ ♦❢ �❡�✉�♥ �♦ ❜✉
✐♥❡

 ❝❛♣✐�❛❧ ❛♥❞ �❤❡ ❧♦♥❣ �✉♥ ✐♥✢❛�✐♦♥

�❛�❡ ✇❡ ❝❛♥ ✜♥❞ �❤❡ ♥♦♠✐♥❛❧ ✐♥�❡�❡
� �❛�❡✳ ❋�♦♠ �❤❡ ♣�♦❜❧❡♠ ♦❢ �❤❡ ✜♥❛♥❝✐❛❧ ✐♥�❡�♠❡❞✐❛�②✱ �❤❡

♣�✐❝❡ ♦❢ ❤♦✉
✐♥❣ 
❡�✈✐❝❡
 ✐
 ❛❧
♦ ❞❡�❡�♠✐♥❡❞✳

❙�❡♣ ✷✿ ❲❡ ✐�❡�❛�❡ ♦♥ �❤❡ ✈❛❧✉❡ ❢✉♥❝�✐♦♥ �♦ 
♦❧✈❡ �❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣�♦❜❧❡♠✳ ❚❤❡ 
�❛�❡ ✈❛�✐❛❜❧❡

✐♥ �❤❡ ♠♦❞❡❧ ✐
 �❤❡ ✇❡❛❧�❤ ♦❢ �❤❡ ✐♥❞✐✈✐❞✉❛❧ ❤♦✉
❡❤♦❧❞✳ ❲❡ ❝♦♥
��✉❝� ❛ ✜♥✐�❡ 
�❛�❡ 
♣❛❝❡✿

Γ = [̟min, ̟max] ❝♦♥�❛✐♥✐♥❣ ❛❧❧ ♣♦✐♥�
 �❤❛� ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠❛② ❝❤♦♦
❡ ✐♥ ❡❛❝❤ ♣❡�✐♦❞ ❢♦� ❤❡�

♥❡①� ♣❡�✐♦❞ 
❛✈✐♥❣
✳ ❚❤❡ 
✐③❡ ♦❢ �❤❡ ❣�✐❞ ✐
 ❧❛�❣❡ ❡♥♦✉❣❤ �♦ ♥♦� ❜❡ ❜✐♥❞✐♥❣ ❢♦� ❝❤♦✐❝❡
 ♦❢ �❤❡

❤♦✉
❡❤♦❧❞✳ ❲❡ �❛❜✉❧❛�❡ �❤❡ ✈❛❧✉❡ ❢✉♥❝�✐♦♥ ♦✈❡� ❣�✐❞ ♣♦✐♥�
 
�❛��✐♥❣ ❢�♦♠ �❤❡ ❧❛
� ♣❡�✐♦❞ ♦❢ ❧✐❢❡

❛♥❞ ✐�❡�❛�✐♥❣ ❜❛❝❦✇❛�❞
✳ ❋♦� ❡✈❡�② j ❛♥❞ ❛ ❝♦♠❜✐♥❛�✐♦♥ ♦❢ (̟j, ̟j+1) ∈ Γ✱ ✇❡ 
♦❧✈❡ �❤❡ ✐♥��❛✲

�❡♠♣♦�❛❧ ♣�♦❜❧❡♠ ✐♥ ♦�❞❡� �♦ ✜♥❞ �❤❡ ❧❡✈❡❧ ♦❢ ❝♦♥
✉♠♣�✐♦♥✱ ❤♦✉
✐♥❣ 
❡�✈✐❝❡
 ❛♥❞ �❤❡ ♣♦��❢♦❧✐♦

❛❧❧♦❝❛�✐♦♥ ♦❢ ❛

❡�
✳ ❲❤❡♥ ❝❤♦♦
✐♥❣ ❤♦✉
✐♥❣✱ ❛❣❡♥�
 ♠❛❦❡ ❛ �❡♥✉�❡ ❝❤♦✐❝❡ ❛♥❞ ❞❡❝✐❞❡ ✇❤❡�❤❡�

�♦ ♦✇♥ ♦� �♦ �❡♥� ❤♦✉
✐♥❣ 
❡�✈✐❝❡
✳

❙�❡♣ ✸✿ ❈❤♦♦
❡ ̟j+1 ❣✐✈❡♥ ̟j ✇❤✐❝❤ ♠❛①✐♠✐③❡
✿

G (̟j, ̟j+1) + βψjVt+1 (̟j+1)✳ ❲❡ ✉
❡ �✇♦ ♥❡✐❣❤❜♦✉�✐♥❣ ♣♦✐♥�
 ♦♥ �❤❡ ✇❡❛❧�❤ ❣�✐❞ �♦ ❜�❛❝❦❡�

�❤❡ ♠❛①✐♠✉♠ ♦❢ �❤❡ ✈❛❧✉❡ ❢✉♥❝�✐♦♥✳ ❚❤❡♥ ❛ ●♦❧❞❡♥ ❙❡❝�✐♦♥ ❙❡❛�❝❤ ✐
 ❛♣♣❧✐❡❞ �♦ ❧♦❝❛�❡ ♠❛①✐✲

♠✉♠ ♦❢ �❤❡ ❇❡❧❧♠❛♥ ❡%✉❛�✐♦♥✳ ▲✐♥❡❛� ✐♥�❡�♣♦❧❛�✐♦♥
 ❛�❡ ♣❡�❢♦�♠❡❞ �♦ ♦❜�❛✐♥ ✈❛❧✉❡
 ♦❢ �❤❡ ✈❛❧✉❡

❢✉♥❝�✐♦♥ ♦✛ �❤❡ ❣�✐❞ ♣♦✐♥�
✳

❙�❡♣ ✹✿ ❋�♦♠ ♦♣�✐♠❛❧ ❝❤♦✐❝❡
 ♦❢ ❤♦✉
❡❤♦❧❞
✱ ✇❡ ❝♦♠♣✉�❡ �❤❡ ❛❣❣�❡❣❛�❡ ❝❛♣✐�❛❧ 
�♦❝❦ ✉
❡❞

✷✶



✐♥ ♣�♦❞✉❝	✐♦♥✳ ■❢ 	❤❡ ♥❡✇ ❧❡✈❡❧ ♦❢ ❝❛♣✐	❛❧ ♠❛	❝❤❡� ♦✉� ❣✉❡��✱ 	❤❡♥ ❛♥ ❡�✉✐❧✐❜�✐✉♠ ✐� ❢♦✉♥❞✱ ♦	❤✲

❡�✇✐�❡ ✉♣❞❛	❡ 	❤❡ ❣✉❡�� ✉♥	✐❧ ❝♦♥✈❡�❣❡♥❝❡✳

❚❤❡ ♣�♦❜❧❡♠ ✐♥ �	❡♣ ✷ ❝❛♥ ❜❡ �✉♠♠❛�✐③❡❞ ❛� ❢♦❧❧♦✇�✿ ❆	 	❤❡ ❡♥❞ ♦❢ ❧✐❢❡✱ J ✱ ✐♥❞✐✈✐❞✉❛❧� ❦♥♦✇ 	❤❛	

	❤❡② ❛�❡ ♥♦	 �✉�✈✐✈✐♥❣ ✐♥ 	❤❡ ♥❡①	 ♣❡�✐♦❞ ❛♥❞ 	❤✉� �❡	 ̟J+1 = 0✳ ●✐✈❡♥ 	❤✐� ❡♥❞ ♣❡�✐♦❞ ✈❛❧✉❡

❛♥❞ ̟J ∈ Γ✱ ✐♥	�❛✲	❡♠♣♦�❛❧ ♦✉	❝♦♠❡� ❝❛♥ ❜❡ ❝♦♠♣✉	❡❞ ❢♦� ❡❛❝❤ ✈❛❧✉❡ ♦❢ ̟J 	♦ ♦❜	❛✐♥ ❛ ✈❡❝	♦�

♦❢ ❧❛�	 ♣❡�✐♦❞✬� ✈❛❧✉❡ VJ ✳ ■♥ ♣❡�✐♦❞ J − 1✱ 	❤❡ ✐♥❞✐✈✐❞✉❛❧� ✉�❡ ❝♦♠❜✐♥❛	✐♦♥� ♦❢ ̟j, ̟j+1 ∈ Γ 	♦

✜♥❞ ✇✐	❤✐♥ ♣❡�✐♦❞ ♦✉	❝♦♠❡�✳ ●✐✈❡♥ G(̟J−1, ̟J) ✇❡ ❝❤♦♦�❡ 	❤❡ ♦♣	✐♠❛❧ ❛♠♦✉♥	 ♦❢ �❛✈✐♥❣� ̟J

	♦ ❜❡ 	�❛♥�❢❡��❡❞ ♦✈❡� 	♦ 	❤❡ ♥❡①	 ♣❡�✐♦❞ ❛♥❞ ❝♦♠♣✉	❡ VJ−1✳ ❲❡ ❝♦♥	✐♥✉❡ 	❤✐� ✇❛② ✉♥	✐❧ 	❤❡

❡♥	✐�❡ ❞✐�	�✐❜✉	✐♦♥ ✐� ❝♦♠♣✉	❡❞✳

✷✷



✷✸



❚❛❜❧❡ ✶✿ ❇❡♥❝❤♠❛❦ ♠♦❞❡❧ ❛♥❞ ❛❣❣❡❣❛�❡ ��❛�✐��✐❝� ♦❢ �❤❡ ❯❙ ❡❝♦♥♦♠②
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