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Abstract

This paper analyses a two-period model in which a consumer faces a future income risk but is
uncertain about its probability distribution. We derive three sets of sufficient conditions under
which a consumer with generalised recursive smooth ambiguity (GRSA) preferences will save
more under ambiguity than in a deterministic environment. Our results show how precautionary
saving is jointly determined by attitudes toward atemporal risk, ambiguity and intertemporal
substitution. We also find a close connection between risk prudence under non-expected utility

and precautionary saving under GRSA preferences.
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1 Introduction

Precautionary saving refers to the tendency to save more due to the presence of risk or ambiguity.'
Since the early contributions of Leland (1968), Sandmo (1970) and Kimball (1990), there has been
an extensive literature that studies consumers’ precautionary saving behaviour under pure risks.
Such behaviour has become known as risk prudence.? By comparison, research on precautionary
saving under ambiguity is still in its burgeoning stage.® The present study contributes to this
literature by offering new insights into four fundamental questions: First, under what conditions
on preferences will a consumer facing an ambiguous risk (i.e., a random variable with an unknown
probability distribution) choose to save more than in a deterministic environment? For reasons
explained below, we refer to this type of saving behaviour as mized prudence. Second, how does
ambiguity in itself affect saving decisions? More specifically, will (or when will) the introduction
of ambiguity induce a consumer to save more than when she faces a pure risk? Such behaviour
is referred to as ambiguity prudence. Third, what is the relation (if any) among mixed prudence,
ambiguity prudence and risk prudence? Finally, what are the separate importance of risk attitudes,
ambiguity attitudes and preferences for intertemporal substitution in generating precautionary
saving under ambiguity?

To address these questions, we focus on the consumption-saving problem faced by a single
consumer in a two-period setup that is commonly used in the precautionary saving literature. The
consumer receives a random income in the second (or future) period, which is the only source
of risk and ambiguity. There is a single risk-free asset that can be used to smooth consumption
over time. Due to imperfect knowledge, the consumer is uncertain about the true probability
distribution of future income. Hence, she has to rely on her own subjective beliefs when making
the saving decision. As in Klibanoff et al. (2005), these beliefs are captured by a set of plausible,
first-order probability distributions of future income, and a second-order probability distribution
which describes how likely that a given first-order distribution is the true one. At the centre of

our analysis are the assumptions on consumer preferences. Following Hayashi and Miao (2011)

'Risk (or pure risk) refers to random variables with a known probability distribution. Ambiguity arises when
there is insufficient kowledge to determine the probability distribution of the random variables in question. In this
study, we will use the terms “ambiguity” and “uncertainty” interchangeably.

?Baiardi et al. (2020) provide a selective survey of the theoretical literature on risk prudence. In particular, they
focus on studies that adopt a two-period model with a single expected-utility maximiser. A textbook treatment of
risk prudence can be found in Gollier (2001a, Chapters 16 and 20). There is also a separate but related literature
that studies precautionary saving behaviour in the Bewley-Aiyagari-Huggett model, which involves a longer planning
horizon, incomplete markets and general equilibrium analysis. We do not consider this type of model in this study.

3See for instance Osaki and Schlesinger (2014), Berger (2014), Baillon (2016), Peter (2019) and André et al.
(2021).



and Ju and Miao (2012), we assume that the consumer has generalised recursive smooth ambiguity
(GRSA) preferences. One major advantage of GRSA preferences is that it allows for the separation
of attitudes toward risk, ambiguity and intertemporal substitution. Similar to the Selden/Kreps-
Porteus (SKP) utility function, atemporal risk preferences are represented by a von Neumann-
Morgenstern (vNM) utility function w (-), while preferences regarding intertemporal substitution
are represented by a time aggregator function. In addition to these, the GRSA preferences also
feature a second vNM utility function v (-) . This function is central to our results, hence it deserves
a more detailed explanation. When deciding how much to save in the presence of risk and/or
ambiguity, the consumer needs to form ez ante evaluation about future consumption or future
utility in order to assess the benefits of saving. In the current setting, these evaluations are
formed in the following manner: For any given level of saving and for any first-order distribution
of future income, the consumer can compute the certainty equivalent of future consumption using
u (-),* and the expected future value of u (). Both measures are contingent on a particular first-
order distribution, hence they are ex ante random in the presence of ambiguity. The function
v (+) captures the consumer’s attitudes toward the randomness in the certainty equivalents. In
particular, a concave v (-) means that the consumer dislikes any mean-preserving spread in the
distribution of these certainty equivalents.” On the other hand, the composite function ¢ (-) =
vou~!(-) captures the consumer’s attitudes toward the uncertainty in the expected future value
of u () [Klibanoff et al. (2005, Proposition 1)]. Following the convention in this literature, we refer
to a consumer with a concave ¢ (-) as ambiguity-averse.

A second major advantage of GRSA preferences is that it admits several forms of preferences as
special cases, including expected-utility (EU) preferences, Selden/Kreps-Porteus (SKP) preferences
and the recursive smooth ambiguity preferences of Klibanoff et al. (2009).° Depending on the
specification of the time aggregator function, GRSA preferences can be either time-separable or
non-time-separable. This generality makes it possible to unify and compare several groups of
precautionary saving models (both with and without ambiguity) under one single framework. This
in turn allows us to draw upon and extend the insights gained from the risk prudence literature.

We begin with a detailed analysis of mixed prudence using the time-separable version of GRSA

4This certainty equivalent is referred to as a second-order act in Klibanoff et al. (2005, p.1857).

"Throughout this paper, all mentions regarding curvature (concave, convex), quantity comparison (more, less,
greater than, less than, positive, negative, etc.) and monotonicity (increasing, decreasing) should be understood as
weak inequalities. Similarly, “risk-averse” and “ambiguity-averse” have the same meaning as “non-risk-loving” and
“non-ambiguity-loving,” respectively. Strict inequalities will be stated explicitly.

% As mentioned in Hayashi and Miao (2011, p.425-426), the GRSA preferences also encompass the risk-sensitivity
model of Hansen and Sargent (2001) and the recursive multiple-prior model of Epstein and Schneider (2003) as

special cases. We do not consider these cases in this paper.



preferences, which involves a per-period felicity function V' (-) and a constant subjective discount
factor.” The consumer’s willingness to substitute intertemporally is now captured by the curva-
ture of V (). Using the time-separable formulation, we are able to identify three different sets
of conditions under which optimal saving under ambiguity is higher than that in a deterministic
environment. These results are formally stated in Theorems 1-3. The first two are closely related
to the risk prudence results in Gollier (2001a, p.300-302) and Kimball and Weil (2009), hence a
quick review of these results is warranted. Both of them concern a single risk-averse consumer
with SKP preferences who faces a pure income risk in the future period. SKP preferences corre-
spond to the special case of GRSA preferences in which either the consumer is ambiguity-neutral
[i.e., u(-) and v (-) are identical up to a positive affine transformation] or ambiguity is absent.
Risk prudence arises under two different sets of conditions. First, Gollier (2001a) shows that it
suffice if (i) the felicity function V (-) is more concave than the vNM utility function u(-), and
(ii) the marginal utility function u’(-) is a convex function.® Second, Kimball and Weil (2009,
Proposition 1) show that risk-prudent behaviour emerges if u (-) exhibits decreasing absolute risk
aversion (DARA), provided that the consumer’s future felicity is concave in the choice variable
(i.e., savings).” Our Theorems 1 and 2 generalise these results to an environment in which both
ambiguity and ambiguity aversion matter for the saving problem.

Our first theorem states that a risk-averse and ambiguity-averse consumer is mixed-prudent
if two additional conditions are satisfied: (i) V (-) is more concave than v (-) and (i) both ' (-)
and v’ (+) are convex functions. Our second theorem states that a risk-averse (but not necessarily
ambiguity-averse) consumer is mixed-prudent if both « (-) and v (-) exhibit DARA, provided that
the consumer’s future felicity is concave in savings.'” These results are best explained by starting
with two special cases. First, if the consumer is ambiguity-neutral (or if there is no ambiguity), then
optimal saving is unaffected by the uncertainty regarding the true distribution of future income.
Thus, any precautionary savings (if exist) must be driven by risk alone. In this case, mixed
prudence is equivalent to risk prudence and our results coincide with those of Gollier (2001a) and

Kimball and Weil (2009). Second, if the consumer is risk-neutral or if the first-order distributions

"In Section 4.2, we show that some of our results obtained under the time-separable version of GRSA preferences
can be easily extended to a non-time-separable version.

8Tn the absence of ambiguity, condition (i) implies that the consumer has a preference for late resolution of
uncertainty, whereas condition (ii) implies that higher savings will create a larger gain in (expected) future utility
in a stochastic environment than in a deterministic one. If V' (-) is a positive affine transformation of u (-), then
Gollier’s result is identical to the risk prudence result of Kimball (1990).

9Both sets of conditions are summarised in Gollier (2001a, p.302, Proposition 78). The second set of conditions,
however, first appears in the 1992 working paper version of Kimball and Weil (2009). Hence, we attribute this to
Kimball and Weil (2009).

"Our Theorem 2 specifies the conditions under which future felicity is concave in savings.



of future income are all degenerate, then the consumer’s saving decision is only affected by the
first moment of the income risk. But since the true distribution of this risk is unknown, its first
moment remains exr ante random. Any precautionary savings that emerge in this case is entirely
driven by ambiguity, i.e., ambiguity prudence. Most importantly, this type of ambiguity prudence
(that emerges under risk neutrality) can be characterised in the same way that Gollier (2001a) and
Kimball and Weil (2009) did for risk prudence, except with wu (-) replaced by v (-). The intuition
is that a risk-neutral consumer with GRSA preferences who is subject to an ambiguous risk will
behave in exactly the same way as a risk-averse consumer with SKP preferences who faces a pure
risk. The main difference is that the former’s risk preferences are captured by a linear vNM utility
function u (+), while the latter’s are captured by a concave function v (). Thus, according to our
first two theorems, a consumer is mixed-prudent in general if she is risk-prudent under these two
special cases.

More generally, the conditions in Theorem 1 have two effects on the consumer’s saving decision:
The first one works as if it raises the consumer’s subjective discount factor, while the second one
ensures that an increase in savings will create a larger gain in (expected) future utility under
ambiguity than in a deterministic environment. Both contribute to a higher marginal benefit of
saving under ambiguity, which encourages savings. The conditions in Theorem 2 have the same
effect on the marginal benefit of saving but work through a different mechanism. Specifically, this
result is obtained by comparing the certainty equivalent of future consumption under ambiguity
to the future consumption in a deterministic environment. The concavity of « (-) and v (-) imply
that the certainty equivalent is lower in level than its deterministic counterpart under any given
level of savings. The DARA assumptions imply that the same increase in savings will lead to a
larger increase in the certainty equivalent than in its deterministic counterpart. These together
contribute to a higher marginal benefit of saving under ambiguity.

When comparing between Theorems 1 and 2, one major difference is that ambiguity aversion
is not required in the second one. This shows that ambiguity aversion is not a necessary condition
for mixed prudence. As noted above, precautionary saving can arise under ambiguity even if the
consumer is risk-neutral. This means risk aversion, or any conditions on the higher-order derivative
of u (-), are not necessary for mixed prudence. Furthermore, the conditions in Theorems 1 and 2
are weaker than the convexity of ¢’ (+) [or a positive third-order derivative of ¢ (-)] and decreasing

absolute ambiguity aversion (DAAA).!! Thus, neither of these properties is necessary for mixed

"I Absolute ambiguity aversion Ay (-) is defined in a similar fashion as absolute risk aversion, i.e., Ag (z) =
—¢" (z) /¢’ (z) . The function ¢ (-) is said to exhibit DAAA if Ay (-) is a decreasing function.



prudence. Our results show that precautionary saving behaviour under ambiguity is a complex
issue that cannot be easily determined by a single condition. Instead, it is determined by a
number of substitutable factors related to risk preferences, ambiguity preferences and attitudes
toward intertemporal substitution. Our results also highlight the often-overlooked importance of
v (+) in generating precautionary saving under ambiguity.

Our third theorem delves deeper into the conditions for ambiguity prudence and its relation
with mixed prudence. Although the two coincide under risk neutrality and degenerate first-order
probability distributions, they are not equivalent in more general cases. If the consumer is both
strictly risk-averse and strictly ambiguity-averse, then the conditions in Theorems 1 and 2 are in
general insufficient to ensure ambiguity prudence. To explain the situation more precisely, let s,
sy and sT, denote, respectively, optimal savings under Ambiguity, pure Risk and Deterministic
future income. Risk prudence, ambiguity prudence and mixed prudence are, respectively, defined
as s > sp, 8% > sy and s > s7,. The conditions in Theorems 1 and 2 ensure that s > s7, and
s% > s, but do not rule out the possibility of s, > s% > s7,. The strict inequality means that the
consumer cuts back her savings when the distribution of future income becomes uncertain. Thus,
the precautionary savings characterised in our first two theorems, i.e., (s — s},), can be possibly
due to a mixture of risk prudence and ambiguity “imprudence”. For this reason, we call it “mixed”
prudence.

Our Theorem 3 provides a set of sufficient conditions under which a strictly risk-averse and
strictly ambiguity-averse consumer is both risk-prudent and ambiguity-prudent, i.e., s > s > s},
(which immediately implies mixed prudence). The risk prudence result is similar to the one
in Gollier (2001a). The ambiguity prudence result, on the other hand, requires two additional
conditions: first, the first-order probability distributions of future income can be ranked according
to first-order stochastic dominance (FOSD); and second, the function ¢ () exhibits decreasing
absolute ambiguity aversion. The first assumption allows us to compare the marginal benefit of
saving under different plausible distributions. If one distribution is ranked lower than another
according to FOSD, then it is more likely to draw low levels of future income from the former.
Since savings have a greater impact on future consumption when future income is low, the marginal
benefit of saving is higher under those distributions that are deemed less favourable (ranked lower)
by FOSD. In the presence of ambiguity, the consumer will weigh the marginal benefit of saving

under different plausible distributions according to her ambiguity preferences. In particular, an



ambiguity-averse consumer will put a higher importance on the less favourable distributions.!?

This, together with DAAA, guarantees that the marginal benefit of saving under ambiguity are
higher than that under a pure risk.'?

We conclude this section by mentioning some related studies. Our paper is most closely related
to Osaki and Schlesinger (2014) and Berger (2014). Both studies analyse precautionary saving be-
haviour under ambiguity in a two-period model that is similar to ours, but with recursive smooth
ambiguity preferences [Klibanoff et al. (2009)]. Osaki and Schlesinger (2014) focus on the con-
ditions for mixed prudence. Their main result (Proposition 2) relies on the assumption that the
first-order distributions can be ranked according to some stochastic dominance criterion, hence it is
similar to our Theorem 3. They, however, do not distinguish between risk prudence and ambiguity
prudence. Berger (2014), on the other hand, focus on ambiguity prudence alone. Our Theorem 4
generalises Berger’s Proposition 1 to GRSA preferences and shows that DAAA can be replaced by
a weaker condition. Baillon (2016) proposes a model-free definition of ambiguity prudence which is
different from Berger’s and ours. Baillon’s approach is similar in spirit to the risk apportionment
approach of Eeckhoudt and Schlesinger (2006) in characterising higher order derivatives of utility
function. Whereas, our definition of ambiguity prudence is based on the behavioural prediction
of a specific decision problem. Two recent studies, Wang and Li (2020) and André et al. (2021),
have adopted the GRSA preferences to study consumer behaviour. The former examines how
changes in ambiguity aversion will affect different types of intertemporal decisions, one of which
is precautionary saving. Some of the assumptions in their Proposition 1 [in particular, A1, A2,
A3, (i) and (iv)] are also used in our Theorem 3. André et al. (2021) analyse the demand for
annuity and saving in a two-period model with longevity uncertainty. They focus on a special
case of GRSA preferences in which both « () and v (-) are exponential utility functions but with
different parameters.

The rest of the paper is organised as follows: Section 2 describes the model environment and
the generalised recursive smooth ambiguity preferences. Section 3 presents the main results on

mixed prudence (Theorems 1-3). Section 4 presents some further results. Section 5 concludes.

2This is consistent with the conventional wisdom that ambiguity-averse consumers act as if they are more pes-
simistic [Ilut and Schneider (2022)], or pay more attention to the worst-case scenario. This mechanism, however, is
not needed in our Theorems 1 and 2.

"3We also attempt to establish the ordering s% > sk > s}, without imposing any restrictions on the first-order
distributions. This proves to be challenging and we are only able to establish this when u (-) displays a constant
absolute risk aversion (i.e., exponential utility). This result is stated in Theorem 4.



2 The Model

Consider the consumption-saving problem faced by a consumer in a two-period model. The con-
sumer starts with a known initial wealth w > 0 in the first (or current) period and receives a
random income ¥ in the second (or future) period. The true distribution of y is unknown to the
consumer. Thus, she relies on her own subjective beliefs when making the saving decision. These
beliefs are formulated as follows: Let © be a subset of R and F = {F (y | §) : 6 € ©} be a collection
of probability distributions defined on a common support 2 = @, y] , with 0 <y <7 < oo. The
collection F contains all the distributions of future income that are deemed plausible by the con-
sumer. We refer to these as first-order probability distributions. The perceived likelihood of these
distributions is represented by a non-degenerate, second-order probability distribution function
G (-) defined on ©. Ambiguity is absent is G (-) is degenerate at some 67 in ©, so that G (9) = 1 if
0> 0" and zero otherwise.

There is a single risk-free asset which offers a known gross return R > 0. The consumer can
save or borrow using this asset. An ad hoc borrowing constraint is in place to limit the amount
of debt that the consumer may incur. Let (ci,c2,s) denote, respectively, current consumption,
future consumption and savings in the current period. These choice variables are subject to non-
negativity constraints: ¢; > 0, co > 0; budget constraints: ¢; + s = w and ¢o = y + Rs; and an ad
hoc borrowing constraint: s > —b, where b > 0 is the borrowing limit.

As mentioned in the Introduction, the consumer is assumed to have generalised recursive
smooth ambiguity (GRSA) preferences. Lifetime utility under this type of preferences is defined in
three stages: First, for each plausible distribution in F and for each (s;0) € [—b, w| x O, a certainty

equivalent of future consumption is computed according to

M, (s;60) = u™? {/ﬂu@—kRs)dF@\@) . (1)

In the above equation, u : Ry — R is a von Neumann-Morgenstern (vNM) utility function that
captures the consumer’s atemporal risk preferences. At this stage, we only require u (-) to fulfill

some basic properties which are listed below.

Y1f 4y > Rb, then future consumption is non-negative even when the consumer owes the maximum amount of debt
(—b) and receives the lowest amount of future income (g) If y < Rb, then the ad hoc borrowing constraint will
never bind, because otherwise future consumption will be negative in some future income states. Our main results
are valid in both cases.



Assumption A1 The function v : Ry — R is at least twice continuously differentiable, strictly

increasing and concave.

Since u () is continuous and future consumption is of finite value in all possible states, the
expected utility inside the square brackets in (1) is well-defined. A strictly increasing w (-) implies
that the inverse function u~!(-) is single-valued and strictly increasing. Hence, the certainty
equivalent M, (s;0) is well-defined for all (s;6) € [~b,w] x ©.!> Note that we only require u (-) to
be (weakly) concave, hence Assumption Al includes risk neutrality as a special case.

If g is drawn from the distribution F' (y | ), then M,, (s;0) is the quantity of “risk-free” future
consumption that yields the same utility as the random consumption profile ¢, = y+ Rs. Since the
true distribution of ¥ is unknown, M, (s; ) is itself a random variable. Thus, in the second stage,
the consumer forms a subjective expected utility over the random profile {M,, (s;6) | 6 € ©} using
the second-order probability distribution G (-). The subjective expected utility in the second stage
is given by

/ o M, (5:6)]dG (6) (2)
]

where v (+) is another vNM utility function that captures the consumer’s attitudes toward the

randomness in {M,, (s;0) | # € ©}. The basic properties of v () are listed in Assumption A2.

Assumption A2 The function v : Ry — R is at least twice continuously differentiable, strictly

increasing and concave.

Define ¢ (-) =vou!(-) and U (s;0) = [,u(y+ Rs)dF (§ | ). Then (2) can be rewritten as

[ 05046 0) = [ vou (U (50))dG (0) = / 61U (5,0 dG (6) 3)
C] (€] (€]

We refer to U (s; 0) as first-order expected utility and [g ¢ [U (s;6)] dG (6) as second-order expected
utility. The main difference between v (-) and ¢ (-) can be explained as follows: M, (s;6) and U (s; )
can be viewed as ex ante evaluation about future consumption and future utility under a given
value of savings and a given first-order distribution. Both are ex ante random in the presence of
ambiguity. A concave v (-) means that the consumer dislikes any mean-preserving spread in the
distribution of M, (s;6), while a concave ¢ (-) means that the consumer dislikes the same kind of
spread in the distribution of U (s;0) . Following Klibanoff et al. (2005), we refer to a consumer

with a concave ¢ (-) as ambiguity-averse and one with a linear ¢ (-) as ambiguity-neutral.

"Under Assumption Al, M, (s;0) is also differentiable with respect to s for any given § € ©. The details are
shown in Appendix A.1l.



Assumptions Al and A2 together imply that ¢ (-) is at least twice continuously differentiable
and strictly increasing. But the concavity of w () and v (-) does not necessarily imply that of ¢ (-).

To see this, differentiate the identity ¢ [u (c)] = v (¢) twice to obtain

¢ (z) = : (4)

v (c) = ¢ (z) u” (c)
[ (o)

where = u (¢) and ¢ > 0. Let A, (¢) = —u” (¢) /v’ (¢) and A, (¢) = —v" (¢) /v’ (¢) be the Arrow-

¢ (x) =

, (5)

Pratt coefficient of absolute risk aversion for u (-) and v (-), respectively. Then (4) and (5) imply

that!6

¢" (x)

VIIA

0 iff Ay () Z Ay (o), (6)

for # = wu(c). Hence, the consumer is ambiguity-averse [i.e., ¢ (-) < 0] if and only if v (-) is
more concave than u (). This has three immediate implications: First, risk aversion alone does
not imply ambiguity aversion because the latter requires another (more) concave function v (-).
Second, a risk-neutral (or even risk-loving) consumer can also be ambiguity-averse, provided that
v (+) is sufficiently concave. Hence, risk aversion is neither necessary nor sufficient for ambiguity
aversion. Third, if the consumer is both risk-averse and ambiguity-averse, then v (-) must be a
concave function.

The last component of GRSA preferences is a time aggregator function W : Ri — R, which
captures the consumer’s attitudes toward intertemporal substitution. Since W (-) is defined over
deterministic consumption paths, we first compute the certainty equivalent of {M,, (s;0) | 6 € ©}

using the utility function v (-), i.e.,

a6 =0 { [ o (solac o). (7)

for any given s € [~b,w].!” We refer to M, (s) as the second-order certainty equivalent of fu-
ture consumption obtained from s. A deterministic consumption path in this setting is given by

{c1,M, (s)}, which yields a lifetime utility of W [c1, M, (s)].

Y6This result has been shown in Klibanoff et al. (2005, Proposition 1). These details, however, are useful in
understanding some of our main results, hence they are mentioned here.

"By Assumption A1, M, (s;0) is of finite value for all (s;0) € [—b, w] x ©. The continuity of v (-) then ensures that
v M, (s;0)] is also of finite value for all (s;6). Hence, the expectation [g v [M, (s;0)] dG () exists. By Assumption
A2, v (4) is single-valued and strictly increasing. Hence, M, (s) is well-defined for all s € [~b,w]. In Appendix
A.1, it is shown that M, (s) is differentiably and strictly increasing under Assumptions Al and A2.

10



We start by considering an additively separable aggregator function W (-), which yields the

familiar time-additively-separable lifetime utility function,
Wilel, My, (s)] =V (c1) + BV M, (s)] . (8)

In the above equation, § € (0,1) is the subjective discount factor and V' : Ry — R is the
(per-period) felicity function. We choose to start with this specification for two reasons. First, the
time-separable specification has been used by the vast majority of existing studies on precautionary
saving. Using the same specification will facilitate comparison with this literature. Second, the
time-separable specification is easier to grasp, which allows for a clear development of the intuition
behind our main results. In Section 4.2, we show that some of the results obtained under (8) can
be readily extended to a non-separable aggregator function.

The basic properties of V' (-) are summarised in Assumption A3. The limit condition (only one

is necessary) is intended to rule out the uninteresting case where ¢; = 0 (or equivalently, s = w).

Assumption A3 The function V : Ry — R is twice continuously differentiable, strictly increas-

ing and strictly concave. It also satisfies either imV (¢) = —oo or limV” (¢) = +o0.

c—0 c—0
We now exploit the intricate structure of GRSA preferences to derive two alternative but
equivalent expressions of future felicity, V [M, (s)]. The first one uses ¢ (-) = vou~! () and a new

composite function ¥ (-) = V o v™! (+) to rewrite future felicity as follows:

vin ) = vert{ [veut | [ug+ roar @10 ac o)
of [o1@onac o). )

Equation (9) expresses future felicity as a transformation of the second-order expected future
utility [o ¢ [U (s;6)] dG (f). Under this formulation, the consumer’s lifetime utility is a nonlinear
aggregate of current-period felicity V (¢1) and [g @ [U (s;0)] dG (6). This is similar in spirit to the
Kreps-Porteus representation in Kimball and Weil (2009, p.248).

The second alternative expression of V' [M, (s)] involves a new variable:

()= 07 { [ ov 016 )}, (10)

"®The original expression V' [M, (s)], on the other hand, is in the same spirit as Selden’s representation [see Kimball
and Weil (2009, p.248)].

11



which is the certainty equivalent of the first-order expected utility profile {U (s;0) |6 € O} defined
using the composite function ¢ (-) .!9 Note that M, (s) is measured in utility units, while M, (s) is
measured in units of consumption. Using (3), (7) and ¢! (-) = uov~1 (), we can get u [M, (s)] =

My (s) . Define I'(-) = V ou~! (-). Then we can rewrite V [M,, (s)] as follows:

VM, (s)] = V ou~? [uovl {/@mU (5:0)] dG (H)H = I [M, (s)]. (11)

This alternative formulation expresses future felicity as a transformation of the certainty equivalent
My (s) . We now have three different but equivalent ways of expressing future felicity and also
lifetime utility function.?’ These form the basis of three different approaches in characterising
precautionary saving behaviour, which are detailed in Section 3.

The lifetime utility function in (8) can help unify three groups of studies in the precautionary
saving literature. The first group of studies [e.g., Osaki and Schlesinger (2014, Section 4) and Berger
(2014)] adopt the recursive smooth ambiguity preferences advanced by Klibanoff et al. (2009). This
specification is able to separate risk attitudes from ambiguity attitudes, but attitudes toward risk
and intertemporal substitution are confounded. The recursive smooth ambiguity preferences can

be recovered from (8) by setting V' (-) = u(-), so that

Wiea 6] = ulen)+guou{ [ v, (s0)aG )}

wey s { [ o] [w@rroar@io]acm}). a2

The second group of studies [e.g., Gollier (2001a, Section 20.3) and Kimball and Weil (2009)]
use the Selden/Kreps-Porteus (SKP) preferences which disentangle risk attitudes from attitudes
toward intertemporal substitution, but assume that the consumer is ambiguity-neutral. The SKP

preferences can be recovered from (8) by setting v (-) = u (-), i.e.,

W e, My (8)] = V (ex) + BV o u™? [ | [u@+rsar@ioace). (13)

M, (s)

By Assumptions Al and A2, ¢ (+) is continuous and strictly increasing. The continuity of ¢ (-) and the bound-
edness of U (s;0) for all (s;6) € [~b,w] x © ensures the existence of the expectation [ ¢ [U (s;0)]dG (0). A strictly
increasing ¢ (-) means that the inverse function ¢~' (-) is single-valued and strictly increasing. Hence, My (s) is
well-defined for all s € [—b,w]. In Appendix A.1, it is shown that the derivative of My (s) is well-defined and is
strictly positive under Assumptions Al and A2.

20While M, (s,0) and U (s,6) are ex ante evaluation of future consumption and future utility under a given first-
order condition, M, (s), My (s) and [ ¢ [U (s;0)] dG () are ex ante evaluations that take into account the consumer’s
entire belief system, i.e., all the first-order plausible distributions and their subjective likelihood as represented by

G().

12



In the above equation, M, (s) = M, (s) is the certainty equivalent of risky future consumption

associated with the compound probability distribution

H@):/@F@w)da(e), for all € Q.

The last group of studies [most notably, Kimball (1990)] use the expected-utility (EU) pref-
erences, which assume that the consumer is ambiguity-neutral and do not separate risk attitudes
from attitudes toward intertemporal substitution. The EU preferences correspond to the special

case when V () =u (-) = v (-) in (8). The consumer’s lifetime utility function then becomes

u(cl)—i-ﬁ/gu(gj—i— Rs)dH (y) .

In the absence of ambiguity, i.e., when G (-) is degenerate at some 0" € ©, the lifetime utility

in (8) becomes

Wer, My (s)] =V (¢1) + BV ou™? [/Qu(37+ Rs)dF (g7| 9T>] . (14)

Equation (14) is observationally equivalent to the lifetime utility of a consumer who has SKP
preferences and faces a pure future income risk drawn from the distribution F (ﬂ | HT) . There is,
however, a subtle difference between (13) and (14). If the consumer is ambiguity-neutral, then
M., (s) is computed using the compound probability distribution H (y) . If there is no ambiguity,
then M, (s) is computed using the distribution F (¥ | QT) , which needs not be the same as H (7).

Finally, if ambiguity is absent, then the recursive smooth ambiguity preferences in (12) becomes

W ler M, (9] = w(er) + 6 [ u(i+ Re)dP (7] 61). (15)

This is observationally equivalent to the lifetime utility of an expected-utility maximiser who faces

a pure future income risk drawn according to F' (g \ GT) 2t

2!The GRSA preferences considered here, however, do not cover the preferences considered in Leland (1968),
Sandmo (1970) and Peter (2019). The first two studies consider a consumer with expected utility preferences defined
over a non-separable vNM utility function of current and future consumption. Peter (2019) extends this type of
preferences to an environment with ambiguity.
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3 Analysis

Taking the risk-free return R > 0 as given, the consumer’s problem is to choose a feasible allocation
(c1,c2,$) so as to maximise his lifetime utility in (8). This problem can be succinctly expressed as

oa {V(w—s)+ BV M, (s)]}, (P1)

where M, (s) is defined in (7). Since the choice set is compact and the objective function is
continuous under Assumptions A1-A3, (P1) has at least one solution. These assumptions, however,
do not guarantee that the objective function is concave in the choice variable. A concave objective
function is desirable because it ensures that the first-order condition is sufficient to identify the
solution(s).2? If the objective function is strictly concave, then a unique solution exists. Uniqueness
of solution is useful in simplifying the subsequent comparative statics analysis.

With these considerations in mind, our task in this section is twofold: The first one is to derive
conditions under which the objective function in (P1) is strictly concave. The second task is to
provide conditions under which precautionary saving exists. The definition of precautionary saving

is made precise in the next subsection.

3.1 Precautionary Saving Motives

Suppose (P1) has a unique solution denoted by s% (this will be verified later). Precautionary
saving is defined by comparing this to the optimal savings in two other environments. In the first

one, future income is known with certainty. The consumer’s problem in this case is given by

max}{V(w—s) + 8V (p+ Rs)}, (P2)

sel-baw

where p > 0 is the mean of the compound distribution H (y). Since V (-) is continuous and
strictly concave under Assumption A3, (P2) has a unique solution denoted by s7,. In the second
environment, future income is drawn from the compound distribution H () without any ambiguity.
The consumption-saving problem now takes the form

max {V(w—s)+BVou_1 [/Qu(g+Rs)dH(g)”. (P3)

s€[—b,w]

*2Most, if not all, of the existing studies on precautionary saving (including this one) focus on the first-order
necessary condition of the consumption-saving problem. This approach is valid only if the first-order condition is
sufficient.
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This problem has a unique solution s%, which will be verified later.

Previous studies, such as Kimball (1990) and Kimball and Weil (2009), focus on the conditions
under which s > s7,. This means the consumer chooses to save more when facing a pure income
risk in the future period. This type of saving behaviour is referred to as risk prudence. Precaution-
ary saving can also arise due to the introduction of ambiguity, i.e., s% > s%. This type of saving
behaviour has become known as ambiguity prudence. Formally, ambiguity prudence refers to the
tendency to save more due to a mean-preserving spread in the distribution of U (s; ). Note that

the mean value of U (s; ) satisfies

/U(s;a)da(e):/u(g+Rs)dﬂ@.
©

Q

Hence, when defining ambiguity prudence, we compare s% to the optimal saving when the pure
income risk is drawn from the compound distribution H (y). It is also important to note that risk
prudence does not necessarily imply ambiguity prudence, and vice versa.

In the current section, we focus on the conditions under which s% > S*D.23 We refer to this as
mized prudence. In all of our results, a mixed-prudent consumer is also risk-prudent, but is not
necessarily ambiguity-prudent. If the consumer is both risk-prudent and ambiguity-prudent, i.e.,
§% > sp > sp, then mixed prudence is immediately implied. In this case, the additional savings
induced by mixed prudence can be expressed as a sum of those induced by risk prudence and

ambiguity prudence, i.e.,

*

§a—8p = (84— 5g) + (Sr = 5D)- (16)

(+) ()

Our Theorem 3 provides a set of conditions under which (16) is valid. Further discussions about

ambiguity prudence can be found in Section 4.1.

3.2 Main Results

In this subsection, we present three different approaches to establish the uniqueness of s’ and

to identify conditions under which s% > s7,. These approaches are based on the three equivalent

formulations of future felicity mentioned in Section 2. We begin with an outline of our strategy.
First note that the consumer’s felicity in the current period, V (w — s), is identical in (P1)-

(P3). This means the marginal cost of saving, V' (w — s), under any given value of s is identical

2 Obviously, there is an important difference between s% > sk and s% = s§. In the following analysis, we will
also mention the conditions under which precautionary saving is strictly positive.
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in all three problems. Hence, when comparing {s%, s}, s}, }, it suffice to focus on future felicity
alone. In particular, s > s7, if the marginal benefit of saving in (P1) exceed that in (P2).
In all three approaches, future felicity under ambiguity is expressed as the composition of two

suitably chosen functions: ® (-) and g4 (), so that

VM, (s)]=®[ga(s)], forallse[—buw. (17)

Likewise, future felicity in (P2) is expressed as the composition of ® (-) and another function gp (-),
so that

V(n+ Rs)=®[gp (s)], forallse[-buw]|. (18)

The choices of ® (-), ga (-) and gp (-) are summarised in Table 1.24 The first approach is motivated
by the formulation in (9), hence ® () corresponds to the composite function ¥ (-) = Vo v~ ()
and g (-) corresponds to the mapping s — [o ¢ [U (s;6)] dG (6) . The latter captures the effect of
savings on second-order expected future utility. The second approach uses the original expression
for future felicity, V' [M, (s)]. Hence, ® (-) in (17) now corresponds to V (-), and g4 (-) is defined
as the mapping s — M, (s), which captures the effect of savings on the second-order certainty
equivalent of future consumption. The third approach is motivated by the formulation in (11).
In all three cases, g4 () corresponds to an ez ante evaluation of future consumption or future
utility under ambiguity, gp (-) is its deterministic counterpart,?® and ® (-) captures the consumer’s
preferences on g4 (). Assumptions A1-A3 ensure that {®(-),g4 (:),gp (-)} are all continuously
differentiable, strictly increasing functions. In each approach, we will impose additional conditions

to ensure that ® (+) is also a concave function.

Table 1: Main Ingredients of the Three Approaches

® () g (s) 9D (s)
Approach #1 | W()=Vou l()  [,6[U(s0)]dG(0)  ¢ou(u+ Rs)
Approach #2 140 M, (s) 4+ Rs
Approach #3 | T()=Vou () M, (s) w (i + Rs)

The main advantage of this strategy is that when comparing s% to s7,, it suffice to focus on

*1The same strategy is used in Theorem 3 and Theorem 4 to establish ambiguity prudence, i.e., s% > sk.

?5n all three approaches, gp (-) can be derived from ga (-) in either one of the following two ways: (i) By assuming
that G (0) is degenerate at some 8" € © and F (7 | 67) is degenerate at . (i) By assuming that all the first-order
distributions in F are identical and degenerate at p.
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ga () and gp (+). The rationale is as follows: Based on (17) and (18), the marginal benefit of saving
in (P1) and (P2) are given by ® [g4 (s)] ¢4 (s) and @’ [gp (s)] ¢}, (), respectively. Hence, s% > s7,
if

@' [g4 (s)] g (5) = @"[gp ()] gp (s), forall s € [=b,w]. (19)

Since {® (), g4 (-),gp ()} are all strictly increasing functions, the derivatives in (19) are all strictly

positive. If, in addition, ®’ (-) is a decreasing function, then condition (19) is satisfied when
ga(s) < gp (s) and g4 (s) = gp (), (20)

for all s € [—b,w]. The conditions in (20) states that the consumer is mixed prudent if g4 (s)
is lower in level but more responsive to s (i.e., steeper as a function in s) than its deterministic
counterpart. This will then contribute to a higher marginal benefit of saving under ambiguity and

promote savings. We now discuss each of these three approaches in detail.

Approach #1

Under the first approach, the objective function in (P1) is rewritten as

() =V w9+ pe{ [ 610 0]a60) |

We first examine the conditions under which Il (-) is strictly concave. Since V (-) is strictly
concave by Assumption A3, it suffice to consider the consumer’s future felicity. The mapping s —
U{[o@[U (s;0)]dG ()} is concaveif u(-), ¢ (-) and ¥ (-) are all increasing concave functions. This
follows from the facts that (i) monotonicity and concavity are preserved by integration, and (ii) the
composition of two increasing concave functions is again increasing concave.? Under Assumptions
A1-A3, u(-) is strictly increasing and concave, and both ¢ (-) and W (-) are strictly increasing.
Hence, additional conditions are needed to ensure the concavity of ¢ (-) and ¥ (-). As shown in (6),
# (+) is concave if and only if v (-) is more concave than u (-) . By the same token, ¥ (-) = Vov ™! ()
is concave if and only if V (-) is more concave than v (-). Define Ay (¢) = —V” (¢) /V’(¢). Then

u(-), ¢(-) and ¥ (-) are all concave functions if and only if

Ay (¢) > Ay (¢) > Ay (¢) >0, for c>0. (21)

20The full argument is developed in the proof of Theorem 1.
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Taken together, Assumptions A1-A3 and (21) are sufficient to guarantee that II4 () is strictly
concave, which then ensures the uniqueness of s%. The conditions A, (-) > 0 and A, (-) > A, (+)
correspond to risk aversion and ambiguity aversion, respectively. If ambiguity is absent (or if the
consumer is ambiguity-neutral), then Ay (-) > A, (-) means that the consumer has a preference
for late resolution of intertemporal risk.?’

Under Approach #1, the first-order condition for (P1) is given by

V(—s>6\1ﬂ{/¢ (5:0)] dG (6 }/Rgb (5:0)] Us (51 0) dG (), (22)

®'[ga(s)] g'a(s)

where Us (s;0) is the derivative of U (s;6) with respect to s. Condition (22) will hold with strict
equality if s% is an interior solution, i.e., s% > —b. The right side of this condition reflects the
marginal benefit of saving. If this is outweighed by the marginal cost under every feasible value
of s, then the consumer will choose to exhaust the borrowing limit, i.e., s% = —b. The marginal
benefit of saving can be decomposed into two parts. The first part shows how a change in second-
order expected utility will affect future felicity. This corresponds to ®' [g4 (s)] in (19). The second
part shows how a change in s will affect the second-order expected utility, which corresponds to
gy (5) in (19).

On a similar vein, the deterministic saving problem (P2) can be rewritten as

Jax {V(w—s)+FU[goulp+Rs)l},

and the first-order condition is given by

Vi(w—s) > BY [pou(pu+ Rs)|Re [u(p+ Rs)|u' (1 + Rs). (23)

-~

®'[gp(s)] ap(s)

The consumer is mixed-prudent (i.e., s% > s7,) if the marginal benefit of saving in (P1) is no less

than that in (P2), i.e

{/¢ U (s;0)] dG (6 }/¢ U (5:0) U, (s;0) dG (0)

> Vpou(p+Rs)¢ [u(p+ Rs)|u (n+ Rs). (24)

Our first theorem provides a set of conditions under which (24) is valid. Unless otherwise stated,

*TThis implication may not be true in the presence of ambiguity. See Strzalecki (2013) for details.
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all proofs can be found in Appendix A.

Theorem 1 Suppose Assumptions A1-A8 are satisfied.

(i) If (21) is satisfied, then (P1) has a unique solution denoted by s%.

(i) If, in addition, both v (-) and v'(-) are convex functions, then s% > s%,.

Theorem 1 identifies five conditions [not counting the differentiability and monotonicity of
u(-), v(-) and V (-)] that are sufficient to establish mixed prudence. These are (I) risk aversion,
ie., A, (-) > 0; (II) ambiguity aversion, i.e., A, () > Ay, (:); (III) the concavity of ¥ (-), i.e.,
Ay (1) > A, (+); (IV) risk prudence as in Kimball (1990), i.e., the convexity of v’ (-); and (V) the
convexity of v’ (+). Conditions I and II together imply that the second-order expected utility is no

greater than its deterministic counterpart, i.e.,

/ (U (5:0)]dG (6) < dou(u+ Rs). (25)
e gp(s)
ga(s)

This follows immediately from Jensen’s inequality. Conditions I, IT, IV and V together ensure that
the ex ante evaluation of future utility is more responsive to changes in s than its deterministic

counterpart, i.e.,

/@ & U (5:0)] Us (5:0) dG (6) > B [u (1 + Rs)| ! (i + Rs). (26)

gp(s)

g'a(s)

As noted before, given the concavity of ¥ (-) (condition III), (25) and (26) are sufficient to deliver
(24).
We now explore further the economic meaning of the conditions in Theorem 1. Set ga(s) =

Jo @ U (5;0)]dG () and gp(s) = ¢ o u(u+ Rs), and rewrite the first-order condition in (22) as

. W (ga(s)]  fod [U (5:0)]Us (5:6) dG (6)
Vi =) = BGgn] * R lulut R (u + Bs)

TV
Discount Factor Effect Generalised Risk Prudence Effect

xRV [gp(s)] ¢' [u(p+ Rs)| ' (1 + Rs). (27)

MB of saving under certainty
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Equation (27) breaks down the marginal benefit of saving under ambiguity into that under certainty
and two additional factors. The first one is labelled as “discount factor effect.”?® To explain this

formally, define

If W (-) is a linear function, or if the consumer is ambiguity-neutral and risk-neutral so that g4(-) =
gp(+), then the discount factor effect is absent, i.e., E (-) = (. But for any risk-averse and ambiguity-
averse consumer with a concave W (-) [i.e., under conditions I, II and III in Theorem 1], 3 (s) > 3
for all s € [—b, w]. This works as if the consumer has become more patient under ambiguity, which
then induces the consumer to save more.

The second factor in (27) is essentially the ratio between ¢/4(s) and g, (s). If the consumer is

ambiguity-neutral, so that ¢ (-) is a constant function, then this ratio will be reduced to

Ga(s) _ Jou G+ Rs) dH (3)

g (s) uw' (1 + Rs) (28)

If ' () is convex, then any mean-preserving spread in the distribution of g will generate a higher
(expected) marginal utility of future consumption and promote saving. This is the same mechanism
behind the risk prudence result of Kimball (1990). Now consider the case when the consumer is

not ambiguity-neutral. Risk aversion (condition I) implies that for any s € [—b,w] and for any
0 €O,
U s:0) = [ G+ Rs)dF (716) < u(i(6) + Fs),
Q

where i (6) is the mean of F' (y | 0) . Risk prudence (condition IV), on the other hand, implies that
U, (5:0) = /QRu’ (i + Rs)dF (i 0) > Ru' [ji (0) + Rs).

Combining these and ambiguity aversion (condition II) gives
¢' U (5:0)] Us (s:0) > R [u (1i (0) + Rs)]u' (i (0) + Rs),

which is equivalent to

%¢ U (5:0)] > dii (6oulii(0)+ Rs)}, foranyfe 0. (29)

28 This is similar in spirit to the “timing of uncertainty effect” in Osaki and Schlesinger (2014, p.16).
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Equation (29) states that a mean-preserving spread in any first-order distribution F (y | 6) will
make ¢ [U (s;6)] more sensitive to changes in 5.2 This essentially generalises Kimball’s risk pru-
dence result to a concave transformation of (first-order) expected future utility. Note that ¢ o

u (i (0) + Rs) =v (1 (0) + Rs), which means
L ooulE0) + Re)k = v'[(6) + Rs].

Thus, by the convexity of v’ (-) (condition V),

[ {o0uE® + R)AG6) = [ E0)+ Rs)dG ()
e as e)

> V' (u+ Rs)=¢ [u(pn+ Rs)|u (u+ Rs). (30)

The inequality in (30) is again the risk prudence effect, but now applied on a consumer with
vNM utility function v (-) who faces a pure risk in 1 (6). Equation (26) can then be obtained by
combining (29) and (30). We use the term “generalised risk prudence effect” to reflect the interplay
between the convexity of u'(-) and that of v’ (-). This, alongside with the discount factor effect,
encourages the consumer to save more in (P1) than in (P2).

Our Theorem 1 encompasses at least four important special cases. The first one is the expected-
utility model which corresponds to the special case of V (-) = v(-) = u(-) in (8). Under these
restrictions, conditions I, IT and III in Theorem 1 are equivalent, while IV and V coincide. Unique-
ness of solution is guaranteed by the strict concavity of w (-), and precautionary saving exists if
u’ (+) is weakly convex (condition IV), which is the well-known result in Kimball (1990). In terms
of (27), the discount factor effect is absent (reduced to one) and the generalised risk prudence
effect is reduced to (28).

The second special case is the SKP preferences, which can be obtained by imposing ambiguity
neutrality, i.e., v(-) = w(-). In this case, conditions I and IV in Theorem 1 are equivalent to
IT and V, respectively. Conditions I, IIT and IV are then sufficient to ensure the existence of
precautionary saving. This is the risk prudence result of Gollier (2001a, p.300-302). Since the
consumer is ambiguity neutral, the generalised risk prudence effect is again reduced to (28). When
viewed through this lens, Gollier’s risk prudence result can be explained by a combination of

discount factor effect and Kimball’s risk prudence effect.

#The same argument remains valid if we compare F (7 | 6) to another non-degenerate distribution, say M (7| 6),
where F (g | 6) is a mean-preserving spread of M (y | ).

21



We now present two new special cases in which precautionary saving is strictly positive even
though «” (-) = 0. Suppose u (+) is quadratic so that

u(c) =ag+ aic— %02, (31)

for some real numbers g, @1 > 0 and as > 0. The main finding here is that if the consumer
is strictly risk-averse and strictly ambiguity-averse, then precautionary saving is strictly positive
even if «" (-) = 0. This result is formally stated in Corollary 1. An additional restriction on the
parameters {1, as, 7, w} is introduced to ensure u'(c;) > 0 and v’ (c2) > 0 under all feasible

values of s in (P1).

Corollary 1 Suppose Assumptions A2-A3 and oy > e max {y + Rw,w + b} are satisfied. Sup-
pose w (-) takes the quadratic form in (31), Ay () > A, () > Ay, (-) and V' (-) is convex. Then
5% > sh.

One implication of Theorem 1 and Corollary 1 is that a strictly positive third derivative of ¢ (-)
is sufficient but not necessary for mixed prudence. To see this, suppose both w (-) and v (-) are
thrice differentiable and have non-negative third-order derivative, i.e., v (-) > 0 and v" (-) > 0.
Then ¢ (-) is also thrice differentiable but ¢" (-) can be either positive-valued or negative-valued
(see Appendix A.1 for details). In other words, the conditions in Theorem 1 and Corollary 1 do
not imply ¢ (-) > 0. But, on the contrary, if ¢"’ (-) > 0 and «"” (-) > 0, then v’ (-) must be strictly
positive.

Finally, we revisit one of the special cases mentioned in the Introduction. The result is sum-
marised in Corollary 2. It states that if v () is strictly concave and v’ (+) is strictly convex, then
precautionary saving is strictly positive even if the consumer is risk-neutral. In other words, risk
aversion is also not necessary for mixed prudence. By setting u (¢) = ¢, the lifetime utility function

in (8) becomes

W len, M ()] = V (c1) + BV [v_l {/@ v[ii (0) + Rs]dG (G)H .

This shows that an ambiguity-averse but risk-neutral consumer who faces an ambiguous risk is
observationally equivalent to a risk-averse consumer with SKP preferences who faces a pure risk
in 11 (@) . Thus, mixed prudence under risk neutrality is observationally equivalent to risk prudence

under SKP preferences. This explains the result in Corollary 2, which is essentially the risk
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prudence result in Gollier (2001a, p.300-302) but with u () replaced by v (-).

Corollary 2 Suppose Assumptions A2 and A3 are satisfied. Suppose u(c) =c, Ay (-) > A, (+) >

0, and V' (-) is strictly convex. Then s% > s¥,.

Through Approach #1, we not only identify a set of sufficient conditions for mixed prudence, we
also show that neither risk aversion nor risk prudence are necessary for this type of precautionary
saving behaviour. A caveat of this approach is that the conditions in (21) are incompatible with
the recursive smooth ambiguity preferences put forward by Klibanoff et al. (2009) [which requires
V (-) =wu(-) # v (-)]. This prompts us to explore a different approach that can be applied to such

preferences, which is Approach #2.

Approach #2

Consider the objective function of (P1) in its original form, i.e.,

Ea(s) =V (w—s)+ BV [M,(s)].

Under Assumption A3, Z4 (s) is a concave function in s if the mapping s — M, (s) exhibits

concavity, i.e., for any s1, s2 € [—b, w| and for any a € [0, 1],

M, (s0) > aM, (s1) + (1 — a) M, (s2), (32)

where s, = as; + (1 — «) sg. Since M, (s) is itself a certainty equivalent of M, (s;6), this will also

require the concavity of M, (s;0), i.e.,

My, (sq;0) > aM,, (s1;6) + (1 — ) ML, (s2;0),  for any 6 € ©. (33)

The notion of concave certainty equivalent has been previously considered in Gollier (2001a,
p.322), Gollier (2001b, Lemma 5), , Hennessy and Lapan (2006, Proposition A) and Kimball and
Weil (2009, p.268-269). The necessary and sufficient condition for this property can be traced
back to Hardy et al. (1934, Theorem 106). In order to state this condition, we need to introduce
two additional notations. Define T, (¢) = —u/ (¢) /u” (¢) as the coefficient of risk tolerance of u (-),
which is the reciprocal of A, (¢) . Similarly, define 7, (¢) = —v' (¢) /v" (¢) . To ensure that 7, (-) and
7, () are well-defined and continuously differentiable, we adopt a stronger version of Assumptions

A1l and A2 in this part of the analysis.
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Assumption A1’ The function v : Ry — R is thrice continuously differentiable, strictly increas-

ing and strictly concave.

Assumption A2’ The function v : Ry — R is thrice continuously differentiable, strictly increas-

ing and strictly concave.

Lemma 1 states the conditions under which (32) and (33) are valid. The first part states that
the concavity of s — M, (s;6) is equivalent to the concavity of 7, () . This is essentially the same
result that appears in the aforementioned studies. The second part states that if both 7, (-) and
7, (+) are concave functions, then the concavity of M, (-) can be ensured. This is an extension of

the result in part (i).3® A complete detailed proof of Lemma 1 can be found in Appendix B.

Lemma 1 Suppose Assumptions A1’ and A2' are satisfied.

(i) For any 0 € ©, M,, (s;0) is a concave function in s if and only if T, (-) is a concave function.

(ii) If both T, (-) and 7, (-) are concave functions, then M, (-) is a concave function.

The assumption of a concave risk tolerance may sound restrictive at first, but it is satisfied
by the commonly used hyperbolic-absolute-risk-aversion (HARA) class of utility functions [e.g.,
quadratic utility functions, constant-absolute-risk-aversion (CARA) utility functions and constant-
relative-risk-aversion (CRRA) utility functions]. Recall that a defining feature of HARA utility
functions is a linear (hence weakly concave) risk tolerance. Thus, according to Lemma 1, if both
u () and v (+) belong to the HARA class, then M, () is a concave function. Our next result provides

a second set of sufficient conditions under which s% > s7,.

Theorem 2 Suppose Assumptions A1', A2' and A3 are satisfied.

(i) If both T, () and T, (-) are concave, then (P1) has a unique solution denoted by s%.
(ii) If, in addition, both T, (-) and T, (-) are increasing, then s% > s},.

There are two fundamental differences between the conditions in Theorem 1 and those in
Theorem 2. On the one hand, Theorem 2 does not require any specific ranking of Ay (), A, (+)

and Ay (+) . This means there is no restriction on the consumer’s ambiguity attitudes, and it does

30The concavity of T, (-) and 7, () here means that both 7, (-) and 7, (-) are decreasing functions. In particular,
7. (-) and T, (-) need not be twice differentiable globally. Hence, we only need to consider up to the third-order
derviative of u () and v (+).
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not require a preference for late resolution of temporal risk under SKP preferences. On the other
hand, Theorem 2 requires 7, (-) and 7, (-) to be increasing concave functions, which are stronger
than the assumption of convex v’ (-) and v’ (-) in Theorem 1.

We now explain the role played by each of the conditions in Theorem 2. First of all, the
concavity of 7, (-) and 7, (-) are only required to prove the uniqueness of s%. These conditions are
not used in the proof of part (ii). Under Approach #2, we set ®(-) =V (-), ga () = M, () and
gp (s) = (p+ Rs) in (19). Since V () is strictly increasing and strictly concave by Assumption
A3, 5% > s} is true if

M, (s) < pu+ Rs and M, (s) > R,

for any s € [—b, w], where M (s) is the derivative of M, (s) with respect to s. The first inequality
follows immediately from the concavity of u (-) and v (:). The second inequality is valid if both
7. (+) and 7, () are increasing, i.e., both w () and v (-) exhibit decreasing absolute risk aversion
(DARA).

Under this approach, the first-order condition of (P1) is given by

Vi(w=s) > BV'[M,(s)]M,(s)

V' M, (s)] M, (s) :
= f—— - RV R . 34
i+ rs) R < BVt Rs) (34)
N——— MB of saving under certainty

Discount Factor Effect Combined DARA Effect

Similar to (27), the right side of (34) expresses the marginal benefit of saving under ambiguity as
the product of the marginal benefit under certainty and two additional factors. The first one is
again labelled as “discount factor effect,” albeit it is defined differently from the one in Approach
#1. For any s € [—b, w], define B(s) according to
Bl9)=8 le(% (533) |

If V (-) is a linear function, or if the consumer is ambiguity-neutral and risk-neutral so that M, (s) =
i+ Rs, then B() = (. Butifu(-), v(-) and V (-) are all strictly concave functions as required in
Theorem 2, then B(s) > f.

The second factor in (34) is due to the DARA property of w(-) and v (-). If both w(-) and
v () are CARA utility functions, then this term will be reduced to one, i.e., M/ (s) = R. But if
both u () and v (-) are DARA utility functions, then M (s) > R for all s € [—b, w]. The reason is

as follows: By saving more in the current period, the consumer can expect to have higher future
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consumption in all possible states under all plausible first-order distributions of future income. If
u (-) exhibits DARA, then such an increase will lower the consumer’s risk aversion in the future
period and raise the certainty equivalent M, (s;#). Saving more also means that risky income (y)
will become less important than accumulated wealth (Rs) in the future period. Thus, when s is
sufficiently large, M, (s;0) will catch up with its deterministic counterpart 1z (6) + Rs from below
[since risk aversion implies M, (s;60) < 1t (0) + Rs]. This is possible only if M, (s;0) is increasing

at a faster rate than g () + Rs when s increases, i.e.,

SSM“ (s;0) > R,  for any given 6 € O. (35)

By the same token, if v () exhibits DARA, then as each M, (s;0) increases the consumer will
become less averse to the randomness in {M,, (s;0) | € ©}. As a result, M, (s) will catch up with
its deterministic counterpart (1 + Rs) from below by increasing at a faster rate, i.e., M (s) > R,
for any s € [—b,w|. Intuitively, M/, (s) can be interpreted as the marginal gain in risk-free future
consumption due to an increase in s, while R is the counterpart in the deterministic environment.
The condition M, (s) > R thus implies that it is more rewarding to save under ambiguity.
Theorem 2 encompasses at least three special cases which are of interest. First, as shown in
(13), if the consumer is ambiguity-neutral, then the lifetime utility function in (8) is observationally
equivalent to SKP preferences under a pure future income risk that is drawn according to H () .
In this case, a unique solution of (P1) exists if both V (-) and 7, (-) exhibits concavity; and
precautionary saving exists if u (+) exhibits DARA. These are the same conditions stated in Kimball
and Weil (2009, Propositions 1 and Proposition A3). Second, as shown in (12), if V' (-) = u (-) then
the lifetime utility function in (8) becomes the recursive smooth ambiguity aversion preferences
developed by Klibanoff et al. (2009). Thus, according to Theorem 2, if both 7, (-) and 7, (-)
are increasing concave functions then precautionary saving exists under this type of preferences.
Third, since Theorem 2 does not require any ranking of A, (¢) and A, (¢), precautionary saving
can exist even if the consumer is ambiguity-loving, i.e., A, (-) < A, (-) . This shows that ambiguity

: : * *
aversion is not necessary for s% > s7,.

Approach #3

We now present the third approach in characterising precautionary saving behaviour under am-
biguity. Using this approach, we are able to derive conditions under which the consumer is both

risk-prudent and ambiguity-prudent, i.e., s% > sp > sp.
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Under Approach #3, the objective function in (P1) is expressed as
Aa(s) =V (w—s)+ I [My (s)], (36)

where I' (-) = Vou™ (-) and My () is as defined in (10). Given Assumption A3, Ay (-) is strictly
concave if (i) I'(-) is increasing concave and (ii) the mapping s +— My (s) exhibits concavity.
Assumptions Al and A3 ensure that I'(-) is strictly increasing. It is concave if and only if V (-)
is more concave than u(-), i.e., Ay (-) > A, (). Using the same line of argument as in Lemma
1, My (-) is concave if the reciprocal of absolute ambiguity aversion 7y () = —¢' (-) /¢ (-) is a
concave function. This result is formally stated in Lemma 2, the proof of which can be found in

Appendix B.

Lemma 2 Suppose Assumptions A1, A2 and A, (-) > A, (-) are satisfied so that ¢" (-) < 0.

Then My () is a concave function if Ty (-) is concave.

The objective function in (P2) and (P3) can be similarly rewritten as
Ap(s)=V (w—s)+ Pl [u(p+ Rs)|,

Ar(s) =V (w—s)+ 0T [/Qu(ﬂ—FRs)dH@) .

Assumptions Al and A3, together with a concave I'(-), are enough to ensure that Ap (-) and
Ap (+) are strictly concave.

Our next result provides a set of sufficient conditions under which s% > s% > s7,. Unlike our
first two theorems, Theorem 3 requires an additional condition on the set of prior distributions,

which is stated in Assumption A4.

Assumption A4 For any continuous, increasing function 7 : 2 — R, the expected value

Jon (@) dF (] 6) is increasing in 6 on ©.

Assumption A4 is equivalent to saying that F (y | 61) is first-order stochastically dominated by
F (y|62) for any 6; < 62 in ©. To use the terminology of Topkis (1998, Section 3.9.2), F'(y | 0)
is stochastically increasing in # on © and F = {F (y | 0) : € O} is a collection of stochastically
increasing distribution functions. Similar assumptions have been used by Osaki and Schlesinger
(2014, Section 5), Berger (2014), Peter (2019) and Wang and Li (2020). Assumption A4 has

two immediate implications: Fix s € [—b,w]. Since u (g + Rs) is increasing in g, this assumption
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ensures that U (s;0) = [qu(y+ Rs)dF (| 0) is an increasing function in . By a similar token,
since o/ (J + Rs) is decreasing in y, U, (s;0) = [ Ru/ (J + Rs) dF (y | 0) is a decreasing function

in 0. The relevance of these properties will be explained later.

Theorem 3 Suppose Assumptions A1, A2 and A3 are satisfied.

i) If Ay (1) > Ay (*) and T4 (+) is a concave function, then (P1) has a unique solution denoted
(i) 6

by s%.

(ii) If, in addition, A, (-) > Ay (), T4 (+) ts an increasing function, v’ (-) is convex, and Assump-

tion A4 is satisfied, then s% > sp > sp.

Similar to the concavity of 7, (-) and 7, (-) in Theorem 2, the concavity of 7y (-) is only required
in the proof of part (i). Theorem 3 identifies six conditions that are sufficient to establish both risk
prudence and ambiguity prudence. This includes (A) the concavity of ' (-), i.e., Ay () > A, (+);
(B) u (-) is strictly increasing and concave; (C) strict ambiguity aversion, i.e., A, (-) > A, (+) ;! (D)
decreasing absolute ambiguity aversion, i.e., 74 (-) is increasing; (E) risk prudence as in Kimball
(1990), i.e., v’ (-) is convex; and (F) Assumption A4. We now explain the role played by each of
these conditions.

To start, the risk prudence result (i.e., s > s7,) holds if the marginal benefit of saving in (P3)

exceed that in (P2), i.e

I’ {/ﬂu(@]—i—Rs)dH(@}/Qu’("g]%—Rs)dH(@ZF'[u(u—i-Rs)]u’(,u—i-Rs).

Provided that I'(+) is concave (condition A), the above inequality is valid if

/Qu@—i-Rs)dH(gj)gu(u—i—Rs) and /Qu’(ﬂ—i—Rs)dH@)zu/(,u—i—Rs).

The first inequality is valid if and only if u (-) exhibits risk aversion (condition B). The second
inequality holds if and only if «’(-) is convex (condition E). Thus, conditions A, B and E in
Theorem 3 are enough to establish s7, > s7,. This is essentially the risk prudence result of Gollier

(2001a).

31 Strict ambiguity aversion is required only to ensure that ¢” (-) < 0 so that Ty (-) is well-defined.
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The ambiguity prudence result can be explained in a similar manner. Specifically, s > s}

holds if the marginal benefit of saving in (P1) exceed that in (P3), i.e.,

I’ M, (5)] M, () > T” [ /Q w (§ + Rs) dH @)} /Q R (§ + Rs) dH (§)

Given that I' (+) is strictly increasing and concave, this condition is satisfied if M (s) is lower in level
but more responsive to changes in s than its counterpart in (P3), which is [, u (y+ Rs)dH (7).

Formally, s% > s% holds if

My (s) < /Qu (y + Rs)dH (y) and M, (s) > /QRU, (y+ Rs)dH (y) . (37)

The first inequality follows immediately from ambiguity aversion (condition C). Since we are assum-
ing strict ambiguity aversion, this condition will hold with strict inequality. The second inequality
is the one that requires some elaboration. By saving more in the current period, the consumer can
expect a higher value U (s;6) under all plausible first-order distributions. This will in turn raise

the value of My, (s) . Formally, the derivative Mib (s) is given by

_ Jo# WU (5:0)]Us (5:6)dG (6)  Jo ¢ [U (5:6)]dG (6)
Jo @' U (s:0)]dG (6) ¢' [My (s)]

DAAA Effect

My (s) (38)

The first term on the right side of (38) captures the effect of s on a weighted average of
{U (s;0) | 0 € ©}, where the weights are determined by the consumer’s ambiguity preferences ¢ (-)
and second-order beliefs G (). The second term is related to the shape of the absolute ambiguity
aversion coefficient Ay (-) . We start with the meaning of the second term. Consider a hypothetical
scenario in which each U (s, #) is increased by the same infinitesimal amount £ > 0. This will raise

the certainty equivalent of {U (s;0) | 6 € ©} derived under ¢ (-) by

_ Jo @' U (5:0)]dG (6)
e=0 ¢' [My (s)] '

d% 6! {/@¢[U(s;9)+s} dG(@)}

If ¢ (+) exhibits DAAA (condition D), then such an increase will make the consumer less ambiguity-

averse. This will narrow the gap between ¢ { [ ¢ [U (s;6)]dG ()} and its counterpart in (P3),
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Le., [qu(y+ Rs)dH (y) . In other words, for any € > 0,

[+ roan @ -o7{ [ slv01a60)]
> /Qu@—l—Rs)dH@)—l—s—gb_l{/@gb[U(s;G)—l—s}dG(G)}.

Rearranging terms and dividing both sides by € > 0 gives

i{ {/¢ (5:0) + ] dG (0 } {/¢> U (s:0) dG()H

By taking the limit € — 0, this becomes

Jo ¢'[U (s:0)] dG (6)

T, (5] (39)

Thus, the DAAA effect in (38) tells us how much My, (s) will increase when all U (s; #) increase by
the same amount.
We now explain the first term on the right side of (38), which captures the differential effect

of s across different U (s;0). We first rewrite it as

Jo @' U (5;0)] Us (s;0) dG (6)
Jo @' U (5;0)]dG (6)

—/m@@owmwwx
(C]
where o (s;0) is a Radon-Nikodym derivative defined by

¢'[U (, 0)]
_feqb’[U :0)]dG (0)°

with /U(S;G)dG(H):
©

If the consumer is ambiguity-neutral, then ¢’ () is a positive constant and o (s;6) = 1 for all
(s;0) € [-b,w] x ©. In this case, the first term on the right side of (38) is simply the expected value
of Us (s;0) under the second-order distribution G (-). But if the consumer is strictly ambiguity-
averse (condition C), then o (s;6) is not a constant in general. Holding s fixed, a higher value
of o (s;60) means that the corresponding first-order distribution F' (¥ | #) is more important in the

32 To explain this more precisely, pick any #; and 6 in © so that

consumer’s decision process.
02 > 01. Assumption A4 implies that F'(y | 61) is less desirable than F' (y | 62) under the first-order

stochastic dominance (FOSD) criterion. In other words, it is less likely to draw a high value of

32 A similar Radon-Nikodym derivative also appears in Gollier [2011, Equation (8)]. Gollier interprets this deriva-
tive as a distortion to the consumer’s second-order beliefs.
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future income under F (y | 1) than under F' (y | 62) . Hence, the first-order expected utility U (s; 6)
is lower under 67 than under 6s. This, together with ambiguity aversion, implies ¢’ [U (s;601)] >
@' [U (s;02)] and o (s;01) > o (s;02) . At the same time, since savings are more valued when future
income is low, the marginal benefit of saving is greater under F' (y | 1) than under F (y | 62),
i.e., Us(s;01) > Us(s;62). Thus, when the consumer is deciding how much to save, she will put
greater importance on those first-order distributions that yield a higher marginal benefit of saving.
Consequently, the weighted average [g U (s;6) 0 (s;6)dG (6) will be greater than the expected
value [g Us (s;0)dG (0), i.e.,

/@Us (5:0) o (53 6) dG (6) z/

U, (5:0) dG (6) = / R (§ + Rs) dH (7). (40)
S

Q

Another way to derive (40) is by considering the covariance between ¢’ [U (s;0)] and Us (s;6).
Since both of them are decreasing functions in # under Assumption A4, they are comonotone and

have a positive covariance, i.e.,

[eweou oo | [ dusoco)|| [ venaco).

The condition in (40) can be obtained by rearranging terms.

The inequalities in (39) and (40) together establish the second inequality in (37). From this
discussion, it is clear that the only reason of having Assumption A4 is to generate a positive co-
variance between ¢’ [U (s;0)] and Us (s;0). Berger (2014, Proposition 2) and Osaki and Schlesinger
(2014, p.14-15) provide other assumptions can also achieve the same effect.

Our Theorem 3 is similar to the first part of Proposition 2 in Osaki and Schlesinger (2014), but
there are three non-trivial differences: First, Osaki and Schlesinger do not specify the conditions
under which the first-order condition of the consumer’s problem is sufficient to identify the optimal
level of savings. These conditions are explicitly stated in our Theorem 3. Second, they focus on the
recursive smooth ambiguity preferences developed by Klibanoff et al. (2009), which corresponds
to the case when V (-) = u (-) . Our Theorem 3 extends this to the more general case in which V' (+)
is an increasing concave transformation of u (-) . Finally, Osaki and Schlesinger do not explore the

connection among risk prudence, ambiguity prudence and mixed prudence.

31



4 Further Results

4.1 More on Ambiguity Prudence

A natural follow-up question to Theorem 3 is whether we can establish the ambiguity prudence
result without imposing any restrictions on the set of first-order distributions, as in our first two
approaches. In this subsection, we show that this is possible but at the expense of the generality
of u (-) . The result is formally stated in Theorem 4, which shares a resemblance with Proposition
1 in Berger (2014). Using the recursive smooth ambiguity preferences of Klibanoff et al. (2009)
[i.e., when V () = u () in (8)], Berger shows that the consumer is ambiguity-prudent if (i) ¢ (-)
is increasing and concave, (ii) ¢ (-) exhibits DAAA, and (iii) u (+) is either a linear function or an
exponential function (i.e., CARA). Using a modified version of Approach #2 (which now requires
ambiguity aversion), our Theorem 4 generalises Berger’s result in two ways: First, we generalise his
result to the case when V' (+) # u (+) . Second, we show that DAAA is overly sufficient for ambiguity
prudence. Instead, this can be replaced by a weaker condition, which is DARA of v (). To see

why this is true, differentiate Ag (v (c)) with respect to ¢ to get

Ay () = s AL () = A ()] + Au (0) Ao 2).

where = u (¢) . Suppose ¢ (-) exhibits ambiguity aversion so that Ay (-) > 0. Then A; (-) < 0 and
A, () = 0 (CARA utility) does not necessarily imply A (-) < 0. But if A) (-) <0 and A;, (-) =0,

then A, (-) < 0 must be true.

Theorem 4 Suppose u(-) exhibits constant absolute risk aversion so that T, (c) = Ty > 0 for

all ¢ >0, and Assumptions A2' and A3 are satisfied.

(i) If T, (-) is concave, then both (P1) and (P3) have a unique solution denoted by s% and s,

respectively.

(ii) If, in addition, T, (-) is an increasing function and ¢ (-) is concave, then s > s%.

The CARA assumption is useful because under this type of preferences, M, (s;6) and the
certainty equivalent under H (-), i.e., u=' [[u(§+ Rs)dH (y)] , are both linear functions in s.

Given that V' () is strictly increasing and strictly concave, s > s}, holds if

M, (s) < u™? [/u(g7+ Rs)dH () and M/ (s) > 1.
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The first inequality is valid under ambiguity aversion. The second inequality can be established
using the DARA property of v (-) alone.

Finally, since V' (-) is strictly increasing and strictly concave, and u (-) exhibits CARA, the risk
prudence result of Kimball and Weil (2009) remains valid here. Thus, the conditions in Theorem

4 also guarantee that sp > s7.

4.2 Non-Time-Separable Utility

In this subsection, we show that the results in Theorem 2 can be readily extended to a non-time-
separable version of GRSA preferences. Suppose now the consumer’s attitudes toward intertempo-
ral substitution is captured by a general aggregator function W : Ri — R. Let W; (¢1,c2) denote
the partial derivative of W (-) with respect to the ith argument, for ¢ € {1,2}, and W;; (c1, c2) be
the partial derivative of W (-) with respect to the jth argument, for i, 5 € {1,2}. The properties

of W are stated in Assumption A5, which will replace Assumption A3.

Assumption A5 The function W : Ri — R is twice continuously differentiable, strictly increas-
ing and jointly strictly concave in both arguments. In addition, W7 (c1, c2) /Wa (c1.¢2) is increasing

in ¢y for any ¢; > 0, and lim0W1 (c1,¢2) = oo for all cg > 0.

c1—
The main assumption here is that the marginal rate of substitution Wi (c1,c2) /Wa (c1.c2) is

increasing in cp for all ¢; > 0. This is true if and only if

Wia (c1, c2) B Wi (c1, ¢2) Waz (e1, c2)
Wy (1, c2) (W (c1, c2)]?

>0, (41)

for all (c1,c2) € Ri. Intuitively, this means any increase in ¢y will increase the marginal benefit
of ¢ relative to that of co. Holding other things constant, this will encourage the consumer to
substitute ¢y for ¢;. A sufficient condition for (41) is Wis (¢1,c2) > 0, for all (c1,c2) € ]R%_. The
limit condition in Assumption A5 ensures that it is never optimal to choose ¢; = 0.

The consumer’s lifetime utility is now given by W [ec1, M, (s)] and the consumption-saving
problem under ambiguity can be expressed as

max {W [w —s,M, (s)]}. (P4)

sE[—b,w]
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The deterministic version of (P4) is given by

rflal)x}{W(w—s,u—i-Rs)}. (P5)
se|—o,w

Since W (-) is continuous and jointly strictly concave in its arguments, if M, (s) satisfies the
concavity condition in (32), then the objective function in (P4) is continuous and strictly concave
in s. This ensures the existence of a unique solution for (P4), denoted by s%. The first-order
condition of (P4) can be expressed as

Wi [w — s,M, (s)] ,
Wy [w =3, M, ()] = "

(S) Y

which holds with equality if §% > —b. As for (P5), Assumption A5 alone is enough to ensure the

existence of a unique solution, denoted by s7,. The first-order condition of (P5) implies

Wi (w—s,u+ Rs)
Wy (w — s, 1+ Rs)

> R,

which holds with equality if 57, > —b.

L C e e
The consumer is mixed-prudent, i.e., s% > s7), if

Wi(w—s,u+ Rs) _ Wilw—s,M, (s)] ,
> >M >R 42
Wa(w—s,u+ Rs) — Walw—s,M,(s)] ~ o) 2 R (42)
for all s € [—b,w]. Since W1 (c1, c2) /W2 (c1.c2) is increasing in cg, the first inequality in (42) is
equivalent to

w4+ Rs > M, (s).

The intuition is as follows: Under Assumption A5, a higher future consumption in the deterministic
environment will encourage the consumer to substitute future consumption (cz) for more current
consumption (c1). This discourages saving in the deterministic environment. On the other hand,
M, (s) > R means that it is more rewarding to save under ambiguity. These two forces together
ensure s% > s7,.

Thus, similar to Approach #2 in Section 3, the consumer is mixed-prudent if M, (s) is lower
in level but more sensitive to changes in s than its deterministic counterpart. From this point
onward, the proof of s% > s}, and its interpretation are exactly the same as in Theorem 2. Thus,

by replacing Assumption A3 with A5, we can generalise Theorem 2 to a non-time-separable lifetime
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utility function. This is formally stated as Theorem 5 (the proof is omitted).

Theorem 5 Suppose Assumptions A1’', A2' and A5 are satisfied.

(i) If both T, (-) and T, (-) are concave, then both (P4) and (P5) have a unique solution, denoted

by s% and sp,, respectively.

(ii) If, in addition, both T, (-) and 7T, (-) are increasing, then s% > 57,.

5 Conclusions

In this paper we adopt a two-period model to analyse precautionary saving behaviour under am-
biguity. Our goal is to better understand the conditions that lead to precautionary saving in this
setting. To this end, we adopt the generalised recursive smooth ambiguity (GRSA) preferences of
Hayashi and Miao (2011) and distinguish between two types of precautionary saving motives under
ambiguity, namely mixed prudence and ambiguity prudence. Our first two major results show a
close connection between risk-prudence under Selden/Kreps-Porteus preferences and precautionary
saving under GRSA preferences. In particular, these results do not require any stochastic ordering
on the first-order probability distributions of future income. This type of ordering, however, is
needed in the analysis of ambiguity prudence.

We believe the methodology developed in this paper can also be useful in two other directions
of research. The first one is comparative statics analysis. For instance, under what conditions will
a more ambiguity-averse consumer save more in the presence of ambiguity? The second direction
is to analyse precautionary saving behaviour under other types of ambiguous risks, e.g., interest

rate risk. We plan to pursue these in future work.
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Appendix A

Al. Preliminaries

This subsection serves two purposes. First, it collects some preliminary known results that are

useful for subsequent proofs. Second, it verifies certain claims that we have made in the main text.

Properties of M, (s;0). For any (s;0) € [-b,w] x ©, M, (s;0) is implicitly defined by

w [M,, (5: 0)] E/Qu(g+ Rs)dF (| 0). (A1)

If w (-) is concave, then

w30 = [ u(G+ Rs) AP (516) < uli(0) + s

where 11 (6) is the expected value of y under F (y | #). Hence, we have M, (s;0) < 1 (0) + Rs.

Differentiating both sides of (A.1) with respect to s and rearranging terms give

2Mu(s;Q):I R

s i [ @+ R AF G 0) >0 (A2)

The denominator on the right side is non-zero as w(-) is strictly increasing, hence the partial
derivative is well-defined.

If w (-) exhibits decreasing absolute risk aversion (DARA), then —u’(+) is a concave transfor-
mation of u (-), or in other words, —u/ o u~!(-) is a concave function (Gollier, 2001a, p.25). It

follows that
M (5:0)] = — o u Uﬂu@+Rs)dF(g\ 9)] > —/Qu’ (i + Rs)dF (| 0)

= o [M, (5:0)] < /Q W (+ Rs)dF (7] 6). (A3)

Equations (A.2) and (A.3) together imply that, if u (-) is a DARA utility function, then %Mu (s;0) >
R, for all (s,0) € [—b, w] x O. By the same argument, if u () exhibits increasing absolute risk aver-

sion [resp., constant absolute risk aversion (CARA)], then %Mu (s;0) < R [resp., %Mu (s;0) = R].
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Properties of M, (s) For any s € [—b,w], the second-order certainty equivalent M, (s) is im-

plicitly defined by
0, ()] = [ v[ML (304G (6). (A.4)

If both w () and v () are concave, then by Jensen’s inequality

v [M, (s)]

/@v[Mu (5:0)] dG (6) < v [/@Mu (5:0) dG (9)]

v{/@)[ﬁ(9)+Rs]dG(6’)}.

The second line uses the fact that M, (s;0) < 1 (0) + Rs for all (s,0) . Hence, we have

IN

M, (s) < /@ i (0) + Rs| dG (6) = ju + Rs. (A5)

If both w () and v (+) are strictly concave, then (A.5) will hold with strict inequality. Differentiating

both sides of (A.4) with respect to s and rearranging terms give

! = 71 Ul S, g S,
1, 6) = o o B ()] | 0 s:0)] G 0).

The expression on the right is well-defined as v' [M, (s)] # 0. Substituting (A.2) into the above

equation gives

. B R Ul [Mu (8; 9)]
M, () =5 (M, (s)] /e u’ My (53 0)]

which is strictly positive if u (-) and v () are strictly increasing. The same expression can be

[/Qu/ (¥ + Rs)dF (¥ | 9)] dG (6) > 0, (A.6)

obtained if we write (A.4) as

UMAM=A¢W@@MG@

and differentiate both sides with respect to s. In particular, if we rewrite (4) as

for any x in the domain of u (-), then we can get

(M (

¢’ [U (s;0)] = m
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If v () exhibits decreasing absolute risk aversion, then

o M (5)] = —t 00! [ /@ v M, (s:0)] dG (9)] > /@ o ML, (5: 0)] dG (6)

= of M, ()] < /@ o M, (s:0)] dG (0) (A.8)

Properties of My (s). For any s € [—b, w], My (s) is implicitly defined by

6 [My (5)] = /@ 6[U (5:0)]dG (9) (A.9)

If ¢ (+) is increasing and concave, then by Jensen’s inequality

6 [M, ()] < [ /@ U (s:0) dG (9)}

:>M¢(8)§/

GU(S;H)dG(G):/u(g7+Rs)dH@) <u(u+ Rs). (A.10)

Q
The last inequality follows from the concavity of w (-). Differentiating both sides of (A.9) with

respect to s and rearranging terms give

PR S TN
M () = o o 1 50U (50 G 6).

This derivative is well-defined and strictly positive as ¢ (-) is strictly increasing. Using the same
line of argument as in (A.3) and (A.8), one can show that if ¢ (-) exhibits decreasing absolute

ambiguity aversion (DAAA), then

Jo @' U (s;6)] dG (6)
¢’ [M (s)

for all s € [—b,w].

—

This, however, is different from My (s) > 1.

Third-Order Derivative of ¢ (-) Suppose u(-) and v (-) [and hence ¢ (-)] are thrice differen-
tiable. We now show that «™ (-) > 0 and v" (-) > 0 do not necessarily imply ¢” (-) > 0. Recall the
expression in (5), which is

¢" () =
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for any x = u (¢) and ¢ > 0. Differentiating both sides with respect to ¢ and rearranging terms give

¢/II (x) — , 1 3 vll/ (C) _ ¢II (.T) u/ (C) ul/ (C) _ ¢I (x) u/// (C) _ 2“” (C/) (b 2(33) .
[ (c)] [ ()]
(+) (+) T

Suppose u (+), v (-) and ¢ (-) are all strictly increasing and concave functions. Then v" (-) = 0 and
u” () > 0 imply ¢ (-) < 0. If v (-) > 0 and " (-) > 0, then ¢ (-) can be either positive-valued
or negative-valued. But on the contrary, if "' (-) > 0 and v (-) > 0, then v’ (-) must be strictly

positive.

A.2 Proof of Theorem 1

Part (i) Asmentioned in the main text, it suffice to show that future felicity ¥ { [ ¢ [U (s; )] dG () }
is a concave function in s. Pick any s; and sp from [—b,w]. For any a € [0,1], define s, =
as1 + (1 — a) sg. Since monotonicity and concavity are preserved by integration, it follows from
Assumption Al that U (s;0) = [qu gu(y+ Rs)dF (y | 0) is strictly increasing and concave in s, for
any 6 € ©. Hence,

U (sq;0) > aU (s1;0) + (1 — a) U (s2;0) . (A.11)

Since ¢ (-) is strictly increasing and concave,

v

/ O U (50:0)] G (6) / 6ol (s1:0) + (1 — ) U (52:0)]dG ()
[C) [C)

Y

o [ 61U (si0)dG(0) + (1= a) [ (U (s2:0)]dG(6). (A.12
S (€]

By the same token, since V¥ (-) is strictly increasing and concave,

o [ suonac o)
va [ @uonace)+a-a [ ¢[U<sQ;e>]dG<e>}
a\Il{/GQS[U (s1;0)]dG (9)} (1—-a) {/ @ U (s2;6 (0)} (A.13)

This proves that future felicity is concave in s.

Y

v
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Part (ii) Set ga(s) = [g ] )] dG (0) and gp (s) = ¢pou(p+ Rs), for all s € [—b,w]. By

the concavity of ¢ () and u (+),

IN

94 (s) ¢U@U<s;e>d0<9>] =¢[/@u@+Rs>dH@

< ¢ouU®@+Rs)dH(m] = ¢ou(u+ Rs).

This proves g4 (s) < gp (s) for all s € [-b,w]. The derivative of g4 (-) is given by

di(s) = / ¢ [U (5:0)) Us (5:0) dG (0)

vy R ar
_ R/@u [MU(S,H)]/Q (5 + Rs)dF (510) dG (0). (A.14)

The second line uses (A.7) and the definition of U (s;6) . Since gp (s) = ¢ou (u+ Rs) = v (u+ Rs),

gp (s) = Rv' (u+ Rs). (A.15)

As shown in Section A.1, the concavity of w () implies M, (s;0) < n(0) + Rs, for all (s,0) €
[—b, z] x ©. Since v (+) is more concave than u (-) under ambiguity aversion, the ratio v’ (¢) /u’ (¢)

is a decreasing function in ¢. Combining these two observations gives

- By
By the convexity of ' (),
/S W (§+ Rs)dF (510) > o [fi (0) + Rs] > 0. (A7)
Substituting (A.16) and (A.17) into (A.14) yields
)> R / ) + Rs] dG ().
Finally, the convexity of v/ (-) implies
R [0 i(6) + Rl dG(6) 2/ (u-+ B) = g (). (A18)

This establishes ¢4 (s) > g, (s) and completes the proof of Theorem 1.
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A.3 Proof of Corollary 1

Given the quadratic utility function in (31), the marginal utility of consumption is non-negative

in both time periods and in all possible states if

ﬂ2104—@2111—320120, (A.19)
(6]

and

M S G+ Rw>j+Rs =0 >0,
(&%)}

for all s € [—b, z] , where 7 is the highest possible level of future income. This explains the additional
condition a3 > agmax {7+ Rw,w + b} . The inequality in (A.19) implies s > w — a1/aa. Note

that a1 > g (w + b) can be rewritten as

Hence, the feasible set of s remains the same as [—b, w]. There are now two possible scenarios for
s% @ either s% = w or w > s% > —b. In the first scenario, the desired result s% > s7, is trivially
true. In the second scenario, the first-order condition in (22) is again valid. The rest of the proof
focuses on this scenario.

Set g4 (s) = o @ [U (5;0)]dG (0) and gp (s) = ¢pou (u+ Rs). If both u (-) and ¢ (-) are strictly
concave, then as shown in the proof of Theorem 1 part (ii) ga (s) < gp (s) for any s € [—b, w].

Strict concavity of u (-) also implies
M, (s;0) < 1 (0) + Rs, for all (s,6) € [-b, 2] x O©.

Meanwhile, a strictly concave ¢ (-) means that v (¢) /u’ (¢) is a strictly decreasing function in c.

These two observations imply that the inequality in (A.16) will be strict, i.e.,

v' M, (5;0)] _ o'
o M, (5:0)] ~ o |

M, (
ML, (

Substituting this into (A.14) yields

’ o' [11(0) + Rs] !~ ~ _ o s
gA(s)>R/@W/Qu (y+R3)dF(y|9)dG(0)—R/® [ (0) + Rs]dG (0) .
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The equality uses the fact that «' (-) is linear, which means

/Qu' (i + Rs)dF (77| 0) = ' [ji (8) + Rs] .

The last step is to apply the convexity of v’ () as in (A.18). This proves that ¢/, (s) > ¢}, (s) and

establishes the result in Corollary 1.

A.4 Proof of Corollary 2

Set ga(s) = [o@[U (5;0)]dG (0) and gp (s) = ¢ou(u+ Rs). If u(c) = ¢ and v (-) is strictly

concave, then ¢ (+) is also strictly concave. It follows that
() <o|[visorico)|=o| [ [ G+ rar @106 -,
Risk neutrality also means that M, (s;0) = 1 (0) + Rs, for all (s,0) € [-b, z] x ©, and
¢ [U (5;0)] = v/ [My (5;0)] = v [1i (0) + Rs].
Substituting this into (A.14) gives

g4 (s) = R/@ V' [ (0) + Rs] dG (0) > Rv' </@ [ (0) + Rs|dG («9)) =gp(s).
The inequality follows from the strictly convexity of v’ (-) . This proves Corollary 2.

A.5 Proof of Theorem 2

Part (i) By Assumption A3, V (-) is a strictly concave function. By Lemma 1 part (ii), M, (s)
is a concave function in s if both 7, (-) and 7, (-) are concave functions. These two observations

together implies that =4 (+) is strictly concave.

Part (ii) As shown in (A.5), if both w (-) and v (-) are strictly concave, then M, (s) < u + Rs,

for all s € [—b, w]. Also, as shown in Section A.1, M/ (s) can be expressed as

! = 71 v’ S, g S;
Mv (8) - 'U, [Mv (S)] /@ [Mu ( 70)] |:88Mu ( ,9):| dG (0) :
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If u (+) exhibits DARA, then M, (s;0) > R for all (s,0) € [—b,w] x ©. Combining these two gives

M; (s) > R

> L o /@ o' M, (s:6)]dG (0) > R.

The second inequality follows from (A.8), which is based on the DARA property of v (-). This

completes the proof of Theorem 2.

A.6 Proof of Theorem 3

The proof of part (ii) has already been explained in the main text. Hence, we will only mention
the proof of part (i) in here. If Ay (-) > A, (-), then the composite function I' (-) is concave. This,
together with Lemma 2, ensures that the consumer’s future felicity I [My (s)] is a concave function

in s. The strict concavity of V () then implies that A4 (-) is strictly concave.

A.7 Proof of Theorem 4

Part (i) The uniqueness proof of s% is the same as in Theorem 2, hence we focus on the unique-

ness of s,. Under Approach #2, the objective function in (P3) can be expressed as

ER(S)EV(w—s)—i-,BV{ul Usu(sz)dﬂ@)H.

If u (+) exhibits CARA, then u™! [ [ u (§ 4+ Rs) dH (y)] is a linear function in Rs. This, together the
strictly concavity of V' (-) under Assumption A3, ensures that Zp (-) is a strictly concave function.

Hence, (P3) has a unique solution.

Part (ii) The desired result s% > s}, holds if and only if the marginal benefits of saving under

(P1) is greater than that under (P3), i.e.,

V' M, ()] ML, (s) > v'{u—l [/Su(g+ Rs)dH@)]}js{u_l [/Su(37+ Rs)dﬂ(m]}.

Given that V (+) is strictly increasing and concave, this condition holds if

M, (s) < u~! { /S w(§ + Rs) dH @)} , (A.20)

M. (s) > di {ul [/Su(g+ Rs)dH (m] } _R (A.21)
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Condition (A.20) follows immediately from ambiguity aversion. To see this, note that

v = o [vou [ [u@+raar o) G o
< vroveut | [ [u@+ roar @l 0)ac )]
= u! [/Su(g+Rs)dH(g)].

The second line uses the concavity of ¢ (-) = vou~!(-). The equality in (A.21) follows from the

CARA assumption for u (-). As shown in (A.6), the derivative of M, (s) is given by

R[OOI
M, )= e o e )] L, ¥ 0 R 4E 19| a6 0

Again by the CARA assumption for w (-),

1

e | RACAS SEIIT)

for all # € ©. Hence, the derivative of M, (s) can be simplified to become

S SRS
M, () = TR /@ (M, (5;0)] dG (6) (A.22)

The last step is to invoke the DARA property of v (-). In particular, combining (A.8) and (A.22)

gives (A.21). This completes the proof of Theorem 4.
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Appendix B: Concavity of Certainty Equivalent

This appendix provides a detailed and self-contained proof of Lemmas 1 and 2. We begin by

establishing an intermediate result, which is a variant of Theorem 106 in Hardy et al. (1934).

B.1 Preliminaries

For any positive integer J > 1, define a function ]T/fj : Ri — R, according to
N J
M (x)=u! iju ()] » (B.1)
j=1

where x = (x1,...,xy) € Ri, p; € [0,1] for each j, and Ejzlpj =1. M;f (x) is said to be concave

if for any x; and x in R, and for any a € [0, 1],

M (ox1 + (1 — ) x2) > aM (x1) + (1 — o) M (x2). (B.2)

Lemma A1l Let u : Ry — R be a thrice continuously differentiable, strictly increasing and

strictly concave function. Then the following statements are equivalent:

(i) Ty (c) = =/ (¢) /u” (¢) is a concave function.

(i) M; (x) is concave.

Proof of Lemma A1l To prove that (i) implies (ii), first rewrite equation (B.1) as
. 7
w M (0] = Y pyu(ay). (B.3)
j=1

Since u (+) is at least twice continuously differentiable, so is ]\7{{ (x). Let h; (x) be the derivative
of ]\7;{ (x) with respect to the ith element of x, and h; ; (x) be the derivative of h; (x) with respect
to the jth element of x. The Hessian matrix of M (x) is denoted by H (x) = [hi; (x)] for any
x € RY. The certainty equivalent MUJ (x) is concave if and only if H (x) is a negative semi-definite
matrix. We now show that H (x) is negative semi-definite if 7, (-) exhibits concavity.

Straightforward differentiation of (B.3) gives
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fori=1,...,J, and
o [z\?j (x)} hi (%) hy (%) + o/ [M;j (x)} hij(x) =0,  ifij. (B.6)
Combining (B.4) and (B.5) gives

R U GO N w [Mﬁ](x)} A (]2
i (%) pzu’ [Jf\\/[/{{ (X)] {u’ []\A/fz{ (x)] }3 [pl ( l)} ‘

Similarly, combining (B.4) and (B.6) gives
u [M (x)
{or [ 0]

Thus, for any @ = (wy,...,ws) € R/, we can write

hij (x) = — spipju’ (zi)u' (5).

w! H (x)w

Y B ke A N SN
Ju/l{]%] (Xﬂ {u, []\Z{ (X)} }3 {Zpﬂmu (a:y)]

' |3 () { L o ] {v|m
(wpenl) B T

Hence, =’ -H (x) = < 0 if and only if

([ce])” Sttt
u” [1\75 (x)] T YL piw (x)

, (B.7)

for any @ € R”. To see the connection between this and the concavity of 7, (-) . First, define an

auxiliary function ¥ : R — R4 according to
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Straightforward differentiation gives

u' [u—l (m)] u [u—l (m)]

{u" [t (m)]}*

¥(m)=2- =1-T, [u""(m)].

Since u~!(-) is strictly increasing, it follows that 7, () is weakly concave if and only if ¥ (-) is
weakly convex.

If ¥ (-) is weakly convex, then

u' [ M7 (x ’
VIR S

IN

J
> piT [u ()]
=1

J / 2
> i1 P (%‘)}

7 .
i1 P (x;)

J 2
_ [ ()]
= le Dj u' (z;)

The second line is obtained by using Jensen’s inequality. The third line follows from the definition of
Y (m) . The last inequality follows from the Cauchy-Schwartz inequality and the fact that " (-) < 0.
This proves that if 7, () is concave then the condition in (B.7) is satisfied and H (x) is negative
semi-definte.

To prove the necessity of a concave 7, (-) , suppose H (x) is negative semi-definite so that (B.7)

holds for all @ € R’. Set w; = v’ (z;) /u” (x;) for each j. Then (B.7) becomes

o' | M7 X) ’
zjgij(ﬁj) E{ {M( ” zj: ,,xj Zpg

u { MJ }
which proves that ¥ (+) is convex, and hence 7, (+) is concave. This completes the proof of Lemma

Al. H

B.2 Proof of Lemma 1

Part (i) Fix s € (=b,z) and 6 € O. Recall the definition of M, (s;8), i.e

U[Mu(S;Q)]:/QU@—FRs)dF@\@)-

In order to apply the result in Lemma Al, we first construct a discrete approximation for the

integral on the right side. For any positive integer J > 1, let {yo,¥1,...,4s} be an arbitrary
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partition of Q so that y = 7o < 71 < ... <Yy = 7. Define a set of probabilities {p1 (0),...,ps (0)}
according to

pj(0)=F(y;|0)— F(yj—1]0), foreachj>1.

The corresponding cumulative distribution function is denoted by F; (y | 0) = Z}‘le X; (v) F (y;]0),

where x; (y) = 1 if y € [gj-1,7;) and zero otherwise. Finally, define M;j (x) according to

J
M (x)=u™ D pi () u(z))|, (B.8)
j=1

where ; = y; + Rs for all j. Since Fj(y | #) converges pointwise to F' (y | §) as J approaches

infinity, we can get
J

nmEJy@uupzéu@+R@ﬂwmm,

J—o00

and by the continuity of u (), we can get

lim M/ (x) = M, (s;0) ,

J—o00

for each s € (—b,2) and 6 € ©.

By Lemma A1, if 7, (¢) = —u/ (¢) /u” (¢) is concave then M;j (x) satisfies the condition in (B.2).
Since x is a lincar function in s, it follows that M7 (x) is a concave function in s for cach J > 1.
Hence, {]\7{{ ()} forms a sequence of concave functions in s that converges pointwise to M,, (+; )
for any given 6 € ©. By Theorem 10.8 in Rockfellar (1970), the limiting function M, (-;#) must

be concave as well. This proves the desired result.

Part (ii) Let g1 : © — Ry and g2 : © — Ry be two continuous functions. Suppose 7, (¢) =
—v' (¢) /v” (¢) is a concave function. Using the same line of argument as in part (i), we can prove

that

- {/@ vlag (0) + (1— a) g2 (0)] dG (9)}
> a{ [oln@ac o)+ a-aot{ [ vmo1ico). (B.9)

for any v € [0,1] . Pick any s; # sa from [—b, w] and define s, = as; + (1 — a) s2. By the result in

part (i),
M, (8a;6) > aM, (s1;0) + (1 — a) M, (s9;6), forall @ € ©.
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Since both v (-) and v~! () are strictly increasing,

M, (Sa)

o [ o a0l ac o)
o [ oot (s1:6) 4 (1= )M (526 G ). (B.10)

v

Substituting g1 () = M,, (s1;0) and g2 () = M,, (s2;0) into (B.9) gives

b1 {/@v A, (51:0) + (1 — a)) Mo (59: 0)] dG (9)}

v

v {/@v[Mu (51:0)] dG (9)} +(1—a)! {/@v[Mu (59:0)] dG (9)}

= aM, (s1) + (1 — a) M, (s2) . (B.11)
The desired result follows by combining (B.10) and (B.11). This proves Lemma 1.

B.3 Proof of Lemma 2

The proof is similar in spirit to the proof of Lemma 1 part (ii). Let g; : © — R and g2 : © — R
be two continuous functions. Suppose Ty (z) = —¢' (z) /¢" (z) is a concave function. Using the

same line of argument as in part (i), we can prove that

o [ slon @)+ 1 - )z @1 ac )
> aot{ [omolicof+a-wot{ [omolicof. @

for any a € [0, 1] . Pick any s1 # s2 from [—b, w] and define s, = as; + (1 — a) s2. By the concavity
of u () ’
U(sq;0) > aU (s1;0) + (1 —a) U (s2;0), forall 6 € ©.

Since both ¢ (-) and ¢! (-) are strictly increasing,

) = o { [0l Guin]ac o)}

v

-1 : — S9: . .
¢ {/emw(sl,e)m >U<2,9>]dG<e>} (B.13)

Substituting g1 (0) = U (s1;60) and g2 () = U (s2;0) into (B.12) gives
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¢1{/@¢[aU(sl;9)+(1—a)U(32;9)] dG(H)}
ao [ sl eiolac @)+ a-wo{ [ oo o]

= oMy (s1) + (1 —a) Mg (s2) . (B.14)

v

The desired result can be obtained by combining (B.13) and (B.14). This completes the proof of

Lemma 2.
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