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Chapter 1

Static Optimization

Preliminary definitions = min/max.

Let z* € R", n > 1, r > 0, E C R", d(z,y) be a distance on R".
Two types of distance: (1) Euclidean distance=- d(z,y) = ||z — y||; (2)
Manhattan distance= d(z,y) = > (i — y;).

x* is called an interior point of E if and only if there is 7 > () such that
B(z*,r C E).

Take an open ball B(z*,r) centered at z*, with radius r = the set
{yld(z*,y) < r}, =* is the interior part of E, if Ir sit. (z*,r) C F &
¥ € into(E).

Local/relative maximum = f* attains a maximum or a minimum at
x* if 3 a neighbourhood V s.t. Vo € V dominium of f, f(x) < f(z*).

Global/absolute maximum = with strict inequalities.

1.1 Free Optimization
Let f: DCR" - R: 2z — f(x).

1.1.1 Real functions of one real variable (n=1)

THEOREM A.1.1: First order necessary condition: if f is differen-
tiable at #*, and z* is a local maximizer or minimizer of x, them f’(z*) = 0.

PROOF: for a maximizer = f attains a local maximum at z* = 3V s.t.
VeeV, f(Ve) < f(Va*). e =2"+h,h <r= f(x*+h)—f(z*) <0,Vh <.
R.H.S. lim>hﬁow = f(z*) <0 (Def. of a derivative).
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4 CHAPTER 1. STATIC OPTIMIZATION

L.HS. lim<haow <0=f'(z)>0 M
Remark. this is a necessary, not a sufficient condition!

THEOREM A.1.2: second order sufficient condition.

If f is C? in a neighborhood of z*, an interior point of D, and if z* is a
stationary point of f (& % = 0), then:

PROOF. f(z) = x*. Taylor expansion = f if C? in a neighbourhood
of z* = 30 € [0,1], f(z* + h) = f(z*) + hf'(z*) + $h2f"(z* + 6h). Re-
call that a second order Taylor expansion if f(y) = f(z) + (y — z) f'(z) —
$(y — z)2f"(C) = with an error term = C € [z,y] — f(z* + h) — f(2*) =
%th”(:L‘* + 6h) if h is small enough, because f” is continuous.

f"(x) > 0 by assumption = z* is a minimizer, Vh.l

THEOREM A.1.3. if f is continuously differentiable up to an order
n,(n > 2) and if for z* [ D, we have f'(z*) =0, f"(z*) =0, ..., f*"}(a*) =
0, f"(z*) = 0 = if n is even, a maximum occurs at z* if f”(z*) < 0. If n is
odd, f has neither a maximum nor a minimum at x*.

Idea: f(z*+h)— f(z*) =1, f"(«*)h"™ > 0, if n even.
Take some Taylor expansions:
- neven : A" f™(z* + 6 x h);
- n odd: h”f"(x +6).

1.1.2 Real functions of n(>1) real variables

THEOREM A.2.1: First order necessary conditions. Let z* [ D.
If f is differentiable at x*, if f attains a relative maximum at x*, then

(") =0,Vi=1,..,n (or vf(z*) =0).!

PROOF - for a maximum. If a maximum of f occurs at x*, an
interior point of D, then 3r > 0 such that Vz € B(x 1), flz) < f(z¥).
From there, Vi = 1,...,n: f(a}, 25, ..., 2] 1,2, T} 4, ..., 25) < f(z¥), Va; €
e} —ryaf 4+ [

The f.o.c. (theorem A.1.1) relative to functions of one variables can be
applied yielding
of

ox;

(@) =0i=1,..,n.0 (1.1)

! Differentiability of f is "too strong” as a condition, just 3 of the partial derivative is
needed.
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THEOREM A.2.2: Second order sufficient conditions. If f* is
C? in a neighborhood of z*, if z* is a stationary point of f and if:

(i) Hf(xz*) is positive definite = a relative maximum occurs (f is con-
vex);

(ii) H f(x*) is negative definite = a relative minimum occurs (f is con-
cave).

H f(2*) = the Hessian matrix of f at 2* = cross 2" partial derivatives.

Recall: a matrix is p.d. if all leading principal minors are > 0, or alls
eigenvalues are strictly > 0. Positive semi-definiteness = suppress ”strictly”.
Negative definiteness = if all minors alternate in sign (-) (4), thus are all
< 0.

Idea of the proof: Taylor expansion: (1) exact error term (justifies
that H f(z* 4 6h) stays positive forever); (2) (notes) generic error term goes
to zero faster that h does.

Global maxima (minima) = three ways:

1. A function that is continuous on a compact set (in R", this is equiv-
alent to a bounded and closed set), attains a global maximum and a global
minimum on that set. You can thus find maxima on a case by case basis,
ex. f(x) = 2%

2. If f € C? in his domain D, that is an open and convex subset of R”
= if f is strictly concave (convex) on D, and 7 f(2*) =0 = f has a global
maximum (minimum) at z*.

Reminders. Forn = 1 = f € C?(D), D open and convex (concave)
subset of R™, then f is concave (convex) if Vz € D, f"(z) < 0 (resp > 0).
Forn > 1= f € C?(D), D open and convex subset of R", then f is concave
if Ve € D, H f(x) is negative semidefinite.

Counterexample. f(z) = % is not continuous, closed and bounded.
On the contrary f(x) = e® is continuous, closed and unbounded: hence no
max nor min.
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1.2 Constrained Optimization

1.2.1 Real function of one variable, ”positivity constraints”

Let f:R — R: 2z — f(z), where f is differentiable. Problem:

max, f(z)s.t.z >0
ming f(z)s.t.x > 0.

Two types of maxima are possible:

1. at a point * > 0. Then, as before, we have f'(z) = 0;

2. at a point where x* = 0. Only the right side neighborhood of x* can
be taken into account and f must decrease (or increase) = f/, (z*) < 0
(>0).

Theorem A.2.1 - FONC. If f is differentiable at x*, an interior point
of D, and if local max (min) of f subject to x > 0 occurs at x*, then
¥ f'(x*) =0, 2* > 0 and f'(z*) <0 or (> 0).

Proof. As in the unconstrained case. B

Theorem A.2.2 - SOSC. If f is C? in the neighborhood of z*, interior
point of D, if * > 0 is a stationary point of f, then:

1. if f”(2*) > 0, a local min of f subject to = > 0 at z*.
2. if f”(z*) < 0, a local max of f subject to z > 0 at z*.
If 2* = 0, then:

1. if f/(z*) > 0, a local min of f subject to x > 0 at z*;
2. if f/(2*) < 0, a local max of f subject to z > 0 at z*.
Example. Optimize f(z) = 2% — 52 + 6 subject to x > 0.

e f(2) =0 2" (20 —5) =0

)
<:>x*:0<:>x*:§ (1.2)
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f"=2>0= 3 is alocal minimum.

1(0) = =5 < 0 = 0 is a local maximum.

1.2.2 Real functions of n(> 1) real variables - ”positivity con-
straints”

Problem. max,cpf(z) subject to x > 0, (Vi,z; > 0). Let f: D C
R" - R:z — f(x).

Theorem A.3.1 - FONC. If f is differentiable at =*, an interior point
of D, and if a max (min) of f subject to =0 occurs at x*, then Vi = 1,...,n,
of

(%) = 0,27 > 0, 2-(2") < 0(= 0),

Of

T —
' Oz

Remark. In some situations not all variables need to be restricted as
> 0. The positivity constraint holds for all z; > 0, Vi € {1,...,m} where
m < n. Then the necessary condition becomes:

m:‘gj; (z*)=0,Vi=1,..,n
Of (v _
o1, (z")=0,Ym #1,...n
x; >0,Vi=,...m
of
* < .
e <0 (13)

Theorem A.3.2 - SOSC If f is C? in the neighborhood of z*, an interior
point of D, then:

1. if 2* > 0 is a stationary point, then H f(z*) is a positive (negative)
definite matrix, f attains a local maximum (minimum) at z*.

2. If 2* = 0 is a stationary point, the if Vi = 1,...,n, g—{i(x*) >0, f
attains a local minimum at z* (resp. max).

Examples. a. f(z1,22) = 3x1 + 222 s.t. 1,22 > 0.
b. f(z1,72) = (21 — 1)? + (w2 — 2)? s.t. 21,22 > 0.
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Solutions. a.

232 1)) = 0
23(2(ah —2)) = 0
. (0,0)
of
4 = _1
el (0,0) <0
of
—J - _9
D2s (0,0) <0
= local max.
. (0,2)
of
—(0,2) = —1
e (0,2) <0
0% f
Hf =—%(0,2)=2>0
= saddle point.
. (1,0)
of
—(1 =4
8x1( ,0) <0

O*f
Hf=—5=2>0
! Ox2 ~

= saddle point.

1.2.3 Real functions of n(> 1) real variables subject to m < n
equality constraints

Let f:DCR" > R:2 — f(z),9, : D CR"™ - R: 2 — gx),
j=1,..,m,ceR™.
Problem. max,cp f(x) subject to gj(x) =¢;, Vi =1,...,m.
Theorem FONC - n=2, m=1 If f and g are C' in the neighborhood
of z*, an interior point of D, such that 7g(z*) # 0. If a max (min) of f
subject to g(z) = ¢ occurs at z*, then there exists a A* € R such that

V(@) =X v g(@). (1.4)
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In other words, we may set up a Lagrangian equation, containing the ob-
jective function and the constraint with attached a Lagrangian multiplier
A, L(z,\) = f(x) — Mg(x) — ¢) then we have A* € R ... and we have one

solution for A:
0 *
N = <8$f2(x )>
0 % :
Tj;(x )

It remains to show that this value of \* satisfies as well equation g of ( ) —
A 88 72-(z*) = 0. From the implicit function theorem, we know that we have
equation g(x) — ¢ = 0 verified by z*, this is equivalent to an equation xy =
h(z;) in the neighborhood of x*.

Furthermore, we know that h(z1) — ¢ = 0 and we have g(x1), h(z1) —c=0.

Differentiating both sides w.r.t. xi:

dg

o1 —( (21, h(x1))W (1) =0 (1.5)

s,
x1, h(xy)) + 373392

In particular this holds for z; = z7. So, function of one variables F'(z1) =
f(z1,h(x1)) attains an optlmum at =7, which is an interior point of D =
* g [2)
F'(z}) = 0 & g% (a7, h(z})) + 55 (o1, h(@}))W (2}) = 0. From [1] gL (") +
A*aa—xgz(:r*)h’(mf) = 0. Multiplying eq. [2] by A* and substituting eq. [4]
yields

99 , . Of
)\31‘1( ) — 8$1( *) = 0. (1.6)

Note. We may wish to give some economic interpretation to this La-
grangian multiplier A. Notice that 7f(z*) is tangent to yg(z*) and A is
just a coefficient multiplying it. If

—c)=f+Ac—g)
LOf 0N ag ON!
z; Oz; O ; dx dc

The optimal solution is a function that depends on ¢. We know that we
have g(z*) = ¢, hence agé ) = 1. And so & C( D= rxl= A, s0 A is the
impact of f when changing c. In economic terms, this means that A is the
shadow price that you are willing to pay to relax the constraint.
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Theorem 2 - SOSC. If f and g are C? in the neighborhood of z*, an
interior point of D such that \7g # 0 and such that the A(z,\) = f(z) —

Ag(x — ), then there exists A* € R such that 8A o (@1, A7) = gé; (x*,\*) =
0= oA
- o\
Then, the bordered Hessian matrix,
09 99
80 moom
g
det 87mi 8331 0x10x2 . (17)

0g2. 82/\ 92\
Oxo 8;1;2 Oxo0x1

If detH > 0, f attains a local maximum at z*; if detH < 0, then f reaches
a minimum at z*. Proof. Intuition: same as in Theorem 1, just applied to
F"(x1), where F(x1) = f(x1,h(x1)). First point exactly the same as thm 1.
Assume 8(9 (z*) # 0. Then set:

87331(961’ h(x7)) + 8762(3327 h(x3))h' (1) = 0. (1.8)
Fl(z1) =0+ Py (7, h(2])) + 87,2(961, h(z}))h' (27) = 0. (1.9)
Thus, (1.8) + (1.9)—\*, we get:
Fl(z1) = 5— (a7, h(2])) + (a7, h(2]))h' (27); (1.10)
81‘1 ox T2
differentiating both terms w.r.t. z, we get:
A 2 O’A oA
Fl/ — L (e * A * *\ /[ % Yok * 1/ %\12 A x *\ /[ ok )
(1) = G @A)+ Agra (A ) + G XYW G + G AR )
(1.11)

From (1.9) we have that h'(z}) = % # 0. Substituting this in

equation (1.11):

P dg , LA, PN e 09
F($1_[8652( 5k [[axg( )}axl( A = 20w, AN ) gy @)

(1.12)

The expression between brackets is the exact negative of the determinant
of the ”bordered Hessian” given in the Theorem 2.
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1.2.4 n>2 and m<n

FONC. Let f,g; : D CR" = R: 2z — f(z),9;(z),Vj =1,...,m and ¢ € R"™.
If fa and g are C' in a neighborhood of z*, and an interior point of D such
that the rank of the Jacobian matrix I, (the Jacobian matrix of the G;’s)
at 2* is m. If a max or a min of f subject to constraints g;(z) = ¢; occurs
at x* and if

Az, 2) = f(z) =D Aj(g;(x) —e), (1.13)
j=1
then
A
INeER™:Vi=1,...,n, 0 (x*,A*) = 0. (1.14)
Z?a:i
Note. The Jacobian:
Li=| 9 Gom | (1.15)

Proof. Exactly as in 1.2.3.a (Theorem 1, just until we have more con-
straints and more variables).

Theorem 2 - SOSC. If f and g are C? in a neighborhood of z*, be-
ing an interior point of D, at which the Jacobian is of rank n and s.t. if
Az, A) = f(z) =2 00 Aj(gj(z)—cj), there exists a A" € R™ s.t. Vi=1,...,m,
%(x*’ A)=0andifVj=1,...m g—)ﬁ(x*, A*) = 0. Then the bordered Hes-
sian, look like:

0 0,

0o 0 2o .

ox1 Oxn

0 0 9gm 9gm
H— * ) = ox1 Oxn 1.16
(@A) = aq dgm _O2A  _0°A (1.16)

8:)31 6$n Bmlaxj 81,83:]

g1 Ogm %A 9%A

8$1 aftn 8118% 8m28w3

If the n — m last principal minors alternate in sign and if |H,,1(z*, \*)|
has some sign as (—1)™*! then f attains a local maximum subject to the
constraint g;(x) = ¢; at .

If those principal minors all have the same sign as (—1)™*!, there is a
local minimum at z* subject to the constraint g;(x) = ¢;.

Without proof.
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1.2.5 Real functions of n > 1 variables and m < n equality
constraints and positivity constraints.

Teorem 1. Let f,g : D C R" — =z — f(z),g;(z) with g;(z) = ¢; and
x> 0. If f and g; are C? is the neighborhood of z*, is a n interior of D,
at which the Jacobian is of maximal rank (where the indexes i correspond
to those of strictly positive 2’s). If f subject to g;(z) = ¢; with j =1,....;m
and x > 0 attains a local maximum (minimum) at z*, then:

Az, \) = f(z) =) Ai(gi (@) — ¢j) (1.17)
j=1
, there exists A* € R” such that:
A
xi; gxl (z*,A*) =0
x; >0
oA
ox; ($ ’ ) =0
Vi=1,..,n.
No proof.

Example. Maximize U(x1,22) = (1 + x1)(1 4 x2) subject to 4zq +x2 =1
and z1 > 0, g > 0. Solution: A(z,A) = (1 + z1)(1 + z2) — AM(4x1 + 22 — 1),
which yields the following f.o.c.s z7(1+25—4X) =0, 25(1+27 —X) =0, and
4x% + x5 = 1. Rewrite this system of equations as: z}(2 — 4a] — 4\*) = 0,
(1—4z7)(14+27—-X) =0, and 25 = 1 —42]. ~ 1. 27 = 0 from first equation;
which implies that A* = 1; which means that 23 = 1= $2(0,1,1) = =2 < 0
and %(o, 1,1) = 0 < 0. Ok, local max. 2. zj = 1/4 from second equation
= X\ = 1/4 = x5 = 0 = positivity constraint ok. 2A(1/4,0,1/4) > 0,

oy
FA(1/4,0,1/4) = 0> 0 ~» local min. 3. 271/2 = (=1+4X)(3/2—2X) =0
= XN =1/4, x1 = 1/4, 2o = 0 or A = 3/4, 21 = —1/4 not good! 4.
T = :17 1‘1:07 $2:10r)\:3/4, $1:—1/4<0, not gOOd!

1.2.6 Real functions of n > 1 variables with inequality con-
straints (Kuhn and Tucker I).

Let f,gj : D CR® = R: 2 — f(x),g;(x), where b C R",Vi = 1,...,m. We
will look at the problem where m = 1. Problem: max,cp f(x) s.t. g(x) <b.
The essential breakthrough considering this problem came from Kuhn and
Tucker, who proposed to look at it as an equality constraint. This was
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because at that point, the equality constraint case was already known how
to be solved. They added a so called ”slack” variable z to the problem, which
reflects the difference between the left hand side and the right hand side of
the inequality constraint. Since, when g << 0, it will need to be brought
up to zero, and for this we need to add a positive quantity to the left hand
side. The result of the transformed problem is max,ep f(x)s.t.g(z) 4+ 22 = b.
(This subsection of the program is different than that of last year). Then
you can just set up a Lagrangian, A(x,\) = f(x) + A(b — g(z) — 22). Set of
variables is {z, z, A}. The F.O.C. are:

oA

oA

5y = =0

oA o

If A < 0, we have a problem ~» A > 0. Since the second F.O.C. is
equivalent to —Az2 = 0 (by multiplication of 2/2) we can incorporate the
third F.O.C. into this ~ Ag(x) = 0. Knowing that 22 = b— g(z), b assumed
to be zero ~ b > g(z) ~

fi=Xgi=0
Ag(z) =0
A>0

b > g().

Example. max,cpbrizs such that 221+ 1z < 10. Write the Lagrangian
as A = 6x122 + A\(10 — 221 — 23 — 22) — A > 0. Kuhn and Tucker condition
implies that g% = 0 = 622 — 2\ = 0 and 22 = 0 = 61 — A = 0,
also %—/Z‘ =0 = A10 — 221 —x2) = 0. So 2z1 + z2 < 10. Case 1:
A>0= 02 =220 =20 A£A0= 20 +1=0= 21 =2-5,
= x9 = 5. Check the inequality 2 x 2.5 + 5 < 10, ok, then f(2.5,5) > 0.
Case 2: A\ = 0 = x; = 9 = 0 and the inequality 2 x 0 + 0 < 10, ok,
£(0,0) =0.
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1.2.7 Real function of n > 1 variables with inequality con-
straints and positivity constraints (Kuhn and Tucker
IT).

Let f,g : D CR" - R: 2z — f(z),9;(x),7 = 1,....,m and ¢ € R™. If
f and g are C! in the neighborhood of z*, an interior point of D, such
that the Jacobian calculated in z* has maximum rank. If f subject to
the constraints g;j(z) — ¢; < 0 and & > 0 attains a max (min) at z* if
Az, \) = f(z) = 2271 Aj(gj(z) — ¢j). Then there exists \* € R™ such that
g—;\l(x*,)\*) <0, z; >0 and x;‘g—é\l(x*,)\*) =0. And g—g(w*,)\*) =0,2>0
and )\j%ﬁ(ac*,)\*) =0.

Example. Max, ,f(z,y) =2z +2y — 2% —y* s.t. x+y <1, and z,y > 0.
A(x,y,\) = 22+ 2y — 22 —y? — A(x +y— 1), take the first partial derivatives
w.r.t. to the different variables of the model and get z(2 — 2z — \) = 0;
y2—-2y—A) = 0; and AM(z +y — 1) = 0. Case 1: (0,0,0); case 2.
(0,0,z+y = 1) ~ contradiction; case 3. (0,1,0); case 4. (0,1,z+y =1) ~»
(0,1,0); case 5. 2—2x — A =0, A=0,y =0,z =0~ (1,0,0). case 6.
2—2x—A=0,y=0,z+y =1~ (1,0,0); case 7. 2—2—-\ =0, 2—-2y—\ =0,
A =0 ~ contradiction; case 8. 2 —2r —A=0,2—-2y—A=0,z+y =1,

1 (11
rT=Y=3, (5757 )

1.3 Errata corrige

Inequality constraints (Kuhn -Tucker). Equality max, f(z) s.t. g(z) — 22

.
b. Lagrangian A(z,\) = f(x) + A\b — g(z) — z2). FOC = % =0=
(b—g(z) —22) =0 = —[g(x) + 22— b = 0.



Chapter 2

Envelope Theorems and
Integrals

2.1 Integrals

In economics, we mainly use integrals for two purposes:

i. to compute the primitive of a given function, e.g. we have the marginal
profit and we want to reconstruct profit function to retrieve the state vari-
ables y(t). The fundamental theorem of calculus says that [ f(t)dt = F(x)
and F'(x) = f(z). We can go back and forth, using derivatives and inte-
grals. The only information that probably we lose is the additive constant,
allied constant of integration.

Note: i. to deal with the constant of integration you need boundary con-
dition; 7. it is needed that f is continuous to obtain differentiability of F'.
Example: f:x —=1if0 <z < 1;2ifl <z < 2.

We can compute the integral, given the property f;f = facf + fcb f. For
example, if f02 ft)dt = fol ft)dt + ff ft)dt = [t]§ + [2t]3. So, at each sep-
arate integral, we obtain a differentiable function. However, gluing the two
together gives us a non-differentiable function. And this is only at the point
1. F:t—tif0<t<land?2tif1 <t <2 Iffisnot continuous, cut it in
parts and remember that you can only obtain non differentiability in points
where you cut.

ii. The second application is to compute ”continuous sums”. In dynamic
optimization we often have to sum the y(¢) for any ¢ € 0,7]. This can
be seen as an infinite, continuous sum and to compute it we use inte-
grals fOTy(t)dt. So, for example consider, f; f(t)dt = surface between a
and b and f and the x-axis. Rienmann integral tells you that you have

15



16 CHAPTER 2. ENVELOPE THEOREMS AND INTEGRALS

to partition the integral into infinitesimal parts and then sum their areas
up in order to approach more and more the function and have less and
less empty spaces between the rectangles and the graph of the function.
Lower sums s(f,P) = Y.i"(x; — xj—1)inflz;_1,z;] or too big ~» upper
sum S(f,P) = > " (x; — xj—1)suplxi_1,x;]. A function is then said to
be Rienmann-integrable if and only if limps(f, P) = limpS(f, P), meaning
that approximations should tend to the same number.

Remarks: i. this method only works if and only if f is bounded. Other-
wise, the sum could be equal to oco; i. a strange way to reformulate the
surface is saying that you "add up the lines”.

Some properties: fab:facf—l-fcbf; f:k‘f:k‘fff; fffg#f:ffabgl

2.1.1 Main tricks for integral calculation.

i. Substitution. This is simply reformulating the integral such that you
recognize the primitive. E.g. we all know that [ eldt = e + te. But
first sight, [ (3t2 + 2t)et3+t2dt can seem complicated. We may simply in-
troduce a new variable y = t3 + 2, then dy = (3t + 2t)dt and so we get
[(3t% + 2t)et* 1 = [ evdy = eV + cte = et T 4 cte.

Remarks: i. it is not allowed to use y and ¢ at the same time; ii. normally,
you end the computation by going back to your original variable; iii. inspi-
ration for a good substitution comes from known integrals.

Exercises: 1. fol ﬁdt; 2. fol %dt.

1. Let g = t2+1~»dy—2tdt t=0~y=1,t=1~y =2
fol t2:—1 = 2 dy = [lny]f ln2

ii. Partial Integratlon 2 ThlS trick stems from of 1n51ght of takmg
differentials %(f(:v)g(ar)) = Do) + f@) %~ [ & @g() =
= d x) )+ [ f(z dz , then by the fundamental theorem of calculus we
have that f( )g ( ) fdf(x z) + [ f(x) d—;ﬂ and thus fM (x)dx =

— [ fl= d:]; So if your integral can be written as something
hke the l h.s., we can replace it by the r.h.s.
Example: ftetdt = [dtdt = e't — [elldt = ' — ¢! +c.
Note: this trick is often used is one has some exponential functions. Inspi-
ration come from the fact that you want to eliminate g by taking derivatives.
Example: fol sin(2nt)eldt ~ df = sin(2nt) ~ f = 5 cos2rt, thus g = €t

~+ dg = €, the original expression is equal to [2 cos(mt)e } + f 5 cos2mteldt,

!By chain rule, for composite functions you have ~ (fg)' = f'g + fg'.
2 Also known as integration by parts.
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recall that df = cos2nt ~» f = Qism%rt, then we get: [— %00827#61&](1) +
. 1 . 1
i“%sm?wtet]—fo 21 27rtetdt] = [(—icosth—l—ﬁstm)et]0—4712 0 3n L sin2rtetdt
1.
= fo sin(2nt)eldt = _1+1% (%61 — %)
47

2.1.2 Extensions
Improper Integrals

As a standard definition we use bounded functions on bounded intervals. As
such it is obvious that we will obtain a finite surface. But what if our time
horizon goes to infinity or our function is unbounded. E.g. fol %dt, floo !
fooo %dt. We can still compute integrals, we may simply may the functions
and integrals bounded by cutting off the interval and in a second step taking
limits. Exa@ple: fol %dt = lim‘aﬁo fal %dt = lim'aﬁxo Int]} =lim, 0 —Ina.
o t%dt = limg 400 ] t%dt = limg_ 400 [%] L= limg sy 0 (- % +1)=1.
Remark: so it can be an infinite or a finite number.
Exercise: [ %d:p with n # 1.
Slolutlon fo x" = fol z%d + foo lndx fol widx = limg,_s0 ﬁ +
fn fn ifn <1and = co if n > 1. On the other side fl xlndx =

—n+1 —n+41 .
limg_y 4 oo [{nﬂ} = limg— 400 “_nH + ﬁ = m ifn>1and = +oo if

n < 1.

Integrals with multiple variables

In a similar way as far as for simple variable functions you define lower and
upper sums, but you now have to partition a rectangle instead of an interval.

E.g. n =2~ [a1,b1]X[ag, ba]. Otherw1sef f f . f;”f (21, ooy T )dXp,y ..., dy.
Example: [! [}/(a2ty?)dydz = [ [a? y—I—y dde = [ (422481322 —9)dx =

Jo (@ + Fa)de =[5 + Fay = 3.

There is however a complication. Before it was natural to start from a given
interval, but now we start from several integration areas [ [ p [z, y)dydz.

As long as D is a bounded set, then it can be enclosed in a rectangle and

we can switch the integrals if we know that the function is continuous (=
Fubini’s Thm.). D can be sometimes called regular, which means that its
boundaries are functions. For example, having two functions y = 2z and

y = 22, you want to integrate over the domain lying between the two func-

tions. Yougetx—%andx—f D={(z,y)|0 <z <1,22<y<22}=
{(m,y)]0§y§1 <z <.y}t v{(z, y)\l<y<272 <z<1}.
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Note: i. The order is important! A volume is a number so the function in
the boundaries should be included in the inner integrals. ii. You have to
compute several times a simple integral. So intuitively the properties for the
simple integral hold here. iii. One exception, which is substitution. This
method becomes more complicated because you have to use the Jacobian
matrix.

Example: 1. f_ll fom @) dydy =z = rcosf and y = rsind ~ y =

cos —rsinf
sinf@ rcos6

] and dydx = |J|drdf = r(cos? 0 + sin? 0)drdf = rdrdf.

Then (*)(x) = fol Iy re™ dfdr = fol mre” dr = T[e”]
Compute [ [, feVdzdr ~ fol fy\/y se¥drdr = fol [
ldy = [e yHyLl) 0 gy = e~ 53— [9]y =

fo o 2 ze? dydx = fo fx e’ dy)d
Exerc1ses

1. 2 P3ef g,

2
% f;; sin txdt;
d%ll lnx( )th;

7 2t2+1
3 4t3+6t+5dt

[H@2t + 5)e* H3dt;

[ tntdt;

[ 2edat;

Jo e da;

fol f01 X+ W dyda;

10. [ [;(xty)dzdy with y = 3z and y = x.

=Z(e'-1).

1
0
1:269} vy

— 1. Second part is

[\elfe

© XN ok N

Resolutions:
1. %ffiietht = % ;etdt = %3[615][; = %(eb —e%) = —3¢%” | because
d% f; 3eldt = %3 fab e’ dt = —3eo

2
2. % ;2 sintxdt solve it by substitution assuming that u = tz, then
2z

2x
d e d e~ ul2 .
o Jp2 sin udu = 2= [— cos u] , = —[;] , or otherwise:

frj sin(tz)dt = [sinudu = 1] — cos(tm)];zx = 1[— cos(e*z) + cos(z?)].

€T
Formula for F:Rt" - R:z— [° efmti_eftdt (Hint: compute first a for-
mula for & dt , i.e. derive under the sign of integral')
Of(xt) _ [e %t—e=t7/ _ [e—%t e t1/ _ _ 1 11/ _
=== =1 =t ]—z[ "=

1 8$1 1 1 1 1t 1 t 1 71—t ewtoo ft
£ 2| = I S P — 1 et _ .
t [tezt et] T t2ert tet T tet [te” 1]  te t[ te® ] T telt - ert dt =
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xt

[4—*}00:9. féfF(x)z—%:F(a:)zlnx%—c. F(1) =c¢= ¢=0. Thus,

x 10 T

f0°°€ L gt

2.1.3 Leibniz’s rules

Namely, differentiation under the sign of integral.
Fundamental Theorem of Calculus. Let f [a,b] - R :z — f(x)
be a continuous function on [a,b]. Then, F(z) = [” f(t)dt is a primitive
of f(x), ie. F'(z) = f(z),Vz € [a,b]. To prove the theorem, we need the
following lemma (mean-value theorem). Lemma. Let f be continuous on
[a,b], then 3 a € € [a,b] such that [” f(t)dt = f(£)(a —b). Proof. Assume
m = infl,y f, M = supj,y f, and m < f < M, Yz € [a,b] = it holds
mb —a) < [Pft)dt < M(b—a) & m < 7 [Pf(t)dt < M. As [ is
Continuous it takes all the values between m and M = 3 a £ € [a,]] s.t.
e L F(tdt < (b—a)f() = [} f(t)dtD.
Proof of ‘the theorem Assume x €la, b[, let Az such that x4+ Ax €|a, b],
then F(z + Az) = [FP3 f(t)dt = F(x + Az) — F(z) = [T f(t)dt —
[Ff@dt = [T f)dt + [ @)t — [T f6)dt = [ f(t)dt. From the
lemma, x = f(§)(z + Ax — x) for some & € [z,x + Az]|. Then, F(x + Az) —
F(z) = Axf(€) = f(&) = FEIRY taking limits, lima, o 252D = f(2),
for &€ — x, since f is continuous. Same argument holds for Az < 0.
F'(z) = f(z) — Vz €la,b[— F'(z + Az). For v = a — FJ(z) and for
r=>b— F/(z).

Theorem 2. Let f : [a,b] = R : ¢t = f(t) be continuous on its domain.
Let u(xz) and v(x) be differentiable functions on [¢,d] < u,v : [¢,d] —
[a,b] : & — u(x),v(x) and L [0 f(t)dt = f'(v(@)v (@) — f'(u(z)(2)
Vx € [c¢,d]. Remark. This comes generalizing the former theorem: take
u(z) = a and v(z) = 7, Vo = L 5((5)) ft)dt = f(z)x' — f(a)d = f(x).
Proof. Let F(x) be a primitive for f. Then, h(z) = F(v(z)) — F(u(z)).
Also B (x) = F'(v(x))v' () — F'(u(z))u'(z)O.

Example. %f;;g 3t%dt. Two ways to solve this. (1) L [[2?]3 — (22 +
3)3] = 62° — 6(2z + 3)%. (2) Using theorem 2, we may proceed as follows
(32%)222 — 3(22 + 3)%2 = 62° — 6(2x + 3)%.

Remark. Sometimes way (1) doesn’t work. For example % Iy fetdt
doesn’t have a closed form solution.

Leibniz rule #1. Let f : [c,d] x [a,b] — R : (z,t) — f(x,t) be C! on
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[e,d] x [a,b]. Then, fbf (z,t)dt is differentiable on [c, d] and 2 f flz,t)d

JPO fla,tydt = [0 fo(x,t)dt.
Notes. (1) Actually, we only need f being C! w.r.t. x and continuous w.r.t.

t. (2) The proof uses the mean-value theorem of Lagrange.
Lemma. Let g : [a b] be continuous on [a, b], differentiable on |a,b[ such

that g(b) — g(a) = ¢'(€)(b — a) & 2Q=9) _ gr(g).

Proof. Let I(x) = f (( )) f(z,t)dt = I'(x) = limaz—0 w. Then,

Iz + Az) — I(z) = [ ;:2;) flx+ Az, t)dt — [ (( )) [z, t)dt = fa((x)) [f(z+
Az,t) —f(:c,t)]dt+fa(;)+Az) fz+ Az, t)dt — fb(gf)“’” f(x + Az, t)dt. Now
let’s analyse the single components of the latter equality. The first block
= f f(& t)(z + Az — z)dt for some & s.t. | — x| < Az (M. value). The
second block = f(z+Az)[b(x1+Az)—b(x)] for some § € [b(z)+b(x+Az)].

Finally, the third block is transformed analogously than the second one.
I(z+Ax) ( ) (23 _

limag 0 W = lima, fa(x) (f,t)dt — fa((j)) folz, t)dt, € € [z, 2 + Ax).

limag 0 42 = limag o f(z + Axg) EEEDE — p0 b)) (2).

. 3
limagz 0 %

= similar.

Leibniz rule #2. If f(z,t) is C! on [c,d] x [a,b], if a(z) and b(z)are C*
on [c,d] with values in [a, b] the / b((x) f(x,t)dt is differentiable on [c, d] and

Vo € [e,d] s a(w) = £ [0 Fa,tdt = [0 fo(w,t)dt + f(@, b(z)b (x) —
f(z,a(x))d (x ) Thls theorem is a fusion between the previous two.

Leibniz rule #3. Let f(z,t) € C° on [c,d] X [a,b], a, 8 € [a,b]. The

el f (x,t)dt is differentiable with respect to o and /5 on [a,b] = « and

2 [0 f(w.tydt = f(o, B). 2 J7 fla,t)dt — f(z,0).
Proof. example —> intuition.
3
Example. 7 f t2 (p* — t)]dt = (p*)*(p* — p*)3p* = [ ptdt + 3p(1 —
p) — nol

2.2 Envelope Theorems

In any optimization problem (constrained or not), if f involves some param-
eters, one could wonder how the optimal value of the function changes as
a function of the changes in the parameters. Let f(x, ) be C! for z € D,
an open subset of R, o € R*, v = (x1,...,2,), @ = aq,..., 5. For each «,
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consider the problem {max f’(z,«)}. Assume that z*(«) is a solution to
the problem of maximization, z*(a) is C*(a).

We have d%is = [f(z*(a),a)] = g—i(x*(a),a), for Vs = 1,...,S. Recall
d.

that the notation % differs from & because it is suitable for partial deriva-

tives, i.e. derivatives of functions of more than one variable.

Remark: only the direct effect of ag on f is important! Not the influ-
ence it has on z*(«).

Proof: V(a) = f(z*(a),a) = Vis Cl in a.

) . OV~ 0f(a*(a), ) 9zj(a) Of(z*(a),e) _ Of , .
f(.’IJ (Oé),.’I}n(Od),Oé) = ({')7045 = Z o7, 80[5 + 80(5 = 871'5('% (Oé),Oé).
(2.1)
Let f,g; € C' on D, open subset of R", ¢ € R". Assume z*(a) is
a solution of the problem max f(x,a) subject to g(x,a) = ¢;. Assume
z*(a), Aj(a) (Lagrangian multipliers) are C! on a = Jacobian matrix of

the constraints g—gi(m*(a), a) is of full column rank Vo. Then

i=1

81 F*(a),a] = jj

[z*(a), 0], s =1,..., S. (2.2)

The Lagrangian equation is then:

L(z,s,0) = f(z,a) = f(z,0) = Y Xj[(g:)(2,0) = ¢j]. (2.3)
i=1
Remark: Hotelling’s Lemma is a version of the general Envelope The-
orem.

Application: An efficient firm minimizes costs for a given output level.

The problem is Ming, »,(p121 + p2x2) = C(x1,x2) such that f(z1,22) =y

= 9C(z1,22) _ AL _ O(p1zi+peze—A(f(z1,22))—y) _ A
dy T 0y T Oy -

= )\ is the marginal cost of producing an additional unit of output or
the willingness to pay - shadow price - for an extra output.
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1 variable, 1 parameter = z*(«o) — 2* = 0(«).

x* = stationary point — %(w*(a), a)=0— gz—i(a:*(a), a)g—z—Fanizza)f(a:*, @)

62f *
_)@:@—_ zaa(r ’a)
do dow 02 f

822 (a% )



Chapter 3

Differential Equations

3.1 Introduction

Definition. A differential equation as being an equation of the type

F(t,y(t)y'(t),y"(t), ...,y (t))

The order of a differential equation is the highest order of differentiation
which appears in the equation. For example in

Y +3y +2=0

is of the second order. A solution to a differential equation is a function y(t)
verifying the equation. The differential equation is linear if

F(y,y.y, ) =y fa@®) + 3" fuci (@) + .+ 4 F1(E) + fo(t) =0

The degree of a differential equation is of the highest power of the highest
derivative, e.g.

y// + 4y/ + Y= 4~ degreel (31)
y"? + 4y"? + y = 4 ~» degree2

If F' is linear, then it is of degree 1.

Issues. (i) We want to find all the solutions that satisfy the equation.
(ii) Solve a Cauchy Problem: find a solution y(¢) meeting a set of initial
conditions y(to) = yo, v’ (to) = Yh, -, ¥ L(to) = ¥y, where yo, v}, ...yg‘_l
are given numbers. (iii) Solve a limit problem: find a solution y(¢) such that

y(to) = vo, y(tr) = yr, where yo, yr are given numbers.

23
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3.2 First order differential equations

3.2.1 Separable variables’ differential equations

Type ~ ¢/ (t) = f(t)g(y), with g(y) # 0, f,g € CY given. Method ~ % =

f(t). If y(t) is the solution in C!, then Z((f))d: ft) fti) Z(i(tt)) = ftzif(t)
Define y as y(t) ~ dy = y/(t)dt ~ y/(t) = § and y(to) = to & [ ¢ =
j;to f(t)dt. If we assumed that [ % =G(y) +cand [ f(t)dt = F(t) +c &

G(y) — G(yo) = F(t) — F(to). Example:

.t
= y#£0 3.2
Y 3y2,y7é (3.2)

3ty =t < 3(y(1)*y'(t) =t

t t
3/ y2y'dt:/ tdt
to to
Y t
/ yidy = / tdt

Yo to

Wl = 5l

2 2
poyg=L 1l
079 2

2 12
5 -2+l

y=[2 1

From there the solution of the differential equation which corresponds to
the Cauchy problem where we have the condition y(0) = 3 ~ ¢t = 0 ~

2 d d d
y(t) =[5 +27]"/3. Example: ¢ = —& ~ % = ¥ W= 2., fB=

—%f%dt-l—c. Iftg >0, 99 >0~ lny —Inyy = —%(lnt—lnto) ~s lnyl0 =

—3In %. If tg > 0, and yo < 0, ~ In(—y) — In(—yo) = —2(Int — Intg) ~
lnyﬁ0 = —%ln% sy = yo,/%.lf to < 0, y0 < 0orty <O0andyy >0
— always obtain y = ym/% but in each quadrant separately! Other

c oo 43 vy _ 43 ty _ rty3 Y dy _
example: y' = t°y, fory # 0 & L =t @fioy —ftotdt@fyoy =
4 4 13
fttot?’dt S lny —lnyy = % — %0 Sy = yoet?_fo, if y,y0 > 0. If y,y0 < O,
you get exactly the same solution. And so the general solution is given by
- 4 4 4
y = yoet?_%o = yoe_tfoe% = Letf,
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3.2.2 Homogeneous differential equations

Type y = F[Y] with F € C% t # 0 — F(t,y,y) = v —g(¥) = 0.

Method: substitution u = ¥ ~ ut =y ~ ' = vt +u ~ u't + v = F(u) ~

u' = 1[F(u) — u]. And we are back to the case of separable variables.
Y

Example 3y = —tQQJtrgQ, ty#0~ 19y = —12+ 4+ ~ homogeneous differential
t

2
e =

equation. Let u = ¥ ~wut =y ~ o =u't +t ~ 't +u = —
1r—1+4+u? /o 17143u? 2u _
=2 u]wu— dl 2u]W1+3u2“_

ot 1, qu _ 17, 143u2
equation ~» ft 1-|-3u2 u'dt = fto t fuo sz fto 5ln 1+3u2

1
—Int + Inty ~ Gigzg)s =t ? = zla[(to) (14 3ud) —1] ~ y? =

%[(70) (1 + S(yo) ) — 1]. Example ¢ = %—i— g, with t,y # 0 and ¢,y >

~y' = 4 + ¥ ~» homogeneous differential equation. Let u = ¥ ~ ut = y ~
t

—% ~ separable differential

¢
y’:u/t—l—uwu’t—i-u:%—i—uwu/u:%wfttou’udt:ftto %dtwﬁfoudu:
ftt 2dt ~ L(u? —ud) = ln% ~u?=Int? —Int +ud =Int? + ¢~ y? =
t2(ln 2 + c) where ¢ = Int2 + 3.

3.2.3 Linear differential equation

The unknown function and its first derivative are of degree one (lagged to
the power of one). Type: 3 +u(t)y(t) = w(t), where u(t),w(t) € C° and we
denote this equation by [1]. Method: to find the general solution: general
solution of ¥ +u(t)y(t) = 0[2], the associated homogeneous equation + plus
a particular solution of the whole initial problem [1]. Let y1(¢) and ya(t) be
two potential solutions of [1]. We have that v/ (¢) + u(t)y1 = w(t). Taking
the difference between those two equations yields [y} (t) — y5(t) + u(t][y1 (t) +
y2(t)] = 0. From there, if we let y3(t) = y1(t) — y2(t) be a solution of our

homogeneous equation [2]. We have a general solution. Method: (i) solving
2] ¥'(t) +u(t)y(t) =0 < :—u(t)y@y—:—u(t). If u(t) # 0, we get
fdy:—f t)dt+c. Theny >0ory <0=In(+/-y) = — [u(t)dt+c=

+/—y=¢e f Bdtte — o — ke~ Juldtte which is the general solution
of [2] with £ > 0,k < 0. (ii) Finding a particular solution of [1], we have
to methods: (1) particular solution method; (2) variations of constants’
method.

Particular solution method. We assume that u(t) = a(€ R) = this
makes the linear differential equation with constant coefficient. Thus we
have v + ay = w(t), a # 0. If w(t) = P,(t) (polynomial of degree n)
then y(t) = Qn(t). If w(t) = P,(t)e then y(t) = Qn(t)e if a # —c or
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y(t) = Qu(t)e if a = —c. If w(t) = Py,(t)ectlAcosat+Bsinat] thep 4(t) =
Qn(t)e[ky cos at + ko sin at].

Variation of constants. The general solution of [2] is of the following form
y(t) = ko(t) where ¢(t) is a solution to y'(t) + tu(t)y(t) = 0. One assumes
that a particular solution of [1] is y = k(¢)¢(t). And so by differentiating and
substituting it in [1], a function k(t) is determined and hence a particular
solution sod [1] is found. We have y = k(t)p(t) ~ ¢/ = K (¢)p(t) + k(t)d'(¢).
Substituting in ¢ +u(t)y = w(t) yields k' (¢)p(t) + k(t)d' (t) + u(t)k(t)p(t) =
w(t), the last two terms on the Lh.s. are equal to zero because ¢(t) is a

solution of [2] = K(t) = %3 = k() = [ 4 = yt) = [[ 4Hdt]e(®)

which is a particular solution of [1]. The general solution is therefore given
by y = ke~ Ju®)dt | [f w(t)ef u(t)dt]effu(t)dt.

Examples. (1) ¢’ +3y = 1 we denote it by [1]. 3 is the constant coefficient.
First step: set up a homogeneous D.E. ' + 3y = 0 which is our [2], for y # 0
sy =-3ye % =-3& hqyl0 = 3t + 43ty & y = yoe 3T & ¢y =
Le™3'. Second step: finding a particular solution ~» particular solution
method: w(t) =1~ y(t) = a(€ R). If y = a ~ ' = 0. Substituting in
M~y +3y=1~0+3a=1~a= % From this, we have the following
general solution y(t) = Le™3! + % Variation of constants: From solving
[2], we have that y(t) = Le™3'. So we assume for the particular solution of
[1] that y = L(t)e 3t ~ ¢/ = L'(t)e™3t — 3L(t)e 3. Substitution in [1] ~
L'(t)e™3t —3L(t)e 3t + 3L(t)e 3! = 0, the second two terms of the Lh.s. are
equal to zero by definition, thus L'(t)e™ =1~ L/(t) = €3 ~ L(t) = L.
And so the general solution for [1] is y(t) = Le 3 + Le3te™3 = Le™3' + 1.
(2) v + 2ty = t which is our equation [1]. We solve first for 3 + 2ty =
0~ L= 2 In 2 = 2+t oy = Yoe U8 s y = ke~t". Here,
differently that in the previous example, we may use only the variation
of constants method. Let us assume that a particular solution of [1] is
given by y(t) = k(t)e=**. From there we have that k'(t)e~" = ¢, which
implies that £'(t) = tet” ~ k(t) = etZ%, by integrating without putting any
constants neither boundaries, just because we are interested in only one

solution. A particular solution to [1] is y = %etze_t2 Sy = % And so the

general solution is given by y(t) = ket + %

(3) ¥ — 1y =t is our [1] with y(1) = 2. Homogeneous D.E. is y/ — 1y =0
S L1 e _ _
which is our [2]. We solve [2] ~ & = ¢ ~InL =Ing ~y = Lt = kt.
Variation of constants: y = k(¢)t is a particular solution of [1]. ¢/(t) =
K'(t)t + k(t) ~ substitute this in [1]: &/ (t)t + k(t) — Th(t)t ~ K/ (t)t =t ~
K'(t) =1~ k(t) = t and so y,(t) = tt = t2. Finally, the general solution is
y(t) = kt+t2. Solving the Cauchy problem yields y(1) =2 =k+1~ k =1,
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the unique solution of all the problem verifying the initial condition.

3.2.4 Differential equations reducible to linear equations (Bernoulli)

Type tu(t)y = w(t)y™ where m € R except {0,1}, u(t), w(t) € C°. Note
that if m = 0, then we are in the setting of separable D.E.; if m = 1, then
we are in the case of linear D.E. Method: obviously y(t) = 0V¢ is a solution.

y(t) # 0, we divide our equation be y™ ~~ yim + ;:L(f)l =w(t) gy ™+
u(t)y!™™ = w(t). Substitute y'™™ = z = (t) = (1 — m)y "™ (t)y(t) =
A u(t)z(t) = w(t) & (1) + (1 — m)u(t)z(t) = (1 —m)u(t) if m # 1.
And this is a linear differential equation (see previous subsection).

Example. ¢ + ty = 3ty?

e y(t) = 0Vt is a solution
e y(t) # 0, divide by y? and so we have y% + 5 = 3t.

Letz:yfl':>,é: —y 2 = A4tz =3t & itz = —3t(:>2,é:
t(z—3) & Z5 =t for z # 3. If so, thenis z >3 = In(z —3) = 5 +¢,

2 2
with ¢ € R, Rightarrowz — 3 = eTTe = 2 = ke + 3, for k > 0. If
2
z2<3=1InB-2) = % e z=ke? +3, with k < 0. General solution

2
z=tz—3)isz = ke + 3. Therefore y(t) = —3—, with the conditions
ke2 43

2
that k # —3e7.
Example. y + %y =193,

e y(t) = OVt is a solution

oy(t)#0:>y%+%y%:1.

Take z = y% = z = ;—gy = —%z’+%z =1= z‘—%z = —2, where
we set —2 = u(t) and —2 = w(t). Homogeneous differential equation:
t-2z=0=%2=2= In= = ln(%)? Variation of constants for the

particular solution: z, = ()12 = 2, = kt> 42tk = k(t)t>+k(t)2t —2k(t)t =
S h(1) = B s (1) = o ) = 2 5 =20 S0yt = L= L
where (2t + kt?) # 0.

3.2.5 Exact differential equations

In general, any first-order differential equation may be written as

M(t,y)dt + N(t,y)dy = 0
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where M, N € C'. The differential equation M (t,y)dt + N(t,y)dy = 0 is
called exact, meaning that there exists a function u(t,y) with differential
du(t,y),

ou ou

9u g4 94y
ot o,

And so % M and %Z = N. This implies that u(t,y) = constant so
that du(t,y) = 0. The quantity du(t,y) is called ”exact”, ”perfect” or
"total” differential. Test for exactness: a necessary and sufficient condition

for differential eq. M (¢,y)dt + N(t,y)dy = 0 to be exact is that
oM  ON
y ot

Method: how can you find a solution for u(¢,y)?

)Letuty [M(ty)dt+ (y) — (% = M(t,y)).

(1
(2) 5o = N(t.y) = 5[] M(t,y)dt)o(y).

(3) Slmphfy and solve for ¢(y).

(4) Substitute ¢(y) in the expression of the first step (1) and set it equal to

du(t,y) =

= this is the solution!

Remarks. You can as well do it using in (1) %Z = N(t,y) — u =

[ N(t,y)dt+¢(t) and then in step (2) 24 = M(t,y) and then you solve. Sep—
arable differential equation is exact, i.e. y— f(t)g(y) =0 & 5 dy f(t)dt

o)
0. So %—]yw = 85{/(0 =0= ? = %—]2[ = test ok! So we checked that a sep-
arable variable equation is nothing but a specific type of exact first order
differential equation.

Example. (2t?+3y)dt+ (3t+y—1)dy, where the first polynomial is M (¢, y)

and the second trinomial is our N(¢,y). Test: %—A; =3= 8N{§t :4)

We can rewrite the eq. in the following way: du(t,y) = (2t> + 3y)dt + (3t +
y — 1)dy. Then we have u(t,y) = [(2t> + 3y)dt + qb( )~ M(t,y) = 6“

Then, du(t,y) = § + 3yt + ¢(y). Instead, N(t,y) = 2458 = 3¢ + gy )
dy) =y—1= ¢y = iy —y +c, with ¢ € R. From there, u(t,y) =
E o 3yt+ L2 —y+e=tt 46yt +92— 2 = K, with k € R.

= exact.

If the differential equation M (t,y)dt + N(t,y)dy = 0 is not exact it still
might be possible to find a solution by finding a corresponding integrating
factor ~~ there exists some function ((y) such that

C(t,y)[Mdt + Ndy] = du(t,y)
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and((t,y) is called the integrating factor. And then the test for exactness is

QC(t, yIN(t,y).

= ()M (t) = o

oy

A few examples
oM OM _ON

A If ay s = f(t) then el FMdt ig an integrating factor, and if W =

—9(y), then el 9Wdy g an integrating factor. ae.ff(;;)dtM = 86ffa(?dtN
el TG — o[ fMdt ()N + e/ FOMET o G — O — f()N. B. If

M(t,y)dt + N(t,y)dy = 0 is a homogeneous differential equation and Mt +
Ny # 0, then MtJer is an integrating factor. C. If M (t,y)dt+ N (t,y)dy = 0
can be written as yf(t y)dt + tg(t,y)dy = 0, with f(t,y) # g(t,y), then
i ’y) GG = Ny i an integrating factor.

umerlcal examples.
1. (2 + y? + t)dt + tidy = 0, first therm is M (¢,y), second term equal to

OM _ON

N(t,y). Exact? 6M =2y # % aN = y ~ not exact! However, @ = % =
1= f(t)~ el f(t)dt as being the integrating factor. But ef dt — eint — ¢ if
t>0orem = —tist <0. Therefore —/ +t[(t> + y> + t)dt + tydy] =0.

For ¢t > 0: (t3 + %t + t2)dt + t2ydy = 0, first term being M and second
term being N. Exact ? aM = 2yt = & ~ exact! We have %1; = M(t,y) =

2 +y’t +t2 ~ u(t,y) = f(t3 +ty? +t2)dt +6(y) =T+ 52+ 5 +6(y).
N(t,y) = ay = yt? + (Z)( ), last term being equal to zero since ¢(y) = ¢, with
c € R. General solution is 3t* + 6y?t%> + 4t> = k, with k € R. For t < 0,
is the same just multiplying by —1 ~~ same result as k 6 R Switch roles,

N(t,y) = 5 y:‘u(ty) B+ ot). M(ty) = 3¢ = ty® + o(t) =
¢():t3+t2:>¢>()—4+ te=ult,y) = ty+t4+ +¢, and so the
solution is 6t2y? + 3t* + 413 = k, k € R.

2. 2t* +3y)y+ 4ty = 0 < (2t4 + 3y)dy + 4t3ydt = 0, where the first
term is equal to N(¢,y) and the second one to M(t,y). Exact? %—]\; =

OM _ ON

A3 £ & aN = 8t3, not exact! However 2L = —4%3 = —% = —g(y). So

el g(y)dy = el vd v — =y if y > 0 and —y if y < 0, this is the integrating factor.
For y > O: (2t4y + 3y?)dy + 4t3y%dt = 0, where the first term is N and

the second one is M. Exact? %—]\; = 83y = %7];’ v QU — 32 = (t y) =
ult,y) = [43y%dt + y) = t*y* + d(y); and G = N(t, y) = 2t'y + d(y) =
o(y) = > + ¢, with ¢ € R = u(t,y) = t*y? + y> + ¢ = general solution is
t4y? + 3 = k, with k € R.
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3.2.6 Nearly exact differential equations

F(t,y,y) = 0, assume the equatlon is of degree one, it can be rewritten as
M(t,y)y+N(t,y) =0. M(t, y) Y+ N(t,y) =0« M(t,y)dy+N(t,y)dt =0,
ie. du(t,y) = M(t,y)dy+ N(t, y)dt <:)> an implicit solution for it is u(t,y) =

k, for k € R. du(t,y) = a“ : (s y)dt+ (t y)dy. Consider t? + y* = cos(t) =
y=+/—+Vcost —t?isan 1mphc1t solutlon. When u(y, t)3 ~~ the differential
equation is said to be "exact”. A necessary and sufﬁcient condition for the

equation to be exact is that 6—M = 8—N M(t,y) = ay LEt,y) = %—]\t/[ = %(t,y)

and N(t,y) = %(y,t) = %—JZ = 8tay(t y), with 4 € C' and N,M € C'.

g—’; = M(t,y) = p(t,y) fM (t,y)dy + ¢(t), where ¢(t) is a constant,
and%‘;:N(ty)iuty = 8( tydy)—i-d)/(t), the goal is to
find ¢(t). Example 2(t? + 3y)dt
tion as 2% + 3y +3t —y — 1; 91
_— —

M (t,y)dt N(t,y)dy P
a—“(t y)=3t—y— 1 = u(t,y) = 3ty — % — y) + ¢(t). Then consider a two
equations’ system (t y) =3y + ¢ (t) and ( y) = M(t,y) = 2t> 4+ 3y ~
qb’():2t3<:>qz5()—7+cw1thc€R~»,u(t,y):3ty—%—y+%+c,
with C' € R, an implicit solution for this differential equation.
Remark. (i) If easier, switch the role of M and N = %’; = N(t,y) =
u(t,y) = [N(t,y)dt+¢(y) then determine ¢(y) and 6’; = M(t,y). (ii) In the
example any Cauchy problem will have exactly one solution, i.e. y(tg) = yo.
(iii) Separable equations are exact! ¢ = f(t)g(y) < % — fit)g(t) =0 <
dy—f(D)g(y)dt = 0= M(t,y) = 55 N(t,y) = —f(t) ~ 5~ f(t)g(t) = 0;
IM _ = IN

ot y
If the equation is exact, it is always possible to find an ”integrating factor”

&(t,y) such that &(¢,y) M (t,y)dy + &(t, y)N(t,y)dt = 0 is exact.
W(ty) = ft)dt + g(y)dy = 0 ~ exact equation. pu(t,y) = [ f(t)dt +
[y dy, just 1ntegrat1ng here, f1(t)g1(y)dt + fa(t)g2(y)dy = 0, where )

_ A0 7 L 1) A1)
and £ = ; ()f2(t) a@U+ Gy = 0 ulty) = [ fpdt +

fg;g;d If i ay = f(y) = ¢/ /W i5 an integrating factor. Proof.

eéff dyM(t,y)dy + e/ TN (t,y)dt = 0 is exact if é%/f[ef f(y)dyM(t,y)] =

& [l TN (8 )] = el IO f ()M (1,y) + T TODGL (1, y) = ] SO
[%—A;—Q—N] /M = — f(y).O If the equation is homogeneous, and My+Ny # 0,
then (Nt + My)~! is an integrating factor. If the equation is of the form:

(3t —y — 1)dy = 0, rewrite the equa-
3 = aN . Then proceed as follows ~

||+Q>\




3.3. EQUATIONS OF ORDER HIGHER THAN THE FIRST 31

yf(ty)dt + tg(t,y)dy = 0, with f(t,y)~(t,y) = ty(f(t,y) — g(t,y))"' =
(My + Nt)_1 is an integrating factor. Example. tydy + (t? +2 +t)dt

OM _ON

_ ot 9y . Y __ 1 =dt
where 2M — 7é = 2y. But 2% = Mo el 1 is an
integratlng factor” ﬁf| =tis f >0 and It|] = —tis f < 0 ~ equa-

tion becomes tiyﬁyi—i-(t?’ +y?ty +t3)dt = 0 and therefore ZM(t,y) —
M(t,y) N(ty)

n(ty) = [Mty)dy + o(t) = “ + o(t); BN(ty) = ty® + ¢'(t) ~

N(ty) = 8+ y2t+ 8 - ¢’() £+ 2 > o(t) = £ + 5 + ¢, with

ce R~ ,u(t y) =t y + —|— >+ ¢, with ¢ € R ~» implicit solution is

y(t) =1 y + L + +k WlthkeR

3.3 Equations of order higher than the first

Type: y™ () +a1y ™ 1(t)+ ...+ an_19 (t) +any(t) = 7(t1), with a,, € R,n >
1,¢ € C'. Recall that (n) stands for the highest order of differentiation of
a variable y(t) within the equation w.r.t. t. Therefore, 3y (t) = ¢ = d%—(tt);
yA(t) = o = diﬁgt); ...with a linear differential equation = Y = Yy +
Yp, where Y = general solution of the associated homogeneous equation
(characteristic equation) = replace ¢(t) by 0 and y = 1, ¢/ = x, ' = 22,

and so on = solve for x.

3.3.1 Second order differential equations

Type: 3" (t) + a1y (t) + a2y(t) = ¢(t) where ay,as € R and ¢ € C'. Solution
= a particular solution of the whole equation + a general solution of the
: : 1 / 2

associated homogeneous equation. E.g. y" — 5y '+ 6y =t"+2. 1. Yy =
é(t)

2?5346 =0=A=b—dc=25-24=1= 215 = VL = 372 (where

the general form for finding the two solutions of the charactenstlc equation

is just ax?+bx+c = 0, a second degree polynomial). Yy = A1t + Age? If
—_—— =
Y Yo

A =0or A < 0= we anyway have two solutions. 2.Yp = (at? + bt + c)t¥

a. Variation of constants;

b. Guess the solution.

b. Look at ¢(t) = Pn(t)e (A cos Bt+usin ft) = y, = Pn(t) e (A cos B+

polynomial of order n
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Bsingt)tF, k =7, if ¢(t) = > +2 = Py(t) C Yy = Py(t)th =
N——

polynomial of order 2
(at? + bt + c)t*, here b = 0. If you have a polynomial of order 2 = in ¢(t) =
then, also the particular solution will be a polynomial of the same order.
Goal — find a, b, ¢, k.
Now, we replace Yp in the original equation:
Yp — 5y;, + E?i]-)/ =12+ 2. k = 2 is the algebraic multiplicity

~— ~~
2a 5(2at+bt+c)  6(at?+bt+c)

of 0 in the characteristic equation = # of times you observe zero in the

solutions = zero times in our case. 2a — 10at — 5b+ 6at> +6bt +c = t2+2 =

find a,b,c=a=3 & 3 —2t—bb+t*+bt+c=at’ +ft+v=a2+bt+¢;

b= % and ¢ = %.

3. Y =Yy+Yp = Ae®'+ Be? + L2+ Zt+ 22 6at’+6bt—10at+2a—5b+6¢ =

6at’ =t? & q = é

t?42 resolve it in such a way: | 6bt — 10at = 0 < 6bt — ¥t = 0 < (6b —

2a —Bb+6c=2& 1*5*6 =6ce -4

Ex. " —y" +y —y = 2! = ¢(t) = 2¢.
1. V), = Aje' + Bsin(t) + Aj cos(t) = general solution.
P -?tr-1=0s22-D+r-1=0<22z-1)=—=2+1&
(37—1)(5624-1) =0 24=1Ax3 = —1/\%172 = +/—i =Yy = Al@t;YHQ =
Azelsin(t); Yz = Aze® + cos(t).
2. Y, = ¢(t) = 2¢'t*. k is the multiplicity of ¢ in k characteristic equation.
k = 1. Goal: find a = c is the coefficient of e! = you see how many times
it occurs (¢ = 1) in the solution of the characteristic equation.
Yp = ae't
y; = ae' + ae't = derivative of a composite function
yy = ae' + ae' + ae't = 2ae’ 4 ae't
Yy, = ae' + ae' + ae' + ae't = 3ae' + ae’
Replace them in the original equation to find a.
3ael + aelt — 2ae! — aelt + aet + aelt = 2¢t
3a—2a—a+at—at+a+a=2
2a =2
a=1.
Remark. vy —y" +y + —y = 2et!
(YI/}/ +Yp) — (Yﬁ +Yp)+ (YI/{ +Yp)—(Yug+Yp) = 2¢et
XI%:“_YJ/DN - zé,’/—Y];’ + &JFYI; - &—Yp = 2¢l.

)t =0

o=t

o

0 0 0 0
Solution = Y =Yp + Yjg.

1. Yy = ch. equation ¢(t) — 0; y — 1; ¢/ — x; ¢ = 22

;... Solve for x and
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reach one of the three cases:

A>0,Vi: Ez Yy, = Aiexit =Yy = Zz Yu,.

Delta = 0, T1,T1 = YHl = Ale‘mt; YH2 = Agexltt; YH3 = Agewlttz

A < 0; different complex solutions a+3i, a—Bi = Y1 = A1e* sin(St); Yo =
Age cos(Bt).

Some complex solution.

E.g.: 1,23 = 1, 1, 2 — YHl = Alet; YHQ = Agett; YH3 = A3€tt2.

T193 = 2—1i; 2445 2—i; 240 — Y1 = A1€?t cos(t); Yo = Ase*!sin(t); Yus =
Asze?t cos(t)t; Yy = Age?! sin(t)t, you multiply by ¢ if you have multiple so-
lutions.

2. Yp = é(t) = Pn(t)e®(Cysin Bt + Cacos ft). Yy, = Qn(t)eCt (k1 sin Bt +
k2 cos ﬁt)tk . k = multiplicity of 0 in the solution of the characteristic equa-
tion (if A > 0). k = multiplicity of ¢ with Delta = 0 in the roots of the
characteristic equation. k = multiplicity of ¢ 4+ §i;¢ — fBi is A < 0 in the
roots of the characteristic equation. In the first two cases, you have to find
a, b, and ¢, whereas in the latter one you have to find k; and k».

y" — 4y’ + 13y = 10 cos 2t + 25 sint ~» characteristic equation 22 — 4z + 13 =
0= z12 = 4t/=v16-25 '216_25 = a1 = % =2—-3tANxy = # = 24 3.
Then Yy = Aje? sin 3t + Age? cos 3t; ¢(t) = Py(t)e® (10 cos 2t + 25 sin 2t)t*;
Y, = e"(aky cos2t + akysin2t)t¥, k = mult. of ¢+ / — Bi and 0 + / —
2 = k =0. Y, = (Brcos2t + Bosin2t)t° = (B cos2t + PBysin2t); YV, =
—231 8in 2t + 23 sin 2t; Y,! = —431 cos 2t — 433 sin 2t plug the partial deriva-
tives in the main general equation to find the values of the constants:
—41 cos 2t — 4 sin 2t + 83 sin 2t — 832 cos 2t + 1331 cos 2t + 1385 sin 2t =
10 cos 2t 4 25 sin 2t resolving this algebraic expression should yield the fol-
lowing result: £1(9cos2t 4 8sin2t) = 10cos 2t A f2(—8cos2t 4+ 9sin2t) =
25 sin 2t.
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Chapter 4

Dynamic Optimization

4.1 Introduction

STATIC OPTIMIZATION = at some point in time find the value of one or
several variables, subject or not to constraints which maximizes or minimizes
a given function.

Eg maxc,U( C, , L )st.C+ w, L=w+ B

consumpt labour wage rate bonds

DYNAMIC OPTIMIZATION = find a path of one or several variables,
eventually subject to some constraints, in such a way to maximize a given
functional (variable = function of time).

E.g. max{ot’Lt}?iO Z?:l Ut(Ct, Lt) s.t. At = (1 + Tt)At—l + Bt + Wt

N—— S~~~
utility funct. assets

E.g which is the optimal path between two points A and B? We may
either consider a continuous problem with confidence bands or a discrete
problem with intermediate states.

Whether a variable is continuous or discrete, four things:

e an initial and terminal state, i.e. [0,77;

a set of admissible paths;

a set of values associated with each admissible path;

an objective functional to be optimized.

The initial point /state will be denoted by y(0) = y(0, A) and the terminal
point /state will be denoted by y(T') = y(T,Z) as far as the problem is
considered on a interval [0,7]. Letting (0, A) being given, three scenarios
may occur:

35
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1. T is fixed, but y(T) is free == FREE TERMINAL STATE;

2. T is free, but y(T) = B is fixed = FINITE HORIZON TERMINAL
PROBLEM;

3. T is free, and y(T') = ¢(T') = FREE TERMINAL CURVE.

4.2 Calculus of Variations

= fOT ), y(t)]dt = functional equation
Calculus of Varlatlons = max /min V[y fo y(t)]dt s.t.
y(0 ) A and y(T ) Z, with A, T, Z given; y( ) EC[OT} F€C2.
fo ) + en( ) *(t) + en(t)]dt, apply Leibniz’s rule and
cham rule to get the F O C.: Wle = fo [t,y* +en(t), y*(t) +en(t)]dt =
o 1% )+m()y(HfM)M@H- [y()+m(%y(%HM)M@ﬂﬁ
%W—O@h[ M)f@W)+F[(Wf®]W)W
—_—— —~~
0= %%—5 v =n(t)
apply partial integration on the second element of the integral < do
d OF
integration by parts on [wodt = uv + [dvdt & fO [(Ty — EaT;] (t)dt +
[n(t) %I; ] = 0 where the second term is equal to zero, due to terminal and
initial conditions. < fo [a—y — %%—5] (t)dt = 0.
Exer(nses
1. Vy(t fo 12ty + 9?)dt with y(0) = 0 and y(2) = 8.
Euler - Lagrange equation —
d
12t — —[2y] =
1291 =0
12t = 2jj
6t =g
A+3t2 =y

B+At+t?=y, A, BeR

y(0) =0and y(2) =8 < B+0+0=0«< B=0and 24+8=8 &
A =0= y(t) =t is the unique extremal.
2. V[y(t)] = 73t + ¢*/2)dt with y(1) = 3 and y(5) = 7.
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E.L.:
drl 1
-~ glpy =0
1. 4. .
—307 =05 #0
,1/2 - <\ .1/2
4y ( 4@1/2y) =0x 4y /
j=0
y=A,AeR

y=At+B,BeR

. A=3-B
“ 1 7=15-5B+B

A=1, 4B_8 B_2:>y()*t+2.

3. Viy(t fo [t +y? + 3y]dt s.t. y(0) =0 and y(5) = 3.
E.L. eq.: 2y——[3]—0<:>2y()—0<:>y(t):0,
_Jy(0)=0
(:)_{ y(5) =3

true, Vt. No extremal because no solution to the Euler-Lagrange equa-
tion < 1mp0851b1e to Verlfy the equality.

4. Vl]y fo t)dt with y(0) = « and y(T') = S.
EL: 0 [ | & 0 = 0 latter equation satisfied by any admissible path,
in fact fo t)dt = [y(T) — y(0)] = B — a depends solely on the initial

and termlnal condltlons and not on the path in between = infinite # of
extremals.

SPECIAL CASES:

1. F=Flt,y) — F,=0

= EL 4F=0=F,=c

2. F=Fly,y], EL. = F — yF; = ¢ = F does not explicitly depend on
t (autonomous problem)*

3. F=F[t,y, EL.= F,=0

4. F=F[j)=EL = F,— 4[Fy] =0

—Fy + Fiy + Fygy + Fyyyy = 0

@FyyﬂinQanndFyy:O

VA[F — gFy] = Fi+ Fyy + Fyij — §F; — 9Fy — ()2 Fyy — §9Fy = 9[F, — L[F]] =
0 y[F, — L[F)] =0 F—ygF;=c
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4.2.1 Generalizations: several variables

V[tvyl(t)ay2(t)7"'ayn fo t yl y2(t)7"'ayn(t)ayl(t)¢y2(t)>--'7yn(t)]dt'
With initital and termlnal condltlons for each y;(t),i = 1,...,n. It can be
easily shown that the E-L equation, the FONC, becomes for this problem,

a system of n-equations to be solved: Fy, — %Fyi =0,Vi=1,...,n<

Fy, —4F, =0

n

Ey, — 4F;, =0

< F, -4 F; = 0
nx1

n X1 nx1
Proof: similar to that for the Euler - Lagrange equation. You have to

show that for y;, keeping the other y;’s constant, and saying you do this for
allj=1,...n

4.2.2 Presence of derivatives of higher order

cases such as: Vy fo (), 4(1), ..., y(t)™M]dt, with initial and
terminal condltlons for Y, Y, y,. ,y( ). This can be done as prev10usly by
applying a substitution of the type z =9, 2 =4, u =4, v = ¥,. . Euler
- Poisson equation:
d d ar
F,— — | F; —\|F — ...+ (—1)"—|F,y| =0,Vt € [0,T],
Y dt[ y:|+dt[ y:| +( )dtn[y()] E[ ]

a differential equation of the n‘* order.

4.2.3 Transversality conditions

Solving the E.L. equation involves solving a second order differential equa-
tion. Solving it leads to a solution with two degrees of freedom. Conditions
y(0) = A and y(T') = Z allow to find extremals, by solving a Cauchy prob-
lem. If part of the initial conditions are ”missing”, i.e. the initial or terminal
point aren’t fixed = use the ”tranversality conditions” allowing to replace
the ”mlssmg conditions.

fo [t,y, y]dt by letting y(t) = y*(t) +en(t), T free. But, now,
17(0) = 0 Where n(t ) € C[Oﬂ, once continuously differentiable on the domain
of interest with no conditions on 7(0) = 0 and pick an € > 0 sufficiently small.
Let T =T* + ATe. AT is fixed and therefore y(T') = y*(t) + en(t).
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{ y(T) = y*(T) +en(T)
y(T) = y*(T7) + eAyr

= rewrite the optimal stopping time in such a fashion = y*(T)+en(T) =
y*(T*) + eAyr following from before.

=n(T) = *[y*(T)*y*E(T*)PFEAyT

= (T +eAT) = W THLDVTIAT 4 Ay

= lim.on(T*) = §*(T*)AT + AT.

We have V[e] = [/ 2T Flt,y(t), 5(t)]dt.

Let T( )= T* —|— 5AT change the extremals of integration.

= [T© )+€n() “(t) + en(t))dt
= h 5>[ Fyln(t) + Fy[.Jip(t)]dt + [Flpo “HE

Lelbnlz

Integration by parts (as in the E.L. equation).
T T(e
= Jo © [Fyn(t) — @ Fn(®)]dt + [Eyn(®)] = [F]T(&‘)AT:

= Jy 9 [Fy = & FyIn()dt + [Fy] i n(T(e) + [Floo AT =

= 2 _ g @eo [F, — L Fy]n(t)dt + [Fy) .0(T*) + [F] L AT.

F.O.C. [} [Fy — LF]n(t)dt + [Fy] . Ay(t) + [F — gFy] . AT = 0,
depending on which situation of TVC you are.

(A) Vertical terminal line = 7% is fixed = AT = 0 = necessarily
[Fylr= = 0.

(B) Horizontal terminal line = y(7%) is given = Ayr = 0 = necessarily
[F — §Fy] =0. '

(C) It can be that y(t*) = ¢(T™) — terminal curve = [Fy+(d—9)Fy| =
0 because the idea is that Ay, ~ ¢(T*)AT.

Ex. Fmd the extremals.

L Vy®) = [ (y+yg+9+° )dt with y(0) = 2 and y(1) = 5.

Euler Lagrange equation: F, — jtFy = 0.

FIt (), 9(8)] = y(t) + y()i(t) + (1) + 24

B8 =14 y(t); 55 = y(t) + L+ (1) T = 9(0) +i(0).
= 1 (1) — 9(t) — () = 0

)
)= +At+B,BeR
) = 2ndy():5@B:2and%+A+2:5@A:3_%:
61 =5 =y (t) =L + 3t +2.
2. Vy(t)] = fﬂ/2[92 — ¢%]dt with y(0) = 0 and y(7w/2) = 1.
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F [t y(t), 9(t)] = y*(t
7 = 2y(t); %
20(t) + 2i(1)
gt) +y(t) =
M4+1=0
A2 =+V1
A2 =+i
linear homogenous differential equation, whose characteristic equation
has two complex solutions, of the type a +¢8, « = 0 and 8 = 1. Two
independent solutions of the form:

) — 3 (t ) the functional of interest
— —2(t); 2 = —24(1).

=0
0

y1(t) = e* cos Bt = cost
yo(t) = e* sin Bt = sint

linear combination =

y(t) = Ay (t) + pya(t)
= Acos Bt + psinft, A\, u € R

{ y(0) =0 < Acos(0) + psin(0) =0 SA=0
y(r/2) =1 & Acos(m/2) + psin(n/2) =1 < pu=1
= y*(t) = sin(t)

3. Vty(t),2(t)] = [7*(2yz + 32 + 22)dt with y(0) = 2(0) = 0 and
y(m/2) = 0= 2(n/2). Flt,y(t), 2(t),5(t), 2(t)] = 2y(t)2(t) + 5(t)* + 2(t)*.
o8 = 22(t); 95 = 29(t); % = 2().

= 2j(t

B 22(8) = i1
( ) =§(t)

=2y(t); %€ = 2:(1); %L = 25(t)
EL 2y(t) = 22(t)

plug (1) into (2) and get:
yt) = Yt) = Y@t)—yt) =0 =X -1=0= (1-A)(1 +
A)row Ay 2 = £1 and N34 = Fi.
—_—— —_———

(A)A>0 (B)yA<o
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(A) Former two solutions are:
yi(t) = et = ¢
ya(t) = e
ya(t) = Xel+pe "\ p R
(B) Latter two solutions:
ys(t) = e
ya(t) = e’ sin Bt = sint

0 cos Bt = cost

yp(t) = vecost +nsint,v,n € R
(A) + (B)
= y(t) = X' + pe™" +vcost +nsint

now, plug back in (2) and z(t) = 4(¢).
y(t) = Xe! — pe™t —vsint +ncost
ij(t) = Ae! + pet —vecost + —nsint = z(t)

y(t) = el + pet +vcost +nsint  (x)

2(t) = el + pe™t —vcost —msint (k%)
AN v, v, € R, find them!

{ y(0)=0  2(0)=0
y(m/2) =1 2(7/2)=1

e + pe® + v cos(0) + nsin(0) = 0 (1)
e + pe® — v cos(0) — nsin(0) =0 (2"
™2 4 pe=™/? + vcos(m/2) + nsin(n/2) =1 (3)
™2 4 pe= ™2 — v cos(m/2) — nsin(n/2) =1 (4')
Adpu+rv=0
A4+ pu—v=0

)\671'/2 +Me—ﬂ'2/ +7] — 1
e/ 4 e~/ —p=1

1) -2)=v+rv=0&2v=0<rv=0.
(B)—4)=0+0+2n=1=>n=3
:>)\:—,u:>epi/2—)\e_’r/2:%<:>)\[e_7r/2—1-e’r/]:l

_ 1 _ 1
A= —737 and p = 2"/ 2re—772]"

e P te=m/?]
The solution to the variational problem is:
_ /2 —7/2 1 .
y*(t) - Q(en/g+e—n/2) - 2(87T/€2+6_7T/2) + 2 sint
67"/2 e—7r/2

1 .
2(677/2+677r/2) - 2(6‘”/2-’-67‘”/2) - 581nt
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Constrained problems

EQUALITY CONSTRAINTS = Lagrangian + associated E.L. eqution
+ satisfy equality constraints.

CONSTRAINTS TAKING THE FORM OF DIFFERENTIAL EQ. =
this problem is similar to the first one but the equality constraints are
such that:

gl(t)y17 '-'7yn7y17 crey yn) =C

gm(t7y17 "'7ynaylv cey yn) =Cm

INEQUALITY CONSTRAINTS:
T
max/min/ Flt,y1y ey Yny U1y ooy Y] di
0

gl(t7y17 "'7ynaylv e yn) S Cl

gm(t7yl7 "'7yn7y17 ey yn) S Cm

the size of the system is m x n, subject to # of state variables n > m is
possible = if you have less variables than constraints. Agin you write
the Lagrangian equation:

L=F-— Z/\j(t)[gj(~) - ¢j]

you have the following necessary conditions:

d
Ly — = (L) =0.¥i=1,..n

system of m— equations to solve:
)\j(t)[gj(.) — Cj] =0,Vj=1,..,n,Vt € [0, T|+

+ boundary conditions; + sign of A; (> 0: max; < 0: min).
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e [SOPERIMETRIC PROBLEMS = 3 constraints involving integrals
= fOTG[t,y,y']dt = k, k € R with some boundary conditions = in
general the problem is written as follows:

T
max/min/ Ft, Yty ey Yny Y1y -vy Yn)dl
0
such that:

T . .
f() Gl(t)yla -5 Yns Y1, 7yn) =k

T . . .
fo GM(taylv <05 Yny Y1, ayn) = km

with ki, ..., kmn € R 4 boundary conditions.
Let us consider the following:

T T
max / Flt, y, gldts.t. / Glt g, gldt =
0 0

We redefine (t) = fOT Glt,y, y]dt. We have the condition that I'(0) = 0 and
I(T) = k; so I'(.) measures in fact the accumulation of G(.) from 0 to T,
I'(t) = G[T,y,9] from the Fundamental Theorem of Calculus.

Glt,y,y]—I(t) = 0, which can be seen as the constraint g(.)—c = 0 where
G —T' = g and ¢ = 0 so that the integrand constraint can be transformed
into a new constraint taking the form of differential equation (2)

— L =F — \(t)[G — T]. From Euler - Lagrange equation:

Ly—4[Lj=0and Ly — L[L;] =0 — —4[L;] = 0= 4[\()| =0 =
A(t) = const. = it is simply A depending on ¢ not any more.

L=F— E;"Zl AjGj + solving the corresponding Euler - Lagrange equa-
tion + satisfying boundary conditions. Ex:

1. Extremals of fOT y2dt s.t. fOT ydt = k and y(0) =0, y(T) =T.

2. y(t) and z(t) opt. fOT g2+ 22dt sty — 2= 0.

L L =3 = Ayl = Ly = §lLy] = 0= =X = 5[24]

A+2§=0= [(A+2§)dt=0=X+29+C =0

22 49y +Ct+D =0 y(0) =0 and y(T) =

0+0+0+D=0;2L 12T+ CT=0¢

M2 L (24O =0

TINT+44+2C]=0

T=0and T = =2~

o6 = =3¢+ (2=
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2. F=9?+2, G=y—¢
L=9>+22-\t)(y—2)

Ly— £[Ly) =0 & =A(t) - £[29] =0
L,—4[L:)=0 &0=4%[2:+4)

A = —23 eliminate the multiplier
—22=A 2ij = 2Z

= [zZdt= [gdt=:+C=9y+Ds2+Ct+FE=y+Dt+H.
We also have to solve the differential equation 2y — 2y = 0, throughout
the method of the variation of constants or with the guess one.

=9 =0
[t = [ iar
y—y+C=0

y—yt+Ct+D =0

In other problems, A will depend on t.

ji—y=0&2’-r=0&z(x—-1)=0&z;=0and 5 = 1.

y1(t) = €% =1 and y5(t) = let = e,

y(t) = > Ai(t)yi(t), where y;(t) are the particular solutions of the
homogenous associated equation. Isomorphism between R? and the set of
solutions...determine two linearly independent solutions of (**).

At) = —2§ = —25 = 25— 2j=0

222 — 22* & 22(1 —2?) = 0 from linear differential equation, 27 = 0 and
To3 = £1 = 2(t) = A+ Bt + Ce' + De™" and so y(t) = B + Ce' — De™*
and we can also find backwardly A(t) = —2(Ce! — De™t) = 2ij(t)A.

4.4 Optimal Control Theory

The calculus of variations is the classical method to solve dynamic opti-
mization problems.But it allows only for interior solutions. Optimal control
theory can have corner solutions and can take into account functions that
are not everywhere differentiable. In calculus of variations the goal is to
find the optimal path of the state variable y(¢), denoted by y*(¢). In opti-
mal control the aim is to find the optimal control variable u(t), denoted by
u*(t), which will help to determine y*(¢) because the control variable w(t)
drives the state variable y(t).
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4.4.1 The simplest problem of optimal control

One control variable u(t) and one state variable y(t). u(t) can be seen as a
policy instrument which influences or drives y(¢). To each u(t) corresponds
one and only one y(t).

Special features

(a) u(t) does not necessarily have to be continuous in order to be admissible.
It just has to be piece-wise continuous. (b) In optimal control, the control
variable u(t) can have some constraints on it, such as u(t) € U, a set,
Vt € [0,T] = set closed and bounded (compact) — ”bang-bang” solution.
(¢) The simplest problem in optimal control is to consider that yp is free. The
problem is stated as follows: max V]u(t fo [t,y,u|dt subject to
the law of motion of the state variable y = f(t y, u), y(0 ) A, y(T) = free,
T, A are given and u(t) € U, (t € [0,T1).

Note: (i) we focus on max. Clearly, min = —max. (ii) Motion equation
= given a time t and state y, it tells us in which direction doe y move if we
choose the policy u = this equation describes the pattern as a function of the
policy w. (iii) If § = u, then the problem boils down to max fOT Fly,y,yldt
with y(0) = A, y(T') = free (A, T given) which is a problem of C.0.V. with

a vertical terminal line < use some transversality condition.

4.4.2 Maximum Principle (Pontryagin)

Let us define the Hamiltonian equation:

Hit,y,u, \] = Flt,y,u] + A(t) f[t,y, u]

A is called the co-state variable. The Hamiltonian is similar to a La-
grangian equation.
Theorem: the necessary conditions for u*(¢) and y*(¢) to be optimal
are that 3 a A(t) such that V¢ € [0,T] :
Ht,y*, u*, \*] = max, H[t,y*, u, \*];
yt = %—I;() = equation of motion of y;

M= %I;() = equation of motion of \;

A*(t) = 0= TVC for a free terminal point.
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(1) max, f02(y —u?)dt s.t. § = u with y(0) = 0, y(2) = free and u is
free. H[t,y,u, N = F[t,y,u] + A(t) f(t,y,u) = (y — u®) + A(t)u.
(a) 9L — 0 o 2y = 20

u

(A=-2 o x=1cX=—t+4

Jy
(A NMT)=X2)=0—inC
= -2+A=0
{ A= —t+2
(b)y*:%—i\[:>y:u:>y:—§+t+B,B:0andy(0):0:>y*:

t2
—L o+t
Note: we could have used the E.L. eq. to get the same result =

Fy—4Fl=0&2j=-1eij=—-it+A=y=—1t+ At + B,

y(0) = 0 = B = 0, vertical terminal line (TVC), [Fyli=r =0 & 2 =
24 A=1=y=-4 1t4+B=-t ¢

4.4.3 Justification of the Maximum Principle

Just an intuition of the proof...skip it!!

4.4.4 Alternative transversality conditions

1. Fixed terminal point (7', yr fized) = maximum principle remains
unchanged, except condition (d) — (d’) y(T") = yr.

2. Horizontal terminal line (yr given, T free) — transversality con-
dition [H]i—r = 0. No restrictions on A(t).

3. Terminal curve, some function ¢(T), (yr = ¢(T), ¢ given) =

TVC [H — Aplier = 0 — calculus of variations [F + (¢ —
yFy)li=r = 0.
4. Truncated vertical terminal line = 7' is given (Y7 > Ymin, given)

= either ¥ > Ymin OF Y7 = Ymin reduced the problem in con-
sideration to be a problem of fixed terminal point, back to (a).

5. Truncated horizontal line = yr given, T' < Tipqs (given), [H]i—p >
0,T < Taw, [T — Trmaz] % [H]i—r = 0 < TVC.
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Ex. max V]u(t fo 2)dt such that y =y+u with y(0) =1
and y(1) = 0. Hamlltonlan H[t u,y, N = —u? + \t)[y + ul,
(a)a—H—O<:> —2u(t) + At) =0 A\(t) =2u(t) ©u=3

@iA=-Fol=Deltr=0cr+l=00z=-1=>
A(t) = Ce tCeR

(A) MT)=X(1)=0,0=¢', C=1/e
b =% ej=y+uey—y—u=0

4.4.5 The ”Current Hamiltonian”

The integrand F[t,y, u] is of the form? G[t, y, u]e”** and so max V [y, u] =

fo [t,u,yle Ptdt such that ¢ = f(t,y,u) with initial and terminal
condltlons The Hamiltonian function is

Ht,y,u,\] = G[t, y, ule " + X(t) f(t, y, u) (4.1)
and this is called the current Hamiltonian:
H, = Hept = G[tv Y, u] + m(t)f(t7 Y, U) (42)

with m(t) = \(t)e?".

What does the maximum principle become?
(a) max H, w.r.t. u(t)

(b) y = %ﬁc = f(t,y,u), the eq. of motion

6HC

(c) m=— + pm and A = me " & \ = 1he Pt — pme =t

aiH aHCe pt
dy — Oy

- _ _0H.
m— pm By

m = 6HC

+ pm
(d) m(T)e_pt =0, TVC, since \(T") = 0.

2Tt has a discount factor attached to it.
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4.4.6 Sufficient conditions

1.

Mangasarian = Theorem: for the standard problem V[y,u] =
fOTF[t,y,u]dt subject to § = f(t,y,u) with y(0) =0 =y(T). T
given, y(T') is free, the necessary conditions of the MP are suffi-
cient for a global maximum of V' if (a) F and f are differentiable
and concave in (y,u); (b) \*(t) > 0, V¢t € [0,T] if f is non-linear
in y or u.

Proof: follows more or less the same lines as the proofs in CoV.

Arrow = this condition, weaker than the previous one, needs
a new Hamiltonian HO[t,y,u,\] = F[t,y,u*] + A1) f(t,y,u*),
where u*(t,y,\) is such that H[t,y,u*, \] = max, H[t,y, u, A].
Remark: H® # H[t,y*, u*, \*].

Theorem = the conditions obtained in the maximum principle
are sufficient for the maximization of V if H~ is concave in y,
Vt € [0,T7], A fixed. Here, you just check the convexity or concav-
ity of the Hamiltonian itself, not the multiplier that is assumed
to be fixed. Equivalent to the Legendre’s condition.

4.4.7 Several state or control variables

max V]y(t)] = fOT F[t,y,uldt subject to y = f(t,u,y) with y(0) = yo
and y(T) = yr and u(t) € U, where

and

n U1 Y1
y= yu = : Y =
Yn Up Yn
fit,y,u)
f(tu,y) = :
fu(t,y,u)

y(0), 0, y(T),yr € R U = (ul, - ,uy), m and n can take any
values. The Maximum Principle: define

H[t)y7u7)\] = F[ta ?J,U] + Z)\]f](t)y7u)
7=1
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or, in matrix notation
H[t7 y7 u’ )\] = F[t7 y7 u7 A:I + A/-f(t7 y? u)

where A = (A1---\p)".
(a) max H, u € Rm™*1,

(b) 95 = Gars Vi =1,

(c) }\j =00 wyi—1 .. m;

= =5
(d) y(T) = yr-

The TVC as well remains, just be careful, now you are dealing with
vectors.

4.4.8 Infinite horizon problems
From fOT to [, = discussion on the convergence, see calculus of vari-
ations. Transversality conditions = simply put a limp_,, before the

conditions. The sufficient conditions stay true. And if extra conditions
are needed, then put a lim7_,., before the condition.

4.4.9 The problem of constrained optimal control: con-
straints involving the control variable
Equality constraints
For example, max fOTF[t,y,ul,ug]dt such that § = f(t,y,u1,u2) and
g(t,y,u1,ug) = ¢ + some boundary conditions — H|[t,y, u1, uz, \| =
Flt,y,ui,uz] + A(t) f(t,y,u1,u2) = take the Lagrangian:

L(tv Y, ut, u2, )‘7 0) =H - e(t)[g(tv Yy, ur, u2) - C]

(MP) = a. §& =0 and = =0, vt € [0, T7;

Bulz
- OL __ OH.
b. 9= 5% = Gn;
\ 0
c. A= -G +0(t)5]

+ TVC.
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Inequality constraints

maxf(;TF[tayaulauﬂdt SubjECt to y = f(t7y7u17u2)7 gl(tvyaulaUQ) S
c1, g2(t,y,u1,uz) < cp and some limit conditions.

We have L(t, y, u1,u2, A, 01,02) = H—01[g1(t, y, u1,u2)—c1]—602[g2(t, y, w1, uz)—
CQ].

(MP) = £ = 0; £ =0

) Oug

AL _ (.
69191—0 96, =0;

S50y = 0; SE = 0%

b.y=%;c A=-%L+d TVC,

Isoperimetric problems

maxy fOT F[t,y,u]dt such that y = f(t,y,u fo [t,y,uldt = k, (k
given), y(0) = 0, y(T) = free for T given. New state Varlable z( )
is introduced in order to replace the integral constraint. Let z(t) =

—fo [t,y,uldt = 2z = —G[t,y,u] with 2(0) = 0 and 2(T) = —k
(given). The problem boils down to:

maxfOT Flt,y,uldt s.t. y = f(t,y,u), 2= —G[t,y,u] with y(0) =0, yr
free, T given. z(0) =0, 2(T') = —kr, k € R. This problem can be seen
as an unconstrained optimal control problem with two state variables.

Hlt,y,z,u, A\, p] = Flt,y,u]l + A@#) f(t,y,u) + p(t)Gt, y, u]

still to be maximized with respect to u(t):

(M.P.) a. max, H, Vt € [0,T7;

OH , _ OH.

b y_(‘))\72 8/1'7
— : _O0H.
C. >‘ _77# 0z

d. A(T) = 0.

You transformed an integral constrained into another state variable...

3From Khun - Tucker conditions.
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Inequality integral constraints

max fOT Ft,y,u]dt such that y = f(t,y,u) With y(O) =0, yr free with
T given. f(;[ Glt,y,uldt. As before, we let z( —fo [t,y, uldt =
2(t) = =Gt y,u] with 2(0) = 0 and 2(T) Z k Thus, the problem
can be written as:

maxfOT Flt,y,uldt s.t. = f(t,y,u) and

dotz = —G|[t,y,u] with y(0) = 0, yr free, T given, z(0) = 0, 2(T) > —k
= H = F + +u(—G).

(MP) a. max, H, Vt € [0,T];

. OH . _ OH.

b.y—a)\,z e
. __0H 4
C)‘__iyvu Bz

d. XT) = Ar, 2(T) > —k.

Exercises

1. max V[y(t fo (1 — u?)'/2dt such that § = u with y(0) =
A, y(T) = free (A T glven)

2. max f04 ydt s.t. y =y +u, y(0) =5, y(4) free and u(t) € [0, 2].
3. max fol —u?)dt such that = 2u with y(0) = 1 and dy(1) > 3.

4. maxfo 1)dt s.t. y =y + u with y(0) =5, y(T) = 11, T free and
u(t) € [-1,1].

Solutions

1. H=F[t,y,u] + \t)f(t,y,u) = —(1 + u®)/2 + X\(t)[u]
(i) L =0 —L(1+u®)7V22u+ A1)

At) = % 2+12;2L)1/2
2

(
>\2 (t) = ilﬁluu

+ 2
(1 +u?)A2(t) = u?
N (t) = u*(1 = A(t)?)

A2 (t) Q(t)
4.

T22(0)
=0 = pu = const. as in the isoperimetric problem in the CoV.
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A(t
iy = ult)

(i)A=-F ey=0o1=C,CeR

= )\)\2((?))1/2 = 17002 2 _ 0 check for the value

of C using the boundary conditions, y(0) = A, y(T) free.
2. H =Flt,y,ul + A1) f(t,y,u) = 3y + A(t)(y + u)

{)y=¥T ey=u=

0 ifA<O
o OH _ _ : * (1)
(i) Gy =0 A(t) = 0 slope of u is A = u*(t) {1 iEA > 0;
(ii))}:_%@}\:—3—)\(t)<:>)\:3tbecause A(t) = 0;

(iii) g = %—I/'\I &y =y+u = u(t) = Oor u(t) = 2..get corner

solutions...y =y or y =y + 2

y-—y=0
r—1=0
=1
y=Cel', CeR
A=-3-2\
AFA+3=
z+1=0
r=—1

A=Ke* KeR

j-y-2=0
r—1=0
r=1

y=Ce'+2 CcR.
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4.5 Dynamic Programming

[...] This is a backwards reasoning procedure to find the optimal values
of xg, x1,..., x7 and ug, u1,...,up. This sequence will lead us in the end
to a sequence of optimal value functions.

Example: max, Z?:o(l +ap—u?) st w1 = x4 +ug, VE = 0,1,2. Note

T =3, Flt,z,u) =1+ 2 —u? and 29 = 0, us € R, f(t,z,u) = = + u,

s=T=3 max1+z —u?,

FOC L =0= 2u=0=u=0

This is a maximum as w is concave. Then, uz = 0, whatever the value
of 3 is.

The value function is I3 =1+ z + 0.
s=2 maxyl+z—u’+ l+u+zx
—— ——

F Is(f(t, ze, ut))
FOC:2u+1=0=u=3=w==3andh=1+z—t+1+5+z=
2$+%
s=1max,1+z—u®>+2(zx+u)+ 7
FOC —2u+3u:0:>u:%.

Thus, uozgand[0:1+x—%+3x+%+%:4x+%.

Given the initial value g = 0, we can compute values for the state
variable, r1 = xg + ug = %, To=x1+ U = %, T3 = To + us = 3.

4.5.1 FEuler Equation

It’s the cornerstone to add stochastic uncertainty to the problem.
Clearly, this is something that you encounter in macroeconomics to
derive Euler Equations, we will state the problem in the following
terms:

T : .
MaXgg a1, o0 1o £ 1t Tt, Ter1] With zg given, zq,...,z7 € R.

There is no control variable, but, contrarily to before, when we focused
on max F[t, xy, u] s.t. x441 = f(¢, x4, ut), we now suppose that we can
"invert” the function to obtain u; = ¢(t, x¢, x441). This is because of
the theorem of invertibility < there exists a unique u; making z;11 =

ft, @, uy).
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Then, we can of course eliminate uy,

maXZF[taxta o(t, xe, wey1)] = maxZF(t, Tty Te41)

To derive the Euler equation, we focus on the first order conditions:

T
maxZF[t,xt,xt+1] = max[F(0,z0, 1) + F(1,21,22) + ...]
=0

= 10 is given, # any F.O.C. to calculate = Vt = 1,...,T, %ﬁf(') =

Fg(t — 1, Ti—1, th) + Fg(t,l’g,l’l) =T4+1: Fg(T, .TT,:L’T_H) =0.
Remark: in the continuous world we find that: E.-L. eq.: F, — %Fy =
0< Fy — %Fg

Example: max Z?:_ol InustInzy s.t. xpq = %(xt—ut), vt=0,..T=

1 T—1
Tep1 = (T — ) = wp = Ty — axep1 = maxy o In(xy — axgyr) +
In z7, disappears u;.

t=1: In(zg — ax1) + 2Inxp + In(z1 — axs)

FOC: g2 = —A—(—a)+ = =0
Vi=1,..,T —1: -——(—a) + M_almﬂ =0
t="1T: m—%=0¢>xq~,1:2aazq~
Let’s do the backwards substitution (t =7 — 1):
TT_1 = 2aTT
{ s + e =0
Tr_1 = 2aTT

{ rreswer Ty =0
{ Tr_1 = 2axT

a’rr = xp_9 — 2drT &

Trr—_1 = 2axT
Tr_9 = 3&2:1?T =

By repeating the procedure, we obtain for:

k 11
zy = (k+ 1)a"2r = 27 = 775 77, 0, 71, -



4.5. DYNAMIC PROGRAMMING 95

4.5.2 Bellman Equation

This is the setting where the time horizon in +oo. This is relevant if
the horizon is reached or, in order to avoid that one needs an extra
exogenous variable, because, e.g., T' could be endogenous. We will
thus focus on the following problem: maxy,u, Y 1oq BUE (z4,us) s.t.
Tip1 = [z, up),VE =0, ..., 00, z¢ given, uy € U.

Note: (i) F' and f do not directly depend on t. (i) F(t, z,ur) =
BUF (x4, uy). (iii) B €]0, 1] since it’s a discount factor, otherwise, explo-
sive behaviour.

The optimal value function can be written as:
() = max F(z,u) + S1(f (z,u).
ue

As a comparison, to Ig = F(-) + Is+1(z), the impact of the times s
and s + 1 disappears due to the infinite horizon and we discount the
future that is why B! disappears.

The Bellman equation is called a ”functional equation” because we are
interested in I and not in the variables.

Example: max 2, Bt(ug, xe) 77 st 2401 = a(l — wy), Vt, 2o given,
a > 0 given, u; € (0,1), v € (0,1), 8 € (0,1).

In economics, ; = wealth, (1 —wu;) = path to be solved, (u;+x;)! ™7 is
utility. Guess a solution and verify it = and guess for I(x) is Ca!™7.

The Bellman equation is I(z) = max,e(o,1)(ur)' ™7 + fI(a(l — u)z)
Cx'™7 = max(uz)=7 4+ BC(a(l — u)z)' ™

C = maxu!™7 + BCa'=7(1 — u)t=7

FOC 1 -7 +(1 4+ 7)D(1 —u)~7 =0

_ 1
S U=

This implies that C' = (1 4 d'/7)7.
In summary: u = 1 — (Ba'~7)/"

xl-
1) = GGy 7oy

z1 = a(Ba' ")V zy = Exg

zy = a(Ba' ")z = E2xq
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T = Ekxo

REMARKS: Dynamic programming is mostly used in discrete setting,
whereas optimal control theory is mostly used in continuous time. In
continuous time one has to solve the partial differential equation of
Hamilton-Jacobi-Bellman.



