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Abstract
In this paper, method of Lagrange multipliers is used to investigate the utility function; subject to
two constraints: budget constraint, and coupon constraint, and to verify that the utility is
maximized. An economic model of an emerging firm has been developed here by considering four
commodity variables. In the study, determinant of the 6x6 bordered Hessian matrix is operated to
verify the utility maximization. Two Lagrangian multipliers are used here, as devices of
optimization procedures, during the mathematical calculation. In this article, an attempt has been

taken to achieve optimal result by the application of scientific method of optimization.
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1. Introduction

At present mathematical modeling in economics is an essential part; especially during the

investigation of optimization policy [Samuelson, 1947; Carter, 2001]. The concept of utility was
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developed in the late 18" century by the English moral philosopher Jeremy Bentham (1748-1832)
and English philosopher John Stuart Mill (1806-1873) [Bentham, 1780; Gauthier, 1975; Read,
2004]. The property of a commodity that enables to satisfy human wants is called utility [Bentham,
1780; Mohajan & Mohajan, 2022a,b]. Individuals seek to obtain the highest level of satisfaction
from their purchasing goods [Stigler, 1950; Kirsh, 2017]. In the society, utility directly influences
the demand and supply of the firms [Fishburn, 1970].

In multivariate calculus, Lagrange multipliers method is a very useful and powerful technique,
which transforms a constrained problem to a higher dimensional unconstrained problem [Islam et
al., 2009a,b,; Mohajan, 2021 b,c]. To increase the utility of the consumers we have included coupon
system among the consumers. The individuals in the society can collect coupons and buy the
essential commodities on priority basis [Islam et al., 2010, 2011; Moscati, 2013; Mohajan &
Mohajan, 2022b]. In the society, utility maximization is a blessing both for humankind and the firm,;
as it provides maximum profit to the firms and in parallel increases welfare of the society [Eaton &

Lipsey, 1975].

In this study, we have included four commodity variables to analyze the optimization techniques.
We have operated the study with the determinant of 6x6 Hessian matrix, where four commodity
variables, their corresponding four price vectors and four types of coupon number system are
applied. In the analysis we have considered two commodities are of unit amount, and later we have
considered four commodities are of unit amount. Finally, we have considered that prices and
number of coupons of a pair of commodities are same, and ultimately we have proved that utility is

maximized [Mohajan, 2021a].

2. Literature Review

Two American economists John V. Baxley and John C. Moorhouse have discussed the utility
maximization method through the mathematical formulation, where they have introduced an
explicit example of optimization [Baxley & Moorhouse, 1984]. Qi Zhao and his coauthors have
proposed multi-product utility maximization as a general approach to the recommendation driven

by economic principles [Zhao et al., 2017].

Pahlaj Moolio and his coauthors have used a Lagrange multiplier to form and improve economic
models. They have also taken attempts to develop and solve optimization problems [Moolio et al.,

2009]. Well-known mathematician Jamal Nazrul Islam and his coauthors have discussed utility
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maximization and other optimization problems by considering reasonable interpretation of the
Lagrange multipliers. In their studies they have examined the behavior of the firm/organizations by
analyzing comparative static results [Islam et al., 2009a,b, 2010, 2011]. Lia Roy and her coworkers
have discussed cost minimization policy of an industry with detail mathematical formulation [Roy

etal., 2021].

Two authors Jannatul Ferdous and Haradhan Kumar Mohajan have tried to calculate a profit
maximization problem from sale items of an industry [Ferdous & Mohajan, 2022]. Devajit Mohajan
and Haradhan Kumar Mohajan have consulted on profit maximization problem. They have used
four variable inputs, such as capital, labor, principal raw materials, and other inputs in an industry
[Mohajan & Mohajan, 2022a]. They have also discussed the utility maximization of an organization
by considering two constraints: budget constraint and coupon constraint [Mohajan & Mohajan,

2022b].

Earlier, Haradhan Kumar Mohajan has used three inputs, such as capital, labor and other inputs for
the sustainable production of a factory of Bangladesh [Mohajan, 2021b]. He also discussed the
utility maximization of Bangladeshi consumers, where he has followed the optimization techniques
[Mohajan, 2021a]. He and his coauthors have scrutinized on optimization problems for the social

welfare [Mohajan et al., 2013].

3. Methodology of the Study

Methodology in any creative research is the organized and meaningful procedural works that follow
scientific methods efficiently [Kothari, 2008]. In this study, we have considered two Lagrange

multipliers 4, and 4, ; and have applied the determinant of 6x6 Hessian matrix [Mohajan, 2022a,b].

In this study, we have considered an economic world where there are only four commodities. We
have started our study with 4-dimensional constrained problem, and later we have added two
Lagrange multipliers. Then the Lagrangian function becomes a 6-dimensional unconstrained

problem that maximizes utility function [Mohajan, 2017a, 2022b].

To prepare this paper, we have followed both qualitative and quantitative research approaches
[Mohajan, 2018, 2020]. We have tried our best to maintain the reliability and validity, and also have
tried to cite references properly both in the text and reference list [Mohajan, 2013, 2014a,b, 2017b,
2020]. In this paper, we have depended on the secondary data sources of optimization. We have

taken help from the published journal articles, printed books of famous authors, conference papers,
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internet, websites, etc. [Islam et al., 2012a,b; Mohajan, 2018, 2022c; Mohajan & Mohajan, 2022d-
f].

4. Objective of the Study

The core objective of this study is to verify utility maximization policy of an emerging firm. The
other trivial objectives are as follows:
e to expand the determinant of bordered Hessian matrix properly, and

e to provide mathematical calculations accurately.
S. An Economic Model

We consider four commodities of a firm as; X,, X,, X,, and X, [Mohajan & Mohajan, 2022b].
Let a consumer wants to buy only «,, «,, a;, and a, amounts from these four commodities. In
this model, we consider that the consumer spends all of his/her income to purchase these four
commodities, and also submits all of his/her coupons. Let us consider a utility function as follows
[Islam et al., 2010; Mohajan & Mohajan, 2022b]:
u(al,az,a3,a4)=ala2a3a4. (1)

The budget constraint of the consumer is [Moolio et al., 2009],

B(al,a2,a3,a4): Do, + p,a, + pya, + p,a, (2)
where p,, p,, p;, and p, are the prices (in dollars) of per unit of commodity of X,, X,, X;, and
X, , respectively. Now the coupon constraint is [Roy et al., 2021; Ferdous & Mohajan, 2022],

K(al,az,a3,a4) =qQ, tc,a, + oo, +c,0, 3)
where ¢,, ¢,, c;, and ¢, are the coupons necessary to buy a unit of commodity of ¢,, «,, a,, and

a, , respectively.

Using utility function from (2) and (3) in (1) we get Lagrangian function [Mohajan & Mohajan,
2022b,d],

V(al s 0y O3,y s ﬂz) = 0,050, + ﬁ"l(B — D& — D0y — P30y — P40‘4)

+4, (K — 0 —Cy0l, — Cy05 — c4a4) “4)



where A, and A, Lagrangian multipliers. Lagrangian function (4) is a 6-dimensional unconstrained

problem that maximizes utility function. Using the necessary conditions of multivariate calculus for

maximization in equation (4) we yield [Islam et al., 2011; Mohajan, 2021a];

v, =B-pa, -p,a,—pa;—pa, =0, (5a)
v, =K-ca —ca,—ca;-ca, =0, (5b)
v, =a,a,a, — U p,— MHe, =0, (5¢)
v, =a,0,0, — U, P, — 1,c, =0, (5d)
v, =a0,a, — U ps — i,e; =0, and (Se)
V, =a,0,0, — P, — Hy,c, =0, (51)

Using equations (1) to (5a-f) we can express «,, «,, a;, and «, as follows [Mohajan & Mohajan,
2022b]:

Bc, —Cp, + C3Py =Gy D5 a, + CyPr —C Py a, 6)
Gpotap, 6pt+op, Gptap,

o, =

a, = Cp, — B¢, _apstap a. — CPy T 4D a, (7)

3
Gpotap, 6pt+op, P top,

where ¢,p, +¢,p, #0.
For the simplicity let, o, = a, =1, i.e., these commodities have one unit each; the amount of other

two commodities can be accounted as;

a = (¢ +¢,=K)p, +(B=py = p.)e, (8)
1 OGP TGP, ’

a =—(C3+C4—K)pl—(B+p3+p4)Cl. 9)
’ GD TGP,

Since a, and «a, are amount of commodities, so that they are of course positive. Equation (6)
indicates that «;, >0, if ¢;+¢, > K and B > p, + p,. On the other hand, equation (7) indicates that
a,>0,if K>c;+c, and (K—c3 —c4)p1 >(B+ p, +p4)c1.

Multiplying (8) and (9) we get;

(K —CG 6y )2 PPy~ {BZ - (p3 + p4)2 }C1C2

“% = (Czpl + Clp2)2
N {B(Czpl + C1p2)+ (p3 + P4_)](C1p2 —GD )} . (10)
(K —c,—c,)



Since a, and «, are positive, and their product ¢, is also positive. Equation (10) indicates that

¢;+c,>K and B> p,+ p,. Equations (8) to (10) show that ¢;+c, > K and B> p,+ p, in our

economic model for o, >0, a, >0, and a,, >0.

Now taking second order and cross-partial derivatives in (5a-f) we obtain;

B =p,, B, =p,, B, = p;, B,=p,.
K, =c, K,=c,, K, =c,, K,=c,.
v, =0, Vip =Vy =050y, Vi3 = V3 = O,
Vig = V4 = X5, vy =0, Va3 TV = &y,

Vo TV = 0, Vi =0, vy = v = o, vy, =0.

Now we consider the bordered Hessian [Roy et al., 2021; Mohajan & Mohajan, 2022a],

0 0 -B, -B, -B, —-B,
0 0 -K, -K, -K, —-K,

|H| _|~ B, -K, Vi1 Vip Vi3 Vig
-B, -K, v, Vo Va3 Vo

-B, -K, Vi1 Vi Vi3 Vg

-B, —-K, Vi Vir Va3 Vg

(11)

(12)

(13)

In our model, the number of constraints is two and commodity variables are four. For utility to be

maximized, the determinant of the 6x6 Hssian matrix must be negative, i.e.,

the expansion of (13) we get [Islam et al., 2010; Mohajan & Mohajan, 2022a,c],
— K4

0 0 -K, -K, -K, 0 0 -K, -K,

-B -K v, vy vy -B -K, v, w;

|H| =-B|-B, —K, vy, vy vy |+B-B, —-K, v, vy,
-B, —K; vy, vy vy -B, -K; vy vy

-B, -K, v, Va3 Vs -B, —-K, v, vy,

0 0 -K -K, —-K, 0 0 -K, -K, —K,

-B K, v, v, vy -B K, v, v, v
—B-B, —-K, v,; vy, v |+B=B, —K, v, v, vy
-B; —K; vy vy, vy —B, —K; vy vy, vy
-B, —K, v, v, vy -B, —K, v, vy Vg

H|<0. Now taking



-B —-K, v; vy, -B -K, v, w, -B, —-K, v,
- _B|-K, -B, -K, vy vy iK, -B, —K, vy, vy K, -B, -K, vy,
-B, —K; vy vy -B, —K; vy, vy -B; -K; v,
-B, —-K, v, vy, -B, -K, vy, vy -B, -K, v,
- B, K, vy vy -B —-K, v, v, -B —-K, v,
1 B-K, -B, —K, vy vy 1K, -B, —-K, vy, vy K, -B, -K, v,
-B;, —K; vy vy S =By =Ky vy vy -B, —-K; v
-B, —K, v; v, - B, K, v, vy -B, -K, v,
-B, —-K, v, vy -B, -K, v, v, -B -K, v,
Bk, -B, —K, vy, vy IK, -B, —-K, v, vy K, - B, K, vy
-B, —-K; vy vy -B; —K; vy vy -B, -K; vy
-B, —-K, vy, vy, -B, -K, v, vy, -B, -K, v,
-B, K, v, v, -B —-K, v, v, -B K v, v,
L BA-K, -B, -K, vy, vy 1K, -B, —-K, vy, vy K, -B, -K, v, v,
-B, —K; vy, vy, -B, —K; vy vy, -B, -K; vy vy,
-B, K, v, v -B, K, v, v, -B, —-K, v, v,
-K, vy vy —B, vy vy -B, K, vy, - B, K,
=B K, =B, |-K; vy vy +K|=-B; vy vyl +v,-B Ky vy vul-B; —K,
-K, vy vy, -B, v, vy -B, -K, v, — Dy K,
-K, vy, vy —B, vy vy -B, -K, v, - B, K,
—BK;\—B/ |-K; vy, vy +K|=-B, vy, vy| +v,=-B; K, vy | —v,-B; K,
K, vy, vy -B, v, vy, -B, -K, v, -B, —K,
-K, vy vy —B, vy vy -B, -K, vy, -B, -K,
+BK\—B |-K; vy, vy +K =By vy, vy +v,=By —K; vy —v- B, K,
-K, v, vy -B, v, v, - B, K, vy —-B, K,
—K, vy vy =B, vy vy -B, —K, v, -K, v,
—B,K\\ =B/ |-K; vy vyu| +K|=B; vy vy =By —K; vy +B,K\—B |-K; vy
8y Vg3 Vy -B, v, vy -B, -K, v, -K, v,
-B, v,; vy -B, —-K, vy -B, —-K, vy -K, vy
+K|=B; vy vy +vs=By —K; vy —v =B, —K; vy, -B,K,\—B/|-K; v,
-B, vys vy -B, -K, vy - B, K, vy -K, vy,
—B, v, vy -B, K, v, —K, vy, vy -B, v,
+K\|=B; vy vy —Vvis=By — K5 vy +B,K\=B, |=-K; vy, vy +K,|=B; vy,
—B, v, vy -B, -K, v, K, vy vy, -B, v,
-B, —-K, vy, -B, -K, v, —K, vy vy B, v,
+v,=By —K; vy| -w-By —K; v, - B,K,\— B/ |-K; vy vy| +K[=-B; v
-B, -K, v, -B, -K, v, Ry Vo Vy -B, v,




-B, —-K, vy -K, vy vy -B, vy vy -B, —K, v,

—vu|=B; —K; vy +BK,y— B |-K; vy vy, +K|=-B; vy vy, By Ky vy

-B, -K, v, K, vy, vy, -B, v, vy, -B, -K, v,
—K, vy, vy -B, vy, vy -B, -K, vy, -B, -K, vy
—B,K\—B/|-K; vy, vy| +K|=By vy, vy +vp=By —Ky vy —vy-B —K; vy,
—K, vy v -B, vy, vy, -B, -K, v, -B, -K, v,
—K, vy vy =B, v, vy -B, -K, v, -K, vy vy
+B,K)1 =B, |-K; vy vy| +K|=B; vy vy —v=B; =K, vy |r —B,K; =B |-K; v, vy
-K, v, v =B, v, v, -B, - K, v, -K, v, v,
-B, v, vy -B, —K, vy

+K,|=B; vy vy —vp|— By —K; vy,

-B, v, vy, -B, —K, v,
=—B'K;v;, + BIK,K vy,vy, + B'K,Kv,3, + B B,K K,v;, — BBK,Kyvy,vy, + BB K K,v,,v,

2
—B,B,K,K,v,3v3, +B,B,K,v ;v +B,BK,K ,v;vy, — B,B,K,K;v;v,, —B,B,K,K;v,,vs,
2 2722 2

+B,B;K,Kv,v5, +BB,K,K\v\v,; —BBK,K;v,v); +B K,Kv,,v;, =B K;vy, +B K;K,v,vy;
—B\B,K,K;v,,v3, +B,B,K, K3V224 —B,B,K,K;v,v,, —B,B,K K v,v3, —B,B,K,K;v,,vs,

-BB,K,K,v,v,, +BB,Kv,v,  +BB,Kv,v,, —BBKKwv,,, —BBK,Kv,v,,
+B,B,K,Kv,,v,; +B'K,K,v,;v,, +B’K,K,v,,v,, —B K:v), —BB,K,K,v,,v,, —BB,K K, ,v,,
+B,B,K,K,v;, +BB,K.Kyv,v,, —BBKKy,v,  +BBK:v,v,, —BBKKy,,,
—B,B,K K ,v3v,, +BIBZKZV13V23 +B,B,K,K ,v;v,, —BB,K,K,v;v,, +B1BzK1K2V324

—B,B,K K ,v,v,, —B,B,K K,v,,v,, - B,B,K,K,v,,v,, —BleKfvlva +B,B,K,K,v,,v,,
+B,B,K;v,,v,, +BB,K,K,v,v, -B;Kv +B,BKv,v, +B,BKv,v,, +BKKy,,,
-B,B,K,K,v,;v,, -B,B,K K ,v,;v,, +B,B,K,K,v,3v,, +B§K1K3vl4v34 -B,B,K,K,v,,v,,
+B,B.K,K,v,,v,, -B,B,KKyv,v,, —BBK,Kyv,v, -BBKKy,, +BB,K;v,v,
-B,B,K.,Kv,v,, +B;KK,yv,v,, —B,B,K,Kyv,v,, —B,B,K,Kv,v,, +B,B,KKyv,v, —B KV,
+B,B,K,K,v,v,, -B,BK.,Kyv,,, +B,BKv,y, -BBKKy.,, —BBKKy,,
~-BB,K,K,v,,v,, +BB,K}v,v, +B;KKyv.y, -BBKKy,,  +BBKKy,y,
~-B,B,K,K,v,;v;; +B;K,K,v,v, —-B;K;v, —B,BK,K,vv, +B,BKKy) +B,BK}v,,
~B,B,K.K,vv,, —BB,KK,v,v, +BBKKy, —BBKKyV,v,, +BBKv,v, —-BKNW,
+B,B,K'v,v,, —B,B,KKyv,v,,  +BBKK,v,v, +BKKy,,  —BBKKy,v,
+B,B,K,K,v,,v,, —B,B,K,K,v,,v,, +B;K,K,v,,v,, —B,B,K\K,v,,v,, +B,B,K3v,,v,,
-BB,K,K,v,v,, —-BB,K,K,v,v,, +BB,K,K,v,v, -B,BKK,,v, +BBKK,y,v,,
+B;K,Kv,v,, —B,B,KKyv,v, +BBKKy, —BBKKy.yv, —-BKv, +BBKv,y,
+B;K,K,v,v,, —BBK,Kyv,,, +BBKKyv,, —BBK,Kyv,,, —BBKKy,V,,
+B,B,K;v,v,, -BBKKy.,  +BBKKy,,, +BKKy,, —BBKKy,,,
-B,B.K,K,v,v,, +B,B,K:v,v, +B:K,K,v,v, —-BBK,Kyv.,, —BK}v, +BBKK\,
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~BB,K,K,v,;v,, —BB,KKyv,v,, +BBKKy,, +B,BKv,v, +BBKv,v, —BKNW,
+B,B,K,Kv,v,, +BBKKy,, -BBKKy,y,, +BKKy,, +BBKKy.y,
-B,B,K,Kyv,v,, -BBKKy., +BKKyv,, -B,BKKy.y, +BBKKy,,
~-B,B,K,K,vv,, +B;KK,v.v,, —B,B,K,Kv,v,, +B,B,K,K,v), +BB,K;vy, —-B;Kv,
-BB,K,Kyvv,, +BB,K,Kyv,v,, +BBK)v,y, -BBKKyv,, +BBKKy.,
-B,B,K,Ky,v,, -BBKKpy,, +BKKy,, +BBKv,, —BBKKy,,
~B,B,K,K,v,,v,, + BiK,Kv,,v,,

= _p12C12a12a22 + p12€2C4a12052a4 + p12C203a12a2a3 + p1pzc1cza12a22 - p1p4clcza12(x2a4
+ p1p3clc2a12a2a3 - p1p20264a1a220(4 + p1p40220{10622a4 T D1D3CrC 000050, — P P4CLCROMOL A0,
- p1p2C2630£10£220£4 + D p3czc3a1a22a3 T D1 D5 0L05a,  — P PLCCA AL, T+ p12c2630512a2a3
- 17120320‘120‘22 + p12c3c4a12a3a4 - p1p2clc3a12a2a3 + D Psclc3a12a32 - D p4010305120£30£4
T PIP2CC 0050, — PIDLCC A0, — p1p3c3c4a10532a4 + p1p4632a1a320£4 + p1pzc32a1a2a32
= D1P2C3C 0050, — p1p3c2c3a1a2a32 + P PG00, + plecaiaa,  + p12c3c405120{3a4
- piciaja; — PPyCiC,O - p1p3c1c4a12a3a4 + pipcc,aia T D116, 0,050,
— P60, + p1p3cfa10630£f - p1p4c3c4a1a3af — D1P2CC 00050, PiPCron a0
T D1P3CC 030, — P PiCiC o0, — p1pzczc3a1a22a3 - p1p2c32a2a32a4 + P pzc3c4a2a3af
+ p1p2c32a1a20532 + p1p2c3c4a1a22a4 - pyciaia; + p2p46120{120£2a3 + p2p3c12a120620(3 + P Pycicy00 Q)
— DDy, - plp2C1C3(X12(Z2a3 + PICICLONOL 0, = Py PG00, — Py PyCiC, 00000,
+ D, P;C G 0050, F p22c103a10522a3 - p2p3c1c2ala22a3 T Do D3C\CLa QL0530 — Py PuCiCO QL 00
- plpzc2c3a]a22a3 — PiD.GC 0060, F p]p2c32ala2a32 — PG00, + p2261640‘10522a3
— P2 P3C GO e0n0, P2p3c1csa1a32a4 T DaDsCiCaaL00, pgcszazzasz + p2p362630t105220{3
- p2p3c3640{2a32054 + p2p4632a20{32054 - p1p20204a1a220(4 T D1P2C3C 000050 — P PHCCL 00050,

2 2 2 2 2
T D\PCo a0, + PrCC A0y — Py P3G A0, t+ Py P3CIC,OLOL0LQ, — Py PyCiCLOL0L T,

2 2 22 2 2 2 2 2 2 2
T D,CC, 0,050, —p. o, — P P3GC 0,05, t Py PsCCL A0 + D, P5CaL050,
2 2 2 2 2 2 2
T Dy PyCCL0L050,  — DI P3CICO Q05+ PIPsCICR s — PIDsCIC R AT, F Py PACA OO
22 2 9 ) 2 2
— P3G O Gy T P3D4C X Ay — Py P3CC0 Q5050 T P3P4Ci6a 0,050, + P3G 050,

— D DiCICGONOL 0, F Py PICCONOL0L  — Py PSCCOL 0,00, + PICICONOL05  — Py CiCy000L050,
+ p1p3622051a22053 — PP 05050, — 171173C2C30‘10{20532 T P\ P36 00,0, — P2p3c1c1a1a22a3
S NN NN NI HNN NN N RN NN NN TR N NN TR N NN N
S L e T N N1 N A TS o NN NN N T N NN N A PR O NN AN A

2 2 2
= D1 P3CC 00050, — Py P3CiC QL0 A + P PiCLOGOT, — Dy P3CIC4QL AL 050, + D,y PCICLOLAL 0,

2 2 2 2 2 2 2 2
+ D3CC 0,050, — P3PsCiCa 050, — PaD3CC Q0050 T P, P5CL 0050, + p;C,c,a,05a,
2 22 2 2 2 2 2 2
T P3P0 0050, —P3C 050, T D3 D4C3C05 A — P1PsCGO O,y — P1P4CC0 O30,
2 2 2 2 2 2 22 2 2
T P1P4CICLa O + PoPiC A aQy T D3P4C O 05, —piciaa, T P, P4CGa 050,

2 2 2 2
T D3D4CC 0058, — P3PLCICAAL0,  + D3CICONOLT,  + Dy PLCICOLOLAL0,  — Py PyCICLOLTL0

2 2 2 2
T P3PsCIC0 000+ PLCCOOL00,  — Dy PuCiCa A, + DiPLCICaAL05a,  — PiPLCCA AL,



2 2 2 2 2 2
T PLCC0N00,  — PiPsCCOOL Ay + PiPyCCLON0L00, T PIDyC 0050, — PIPyCCaN 050,

2 2 2 2 2 22 2 2

T P2PsCGO0, 050+ PyPuCCO0L0, T PP 0030, T PG00, T Py PaCiGO 0050,
2 2 2 2

— Do DsCIC 060,  — D3PLCICOLA50, + DCICAL0L0, + p2p4c3a2a3 O, — Dr,PsC3C0050,

2 2 2
T P3P4CrC005a, + PLC,CALA5Q,
2 2 2 2 ) 2 2 2 2 2\ .2
= (_ PiC — pic; — Py¢y +2pp,cc, )al a, ("’ 2p;CyCy =2 pyCiCs + PopyCi + 2P, PsC )0‘1 a,0;
2 2 2 2 2 2 2\ .2
( P3¢ +2p pieicy )a1 as ("‘ P1CyCy+ PLCICL =2 PrCiCy — PIDACIC, + Py DAC )al a0,

L 2ppicie, - pic - pitlaial (- pici - pic 4 pupsciey il (- pici - pici+2p,picie, Jolal
("‘ DP3DP4C3C4 — p3 Cy )Ot 0‘4 3p1p3czc4 TPiP2C3Cy — 2P, P3CiCy + 2P, puciCs +3P3pycicy )a1a2a3a4

("‘ 2P1 C3C4 = 2P, P3CiCy — 2P PyciCy + 2p3p4C12 )a12a3a4
("‘ 2P1P2C3 2p,pycycs + p1p2032 + Dy DsCC5 T+ 217326102 )a1aza32
("‘ 2p, p2c4 PiP4CrCy = 2Dy PuCiCy — 2P pycic, + pzqcz )0‘10‘20‘3

+ Py P3CyC3 — 2P PyCycy + pzc €3 —2p,psciC, + pZClc4 + P, P5C,C5 + P DsC, )0! a2a3

2 2 2
= 2P, P2CyCy — P P2C,C3 + Py P4Cy + Dy PACAC, — 2P, PuCiC, +2P5¢,C, — Py P4C,Cy )ala2a4

( 2p3D4CC3 — 2P, PsCsCy + p1p4c3 D,P5CC5 + 2 ;5 clc4)a a3 a,

(+ 2p1p3c4 2D, p,CsC, =25 pyciC, + pfclc3 + p326'1C3 )al%af

(+20,p43 +2P30,0, —2PsPutss — 2P, pisCy + LPACE — Pyacs et
[ Pupacscs + 20, D10 = 2Py Daciy — PiDiCsC + Dieses Y0t

(+ pzzc3c4 —2p,psc,c, + 2]73p4c22 — P, D4CyCy )a§a3a4 . (14)

We use p, = p, and p, = p, where pair of prices are same, and ¢, =c; and ¢, = ¢, , where pair of

coupon numbers are same, and every term contains p,p,c,c,, i.e. we use p; = p; = p; = p; = p,p,
2 2 2 2 .

and ¢; =c¢, =c; =c; =c,c,, where the terms contain square, then (14) becomes;

|H| = =3P\ P20,C; —SPD,CICy — PiDLCIC, — 2P DyCiCy — 2P PyCiCy — 2P DyCiCy — 2P PaciCy — 2P PyCiCy
—2p\pyciCy —2PiPACiCy —2PiPyCiCy —2PiDACiC, — PiPACC, —2D3DyCiC, —2PiPheiCy — PiPyGC,
—2p\PyiCy —2PiPyCiC, T PIDCIC, — PiDLCIC,  — PiDLGC, —2pipyGic, —2pipycic,  —2pipiycic,
—2P,Dy0,Cy = 2P, PyCiCy = PiDLCICy — PiPACIC, — PiPACIC, — PiDACIC, — PiP2CiCy — PiPyCiCy — PiPaCiC,
—DIP2CIC, T PIPAGC, T PIDGC, T DiPCC, T PiDAGC,  +2pipcie,  +2pipacic,  +2pipycic,
F3PP2iC, F2PiPACC, A 2PDACC,  +DiPACCy F PIPGC, H2PDACC F PiPGC, + PP,
+PIPACC, F2PiPCC, PIPACC, 2D PACC, + PiDGC,  F2PDyCiC, +2PiPyCie,  F PiDACiCy
2P Py0C; 2P PyCC, + PIPYCC, F PiDLCC, + 2P PyCC, + PIDYGC, F PiDLGC, + PiPYGC, T PDyGIC
2P P20iCy 2P PrCiC, + PIDCC, + PiDGC, F2pipcie, +2pipycicy, + PiDACiC, 2P pycicy
+ PiPyCiCy + 2P PyCiC,
10



|H| =—062p, pyc,c, + 60 p pycic, ==2p pycic, <0. (15

Since the Lagrangian function contains two constraints, and we have operated the 6x6 bordered
Hessian with four variables; therefore, for utility maximization Hessian need to be negative. From

(15) we observe that Hessian is negative, 1.e., |H | <0, and therefore utility v(al,az,a3,a4, J7 ,uz)

obtained in (4) is definitely maximized.

6. Conclusions

In this study we have tried to verify the utility maximization policy of an emerging firm. We have
used two constraints: budget constraint and coupon constraint; and consequently, we have applied
two Lagrange multipliers during the mathematical calculations of optimization. We have operated
the research analysis with four commodity variables and applied the determinant of bordered
Hessian matrix. In one stage, we face difficulties working with four commodity variables. Then for
simplicity we have considered two commodities equal to unity. Later, we have measured all
commodities are of unit amount, and prices of two commodities are same, and also two types of
coupon numbers are same. Throughout the study we have tried to introduce mathematical
calculations in some details. We hope future researchers will try to solve the optimization problem

more efficiently, and they will develop their models more fruitfully.
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