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Abstract 

 

Sensitivity analysis is a vital concept in optimization models. From this analysis an 

economist can predict on the outcome of an economic model by the use of certain range of 

input variables. Utility maximization policy is essential for the sustainability of the 

economic organizations. This study takes an attempt to discuss sensitivity analysis between 

Lagrange multipliers and consumer coupon, where utility maximization is analyzed with 

detail mathematical analysis. In the study method of Lagrange multipliers is used to 

investigate the utility function; subject to two constraints: budget constraint, and coupon 

constraint. Moreover, two Lagrange multipliers are used here with four commodity 

variables. 
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1. Introduction 

 

Mathematical modeling in economics is the application of mathematics in economics, which 

makes relationships among prices, production, employment, saving, investment, etc. It is a 

highly abstract discipline that covers many fields, such as economics, sociology, 

psychology, political science, etc. (Samuelson, 1947; Zheng & Liu, 2022). The concept of 

utility was developed in the late 18
th

 century by the English moral philosopher, jurist, and 

social reformer Jeremy Bentham (1748-1832) and English philosopher, political economist, 

Member of Parliament (MP) and civil servant John Stuart Mill (1806-1873) (Bentham, 

1780). In modern economics, utility is a measure of a consumer’s preferences on an 

alternative set of commodities or services (Coleman & Fararo, 1992, Islam et al., 2009a). 

Utility maximization policy is the best way for the sustainability of the organizations (Kirsh, 

2017). It is a blessing both for individuals and the organizations (Eaton & Lipsey, 1975). 

 

The method of Lagrange multiplier is a very useful and powerful technique in multivariable 

calculus, which transfers a constrained problem to a higher dimensional unconstrained 

problem (Islam et al., 2009a,b, 2010). The sensitivity analysis plays an important role to 

predict on future production of the commodities and about future profit of the organizations 

(Islam et al., 2010). In this study, we have included four commodity variables, the 

determinant of 6×6 Hessian matrix, and 6×10 Jacobian matrix to investigate the sensitivity 

analysis. 

 

2. Literature Review 

 

Two American researchers, John V. Baxley and John C. Moorhouse have discussed the 

utility maximization through the mathematical formulation by illustrating an explicit 

example (Baxley & Moorhouse, 1984). Well-known mathematician Jamal Nazrul Islam 

(1939-2013) and his coauthors have discussed utility maximization by considering 

reasonable interpretation of the Lagrange multipliers (Islam et al., 2010, 2011). Pahlaj 

Moolio and his coworkers have worked on the Cobb-Douglas production functions to 

determine maximum profit (Moolio et al., 2009).  Novel and young researcher Lia Roy and 

her coauthors have applied necessary and sufficient conditions to make the economic model 
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for the cost minimization problem of an industry for its sustainable development (Roy et al., 

2021). 

 

Sabo Nelson Pandi and his coauthors have used the Lagrange multiplier method to derive a 

mathematical formulation that works out an optimal solution for a 4-period overlapping 

generation model with autonomous consumption to maximize a lifetime utility for 

households subject to age-specific inter-temporal budget constraints (Pandi et al., 2022). 

Ying Hu and her coworkers consider the problem of utility maximization for small traders 

on incomplete financial markets. They have wanted to show that a small trader can 

maximize the utility from his/her final wealth measured by some utility function (Hu et al., 

2005). Haradhan Kumar Mohajan has considered the utility maximization and cost 

minimization techniques (Mohajan, 2021a, 2022a). He and his coauthors also have 

investigated optimization problems for the social welfare (Mohajan et al., 2013). 

 

Jannatul Ferdous and Haradhan Kumar Mohajan have tried to calculate a profit 

maximization problem from sale items of an industry. They have realized that profit 

function plays an important role in modern economics for the development of global 

financial structure, and to achieve maximum profit an industry must be careful in every step 

of its operation (Ferdous & Mohajan, 2022). Devajit Mohajan and Haradhan Kumar 

Mohajan have realized that the sensitivity analysis provides the economic predictions of 

future production of an industry (Mohajan & Mohajan, 2022a). 

 

3. Research Methodology of the Study 

 

Research is an essential and influential works to the academicians (Pandey & Pandey, 

2015). Methodology is a system of explicit rules and procedures in which research is based 

(Ojo, 2003).  Therefore, research methodology is a guideline to accomplish a good research 

(Kothari, 2008). To prepare this paper we have considered four commodity variables, two 

Lagrange multipliers 1  and 2 , 6×6 Hessian, and 6×10 Jacobian. After using two Lagrange 

multipliers we have observed that 4-dimensional constrained problem has developed to a 6-

dimensional unconstrained problem that maximizes utility function (Mohajan, 2017b, 

2020). We have tried to preserve the reliability and validity of the research analysis 
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(Mohajan, 2017a, 2022b). Throughout the study we have shown mathematical calculations 

very clearly (Mohajan, 2018b, Mohajan & Mohajan, 2022a). In this study, we have used 

material from the secondary data sources of utility maximization. We have consulted the 

books and handbooks of famous authors, journal articles, internet, websites, etc. to enrich 

this article (Islam et al., 2012; Mohajan, 2012, 2014a,b, 2017c, 2018a, 2022c). 

 

4. Objective of the Study 

 

The chief objective of this study is to demonstrate sensitivity analysis between Lagrange 

multipliers and consumer coupon when utility maximization is analyzed. The other trivial 

objectives are as follows: 

 to show the mathematical calculations elaborately, and 

 to provide the economic results accurately. 

 

5. An Economic Model of Utility 

 

To study sensitivity analysis we consider four commodities: 1W , 2W , 3W , and 4W . Let the 

consumers in the society wants to purchase 1w , 2w , 3w , and 4w  amounts from these four 

commodities 1W , 2W , 3W , and 4W , respectively. The utility function for these four 

commodities can be written as (Islam et al., 2010; Mohajan & Mohajan, 2022b),  

  43214321 ,,, wwwwwwwwU  .    (1) 

The budget constraint of the consumers is,  

  443322114321 ,,, wpwpwpwpwwwwB 
 

 (2) 

where 1p , 2p , 3p , and 4p  are the prices of per unit of commodities 1w , 2w , 3w , and 4w ,
 

respectively. Now the coupon constraint is, 

  443322114321 ,,, wkwkwkwkwwwwK  ,   (3) 

where 1k , 2 k , 3k , and 4k  are the coupons necessary to purchase a unit of commodity of 1w , 

2w , 3w , and 4w ,
 
respectively. 

Using (1), (2), and (3) we can express Lagrangian function  214321 ,,,,, wwwwV  as (Baxley 

& Moorhouse, 1984; Ferdous & Mohajan, 2022),  
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   4433221114321214321 ,,,,, wpwpwpwpBwwwwwwwwV    

 443322112 wkwkwkwkK   .   (4) 

Lagrangian function (4) is a 6-dimensional unconstrained problem that maximizes utility 

functions; where 1  and 2  are two Lagrange multipliers. 

Now taking first and second order and cross-partial derivatives in (4) we obtain (Islam et al. 

2009a,b; Mohajan & Mohajan, 2022d); 

11 pB  , 22 pB  , 33 pB  , 44 pB  . 

11 kK  , 22 kK  , 33 kK  , 44 kK  .     (5) 

011 V , 432112 wwVV  , 423113 wwVV  ,  

324114 wwVV  , 022 V , 413223 wwVV  ,  

314224 wwVV  ,  033 V , 214334 wwVV  , 044 V ;    (6) 

where 
1

1

B
w

B





, 
1

1

K
w

K





, 
2

2

B
w

B





, 
1

1

V
w

V





, 31

31

2

V
ww

V





, 222

2

2

V
w

V





, etc. indicate partial 

derivatives of multivariate functions.  

Now we consider the bordered Hessian (Mohajan, 2021a; Mohajan & Mohajan, 2022c), 

4443424144

3433323133

2423222122

1413121111

4321

4321

                             

                              

                              

                               

                  0        0    

                    0        0    

VVVVKB

VVVVKB

VVVVKB

VVVVKB

KKKK

BBBB

H









 .   (7) 

We use 13 pp   and 24 pp  , i.e., amount of a pair of prices are same, and 13 kk   and 

24 kk  , i.e., a pair of coupon numbers are same. Now we consider that in the expansion of 

(7) every term contains 2121 kkpp , then from (7) we can derive (Mohajan & Mohajan, 

2022e);  

02 2121  kkppH .     (8) 

For 1w , 2w , 3w , 4w , 1 , and 2  in terms of 1p , 2p , 3p , 4p , 1k , 2 k , 3k , 4k , B, and K we can 

calculate sixty partial derivatives, such as 
1

1

p


, 
1

2

p
 , …, 

1

1

k


, 
1

2

k
 , …, 

1

1

p

w




, …, 
1

1

k

w




, …,  
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B
 1 , …, 

K
 1 , etc., (Islam et al., 2011; Mohajan, 2021c). Now we consider 6×6 Hessian and 

Jacobian matrix as (Mohajan, 2021b; Mohajan & Mohajan, 2022a); 

   

4443424144

3433323133

2423222122

1413121111

4321

4321

                             

                              

                              

                               

                  0        0    

                    0        0    

VVVVKB

VVVVKB

VVVVKB

VVVVKB

KKKK

BBBB

HJ









    (9) 

which is non-singular at the optimum point  *

2

*

1

*

4

*

3

*

2

*

1  , , , , , wwww . Since the second order 

conditions have been satisfied, so the determinant of (9) does not vanish at the optimum, 

i.e., HJ  ; and we apply the implicit-function theorem. We have total 16 variables in our 

study, such as 21  ,  , 4321  ,, , wwww 4321  ,, , pppp , 4321  ,, , kkkk , B , and K . By the implicit 

function theorem, we can write (Moolio et al., 2009; Islam et al., 2010); 

 KBkkkkpppp

w

w

w

w
 ,,, , ,,, , , 43214321

4

3

2

1

2

1

G



























.    (10)

 

Now the 6×10 Jacobian matrix for G , regarded as GJ  is given by (Mohajan, 2021a; 

Mohajan & Mohajan, 2022a), 
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4

4

3

4

2

4
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4
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4
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4
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3

3
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



.     (11)
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


































 

  0        0              0           0          0                0         0          0  

0        0         0                0          0          0               0          0  

0        0         0          0                0          0          0               0  

0        0         0          0          0                0          0         0        

1        0                               0          0         0          0  

0        1         0          0          0           0                      

21

21

21

21

4321

4321

1







wwww

wwww

J .     (12)

 

The inverse of Jacobian matrix is, T
C

J
J

11  , where  
ijCC  , the matrix of cofactors of J , 

and T  indicates transpose, then (12) becomes (Mohajan, 2017a; Islam et al., 2009b, 2011),  






































  0        0              0           0          0                0         0          0  

0        0         0                0          0          0               0          0  

0        0         0          0                0          0          0               0  

0        0         0          0          0                0          0         0        

1        0                               0          0         0          0  

0        1         0          0          0           0                      

1

21

21

21

21

4321

4321







wwww

wwww

C
J

J
T

G .   (13) 

Now 6×6 transpose matrix T
C  can be represented by, 





























665646362616

655545352515

645444342414

635343332313

625242322212

615141312111

                                          

                                          

                                          

                                          

                                          

                                           

CCCCCC

CCCCCC

CCCCCC

CCCCCC

CCCCCC

CCCCCC

C
T .     (14)

 
Using (14) we can write (11) as a 6×10 Jacobian matrix (Mohajan & Mohajan, 2022b); 























                            

                             

                             

                             

                             

                              

1

362261661164561163461162361161

352251651154551153451152351151

342241641144541143441142341141

332231631134531133431132331131

322221621124521123421122321121

312211611114511113411112311111

CCwCCwCCwCCwCCw

CCwCCwCCwCCwCCw

CCwCCwCCwCCwCCw

CCwCCwCCwCCwCCw

CCwCCwCCwCCwCCw

CCwCCwCCwCCwCCw

J
JG








 

 

                           

                          

                           

                          

                            

                           

2616662264562263462262

2515652254552253452252

2414642244542243442242

2313632234532233432232

2212622224522223422222

2111612214512213412212





















CCCCwCCwCCw

CCCCwCCwCCw

CCCCwCCwCCw

CCCCwCCwCCw

CCCCwCCwCCw

CCCCwCCwCCw








.  (15)
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Now we analyze the nature of Lagrange multiplier 1  when total coupon K of the 

consumers increases.  Taking  101T , (i.e., term of 1
st
 row and 10

th
 column) from both sides of 

(15) we get (Islam et al., 2011; Mohajan & Mohajan, 2022e), 

 21
1 1
 C

JK





 

21 ofCofactor 
1

C
J


 

444342414

343332313

242322212
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VVVVK

VVVVK
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
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
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
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21222 wwwwkp 4

3

32133 wwwwkp 3

4321442 wwwwkp 43
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
 2
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333 wkp 2

4442 wkp   2121122 wwkpkp    313113 wwkpkp 

  411441 wwkpkp    322332 wwkpkp    422442 wwkpkp  4334 wwkp .   (16) 

Using 14321  wwww  in (16) we get, 

 11
1 2

1
kp

JK





222 kp 33kp 442 kp 122 kp 212 kp 13kp 31kp 41kp 14kp 32kp 23kp

      42kp 24kp 34kp .   (17) 

Using 13 kk   and 24 kk   in (17) we get, 

 122211
1 523

1
kpkpkp

JK





.     (18)

 
Let kkk  21 , and 2

212 kppJ 
 
then we get from (18), 

 
kpp

pp

K 21

211

2

3 





     (19) 

where 021 kpp .

 If 21 pp   in (19) we get, 

01 



K


.      (20)
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Inequality (20) indicates that if the total coupon of the consumers’ increases, the level of 

marginal utility will also increase. Therefore, in this situation the consumers will collect 

more coupons. Depending on the consumers’ demand, the organization should take attempts 

to increase the production level. 

If 12 pp   in (19) we get, 

01 



K


.      (21)

 Inequality (21) indicates that if the total budget of the consumers’ increases, the level of 

marginal utility will decrease. Therefore, in this situation the consumers will reduce the 

collection of coupons. Depending on the consumers’ demand, the organization should take 

attempts to decrease the production level. 

In this study we observe that, 01 



K


. Therefore, from (19) we see that, 21 pp  , i.e., the 

prices of two commodities 1w
 
and 2w  are not equal and consequently, these are different 

goods.  

Now we analyze the nature of Lagrange multiplier 2  when total coupon of the consumers 

increases. Taking  102T , (i.e., term of 2
nd

 row and 10
th

 column) from both sides of (15) we 

get (Islam et al., 2010; Mohajan & Mohajan, 2022e,f), 

 22
2 1
 C
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

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 432

3

1

2

1
2 2

1
wwwwp
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


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43

3

21

2

22 wwwwp 4

3
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2

3 wwwwp 3

4321

2

42 wwwwp 43

2
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2
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2

432

2

1412 wwwwpp 4

2

3

2

21322 wwwwpp 2

4

2

32143 wwwwpp .
     

(22) 

 2

1

2

1
43212 2 wp

J

wwww

K



 2

2

2

22 wp 2

3

2

3 wp 2

4

2

42 wp 21212 wwpp 41412 wwpp 32322 wwpp
 

       
4343 wwpp .

    
(23) 

Now we use 13 pp  , and 24 pp   where pair of prices are same, a 21212 kkppHJ  . Now 

we use 13 ww  , and 24 ww  , then (23) becomes; 

  22111122

2121

2

2

2

12 43
2

wpwpwpwp
kkpp

ww

K





,
     

(24) 

where 02121 kkpp  and 02

2

2

1 ww . 

Now if 221122
3

4
wpwpwp   in (24) we get, 

 

02 



K


.      (25)  

Inequality (25) indicates that if the total coupon of the consumers’ increases, the level of 

marginal utility will also increase. Therefore, the consumers will try to collect more 

coupons. The organization should take attempts to increase the production level, depending 

on the consumers’ demand.  

Now if 1122
4

3
wpwp   in (24) we get, 

 

02 



K


.      (26)

 Inequality (26) indicates that if the total budget of the consumers’ increases, the level of 

marginal utility will decrease. Therefore, the consumers will try to reduce the collection of 

more coupons. The organization should take attempts to decrease the production level, 

depending on the consumers’ demand.  

From (24) we see that, 02 



K


, so that, 2211 wpwp  and also 2211 43 wpwp  , i.e., the prices 

of two commodities 1w  and 2w  are not equal, i.e., it seems that these goods are different. 
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6. Conclusions  

 

In this study we have taken attempts to discuss sensitivity analysis between Lagrange 

multipliers and total coupon during the utility maximization investigation. To discuss utility 

maximization we have used two constraints: budget constraint and coupon constraint. In this 

article we have run the mathematical calculations with four commodity variables. We have 

observed that uses of the Lagrange multipliers are very fruitful both for the consumers and 

producers.  
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