MPRA

Munich Personal RePEc Archive

Sensitivity Analysis among Commodities
and Prices: A Utility Maximization
Perception

Mohajan, Devajit and Mohajan, Haradhan

Department of Civil Engineering, Chittagong University of
Engineering Technology, Chittagong, Bangladesh, Department of
Mathematics, Premier University, Chittagong, Bangladesh

10 December 2022

Online at https://mpra.ub.uni-muenchen.de/116232/
MPRA Paper No. 116232, posted 06 Feb 2023 14:19 UTC



Sensitivity Analysis among Commodities and Prices: A Utility

Maximization Perception

Devajit Mohajan
Department of Civil Engineering, Chittagong University of Engineering & Technology, Chittagong,
Bangladesh
Email: devajit1402 @gmail.com
Mobile: +8801866207021

Haradhan Kumar Mohajan
Department of Mathematics, Premier University, Chittagong, Bangladesh
Email: haradhan1971 @ gmail.com
Mobile: +8801716397232

Abstract
Utility maximization policy is essential for the sustainability of the firms and organizations. In this
article, two Lagrangian multipliers are used to perform the research successfully. Moreover, the
paper takes attempts to run with four commodities and two constraints, such as budget constraint,
and coupon constraint. In the study, both Hessian and Jacobian are used to show the mathematical
calculations precisely and concisely. The sensitivity analysis among two commodities and one price
unit of commodity are included in this paper for forecasting on the economic model during the

utility maximization procedure.
Keywords: Lagrange multipliers, sensitivity analysis, utility maximization
1. Introduction

Utility maximization policy is the best way for the sustainability of the organizations. Because, in
the society, the individuals want to obtain the highest level of satisfaction from their purchasing
goods and utility maximization helps in this regard (Kirsh, 2017). The concept of utility was
established in the late 18" century by the English moral philosopher Jeremy Bentham (1748-1832)
and English philosopher John Stuart Mill (1806-1873) (Bentham, 1780; Read, 2004). The US
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economists John V. Baxley and John C. Moorhouse have analyzed an example of utility
maximization, subject to a budget constraint (Baxley & Moorhouse, 1984). Utility influences the

organizations to take decision for the future optimum industrial productions (Fishburn, 1970).

The Lagrange multiplier method is a very useful and powerful technique in multivariable calculus.
In mathematical economics, it acts for transforming a constrained problem to a higher dimensional
unconstrained problem (Islam et al., 2009a,b, 2011). Utility maximization helps the organizations to

achieve the maximum profit within the fixed budget (Eaton & Lipsey, 1975).

To predict the future productions of the industries, sensitivity analysis is necessary. In the study we
have introduced implicit functions with meaningful economic behavior (Mohajan & Mohajan,
2022a). During the mathematical analysis we have used bordered 6x6 Hessian determinants
(Mohajan & Mohajan, 2022c). In this study we have considered the optimization problems of

economics from a somewhat wider perspective (Islam et al., 2010; Mohajan, 2021b).

2. Literature Review

The literature review section is a scholarly portion of theses, research papers or books. It deals with
the existing knowledge and allows the researcher to identify relevant theories, methods, and gaps in
the existing research (Creswell, 2007). It is a secondary research source and does not report a new
or a coming research work (Gibbs, 2008). Famous economists John V. Baxley and John C.
Moorhouse have discussed the utility maximization method using an explicit example of
optimization (Baxley & Moorhouse, 1984). Distinguish mathematician Jamal Nazrul Islam and his
coauthors have analyzed the utility maximization policy. In their study they have provided

reasonable interpretation of the Lagrange multipliers (Islam et al., 2010).

Jannatul Ferdous and Haradhan Kumar Mohajan have shown a profit maximization problem
(Ferdous & Mohajan, 2022). Lia Roy and her coworkers have consulted on cost minimization and
have shown mathematical formulation in some detail (Roy et al., 2021). Devajit Mohajan and
Haradhan Kumar Mohajan have tried to discuss profit maximization by using four variable inputs
(Mohajan & Mohajan, 2022a; Mohajan, 2022a). Later, in two papers they have discussed utility
maximization methods elaborately (Mohajan & Mohajan, 2022a-1, 2023a-h).

Haradhan Kumar Mohajan has worked on utility maximization of Bangladeshi consumers

(Mohajan, 2021a). He and his coauthors have highlighted on optimization problems for the social
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welfare (Mohajan et al., 2013). Pahlaj Moolio and his coauthors have used a Lagrange multiplier to

solve optimization problems elaborately and proficiently (Moolio et al., 2009).

3. Methodology of the Study

Methodology in any creative research is the organized and meaningful procedural works that follow
scientific methods efficiently (Kothari, 2008). Research methodology provides the principles to the
researchers for organizing, planning, designing and conducting a good research. Therefore, it is the

science and philosophy behind all researches (Legesse, 2014). In this paper, we have considered
four commodities X,, X,, X;, and X,, and two Lagrange multipliers 4, and 4,. We have
expanded the bordered Hessian, and have applied the implicit-function theorem. First, we have
studied the consumption of commodity ¢, when its price p, increases. Later, we have analyzed the
consumption of commodity ¢, when the price p, of commodity ¢, increases. Finally, we have

provided the meaningful interpretation of the desire results.

In the study we have tried our best to maintain the reliability and validity. We have tried to maintain
the ethical credibility by citing references properly both in the text and reference list (Mohajan,
2017b, 2021c). In this study we have used both published and unpublished secondary data sources
of optimization (Islam et al., 2012a,b; Mohajan, 2018, 2020). We have reviewed the journal articles,
conference papers, published books and handbooks, internet, websites, etc. during the preparation

of this paper (Chowdhury et al., 2013; Mohajan, 2011, 2012, 2014a,b,c, 2015, 2016, 2022a,b).

4. Objective of the Study

The main objective of this paper is to analyze sensitivity of the commodities with respect to prices
during the operation of utility maximization of a firm. The other minor objectives are as follows:
e to use the implicit function theorem of the multivariate calculus, and

e to present mathematical calculations in some details.

5. An Economic Model

Let us consider an economic world where there are only four commodities that are X,, X,, X;,

and X, (Moolio et al., 2009; Roy et al., 2021). Let a consumer wants to purchase only «,, «,, a;,



and ¢, amounts from the four commodities X,, X,, X, , and X, , respectively. The utility
function on these four commodities is given by (Mohajan, 2022¢; Mohajan & Mohajan, 2022b),
v(al,az,a3,a4)=ala2a3a4. (1)
The budget constraint of the consumer can be represented as,
B(al,az,a3,a4)= Doy + pya, + pios + puoy, 2)
where p,, p,, p;, and p, are the prices of per unit of commodities «,, «,, a,, and «, ,
respectively. Now the coupon constraint is given by,
K(cxl,czz,053,czr4)=clozl +c,a, + oo, + ¢,y 3)
where ¢, ¢,, c;, and c, are the coupons necessary to purchase a unit of commodity of «,, «,, o,
,and «,, respectively.
Using (1), (2), and (3) we can express Lagrangian function v(al,az,a3,a4,il,lz) as (Mohajan,
2017a; Ferdous & Mohajan, 2022),
v(al,az,a3,a4,/1,,/12)= a0, +ﬂq(B— D10y — P20y — D3y —p4a4)
+/12(K—c1051 —C,a, — G50, —c4(x4). “4)
Lagrangian function (4) is a 6-dimensional unconstrained problem that maximizes utility functions;
where A, and A, are two Lagrange multipliers that are used as devices of mathematical procedures.

Now we consider the bordered Hessian (Roy et al., 2021; Mohajan & Mohajan, 2022a),

0 0 -B -B, -B, -B,
0 0 -K -K, -K, -K,
|H| _|~ B, -K, Vi Vi Vi3 Vig . (5)
-B, —K, v, V2 Va3 Va4
-B; —K, V31 V3 Vi3 Va4
-B, —-K, Vi Vir Vi3 Vg

Now taking first and second order and cross-partial derivatives in (4) we obtain (Mohajan &

Mohajan, 2022c¢);

B, =p,, B, = p,, B, = p;, B, =p,.
K =c, K, =c,, K, =c;, K,=c,. (6)
v; =0, Vip =Vy =00, Vi3 = V3 = 0ha,y,
Vig = Vg4 = 05, vy, =0, Vs =V =@y,

Voy = Vg = 04Q3, vy, =0, Viy = V43 =Q0,, vy =0. (7



We use p, = p, and p, = p,, i.e., a pair of prices are same, and ¢, =c, and ¢, =c,, i.e., a pair of
coupon numbers are same. Now we consider that every term contains p,p,c,c,, i.e., we use

pi=p;=pi=p.=pp, and ¢ =c; =c; =c; =c,c,, where the terms contain square, then (5)

becomes (Mohajan & Mohajan, 2022b);
|H| =-2p,p,c,c, <0. (8)

We can determine Lagrange multiplier 4, >0 as,
)

For a,, a,, a;, a,, A,, and A, in terms of p,, p,, p;, Py» C;» €, C;3, C,, B, and K we can

calculate the sixty partial derivatives, such as %, %, e %, o4 s e 0o e 0 yenes
op, Op, oc, Oc op, oc,
oA, oA, . . . ) )
a—B,..., 8_1( etc. (Islam et al., 2010). Now we consider Jacobian matrix (Mohajan & Mohajan,
2022a);
0O 0 -B -B, -B, -B,]
0o 0 -k, -K, -K, -K,
7= -B -K, Vi Vi2 Vi3 Via (10)
-B, -K, vy Vay Va3 Vo4
-B, -K, V31 V3o V33 V3
-B, -K, Vi Vo Vs Vg

is non-singular at the optimum point (al L0, 0, 0, Ay, /12). Since the second order conditions have

been satisfied, so the determinant of (10) does not vanish at the optimum, i.e.,

J|=|H

; and we
apply the implicit-function theorem. We have total 16 variables in our study, such as A, 4,,

a,, 0,05, 0, Pis Py Pys Pys €5 Cy5C5,C,, B, and K . By the implicit function theorem, we can write

(Moolio et al., 2009; Islam et al., 2011),

:G(Pl,Pz,p3,p4,cl,C2,C3,C4,B,K). (11)

Now the 6x10 Jacobian matrix for G, regarded as J; is given by (Mohajan, 2021a),



(04, 04 04, 04, 04 oA 04 04 04 O4
op, ©Op, Op; Op, Oc Oc, Oc; ©Oc, OB 0K

J, = . (12)

-a, -a, —oa; —aQ, 0 0 0 0 1 0
0 0 0 0O - -a, -o -a, O 1
- 0 0 0 - 0 0 0 0 0
=-J" & % (13)
0 -4 0 0 0 -4 0 0 0 0
0 0 -4 0 0 0 -4 0 0 0
| 0 0 0 -4 0 0 0 -4 0 0 |
1
The inverse of Jacobian is, J ' = m C", where C = (C,.J. ) , the matrix of cofactors of J, and T
indicates transpose, then (13) becomes (Mohajan, 2017a; Islam et al., 2011),
-a, -a, -a, -a, O 0 0 0 1 0]
0 0 0 O -« -a -a -a, O 1
1 - 0 0 0 -2 0 0 0 0 0
Jo=——C" A ? (14)
oo -4 0 0 0 -4 0 0O 0 0
0 0 -4 0 0 0 -4, 0 0 0
| 0 0 0 -4 0 0 0 -4 0 0 |
Now 6x6 transpose matrix C” can be represented by,
_Cll C21 C31 C41 CS] C()l |
C12 C22 C32 C42 CSZ C62
CT — C13 C23 C33 C43 C53 C63 (15)
C14 C24 C34 C44 C54 Cs4
Cis Cos Css Cis Css Ces
_C16 C26 C36 C46 CS() C66 i

Using (15) we can write (12) as 6x10 matrix,



—a,C, - 4Gy, —o,C - 4C, oG -AC, -G -AC,  -a,Cy-A4C,
-a,C,, - 4G, 0,0y, -4C, -G, - 4G, —0,C,-4C, -Gy - 4G,
] :_i -0,Cy = 4Gy -0,C5 - 4Cy —0,Cy - 4Gy —a,Ci-ACy  —aCy—-AC,
|J| -o,C, - 4G, -a,C, - 4C, -—o,C, - 4G, -a,C, - 4C, —o,Cy = 4Gy,
-0,Cy5 = 4G5 —0,C5 =4 Cs —0,Cs=ACs —a,C5-A4Cs —oCys = ACy
|~ ,Cis — 4G4 —0,C6 =4 Cy —0,Ce 4Gy -G —A4Cq - Cy =4y
-,y - 4,Cy o0y = 4C —a,Cy - 4G Cy Cy |
-0,Cy - 4Cy 0,0 - 4Gy -Gy - 4Gy Cy Cy
—0,Cy = 4G —0,Cyy — 4,Cy —0,C, - 4Gy Gy Cy (16)
-a,C,, - 4,C,, -a,C, -4,C,  —a,Cp - 4,C, ¢, C,
—0,Cp5 = 4,Cys —0,Cy5 = 4,Css 0,0 -4Cs G5 Cos
—0,Cy = 4,Cy —;,Ch = 4,C —a,Cys = 4C Cis Cy |

Now we analyze the nature of consumption of commodity ¢, when its price increases. Taking 75, ,

(i.e., term of 3" row and 1* column) from both sides of (16) we get (Islam et al., 2011; Mohajan &
Mohajan, 2022c,e),
oo, 1

—=——\-a,C,,-AC
o, |J|[ a,C, =4, 33]

1
= m[alcm +21C33]

:ﬁCIB icsa
|J|[ ]+|J|[ ]

= 2 Cofactorof C,+ ﬁCofactor of C;,
1 1
0 0 -K, -K, K, 0 0 -B, -B - B,
a, -B, -k, Vi Vi3 Vi A 0 0 -K, -K, - K,
= m -B, -K, vy, Va3 Vo m =B, -K, vy Va3 Vs
-B; -Kj V3 Vi3 V34 -B, -K; V3 V33 V34
-B, -K, Vir Vi3 Vs -B, -K, Vo Vs Vs
=B, —-K, v; vy =B -K v, vy -B -K v, Vi3
_a ]k -B, K, vy vy +K -B, -K, v, vy _k B, K, vy, Va3
|J| 1= B, -K; vy vy - B, -K; v, Vg ‘- B, -K, V3 V33
-B, -K, v, v, -B, -K, v, Vi -B, —-K, Vi Vi
0 -B, -B, -B, 0 -8B, B, -8B, 0 B, -B, -B,
A 3 0 -K, -K, -K, B 0 -K, -K, —-K, ~ 0 -K, -K, —-K,
|J | - K, vy, Vi3 V34 K 2 Vo Vo3 Vi =K 2 Vm Voz Vo
-K, v, Vis YV -K, vy Vi Vau -K; vy, Vizs. Vn



o K, vy vy —B, vy vy -B, -K, vy -B, -K, vy
:m —K\-B-K; vy vy +K =By vy vyl +vs=By Ky vy | -vy, =By —K; vy
-K, v vy -B, vy vy - B, K, vy, -B, —-K, v,

K, vy vy -B, v, vy - B, K, vy, -B, -K, vy
+K\—B|-K; vy, vy +K[|=By vy, vy +vp-By —K; vyl —v, By —K; vy,
K, vy, vy, -B, v, vy -B, -K, v, -B, -K, v,

-K, v, vy —B, vy, vy -B, -K, vy -B, -K, vy,

_Bz _Ba _B4 _Bz _Bs _B4 _Bz _Bs _B4 _Bz _Bz _B4
+h -B{-K,-K, -K, -K,|+K,-K, -K, -K,|} +Bs-K,-K, -K, —-K,| +K,-K, -K, —K,

il

-B, -B, -B, ~-B, —-B, —B,
-B{-K,-K, -K, —-K,|+K,|-K, —K, —-K,

V3 Vs Vy V3 Viz Vy

_g [ 2.2 2
_m B K,vy, —BK,K,vyvy, —BK,Kyv,vy,, —B,KK,v;y, +B,KK,v;v, —BKK,v,v,
2 2
+B,K,K,v,3vs, —B,K;vyvy, —B,K,K,v,v,, +BK,Kvw,, +B,K,Ky,v,, —BKv,v,
2.2 2 2
-B,K,K,v,,v,; +B,K,K;v,,vy; —BK,Kv,,vy, +BK;v,, —BK,K,v), +B,KK;v,v;, —B;K Ky,

+B,K\Kv,3v,, —B,K;Kv,v, +B,K,Kv,vy +BKK,v,v,, — B4K32K3V12V24 - BzK32K3V14V24

2.2
+B, KK viyvyy  +BiK Ky, —BK K vy —BIK K vyvyy  —BKK vy, +BKv,
+B,K Ky, ~BK Ky, —BKKpyovy +BKKyovy —BKvvy, +BKKw,v,

A

+B,K;Kv,vy; + B, KK, vy, _B2K5V13V23 —B,K,K,v,3v,, +B4K2K4V13V23] +m[_ 322K3K4V34
+B,B,K,K,v,, +B,B,K,K;v,, —B,BKiv,, -BK,Ky, +BBKKy, ~BBKv,
+B,B,K;K,v,; +B,B,K,K,v;, _B;K2K4V24 _B3B4K22V34 +B;B,K,K;v,, +B,B;K;K,v,,
_BzB3KZV23 _B32K2K4V24 +B,B,K,K,v,; +B,B,K,K;v, _B3B4K22V34 +B;B,K,K vy, _Bszstzs
~B,B,K;v,, +B,B,K,K,v;, — B,B,K,K,v,, + Bstzvzs]

a
_q 2 2 2 2 2 2 2 2 2
=7 [p1cza1 Ay = DGO OAy — PICCOA AL, — PrCiC0 A, + PUCICO A0, — P3CiC0, Ay

]
2 2 2 2 2 2
T P00 00000y = PaCrO 0y Oy = PG OL050, + PuCrCiO0h0a0, + PrCyC0L005 05 — P3Gy 0405 0
2 2.2 2 2 2
T P3O0 00050, T+ PACCONOL0LA, — DiGGE, OG0, F PICO Gy — DGO, Oy + PrGiCa 0,050,
2 2 2 2 2 2
T PG Ay Tt PG O30y = PrCiC 00050, + PyCyCON00050, T DICGOH050, — DyC a5 Q,
2 2 2 2 2 2 2
T PG00 T PIOGA Ay T PRGN OL05  — PG00, — PiC,C0 00, — DGO Oy
2 2 o 2 2 2 2
T DGO, T PICCE 00, T+ PRCCO OG0, — DGO O = DrCiC 0000050, + PiCCan 0050,
2 2 2 2 2 2
T PG00, T+ PUCCONO50, Tt PUCCONO50, + PrCiC 000050, — DhC0On0y — PRCyC 000050,
8



A

2 2 2 2
+p4czc4a10{30[4] +|J| [_ PrGG N0, + Py PiCCL0N05 T+ Py PuCrCO 0, — Dy PG00 — PGl @,

2 2 2
+ p2p3C2C4ala2 —p2p3c4a10{4 + p2p4C3C4ala4 + p2p3C2C4ala2 — p3C2C40(10£3 — p2p4620£10£2
2 2
T P3P GG Ay + Py PCC s — Do PiCa Ry, — PRC,CO05 + PP ey, Py PuCCO K,
2 2 2
T PP, T P3PACCON0, T POGQ, T DhDyCOG R, + PiPLCCON T, T Py PaCC,a0Q,

2.2
+ P4C3a1a4]

o 2 2 2 2 2 2 2.2 2 2 2
= m [(pICZ — P»GiC, )0‘1 a, + (P1C3 — PiC3C4 = 2P5CiCy )al a; + (_ PsCC,t PiCy )al Q, — PrC 0,0,
2 2 2 2
+ (_ P36, —2pieycy )al a,a; + (p4clc2 —2pic,cy )al a,a, + (pzczc4 — P4C; )‘110‘2 a,
2 2 2 2 2 2 2

+ (chzcs = P3G, )a1a2 a; + (p4clc3 + DsCCy )al aa, + (p3c3c4 — P4Cy )a1a3 a, + (p3czcs — P1C5 )a1a2a3
+( C1C3 — PyC3Cy —2P5CoC, +2 cc)aaaa +(— CF +2p,CiC, + cc)aaaz]

P2CiC3 — PrCsCy PsC,Cy P4CrC3 )OO0 PsCy P4C3Cy T PLCCY JOLOROY

A [( 212 2 2 2 2 2 )a
+m T aPyC3Cy APy P3CYCy + 2Py PUCCy = Py PuCy — P3PsCor — PaPaCs T P3PyCrCs J Q)
+ (2 —~ > —2pic,c,+ )a

P2P3C3C4 — Py DyCs P3CyCy T P3PuCrCs JO Ay
2 2 2 2 2

+ (_ PaD3Cy + DyPsCiCy = PaD3Cy +2D3PyCrCy — PyCaCy — P3PyCiCy + PUCy )a1a4]- (17)

Now using o, =a, =a, =a, =1 in (17) we get,
_ 1 [( 2 2 2 )
= m D¢y + P63t piCy + PGy +2AP,CC5 F PrCiCy + PUCiCy t+ P3CICy + PrCyCy T+ PHCyCy F PRCyCy

2
+ P5CiC,4 + PuCyCy +2P4C3C4) _(pzclcz +2pseic; +pucicy +Ppucy +pyce, +picc, +2pice,

+£

+2PiC,C, +2P,CoCs + PiCiCy + PyCh + DuCa + PyCh + DsCi + DiCa )] |J| [(2p2p3c2c4 +2p,P.CC4
+ P3P4CCy + 2Dy P3CsC, F P3PACCy T PLP4CC, +2P3pacicy + pfcf) —(2p22C3C4 + PaPaCy + P3P
FPIDCS + PoPiCY H2PICIC,+ PoPsC  PaPiCE + PLCC F Pipicac, )] (18)

We consider; p,=p,=p,=p,=p, and ¢, =c, =c;=c,=c, then |J|=—2pzc2 and 4, =1; (18)
gives,

2 2
- - 1
oy _Zpe _ P ___— >o. (19)
op, |J| -2p°c 2p

Relation (19) indicates that if the price of commodity «, increases, the level of consumption of ¢,
will also increase. In these circumstances we consider that commodity ¢, is a superior good, and it

has no other substitutes to get (Islam et al., 2010; Mohajan & Mohajan, 2022c).

We consider p, = p, and p,=p,; and ¢; =c¢,, and ¢, =c,, then |J|=|H| =-2p,p,¢,C,, and from

D) using o, =a, =a, =, =1 we get,



6 —G

PR 20)
CD—CD,

Using the value of A, from (20) in (18) we can write,

0, _ pee,+pat —4pc = pet = ey (e —alpipacs +3ppacie, = pici - piel 2pic;) @1
ap, —2pipycicy - 2p1p20162(62p1 _Clpz)

where ¢, p, # ¢, p,. Now let ¢, =c, =c, then from (21) we get,

aal — 9p1 _2p2 ) (22)
op, 2p,p,

If 9p, > 2p, then from (22) we can write,
% 5, (23)
op,

Which bears the same properties as of the relation (19).

If 2p, >9p, then (22) gives,
9% g (24)
op,

Relation (24) indicates that if the price of commodity «, increases, the level of consumption of «;,
will decrease. This situation seems reasonable result in the sense that commodity ¢, has many

substitutes; and hence consumers switch to substitutes when price of commodity ¢, goes up.

If 9p, =2p, then from (22) we can write,

9ei _y. (25)
op

Equation (25) indicates that if the price of commodity ¢, increases, there seems no effect on the

level of consumption of goods ¢, . It looks like commodity ¢, is a necessity and it has neither

complementary nor supplementary goods (Islam et al., 2010).

Now we analyze the nature of consumption of commodity ¢, when the price of ¢, increases.
Taking 7,,, (i.e., term of 4™ row and 1% column) from both sides of (14) we get (Mohajan &
Mohajan, 2022b,d),

oa, 1

=——|-aC,,—AC
o, |]|[ a,Cy—4 34]

1
= m [a1C14 + 11C34]

10



A
]

= m [C14]+ [C34]

A

_4

Cofactorof C,, +—; Cofactorof C,,

] ]
0 0 -K, -K, -K, 0 0 -B, —-B, -B,
o -B -K, Vi Vi3 Vig P 0 0 -K, -K, -K,
_m_Bz -K, v, Va3 Vos _m_Bz -K, v, Vo Vo4
-B;, -K, V3 V33 V34 -B, -K, V3 V3 Viy
-B, —K, Vi Va3 Vs -B, -K, Vi Var Vau
-B, -K, v; v, -B —-K, v, v, -B, —-K, v,
__ o) ]_Bz -K, vy vy +K3_B2 -K, vy vy —K4_B2 -K, v,
|J| -B; —K; vy vy -B, —K; vy vy -B, —K; vy
-B, K, v; v, -B, -K, v, vy -B, -K, v,
0 0 -K, -K, 0 0 -K, -K, 0 0 -K,
_ﬁ -B, —-K, vy Voy +B -B, -K, Vou _B -B, -K, vy
1 2 4
|J| -B; -K; vy Va4 -B;, —-K; vy Vg -B;, -K; vy
=B, K, vy vy =B, —K, vy vy -B, -K, v,
o -K, vy vy —B, vy vy -B, -K, vy -B,
:_m K< =B|-K; vy vyu|+K\|=-B; vy vy |+v—B; —K; vy |—v,|-B;
Ky v vy =B, v v —-B, —K, v, —B,
-K, v, vy -B, -K, v, -B, —K, v,
+ K =B|-K; vy vy| +K|-B; —K; vy| —v|-By —K; v, - K, —B,-
K, vy vy -B, —-K, v, -B, -K, v,
=B, vy vy —-B, -K, v, 2 -B, K, vy - B,
+K\ =By vy Vi | —vs= By — Ky vy _m B—Ky=B; —K; vy +K, =B,
—B, vy vy -B, -K, v, -B, -K, v, - B,
-B, —K, v, -B, —-K, v, -B, —-K, vy - B,
+B,y—K,[-B; —K; vy | +K,|-B; —K; vy | —B,—K|-B; —K; v;,|+K,-B,
-B, —K, v, -B, -K, v, -B, -K, v, -B,
=-4[pK Ky, -BKK,B ~BKK ~B,K, +B,K?
= | ]| 1885V 1884 51Vy3V3y 18183V V3 2B V3 48y Vy3Vay
- B,K\K;v3vy,  +BK K,vv,, —B,K K, +BKKy,v, +B,KKy,,
2
+B,K\K,v,v,; —B,KKy,v,; —BK,Ky,v,, +BK, K, +BKjv,v,

~B,K,Kvy, +B,K,K,K vy, +B;K,K,K,v,, = B,K K;v,, +B,K; vy + B,K,K,v 3, ~

2
-B,K;Kv,v,  +B,Kivyvy, —BK,Kpy3v, +BKKpy,v, —BKKy,w,
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_K2

_K4

_I(3

Va3

Ky vy vy

Var Va3
-K,
~K,

-K,

Vo
V3

Vi

_K2

Vo

V31

-K, v, |

2
+ B,K [ vy,v3,

B.K\K,v,,vs,
B KK ,v,3v,,
B,K,Kv,,vy,

+ BlKjvlsvzs



+B,K,\K,v;;v;, —B,K\Kv,vs, +BKKyv,v,, —-BKKpwy,, +BKKpy,v, _BszV123
~BK,Kyvyv, +B KKy, +BKvy; - B4K3K4V12V13] - |ﬂ17| [_ BB,K,K,v,, +BB,K;v,,
2
+B,B,K,K,v,, -B,B,K,K,v,, —-BB,K,K,v, +BB,K,v,; +BBK,K,v,, —BBK,K,vy
+BzzK1K4V34 -B,B,K,Kv,, -B,B,KK,v,, +B,B,KK,, +BBKKy, —BleKva
+BB,K,K,v, -BBK,K,v; - BlB3KjV12 +BB,K:K,v, +B,B,KK,v, —-B,BKK,v,
—-B,B,K\Kyv,, + BjKlevzs -B,B,K,K;v,, +B,B,K,K,v; — B3B4K22v14 + Bszsz - B,B,K,K v,
+BIK,Ky,, ]

_ o [ 2 2 2 2 2 2 2 2 2 2 2
= _m DiCiCa Ay — PDICC,A A0, — PICGR A0 — DyCO A, DGO 0, PG QL0
2 2 2 2
— DG, Oyt PACICO T, Oy — P3CICLOL0L0L0 + PG OLAR, + PrCiCOLAL A — P3CICLOH QAL A
2 2 2
+ D360 X, 054, — P4CiGe 0,050, — D600, O + PG00, + PG aa,a,
2 2 2 2 2 2
TDIGC 0050, T PGGONA, DGO, T PyCC 0 T PG00t DyCC,0L 00

2 2 2 2.2 2
T P4GGON0L 0 — PRCCOLA5 0y T+ PICGONOL0R0, — PICCON0L A T PIGCON0L050, T P A, 0,

2 2 2 2 2 2
T P0G, 0, = PyGICON0L00, + DiCICOH 0050, — PyCiC0n0n0, + PrlCuan 00, — PrCys ay

2 2 2 2 ) A 2
T P00, 0050 + PyCyCuOL 0y T DC OO0y ] _m [-ppccaa, +ppcGaa, +p,pecaa,

T PaDiC G000 — PPy plpcha1a4 T PiP3CCa 0 — PG, T+ pzzclc4a1a2
T DaPsCGA R, — Py P3CICO Ty + Dy PG A+ P PLCCLOLA — plpchazcn t D1 D360 0,
T P1P4CC000, p1p3C50{30{4 T P1PsC3CO0,  + DrPyCICO O — Dy PuCICa A, — Py PuCiC,a
DI, — PyPICC0LA,  F PyPCC LA, p3p4C220£20£3 + PG, — PyPC,C,oa,
+ P§C2C3a3a4]

__ 4%

2\ 2 2 2 2 2 2 2 2 2 2 2
|J| [(Plclcz — D€ )al a, + P,Ca,05 + (plc4 + P4CrC, )a2a4 + PG00 0L05 — P3CiC QL 05y

2 2 2 2
+ (— P\C,Cy — DC,C5+ DG+ D3C )al a,a, +(— P1CC3 + D3CICy — PIC,Cy + PsCICY )a1a2a4

2 2
(pzclc3 = P3CICy T PiCyCy — PyChCy )alaZ o+ (pzc3c4 — P3CyC4 + PrCsCy )az a0y

+

2 2 2 2 2
+ (_ P26 C5 + PyCICCy — PuCiCy )alaz + (_ P4CiCy — DrCy + P3Cy )0!20(30!4 ]

_ﬁ [(_ DPiPxCCy T+ p1p4C§ + p22C1C4 — P2 P4CiCy )Oﬁaz + (plpzcj — P1P4CyCy — PaPsCiCy pjcch )ala“

+ (Pl DP2C3C4 + P P3CCy — Py PiCrCs — 173174622 )azas + (_ )2 pch — DiD4CrCy + Py PACoCy )a2a4

F(P2PsC2Cs = PaPaCsCs = PiPACICy + PLPsCoCy = PaDCCs + 2D, D4CiC, = PrPaciC )0ty

+ (_ p1p36‘j t P1P4C3Cy T+ piczz — P3P4CrCy pjczcs )0‘3054]- (26)

Now we use p, = p, and p, = p, where pair of prices are same, and ¢, =¢, and ¢, =¢,, i.e., two
types of coupon numbers are same. We put «, = a, = a, = a, =1 then (26) becomes,
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oa, _ 1 [ 2 2 2 2 2 2 2
P = _m DiCiCy = DrC + PrCy + PGy + PrCiCy — PiCiC, — PiCy D6+ P — PyC Tt Picic,
1

2 2 2 2 3
— D€y T DrCCy + D6y — PiCICy, — PiCIC, — PrCiCy + PG, — PIC, + PLrCIC, PG — PICC, T PaC

+DaCie, = oty = pacie, — P + pics] —|/117|[— PiPA6iCy + PiPACy + Pa6iCy = Pty + PiPaciCy = P1CIC
= PIP2CiCy + PLCC, = PiPyC] +2P5C = PiPaCiC, F PDACs = PiPACs — PICIC, + PICC, F PiPaCiCy

+ PR = PICIC, = PiPaCs — PiPAC = PiPaCh F PACS = PLC+ Pupacis + PACS = Pupacs + iy (27)
Now we use 4, =1 and |J | =-2p,p,c,c, in (27), and then we get,

oa,

1
op :(2p1p2clcz) [plcl2 +2p,cc, +p2C12 —2pcic, +p261202 —p2622 +p12C162 _p1p2C12 +p22C12
|

—3p,pyct +2p22 ] (28)

Now we use p, = p, = p and ¢, =c, =c in (28), and then we get,

oa, 1 2 3
= c +pc’ )>0. 29
250 (p p ) (29)

The relation (29) indicates that if the price of the commodity ¢, increases, the level of consumption
of a, will increase. This situation shows that goods «, and «, are supplementary; that is, when
price of «, goes up people switch to its supplementary commodity «, ; for instance, tea and coffee

(Islam et al., 2010).

Using 4, = ~ 9789  and |J | =-2p,p,c,c, inrelation (27) we get,

P — 6P,
oa 1
2 = (plc12 +2p,cc, +p2C12 _2plclc2)
op,  2pp,cc,
1 c,—¢C
+ 276 (pycle, — pyct + plee, — pypaci + pict —3ppact +2p3c)

2p1p2C1C2 CD— 6D,

where ¢, p, #c,p,

oa, _ SPPACICs = PrOCs = PaCiCy —2P5¢] + 2P Dycic; — Pt
op, _2plpzclcz(czp1 _Clp2)

| PaCiCy =3DipaCy +2D3Cs = PrciCy + Prci; =2picic 30)
- 2P1pzclcz(czp1 _C1p2)

where ¢, p, # ¢,p, . Now let,c, =¢, =c, and then from (30) we get,

Oa, _ p; +5p; —4p,p,—2p,
op, PP — ps)

:(pl_2p2)2+p22_2p2 (31)
p1p2(p1 _pz)
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where p, # p,.
If p, > p, > 2 then relation (31) gives,

oa,
op,

>0 (32)

which has same properties as in relation (29).
If p,> p, and p, <2 then relation (31) provides,

oa,
op,

<0. (33)

Relation (33) indicates that if the price of the commodity «, increases, the level of consumption of
o, will decrease. This situation shows that goods «, and «, are complementary; that is, when
price of «, goes up people buy less of it; consequently, level of consumption of «, also decreases,
as because complementary goods are used together; for instance, lemon and tea (Islam et al., 2010).
If p, > p, and p, >2 then relation (31) offers,

oa,
op,

<0. (34)

The goods behave same as (33).
If p,> p, and p, <2 then relation (31) provides,

oa,
op,

>0. (35)

This shows same properties as in relation (32).
If p> p, and p, =2 we have from relation (31),

oa,
op,

=0. (36)

In this case we observe that commodities ¢, and «, are non-related goods, for example, text books
and apples. Therefore, if the price of the commodity ¢, increases, there seems no effect on the level

of the consumption of goods o, (Islam et al., 2010).

6. Conclusions

In this study we have applied the technique of Lagrange multipliers during the investigation of the
optimization problems. We have taken attempts to discuss utility maximization policy subject to
two constraints: budget constraint and coupon constraint. We have tried to provide sensitivity
analysis, that is, we have tried to discuss the situation, for example, if the price of a certain

14



commodity rise, how an individual consumer behaves. We have used four commodity variables to
develop the paper successfully. When we face difficulties working with four commodity variables
we have made some assumptions, such as we consider two commodities equal to unity. Later, we
have considered all commodities are of unit amount, and prices of two commodities are same, and
also two types of coupon numbers are same. In the study we have tried to show mathematical

calculations in some details.
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