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Abstract

This study tries to discuss the economic effects of various inputs if the wage rate of a firm is
increased. Cobb-Douglas production function, 6x6 bordered Hessian matrix, and 6x6 Jacobian
are used here during the mathematical calculations to investigate economic predictions.
Adjustment of various inputs and outputs in future production are essential for the profit
maximization. Therefore, appropriate decisions can make the firm stronger to face the various
challenges of the twenty first century. In the study profit maximization is considered with subject

to the nonlinear budget constraint.
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1. Introduction

In economics mathematical modeling is a popular method to operate optimization problems
(Samuelson, 1947). At present use of it is common to the mathematical economists (Carter,
2001). It plays a leading role in modern economics for the development of local and global
financial structures (Ferdous & Mohajan, 2022). It influences the economists to develop the

economic area and to increase the welfare of the society (Eaton & Lipsey, 1975).

In crude sense, profit is defined as the difference between total revenue and economic costs
(Tripathi, 2019). Profit maximization practice is essential for the sustainability of an industrial
firm. In multivariable calculus, the method of Lagrange multiplier is a very useful and powerful
technique (Islam et al. 2010). A firm needs to be sincere during the production, financing,
marketing, transportation, and overall management system for the sustainability in the

competitive global economy (Mohajan & Mohajan, 2023g).

At the start we have used Cobb-Douglas production function, and then we have used the
determinant of 6x6 bordered Hessian matrix, and 6x6 Jacobian (Cobb & Douglas, 1928). We
have analyzed four input variables, such as capital, labor, principal raw materials, and irregular

input. Throughout the study we have tried to provide mathematical calculation in simple forms.

2. Literature Review

Literature review is an opening section of a research. It deals with a secondary research
source, where a researcher shows the works of previous researchers in the same field (Polit &
Hungler, 2013). Two US scholars Charles W. Cobb (1875-1949) and Paul H. Douglas (1892-
1976) for the first time have established the functional distribution of income between capital
and labor (Cobb & Douglas, 1928). Other two US professors John V. Baxley and John C.
Moorhouse have developed the mathematical formulation of optimization problem (Baxley &

Moorhouse, 1984). Professor Jamal Nazrul Islam and his coauthors have revised the optimization



problems properly giving interpretation of the Lagrange multipliers (Islam et al., 2009a,b, 2010,
2011).

Lia Roy and her coauthors have discussed the cost minimization of an industry (Roy et al.,
2021). Jannatul Ferdous and Haradhan Kumar Mohajan have reviewed on a profit maximization
problem (Mohajan, 2022; Ferdous & Mohajan, 2022). In a series of papers Devajit Mohajan and
Haradhan Kumar Mohajan have discussed profit maximization and utility maximization with
sensitivity analysis (Das & Mohajan, 2014a,b,c; Moolio et al., 2009; Chowdhury et al., 2013;
Mohajan et al., 2012, 2013; Ferdous & Mohajan, 2022; Mohajan & Mohajan, 2022a-j, 2023a-z,
2023A,B). Pahlaj Moolio and his coauthors have worked on output maximization structure

(Moolio et al., 2009).

3. Research Methodology of the Study

Research is a vital part for professors to develop their academic area (Pandey & Pandey, 2015).
On the other hand, methodology is a guideline to prepare a good research (Kothari, 2008).
Therefore in brief, a research methodology is the collection of a set of principles for planning,

designing, organizing, and conducting a good research (Legesse, 2014).

In this study we have taken an attempt to discuss the future economic outcomes of an industrial
firm when wage rate is increased (Mohajan, 2018a). Usually economic firms do not want to
increase the wage rate. But, sometimes these firms compel to increase the wage rate (Mohajan,
2017b, 2020). In this study we have tried to show some results on four inputs if wage rate of the

firm is really increased.

We have started our main section with the Cobb-Douglas production function, which we have
considered as our profit function. To show the economic effects of four inputs we have used
Lagrange multiplier, 6x6 bordered Hessian matrix, and 6x6 Jacobian. In this study we have
taken helps from the secondary data sources of optimization, such as published and unpublished

articles, books, conference papers, and also from internet, websites, etc. (Islam et al., 2009a,b,



2010a,b, 2011a,b,c, 2012a,b,c, Mohajan, 2011a-d, 2012a-h, 2013a-j, 2014a-g, 2015a-e,
2016a,b,c, 2017a-h, 2018a-e, 2019, 2020a-f, 2021a-e, 2022a-d, Rahman & Mohajan, 2019; Roy
etal., 2021).

4. Objective of the Study

The main objective of this study is to discuss the effects of various inputs when wage rate of the
workers is increased. In a firm efficient use of expert workers can develop the firm to the profit
maximization atmosphere. In this study we have taken a nonlinear budget constraint. Other
subsidiary objectives of the study are as follows:

¢ to explain the mathematical terms properly, and

e to provide the economic predictions precisely.
5. Lagrangian Function

Let us consider that an industrial firm is willing to make a maximum profit from its products. Let
the firm uses £, amount of capital, {, quantity of labor, ¢, quantity of principal raw materials,
and {, quantity of irregular input for its annual production. Let us consider the Cobb-Douglas
production function f (g“ 1564>83,8. 4) as a profit function for our model (Cobb & Douglas, 1928;
Mohajan & Mohajan, 2022a),

P65 60 80)= £(6.600 6006 = AGI LTSI (1)

where A is the efficiency parameter that reflects the level of technology, i.e., technical process,
economic system, etc., which represents total factor productivity. Moreover, A reflects the skill

and efficient level of the workforce. Here «¢, S, y, and § are parameters; « indicates the
output of elasticity of capital measures the percentage change in P(g“ NS 4) for 1% change
in ¢, while ¢,, ¢, and &, are held constants. Similarly, B indicates the output of elasticity of
labor, » indicates the output of elasticity of principal raw materials, and & indicates the output
of elasticity of irregular input. Now these four parameters «, B, y, and § must satisfy the

following four inequalities (Islam et al., 2010; Mohajan, 2021c):
4



O<a<l,0<pB<1,0<y<l,and 0<o<1. (2)

A strict Cobb-Douglas production function, in which 3=a+ f+y+J <1 indicates decreasing

returns to scale, 3=1 indicates constant returns to scale, and 3> 1 indicates increasing returns to

scale. Now we consider that the profit function is subject to a nonlinear budget constraint as

(Mohajan & Mohajan, 2022b),

B(,. 62 §3:)=kG, +18, +mE +n(LL ) 3)
where k is rate of interest or services of capital per unit of capital ¢, ; / is the wage rate per unit
of labor {,; m is the cost per unit of principal raw material ¢,; and n is the cost per unit of
irregular input ¢,. In nonlinear budget equation (3) we consider (Mohajan & Mohajan, 2023a),

n(&,)=nls—ny. )
where n, being the discounted price of the irregular input ¢,. Therefore, the nonlinear budget
constraint (3) takes the form (Mohajan, 2021b; Mohajan & Mohajan, 2023b);

B($12 €50 630 Ca) = kG 18, +mE 43 =l (5)

We now formulate the maximization problem for the profit function (1) in terms of single
Lagrange multiplier 4 by defining the Lagrangian function u (C 1564,83,8. 4,1) as (Mohajan &
Mohajan, 2023f),

1 (€0 €060 CinA)= AGICLEIE + AB(G1 62 610 )-KE =18, =mE = ml 40} (6)
Relation (6) is a 5-dimensional unconstrained problem that is obtained from (1) and 4-

dimensional constrained problem (3), where Lagrange multiplier 4, is considered as a device in

our profit maximization model.
6. Analysis on Four Inputs

For maximization, first order differentiation equals to zero; then from (6) we can write (Mohajan,

2022; Mohajan & Mohajan, 2023e),
”4:B_ké/l_lé/z_mé/3_noé/42+n0§4:0’ (7a)
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where, —=u

u1:05A§10!_1 fgsyé/f_ﬂk:()’
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u, = GACT LIS - any(2¢,-1)=0,
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multivariate Lagrangian function.

=u,, etc. indicate first-order partial

(7b)
(7¢)
(7d)

(7e)

differentiations of

Using equations (2) to (7) we can determine the values of {,, ¢,, {5, and &, as follows

(Ferdous & Mohajan 2022; Mohajan & Mohajan, 2022a):
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7. Bordered Hessian Matrix Analysis
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Let us consider the determinant of the 5x5 bordered Hessian matrix as (Islam et al. 2011;

Mohajan & Mohajan, 2022g),
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Taking first-order partial differentiations of (5) we get,
B =k, B,=1, B=m,and B, =2n,{,—n,. (10)

Taking second-order and cross-partial derivatives of (6) we get (Roy et al., 2021; Mohajan &
Mohajan, 2023c¢),

w, =ala-1AG LG,

uy, = BIB-1ALT TS,

yr—DAL ey,

S(6-1)AL I cIc,

w = afAS T

Uy =1y, = AL EIETTEY

M14=u41=a5A§1“’1§fé”{ Ha (11)
» =ly, = BALICTIETE
25 =y, = POALT *4:
=l = 1AL LT

oces, Vo

Uss

Uy

where =u,,, etc. indicate cross-partial, second order differentiations of

multivariate Lagrangian function, respectively, etc.

Now we expand the Hessian (9) as |H | >0 (Mohajan et al., 2013; Mohajan & Mohajan, 2022d),

|H|:A3aﬂ75§3 éf 2 35 2
¢, ¢3¢3

where efficiency parameter, A >0, and budget of the firm, B>0; ¢, ¢,, {,, and ¢, are four

(a+ﬂ+7/+5)(5+3)>0, (12)

different types of inputs; and consequently, &, ¢,,¢5,4, > 0. Parameters, «, 3,7,6 >0 also in

the model either O<3d=a+f+y+5<1, 3=1 or I>1. Hence, equation (12) gives; >0

(Islam et al., 2011; Mohajan & Mohajan, 2022d).



8. Determination of Lagrange Multiplier 1

Now using the necessary values from (8) in (7a) we get (Islam et al., 2010; Mohajan & Mohajan,
2023g),

g CACICICIE)  PACIEIGIS) | AGIEGIE | Al
A A A A
L _AGaes
B

(13)

9. Jacobian Matrix Analysis

We have observed that the second-order condition is satisfied, so that the determinant of (5)

survives at the optimum, i.e., |J | = |H ; and hence, we can apply the implicit function theorem.
Now we compute twenty-five partial derivatives, such as % , 06, , 065 , 06,4 , etc. that are
ok ok ol OB

referred to as the comparative statics of the model (Chiang, 1984; Mohajan & Mohajan, 2023e).

Let G be the vector-valued function of ten variables 1,¢;,<,,<5, ¢, k,1,m,n, and B, and we
define the function G for the point (/f,{l*, aCahCank L, m,n, B)e R", and take the values in

R’. By the Implicit Function Theorem of multivariable calculus, the equation (Mohajan &

Mohajan, 2022¢),
F(1.¢0. 80,800k Lmn, B)=0, (14)

may be solved in the form of

A

¢
¢, |=Glk.l.m,n,B). (15)

¢s
Ca

0.8, 0. 800C4)
8(k,l,m,n0,B)

Now the 5x5 Jacobian matrix for G(k,l, m,n, B); regarded as J; = , and 1is

represented by;



oA 04 oA oA 04
ok ol om  On, OB
¢, 96 9¢, 9, 9,
ok ol om on, OB
, _lee e e o a,

“ 1ok o om on, OB
¢, 0¢; 06 06y 0¢,
ok ol om 0On, OB
0 54 84/4 654 654 64/4
Ok ol om  on, OB

(16)

¢ ¢ ¢4 —¢ieg, 1
-1 0 0 0 0
=-J 0 A 0 0 0
0 0 -1 0 0
0 0 0 -21,,+4 0

1
The inverse of Jacobian matrix is, J ' =—C”, where C = (C,.j), the matrix of cofactors of J,

1

where T for transpose, then (16) becomes (Mohajan, 2021c; Moolio et al., 2009),

Cll C2] C31 C4| C51___§1 _4,2 _4,3 _§j+§4 1
C, G G, C, G5 |—-4 0 0 0 0
__ﬁ Gy Cy G Cy Gy 0 -4 0 0 0
Cu Cy C34 Cu Cy 0 0 —4 0 0
Cs Cy Cy Cy Cy| 0 0 0 —21,+4 0
__glcll_/lcﬂ _§2C11_/1C31 —§3C11—/1C41 _§42C11+§4C11_2/1§4C51+}*C51 C11W
| _§1C12 _/1C22 _§2C12 _/1C32 _§3C12 _/1C42 _4/42C12 + §4C12 - 2/14/46‘52 +/1C52 C12
‘]G = _m _§1C13 _]“C23 _§2C13 _/1C33 _§3C13 _/1C43 _5426‘13 +§4C13 _2/144C53 +/1C53 C13 - (I7)
_§1C14 _/1C24 _§2C14 _/1C34 _§3C14 _AC44 _4/42C14 + §4C14 - 2/14/46‘54 +/1C54 C14
|~ 6iCis=ACys  —0,Cs=ACss  —¢3Cs=AC,s —4’42C15 +,C5 —244,C5 + ACss CISJ




In (17) total 25 comparative statics are available, and in this study we deal only with four of
them when wage rate is increased. The firm always attempts for the profit maximization

production (Baxley & Moorhouse, 1984; Islam et al., 2010).

10. Sensitivity Analysis

Now we observe the effects on capital £, when the wage rate, [ increases. Taking 7,, (i.e., term

of 2" row and 2" column) from both sides of (17) we get (Mohajan, 2021b; Wiese, 2021),

%1 _Sfe 1A

81 |]| [C12]+ |J| [CSZ]

= éCofactorof C, +iC0factorof Cs,
1 1

=B w, wy ouy, 0 -B, -B; -B,
__é/z —B, Uy Uy Uyl A|-B u, Uz Uy

|J| -By uy ouy ouy, |J| -By  uy, Uy Uy,

-B, u, u; uy, -B, u, uyo ouy
‘ Uy Upy Uy —B, U, Uy -B, u,, uy —B, uy, uy
_ 2 _ _ _ _ _
== m —Bjlug, gy uy| —up|— By Uy g tups|— By uy Uy —uy |- By ouy, g
Uy Uy Uy -B, u,; u, -B, u, uy, -B, uy, ug
P -B, u; uy -B  u, uy, -B,  u, uy,
- m B,|=B; uy uy| —Bi|=B; uy uy|—B,|—-B; uy  usy
-B, u, uy, -B, u, uy, -B, u, uy
¢,
- m [_ B, {”22 (”33”44 —Uyzlszy ) Uy ("‘42”34 Uy, )+ Upy (”32”43 —UpUss )}

— 1, = B, (g, — gy, )+ 0y, (= Byuty, + Byuy, )+ 1y, (— By + B, )}
13— B, (gt — g )+ 1ty (— Bty + Byity, )+, (— By, + By, )}

B, (gt — gty )+ thyy (= Bty + Byt )+ ttyy(— By, + B s, )}
— 2B, {= B, (ustty, — ity )— 15 (= Byay, + Byuy, )+, (— Byt + Byt )}

- B, {_ B, (“32“44 - ”42”34)_ Up (_ Byu,, + B,u,, )+ Uy (_ Byu,, + B,u,, )}
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—-B, {_ B, (“32”43 —Uylss )_ Uy, (_ Bju,; + Bus, ) tug, (_ Byu,, + Bus,, )}]
m {_ By, + Bty 5uy, — Bty ity + Biiysuslly, — Bty syt y3 + Byt Uit
+ Byt yUgsttyy — Byttt + Bty yUyslts, — Bt yUyslt g + Biuty ity Uy — Byt sUn sy — By,

+ Byt 3u oty — Byutysugyts, + By, uy, — Byugsus iy, + B ”1%“24”32 + By, Uyl gy — Byt ut Uiy

2
— B, Bju3u,, — B, Busuy, — By By s + ByBuyusy + B Byug,u,, — B Biuy,uy, — Biuguy,

+ BuyUyyltyy — Byt Uyt g3 + B uysuy, — B4”14”23”32} { B\ B,ussu,, + B Byu,sus,

2 2

+ By Byupity, + Byuy Uy — By Byuy iy, + By Byugityy — BBy pits; — By Butyity; + Byl
2

+ By Buysity, — Biugsiy, }

__ 5

1

2
— Byuyyusy + Byutyylyutsy — Byl + Byt Uyl yy — Bty sy — Byt sttty + Byt Uy,

2 2 2
{_ Biuyuiy, + Biuyys, — Bty it + Biitysu,, — Byt y + B,y + Byugugiey,

2
— B uyugltyy + Byt sty — Bty suts, + Byt sl Uy + Bolty Uyl gy — Byt U plss + By Uy,

2 A 2
— By uyltyy + Byt Uity — B4u14”23} - m {_ B B,uyu,, + B,Byuy, — B,Byu,3u,, —B,B,u,sus,

+ B, Bt ity + B, Bty + B Bty — B Byt iy, — By, + By Bty + By, — BBy,
+ B, Buyyu,; — BB,y — BiBuu,, + 35”12”33 + B;Buu,, — BZ”13”32}

- i g;i, BBl -0 1) kG (B 1) R
+k&IBPYS(6-1) —kS By 07 + kG By (y —=1)57 +14,C0aBy (y —1)5(5 1) - 1¢,S,apy * 87
+n¢\&,af’y’ S —m$ e ys (6 -1)+mé S apt st —ng LaBy(y -1)8 —14,5 0By 5(5-1)
+16,5,0py°0° —nl & aB(B-1)y°8 +mé CaB(B-1)y8(5 1) —mS & aB’ys® +ndCafy*o
+1$,8,apy°5° —18,8,aBy (y —1)5° +n S aB(B-1)y ( ~1)8 —m¢ Gap(B-1)s”

e —nl a8 - TG T Ns(5 1) + K26
- a Vo caas - |
—Im¢,&3¢ay5(5 1) =l &3¢ ,ay’S” +Imé §5 Cayd” +nld &3¢ ay(y —1)5°

+ km§12§2§375(5 - 1) - km§12§2§375(5 - 1) - mzé']é’zé';aﬂé'(é' - 1) + mn§1§24’3§4aﬁ52

+m* 8BSt —mnd $8C,afys —knd I Br(y —1)8 +knd i S,C By

—mn& &GPy 1 GC iy (=)« mnd L ey —nP GG lapy

11



_ L Aoy
| N

+k¢la Br(6—1) —k&la By +kGa Bly —1)8 +16,8,(r =10 —1) —18,8,00 +ndC, By

—m&, B0 —1) +mS &, pS —nd y(6-1) =18,8,0 (0 -1) +14,6,98 —nd & (B-1)y

+m & (B-1NS—1)—m& 8,55 +nd & By +1E,.8,08 —18,8,(r=1)8 +nd & (B-1)Ny-1)

~ ~ L AWSEE TS AP

+m¢ & (B-1)8 +m& & BS —nd By} N ool =

LRG0 -1) +KEEE2 S —Im$2E,a(S 1) —nlS C2 ay +ImE &2 as

+nlg,C3¢,aly —1) —m* S8 apy (6 -1) +m* L apy ™S — ks, By -1)

—InGPEE By +n2 G Cap(y 18T — PS8 By

k¢ia (BN -1)6-1) + kS Pa T (B8 —kSa Bro

3 3a #3f #3y #36
w1 1) 1)+ ()

+(2¢,-1)Bys +2(B-1)ps —(2¢, - 1)B(6 -1) - (2¢, —1(B-1)ys +(2¢, —1)(B-1)y -1)5}

3 3a #3f #3y #35
G e o) 359 2705 =226, R4

~(2¢, 1)

3 3o #3B #3y #35
=—ﬁA “M?;‘ gjéf; B (Bo)y 1o =1)+ Bly=1X5=1) = Br(5—1) + (B—1p(5-1)

+2(B-1)5 + (28, -1)Bys - (25, - 1)B(5-1) - (2¢, 1B -1)5 +(2¢, - 1)(B-1)Ny -1)5}

3 3a #3 £3y 36
O e o)+ 20 1) <2081 (411

- (26,175}

o1 AL o ] _
VI NIGE F422 +¢,(60 +287 285 -478)+ (7 - pro+ o -25)).  (18)

) 1 )
Now we consider a=f =y =0 = Z then we get, 3=1, i.e., for constant returns to scale, we get

from (18),

oL, 1 A’B )
A1 17| AT FUd £1d 2504 2514 854 —5) —44y. (19)
e S -

In (19) if (8¢,—5F >44.ie.. ¢, >(5+2J11)/8, then we get,
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1
_Eé . 2
; >0 (20)

From inequality (20) we observe that when the wage rate increases, the capital £, of the firm

also increases. It seems that due to increase of wage rate, total labor cost also increases. But the
demand of the products also increases in parallel; the firm achieves maximum revenue, and
moves to profit maximization. As a result, the firm may enjoy sustainable economic

environment.

In (19) if (8¢, ~5F <4, ie., ¢, >(5+2VI1)/8, then we get,

éé/l 2

From inequality (21) we observe that when the wage rate increases, the capital £, of the firm

decreases. It seems that due to increase of wage rate, total labor cost of the firm also increases.
Consequently, total production cost of the firm increases. On the other hand, the laborers work
for fewer hours due to income effect. In this situation the firm may reduce its capital for the

sustainability in the economic world.

Now we study the effect on labor ¢, when the wage rate of per unit of labor, [ increases. Taking
T,, (i.e., term of 3" row and 2™ column) from both sides of (17) we get (Mohajan, 2021c;
Mohajan & Mohajan, 2023d),

0 A

g el

=22 + =
o |J| |
A
= éCofactorof C,; +— Cofactorof Cj;,
1 1
=B, wy, ouy o wy, 0 -B -By —B,
_Q_Bz Uy Uy Uy A =By uy uy o ouy

= + =
|J|_B3 Uz Usz Uz |J|_B3 Uz Usz Uz

-B, uy u; ouy =B, uy,  ouy, o ouy
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‘ Uy Uyy Uy =B, uy uy =B, uy Uy —B, uy uy
= ﬁ —Bjluy,  wyy wy | —uy =By wyy gy tup =By Uy Uy | —u |- By uyy Uy
Uy Uy Uy -B, u; uy, -B, u, uy, -B, u, ug
P -B uy ouy, =B, w, owy, -B u,; oug,
+ m —B||-B; uy; uy|+By=By uy uy|—B,-B; uy usy
-B, u, uy, -B, u, u, -B, u, uy,

= |§72| [_ B, {“21 (“33”44 —UpUzy )+ Uy (”41”‘34 - ”31”44)"‘ Usy (”31”43 — Uyl )}
Uy {_ B, (”33“44 - ”43”34)"‘ Uy (_ Bjuy, + Byu,, )+ Uyy (_ Biu,; + By, )}
U3 {_ B, (”31”44 Uy Uy ) Uy, (_ Bju, + B3M44)+ Usy (_ Bsu,, + Bu,, )}
Uy {_ B, (”‘31“43 Uyl )+ Uy, (_ B,y + Byu,, )"‘ Uy (_ Bu,, + B,u,, )}]

A
m [{_ B, {_ B, (”‘33”44 - ”‘43“34)"' U (_ Byu,, + B3”‘44)+ Uy (_ Byu,; + B,us, )}

+ B, {_ B, (u31”44 - ”41”34)+ Uy (_ B,uy, + Byu,, )+ ”14(_ Biu,, + Bu,, )}
-B { B, (u31u43 Uy Uz, )+ ”11(_ B,uy;, + Byu,, )"’ “13(_ Bu,, + B,u,, )}]

&

= _m {Blu21u33u44 — Bty U5ty + Bityslty Uy — Byttt ity + Bty ity ity — Bty Uy Uy
— By sty + By g3y, — Buy Uyl + Biity sy, — By i Uy + By iy s + By iy,

— Byuysu g ity + By suy sy — Biug i, Uy, + By uy, — B ”13”24”31 — B,uy uy 1t 3 + By 1y ity

2
— Bu, Uy Uy + Byt Uy gy — By uyuy, +B4u14”23”‘31} | | {B Ussltyy — Biugsits, + B Byusuy,

2 2
— B\ Byu,3u,, + B Byu,u,, — BBy, sy — B Byug g, + BBy, — ByBuyus, + Byuyuy, — Biuuy,

2 2
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For f :% in (22) we get,

3 3a #3p ~3y
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1 ) ) ) )
Now weuse o=y =0 = Z then, 3= %, i.e., for increasing returns to scale in (23) we get,

%_LA%W&‘Q élz g5 yé/Z(SB _ 2
U e bo—a(ac, +1y. (24)
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If 4(42, +1F >99. ie., ¢, >(-2+3JI1)/8, in (24) we get,

agz
322 . 2
: <0 (25)

From inequality (25) we see that if the wage rate [ of the organization increases, the total labor
¢, of the organization decreases, which is not reasonable. It seems that due to income effect

laborers need less total labor hours to manage their daily expenditure. Consequently, some
laborers remain absent, because they have enough money to maintain their families during absent

periods.

If 4(4¢, +1F <99 ie., ¢, <(-2+3JI1)/8, in (24) we get,

a¢,
% ¢ 26
py >0 (26)

The inequality (26) shows that if the wage rate [ of the organization increases, the total labor ¢,

of the organization also increases, which is reasonable. Due to substitution effect for more
income the total labor hours among the laborers increase and also more new workers may join in

the firm.

Now we see the effect on principal raw materials ¢, when the wage rate per unit of labor, /

increases. Taking 7,, (i.e., term of 4™ row and 2™ column) from both sides of (17) we get

(Mohajan, 2021a, 2022; Mohajan & Mohajan, 2022b, 2023a),
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Now using a=pf=y=0= Z then we get, 3=1, i.e., for constant returns to scale, in (27) we

get,
o, 1 Aapyslelley ¥R 313 19’
965 _ 1 E 2 — 48, —— 1 ¢. (28)
Y I YN 16 4
2
If (4@-%} >%, ie, ¢ >(19+313)/16, then (28) we get,
% . (29)
ol

The inequality (29) expresses that if the wage rate / of the firm increases, purchasing of principle

raw material ¢, decreases. In this situation, the laborers earn more money and some laborers

remain absent frequently, as they have enough money to maintain their daily expenditures.
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Moreover, for paying more wages, the firm cannot manage sufficient money to buy principle raw

material. Consequently, the firm decreases purchasing of principle raw material.

2
If (4@-%} <31—163, ie, ¢ <(19%4313)/16, then (27) we get,

%>O.

30
py (30)

The inequality (30) expresses that if the wage rate / of the firm increases, purchasing of principle

raw material ¢, also increases. This seems that for more earnings the laborers works more

working hours. Consequently, the firm increases purchasing of principle raw material.

Now we observe the effect on irregular input ¢, when the wage rate per unit of labor, [
increases. Taking T, (i.e., term of 5" row and 2™ column) from both sides of (17) we get (Islam
et al., 2011; Mohajan, 2017a; Ferdous & Mohajan, 2022),

¢, _ &

|
—22[c. +Z[c
al |J|[ 15]+|J|[ 35]

A
= éCofactorof C,5 +— Cofactorof C;;
1 1
=B, uy ou, uy 0 -B -B, -B
:Q_Bz Uy Uy Uy i_Bl Uy Uy Uy

|J|_B3 Uy Uz U |J|_B3 Uz Uz U

=B, uy Uy Uy =B, uy o ouy Uy
‘ Uy Uy Uy -B, u, uy -B, u, uy B, u, uy
_ 5
= m Bilus, Uy, uss| —uy =By Uy, Ugy| tu, =By ouy usy| —ups|— By ouy uy,
Uy Uy Uy -B, u, u, -B, uy uy, -B, u, uy,
-B, u, u; -B u, ouy, -B, u, u,

19



— Uy {_ B, (M32”43 TUplss )+ Uy (_ Bus, + B3”43)+ Uy (_ Bsu,, + Bus, )}
+u, {_ B, (u31u43 - u41u33)+ Uy (_ Bjuy + Byu,, )+ Uys (_ Bu,, + B,u,, )}

U {_ B, (“31“42 —UylUsz, )+ Uy (_ B,uy, + Byu,, )"’ Uy (_ Bu,, + B,u,, )}]

A
+ m [Bl {_ B, (“32”43 - ”42”33)+ Up (_ B,uy, + Biuy, )+ Uj (_ Byu,, + Bu, )}
- B, {_ B, (”31”43 U U3 )+ Uy (_ By, + Byuy, )+ Uy (_ Bu,, + B,u,, )}
+ B, {_ B, (”31”42 Uyl )"’ ”11(_ B,usy, + Byu,, )"’ Up (_ Bu,, + B,uy, )}]

_ Gy _ _
= m{ Byttt 3 + Bty U ol — Byt gty + Bitdyylts g3 — Biiysus iy + Bty U,
+ By syt 3 — Byt U ol + Bty Uyyttsy — Bty Uyt g3 + By iy, — Byt Uy,

— Byu s g3 + Byl s — Byt Uy Uss + Byt oyl Uy — Btz Vst + Bttty

+ Byt 3us U gy — Byt sl Uy, + Byt suy Uy — Bt suy Uy, + Baut sl U, — Bt suy,ity, }

2 2
+— {_ Bluyu,y + Biu,lyy — B BuyUy, + B By Uy, — BBy, + B Byuysus,

]
+ B, Byusu,; — B By iy, + By B,y — By By uyy + B, Byuysuy, — By Buysus,

2 2
— B\ Byuyuy, + B By iy, — ByBuy Uy, + Biuyuy, — Biugyu,, + B3B4”12u31}

- ﬁ A i?;i kLGS Ry -8 —kEL (B -y —1)5
+k&Cap(B-y(y —1)5 —k¢\&,aB’y’S +kS Caf’y’s +18,¢,ala—1)By*s
+16,8,0° By(y —1)5 +nsiala-1)B(B-1)y(y —1)-mé ¢ ala—1)B(B-1)ys
+m&Cala-1)By0 —nSlala -1y —18,5,0° By’ +18,8,0° By (y -1)5
—n&ia’ By(y —1) +ml Lo’ By —ml ol BPys +nlia’ By’ +18,8,a7 Br*o
18,607 B8 +nllat By —m L0t By +mé L, BB -1)yS —nha*b(b—1)*
- 25244 A 422437443 FRCEBS G By (r -1)
—knd,&,¢ oy (y —1) +km 8,8 afys +knd Sl iaBy® —kmd 6l afys +kE S ar’s
—k& G ay(y—1)8 +nigCala—1)y(y —1) —imé 3¢ G ala—1)y8 +Imé3 68 0t ys
_nlé/; 42a27/2 _km§1§2§3§4aﬂ75 +km§1§2§3§4aﬁ75 —mn§2§3§fa(a—l)ﬂy
+m*E, G ala~1)ps ~mPE,E 0P B +mnd & Lo By

20




3 3a #3p #3y #30
_ ﬁ A aﬂy?% éf% =2 - 3apy +2a—-1)pr +3aB(y-1) ~(@-1)\B -1y +al(p-1)y

—(2¢, - Wa-1)py +(2&, - Na-1\B-1)Ny -1)-(2¢, - Dap(y -1) +2(2¢, ~)apy
s (e . LAY o ~

Qe alptyh == g G talr 1)+ (06t
+(2¢, - Wa-1)y-1)-(2¢, -1 fa -1)y}
o, 1 Aapyds syl

Y NI {2apy—a-p-27-pr=3ap)+2¢,(a+p+7)}. @D

. 1 . .
Now using a=f=y=0 :Z then we get, 3=1, i.e., for constant returns to scale, in (31) we

get,
oc, 1 3A°B
5_14 = m 13 514 p 114 5/441/43 (1 6§4 _13)' (32)
1 52 53 54
13 .
If g, > 6 in (32) we get,
% >0. (33)

ol

The inequality (30) indicates that if the wage rate / of the firm increases, purchasing of irregular
input £, also increases. This seems that for more earnings the laborers works more working
hours. Also irregular input may be an essential material for the firm. Consequently, the firm

increases purchasing of principle raw material.

If £, <£ in (32) we get,

o¢,
=24 <0. 34
p> < (34)

The inequality (34) expresses that if the wage rate [ of the firm increases, purchasing of irregular
input ¢, decreases. In this situation, the laborers earn more money and some laborers may

remain absent frequently. Perhaps they have enough money to maintain their daily expenditures
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with the earnings of lesser working hours. Moreover, for paying more wages, the firm cannot
manage sufficient money to buy irregular input. Consequently, the firm decreases purchasing of

irregular input.

11. Conclusions

In this study we have discussed the effects of various inputs of a firm if the wage rate of it is
increased. To analyze this we have considered nonlinear budget constraint. We have taken Cobb-
Douglas productions function as a profit function for this study. We have also used 5x5 bordered

Hessian matrix and 5x5 Jacobian to establish the economic predictions properly.
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