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Abstract
This article attempts to discuss economic effects of various inputs when the interest rate of
capital is increased during profit maximization analysis. In this paper Cobb-Douglas production
function, 6x6 bordered Hessian matrix, and 6x6 Jacobian are operated to make the study
meaningful and interesting. Every firm wants to achieve a maximum profit, but achievement of
profit maximization is not an easy process. A firm must be watchdog in every step of production,
inventory, distribution, and management for attaining optimum result. In the twenty first century
global economy faces serious complexities due to political unrest and war among the nations,
also for abnormal natural calamities due to global warming. Therefore, efficient and wise

decisions are necessary for the sustainability of the industrial firms.
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1. Introduction

In the 21" century mathematical modeling becomes an inevitable practice in economics
(Samuelson, 1947). It covers many fields of social sciences, such as economics, psychology,
sociology, political science, etc. (Carter, 2001). In mathematical economics profit maximization

is a boon for every firm (Eaton & Lipsey, 1975).

Cobb-Douglas production function plays a dominant role to analyze profit maximization policy
successfully (Cobb & Douglas, 1928). In multivariable calculus, method of Lagrange multiplier
plays a crucial role that transforms a constrained problem to a higher dimensional unconstrained
problem (Baxley & Moorhouse, 1984; Islam et al. 2010, 2011). In this paper we have used
determinant of 6x6 bordered Hessian matrix, and 6x6 Jacobian matrix to act with Implicit
Function Theorem. Ultimately we have discussed the economic predictions of profit
maximization subject to nonlinear budget constraints when interest of capital of the firm

increases.

2. Literature Review

In every type of research, literature review section is an introductory portion. It provides the
preliminary concepts of the works of previous researchers (Polit & Hungler, 2013). Charles W.
Cobb (1875-1949) and Paul H. Douglas (1892-1976) have given the idea of production functions
that is known as Cobb-Douglas production function (Cobb & Douglas, 1928). John V. Baxley
and John C. Moorhouse have developed the profit maximization strategy in mathematical

economics (Baxley & Moorhouse, 1984).

Professor Jamal Nazrul Islam (1939-2013) is a famous mathematician in Bangladesh. He and his
coauthors have worked on profit maximization problems. They have discussed social welfare
and optimization in economics elaborately (Islam et al., 2010, 2011; Mohajan & Mohajan,
2023A-K)). Professor Pahlaj Moolio and his coworkers have considered the Cobb-Douglas

production functions in the optimization problems (Moolio et al., 2009). Jannatul Ferdous and



Haradhan Kumar Mohajan have described briefly a profit maximization problem (Ferdous &
Mohajan, 2022). Devajit Mohajan and Haradhan Kumar Mohajan have also worked on profit

maximization in addition with the sensitivity analysis (Mohajan & Mohajan, 2022a-j, 2023a-z).

3. Research Methodology of the Study

An academician cannot develop himself/herself without quantitative, qualitative or other types of
research(s) (Pandey & Pandey, 2015). Methodology is a guideline to complete a meaningful
research successfully (Kothari, 2008). It describes the types of research and the types of data
(Ojo, 2003; Somekh & Lewin, 2005). Hence, research methodology is the specific procedures
that are used to identify, select, process, and analyze materials related to the topics (Somekh &
Lewin, 2005). It is the science and philosophy behind all researches for organizing, planning,

designing, and conducting a good research (Remenyi et al., 1998; Legesse, 2014).

In this study we have discussed effects of various inputs in an industrial firm to achieve profit
maximization environment (Mohajan, 2020, 2018b; Islam et al., 2009a,b). Depending on the
secondary data sources we have advanced the present research activities (Mohajan, 2011a-d,
2012a-j, 2013a-k, 2014a-g, 2015a-d, 2016a,b). We have consulted many papers and books of
profit maximization to develop this paper (Mohajan, 2017a-f, 2018a-d, 2019, 2020a-f; Islam et
al., 2009a,b).

4. Objective of the Study

The core objective of this study is to discuss the effects of various inputs when interest rate of the
capital is increased. Capital is a main factor of industrial firms. We have studied a profit
maximization activity with subject to nonlinear budget constraint. Other non-core objectives of
the study are as follows:

e to show the mathematical calculations elaborately, and

e to give the economic predictions precisely.



5. Lagrangian Function

Let us consider that an industrial firm is willing to make a maximum profit from its selling
products. Let the firm uses & amount of capital, &, quantity of labor, &, quantity of principal
raw materials, and &, quantity of irregular input for its annual production. Let us consider the
Cobb-Douglas production function f (51, &, 53,54) as a profit function for our model (Cobb &
Douglas, 1928; Islam et al., 2010; Mohajan, 2021a),

P(gl’ &5 ‘93"94): f(gp &y 53’34): Agle)ese,, (1
where A is the efficiency parameter that reflects the level of technology, i.e., technical process,
economic system, etc., which represents total factor productivity. Moreover, A reflects the skill
and efficient level of the workforce. Here p, g, r, and s are parameters; p indicates the output of
elasticity of capital measures the percentage change in P(81,82,83,84) for 1% change in ¢,
while ¢,, &,, and ¢, are held constants. Similarly, ¢ indicates the output of elasticity of labor, r

indicates the output of elasticity of principal raw materials, and s indicates the output of elasticity
of irregular input. Now these four parameters p, ¢, r, and s must satisfy the following four
inequalities (Mohajan, 2021c; Mohajan & Mohajan, 2023a):

O0<p<l,0<g<l1,0<r<l,and O<s<lI. (2)

A strict Cobb-Douglas production function, in which V=p+¢g+r+s<1 indicates decreasing
returns to scale, V =1 indicates constant returns to scale, and V >1 indicates increasing returns
to scale. Now we consider that the profit function is subject to a nonlinear budget constraint,
B(81,82,83,84)=k81 +lg, + me, +n(g4)g4, 3)
where k is rate of interest or services of capital per unit of capital &,; /s the wage rate per unit of
labor &,; m is the cost per unit of principal raw material &,; and n is the cost per unit of irregular
input ¢,. In nonlinear budget equation (3) we consider (Mohajan & Mohajan, 2022b, 2023c),
n(e,)=n.e, —n,, )
where n, being the discounted price of the irregular input ¢,. Therefore, the nonlinear budget

constraint (3) takes the form (Mohajan, 2021b);
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Ble,, &, 6,,8,)=ke, +1s, +me, +nys; —nyé, . (5)

We now formulate the maximization problem for the profit function (1) in terms of single
Lagrange multiplier 4 by defining the Lagrangian function K (81,82, 53,54,/1) as (Mohajan &
Mohajan, 2022e, 2023f),

K (s, 6,,8,.6,,A)=Aslslelel + l{B(gl, £y, 64,8, )—ke, —lg, —me, —nyel + n034}. (6)
Relation (6) is a 5-dimensional unconstrained problem that is obtained from (1) and 4-
dimensional constrained problem (3), where Lagrange multiplier 4, is considered as a device in

our model.
6. Analysis on Four Inputs

For maximization, first order differentiation equals to zero; then from (6) we can write (Mohajan,

2022; Mohajan & Mohajan, 2023g)),

K, =B—ke —le, —me, —nye; +nye, =0, (7a)
K, = pAgl'elele] — Ak =0, (7b)
K,=qAsl el ele; -l =0, (7¢)
K,=rAglelel " e] —Am=0, (7d)
K, =sAglelelel™ — ny(2e,-1)=0, (7e)
where, 8_K =K,, S—f =K, (%( =K,, etc. indicate first-order partial differentiations of
1 2

multivariate Lagrangian function.

Using equations (2) to (7) we can determine the values of ¢, ¢,, &, and &, as follows

(Mohajan & Mohajan, 2022d):

& =— (8a)



&, =—, 8b

2=y (8b)
rB

&, =—, 8c

omv (8c)
sB

&, =—. &d

YoV (8d)

7. Bordered Hessian Matrix Analysis

Let us consider the determinant of the 5x5 bordered Hessian matrix as (Mohajan & Mohajan,
2022f),

0 -B, -B, —B, —B,
-B K, K, K; K,
K

\H|=-B, K, Ky, Ky Kyl (9)
-B, K,, K,, K, 34
-B, K, K, K, K,
Taking first-order partial differentiations of (5) we get,
B =k, B,=l, B,=m,and B, =2n,,—n,. (10)

Taking second-order and cross partial derivatives of (6) we get (Roy et al., 2021; Mohajan &
Mohajan, 2022e, 2023e),

K, = p(p _1)Aglp‘252433’gi 5

r_.S

2= Q(q _1)Aglpg£1_zg3g4 >

_ P g r=2_s
w=T r—l)Ag1 &€y &y,

(
( r_s-2

— P ~q s
W= s—l)Ag1 E16,6; 7,

¥ S

_ _ p-lq-1 1 s
n =K, =pgAe &) g¢,,

r=1_.s

— — p-l.q )

K, =K, =prAe] &le; &,
_ _ p-1_q _.r s-1

K, =K, = psAgl'elele)™, (11)
_ _ p ~q-1_r-1_s

K,,=K,, =qrAel’e] ¢, ¢,
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_ _ P ~q-1 1 o8-
Ky =K, =qsAele; &6, ,

_ _ P ~q -1 _s-1
K, =K, =rsAele)e; €, .

2 2
where a—K:K12 =K,,, 8_[2(

=K,,, etc. indicate cross-partial, second order differentiations
0¢g,0¢, os,

of multivariate Lagrangian function, respectively, etc.

Now we expand the Hessian (8) as |H | >0 (Mohajan et al., 2013; Mohajan & Mohajan, 2022d),

A3 3p .3q .3r 3sB2
PAT36 5 53 842 (pag+r)s+3)>0, (12)

Hl=
| | gleielelV?

where efficiency parameter, A >0, and budget of the firm, B>0; ¢, ¢,, &;, and ¢, are four
different types of inputs; and consequently, &,,¢,,&;,6, >0. Parameters, p,q,r,s >0; also in

the model either 0<V=p+g+r+s<1, V=1 or V>1. Hence, equation (12) gives;

H|>0

(Islam et al., 2011; Mohajan & Mohajan, 2022d).
8. Determination of Lagrange Multiplier A

Now using the necessary values from (8), in (7a) we get (Moolio et al., 2009; Mohajan &
Mohajan, 2023a),

r Ay

P ~q9 -7 A5 P ~q9 -7 A5 P 9 7 A8 P -9 S
B pAglelese, N qAgl &5, N rAeglg)es e, N sAglelese,
A A A A

_Aglgj56,V
B

A (13)

8. Jacobian Matrix Analysis

We have observed that the second order condition is satisfied, so that the determinant of (5)

J|=|H

survives at the optimum, i.e., ; and hence, we can apply the implicit function theorem.



. ) o OA 0Og, O¢
Now we compute twenty-five partial derivatives, such as —, —1, —* etc. that are referred

ok~ ok OB
to as the comparative statics of the model (Chiang, 1984).

Let G be the vector-valued function of ten variables A',¢&,,¢,,¢;,¢,,k,I,m,n, and B, and we
define the function G for the point (/1*,81* L ErrExr Egrk, L, myn, B)e R", and take the values in

R’. By the Implicit Function Theorem of multivariable calculus, the equation (Mohajan &
Mohajan, 2022¢),

F(1.¢ &6, 5.k, mn, B)=0, (14)

may be solved in the form of

g, |=Glk.l,m,n, B). (15)

0(2,8,,8,,6,,6,)

Now the 5x5 Jacobian matrix for G(k,l, m,n,B); regarded as J; =
8(k,l, m,nO,B)

, and 1is

represented by;

oA 04 oA oA 04
ok ol oém om, OB
og, 0Og  0g og, 0g,
ok ol  om on, OB
J, = oe, 0O¢, Og, Og, O¢&, ' (16)

ok ol om  0On, OB
os, 0Og, Og; O&; Oe,
ok ol om  0oOn, OB
o, 0Oe¢, Og, Og, Oeg,
ok ol om  On, OB




e, —&, -—& —&l+e, 1]
-1 0 0 0 0
=-J' 0 =2 0 0 0].
0 0 -1 0 0
0 0 0 -21g+4 O
The inverse of Jacobian matrix is, J ' = iC T where C = (C,.j), the matrix of cofactors of J,

Y

where T for transpose, then (16) becomes (Mohajan, 2021c; Moolio et al., 2009),

C, G, G G Cyl-&a -& -& -&+e 1
1 C, G C32 Ca Csz -4 0 0 0 0
= _m Ci Gy G Cy Gy 0 —4 0 0 0
Cio G Gy Cy G 0 0 —4 0 0
1Cs Cs G G5 Cs| O 0 0 -24ig+4 0]
- 6C=2C,  =8C,=2C,  —&C=AC, -G, +6,0,-248,Cy +AC, Cu_
~6C,=4C, =60, -AC,, -0, -2C, -0, 460,26 +C;, G,
p __ﬁ ~6C,=AC, -6, -4C;  -&Cy-AC,  -gC i+ =260 +AC;,  Cy | (17)
~6Cy =40y -60,=AC,,  -&Cy-AC, -&C,+eC,-22eCy+AC, G,
|—6Cs =40 —5C5-AC;;  —6C;-ACs - £:Cs+6,Cs=246Cs+ A0, s |

In (17) total 25 comparative statics are available, and in this study we deal only with four of
them when interest rate of capital is increased. The firm always attempts for the profit
maximization production (Baxley & Moorhouse, 1984; Islam et al., 2010; Mohajan & Mohajan,
2020f).

9. Sensitivity Analysis

Now we study the effect of capital ¢, when its interest rate, k increases. Taking 7,, (i.e., term of

2" row and 1 column) from both sides of (17) we get (Mohajan, 2021a, b; Wiese, 2021),



os, & A
—=—|C,|+—=IC
e IGAECIN

= %L Cofactorof C,+ iCofactorof C,,
7] 7]
-B K, K; K, 0 -B, -B, -B,
_ﬁ_Bz K22 K23 Kz4 +i_Bz Kzz K23 K24
|J|_B3 K32 K33 K34 |J|_Bs K32 K33 K34
_B4 K42 K43 K44 _B4 K42 K43 K44
c Kzz K23 K24 _Bz K23 K24 _Bz Kzz K24 _Bz Kzz
:_m -B|K;,, K, K,|-K,-B; Ky K| +Ks-B;, K, K,|-K,-B5 K,
K42 K43 K44 _B4 K43 K44 _B4 K42 K44 _B4 K42
1 Bz K23 K24 _Bz Kzz K24 _Bz Kzz K23
+m Bz_B3 K33 K34 _Bs_B3 K32 K34 +B4_Bs K32 K33
_B4 K43 K44 _B4 K42 K44 _B4 K42 K43
&
= _m[_ B1 {Kzz(K33K44 - K43K34)+ Kzs(K42K34 - K32K44)+ K24(K32K43 - K42K33)}

- K12{_ Bz(K33K44 - K43K34)+ K23(_ B4K34 + B3K44)+ K24(_ B3K43 + B4K33 )}
+ K13{_ Bz(K32K44 - K42K34)+ Kzz(_ B4K34 + B3K44)+ K24(_ B3K42 + B4K32 )}

- K14{_ Bz (K32K43 - K42K33)+ Kzz(_ B4K33 + BsK43 )"’ Kzs (_ B3K42 + B4K32 )}]
+ _[Bz {_ Bz (K33K44 - K43K34)+ K23(_ B4K34 + B3K44)+ K24(_ B3K43 + B4K33 )}

- B3 {_ Bz(K32K44 - K42K34)+ Kzz(_ B4K34 + B3K44)+ K24(_ B3K42 + B4K32)}

+ B4 {_ Bz (K32K43 - K42K33)+ Kzz (_ B4K33 + B3K43)+ K23 (_ B3K42 + B4K32 )}]
&

= _m{_ BlK22K33K44 + B1K22K43K34 - B1K23K42K34 + B1K23K32K44 - BIK24K32K43

+ B1K24K42K33 + BzK12K33K44 - BzK12K43K34 + B4K12K23K34 - B3K12K23K44 + B3K12K24K43

- B4K12K24K33 - BzK13K32K44 + BzK13K42K34 - B4K13K22K34 + BzK13K22K44 - B3K13K24K42

+ B4K13K24K32 + BzK14K32K43 - BzK14K42K33 + B4K14K22K33 - B3K14K22K43 + BsK14K23K42
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A
- B4K14K23K32} + m{_ B22K33K44 + BzzK43K34 - BzB4K23K34 + BzB3K23K44 - BzBK24K43

+ BzB4K24K33 + BzBsL32L44 - BzB3L42L34 + B3B4L22L34 - B32L22L44 + 332L24L42 - B3B4L24L32

- BzB4K32K43 + BzB4K42K33 - BszzK% + B3B4K22K43 - B3B4K23K42 + BszsKn}

3 .3p .3q .3r 3s
:_ﬁA & 2522 53 &4 {~ke,qlg—1)r(r=1)s(s—1) + ke,qlg —1)r*s> —ke,g*r*s” + ke,q*r*s(s —1)
£, 656,

2.2 2

—ke,q’r’s” +ke,q’r(r—1)s* +l<92pqr(r—1)s(s—1)—lgzpqrzs2 +ne,pq’r’s —m83pq2rs(s—1)

+me,pq’rs’ — ng4pq2r(r - l)s - lgzpqrzs(s - 1) +le,pqrs® — n84pq(q —1)r2s
+ m53pq(q - l)rs(s - 1) —me,pq’s® +ne,pq’r’s +le,pqr’s’ —lgzpqr(r —1)s2

2 2p 2q .2r 2s
+n84pq(q—1)r(r —1)s —m£3pq(q —l)rs2 Jr171¢<,‘3pqzm2 —n£4pq2r2s} +i As 2822 823 il
|J| £5658,

{— PPelr(r—1)s(s —1) +’elr’s® —nle,e,qr’s +Ime,e,qrs(s —1) —Ime,e,qrs® + nle,&,qr(r —1)s

2.2 22

+ ZM8283qu(S - 1) —Ime,e,qrs” + nl£384q(q - l)rs - nggq(q - l)s(s - 1) +m’eiq’s’ —nle,e,q’rs

—nle,e,qr’s +nlg,e,qr(r—1)s —n’slq(q - l)r(r - 1) + mng3g4q(q —1)rs —mne&,q°rs

+ nzgfqzsz}

3 3 3q .3r .38
_ 1 A'pgrse’ e ey

{— kelp’l(q - 1)(r - 1)(s - 1) + kglp’1 (q — l)rs - kglp’lqrs

__|J| gele;
+ ke, p'qr(s— 1) —ke,p'qrs +ke,pq(r—1)s +ls, (r - 1)(5 —1) —lg,rs — lgzr(s —1) +lg,rs
+le,zw —le,(r—1)s —meyq(s —1) + meyqs + me,(q—1)s —1) —me,qs —me,(qg—1)s +me,gs

2 2p .2q 2r .25
A A'grse"e) 5" €}

+ne,qr +ne,(q - 1)(r - 1) - ng4q(r - 1) —ne,(g—1)r +ne,qr — n54qr} +

| g ele;
{— Pelq ' (r=1)s—1)+q ' Peirs —r'm’s} (q - 1)(s - 1) +rimielqs —s'n’el(qg—1)r—1)
+ s_'nzefqr}
3 3p 3q .3r .3s
= _1A pqrscjl 2822 & 4 {— kglp'l(q —1)(r —1)(s ~1)+ kglp’l(q - l)rs —2ke, p'qrs

|J| 5858,

+ ke, p'qr(s— 1) +ke,plq(r—1)s +1e, (r - 1)(s -1) - lgzr(s - 1) +le,rs —ls,(r - 1)s - mg3q(s - 1)
+me, (q - 1)(s - 1) —mée, (q - 1)s +me,qs +ne,qr +ne, (q - 1)(r - 1) - n€4q(r - 1) -ne, (q - 1)r}

A Algrssl’e)'s)' e

" | g ele;

-1_.2 .2

{—lzgzzq"](r—l)(s—l) +q '’glrs —r’lngf(q—l)(s—l) +r-m'g;qs

—-s'n’g] (q - 1)(r - 1) + s’lnzefqr}
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3 3p .3q 3r 3s
:_LA pqrse; " €,°&5 &, B {_(q_l)(r_l)(s_l)+q(r_1)(s_1)—qr(s—1)+(q—1)r(s—1)

| geieV
+ (254 - l)qrs + (254 - 1)(q - 1)(r - l)s - (284 - l)q(r - 1)s - (254 - 1)(6] - l)rs}
1 A’grssl’ere e’ B® AglslelelV
+m 8;2832¢2€‘jv32 4 ! 233 4 {— q(r—l)(s—l) +2qrs —(284 —l)z(q—l)(r—l)s
— (q — l)r(s - 1) + (284 — 1)2 qrs}
3 3p .3q 3r 3s
= APAA B S BB (e s 1) + g~ 15 1) ~grls —1) + (g~ 1)r(s 1)
|J| gy6;6,V

+ (26‘4 - l)qrs + (284 - 1)(q - 1)(r - 1)s - (254 - 1)q(r - l)s - (26‘4 - 1)(q - l)rs}

1 A3 3p .3q .3r SSB
+ m qrs(j,zgf;% %4 {—aq(r=1)s=1)+2grs —(g=1)r(s—1)=(2&, =1’ (g —1)r —1)s
2¢3“4

+ (22, -1 grs . (18)

. . 1. .
For convenient we consider p = 5 in equation (18) then we get,

3 3/2 3q 3r 3s
%:_ﬁA qrsiljg;‘f? = {{2(‘1”‘1””)‘(%r+s)}—(S84 —S+%]—484(‘Is+rs—s)
+4gf(qs+rs—s)]. (19)

| . . .
s=Z, in equation (19), then for increasing returns to scale,

We consider, q=l, rzl,
4 4

V:§>1 we get;
4

oe, 1  A’Bg" 1Y 19
ERIER {(25) |7 0ve0. 0
2 3 4

The relation (20) identifies that if the interest rate of the capital ¢, increases, the level of capital
&, also increases. It seems that the firm faces increasing returns to scale and it may increase both

capital and worker forces for maximum production to achieve maximum profit (Moolio et al.,

2009; Mohajan & Mohajan, 2022a).
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Now we study the effect of wage &, when interest rate, k of the capital &, increases. Taking T,

(i.e., term of 3" row and 1% column) from both sides of (17) we get (Mohajan, 2021a, b; Wiese,
2021),

% _Alc, el
13
ok T
& A
= — Cofactorof C|; +— Cofactorof C,,
1] 7]
_Bl Kll K13 K14 0 _Bl _B3 _B4
i_Bz KZI K23 K24 _i _Bz K21 K23 K24
|J| _B3 K31 K33 K34 |J| _B3 K31 K33 K34
_B4 K41 K43 K44 _B4 K41 K43 K44
e K21 K23 K24 _Bz K23 K24 Bz KZI K24 Bz K21 Kzs
m_BlKSI K33 K34 Kn Ba K33 K34 +K13 B3 K31 K34 K14—B3 K31 K%%
K41 K43 K44 _B4 K43 K44 _B4 K41 K44 _B4 K41 K43
1 _Bz K23 K24 _Bz K21 K24 _Bz KZI K23
_m BI_BS Kﬁ K34 _Bs_B3 K31 K34 +B4_B3 K31 K33
_B4 K43 K44 _B4 K41 K44 _B4 K41 K43
&

{_ Bz(K33K44 - 1(43[(34)+ Kzs(_ B4K34 + B3K44)+ K24(_ B3K43 + B4K33)}
+K12{ Bz(KnKM K41K34)+K21(_B4K34+B3K44)+K24(_B3K41 +B4K31)}
- K14{_ Bz(K31K43 - K41K33)+ K21(_ B4K33 + BaK43)+ Kza(_ B3K41 + B4K31 )}]

A
__[Bl{ Bz(K33K44 K43K34)+K23( B4K34+B3K44)+K24(_B3K43+B4K33)}

_B3{ BZ(K31K44 K41K34)+K21( B4K34+B3K44)+K24(_BSK41+B4K31)}

+B { Bz(K31K43 - K41K33)+ K21(_ B4K33 + B3K43)jL Kzs(_ BsK41 + B4K31)}]

| | {B K21K33K44 BlK21K43K34 +BIK23K41K24 _B1K23K31K44 +B1K24K3]K43 _B1K24K41K33
- BzK11K33K44 + BzK11K43K34 - B4K11K23K34 + B3K11K23K44 - B3K11K24K43 + B4K11K24K33
+ BzK13K31K44 - BzK13K41K34 + B4K13K21K34 - B3K13K21K44 + BsK13K24K41 - B4K13K24K31
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_B2K14K31K43 + B2K14K41K33 _B4K14K21K33 + B3K14K21K43 _B3K14K23K41 + B4K14K23K3]}

A
+m {B1BzK33K44 - B1BzK324 + B1B4K23K34 - B4B3K23K44 + B1BaK24K43 - B1B4K24K33

+ BzBsK31K44 - BzB3K41K34 + B3B4K21K34 - Bs2K21K44 + B32K24K41 - B3B4K24K31 - BzB4K31K43
+ BzB4K41K33 - BfK21K33 + B3B4K21K43 - B3B4K23K41 + BjK23K31}

&
= _m{BIKZIK%KM _BlK21K324 + B1K23K41K34 - B1K23K31K44 + BIK24K31K43 - BlK24K41K33
- BzK11K33K44 + BzK11K324 - B4K11K23K34 + B3K11K23K44 - B3K11K24K43 + B4K11K24K33
+ BzK123K44 - B2K13K41K34 + B4K13K21K34 - B3K13K21K44 + BsK13K24K41 - B4K123K24

- BzK14K31K43 + BzK124K33 - B4K14K21K33 + B3K14K21K43 - B3K124K23 + B4K14K23K31}

A
+m {BIBZK33K44 - BleK324 + BIB4K23K34 - BIB3K23K44 + BIBSK24K43 - BIB4K24K33

+ BzBaK31K44 - BzB3K41K34 + B3B4K24K34 - B32K21K44 + B32K24K41 - B3B4K24K31 - BzB4K31K43
+ BzB4K41K33 - Bszlea + B3B4K21K43 - B3B4K23K41 + BjK23K31}

A3 3p .3q 3r .3s
GO B e, par(r —1)s(s 1) — ke, par’s® + ke e, par’s® —ke,e, pars(s —1)

T V| gleee
+ke g, pqr’s® —kee, par(r—1)s* — lgzzp(p - l)r(r —1)s(s—1) + lgzzp(p —1)r’s?
—n&,e,p(p—1)pr’s +me,e; p(p—1)grs(s —1) —me,e; p(p —1)grs® + ne,e, p(p —1gr(r—1)s

+ lgzzpzrzs(s —1) —le;p’r’s® +ne,e,pqr’s — m8283p2qrs(s - 1) +me,e,p qrs’ —ne,e,p’qr’s

—lgzzpzrzs2 +l<922p2r(r —l)s2 —n8254p2qr(r—1)s + mg2€3p2qrs2 —1//18263p2qrs2 + n5284p2qr2s}
ﬂ, A282p82q82r82.f

+——1 234 {klgfgfr(r —1)s(s—1) —klgleir’s® + knele,e,qr’s —kmele,e,qrs(s —1)
|J| £ &858,

+kmele,e,qrs® —knele,e,qr(r —1)s +Imele,e,prs(s —1) —lmele, e, prs® + mne,s,6,6, pqrs
—m’e,6,61 pqs(s —1) + m’el pqs® —mne,g,6.6, pqrs —nle,gle,pr’s +nlggie, pr(r—1)s

- nzglgzgqur(r —1) +MmMneg E,EELPGTS —MNE E,E,E, PGTS + nzaglgzgqurz}

1 A3 3p .3q .3r 3SB
= _m pq’:j 82;3 %4 {p(r—l)(s —1) — pr(s—l) —(p —1)(r—1)(s—1) —(2s, —1)(p —l)rs
192%3%4

+ (p —1)r(s—1) +(2£4 —1)(p—1)(r—1)s + prs —(284 —1)p(r—1)s}

1 A’pgrsel’eliel’e] Aglelele]V (

Trrer: g A=) s = Qe P (1) 4 (2, -1 s
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3 3p 3q 3r .3s
=—LA Parsé, fz 283 & B {p(r—l)(s—l)—pr(s—l) —(p—l)(r—l)(s—l) —(284 —1)(p—1)rs
|J| £,6,6,E,V

3 3p 3q .3r .3s
1 A'pgrse"e)"ei e’ B

+(p-Dr(s=1)+ e, 1\ p—1)r—1)s + prs —(2&, =1)p(r —1)s} +

| g&,6:6.V
{1 —5— (234 - 1)2 (r - l)s + (234 - 1)2 rs}
o, _ 1 4A3pqrs2513’2’g%qg§”gst (54 . gf)> 0. o
Ok |J| £,E,E,E,V

From the relation (21) we see that when the wage rate increases, the firm increases the level of
capital &,. It seems that after the increase of wage rate, workers spend more working hours due

to substitution effects. Consequently, the firm increases its capital structure for more production

to achieve maximum profit (Islam et al., 2011; Moolio et al., 2009; Mohajan & Mohajan,

2023Db).

Now we inspect the effect on principal raw material &, when interest rate of capital increases.

Taking 7,, (i.e., term of 4™ row and 1% column) from both sides of (17) we get (Mohajan,

2021a),
o, & A
= _Ae,l+Zc
8/{ |J|[ 14] |J|[ 24]
& A
= — Cofactorof C,, + — Cofactorof C,,
|71 7]
_Bl K11 Kl2 K14 0 _Bl _Bz _B4
:_ﬁ_Bz K21 Kzz K24 +i_B2 KZI Kzz K24
|J|_B3 K31 K32 K34 |J|_Bs K31 K32 K34
_B4 K41 K42 K44 _B4 K41 K42 K44
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g K21 Kzz K24 _Bz Kzz K24 _Bz K21 K24 _Bz K21 Kzz
=_m - B, K31 K32 K34 _K11_B3 K32 K34 +K12_B3 K31 K34 _K14_B3 K31 K32
K41 K42 K44 _B4 K42 K44 _B4 K41 K44 _B4 K41 K42
1 -B, K, K, -B, K, K, -B, K, K,
+m B|-B; K; K, _Bz_B3 K31 K34 +B,-B, K; Ky
_B4 K42 K44 _B4 K41 K44 _B4 K41 K42
= _ﬁ[_ B, {KZI(K32K44 - K42K34)+ Kzz(K41K34 - K31K44)+ K24(K31K42 - K41K32)}

- Kn{_ Bz(K32K44 - K42K34)+ Kzz(_ B4K34 + B3K44)+ K24(_ B3K42 + B4K32 )}
+ K12 {_ Bz (K31K44 - K41K34)+ K21(_ B4K34 + B3K44)+ K24(_ BsK41 + B4K31)}
_K14{_ Bz(K31K42 _K41K32)+ KZI(_ B4K32 +B3K42)+ Kzz(_ B3K41 +B4K31)}]

A
+_[Bl {_ Bz (K32K44 _K42K34)+ Kzz(_ B4K34 + BsK44)+ K24(_ B3K42 + B4K32 )}

Y
_Bz {_ Bz (K31K44 - K41K34)+ K21(_ B4K34 + BsK44)+ K24(_ B3K41 + B4K31)}
+ B4 {_ Bz(K31K42 - K41K32)+ K21(_ B4K32 + B3K42)+ Kzz (_ B3K41 + B4K31)}]

&
= __l{_ B1K21K32K44 +B]K21K42K34 - BIK22K41K34 + BIK22K31K44 - BIK24K31K42 +BIK24K41K32

1
+B,K, K,,K,,-B,K, K,K,, +B,K, K, K, -BK, K,K, +BK,K,K,-BK,K,K,,
-B,K,K, K,, +B,K,K, K,,-B,K,K, K, +BK,K, K, -BK,K,,K, +B,K,K, K,
+B,K,,K, K,,-B,K,K,K,, +B,K,,K,K,,-BK,K, K, +B,K,,K,K, —B4K14K22K31}

A
+ m {_ B1BzK32K44 + BleK42K34 - B1B4K22K34 + B1B3K22K44 - B1B3K24K42 + BIB4K24K32

+ Bz2K31K44 _B;K41K34 + BzB4K21K34 - BzB3K21K44 + BzBsK24K41 - BzB4K24K31
_BzB4K31K42 +BzB4K41K32 _BjK21K32 +B3B4K21K42 _B3B4K22K41 +BjK22K31}

_ b Aeleel g}
V| eeee;
+ kglg3pq(q - l)rs(s - 1) + k8183pq2rS2 + 15253p(p — l)qrs(s - 1) - 18283p(p - 1)qrs2

+nese,p(p—alg —1)rs —me; p(p—1)alg —1)s(s —1) +me; p(p~1)g°s* —ne,e,p(p~1)g’rs

{— ke,e,pq’rs(s —1) + ke e, pq’rs® —keespqlqg—1)rs” —ke e, pq’rs’
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—lg,ex>qrs(s —1) +le,6,p’qrs*> —nee,p’q’rs +mel p*q*s(s—1) —melp’q’s® + ne,e,p’q’rs
+le,e,pqrs” —le,e,p>qrs® +ne,e,pq’rs —mel p*q’s® +melpPq(qg—1)s* —nee,pq(q— 1)rs}

1 A’g¥relici ey
2 {—kl€128283qrs(s—1)+k151252£3qr52 —kn512£3£4q(q—1)rs —kmelelq’s’
|J| g &,6,6,B

+ kmglzgfq(q - l)s(s - 1) +hknele,e,q’rs + l25182253prs(s - 1) —Pg& e prs’ +nleg,e,6,pqrs

—Ime,&,62pqs(s —1) +Ime,,62 pqs” —nle,e,6,6,pqrs —nle,s,6,6,pqrs +nle,s,6.6, pqrs

—n’e6,61 pg’r +mng gle, pg’s —mns ele, palq—1)s +n’s el palg—1)r)

3 3p 3q 3r 3s
L Aparsa e G a By 1) = plg—1)s + plg—1)s—1)+ pas +(p~1)als -1)

o | £,&,6,8,V
= pg(s=1) + pgs —(p—1)gs =2pgs + plg-1)s —(p=1)g-1)s—1) + pg(s —1) +(p—1)gs
+ (22, -1\ p-g—1)s - (2&, 1) p -1)gs + (25, ~1)pgs — (25, ~1)p(g ~1)s}

3 3q J3r 3s
LA pqrse;’ ey €’ B {—p(s—1)+qs +(q—1)(s—1)—qs +gs _(254—1)(q—1)s +q(s—l)

| £,&,6,8,V
—qs _‘1(3_1)"'615 +(254 —l)qs —(q—l)s _(284 _1)2qs +(284 —l)z(q—l)s}

3 3 3 3r 3s
LA parsa e e By L 1)k p(g-1)s—1)+(p-als —1) - (p-1Ng-1)s 1)
M £,E56,6,V
+(2e, -1\ p-g-1)s - (25, - 1)(p ~1)gs + (25, ~1)pgs — (25, ~1)p(g 1)s}
3

3 3g 3r .3s
AP E BB (1) 1 gs —(g-1)s +(g—1Ns—1) ~ (25, - g1 +(25, ~1as

| £,&,6,8,V
- (26, -1V gs +(26, -1V (g=1)s}
gy _ 1 A34g4pqrsjgl3pf§’qg§”5f3 (i-z,). 22)
ok |J| £,V
If &, <1 in equation (22) we have,
oe,
—>0. 23
ke (23)

From inequality (23) we see that if the interest rate of the capital &, increases, the purchasing of
principal raw material &, also increases. Hence, the production rate of the firm of course
increases, and in parallel profit of the firm increases that tends to maximization. It seems that
principal raw material &, is essential for the firm; it has no substitutes (Moolio et al., 2009; Roy

et al., 2021; Mohajan, 2022).
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If £, >1 in equation (21) we have,

2z,

<0. 24
P (24)

From inequality (24) we see that if the interest rate of the capital ¢, increases; the purchasing
level of principal raw material &, decreases. The firm invests more fortune for increased interest

of the capital and less to buy principal raw material. Consequently, the production rate of the
firm may decrease. In this situation it seems that the firm may face difficulties for its

sustainability (Moolio et al., 2009; Mohajan, 2021a).

Now we check the effect on irregular input &, when interest rate of capital increases. Taking 7,

(i.e., term of 5" row and 1% column) from both sides of (17) we get (Ferdous & Mohajan, 2022;
Mohajan, 2021c¢),

0 A
i_ﬁ[cls] _[Czs]

= +
ok |J] 1]
& A
= — Cofactorof C,; +— Cofactorof C,,
1] |71
_Bl Kll Kl2 K13 0 _Bl _Bz _B3
i_Bz K21 Kzz K23 _i_Bz KZ] Kzz K23
|J|_B3 K31 K32 K33 |J|_B3 Ksl Ksz Kﬂ
_B4 K41 K42 K43 _B4 K41 K42 K43
c K21 Kzz Kz3 _Bz Kzz Kzs _Bz K21 K23 _Bz K21 Kzz
m B1K31 Ksz K33 K11_B3 Ksz K33 +K12_B3 K31 K33 _K13_B3 K31 Ksz
K41 K42 K43 _B4 K42 K43 _B4 K41 K43 _B4 K41 K42
1 _Bz Kzz K23 _Bz Kzl Kzs _Bz K21 Kzz
_m Bl_BS K32 K33 _Bz_Bs K31 K33 +B3_B3 K31 K32
_B4 K42 K43 _B4 K4| K43 _B4 K41 K42
&
= m[_ Bl {KZI(K32K43 - K42K33)+ Kzz(K41K33 - K31K43)+ K23(K31K42 - K41K32 )}
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- Kn{_ Bz(K32K43 - K42K33)+ Kzz(_ B4K33 + B3K43)+ K23(_ B3K42 + B4K32 )}
+ K12 {_ Bz (K31K43 - K41K33)+ Kzl(_ B4K33 + B3K43)+ K23(_ B3K41 + B4K31 )}
- K13 {_ Bz(K31K42 - K41K32)+ Kzl(_ B4K32 + B3K42)+ Kzz(_ B3K41 + B4K31)}]

A
_m[Bl {_ Bz (K32K43 - K42K33)+ Kzz(_ B4K33 + B3K43)+ K23 (_ B3K42 + B4K32 )}
_Bz{_ Bz(K31K43 _K41K33)+ KZI(_ B4K33 +BaK43)+ Kza(_ B3K41 +B4K31)}
+ B3 {_ Bz(K31K42 - K41K32)+ K21(_ B4K32 + B3K42)+ Kzz(_ BsK41 + B4K31)}]

_&
]

+ BZK11K32K43 _B2K11K42K33 +B4K11K22K33 _B3K11K22K43 + BSK11K23K42 _B4K11K23K32

{_ B1K21K32K43 + BIK21K42K33 - B1K22K41K33 + BIK22K31K43 - B1K23K31K42 + BIK23K41K32

_B2K12K31K43 + BZK12K41K33 _B4K12K21K33 + B3K12K21K43 _BSK12K23K41 + B4K12K23K31
+ BZK13K31K42 _B2K13K41K32 +B4K13K21K32 _B3K13K21K42 +B3K13K22K4l _B4K13K22K3l}

A
1 {_ BleK32K43 + BleK42K33 - BlB4K22K33 + BIB3K22K43 - BlB3K23K42 + BlB4K23K32

|71
+ BzzK31K43 - BzzK41K33 + BzB4K21K33 - BzBsK21K43 + BzBsK23K41 - BzB4K23K31
_BzB3K31K42 + BzB3K41K32 _B3B4K21K32 + B32K21K42 - B32K22K41 + B3B4K22K31}

_ L A'e"ey'sy e {— kee,pq’r’s +kee,pg*r(r—1)s —ks,e, pqlg—1)r(r =1)s —ke,s, pg*r’s

| eeeie;
+ k8164pq(q — l)r(r — l)s +kee,pq’r’s + 15254p(p —l)qrzs - 18284p(p - l)qr(r - l)s
+ne;p(p=1)alg=1)r(r=1) =meye, p(p ~1glg —1rs +me,e,p(p—Va’rs —neip(p-1)g
~le,e,pqr’s + 152£4p2yqr(r —l)s - ngfpzqzr(r - 1) +me,e,pq’rs —meg,p qrs +ne,pq’r’

2.2
r

+le,e,p’qr’s —le,e,p’qr’s +ne; p’q’r’ —me,e,p’q’rs +m8384p2q(q—1)rs —ngfpzq(q—l)rz}
A A&l s) )

- | gleee

{— klgle,e,qr’s + klgle,e,qr(r—1)s —knelelqlg—1)r(r—1)

+kmelee,q(qg—1)rs —kmele.e,q’rs +knelelq’r* +17s,ee,pris —Psgle, pr(r—1)s

+ nlelg3gqur(r - 1) —Ime,g,8,,pqrs +1lme,g,6,8,pqrs —nle e, e, pqr’ —lme,e,6.6, pqrs
+Ime,,6,6,pqrs —mne g8, pq’r + m2£1£3254pq(q - l)s —-m’eEle,pq’s + mn51£3£qu(q - l)r}

3 3p 3q 3r .3s
:iA pqrse; ey ey &)

|J| o olgly? {— ke qr + kglq(r—l) +l{;‘2(p —l)r —182(]9 —1)(r—1) +l€2p(r—l)
192¢3“4
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—le,pr —me,(p~1)\g—1) + me,(p—1)g —me,pg + me,plg—1) +ne,(p-1Ng-1)r-1)s™
—n84(p—1)qrs 1—ng4pq(r—1) +2ng4pqrs_1 —ng4p(q—1)rs 1}

s 2 2q J2r .25
L AcfeieieV Aleite;'e) s {—klslgzqrzs +kle,e,qr(r—1)s —kne,s,q(q—1)r(r—1)

|J| B P
+hknee,q’r’ +km51£3q(q—l)rs —kme,g,q°rs +1°8; pr’s —lzgzzpr(r—l)s +n15254pqr(r—1)

—nle,g,pqr’ +m’e; pglg —1)s —m’e; pg’s —mnee,pq’r +mnee, pa(g—1)r|

3 3 3 3r 3s
:iA parse’’ e el €)' B {—3pqr +2pq(r—1)—(P—1)(I(’”_1) +2(p—1)qr +p(q—l)l’

| P Y
~(p=1Ng-1)r + (2, ~1Np-1Ng-1)r-1) - (2&, - 1) p—1)gr - (2, -1)pq(r-1)

+2(22, ~1)pgr —(28,~1)plg—1)r} - |1 A'parse,'ey'e)el B

- -1
J| P AY {qr+q(r )

—(26‘4 —1)(q—1)(r—1) +(284 —l)qr +(q—1)r —qr +1°&;pr’s —q(r—l) +(25,‘4 —l)q(r—l)
~(2e,~1)gr +(g=1)r —gr —(2¢, ~1)gr +(2¢, ~1g~1)r}

3 3p 3q .3r .3s

_ LAparse &6 B o (2pgr+ p+2r)+(-2pgr—p+q- pa)). (24)
|J | geye,6,V
) 1 1 1 1 . .

We consider, p = Z , q :Z , T :Z ,and s =Z in equation (25), then for constant returns to
scale, V=1 we get;

1 A’B
%c, _ (52¢, -3). (26)

ak |J| 2]3 1/4 5/485/481/4V
3 €4
If &, >3/52 in (26) we get,

og,
ok

>0. (27)

From (27) we see that if the interest rate of the capital &, increases, the purchasing of irregular
input &, also increases. It seems that irregular input ¢, is essential for the firm; it has no
substitutes (Moolio et al., 2009; Mohajan, 2022).

If £, <3/52 in (26) we get,

%2,
ok

<0. (28)
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From (28) we see that if the interest rate of the capital ¢, increases; the purchasing level of
irregular input &, decreases. Consequently, the production rate of the firm may decrease for

constant returns to scale. In this situation it seems that the firm may face difficulties for its

sustainability (Moolio et al., 2009; Mohajan, 2022).

We consider, p = é , 4= i, r= %, and s =i in equation (24), then for decreasing returns to
7
scale, V = § <1 we get;
3
os, _ 1 A B (82, +5)>0,Ve, >0. (29)

6k |J| 213v815/8825/4g35/4g‘1‘/4

From the relation (29) we see that if the interest rate of the capital ¢, increases, the purchasing of
irregular input &, also increases. Hence, the production rate of the firm of course increases, but

the firm faces the decreasing returns to scale. It seems that irregular input ¢, is essential for the

firm; it has no substitutes (Moolio et al., 2009; Mohajan, 2022).
10. Conclusions

In this study we have dealt with profit maximization activities where we have considered
nonlinear budget constraint. We have not tried to verify whether the profit of the firm is
maximized or not. Rather, we have considered that profit is maximized, and we have studied the
effects of various inputs of the firm if interest rate of capital is increased. For the proper
measurement we have considered Cobb-Douglas productions function as our profit function.
Side by side we have also used 5x5 bordered Hessian matrix and 5x5 Jacobian. Throughout the

study we have displayed the mathematical calculations elaborately.
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