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Abstract

We consider a simple discrete-time version of Lucas (1988). When the
speed of human capital accumulation is high (low), the Balanced Growth
(Degrowth) Path is the unique optimal solution.
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1 Introduction

We present a simple discrete-time version of Lucas (1988) which allows for hu-
man capital depreciation and logarithmic (and hence unbounded) preferences.
The supermodularity of the value function grants the optimality and uniqueness
of the BGP. Moreover, the economy can enter a process of endogenous (optimal)
degrowth if technology in human capital production is relatively low.

In continuous time, early works on the uniqueness of the optimal solution
to the Lucas’ model focused on numerical simulations like Mulligan and Sala-
i-Martin (1993); on local stability like Benhabib and Perli (1994); on global
dynamics like Xie (1994). Boucekkine and Ruiz-Tamarit (2004), Ruiz-Tamarit
(2008) and Hiraguchi (2009) have addressed the uniqueness issue, by solving
analytically the system of necessary optimal conditions.!

In discrete time, Mitra (1998) proves the existence of equilibria with physical
and human capital. To our knowledge, only Gourdel et al. (2004) prove the
uniqueness of the optimal solution. Their social planner’s solutions internalizes
the external effects of human capital in production. However, the uniqueness
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proofs provided in Gourdel et al. (2004) and the sustained growth result in
Ha-Huy and Tran (2020) can not encompass positive human capital deprecia-
tion. Furthermore, both papers require a bounded utility function, while our
contribution covers logarithmic preferences. Moreover, we provide a straightfor-
ward proof of uniqueness based on the supermodularity of the value function,
and compute the explicit trajectory of all economic variables along the BGP.
Considering a convex or a linear technology with only one production factor, we
also show that any other alternative trajectory is inefficient.

Interestingly, a strictly concave production function for final goods can be
compatible with the existence, uniqueness and optimality of the BGP as long as
the production function for human capital remains linear. In this respect, the
model with human capital accumulation is different from the seminal AK model
or other isomorphic models as Romer (1986) (with productive externalities) or
Barro (1990) (with public spending externalities).

We prove that positive growth requires a high speed of capital accumulation.
Conversely, under a low speed, the economy experiences degrowth at a constant
rate.

Finally, note that human capital depreciation can be reinterpreted as human
mortality under a stationary population age structure, or as an aging process,
where individuals’ health and intellectual capabilities decline with time.

Section 2 introduces the model fundamentals; Section 3 derives the BGP and
proves its optimality and uniqueness. All proofs are gathered in the Appendix.

2 A simple version of Lucas’ model

Let agents share the same preferences and endowments, and let the size of
population be constant and equal to one. Hence, variable [; denotes at the same
time individual and aggregate labor supply at period ¢. Labor is the only factor
required for the production of the unique final good: y; = Al with « € (0, 1]
(notice that the linear case is considered with o« = 1). Let us assume that all
production is entirely consumed, that is ¢; = y;.

At any period ¢, each worker is endowed with one unit of labor, which she can
spend either working or investing in human capital. Accordingly, labor services
are the product of the amount of the agent’s human capital h; and her working
time w;: Iy = hyuy, with ug € [0,1]. The remaining time 1 — u; is devoted to
human capital accumulation according to:

ht+1—(1—5) ht SB(l*Ut)ht (1)

for any ¢t > 0. Note that human capital depreciates at a constant rate § € [0, 1].

The representative agent maximizes an intertemporal utility function where
all utility comes from consumption, and where instantaneous utility is measured
by a logarithmic function. Using that ¢; = y, = Al{, the agent maximizes

ZB Inc, = Zﬁf n (AlY) = hlA + iﬁtlnlt (2)




which is equivalent to maximizing .- o B'Inl; by choosing the sequence of
working times (u¢), ), subject to (1).
The agent solves the following equivalent program:

maXZﬁt In (heus) (3)
t=0
ht+1 — (1 —6)ht SB(l —Ut)ht
subject to hy11 < (1 —38) hy + B(1 — ug) hy € T (hy) with

r (ht) = {ht+1 such that (1 — 6) ht S ht+1 S (1 -9 + B) ht}

Since l_64B )
lt = utht S Tht — Eht+1 (4)
we can introduce an indirect function V'
1-+B 1
\%4 (ht, ht+1) =In (Tht — Eht+1) =In lt (5)
Program (3) can be rewritten in terms of V' as
(o]
max Z BtV (ht, ht+1) (6)

t=0
ht+1 el (ht)

for any t.

3 Balanced growth and degrowth

The cross-derivative of V, V3o, is positive

11-6+B,,

Via (hes hig1) = 5———1;

0
BT B >

for any ¢ > 0, proving that function V is supermodular.? Then, by Lemma, 2.1
in Ha-Huy and Tran (2020), any optimal path to our problem is either strictly
monotonic or constant.

The proof in Gourdel et al. (2004) no longer works when the depreciation
rate is strictly positive and, thus, economic degrowth is impossible. To ensure
sustained growth, Ha-Huy and Tran (2020) consider the condition: V5 (h,h) +
BV (h,h) > 0 for every h > 0, which is equivalent here to g; > 1, where

g1 =B(1~-6+B)

2See Amir (1996) among others.




as we will see, is a balanced growth factor. This condition, combined with the
bounded from below utility function, ensures that every optimal path is strictly
increasing. Neither Gourdel et al. (2004) nor Ha-Huy and Tran (2020) cover the
case of unbounded utility function.® The results with logarithmic preferences
we obtain, are not a limit case of their model but a significant added value.

Additionally, according to (1), any sequence (hy),—, satisfies that (1 — §) hy <
hiy1 for any t > 0. Then, along any optimal path, either hy = hg for every t > 0,
or hy < hyyq for any ¢t >0, or (1 —9) hy < hgy < by for any ¢ > 0.

Proposition 1 (dynamic system) Any optimal path to program (6) satisfies
the sequence of first-order necessary conditions:

ﬁt+1

hiy1

,Bt

)\t Bhtut

+ )\t+1 [1 ) + B (1 — ut+1)] S (7)

where A¢ is the Lagrangian multiplier associated to (1). The inequality on the
right binds when u; < 1. In this case, the dynamic system becomes

hiprugr = B(1—0+ B)hiu (8)
ht+1/ht < 1—(5+B(1—’U¢) (9)

for any t > 0.

The "speed" of human capital accumulation B is key for economic growth.
Its critical value is given by

1-5
B

In the next proposition, we will show that, under a high speed (B > B*),

the economy experiences a balanced growth rate g; — 1 E 0 and, under a low

speed (B < B*), a balanced degrowth rate go — 1 = —¢ < 0 where

B =(1-9)

g2 = 1-96
is the capital depreciation factor.

Proposition 2 (balanced growth and degrowth) (1) If B > B*, the set
of optimal solutions described in (8)-(9) admits a BGP with

_ 1-Baq
U = U = 7B €(0,1) (10)
for any t > 0, that is
he = giho (11)
I = gthou (12)
e = gYrARGu® (13)

3Ha-Huy and Tran (2020) also consider an unbounded utility function from below, but
their condition (3.2) in Proposition 3.3 fails in the case of our article.



where g1 is the balanced growth factor. The intertemporal utility along the BGP

18
1 af
U— m (111C0+mlngl> (14)
with cg = Ah§u®.*

(2) If B < B*, set of optimal solutions described in (8)-(9) admits a balanced
degrowth with uws = 1 for any t > 0, that is

hy = gého (15)
lt = gého (16)
¢t = Agzathg (17)

The intertemporal utility along the BGP is still given by (14) where the degrowth
factor go replaces g .

Growth is balanced in both the cases since human capital and labor services
grow at the same constant factor hii1/hy = l;41/l; = g, while production and
consumption grow at the common rate: ys11/y; = cry1/ce = g%, with g = g1 in
case (1) of Proposition 2 and g = g2 in case (2) of Proposition 2.

Proposition 3 provides with the main results of this paper: a sustained
growth requires a sufficiently high speed of capital accumulation. Conversely,
when B is low, it is better to work than to accumulate human capital.

Proposition 3 (uniqueness) (1) If B > B*, the BGP (11)-(12) is the unique
optimal path with
wp—u= 1209
8 B
(2) If B < B*, the BGP (15)-(16) is the unique optimal path with u; = 1
for any t > 0.

Interestingly, the economy can experience an optimal degrowth even in the
case (1) of Proposition 3.

Corollary 4 (optimal degrowth) Let B > B* and 6 < 1. The economic
system experiences an optimal endogenous degrowth if and only if

B<%—(1—6) (18)

41f utility is isoelastic:
C; —1/0

1-1/o
the results are the same: hy = gihm Iy = gﬁhom ct = Yyt = Agi‘thgua with v = 1 —
(g1 — 1+ 6) /B. However, now, the generalized growth factor involves o:

u(cr) =

g =[8(1-6+ B)|7Fe-7s



4 Appendix

Proof of Proposition 1
We maximize the Lagrangian function

> B I (hyuy) + Y N [(1=6) he + B (1= w) hy — heya] + Y pty (1= )

t=0 t=0 t=0

with respect to the sequence (hyt1, ue, Ar)jeg-
Deriving with respect to (h¢41,ut, A¢), we obtain the first-order conditions

t+1
>\t = h +>\t+1 [1—5+B(1—’U¢+1)]
t+1
t t
N = oo B
Bhtut Bht Bhtut

(19)

jointly with (9), now binding. When p, = 0, after eliminating the multipliers
At, we get the first-order conditions (8) and (9). =

Proof of Proposition 2

(1) Computing h¢y1/hs from (8) and replacing it in (9),

(e ) )
Ut41 ﬁ Ut 1-6 + B
for any ¢ > 0. Setting u;y1 = uy = u for any ¢t > 0, we obtain the stationary
state (10).

If us41 = uy = u, then according to (8), we have that hip1 = 8 (14 B) hy,
which, by induction yields (11). Since l; = hyuy, equation (8) also implies that
lt+1 = g1l; and, by induction, that l; = gl with lo = hou. Since ¢; = A, we
also get (13). Using (12), we can find the expression for overall welfare in (14).
Indeed, one can write that

S8t Y5 ghl) =l Y6 + gy Y ep' = ) A
t=0 t=0 t=0 t=0 1-p (1-0)

(21)

Replacing (21) in (2), we obtain (14).

(2) Simply replace uy =1 in (1). m

Proof of Proposition 3

(1) We show that, first, the BGP is optimal and, second, the optimal solution
is unique.

(1.1) The BGP for human capital, ()", satisfies equations (8) and (9)
with u; = u for any ¢ according to (10). Along this BGP, always according to
(8) and (9), the optimal first-order condition of V' must be verified, that is

Vo (hey b)) + BVi (hegr, hieyo) =0 (22)



for any t > 0, where V4 and V; denote the partial derivatives of (5) with respect
to hy and hyyq. Moreover,

Vi (he, b)) = Zl—]g—l:—B and Va (hg, hyt1) = _Bilt - _letht
where L s4n .
Iy = Tht - Eht+1
This implies
g

. t
TTogAm s =0 (2

lim 8'Va (g, hit1) bypr = — lim (Btihtﬂ) —
t—o0 t—o0 B
since hep1/ht = g1.

Let us compare the BGP solution for human capital, (h),—,, with any other
feasible path (h});2, starting from hg. Notice that Inl, — Inlj > (I, —1}) /l;
because of the concavity of In, where Inl; = V (h¢, her1). Then, we find the
difference in the value function at time ¢ associated to these two paths:

% (ht, ht+1) -V (h;, ;+1) =In lt —In l;

l;—1l, 1-6+B 1
> lt t _ Blt (ht — h;) — B_lt (ht+1 — h:f-l-l)

= Vi (ht, hega) (e — hi) 4+ Va (B, hega) (hea — higq)

Aggregating these differences in time, we can prove that the BGP dominates



(h9)iZo:

ZBtV (hts hey1) — ZBtV ey
=0

t=0

T
- Thféozﬁt [V (he, hesr) = V (B, by )]
t=0

T
> Tlgoz:ﬁt (Vi (Bt, hega) (he = hi) 4 Va (Bes hega) (hea — Rigq )]
t=0
T-1
= Va(ho,ha) (ho = ho) + B Jim  * B'Va (hesr, hesa) (hasr = hiyy)
t=0
T-1
+qli_r)noo Z BV (hiy his1) (ht+1 — h;+1)
t=0
. T /
+T1£Iloo/3 Va (hr, hrgr) (hrgr — Ropyq)
T-1
= Th_rgo Z B (Va (B, hegr) + BVE (Begr, hig2)] (ht+1 — h;+1)
t=0

+ Tlgnoo B™Va (h, hry1) g1 — Tlglgo BTVa (e, hry1) Wy

— Jim BTVa (h, hry1) Wp iy >0

because ho = hf, V2 (b, hr4+1) <0, (22) holds along the BGP and

Tlglgo BTVa (hy, hrg1) hrgpr = 0

according to (23).

Therefore, we have proven that > o~ 8V (hy, hi1) = S ocg BV (hh, hiyy),
so that the BGP dominates any other feasible path.

(1.2) In order to prove the uniqueness of the optimal path (h;);~, the BGP,
consider an alternative optimal path (h});°,. We want to prove that h; = hj
for any ¢ > 0.

Assume that, to the contrary, (hi),eq # (h})jee With ho = h{. Let (ct)oo,
and (cé)fi o denote the consumption paths associated to the optimal paths
(he);2o and (hy);2,. Then, (¢;),2 # (¢})se because, otherwise,

1-6+B 1 “ 1-6+B 1 ¢
Ct:A<Tht_§ht+1) ZCQZA<ThQ—§ 2+1>

for any ¢t > 0 and, since hg = h{,, by induction, we would have that h; = h} for
any t > 0, which would be a contradiction.

Define h) = b, + (1 — \) by for any ¢ with A € (0,1). Since (1 —6)hy
hit1 < (1 =6+ B)hyand (1 —0) by <k, < (1— 6+ B)hj, then (1 — &) h)

VANIVAN



h1 < (1—8+ B)hy for any t > 0. Thus, the sequence (hi‘)zo is feasible.
Let u} be defined as

UA:176+B4”£@H
T B B h}
The inequality (1 — &) h} <k < (1 — 0+ B) hy implies that 0 < u < 1.
Therefore, according to (4), the consumption path (c}),_ defined by ¢ =
A (hu)® is also feasible. We observe that

A (1—(5—+th 1 hi‘+1>

A
Ct

B tT B
1-6+B 1 1-6+B 1 *
A [)\ (Thi B 2+1> + (1= (Tht - Eht+1>:|

— AN+ (A=A 2 AL+ (1= N A =X+ (1= N e

Since ¢; # ¢, for some t, we have that In¢} > In[Ac; + (1 — A) ¢] > Alnc} +
(1 = A)Ine; for some ¢, because of the strict concavity of In. Overall welfare
can be computed multiplying by ' and computing the infinite sum of all the
per-period utilities. We obtain that

Zﬁtlnci‘ > )\Zﬁtlncg +(1- )\)Zﬁtlnct = Zﬁtlnct
t=0 t=0 t=0 t=0

Hence, > 272, ' Inc} > S°72 ) 8" Inc;. This would imply that (c;);o, is no longer
optimal, which is a contradiction.

We conclude that (h),o, = (h'),e,, demonstrating that the BGP is the
unique optimal path.

(2) Focus now on the case B < B* (or, equivalently, u > 1).

We want to prove that u; = 1 for every ¢ > 0. Clearly, this entails also
he = g&ho for any t.

Suppose the contrary, that is up < 1 for some T'. In this case, the inequality
on the right in (7) binds and we obtain

1 11 B 1
UTJrli,B ur 1-0+B) ~ ur
Hence ury1 < up < 1. By induction, we get u; < 1 for any ¢ > T'. The sequence
(ut);>p, being non-increasing, converges to some u* > 0.
Let us prove that u* = 0. For every ¢t > T, we have hyi1ui1 = grhsug.
u* > 0 implies
lim (hyt1/he) = g1 lim (us/uir1) = g1
t—o0 t—oo

Then, hyy1/he =1 — 90+ B (1 — uy) entails u* = 0, a contradiction.
We have l;11 = g1l; for any ¢ > T and, then, I = gtlpr. The solution to

equation
1 161 _ B
w1 B\ue 1-6+B




is given by
U

Ut = g (24)
U—U:
1+ ()
Consider now T* > T such that
B
g1 1-8
(1 5> up. <1 (25)
(this T* exists because u; converges to zero).
We want to prove that sequence (1) (ug, ..., ur—_1, U, Ur41,. - .), where up
for any ¢ > 0 is given by (24), can not be optimal.
Let us compare the sequence (1), with a sequence (2) (uq, ..., ur«—1,1,1,...).

Clearly, when u; = 1 for any ¢t > T*, we have hyy1/hy = go, that is hy =
g5 " hy. In terms of utility, we obtaln

T*—1 T*—1

Z Btini, + Zﬁ Inl, = Z Btind, + 25 1n( T*zT*)
t=T* t=T*

T*—1

Zﬁlnlt—l—Zﬁln[ T*hT**l}
t=T*

Hence, U; < Uy if and only if

i £ In (gt*T*lT*> < i £'In [(1 — 6)t7T* hrs * 1}

t=T~ =T
BN A g+ A i Y8 < BTN A m( -6
t=T~ t=0 t=T*
+67 by B
t=0
lan* = . . Inhp.
St1n < B'In(1—-46) +
> R R e
In Ageup- e In hrrs
lng1zt,6’ +7n U < In(1- )Ztﬁ L
-8 — 1-8
Bln gy Inhrs  Inups < Bln(l—9) Inhp-
(1-p* 1-5 1-8 (1-p* 1=
Blnlg_l6+(1fﬁ)lnup < 0
Then, (25) implies U; < Us and the sequence (ug, . .., ur—1, U7, i1, ...) with

ur < 1 (non-decreasing from T on) can not be optimal. We conclude that,
when B < B*, then u; = 1 for any t > 0 along the optimal path. =
Proof of Corollary 4

10



The LHS of (18) holds because of Assumption 1. The RHS is equiva-
lent to g1 < 1, entailing degrowth: h; = gthg. We observe that the interval
(B*,1/8 — (1 =)) is always nonempty if 6 < 1. m
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