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Abstract
This paper considers the theoretical framework of the consumption-based asset-pricing model
and derives successive approximations of the modified basic pricing equation using the
Taylor series expansions of the investor’s utility function during the averaging time interval.
For linear and quadratic Taylor approximations, we derive new expressions for the mean
asset price, mean payoff, volatility, skewness, and the amount of an asset that delivers
maximum to the investor’s utility. We introduce a new market-based approach to price
probability determined by statistical moments of market trade values and volumes. We show
that market-based price probability results in zero correlations between the time series of the
n-th power of price p" and trade volume U" but doesn’t cause statistical independence. We
derive a correlation between the time series of prices p and the squares of trade volumes U
The market-based approach describes the impact of the size of the trade values and volumes
on price statistical moments and probability. Predictions of the market-based price
probability at horizon T should match forecasts of the statistical moments of the trade values
and volumes at the same horizon 7. Market-based price probability emphasizes direct

dependence on the random properties of market trades.
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1. Introduction

Predictions of asset prices are the most desired results for investor and, at the same time, the
most complex problems of economic and financial theory. The literature on asset pricing is
huge and boundless, and our references present not historical review but only our personal
preferences. We mention only a tiny part of the endless publications on asset pricing, starting
with CAPM by Sharpe (1964), which was followed by various modifications such as
Intertemporal CAPM by Merton (1973), the Arbitrage Theory of Capital Asset Pricing by
Ross (1976), the consumption-based asset pricing model described by Duffie and Zame
(1989), Cochrane (2001), Campbell (2002), and many others. In his paper, Cochrane (2001)
demonstrates that the consumption-based asset-pricing framework gives a unified approach
for the description of most variations of pricing models. We consider Cochrane’s statement
and methods at the roots of the consumption-based model as the key tools of current pricing
theories.

One may consider most pricing theories as fruitful derivations of CAPM, which mostly have
certain common assumptions, foundations, and limitations. Sharpe (1964) mentioned that his
assumptions in the foundation of CAPM, such as "common pure rate of interest" and
"homogeneity of investor expectations: investors are assumed to agree on the prospects of
various investments" are "highly restrictive and undoubtedly unrealistic assumptions".
CAPM and consumption-based models are based on the assumption of general market
equilibrium, and they use utility functions that model investors’ market decisions. The
maximum condition of the investor’s utility function results in the basic pricing equation that
describes most current results in pricing models. These and other initial assumptions are the
basis of modern asset pricing models. On the one hand, these assumptions support the
description of definite relations between current asset prices, expected payoffs, discount
factors, etc. On the other hand, "highly restrictive and undoubtedly unrealistic assumptions"
carry the threat of failures and inconsistencies between predictions of pricing theories and

real market price dynamics.



We don’t study how conventional assumptions in the foundation of the pricing models
impact their predictions or limit their applications. Instead, we take the consumption-based
frame and consider how few remarks generated by market trade reality could impact the
consequences and performance of asset pricing. As our main reference to the
consumption-based model, we chose Cochrane (2001). If one agrees with Cochrane’s
statement that the consumption-based model and the basic pricing equation describe the
results of most variants of pricing theories, then our remarks, approximations, and results
make sense and could be applied to other asset pricing theories.

Our pure theoretical paper considers the frame of the consumption-based asset pricing model
as a general economic problem and investigates its compliance with major economic issues.
Actually, any economic and financial model describes processes and relations only as an
approximation that captures certain averaging, smoothness, and coarsening of the economic
reality. Thus, our first remark concerns the importance of considering a particular time
averaging interval 4 as a determining factor in pricing models. Indeed, current stock markets
support initial time axis division determined by the time series of the trades performed at
moments #; with a time shift ¢ = ¢; - #;,; between trades. For simplicity in this paper, we
consider the time shift ¢ as a constant. As usual, the time shift ¢ is sufficiently small and can
be equal to 1 second or even a fraction of a second. That is not much use for modeling asset
prices at a horizon of 1 month, quarter, or year. However, records of market trade time series
with time shifts determine the initial market time axis division and define the discrete nature
of all initial market trade data. To evaluate any reasonable pricing model at a given horizon T
that can be equal to a month, quarter, year, and so on, one should choose the averaging time
scale 4, which should obey e<< 4 <T. The choice of the averaging time interval 4 is a key
factor in any pricing model. It determines the scale of averaging of the initial trade time
series and thus performs the transition from the initial market time division multiple of ¢ to
the averaged time division multiple of 4. Below, we show how the choice of the averaging
interval results in a modification of the consumption-based utility function and the basic

pricing equation.



Our second remark indicates that the choice of the averaging interval 4 allows expanding the
utility function and the basic pricing equation into Taylor series near average values of price
and payoff and then averaging the fluctuating terms of the series during. Mathematical
expectations of linear and quadratic Taylor approximations of the basic pricing equation by
price and payoff variations during 4 give new expressions of the mean price and payoff, their
volatilities, skewness, and other factors. Actually, even linear Taylor expansion demonstrates
that the famous statement "price equals expected discounted payoff," with which Cochrane
(2001) and Brunnermeier (2015) begin their papers, describes only markets with zero price
volatility during current and "next" periods, which makes almost no economic sense. As we
show in Sec. 4, the Taylor expansion of the modified basic pricing equation determines
relations between mean price and price volatility during the current period and mean payoff
and payoff volatility during the "next" period. Further in Section 4, we derive additional
relations that extend the results of the consumption-based model.
Our third remark concerns the economic origin, definition, approximations, and forecasting
of the asset price probability as the major problem of any pricing model and financial
economics as a whole. Furthermore, we consider the assessments and predictions of the finite
number of price statistical moments, which establish the basis for approximations of price
probability and its forecasts, as the principal and most complex problems of financial
economics and the key problem of any asset pricing model in particular. We introduce the
market-based probability of asset price, which is determined by statistical moments of market
trade values and volumes during 4. Conventional treatment considers a frequency-based
assessment of price probability, which is proportional to the number of trades at price p.
Actually, any particular market trade at time #; is determined by its trade value C(%;), volume
U(t), and price p(t;), which follow a trivial equation:

C(t;) =p)U(t:) (1.1)
One should mention that it is impossible to independently define the probabilities of three
variables: trade value C(f;), volume U(t;), and price p(t;) — those match equation (1.1). We

consider trade value C(t;) and volume U(#;) time series as major random variables during the



interval 4, which completely determine random price p(t;) properties. It is well known that the
properties of a random variable can be equally described by its probability measure,
characteristic function, or set of statistical moments (Shephard, 1991; Shiryaev, 1999;
Klyatskin, 2005). The random market trade time series during 4 determines assessments of
the n-th statistical moments of trade value C(t;n) (5.7) and volume U(t;n) (5.8), and we use
them to define the n-th statistical moments p(t;n) (5.10) of price. We compare the
frequency-based and the market-based n-th statistical moments of price and explain why the
conventional frequency-based treatment of price probability makes too little economic sense.
We propose that readers become familiar with Cochrane (2001) and refer to his monograph
for any notions or clarifications. In Sec. 2, we briefly recall the main notions of asset pricing
according to Cochrane (2001). In Sec. 3, we consider remarks on the averaging interval 4 and
explain the necessity for modification of the consumption-based basic pricing equation. In
Sec. 4, we discuss the Taylor series expansion of the utility functions and derive successive
approximations of the modified basic equation in linear and quadratic approximations by the
price and payoff variations. In Sec. 5, we introduce the market-based price statistical
moments and briefly consider their implications for asset pricing. Sec. 6: Conclusion. In App.
A, we collect some calculations that define the maximum of an investor’s utility. In App. B,
we present simple approximations of the price characteristic function.
Equation (4.5) means equation 5 in Sec. 4, and (A.2) notes equation 2 in Appendix A. We
assume that readers are familiar with the basic notions of probability, statistical moments,
characteristic functions, etc.
2. Brief Notations
In this Sec. we briefly remind main notations and assumptions of asset pricing used by Cochrane
(2001). The consumption-based basic pricing equation has form:

p = E[mx] 2.1
In (2.1), p denotes the asset price at date ¢, x=p;.;+d;; — payoft, p..; - price and d,,; - dividends
at date 7+ 1/, m - stochastic discount factor and E/..] — mathematical expectation at day #+/ made

by the forecast under the information available at date . Cochrane (2001) considers equation



(2.1) in various forms to show that most asset pricing models can be described by similar equa-
tions. For convenience, we briefly reproduce the derivation of the consumption-based basic
pricing equation (2.1). Cochrane models investors by a utility function W(c;, c:;) defined over

current ¢; and future c,,; values of consumption at dates ¢ and t+1.

W(ce; cer1) = wlcp) + BE[W(cesq)] (2.2)
Cc=e€ —P ;  Crp1 = €1 +XE (2.3)
X =DPey1 T desa 24)

In (2.2), w(c;) and w(c+;) are utility functions at dates ¢ and #+1/; in (2.3), e; and e;4; “denotes the
original consumption level (if the investor bought none of the asset), and ¢ denotes the amount of
the asset he chooses to buy” (Cochrane, 2001). Cochrane calls f as “subjective discount factor
that captures impatience of future consumption”. The first-order maximum condition for (2.2) by
the amount of assets ¢ is fulfilled by putting the derivative of (2.2) by ¢ equals zero (Cochrane,

2001):

a
maxg W(cs; ces1) © O_EW(Ct; Ct41) =0 (2.5)
From (2.2-2.5) one obtains:
_ w'(cts1) _ . _ w'(cte1) . ’ _d
p—ﬂE[mx]—E[mx] ;om —ﬁm ; W(C):EW(C) (2.6)

and (2.6) reproduces (2.1) for m (2.6). We refer Cochrane (2001) for any further details.

3. Remarks on Time Scales

We start with simple remarks on the averaging of economic and financial time series. Any
economic or financial model, and asset pricing in particular, approximates real processes by
averaging them over a certain time interval 4. To describe market asset pricing, one should
take into account that market trade time series are the only source of price variations. The
interval ¢ between market transactions can be very small and can be equal to 1 second or
even a fraction of a second. Initial market price time series p(t;) with time-shift ¢ are very
irregular and not very useful for modelling and forecasting asset prices at any reasonable time
horizon T that can be equal to a week, month, year, etc. To derive a reasonable description of
asset prices, one should chose an averaging interval 4 and smooth variations of market prices

during 4. The choice of an averaging interval 4 is a very important challenge for each



investor. The choice of a long interval 4, which equals weeks or months, would result in
smooth dynamics and stable predictions of the averaged variables but would limit the
capacity to take investment decisions “this hour” or “today”. Short averaging interval 4, such
as hours or days, improve ability to make “this hour” investment decisions, but average
variables could be under the impact of multiple perturbations with periods equal to days or
weeks. Different averaging intervals cause different random properties of variables and
different models, that describe the evolution of averaged variables.

To perform a transition from the initial market trade time axis division, which is multiple of &
one should choose a time interval 4 such as e<<A<T and average price time series p(t;)
during 4. The time shift 4 = #(k) — t(k-1) of averaged prices p(#(k)) at times #(k) introduces a
new division of the time axis division multiple of 4. One can consider averaging intervals A

as (3.1):
Akz[t(k)—g;t(k)+§] D t)=t(0)+kA ; k=0, 1,2,. 3.1)

We take the duration of each averaging interval 4; equal 4. One can consider time 7=#(0) as
the moment “today” and the “next day” at time #+/ as #(K) for some K>>1. What is most
important: time axis division “today” at ¢ and the “next-day” at 74/ must be the same. Indeed,
time axis divisions can’t be measured “today” in hours and “next-day” in weeks. Utility (2.2)
“today” at moment ¢ and the “next-day” at 7+/ should have the same time axis divisions.
Averaging any time series at the “next-day” at 7+ during the interval 4 undoubtedly implies
averaging “today” at date ¢ during an equal time interval 4 and vice versa. Thus, if the utility
(2.2) is averaged at r+/ during the interval 4, then the utility (2.2) also should be averaged at
date 7 during the same interval 4 and (2.2) should take the form:

W(ct; cey1) = Ee[w(ce)] + BE[w(cryq1)] (3.2)
We denote E//..] in (3.2) as the mathematical expectation “today” at date ¢ during 4. It does
not matter how one considers the market price time series “today” — as random or as irregular.
Mathematical expectation E,/..] performs smoothing of the random or irregular time series
via aggregating data during 4 under a particular probability measure. Mathematical

expectations E;[..] at t and E[..] at t+1 during the same averaging intervals 4 establish



identical time division of the problem at dates ¢ and #+/ in (3.2). Hence, relations similar to
(2.5; 2.6) should cause modification of the basic pricing equation (2.1; 2.6) in the form (3.3):
Elpw'(c)] = BE [x w'(cts1)] (3.3)
Cochrane (2001) takes the “subjective discount factor” f as non-random, and we follow his
assumption. Mathematical expectation E,[..] averages pw(c;) over random price p
fluctuations during 4 “today”. On the right side, E[xw ’(c,+;)] averages xw’(c;;) over random

payoff fluctuations during 4 “next day” on the basis of data available at date ¢ “today”.
4. Remarks on Taylor series

Relation (2.5) presents the first-order condition for the amount of assets &, that delivers the
maximum to the investor’s utility (2.2) or (3.2). Let us choose the averaging interval 4 and
take the price p at date ¢ during 4 and the payoff x at date 7+/ during 4 as:
P =pot+8p; x=x0+08x; Elp]l=po; Elx] =x (4.1)
E[6p] = E[6x] = 0; 0*(p) = E;[6°p] ; 0% (x) = E[6%x] (4.2)
Relations (4.1; 4.2) denote the average price py and its volatility ¢°(p) at date ¢ and the
average payoff xp and its volatility o’(x) at date r+1. We consider op and Jox as random
fluctuations of price and payoff during 4. We indicate that we consider averaging during 4 as
averaging of a random variable or as smoothing of an irregular variable. Thus, E;/p] — at date
t smooths the random or irregular price p (4.1) during 4 and E[x] — averages the random
payoff x (4.1) during 4 at date ¢+ 1. We present the derivatives of utility functions in (3.3) by
Taylor series in a linear approximation by dp and Jx during 4:
w'(c) = W’(Ct;o) - EW”(Ct;o)&? s wicr) = W'(Ct+1;o) + SCW”(Ct+1;0)5x 4.3)

Cto =€ —Do§ 5 Cr+1;0 = €p41 T X0S
Now substitute (4.3) into (3.3), and due to (4.2), obtain the equation (4.4):
w'(co)Po — EW' (ct0)% (D) = BW'(Crr1,0) %0 + BEW (Cri1;0)02 (%) 4.4)
Taylor series are simple mathematical tools, and Cochrane (2001) also used them. We
underline: Taylor series and (4.1-4.4) are determined by the duration of 4. The change of 4
can implies a change of the mean price py, the mean payoff xy and their volatilities o*(p), 6°(x)

(4.2). Equation (4.4) is a linear approximation of the price and payoff fluctuations of the



first-order max conditions (2.5) and assesses the root &, that delivers maximum to the
utility W(cyc41) (3.2):

_ W’(Ct;o)Po—ﬁW'(CtH;o)xo (4 5)

$max = W (ct:0)02(@)+Bw' (cer1,0) 02(x)

We note that (4.5) is not an “exact” solution for &, as derivatives of utilities w’ and w” also
depend on &,y as it follows from (4.3). However, (4.5) gives an assessment of &, in a linear
approximation by Taylor series dp and Jx averaged during 4. Let us highlight that the &,y
(4.5) depends on the price volatility o’(p) at date ¢ and on the forecast of payoff volatility o*(x)
at date r+/7 (4.2).

It is clear that sequential iterations may give more accurate approximations of &qy.
Nevertheless, our approach and (4.5) give a new look at the basic equation (2.6; 3.3). If one
follows the standard derivation of (2.6) (Cochrane, 2001) and neglects the averaging at date ¢

in the left side (3.3), then (2.6; 4.5) give

_ w/(c))p=Bw'(Ct+1,0)X0 (4.6)

fmax B BW”(CtH;o)UZ(x)

Relations (4.6) show that even the standard form of the basic equation (2.6) hides the
dependence of the amount of assets &, on the payoff volatility o’(x) at date r+1. If one has
an independent assessment of &, then one can present (4.6) in a way similar to the basic

equation (2.6):

UGS S S GESE e Yo, (4.7)

w'(cy) w'(ce)

Otherwise, if there are no independent assessments of &y, then one should consider (4.6) as
the solution of the first order maximum condition (2.5), which presents the root &, of the
amount of assets, determined for the given values in the right hand of (4.6). In that case, the
basic pricing equations (2.1; 2.6; 4.7) make almost no sense, as the value of &, in (4.7) is
not determined. We consider this misstep — using the maximum condition (2.5) to determine
the basic pricing equation (2.1; 4.7) instead of defining &, as a root of the maximum
condition (2.5) - a significant oversight of the consumption-based asset pricing model, which
requires essential clarifications. One can transform (4.7) similar to (2.6):

p = mpyXy + Emaxrnla-2 (x) (4.8)



_ W’(Ct+1,-o) . _ W”(Ct+1;0)
my = W’(Ct) ﬁ y Mq = W’(Ct) (49)

For the given ., equation (4.8) in a linear approximation by Taylor series describes the
dependence of the price p at date ¢ (3.1) on the mean discount factors my and m; (4.9), the
mean payoff xy (4.1), and the payoff volatility o’(x) during 4. Let us stress that while the
mean discount factor my>0, the mean discount factor m;<0 because utility w’(c;)>0 and
w”(c;)<0 for all t. Hence, irremovable payoff volatility o’(x) at day r+1 states that price p at
day t always less than discounted mean payoff xo:
P<mMoXy ; Emaxmo®(x) <0

One can consider (4.8) as a linear Taylor expansion of (2.1; 2.6). However, equation (4.4)
presents the dependence of mean price py at day ¢ on price volatility o’(p) at day ¢, mean
payoff x, and payoff volatility o”(x) at day r+I. That definitely enlarges the conventional
statement that “price equals expected discounted payoff”. We indicate that (4.6-4.9) makes
sense for the given value of &,,,. As the price p in (4.8) should be positive, hence &, should

obey inequality (4.10):

0 < &gy < — Wlerrio) X0 (4.10)

w''(cey150) 02(x)
For the conventional power utility (A.2) (Cochrane, 2001), from (4.3) obtain for (4.10):

1 e, WO _ _c .
W(c)—l_ac D e = Ta 0<a<l1

inequality (4.10) valid always if

aoc?(x) < x3
For this approximation (4.10) limits the value of &, For (4.4; 4.5) obtain equations similar
to (4.8; 4.9):

W”(Ct;O)
w'(ct0)

W”(Ct+1;0)
w'(ct;0)

_ w'(cry10)
Mo = W’(Ct;o)

Po = MyXg + fmax[rnlo-2 (x) + m20.2 (p)] 4.12)

B>0; m, = B<0; m,= <0 .11

We use the same notions myp, m; to denote the discount factors, taking into account the
replacement of w’(c;) in (4.9) by w'(c,;0) in (4.11; 4.12). The modified basic equation (4.12)
at date 7 describes the dependence of the mean price p, on the price volatility ¢°(p) at date 7,

the mean payoff x, and the payoff volatility o”(x) at date 7+ averaged during 4.
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Equation (4.12) illustrates the well-known practice that high volatility o’(p) of the price at
date ¢ and a forecast of high volatility o’(x) of payoff at date r+1 may cause a decline in the

mean price py at date .

4.1 The Idiosyncratic Risk
Here we follow (Cochrane, 2001) and briefly consider the usage of the Taylor series for his
example of the idiosyncratic risk for which the payoff x in (2.6) is not correlated with the
discount factor m at moment #+/:
covim,x) =0 (4.13)
In this case equation (2.6) takes form:
Xo

p = E[mx] = E[m]E[x] + cov(m,x) = E[m]x, = rp (4.14)

The risk-free rate Ryin (4.14) is known ahead (Cochrane, 2001). Taking into account (4.3) in
a linear approximation by dx Taylor series for the derivative of the utility w’(c,+1):
w'(cerq) = W’(Ct+1;0) + W”(Ct+1,-o)55x (4.15)

Hence, the discount factor m (2.6) takes form:

=p WI(,CP“) = ,ﬁ [ (cern0) + W' (Cean0)$0%]

wi(ct) wi(ce)
E[m] — — B (Ct+1 0) . w (Ct+1) X0 . E[W’(C )X] =0
w'(cr) ’ w'(cr) Rp ' tl
6m =m— TTl = (Ct+1 0)56.7(

’(C Y
Hence, (4.13) implies:

cov(m,x) = E[dmbx] = ﬁ%ﬁ;“’)fmaxaz(x) =0 (4.16)

That causes zero payoff volatility o’(x)=0. Of course, zero payoff volatility does not model
market reality, but (4.16) reflects the restrictions of the linear approximation (4.15). To

overcome this discrepancy, take into account the Taylor series up to the second power by &x:

W' (Ces1) = W' (Crar0) + W (Cerr0)E6x + %W”,(Ctﬂ;o)fzfszx (4.17)

m = BW "(ces1) _ __B~h [W’(Ct+1;0) + W"(Ct+1;0)€5x n %W”’(Ct+1;0)€252x] (4.18)

w'(cp) w'(ct)

For this case, the mean discount factor £/m] takes the form:

11



E[l]=m= ,(C) w'(crir0) +5 W”,(Ct+1 0)E%0%(%)] 4.19)

and variations of the discount factor om:

dm=m-—m= W,[(?Ct) [W”(Ct+1;0)$;6x + %W”’(Ct+1;o)fz{52x — o (%)}

Thus the Taylor series approximation up to the second power by &x gives:

cov(m,x) = E[6méx] = [W”(ctﬂ;o)foz(x) + %W”’(ct+1;0)€2 )/3(x)] =0 (420

00 =El6%] 5 Sk =52 4.21)

Sk(x) — denotes normalized payoff skewness at date 7+ /, treated as the measure of asymmetry
of the probability distribution during 4. For approximation (4.18) from (4.20; 4.21), obtain

relations on the skewness Sk(x) and &,

Ema Sk(x)o(x) = —2 2 (e 4.22)

W”'(Ct+1;0)

For the conventional power utility (A.2)
1-a

1
w(c) = ¢

and (4.3) relations (4.22) take the form

— 2et1
$max = (1+a)Sk(x)o (x)—2x0 (4.23)

It is assumed that the second derivative of utility w’’(¢;+;)<0 always negative and the third
derivative w’"’(c;4+7)>0 1s positive, and hence the right side in (4.22) is positive. Hence, to get
a positive &,y for (4.23) for the power utility (A.2), the payoff skewness Sk(x) should obey

inequality (4.24) that defines the lower limit of the payoff skewness Sk(x):

Sk(x) > m (4.24)
In (4.14), Rydenotes the risk-free rate. Hence, (4.19; 4.22; 4.24) define relations:
W:fct) [W'(Ct+1,-o) + %W”,(Ct+1;0)€max20-2(x)] ==
im0 ) = i G T
SK?(x) = — T’ZORf z: (H;;% ; m < 1/R;
":fg‘) o % (4.25)

12



Inequality (4.25) establishes the lower limit on the payoff volatility o°(x) normalized by the
square of the mean payoff x,°. The lower limit on the right side of (4.25) is determined by the
discount factors (4.26), the risk-free rate Ry, and the conventional power utility factor a (A.2).

W”(Ct+1;o) . _ W”’(Ct+1;0)
T my = p e (4.26)

w'(ce)

W’(Ct+1;0)

my = B wic) my =
The coefficients in (4.26) differ a little from (4.1), as (4.26) takes the denominator w’(c;)
instead of w’(c;p) in (4.11), but we use the same letters to avoid extra notations. The similar
calculations for (3.2; 3.3) describe both the price volatility 02( p) and price skewness Sk(p) at
date ¢ and the payoff volatility o’(x) and payoff skewness Sk(x) at date r+/. Further
approximations by the Taylor series of the utility derivative w’(c;) up to &pand w'(cr) up to

&x similar to (4.17) could give assessments of kurtosis of the price probability at date ¢ and

the kurtosis of the payoff probability at date 7+ 1/ estimated during interval 4.

4.2 The Utility Maximum
Relations (2.5) define the first-order condition that determines the amount of asset &, that

delivers the max to the utility W(c,civ1) (2.2; 3.2). To confirm that function W(c, c..;) has

max at &y , the first order condition (2.5) must be supplemented by condition:

62

FW(CtF Ce41) <O (4.27)
The use of (4.27) has interesting consequences. From (2.2-2.4) and (4.27), obtain:

p? > - E[x*w" (c41) ] (4.28)

w'’(ct)
Take the linear Taylor series expansion of the second derivative of the utility w’’(c.+;) by ox
W (Ces1) = W (Cesr0) + W' (Cra1;0)E6x

Then (4.28) takes the form:

p? > —pilemo) 2 4 pay) g e v 020 +3(0)] (4.29)

w'’(c¢) w'!(ct)
For the power utility (A.2), (see App.A) obtain relations on (4.27; 4.29). If the payoff

volatility o(x) multiplied by factor (/+2a) is less then the mean payoff x,° (4.30; A.5):

(14 2a)02(x) < x% § <

<1 (4.30)

Then (4.29) is always valid. If payoff volatility aZ(x ) is high (A.6)

(14 2a)c?(x) > x,2

13



Then (4.29) valid only for &,y (A.6):

ers1[xo?+02(x)]
xo [(1+2a)02(x)—x(2]

'fm ax

However, this upper limit for &, can be high enough. The same but more complex
considerations can be presented for (3.2).

E/[p*w" (c)] < —E[Bx* w"(cr41) ]
5. Remarks on the Price Probability
There are at least two different approaches to the definition of asset price probability. We
note the first one, and the most conventional, as the frequency-based approach. However, we
believe that the nature of economic and market relations determines the different ways to
consider price probability. We call it the market-based price probability.
The usual treatment of price probability “is based on the probabilistic approach and using A.
N. Kolmogorov’s axiomatic of probability theory, which is generally accepted now”
(Shiryaev, 1999). The conventional definition of the price probability is based on the
frequency of trades at a price p during the averaging interval 4. The economic foundation of
such a choice is simple: it is assumed that each of N trades during 4 has equal probability ~
1/N. If there are m(p) trades at the price p then the probability P(p) of the price p during 4 is
assessed as m(p)/N. The use of the frequency of the particular event is an absolutely correct,
general, and conventional approach to probability definition. The conventional
frequency-based approach to price probability checks how almost all standard probability
measures (Walck, 2007; Forbes et al, 2011) fit the description of the market’s random price.
Parameters, which define standard probabilities, permit calibrating each in a manner that
increases plausibility and consistency with the observed random price time series. For
different assets and markets, different standard probabilities are tested and applied to fit and
predict the random price dynamics as well as possible.
However, one may ask a simple question: Does the conventional frequency-based approach
to price probability fit random market pricing? Indeed, the asset price is a result of the market
trade, and it seems reasonable that the market trade randomness should conduct the price

stochasticity. We propose a new definition of the market-based price probability that is
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different from the conventional frequency-based probability and is entirely determined by the
statistical moments of the market trade values and volumes.

Let us remind ourselves that almost 30 years ago, the volume weighted average price
(VWAP) was introduced and is widely used now (Berkowitz et al, 1988; Buryak and Guo,
2014; Busseti and Boyd, 2015; Duffie and Dworczak, 2018; CME Group, 2020). The
definition of the VWAP p(t;1) that matches equation (1.1) during 4 is follows. Assume that
during 4 (5.3), there are N market trades at moments #, i=/,...N. Let’s denote E[..] as a
mathematical expectation. Then the VWAP p(z;1) (5.1) that match (1.1) during 4 (5.3) at
moment ¢ equals

_ 1 Cx(t;1)

p(t: 1) = Elp(t)] = sr—es Bl pdU () = 3205 (5.1)

G =T, 0 =X pt) U 5 Ut 1) =2, U (5.2)
A A .

A=le=2,t+5] 5 ea, i=1,.N (5.3)

We consider the time series of the trade value C(t;), volume U(t;) and price p(t;) as random
variables during 4 (5.3). Equation (1.1) at moment ¢; defines the price p(t;) of market trade
value C(t;) and volume U(t;). The sum Cx(t;1) of values C(t;) (5.2) and the sum Ujx(t;1) of
volumes U(t;) (5.2) of N trades during 4 (5.3) define the VWAP p(t;1) (5.1).
We hope that readers are able distinguish the difference between the notations of
consumption ¢; (2.2; 2.3) and utility U (2.2) in Sections 2-4 and trade value C(#;) and volume
U(t;) (5.1) in the current Section.
It is obvious that VWAP (5.1) can be equally determined (5.4) by the mean value C(t,;1) (5.5)
and the mean volume U(t;1) (5.6) of N trades during 4:

D) =pt UG (5.4)
The mean trade value C(t;1) and volume U(t; 1) are assessed by the finite number N of trades

during 4 (5.3) through the conventional frequency-based approach:
1
C(t; 1) = E[C(t)]~+ XL, C(8) (5.5)

U(t:1) = E[U(t)]~~ T, U(t) (5.6)
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The notion ~ indicates that (5.5; 5.6) give only assessments of mean trade value C(z;1) and
mean volume U(t;1) by a finite number N of trades during 4 (5.3). VWAP p(t;1) (5.4) is a
coefficient between the mean value C(z;1) (5.5) and the mean volume U(t; 1) (5.6).

Actually, the trade equation (1.1) imposes constraints on the probabilities of the trade value
C(t;), volume U(t;) and price p(t;) time series. Given the probabilities of trade value C(¢;) and
volume U(t;) time series during 4, that match (1.1) should determine the price probability.
However, VWAP p(t;1) and relations (5.1-5.6) are not sufficient to define all random
properties of price as a random variable during 4 (5.3). Actually, it is well known that
properties of a random variable can be equally described by probability measure,
characteristic function, and a set of statistical moments (Shephard, 1991; Shiryaev, 1999;
Klyatskin, 2005). To approximate the properties of the market trade value and volume as
random variables during 4 (5.3), one could assess their n-th statistical moments of the trade

value C(t;n) and volume U(t;n):
C(t;m) = E[CP ()]~ ¢ B, C(t) (5.7)

1
N

U(t;n) = E[U™(t)] LU (5.8)

We mention that the n-th power of (1.1) for each particular trade at the time #; gives:

C"(t) =p™(tDU™(t) ; n=1,2,.. (5.9
We use (5.7-5.9) to determine the n-th statistical moments p(#;n) of price for n=1,2,3,... via
the n-th statistical moments of the trade value C(t;n) (5.7) and volume U(t;n) (5.8). We
extend the definition of the VWAP (5.1; 5.2) and use (5.7; 5.8; 5.11) to introduce the n-th

statistical moment p(#;n) of price in a way similar to VWAP (5.1) as the n-th power volume

averaged:
) = Elpn(6)] = —— - YN pnceygn(e) = S _ Cen
p(t' n) - E[p (tl)] - Z{\Ll Un(ti) l=1p (tl)U (tl) - Ug(t;n) - U(t;n) (5'10)
Cs(t;n) = XL, C™(t) = XL, p" (UML) ;5 Us(t;n) = XL, U™(E) (5.11)

We highlight that definitions (5.10) use equation (5.9) and that results expression (5.12) of
price n-th statistical moments p(t;n) through n-th statistical moments of the market trade

value C(t;n) and volume U(t;n):
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C(t;n) =p(t;n)U(t;n) (5.12)
Definitions of price n-th statistical moments p(t;n) (5.10; 5.12) for all n=1,2,... match
equation (5.9) for the n-th power of price p"(1;) at time f; during 4 (5.3). It is important that
the n-th statistical moments p(t;n) of price (5.10; 5.12) for all n=1,2,... completely determine
the properties of market price as a random variable during 4 (5.3).
Let us outline important unnoticed consequences of the VWAP p(t;1) (5.1) and similar
consequences of our definition of price n-th statistical moments p(t;n) (5.10; 5.12). The
definition of VWARP p(t;1) (5.1) results in zero correlations between the time series of price
p(t;) and trade volume U(t;) during 4 (5.3). Indeed, from (1.1; 5.1; 5.5; 5.6) obtain:
E[C(t)]~~ T, C(6) = B, p(t)U () ~E[p()U ()]~

~ S S pE@U () - EL UG ~ Elp)]EU () (5.13)
Hence, from (5.13) obtain the correlation corr{p(t;)U(t;)} between time series of price p(t;)
and trade volume U(t;), which are averaged during 4 (5.3):

corr{p(t)U(t)} = E[p(t)U )] — E[p(t)]IE[U(t)] = 0 (5.14)
Zero correlations (5.14) between price-volume time series are determined by using VWAP
(5.1) and average volume U(t;1) (5.6). However, many publications detect positive or
negative correlations between price and trading volume (Tauchen and Pitts, 1983; Karpoft,
1987; Campbell et al., 1993; Llorente et al., 2001; DeFusco et al., 2017). These papers
describe correlations determined by the frequency-based definition of price probability.
Assessments of correlations between any time series follow definitions of its averaging
procedures. The use of different probabilities causes different results in correlations. The use
of VWAP (5.1; 5.2; 5.13; 5.14) states that there are no correlations between trade volume and
price.
Our definitions of price n-th statistical moments p(t;n) (5.7-5.12) for all n=1,2,3,.. cause zero

correlations corr{p"(t;)U"(t;)} between time series of the n-th power of price p"(f;) and volume

U'(1;) over 4 (5.3). One can easily reproduce (5.13; 5.14) for n=1,2,3, ...:
1 N 1 N
BIC(t)l~ ). ChE)~EBM U]~ . phdUn(e) =
N =1 N i=1

i
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_ 1
XN uny

corr{p"(t)U™(t))} = E[p"(t)U"(t)] — E[p"(t)]E[U™(t)] = 0 (5.16)

Thus, the market-based definition of price n-th statistical moments p(t;n) (5.7-5.12) causes

Lipt U™ (L) - % L UM) ~ Ep"@)IEU™ ()] (5.15)

zero correlations between time series of the n-th power of price p"(t;) and volume U"(t;)
during 4 but doesn’t imply statistical independence between time series of p(t;) and volume
U(t;). For example we derive a correlation corr{p(t; )UZ( t;)} between time series of price p(t;)
and squares of trade volumes UA(t;) during 4:
E[p(t)U?(t)] = E[C(t)U(t)] = E[CEDIE[U(t)] + corr{C(t)U(t)}
Elp(t)U*(t)] = E[p(t)IE[U(t)] + corr{p(t)U ()}
corr{p(t)U*(t)} = E[C(t)U(t)] — p(&; DU(; 2)
Thus, from above (5.4-5.6; 5.13), one easily obtains:
corr{p(t)U?(t)} = corr{C(t)U(t)} — p(t; 1o (U) (5.17)
Correlation corr{C(t;)U(t;)} (5.17) between time series of trade value and volume could be
assessed by (5.5; 5.6) and (5.17.1):
corr{C(t)U(t)} = E[C(e)U(t)] — E[C(t)]E[U (L]
E[Ct)U )]~ Ty C(E) U () (5.17.1)

In (5.17), we denote as 02( U) the volatility of the trade volume (5.18):
c?(U)=U(t;2) —U?(t; 1) (5.18)
It is obvious that the market-based price statistical moments p(t;n) (5.10; 5.12) differ from

the statistical moments 7(¢;n) generated by frequency-based price probability P(p) (5.19):

PO~ a(mm~ T, ph(e) (5.19)

T CR(t) _ Cx(tn) _ C(tn)
N uney) T Ustn) T Utn)

N C(E)
=lun(e)

m(t; )~ N P () =72 * =p(t;n) (5.20)
The difference between the frequency-based z(#;n) and the market-based p(tz;n) price
statistical moments determines the economic distinctions between the two approaches to the
definition of the price probability. Statistical moments 7z(¢;n) equal p(t;n) only if all trade

volumes equal unit U(t;)=1 during 4 (5.3).
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To clarify the economic origin of the difference between two assessments of the price
statistical moments determined by the market-based approach (5.10; 5.12) and the
conventional frequency-based approach (5.19; 5.20), we mention, that in a general case, the
n-th statistical moments p,(t;n) of the given price time series p(t;), i=1,..N during interval 4
(5.3) can be assessed via weighted functions u;(t;n) :

pi(t;n) =0 ;o ZhamEn) =1 putn) =YL mEn)pt(t)  (5.21)
The frequency-based price statistical moments (5.19) correspond to all u;(¢;n)=1/N and the
market-based statistical moments (5.10) of price take u;(t;n) as (5.22):

i) = s UM () (5.22)

The frequency-based approach to price probability with all x;(z;n)=1/N assumes that the price
probabilities of all N market trades are equal to I/N. The market-based approach proposes
that only the n-th statistical moments of the trade values (5.7) and volumes (5.8) are
determined using the frequency-based approach, with their probabilities equal to I/N.
However, the market-based price probability reveals that price statistical moments (5.10; 5.21;
5,22) depend on the statistical moments of the trade values and volumes. With increasing n,
the n-th statistical moments of price p(z;n) more and more reveal the impact of huge trade
values and volumes. The market-based approach supports a simple market rule: the price of
trade with a value of $100 million is much more significant for the market than the price of
trade with a value of $10. Hence, the price probabilities of these two trades must be different.
The market-based price probability describes that important relationship.
From equations (1.1; 5.9) and due to the n-th statistical moments of trade values and volumes
(5.7; 5.8), one obtains that the n-th statistical moments p,(t;n) of price determined by
weighted functions w;(t;n) (5.21) cause correlations corr,{p"(t)U"(t;)} ( 5.23) between n-th

powers of price p"(t;) and trade volume U"(z;) time series:
1 1
corn {p"(tIU™(t)} = + XLy p™(E)U™(6) — T () p™(6) L ZEL UM () (5.23)
For n=1 relations (5.23) and w(t;n)=I1/N determine the frequency-based price-volume

corr{p(t;)U(t;)} correlation during 4 (5.3):
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corr{p(t)U(t)} =+ T, p(t)U () — ~ 2, p(t) ~ 2L, U(E)
This form of correlation corresponds to frequency-based price probability (5.19) and was
studied by (Tauchen and Pitts, 1983; Karpoff, 1987; Campbell et al., 1993; Llorente et al.,
2001; DeFusco et al., 2017). However, market-based price statistical moments (5.7; 5.8),
which are described by (5.22), result in zero correlations (5.16) for all n=1,2,...
Now let us consider the approximations of price characteristic functions and probability
measures by finite sets of price statistical moments. The set of price n-th statistical moments

p(t;n) (5.10; 5.12) for all n=1,2,3,... determines the Taylor series of the price characteristic
function F(t;x) (Shephard, 1991; Shiryaev, 1999; Klyatskin, 2005):

F(t:2) = 1+ X2, Sp(tin) 2 (5.24)
In (5.24), i denotes the imaginary unit i’= -1. However, any records of market trades during 4
(5.3) assess only a finite number of statistical moments of the trade value C(t;n) (5.7) and
volume U(t;n) (5.8). Hence, one can assess only a finite number of price statistical moments
p(t;n) (5.10; 5.12). In App.B, we consider simple successive approximations of the price
characteristic function Fk(t;x) that take into account the finite number K of the Taylor series

terms (5.24) and corresponding K-approximations of the price probability measure 7x(t;p)

derived as Fourier transforms of the characteristic function F(t,x):
1 .
ng(t;p) = \/T—nf dx Fg(t; x) exp(—ixp) (5.25)
Relations (5.25) define successive approximations of the price probability measure #g(t;p).
Assessments of the finite number K of market trade and price statistical moments result in the
conclusion that one can only forecast approximations of the price characteristic function or

price probability measure that match the finite number K of price statistical moments p(t;n)

(5.10; 5.12).
dn
p(t;n) = g Fe(G Dx=0 = [dpne(Gp)P" 5 n<K (5.26)
Any hypothesis on the form of the price probability measure #nk(z;p) during 4 (5.3) and

predictions of the price probability at horizon T should match relations (5.10; 5.12; 5.26) at

t+T. Thus, one should predict K statistical moments of the trade value C(t;n) (5.7) and
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volume U(t;n) (5.8) at t+T for n<K. That equals the prediction of the K-approximations of the
market trade probabilities at horizon 7. In simple words, the accuracy of price probability
predictions depends on the precision of forecasts of market trade statistical moments. For

example, consider the market-based price volatility o (t;p) (Olkhov, 2020):

— 2 C(t2)  C*(6D)
a2(t;p) = E|(p(t) - p(t: D)’| = p(t:2) = p2(t; 1) = Teo " U (5.27)
From (5.7; 5.8; 5.11), one can express market-based price volatility o’(t;p) as:
. 2(+. . 204,
O'Z(t; p) _ ct2)  c*ty) _ Cx(t2)  Cy(t1) (5.28)

U(t2) U1 Uz(t2)  UE(GD)
Prediction of the price volatility o’(t;p) at horizon T during 4 requires forecasts of the market
trade statistical moments C(z;1), C(t;2) (5,7) and U(t; 1), U(t;2) (5.8) at the same horizon T.
The accuracy of the price probability forecasts is determined by the accuracy of the market
trade probability predictions. In simple words, to predict price probability, one should be able
to predict market trade values and trade volumes probabilities, which is almost the same as
“predicting the future of the entire economy”.

6. Conclusion

Each economic theory and asset pricing in particular should directly indicate the time scales
4 of the model under consideration. Time series of the market trades with time shift ¢
introduce initial division of the time axis multiple of ¢. Asset pricing models should take into
account these initial data as the only source for averaged market time series. Any averaging
of market time series presumes the usage of a particular time averaging interval A>>¢.
Averaging of initial market time series during 4 introduces transition from initial time axis
division multiple of ¢ to new division multiple of 4. To consider utility function and price
dynamics “today” and “next day”, one should use the same time axis division “today” and
“next day” and hence the same averaging interval 4. Averaging of the investor’s utility
function “today” and “next day” introduces modifications to the investor’s utility and basic
pricing equation. The choice of interval 4 allows considering the Taylor series expansions of
the modified investor’s utility and basic pricing equation by price and payoff fluctuations and
subsequent averaging of fluctuations. For linear and quadratic approximations of the basic

pricing equation that give relations, that describe mean price, price volatility, mean payoff,
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payoff volatility, and etc. In the linear Taylor approximation (4.12) presents dependence of
mean price py “today” during 4, on price volatility ¢°(p) “today”

Po = MoXo + Emax[m10?(x) + mya?(p)] (6.1)
and on mean payoff x,, payoff volatility o’(x) “next day” and the amount of assets &,y that
delivers max to the investor’s utility and equals the root of the equation (3.3). On the one
hand, (6.1) modifies the conventional statement “price equals expected discounted payoff”
and demonstrates dependence on price volatility o*(p) “today”. On the other hand, (6.1)
uncovers the direct dependence of the mean price py “today” on the amount of assets &, that
delivers max to the investor’s utility. That direct dependence doesn’t add confidence in the
impeccability of the consumption-based model’s frame, and further argumentation is required
to solve the troubles, that arise with the direct dependence of (6.1) on &y
The use of the averaging interval 4 as a mandatory factor in any financial model results in the
introduction of the market-based probability of asset prices. Indeed, aggregations of market
time series during 4 permit considering total values and volumes of market trades during 4 as
important variables, which govern the variations of market price. As we show, n-th statistical
moments of the trade value C(t;n) (5.7) and volume U(t;n) (5.8) project the impact of the size
of the trading values and volumes on statistical moments of market price. With increasing n,
the impact of trades with large values on market prices grows.

Time series of the performed market trades assess only the finite number K of statistical
moments C(t;n) (5.7) and U(t;n) (5.8) and determine K-approximations of the market price
probability. Any predictions of the price probability at horizon 7 should match forecasts of
the n-th trade statistical moments for n<K at the same horizon 7.

We define the market-based price statistical moments p(t;n) (5.10; 5.12) as extensions of
VWAP (5.1). Their usage results in zero correlations corr{p"(t)U"(t;)}=0 (5.14; 5.16)
between time series of the n-th power of price p"(t;) and trading volume U"(f;). In particular,
VWAP causes zero correlations (5.14) between the time series of price p(#;) and trading
volume U(z;). That impacts studies on price-volume correlations based on the usage of a

frequency-based approach to price probability. Zero correlations (5.16) between the n-th
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power of price p"(t;) and trade volume U"(z;) don’t cause statistical independence between
price and volume random variables during 4 (5.3). We derive an expression for the
correlation corr{p( ti)UZ( t;)} (5.17) between price and squares of trade volumes during 4 (5.3).
This trinity — the averaging interval 4, the Taylor series, and the market-based price
probability can provide successive approximations for other versions of asset pricing,
financial, and economic models. These methods were used to describe Value-at-Risk
problems, volatility, option pricing, market-based price and payoff autocorrelations, and the

market-based probability of stock returns (Olkhov, 2020-2023).
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Appendix A.

Max of Utility
We start with (4.29):
pt > —plnl 2 4 o2 () - g ltde, | ro? (@ + W] (AD

If the right side is negative, then it is always valid. If the right side is positive, then there
exists a lower limit on the price p. For simplicity, neglect term y3(x ) to compare with 2x00°(x)

and take the conventional power utility w(c) (Cochrane, 2001) as:

w(c) = ﬁ cl-@ (A.2)

Let us consider the case with the negative right side (A.1). Simple but long calculations give:

W” c . WIII c .
—plemnl 2 4 o2 () < plemtdde L oxoo?(x)
w'"" (cer1,0)
w''(ct+150)

$max 2x002(x) <= [xoz + 02 (x)] (A.3)

Let us take into account (A.2) and for (A.3) obtain:

’/( ) + f
=TT 0 Smax 2x00°(x) < SHEEERE [x2 4 g7 (x)]
Emax¥o [(1 + 2a)02(x) — x0%] < epyrlxo® + 0% ()] (A4)

Inequality (A.4) determines that the right side (A.1) is negative in two cases. The left side of

(A.4) is negative and

1
1+2a

1+20)02(x) < %% ; ;<——<1 (A.5)

Inequality (A.5) describes small payoff volatility °(x). In this case, the right side of (A.1) is
negative for all ,,, and all price p and hence (4.27) that defines the max of utility (2.5) is

valid. The left side of (A.4) is positive, and

err1[xo2+02(x)]
xo [(1+2a)a2(x)—x(2]

(14 2a0)0%(x) > %2 ;  Epax < (A.6)

This case describes high payoff volatility and the upper limit on &, to utility (2.5). Take the
positive right side in (A.1). Then (A.4) is replaced by the opposite inequality

Emax¥o [(1 +20)0%(x) — x0%] > eppq[x0® + 0% (%)] (A7)
It is valid for (A.6) only. (A.7) determines a lower limit on ¢, to utility (2.5):

err1[xo?+02(x)]
xo [(1+2a)02(x)—x(2]

Em ax
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Appendix B.

Approximations of the price characteristic function and probability measure
The Taylor series expansions of the market price characteristic function result in successive
approximations of the characteristic function. The derivation of approximations is a
self-standing problem, and here we present simple examples of such approximations only.
We consider simple approximations of the price characteristic function Fg(t,x) and the price
probability measure #k(t;p) during 4 (5.3) that fit the obvious condition. As such, we

consider the approximations Fk(t;x) of the price characteristic function that match (B.1):

c(t; an
p(t;n) = Uﬁuﬁi = rae et D=0 = [ dpmie(t;p)p™; n< K (B.1)

Statistical moments determined by Fk(t;x) for n>K will be different from price statistical
moments p(t;n) (5.10; 5.12), but first K moments will be equal to p(z;n).
We suggest the approximation Fk(t;x) of the price characteristic function F(t,;x) (5.24)
Fe(t;x) = exp{S 1 @™ —bx™} ; K=12,.;K<2n;b>0 (B2
For each approximation of Fk(t;x), terms a, in (B.2) depend on price statistical moments
p(t;m), m<K and match relations (B.1). The terms be", b>0, 2n>K don’t impact relations
(B.1) but guarantees the existence of the price probability measures #k(t;p) as Fourier
transforms (5.25). The uncertainty and variability of the coefficient »>0 and power 2n>K in
(B.2) underscores the well-known fact that the first k statistical moments don’t explicitly
determine the characteristic function and probability measure of a random variable. Relations
(B.2) describe the set of characteristic functions Fk(t,x) with different »>0 and 2n>K and the
corresponding set of probability measures #k(f;p) that match (B.1; 5.25). For K=I

approximate price characteristic function F;(¢;x) and measure 7,(t,p) are trivial:
; . d
Fi(t;x) = expliax} ; p(t;1) = _laﬂ(t; X)|x=0 = a1 (B.3)

m(6p) = [dx A (xt;) exp —ipx = 8(p — p(t; 1)) (B.4)

For K=2 approximation F>(t;x) describes the Gaussian probability measure #2(z,p):
Fy(x;t) = exp {i p(t; Dx — %xz} (B.5)

It is easy to show that
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dZ
p2(t;2) = _EFZ(C X)|x=0 = a; + p2(t; 1) = p(t; 2)

a, =p(t;2) —p*(t; 1) = o*(t;p) (B.6)
Coefficient a, equals price volatility e (t;p) (5.27) and the Fourier transform (5.25) for F(t,;x)

gives Gaussian price probability measure #2(t,p):

)= — 1 _ pop@1)?
10t = e[ 520) .
For K=3 approximation F(¢;x) has form:
2(¢.
F;(t;x) = exp {i p(t; Dx — @xz —i %x3} (B.8)
d3
ps(t;3) = 15 Fs(t; X)x=0 = a5 + 3p(¢; Do?(t;p) + p*(6:1) = p(t;3)
az = p(t;3) = 3p(t; 2)p(t; 1) + 2 p*(t; 1)
3
a; = E|(p - p(t; D)’] = Sk(t; p)o>(t;p) (B.9)

Coefficient a3 (B.9) depends on price skewness Sk(t;p), which describes the asymmetry of
the price probability from the normal distribution. For the K=4 approximation Fy(t;x) during

A (5.3) depends on the choice of b>0 and power 2n>4:

2(¢.
F,(t;x) = exp {i p(t; Dx — #xz —i %x3 +Z—:x4 - bxzn} ; 2n> 4 (B.10)

Simple, but long calculations give:
a, = p(t;4) —4p(t; 3)p(6; 1) + 12p(t; 2)p*(6; 1) — 6p*(6; 1) — 3p*(£;2)
a, = E|(p(t) - p(t: 1)*] = 382 | (p(t) — p(t; )]
Price kurtosis Ku(p) (B.11) describes how the tails of the price probability measure #g(t;p)

differ from the tails of a normal distribution.
Ku)og(t;p) = E [(p(t) — p(&: )] (B.11)
a, = [Ku(p) — 3]o, (t; p)
Even the simplest Gaussian approximation F»(#,x), 12(t;p) (B.5; B.7) highlights the direct
dependence of price volatility o’(t;p) (B.6; 5.27) on 2-d statistical moments of the trade value
C(t;2) and volume U(t;2). Thus, prediction of price volatility az(t,'p ) for Gaussian measure
;72(t;p) (B.9) should follow non-trivial forecasting of the statistical moments of the market

trade value C(t;2) and volume U(t;2).
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