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Abstract

We propose a new freight transportation problem to distribute the
benefit of ore transportation throughout a linear route to compensate
the communities located on it. Such distribution aims to avoid conflicts
generated by the transportation that causes external costs such as air,
water, and land pollution to communities that can block the route, forcing
more expensive alternatives. We propose a solution based on stability and
fairness principles. In particular, we present some reasonable properties
to characterize a family of assignment rules for determining compensation
to local communities.

Keywords: Cooperative game theory, core, mining, freight trans-

portation.

1 Introduction

Mining makes an essential contribution to countries’ economies, especially in
developing countries, where mining projects are increasingly expected to deliver
sustainable benefits to local, regional, and national stakeholders (Wall, 2011;

Gustafsson and Scurrah, 2019). Sustainable development needs to guarantee
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the investment of the mining industry in the countries’ markets and to main-
tain a peaceful atmosphere in the local communities. A key aspect is to set
how to share compensation from the benefit, which is generated by the mining
industry. Also, this situation can be found in different contexts like wood, fruit,
oil, cement, and other industries.

As a motivational example, we mention the case of Peru, where the Miner-
als and Metals Group (MMG) Las Bambas transports ore through the Peruvian
Southern mining corridor, which is defined as the national road from MMG
Las Bambas exploitation place (Fuerabamaba, Apurimac) and the train station
(Pillones Station, Arequipa). This National road goes through several peasant
communities. Since MMG Las Bambas began with the exploitation, social con-
flicts with the communities have taken place many times in the Apurimac-Cusco
region, resulting in serious results like life losses.

We focus on one key question: How can communities be compensated for the
transportation of minerals through their land in a way that assures stability?
To answer this question, our model considers a set of players. One of them
(the mining firm) is asymmetric with respect to the rest of the players. This
player requires the use of the main road. The rest of the players are the local
communities. We assume that communities have either a) private rights on the
road that prevent the mining firm from using it without their consent or b)
communities can block the main road with the same results.

There exist studies based on linear routes. For instance, Ye et al. (2020)
optimize transportation system, Lin et al. (2021) study a railway freight trans-
port system. Other studies focus on networks. For instance, (Liu et al., 2020)
minimize fuel consumption in balanced networks, and Ma et al. (2018) study
urban road networks. Other studies are based on the transportation of freight
on rivers (Alcalde-Unzu et al., 2021; van den Brink et al., 2018; Sun et al., 2019).
Our study lies on the intersection between these two approaches since our model
is linear and there are networks as alternative routes.

The asymmetric player (mining firm) is an essential player in the sense that
no benefit is possible without it. Such a player is commonly known as a veto
player (Bahel, 2016). In particular, a veto player is an agent that belongs to
all coalitions of positive value. Games with a single veto player generalize other
families of games, such as clan games (Potters et al., 1989) and big-boss games

(Muto et al., 1988). The game that arises from a freight transportation problem



is not a clan game nor a big-boss game, and hence no result can be derived from
these previous works. As opposed, Bahel (2016) shows that games with a single
veto player have a non-empty core, and it also coincides with the bargaining set
(Aumann and Maschler, 1964; Davis and Maschler, 1967).

The paper is organized as follows. In Section 2, we present the model and
define the freight transportation problem. In Section 3, we study the core. In
Section 4, we define a family of core allocation rules. In Section 5, we present a

brief discussion and the conclusions.

2 Model

Let Ry denote the set of non-negative real numbers and R, denote the set

of positive real numbers. For notational convenience, given a finite set S and

z € RY, we define
x(S) = Zmz
i€S

2.1 Cooperative games

Let U = [1,00) be the universe of (potential) players, and let N be the set
of the nonempty, finite subsets of U, with generic element N = {1,2,...,n}.
A cooperative game with transferable utility (TU-game) is a pair (N, v) where
N € N is a set of players and v : 2V — R is a characteristic function with
v(0) = 0, where v(S) is the worth of coalition S C N, which can be interpreted
as the benefit that players in S can generate by themselves.

A TU-game (N, v) is superadditive if v(SUT) > v(S)+v(T) for all S, T C N
with S NT = (). This means that two different coalitions can get at least as
much benefit working together as separately. A TU-game (N, v) is monotonic
if v(S) <o(T) forall SCT C N.

An imputation of (N,v) is an allocation x € R, satisfying z(N) = v(N)
and x; > v({i}) for all i € N. We denote the set of imputations as I(N,v), i.e.,

I(N,v) ={z e RN : (N) = v(N),z; > v({i}) Vi€ N}.

The notion of imputation comprises the most basic requirements for a reason-
able allocation. It requires that each player receives at least its own stand-alone

value. It also requires that the worth of the grand coalition is fully shared,



which makes sense under the reasonable condition of superadditivy. Under su-
peradditivy, the set of imputations is always nonempty.
The core (Gillies, 1959) of (N, v) is the set of stable imputations, defined as:

Core(N,v) ={x € I(N,v) : (S) > v(S) VS C N}.

The core also has an intuitive interpretation. We are interested in payoff allo-
cations where no coalition of players can improve by themselves. Also, the core
implies the efficiency and individual rationality of players. The main problem
with the core is that it may be empty even for superadditive games.

An assigning rule is a function that assigns to each TU-game (N,v) in a
class of games a vector ¢(N,v) € RY such that ¢;(NN,v) is interpreted as the
payoff allocated to player i € N.

2.2 Freight transportation problems

In this subsection, we introduce the freight transportation problem. This prob-
lem adds structure to the problems with constraints and claims (Bergantinos
and Lorenzo, 2008; Lorenzo, 2010), which are generalizations of the well-known
bankruptcy (or claims) problems first studied by O’Neill (1982).

Let N1 = {N € N : 1 € N}. In our context, N € N'! is the set of players

where 1 represents a mining firm and
N' =N\ {1}

is the set of local communities with a fixed order.

Consider the network where all players are in a line. We assume that the
order of the players in the line is given by its numerical value, i.e., 2,3,...,n
when N = {1,2,...,n}. A coalition S C N’ of communities is connected if the
sub-network restricted to agents in S has a single component. We denote the

set of connected coalitions as CV. Formally,
CN={SCN':i,keS jeN,i<j<k=jecS}\{0}

Notice that, by definition, N’, {i} € C¥ for all i € N’. We also assume () ¢ CN
for notational convenience.
Since the communities are located on a linear route, we can work with the

notion of consecutive communities, formally defined as follows:



Definition 2.1. Coalitions S,T € CN are consecutive if SUT € CV and
SNT =0.

Let A C CV denote the set of consecutive communities that have an alter-

native route option. An example will clarify this notion:

Example 2.1. Assume N’ = {2,3,4,5}. A set of consecutive communities
is A = {{2,3},{3},{4}.{5},{4,5}}. This means an alternative road can be
bwilt to circumvent communities 2 and 3 altogether, and another alternative
circumventing communities 4 and 5 altogether. Moreover, there is another al-
ternative circumventing community 3, another one circumuventing community 4,
and another one circumuventing community 5, so it is possible to avoid, say, only
community 4. As opposed, there is no alternative to avoid community 2 alone.
If community 2 does not cooperate, then cooperation from community 3 alone is

not enough.
Definition 2.2. A path compatible with A is a pair (P, f) where

o P={P',...,P"} C CN such that P' € A whenever |Pl| > 1, P! and
P! are consecutive for alll =2,...,k, and U;c:1 pl— N,

o f:P — {col,alt} is a function that assigns either col (collaborate) or alt
(alternative) to each P' € P and such that f (P') = alt whenever |Pl| >1
and f (P') = col whenever P' ¢ A.

Let P(A) denote the set of paths compatible with .A. Notice that P(A) is
always nonempty, as (P, f) with P = {{2},{3},...,{n}} and f({i}) = col for
all i € N’ always belongs to it. Some compatible paths in the previous example

are the following:

Example 2.2. Assume N' = {2,3,4,5}. A set of consecutive communities is
A={{2,3},{3},{4},{5},{4,5}}. The following are paths compatible with A:

o (P, fY) with P = {{2},{3},{4,5}}, f'({2}) = col, f'({3}) = alt,
ft({4,5}) = alt. In this path, the mining freight goes through commu-

nity 2, and avoids communities 3, 4, and 5.

o (P2, 1) with P* = {{2},{3},{4,5}}, f?({2}) = col, f?({3}) = col,
f?({4,5}) = alt. In this path, the mining freight goes through commu-

nities 2 and 3, and avoids communities 4 and 5.



o (P3,f3) with P3 = {{2,3},{4},{5}}, f3({2,3}) = alt, f3({4}) = col,
F2({5}) = alt. In this path, the mining freight goes through community 4,

and avoids communities 2, 3, and 5.

Definition 2.3. A freight transport problem is a tupla F = (N, E, ¢, A, a) where
NeNY, E>0,ce Rﬂ\_f’, ACCN, and a € R}, satisfies

as > c(A) (1)

for all A e A,
as+c(B\A) <ap (2)

for all A, B € A with A C B, and
aa < aa, +aa, ++aa, (3)
whenever A, A1, As, ..., Ay € A and A= Ule A

In particular, a is a vector whose coordinates are the costs of using alternative
routes avoiding each coalition in .A. Condition (1) assures that it is sub-optimal
to use any alternative route. The reason for (2) and (3) is that communities
in A € A would be irrelevant if we allow a4 to be too high so that they could
then be avoided at no additional cost by the mining firm, either by using a
supra-alternative (2) or several intra-alternatives (3).

We analyze in depth this and the rest of the components of a freight trans-

portation problem:

1. N is the set of players with 1 € N the mining firm and N’ = N \ {1} the

ordered communities.

2. E represents the total benefit generated by freight transportation, i.e., the
benefit the mining industry gets from the ore once arrives at its destina-

tion.

3. The vector cost ¢ € RT represents the costs that the transportation
of minerals affects the respective local community. Hence, a community

1 € N’ suffers a cost ¢; only if the mineral goes through its land.

4. Arepresents the set of communities that have an alternative route avoiding

the respective community.



5. Finally, a € Rer, such that a4 with A € A, is the cost of building/using

the respective alternative route that avoids going thought players in A.

Example 2.3. Let F = (N, E, ¢, A a) with N = {1,2,3,4,5}, E =11, ¢; =0

fOT all i € Nl: A= {{2a3}a {3}7 {4}7 {5}a {435}}7 a{23}y = 47 ar3y = a{4y = 27
agsy = 4, and agy5y = 5. See Figure 1. It is straightforward to check that (1),
(2) and (3) are satisfied.

02:0 03:0 6420 0520
Figure 1: Example of a freight transportation problem.

Example 2.4. Let F = (N,E,c,A,a) with N = {1,2,3,4,5}, E = 8, ¢y =
cg =cq4 =1, ¢c5 =0, A= {{2}5{S}a{4}7{475}7{37475}}7 ag2y = a3} = 2,
apsy = 4, agasy = 4 and agz 45y = 6. See Figure 2. It is straightforward to
check that (1), (2) and (3) are satisfied.

co=1 c3=1 cy=1 c5 =0

Figure 2: Example of a freight transportation problem.

We also assume the next conditions:

Assumption 1 There is enough benefit of cooperation even without collab-
oration from the local communities, i.e., there exists a partition of N’,
A ={A},..., A%} C Asuch that E > Y, 4 aa.

In other words, there exists at least one alternative that avoids all com-

munities. Let denote as A C A a partition with minimum Y-, 1) aa.



Assumption 2. The alternative options can not properly overlap, i.e., given
i<j<k<leN and {i,i+1,..,k} €A, then {j,j+1,..,1} ¢ A.
In other words, if an alternative exists between i and k, then there is no

alternative option between j and [.

Notice that both freight transportation problems given in Example 2.3 and

Example 2.4, respectively, satisfy Assumption 1 and Assumption 2.

Proposition 2.1. Assumption 2 holds if and only if SNT € {S,T,0} for all
S, T e A.

Proof. (=) Let S,T € A. Hence, there exist i, 5, k,l with ¢ < k and j < such
that S = {i,...,k} and T = {j,...,l}. Assume w.lo.g. i < j. In case i = j,
then either SNT =S or SNT = T. Hence, we assume i < j. We have three

cases:
o If | <k, then T C S and hence SNT =T.
e If ] >kand j >k, then SNT = (.
e If I > k and j < k, under Assumption 2, T' ¢ A, which is a contradiction.

(<) Leti<j<k<leNandS={i....k} €A We have to prove
that T = {j,...,l} ¢ A. Assume, on the contrary, that T € A. Under our

hypothesis, we have three cases:

e SNT =S. Since SNT = {j,...,k}, we deduce ¢ = j, which is a contra-

diction because i < j.

e SNT =T. Since SNT ={j,...,k}, we deduce k = [, which is a contra-

diction because k < [.

e SNT =0. Since SNT = {j,...,k}, we deduce k < j, which is a contra-

diction because j < k.
|

Proposition 2.2. Under Assumption 1 and Assumption 2, there exists a unique

coarsest partition A" of N' formed by elements in A.



Proof. Existence is guaranteed by Assumption 1. Assume there exist two dif-
ferent partitions of N/, named A!, A2 C A such that no other such partition is
coarser than any of them. For each i € N', let A} € A' such that i € A} and
let A? € A? such that i € A?. Since i € A' N A% # (), under Proposition 2.1
either A} € A? or A? C A}. Hence A) = A7 UA? € A for all i € N'. Then,
A = U;en {AV} is partition of N’ formed by elements in A that is coarser
than both A' and A2, which is a contradiction. O

Corollary 2.1. For each N € N* and A eCV,

E/Z Z aps = Z(IA.

AcAla) AcA’

for all F = (N, E, ¢, A, a) satisfying Assumption 1 and Assumption 2, where A’

is the coarsest partition given in Proposition 2.2.

Proof. Let P C A be any partition of N’. Then, A’ is coarser than P, and hence,

under (3), Y- c 404 < D 4cpaa and hence E' = Y7\ 1 a4 = Y 4c a(a) GA-
O

Under Corollary 2.1, we can assume A(®) = A’ independent of a.

Notice that Assumption 2 is satisfied in the alternative sets given in Example
2.1 and Example 2.2.

Let § be the class of all freight transportation problems satisfying Assump-
tion 1 and Assumption 2.

Given F = (N, E, ¢, A,a) € §, we associate a TU-game (N, v}—), where N is
the set of players including the mining firm and local communities and v is a
characteristic function defined as follows. Given S C N with 1 ¢ S, v/ (S) = 0.

Assume now 1 € S. Then,

v7(S) =  max E— Z apt — Z c (P

(P.f)EPS(A) PleP:f(Pl)=alt PleP:f(Pl)=col

P(A) = {(P.f) eP(A): Pl e P,P' ¢ S = f(P') = alt}.

Clearly, S C T implies v7 (S) < v (T), i.e., v is a monotonic TU-game.



Example 2.5. The following Tables 1 and 2 show the worth of some coalitions
in the cooperative games associated with the freight transportation problems given

in Example 2.3 and Example 2.4, respectively:

Table 1: The worth of some coalitions in Example 2.3 and their respective
optimal paths, with f(P) = col unless stated otherwise.
S v7(S)  Optimal P Optimal f
m 2 (23h{45}) (23D = f({4.5}) —alt
{1,2} 4 {2585 {45)  F({3h) =f({45}) = alt
6
9

{1,2,3} {2535 {4,51) f({4,5}) = alt
{1,2,4,5} {2}, 8L (41 {53} f({3}) = alt
N 11 {{2},{3}.{4}.{5}} f({i}) =col Vie N'

Table 2: The worth of some coalitions in Example 2.4 and their respective
optimal paths, with f(P) = col unless stated otherwise.

S v7(S)  Optimal P Optimal f

{1} 0 {{2}.{3,4,5}} f({2}) = f({3,4,5}) = alt

{1,2} 1 {{2},13,4,5}} f({3,4,5}) = alt
{1,2,3} 2 {21 85{45}  F({2h) = f({4,5}) = alt
{1,2,4,5y 4 {2}, {3}, {4}, {5}} F({3}) =ait
N 5 {{2581{4}, {5} S({i}) =col Vie N’

We also define the core of F € § as follows:
Core(F) = Core (N,v”).
Our aim is to study whether the core of a freight transportation problem is

nonempty and, if so, how to find a core allocation.

2.3 Essential problems

To study the core in freight transportation games, we use the concept of essential

freight transportation problems, defined as follows:
Definition 2.4. Given F = (N, E,c, A, a) € §, we say that F is essential if

1. ¢; =0 for alli e N',

10



2. ax <ap forall A,B € A with A C B, and
3. aas, < Zle aa, for all Ag, Ay, ..., A € A with Ag = Ule A

It is not difficult to check that the freight transportation problem defined
in Example 2.3 is essential. By contrast, the freight transportation problem
presented in Example 2.4 is not essential because it does not satisfy any of
the three conditions: c¢; # 0 for all i € {2,3,4}, agyy = 4 = a4z, and
agzasy = 6 = agzy + agesy. However, there exists an essential problem F*
that generates the same cooperative game as the problem defined in Example
2.4. Tt is given by F* = (N, E*,c*, A*,a*) with E* =5, ¢f =0 for all i € N/,
A = {{2},{3},{4,5}}, aly, = a3y =1, and aj, 5, = 3 (see Figure 3).

Figure 3: Essential freight transportation problem with the same characteristic

function as those given in Example 2.4.

This result is general, as shown in Proposition 2.4. Another advantage of
essential problems is that the optimal paths are easily determined, as the next

result shows.

Proposition 2.3. If F = (N, E,c, A, a) € § is essential, then v7 (N) = E and
ax=FE —v"(N\ A) for all A € A. In particular, for any A € A, the (unique)
optimal path for vF (N\A) is (P, f) € PM\A(A) given by P = {A}U{{i}}ienn\a,
f(A) = alt, and f({i}) = col for alli € N'\ A.

Proof. v7(N) = E follows from ¢; = 0 for all i € N. Fix A € A. There exists
an optimal path (P, f) € PV\4(A) such that

P (N\A)=E- > ap.

PeP:f(P)=alt

We need to prove that P = {A} U {{i}}ienna, f(A) = alt, and f({i}) = col

otherwise. Assume, on the contrary, that A ¢ P. Then, under Assumption 2,

11



either there exists B € P such that A C B or there exist Ay,,..., A € P such
that A=A U---UA,.

e If there exists B € P such that A C B, then we define (P’, ') as follows:

P = (P\{B})U{A}U{{i}}icn\a, [’ defined as f'(A) = alt, f'({i}) = col
for alli € B\ A, and f'(A") = f(A’) otherwise. Since F is essential and
A C B, we deduce as < ap. Then,

> ap< > ap

PEP’:f/(P)=alt PeP:f(P)=alt

and hence

VIIN\A)=E— Y ap<E- > ap < o7 (N\ A)
PEP:f(P)=alt PEP!:f/(P)=alt

which is a contradiction.

e If there exist Ay,...,Ar € P such that A = A; U---U Ay, then we define
(P, ") as follows: P' = (P\{A1,..., Ax})U{A}, [ defined as f'(A) = alt,
f'(A") = f(A") otherwise. Since F is essential and A = Ule A;, we deduce
ap < E;ll a4,. Then,

> ap< Y ap

PeP’:f!(P)=alt PeP:f(P)=alt

and hence

VIIN\A)=E- Y ap<E- > ap < v’ (N\ A)
PeP:f(P)=alt PeP’:f'(P)=alt

which is a contradiction.

Assume now A € P and there exists i € N’ \ A such that {i'} ¢ P. Since P is
a partition of N’, there exists A" € P, A’ # {i’}, such that i’ € A’. We define
(P, f) as follows: P" = (P\{A'})U{{i}}icar, f’ defined as f'({i}) = col for all
i€ A, f/(B) = f(B) otherwise. Since F is essential, we deduce ¢(A’) =0 < ar.

Then,
Z ap < Z ap
PEP!:f!(P)=alt PeP:f(P)=alt
and hence
V(IN\A)=E- Y ap<E- > ap <v7 (N \ A)
PeP:f(P)=alt PeP’:f'(P)=alt

12



which is a contradiction. Hence, P = {A}U {{i}};cn\a. We still need to prove
that f(A) = alt and f({i}) = col otherwise.

e f(A) = alt follows from the fact that (P, f) € PN\A(A).
o f({i}) = col follows from the fact that ¢; = 0 < ay; for all i € N'.
O

Proposition 2.4. For all F € §, there exists a unique F* € § essential such

that v = v” .

Proof. Given F = (N, E,c, A,a) € §, we define F* = (N, E*, ¢*, A*, a*) where
E*=FE —¢(N'), ¢ =0 for all i € N’, and A* and a* are defined as follows.
Let

A' = A\ {Ac A:3B c A, such that A C B,as +c¢(B\ A) = ap} (4)
k k

A* Z.Al\{AEAl:HAl,...,Ak € A! such that A = UAl and ZGAL =ay
1=1 1=1

(5)

and a* is defined as a* = a4 — c(A) for all A € A*. It is straightforward to
check that F* € § and it is essential. Moreover, v” (S) = v (S) for all S C N.
To see why, notice that we remove alternatives A that are redundant because it

is equivalent to using either

o the longer alternative B that also avoids communities in B \ A (equation

(4)), or
e the partition of alternatives Ay, ..., Ay that also avoids A (equation (5)).

We now prove the uniqueness. Assume there exist two essential problems F! =
(N,E', ¢, A',a) and F2 = (N, E2, 2, A%, a?) with v7 = v = v . We check
that F!' = F2. First,

E' =v" (N) =0 (N) = E?

and ¢; = 0 = ¢? for all i € N’ by definition of essential problems. To check
Al = A? and a' = a?, we proceed by an induction argument on the size of
coalitions. It is trivially true for |A| = 0, because {4 € A! : [A] =0} =0 =
{A € A% : |A] = 0}. Given s € {1,2,...}, assume {A € A' : |4] < s} =

13



{A € A% : |A| < s}. We have to prove that {4 € A! : |[A| = s} = {4 € A?:
|A| = s}. In particular, we prove {4 € A! : |A| = s} C {A € A% : |A] = s}
because the other way around is equivalent. We proceed by contradiction. Let
A € A! with |A| = s and assume A ¢ A2. Let (P?, f2) € PN\4(A?) such that
vF (N\A) = E2—ZP€P2:f(P):alt a%. Since A ¢ A2, under Assumption 2 either
there exists B € A2 such that A C B and v7 (N \ A) = E2 — a%, or there exist
Ay, Ay € A% k> 1 suchthat A = |J;_, A andv” (N\A) = B>~Y) a? .
We study both cases:
e There exists B € A2 such that A C B and v7 (N \ A) = E? — a%. Under
Proposition 2.3, aly = E! —vF (N\ A) and a% = E? —vF (N'\ B). Hence,

E'—aly = v (N\A) =v" (N\ A) = E? — d2,.
Since E' = E?, we deduce al; = a%. We have two cases:
— If Be A', then al, = E'—vF (N\B) = E2—v” (N\B) = a% = d\,.
But A C B implies ay < a};, which is a contradiction.

— If B ¢ A', then we have two subcases:

 There exists B’ € A! such that B C B’ and v7 (N \B) =
El' —al,. In this case, vF (N\B) = oF (N'\ B’). We also know
that v (N\B) = v7 (N\ B) = v* (N\ A). Hence, E* —al;, =
T (N \ B) = P (N \ A) = By — a'y. Hence, ak, = al. But
A C B’ implies aly < ak,, which is a contradiction.

* There exist By = A,Bs,...,By € A', k > 1, such that B =
Ur_, B, and v (N \ B) = E' = Y7, ag,. Moreover,

P (N\B)=v"" (N\B)=E? —a% = E' — d,.

k : k
Hence, Y,_, ap, = aly. Since B; = A, we deduce Y _,ap =0,

which is a contradiction because aj, > ¢'(B;) = 0 for all I.

e There exist A;,...,A; € A%, k> 1, such that A = Ule A; and
, k
v (N\A)=E* =) d},.
1=1

Under the induction hypothesis, A1,..., A, € A! and afql = ail. More-
over, vfl(N \ A) = E' — aY. Since E' = E?, we deduce that al;, =
Zle a}%. This is a contradiction because essentially of F! implies al, <

k
Zl:]. azl4[ :

14



Finally, we prove that a' = a?. Given A € A! = A2, under Proposition 2.3,

ay =E'— o7 (N\A)=E2 v (N\ A) =d’.

3 The core

In this section, we study the core of freight transportation problems. In par-
ticular, we study whether it is always possible to find a core allocation, i.e., an
agreement that no coalition of players has incentives to reject.

The following results, which can also be derived from Bahel (2016), show
that the answer is affirmative. The core is always nonempty in a freight trans-

portation problem.
Theorem 3.1. Given F = (N, E,c, A,a) € F, the core associated to F is:
Core(F) = {z € RY :2(N)=E —¢(N'), 2(A) <as —c(A) VA € A}

Proof. Let F € §. The result is trivially true for N/ = ). Assume N’ # ().
“C” Let o € OOT’@(}—). Hence, z; > 1}‘7:({1}) = F — ZAEA’ a4, which is
non-negative by Assumption 1. Moreover, for each i € N', x; > v* ({i}) = 0.

Thus, z € Rf. For the second condition:
z(N) =v"(N) = E — ¢(N').
And for the third condition, let A € A. Then,
c(N\A) > v (N\A) =E —c¢(N'\ A) —aa
and hence

z(A) = 2(N) —2(N\ A) = v (N) — 2(N \ A)
<vF(N)=E+4¢(N'\A) +aa
E—c¢(N')—E+c¢(N'\A)+aa =aa—c(A).

“D” Let # € RY such that 2(N) = E — ¢(N’) and 2(A4) < aa — ¢(A) for all
A € A. We first prove that x is an imputation, i.e., z € I(N,v”) :

z(N) = E — ¢(N") = v"(N).

15



Moreover, given i € N, it is straightforward to check that z; > 0 = v” ({i}).
We now prove that x(S) > v (S) for all S C N. Let S C N. Assume first
1 ¢ 5. Since z € RY, v/ (S) = 0 < 2(S). Assume then 1 € S. There exists
(P, f) € P9(A) such that

vF(S)=E — Z ap — Z ¢(P)

PeP:f(P)=alt PeP:f(P)=col

and such that P € P and P ¢ S imply f(P) = alt. Equivalently, f(P) = col
implies P C S. Hence, {1} US" C S where

S"={jeN':je P for some P € P, f(P)=col}.

Thus,
v (S)=E — Z ap — Z ¢(P)
PeP:f(P)=alt PeP:f(P)=col
<E- Y @P)+uP)- > P
PcP:f(P)=alt PeP:f(P)=col
=E- > axP)- > «P)- D P
PeP:f(P)=alt PEP:f(P)=alt PeP:f(P)=col

E- Z x(P) — ¢(N')

PeP:f(P)=alt

=z(N)- > x(P)

PeP:f(P)=alt
=x + Z x(P)
PeP:f(P)=col
z€RY

WSS 4(9) —a(s\ {1}US) < a(S).

=z({1}us)
]

Corollary 3.1. The core of any freight transport problem satisfying Assumption

1 and Assumption 2 is always nonempty.

Proof. Fix F € § and let x € RY given by 2; = E — ¢(N’) and z; = 0 for all
i € N'. Under (1) and Assumption 1, z1 = E —¢(N') > E =}, .y, aa > 0.
Hence, z € RY. Moreover, z(N) = E — ¢(N’). Finally, given A € A,

an—c(4) D 0= 2(4).

Under Theorem 3.1, z € Core(F). Hence, Core(F) # . O
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Corollary 3.1 also follows from Lemma 2 in Bahel (2016). However, our
proof is constructive and provides a particular and relevant core allocation that
will be denoted as ¢"(F) in the next Section.

4 A family of core allocation rules

In this section, we propose a family of core allocation rules. As the first step, we
study the concept of levels structure, a concept first formalized in the context

of cooperative game theory by Winter (1989).

Definition 4.1. We define a levels structure over N’ as a finite sequence 2 =
(A1, Aa, ..., Ay) of partitions of N’ such that, for each A € A;, | > 1, there
exists B C Aj_1 with A= Jgep B.

Lemma 4.1. If F € § is essential, then there exists a unique levels structure
A= (A1,...,An) over N such that:

1. All partitions A; are different.
2. Ae AU{N'}YU {{i}}ien’ if and only if there exists | such that A € A;.

8. If Ae A, 1 > 1, and B C Ay is such that A = \Jgcp B, then either
|B] > 1 or |A] = 1.

In particular, Ay = {{i}}ien and A,, = {N'}.

Proof. The proof is constructive. The first partition is defined as A,, = {N'}.
Assume we have defined A;;1,...,A4,,. We define

A={AcA:AcBe A — Be A forsomel' > 1}

and

A=A U {{i}}ieN’\UAeﬁz A
The process continues until all A € A belong to some A;, so that condition 1 is
satisfied. In this case, A; = A; = 0, so that A; = {{i}}ien- O

Example 4.1. Assume A = {{2},{3},{4},{2,3},{2,3,4}}. Then, A = {A1, As, A3}
where Ay = {{2},{3},{4}}, A2 = {{2,3},{4}} and A3 = {N'}.
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A rule ¢ is a function that assigns to each problem F = (N, E, ¢, A,a) € §
a payoff allocation ¢(F) € RY.

We define a family of rules as follows: Let F = (N, E, ¢, A,a) € § and let
F* = (N,E* c*, A*,a*) be the (unique) essential problem associated with F
as given by Proposition 2.4. Let 21 = (A1, As,...,A,,) be the unique level
structure associated to F* as given in Lemma 4.1. Given i € N’ and | €
{1,...,m}, let A} € A} be the (unique) coalition in level [ that contains agent
i. Obviously, i € A} C A} C ... C A! . Let A’ C A be the partition of N’ so
that o7 ({1}) = E — 3" 4c 4 a4 (as given by Assumption 1). Given § € R, we

define the rule ¢ as follows:
¢)(F)=E—0E —(1—0)c(N')

and
m—1 EA;
Pl ZAe,atl:Ag,at;+1 (@a)

& (F) =0 (E' — c(N")) (6)

for each i € N’, where A} is the (only) coalition in 4; that contains player i,
and

ap = min
BeA*:ACB

ap.
Notice that @4 = aa whenever a € A*, and otherwise A = {i} for some i € N,
so that ag;) = mingea«.iep ap. Moreover, for each i € N’, there exists some
I" € {1,...,m} such that A}, € A* and A] = {i} for all | < I’, so that ag;y =
a’y; . Under Proposition 2.3, we deduce that
i
agy = v (N) =" (N 45).

We now define some reasonable properties as follows:

Core selection (CS) Given F, ¢(F) € Core(F).

Core selection is a property that concerns the stability of a solution.

For the next property, we consider the problem that arises when a group of
consecutive communities merge. This property prevents communities from ma-
nipulating their outcome by merging or splitting. It is a very relevant property
in situations where the identity of the communities is unclear, as they can, for
example, associate at different local levels or administrative levels (village, town

hall, region, etc.).
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Definition 4.2. Two consecutive coalitions A, A’ € A are mergeable if they
belong to the same supra-coalitions, i.e., for all B € A, A C B if and only if
A’ C B.

Independence of Merging of Mergeable Alternatives (IMMA) Given k
pairwise disjoint consecutive and mergeable coalitions Aq,...,Ax € A
with i € A = U, Ay, then, ¢;(F) = ¢,;(F*) for all j € N’ \ A, where

FAt = ((N \ A) u{i}, E,cA’i,AA’i,aA’i)

is given by

A o AG ;
o ¢ = ZjeA Cj, € = ¢4 otherwise,

o AV ={BeA:ANB=0U{(B\A)U{i}: AC Be A JU{{i}},
. ag’i =apif ANB =0, a?éi\A)u{i} =ap if AC B, and

A aA ifAe A
S aa ifAEA

IMMA states that no other agent should be affected if a group of com-
munities with an essential alternative merge. Alternatively, if a commu-
nity with an essential alternative splits into new consecutive communities,
having the new group an essential alternative, no other agent should be
affected.

Equivalence (EQUI). Given F = (N,E,c, A,a) € §, ¢(F) = ¢ (.7?), where

F = (N,E,c, /T,’d) is defined as A = AU {{i}}iens, Ga = an for all
Ae A and

agiy 2 Aerﬁi;?eA {aa —c(AN{h}

for all {i} ¢ A.
EQUI states that the payoffs do not change if we assume that communities
with no feasible alternative (i.e., those i € N’ such that {i} ¢ A) do have

an alternative, but it is so expensive that it is not worthy of using it.

Two communities 4,7 € N’ are symmetric if they have the same cost, they
belong to the same supra-coalitions, and their alternative costs (if any) are

equal, i.e.,
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® G =Gy,
o if {i} C A€ A, then j € A; analogously, if {j} C A € A, then i € A, and

o if {i} € A, then {j} € A and ay;; = ay;}; analogously, if {j} € A, then
{’L} € A and agiy = ag;y-

Symmetry (SYM): If i, j € N’ are symmetric, then ¢;(F) = ¢,(F).

Additivity (ADD). Given F! = (N,E', ¢!, A,a!) ,F? = (N,E? ¢ A,a?) €
S, o(F' + F?) = ¢(F') + ¢(F?), where

Fl4 72 = (N,E' + E*, ¢! + 2, A, a' +d?).

In order to illustrate ADD, assume that a mining firm transports copper
and gold. We consider that E is the benefit generated by copper trans-
portation and E’ by gold transportation in the mining transportation
context, ¢ and ¢’ represent costs from different sources like air and land
pollution, analogously for a and a’. Then, when computing the compensa-
tions that the mining firm should provide to the communities, ADD states
that there is no difference between considering both problems separately

or in aggregate.

A weaker version of ADD applies when a fixed amount z; is added to each
player i € N. A natural requirement is that this change does not affect the final
allocation. In particular, a change of z; in the cost of a community ¢ € N’ that
affects its alternatives and the estate on the same amount should not change
player i’s allocation. On the other hand, an additional change of 7 in the estate

only affects the mining firm.

Translation Invariance (TI) Given the problems F! = (N, E! ¢t A, a),
F?2 = (N,E?,2, A,a%) € §, and z € RY such that E? = E! + z(N),
c? =cl +ux; foralli € N’, and o = aly + x(A) for all A € A, then

¢ (F?) = ¢(F") + (21,0,...,0).

Lemma 4.2. Let ¢ be a rule that satisfies CS, IMMA, and SYM. Then, for
each F = (N, E,c, A, a) with ¢; =0 and {i} € A for alli € N':

CLA;‘

2 acapacai,, (@a)

(F) = (B (7)) [[ ™)
=1
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for alli € N, where A = (A1, Aa, ..., Ay) is the unique level structure associ-
ated to F* as given in Lemma 4.1 and A} € A, is the (unique) coalition in level

l that contains agent i.

We prove Lemma 4.2 in the Appendix. We illustrate a sketch of the proof

in the following example.

Example 4.2. Let F = (N, E,c, A, a) with N ={1,2,3,4}, E =10, ¢; =0 for

alli € N', A = {{2},{3},{4},{2,3},{2,3,4}}, aay = 3, agzy = 4, agsy = 3,
aga,3y =5, and agy 34y = 6. See Figure 4.

CQZO 03:0 6420

Figure 4: Example of a freight transportation problem, where communities 2

and 3 are mergeable, and so are coalitions {2,3} and {4}.

In this example, m = 3 and A = (A1, A2, A3) where

A= {{2}, {3}, {4}}
-AQ = {{23 3}7 {4}}
As = {{2,3,4}}.

Assume ¢ satisfies CS, IMMA, and SYM. We need to prove (7), which in this
example means ¢(F) = (B—61(F)22, 65(F) = (E—61(F))22, and ¢4(F) =
(E - 61(F))32.

Under CS, ¢2(F) + ¢3(F) + ¢pa(F) = E — ¢1(F). Communities 2 and 3
are mergeable. Hence, under IMMA, we can merge them and work with the
reduced problem F' = F{23b2 with communities {2,4} and a’{2} =5, af{4} =3,
and af{274} = 6. We apply IMMA again to split these new communities and
work with the extended problem with eight symmetric communities, each of them
with af{’i} = 1. Under SYM, each split community receives %1(}—). Under

IMMA, we can remerge the eight communities into 2 and 4, so that ¢o(F') =
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5%1(]:) and ¢4(F) = ¢a(F') = 3%1(]:). We repeat the same reasoning
with IMMA and SYM applied to coalition {2} alone so that we conclude that
Po(F) = 57]5_‘2581(}—)% and ¢3(F) = 5715—%1(?) %, as desired.

Theorem 4.1. A rule ¢ satisfies CS, IMMA, EQUI, SYM, and TI if and only
if there exists 0 € [0,1] such that ¢ = ¢%.

Proof. Tt is straightforward to check that any ¢’ satisfies CS, IMMA, EQUI,
and SYM. Let F! = (N, E',c!, A, a'), F2 = (N, E?,c?, A,a%) € § and z; € RY
be as in the definition of TT, i.e., E? = E'+x(N), ¢ = ¢} +x; for alli € N’, and
a% = aly +z(A) for all A € A. We need to prove ¢(F?) = ¢(F!)+ (x1,0,...,0).
The common A implies a common A’ and a common levels structure U =
(Ay,...,A,,) for both problems. Hence,

¢ (F?)=E>-0 ) a%—(1—0)3(N)

AeA
=E'"+a(N)-0 > ay—0> x(A)—(1-0)c (N)-(1-0)xzN)
AcA’ AcA’
=FE'+2(N)-#0 Z aly —0x(N') — (1 —60)c"(N') — (1 — 0)x(N")
AcA’
=E'—-9 Z aly — (1 = 0)cH(N') + 21 = ¢1(F) + 1.
AeA

Moreover, for each A € A*,

(az)j‘4 =a% — *(A)
=aly +z(A) — c*(A) — z(A)

= a} —c(4)

and hence a2 = al. Thus, for each i € N':

o)(F%) =0 ( > i c2<N'>> mH s -
(«4)

AeA =1 ZAeAl;AgA§+1

=9<Z az—cl(Nq) — ARG
al

AeA =1 ZAGA,:A§A§+1

Let ¢ be a rule satisfying CS, IMMA, EQUI, SYM, and TI. Under CS and TI,
we can assume E = E’ and ¢; = 0 for all ¢ € N’. We can also assume E > 0.

Otherwise, the result is trivial under CS. Partition A" given in Assumption 1 is
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a pairwise disjoint consecutive and mergeable coalitions set. Fix a community
in N'. We can assume w.l.o.g. it is community 2. Under IMMA, ¢;(F) =

¢1(FN'?) and
62 (FN'2) = 3 00 (FV'2).
iEN’

Under Theorem 3.1, it follows that Core(FN2) = {(z1,22) : 21 + x9 =
E,x1,22 > 0}. By CS, ¢o(FN'2) = ¢o(F) € [0, E]. We define 6 = L¢»(F) €
[0,1]. Under IMMA, ¢1(F) = (1 — 6)E. Under CS, communities in N’ share
OF, ie., >,y ¢i(F) = 0E. Under EQUI, we can assume that {i} € A for all
1 € N’. We can then apply Lemma 4.2 to conclude the uniqueness part with

QA;'

m—1
i(F) = (B = di(F

¢i(F) = ( 91(7)) 11:[1 ZAeAz:ACAf+1 (a4)

m—1 Qapi

—0E ’

= & (F)-

—1 ZAeAl:AcA;‘+1 (aa)

O

These properties are independent. We define rules that satisfy all the prop-

erties but exactly one.
e Rule ¢Y with 6 ¢ [0, 1] satisfies all the properties but C'S.

o Let ¢ defined as
_ °(F) if IN'| > 1
P(F) = (8)
¢H(F) if [N'| =1
for all F € § with N as player set. This rule satisfies all the properties
but IMMA.

o Let 61 defined, for each F € § with IV as player set, as

1

h(F)=E-F

and, for each i € N’,

1 mt aqi

6 (F) = (E = c(N"))

=1 Z,axeAl:,ach;‘+1 (@a)

where @4 = a4 for all A € A* and @; = 0 for all {s} € A*\ A. This rule
satisfies all the properties but EQUI.
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e Let ¢(lest) defined as the rule that gives, among all core allocations of the
associated essential problem, the one that assigns the maximum possible
to the last community, then the maximum possible to the second to last
one, and so on, up to E’. Formally, for each z,y € Rf/, we say that
2 Siez y if either © = y or there exists k € N’ such that z = y; and
x; < y; for all i < k. Moreover, given X C Rf/, let L(X) € X such that
2 Ziex L(X) for all x € X. We then define

¢l (F) = L(Core(F)) 9)
for all F € §. This rule satisfies all the properties but SYM.

e The rule defined as ¢(F) = (b%/ (F) for all F € § satisfies all the properties
but TT.

Moreover, ¢° (i.e., ¢? with § = 0) also satisfies ADD:
Proposition 4.1. ¢° satisfies ADD.
Proof. Let F1 = (N,E',c', A a') and F? = (N, E?,c?, A, a?) given as in the
definition of ADD. Then,
@(F' + F?) = (B + E?) — (¢/(N') + A(N))
=E'— ' (N')+ E* - 2(N)
= $(F) + ¢1(F?)
and ¢ (F! + F2) = 0= ¢3(F') + ¢9(F?) for each i € N'. O
For 6 > 0, ¢Y does not satisfy ADD, as the next example shows.

Example 4.3. Let F = (N, E,c, A,a) € § given by N = {1,2,3}, E = 4,
2 =c3 =0, A= {{2},{3},{2,3}}, aqey = 2, agsy = 3, and age3y = 4. Let
Fl = (N,Elc, A al) € § given by B! = 2, a}t2} =1, and a}?)} = ab,g} =2.
Let F2 = (N, E?,c, A, a®) € § given by E? = 2, a%Q} = afg} =1, and a%2,3} =2.
Clearly, F = F' + F2. Moreover,

8 12
Y(Fy=(4-140,20,—=0).
o7 = (1-10.30.
On the other hand,
2 4
Y(FhHy=1(2-20,-60,-6
o) = (2- 20,365
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and

¢ (F?) = (2-20,0,0).
Hence, ¢7(F) = ¢ (F' + FY) # ¢°(F') + ¢?(F?) whenever 6 > 0.

Theorem 4.2. A rule ¢ satisfies CS, IMMA, SYM, and ADD if and only if
¢=¢"

Proof. We know (Theorem 4.1 and Proposition 4.1) that ¢° satisfies the four
properties. Let ¢ be a rule satisfying CS, IMMA, SYM, and ADD. Fix F =
(N,E,c,A,a) € §. Under CS and TI, we can assume F = E’ and ¢; = 0
for all i € N’. We can assume E > 0. Otherwise, the result is trivial under
CS. Partition A’ given in Assumption 1 is a pairwise disjoint consecutive and
mergeable coalitions set. Fix a community in N’. We can assume w.l.o.g. it is
community 2. Let F' = FN"2, Under IMMA,

P1(F') = ¢1(F). (10)

Let F2 = (N2, E? % A%, a?) defined as N? = {1,2,3}, E> = E, ¢3 = 3 = 0,
A% = {{2},{3},{2,3}}, a%Q} =FE, a%3} = %, and a%z,:&} = E. It is straight-
forward to check that F* = (F2)123h2, Let 72 = (N3, E3,¢3, A% a®) € § and
Ft = (N4 EY ¢t A% a?) € § defined as N® = N* = {1,2,3}, E3 = E* = £,
g =c =cd =c =0 A4 = A" = {{2},{3},{2,3}}, a?z} = G?ZB} =
af{lQ} = a?3} = a%z,g} = %, and a?S} = 0. It is straightforward to check that
F? = F34 F*. Moreover, both F2 and F* satisfy the conditions of Lemma 4.2.

Hence,

E E 1
o)=L gy = a7
n_E o) _E ¢ (F)
e R S R
and thus
Gi(F> + Fh) = ¢i(F?) + ¢u(F*) = %E - ngl(fl).
On the other hand
oi(F> 4+ FY) = ¢i(F?) = %(E — ¢ (F2).
Hence, . 5 )
1y _ 2
1E— 70 F) = 3(E=au(F),
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Which has, as a unique solution,
¢1(F?) = E.

Hence,

01(F) = 01(F!) = 61(F?) = E = ¢}(F).
Under CS, we deduce ¢;(F) = 0 = ¢?(F) for all i € N’. Hence, ¢(F) =
¢ (F). -

Properties in Theorem 4.2 are independent:

e Rule ¢(*"®) defined, for each F € § with player set N, as gbgalt)(]-") =E-F
and ¢\""")(F) = 0 for all i € N/, satisfies all the properties but CS.

e Rule ¢ defined as in (8) satisfies all the properties but IMMA.
e Rule ¢(!*s") defined as in (9) satisfies all the properties but SYM.

e Rule ¢’ with 6 € (0, 1] satisfies all properties but ADD.

5 Conclusion

In this paper, we assess the potential of game theory through cooperative games
applied to the freight transportation of minerals. In particular, this study shows
a framework for allocating compensations to communities based on cooperative
game theory, considering the principle of stability. We assess that benefits/costs
would result from considering the bargaining power of communities to avoid the
use of their land. It is a methodological contribution that analyses road use
management for freight transportation.

In conclusion, we show that it is possible to establish compensation rules that
assure stability for local communities. Specifically, we define several reasonable
properties in the context of freight transport problems and propose a parametric
family of solutions that satisfy each property. One of the properties is core

selection, which allows us to assign stable solutions.

Appendix: Proof of Lemma 4.2

Proof. Let F = (N, E, ¢, A,a) with ¢; =0 for all i € N'. We can assume w.l.o.g.
N ={1,...,n}. Assume ¢ satisfies CS, IMMA, and SYM. We need to prove (7).
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Under CS, >,cy #i(F) = E — ¢1(F). Fix i* € N'. Let % = (A1, Az, ..., Am)
be the unique level structure associated to F* as given in Lemma 4.1. We
proceed by induction on |A|, the number of alternatives. If A = {{i*}}, then
Assumption 1 implies N’ = {i*} and hence m = 1 with 2 = (4;) = ({N'}),
from where (7) reduces to ¢;«(F) = E — ¢1(F), which holds from CS. Assume
(7) holds for problems with less than |.4| alternatives and assume |.4| > 1. From
Lemma (4.1), m > 2. Under condition 1 in Lemma 4.1, there is at least some
coalition A’ € Ay with |A’| > 1, because otherwise A; = As. Coalitions in
A’ are mergeable. If i* ¢ A’ under IMMA, then i* receives the same as in
the problem where coalitions in A’ merge. Since such merging reduces the size
of A, but it does not affect the structure nor alternatives of those coalitions
community ¢* belongs to, the result (7) arises from the induction hypothesis.
We can then assume that A5 has all the coalitions singletons but AZ;, i.e., there
exist a, B such that 2 < a <i* < 8 <n and

Ay = {12} o= 11,45 {841}, {n}}.
Notice that o« = 2 covers the case where Ag is at the beginning of the route
(ie., 2 € AY), so that Ay = {A},{B+1},...,{n}}. Analogously, 3 = n
covers the case where A} is at the end of the route (i.e., n € A} ), so that
As = {{2},..., Ay }. When 2,n € A}, then Ay = {A} }, which is equivalent
to m = 2 and it is also a possibility.
Communities in Ag are mergeable. Hence, under IMMA, we can merge

them and work with the reduced problem
Fr=FA4 4 = (N E, ¢, AL dY).
: 1 _ -k 1 _ . .
In partlcflar, N' ={1,2,...,a—-1,*,6+1,...,n} and ajpy = ZieAj\, agiy-
Since |Aj | > 1, we conclude that [A'| < |A]. Let At = (A}, A3,..., Al )
be the unique level structure associated to (F1)* as given in Lemma 4.1. It is
straightforward to check that m! = m — 1 and each .All coincides with A; 41
after replacing coalition A3 with i*, i.e.,
Al ={aean Ay gatu{(avay)uint Ay cAe )
foreach I =1,...,m — 1. Let s* be defined as

s*= Y i (F).

R
1€ Al
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Under IMMA and the induction hypothesis:

= (E—¢1(F)) l

1=2 ZAEA,:AQA;’il ((lA)'

Hence, it is enough to prove

_ day *
hix(F) = ZAeAlegAg* (aq) s
or, equivalently,
Gir (F) = —d v, (11)

Y ieas (agy)

Recall that Ay = {a,...,i*,..., 8} with a < i* < 8. In particular, a = 7*
covers the case where i* is the first community in A} on the route, so that A} =
{i*,...,B}. Analogously, § = i* covers the case where ¢* is the last community
in A} on the route, so that A5 = {a,...,i*}. Communities {a,...,i* — 1}, if
any, are mergeable, and so are communities {¢* + 1,...,3}. Case a = 8 = i*
is not possible because A5 has more than one element. Under IMMA, we can
work with the reduced problem

{i*+1,...,8},8
) = (N2, B, 2, A% a?)

F2 (]_-{a,.“,i*—l},a

obtained from F by merging these coalitions into a and [, respectively. Let

€1,€2,... be a sequence of strictly positive scalars defined as
B
_ Do O3}
T

for each ¢, so that the sequence converges to zero as t increases. For each z € R,
let [z] denote the lowest integer higher or equal than x. In particular, when
r € N, we have x = [x]. Under IMMA, we can work with a new problem F3
obtained from F? by splitting community o into

=1
o — F?i_a a{ﬂ

€t
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communities, the last one (if any, i.e., if @ < i*), also denoted as «, with
alternative cost a‘z’a} € [0, ¢;] bounded above by ¢;, and the rest (if any) with

alternative cost €¢; each. Analogously, we split community S into

nf — ’VZiﬁ=i*+l a{i}-‘

€t

communities, the first one (if any, i.e., if i* < (), denoted also as [, with
alternative cost a? 5y € [0,¢] bounded above by €;, and the rest (if any) with
alternative cost €, each. We complete the creation of F2 by splitting community

1* as follows:

Case I If a < i* < B, we split community i* into n* =t — n® —nf + 2
communities: The first one, denoted as o/, with alternative cost a?a/} =
et—a:{)’a}; the last one, denoted as 3, with alternative cost a?ﬁ,} = et—af{)’ﬂ};

and the middle ones, with alternative cost €; each.

Case IT If a < i* < 8, we split community ¢* into n'" =t—nf+41 communities:
The last one, denoted as 3/, with alternative cost a? gy = € — a? 8} and

the other ones, with alternative cost ¢; each.

Case III If o < i* < 3, we split community ¢* into n!" =t —n® + 1 communi-
ties: The first one, denoted as o/, with alternative cost a?a,} =€ — a‘z’a};

and the other ones, with alternative cost ¢; each.

When «a < i*, communities o and o are mergeable. When ¢* < 3, communities
B and B’ are mergeable. Hence, under IMMA, we can work with the reduced

problem

e ra\ {8818
((]:3){ o'}, if « <i* < B (Case )

]:4 = (fS){B,ﬂ’}wB if o S it < B (CCLS@ II)
(fb’){a,a’}ya if @ < i* < B (Case III)

obtained from F2 by merging these communities. It is straightforward to check
that F* contains ¢ symmetric communities, each of them with alternative cost
€; and with aggregate value s*. Under SYM, each of these communities receives

*

S

¢i(F*) = 3
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which, under IMMA and CS, implies that communities o’ and £, when exist,

receive in F2 something between 0 and % each:
S*
¢a’(f3)7¢5'(]:3) € [07 t:|

which converge to 0 as t increases. Let a! be defined as ! = ¢/ (F3) when o’
exists, and ' = 0 otherwise. Analogously, let y’ be defined as y' = ¢g (F?)
when 3’ exists, and y' = 0 otherwise. Under IMMA, community i* receives in
_/_-'2

6 (F2) = (t=n" =)= +a' 4y

-1 3 .
_ (t ’VZi—a a{i}—‘ _ ’VZizi*-‘rl a{i}-D s a4y
€t €t t
-1 8 .
1 7 i=1* ag;
_ (t_ {ZZB_Q a{}tw - {Z i1 {}tD St
Yima A4} Yima M) t

Since ¢(F?) is independent of t, we deduce

i —1 B
Diica i} Zi—i*+1a{i}) s* ity o

Gir (F?) = (1 -

Yileag  Yiaagw g
Under IMMA and CS, ¢;«(F?) = ¢~ (F), and hence we get (11). O
Acknowledgments

Juan Vidal-Puga acknowledges financial support from Grant TED2021-130241A-
100 funded by MCIN/AEI/ 10.13039/501100011033 and by the European Union
NextGenerationEU/PRTR. The authors also acknowledge financial support from
FONDECYT (Now PROCIENCIA) through “Proyecto de Investigacién Bésica
- Convenio 061-2021 FONDECYT”. Financial support from the Spanish Minis-
terio de Ciencia e Innovacién through grant PID2020-113440GB-100 and Xunta
de Galicia (Consellerfa de Cultura, Educacién, Formacién Profesional e Univer-
sidades) through grant GPC-ED431B 2022/03 is also gratefully acknowledged.
The authors thank the participants at the Working Group meeting at Univer-
sidade de Vigo (Vigo, Spain), the “I Seminario Internacional de Matemdtica y
Estadistica (I SIMAES 2022)” (Cusco, Peru), the 2023 York Game Theory Sym-
posium (York, United Kingdom), the “VII Jornadas de Doctorado y Seminarios

30



Novel” (Elche, Spain), the XVI “Congreso Gallego de Estadistica e Investigacién
de Operaciones” (Coruna, Spain), and the “XX Encuentro de la Red Espanola

de Eleccién Social (REES)” (Castellén, Spain) for their useful comments.

References

Alcalde-Unzu, J., Gémez-Rua, M., and Molis, E. (2021). Allocating the costs
of cleaning a river: expected responsibility versus median responsibility. In-
ternational Journal of Game Theory, 50(1):185-214.

Aumann, R. and Maschler, M. (1964). The bargaining set for cooperative games.
In Dresher, M., Shapley, L., and Tucker, A., editors, Advances in Game The-
ory, pages 443-476. Princeton University Press, Princeton, N.J.

Bahel, E. (2016). On the core and bargaining set of a veto game. International
Journal of Game Theory, 45(3):543-566.

Bergantinos, G. and Lorenzo, L. (2008). The equal award principle in prob-
lems with constraints and claims. Furopean Journal of Operational Research,
188(1):224-239.

Davis, M. and Maschler, M. (1967). Existence of stable payoff configurations for
cooperative games. In Shubik, M., editor, Essays in Mathematical Economics

in Honor of Oskar Morgenstern, pages 39-52. Princeton University Press.

Gillies, D. (1959). Solutions to general non-zero sum games. In Tucker, A. and
Luce, R., editors, Contributions to the theory of games, volume IV of Annals

of Mathematics Studies, chapter 3, pages 47-85. Princeton UP, Princeton.

Gustafsson, M.-T. and Scurrah, M. (2019). Strengthening subnational institu-
tions for sustainable development in resource-rich states: Decentralized land-

use planning in Peru. World Development, 119:133-144.

Lin, B., Zhao, Y., Lin, R., and Liu, C. (2021). Integrating traffic routing opti-
mization and train formation plan using simulated annealing algorithm. Ap-
plied Mathematical Modelling, 93:811-830.

Liu, C., Du, Y., Wong, S., Chang, G., and Jiang, S. (2020). Eco-based pave-
ment lifecycle maintenance scheduling optimization for equilibrated networks.

Transportation Research Part D: Transport and Environment, 86:102471.

31



Lorenzo, L. (2010). The constrained equal loss rule in problems with constraints
and claims. Optimization, 59(5):643-660.

Ma, J., Li, D., Cheng, L., Lou, X., Sun, C., and Tang, W. (2018). Link restric-
tion: Methods of testing and avoiding braess paradox in networks considering
traffic demands. Journal of Transportation Engineering, Part A: Systems,
144(2):04017076.

Muto, S., Nakayama, M., Potters, J., and Tijs, S. (1988). On big boss games.
The Economic Studies Quarterly, 39(4):303-321.

O’Neill, B. (1982). A problem of rights arbitration from the Talmud. Mathe-
matical Social Sciences, 2(4):345-371.

Potters, J., Poos, R., Tijs, S., and Muto, S. (1989). Clan games. Games and
Economic Behavior, 1(3):275-293.

Sun, P., Hou, D., and Sun, H. (2019). Responsibility and sharing the cost
of cleaning a polluted river. Mathematical Methods of Operations Research,
89(1):143-156. cited By 1.

van den Brink, R., He, S., and Huang, J.-P. (2018). Polluted river problems and
games with a permission structure. Games and Economic Behavior, 108:182—
205. cited By 4.

Wall, E. a. P. R. (2011). Sharing mining benefits in developing countries. World

Bank: Extractive Industries for Development.

Winter, E. (1989). A value for cooperative games with levels structure of coop-

eration. International Journal of Game Theory, 18:227-240.

Ye, Y., Wang, H., Zhang, X., and Li, R. (2020). Joint optimization of road
classification and road capacity for urban freight transportation networks.
Journal of Transportation Engineering, Part A: Systems, 146(10):04020122.

32



	Introduction
	Model
	Cooperative games
	Freight transportation problems
	Essential problems

	The core
	A family of core allocation rules
	Conclusion

