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Abstract
We consider the randomness of market trade as the origin of price and return stochasticity.
We look at time series of trade values and volumes as random variables during the averaging
interval 4 and describe the dependences of market-based volatilities of price and return on the
volatilities and correlations of market trade values and volumes. We describe the market-
based origin of the lower boundaries of the accuracy of macroeconomic variables and
consider, as an example, the accuracy of macroeconomic investments. We highlight that
current macroeconomic models describe relations between the 1* order variables determined
by sums of trade values or volumes. To predict market-based volatilities of price, return, and
volatilities of macroeconomic variables, one should develop econometric methodologies,
collect data, and elaborate macroeconomic theories of the 2" order that model the mutual
dependence of the 1™ and 2™ order economic variables. The absence of macroeconomic
theories of the 2" order means no economic basis for predictions of market-based volatilities
of price and return, as well as volatilities of any macroeconomic variables. In turn, that limits
the accuracy of forecasting probabilities of price, return, and the accuracy of macroeconomic

variables in the best case by Gaussian distributions.
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1. Introduction

The predictions of price and return volatility have been under research for decades.
Price behavior was studied by Muth (1961), Fama (1965), Stigler and Kindahl (1970),
Friedman (1990), Cochrane (2001), Cochrane and Culp (2003), Nakamura and Steinsson
(2008), Borovicka and Hansen (2012), Weyl (2019), and many others. Price and return
volatility and price-volume correlation were studied by Tauchen and Pitts (1983), Mankiw,
Romer, and Shapiro (1991), Campbell, Grossman, and Wang (1993), Ito and Lin, (1993),
Brock and LeBaron (1995), Bernanke and Gertler (1999), Shiryaev (1999), Andersen et al.
(2001), Plerou et al. (2001), Poon and Granger (2003), Andersen et al. (2005), Ciner and
Sackley (2007), Miloudi, Bouattour, and Benkraiem (2016). These references are only a
small part of the countless studies.

Volatility describes the uncertainty of price, return, and the uncertainty of
macroeconomic variables. The contribution of our paper to the volatility puzzle is the
description of the dependence of the volatilities of price, return, and macroeconomic
investment, as an example of macroeconomic variables, on random properties of market
trade. We consider that all factors that can induce stochasticity of price and return are already
imprinted in the randomness of market trade values C(#;) and volumes U(t;), and the
randomness of price p(¢;) at time ¢; is described by the trade price equation:

C(t) = p(t)U(t) (1.1)
We assume that the time interval ¢ between market trades is rather small and constant. We
consider the time series of trade values C(t;) and volumes U(t;) (1.1) as random variables
during a particular time averaging interval 4. The different choice of 4 results in different
values of statistical moments of trade values and volumes. We consider (1.1) as the basis for
the definition of market-based statistical moments of price and return and derive the
dependence of market-based volatilities of price and return on volatilities and the correlation
of trade values and volumes during 4.

In Section 2, we consider statistical moments of market trade values and volumes. We
use the well-known volume weighted average price (VWAP) (Berkowitz et al., 1989; Duffie
and Dworczak, 2018) as a market-based average and derive the direct dependence of market-
based volatility of price on volatilities and the correlation of trade values and volumes. We
highlight that different definitions of price averaging result in different properties of price
statistical moments. In particular, we show that the use of VWAP results in zero price-

volume correlation. In Section 3, we consider market-based volatility of return. As a market-



based average return, we consider Markowitz’s definition of portfolio return given in his
famous paper (Markowitz, 1952). We discuss the similarities between the definitions of
portfolio return and VWAP and derive the market-based volatility of return that depends on
volatilities and the correlation between current and past trade values in a way similar to the
dependence of market-based volatility of price. In Section 4, we outline the randomness of
market trade as the root of the obstacles that impede accurate forecasts of the probability of
price and return. We highlight market trade randomness as the cause of lower limitations of
the accuracy of macroeconomic variables. As an example, we consider macroeconomic
investment and describe the dependence of its volatility and the coefficient of variation on
volatility and the coefficient of variation of market trade values. We show, that the
predictions of volatilities of price and return require the development of macroeconomic
theory that should describe macroeconomic variables composed of sums of squares of trade

values and volumes. Conclusion in Section 5.

2. Market-based volatility of price
We start with the choice (2.1) of the time averaging interval 4:
t-S< t;<t+s ; i=1..N @.1)
We assume that all prices p(t;) are adjusted to the current time 7. We consider the time series
of market trade values C(t;) and volumes U(t;) as random variables during 4 (2.1). We define
the n-th statistical moments of trade value C(t,n) and volume U(t;n):
C(t;n) = E[C™(t)]

NiCHE) 5 Un) =E[UM)]~<Z, U™E) (22)

N N
In (2.2), we denote mathematical expectation E/..] and use the symbol “~” to highlight that
relations (2.2) define estimates of statistical moments of random variables by a finite number
N of terms. We denote sums Cy(t;n) of the n-th degrees of trade values C'(f;) and sums
U,(t;n) of the n-th degrees of volumes U"(t;) during 4 (2.1) as (2.3):

Ca(t;n) = N-C(5n) = XL, C™(t) 5 Ua(t;n) =N-U(t;n) = XL, C™(E)  (2.3)

One can express VWAP p(t;1,1) (Berkowitz et al., 1989; Duffie and Dworczak, 2018) as:

. __1 N . N = Q1) _ c1)
P51 = Ua(t1) i=1P(L)U(6) = Up(t;1) — U1) (2.4)
To highlight the meaning of VWAP (2.4) we consider the n-the degrees of (1.1):
C"(t;) = p"(t)U™(¢;) (2.5)

The use of (2.5) for each degree n=1,2,. and the relations (2.2-2.4) permit define the m-th
statistical moments p(¢;m,n) of price in a form that is similar to (2.4):

Ca(t;n) c(t;n)
NopmEUME) ; ptnn) = A=

Up(tn) — U(tn)

(2.6)

1
p(t;mn) = Uaom)



One can present relations (2.6) in a different form:
Un(t;)

. N . —
Ua(t;n) ) i=1 W(t’ tu n) 1 (27)

p(t;mn) = TL p™(t) wit tzn) 5 w(ttszn) =

Functions w(t,t;;n) (2.7) have the meaning of weight functions but not price probabilities. To
derive the probability u(p,t,n) of price p one should sum all trade volumes that correspond to

market trades at price p. The probability u(p,t,n) of price p takes the form:

p@itn) = —— Toepp UML) 5 p(tmn) = ,p™ u(p;t,n)  (2.8)

Up(t;n)

The sum in (2.8) is taken over all values of market prices p during the interval 4. However,
the estimates (2.7) of weight functions w(t,t;;n) are sufficient to assess statistical moments of
price p(t;m,n) that correspond to equation (2.5) as the n-th degree of (1.1).
We consider VWAP p(t;1,1) (2.4) as market-based average price a(t, 1) and define:

a(t;1) = En[p(t)] = p(t:1,1) ; a(t;n) = Ex[p"(t)] (2.9)
We use E,/[..] to denote market-based mathematical expectation of price and market-based n-
th statistical moments a(t;n) (2.9) of price to distinguish from E/..] (2.2), which we note as
frequency-based mathematical expectation, and from price statistical moments p(t;m,n)
determined by weight functions w(t,t;;n) (2.7).

Equations (2.5) and relations (2.6) define the n-th statistical moment of price p(t;n,n)
in a form that is alike to the form of VWAP. In other words, the n-th statistical moment of
price p(t;n,n) is determined as the ratio of the total sum of n-th degrees of trade values C4(t;n)
during 4 to the total sum of n-th degrees of trade volumes Uy(t;n). That is the economic
essence of the average of the n-th degree of price during 4. However, each next n-th
statistical moment of price p(t;n,n) for n=1,2,3,.. is determined by different weight functions
w(t,tyn) (2.7), and hence can be non-consistent with the previous ones. To derive a self-
consistent set of market-based statistical moments of price starting with market-based
average price a(t;1) (2.9), one should reconcile each next price statistical moment p(t;n,n)
with the previous ones.

To derive the 2" market-based statistical moment a(t;2) (2.9) and market-based price
volatility 02( t) (2.10), one should prove that market-based volatility of price 02( t) (2.10) is non-

negative and a(t;Z)ZaZ( t1):
o2() = En |(p(t) —a(t:1)’] =a(t:2) — a2 1) 2 0 (2.10)

To satisfy the condition (2.10) on the 2" market-based statistical moment a(t;2) of price, we

determine price volatility o (t) (2.11) through the ond weight functions w(t,t;;2) (2.7):

o?(t) = 2L, (p(t) — a(t; 1))2w(t, t;2) =p(t;2,2) — 2p(t; 1,2)a(t; 1) + a?(t; 1) (2.11)



It is obvious, that (2.11) satisfies non-negative condition. From (2.10; 2.11) obtain

a(t;2) =p(2,2) + 2a(; Dla(t; 1) — p(51,2)] (2.12)
In App.A, we derive the dependence of volatility 02( t) (2.13) on volatilities (2.15) of trade
values Q¢ (t) and volumes Q) (t) and on their correlation (2.16):

Q4(D+a2 (105 (D) —2a(t;1)corr{C(OU)}

204) —
o°(t) = ) (2.13)
From (2.10; 2.13) obtain expression for a(t;2) (2.14):
C(t;2)+2a?(t;1)Q% (t)—2a(t; 1 corr{C()U(t)
a(t;2) = En[p?(t))] = SRR BT OnenEo) (2.14)
We define trade value volatility ch( t) and trade volume volatility QUZ( 1) (2.15):
QZ() = C(£2) = C*(t; 1) ; Qf() =U(2) —U(t; 1) (2.15)

The correlation corr{ C(t)U(t)} (2.16) between trade value and volume during A4:
corr{C(OUO} = E[(C(t;) — C(t; D)(U(t) — U5 D)] = E[Ct)UED] — C (& DU 1) (2.16)
The joint average E[C(t;)U(t;)] (2.17) of the product of trade value and volume takes the form:

E[Ct)U )] = $ B, Ct)U(E) (2.17)
The relations (2.13) highlight the dependence of the market-based volatility o°() of price on
the volatility of trade value QCZ( t), volatility of trade volume QUZ( t) (2.15) and correlation
corr{C(t)U(t)} (2.16) between trade value and volume during 4. The volatility 02( t) (2.13)
depends also on the 2" statistical moment of trade volume U(t;2) and on the market-based
average price a(t;1) (2.9), which is equal to VWAP p(t;1,1) (2.4). That completely describes
the dependence of market-based volatility o’(t) (2.13) of price during 4 on the statistical
properties of random market trade values and volumes.
The use of VWAP p(t;1,1) as market-based average price results in no price-volume
correlation. Indeed, from (1.1; 2.2) and the definition of VWAP p(t;1,1) (2.4), one obtains:
E[C(t)] = C(t;1) = E[p(t)U(t)] = p(t; 1, DU(L; 1)
Hence, the market-based price-volume correlation corr{p(t)U(t)} is always zero:
corr{p(OU ()} = E[p(t)U(t)] — p(t; 1L,1U(1) = 0 (2.18)
Actually, the price-volume correlations were studied in numerous papers (Karpoff, 1987;
Gallant, Rossi, and Tauchen, 1992; Miloudi, Bouattour, and Benkraiem, 2016). The authors
present evidence of positive or negative price-volume correlations. However, these papers
assess price-volume correlations using frequency-based estimates of price that are different
from the estimates made under a market-based approach. In particular, the estimates of
statistical moments 7(¢,;1n) of price p(t;) during the interval 4 are similar to the assessments of

statistical moments U(t;n) (2.2) of trade volumes:



PO~TZ o wtn) = ERpr(t)]~~ S ph () (2.19)
In (2.19) m(p) denotes number of trades at price p. It is obvious, that (2.6; 2.7) and market-
based statistical moments of price a(t;1) (2.9) and a(t;2) (2.14) differ from statistical
moments 7(¢;,1) and 7(z,2) (2.19). Statistical moments of price x(¢;n) (2.19) don’t take into
account the impact of random properties of market trade volumes. That is the main and most
important distinction between assessments of frequency-based and market-based statistical
moments of price. One can easily show that relations (2.6; 2.7), expressions for market-based
average a(t;1) (2.9), and price volatility 02( t) (2.13) coincide with frequency-based
definitions (2.19) if all trade volumes U(?;) are constant during the averaging interval 4. The
different approaches to the assessments of price statistical moments result in different
conclusions on price-volume correlation. We refer to Olkhov (2021a; 2022) for further details

and derivation of the 3" and 4™ market-based statistical moments of price.

3. Market-based volatility of return
The description of random properties of return, modeling, and predictions of volatility
of return are studied by many authors (Fama, 1965; Brock and LeBaron, 1995; Andersen et
al., 2001; 2005; Poon and Granger, 2003). These researchers consider the random properties
of return and the volatility of return using frequency-based considerations of return time
series. In simple words, the probability P(r) (3.1) of return r is assumed to be proportional to
the number of terms m(r) of return r, similar to (2.19), and frequency-based n-th statistical

moments of return p(z,n) take the form (3.1):
P~ p(tn) = ()]~ = X, r(6) 3.1)
However, in his famous paper on portfolio choice, Markowitz (1952) proposed a definition of
portfolio return r(t,7;1,1) (3.6) that has a form almost identical to the form of VWAP (2.4)
and differs from the frequency-based average return p(t;1) (3.1). We use Markowitz’s
definition as a definition of market-based average return and introduce market-based
volatility of return in a way similar to the description of market-based volatility of price. We

consider return r(t;,7) (3.2) as a ratio of price p(t;) at time ¢; to price p(t;-t) in the past at #;-7:

ti
r(t, ) = % (3.2)

We assume that ¢; for i=1/,..N belongs to the averaging interval 4 (2.1) and estimate the
average and volatility of return during the interval 4 (2.1) with respect to the constant time

shift 7. To do that, let us transform the trade price equation (1.1) as follows:

C(t) =pEU(ty) = % p(t; —DU(t;) = r(t;, 1) Co(t;, T) (3.3)



In (3.3), we denote the past value C,(t;,7) (3.4) of the current trade volume U(t;) at price p(t;-7)
at time at #;-7 in the past:

Co(tyyT) = p(t; —DU(L;) (3.4)
Equation (3.5) has a form similar to (1.1), and thus we can use the same considerations to
describe the market-based average and volatility of return (3.1).

C(t) =r(t, 1) Co(t;,7) (3.5)
Similar to (1.1), from equation (3.5), it follows that the statistical properties of the current
C(t;) and past C,(t,7) trade values completely determine the statistical properties of market
returns r(t;,t). For t;, i=1,...N, during the averaging interval 4 (2.1), one can consider returns
r(t,t) (3.2) as returns (3.5) on assets of the portfolio with current trade values C(t;) and past
values C,(t;,7). Let us define the n-th statistical moments C,(t,7;n) of past value C,(t;,7) and

total past trade value C, (t,7,n) during 4 (2.1) similar to (2.2; 2.3):
1
Co(t,tzn) =2, 3t D) 5 Coalt,zn) =N-Co(t,1in) = ZiL, €3 (¢, 7)) (3.6)

Then, Markowitz’s (1952) definition of portfolio return r(z,z;1,1) weighted by their past
values, takes the form (3.7; 3.8), similar to the form of VWAP (2.4; 2.7):

1) 1)

1
rt 511 = s N, 1) Co(ty, 1) = e = e (3.7)
rt, ;1,1 = XL r(t, Dz, 1 1) (3.8)

Relations (3.8) present the average return r(#,7,/,1) as returns weighted by their relative past
values z(1,t;,7;1) (3.9) during the averaging interval 4 (2.1):

Co(t;T) — Co(t;T)
Z?Ll Co(tyT) Con(t,T;n)

z(t, t;,7;1) = : Nzttt 1) =1 (3.9)

We take relations (3.7; 3.8) as the market-based average return A(%,7;1):
h(t,7;1) = E,[r(t;, )] =r(t,1;1,1) (3.10)
Similar to (2.9), we denote E,,/..] (3.10) market-based mathematical expectation of return to
distinguish it from frequency-based averaging (3.1). To define the market-based volatility of
return ¢’(1,7) (3.13; 3.16), we repeat the steps for derivation of the market-based volatility
az(t) (2.13) of price. We consider the n-th degree of (3.5):
C™(t) = r™(t;,7) CF (¢, T) (3.11)
Similar to (2.6; 2.7), we define the m-th statistical moments of return r(tz;m,n) (3.12)

averaged over weight functions z(t,t;,7;n) (3.13):

Catn) _ c(n)

N m(ys. n(i+. . . = =
i=1 r (tu T) CO (tll T) ) r(tl Tr nl n) COA(t,‘L’,‘n) Co(t,T;Tl)

r(t,T;m,n) = (3.12)

Coa(t,T;n)

Co(tyT)
CoA(t,T;n)

r(t,T;mn) = ?’zlrm(ti,r)z(t, t,n) ; z(tt,;n) = ; ?’zlz(t,ti,‘r;n) =1 (3.13)



The functions z(t,¢;,7,n) (3.13) have the meaning of weight functions but not probabilities of
return, similar to the functions w(t,¢;n) (2.7). For n=1,2,... weigh functions z(t,t;,7,n) (3.13)
define m-th statistical moments of return »(z,z;m,n) (3.12).

To define the market-based 2™ statistical moment A(#,7;2) and volatility ¢?(z,7) of return that
are approved with market-based average return A(t,7,1), we follow the derivation (2.10-2.17).
To reconcile the market-based 2™ statistical moment of return A, 7;2) that should be
determined by the weight functions z(z,t,7,2) (3.13) with the average return A(t,z;1) that is
determined by the weight functions z(1,#,7,1) (3.9), we define the market-based volatility

(pz (t,7) of return:
9*(t,7) = Ey |(r(tu 1) = At 1))2] =h(t,52) —h* (1) =20 (3.14)
To fulfill (3.14), we determine market-based volatility ¢°(#,7) of return (3.15) as:
03 (1) =X, (r(t;, 1) — h(t, T 1))2z(t, t;,7;2) = r(t,1;2,2) — 2r(t,7; 1,2)h(t, 7; 1) + h2(t,7; 1) (3.15)
For the 2™ statistical moment h(t,t,2) of return obtain:
h(t,t;2) =r(t,1;2,2) + 2h(t,7; D [h(t, ;1) — 7r(t, 7;1,2)] (3.16)
Similar to (2.13; 2.14) obtain:

2 2 2
(pz(t, ) = Qe®+h (tjr;DQCD(tg)(_tZT}.lg’T;DCOW{C(UCO(LT)} (317)
o\Lt,y

_ C(2)+2h?(t, 1108, (t,1)—2h(t, ;1) corr{C () C, (t,7)}
- Co(t,Ti2)

h(t,; 2) (3.18)

In (3.17; 3.18) we use (3.6) to denote volatility QCUZ(t,r) (3.19) of past values C,(t,7):
O2,(t,7) = C,(t,1;2) — C3(t,7;1) (3.19)
The correlation corr{C(t)C,(t,z)} (3.20) between current C(t) and past C,(t,7) trade values
during the averaging interval 4 (2.1) takes the form:
corr{C(t)C,(t, D} = E[(C(t) — C(t; 1)(Co (£, 7) — Co(t, 73 1))]
corr{C(t)C,(t,7)} = E[C(t;)C,(t;, T)] — C(t; 1)C,(t, ;1) (3.20)
The joint average E[C(t;)C,(t;,7)] (3.21) of the product of current C(z;) and past C,(t;,7) trade

values takes the form:

E[C(t:)Co(t1,7)] = =2, C(£)C, (¢, T) (3.21)
The relations (3.14-3.21) determine the dependence of the market-based 2" statistical
moment A(z,z;2) (3.18) and volatility ¢°(#7) (3.17) of return on volatilities of current Q¢(t)
(2.15) and past Q¢ (#,7) (3.19) trade values and on their mutual correlation corr{C(t)C,(t,7)}
(3.20). We refer to Olkhov (2023a) for further details.



4. Volatility as a Piece of Macro Financial Puzzle

The direct dependences of market-based volatilities of price and return on volatilities
and correlations of market trade (2.13-2.16; 3.17-3.20) during the averaging interval 4 (2.1)
uncover the origin of economic-based limitations of the accuracy of the forecasts of price and
return probabilities, as well as the limitations of the accuracy of predictions of probabilities of
economic and financial variables at horizon 7.

One can consider the uncertainty of the economic and market environment, the action
of numerous risks, the unpredictability of agents’ expectations, and many other factors as the
origin of market trade randomness. However, the action of all these factors results in a
random time series of market trade values and volumes during the averaging interval 4. To
simplify the complex description of direct and backward influences that impact market trade,
we consider random market trade time series as the main, initial origin of random economic
evolution and development and as the origin of price and return stochasticity. We consider
the random change of economic and financial variables as the result of random market trades,
transactions, and deals between agents.

We regard trade values, volumes, price, and return as random variables during the
averaging interval 4 (2.1). The predictions of random variables at horizon 7" mean the
predictions of their random properties at the same horizon. The properties of a random
variable can be described equally by a probability measure, a characteristic function, or a set
of statistical moments (Shiryaev, 1999; Shreve, 2004). A finite number of statistical moments
describe the approximations of the characteristic function and probability of a random
variable. The more statistical moments of a random variable that could be predicted, the
higher the accuracy of the predictions that could be obtained. In particular, the predictions of
the first two statistical moments describe the Gaussian approximation of the probability of a
random variable.

The dependences of the market-based volatilities of price (2.13) and return (3.17) on
the volatilities and correlation of market trade values and volumes uncover the origin of
economic-based limitations of the accuracy of forecasts of probabilities of price and return by
Gaussian distributions. Indeed, the uncertainty of predictions of market-based average price
a(t; 1) (2.9) or VWAP price p(t;1,1) (2.4) is described by the forecasts of price volatility 02( t)
(2.13). To assess the accuracy of predictions of the average price a(t;1) (2.9) at horizon 7,
one should forecast the price volatility 02( t) (2.13) at the same horizon. However, to do that,

one should forecast volatilities (2.15) and correlations (2.16) of trade values and volumes at



the same horizon 7. And that raises tough problems.

4.1. The limitations of the accuracy of macroeconomic variables

The limitations of the accuracy of macroeconomic variables are consequences of the
direct and hidden dependence of macroeconomic variables on random values and volumes of
market trade. The lack of direct initial data of market trade values and volumes that are made
by agents that are required for the direct assessment of the change of macroeconomic
variables during a particular time averaging interval requires the development and use of
econometric methodologies that estimate macroeconomic variables using available
econometric data. Different methodologies for the econometric assessments of economic
variables may vary a bit and give different interpretations. For certainty, we choose Fox et al.
(2019) as the perfect methodology for assessing macroeconomic variables and refer to it for
any details. The changes of additive economic and financial variables, such as investment and
credits, consumption and production, etc., are determined by sums of linear combinations of
the products of trade values or volumes and particular coefficients during the averaging
interval 4. Non-additive variables, such as prices, inflation, growth rates, etc., are determined
as ratios of additive macro variables. We highlight that almost all variables are determined as
sums of linear combinations of trade values or volumes with deterministic or random
coefficients, and we consider these linear combinations as a random variable during 4.

We outline the important statement: the accuracy of assessments and forecasts of
macroeconomic variables is determined by two different factors. The first factor defines the
lower bound of accuracy of the value of the macroeconomic variable that is determined by
the volatility of corresponding market trade values or volumes during 4. The second factor
determines the accuracy of the approximations of macroeconomic variables according to the
econometric methodology and the use of the available economic data. In this paper, we
consider the first factor.

For simplicity, as an example, we consider the assessment of the uncertainty of
macroeconomic investment during the interval 4. The economic sense of macroeconomic
investment is determined by the sum of investments made by all economic agents during 4.
In turn, investments made by a particular economic agent are determined by the sum of all
investment transactions made by that agent during 4. The absence of the initial investment
transactions made by all agents during 4 requires the use of econometric methodologies for
the assessment of macroeconomic investment. The use of indirect data that is different from

agents’ investment transactions adds excess uncertainty to the estimates of investment.

10



The uncertainty of macroeconomic investment is determined by the random nature
(2.2; 2.3; 2.15) of market trade values during 4. The interval 4 can be equal to a week,
month, quarter, or whatever. Let us define C(t;;j) investment transaction that is made by agent
J at time #; and assume that each agent j, j=1,..M, during 4 (2.1) made i=/,..N investment
transactions, so the total number of investment transactions equals N-M. We assume that the
investment transactions C(#;;j) don’t repeat or duplicate each other. With use of (2.3), one can
define macroeconomic investment /n(t; 1) during 4 as:
In(t;1) = Xj2, Xila C(t53)) = Ca(t; 1) (4.1
The macroeconomic investment In(t;1) (4.1) during 4 is determined by sum of random
variables C(t;j) and that defines the origin of its uncertainty. To explain and derive the
uncertainty of macroeconomic investment In(t;1) (4.1) made during the averaging interval 4
we define an “instantaneous” macroeconomic investment In(t;j) (4.2):
In(t;j) =N -M- C(t;)) 4.2)
The “instantaneous” investment In(t;j) (4.2) is determined by N-M random investment
transactions C(t;;j). From (2.2; 2.3), obtain that the average E[In(t;j)] (4.3) of the
“instantaneous” investment In(t;;j) (4.2) equals macro investment In(t;1) (4.1) during 4:
E[In(t; )] =N -M-E[C(t;z D] =N -M-C(t1) = (61 = In(t; 1) (4.3)
C D) =TI, T, Cts ) =N -M-C(t;1) 5 C(51) = =TI, T, Clts)) (44)
One can consider the random “instantaneous” investment In(t;j) (4.2) as the origin of
macroeconomic investment In(z;1) (4.1) during 4. Hence, one can consider the volatility

anz(t) (4.5; 4.7) of the “instantaneous” investment [In(t;j) (4.2) as the uncertainty of

macroeconomic investment In(t;1) (4.1) during 4. From (2.2; 2.15; 4.2; 4.3), obtain:

07,(8) = E[Un(t;)) — In(t; 1)?] = E[In*(t; )] = In*(; 1) (4.5)
E[In?(t; )] = (N - M)*E[C*(t;; )] = (N - M)*C(t; 2) (4.6)
07, (1) = (N - M)?[C(£; 2) = C*(t; D] = (N - M)? Q& (1) 4.7)

From (4.1; 4.3; 4.7), obtain that the square of the coefficient of variation Xlnz(t) (4.8) of
macroeconomic investment equals the coefficient of variation Xcz(t) of investment

transactions during 4:

0z, 0z
L = s = RO (48)

2 (1) —
Xin(t) = m2(t;1)  c3(t1)

We underline that the volatility anz( t) (4.5) and the coefficient of variation X]nz( t) (4.8) of the

“instantaneous” investment In(t;j) (4.2) depend on the sum of squares of investment

transactions In(t;2) (4.9) during 4.
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In(;2) = 1L, T, C2(ts ) = Ca(6:2) = N- M C(52) = —E[In?(t; /)] (4.9)
The 2" statistical moment of “instantaneous” investment equals:

E[In%(t;j)] = N - M In(t; 2) (4.10)
The average In(t;1) (4.1; 4.3) of the “instantaneous” investments In(t;j) (4.2) and its ond
statistical moment (4.10) define the Gaussian approximation of the probability of the
“instantaneous” macroeconomic investment In(t;j). The forecasts of In(t;1) (4.1; 4.3) and
N-M In(t;2) (4.9; 4.10) define the volatility anz( t) (4.5; 4.7) and the coefficient of variation
)(1n2(t) (4.8) of the “instantaneous” investment In(t;j) (4.2) at horizon T. Almost equal
assessments result from the predictions of C(t;1), C(t;2) (2.2), and volatility ch( t) (2.15) at
horizon T. These predictions define the lower bound of the accuracy of macroeconomic
investment at horizon T. On the other hand, they determine the forecasts of the Gaussian
approximation of the probability of the “instantaneous” investment In(t;,j) (4.2) at horizon 7.

All these forecasts are linked with predictions of the 1* and 2" statistical moments of
market trade values. Current macroeconomic theories describe relations between the 1* order
economic variables determined by sums of trade values and volumes. To forecast economic
variables that depend on squares of trade values and volumes, one should develop
macroeconomic theories of the 2" order that describe relations between the 1% and 2" order
variables composed of sums of the squares of trade values and volumes (Olkhov, 2021b;
2023b; 2023c).

We underline the main issue: the lower economic boundaries of the accuracy of
macroeconomic investment (4.5; 4.7) or other macro variables is determined by the
volatilities (2.15) or the coefficient of variation ){CZ( t) (4.8) of market trades.

The 2™ order “twins”, similar to In(t;2) (4.9; 4.10) should be calculated for other
additive macroeconomic variables of the 1% order. The 2" order variables compose the set of
macroeconomic variables that can’t be expressed or described through variables of the 1%
order. The set of 1* and 2™ order economic variables establishes the basis for the
development of macroeconomic theory of the 2" order. That problem at least doubles the
complexity of macroeconomic theory. In the case of success, macroeconomic theory of the
2" order will provide economic-based predictions of the volatilities (2.15; 3.19) and
correlations (2.16; 3.20) that are required for forecasting market-based volatilities of price
and return (2.13; 3.17). We highlight that volatilities define only the 2" statistical moments.
Hence, the long and complex route that should be taken with creating the methodologies for

the assessments of the 2™ order economic variables, and the development of the 2™ order
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macroeconomic theories will give us only economic-based predictions of the 2" statistical
moments of price, return, and other economic variables. That will help us to predict
probabilities of price and return only in Gaussian approximations. Till that, the current
predictions of Gaussian approximations have almost no economic foundation.

To forecast probabilities of price or return with accuracy beyond Gaussian
approximation, one should establish econometric methodologies, collect data, and develop
theories that describe economic variables of the 3™ and higher orders that are composed of 3"

and higher degrees of trade values or volumes. Those are good aims for the long future.

S. Conclusion

Actually, all economic and financial variables are subject to volatility. The
randomness of market trade values and volumes, the stochasticity of price and return, and the
randomness of macroeconomic variables make studies of volatility an essential and
mandatory part of theoretical economics. Obviously, investigations of volatilities of price and
return are the most “beneficial” subjects for investors, and predictions of random properties
of price and return will remain in demand for investors, economic modeling, and forecasting
for a long time. We present a market-based consideration of the volatilities of price and
return. Our approach results in strict limitations of the accuracy of predictions of price and
return probabilities, the limitations of the accuracy of macroeconomic variables, and
highlight the relations between random properties of market trade and macroeconomic
theory.

However, investors are free to make trading decisions that are based on their own
expectations and forecasts of random properties of price and return and have nothing in
common with the results described above. The collisions between market-based random
properties of price and return and unpredictable investors’ expectations that result in trade
decisions add immense complexity to studies that could develop macroeconomic theories of
the 2™ order and create an economic basis for predictions of volatilities and correlations of
trade values and volumes. These and many other obstacles for many years to come securely
limit the accuracy of forecasts of price and return probabilities in the best case by Gaussian

approximations.
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Appendix
Market-based volatility of price
Let us use (2.2; 2.3; 2.5) and present price statistical moments p(¢;m,n) (2.7) as follows:
p(Em UG ) =+ X p™(E)U™ () = + ZI, C™(E)U™ () = CU(Emn —m) (A1)
The joint average of m-th degree of trade value C"(;) and the (n-m)-th degree o trade volume
U"™(t;) (A.1) can be presented as:
CU(t;mn—m) =C(t;m)U(t;n —m) + corr{C™(t)U™"™(t)} (A.2)
From relations (A.1; A.2) we transform (2.11) as:
C(t;2) =p(t;2,2)U(t;2) ; p(t;1,2)U(t2) =C(t DU L) + corr{C(t)U(t)}
Using (2.6; 2.9) one can present price volatility (2.11) as:
a?(t) = p(t;2,2) — 2p(t; 1,2)a(t; 1) + a?(t; 1)
_C(t2)=2(C(6 VUG L) + corr{C(OU(D)}alt; 1)

TCH) +a?(t; 1)
o2(t) = C(t;2) —2C%(t; 1) ;é.az()t; Dcorr{C(t)U(t)} F a2 D)
o2(t) = Q%(t) — C%(t; 1) —UZ(?.(;;) Dcorr{C(t)U(t)} F a2

Volatility Qc(t) of trade value takes form (2.15). Then from (2.4; 2.9) obtain:
C?(t; 1) Ur(t; D] a®(t D)
U(t; 2) uit:2)| U2

a’(t;1) — =a%(t; 1) ll -

Hence, obtain expression for price volatility (2.13):

Q&) + a?(t; OG5 (1) — 2a(t; Deorr{C(OU(t)}
U(t; 2)

ol (t) =
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