MPRA

Munich Personal RePEc Archive

Measuring uncertainty, transfer entropy
and G-causality In Environmental
Economics

Halkos, George and Kitsos, Christos

University of Thessaly, University of West Attica

19 August 2024

Online at https://mpra.ub.uni-muenchen.de/121764/
MPRA Paper No. 121764, posted 19 Aug 2024 13:40 UTC


http://mpra.ub.uni-muenchen.de/
https://mpra.ub.uni-muenchen.de/121764/
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In Environmental Economics
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Abstract

Human activities have created environmental degradation with the internalization of
the resulting externalities having been the main concern for policy makers worldwide.
Uncertainty and unconvincing scientific evidence of various biophysical processes are
present in many planned environmental policies. An important source of model
uncertainty is accounted by entropy with the typical normal distribution being
inadequate in such analyses challenging for more sensible approximations. The
problems are, from one side the fat tails characteristic in this area and on the other
side what probability density function (pdf) to be chosen. The choice of the
appropriate probability model describing the phenomenon that is the pdf is a main
priority in any decision making planning. Here we pay attention on the entropy and
even more on the transfer entropy in Environmental Economics and the existing
underlying uncertainty based on the probability theory. We show that the y-order
Generalized Normal distribution covers both requests, due the "International constant"
(v/(y-1))**(y/(y-1)), leading to a number of pdf, and the Logarithm Sobolev
Inequalities (LSI), which provide a solid background.
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1. Introduction

Uncertainty and entropy are two terms first adopted in the development of
Thermodynamics with the pioneering work of Schrodinger (1946). Afterward it was
adopted in Physics, then in Mathematics and Statistics and now are applied in various
fields, covering Thermodynamics, with the pioneering work of Landau and Lifshitz
(1959) followed by Mandl (1988) among others. An uncertain situation means not
known beyond doubt, not having complete knowledge. So it is clear that uncertainty is
not the error, but it is somehow related with it. In principle, uncertainty is the lack of
certainty and as far as the Environmental Economics is concerned, Halkos and Kitsos
(2018a) tackled the problem investigating a number of possible causes of uncertainty
providing possible measurements of it.

At the early stages of developing such a theoretical approach were not all
satisfied. Typical example is Caratheodory’s (1909) axiomatic formulation of the
Second law of Thermodynamics, which is considered as one of the standard forms of
formulation of the law. However, it was oriented more as advanced Mathematics than
Physics. The formulation was strongly criticized by Max Planck. We avoid
considering such problems from other research fields, but still each problem needs its
own Mathematical foundation, especially Physics (Kitsos, 2015). That is there are
always those who do not wish to “enlarge” the existed believe, even when the new
framework is solid, close to the existent new developments.

Entropy describes the disorder of a system, the "change within a closed
system". It is based on the Greek prefix "en" implying within and the "trope" related
to the root, here meaning the "change". The "closed system" is a request from the
physical point of view of entropy. We understand entropy when the temperature of

everything in the room evens out. Entropy is central to the second law of



thermodynamics, known as Caratheodory's theorem (among others, Zachananoglou,
1973).

In principle and in mathematical terms, uncertainty links a real-valued
function of events in a probability space, which depends on the probability law of the
events under consideration. Moreover, events with probability one have zero
uncertainty, as we are “certain” that it will take place. Besides as the probability of the
event drops, the uncertainty of the event increases. It is then asked to resulting, for the
independent events, the uncertainty of the occurrence of two of them - the events
under study - to be such as the sum of their individual uncertainties. Looking for a
measurable function, reflecting these imposed important requirements, we can
conclude that the information of event E, I(E), linked with its probability, P(E), obeys
to

I(E) = — clog [P(E)] (D
with ¢>0 a given constant.

In this paper we try to apply these ideas, providing more emphasis on the
entropy and particularly to transfer entropy (TE), working on a family of distributions,
to be used in various environmental problems. We have already worked with y-order
generalized normal N, (4, 2) (Halkos and Kitsos, 2018b), introduced by Kitsos and
Tavoularis (2009), and it has been already adopted for an extension to TE under the
N, (u,2) (Hlavackova - Schlinder, 2011). We shall try to extend such a work to
Environmental Economics working with N, (u,2) and the extensions on Transfer
Entropy (TE).

The structure of the paper is as follows. In section 2 we formalize the existent
background, while in section 3 we discuss the appropriate points for N, (¢, 2). Section

4 is devoted to the extension that N,(u,X) can offer to entropy and uncertainty. In



section 5 we introduced the transfer entropy especially to Environmental Economics
(TEEE). The last section concludes the paper.
2. Background

Uncertainty and entropy, as well as the fundamental approaches in Quantum
Statistical Mechanics share a solid background from Physics with Statistics. In 1865,
Rudolf Clausius (1822-1888) introduced the term entropy, using Greek terminology
as the energy has still the same orientation as etymologists believe. Around 1875,
Ludwing Bollzmann (1844-1906) put entropy into the probabilistic framework and
developed the Statistical explanation of the Second Law of Thermodynamics. But the
fundamental push to probability was given by Shannon (1948), working on formation
theory (Coven and Thomas, 1991) as we will refer to it in section 3.

Environmental concerns have been considered as crucial and substantial part
of assessing energy conversion systems. The thermodynamic approach implies a
profound evaluation of the notion of sustainability as the second law of
Thermodynamics counteracts the ability of any open and developing system to
preserve itself sustainably without rewarding itself of an uninterrupted supply of low
entropy that is high specific exergy input. Exergy in the form of available energy is a
crucial notion in thermodynamics. If a society is considered as an open system, its
ability to develop in a sustainable manner is a function not only on how it uses the
conventional energy sources but also on the speed it exploits the renewable energy
sources (Sciubba, 2021).

In economic theory and not only, a number of uncertainty sources, such as
model choice uncertainty, data uncertainty, the right mathematical specifications
chosen might cause uncertainty as extensively discussed in Halkos and Kitsos (2018a,

b). The three different research areas: Risk Analysis, Uncertainty and Entropy are



supporting different lines of thought, through Statistics and are not identical. Having
different initial points, Risk Analysis have arisen from cancer and now is involved in
many areas, such as Environmental Risk; while the other two initiated by Physics,
improved by Statistics and we try to prove how important are in Environmental
Economics, adopting the Statistical evolution.

Heizerberg’s uncertainty principle, in the first introduction in 1927
(Heizerberg, 1927) as a part of the mathematical framework of quantum physics
stated that: It is not, in general, possible to predict the value of a quantity with
arbitrary certainty, even if all the initial conditions are well imposed and specified.
Under uncertainty the more precisely the position Ax of some particle is determined,
the less precisely its momentum Ap can be predicted and concluded that: Axy4dp =

h with h being the full planck constant. Later, Weyl (1928) proved that:

ox0p =2 - , h= — (2)
With h’ the reduced planck constant h.

There are cases where the information needs to be evaluated under the line of
thought as in (1). In such a case for a measurable partition, 1, of the space
information function, I(t), can be considered as:

1@ = (=) ) 1oglP(E)IX;

Eet

With X being the characteristic function and c is chosen to yield logarithm to base 2,
while the expected value of I(t) provides the entropy of the partition.

It was Shannon (1948) who thought to provide the information in units of bits.
Therefore, he adopted the base-2 measure of entropy, using the logarithm of base 2, in
such a way that for given random variable (rv) X, with probability density

function p(x) then for the discrete case the entropy of X, H(X), is:



HX) = =Y erp(x) logp(x) = E[—logp(x)] 3)
with E[.] denoting, as usually, the expected value.
Under the same line of thought the conditional entropy of the rv Y given the rv

X is defined as:
H(Y[X) =-X yer P (x) logp(y|x) 4
While the joined entropy can be, briefly, defined as:
H(X, Y) = H(Y|X) + H(X) (5)
When the comparison of two distributions is requested, the Kullback—Leibler
divergence, Dy, is adopted, provided that p(x) is the “true” distribution probability
and the g(x) probability is asked to be evaluated “how far” is from p(x) then:

D(p,q):= Dy, (p(x) I q(x)) =

= YxexP () log% =YxexP(x)logp(x) — ¥ exp(x) logq(x) =

= Yxex[—p(x) logp(x)] = Xrexp(x) logq(x) =

E[-log(q(x))]-E[-log(p(x))]=H(X)-Hy(X) (6)

The first line is the notation, the second line is the definition, the third line is a trivial
new presentation, which with the last line we can see that the definition is the
subtraction of the entropy of X due to “valid” p(x), Hp(X) from the entropy due to
“examined” q(x), Hq(X).

In continuous case, the summation is replaced by the integration and is usually
referred as “differential entropy”. Notice that the Kullback — Leibler divergence,
D = Dg; as in (6), with a number of notations, with the compact presentation
D = D(p, q), will he proved useful in the sequence, it is not symmetric. Actually, the
distance measure in Statistics is not exactly what we mean as “distance” in Linear

Algebra.



But the lack of symmetry does not create any problem in Environmental
Studies. We usually observe the source point of pollution, say at the origin 0(0,0,0),
and the pollution is moved to point P; (X1, Y;,Z;) in (Euclidean) distance OP; = L, .
We are working assuming continuous distribution functions (df) to approach the
pollution at every point of investigation. At point O the distribution function of the
initial pollution, we say that it isf,, while at point P; is f;, therefore the K-L
divergence is:

Do1 = Do1(fo, 1)
and can be evaluated. Following the same direction, a sequence of points
P(X;,Y:,Z;),i =1,2,..,n is selected.

Therefore, we can evaluate the K-L divergence between the selected points,

and each one from the origin i.e.

Doi = Doi(fo, fi) ,i=1,2,..,n—1

Dij =Dy(fifi) , j # i
We can say that the influence of the source of the pollution vanishes when

fi = fir1 (X)) = fira(x)

The two successive points P;(X;,Y;, Z;) and P;, 1 (Xi41, Yis+1, Zi+1) provide the same df
and thus the K-L divergence is zero, practically very small as:

Doi(fo, fi) = Doi+1(fi, fi+1)
Equivalently |Dyi — Dpisa| < € i=1,2,..,n-q 0. (7)

and |Dl-j — Dl-j+1| <é j=itle’ > 0.

The evaluation of the K-L distance at stage n is crucial, while we can have an
information data set of “how far”, in terms of Euclidean distance, we are from the

origin. It is clear that the distance from the origin, depends on the pollution



measurements the investigator collects. If we keep the measurements every d, say,
Euclidean distance, the total distance, from the origin, at the end is dr = (n-1) d.

It would be desirable to work with a specific “large family” of distributions to
keep the evaluation of distribution easier. We decided to work with the family of the
y-order Generalized Normal distributions, with shape parameter y

Gy = {Ny (1, 2),y e R-[0,1]} 8)
We introduce the definition and probability characteristics of this family in the next
section, while section 4 is devoted to the extension of uncertainty and entropy

measures it can obtained for the family G,.

3. v-ordered Generalized Normal N, (p, X)

The multivariate normal distribution (p variables) is well known, with a large
number of applications, in various fields of interest (Anderson, 2004) with
Econometrics being one (Halkos, 2019 among others). There are some attempts to
create a generalized form, by trial and error, working on the coefficients. The only one
emerged with an extra parameter, y, from a Logarithm Sobolev Inequality (LSI) by
Kitsos and Tavoularis (2009), provided an extra shape parameter, and a strong
theoretical background for its existence. These were a number of technicalities to
generalized the well-known N(u,Ic?), the p-variate normal with the vector u € RP
and covariance matrix € RP*P,

The y-ordered generalized normal with an extra shape parameter

R-[01] - y € R—-[01],

will be denoted by N, (i, X) and density function f, (x) equals to:

() = Cldet ()] 2exp {~ L2 (0G0 ©)

with x, u € RPand



Q) =(x—wWZ ' (x—w"’
With the transpose a’ € RP*1 | when a € R1*?

v I (5+1) (y—1>”y7_1 (10)
F(pL+ 1) 14
y—1

Cp:T[_

With y = 2 it is obvious that the y-order generalized normal is reduced to the usual p-

variable normal. Moreover N, (u,2) is a Kotz-type distribution in the sense that

— yv-1_ v
N, (4, %) = Kotz(1, ” ,2()/_1),/1,2),

with Kotz(.) being the appropriate type distribution, and its parameters.
Notice that the density function f,(x), as in (9), the y-order generalized
normal distribution emerged as an extreme function to Euclidean Logarithm Sobolev

Inequality (LSI), and it is not an artificial achievement. This is clear as the term

t3]

-1 o . .
Yo= YT and its inverse y;, moreover the term (y;)"* known as “international constant

it is very difficult to be “constructed”. Therefore there is a solid background for the
N, (u, 2) (Kitsos and Tavoularis, 2009). The family of distributions has been tackled
by Kitsos and Toulias (2011).

Estimation of the parameters, would be a problem, and the MLE, as was
considered by Fisher (1925), for the y-ordered generalized Normal, has been
considered f, (x), the y-order generalized normal distribution emerged as an extreme
function to Euclidean Logarithm Sobolev Inequality (LSI), and it is not an artificial
achievement.

The distribution function (9), with normalizing factor (10) forms the family of

Generalized Normal distributions as in (8). Therefore different values of y provide



different curves, mainly “fat tailed” distributions.' In particular as y approaches 1 and
infinity the N, (i, a21p) approach the uniform distribution with p=1 and the p-variate

uniform equals:

Gy <o a1

np/2gp "’

Ulx) =

Moreover as (y — o) the p-variate Laplace is obtained with:

Lo = 15

(o) erp () <o .

Furthermore, a number of well-known distributions are included in family (8)
of the y-order generalized Normal distributions, defined by (9) and (10), the Dirac
distribution being one of them (for details see Kitsos et al., 2012). For these two

important distributions in Environmental Economics studies the Kullback—Leibler

divergence, for given values of y can been evaluated. Indeed, the following holds.

Theorem 1: The K-L information between two uniforms with o7 > o, and two
Laplace as in (11) and (12) is:

DUy, U,) = plnj—; (13)

— 91 _ 5
D(LyLy) =p|nZ—1+2] (14)
In this section the Kullback—Leibler divergence, for the given introduced y-order
generalized Normal, for different values of y have been evaluated. Next step is the

introduction of the appropriate Entropy measures for the distribution function (9),

generator of the family of distributions as in (8).

! To work with “fat tailed” or “heavy tailed” distributions see Furioli, et.al. (2022), who although they
are adopting Logarithm Sobolev Inequalities (LSI) the distributions discussed are rather complicated to
be applied in practical problems, such as the Cauchy distribution.
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4. Entropy and uncertainty for N, (u, X)
The Shannon Entropy, H(.), of the random variable X~N, (1, 2), (Kitsos,

Tavoularis, 2009) is:

1

H,(X) =py7_1+log%@ as in (10) (15)
Depending on y every member of the family G, obtains the Entropy measure, which
in case of y=z coincide with the p-variate normal N (u, 2):

H,(X) = 5 log{(2me)?|det ()} (16)
With y=1, the Laplace case the entropy for the multivariate Laplace is:
plms

r(Z+1)

When p=1 for the uniform distribution U(u — o, u + o), for the normal, N(u, ) and

(17

H,(X) = p +log [det (2)]2

for the Laplace L(u, o) it can be evaluated respectively:
hy(X) =log2o
hy(X) = log(2nea)% (18)
h,(X) =1+log2o
Proposition 1: It holds
h$ < n? < hf? < p™ (19)
Proof:
Indeed with 6> 0 it holds
20 < 2o < 2meo
thus:h, (X) = log(20) < log(2meo) < %log(ZneJ) = hy
and: h,,(X) = log(20) <1 +1log(20) = h;
From (16) it is easy to be verified that the more the involving parameters p, the

larger the (differential) entropy is, i.e. there is an order of the entropy depending on

11



the number of the involving parameters. This implies that in Environmental
Economics problems we are working with the accurate number of parameters,
although this is another problem:
HY(X) < HP*' (%) < (20)

The following Theorem is due to Kitsos and Toulias (2010) information, and provides
the evaluation of the K-L divergence between generalized Normal, from the defined
family as in (8).

Theorem 2: Let two y-order generalized normal distributions Ny, (py, alp) and
N, (U3, 041p), with density functions fj, > respectively, from the family G,. Their K-L

information is:

Dy(f1 S2) = Cp%{g [10g(j—jz) L -5+ 13]} (21)

With the integrals I; ,i =1, 2, 3 defined as:
1
. y—171 v=1
b= ewl-a@ld,  with @) == x| =12
RP Yy Lo
and I, = f]RP exp[—q; (x)]q1 (x)dy

h= | erl-ale0d:

Notice that ||.|| represents the appropriate norm.It is clear that the entropy is a function
only of the standard deviation (the variance in principle).
5. Transfer entropy and G-causality

Uncertainty is related to entropy, which is associated with entropy type
Fisher’s information, describing different information measures. When we refer to
observed data and possible causalities between them, we refer to G-causality (G-C) in
honors of Granger (1969) pioneering work and his Nobel Prize Lecture Granger

(2003).
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There is obviously uncertainty to be measured: what is caused from a process
as the new result. Therefore we are looking for a “causality measure” and possible
bounds for it. Since the time of Heisenberg (1927) the bounds on the uncertainty are
investigated.

As such measure of uncertainty in G-C we chose the entropy type of
information so popular in Cryptography. It is necessary to give “more possibility” to
the tails, that is adopted the N, (, 102), introduced in section 3. The y-order normal,
N, (u, 1 d?) as above, offers fat tails and an accepted interpretation for the application,
as it is a normal distribution with an extra “shape parameter y”. This is why it was
adopted working on the equivalence of G-C and Transfer Entropy (TE), (Hlavackowa
—Schlinder, 2011).

In principle the transfer entropy of Y to X given W is defined due to the

“history” of the event (Hlavoskova—Schlinder, 2011; Hlavoskova—Schlinder et al.

(2016) as:
TE{Y > X|W}=HX|X W )-HX|X ®Y W) (22)
where the “-* is also referred to “the history” or to “past”. Recall the definition of

entropy H(.) and the conditional entropy, H(.|), see (4), as well as the definition
@ , Bamnet et al. (2009) proved that, in a compact presentation, the TE for the G-C
is reduced to GTE and holds:
GTE{Y » X | W} = In[6(X | X "®W™)] —In[0(X | X "®Y " ®W7)] (23)
With the nxn covariance matrix, and the nxm matrix of cross covariance defined as:
Gov[X;,Xj] = 0(X) € R™®
Gov[X;,Y;] = 0(X,¥) € R™™
Respectively, for the given jointly distributed multivariate vectors

X=Xy, X)) ERY . (Yy, .., Yy) €RT

13



X®Y = Xy, oo, X, Yq, oon, Yy) € ROF™)

Now, given O(X) the covariance matrix of random variable X € R™ and
O(X,Y)) € R™™ the cross covariance of the random vectors X and Y with m # n,
we define:

0XIY) =0X) -0, N6 ox, N’ (24)
under the assumption that the inverse of @(Y) exists in R™ ™, Notice that
O(X|Y)eR nxn as both parts at the right hand side of (24) as in nxn. It is easy to see,
with the formulation we offer, the similarity of (22) and (23).

According to Granger (2003) a consequence of this attempt is that the casual
variables can help to forecast the effect variable after other data has been first used.
Although this statement is too optimistic, still we have more information for the
“future stage” being at the “current stage”.

Therefore the extension to Transfer Entropy problem for the y-order Normal
distribution N, (1 ; 2') was necessary and Hlavackova—Schlinder et al. (2016) provided
a number of results for it. The important result, for our development is the provided in
the Appendix A Theorem, which evaluates, although in a complicated way the fact
that

TE,(W - U |V} (25)
exists and it is evaluated.

The crucial result from this Theorem, in Appendix A, is that it generates the
results for the classical Normal distribution, which are provided for the case of y = 2:
the transfer entropy with normally distributed and spherically contoured joint
distribution vanishes.

Proposition 2: In the case of the normal distribution N (,u, azlq) :

TE,{W > U |V}=0 (26)

14



Recall that the conditional mutual information I(U,W|V) vanishes, if and only is (iff),
the conditional random variables UV and W[V are independent. Therefore transfer
entropy can be expressed also by means of conditional mutual information
TE,{W - U | V}=1(U, W|V) (27)
This is a crucial result as the transfer entropy with normally distributed
variable with a spherically contoured joint distribution is zero. So we need more
general forms, generalized multivariate normal N, (u, a?),y #2 , elliptically
contoured normal applied in Theorem of Appendix A.
Proposition 3: The Transfer Entropy
TEy{W - U | V} with UDVOW ~LaplaceL?(u,0?,1,),

i.e. wheny - too,with q=1+m+n
exists and can be evaluated.
Proposition 4: Under certain conditions for given pdf p, q, namely p is the joint pdf.
of X and Y and p exists for stationary random processes Y and X, depending on the
estimated value of x, up to time t=i. given the “history” of x and y i.e. the pdf

P=p(Xest| X', y')) with p~N,, (uo, 0°I;)

and the pdf q is

q=q(y) = p(Xest'y) P(Xest' X)/p(x) with g~N,, (uo, 071,

Then: TE{Y > X}= Dx,(pllq) =71 {log (Z—:) - y7_1 [1 - (Z—;)y_}_/l]} (28)

For details in the case of gy # g, see Kitsos and Toulias (2010).
Following Jeffreys (1946) recipe for Symmetric Transfer Entropy (STE) we
can define it as: STE{Y » X} =1/2{Dg.(p | @) + Dk (q Il p)}

Due to this essential point the (28) can be reduce to a symmetric one as:

STE{Y - X} = r/2 {[2 - (Z—z)# - (Z—;)v_z]} (29)

15



This is an easy relation to be calculated, to obtain symmetric transfer entropy in cases
were symmetry is essential in Environmental Economics.
From the above mentioned useful theoretical results the following points must
be considered with a special attention:
i. Keeping v stable, then
Dy, < Dpit.m=1,2,3... (30)
Due to (30) the Laplace distribution, provides the lower bound, when the shape
parameter tends to infinity
ii. For given =m+n+1, y; = o and for y; < y, then:
Diry1 > DiLy, (1)
iii. Notice that the value of the shape parameter participates with a special
weight to the analysis we would like to proceed. For value y=2 it vanishes!
Therefore the classical Normal distribution is inadequate for such
applications. A rough explanation can be justified as “there is any disorder
between Normals”, that is we need a more realistic approach — the fat
tailed family of distributions as the family (8) with members as in (9).
iv. The exact calculations through given states of the process is difficult. To
obtain TE{X — Y} is simple through the existent results, especially (28), a
quite easy to be calculated way of the involved transfer entropy.
6. Discussion
This paper is based on our believes that quantified methods and optimization
procedures need the Mathematical background, and a common understanding and link
with the area of interest. Our main concern here is in Environmental Economics in
which there is no doubt that an underlying uncertainty exists based on the probability

theory.
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An essential source of model uncertainty measured by entropy comes into
view from the imposed assumptions and the assumed distributions to be considered.
We are referring to entropy as it is strongly related to a system’s disorder and
uncertainty and is related to variance. As it is applied to a lot of engineering problems
we believe that this idea can be adapted in Economics in addition to a measure of
existing uncertainty.2

It is clear that the entropy depends only on the variance-covariance matrix X or
o in case p=1. In practice this means that the uncertainty is irrelevant to mean value p
(of the pollution centre to an industry, say) but depends on the standard deviation (the
experimental error), that is how much is expanding from the centre. The Uniform
distribution can be adopted if it is assumed that pollution levels are (almost) the same
around the area [a, b], while the Laplace when it is assumed a “sharp explosion”
around the center and much lower far from it. Estimates of (9) can be obtained in
practical situations. Figure 1 is a graphical representation of the relationship between
Uniform, Normal and Laplace in the univariate case.

In simple words, this implies that the choice of the appropriate probability
model describing the phenomenon that is the probability density function (pdf) is a
main priority in any decision making planning. The typical normal distribution is
inadequate in such cases demanding more realistic approximations with the fat tailed

family of distributions as presented here to facilitate in these directions.

2 The researcher, in principle, may not be a Mathematician, so no need to know the existing
development, but the solid results and the computational applications (Kitsos and Nyamsi, 2024).
Exploring the economy—environment relationship in the case of air pollution (Halkos, 2013) but also
the effects of government expenditure on the environment (Halkos & Paizanos, 2017), coping with
energy poverty (Halkos and Gkampoura, 2021) and exergy (Sciubba, 2021) will be helped among
others by the proposed analysis.

17



Figure 1: Relationship between Uniform, Normal and Laplace graphically
S.(x0,1)

0,1

That is to say, a problem associated with the normal distribution is the “fat
tails” and there are situations where the assumed normal distribution in tails “contains
more probability” than the usual 0.05. This is spot on in a number of economic
applications and surely in various environmental problems where pollution has an
effect on the “tails” more than 0.05. This implies a urgent need to acquire a
distribution with “fat tails” and consequently we are looking for a class of
distributions, were normal (the “ideal situation’”) might be a member of this class
requiring a generalization of normal. In these lines, the y-order Generalized Normal
Distribution (y-GND) emerged from a completely mathematical problem with
Logarithm Sobolev Inequality (LSI) providing a solid background for it.

Our target it is not to clarify a number of fundamental ideas in other fields, but
to improve their understanding, and applicability in Environmental Economics, were a
very useful tool is in hands: the y-ordrer Generalized Normal distribution. To the three
main pillars, uncertainly - G-causality - Transfer Entropy, we add Environmental
Economics, to obtain new results, to create new theoretical developments, being

helpful to the researcher to understand the investigating phenomenon much better.
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This will assist in the construction of adequate confidence intervals that will smooth
the progress of the planning of effective environmental policies.’
Conclusions

In this paper we emphasize on the entropy and more specifically on transfer
entropy. We have already shown that assuming the y-order generalized normal may
help extending to transfer entropy. One problem is the fat tails characteristic, in this
area, and another problem is what pdf to be chosen. So the family of distributions, the
v- order Generalized Normal distribution covers both requests, due the "International
constant" (y/(y-1))**(y/(y-1)), which leads to a number of pdf, and the Logarithm
Sobolev Inequalities (LSI), which provide a solid background.

Therefore uncertainty was extensively discussed through its origins, for the
Environmental Economics problem. Moreover G-causality is essential to Economic
problems and related to Transfer Entropy definition, highly related with the
Information Theory. That is why we tried to clarify and simplify the Physical ideas: to
be adopted in Environmental Economics, as are not that complicated any more, and
the appropriate packages can offer easy calculations. At the same time, the concepts

are essential to the field of our concern: in Environmental Economics.

? For instance in the case of transfrontier pollution and assuming linearity, the total annual depositions
(AD;) of air pollution (like sulphur) in country i, will be given as (Halkos, 1993, 1994, 1996):
ADi:Zjdij(l-(lj)Ej+Bi VI,J i,jzl,...,N

Where o; is the abatement efficiency coefficient in country i, d; is the transfer coefficient from country j
to i, indicating what proportions of emissions from any source country is ultimately deposited in any
receiving country, B; is the level of the so-called background deposition attributable to natural sources
(such as volcanoes, forest fires, biological decay, etc) in receptor-country i, or to pollution remaining too
long in the atmosphere to be tracked by the model, i.e. is probably attributable not only to natural sources
but also to emissions whose origin cannot be determined.
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APPENDIX A
Transfer Entropy evaluation for the y-order Generalized Normal distribution

Theorem. The transfer entropy for UGVOW ~ N, (u, azlq)is:

TE, (W - U |V} = logA - B(q,y)$1(q,¥)S2(9)

With
réréHrEre

A =A Iman = - ‘Zm. Y1m 11;1111 and =L
(@.m,ny) rEHrEHrGEHrE =5

q

_ _ G

B = B(q, ]/) - q+y1
q
22T (Z) Y, "

2 (), <&k M 2(k—D)+q
Si@n =) > () o rE=

with the usual notation valid (r); =r(r—1)..(r —s+1) and[!f')‘ be a set of
indices such that
q

152 =3in(iy, iy, .., ig) € NZ,Z i=k—10i €(k,A) ortys,+ -+t
j=1

€ (k, /1)}

And P;(m,n) well defined polynomials depending on m,n € N* being or not being
both odd or even number, see Hlavackova — Schlinder et al. (2016) for details. The
Py (m, n) are well defined polynomials depending on m, n eEN’ being or not being
both odd or even numbers, see Hlavackova — Schlinder er al. (2016), and their
Theorem 6.2 for details.
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