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state space case*
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Abstract

A unified theory of periodically homogeneous Markov chains on countable state
spaces with periodically time-varying transition probabilities is introduced. The finite-
dimensional probability distributions of these time-periodic chains are first studied
and their correspondence with the marginal distributions and transition probabilities
is shown. Then, the concepts of periodic stability /regularity and limiting behaviors
are proposed. The communicability and classification of states necessary for estab-
lishing periodic stability are then examined. In particular, periodic irreducibility and
the main solidarity/class properties are presented, namely periodic recurrence, peri-
odic positive recurrence, periodic transience, and periodic aperiodicity. Furthermore,
sufficient conditions for periodic stochastic stability of time-periodic Markov chains are
derived. Finally, various applications to some operations research models and time se-
ries analysis are considered. In particular, periodic Markov decision processes, periodic
integer-valued time series models, and periodic Markov-switching time series models
are examined.

Keywords Time-periodic Markov chains, Harris periodic ergodicity, periodic irre-

ducibility, periodic recurrence, periodic stability, periodic invariant distributions, pe-
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riodic integer-valued time series models, Markov-switching periodic models, periodic

Markov decision process.

1 Introduction

Most theories, models, methods, and applications concerning Markov chains are dedicated
to the homogeneous case in which the transition probabilities are time-invariant. However,
many random phenomena evolve in a non-homogeneous Markov way with rather time-varying
transition probabilities. Notable examples can be found in applied probability (Seneta, 1980;
Gray, 2001), time series analysis (Bittanti and Colaneri, 2009; Hurd and Miamee, 2007), and
operations research (e.g. White, 1993).

A particularly important case of non-homogeneity appears when the Markov chain has
periodic time-varying transition probabilities. We call this type of chains periodically homo-
geneous or time-periodic as opposed to the term "state-periodic" known for homogeneous
Markov chains. Time-periodic Markov chains are the basis of many periodic statistical mod-
els (Franses, 1996; Ghysels and Osborn, 2001; Franses and Paap, 2004; Hipel and McLeod,
2005), namely Markov-switching periodic autoregressive models (Ghysels et al, 1998; Ghy-
sels, 2000; Bac et al, 2001), periodic Markov decision processes (Carton, 1963; Riis, 1965;
Veugen et al, 1983; Jacobson et al, 2003), and periodic integer-valued time series models
(e.g. Monteiro et al, 2010; Aknouche et al, 2018) to name a few. Although a periodically
homogeneous Markov chain is a special case of inhomogeneous Markov chains whose theory
is well established (Seneta, 1980), it seems that a specific theory for the time-varying periodic
case is needed. In fact, while there are many scattered results indirectly addressing some
aspects of time-periodic Markov chains (e.g. Riis, 1965; Veugen et al, 1983; Jacobson et al,
2003; Bittanti and Colaneri, 2009), a general proper theory for time-periodic Markov chains
which parallel that of homogeneous Markov chains seem to be missing.

The aim of this work is to implement a specific theory for finite/countable state-space

Markov chains whose transition probabilities are time-periodic with period S > 1. The case



S = 1, degenerates into homogeneous Markov chains. Many elements of this theory for
time-periodic chains are similar to those existing of homogeneous Markov chains, but some
aspects that do not appear in the homogeneous case are worth showing. In particular, any
time-periodic chain can be partitioned into S interdependent homogenous sub-chains each
of which is relative to a channel (or season) representing the rest of division of any time by
the period S. Thus, the well-known theory of homogeneous Markov chains can non-trivially
be translated through these S homogeneous sub-chains to time-periodic Markov chains.
The rest of this paper is described as follows. Section 2 explores the finite-dimensional
distributions of a periodically homogeneous Markov chain. The connection of these distri-
butions with the transition probabilities, the marginal distributions, and a periodic version
of Chapman-Kolmogorov identities are obtained. Section 3 introduces the main stability
concepts for time-periodic Markov chains. In Section 4, periodic irreducibility and the main
solidarity properties, namely periodic recurrence, periodic positive recurrence, periodic null
recurrence, periodic transience, and periodic aperiodicity, are studied. Section 5 establishes
the main periodic stability theorems. Finally, Section 6 provides some applications of the
proposed theory to some famous probability models from operations research and time series
analysis, namely periodic Markov decision processes, periodic integer-valued time series mod-
els, and periodic Markov regime-witching ARMA (autoregressive moving average), GARCH
(generalized autoregressive conditional heteroskedastic), and positive conditional mean mod-

els.

2 Distributions of time-periodic Markov chains: tran-
sition probabilities and marginal distributions

Denote by N = {0,1,...} and N* = {1,2, ...} the sets of nonnegative integers and positive
integers, respectively.

Definition 2.1 A stochastic process (X;,t € N) defined on a probability space (2, F, P)
and valued in a finite/countable state-space E = {1,..., K} (K can be infinite) is called a



periodically homogeneous (or time-periodic) Markov chain of period S € N* if:
i) (Xi,t € N) is a Markov chain, i.e. for everyt € N and every i,j,i; € E (0 <j <t—1)

P(Xip =j| Xy =4, X401 = i1, ..., Xo = 1) = P(Xyq1 = j| Xy = 4) := Py (1) (2.1)

it) The so-called transition probability, P;; (t), is periodic over t with period S, i.e. for
all t e N
Py (t) =Py (t+59), (2.2)

where S is the smallest positive integer satisfying (2.2).
To highlight the S-periodic homogeneity of the transition probabilities P;; (¢), it is pos-
sible to write any integer ¢t € N according to its Euclidean division on S (¢ = nS + v, with

n € Nand 0 <v <S5 —1) and by the S-periodicity of P,; (t),

Py(v) = P(Xpo1 =X, = i) (2.3)

= P(an+v+1:j|XnS+U:i), nGN, OSUSS—l

Thus, P;; (v) represents the probability of transition from a state ¢ at a time multiple of
S modulo v, to a state j at the next time. It is therefore a one-step transition probability
starting from a time whose division remainder on S is equal to v. In other words, P;; (v)
is the (one-step) transition probability from i to j along the channel v, where by channel v
(0 <wv < S8 —1),it is meant the set of numbers {v, S + v,2S5 4+ v,35 + v, ...} whose rest of
division on S is equal to v. For S = 1, the chain given by (2.1)-(2.2) is simply homogeneous
where v is omitted in P,; (v), so that P;; (v) = P,; for each v.

It is also possible to represent these (one-step) transition probabilities matrixly via S

matrices P (v) = (P (v));; (0 <v < S —1) with

(P (v))ij = P (v).

These matrices are stochastic in the sense that their elements are nonnegative and sum
to unity over each row. It happens that the state space £ = |J E; is such that E; varies

teN
periodically over time. Thus, we can consider two cases of non-homogeneity:
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- Non-homogeneity with regard to probabilities: The state space E = E; (for all t € N) is
time-invariant and only the transition probabilities which vary periodically in time.

- Non-homogeneity with regard to the state-space: Not only the transition probabilities
are periodically time-varying but the state-space E; is S-periodic in ¢, meaning that E; =
E; g for all nonnegative integer ¢. So, in this case, the chain has a system of S state

spaces (F,)o<,<g_; each of which is relative to a channel v and whose union is denoted by
5-1
E = U E,. This can lead to rectangular (non-square) one-step transition matrices. The

followiflg example shows this situation.

Example 2.1 i) Assume the evolution of the states of volatility (high (H), calm (C)) of a
certain financial asset each half-day can be represented through a periodically homogeneous
Markov chain with period S = 2. The data is twice daily and the observation of the volatility
started on the morning of a certain day the channel of which is v = 0. The transition matrices

are assumed to be

H C H C
H (06 04 H (08 02

P(0) = P(1) =
c \ 03 07 ¢ \ 01 09

For instance, the transition probability from state C' to state H, starting in the morning is
0.3 = Pc .y (0) whereas the transition probability for the same states from the afternoon is
0.1 = Pep(1).

ii) After many years, a weather service has judged that the weather next season only
depends on the current season. The possible states from one season to another vary depen-
dently on the current season. In Winter, the possible states are: Cold (F') and Very Cold
(TF) so Ey = {F,TF}. In Spring, the possible states are: Cold (F'), Medium (M) and Hot
(C) with Fy = {F,M,C}. In Summer, the states are: Hot (C') and Very Hot (T'C'), and
therefore £y = {C,TC}, while in Autumn, the possible states are the same as in spring,
E, ={F,M,C}. The data are quarterly and the period S is equal to 4. It is assumed that

the observation of the phenomenon began from a certain Winter for which the channel takes



the value v = 0. The transition probabilities were established for each season.

C 1C
F M C

F 0.8 0.2
F 05 03 0.2

P(0) = P(1)= M | 05 05
TF 0.7 0.25 0.05

C 0.3 0.7

F TF
F M C

F 0.2 0.8
C 0.5 0.3 0.2

P(2) = P@3)= M | 04 06
TC 04 03 0.3

C 0.6 0.4

!

Example i) is a case of a non-homogeneity with respect to the transition probabilities.
For each channel, the states are the same. Example ii) shows, however, that the state-space
itself can vary. This is the case of non-homogeneity with respect to the state-space.

As for the homogeneous case, the so-called weak Markov property (2.1) easily extends as

follows

P<Xt+1 — jt+17 Xt+2 - jt+27 ”-7Xt+m - jt+m|Xt - it7 Xt—l - it—lu "'7X0 - ZO) -

P(Xt+1 = Jt+1, Xt+2 = Jt+2) e Xt+m = jt+m‘Xt = it)
for each #;, j; € E. More generally,

P<Xt+1 - jt+1;Xt+2 - jt+27 ey |Xt = Z-tthfl = Z't—ly ---7X0 = Z'0) =
P(Xt+1 = jt+17Xt+2 = jt+2a ~-|Xt = it>a

roughly meaning that "the future is conditionally independent of the past knowing the present".

2.1 Finite-dimensional distributions

By the Markov property, the probability structure of the chain (X;,¢ € N) which is repre-

sented by the finite-dimensional distributions
{-Pthtg ..... tn (il,iQ,...,in), nEN*,t] EN,ZJ EE, ]. S] Sn},
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where Py, 4, 4, (11,02, ...,0,) = P(Xy, =11, Xy, = l9,...,Xt, =1,), can be expressed in a
much simpler way.

Proposition 2.1 The finite-dimensional distributions
{Pt17t2 77777 tn (il,ig, ,Zn) , n € N*, tj € N, le € E, 1 S j S n},

are entirely determined by:

i) The initial marginal distribution m; (0) = P (X, = j), and

i) the S one-step transition probability matrices P (v), (0 <v < S —1).

Proof First, it is clear that the finite-dimensional distributions

{-Ptl,tg ..... tn (Zl,lQ,,Zn), nEN*,t] GN,ZJ EE,l S] Sn}
are entirely determined by the probabilities
{PU,l .... n(io,il,...,in), neN*,ZJGE,OSJSH}

and vice versa. Second,

Poa,...n (10,01, v in) = P (Xo = i0, X1 =11, ..., Xpy = i)

=P (XO = ZO) P (Xl = Z‘1’)(0 - ZO) - P (Xn = Z‘n’)(nfl = Z‘nfl)
= T (O) Pioi1 (0) Piliz (1) e Pin—1in (TL - 1) ’

establishing the result. [J

2.2 n-step transition probabilities

Similarly to the homogeneous case, it is also possible to define the n-step transition proba-

bility, Pi(f) (v), from a state i (at a time v modulo S) to a state j after n steps:
P (v) = P(Xywn = j|X, =)

Py () = Py(v)

1 ifi=y

0 otherwise.



By induction on n € N; it is easily seen that this transition probability, being a function

of v, is periodic with period S, i.e.

(kS +v) = P (v), for all k € N.

2.3 Non-homogeneous Chapman-Kolmogorov equations

The Chapman-Kolmogorov equations, known for homogeneous Markov chains, can be easily
adapted to the non-homogeneous case and, in particular, to the periodically homogeneous
case.

Proposition 2.2 (Non-homogeneous Chapman-Kolmogorov equations)

For every i,j € E,n,m €N, and v € {0,...,5 — 1},

Py (0) = OB () B (0t n) (2.4a)
keE

= Y P )P (v+m). (2.4b)
keE

Proof Just write

P'('n—i-m) (U) = P (Xv+n+m = ]|Xv = Z)

ij
- ZP (Xosntm = J, Xogn = k| X, = 1)
keE

= Y P (Xosnim = J, Xogm = k| X, =4).

keE

O

Remark 2.1 i) An important case in which the periodicity can be exploited appears when n
or m are multiples of S. Equations (2.4) are simplified as follows
nS+m nS m
PYS (o) = 3 P (0 +m) P (0).
keE
it) Form =1 andn =1,

ZPZk Pk] ?J—f—l)

keE



In matrix form, this writes as follows
PO () =P@)P(v+1).
Likewise
PO W)=Pw)Pw+1)Pv+2),

and so on, for arbitrary m,
P™ () =P@)P(v+1)---Pw+m—1).

iii) When m is a multiple of S (say m = nS), the S-periodicity of the transition matrices
yields
P"S) (v =(P(w)P(w+1)---Pv+S—1)"

and more generally, forl € {1,...,S — 1},

PUSH () = (P(w)P(v+1)---Po+S—1)"Pw)Pw+1)---Plo+1—-1). (2.5)

S—1
iv) The matriz P, = HP(U+ k) plays an important role in the theory of periodically

homogeneous Markov chains and can be considered as the analog of the transition matriz for
homogeneous Markov chains. It is often called the "monodromy"” matriz and its elements

are the S-step transition probabilities starting from times that are multiples of S modulo v.

Example 2.1 (Continued) i) The monodromy matrices are

0.6 0.4 0.8 0.2 0.52 0.48
P(0) = -

0.3 0.7 0.1 0.9 0.31 0.69

0.8 0.2 0.6 0.4 0.54 0.46

0.1 0.9 0.3 0.7 0.33 0.67



ii) The corresponding monodromy matrices are

0.8 0.2
05 03 02
P(0) = 0.5 0.5
0.7 0.25 0.05
0.3 0.7
0.3556 0.644 4
0.352  0.648
0.8 0.2
05 0.3 0.2
P(1) = 0.5 0.5
0.4 0.3 0.3
0.3 0.7
0.6304 0.2674 0.1022
= 0.628 0.268 0.104 |,
0.6264 0.2684 0.1052
0.2 0.8
0.5 0.3 0.2
P(2) = 0.4 0.6
0.4 0.3 0.3
0.6 04
0.6694 0.3306
0.6658 0.3342
0.2 0.8
05 03 02
P3) = 0.4 0.6
0.7 0.25 0.05
0.6 04

0.4682 0.3 0.2318
= 0.4664 0.3 0.233 6
0.4646 0.3 0.2354

10

0.2 0.8
0.5 0.3 0.2
04 0.6
04 03 0.3
0.6 04
0.2 08
05 03 0.2
04 0.6
0.7 0.25 0.05
0.6 0.4
0.8 0.2
05 03 0.2
0.5 0.5
0.7 0.25 0.05
0.3 0.7
0.8 0.2
0.5 0.3 0.2
0.5 0.5
04 0.3 0.3
0.3 0.7



2.4 Marginal distributions

We saw above that the initial distribution 7; (0) = P (X, = j) and the transition probabil-
ities P;; (v) characterize all finite-dimensional distributions of the time-periodic chain and,

in particular, all marginal distributions
m(nS+wv) = (m (nS+v),m2(nS+v),..txk (RS +v)), 0<v<S—-1,neN,

where

ﬂ—j(ns—i—v):P(XnS-i—’U:j)? 1<j<K.

These marginal probabilities can be written in terms of the transition probabilities as follows

7 (nS+v) = > P(Xngpo =4, Xy = k)

keE

= Y mw) PP (v). (2.6)

keE

In matrix form, (2.6) reduces to
7 (nS +v) =« (v) P (v), 0<v<S—1,
and using (2.4), this leads to
7(nS+v)=7@)(Pw)", 0<v<S—-1 (2.7)

From (2.7), the proof of the following result is obvious.

Proposition 2.3 The marginal distributions (7 (t)),cy are entirely determined by the S
initial distributions (7 (v))<,<g_1 and the monodromy matrices (P (v))o<,<g_1-

It is worth noting that the S initial distributions (7 (v))y<,<g_, are themselves entirely
determined by the initial distribution 7 (0) and the transition matrices (P (v))y<,<g_;, hence

Proposition 2.1.

Remark 2.2 For ranks not necessarily having the same division remainder by S, (2.7) ex-

tends to

7 (nS +v) = m (r) P (), 0<wv,r<S-—1.
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In particular,

or also

mi(w) =Y Y wig(0)Pigiy (0) Py (1) -+ Piy Ly j(v = 1), j € E. (2.8)

i0ER ty—1€EE
2.5 Connection with homogeneous Markov chains

2.5.1 Dimensionality augmentation approach (connection with S-variate homo-

geneous Markov chains)

It is well known that any dynamical system with S-periodic coefficients (which can be a
differential or difference equation with periodic coefficients, a periodically stationary process,
etc.) can be cast in a S-variate system with constant (matrix) coefficients by means of an
appropriate transformation (S-variate time-invariant differential or difference equations, S-
variate stationary processes, etc.). This transformation most often consists of stacking the
members of the initial time-periodic process into successive vectors each of which is associated
with a quotient of the integer division by S. This dimensionality augmentation technique has
been known since Gladyshev (1961) who studied a periodically correlated process through a
multivariate covariance stationary process whose covariance structure is a function of that of
the original time-periodic process (see also Meyer and Burris, 1975; Pagano, 1978; Aknouche,
2007-2015). A similar but quite different approach is that proposed by Veugen et al (1983)
for periodic Markov decision processes. Although in what follows, we link a S-periodically
homogeneous Markov chain and its corresponding homogeneous S-variate chain, we prefer,
like Floquet (1883), to develop a theory specific to periodically homogeneous Markov chains
rather than going through S-variate homogeneous Markov chains. The reasons are:

i) The probability transition matrix of the augmented homogeneous chain has a more
complex structure as will be seen below.

ii) The results obtained for the dimensionality-augmented homogeneous matrix are not

easily interpretable for the original periodically homogeneous Markov chain.
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iii) In the case of countably infinite state spaces, the manipulation of infinite matrices is
formidable.

iv) The complexity is even more pronounced in the case of augmented homogeneous
transition kernels corresponding to uncountable state-space Markov chains.

Assuming that (X,,,n € N) is periodically homogeneous with a finite state-space E, define

on (£, F, P) the augmented process (X,,,n € N) valued in E° as follows
X, = (Xnst5-1, Xns+5-2; - Xnss1, Xns) - (2.9)

Proposition 2.4 The process (X,,,n € N) defined by (2.9) is a homogeneous Markov
chain with a multivariate initial distribution m, and a transition probability P = (Bi j) ;
7=/ i,jEE

both given in terms of (P (v))y<,<g_1, Where

Ty (l) = (7Tj1 (0) ) Tja (1) 3o g (S - 1)), (2'10a)

P, = Pygj (S - 1) P j (0) Piyjs (1> o Pis_ajss (S - 3) Pjs_1js (S - 2) ) (2‘10b)

L]
i = (i, iz, wryis)'s and j = (j1, ja, -y js) € E.
Proof By the Markov property of the chain (X,,,n € N), it can be seen that (X,,n € N)

is also a Markov chain on E°, whose transition matrix is given by

L5
= P (X(nt1)s+5-1 = J$» s X(nt1)s = J1| Xnss-1 = i, os Xns = 11)
= Pigj (nS+ S5 —=1) Pjyj, (nS+8) Ppyjs (nS+ S +1) -

XPj (nS+S—3)‘PjS—1jS (nS+S—2>a

S—2J5-1

where by the S-periodicity of (P (v))y<,<g_;» We find (2.100). The correspondence (2.10a)
is trivial. [J

Consider the following example.

Example 2.2 i) Let the chain (X,,,n € N) be 2-periodically homogeneous and valued in

E ={1,2} with a system of transition probabilities
P11 (2) P2 (2) P (1) Pp(1)

P(0)=P(2) = and P (1) =
Pu(2) Pn(2) P (1) Prn(1)

13



The corresponding 2-variate homogeneous Markov chain (X ,,,n € N) is by Proposition 2.4

defined on
E? = {(1,1),(1,2),(2,1),(2,2)}

with a transition probability given from (2.10b) by

(1,1) (1,2) (2,1) (2,2)

(1,1) P1(1)Pi1(2) Pia(1) Py (2) Pii(1)Po(2) Pia(1) P (2)

P= (1,2 Py (1) P11 (2) Pao (1) Po1(2) Por (1) Pia(2) Pao (1) Pas(2)
(2,1) P (1) Pii(2) Pi2(1) P (2) Pu(1) P2 (2) Pi(1) P (2)

(2,2) Por (1) Pri(2) Paa(1) Por(2) P (1) P2 (2) P (1) P2 (2)

ii) Now consider a 3-periodically homogeneous Markov chain (X,,n € N) valued in F =

{1,2} with a system of transition probabilities

P) — P (1) Pia(1) P = P (2) Pia(2) |
Py (1) Pao(1) Py (2) Py (2)
PB3) = PO) = Py (3) Pz (3)
P21 (3) P22 (3)

The corresponding 3-variate homogeneous Markov chain (X,,,n € N) is defined on E? =

{(1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2),(2,2,1), (2,2,2)} with transition prob-

14



abilities

e N N e T T T T

~— ~— ~— Y~ Y~ Y~ Y~ ~—r I/ /™ /™ /S /S /N

—_— — ~— ~— ~— ~— ~—~ ~—r I~ /Y I/ N /N

~— — — ~— ~— — ~— ~—

~— ~— ~— ~— ~—  ~— \/ ) N T \./ ) N —

~— — — ~— ~— ~— ~— ~—
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~— ~— ~— ~— ~— ~— ~—r ~—r T T/ T /N T/ N o/

—_— — ~— ~— ~— ~— ~ ~ I~ Y~ Y~ Y™~ /™~ —/—~

~— — — ~— ~— ~— ~— —

e e e e s T
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~—_ — — ~— ~— ~— ~— ~—
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~— — ~— ~— ~— ~— ~— ~—~

~—~ —~ —~~ —~ —~~ —~
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~— — N~ N~ Y~ Y~ ~— ~—
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~— ~— ~— ~— ~— ~— ~— —
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iii) We finally consider a 2-periodically homogeneous Markov chain (X,,n € N) valued

in &

{1,2,3} with a transition probability system

~—~ N
Q\ @\ N
S~— ~
2 ] &
R R
~— N N
N @\ N
~—  ~
3 8 8
R
~—~ ~~
Q\ Q\ N
~— N~
SR B
R

-

The corresponding homogeneous 2-variate Markov chain (X, n € N) is then defined over

) ~— e
\am! i i
~— ~— ~—
= 8] &
SO
— ~ ~—~
\am! \am! i
~— ~—" ~—
RENCIR
SO
) ~~ e
\am! \am! \mm!
~—" ~—r ~—
SR B
SO
(\
I
—~
—
~—

E?={(1,1),(1,2),(1,3), (2,1),(2,2), (2,3),(3,1), (3,2),(3,3)} with a transition proba-
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bility matrix

Py (1) Pu(2) Pu(1)Pi2(2) Pu(1)Pis(2) Pie(1)Pa(2)
Py (1) P11 (2) Py (1)Pia(2) Py (1) Pis(2) Py (1) Poy(2)
Psi (1) P (2) Pa (1) Pr2(2) Pa(1) Pis(2) Psx (1) P (2)
Py (1) Pu(2) Pu(1)Pie(2) Pu(1)Pis(2) Pie(1)Pa(2)

P (1) Pii(2) Ps(1) P2 (2) Po(1) Pis(2) Paa(1) P (2)
P (1) P (2) Pu(1) P2 (2) Pu(1)Pi3(2) Piz(1) P (2)
Py (1) P11 (2) P (1) Pi2(2) P (1) Pi3(2) Pa2(1) Par (2)
Py (1) Pii(2) P31 (1) Pia(2) Psi (1) Pig(2) Pso(1) Poy (2)

Pia (1) P22 (2) P2 (1) Pa3(2) Pi3(1) P (2) Pis(1) P2 (2) Pis (1) Pa3(2)
Py (1) P2 (2) Pa2 (1) Pos (2) Pos (1) P51 (2) Pas (1) P2 (2) Pas (1) Pss (2)
P33 (1) P2 (2) Pa2 (1) P23 (2) Pa3(1) P31 (2) Pas(1) P32 (2) Pz (1) Pa3(2)
Py (1) P2 (2) P2 (1) P23 (2) Pus(1) P31 (2) Pus(1) P32 (2) Pus (1) P33 (2)
Py (1) Py (2) Pao (1) Pag(2) Pog (1) P31 (2) Pog (1) P2 (2) Pas (1) Ps3(2)
P33 (1) P2 (2) Pa2 (1) P23 (2) Pa3 (1) P31 (2) Pas(1) P32 (2) Pz (1) Pz (2)
Pia (1) P2 (2) P2 (1) Pos (2) Pis(1) Pa1(2) Pis(1) P2 (2) Pis(1) Pas (2)
P (1) Poa (2) Pa2(1) Pos (2) Pz (1) P (2) Pz (1) P2 (2) Pos (1) P33(2)
Ps3 (1) P2 (2)  Ps2 (1) Pos (2) Pss (1) Ps1(2) Pss (1) P2 (2) Pas (1) Pas (2)

Remark 2.3 i) In Example 2.2 i), the elements of the hyper-matrixz P are the terms of the

elements (which are sums of terms) of the monodromy matriz P (1) = P (1) P (2) rearranged

according to a certain order, and are also the terms of the matriz P (2) = P (2) P (1) according

to another order.

i) The matriz P consists of a block of S rows and K*° columns repeated K°~' times.

FE for allt, the hyper-matriz P and the monodromy matriz

i11) We conjecture that when FE;

P (v) for a certain v have the same eigenvalues. By the property of invariance of eigenvalues

(v) have the

it can be concluded that P et P

by circular permutations of product matrices,

LS -1}

same eigenvalues for each v € {0,1, ..
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Remark 2.4 The inverse problem consisting in finding a S-periodically homogeneous Markov
chain from a S-variate homogeneous Markov chain has no unique solution, unless the chain
(Xn,n € N) is periodically stationary (see the definition in Section 3 below and the Appendix

B) or, in an equivalent manner, (X,,,n € N) is stationary (Gladyshev, 1961 ).

Thus, from the link between the periodically homogeneous matrix and the corresponding
homogeneous hyper-matrix, it appears that it is more judicious and even necessary to develop
a specific theory for periodically homogeneous Markov chains (Floquet, 1883). However, in

some special cases, it is possible to use augmented homogeneous representations.

2.5.2 Partitioning approach

Instead of the above dimensionality augmentation approach, it is possible to connect a
periodically homogeneous Markov chain with S homogeneous Markov sub-chains, through
the S monodromy matrices.
Let (Xy,t € N) be a periodically homogeneous Markov chain with transition probabilities
P;j (v) := P (Xy41 = j|X, = i) and monodromy probabilities P;; (v) = P (X,1s = j| X, = 1)
0<v<S—1,4,j € E). Forall0 <ov < S, let (Xﬁf’),n € N) be the S sub-chains of
(X¢,t € N) defined by
X = X940, n €N. (2.11)
Proposition 2.5 The Markov chain (X;,t € N) is S-periodically homogeneous with tran-
sition probabilities (P;; (v)), if and only if each sub-chain (Xév), n e N> is Markov homoge-

neous with a transition probability

n—1

P (X,(j’) =X, = Z) =P (Xnsto = j|Xn-1ys+o =1) =P (v), 0<v< S (212)

In the sequel, we will mainly use this approach. Note that the correspondence (2.11)
does not mean that the study of a periodically Markov chain is trivial since the monodromy
(homogeneous) matrices in (2.12) are interdependent. There are actually many properties

that appear for time-periodic Markov chains and not for homogeneous Markov chains.
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2.6 Independent and periodically distributed chains

The simplest case of time-periodic Markov chains is that of independent and S-periodically
(ipds) distributed sequences. A sequence (X;,t € N) defined on a probability space (2, F, P)
and valued in a finite/countable set £ = {0, 1, ..., K} (K could be infinite) is said to be ipdg
if (X;,t € N) is independent and X; 4 Xy for all ¢ such that ¢t + S € N. When S =1, an
idp, sequence is just independent and identically distributed (7id).

Following the dimensionality augmentation view, (X;,t € N) is ipds if and only if (X,,,n €
N) is iid, where X,, = (Xns, Xns+1, .-, Xns+s-1) . Following the partitioning approach,
(X, t € N) is ipdg if and only if (X,5:,,n € N) isiid forall 0 < v < S — 1.

The transition probability of an ipdg sequence is given by
Pit)=P(Xi1=jlXs=i)=P(Xpy1=j)=m; (t+1) foralli,je E.

Hence the one-step transition matrix has the form

m(v+1) mw+1) -+ 7w (v+1)
P (o) = T (U.—F 1) 7T2(’U'+ 1) 7TK(U'+1) 0<v<S—1
m(v+1) m@w+1) -+ 7w (v+1)

with identical lines. Thanks to the latter form, the S-step monodromy matrix P (v) is equal

to P (v — S + 1), the last matrix in the factor

P(v) : =Pw)Pwv—-1)---Plv-S+1)=P(v—-S+1)=P(v+1)
m(v+1) m(v+1) - 7r(v+1)
m(v+1) m(v+1) -+ 7wx(v+1)

_ ' | _ ' 0<v<S—1.  (213)
m(v+1) m(v+1) - 7r(v+1)

2.7 The existence problem and stochastic recurrence equations

A periodically homogeneous Markov chain can always be represented via a stochastic recur-

rence equation.

18



Theorem 2.1 Let (Xy,t € N) be a E-valued random process defined by means of the follow-
ing recurrence relation

Xip1 = fi Xy, e41), tEN, (2.14)

where E is a countable set, (g4, t € N) is an ipds sequence valued in a countable set F', and
(fi), is a S-periodic sequence of real functions (i.e. fiys = fs for allt). Assume that X, and

(e4,t € N) are independent. Then, (X;,t € N) is a periodically homogeneous Markov chain.
Proof Iterating (2.14), it follows that there exists a sequence of functions (h;) such that
Xy = hy (Xo,€1,€2, .., 61) -
By (2.14) and the ipdg property of (g;,t € N),

P(Xt—l-l :j|Xt:Z) = P(ft(i,€t+1)|ht(X0,€1,€2,...,€t))
= P(fi(i,et11))

and

P(Xep=jIXe =4, Xe 1 =i1,.., Xo=10) = P(fi(i,e001) | X =1, Xs 1 = i4-1,..., Xo = io)

= P(ft <i75t+1))'

This shows that the chain (X, t € N) is periodically homogeneous with an initial distribution

7; (0) = P (Xo = j) and a transition probability matrix

P () = P(fusto(i;€nst041))
== P(fv (i;5v+1))' D

Remark 2.5 In the above theorem, the independence of (e,t € N) can be relaxed under a
broader assumption. It is possible to just assume that ;1 is conditionally independent of

XO>X17 ...,Xt,1,81,€2, &t given Xt, 1.€.

P(€t+1 = j‘Xt = i, --~7X0 = ’io,él = ll, O lt) = P<€t+1 = j’Xt = Z) .
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Under the latter assumption, it can be easily seen that any process satisfying (2.14) is a

periodically homogeneous Markov chain with a transition probability

Pij (U) - P(fn5+v (i75n5+v+1) |XnS+v>
= P(fo(i,e041) [ X)

The inverse problem which consists of showing that, for any system of S stochastic
matrices (P (v))y<,<s_1, there exists a periodically homogeneous Markov chain having these
matrices as a transition matrix system, is a simple instance of the Kolmogorov existence

theorem (see e.g. Breiman, 1968; Aknouche, 2008).

Theorem 2.2 For any system of stochastic matrices (P (v))o<,<g_1 of dimension K x K
(K can even be infinite), corresponds a unique periodically homogeneous Markov chain
(Xt,t €N) valued in E = {1,2,..., K} and admitting the system (P (v))yc,<g_, aS tran-
sition probability matrices. Furthermore, the chain (X;,t € N) is a solution to a recurrence

equation of the form (2.14).

2.8 Stopping time along a channel and the strong Markov prop-
erty

The strong Markov property valid for homogeneous Markov chains remains true for any
periodic chain even if the latter is not time-homogeneous.

Definition 2.2 (Stopping time along a channel) Let (X;,t € N) be a periodically S-
homogeneous Markov chain defined on a probability space (2, F, P). For all v € {0,...S5 — 1},
a random time Y, defined on (2, F, P) and valued in NU{oc} is called a stopping-time along
the channel v if the event {Y, = v+ nS} belongs to the o-algebra F =0 {Xvirs, k <n}
for all n € N.

Example 2.3 Let (X;,t € N) be a 2-periodic random walk starting at the origin with

XnS+v:€y+€S+u+"'+€nS+v7nEN*
X, =0

0<v<S—1
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where the so-called step-size sequence (§,,t € N) is ipd, and is valued in {—1,1} with

P(é’o:l):%andP(flzl)zé.

Let T, = min{n € N*: X,,5,, = 0}. Then

{Yo=n} = {Xo#0,Xss0#0,.... Xn-1)540 # 0, Xns» =0}
e F.

n

Definition 2.3 (Strong Markov property) Let (1,)o<,<g_, be S stopping times corre-
sponding to a S-periodically homogeneous Markov chain (X;,t € N).

i) The chain (X, t € N) is said to have the strong Markov property over the channel
ved0,...,5—1} if

P(Xv,s100 = tr, [ Xor,—1)s140 = 1,1, X(1,-2)540 = i1,-2, .-, Xy = l0) (2.15)
= P(Xr,s5+0 = j1X(r,~1)540 = ir1,-1)

forall iy e N (k=7,,T,—1,...,0).

ii) The chain (X, t € N) is said to have the strong Markov property if (2.15) is satisfied
for all v e {0,...,5 —1}.

Proposition 2.6 Every time-periodic Markov chain satisfies the strong Markov property.

Proof Let (X;,t € N) be a S-periodically homogeneous Markov chain and denote by
(Tv)ogugsq the S corresponding stopping times. By periodic homogeneity of the chain

(X¢,t € N) we have for all v € {0,..., S — 1}

P (X(Tv+n)3+v - in|X(Tu+n—1)S+v - in—la ceey XSTU+U - ZO)
= P<XnS+v = in|X(n—1)S+v = Z.nflu "'7Xv = 7’0)
= P(Xn5+v = Z‘nl)((nfl)SJr'u = Z‘nfl>

- P(XTUS—H) - in|X(TU71)S+v - Z.n—l))a

establishing the result. [J
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3 Periodic stochastic stability

3.1 The problem

Although the conditional (transition) probabilities (P (v) = P (Xy41 = j|X, = 1)), are S-
periodic over v, it is not necessarily the case for unconditional (marginal) probabilities
m;(t) = P(X;=j). Except for a particular choice of the initial distribution 7(0) and a
suitable form of the matrices (P(v))<,<g_y, the distributions 7 (v), 7 (v + 5), 7 (v +29) , ...
are in general not equal. However, when the transition probabilities (P (v))y<,<g_, satisfy
certain suitable properties, even if the distributions for small ranks ¢ are not periodic, there

exists a quite large rank ¢y, above which
Tv+t) v+ (E+1)S)=n(v+(t+2)5)~...,

for all t > ¢y, where the latter approximation is understood in the sense that there exist S

probability distributions (W(U))O <peg_1 Such that

lim 7 (nS+v) =7, (0<v<S-1), (3.1)

where the vector equality (3.1) is component-wise. Equality (3.1) means that from a certain
quite large rank fy, the corresponding marginal distributions (7 (¢)),,, are more and more
approximately periodic with period S, regardless of the initial distribution m (0). This reflects
a certain periodic stochastic stability. We then say that the chain has moved to a periodically
stable regime, periodically steady state, periodically stationary regime, or also periodically

permanent regime.

3.2 Periodically regular/stable Markov chains
Equality (3.1) also translates in terms of conditional probabilities as follows

lim P (v) =7, 0<v<S—1,i€E, (3.2)

3
n—oo J

meaning that whatever the initial state ¢ from which the chain starts, the nS-step transition

(v

i (as n — oo) which depends only on the arrival state j. In

probability tends to a limit 7
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matrix form, (3.2) writes as follows

lim P™) (v) =TI, 0<v <S5 —1

n—oo
i.e.

lim (P(v)" =TI, 0<v<S—1, (3.3)

n—oo

where I1") is a stochastic limiting matrix of the form

O () e
o | e
O () e

This leads to the following definition.

Definition 3.1 i) A periodically homogeneous Markov chain is said to be reqular/stable
along a channel vy (or vo-regular) if (3.2) is satisfied for v = vy.

ii) A periodically homogeneous Markov chain is said to be periodically reqular if (3.2) is
satisfied for every v € {0, ...,S — 1}.

Since the eigenvalues of a (square) matrix product are invariant under a circular per-
mutation of the product factors (see e.g. Bittanti and Colaneri, 2009 for a proof), the
eigenvalues of monodromy matrices (P, )y.,<g_; are all the same for every v € {0,..., S —1}.
This supposes that periodic homogeneity is only with regards to the transition probabilities
and thus E; = F is time-invariant. Consequently the asymptotic behavior of the matrices
(P})o<v<s_1 (as m — oo) is the same across v. Thus, if a periodically homogeneous Markov
chain is reqular along a certain channel vy € {0, ..., S — 1} then it is reqular along any other

channel, and hence is periodically reqular.

3.3 Periodically stationary (invariant) distributions

The distributions (W(”)) when exist are called periodically stationary (or periodically

0<v<S-1

invariant). In the case of finite time-periodic chains, they are determined as follows.
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Proposition 3.1 When the limit lim,,_., P (v) exists for each v and is equal to 11,

the lines (W(U)) of this matrixz necessarily satisfy the following system of equations

0<v<S—1
70 VPw-1)=7 1<v<S-1
7=V P (S —1) =7 (3.4a)
aW1=1 0<ov<S-—-1
or in terms of a monodromy transition matrix
7P (v) = 7
0<v<S—1, (3.4b)
71 = 1,
where 1 is a K-vector whose elements are equal to unity.
Proof The periodic Chapman-Kolmogorov equations (see Remark 2.1, i)) and the S-
periodicity of P,gf) (v) over v together yield
Py ) =3 P (0) B ().
kEE

Taking the limit as n — oo in both sides of the latter equality (while assuming the limit

exists and is finite) gives

lim P(("H)S (v) = Z lim Pi(an) (v) Pk(f) (v)

n—oo
i.e.

Zﬂ'k k] ),j€E,

keE
which, in matrix form, is exactly (3.4). O

If the initial distribution 7 (0) and the transition probabilities (P(v))y<,<g_, are such
that
m(w)=7", 0<v<8§—1,

then by (3.4) and the law of total probabilities,

7Tj(’U+S) = ZP(XU+S:j,Xv:k)
keE

= Z Tk (V) p¥

keE
= ZW(U P(S) 7T§-v) =m;(v),j€ k.

keE
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By doing the same for 7; (v + 25) and so on, it follows that for each 0 < v < 5 —1,
Tw)=nm(v+S)=n(v+25)=..

reflecting the periodic stability (or periodic stationarity) from the beginning.

3.4 Periodically stationary Markov chains

Thus, when

W(v)zw(”),forallogng—l,

i.e. when the chain is initialized from its S periodically stationary distributions, it can be
seen that the process (X;,t € N) is strictly periodically stationary (hence the name) in the

sense that the finite-dimensional distributions
{PO,l,...,n (io,il, ...,in), n & N*, ij € E, O S] S TL},
are invariant under a translation multiple of S. Indeed,

Por,..n (0,01, in) = iy (0) Pigiy (0) Py (1) -+ Py, 14, (n—1)
= 1 Piy (0) Pyiy (1) -+ P,y (R — 1)
= 7P, (8) Py (S+1)-+- By i (S+n—1)

10 2

= Pssi1,..54n (10,01, .0y 1) -

A strictly periodically stationary Markov chain with a finite state space is also second-
order periodically stationary (or periodically correlated) since, being finite, its first two
moments y, := E (X;) and &’Ef) = F (X;Xy,) are also finite and are, thanks to the strict
periodic stationarity property, S-periodic over time.

The expressions of the first two moments for a finite Markov chain valued in £ =

{1,2,..., K'} are given as

K
fy 1+ =E(Xnsto) = Z kﬂ;cv)
k=1

)

I,k
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and

K K
%S)) . =F (XnS+v n5+v+h Z Z kip (Xn5+v =k, Xostorn = l)
k=1 =1
K K
S5 S IR () = skt 0
k=1 I=1

where 1, x = (1,2, ..., K) and 1, i = diag (1,2, ..., K) stands for the diagonal matrix formed

by the elements 1, ..., K in this order. Thus the autocovariance function is given by

’72”) : =Cov (XnS—i—m XnS—i—v—i—h)

— Wg?f)(ll,KPu(h)lLK _ 7T(U)11,K7T(”+h)11,K-

Remark 3.1 The existence and uniqueness of a system of periodically stationary distribu-

tions (W(”)) and the limit of the marginal distributions to that system, independently of

0<v<S—1
the initial marginal distribution, depend on certain structural properties of the time-periodic
Markov chain. These properties parallel and extend the properties known for homogeneous
Markov chains, namely irreducibility, recurrence, positive recurrence, and state-periodicity.
We will see that for (3.1) and (3.2) to be satisfied, it is sufficient that the periodically ho-

mogeneous chain is periodically irreducible, periodically positive recurrent, and periodically

aperiodic. These properties will be defined in the next section.

When the periodic aperiodicity is not satisfied, the convergence relations (3.1) and (3.2)

will only be satisfied in Cesaro sense, i.e.

n

lim 2y 7w (kS+0v)=7", 0<v<S—1 (3.5)
and
o 1 (kS) _ ()
nh_)rgoﬁ Py (v)=m;", 0<0 <8 —1. (3.6)
k=1

It is suitable in certain cases to replace the traditional element-wise convergence (3.2) by

the convergence in total variation norm

p (v) — 7™

i,.

P (v) — 7T§-U) , (3.7)

)

:%Z

JjEE
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where the factor % in the right-hand side of the last equality is put so that the norm is

between 0 and 1. This type of convergence, which is defined as

P'(nS) (U) )

lim [P}

n—oo

=0, (0<v<S—1),i€F, (3.8)

is useful since it can easily be extended to the case of periodically homogeneous Markov
chains with uncountable state-spaces. If (3.8) is satisfied, we continue to say that the chain
is periodically regular/stable or simply Harris periodically ergodic.

Definition 3.2 (Harris-periodic ergodicity)

i) A periodically homogeneous Markov chain is called Harris ergodic along a certain chan-
nel vy € {0,...,.S — 1} or vo-Harris ergodic (or also vo-stable/vo-regular) if (3.8) is satisfied
for v =vy.

ii) A periodically homogeneous Markov chain is called Harris periodically ergodic if it is
v-Harris ergodic along each channel v € {0, ..., S — 1}.

iii) A periodically homogeneous Markov chain is called geometrically Harris ergodic along
a channel vy € {0,...,5 — 1} or geometrically vo-Harris ergodic (or also geometrically vo-

stable/vo-regular) if there exists p € (0,1) such that

lim " || P (vo) = 7

n—oo

=0 forall i € E. (3.9)

iv) A periodically homogeneous Markov chain is called geometrically Harris periodically

ergodic if it is geometrically v-Harris ergodic along each v € {0, ..., S — 1}.

4 Classification of states and properties of solidarity

A fundamental concept related to periodically homogeneous Markov chains is periodic sto-
chastic stability which can be summarized in the following three questions:

i) (Existence) Do the system of periodically stationary distributions (ﬂ(“))o cpeg. 1 EXISt?

ii) (Uniqueness) If so, is (7)) unique?

0<v<S—1
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iii) (Convergence) Do the marginal distributions (7 (nS + v)), ,, converge to the periodi-

cally stationary distributions (W(”))O <yeg_ 1 10 the following sense

lim 7T(Tl5+U)I7T(U), 0<v<S—-1

n—oo

(which is equivalent to the fact that the relation (3.3) holds)?

Answering these three questions amounts to studying certain structural properties of the
chain (called solidarity, contagion, class) which will be defined and analyzed in this Section.
In addition to being auxiliary tools to answer the three theoretical questions above, these
solidarity properties are important in themselves and allow to answer the following practical
questions.

vi) If the chain visits a state i, along a channel v € {0,1,....,.S — 1}, can it reach any
other state j € F in a finite number of steps multiple of S?7 If so, is this true for each
ve{0,1,.....5 — 1}7 If not, is there a subset C C E having this property (i.e. when the
chain is in C along a channel v € {0,1,...., 5 — 1}, can it reach any other state j € C in a
finite number of steps multiple of 5)?

v) If the chain is at a state i along a channel v € {0, 1, ...., S—1}, "how many" times does it
passes by another state j in a number of steps multiple of S? Is this number finite? Infinite?
What is the average number of passages through a state j given that the chain started at
the state i? What is the first return time to a state i along a channel v € {0,1,....,.5 — 1}?
What is the corresponding average time? Is it finite? Infinite?

To formalize these questions, consider the following random variables.

- The number 7, (v) of visits of the state j along the channel v is given by

o0

17] (,U) = Z 1[X7LS+v:j]7 (41)
n=1

where 1[) denotes the indicator function.

- The time 7; (v) of first passage by j, along the channel v, is defined by
7;(v) = min{n>1:X,sy, =7} (4.2)
€ [1,00]
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(if the chain never visits the state j, along the channel v, then by convention 7; (v) = c0).
The following related variables which will be used in studying the structure of the time-
periodic chain are considered.
- The expected number of visits to state j along the channel v given that the chain started

from the state 7 at time v (0 <v < 5 —1):

B (n; ) [Xo=i) = B (L= X0 = i) (4.3)

- E <Z 1[X7LS+’U]‘X’U7:}>
n=0

nsS
= > B ).
n=0

- The expected time of passage by j along the channel v given X, = i,
mij (U) =F (Tj (U) ‘X,U = 2) . (44)

When i = j, my; (v) is simply called the expected time of return to state ¢ along the channel
v.

- The probability that the passage time by j along the channel v is finite given X, = i:
Lij (v) == P (7; (v) < 00| X, =1). (4.50)

Note that (4.5a) can be expressed slightly differently (see also Karlin and Taylor, 1975).
Define
1O () i= P (Xpsio = Jy Xongao £ jo m=1,...,n — 1|X, = 1) (4.5b)

(n € N) to be the probability of the first passage by the state j along the channel v at time
nS, given X, = i. Obviously, fi((»)) (v) = 0 and fz-(js) (v) = Z-(J-S) (v). Then L;; (v) can be

expressed as

Lij () =Y £ (v). (4.5¢)

When ¢ = j, fi(ins) (v) is simply called the probability of the first return to state ¢ along the

channel v, at the nSth transition. On a final note,

[e.o]

mi; (v) = B (r;(v) [ X, =) = Y _nfi¥ (v). (4.5d)

n=1
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4.1 Communication and classification of states
4.1.1 Communication

Due to the inhomogeneity of the time-periodic Markov chain and in particular to its pe-
riodicity in terms of both dimensionality and structure, it is only possible to study the
accessibility from one state to another along a given channel. Thus, we extend the notions
of accessibility, communication, and irreducibility, known in the homogeneous case, to the
case of periodically homogeneous Markov chains, by studying each of these properties along
each channel v € {0,...,5 — 1}.

Definition 4.1 i) A state j is said to be accessible from a state i along the channel v,
which writes

URadVE

if there exists n :=n, > 0 such that Pi(fs) (v) > 0.

i) If i~ j and j ~ i then i communicates with j along the channel v, and we write

i~ ]
In other words, there exist n = n, > 0 and m = m, > 0 such that Pi(fs) (v) > 0 and
(mS)

P (v) > 0.

There are other characterizations of communication, expressed in terms of L;; (v) and
E; (n; (v)) defined, respectively, by (4.5) and (4.3).

Proposition 4.1 The following assertions are equivalent.

i) e j

IR nS s nS

iii) HZ:OPZ(] ) (v) >0 and RZ:OP](Z ) (v) > 0.

Proof The fact that i) is equivalent to iii) is obvious. Now, in view of (4.5b), if i) holds
then ii) follows. Finally, iii) implies ii). O

Proposition 4.2 The relation "«" on E is an equivalence relation for each v €

{0,...5 —1}.
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. v . . . . 0
Proof The relation "«~" is reflexive on F since by convention pY

i

(v) =1 > 0 for every
i€ Eand v € {0,...,S — 1}. It is symmetric by definition. To show transitivity, note that
if for 4,5, k € E, Pi(fs) (v) > 0 and P](,T %) (v) > 0 then by Chapman-Kolmogorov equations
(cf. Remark 2.1, i))

P (0) > P (0) PT) (0) > 0,

meaning that i ~> k. A similar argument shows that k ~» i. [J

4.1.2 Classification of states and associated v-graphs

The equivalence relation "« " induces p (p > 1) equivalence classes (Cy, (v), k =1,...,p) on
S—1

E = U E, such that

v=0
Ck(v):{jeEv:jwv»ak}.
Remark 4.1 By classification of states of a periodically homogeneous Markov chain, we

mean highlighting the classes of communication for each channel v € {0,...,5 — 1}.

It is possible to represent a (finite) periodically homogeneous Markov chain by means of

a system of S oriented graphs (G(v),U(v))o<y<s—1 With

and

(i,7) € U (v) ifand only if P, (v) > 0.

However, these graphs do not directly reflect the periodic communication between states,
especially in the case where the chain is not homogeneous with respect to the state-space,
where the matrices are even not square. The above graphs are called “one-step transi-
tion graphs”. To better represent communication, we instead use the monodromy matrices
(P(v))g<y<g-_1- Thus, a periodically homogeneous Markov chain can also be represented with

a system of S oriented graphs ((G (v),U (v)))g<,<g_, such that
G(v)=E,
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and

(i,7) € U(v) if and only if P;; (v) > 0.

We call (G (v),U (v)) the S-step transition graph along the channel v, or v-graph. From
now on, only the S-step graphs are considered. From the S-step v-graph, a v-communication
class is assimilated to a "strongly connected component".

Example 2.1 (Continued) Let us return to Example 2.1, ii). The S-step graphs

L

»

associated with the chain are represented as follows.

o) ([

G (0)

L

cONIG.

G (3)

G(2)

4.2 Periodic irreducibility

A remarkable communication property arises when the chain has only one equivalence class
for the relation «<. In this case, all states communicate along the channel v.

Definition 4.2 A periodically homogeneous Markov chain is said to be irreducible along
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a channel v or simply v-irreducible if the relation «~ induces a single equivalence class C (v)
which 1s E, itself. If the chain is not v-irreducible, then it is called v-reducible.

When F is finite, there exists another characterization of v-irreducibility, rather based
on the monodromy transition matrices (see, e.g. Cox and Miller, 1965 and Cinlar, 1975 in

the case of homogeneous Markov chains).

Theorem 4.1 The following assertions are equivalent:
i) The chain is v-reducible.
it) There is a way to number the states so that the corresponding monodromy matriz P (v)

can be written in the following form

A B
P(v) = :
0 C

where A, B, and C' are non-null matrices with compatible dimensions.
Remark 4.2 A remarkable (if not surprising) result regarding the communication of peri-

odically homogeneous Markov chains is the following: A periodically homogeneous chain can

be irreducible along some channel v € {0, ...,.S — 1} and reducible along some other channel

v # .

Example 4.1 Let S =2, F; = Ey = E = {1,2},

10
P(0) = and P (1) =
10

—_ N
S =

Then the monodromy transition matrices of the chain are

NATER AN EE
P(0) = P(O)P(1) = =
10 10 3 3
: 3 10 10
PA) = PQ)P(2)= =
10 1 10
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The corresponding 2-step transition graphs are

G (0) G (1)

and clearly show that the chain is 0-irreducible and 1-reducible.
From this, follows the property of periodic irreducibility.
Definition 4.3 A periodically homogeneous Markov chain is said to be periodically irre-

ducible if it is v-irreducible for every v € {0,...,S — 1}.

Remark 4.3 If a time-periodic chain is initialized from its system of periodically station-
ary distributions (and hence it is strictly periodically stationary) then the concept of periodic
wrreducibility introduced here is synonymous with that of periodic ergodicity for strictly period-
ically stationary processes (cf. Appendix B). Thus, "periodic irreducibility" is a more general
property which arises even for stochastic processes that are not necessarily periodically sta-
tionary. However, for a homogeneous Markov chain, the word "ergodic” is rather reserved to
a stricter notion. A homogeneous Markov chain is called ergodic if it is irreducible, positive
recurrent, and aperiodic (e.g. Karlin and Taylor, 1975). Some authors rightly qualify the
latter ergodic property as reqularity and we adopt this view here. Kemeny and Snell (1976)
aptly employed the term "ergodicity” to refer to the concept of irreducibility. Note finally that
Harris-periodic ergodicity introduced in (3.8)-(3.9) is rather a "limiting" property (like the pe-
riodic reqularity (3.2) ) and not a "communication” property like "periodic irreducibility” and

also "periodic ergodicity” for periodically stationary processes (cf. Aknouche, 2008-2014 ).

4.3 Solidarity /contagion/class properties along a channel

We now study some class properties also called solidarity properties since the states in the

same class along some channel share the same properties.
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4.3.1 Periodic recurrence, periodic transience, periodic positive recurrence, and

periodic null recurrence

Definition 4.4 i) A state i is called recurrent along a channel v (or v-recurrent) if the

expected number of returns to state i along the channel v is infinite, i.e.
E(n;(v)| Xy = i) = o0,

ii) If i is not v-recurrent then it is called transient along v or simply v-transient and
hence E(n;(v)| X, =1i) < oo.
In reference to (4.3), define for each v € {0, ..., S — 1}

E (n; (v)|X, =1) =Y PI¥ ()
n=0

Then v-recurrence is a solidarity property along v.
Proposition 4.3 i) If a periodically homogeneous Markov chain is irreducible along some
channel v, then for all i,j € E either E (n; (v)|X, =1i) =00 or E (n; (v)|X, =) < occ.
ii) If a periodically homogeneous Markov chain is periodically irreducible, then for all
i.j € Eandallve{0,---,S—1}, either E (n; (v)|X, = i) = 0o or E (n; (v) |X, = i) < 0.
Proof i) If Z P (n) ( ) = oo for some i,j € E, then by v-irreducibility of the chain,

r ~> i and j ~ s for all r,s € E,. So there exist positive integers k and [ such that

Pi(ij)(v) > 0 and Pi(js) (v) > 0. Consequently,

Z Pr( (k+14+n)S > P kS (Z P(ns ) ls)(U), (46)

n=0
so that E (n; (v) |X, =) and E (n, (v) | X, = r) together converge or together diverge.

ii) For each v € {0,---,S — 1}, the inequality (4.6) is satisfied. [

Proposition 4.4 i) If a periodically homogeneous Markov chain is v-irreducible, then
either all states are v-recurrent or they are all v-transient.

ii) If a periodically homogeneous chain is periodically irreducible, then either all states

are v-recurrent or they are all v-transient for all v € {0,...,S — 1}.
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Proof i) If the chain is v-irreducible, then Proposition 4.3 implies that for each i € E,
either E (; (v) |X, = i) < o0 or E (1, (v) | X, = i) = 00, i.e. all states are either v-recurrent
or v-transient.

ii) A consequence of i). O

Proposition 4.4 simply states that if ¢ and j are in the same class along a channel v,
then i is v-recurrent if and only if j is v-recurrent. We thus speak of a v-recurrent (or v-
transient) class rather than a v-recurrent state. A special case appears when a v-recurrent
class contains a single element.

Definition 4.5 A state i is called absorbing along a channel v (or v-absorbing) if the
singleton {i} is a v-recurrent class.

It is possible to characterize v-recurrence and v-transience using the probabilities of return
L“(U) =P (Ti (U) < OO‘X,U = 'l)

along a channel v.
For n > 1, consider the event { X, 5., = k} which is the union of pairwise disjoint events
defined by {X, 51, = k,71(v) =4}, j=1,--- ,n. Forn >1and i € E,

PES@) = Plre) = nlX, = i)+ 3 P(Xusyo = k7o) = 1%, = )
= P(r) = nlX, = i)+ Y Plr(o) = 1%, = )PS0, (@)

j=1

Define the probability generating functions

U (W) = Y PP, 2 <1 (4.8)
n=1

L) = > " P(ri(v) = n|X, =1i)", |2] < 1. (4.9)
n=1

Multiplying (4.7) by 2™ and summing over n, gives
Ui ) = L 0)Lig) (v) + L (0)U7 (). (4.10)

2

Proposition 4.5 The following assertions are equivalent.

36



i) 4 is v-recurrent.

Z P(ns)

iii) Ly (v) := P (1 (v) < 00| X, = i) = i f(ns) (v) =1.
Proof From (4.10) with i = k,

() L ()
Ukk ( ) 17L](€zk)( )
. nS)
so when z tend to 1, it follows that Ly (v) = 1 is equivalent to Uy (v E P,

i€R

OJ

Proposition 4.6 i) If a periodically homogeneous Markov chain is v-irreducible, then
forall i,j € E, either L;j(v) =1or L;(v) < 1.

ii) If a periodically homogeneous Markov chain is periodically irreducible, then for all
i,j € E and v € {0,---,8 — 1}, either L;j(v) =1or L;;(v) < 1.

Proof i) If the chain is v-irreducible, then Propositions 4.3-4.5 imply that for every
i € E either L;(v) = 1 or L;(v) < 1. Assume that L;(v) = lfor each i € E. If there
exist 7,j € E such that L;j(v) < 1, then since the chain is v-irreducible, it follows that
E (n; (v)|X, =14) > 0 and there exists n > 1 such that

P(Xys510 = J,7j(v) > n|X, =j) >0,

SO
oo

ZP(XnS+v =J Tj(“) >n|X, =j) = ij(v) <1

n=1

Hence, L;;(v) =1 for each ¢ entails L;;(v) = 1 for eachi,j € E.
i) The same argument shows that for every v € {0,--- ,S — 1}, if L;;(v) =1foralli € E
then L;;(v) =1forallj € E. O

Remark 4.4 i) The probability of first return to state i along the channel v at the nSth

transition fi(ins) (v) (see (4.5b)) can be expressed recursively as

f(nS (v) = Zf(ks)( ) P, ((n k)5)7 n>1

k=0
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See also Karlin and Taylor (1975, p. 62) when S = 1.

i1) A state i can be recurrent along a channel v and transient along another channel v'.

Consider a 2-periodically homogeneous Markov chain valued in E = {1,2} with transition

matrices
1
P(0) = and P (1) =
1 01
The corresponding monodromy matrices take the form
01 01 01
IP(()) = —
10 01 01
01 01 10
]P(l) = = ’
01 10 10
and from the 2-step transition graphs
G (0) G (1)

it 1s clear that the state 1 is O-transient and 1-recurrent.
iii) For a periodically irreducible Markov chain, however, v-recurrence becomes a solidarity

property along all channels {0, ..., S — 1} provided E; = E for allt € N. In other words:

Theorem 4.2 A periodically irreducible Markov chain with a time-invariant state-space is

S—1}.

recurrent along some v if and only if it is recurrent along all v € {0,1, ...,

Proof Since the chain is periodically irreducible, it follows that for each i,j € E and

ve{0,..,S — 1}, P”S( ) > 0 and P (v) > 0 for some n,m € N. If a state 7 is v-recurrent

and v/-transient then Z P (n5)
n=0

generality that v" = v + 1. Then the Chapman—Kolmogorov equations entail Pi(ins) (W) =

= 0o and ZP (nS) (v') < oo. Assume without loss of
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>, Pi(kSil) (v') PIS?SJFPS) (v) and hence Z P (5) ( ") > Z Piisfl) (v") prsti=9) (v). Repeat-

1
keE n=0

ing the same argument as many times as necessary, it follows that co > Z P, "S)( >
n=0

Z P™) (1) = 00, which is a contradiction. [

Thus, as for periodic irreducibility, we speak of periodic recurrence.

Definition 4.6 A periodically irreducible Markov chain is called periodically recurrent if
it is v-recurrent for every v € {0,1,....,.S — 1}. Similarly, it is called periodically transient

if it is v-transient for every v € {0,1,....;.5 — 1}.

Remark 4.5 i) When E is finite, checking whether a chain is v-recurrent can be simplified
using the corresponding S-step v-graph: A communication class is v-recurrent if its corre-
spondence in the S-step v-graph is closed, i.e. the exterior degree of the class in the reduced
v-graph is null.

it) When E is countable, checking v-recurrence or v-transience is more involved. However,
in the case of periodic irreducibility, there exist recurrence criteria based on stochastic Lya-
punov (drift) functions as in the homogeneous case (see Karlin and Taylor, 1975, Theorem

4.2 of Chapter 3).

Theorem 4.3 Let (P(v))o<,<g 1 be a system of monodromy matrices of a periodically irre-
ducible Markov chain valued in N.
i) The chain is periodically recurrent if for every v (0 < v < .S — 1), there exists a sequence

of positive functions (V;(v )) oy Satisfying V;(v) — oo as j — oo and a finite positive integer

N(v) such that
ZIP’” v) < Vi(v), i>N().

it) The chain is periodically transient if and only if for allv (0 < v < S — 1) there exists a

bounded non-constant function V) (j) (j € N) and a finite positive integer N(v) such that

ZP”' () V;(v) = Vi(v), i>N(v).
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Proof Similar to that of Theorem 4.2 of Karlin and Taylor (1975, Chapter 3). O
Another important solidarity property is that of positive recurrence along a channel.

When i is v-recurrent, then (in view of Proposition 4.5, ii)) Z Pi(ins) (v) = oo, which implies
icE
that either P"¥ (v) — m; (v) > 0 or P9 (v) — m; (v) = 0 as n — oco. In the former case,

the state ¢ is called positive recurrent along v, or just v-positive recurrent. In the latter, 7 is
called null recurrent along the channel v, or simply v-null recurrent. Based on the fact that
i (v) = #(U) as will be shown in Theorem 5.1 below, another characterization of positive
recurrence is given by the following definition.

Definition 4.7 A state i is said to be positive recurrent along the channel v (or v-positive

recurrent) if the average time to return to i is finite, i.e.
my (v) = E (15 (v) | X, =1) < oc.

Otherwise, i.e. if my; (v) = oo then it is called v-null recurrent.

There is an obvious relationship between v-positive recurrence and v-recurrence.
Proposition 4.7 If a state i is v-positive recurrent then it is v-recurrent.
Proof Just write down the definitions while using Proposition 4.5, iii). [J
v-Positive recurrence is also a solidarity/class property.

Proposition 4.8 If i «x» j then
1 18 v-positive recurrent if and only j is.

As for v-recurrence, v-positive recurrence for a periodically irreducible chain becomes a

property of solidarity across all channels v € {0,1,...., 5 — 1}.

Theorem 4.4 A periodically irreducible Markov chain with a time-invariant state-space is

positive recurrent along some channel v, if and only if it is positive recurrent along any other

channel v' € {0,1,...,.S — 1}.

Proof The result follows using the same argument as in the proof of Theorem 4.2. [
Like periodic irreducibility and periodic recurrence, we speak of periodic positive recur-

rence.
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Definition 4.8 A periodically irreducible Markov chain is said to be periodically positive
recurrent if it is v-positive recurrent for each v € {0,...,.S — 1}.

Thus, in a periodically irreducible Markov chain, all the states share the same properties.

Proposition 4.9 i) For a periodically irreducible Markov chain all states are either
periodically null recurrent, periodically positive recurrent or periodically transient.

i1) For a finite v-irreducible Markov chain all states are v-positive recurrent.

iii) For a finite periodically irreducible Markov chain all states are periodically positive
recurrent.

Thus for finite time-periodic chains, periodic irreducibility implies periodic positive re-

currence.

4.3.2 Periodic periodicity and periodic aperiodicity

Definition 4.9 i) The period of a state i along a channel v is a positive integer d; (v) €
N* U {0} satisfying
d; (v) = ged {n >1: P79 (v) > O} :
it) If d; (v) =1, the state i is called v-aperiodic.
ii1) If i is not accessible from itself, then by convention d; (v) = co.
Thus, in the context of periodically homogeneous Markov chains, there are two types
of periodicity: periodicity regarding time (time-periodicity) and periodicity regarding states

(state-periodicity).

Remark 4.6 A state i can have different periods along different channels. For example, if

a time-periodic chain is defined with a system of one-step transition probabilities

10
P(0)= and P (1) =

— NI
O NI
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then the monodromy matrices are

poy — [LOV([EE)_[5s
10 10 : 3
11 10 10
P(1>: 2 2 —
1 0 10 10

Hence the period of the state 2 along the channel 0 is ds (0) = 1 and the period of the same
state 2 along the channel 1 is dy (1) = co. [

This leads to the following definition.
Definition 4.10 The period d; of a state i along all channels is the number d; € N*U{oo}
given by
di=ged{n>1:P"w)>00<v<S—1},

with the convention that ged{n,oco0} = oo for n > 1.

Naturally, Definition 4.10 implies that d; = d; (v) for each 0 < v < S — 1. Note that
v-periodicity is also a class property.

Proposition 4.10 i) If i and j belongs to the same communication class along a channel
v, then d; (v) = d; (v).

ii) If a state i has a period d; and i «~ j for all v, then d; = d;.

Proof i) Since i «~ j, there exist two positive integers n,, and m,, such that Pi(f”s) (v) >0

and P](Zm v5) (v) > 0. By the Chapman-Kolmogorov equations,

P'('(nﬁmv)S)(v) > P(nvs)(v)Pj([”“S) (v) > 0, (4.11)

i i

showing that n, + m, is a multiple of d;(v). Let k be a positive integer that is not a multiple

of d;(v). Then k + n, + m, is not a multiple of d;(v) so

P9 () PES) (1)) PU™9) (1) < pretme Sl () — g, (4.12)

v 23 Ju

Hence Pj(jk 5) (v) = 0, implying that d;(v) > d;(v). The same argument, interchanging i and
J in (4.12), yields d;(v) > d;(v).
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i) Since i e~ j for each 0 < v < S — 1, there exist n, and m, such that Pk(?s) (v) > 0 and
Pj(,zn S)(v) > 0. Using the same argument as i), it follows that d; = d;. O

Definition 4.11 A periodically irreducible Markov chain is said to be periodically d-
periodic if it is d;-periodic for each i € E with d = d; for all i € E. If d =1 the chain is
called periodically aperiodic.

For each non-empty subset D C E, denote by PZ-%S) (v) := % Pi(;‘S ) (v).

Proposition 4.11 i) If a periodically homogeneous Mcw“k:ojvE chain is irreducible along a
channel v and d(v) is the period of all states in E along the channel v, then there ezists
a partition Dy, ..., Dgwy of E (E = dtj) D;) such that Pi(,%)m(v) =1 for each i € D;, | =
1,....d(v). .

ii) If a periodically homogeneous Markov chain is periodically irreducible and (d(v))y<,<s_,
are the periods of the states of E along all channels, then for each v there exists a partition
Dy, -+, Dawy of E such that result i) is satisfied.

Proof i) Let i, j € E. Since the chain is v-irreducible, there exist n, and m, such that
Pj(in *)(v) > 0 and Pigm”s)(v) > 0. The Chapman-Kolmogorov equations entail P{™ %) ()

> 0 and hence n, +m, = ld(v) for some | > 1. Since Pi(jmvs)

(v) > 0, it follows that m, can be
written as m, = ld(v) + r for some [ € N, where r € {1, ...,d(v)}. For each r € {1,...,d(v)},
set

[ . p((ld(v)+7)S)
D, ={j€E:P; (v) >0}, 1 €eN.
Note that 7 € Dy, and Pl(%)l(v) = 0 together imply that Pi(’%)l(v) = 1, where DY is the
complement of the set D;. Likewise, it is easily seen that for each j € Dy, Pj(j))g (v) =0 so
that P]S%)Q (v) =1, and so on.
ii) If the chain is periodically irreducible, then it is irreducible along each channel v €

{0, ..., 8 — 1} and thus the property i) is satisfied for each v € {0,...,S —1}. O
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5 Convergence to periodically stationary distributions
and ergodic theorems

In this Section we will answer the questions of periodic stochastic stability raised in Section
3, namely the existence and uniqueness of the system of periodically stationary distributions
and the convergence of the marginal distributions to this system independently of the initial
distribution. The approach adopted for periodically homogeneous Markov chains consists in
generalizing known proof techniques in the homogeneous case where three major approaches
can be distinguished.

i) The approach based on the Perron-Frobenius theorem (e.g. Cox and Miller, 1965;
Cinlar, 1975, Appendix; Seneta, 1980).

ii) The approach based on the coupling method (e.g. Lindvall, 1982; Norris, 2002).

iii) The approach based on the discrete renewal theorem (e.g. Karlin and Taylor, 1975,
Theorem 1.1 and Theorem 1.2 of Chapter 3; Cinlar, 1975, Theorem 5.2.3 and (2.28) of
Chapter 9).

The first approach can be recommended for finite Markov chains. However, it is of
limited interest for countably infinite Markov chains and seems difficult to adapt in the
inhomogeneous Markov case (see Seneta, 1980, Chapters 5, 6, and 7). The second approach
seems the most elegant one because it is easily generalizable to the case of Markov chains
with a general state space (Meyn and Tweedie, 2009). However, the third approach appears
to be the simplest one in our context, which we adopt here.

The following results show that v-recurrence and v-aperiodicity together imply the exis-
tence of 7}1_)1{)10 P?; (v) independently of the state i while v-positive recurrence guarantees the
positivity and hence the uniqueness of nlggo P?. (v). Finally, periodic irreducibility together
with the above two properties ensure the existence and uniqueness of the above limit along all
channels and all states, and hence the existence and uniqueness of the system of periodically

stationary distributions.

Theorem 5.1 i) Let (X;,t € N) be av-irreducible, v-aperiodic, and v-recurrent S-periodically
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homogeneous Markov chain (0 <v < S —1). Then for eachi € E

lim P () = — L (5.1)

1 —
n—00 Z f(ns) T mi(v)

it) If (X, t € N) is periodically irreducible, periodically aperiodic, and periodically recurrent,
then (5.1) holds for each i € E and each v € {0, ...,5 — 1}.

Proof i) In view of Remark 4.3, i), the probability Pi(ins) (v) satisfies the following renewal
equation

‘Pi(ins Zfzzks (” £)5) + 1[n:0}7 n € N. (52)

Applying Theorem A.1 (see Appendix A) with u, = P (v), a, = £ (v), and b, = Lin=o]

i 22

gives

i b
lim PZ(ZHS) (U) = 1;0:0 = ml(v)
n—oo Z nay, 11

where my; (v) = > n fi(ins) (v) is the expected time of return to state i along the channel v.
n=0
ii) The result is a simple consequence of i). O
The following Theorem shows that under the same conditions of Theorem 5.1, the limit

hm Rg 5) (v) exists independently of the initial state 7.

Theorem 5.2 i) Under the same conditions of Theorem 5.1, i),

lim P (v) = lim P ™) (v)  for every i, j € E. (5.3)

(]
n—00 n—00

ii) Under the same conditions of Theorem 5.1, ii), (5.3) holds for all0 < v < § — 1.

Proof i) From Remark 4.3, i), it follows that

n

P (0) = 3 15 (0) PO for i o 2 0. (54)

vy ) JJ
k=0

Hence, applying Theorem A.1, ii) with y, = P9 (v), a, = £ (v), and z,, = P](]” %) gives

)

the desired result.
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ii) The result is an obvious consequence of i). [

For a finite time-periodic chain, periodic irreducibility implies that all states are period-
ically positive recurrent. If, in addition, the chain is periodically aperiodic then P(ns) (v) =
7; (v) > 0 exists and is positive of all v € {0,...,S — 1}, and all 4, j € E. Thus, the system

of periodically stationary distributions (7; (v))  is uniquely determined by (3.4).

0<v<S—1,5€
When the chain is infinite, the following result extends (3.4).

Theorem 5.3 i) For a v-irreducible, v-aperiodic, and v-positive recurrent time-periodic

Markov chain (Xy,t € N) valued in N,
lim P (v) = 7", (5.5)

n—oo JJ

where the (Wg-v)) are uniquely determined from the equations
jEN
7T§-U) = Zﬂ' U)PZ(S) (5.6a)

ZW? = 1, 7T§»U)>O. (5.6b)
=0

it) If (X;,t € N) is periodically irreducible, periodically aperiodic, and periodically positive
recurrent with states in N then (5.5) and (5.6) are satisfied for every v € {0, ...,S — 1}.

00 K
Proof i) Given positive integers n and K, we have ) Pi(jn) (v)y=1> j;o Pi(f) (v). Taking

j=0
K

the limit as n — oo while using Theorem 5.1, we obtain wg.”) < 1 for every K and hence
j=0

> ng) < 1. On the other hand, the Chapman-Kolmogorov equations yield

- ZP;?S P (v) (57)

ZP&?S P (v),

v

and by taking the limit as n — oo,

K
wg.”) > Z W,(CU)P/S) (v) for every K
k=0
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so that

v v S
7T§- ) > Zﬂ'](c )P,Ej) (v). (5.8)
k=0

Multiplying both sides of (5.8) by P ( and summing over j gives

[M]8

7T§-v) >

v 25
T P (v)

B
I
o

and repeating this argument yields
WE-U) > Z W,(:)P,E?S) (v) for each n. (5.9)
k=0

If the strict inequality in (5.9) holds, i.e.

o0

v nS v
Zﬂ']g )P,Sj ) (v) < 7r§ )

k=0
then

Sl s S AR
j=0

7=0 k=0

NN pn)
kz:%ﬂk ]Z; kj
S
k=0

leading to a contradiction. Hence (5.9) becomes

o0

Z nS) ) for each n. (5.10)
=

Taking n — oo in (5.10) and using the convergence of ) 7T](:) and the uniform boundedness
k=0

of (P,g.ls) (v))n we get

= 2w m PG ()
k=0

= oy r, (5.11)
k=0
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Since the chain is v-irreducible and v-positive recurrent, it follows that 7T§U) > ( for all 7, so

(5.11) entails > 7"} = 1, proving (5.6b). The proof of the existence of (Wﬁ”)) in (5.60) is
k=0
thus completed while taking n — oo in (5.7), giving 7T§~v) =Y WEU)Pi(jS) (v).
i=0
(v)

To prove the uniqueness of (7r§v))j, let (u;); be a sequence of real numbers satisfying

(5.6). Then

v v S
w = > w P (v)

= ng) for all j.

ii) A consequence of i). O

The limiting results introduced so far concern the distributions of the time-periodic chain
(ensemble average) and not its sample paths (sample average). We now examine the behavior
of the sequence of sample means of the time-periodic chain. We first consider the case where
the chain is initialized from its periodically stationary distributions (i.e. the chain is strictly
periodically stationary) and is periodically irreducible (i.e. periodically ergodic in the sense
of Appendix B).

Let 55.") (v) = %ki [X,;rs—j] D€ the mean number of visits of state j along the channel

=1

1
v up to time n.S + v. If the chain (X;,t € N) is periodically stationary then

(n) _ 1 - —
E(& ) = F2P (ise =)
= ng) for all v and j. (5.12)

If, in addition, (X, t € N) is periodically irreducible then the point-wise ergodic theorem
(e.g. Aknouche, 2008) entails

%Z 1[Xv+ks=ﬂ n(:_S)oo E (1[Xu+ks=j]) =P (Xv+k5 = ]) = 7750)- (5'13)
k=1
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An extension of (5.13) is given by the following result.

Theorem 5.4 For a S-periodically irreducible and periodically stationary time-periodic Markov

chain (X, t € N) valued in N,

3

3=

fxG) "5 %Zif ¥, (5.14)

k= v=1 j=0

where f is a measurable bounded real-valued function and “3 denotes the almost sure con-

n—oo

vergence as — O0.

Proof For every n € N*, setting n = v +mS (1 <v < 5), we have

INTF (X)) = ZZf Lix, =1

k=1 j=0
m S oo
m51+v Z Z Z f() lixysso=i] T m570 mS+v Z Z f( 1[st+1ﬁ]]
k=1 v=1 j=0 v'=1 j=0
= m@iv Z % Z # Z f) Lixys =g T #—&-v Z Z f@) 1[st+v=j]'(5'15)
j=0 =1 k=1 v'=1 j=0
Letting n — oo and m — o0 so Si — 1, we obtain

a.s.

mS+v Z Z f 1[st+ ] njoo 0.

v'=1 57=0

By periodic stationarity and periodic ergodicity of (X;,¢ € N) and hence of (f (X;),t € N)
(cf. Appendix B), the ergodic theorem yields

%Zf(J) 1[st+u=j] = E(f< )1[Xk5+v—]]) f<j) ng)' (5'16)

n—00
k=1

Hence in view of (5.15) and (5.16), it follows that

k=1 j=0 v=1 k=1
S oo
B2 fim
v=1 5=0



which proves the desired result. [J

Theorem 5.4 does not require periodic aperiodicity and periodic positive recurrence since
the chain has already been assumed to be periodically stationary and periodically irreducible
(hence periodically ergodic). However, when the chain is not periodically stationary, periodic
irreducibility is no longer synonymous with periodic ergodicity (in the sense of Appendix B)
and the point-wise ergodic theorem can no longer be applicable. In this situation, periodic
aperiodicity and positive periodic recurrence are required to obtain a variant of Theorem 5.4

where convergence is instead valid for the means of the sample means.

Theorem 5.5 If (X;,t € N) is periodically irreducible, periodically aperiodic, and periodi-

cally positive recurrent with states in N then

INTE((X) = 2D F )7 asn— o0
k=1

v=1 5=0

where f is a measurable bounded real-valued function.

Proof Using the same arguments in the proof of Theorem 5.4 (see (5.15)) we have

n [eS) S
IN X =D 5D A F ) lixessmi + By (5.17)
k=1

m
j=0 v=1 k=

—

where R, is a term satisfying F (R,) — 0 as n — oo.
Now, periodic irreducibility, periodic aperiodicity, and periodic positive recurrence to-

gether imply

m—0o0

lim E (% Zf (]) 1[Xk-s+u=j]> = lim % Zf (])E (1[st+u:j])
k=1
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SO

i (1307 000) =433 00
/

n S oo
and thus = > Ef (Xj) converges to ¢ > > f (j) 7 as n — co. O
k=1

6 Applications

6.1 Periodic Markov decision process

A periodic Markov decision process (PMDP in short) is a stochastic process ((X;, Dy, Cy) ,t €
N) defined on a probability space (2, F, P) where the triple (Xy, Dy, C;) is described as
follows:

i) X; is a random variable valued in a finite set F; (t € N) and represents the state of a
system of interest at time ¢. The whole state-space of the system is £ = |J E;, = {1,..., K}
and is supposed to be finite. -

ii) D; (t € N) is a decision rule specifying at each time ¢ which action a to be taken in
a finite set of actions A; (t) when X; = i for some ¢ € E;. The action space is denoted by
A= |J A;(t) and its number of elements by |A|. Thus, D; is a A;-valued measurable
functigiﬂgfg tXt.

iii) Cy (t € N) is a random variable representing the cost (or reward) incurred by choosing
an action a € A when the system moves from a certain state at time ¢ to another state at

the following time. Hence, C; is a measurable function of X;, X;.; and D;. Given X; = 1,

X1 = J, and D, = a, the value of the reward C; at time ¢ is denoted by C;; (¢, a), i.e.
Cij (t,a) = G| [Xe =4, Xe1 = j, Dy = a . (6.1a)

Likewise, denote by
O (t,a) = Gy [Xy = i, Xy = j, Dy = d] (6.10)

the cost incurred by choosing an action a € A when the system moves from state ¢ at time

t to state j at time ¢ + n.
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We further assume that the model is a periodically homogeneous Markov chain in the
sense that:
a) (X, t € N) is a finite S-periodically homogeneous, periodically regular, and periodi-

cally stationary Markov chain with transition probabilities
P (t,a) := P(X¢41 =j| X =14,Dy =a) := Py (t+kS,a), keN (6.2a)
and S-periodically stationary marginal distribution
P (X1 =1i|Dy = a) =m; (t,a), (6.2b)

where (7; (t,a)),, is S-periodic in ¢ and satisfies (3.4) for each a € A. Since (X;,t € N) is

it
finite, its periodic regularity is ensured by just assuming that it is periodically irreducible
and periodically aperiodic.

b) The parameters A; (t) and Cj; (t,a) are S-periodic over ¢ € N. So letting ¢ = kS + v
(ved0,..,8—1}, ke N), E;, A;(t), Cyj(t,a), and 7; (t,a) can be rewritten as £, A; (v),
Ci; (v,a), and m; (v, a), respectively. In particular, Ci(js) (v,a) := C;; (v,a) denotes the cost
incurred by choosing an action a € A when the system moves from the state ¢ at time nS+v
to the state j at time (n 4+ 1) S + v.

A policy A is a sequence of decision rules and is nothing but the decision process
A :=(Dy,t € N). By periodic homogeneity of the model, A can be described by a S x K
matrix such that A (v,7) denotes the action to be taken when the system is in the state i at a
time multiple of S modulo v € {0, ..., — 1}. A policy A is called pure when the probability
at each time to take a given action is either 0 or 1. If not, it is called randomized. A pure
policy is called periodically stationary if whenever the system is in the state ¢ at the time
period kS +v (0 <v <S5 —1, k € N), the same action a € A; (v) is taken independently of
k. Obviously, the number of periodically stationary policies is finite and is equal to

S—1

ITIT 14 . (6.3)

v=0 i€ FE,

As long as a periodically stationary policy A is involved, the transition probability
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P, (t,a) in (6.2a) as well as the marginal distribution (6.2b) will be simply denoted by
P, (t,A) and 7, (t, A), respectively.

The aim is to determine the optimal periodically stationary policy in the sense of a
certain criterion. The most used criterion for non-periodic MDPs is to minimize the long-

term expected cost per a time-unit. In the periodic context, this criterion takes the form
s )
g(A) = 5 z:o Z:lﬂi(v,A)Ci (v, A), (6.4)
v=0 1=

K
where Ci(s) (v,A) = > PZ-(]-S) (v, A)C'i(js)(v, A). In fact, CZ»(S) (v, A) is interpreted as being the

7j=1
expected cost over the next S time-units if the system is in state ¢ at a time multiple of S

modulo v. Optimal policy determination is thus expressed through the following discrete
optimization problem

A" = argming(A), (6.5)

where II is the set of all periodically stationary policies.

Problem (6.5) can be solved by enumerating all possible periodically stationary policies
and choosing the one with minimum g¢(A). However, the number of periodically stationary
policies can be extremely large and this solution is in general very time-consuming. Carton
(1963) and Riis (1965) extended Howard’s algorithm to solve (6.5). Other approaches using
linear programming could also be used (cf. Aknouche and Kahoul, 2010).

On a final note, when the decision process A :=(D;,t € N) degenerates at a singleton
{a} for some action a, the PMDP process ((X;, Dy, Cy),t € N) reduces to (X;,t € N) which
is a periodically homogeneous Markov chain as defined in Section 2. Thus a PMDP is a

strict extension of a time-periodic Markov chain.
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6.2 Periodic integer-valued time series models

6.2.1 Periodic binomial AR(1)

A time-periodic extension of the first-order binomial integer-valued autoregressive (BINAR(1))
model proposed by McKenzie (1985) is defined as

Xt = (O thl -+ 515 () (n — thl) , t € N* (66)
Xe—1 n—X; 1

_ Zfl(t—l)+ Z Cl(t—l)’
=1 =1

where X is a random variable. The sequences (5?71)) and (Cl(tfl)) are ipdgs Bernoulli dis-

tributed with S-periodic means («;) and (/3,), respectively, i.e. E( l(t_l)) =a; =g € (0,1)

and E(Cl(t_l)) =, = Bys € (0,1) for all integer ¢. The symbol o stands for the binomial

Xi1
random sum operator (Steutel and van Harn, 1978) defined as a0 X;—1 := ) £l(t_1), where
=1

(é“l(t*l)) are independent of X, ;.

Clearly, (X;,t € N) is a periodically homogeneous Markov chain on the finite state
space E := {0,...n}. Given i,j € E, the one-step transition probabilities P;; (t) :=
P (Xi41 = j|X; = i) have the form

Xt n—X¢_1
—1 . .
Py(t) = P(Z&?M > ’—J|Xt—z)
=1 =1
min(%,5)

= D (A Ll e ey acr N O e (6.7)

k=max(0,i+j—n)
Since P;; (t) > 0 for all t € N and all 4, j € {0, ...,n}, so are the monodromy probabilities
Pi; (v) := P(Xy1s =j|X,=1) forall 7,5 € E and v € {0,...,5 —1}. Consequently, the
chain (Xy,t € N) is v-irreducible and v-aperiodic for each v € {0,...,5 — 1} and thus is

periodically irreducible and periodically aperiodic. This implies that

lim P (v) = 7" exists (6.8)

n—oo J

for all v and i, j € {0,...,n}. Since (X;,t € N) is finite and periodically irreducible, all states

are v-positive recurrent along each v € {0, ..., S — 1} and therefore (X, ¢ € N) is periodically
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(v)

positive recurrent, implying that ;" > 0 for every j and v. Consequently, (X;,t €N) is

periodically regular (stable) and therefore the limit in (6.8) is unique and positive. The
system of periodically stationary distributions (ng), j€40,.., n}) thus satisfies
0<v<S—1

Zm (), 0<v<S—1, (6.9)
which is simply (3.4), where
P () = By (v) i= P (Xops = j| Xy = k)

can be obtained from (6.7) by iterating (6.6) S times.

6.2.2 Periodic integer-valued ARCH(1) model

The first-order periodic Poisson integer-valued ARCH(1) (PINARCH) process (Grunwald et
al, 2000) is given by

Xi| Xpo1 ~ P+ X ), teN” (6.10)
where X is a given random variable, w; > 0, oy > 0 and P ()\) stands for the Poisson
distribution with mean A > 0. It is assumed that (w;) and («;) are periodic with period
S > 1in the sense w; = wyys and oy = ayyg for allt. When S = 1, model (6.10) reduces to the
Poisson INARCH introduced by Grunwald et al (2000). It is also a particular instance of the
Poisson INGARCH studied by Aknouche, Bendjeddou and Touche (2018) and Aknouche et
al (2022b). Clearly, (X;,t € N) is a time-periodic Markov chain with transition probabilities

Fj(v) = P(Xop =X, =)
o (witani) (wv+auz) i, jeEN,0<v<S—1. (6.11)

The monodromy transition probability has a complicated expression and we give it first for

the case S = 2,

Pij (v) = P(Xyp2 = jlX, =1) ZPZk v) Pyj (v+1)

o0
_ E :e (wo+aui) wv-ﬁ;jzvl) e~ Wot1tavt1k) (wv+1+j<!1u+1k) _ (6.12)

k=0
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Since w, > 0, the chain (X, ¢ € N) is periodically irreducible and periodically aperiodic. To
show its periodic recurrence, we use Theorem 4.3. Taking V; (v) = j for all v as a Lyapunov
function, it is clear that

V(o) = .

Jj—o0
In addition,
o0 o0 o0 1
DRy ()Vy(e) = D ettt e (w4 ank) 3 et
— =
00 o
== Z ef(waerul) (Wv:(!)évl) (W’U+1 + 051)+1k)
k=0
s k—1
= Wy+1 + Qyt1 (wv + avi) Z ei(waravl) (wv?;aull))
k=0
= Wytl T Qup1Wy + 10, Vi(v).
If
Q10 < 1, (6.13)
then
Z]P’U ) < Vi(v)
as long as

Wo+1 + Qy1Wy
1- Qly410y

= N; (v).

Therefore, the chain (X3, t € N) is periodically recurrent under (6.13). For general S, using

the same argument, simple but tedious computations show that under

S—1
[Teo <1 (6.14)
v=0

ZIP’U v) < Vi(v)

provided that
S j—1
;1]_],:[0 Ayt S—1—iWy4+S—j
> = N; (v).
1- ] aw
v=0
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If the chain were periodically null recurrent, then lim, .. P}}° (v) = 7r§.”) = 0 for all

0<v<S—1andi,j €N, sotaking S = 2, the equations

W§”) — Ze—(wwwamk)wZﬁgv)e—(wﬁaui)w (6.15)
k=0 =0
Zﬂg-v) = 1, 7T§-U) >0,
j=0

would have no solution. Since w, > 0 for every v, (6.15) has a unique solution and hence
the chain is periodically regular.

Condition (6.14) coincides with the periodic ergodicity condition for the periodic INARCH(1)
as proposed by Aknouche et al (2018).

6.2.3 Periodic integer-valued autoregressive (INAR(1)) model

The periodic INAR(1) (PINARg (1)) model proposed by Monteiro et al (2010) is given by

Xt = thoXt—l +e¢, T E N* (616)

Xi-1

= Z fl(til) + Et,
=1

where X is a random variable, (g;, t € N) is a Poisson distributed ipds sequence with mean
w, > 0, and (fgt_l))l is an ipdg Bernoulli distributed sequence with S-periodic mean ¢,. It is
assumed that (51('571)); is independent of (g;, t € N) and X;_;, and that y, is S-periodic in t.
For every i,j € N, P,; (t) := P (X341 = j|X; = i) has the form

min(z,5)

Pity=3 (of A —o) Fempis 0. (6.17)

k=0

Thus the chain is periodically irreducible and periodically aperiodic. In addition, Monteiro
et al (2010) showed that for all v € {0,...,S — 1} the homogeneous chain (X,s,,n € N) is
positive recurrent. So the chain (X;,t € N) is periodically regular.

6.2.4 Periodic integer-valued RCA(1) model

Let (&4, t € Z) and (g, t € Z) be mutually independent N-valued ipds sequences where
E(®) = ¢, >0, Var (®,) = 62 > 0, E(,) = p, > 0, and Var () = o2 > 0 are all S-
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periodic in ¢. A N-valued process (X, t € Z) is said to be a periodic integer-valued random

coefficient AR(1) model, in short PINRCAg(1), if X; admits the representation
X, =®,X, 1 +e, tel. (6.18a)
A N-evolution version of (6.18a) is
X, =X, +e, teN (6.18b)

for a given integer-valued initial variable X,. Model (6.18) is a time-periodic extension of
the RMINAR model introduced by Aknouche et al (2023). The distribution of the input
sequences (P;,t € N*) and (e, t € N*) can be specified (binomial, Poisson, negative binomial,
etc.). Note that the PINRCA(1) process (X;, t € N) defined by (6.18) is a periodically

homogeneous Markov chain with an initial distribution
m;(0) =P (Xo=j),jEN
and transition probabilities given by

P

ij

(t) = P(X1=j|Xe=1) (6.19)
S Pl =k P (P =55 i>0

: i
— 0<k<j,2=% €Ny

P(et11=17) i =0,

where t¢,i,j € N. For instance, when ®, and ¢, are Poisson distributed so that 67 = ¢, and

‘73 = s -
i
Z e Myt %67@"'1 qztj;l 72> 0
P (t) =< o<k<jizten ' (=5
e‘“tﬂ% 1 =0.
Equation (6.18b) can be rewritten as
XnS+v = AnS+va+(n—1)S + Ens+v; n e N*7 0<v<S— 1, (6200')
where for each v € {0,...,5 — 1},
S-1 S—1k—1
AnS-ﬁ-v = H cI)nS+v—l and EnS+v = Z H (I)nS—i-v—lEnS—i—v—k- (620b)
1=0 k=0 1=0

28



Hence the monodromy transition probabilities are given by
Pij (U) = P (AU+SXU + Eyts = ]’Xv = Z) (621)
5-1
> Ple,=k)P (H Brus o1 = ﬂ’“) L i>0
1=0

= 0<k<j,i55 €Ny

P(e, =7j), i=0.

Instead of studying (6.21), it is much easier to consider the asymptotic behavior of the solu-
tion of the (monodromy) recurrence equations (6.20). Since the sequence ((A, 51y, Ensiv), N €
N) is did for each v € {0,...,5 — 1}, the S monodromy equations (6.20) are standard sto-
chastic recurrence equations with iid inputs (e.g. Aknouche and Guerbyenne, 2009; Bibi and
Aknouche, 2010). We are interested in the convergence in distribution of X, 5., (as n — 00)

to a random variable X (0 < v < S — 1), independently of the initial variable Xy, i.e.
Xpseo - X V¥Xy WVoe{0,..,5—1}, (6.22)
where the limiting variables (X (“))U, also called circular distributional fixed points of (6.18),

satisfy the following circular system

XO L X0V 4o {1,..,8—1}
XO L g x5 4 ¢
X® and (®,,¢,) are independent for each v € {0,...,5 — 1} .

(6.23)

The S circular distributional fixed points {X W o<v<S— 1} given by (6.23) also satisfy

the following identities in distribution

X0 LA XO 4 g
0<v<S—1, (6.24)
X® and (A, e,) are independent

meaning that {X Wo<v<S— 1} are also distributional fixed points of the monodromy
equation (6.20) in the standard sense (Goldie and Maller, 2000).

Iterating (6.20) S times gives

XnS—l—v = HAiS+UXU + Z H AiS—l—ijS—i-m 0 S v S S — 1; (625)
i=1

j=1 i=j+1
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where the S variables {X,,1 < v < S — 1} are such that X, = A, X, 1+ B,, 1 <v<S—1.
To study the limit behavior of X, 5., as n — oo, it is important to emphasize that from the

iid property of the sequence ((A,g1v,€nsv),n € N), (0 <v < S —1) it follows that

n n n j—1
d
g H Ai5+v€js+v = g HAiS+v€jS+U7 0<v<S—1 (6-26)
Jj=11i=j+1 j=1 i=1

In addition, if (®,5,, = 0) > 0 for all v, as happens for most usual discrete distributions
such as Poisson, Binomial, negative binomial, etc., then Brandt’s (1986) theorem (see also

Vervaat, 1979) implies that under the condition

P (Apssy = 0) > 0, (6.27)
n j—1 o j—1
Z HAiS-"-UejS-‘,-U n(:—S)oo Z HAiS+v€jS+vv 0 S v S S — ]-7 (628)
7j=1 =1 7=1 =1

where the infinite series in (6.28) converges absolutely almost surely. Taking

oo j—1

X('U) i Z H AiS+U€jS+U7

j=1 i=1
it follows that under (6.27),
XnStv najfoo X

for all 0 < v < S — 1, where (X (”))v satisfies (6.23) and (6.24). This indirectly shows that
the Markov chain (X;,t € N) is periodically regular. The distribution of the system (X (”))U
is the periodically stationary (or periodically invariant) distribution of the Markov chain
(X:, t € N). Such a system of distributions exists provided condition (6.27) is satisfied.
Finally, if the initial variables X, are such that X, 2 X® for each v € {0,..., 8 — 1},

i.e. the time-periodic chain is initialized from its periodically invariant distributions, then

(X, t € N) given by (6.18) is strictly periodically stationary and periodically ergodic.

6.3 Markov-switching periodic time series models

Markov-switching time series models have attracted increasing interest in recent years. These

models can be broadly classified into two categories, namely Markov-switching conditional
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mean models (MS-ARMA models; e.g. Hamilton, 1989-1990, Francq and Zakoian, 2001; Yao,
2001; Aknouche and Rabehi, 2010; Aknouche and Demmouche, 2019; Aknouche and Francq,
2022) and Markov-switching conditional variance models (MS-GARCH models; e.g. Cali,
1994; Hamilton and Susmel, 1994; Gray, 1996; Francq et al, 2001; Klaassen, 2002; Hass et
al, 2004; Francq and Zakoian, 2005-2008-2019; Aknouche et al, 2024). Most existing Markov-
switching formulations concern stationary and ergodic inputs depending on the states of a
finite homogeneous Markov chain which is assumed to be regular and stationary.

This Subsection describes three Markov-switching periodic time series models, namely
a Markov-Switching periodic ARMA (MS-PARMA) model, a Markov-Switching periodic
GARCH (MS-PGARCH) model, and a more general Markov-Switching positive conditional
mean model. For the three models, the inputs are S-periodically distributed and depend
upon the (finite) states of a periodically homogeneous Markov chain which is assumed to be
periodically regular and periodically stationary. Special cases of Markov-switching periodic
autoregressive (MS-PAR) models have already been examined by Ghysels et al (1998), Ghy-
sels (2000), and Bac et al (2001). The MS-PARMA model we present here was previously
proposed by Aknouche et al (2008) and was named Markov-mizture periodic ARMA.

6.3.1 A Markov-switching periodic ARMA model

A real-valued random sequence (Y;,t € Z) defined on a probability space (€2, F, P) is said
to be a Markov-switching periodic ARMA (MS-PARMA) with period S > 1 and orders

p,q € N if it is a solution to the following equation

Y = ¢or(Xi) + Z Git(Xt)Yei + & — Zejt(Xt)gtfj; teZ, (6.29)

i=1 j=1
where (g,,t € Z) is a sequence of ipdg random variables with mean zero and variance Var(e;) =
0?(X;) > 0. The parameters ¢,,(X;), 0;:(X;), and 07(X;) are S-periodic in ¢ in the sense
¢;4(Xi) = ¢;4,5(X;) for all £ and so on. When ¢ = 0, the MS-PARMA model reduces to
the Markov-switching periodic autoregressive (MS-PAR) model proposed by Ghysels et al
(1998) and Ghysels (2000), and subsequently studied by Bac et al (2001). For S = 1, the
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model (6.29) reduces to the MS-ARMA specification studied by Francq and Zakoian (2001).
The sequence (X;,t € N) is assumed to be a finite periodically homogenous Markov chain

with state-space £ = {1, ..., K'} and transition probability matrices (P (v))y<,<s_, given by

P’ij (U) = P(Xn5'+v+1 = j’XnS+v - Z)
= P(Xp=j|X, =), neN, i jeE 0<v<S—1.

POt = P(Xp = jlX; =1i).

We assume further that (X;,¢ € N) is periodically irreducible and periodically aperiodic.
Since the chain (X;,t € N) is finite, it is therefore periodically positive recurrent and hence
periodically regular (or periodically Harris-ergodic). In addition, we assume that (X;,t € N)
is periodically stationary in the sense P (X, = j) := 7, (v) = 7T§U) for 0 < v < S—1, where the
system of periodically invariant distributions (W(”))O cpegq Uniquely satisfies (3.4). Finally,
the sequence (X;,t € N) figuring in (6.29) is a (strictly) periodically stationary Z-version
of (Xi,t € N) (cf. Aknouche, 2008). Due to the moving-average part in (6.29), the MS-
PARMA model is characterized by path dependence, making the estimation of the model
quite involving.

A fundamental question concerning model (6.29) is to search for conditions ensuring the
existence of periodically stationary and periodically ergodic solutions with finite logarithmic
or higher-order moments. For this, the model (6.29) can be rewritten in the following Markov
vector form

Zt - At(Xt)Zt—l + Bt(Xt), (630)

where

!/
Zy = (Y. Yipi1, 6ty ey 5t—q+1>(p+q)xl

Bt(Xt) = (gbOt(Xt)+€t707"')07€t707"'70),(p+q)><17
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and

1 (Xy) o b1 4(Xy) (X)) 01(Xy) - 0g-10(Xy) 0g(Xy)
1 0 0 0 0 0
0 1 0 0 0 0
At(Xt) - 3
0 0 0 0 0 0
0 0 0 1 0 0
0o - 0 0 0o .- 1 0

Note that the sequence of matrices ((A;, By),t € Z) is strictly periodically stationary and
periodically ergodic by model’s assumptions. Let M" be the space of square real matrices
of dimension r := p 4+ ¢ and ||.|| be an arbitrary operator norm in M". The largest Lya-
punov exponent for the sequence of matrices (A;, t € Z) is given by (e.g. Aknouche, 2008;
Aknouche, Al-Eid and Demouche, 2018)

7¥(A) = inf LE{log]|Ans (Xas) Aus—1 (Xas1) - As (X)|I} (6.31)

Proposition 6.1 A sufficient condition for model (6.29) to have a causal strictly peri-

odically stationary solution given by

oo j—1

Z =Y [[A- (Xim) B (Xiy), teZ, (6.32)

j=0 i=0

where the latter series converges absolutely a.s., is that
7 (4) <0. (6.33)

Furthermore, this solution is unique and periodically ergodic.

Proof By model’s assumption we first have
S

ST E (log" A, (X)) <

1 v

M

E([[Ay (X)) < o0

1

v

Mo:
Mm

E (log" |B, (X)) < Y E(IB. (X)) < o0

v=1 1

S
Il
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Therefore, (6.33) implies

(

Therefore, the Cauchy rule implies that the series (6.32) converges absolutely a.s., and the

j—1

[ A (xi)

=0

j—1

[[A4- (xi)

=0

1/j
1Bt (Xt—j)||) = exp (%bg + 5 log|| B, (Xt—j)||>

— exp{%vs} <1, as.

J—00

process given by (6.32) is a solution to (6.30). This solution is strictly periodically stationary
and periodically ergodic in view of the periodicity of the model’s coefficients and the periodic
homogeneity of the chain (X;). O

We now give a sufficient condition for the existence of a strictly periodically stationary
solution (6.29) satisfying F (Y;?) < 00, 0 < v < S — 1. Let ® be the Kronecker product,
p(A) be the spectral radius of the matrix A (i.e. the maximum absolute eigenvalues of A),
vec(A) be the column vector stacking operator for the matrix A, and A®™ be the product

A® A®---® A of m factors. Define the matrix X\” (d € N*, 0 <v < S —1) by

Py (v) A, (D)% Py (v) Ay (P .. Py (v) A, (1)
@ _ Py (0) A, ()% Py (v) A, (2)% ... Pra(v) A, (2)%
Pix (v) A, (K)®" Pyg (0) A, (K)®* ... Pgx (v) A, (K)®

Proposition 6.2 A sufficient condition for model (6.29) to have a causal strictly peri-
odically stationary and periodically ergodic solution (Y;,t € Z) with a finite second moment

E(Y?), forall 0 <v < S —1, is that

S—1
p <H Efilv) <1. (6.34)
v=0

Moreover, the solution is unique and is given by (6.32), where the series in (6.32) converges

i mean Square.
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Proof Iterating (6.30) yields

m k-1 m—1
Zy = Z H A (X)) Bi—j (Xo—j) + H A (Xe—i) Bi—mg1 (Xe—ms1) Zi—m
k=1 i=0 i=0

m m—1
= Z IT; , + H I Zt—m,
k=1 i=0

k-1
where IT; , = [ Ai—i (Xi—i) Bi—; (Xi—;). The result thus follows if
=0

E(||I 4 |°) < ed, for all k > 1, (6.35)

where ¢ > 0, and § € (0,1). For every t € Z, define the sequence of r x 1-vectors (Wt,k)kzo
by
Wik =A (Xy) Witi 1 K >1

for some fixed W;_j 0, and let V;, (i) be a r? x 1-vector defined for all i = 1, ..., K by
V;:?k (Z) =F (UGC (VVUCW;k) 1[Xt=i]) .

Then

[™] >

Vig (1) = E (vee (A (X)) W1 oma W)y o1 A (X2)) Lixi—ioxeoi—i))

1

<.
I

P (t—1) A4 ()®* Virh-1 (4)

[M] =

1

<.
Il

so that
Vi = Eg)lvt—l,k—l; (6.36)

where Vi, = (V/ (1), ...,V (K)), is K72 x 1-vector. Iterating (6.36) gives
Vie = S, Eg)kvt,oa k=1

By the S-periodicity of the model coefficients and the S-periodic homogeneity of the chain
(X¢), it can be seen that under (6.34),

| =

Ik
— 0
k—o0

2 2 2 2 2 2 9
s e@, ... 5@ A S M| ) 5/

t—S—Tp
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at an exponential rate, where k = [.S 4+ 7} is written in terms of its Euclidian division by

S. From the multiplicity of the norm, we finally get

(T ell) < Vil < |

o2y 5, | 1Veol < e,

proving the result. [
Following the same lines of the proof of Proposition 6.2, it can be seen that a suffi-
cient condition for the existence of a strictly periodically stationary and periodically ergodic

solution of (6.29) satisfying £ (Y,!) < oo (d € N*, 0 <v < §—1), is that
S—-1
(I, ) <
v=0
provided that F <|5t|d> < 00.

6.3.2 A Markov-switching periodic GARCH model

Consider a Markov Switching periodic GARCH (MS-PGARCH) process defined as

Y, = o,

2 . .2 ) (6.37)
O; = Wy (Xt) + Z Qg (Xt> Yo+ Z ﬁjt (Xt) Tt—jo teZ
i=1 J=1

where (,,t € Z) is an ipds sequence of mean zero and unit variance, and (X;) is a time-
periodic finite Markov chain satisfying the same assumptions as the above MS-PARMA
model. It is assumed that (n,,t € Z) and (X;,t € Z) are independent, and for all 1 <[ < K,
the functions w; (1) > 0, a;; (1) > 0, and 3, (I) > 0 are S-periodic in ¢.

Model (6.37) is a Markov Switching extension of the periodic GARCH (PGARCH) model
of Bollerslev and Ghysels (1996). It is also a time-periodic extension of the MS-GARCH of
Francq and Zakoian (2005, 2008) and thus is also characterized by path dependence.

To study the properties of the model, consider its Markov vectorial form

Zt - Ct(Xt)thl + Dt<Xt)7 (638)
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where

/
Zt = (Yt27'-"}/162—]7—}170-37--'70-1%—q+1)(p+q)><1
Dy(Xs) = (w0l Xe)F, 0,000, 0,000(X),0,.0,0) L
and

Oélt(Xt)U? T aqt(Xt>77§ 61t(Xt)7]§ T n%ﬁpt(Xt)

1 0 0 0

0 0 0 0

Ct(Xt) -
a(Xe) o a(Xy)  Bu(Xy) e Bu(Xd)
0 0 1 0
0 0 0 0

Let v° (C) be the top Lyapunov exponent given by (6.31) while replacing the sequence
(Ay, t€Z) by (Cy, t €Z).
Proposition 6.3 If
72 (C) <0

then model (6.37) admits a unique causal strictly periodically stationary and periodically
ergodic solution given by

o j—1

Z =Y [[Ci (X)) Doy (Xiy), tEZ, (6.39)

j=0 i=0
where the latter series converges absolutely a.s.

Proof The proof is similar to that of Proposition 6.1. [

We now derive a sufficient condition for the existence of a strictly periodically stationary

and periodically ergodic solution with a finite second moment. Let C; (X;) = E (C, (X,) | X,)
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be the matrix obtained by replacing n? by 1 in C; (X;) and set

Py (v)Cy (D) Py (0)C, (1) ... Py (v) G, (1)
-~ d -~ d ~ d

@ — Pu(@)@(?)@ Pza(v>§v(2)® 3 sz(v>§v(2)® den
Pix (0) Cy (K)®? Pyg (v) Cp (K)® ... Prx (v) Cy (K)®

Proposition 6.4 If o
p (H ng?)v) <1, (6.40)
v=0
then model (6.37) has a unique causal strictly periodically stationary and periodically ergodic
solution (Y;,t € Z) given by (6.39) with E(Y,?) < oo (0 <v < S —1). Moreover, the series
in (6.39) converges in mean square.
Proof The proof is similar to that of Proposition 6.2. [

It can be seen that a sufficient condition for the existence of a periodically stationary

solution with E (Y;*?) < oo is that E (n?) < co and

S—1
, (H rgfg,> <1
v=0

Remark 6.1 i) The second-order periodic stationarity condition (6.40) can be further sim-
plified by using a simpler matrix instead of r'?. For1 <[ < r = max(p,q), define the
K x K matriz Nt(l) as

N (i,5) = P (t = 1) (e (3) + By (0)) . (6.41a)

where Pi(jl) (t) = P (X = j|X¢ = 1) is the l-step transition probability. For example,

P (t=1) (an(1) +6,,(1)) -+ Pra(t—1) (an(1) + 51,(1))
NY = ; : . (6.41b)

Pig (t = 1) (a1 (K) + B (K)) -+ Prr (t—1) (an(K) + B1,(K))
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Define the companion block-matriz A; as

1 2 r—1 r
N t( ) N t(—)l - N, t(—r+)2 N t(—)r—l—l
Ik Orxx -+ Orxx Oxxk
At = Orxk Iy s Opxi Orxk , (6.416)
Okxx Ogxg - Ik Orxk

where O« and I stand for respectively the K x K zero matriz and the K x K identity
matrix.
Note that

E (0}|X:) = E (Y1 Xy) (6.42)

and
m; (1) E (021X, = j) ZP t—Dme(t—DE (0| Xiu=Fk), 1<I<r  (6.43)

which is a time-varying extension of Lemma 3 in Francqg and Zakoian (2005). Hence from
(6.37) we obtain

m; (t) E (07| X, = j) =

T K

)+ 3.3 P2t = 1) (ou (G) + Bu(h)) 7 (t — 1) B (07| Xoy = k) . (6.44a)

=1 k=1

The latter equality can be embedded as
ht - dt + Atht—I; (644b)
where

hiw = 7 (O E (021X =), he= (g oo i)y g = (R )’

!/

di = (m ()wi(1),....7x (t)ws (K)), and dy = (d;,O'le, ...,O'le)erl )

Therefore, in view of the latter equality and the nonnegativity of the model coefficients, an

equivalent condition to (6.40) for second-order periodic stationarity (and periodic ergodicity)
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18

S—1
P (H AS—’U) < 1.
v=0

it) Instead of the vectorial Markov equation (6.38), an equivalent representation inspired by

Francq et al (2021) could be used to get equivalent periodic stationarity conditions.

6.3.3 A Markov-switching periodic positive conditional mean model

Let F)\ be a cumulative distribution function (cdf) with nonnegative support and mean
A= f0+°° xdF) (x) > 0. An nonnegative-valued process (Y;,t € Z) is said to be a periodic
positive conditional mean (PPCM) of orders p and ¢, and period S > 1, if its conditional

distributions are given by

Y| Fir ~ Fyn, t €7, (6.45q)

where F;_1 is the o-algebra generated by {Y;_,,u > 1} and the conditional mean )\, is given
by

q p
At = wy + Z oY + Zﬁjt)‘t*ja t e Z. (645b)
i=1 j=1

The parameters w; > 0, ay; >0 (1 =1,...,q) and 8,; > 0 (j = 1,...,p) are S-periodic in ¢ in
the sense wy = wiyg, iy = @49 and ﬂjt = 5j,t+s for every ¢t € Z. Assume that F} ,, := F),

satisfies the following property (cf. Aknouche and Francq, 2021)
AN = Fi(uw) < Fy(u), Yue (0,1), (6.46)

where F) is the quantile function associated with F. The class of distributions satisfying
(6.46) is quite large and encompasses, for instance, the one-parameter exponential family.
Model (6.45) is a time-periodic extension of the positive linear conditional mean model in
Aknouche and Francq (2021, 2023). It encompasses, in particular, the periodic autoregressive
conditional duration model (PACD, Aknouche et al, 2022a) and the periodic INGARCH
(integer-valued GARCH) model (see e.g. Aknouche et al, 2018; Almohaimeed, 2024) with

various distributions in the class (6.46).
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We now consider a Markov-Switching extension of the PPCM model (6.45). Let (X;,t € N)
be a periodically stationary and periodically regular Markov chain defined as in the above
subsections and let (X;,t € Z) its Z-extended copy. A random sequence (Y;,t € Z) is said
to be a Markov-Switching periodic positive conditional mean (henceforth MS-PPCM(p, q))

if it satisfies

ViIFSY ~ Fixon (6.47a)

Ao = A = w (X) +Zazt Xi) Y- 1+26Jt Xi) Ai—js (6.470)

7j=1
where F) := F, ; , satisfies (6.46) and .7-"2?1( denotes the o-algebra generated by {Y;_,, Xi—y11,
u > 1}. The coefficients w; (X;) > 0, ay (X;) > 0 and 3, (X;) > 0 are S-periodic in t.

Equation (6.47b) can be rewritten as
>\nS+1} - wv nS+v +Z aw nS—H) nS—l—v z+z 5]1; nS—l—v) >‘nS+v—j7 nc Za 0 S v S S—].,

where, for instance, w, (j) (0 <v < S —1,1<j < K) represents the value of the intensity
intercept at channel v and regime j. As in the above Markov-Switching models, the past
recent values of \x,, depend on the past values of the regime variable X; so the likelihood
of the model depends on the whole path history of X;. When K = 1, the MS-PPCM model
(6.47) is simply the PPCM(p, ¢) model (6.45), and when the chain is ipdg, model (6.47)
reduces to the model considered by Almohaimeed (2023).

As in Aknouche and Francq (2022), we assume that X; contains all the information of
the o-algebra 7, = o{(U,, A,) ,u < t}, as stated by the following assumption.

A0 P (X, =j|X;—1 =1i,A) = P, (t — 1) for every event A € 7, ;.

We now give periodic stationarity and periodic ergodicity conditions for the MS-PPCM
model (6.47). Let the K x K matrix M be given as in (6.41a),

MO (i,5) = P (t = 1) (cu (6) + By, (i), 1 < i,j S K, 1 =1,...,r =max(p,q)  (6.48a)
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(t € Z) and define the companion block-matrix €2, by

1 2 r—1 r
Mt( ) Mt(—)l T Mt(—r+)2 Mt(—)r+1
Ik Orgxx -+ Orxxx Orxk
Qt = OKXK [K OKXK 0K><K . (648b)
Oxxx Orxx - Ik Orxk

The following result gives a necessary and sufficient periodic ergodicity condition for the
MS-PPCM model (6.47).

Proposition 6.5 Let F\ = F,j\ (A > 0) be a family of cdf’s satisfying (4.46). There
exists a periodically stationary and periodically ergodic sequence (Y, t € Z) whose conditional

distribution is given by (4.47a) where A, satisfies (4.47b) if

S—1
p (H Qs_v> <1 (6.49)

Conversely, if there exists a sequence (Y, t € Z) satisfying (6.47a) such that E (Y;) < oo (for
all t), and the periodically irreducible and periodically stationary Markov chain (X, t € Z)
satisfies A0, then (6.49) holds true.

Proof The proof mainly follows the lines of the proof of Theorem 3.1 in Aknouche and
Francq (2022) with a slight adaptation to time-varying settings.

Assume that (Y;,¢ € Z) is a strictly periodically stationary process satisfying (6.47) with
E(Y;) <ooand E (\) < oo for all t € Z. Under AO, similarly to (6.42) and (6.43), we have

E <)‘t|Xt = j) =F (Y2|Xt = j)
and

7w () E (M| X, = 7) ZPZ Ymi(t—1)E (M| Xy =1d), forall 1 <1 <r. (6.50)
As for (6.44a), equality (6.50) entails

T (1) E (M| Xy =j) =

r K

(7) + Z Z PIS') (t = 1) (oue (j) + Bu () ™ (¢ = 1) E (M| Xoy = k) . (6.51a)

=1 k=1
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Taking

v = m () ENIXe =3) s v = (higy oo bct)s Ve = (oo )

!/

dt = (7T1 (t)wt (1),...,71'[( (t)wt (K)),, and dt: (d;, II(X17"'7 II(XI)TKX17
equality (6.51a) can be embedded in a block-matrix form
Vi = dt + Qtvt_l. (651b)

Iterating (6.51b) S times we obtain
S—1j-1 S—1
Vi = Z H Qt—idt—j + (H Qt—v) Vi_g. (6510)
§=0 i=0 v=0
The S-periodicity of the PPCM model (6.47) therefore implies that v, = v;_g so (6.51¢)

writes as a periodic fixed-point (monodromy) identity

v, = Hy + Gyvy,
that is
vi = Hy i + Gy, (6.51d)
where
S—1 S—1j—1
Gt = H Qt—va Ht = Z HQt—idt—j7 and Ht,K = Ht + Gth —+ -+ th(_lHt > 0
v=0 j=0 i=0

By the positivity of the coefficients of H; x and GX in (6.51d), and since

p(GE) = (p(G))"

Lemma A.1 in Aknouche and Francq (2022) and Corollary 8.1.29 of Horn and Johnson (2013)
show that condition (6.49) holds. This complete the necessity part.

Now, let (U, t € Z) denote an ipdg sequence of uniformly distributed variables in [0, 1]
and independent of (A, t € Z). For every t € Z set

q . p .
RO EACORPILICY Y430 By (X) A ik > 1
.= i=1 j=1

0 itk <0

(6.52)
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and

F~ U, ifk>1
Y;(k) — t, X4 >\ ( t) (653)
0 if £ <0.

When k£ > 2, (6.52) and (6.53) together yield

)\l(ek) = l/)kt(Ut—l, sy Ut—k+1§ D, CH Xt—k+1)7

where 1, : [0,1]F1 x {1,..., K}* — [0, 00) is a measurable S-periodic function in ¢, in the
sense ¥y, = ¥y, g for all ¢,k € Z. Hence, ()\,Ek),t € Z) and (Yt(k),t € Z) are periodically
stationary and periodically ergodic for every k € Z.

Let ﬁk_)f and F;" ; be the o-fields generated by {Yt(f;l), Xi—it1,1 > O} and {Uy,, Xyt1,u <
t}, respectively. Since F ,(U) has the cdf F} ;y when U is uniformly distributed in [0, 1],
we have

B (YO AY) = B (v | FL) =AY

P (Y( <y fk X> =P (F;X )\(k)(Ut) <yl Ft*fl) = Ft,Xh)\ik)(y)

The existence of a process satisfying (6.47a) with ;| replacing ;7 follows if we show

lim AP =\ as. (6.54)

k—o0
so that taking the limit on both sides of (6.52) and (6.53) as k — oo, this gives
Y, =lm YY" =F () as.

k—o00

Since )\, is F," -measurable, we have
VIFL S YIRS
To show (6.54) under (6.49), let us prove that for all positive integer k,
0< AP < AW qs, (6.55)

and

E (Y,;(’“) _ Y}’H)) _E (Ag’“’ _ Aﬁ’“’) € [0,00). (6.56)



Clearly, (6.55) and (6.56) hold true when k£ < 0. Assume (6.55) holds up to k. In view
of (6.46) we have

p
A = w, (X)) +Zan () Fy o Ui) + 3B (X0) AED
i=1 j=1
- k+1 k+1
< wy (Xy) +Z% (X4) FX AU n(Ut z)+26 (Xt))\(+ ])—)\,E Y,
i=1 j=1

Hence (6.55) and (6.56) are satisfied by induction. From (6.46), (6.52), (6.53), (6.55) and
(6.56) we have

B ([y® -y ¥ x =) = B (v =¥ V1 = ) = B (W - A0V 1x =)
and
7 () E ( A AF I X, = j)
— Zzp (t = 1) (o () + B G i (0= D B (|A57 = A5 ) 1X =), (6.57)
=1 =1

for all 1 <¢ < K. Thus, (6.57) can be embedded in

h{" = Q;h(*7", (6.58)

/
where h{®) = <h§k)’, h§’“*””’> R = (hﬁ’?, hﬁ’jt) and B = E ( AF) A1)

|Xt = J)
Iterating (6.58) S times gives
B = (- Qsia) bt
= (- Qspr) BT

where the latter equality stems from the S-periodicity of the model. Under (6.49), we finally

get

ugk)—>0, as k — oo

exponentially fast as k — oo so ()\Ek)> converges in L! and a.s. In addition, since
k
)\t = bet(Ut—l) Ut—27 e ;Xta Xt—17 ),

)



where 1, : [0,1]* x {1,.., K}*° — [0,00) is a measurable function, the sequence (\;,t € Z)
is strictly periodically stationary and periodically ergodic and hence so is (Y;,t € Z) (cf.
Aknouche, 2008). O

7 Conclusion

We presented a basic theory regarding countable periodically homogeneous Markov chains
and the stochastic equations that involve them as inputs. Such processes constitute a rather
general class of dynamic stochastic models and have occupied an important part of the
literature of the last three decades. For these processes, we have studied two main classes of
properties, namely:

- Communication properties such as v-irreducibility, v-recurrence, v-positive recurrence
v-periodicity, v-ergodicity, etc.

- Asymptotic stability properties such as periodic ergodic theorems, v-regularity, periodic
Harris-ergodicity, periodic geometric ergodicity, etc.

It is worth mentioning the following two points:

i) Communication properties for a periodically homogeneous Markov chain are relative to
a given channel. Thus, a property may hold along one channel and not along another. This
is especially reflected on solidarity properties such as v-irreducibility, v-recurrence, v-positive
recurrence, state-v-periodicity, and v-ergodicity.

ii) On the contrary, periodic stability, when it occurs for a time-invariant state space E,
is satisfied along all channels. Indeed, we have seen that the periodic ergodic theorem, the
periodic regularity and the periodic Harris ergodicity are each satisfied for all channels under
the same conditions.

Finally, Markov chains on uncountable state spaces with time-periodic transition kernels

are worth exploring.
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8 Appendix

A. Discrete renewal theorem

Theorem A.1 (e.g. Karlin and Taylor, 1975)
i) Let (ur)pens (0k)pens and (by),cy be sequences of non-negative real numbers satisfying:

Yap=1,0 < > kap < 00, Y. by < o0, and ged{k € N:a >0} = 1. If the renewal
k=0 k=0 k=0

equation
n

Uy, = Zan_kuk +b,, neN
k=0

or equivalently
Uy = Zakun,k +b,, n€N
k=0

has a bounded solution (uy),cy, then

M8

b

=
I

0

lim u, =
n—oo

M8

kay

kS
Il

0

If > kay =00 and > by < 0o, then lim wu, = 0.
k=0 k=0 n—oe
ii) Let (Yk)pens (Ok)pens and (Tx),cn be sequences of non-negative real numbers satisfying:
ap =1, lim z, < 0o, and
k:0 n—oo

n
Yn = Zan—kxka n € N.

k=0
Then
lim y, = lim x,.
(]

B. Periodic stationarity and periodic ergodicity

Let (Y}, t € Z) be a random sequence defined on a probability space (2, F, P) and valued
in the measurable space (R,B(R)), where B(R) denotes the Borel o-algebra of R. Let
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also PY ! be the corresponding push-forward probability measure defined on (R, B (R)) as
PY™1(A) =P (Y (A)) for all A € B (R*), where B (R*) stands for the Borel o-algebra of

R% .= {(...,x_y,x0,21,...) : 7, € R, i € Z}
and
Y 1A ={weQ: Y (w):=(..,Y1(w),Y W),V (w),..) € A}
For all v € {0, ...,S — 1}, define T, : RZ — RZ to be the right-shift transformation given

for each x, = (..., Ty_g, Ty, Toys, ...) € RE by
ToXy = (s Ty 541, Tt 1y Tot S41y o) 2= Xyii-
Denote by T? the S-step (monodromy) right-shift transformation given by
Tf =T,0Typ10...0T 451,

so that
fov = (a Tyy Ty+S ) Lo+2S, ) :
The sequence (Y}, t € Z) is said to be strictly S-periodically stationary if for allv € {0,...,.S — 1},

T preserves the probability measure PY ! (.) in the sense

PY ™! (T, % (4)) = PY™' (4) for all A € B (R),

(2

where T, (A) = {x, € R* : T{x, € A}.

Thus the infinite-dimensional distributions of a strictly S-periodically stationary sequence
are invariant by a translation multiple of the period. An equivalent but simpler definition of
strict periodic stationarity can be given in terms of the finite-dimensional distributions. A

sequence (Y;, t € Z) is strictly S-periodically stationary if and only if

(K}a YSJrv; -~-YnS+v> g (Ytu+h7 Y’25+v+h7 ---YnS+v+h>

for all v € {0,...,.5 — 1}, n € N and h € Z. The latter equality can be replaced by

d
(Vi Yooy - Ye,) = (Yo Yoaens - Yotn)
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for all n € N* and tq,...,t,,h € Z.
A Borel set C, € B (RZ) of the form

Cy ={xy = (0 Ty_g5, Ty, Tyyy5, -..) : Toyrs € Rk € Z}

is said to be S-shift invariant along the channel v if

A strictly periodically stationary sequence (Y;, ¢t € Z) is said to be S-periodically ergodic if
P ({...,K,,S’Y;,,Y;,Jrs, } S Cv) =0orl,

for each v € {0,...,.S — 1} and each Borel set C,, S-shift-invariant along the channel v (cf.
Boyles and Gardner, 1983; Aknouche, 2008; Aknouche et al, 2020).

The simplest strictly S-periodically stationary and S-periodically ergodic process is an
1pdg sequence.

Let f; : RZ — R be a measurable time-periodic sequence of functions (i.e. f; = f;,g for
allt € Z). If (Y3, t € Z) is strictly S-periodically stationary and S-periodically ergodic and
if (Zy,t € Z) is defined as

Zt:ft ("'73/15—17}/157}/15-0-17"‘)7 teZ?

then {Z;,t € Z} is also strictly S-periodically stationary and S-periodically ergodic (Aknouche,
2008).
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