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Abstract

We prove that a two-cycle equilibrium in a general equilibrium model with
infinitely-lived agents also constitutes an equilibrium in an overlapping generations
(OLG) model. Conversely, an equilibrium in an OLG model that satisfies additional
conditions is part of an equilibrium in a general equilibrium model with infinitely-lived
agents. Applying this result, we demonstrate that equilibrium indeterminacy and
rational asset price bubbles may arise in both types of models.

Keywords: infinite-horizon, general equilibrium, overlapping generations, asset
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1 Introduction

General equilibrium models with infinitely-lived agents (GEILA) and overlapping generations
(OLG) models are two workhorses in macroeconomics. A vast body of literature
explores these two frameworks.! This raises a natural question: what is the relationship
between these two kinds of models?

The existing literature highlights a connection between standard OLG models
and models with infinitely-lived representative agents. Aiyagari (1985) demonstrates
that the dynamics of capital in a standard OLG model (Diamond’s model) can be
derived from a discounted dynamic programming framework. Hou (1987) considers
pure exchange economies and establishes an observational equivalence between an
OLG model with agents living for two periods and a cash-in-advance economy with

*I would like to thank Stefano Bosi and Cuong Le Van for their helpful comments and discussions.

"Email: npham@em-normandie.fr. Phone: +33 2 50 32 04 08. Address: EM Normandie (campus
Caen), 9 Rue Claude Bloch, 14000 Caen, France.

1See de la Croix and Michel (2002) for an introduction to OLG models and Becker (2006), Magill
and Quinzii (2008), and Le Van and Pham (2016), among others, for an introduction to GEILA
models.



a single infinitely-lived representative agent. Lovo and Polemarchakis (2010) depart
from a model with an infinitely-lived representative agent and show how the qualitative
properties of OLG economies can be replicated by introducing a certain level of myopia.?

The present paper focuses on general equilibrium models with a finite number of
infinitely-lived households, which are more general than models with a single representative
household. Our contributions are twofold. First, we prove that (1) a two-cycle
equilibrium in a general equilibrium model with infinitely-lived agents is also an equilibrium
in an OLG model, and (2) conversely, an equilibrium in an OLG model that satisfies
additional conditions is part of an equilibrium in a general equilibrium model with
infinitely-lived agents.

The results in Aiyagari (1985) and Hou (1987) cannot be applied to our models
because our framework includes endowments, physical capital, and long-lived assets
(both with and without dividends), while the model in Aiyagari (1985) features only
physical capital (similar to a one-sector optimal growth model), and Hou (1987)
considers an exchange economy.

Our paper is related to Woodford (1986), who studies an economy with capital
accumulation and money, where there are two classes of agents (capitalists and workers),
and workers face a borrowing constraint. He assumes that capitalists have logarithmic
utility functions and focuses on the case where capitalists never purchase money and
workers never purchase capital. He observes that workers’ decisions resemble those
in an OLG model with two-period-lived workers.>* Under Woodford’s specifications,
solving for equilibrium reduces to solving a two-dimensional difference equation. In
contrast, our models may involve a three-dimensional system with infinitely many
parameters, and we work under general utility functions. Moreover, we work under
general utility functions.

Second, we apply our results to show that both equilibrium indeterminacy and
rational asset price bubbles can arise in both types of models.

Kehoe and Levine (1985) consider two stationary pure exchange economies: the
first involves a finite number of infinitely-lived consumers, and the second-an OLG
model-features an infinite number of finitely-lived consumers. They argue that these
two models have different implications: in the first model, equilibria are generically
determinate, whereas this is not the case in the second model.® The models in our
paper are more general than those in Kehoe and Levine (1985) because we incorporate
capital accumulation and imperfect financial markets (with borrowing constraints). In
terms of implications, we demonstrate that in a non-stationary exchange economy with
a finite number of infinitely-lived consumers, equilibrium indeterminacy can arise. The
intuition is that in such an economy, the equilibrium system can be supported by an
OLG model, which creates room for indeterminacy.

2It is well known that, in some cases, an OLG model with positive bequests can be reformulated as
an optimal growth model ‘a la Ramsey (see Barro (1974), Aiyagari (1992), and Michel et al. (2006)).

3Budget constrains (1.1b) in Woodford (1986) writes p; (¢’ + (k" — dki” 1)) + M, = M +
r¢ki’ 1 +wing. He also imposes constraints ki’ > 0, M4, > 0, and borrowing constraint pt((c;"” +
(kp — dk;”_l)) < M}’ + riki” |. He focuses on the case workers choose k;” = 0, V¢ in optimal.

4In footnote 4 in Kocherlakota (1992), he also notes that "... short sales constraints that bind in
alternating periods serve to make the infinite-horizon economy look like an overlapping generations
economy." Our paper formalizes this intuition.

®See Farmer (2019) for an overview of equilibrium indeterminacy in macroeconomics.



In recent years, the issue of rational asset price bubbles has attracted significant
attention from scholars.% Since Tirole (1985), it has become relatively straightforward
to build OLG models with bubbles. However, in infinite-horizon general equilibrium
models, it is well known that constructing a model where rational asset price bubbles
exist is more challenging, particularly when assets yield dividends (Tirole, 1982; Kocherlakota,
1992; Santos and Woodford, 1997).7 A key difficulty is that, in general, the existence of
bubbles in such models requires that the asset holdings of at least two agents fluctuate
over time and that the borrowing constraints of at least two agents bind at infinitely
many points in time (see Proposition 2 in Bosi, Le Van and Pham (2022)). We show
that this scenario leads to the notion of a two-cycle equilibrium in GEILA models,
as introduced above. Building on our findings, this two-cycle equilibrium can be
supported by an equilibrium in an OLG model. Thus, if the latter equilibrium exhibits
a bubble, we can apply our results and impose additional conditions (which hold under
standard assumptions) to prove that it is part of a bubbly equilibrium in the GEILA
model. This insight allows us to recover many examples of rational bubbles found in
the literature.

The rest of the paper is organized as follows. Section 2 introduces both GEILA and
OLG models. Section 1 formally establishes the connection between these two models.
Section 4 presents applications of our results to the study of equilibrium indeterminacy
and asset price bubbles. Technical proofs are provided in the Appendix.

2 Two models

2.1 An overlapping generations model

We present an OLG framework based on the models in Tirole (1985), Weil (1990), de
la Croix and Michel (2002), and Bosi et al. (2018).

The representative firm (without market power) maximizes its profit max {F (K, Ly)—
ty it —

rth—tht}, where F is assumed to be constant return to scale (CRS). As usual, denote
f(k) = F(k,1).

The consumer born at date ¢ lives for two periods (young and old) and has ef > 0
units of consumption as endowments at date when young and e? ; > 0 when old.
Endowments are exogenous. We assume there is no population growth, and the
population size is normalized to 1. Additionally, we assume a single consumption
good.

There is a long-lived asset. At period t, if households buy 1 unit of financial asset
with price ¢, she will receive &1 units of consumption good as dividend and she will
be able to resell the asset with price ¢;.1. This asset may be land, Lucas’ tree (Lucas,
1978), security (Santos and Woodford, 1997), or stock (Kocherlakota, 1992), ...

SFor detailed surveys, see Brunnermeier and Oechmke (2012), Miao (2014), Martin and Ventura
(2018), Hirano and Toda (2024a,b).

"Recently, Le Van and Pham (2016), Bosi, Le Van and Pham (2017a,b, 2018a); Bosi et al. (2018);
Bosi, Le Van and Pham (2022) construct models where assets with positive dividends exhibit bubbles.
Hirano and Toda (2024c) provide conditions in some models under which any equilibrium (if it exists)
is bubbly.



Following Tirole (1985), we assume that there is another long-lived asset with a
similar structure as Lucas’ tree but this asset does not bring any dividend. We refer
this asset "fiat money" as in the traditional literature or "pure bubble asset" or fiat
money. The only reason why people buy this asset is to be able to resell it in the
future

This consumer chooses consumptions ¢f, ¢?, investment in physical capital s, and
investment in a long-lived asset a; (Lucas’ tree) and pure bubble asset (or fiat money)
b; in order to maximize her intertemporal utility u(c}) + Su(c?) subject to

c! + sy + qrag + piby < € + wy
iy <€l A+ (1 =0+ r1)se + (G + Gg1)ae + pryaby
Shat,bt,C%,C? Z 0

where 0 € [0, 1] is the depreciation rate of physical capital.
In this setup, the long-lived asset having dividend is similar to Lucas’ tree (Lucas,
1978). The stream of real dividends (§;) are exogenous.
Denote
R=1—-0+r.

Definition 1. Given kg > 0,a_; > 0,b_; > 0, ¢/ > 0, €2 > 0. An intertemporal
equilibrium of the two-period OLG economy is a list (sg, ag, by, ¢f , @ > 0, Ky, Ly, Ny, wy, Ry, @i, pt)
satisfying three conditions: (1) given Ryi1, (Ge, Ge41), (Pt, Pes1), we, the allocation (sy, az, by, cf, c?)
is a solution to the household’s problem and the allocation (K, L;) is a solution to
the firm’s problem, (2) markets clear: Ly = 1, Ky = Nysy, ap = 1, by = 1 and
st +c¢) = f(ke) +(1=0)ke +ef +ef +&, and (3) wy > 0, Ry > 0,¢q; > 0,p, > 0, Vt.

Let us denote this two-period OLG economy by
Eorc = Eora(u, B, f(+), 0, (&) (ef, €0)s)-

Standard assumptions are required.

Assumption 1. (1) u; is in C*, u}(0) = 400, and u; is strictly increasing, concave,
continuously differentiable.

(2) f(-) is strictly increasing, concave, continuously differentiable, f(0) = 0. The
depreciation rate 0 € [0, 1].

(3) 0 < & < oo V.

Let us focus on interior solutions in the sense that K; > 0,V¢ (this is ensured by,
for instance, the Inada condition f'(0) = 400).

Denote f(z) = G(x,1), ky = K;/N,. Since we consider N; = 1, we have k, = K.
The first order conditions (FOC) of firm give

Wy = f(kt) - ktf/(kt) and ry = f,(kt)' (1)
We have the FOCs of households:
u'(cf) = BRu'(cf1,) (2)
R = @1 + & (3)
pth+1 = Pt+1, <4)



Market clearing conditions are Ky = s, Ly = 1,a;, = 1,b, = 1. FOC (2) becomes

u'(e] +wy — Kip1 — ¢ — pr) = BR (6211 + Riy1 (K1 + q +pt))- (5)
We can redefine equilibrium as follows.

Definition 2. Given kg > 0,a_y = 1,b_; = 1, ¢/ > 0, ¢/ > 0. An interior
inter-temporal equilibrium of the two-period OLG economy is a list (qe, D, Kii1)i>0
of asset prices and capital stocks, satisfying the following conditions.®

Ul(ef + f(Kt) - th,<Kt) — K1 —q — Pt) = 5Rt+1ul (efH + Rt+1(Kt+1 + q; +pt)

(6a)

@ Rev1 = (@1 + &41) (6b)
PR = pep (6¢)
Kt-‘rl > 07 gt Z Oapt Z 0 (Gd)

2.2 A general equilibrium model with infinitely-lived agents

We develop the model in Le Van and Pham (2016) by adding two ingredients: endowments
and pure bubble asset, allowing us to cover both exchange and production economies.
Consider an infinite-horizon general equilibrium model without uncertainty and discrete
time ¢t = 0,...,00. There are a representative firm without market power and m
heterogeneous households. Each household having an endowment (which can be zero)
at each date invests in physical asset and/or financial asset, and consumes.

There is a single consumption good which is the numéraire. At each period ¢, agent
¢ consumes ¢;; units of consumption good. At time ¢, if agent ¢ buys k; 1 > 0 units
of capital, she will receive (1 — 0)k; ;41 units of old capital at period ¢ + 1, after being
depreciated (0 is the depreciation rate), and k; ;.1 units of old capital can be sold at
price 1441 .

As in our OLG model above, there are a long-lived asset bringing dividends and
fiat money. Each household i takes the sequence (q,p, ) = (q¢, pr, 7¢)52, as given and
chooses the sequences of capital (k;;), of the long-lived asset a;, of fiat money (b;;)
and of consumption (¢;;) in order to maximizes her intertemporal utility.

> ()| @)

(Pi(q,7)) : max

(Ci ki t+1,4,6) 10
subject to constraints k;¢y1, @y, by > 0,° and budget constraint

Cit +hivpr — (1 —0)kis + qais +pibiy < rikiv + (g + &) air—1 + pebig—1 + '9§7Tt + €.

(8)

where ¢;; > 0 is endowment of agent 7 at date ¢.

8See Bosi et al. (2018) for an equilibrium analysis for the case p; = 0, Vt.
9We may eventually introduce a short-sale constraint as in Bosi, Le Van and Pham (2022) but it
is the main aim of the present paper.



For each period ¢, the representative firm takes prices (r;) as given and maximizes
its profit by choosing physical capital amount K.
(PG):  m=ma | F(K) = ik (9

Ki>0

(61) , is the share of profit at date t. 6; = (%), is exogenous, 0 > 0 Vi and 7, ¢ = 1.
Denote Egprra the economy characterized by a list

SGEILA = ((ulaﬁza (elt>tak1 0, ai, —17b ,—1 ')ﬁluﬁ (5t)t75>'

+
Definition 3. A sequence of prices and quantities (qt,rt, (clt,kl t+1, Qig)i 1,Kt>tj; s
an intertemporal equilibrium of the economy Egprpa if the following conditions are

satzsﬁed (i) Price poszthty G, 7 > 0,py > 0Vt > 0; (ii) Market clearing: K, =
Z_’Lt7 Ealt_l Ebzt 1 and

m

ST@r + kiger — (1= 0)kiy) = e + f(Ky) + &, Vt > 0,

=1

where e, = Y31 ey is the aggregate endowment; (iii) Optimal consumption plans: for
all i, (Cig, kigen, i)y 1s a solution of the problem (Py(q,7)); (iv) Optimal production
plan: for allt > 0, K, is a solution of the problem (P(Ft)).

Standard assumptions are required.

Assumption 2. (1) At initial period 0, k;o,a;_1,b;—1 > 0, and (k;o,a;—1) # (0,0)
for i = 1,...,m. Moreover, we assume that > ;" a,_1 = 1, 3" b;—1 = 1, and
KO = EZ21 kz,O > O

(2) For each agent i, her utility is finite: f Biu;(Dy) < 0o, where (Dy)y is defined
=0
by Do = f(Ko) + &o + ;ei,o, Dy = f(Dy-1) + & + ; Cit-

By adopting the proof in Le Van and Pham (2016), under the above assumptions,
we can prove that there exists an equilibrium in the infinite-horizon economy Eqgrra.
We now introduce the notion of two-cycle economy and two-cycle equilibrium.

Definition 4 (two-cycle economy). The economy & is called a two-cycle economy if
(1) there are 2 consumers, called H and F, with u; = u, ; = 3 € (0,1) Vi = {H, F},
(2) their endowments are ko = 0, ag—1 = 0,by 1 = 0,Vt > 0 kpo > 0, ap_1 =
1L,op_1=1,Vt>0 cmd (3) their shares of the profits are: Fort >0, 65 =1, 031, =
0, 05,=0,05 =

Denote this two-cycle economy

EarrLaz = SGEILA2<U7 B, (ei,t)t, f<)7 9, (ft)t)-

Definition 5. An intertemporal equilibrium (qt, ey (Cits Kigs1s aiﬂf)z’e[ , Kt)t of the economy
Earrnas 1s called a two-cycle equilibrium if

kot =0,am2i-1 = 0,021 =0,  Kkmor1 = Kop1, amoe=1,bgae =1 (10a)
krpot = Ko, apgi—1 = 1,bpoi-1 =1, kpair1 = 0,ap2 = 0,bpa = 0. (10b)



Observe that in a two-cycle equilibrium, we have that

CH2t—1 = €pai—1 + oy 1Koy 1+ g1 + §or—1 + par—1 (11a)
CHo2t = €r 2t + Mo — Kopp1 — qor — par (11b)
Cr2t—1 = €pat—1 + Top—1 — Kot — qot—1 — par—1 (110)
Crot = epar + Rot Koy + qor + Eor + Do, (11d)

where we denote Ry = r, + (1 —0).
We have the following key result characterizing the two-cycle equilibrium.

Proposition 1. Denote
o _ o _ Yy — Yy =
Cot = €F2t, €111 = CH2t+1, €2t = €H2t; Copy1 = CF2t+1- (12)

A positive list (qt,pt, Tty (City Kigt1s aiﬂg)iel , Kt)t 1s a two-cycle equilibrium of the economy
Eaprraa(u, B, (i), F(4), 6, (&), (er):) if and only if conditions (10a, 10b, 11a, 11c) hold

and

@GRy = (qr1 +&41) s Deliyr = P (13a)
1 _ pu' (€], + R Kip1 + @1 + Ev1 + Pra) (13b)
Ry u'(ef +m — Kyvr — @ — pr)
N 5“’(@%1 j Ter1 — Koo — G — Peya) (13¢)
u'(ef + Re Ky + g+ & + py)

tll}lglo 52tul(€H,2t + mor — Kory1 — qot) (K1 +qo) =0 (13d)
tlgglo B (epar—1 + mor—1 — Kop — qor—1) (Kot + qoi—1) = 0. (13e)

where recall that m, = f(Ky) — f'(K) K.
Proof. See Appendix A. ]

3 Relationship between GEILA vs OLG models

We now present our main result which shows the connection between the equilibrium
in an OLG model and that in a two-cycle economy.

Theorem 1. Let (u, B3, f(+),0, (&):) be a list of fundamentals.

1. (GEILA = OLG) If (g1, pu, 7, (i Kis1, G, bin) e

of the economy Egprraz = Earinaz(u, B, (€ir)e, f(+),0,(&)r), then the sequence
(Ki11, Gt D)0 @5 an equilibrium of the OLG economy

Eora = Eora(u, B, f(+),0, (&), (ef, €7):)

where the sequence (ef,e?); is defined by (12).

Kt)t s a two-cycle equilibrium



2. (OLG = GEILA) Assume that the positive sequence (g, pe, Kit1)e>0 is an equilibrium
of the two-period OLG economy Eorc = Eora(u, B, f(), 0, (&), (ef €7)e) (see
Definition 2). Then, we have that: the list

(Qt,pt, Tt, (Ci,t> Kitt1, ai,t)z‘:l,?a Kt)t (14)
where 1y = f'(K;) and (ciy, Kigr1, Gig, big)i=12 s given by (10a, 10b,11a, 11c)

is a two-cycle equilibrium of the economy Egrrras = Egrrraz(u, B, (ei,t)h f()50, (&),
where the endowments (e;;); is defined by (12), if and only if the following

conditions are satisfied:

u'(ef + RiKy + qp + &+ pe) = Ry’ (el + wipr — Ko — G — Peg1) (15a)

tlgglo B2 (€8, + war — Korr1 — qor — par) (Kotr1 + qos + pat) = 0 (15b)
tliglo 52t_1ul(632/t—1 + wor—1 — Kot — qor—1 — Par—1) (Kot + qu—1 + p2u—1) =0,
(15¢)

where wy = f(K;) — K f'(Ky).
Proof. This is a consequence of Definition 2 and Proposition 1. O

Our result leads to interesting implications. First, point 1 shows that analyzing
two-cycle equilibria requires us to understand the properties of equilibrium in a two-period
OLG model. Point 2 provides a way to construct an two-cycle equilibria from an
equilibrium in a two-period OLG model. However, we need to impose additional
conditions (15a-15¢).

Now, let us focus on two particular cases. First, consider an exchange economy,
i.e., productions do not take into account and agents have endowment, we have the
following result.

Corollary 1 (exchange economy). Let (u, 3, (&)¢), (€ir)s, (€], €7):, where (12) holds, be
a list of fundamentals.

1. (GEILA = OLG) If (qt,pt, (ci,t,ai,t,bivt)ig)t is a two-cycle equilibrium of the

economy Eqrrraz = 5GEILA2(U> s, (ei,t)ty (ft)t); then the sequence (Kt+17 Qtupt)tzo

is an equilibrium of the OLG economy Eora = Eora(u, B, (&), (€, €9):).

2. (OLG = GEILA) Assume that the positive sequence (g, pt)i>o0 is an equilibrium
of the two-period OLG economy Eora = Eora(u, B, (&), (€], €7):). Then, we have
that: the list

(%Pt, (cits @i,t)izl,Q)t (16)
where (¢it, it bit)iz12 95 given by (10a, 10b,11a, 11c)

is a two-cycle equilibrium of the economy Eqrrras = Earrnaz(u, B, (€it)t, (&)i) if
and only if the following conditions are satisfied:

u'(€] 4+ q + &+ pr) > BRepv (el — Qi1 — Pes1) (17a)
tliglo B (8, — qor — par) (qae + pat) =0 (17b)
tliglo 52t_1ul(€gt—1 — qa—1 — P2r—1)(q2e—1 + par—1) = 0, (17¢)



Corollary 2 (production economy). Let (u, 3, f(+),0,(&):) be a list of fundamentals.

1. (GEILA = OLG) If (qt,pt, Tt (Cits Kistr1, @ity Dit) e » Kt)t is a two-cycle equilibrium
of the economy economy Eqprras = Earprraz(u, B, f(+),0,(&):), then the sequence
(Ki41, @ty D)0 1s an equilibrium of the OLG economy Eora = Eora(u, B, f(+), 8, (&)r)-

2. (OLG = GEILA) Assume that the positive sequence (g, pt, Kii1)e>0 is an equilibrium
of the two-period OLG economy Eora = Eora(u, B, f(+),0,(&):). Then, we have
that: the list

(Qt,pt, T't, (Ci,t> k’i,t+1, az’,t)z’:l,Q, Kt)t (18)
where ry = f'(K;) and (ciy, Kigr1, Gig, big)i=12 s given by (10a, 10b,11a, 11c)

is a two-cycle equilibrium of the economy Egrrras = Earrras(u, B, f(+),0, (&):)
if and only if the following conditions are satisfied:

U (R Ky + G + &+ pe) = BRejav (Wi — Ko — Gat — Deg) (19a)
tlgglo BQtU/(w% — Korr1 — qot — pat) (Kor1 + Got + pat) =0 (19b)
tliglo B (wor 1 — Koy — qar—1 — Par—1) (Ko + qar—1 + par—1) = 0, (19c)

where wy = f(K;) — K f'(KY).

4 Applications: Indeterminacy and asset price bubbles

In this section, we present some applications of our results for studying the issue of
indeterminacy and asset price bubble. First, we provide a formal definition of asset
price bubble (Tirole, 1982, 1985; Kocherlakota, 1992; Santos and Woodford, 1997;

Huang and Werner, 2000). Assume that we have an asset pricing equation

Gr+1 + &t
S L 20
B (20)

qt

Solving recursively (20), we obtain an asset price decomposition in two parts

1

.
Gt = Qtt1rqesr + Z Qtt+sSi+s, Where Qppys = 5——5—
Ri1.. . Rigs

s=1
is the discount factor of the economy from date ¢ to t + s.

Definition 6. 1. The Fundamental Value of 1 unit of asset at date t is the sum of
discounted values of dividends:

FV, = Z Qt,t+sft+s-
s=1

2. We say that there is a bubble at date t if ¢, > FV.



3. When & =0 for any t > 0 (the Fundamental Value is zero), we say that there is
a pure bubble (or the fiat money’s price is strictly positive) if ¢; > 0 for any t.

Lemma 1 (Montrucchio (2004)). Consider the case & > 0,Yt. There is a bubble if

and only if 3272, % < 00.

Clearly, we have ¢ = F'V; + lim_, o Q¢ ¢1+¢+-. Thus, condition ¢, — F'V; > 0 does
not depend on t. Therefore, if a bubble exists at date 0, it exists forever. Moreover,
we also see that ¢ 1 — FVii1 = Rey(q — FV,).

We now apply our results in Section 1 to study the issue of rational asset price.

4.1 Exchange economy

First, we focus on the exchange economy. Let us summarize our equilibrium system in
Corollary 1.

@Ry = (qi1 +&41) s DRy = P (21a)
1 :Bu’(e§+1 + Qi1 + Ev1 + D) (21b)
Ry U/(efﬁ! — 4t — pt)
1 (.Y _ _
> Bul(et;rl qt+1 pt+1) (210)
Ry = w/(ef + g+ & +pi)
tllglo 52tul(6§/t — Qo — p2t)(Q2t +p2t) =0 (21d)
tlgglo 5%_1“/(@%—1 — q2e-1 — P2e-1)(qe—1 + p2u—1) = 0. (21e)

According to Corollary 1, conditions (21a) and (21a) characterize the intertemporal
equilibrium in an OLG model. All conditions (21a-21le) characterize the two-cycle
equilibrium of the economy Eqprras = Earrraz(u, B, (€it):, (&):). We will use the
system (21a-21e) to show that equilibrium indeterminacy and asset price bubbles can
exist along a two-cycle equilibrium.!®

Example 1 (unique equilibrium). Assume that u(c) = In(c),Ve, and e = 0,Vt.
Consider a particular case where there is no fiat money, i.e., p, = 0,Vt. In this case,

conditions (21a) and (21a) implies that there is a unique equilibrium in the OLG model.

Moreover, the asset price is q; = %e%’. This is also part of a two-cycle equilibrium in

the economy Eqprraz because FOCs and TCVs (21c-21e) are satisfied.
According to Lemma 1, the equilibrium is bubbly if and only if >, q—’; < 00, or,

equivalently, >, c% < 00. In words, this requires that the dividend would be very small
t

with respect to the endowment of the economy.

The key condition for the existence of bubble, i.e., 3, f—;j < 00, is presented in
Section 9.3.2 in Bosi, Le Van and Pham (2017b), and Section 5.1.1, Section 5.2 in
Bosi, Le Van and Pham (2018a).!'" Hirano and Toda (2024c)’s Proposition 1 gives a

similar condition.

10Solving the system (21a-21e) is far from trivial (see Bosi, Le Van and Pham (2022)’s Section 4
for an analysis with more details in the case p; = 0, Vt.)

"Bosi, Le Van and Pham (2022)’s Proposition 7 focuses on the case p; = 0,Vt, and provide
conditions under which there is a continuum equilibria of the long-lived asset. Note that their analyses
still apply for the case with only fiat money (their Section 4.1.1.
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We now consider the case where the fiat money may have the strictly positive price
p; > 0. Let us focus on the case where there is only the fiat money.'?

Example 2 (continuum of equilibria). Consider an economy with only fiat money.
Assume that u'(c) = ¢, where o > 0.

Any sequence (p;) satisfying the following conditions (A.7a-A.7¢c) is the sequence of
prices of a two-cycle equilibrium is a two-cycle equilibrium of of the economy Eqprpas =
Earrraz(u, B, (€it)t, (&)i), where the endowments (e;¢): is defined by (12),

el —e} >2p >0 (22a)
: t y\1—o __
Jim B'(et) = =0 (220)
) o
€ — Dt )
= - = ). 22¢
Pt = BPes <6§+1 ¥ et ( )

Proof. See Appendix. ]
Let us consider two particular cases of Example 2.

1. Let €] — €2 > 0 and lim;_,o, 8%(e/)17 = 0. Then, p; = 0,Vt is a solution of the
system (22). This is a no trade equilibrium.

2. Let ef = ye', ef = de' where y,d, e > O satisfyingy > d,1 < fe(£)?, and fe! ™7 <

1. Let p be determined by 1 = ﬁe(&;}f’)e)“. Then the sequence (p;) defined by

p; = pet, vVt > 0, is a two-cycle equilibrium. Note that this is an equilibrium where
the fiat money has a strictly positive price. Note that Example 1 in Kocherlakota
(1992) corresponds to the case 0 =2, =7/8,e =8/7,p =14,y = 70,d = 35.

By combining with point 1, we observe that two sequences ((0) (i.e., p; = 0, Vt,
and (pe');) are two solutions to the system (22). By using the same argument in
the proof of Proposition 5 in Bosi, Le Van and Pham (2022), we can prove that

any sequence (p;)¢>o defined by 0 < py < p and p; = 5pt+1<eefpt> , Vi, is a

L1 TPtH1
solution to the system (22). By consequence, there is a continuum of two-cycle
equilibria whose fiat money’s price is strictly positive.'® This is an added value
with respect to Example 1 in Kocherlakota (1992) where he only provides 1
equilibrium.

4.2 Production economy with financial assets

Applying Proposition 2 for a particular where u(c) = In(c), Ve, we obtain the following
result.

Corollary 3. Let u(c) = In(c), 8 € (0,1). Assume that there is no endowment, i.e.,
eir = 0,Vi,t. Assume that (g, pe, Kiv1)e>0 @s an equilibrium of the two-period OLG

12See also Weil (1990) for an excellent analysis of fiat money in a stochastic OLG model.
13Section 4.1.1 in Bosi, Le Van and Pham (2022) for a full characterization in the case o = 1.
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economy, i.e.,

Kt+1 + qt +pt = mwt = 1_/’8_/8(‘]0([(15) — th/(Kt)) (23&)
@Rt = (G + &) (23b)
PR = P (23c)
Kit1>0,¢.>0,p, > 0. (23d)
If
w1 B2 (1= 0+ f/(K)) (1= 0+ f/(Kipr)) Swen Wt (24)

then (g, Kyy1): are asset prices and aggregate capital stocks of a two-cycle equilibrium
of the two-cycle economy.

Proof. Under logarithmic utility function, the Euler equation (6a) becomes (23a). By
consequence, the TVCs (19b, (19¢ are satisfied. Lastly, condition (19a) becomes (24).
[

We now apply this result to construct two-cycle equilibria with bubbles in general
equilibrium models with two agents Eqgprras = Eqerraz(u, 5, f(+),0, (&):). We consider
two standard cases: Linear and Cobb-Douglas production functions.

4.2.1 Cobb-Douglas production function

The following result is an application of Corollary 3.

Example 3 (pure bubble in a model with Cobb-Douglas production function). Let
u(c) = In(c), B € (0,1), § = 1, the Cobb-Douglas production function f(k) = Ak®,
where a € (0,1). Let us focus on the model with only the pure bubble asset and physical
capital.

Denote K* the capital intensity in the bubbleless steady state, that is the steady
state without pure bubble asset.

K* = pY=9 where p = ya A (25)
— B l—« =B la_ _n _ 1
Denote v = 17573 Observe that v = 1375 = w55 = oy

Assume that v > 1 (i.e., f'(K*) < 1; this is so-called low interest rate condition).

There exists a two-cycle equilibrium with bubble of the general equilibrium model
with two agents Egprraz = Earrpas(u, B, f(),0,(&):). In such an equilibrium, the
aggregate capital and the asset price are determined by

1-at~1 at—1 aw ’
K, = (ad) 7o K& vt >2, K, = i —oz)(i+6)’w0 = f(Ko) — Kof'(K,) (26)
pe= (7= 1)Ki1,Vt > 0. (27)

Moreover, in this equilibrium, we have that

lim K, = («A)/1=%) < K* and Jim pp = (v - 1) (@)1= > 0. (28)

t—o00
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In terms of implications, Example 3 shows that a standard model with pure bubble
asset as in Tirole (1985) can be embedded in a general equilibrium model with infinitely-lived
agents. Note that under specifications in Example 3, as we prove in Lemma 3 in
Appendix, the equilibrium (26-27) is the unique solution satisfying the system (23)
and the asset price does not converge to zero.

4.2.2 Linear technology

Consider a linear production function: G(K,L) = AK + BL, we have that: an
equilibrium (g, pt, Kt41)t>0 of the two-period OLG economy are asset prices and aggregate
capital stocks of a two-cycle equilibrium of the two-cycle economy if and only if
B(l—6+A)<1.M

According to (23b) and (23c), we can compute that

= Rtpo
G = Z 573 + —, which implies ¢, = R?® <CJ0 - zt: é)
s=1 R Rt’ s=1 ’

To sum up, we get the following result.

Example 4. Assume that (1) u(c) = In(c), f € (0,1), (2) there is no endowment, i.e.,
e = 0,Vit, (3) GUK,L) = AK + BL, and

R<1 (29)
t
€s
> 2 h (30)
B t
R(—— 31
1+5"7 (1 3R ) (31)
Then, any sequence (kii1,b:)i>0 determined by the following conditions

po =0 (32)

o & s
— < g < ——wW — P 33
~R =" 145 0 (33)

" ~ ¢

R > 34
(5 5) o
R'po (35)

k = —
Nki41 + qe + Py 1+Bw

is part of intertemporal in the two-cycle economy. Moreover, we have that:

1. Fiat money has a positive pm’ce if po > 0. The supremum value of initial fiat
oo &

price py such that p, > 0,Vt is 1+6 — el

4Te Van and Pham (2016)’s Section 6.1 corresponds to this model with p; = 0,Vt. This case is
also related to Proposition 5 in Bosi et al. (2018).
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2. If go = X2, %, then there is no bubble of the long-lived asset. In this case, we
have pg > 0. There is a continuum of equilibria with pure bubble, indexed by pq.

3. If o > 322, %, then there is a bubble of the long-lived asset. Moreover, in this
case, limy_ oo by > 0 if and only if R =1.

Example 4 shows that there exist a continuum of equilibria with a strictly positive
price of fiat money (pure bubble asset) and/or with bubbles of the long-lived assets.
Our three points above suggests that there is no causal relationship between two kinds
of bubbles.

5 Conclusion

This paper bridges two foundational macroeconomic models: the infinite-horizon general
equilibrium model with infinitely-lived agents (GEILA) and the overlapping generations
(OLG) model. By establishing the connection between the two models, we have
provided a unified view that deepens our understanding of phenomena like equilibrium
indeterminacy and rational asset price bubbles in both models.

A Appendix

Before proving Proposition 1, we present the following result which can be proved by adopting
the proof in Bosi, Le Van and Pham (2018a).

Lemma 2. A sequence (qt,pt,rt,(c@t,ki,tﬂ,ai,t)ie[,Kt)t is an equilibrium if and only if
there exists non-negative sequences ((Ui,t,,ui’t, l/i7t)i€1)t such that

(Z) Vt, Vi, Cit > 07ki,t+1 0, a“g 0, Uzt 0, Vit >0,
Vi, K; 2 0,q: > 0,14 >0

(ii) First order conditions

1 (Cz t+1)
1+ 1 — 5 w}(cit) ut CaCan
at z(cl t+1)
= + g, Migaiz =0
G+ e ul(cin) ’ R
Cit+1
bt = i( Has )pt+1 + Vg, l/@tb@t = 0.
z(c% )

(iii) Transversality conditions

hm 5f Hei)kip = lim Blul(cit)grais = lim Blul(c;¢)pibis = 0.
t—o0 t—o0

(iv) f(Ki) —rily = m = max{f(K

) — Ktk >0}, V4.

(v) cit+ kitr1 — (L —0)kit + qrais + pebiy = rekig + (@ + &) ait—1 + pebir—1 + Oime + it

(Ui) Ky = Zie] kit Eie[ Qi =

1, Eielbiyt == 1
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Proof of Proposition 1. According to Lemma 2, first order conditions become

1 _ Qa1 Brup(crat) _ Bauy(crat) (Ala)
o +1—0  qu+&u  up(crau—1) — uy(cHai-1)
1 _ Q21 _ Bruy(ca2et1) _ Brup(crai) (A.1D)
rorr1 +1 -0 qap1 + ot uylemar) — up(crat) .
Brup(cra Bruy(cma

Dat—1 = y t > # 2t (A.lc)

wp(cpat—1) Wy (CH2t—1)

Bruwy(CH 2641 Brup(cr i
Dot = MPQHA > M}hﬂrl- (A.1d)
uy(cH2t) wp(crat)
Recall that

cH2t-1 = €21+ R 1Ko 1+ qor—1 + &1 + P21 (A.2a)
CcH2t = eH2t + T2 — Kopy1 — qor — pos (A.2b)
CF2t—1 = €Fot—1 + mor—1 — Kot — qat—1 — par—1 (A.2¢)
crot = epo + Rot Koy + qor + ot + D2, (A.2d)

According to (1la-11c) and Sy = Br = fB,ug = up = u, the inequalities in FOCs are
rewritten as follows:

pu'(epor + Rot Kot + qor + ot + pot) > B (em ot + mor — Kory1 — qat — p2t)

w(epat—1 + mo—1 — Kot — qae—1 — p2e—1) — W(emai—1 + Ro—1Kor—1 + qae—1 + &26—1 + p2t—1)
B (e e41 + Rort1 K1 + qoer + Eog1 + Porsr) S Bu' (epat+1 + mor41 — Kotro — qat1 — D2tt1)
uw(em ot + mor — Kot — qor — pat) o v (erot + RotKor + qor + ot + Dat)

With our notations e§, = epas, €57 = em241 and egt = eH,%,e%tH = epot+1, these
inequalities become

B (efr + Res1 Kest + Gran + &1 +per1) Bu/(efy 1 4+ miy1 — Kiya — Gre1 — Pey1)

u'(ef +m — Kyy1 — g — pr) N w(ef + ReKy +qr + &)
(A3)
Transversality conditions become

Jim A7y (ep o)k 2 = lim Sy (cn ) quan 2 (A.da)
= hm BHUH(CH,Qt)p%bH,Qt =0 (A.4b)
Jim By (cm o1k oo = Jim BH Ty (e oii1)qorr1am 2641 (A.4c)
= A Bl (ca 2041 ) P2t b 2e41 = 0 (A.4d)
Jim BEUs(cra)krar1 = lim BEup(crar)qaar (A.4de)

—00 t—o0
= lim 512}U’F(CF’2t)p2tbF,2t =0 (A.4f)
Jim BE W (cpart1)kFparte = Jim BE T W (cpati1)qoer1ar 2t (A.4g)
= lim B2 W (crari1)patt1braiis = 0. (A.4h)

t—o00

These are rewritten as follows:

lim Bguh(CH,Zt)(K%H + gat +p2t) =0 (A.5a)
Jim 52t+1 7(crotr1) (Koo + @1 + p2tt1) = 0. (A.5b)
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Since By = Br = B,ug = up = u, TVCs become
tlgglo B/ (e ot + mor — Kors1 — qor — par) (Kot1 + qot) = 0

tliglo B (epar—1 + mor—1 — Kop — qar—1 — por—1) (Kot + gae—1) = 0.

Proof of Example 2. The system (21a-21e) becomes.

DPi41 = peRiy1 >0
1 :Bul(efﬂ +pep1) _ B (el — pes1)
R (e} —p) T w(ef +pi)

lim %' (e8, — pat)por = tlgglo BN/ (€8, — par—1)pa—1 = 0.

t—o0

Then, we can verify these conditions under assumptions in the Example.

(A.7a)
(A.7b)
(A.7c)

O]

Proof of Example 3. According to (3), it suffices to show that our sequence (K41, pt)e>9

satisfies the equilibrium system

w1 B2 f(Ke) [ (Ki41) < wign
Ki+by = %wo
Kiy1+p =vyaAKP, YVt > 0, where v = %1?70‘
Pt+1 = aAK[ 'y
Ko > 0,p; > 0.

It is easy to verify the last four conditions. Let us check the first condition.

K1 = p1 K where p; = aA. Since 6 = 1, condition (24) becomes

w1 B2 (K f (K1) < wepy Vi

(1 - @)AKP  BPaAK) TaAKPS < (1 — o) AR,V
BPAPKY (KO < Ky, Vit

Kiy Ky

which is satisfied because g < 1

(A.8)

Note that

Lemma 3 (solving the system (A.13)). Consider the following system (A.13).

Ky +by= 1fﬂw0

1—
K1 +pe = yaAK], YVt > 0, where vy = Hﬁﬁ @

a
Pt+1 = aAKfﬁlpt
Kt-l—l > Ovpt > 07

1. Ify <1 (ie., f'(K*) > 1), the system has a unique solution

1—at”! t—1 ﬁ

=0, K;= T—a K¢ Vi>2, K;=
Dbt t=p 1 =z 1 (1‘1'5)

where p = yaA. Moreover, lim;_,oo K; = K*.
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(A.13c¢)
(A.13d)

(A.14)



2. Ify>1 (ie, f'(K*) < 1), the system is indeterminate: The set of solutions (K11, pt)i>0

is defined by (A.13b), (A.13¢), and py € {O,Z_)}, where the bubble critical value b is
defined by

b byl [1—( 1+ap (A.15)

w — =W L N
T+8 ~ 0 1—a)(1+p)
which is positive if v > 1.

Moreover,

(a) (bubbleless solution) If po = 0, and, thus, p, = 0 forever. The sequence (Ky) is
given by (A.14).
(b) (bubbly solution) If po > 0, then py > 0 for any t.
When pg < B, we have limy oo pr = 0 and limy_,oo Ky = K*.
When pg = l_), we have limy_, o p; > 0. We also have
v—1
o

Dt = Kt+1Vt 2 0 (A16)

K,o=p " K" w>2 K =-—_2% A7

and p1 = aA. Moreover,
tle K, = p%/(lfa) < K" and b= tlim pr =~ — 1(ad)/(172) > 0 (A.18)

Proof. The proof here is similar to the proof in the literature (see Proposition 4 in Bosi et
al. (2018) among others).

If pp > 0, or, equivalently, p, > 0,Vt. Combining (A.13b) and (A.13c), we have that
_ yaAKY yaAKY K

Kiq
[ — + 1 frd g ’vt Z 1, A.19
Dt Dt oaAKf_lpt_l Pypt_l ( )

Denote z; = nkit1/ (0by). We get a single dynamic equation:
Zt4+1 = VRt — 1 Vit 2 0. (AQO)

If v # 1, the solution of the difference equation (A.20) is given by

_ At 11—+
=" %0 — 1

V> 1

1. When « < 1, there is no bubble. Indeed, suppose that there is a pure bubble. Since
v < 1, condition (A.20) implies that z; becomes negative soon or later: this leads to
a contradiction. In this case, capital transition becomes ki+1 = pky', where p = yaA.
Solving recursively, we find the explicit solution (A.14).

2. Let v> 1.
If p, = 0, then (A.14) follows immediately.
If p; > 0. Then, we obtain

b= [(v = 1)§0_—11] 7+ 1 (A.21)
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A positive solution exists if and only if z9p > 1/(y —1). Hence, the existence of a
positive solution requires

bo < (v — K1 = (7~ 1) [Hﬁﬁwo o]

Solving this inequality for by, we find 0 < by < b.

Now, given by € (O,I_)}, the sequence (Ky41,p¢) constructed by (A.13b) and (A.13c) is a
solution with p; > 0 for any t.

When by < b (that is zg > 1/(y — 1)), because of (A.21), we get lim ;00 2t = 00.
According to (A.13b), K} is uniformly bounded from above, which implies that lim_, o p; = 0.
Thus, lim;_, Ky = K*.

When by = b, we have z; = 1/ (y — 1) for any ¢t > 0. In this case, ki1 = p1k where
p1 = aA/n for any t > 0 and by = (v — 1) nky1. Solving recursively, we get the explicit
solution (A.16).

O
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