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Abstract

Remote work can affect population distribution in an urban system (i.e., a chain of cities). The current
paper explores the effects of remote work on population distribution in an urban system, welfare, and utilities
of workers. To examine these effects, we explore the equilibria of a New Economic Geography model that
expresses remote workers. We elucidate the bifurcation mechanism of the full agglomeration in a narrow corridor
with NEG models with two industries and remote work in order to investigate the effect of remote work on
equilibrium. We demonstrate that the introduction of remote work can decrease the utilities of workers. We
show that remote workers with myopic behavior themselves decrease their own utilities. With myopic behavior,
it is not necessarily ensured that remote workers can obtain higher utilities compared to those with population
distribution before the introduction of remote work.
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1. Introduction

The effect of remote work in a city has been explored (e.g., Delventhal et al., 2022; Monte et al., 2023;
Behrens et al., 2024). The introduction of remote work can potentially change population distribution in urban

I Remote work can

systems. Actually, some remote workers changed their residential locations across cities.
affect population distribution in an urban system (i.e., a chain of cities).

Who obtains benefits from the introduction of remote work in the urban system? All of the workers cannot
necessarily conduct remote work. Migration of workers between cities generated by remote work (i.e., change in
population distribution) affects prices and masses of varieties and wages in cities. Remote workers may obtain
higher utility due to the introduction of remote work, whereas non-remote workers are affected by their location
changes through market mechanisms.

We aim to elucidate the effects of remote work on population distribution in an urban system, welfare, and
utilities of workers. To examine these effects, we explore the equilibria of a New Economic Geography (NEG)
model that expresses remote workers. In the model, there are two industries and one industry can introduce
remote work and the other cannot. Workers of an industry can remotely work across cities and workers of the
other industry cannot remotely work. We explore how the introduction of remote work affects the population
distribution and utilities of the workers.

We elucidate a mathematical mechanism of a change in population distribution caused by the introduction
of remote work. We explore this change with a spatial platform where multiple cities are along a narrow corridor
(i.e., odd number of places evenly distributed over a line segment). Full agglomeration, which is population
distribution in which all the mobile workers gather in one place, expresses one large city surrounded by peripheral
cities in a narrow corridor. The bifurcation mechanism of the full agglomeration of NEG models with remote
work is investigated in the current paper. The bifurcation explored in the current paper expresses population
distribution in which some workers conduct remote work. This bifurcation mechanism is the mathematical
mechanism of the change in equilibrium with the full agglomeration due to the introduction of remote work.
We demonstrate the introduction of remote work can change the full agglomeration to the following population

distributions:

(i) the population distribution with remote workers reside in cities around the large central city and supply
labor to firms in the central city in the narrow corridor (see Fig. 1(a)),
(ii) the population distribution with remote workers reside in the large central city and supply labor to firms

in cities around the central city in the narrow corridor (see Fig. 1(b)).

It is a theoretical contribution of the current paper that this paper elucidates the bifurcation mechanism
in terms of remote work. Economic mechanisms (e.g., a change in a transportation cost) that change the
stability of full agglomeration in a two-places economy with replicator dynamics have been investigated with
many NEG models (Krugman, 1991; Fujita et al., 2001; Baldwin et al., 2011). The bifurcation mechanism with
NEG models that express one industry has been theoretically investigated based on an equidistant economy
(Aizawa et al., 2020), a hexagonal lattice economy (Aizawa et al., 2023), and a long narrow economy (Ikeda

et al., 2024). In contrast to these previous analyses, the current paper elucidates the bifurcation mechanism of

1Such remote workers are reported on https://www.livemint.com/companies/news/tech-workers-take-to-the-mountains-

bringing-silicon-valley-with-them-11604301993812.html (accessed on December 8, 2024).
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Figure 1: Population distribution in the narrow-corridor with five places. () colored with red: the locations where
remote workers are distributed: e colored with red: the location where non-remote workers are distributed; [J colored
with yellow: the locations where firms to which remote workers supply labor are distributed; B colored with yellow: the

location where firm to which non-remote workers supply labor are distributed.

the full agglomeration in the narrow corridor with NEG models with two industries and remote work in order
to investigate the effect of remote work on equilibrium.

We demonstrate the introduction of remote work can decrease the utilities of workers. This introduction
changes the stability of full agglomeration when workers can obtain higher wages or avoid incurring a high cost
of housing. With unstable full agglomeration, workers myopically change their location, and stable population
distribution shown in Fig. 1 emerge. We demonstrate that although the utilities of remote workers with the
distribution shown in Fig. 1(a) increase, those with the distribution shown in Fig. 1(b) decrease compared to
utilities with the full agglomeration. Interestingly, remote workers with myopic behavior themselves decrease
their own utilities. The changes in prices and wages from those with the full agglomeration due to the myopic
behavior of remote workers; it is not necessarily ensured that remote workers can obtain higher utilities compared
to those with population distribution before the introduction of remote work.

The current paper is organized as follows. An NEG model with remote work is explained in Section 2. The
bifurcation mechanism of full agglomeration in the narrow corridor with the remote work is explored in Section
3. Bifurcation from the full agglomeration is investigated in Section 4. Social welfare and utilities of workers
are investigated in Section 5. Section 6 concludes.

Related literature. Several studies investigate how remote work affects the economy. Intracity effects of
remote work have been investigated in urban economics literature (Safirova, 2002; Rhee, 2008; Larson and Zhao,
2017; Dingel and Neiman, 2020; Gokan et al., 2021; Delventhal et al., 2022; Monte et al., 2023; Parkhomenko
and Delventhal, 2023). As a theoretical study of remote work, Behrens et al. (2024) investigate the effects of
remote work on housing prices and the productivity of workers. Remote work potentially enables workers to
move to other cities without changing the locations of offices to which they commute. On the other hand,
Brueckner and Sayantani (2023) and Brueckner et al. (2023) investigate how remote work affects the location
choices of workers and housing prices in cities with different amenity levels. These studies focus on the intercity
effects of remote work. Brueckner and Sayantani (2023) focus on the effects of remote work on population
distribution in cities and utilities of workers in terms of exogenous amenity levels among cities rather than a
change in agglomeration economy. In contrast to these previous analyses, the current paper focuses on the
intercity effect of remote work on the agglomeration economy generated by the scale economy.

The agglomeration mechanism of the population has been investigated in terms of the agglomeration economy



and scale economy in NEG literature pioneered by Krugman (1991). While the framework of the model of
Krugman (1991) is based on one industry and two-places economy, it is extended by several studies. Tabuchi and
Thisse (2011) and Takatsuka and Zeng (2013) develop NEG models with multiple industries. Several theoretical
studies (e.g., Gaspar et al., 2018; Takayama et al., 2020) explore population distribution of equilibrium with
NEG models with spatial platforms that express multiple places. Ikeda et al. (2018) and Aizawa et al. (2023)
explore changes in the population distribution of equilibrium by conducting bifurcation analysis with a change
in transportation cost. In contrast to these previous analyses, the current paper explores the bifurcation from
the full agglomeration with an NEG model with multiple places and two industries to elucidate the effect of

remote work on population distribution and utilities of workers.

2. Model

We explore how the introduction of remote work changes spatial population distribution. Following Brueck-
ner and Sayantani (2023), we explore the equilibria of two theoretical models. One model is a general equilibrium
model that expresses the migration of workers and scale economy, but does not include remote work. The other
model is a general equilibrium model that expresses the remote work as well as the migration and scale econ-
omy. To examine how remote work affects workers, we explore population distribution with equilibria with
these models. Moreover, to assess whether remote work is desirable for workers, we compare the social welfare
with the population distribution of one model and that of the other model.

The theoretical models in our paper are based on a New Economic Geography (NEG) model. The common
framework for these models is the framework of the footloose entrepreneur model which has been employed in
theoretical analyses (Baldwin et al., 2011). We explore equilibria of footloose entrepreneur models with two

industries, multiple places, and the land consumption of workers.

2.1. Footloose entrepreneur model with two industries

2.1.1. Basic framework

In this subsection, we explain the assumptions of a footloose entrepreneur model with two industries, multiple
places, and the land consumption of workers. In our paper, this model is called the FE model. The FE model
is the multiple-places and two-industries version of the footloose entrepreneur model proposed by Pfliiger and
Siidekum (2008).

The economy of the FE model consists of K (> 2) places, skilled and unskilled workers, and three types of
sectors: a manufacturing sector (M-sector), a housing sector (H-sector), and an agriculture sector (A-sector).
Skilled and unskilled workers are the factors of production of varieties produced in M-sector. All the workers
inelastically supply one unit of labor. Skilled workers choose where to reside among the places in the economy,
whereas unskilled workers cannot choose their place of residence. The population distribution of the unskilled
workers is exogenous.

The manufacturing sector is composed of two types of manufacturing, denoted as M! and M? sectors. Each
skilled worker is a factor of production in one sector. We assume that they are immobile between the sectors.
The number of the skilled workers belonging to M™ sector (m = 1,2) in place i is denoted A" and the total
number of the skilled workers belonging to each sector is normalized to be one: » ;- A* = 1, where K is the
set of the places in the economy. Unskilled workers are immobile and equally distributed across all places. The

total number of the unskilled workers in each place is represented by L. The labor of each skilled worker is the



fixed input of manufacturing production, whereas that of each unskilled worker is the variable input of both
manufacturing and agricultural production.

We explain the other sectors. Agricultural production is constant returns to scale. Housing is a non-produced
consumption good supplied in each place. The total amount of the housing stock in each place is H, which is a

constant value.

2.1.2. Preferences and demands

All workers have the same preference. The utility of each worker residing in place ¢ € K is quasi-linear:
UM, cM ol 02 =a;nCM + ayInCM? + BIn CH + C4, (1)

with a1, as, 8 > 0. CH denotes the consumption of housing measured in floor space in place 1, CZA denotes the
consumption of the agricultural good, and C’ZM"’ denotes the CES-consumption index of varieties produced in

M™-sector:

o™ /(c™—1)

n;TL m m
Osz _ Z / qﬁ(f)(a =1/e™ gy
jex /0
The consumption in place ¢ of variety £ € [0, n;"] produced in place j € K is denoted qﬁ(ﬂ) ny' and ¢™ > 1 are
the mass of varieties produced in place k and the constant elasticity of substitution between any two varieties,

respectively. The budget constraint of each worker residing in place 7 is given by

ng, n
> (/ pii(ﬂ)qii(f)dwr/ pii(f)qii@w) +pilcf et =y, (2)
0 0

ke

where p? denotes the price of the agricultural good in place ¢, pj:(¢) denotes the price of variety £ in place i
produced in place k, and Y; denotes the income of an worker residing in place i. The income of each worker
consists of wage and land revenue. We assume public ownership of land for simplicity. This income is expressed

as

Y'=wl!+ R (unskilled worker),
Y;=1¢ V!=w!+R (skilled worker of M" sector), (3)
Y2 =w? + R (skilled worker of M? sector),

where R is the equally divided land revenue, w}' is the wage of each unskilled worker in place ¢, and w]" is the
wage of each skilled worker supplying labor to a firm of M™ sector.

Each worker residing in place ¢ maximizes the utility (1) subject to the budget constraint (2). Since the
utility is quasi-linear, the demand functions other than the demand of the agricultural good are the same

across all workers. Using the first-order condition for the utility maximization problem, we obtain the demand

functions:
M, _ 9m n_ B A _ _am(pf)om !
S W7 C; *Ev Cir=Yi—ar—az— B, qj;({)= W,
where p* denotes the price index of the varieties consumed in place i:
m 1/(1_0'771)
" 1-0o
e by / P (0) = de . )

0
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Substituting the demand functions into the utility (1), we obtain the indirect utility of a worker who reside in

place i:
U= —ailnp; —ayInp? — Blnp +Y; 4 ¢, (5)
where ( = a;Ilna; + aslnas + S1n 8 — (a1 + as + 8) is a constant value that consists of exogenous parameters.

2.1.3. Production

The A-sector is perfectly competitive and each firm of this sector produces agricultural good with constant
returns to scale. Each firm needs one unit of unskilled worker to produce one unit of the agricultural good. The
agricultural good is assumed to be freely traded across places and to be the numéraire. In market equilibrium,
pA =wi =1 (Vi € K) holds.

Varieties of M™ sector (m = 1,2) are produced with increasing returns to scale under monopolistic com-
petition. Each firm of M"™ sector needs one unit of skilled worker as the fixed input and ¢™ units of unskilled
workers as the marginal labor requirement to produce one unit of variety. The operating profit of the firm in

place i is given by

L7(6) = > pR(OQI(L) — (e (0) +w]"), (6)
keK

where Q77 (¢) denotes the total demand at place k for variety ¢ produced in place 7, and z}*(¢) denotes the total
production of this variety produced in place i. ¢™zT"(¢) + wl™ expresses the cost function with the firm. The
firm in place i determine price pl}(¢) (k € K) so that it maximizes the profit (6). Since the total number of

workers in place k is AL + A7 + L, Q7 (¢) is given by
(0 = gR(OO + AL+ L). (7)

Varieties are transported between places with transport costs assumed to take the iceberg form. For one
unit of each variety transported from place ¢ to place j, only a fraction 1/7;; < 1 arrives (7;; = 1). As in Ikeda
et al. (2018), we assume 7;; = exp(7 (i, 7)) which is a function of transport cost parameter 7 > 0, integer (3, j)
that expresses the distance between places ¢ and j. The iceberg form of the transport cost determines the total
production of each variety: x}"(£) = >, o Tk Qi (£).

The firm in place i determines price p}(¢) (k € K) so that it maximizes the profit (6). The first-order
condition for the maximization problem with the profit (6) is given by

k) . m m M. \em
o (D) (pie(0) + (Pik(6) — " T )mig (€)) = O,

where 02 (¢) is the price elasticity of the total demand: 7[7(¢) = 0logQ7(¢)/dlogpi(f) = —om (V0 €

[0,n"],Vi, k € K). Using the above first-order condition yields the optimal price of the variety:

Om

Pk = S X cTik, 8)

where we omit ¢ since the prices of the varieties do not depend on ¢. This equation implies that Qf}(¢) and

m
Z;

(¢) are independent of £. Argument ¢, thus, is omitted subsequently.



2.1.4. Short-run equilibrium

Following standard procedure for theoretical analyses with NEG models (e.g., Baldwin et al., 2011), we
explore market equilibrium with short- and long-run equilibrium conditions. In the short-run equilibrium,
skilled workers are immobile between places. Spatial distribution of skilled workers A™ = (A");ex (m = 1,2)
is assumed to be given in the short-run. The other endogenous variables are determined in the short-run
equilibrium. The market equilibrium condition for the short-run consists of four conditions: the housing market
clearing condition, the variety market clearing condition, the zero-profit condition under the free entry of firms
of M-sector, and the labor market clearing condition.

The housing market clearing condition is given by
H=CHM\ + X +1L). (9)

The variety market clearing condition is given by Eq. (7). The zero-profit condition requires that the operating
profit of each firm, given by Eq. (6), is entirely absorbed by the wage payment for its skilled worker:
= > QR — cmaf (10)
kek

The labor market clearing condition is expressed as n;* = A7* which implies that the mass of firms in each place
is equals to that of skilled workers who reside in the place.

The housing market clearing condition (9) and demand for housing C! yield the equilibrium price of the
housing:

BT+ X2+ L
Pl = % (11)

Using Eq. (8), we obtain price index p", shown in (4), as a function of population distribution A™ and

transportation costs:

1/(1—0om)
PZ’LZ OmC (Z dm m> ) (12)

keKX
where d7; is the spatial discounting factor that represents the friction due to transportation between places j

and :

dj; = le om = exp [-7(i,7)(om — 1)] € (0,1). (13)

As the above equation shows, this factor decreases in an increase in transportation distance (4, 7). Substituting

Egs. (7), (8), (12), and (13) into Eq. (10), we obtain the wage of each skilled worker in the short-run equilibrium:

nL — am Z m + >\2 + L) (14)
mojek J

where A;-” is a function of the population distribution and the spatial discounting factor:
Z d )\'HL
ke

We can rewrite the price index with this factor: p* = (AM)Y(=om)g, c/(a,, — 1).
Indirect utility with the short-run equilibrium is a function of population distribution A = (A!; A2). Let
URAL A% 1) and U™(AY, A%, 7) (m = 1,2) denote the indirect utility of the unskilled worker and the skilled



worker of M™ sector who reside in place i, respectively. We explicitly show transportation cost 7 in the
arguments as a representative exogenous parameter that affects the market equilibrium. Substituting the price
of the housing (11), the price index (12) into the indirect utility (5) and using Eq. (3), we obtain the indirect
utility with the FE model:

UPALAZ 1) = — L A + =22 10 A2 - Bln A, + 1+, (15a)
0’1—1 0’2—1

UHAL A7) = =oAL+ =2 A2 - B+ w] €, (15b)
g1 — 09 —

U2 A2 1) = YU 1 a2 2 2

(AL T) = InA; + ——InAj — fInA; +w; + &, (15¢)
0'1—1 0'2—1

where A; = A\l + A7 + L and ¢ is a constant value that consists of exogenous parameters. The first and second
terms in each equation in (15) are the effects of the price indices on utility, the third term is the effect of the

housing price, and the fourth term is the effect of the wage. Note that the wage of the unskilled workers is one.

2.1.5. Long-run equilibrium

In the long-run, each skilled worker can decide where to reside. Long-run equilibrium is defined as a spatial

distribution of skilled workers (A, A%) = (A*, A%*) that satisfies the following conditions:

U™ — Ul A%, 1) =0 if A >0,

(16)
Um — U’ij(Al*’ AQ*,T) Z 0 if )\Zn* — O7

and Y, A7 =1 (m = 1,2). U™ denotes the equilibrium utility level for skilled workers of M™ sector.

We can explore the long-run equilibrium by solving a dynamics that expresses a change in the spatial
distribution (Sandholm, 2010). We explore long-run equilibria with the replicator dynamics, which is employed
in theoretical studies with NEG models in which there are multiple places (e.g., Gaspar et al., 2018):

dA

dt
where F(A17 )‘25 T) = (Fzm(Alv A27 T))iEK,m€{1,2}7 and

=F(A', 22, 7), (17)

EPALN ) = A [UP AL N2 1) = U™ (AN N2 7)) ie Kome {1,2}. (18)

Here, U™ = Y ici AU is the weighted average utility with skilled workers of M™ sector. Stationary points

are defined as solutions to the following equation:
FQAL A2 1) =0. (19)

The stable stationary points are stable long-run equilibria (Sandholm, 2010). The stability of a stationary
point is determined with the eigenvalues of the Jacobian matrix of F: J = F /OX. If all the real parts of the
eigenvalues of J are negative, then the associated stationary point is stable, implying that this point is a stable

long-run equilibrium. This Jacobian matrix with the FE model is shown in Appendix A.1.

2.2. Footloose entrepreneur model with remote work

To elucidate how equilibrium changes after skilled workers can remotely supply labor (i.e., remote work)
across places, we develop a footloose entrepreneur model with remote work. We call this model the FER model.
Since basic framework of the FER model is the same as the FE model, the FER model is a theoretically extended
FE model in terms of location choices of skilled workers due to remote work. We compare an equilibrium of the

FER model and that of the FE model to explore the impacts of remote work on workers (Sections 4 and 5).



2.2.1. Framework of the FER model

The differences between the FER model and the FE model are only the location choices of skilled workers
in terms of remote work. The other assumptions of the FER model are the same as those of the FE model.
Following Brueckner and Sayantani (2023), we express remote work in the FER model as follows. In the FER
model, we assume that only the skilled workers of M! sector can work remotely. Skilled workers of M! sector can
freely supply their labor to any place, whereas skilled workers of M? sector can supply their labor to only the
place where they reside. Such an assumption can be interpreted as a heterogeneity among industries regarding
the possibility of introducing remote work in the real world.

Preference and budget constraint of each worker in the FER model are the same as those of the FE model
(i.e., Egs. (1) and (2)). On the other hand, we consider that skilled workers of M! sector can supply their labor
to places where they do not reside. Let wilj denote the wage of skilled workers of M! sector who reside in place
¢ and supply their labor force to firms which operate in place j. The difference in the expression of the wage
between the FE and FER models can alter the population distribution in the long-run equilibrium with the
FE model (Section 2.2.3). The number of skilled workers who reside in place i and supply labor to firms which

operate in place j is denoted by )\le under the normalizing constant > )\}j = 1. The income of each worker

ijex
is given by
Y"=w!+ R (unskilled worker),
Yi=4q Y =w};+R (skilled worker of M' sector), (20)
Y2 =w? + R (skilled worker of M? sector).

As the above definition indicates, the total of the location choices of skilled workers of M! sector with the FER
model is K x K, whereas the total with the FE model is K (see Eq. (3)).

The production of firms of M! sector in the FER model differs from that in the FE model. We assume
that firms of M! sector can produce varieties with labor not dependent on the location of the labor. Let H}j (0)
denote the profit of firm which operates in place i, employs a skilled worker who reside j, and supplies variety
¢. Note that the definition of the profit implies that IT};(¢) is the operating profit of the firm which employs a
skilled labor who does not work remotely, and H}j (£) (i # j) is that of the firm which employs a remote worker.

The profit of a firm of M™ sector is given by

(0 = > pin(OQi,(0) — ('} (0) + wjy) , (21a)
keK

I (£) = szzk(f) AGOENCEAGERTAR (21b)
keK

where ¢'a} (0) + wj; and ¢®27 () + w] are cost functions of firms of M' and M? sectors, respectively.

2.2.2. Short-run equilibrium

As in the FE model, in the short-run equilibrium, the population distribution of skilled worker is given. The
population distribution of skilled workers of M" and that of M? are given by A' = (A};)i jex and A* = (A})iek,
respectively. The market equilibrium condition for the short-run equilibrium consists of four conditions: the
housing market clearing condition, the variety market clearing condition, the zero-profit condition under the
free entry of firms, and the labor market clearing condition.

The first and the second conditions are the same as the conditions introduced in Section 2.1.4 (i.e., Egs. (7)

and (9)). The third condition requires that the operating profits of the firms, given by Egs. (21a) and (21b),



are entirely absorbed by the wage payment for the skilled workers:

wy; = Zp%ijlk — clx}, (22a)
ke

wi =Y phQi - fai. (22b)
ke

Eq. (22a) indicates that the wage paid to skilled workers who supply labor force to firms in place j is not
dependent on places where they reside. The fourth condition is expressed as nj = >, o Aj; and nf = X2
Indirect utility can be expressed as a function of the spatial distribution of workers as the FE model. Let
VE(AL A2 7), Vi;()\l, A% 1), and V2(A', A2, 7) denote the indirect utility of the unskilled worker, that of the
skilled worker of M! sector who resides in place i and supplies his labor to a firm in place j, and that of the
skilled worker of M? sector who resides in place 4, respectively. Using the market equilibrium conditions, we

can analytically obtain these functions (see Appendix A.2 for detail of the derivation)

VAL A2, 1) = I + —2 A2 BlnA;+1+E, (23a)
o1 — 02—1

VAL A2 ) = 01_11 n N+ 020‘i11nA;4‘—ﬁ1nAi+w}j+g, (23b)

VE(AL A2 7) = InN! + —22 A2~ BInA, +w? +¢, (23¢)
0'171 0'27].

where N ZO kek m)\,w,

(24a)

l (AL + AR +L)

AL+ A2+ 1L). (24b)

“o
2E

Here, \j = 37, cxc A, is the total of skilled workers of M" sector who reside in place i. Note that \j = 7 i Aj,,
denotes the total number of skilled workers belonging to M!-sector and residing in place i. As in the FE model,
the first and second terms in each equation in (24) are the effects of the price indices on utility, the third term

is the effect of the housing price, and the fourth term is the effect of the wage.

2.2.3. Long-run equilibrium
The long-run equilibrium is defined as a spatial distribution of skilled workers (A, A2) = (A*, A%*) that

satisfies the conditions of

VI VLA A 1) =0 if AL > 0,
I J (25a)

VI VLA A2 7) >0 if AL =0,

V2 V2R F) =0 if A2 >0,
(25b)

V2 VA A7) >0 i A2 =0,

> jeK )\ =1,and ), A? = 1. V™ denotes the equilibrium utility level for skilled workers of M™-sector.
We explore stable spatial equilibria with the replicator dynamics:

dX
— =F(A" N 2
T (A5, A% 7), (26)

where F(A\,7) = (F}, F?)i jex,me{1,2y and

FLAT) = A5 ViEAL X 1) = VEAL A% )] dj €K, (27a)

10



F2ON7) = M VAL A2 1) = V2(AN A% 7)) e k. (27b)

Here, VI = %
Stationary points are defined as solutions to F(AY, A%, 7) = 0.

ijex Ay Viy and V2 = Y. A2V are the weighted average utilities with the FER model.

A market equilibrium with the FE model is not necessarily that with the FER model, since the Jacobian
matrix differs from the matrix with the FE model. At an unstable equilibrium, some skilled workers have
incentive to change their location choices in terms of places where they reside and to which they supplies labor.
We can observe this incentive as follows. Let (:\%E, :\%E) denote a market equilibrium with the FE model. We

define the components of AL, and A2 as follows.
gf@mng7m_@@mﬁ)
Using these components, we define the associated population distribution with the FER model:

Mpr = (AL AL XK ) s A= (00,000,000 | Mg = A
——
i—1
Using these vectors and the definitions of the indirect utilities in the FE and FER models, we obtain indirect

utility that skilled workers of M! sector who reside in place i, but does not remotely work: V;} (X%ER, X%ER, T) =

U} <X11;E, X%E, T). If a remote worker can obtain higher indirect utility than the indirect utility of a non-remote
worker with spatial distribution (X%ER,X%ER) (ie., Vi (X%ER,X%ER,T) < Vé (XIIJ‘EIH;‘%‘ER’T) (3 #9),
then this spatial distribution does not satisfy the equilibrium condition (25a). For example, if a remote worker
can obtain a high wage or avoid to incur a high cost of housing, then equilibrium condition (25a) does not
necessarily hold with spatial distribution (X%ER, X%ER). We numerically demonstrate that a stable equilibrium
with the FE model is unstable with the FER model (Section 4.2).

2.2.4. Social welfare
We evaluate the welfare impact caused by the introduction of remote work. Social welfare is defined as the
Bentham welfare function:
WALN ) =>" (LV“ AL T+ (A Vie(AL A% 7)) +A3Vf(>\1,>\2,7)> : (28)
iek ke

The Bentham social welfare has been employed in welfare analyses with NEG models (e.g., Ottaviano et al.,

2002; Pfliiger and Siidekum, 2008).

3. Emergence of remote workers from an unstable equilibrium of the FER model

We explore the emergence of remote workers after the introduction of remote work. Our paper regards
this emergence as the change from an unstable equilibrium such that there are no remote workers to a stable
equilibrium such that there are remote workers. In this section, we explore a condition of the emergence of
the FER model. We show that this condition relates to the stability condition for the equilibrium of the FER
model.

We focus on the emergence of remote workers who reside in large city in an economy before the introduction

of remote work. To examine this emergence, we explore equilibrium such that some skilled workers remotely
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Figure 2: Long narrow economy

work and the other skilled workers reside in the large city. The remote work in our paper implies that a skilled
worker of M! sector chooses location choice such that the locations of his residence and the firm to which he
supplies labor differ.

As a spatial setting, we employ a long narrow economy which is employed in theoretical analyses in NEG
models with multiple places (Tkeda et al., 2017, 2024). In this economy, places are equally spread on a line
segment. The long narrow economy has an odd number of places as shown in Figure 2. The set of places K is

expressed as
/C:{—12:,—/2;+1,...,—1,o,1,...,12;—1,1%} (1%:1,2,...).

These assumptions imply the economy has the center. Distance between places and the spatial discount factor

are given by, respectively,

I(i,j) =li—jl (i,j €K), djj =exp (=7]i—j|(om —1)).

We examine the emergence of remote workers from the full agglomeration where all the skilled workers reside
in one place. This population distribution has been focused on in theoretical analyses with NEG models. The
mathematical definition of the full agglomeration is Apa = (Ahy, A2, ), where

m=(0,...,0,1,0,...,0).
—
k k
With the full agglomeration, all the skilled workers reside in the central place. This central place is interpreted
as the large city in the economy with the FER model.

We explore the emergence of remote workers in the economy not having any advantage other than geograph-

ical advantage. This economy can be expressed as the following symmetric conditions in terms of the indirect

utilities of the skilled workers:

V3iZira,7) = Vii(Ara,7) Vi€ K, (29a)
VZi(Ara,7) = V2 (Apa,7) Vi€, (29b)
V%io(Ara,7) = Vig(Ara,7) Vi€ K, (29¢)
Vo_i(Ara,7) = V5 i(Apa,7) VieK, (29d)

where we insert a comma in indirect utilities in the above equations in order to discriminate whether the
notation ¢ denotes the place where a worker lives or the location of the firm to which he belongs. The conditions
(29a) and (29b) imply that the levels of indirect utilities that skilled workers can obtain are determined by
the distance from the central place with the full agglomeration. The condition (29c) implies that the levels

of indirect utilities that remote workers who reside in peripheral places can obtain are also determined by the
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distance between the central place and the places where they reside, whereas the condition (29d) implies that
those that remote workers who resided in the central place can obtain are also determined by the distance of
the central place and the places where the firms to which remote workers operated.

Full agglomeration Apa not only expresses the agglomeration of the skilled workers in the economy but also
possesses desirable attributes that allow us to investigate market equilibria. A population distribution is called
an invariant pattern if this distribution retains a stationary point for any values of exogenous parameter (Ikeda

et al., 2018). Full agglomeration Apa is an invariant pattern as shown in the following.

Fyo(Ara, ) = Voo (Ara, 7) — Vo (Apa,7) = 0,

Fi(Apa, 7) = 0 % [Vi5(Apa, 7) = Voo(Apa, 7)) = 0 (4,5) # (0,0),
F3(Ara,7) = Vi(Ara, 7) — Vi (Apa, 7) = 0,

F?(Apa,7) =0 x [VZ(Apa,7) = Vi (Apa, 7)) =0 (i # 0).

A stable full agglomeration is a stable market equilibrium (Sandholm, 2010). The stability of full agglom-
eration Apa is determined by the signs of the real parts of the eigenvalues of Jacobian matrix J. We can
appropriately permute the components of Apa and F to arrive at A = (1,1,0,...,0) and F = (F,, FZ,...).

For these vectors, the associated Jacobian matrix can be rearranged as (Ikeda et al., 2018)

where J; and J;( are matrices whose components are non zero, and

Jo = diag (V2 = Voo, Vily = Voos- -, V210 = Voo, Vilo = Ve,
Vfle SV VLV SV ),

where diag(-) denotes a diagonal matrix with the elements in the parentheses. Full agglomeration Aga is stable
if all the eigenvalues of both J and Jy have negative real part.

As Jy shows, the stability of full agglomeration Aga is determined by the differences in the utilities. With
the FER model, differences between indirect utilities with non-remote work and remote work affect the stability
of full agglomeration Apa (i.e., V;}O — Vo and VolZ — Vho). If the indirect utility with remote work exceeds the
indirect utility with the central large city, then full agglomeration Apa is unstable. Hence, the stability condition
of full agglomeration with the FER model differs from that with the FE model. An unstable full agglomeration
is changed to other population distribution by a slight shock and the myopic behavior of skilled workers over
time.

To explore the emergence of remote workers, we conduct a bifurcation analysis for full agglomeration Aga.
If the difference in indirect utilities Vf] — Vg (3i, ) is zero, then the Jacobian matrix is singular. Actually, with
the replicator dynamics, the following proposition shows that this singularity is also the sufficient condition for
the emergence of a bifurcating solution; the condition of stability with equilibrium is related to the condition

of emergence of bifurcation solution from the full agglomeration.

Proposition 1. We have the following theoretical results:

(i) If Vjo — Voo = 0 holds at (Apa,T), then a bifurcation solution with Ao, Aj0 = A_jo0 > 0 emerges from
()\FAa ’7').
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Figure 3: Examples of theoretically predicted bifurcation behavior

(i) If Vo,; — Voo = 0 holds at (Apa,T), then a bifurcation solution with Ao o, o,; = Ao,—; > 0 emerges from
()\FAa 7').

Proof. See Appendix B. O

An intuitive explanation of Proposition 1 is as follows. Each skilled worker changes their location choices to
obtain larger indirect utility under myopic behavior. Such a myopic behavior changes the population distribution
of the economy. If workers can obtain higher utility by conducting remote work with the full agglomeration,
remote workers increase over time.

Predicted bifurcation solutions which have an important role in our paper are shown in Figure 3. If V5 o —
Vjo = 0, then the bifurcation solution expresses the population distribution with remote workers who reside in
place —j and j emerges (Fig. 3(a)). With this solution, remote workers supply labor to firms operating in the
central large city (i.e., place 0). On the other hand, if Vj o — Vp,; = 0, then the bifurcation solution expresses the
population distribution with remote workers who supply labor to firms operating place —j and j (Fig. 3(b)).
With this solution, remote workers belong to firms operating in places around the center.

We refer to theoretical aspects of Proposition 1. First, this proposition, which shows the existence of the
bifurcation solution, is an extension of theoretical bifurcation analysis of NEG models with one industry (Ikeda
et al., 2024). Second, this proposition is proved by using only the differentiability and the symmetry of the
indirect utility function in terms of places (see Appendix B for detail). The theoretical result, thus, is applicable

to other economic models which express the location choices of economic agents.
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4. Bifurcation solution from the full agglomeration

4.1. Qualitative analysis with the full agglomeration

Using Proposition 1, we can conduct the bifurcation analysis with the difference in the indirect utility, which
is a desirable attribute of the full agglomeration. This difference depends on exogenous parameters. Remote
workers can emerge with a change in transportation cost parameter 7 as theoretical studies (e.g., Baldwin
et al., 2011) have shown that the transportation cost has an important role for the change in stable population
distribution in the urban system.

We examine whether remote workers who reside in peripheral cities and supply labor to the central city
appear. Using the indirect utility (23b), we obtain the difference in the utility of remote work and no remote

work with the full agglomeration:

aq

Qs L+2
V}-l()(AFA7T) — Viy(Apa, 7) = llnd(l)j + ﬁln d?)j + Bln (L) . (30)

o1 —
The first and second terms are the effects of relocating to a different residence on the price index, and the
third term is the effect on housing prices. The transportation cost does not affect the third term, but the first
and second terms. As the third term shows, the relocation has a positive impact in terms of housing price
(i.e., In(L 4+ 2/L) > 0). Transportation cost affects the stability of the full agglomeration since the sign of the
difference in the effects of the price indices changes with a change in the level of this cost. We can decide on

these signs with extreme cases for the transportation cost parameter:

T—

: L+2
lim [Vio(Ara, 7) = Voo (Aea, 7)] = B1n (L) >0,

dim [Vio(Apa, 7) = Voo (Apa, 7)] = —00 < 0.

As the above inequalities show, the full agglomeration is unstable with low transportation costs. This intuitively
implies that, with low transportation costs, the negative effect of remote work on the price index is relatively
small compared to the positive effect on housing prices. Moreover, the intermediate value theorem ensures that
there exists transportation cost such that leo — Viy = 0 holds. At this cost, a bifurcation solution such that
remote workers appear emerges (Proposition 1 (i)). Skilled workers have an incentive to relocate their locations.

Next, we explore whether remote workers who reside in the central city and supply labor to firms in peripheral
places appear. Using the indirect utility (23b), we obtain the following difference in utility with the full

agglomeration:
Vs (Ara, 7) = Voo (Ara, 7) = wg; — wpq- (31)

The above equation implies that the difference in the wage affects the stability of full agglomeration Apa,
whereas the price index and housing price do not affect that of this agglomeration. Using Eq. (24a), we obtain

the RHS of Eq. (31) with full agglomeration Apa:

dt
wh —why = 2 |2(dly 1)+ LY (22 -1 (32)
01l | ~—— kex doy,
<0
20
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As the above equation shows, transportation cost 7 and the number of unskilled workers L determine whether
the wage of remote work in a peripheral city takes a higher value than the central city. Full agglomeration Aga

is unstable with high transportation costs since the wage with remote work exceeds that with no remote work:

dt
. 11y Q1. 1 ; L M i
Jim (wo; = woo) = | Tim + 2(djo — 1) + JE&LI;C (dék )1 5, (F2+00) >0 ([G#0).  (33)
This equation intuitively implies that skilled workers who conduct remote work can get higher revenue from the
unskilled workers residing in peripheral cities with high transportation costs than in the central city. We find

stable equilibria such that remote workers who reside in peripheral places by conducting numerical analysis of

equilibria with the FER model (Section 4.2).

4.2. Numerical bifurcation analysis

Conducting numerical analysis for stable equilibria with the FE and FER models, we examine the impact
of remote work on population distribution A of equilibrium. As explained in Sections 2.2.3 and 3, the stability
conditions of equilibria with the FE and FER models differ. That is, the stable full agglomeration of the FE
model is not necessarily stable of the FER model. In order to explore how remote work changes population
distribution with the full agglomeration which is the distribution such that the skilled workers and the firms
agglomerate in the central city, we conduct bifurcation analysis for full agglomeration Aga .

In an economy where skilled workers can conduct remote work, the full agglomeration with the FE model
is not necessarily stable. Fig. 4 shows the solution curves of the dynamics with the FE and FER models
with a; = 0.3, 8 = 0.1, 0; = 3.0, L = 2.6. With this parameter setting, the wage of skilled workers in the
central city wg, with the full agglomeration is solved as 1.5 (see Appendix C.1 for detail). Full agglomeration
Ara is stable with 7 € (0.0409,0.447) and the FE model, as shown with path AA’. On the other hand, full
agglomeration Apa is stable with 7 € (0.0959,0.316) for the FER model, as shown with path BB’. With
7 € (0.0281,0.0959) U (0.316,0.346) and the FER model, full agglomeration Apa is unstable.

Population distribution with skilled workers who conduct remote work can emerge from unstable full ag-
glomeration Apa. As shown in Fig. 4(a), bifurcation solutions emerge from points B and B’. These are the
points at which the stability of full agglomeration Agps changes. From point B with the FER model, population
distribution in which skilled workers reside in place 1 (or —1) and belong to firms operating in place 0 emerges
(see Fig. 4(b)). Some skilled workers relocate from the central city to peripheral cities with 7 € (0.0281,0.0959).
On the other hand, from point B’ with the FER model, population distribution in which skilled workers reside
in place 0 and belong to firms operating in place 1 (or —1) emerges. All the skilled workers do not relocate,

whereas some firms relocate from the central city to peripheral cities with 7 € (0.316, 0.346).
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Figure 4: Bifurcating solutions from full agglomeration Ara with 5 places economy. —: a stable equilibrium with the
FE model; = — —: an unstable equilibrium with the FE model; —: a stable equilibrium with the FER model; = — —: an

unstable equilibrium with the FER model.
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Figure 5: Sensitivity analysis for stable equilibria (solid line in (a): stable equilibrium with the FER model; dashed line
in (a): stable equilibrium with the FE model)

Conducting sensitivity analysis for stable equilibria of the FE and FER models, we examine how exogenous
parameters affect stable equilibria of the FE and FER models. We analyze for several values with elasticity of
substitution o7 and o9 and mass of unskilled worker L. We choose o1 and oy from {3,5,7,9}. L and other
parameters affect the wage of skilled workers w}] a1, ao, and B are held constant: oy = 0.3, = 0.3,8 =0.1.
Given chosen values o1, 02, a1, az, and 3, we choose L so that w}, belongs to {1.05,1.5,2.0}.

Stable equilibria in which some skilled workers conduct remote work can exist with various parameter
patterns. Fig. 5 shows the stable equilibria of the FE and FER models with parameter patterns and w}, = 1.5.
Population distribution where remote workers reside in peripheral cities stably exists with low transportation
cost 7 with which the full agglomeration is unstable for all the parameter patterns shown in Fig. 5(a). Population

distribution where remote workers reside in the central city stably exists with high transportation cost 7 with

which the full agglomeration is unstable for several parameter patterns. The results with w), = 1.05 and



wjy = 2.0 are similar to the result shown in Fig. 5(a) (see Appendix C.2 for detail).

5. The change in efficiency and disutility generated by the introduction of remote work

5.1. Qualitative analysis with the full agglomeration

The introduction of remote work can marginally affect changes in the utilities of workers. Welfare change
generated by remote work is the total of the changes in utilities of unskilled and skilled workers in the FER
model. As shown in the indirect utilities (23a)—(23c), a change in population distribution caused by remote
work affects price indices, housing prices, and wages of skilled workers.

We examine a marginal change in the utility of an unskilled worker caused by the emergence of remote
workers with full agglomeration App. The emergence of remote workers from the full agglomeration can be
expressed by —dA\peo0 + dAjejo + dAje—jo0 (dAy, dA; > 0), where e;; denotes the standard basis whose the
component associated with a remote worker who resides in place 7 and supplies labor to a firm in place j is
one. —dA\}yeqo + dAjejo + dAje—; o implies remote workers reside in city j and —j and belong to firms in the
central city. Using Egs. (26) and (27a), we have the population constraint in terms of the marginal change in
population distribution: 2d\jejo — dA}, = 0. The indirect utility of each unskilled worker V;" is composed of
the price index and the housing price and exogenous variables: V" = Vzi - wilj + 1. Using this equation and

Eq. (23b), we obtain the marginal change in utility of each unskilled worker in place i generated by marginal

change —dAgpeoo + dAjejo + dhjejo:

W B oA

dvg' = A dAly >0, (34a)
W B AN

AV = -+ aA;OdAj (i #0). (34b)

These equations show that marginal change —d\},eq0 + dAjejo +dAje_j o does not affect the price indices, but
the housing prices. As the above equations show, the marginal change in unskilled workers in the central city is
positive. Moreover, the marginal change in the utility of unskilled workers who reside in the city where remote
workers exist is negative, whereas otherwise, this change is zero.

Next, we focus on the marginal change in population distribution in terms of remote workers who relocate
the location of firm: —dA\{yego+dA;je0; +dNje0 —; (Ao, dA; > 0,2d\; —dAJ, = 0). This implies remote workers
reside in city 0 and belong to firms in city j or —j. The marginal change in utilities of unskilled workers in the
central city associated with —d)\(l)oeoo +dAjeo; +dAjeq,—; is given by

o 1
o — 1N}

B

ave = (—dgodo + dlod); +dL odN;) — A (o +2d0). (35)

The first and second terms are the changes in the price index and the change in the housing price, respectively.
The second term is zero because of the population constraint, whereas the first term is negative as shown in

the following inequality:
—dgodAo + djodN; + db; odX; < —dgodAo + dgodA; + djdA; = 0.

Using this inequality, we obtain dVj' < 0. On the other hand, the marginal change in utilities of unskilled

workers in a peripheral city is given by

1
dvr = =2 (—dbdhg + dbd), + db L)) — B —dre+2dr)) (i #0). (36)
o —1 Ni J a A; —_———
=0
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Figure 6: Change in the social welfare with a change in population distribution

The sign of the above marginal change depends on transportation cost 7 and the level of population migration
(i.e., d\o and d);).

The marginal change in utility of each skilled worker consists of the marginal changes in price indices, housing
price, and wage. As the indirect utility (23b) indicates, the effects of the price index and housing price on this
utility are the same as those on the utility of unskilled workers, whereas the effect of the wage is added to the
change in the utility. As the wage (24a) shows, this change depends on transportation costs 7;; and population

distribution A. We numerically explore this change (Section 5.2).

5.2. Numerical welfare analysis

We focus on how social welfare and utilities of workers change when remote work becomes widespread and
the city size distribution changes. We explore the effect of the introduction of remote work on the social welfare
and the utilities of workers. We compare the welfare of full agglomeration and that of stable equilibrium with
the FER model in order to elucidate whether the introduction of remote work is desirable. The stable equilibria
with the FER model are shown in Fig. 4 in Section 4.2.

Fig. 6 shows the change in welfare after the introduction of remote work compared to before its introduction,
within the range of stable equilibrium. Exogenous parameters are the same as those for the numerical analysis
shown in Fig. 4. Paths BC and B’D show the changes in the social welfare generated by the emergence of

remote workers. In path BC (B'D), the social welfare with the population distribution with the remote work
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Figure 7: Change in utility of a worker with a change in population distribution (i.e., V;"(X,7) — V;"(Apa, 7))

exceeds that with the full agglomeration from zero to 0.0194 (0.00360). The spread of remote work, thus, can
be desirable from the perspective of the social welfare.

Some unskilled workers can suffer from decreases in their utilities as shown in Section 5.1. Fig. 7(a) provides
the change in the utility of unskilled workers in each place generated by remote work. When only workers move
(path BC), the utility of workers in the central city increases, while the utility of workers in the two neighboring
cities decreases. There is no change in the utility of the unskilled workers in the two cities on the outskirts (i.e.,
place £2). These changes are due to the changes in the housing prices (see Eqgs. (34a) and (34b)). That is, the
price of floor space in the central city decreases, whereas the prices in the neighboring cities increase. On the
other hand, when only firms move (path B'D), the utility of unskilled workers in a city other than the central
city increases, but that of unskilled workers in the central city decreases (see Eq. (35)).

Skilled workers can experience lower utility depending on how the city size distribution changes. Fig. 7(b)
shows the change in the utility of skilled workers. Path AB in the figure shows that the utility increases when
only workers move to the surrounding cities with 7 € (0.0281,0.0959), whereas path B'D shows that the utility
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decreases when only firms move to the surrounding cities with 7 € (0.316,0.346). Those changes are similar to

the changes in the utility of unskilled workers in the central city.

5.8. Sensitivity analysis

Conducting sensitivity analyses for the social welfare and the utility that each worker obtains, we explore
whether exogenous parameters affect the result such that remote work can not be necessarily desirable for some
workers. As the analysis shown in Fig. 5, we choose o1 and o3 from {3,5,7,9}. a1, as, and § are held constant:
a; = 0.3,a2 = 0.3,8 = 0.1. Given chosen values o1, 02, a1, ag, and 3, we choose L so that w}, belongs to
{1.05,1.5,2.0} (see Eq. (C3) in Appendix C.1) with full agglomeration Ar4. The number of the parameter
values patterns is 48.

The introduction of remote work can be beneficial from the perspective of social welfare. Fig. 8(a) shows
the change in welfare after the introduction of remote work compared to before its introduction, within the
range of stable equilibrium. Each solid line shown in this figure expresses the difference with a chosen pattern
of parameter values. The straight lines with endpoints labeled with the circle (o) and triangle (A) markers
refer to the full agglomeration. As shown in Fig. 5, bifurcation solutions can emerge for low transport costs.
The curves with the end point labeled with the circle marker (o) refer to the population distribution in which
skilled workers reside in peripheral cities and belong to firms operating in place 0. For all the parameter values
patterns, these patterns emerge as bifurcation solutions with low transport costs (i.e., the low cost indicated by
the circle marker). The curves with the end point labeled with the triangle marker (A) refer to the population
distribution in which skilled workers reside in place 0 and belong to firms operating in peripheral cities. For 9
patterns of parameter values, this population distribution pattern emerges as a bifurcation solution with high
transport cost (i.e., the high cost indicated by the triangle marker). As shown in Fig. 8(a), the social welfare
with the population distribution in which some skilled workers conduct remote work exceeds that with the full
agglomeration.

As shown in Fig. 7(a), the introduction of remote work can not be necessarily beneficial for skilled workers.
Fig. 8(b) shows that the change in indirect utility of a skilled worker Vol,o after the introduction of remote
work compared to before its introduction, within the range of stable equilibrium. The utility of skilled workers
increases for the population distribution in which skilled workers reside in peripheral places and belong to firms
operating in place 0, whereas it decreases for the population distribution in which skilled workers reside in place

0 and belong to firms operating in peripheral places.
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— (5,3,2) — (7,7,1) — (9,9,1.5)
— (5,5,1) — (7,7,1.5) — (9,9.2)

Figure 8: The sensitivities of changes in the welfare and the utility from the full agglomeration with (o1, o2, wdg)
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6. Conclusion

We have explored how remote work affects population distribution in an urban system, social welfare, and
utilities of workers. Conducting bifurcation analysis of equilibrium for Footloose Entrepreneur models with
and without remote work, we examine the stability of the full agglomeration and the bifurcation solutions that
express population distributions in which some workers conduct remote work. We obtain two main findings: (1)
remote work can generate two types of population distributions: population distribution in which only workers
migrate and only firms migrate to small cities, and (2) with myopic behavior of skilled workers, remote work
can cause to decrease in utilities of some workers, whereas the social welfare increases.

From the perspective of equity, policymakers need to implement policies that control population distribution.
Location-based policies are possible choices to relax the decline in the utility. These policies are theoretically
investigated in the literature of land use regulation (Kono and Joshi, 2019) and location-based subsidy policies

(Aizawa and Kono, 2023). The welfare and utility analyses for such policies are future works.
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Appendix

A. Details with the models

A.1. Jacobian matriz of indirect utility of the FE model
Let w® = (wf,...,w},) denotes the wage vector. Using the above equation yields the wage vector as the

following matrix form:

w* = 22(D¥)(AH) A + A2 + L1), (A1)

Os

with identity matrix I, 1 = (1,...,1)", D* = (d;), and A® = diag(A3, ..., A%). Let V* = (V& V5, ..., V)

denote the vector of the indirect utility. The Jacobian matrix of the vector is given by

ov [ ovi/oal ov/ox? (42)
oA OVZ/OAL OV2/ON2
where

oVt ar ow!
LA CO LA Ve
8V1 (05 2 NT 8’w

av_arfb(D) B ox2’
ov? o1 ow?
I = o 12 DD - BV 5t
oOVZ:  ap g ot ow?
N oy 12 (D) B o

Here, ®° = diag(1/A5,1/AS, ..., 1/A%), ¥ = diag(1/A1,1/As,...,1/Ak), and Ow?®/ON is the Jacobian matrix
of the wage with respect to the population distribution. dw?®/9N’ is given by

?91,1\]11 — %quﬂ [I — diag(A)(D'®YT],
%‘\’j = %quﬂ [I — diag(A)(D?®*) "],

where A = (Al,AQ, ce ,AK)

A.2. FER model with specified utility function
A.2.1. Derivation of the indirect utility with the FER model
Because the total number of workers in place i is Y, o A, + A7 4+ L, Q;;(¢) is given by

(0) = o pz yos—1 <Z>‘k+>‘2+L> (A3)

pﬂ kex

The first-order condition for this profit maximization yields the following optimal price

2 (0) = X CTjj. (A4)

_ 75
s — 1
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The first condition and the demand for housing yields the equilibrium price of the housing

" B (ZjEIC )‘zlj + A7+ L)

p; = H . (A5)

The price index pj is, thus, given by

1/(1—01)
(el

ke mekC
1/(1—02)
ia_l(zw) | a
2 kex
where d7; lel ?:. Wages in the short-run equilibrium w}y w? are
1 o djy (AL+ 22 + L) (A8)
Wi T ) + A7+
’ 71 ke ZOE’C d(17k (ZTTLEP /\71?7,0) g k
2 _ Qo d?,

2 kex Tk

where A =3 d; A5, and )\; = Zme,c jm- Substituting the price indices and the wages in the short-run
equilibrium into the indirect utility yields the indirect utility as a function of population distribution (i.e., Egs.
(23a)—(23c)).

A.2.2. The Jacobian matrix of the indirect utility with the FER model

The wage can be expressed as the following matrix form:

w! = DA + A2 + L1), (A10)
01

w? = 2D22(A! + A2 + L1), (A11)
o2

where U! = diag(1/N{,1/N3,...,1/NL) and ®? = diag(1/A%,1/A%,...,1/A%). Let A} = (AL, AL, ..., %)
denote the population distribution of skilled workers of M! sector. We have A' = (A}, A}, ... Ak). Similarly,
we have w! = (wi,wl, ..., wk), w? = (w},wi,...,w%), VI = (VLV} ... V), and V2 = (V2 VE ..., VE).

The Jacobian matrix of the indirect utility is given by

ov [ ovijox! | av?/oN’

OX \ avZ/oa | av2/oN®
OVE/OAL  OVE/OAL - OVE/OAL | OViE/ON?
OVyt oA OV JOA) OVyt JOAL | OV, /ON?
= : : : (A12)
OVE/ONL OVE/ONL - OVE/OAL | OVE/ON?
AVZ/OAT OV2/ON) -+ OVZ/OAL | OV?/ON?
The Jacobian matrices of the indirect utilities with respect to the population distribution are given by
oV} a1 8 ow!
i D'E)T — ol .
AL~ o —iniPE) T oAl
(')V-l Qa9 ﬁ 8’(1)
2 = D2E - 7ET :
ON? 271A2( ol At oA’
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oVv?2 oy B Ow?
a2 _ ol(pH)T - L g+ 7
U b Ve A Y
ov? a9 ow?
— = (DT — U + —.
i L AR vy

where U = diag(1/A;,1/As,...,1/Ak), and E; = e;1". The Jacobian matrices of the wage vectors with respect

to the population distribution are given by

811)1 a7 1

L = — | 5D'E; — D'¥'diag(A)(D'¥h) T
oA o | ing(A) (D' W)
81,01 (651

i 7D1‘l/1
8A2 g1 ’
ow? s
—— = —D?®%E;

6)\} g9 7
ow? s

_ 2 1000 2820 252\
N oy [D?®? — D*®*diag(A)(D*®?) '],

where A = (Al,AQ, ce ,AK)

B. Proof of Proposition 1

We explain a proof of only Proposition 1 (i) since that of Proposition 1 (ii) is almost the same as this proof.
The proof in our paper is similar to the proof of the existence of a bifurcation solution conducted by Ikeda et al.
(2024).

Around bifurcation point (Aga, ), there exists a bifurcation equation which is a reduced function for the

replicator dynamics (Ikeda and Murota, 2019). This bifurcation equation is given by
ALio [Vfli,O()‘lfi,OvA},m ) = VIAL, o, Ao )} =0, (B1)
)\110 [ ()‘1—1 0 )‘z 0 T) — W(Al—wv Azl,OvT)} =0, (B2)

for two nonzero components )\1_1»70 and )\},0. By the bilateral symmetry of places —i and i, we have the symmetry

conditions:

(/\z 07/\1—1'0’ ) Vl()‘lzm}‘z 07 )’ (BS)
Vll 0()‘2 07)‘71 07 ) = ZO(/\le’)"L 0T ) (B4)
Since the above conditions yield V!, (A, X, 7) = Vilg(A, A, 7) (X > 0), bifurcation equations (B1) and (B2) be-

come identical. Solution curve (AL, o, A} o, 7) = (A, X, 7) satisfies these bifurcation equations since V; o(A, A, 7)—

VI(A\ A7) =0 holds.

C. Supplements to numerical analyses in Sections 4 and 5

C.1. Wage with the full agglomeration

Substituting population distribution with full agglomeration Apa into wage (24a), we obtain the wage of

skilled workers:

—‘“Zdl (AL + A2 +L). (c1)

kek Ok
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As the above equation shows, the wages of skilled workers belonging to firms operating in the central city are

the same:

1A

wly =LK + 1)L +2) (C2)

For the full agglomeration, the wage is determined by a1, o1, K, and L. Moreover, given chosen values, the

number of unskilled workers is uniquely determined:

1 o1w
L= —=—-2]. C3

C.2. Sensitivity of existence of equilibrium

Fig. Cl(a) and (b) show the stable equilibria of the FE and FER models with parameter patterns and
w}y = 1.05 and wj, = 2.0 with the full agglomeration, respectively. The results shown in this figure are similar

to the result shown in Fig. 5(a).
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Figure C1: Sensitivity analysis for stable equilibria (solid line in (a) and (b): stable equilibrium with the FER model;
dashed line in (a) and (b): stable equilibrium with the FE model)
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