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I Introduction

To align the equilibrium of growth models with Kaldor’s (1961) stylized facts and comply
with Uzawa’s (1961) steady-state theorem, both neoclassical growth models (Solow, 1956; Cass,
1965; Koopmans, 1965) and endogenous technological change models (Romer, 1990; Aghion
and Howitt, 1992) assume that all technical change is purely labor-augmenting (Harrod-neutral).
However, these models do not explain why profit-maximizing firms only pursue labor-
augmenting innovations, even though other types of technological progress, such as Solow-
neutral (capital-augmenting) and Hicks-neutral, are at least conceptually possible.

Acemoglu’s (2003) paper addresses this gap by developing a growth model where the
direction of technological progress is endogenously determined. In this model, firms can
undertake both labor- and capital-augmenting innovations; however, driven by profit motives,
the steady-state equilibrium ultimately results in only net labor-augmenting technological
change. This indicates that purely labor-augmenting technological progress may be a rational
choice for firms under specific constraints, thereby providing a microfoundation for the
exogenous assumption regarding the direction of technological change in existing literature.

Indeed, as the inaugural paper in Volume 1, Issue 1 of the JEEA, it has attracted significant
attention since its publication, garnering over 1,000 citations on Google Scholar. Additionally,
it is an essential component of Acemoglu’s classic textbook (2009, ch.15.6) and is prominently
featured in Acemoglu’s (2024) slides for the “Introduction to Economic Growth” course at MIT.
Jones (2024) specifically discusses this paper in his teaching slides titled “The Direction of
Technical Change,” referring to it as a “Great Idea for a paper”!

However, this paper presents several serious issues that have not been publicly addressed
in the literature or rectified by the author. First, there are substantial mathematical errors in the
proof of the main propositions. Specifically, the premise Lemma A1 used to prove Propositions
1, 2, and 6, as well as the dynamic equation of scientists in the proof of Proposition 5, is
mathematically incorrect. Second, the model is inadequately specified due to the absence of a
behavioral function for the dynamic adjustments of scientists. These adjustments between
different innovation sectors are critical determinants of the dynamics of technological progress
and the outcomes of the steady-state equilibrium; however, the model does not explicitly provide
such a dynamic adjustment function. Third, the paper presents results only for scenarios where
investment is greater than zero, omitting analysis for the case when investment is zero. Even in
the absence of investment, the model maintains a steady-state equilibrium but lacks a balanced
growth path (BGP) equilibrium. This distinction between the two types of equilibria is
overlooked in this paper and existing literature. Fourth, the paper neglects important policy

implications of the model. It fails to indicate that the model suggests taxes or subsidies on



innovation do not affect the direction or rate of technological progress in the steady state, nor
do they influence economic growth; rather, they only impact income distribution. This
contradicts established models of endogenous technological progress (Romer, 1990; Aghion and
Howitt, 1992) and conflicts with the authors’ assertion that tax policies have no effect on the
long-run distribution of income. Fifth, the model does not provide the correct intuition behind
its core conclusion. The authors claim that the asymmetry between capital and labor
accumulation—specifically, that capital can be accumulated while labor cannot—Ieads to the
conclusion that technological progress in the steady state is purely labor-augmenting. However,
even the paper acknowledges the logical difficulties inherent in this argument. While the
asymmetry may explain a bias toward labor-augmenting technological progress, it does not
clarify why this progress is exclusively labor-augmenting. Therefore, the authors’ objective of
explaining why long-run technical change is labor-augmenting has not been achieved.

While these issues do not undermine the original value of the paper, identifying and
addressing its errors could significantly enhance its contribution to the theory of economic
growth. By highlighting the paper’s failure to resolve its central issues, we can encourage further
inquiry into what key factors were overlooked, ultimately leading to the development of a
general framework for analyzing the direction of technological progress.

The structure of this comment is organized as follows: Section 2 identifies two significant
mathematical errors in the proof of the proposition; Section 3 supplements the model with a
behavioral function for scientists’ dynamic adjustments that is currently missing; Section 4
presents the dynamic equations of the model, along with modifications to the propositions and
the reproves; Section 5 highlights important policy implications of the model that have been
overlooked in the paper; Section 6 discusses the intuition behind the core conclusions of the

model; and Section 7 provides a summary of the comment.
II Two Significant Mathematical Errors in the Proof of the Propositions

This paper presents six propositions and one lemma, focusing on the existence, uniqueness
and convergence of the steady-state equilibrium of the model, as well as specific results related
to it. Propositions 1, 2, 3, and 4 delve into the existence and uniqueness, while Propositions 5
and 6, along with Lemma 1, address the convergence of the model’s balanced growth path (BGP)
equilibrium. To prove the main conclusions of the paper—specifically, Propositions 1, 2, and
Lemma 1—the author first establishes Lemma A1. However, a significant mathematical error
in Lemma A1 undermines the validity of the proofs for these propositions. Additionally, the
proof of Proposition 5 contains another serious mathematical error, resulting in the proposition

being only partially valid.



1. The mathematical error in Lemma A1l

mO)V(t)

2OV, (D) and then derives the following

In Lemma A1, Acemoglu first defines A(t) =

equation (1) from the equation (20) in the paper:

_ m(t)Vk(t) _ ® T'('U)K(U) _ ® (e-1)/¢
A(t) = m = .[; —W(U)L(U) dv = J; k(U) / dv (1)

However, equation (1) is evidently mathematically incorrect. By substituting the equation
(21) from Acemoglu (2003) into the equation (20) from the same paper, we arrive at the

following equation (2):

(Vk(t) = ﬂf exp [—f r(w) + &dw rw)kw) dv

B J: ¢ m(v) )
1-8 (7 v w(v)L(v)
V() = —f exp —f (r(w) + §)dw|————dv
B J; ¢ n(v)
Substituting equation (2) into % yields the following equation (3):
(W)K ()
m(e) [ exp[— 7 (r(w) + §)dw] 27 dv

A = mVi () _ mv) 3)

n(OVi(6) n(t)f exp|— f(r(a))+6)d ]W(U)L(v)d

The statement in (1) cannot be derived from (3). We suspect that the author made the

following mathematical error, leading to the incorrect equation (1) from (3).

I exp[— [ (r(w) + §)dw]m(t) rmKw) 4,

At = mOVi(®) _ m(v)
n(OVi(6) ftoo exp|— f (r(w) + 8)dw]|n(t) W(v&l;)(v) dv

_ ]"0 exp|— ftv(r(a)) + 8)dw|r(v)K (v) = J‘x’ r(v)K(v) "
A exp|— ftv(r(w) + 8)dw|w(v)L(v)  w(W)L(v)

However, mathematically, the integral of a quotient does not equal the quotient of the

integrands. Additionally, based on the model’s production function, we have % =
(1;—)/) k(v)E~V/¢ Therefore, equation (1), which represents the first expression in Lemma A1,

is mathematically incorrect, specifically:

m(t)Vk(t)ifwr(v)K(v)
n®v)  J, w@)L®)

In fact, a simple example can demonstrate that equation (1) is not valid:

A(t) = dv # J oo1<(v)<8-1>/fczv (4)
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The relative wages of scientists engaged in two types of innovations are given by

bed(Sk(®) . mOV(L)

_ mOVi(®) . . .
0G50 TV where A(t) = ——==is a key influencing factor. Therefore, the error

n(®vi(t)

in equation (1) not only affects the proof of the main propositions in the paper but also impacts
the dynamic analysis of scientists’ migration between different innovation sectors. It should be

m®)Vi(t)

should involve integrating the numerator and
n(t)vy(6)

corrected. The correct form of A(t) =

denominator separately, resulting in equation (5):*

m(OVi () _ r(©OK () _ -y, e
2OV, woL@ 'O = KO EVE (5)
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At) =

where V(t) =

2. Mathematical Error in the Proof of Proposition 5

The growth model should not only address the existence of a steady-state equilibrium but
also examine the stability of that equilibrium. Proposition 5 of the paper specifically discusses
the stability of the balanced growth path of the model. When the economy is on the balanced
growth path, the wage rates of scientists across different innovation sectors are equal, as

expressed in equation (6):

b (S — Sk (O))nOVi(6) = b (S () m(B)V, (£) (6)

Equation (6) indicates that the allocation of scientists across different sectors has reached
equilibrium. However, what happens to the movement of scientists when the economy deviates
from the balanced growth path? Acemoglu does not provide explicit assumptions regarding this
in the paper, meaning that he does not specify a clear flow function for scientists, Sy (t)/Sk (t).
Nonetheless, when the economy is not on the balanced growth path, scientists may need to shift
across different innovation sectors, and this movement will affect whether the model’s BGP
equilibrium converges. Therefore, in order to analyze the convergence characteristics of the
model’s balanced growth path, a flow equation for scientists is typically required. To this end,
the paper derives an equation that includes Sy (t) /S (t) by taking the growth rate of both sides

of equation (6), resulting in equation (7):

4 The derivation process is detailed in Appendix A. Fortunately, the equation (29) of the paper is derived by solving for V;, and
V; separately, as shown in the equation (27) of the paper. Therefore, the specific results concerning the BGP equilibrium in the
paper are unaffected.
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Although equation (7) can be derived from equation (6), the function Sy (t)/S,(t)
obtained from equation (7) is inadequate for analyzing the convergence of the model’s balanced
growth path. This is because when S (t)/S,(t) = 0 in equation (7), it does not guarantee that
Sk (t) converges to the steady state S),* defined by equation (6). This limitation arises from
fundamental principles of differentiation and integration: while equation (6) can lead to equation
(7), it is generally not possible to derive equation (6) from equation (7). For any constant A # 0,

if the following equation (8) holds:
bid(S = S (O)n(OVi() = A. bd(Si (O))m(DVi(8) (8)

Therefore, not only can equation (6) lead to equation (7), but equation (8) can also yield
equation (7). However, when A # 1, equation (8) indicates that the economy is not on the
balanced growth path. Consequently, the function Sj(t)/Sk(t) derived from equation (7)
cannot be used to discuss the dynamic properties of the balanced growth path, rendering both

the proof and the conclusions of Proposition 5 incorrect.
IIT Absence of Dynamic Behavior Function for Scientists in the Model

The core content of this paper is that firms can undertake both labor- and capital-
augmenting technological improvements. However, at steady-state equilibrium, only net labor-
augmenting innovations will occur, while net capital-augmenting innovation will be zero. The
allocation of scientists between the two sectors ultimately determines the direction of
technological progress at steady state. Thus, how scientists move between sectors is crucial for
the dynamic adjustments that shape technological progress and its outcomes. However, the
paper lacks a clear specification of scientists’ dynamic adjustment behaviors and merely
suggests that the free entry of innovations leads to an equilibrium where scientists’ wages equal
those in the higher-return sector, as indicated in equation (9):

ws = max{b;d(SHnV;, by d(S)mV } €))

Although equation (9) provides the results at the final equilibrium, it does not offer
sufficient information for dynamic adjustments during non-equilibrium states. Without a
function describing the movement of scientists between sectors during non-equilibrium, the
paper cannot analyze the convergence characteristics of the model’s steady-state equilibrium.
When the paper examines the convergence properties of the Balanced Growth Path (BGP)
equilibrium in the appendix, it derives the function Sy (t)/S,(t) using equation (6), further
demonstrating that without Sy (t)/Sk(t), the description of the model’s dynamic system is

incomplete. However, this derived function is both economically unreasonable and
6



mathematically inadequate. Thus, the lack of a behavioral function for scientists’ movement
between innovation sectors is a significant flaw in the model’s specification that needs to be
addressed.

Although scientists are homogeneous and their wages must be identical at the long-term
equilibrium, wage rates for scientists in different innovation sectors may not be equal during
non-steady-state equilibria. Therefore, we denote the wage rates for scientists in the two sectors

as wg and wgy, respectively.

{wsl(t) = b;$(S:(0))n(OV;(v)
Wi (£) = b (S (©))m(O)V ()

Since scientists are homogeneous, any wage differentials will incentivize them to migrate

(10)

from lower-wage sectors to higher-wage sectors until equilibrium is achieved and all scientists
receive the same wage. However, the transfer process takes time, and it is reasonable to assume
that the greater the wage differential, the faster the rate of scientist flow, leading to a more rapid
reduction in the wage disparity. Therefore, we supplement the model by introducing a dynamic

adjustment function for scientists as shown in equation (11):

_ ; [pe(Sc@)m©OV(®)

S () c [wsk]

= (11)
S(6) Wsy bl¢(51(t))n(t)Vl(t)
where G(.) is assumed to satisfy G(1)=0, G'(.) > 0,G"(.) < 0.
Equation (11) indicates that when (:)Sk >1, ?‘Eti > 0, resulting in a continuous increase in
sl
Sk (t) and a corresponding decrease in S;(t). Conversely, when Zsk < 1, Sk® < 0, leading to a

> Sk (t)
continuous decrease in Sy (t) and an increase in S;(t). Given that the total number of scientists
S 1s fixed, three possible states can exist, at which point the flow of scientists will cease,

Sk(t)

indicated by (D

= 0, achieving equilibrium in the distribution of scientists.

First, when =£ = 1, there are 0 < S, (t) < Sand 0 < S;(¢) < S;

Wsl

Second, when 22 > 1, there are S, (t) = S and S;(t) = 0;

Ws|

Third, When < 1, S, (t) = 0and S;(t) =

The first scenario represents an equilibrium where scientists coexist in both innovation
sectors with identical wage rates, resulting in no further movement among scientists. > In

contrast, the second and third scenarios indicate that all scientists are concentrated in a single

SIf ¢(0) < oo, it is possible for the case to exist where = 1 and either Si.(t) = 0 or §;(t) =



sector, where the wage in that sector exceeds that of the other, leading to a cessation of scientist
flow as well.

m(t)Vi(t)
n(Ov(t)

Sk® _ o [Ped(S@®) A -1
Sk (t) bid(S,(D))

Since V(t) depends on the discounted integral of the growth rates of r(v), K(v), w(v),

Substituting A(t) = determined by equation (5) into equation (11) yields:

k(t)%V(t) (12)

L(v), and n(v) from time t to infinity, it can be assumed that the impact of short-term shocks
on V(t) is negligible. Therefore, equation (12) indicates that the primary factors influencing the
wage differentials for scientists across different sectors are: the relative crowding effect of

(S (1))
(S-5k (D))
Sk(t)

factors constant, 5 is positively correlated with
k

_ 1 _
innovation and the relative income share of factors %k(t) ¢ . Holding other

o(Sk(®))
d(s-Sk(®))’
hypothesis, the crowding effect of innovation reduces the wage rate gap of scientists between

the two sectors. The relationship between zk—gg and k(t) depends on whether ¢ is greater than 1.
k

According to the crowding effect

If e < 1, then ?‘—Eg is negatively correlated with k(t), which also contributes to narrowing the
k

wage rate gap among scientists. Conversely, if € > 1, thensk—gg is positively correlated with
k

k(t), which serves to widen the wage rate differentials among scientists.

From equation (12), all the core conclusions required for this paper can be derived, thereby
enhancing the clarity of the analytical process. Thus, it aligns with the ideas presented in
Acemoglu (2003).

IV Dynamic system of equations, revision and reproof of propositions

The mathematical errors in the proof process of the propositions in this paper stem not
only from oversight by the authors and reviewers but also from a common shortcoming in the
existing economic growth literature. Growth models are inherently dynamic systems described
by a set of dynamic equations. However, prior to solving for the steady-state equilibrium, the
literature often fails to provide a complete set of these equations, typically introducing them
only when discussing convergence. This approach could create inconsistencies between the
dynamic equations analyzed for steady-state convergence and those used in the solution process,
making such errors difficult to detect.

Conversely, if a complete set of dynamic equations describing the model is provided
before solving for the steady state, and if the steady state and its convergence are analyzed using

these equations, the mathematical errors in this paper are less likely to occur. Specifically,
8



substituting A(t) = |, too k(v)ED/¢dp from Lemma Al into the scientist’s dynamic adjustment

function (equation 11) would prevent the derivation of Propositions 1, 2, 3, and 4 when S}, /S), =
0. In this scenario, for any 0 < k(v) < oo, we must have A(t) = oo, implying that scientists
would focus exclusively on capital-augmenting technological innovation. This situation makes

the existence of a balanced growth equilibrium impossible and directly indicates that A(t) =
) too k(v)EV/¢qdy is incorrect. Similarly, using the dynamic adjustment function for scientists

presented in equation (7) which used in the appendix of the paper also fails to derive
Propositions 1, 2, 3, and 4. This indicates that the formulation of Sk /Sk cannot accurately
describe the dynamic behavior of scientists, thus precluding its use for analyzing the
convergence characteristics of the steady state.

Therefore, this comment aims to address this deficiency. First, we will provide a complete
set of dynamic equations for the model using the function of S} /S, in the equation (12)
introduced in the previous section. Next, we will use these dynamic equations to derive the
equilibrium of the model and prove Propositions 1, 2, 3, and 4 as outlined in the paper. Finally,
we will linearize the equation system around the balanced growth path (BGP) to analyze the
local convergence characteristics of the BGP equilibrium, thereby revising Propositions 5 and

6 and Lemma 1.

1. Dynamic Equations of the Model
As in the original paper, we define c(t) = C(t)/K(t). By substituting the dynamic
function for scientists Sy /S, from equation (12) of the previous section, we obtain the dynamic

equations of the model as stated in equation (13):

rS_k _ l bkq)(sk) (1 - y)vk(g_l)/el
Sk bip(S—Sk) v
M 1-
i Tﬁ [br P (Sk)Sk — 6]
\é_ (MBI p\_ (MfG) 4
c \" 6 9 k.
k (Mf(k 1-—
Vi (% - C) + Tﬁ [Drd(Si)Sk — bidp(S — Si) (S — S)]

Equation system (13) consists of four variables: Sy, M, c, and k, along with four dynamic
equations that collectively describe a dynamic system. It encompasses all behavioral functions
of the model. Apart from the dynamic adjustment function for scientists Sy /Sy, the Euler
equation for consumption and the capital accumulation function are included within the ¢/c
function, while the k/k function incorporates both the innovation function and the capital

accumulation function.



This comment will employ the dynamic equations presented in equation (13) to derive the
steady-state equilibrium of the model and analyze the stability of the balanced growth path (BGP)
equilibrium, thus proving all the propositions outlined in the original paper. Since the Euler

equationg = %(‘r(t) — p) holds only when />0, equation (13) is also valid only when I>0. As
this paper analyzes the equilibrium results of the model solely under the condition />0, we will

supplement the results for the case when /=0.

2. Steady-State Equilibrium of the Model

Acemoglu defines two concepts of equilibrium in this paper: asymptotic path (AP)
equilibrium and balanced growth path (BGP) equilibrium. However, he does not provide a
definition for steady-state (SS) equilibrium, nor does he clarify the distinction between SS and
BGP equilibria. Based on the dynamic equations in equation (13), and drawing on Acemoglu’s
definition of steady state (Acemoglu, 2009, pp.60), this comment asserts that there exists a finite
time T < oo such that AP equilibrium refers to the condition where at least one dynamic
equation equals zero for t > T. In contrast, SS equilibrium is characterized by all dynamic
equations of the model’s system equaling zero for ¢ > T. To date, the existing literature,
including Acemoglu’s work, has not clearly differentiated between BGP equilibrium and SS
equilibrium, often treating them as synonymous. This confusion arises primarily because current
growth literature has yet to propose a SS equilibrium that is distinct from BGP equilibrium.
However, according to Acemoglu’s definition, BGP equilibrium is a specific subset of SS
equilibrium, requiring not only the conditions of SS equilibrium but also specific relationships
among the growth rates of certain variables for t > T, such as Y (t)/Y(t) = C(t)/C(t) =
K(t)/K(t), and M(t)/M(t) = 0. This primarily pertains to the SS equilibrium of the
neoclassical growth model, where the capital-output ratio remains constant and the rate of net

capital-augmenting technological progress equals zero.

(1) Refinements and Reproving of Propositions 1, 2, 3, and 4

Propositions 1, 3, and 4 focus on the existence of BGP equilibria and the specific outcomes
of various variables at equilibrium, while Proposition 2 explores the existence of equilibria
beyond the BGP. Due to a mathematical error in Lemma A1, the proofs of these propositions
contain inaccuracies that require re-evaluation. To enhance the clarity of the proof’s logic, we
will make slight modifications to Propositions 1, 2, 3, and 4, reorganizing them into Propositions

Al, A2, and A3, which will address the three cases of € < 1, € > 1 and € = 1, respectively.®

6 Since we prove Propositions 1 and 2 by solving the equilibrium solutions of the dynamic system represented by equation (13),
the results for Propositions 3 and 4 will be provided concurrently with the proofs of Propositions 1 and 2. For the cases of € > 1
and € = 1, not only do the equilibrium results differ, but the dynamic equations also vary. Therefore, we will separate
Proposition 2 into two distinct cases for € > 1 and € = 1 and prove them individually.

10



Proposition Al: For ¢ < 1, there exists a finite T < oo such that for t > T, the solution

S k >(;t) =85 = @ represents the model’s asymptotic path (AP) equilibrium, which is also

a balanced growth path (BGP) equilibrium. When § > 0, there exists a unique set of values
(k*,M*,c*); when 6 = 0, there are infinite sets of values (k*, M*,c*) and S;,* = 0 such that
Sk _ M _¢_k

il vini il 0. However, for different (k*, M*, c*), the growth rates of all variables of the

model remain the same.
The detailed proof of the proposition can be found in Appendix B.

Proposition A2: For € > 1, there exist three asymptotic path (AP) equilibria:

(1) When >0, S, = there exists a BGP equilibrium that is also an AP

95
brd(SK")’
equilibrium;

(2) When § = 0, S." = S, there exists a non-steady-state AP equilibrium;

(3) When § > 0, S,,” = 0, there is also a non-steady-state AP equilibrium.
The detailed proof of the proposition can be found in Appendix C.

Proposition A3: For € = 1, the model has a unique asymptotic path (AP) equilibrium,
which is also a balanced growth path (BGP) equilibrium.

The detailed proof of the proposition can be found in Appendix D.

Although Propositions 1, 2, 3, and 4 in the paper remain valid under the condition >0,
the proof process in this comment serves two main purposes: first, to correct mathematical errors
in the original proof in the paper; second, to show that solving the model’s dynamic equations

(13) allows us to obtain all the results originally intended in the paper.

(2) Supplementary Proposition B
Propositions 1, 2, 3, and 4 hold only when />0; however, the paper not only fails to point
this out but also does not analyze the equilibrium of the model when /=0. Nonetheless, the

equilibrium results when /=0 still hold economic significance and therefore warrant further

analysis. If I=0, then C(t) = Y(t), K(t)/K(t) = 0. In this case, the Euler equation g =
%(r(t) — p) no longer applies, and the model’s dynamic equations are described solely by

Si/Si and k/k (where k = %), as follows:

11



(Sk _ l b (Sk) (1_V)Vk(g—1)/e

2_,( 1 _l;lcb(S =S v (14)

At this point, Propositions 1, 2, 3, and 4 proposed in the paper do not hold, and the

equilibrium situation of the model can be summarized by the following Proposition B:

Proposition B: If I = 0, the model has asymptotic path (APs) equilibrium and a steady-
state (SS) equilibrium, but no balanced growth path (BGP) equilibrium. When ¢ < 1, the model
has a unique SS equilibrium; when € > 1, the model has three AP equilibria, one of which is an
SS equilibrium and the other two are non-stationary AP equilibria. When € = 1, the model

typically has only an SS equilibrium.
The detailed proof of the proposition can be found in Appendix E.

Proposition B not only demonstrates that Propositions 1, 2, 3, and 4 proposed in the paper
hold only when I>0, 7 but also indicates that the SS equilibrium is distinct from the BGP
equilibrium. The model achieves both an AP equilibrium and an SS equilibrium; however, it
does not satisfy the BGP equilibrium as defined in the paper, since K/K # Y /Y = C/C, and
M/M > 0.

Another important role of Proposition B is that the form of the capital accumulation
function is crucial for determining whether capital-augmenting technological progress is
included in the steady state. However, this point has not been adequately recognized in the
existing literature. Acemoglu not only fails to highlight the importance of [>0 for the core
conclusions in this paper, but he also explicitly assumes a capital accumulation function K =
sgK in his simplified model (Acemoglu, 2009, ch.15.6; 2024), where sk is an exogenous
parameter, implicitly implying I = 0, while still hoping to derive results for the case of 1>0,

which leads to erroneous conclusions.
3. Convergence of BGP Equilibrium

(1) Revised Proposition 5: When I>0, the model’s BGP equilibrium is saddle-stable
regardless of whether e < 1 ore > 1.

The detailed proof of the proposition can be found in Appendix F.

The proofindicate that the BGP is saddle-stable not only when the elasticity of substitution

€ < 1 but also when € > 1. This is because, when &€ > 1, the neoclassical properties of the

7 Jones and Scrimgeour (2008) also note that I>0 is a key condition for the validity of Uzawa’s (1961) steady-state theorem;
however, in the case of exogenous technological progress, a growth model with I>0 is not meaningful.

12



production function ensure that, for given M*, ¢* and Si*, k/k converges, implying that the

BGP is not completely divergent but is instead saddle-stable.

(2) Revised Proposition 6 and Lemma 1
The paper analyzes the convergence properties of the model’s steady-state equilibrium
more clearly by specifically examining the case where the utility function parameter 6 = 0.
When 6 = 0, the consumption Euler equation degenerates to equation (15) as follow:
MBf'(k) =p (15)
From equation (15), we obtain k = k(M) with dk/dM > 0, that is, k is an increasing
function of M. Using this condition, equations (13) simplify to the following pair of dynamic

equations:

k(M)(s—l)/e

(ﬁ _ I bd(S) (1—-y)V
Sk by d(S — Sk)
i1

M B

(16)

brd(Si)Sk — &

Equation (16) indicates that even when 6=0, the dynamics of the model must be described
by M/M and S}, /Sy, rather than solely by M /M = (M) as suggested in Lemma 1 of the paper.

Therefore, Proposition 6 should be revised as follows:

Revised Proposition 6: When € < 1, the steady state is locally stable, and when € > 1,
it is locally saddle-path stable.

The detailed proof of the proposition can be found in Appendix G.

From equation (16), it can be seen that Lemma 1 and Proposition 6 in the paper hold only
under a specific condition. We will now present this condition. If the scientists’ wages are the
same overtime (even when the economy is not in a steady state), then the following equation
(17) must hold at all times:

bed(Sp) (1—y)V

bid(S—Sx) v
At this point, from equation (17), it can be deduced that Sy, is a function of k(M), that is,

S, = Sk (k(M)). Substituting this into M /M yields:

k(M)E—D/e =1 (17)

i_1-p

M B

b (Sk(k(M))) Se(k(M)) - 6 (18)

Let (M) = %bkq) (Sk(k(M))) Sip(k(M)) — &, equation (18) corresponds to the

equation (32) in the paper, M/M = P(M).

From equation (18) we can obtain the equation (19) as follow:
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yM) 1- ek_1 algg'M) gll\fl bi[p(SKI? (1 —y)V

oM ¢ biy[$'(S = Si)P(Sk) + &S — S P’ (Sp)]

> 0, and due to the crowding-out effect, ¢'() < 0, it follows that when

(19)

M) ok

Since ——=
as, oM

opM)

e<1, o

< 0, indicating that the model’s steady-state equilibrium is globally stable.

Y

Conversely, when € > 1,
oM

> 0, which means the model’s steady-state equilibrium is

unstable. In other words, Lemma 1 and Proposition 6 are only correct when equation (17) holds
in all time; however, the paper also asserts that the scientists’ wages are considered equal only

when the economy is in a BGP equilibrium.
V. Overlooked the Important Policy Implications

The paper overlooks the important policy implications that significantly differ from those
in traditional endogenous technological progress literature (Romer, 1990; Aghion and Howitt,
1992). Contrary to the paper’s assertion that tax policy does not influence income distribution,
this comment finds that, within the model, tax and subsidy policies have a substantial impact on

income distribution, while not affecting technological progress or economic growth.

1. Tax Policy and Steady-State Income Shares of Factors
If we consider that scientists may have wy, # wg; during non-steady states, and that
taxes are applied to scientists’ wages or the monopoly profits of innovative firms, then the
budget constraint should be modified to:®
CH+I<WL+rK+ (A -1 )wagSr+ (1 —1)wgS;+MT+T  (20)
where T = Twg Sk + T,wgS;.

At this point, the flow equation for scientists becomes as follows:

& (1 - Tk)bkd)(sk) (1 V)Vk(s 1)/e
Sk (1 =7)bd(S — S) )4

Equation (21) indicates that when a uniform tax rate is imposed on all scientists (i.e., T =

(21)

1), taxation has no effect on S; /S, and consequently no impact on the equilibrium results of
the model. However, when 1, # 7;, it follows from (21) that the relative income shares in the

steady state after taxation are as follows:

T = K (A-1)bhp(S-5) 1-1 - 22)
K TwL ™ A—1)bd(S OV 1—1 €

Equation (22) indicates that taxation affects the relative income share o ® in the BGP

8 Alternatively, providing subsidies for the inputs used in the production of machines as intermediate goods would reduce the
production costs for patent-holding firms to (1 — 7, )rK and (1 — 7;)wL, which would have the same effect as taxing monopoly
profits or scientists’ wages.
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steady-state equilibrium, and is negatively correlated with 7; and positively correlated with 7.
In other words, taxing innovations in capital-intensive machinery benefits the relative income
of capital, while taxing innovations in labor-intensive machinery increases the relative income
share of labor. Therefore, the paper’s assertion that taxation does not affect long-term relative
income shares, based solely on the premise that direct taxation of factor incomes does not

influence income distribution, is inaccurate.

2. The Impact of Tax Policy on Technical Change and Economic Growth

The traditional literature on endogenous technological progress (Romer, 1990; Aghion
and Howitt, 1992) posits that innovation has positive externalities, and that subsidies or taxes
on innovation can influence innovation and promote economic growth. However, the model
presented in this paper challenges this conventional view. Although the paper’s innovation
maintains economies of scale similar to the Romer model, in the BGP equilibrium, taxation does

not affect the direction of technological progress; that is, it does not influence the relative
magnitude of %, nor does it affect the magnitudes of M/M and N/N. Since the economic

growth rate equals N /N, taxation also does not impact the economic growth rate in the BGP
equilibrium, nor the interest rate r* = p + 8 g*. This result may be surprising for the model, as
a key feature is that firms can undertake both labor- and capital-augmenting technological
improvement, which would allow the direction of technological progress to be endogenously
determined in the steady state. However, the outcome shows that, in the steady state,
technological progress must be purely labor-augmenting, and no policy can influence this.

It is unfortunate that the implicit policy implications of taxation or subsidies are
overlooked in this paper. Since the introduction of endogenous technological progress theories,
government subsidies for innovation have been viewed as essential policies for promoting
economic growth. However, the analysis presented above suggests that unless uniform subsidies
are applied to all innovations, the outcomes of such taxes or subsidies may be entirely
unforeseen. In practice, taxation and subsidy policies for innovation tend to be highly selective;
certain sectors receive substantial innovation subsidies, while much innovation remains outside
the government’s purview. From the perspective of this model, such subsidy policies appear to
provide minimal benefits for technological progress and economic growth, primarily affecting

income distribution instead.
VI Intuition Behind the Core Conclusions

Both the exogenous and endogenous technological progress growth models assume that
technological progress is purely labor-augmenting (Uzawa, 1961). However, this intuition of
the assumption has long been a challenge for growth theory. The significance of Acemoglu’s
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paper lies in the assertion that firms can pursue both labor- and capital-augmenting technological
improvements; however, under profit incentives, firms will ultimately realize only net labor-
augmenting technological progress in the steady state. This suggests that the exogenous
assumption of purely labor-augmenting technological progress may align with the rational
choices of firms, which is a much-anticipated outcome in existing growth theories. Nevertheless,
why do these rational firms ultimately choose only labor-augmenting technological
improvements? In other words, why can profit maximization be achieved solely through the
selection of labor-augmenting technologies, while firms opting for capital-augmenting
improvements fail to maximize profits? Acemoglu still needs to provide an economic intuition
for the steady-state equilibrium results of the model.

The paper argues that the asymmetry between capital and labor accumulation—
specifically, that capital, K, can be accumulated, while labor, L, cannot—is the key reason for
this outcome. The author contends that the steady state necessitates balanced growth between
MK and NL. Since capital can be accumulated, both M and K can grow, while in NL, only N can
increase. Consequently, the author asserts that “capital accumulation, therefore, implies that
technical change has to be, on average, more labor-augmenting than capital-augmenting.”
However, this does not fully explain the model’s result regarding why “all technical change will
be labor-augmenting”. Indeed, Acemoglu (2009, ch.15.6; 2024) demonstrates the fallacy of this
logic in his simplified model. In the simplified model, he assumes that capital is accumulable
but is no longer a function of investment, expressed as K(t) = sgK(t), while labor is not
accumulable. Acemoglu confidently asserts that, in the steady state, technological progress
remains purely labor-augmenting. However, in reality, the opposite is true; it is generally
impossible for technological progress to be purely labor-augmenting (L1, 2016).

What, then, causes firms to opt for labor-augmenting innovations rather than capital-
augmenting ones, even when they have the option to choose capital-augmenting technology?
Recently, Li and Bental (2023) extended Acemoglu’s model to develop a general framework for
examining the determinants of the direction of technological progress in the steady state. They
argue that the absence of net capital-augmenting technological progress in this context is
attributable to the infinite elasticity of capital accumulation, rather than the asymmetry between
capital and labor accumulation.

This intuition was actually proposed by Hicks (1932), who argued that an increase in
factor prices would incentivize firms to innovate in order to economize those factors. However,
Hicks overlooked the other side of price incentives: rising factor prices also motivate factor
suppliers to increase the supply of those factors. If the supply of factors is infinitely elastic in

response to price changes, then, in the long run, there is no potential for factor prices to rise.

16



Consequently, firms would lack the incentive to invest resources in technological innovations
aimed at conserving these factors. The function K(t) = I(t) > 0 implies that capital
accumulation possesses infinite elasticity. This further explains why the core proposition of this
paper holds only when I(t) > 0. When I(t) = 0 or K(t) = sgK (t)with si being exogenous,
capital accumulation does not exhibit infinite elasticity, and therefore, the model in steady-state

equilibrium includes capital-augmenting technological progress.

VII Summary

Acemoglu (2003) represents a significant contribution to growth theory by developing a
model in which the direction of technological progress is determined endogenously. The model
allows firms to pursue both labor-augmenting and capital-augmenting technologies; however, it
ultimately converges to a steady-state equilibrium characterized solely by net labor-augmenting
progress, with no advancements in capital-augmenting technologies. This framework provides
a microeconomic foundation for earlier models that assume labor-augmenting technical change
as exogenous, while also establishing a basis for analyzing the determinants of technological
direction.

Despite its significant impact and enduring relevance in the field, the original paper has
notable shortcomings that limit its utility for understanding economic growth and the dynamics
of technological progress. This commentary identifies and rectifies mathematical errors in the
original proofs, providing new proofs for all propositions. Additionally, it introduces a
behavioral function for scientists’ dynamic adjustments across different innovation sectors and
revises several propositions from Acemoglu’s work. While Acemoglu only analyzed the
equilibrium results of the model under the condition >0, this commentary supplements the
model by examining the equilibrium results when 1=0. The model exhibits a steady-state
equilibrium under I=0 but does not possess a balanced growth path equilibrium, clearly
delineating the distinctions between steady-state equilibrium and balanced growth path
equilibrium. Furthermore, it elucidates that capital-augmenting technological progress does not
affect the existence of a steady-state equilibrium but is inherently incompatible with the
balanced growth path equilibrium. In addition, the model’s equilibrium results indicate that
taxes or subsidies for innovative firms do not affect the direction of technological progress, the
rate of technological advancement, or overall economic growth; rather, they primarily influence
income distribution. This important policy implication was overlooked in the original paper and
contradicts the author’s own positions.

Although the model posits that the direction of technological progress is endogenous, it

fails to propose any policy instruments capable of altering this equilibrium direction. Firms may
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choose various technological paths; however, implicit constraints lead them to adopt only labor-
augmenting technologies. The factors limiting firms’ choices regarding the direction of
technological progress in steady state remain unexplored, leaving the question of why long-run
technical change is labor-augmenting inadequately addressed. The explanation provided—
rooted in the asymmetry between capital and labor accumulation—does not satisfactorily clarify
this issue.

Building on Acemoglu’s work, Li and Bental (2023) delve deeper into the determinants of
technological direction in the steady state. They extend the production and factor accumulation
functions of the original model, proposing a general framework for analyzing this direction.
Their findings suggest that the relative size of elasticity of factor supply is the key determinant
of the direction of technological progress, establishing that infinite elasticity in capital
accumulation leads to purely labor-augmenting technological advancement.

Additionally, the paper highlights that the innovation function for the lab-equipment model
(Rivera-Batiz and Romer,1991) does not yield a steady-state equilibrium, indicating a sensitivity
of the model’s equilibrium to the form of the innovation function. This observation introduces
a broader concern in growth theory: the apparent knife-edge nature of steady-state equilibria in

growth models, a longstanding issue that merits further investigation in a dedicated study.
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Appendix A: The derivation process of A(t) = 728;"((3 a- Y) k(t) V(t)
A

Assuming that the variables 7(v), K(v), m(v), w(v), L(v), and n(v) exhibit growth rates as

follows:

9x(w )_XE §X=T,W,K,L,m,n (A1)

Using (A1), the variables r(v), K(v), m(v), w(v), L(v), and n(v) can be expressed as

follows:

x(v) = x(t)exp Uvgx(cu) dwl (A2)
t

(A2) indicates that x(v) at time v is the value of x(7) at the initial time ¢ accumulated to
time v at the growth rate g, (w). Therefore, x(¢) is merely the initial value of x(v) and is not
equal to x(v) at other times. Substituting (A2) into equation (3) of this comment yields:
s = TOV®
n(OV,(t)
r(t)exp[f, gr(w) dw]K (©)exp|[;” gx(w) dw]

m(®) f,” exp[— [ (r(®yexp[[;” 9,(w) du] + 6)dw] m(D)exp|f, gm(w) do]

w(t)exp|[, gw(w) do|L(D)exp[f; g, (w) dw] 0
n(t)exp[ ] gn(w) do]
xp|f, gr (@) dwlexplf, gk () dw]
exp[fv Im(w) dw]
explJ, gw(w) dwlexp[f] g, (w) do]
explf; gn(w) dw]
_ T(OK(®) ftoo exp[ftv[gr(w) + gk (@) — gm(w)]dw — ftv(r(t)exp[ft g-W) du] + §)dw]dv
C w(OL() I exp| [ Lgw(@) + g1(@) — gn(w)ldw — [ r®exp|[ g-W) du] + 8)dw]|dv

n(t) ftoo exp|— ftv(r(t)exp[ftw g-W) du] + 8)dw]

K [ expl— [ r©exp[[* g-(w) du] + §)dw] -

w(t)L(t) [ exp|— [ (r(®exp[ [ g, W) du] + 8)dw E

(43)

Let V(t) = ftoo exp[fty[gr(wﬂgk(w)—gm(w)]dw—f:(r(t)exp[ftw gr(u)du]+6)dw]du
= ft°° exp[ftv[gw(“’)+9L(“’)—gn(w)]dw—f;’(r(t)exp[fta’ gr(u)du]+5)dw]dv

, substituting it

into equation (A3) gives

A(t) = %.V(t) (A4)
Substituting the equation (26) in the paper, that is, :V((tt))lzig = (1yy) k(t)g;el, into equation

(A4) gives
A(t) = - ” )k(t) e .V(t) (A5)

Equation (A5) is equation (5) in the comment.
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Appendix B: Proof of Proposition A1l
Proposition Al: For ¢ < 1, there exists a finite T < oo such that for t > T, the solution

* 6
Sk(t) =S =
’;Z(T) KT bep(si)

represents the model’s asymptotic path (AP) equilibrium, which is also

a balanced growth path (BGP) equilibrium. When § > 0, there exists a unique set of values
(k*,M*,c*); when 6 = 0, there are infinite sets of values (k*, M*,c*) and S;,* = 0 such that
i—k = % = % = % = 0. However, for different (k*, M*, c*), the growth rates of all variables of the
k
model remain the same.
Proof.
Step 1: To prove that there exists a finite T < oo such that forall t > T , if ;—k = % = E =
k

% = 0 holds in the equation (13), then a Balanced Growth Path (BGP) equilibrium exists;

From the production function in equation (23) of the paper and the equation k(t) =

M(OK(L)

NOLO’ we obtain:
(Y(&) M() +1'<(t) y k(t)
YO MO KOy A-pmEIEG
Y N@ L) A-p@EYE k(@)
Y(®) N@®)  LE®) v+ A —y)()E Dk
S L(t) . . . ¢ .
Substituting it 0 and 0" 0 into equation (B1) and using o= 0 yields

Y K C N 1-8 . .
g*:?:E:E:N:T[blq)(S_Sk)(S_Sk)_6] (B2)

Substituting equation (B2) in Euler equation % = %(T(t) — p) yields
r'=0g"+p (B3)
(B2) and (B3) indicate that when t > T, Y (t)/Y(t) = K(t)/K(t) = C(t)/C(t) = g,
t=T t=T t=T

and M(t)/M(t) = 0. Therefore, the model is in a Balanced Growth Path (BGP) equilibrium.

t=T
Next, we will derive the specific results for S, " and (k*, M*, ¢*) when j—'; = % = E = % =
0.
Substituting 7 = B(1 — ]/)M[]/(k*)—(s—l)/s +(1- y)]l/(s—l) into equation (B3) yields
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-1 I
YD o kMW g

Substituting (B4) and f (k) = [y +(1- y)k(e_l)/g] to P
yields
09t P e .
c ZW[YUC) EVeEr (1-p)]-g (B5)

M .
From vl 0 we can obtain

)

b (S
When § > 0, (B6) indicates that S,” > 0. Given that the paper assumes S > S§," =

S’ (B6)

ﬁ, it follows that S;" = § — S;" > 0. Since the scientists are homogeneous, when S;* =

k k

S —S," > 0and both S;" and S;” are positive, from z—k = 0 the following equation (B7) must
k

hold:

bkq)(sk) (1 B Y)V J(e-1)/e
by d(S — Si) )4
From (B7), we obtain the following (BS):
e-1 bip(S — Sk Dy

e = hatsaa-nv -

From the equation (18) in the paper, we have w = ByN[y + (1 — )/)k(e"l)/g]

=1 (B7)

1/(e-1)

Taking the growth rate of both sides of this equation and using % = 0, we obtain g,,(w) = g*.

From M = m(=A)/B, % = 0, and (B3), we have g, (w) = g, (w) = 0. Additionally, from N =

B
1-B

SUbStituting gw(w)v gr(w)s gm(w)s gn(w): gK(w): gL(w) and T* = Hg* + P intO V(t)
yields

n=PV/E it follows that g,(w) = —— g*.

L 0+02p-1)/0-P)lg +p+6
v 0-1Dg +p+8§ (B9)

Equations (B4), (B5), (B6), and (B8) provide the specific values of S,* and (k*, M*, c*)

S M ¢k .
when 2£ = = = = = = = 0, summarized as follows:
Sk M c k

21



S0 =5 = B4 (56)
bip(S — Sy
: k(i?f o T CRaEE " -
MO =M = gy )0 (=) -
=" 5{; LGy e s a-p]-g 6
When 6§ = 0, since S," = m = 0, there will be no movement of scientists even if

Wsk
Ws]

< 1. Therefore, from =& s_ = 0, we can only derive the following inequality (B10):

brd(Sk) (1—py)V
bid(S—Sk) v
The following inequality (B11) can be obtained from inequality (B10):
‘1 by d(S — Sy
B bkd)(Sk YA —y)V

All k* that satisfy (B11) ensure that 5_ = 0, allowing the model to achieve BGP
k

k(E=D/Ee <1 (B10)

(B11)

equilibrium. Since M* and c* are functions of k*, there are also numerous M* and c* that can

lead the model to BGP equilibrium.

Substituting (B8) into the relative income shares of capital and labor oy = %’ﬁg =
_ e-1
“y” k=, if § > 0 then yields
_a- V) 1 _ bip(S = Si)
ox* = (B12a);
& b (S )V
if § = 0 then yields
1- S-S
o = ( V) bid( k) (B12b).

= b (S IV
Thus, when § > 0, the BGP equilibrium corresponds to a unique relative income share,

while for § = 0, there are infinitely many relative income shares.

Step two: Prove that there is only one equilibrium S;,* m or in other words, that
k

no equilibrium exists with s 0.

. . . . oq. . k% * 6
First, we prove by contradiction that there is no equilibrium S, = S, > S, = PRPY
k k
in the model.
. S - . 5 ‘
Suppose there exists another equilibrium S, = S,” > S, = ————, we have %k = 0. 1n

brd(SK™) Sk
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brd(Sk™) (1-y)V

this case, it must hold that —
bid(S-S™) v

k(E-D/¢ > 1; otherwise, z—k < 0, which contradicts
k

i—k = 0. Substituting S, = S, into % yields:
k

k  (Mf(k 1-
. (# _ c) +— B b (S8 = bio(S — S (S = S (B13)

Since S, > S.", it follows that % > 0. Consequently, M will continue to rise, leading to
. . .k M . k . .
an ongoing increase in . As long as e 0, there will eventually be P 0, resulting in an

increase in k. Given that € < 1, k®~1/¢ will decline. Therefore, as long as % > 0, kED/E will

brd(Sk™) ANV (e-1)/¢
bip(S-Sk™) v

This proves that any S, = S;"* > S, cannot be a steady-state equilibrium.

keep decreasing, ultimately leading to < 1, which implies i—k <0.
k

Similarly, it can be proved that there is no other equilibrium S, = §,™ < " = %
k k
in the model.
The above proof demonstrates that the dynamic system described by equation (13) has not
only one balanced growth path (BGP) equilibrium at z—" = % = E = % = 0, but also that this
k

equilibrium is unique at S," = , providing specific values of S, and (k*, M*, ¢*). Thus,

_ 5
brd(Sk™)

this proves Proposition A1, as well as Propositions 1, 3, and 4.

Appendix C: Proof of Proposition A2
Proposition A2: For € > 1, there exist three asymptotic path (AP) equilibria:

(1) When =0, S, = there exists a BGP equilibrium that is also an AP

5
brd(SK")’
equilibrium;

(2) When § = 0, S,,” = S, there exists a non-steady-state AP equilibrium;

(3) When § > 0, S,,* = 0, there is also a non-steady-state AP equilibrium.

Proof.

In the first step, we can similarly prove that when € > 1, the conditions z—" = % = E =
k

% = 0 yield the same balanced growth path (BGP) equilibrium as in the case of ¢ < 1. Here,

*

=i i isfies Sk =M _ €k _ L
k= e S the unique value that satisfies riaivinbinide 0 for § > 0, resulting in a
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unique set of values (k*, M*,c*). When & = 0, there are infinitely many sets of (k*, M*, c*) and

a unique S,* = that satisfy the same conditions. The growth rates of each variable at

%
brd(Sk")
equilibrium are also the same as in the case of € < 1, regardless of whether § > 0 or § = 0.

In the second step, we prove that when S, = S, the model has an asymptotic path (AP)
equilibrium.

When §;, = S, substituting it into the dynamic system represented by equation (13) yields
M/M = % [b,d(S)S — 8] > 0. Substituting = M(0)exp (% [bd(S)S — 8]t)and S, = S
into the k/k function in equation (13) results in the following equation:

M(0)exp (1 g B [brd(S)S — 8]t) 1-p
FUO/k AR

k/k = b d(S)S  (CD)

Since M/M > 0, we have gim k/k = oo, which implies tlim k = oo. Given that € > 1, it
follows that limk®D/€ =00 . As long as ¢(0)<oo , it must be that

t—co

brd(S) A=YV (e-1)/e
hm e v~

S, = S is an asymptotic path (AP) equilibrium. However, at this point, M(t)/M(t) > 0 and

N@©/N® = 2L [hid(0)(0) - 8] = —=£5 <0.

> 1. Since we already have S, = S, it follows that i—k = 0. Therefore,
k

Substituting gim k(E=1/¢ = oo into equation (B1) yields
Y (¢t M@) K(t N@) k(t
®_, (() ()) . <()+()) -

mye = mvo T ko NGO kO

Since % < oo and II:E ; < oo, we can derive the equation (C3) from equation (C2) as
follows:
Y(t) K(t) k(t)
li lim|—=]=Ilim|(—=] =
B Y (D) tow (K(t) Se\k@m) =" (€3)

1
Since hm M(t) = oo and llm k(t) e — 0, we can derive the equation (C4) as follows:

tli_)rgr(t) =B(1—y)M(t) [yk_% +(1- )/)]m =0 (C4)

Substituting (C4) into Euler equation yields
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y clt) o 1 B :
o C(D) lim = (r(t) = p) = o0 (C5)

From equations (C3) and (C5) we can obtain the following equations:

Y(t) K(t) c(t)
lim——=Ilim|—=)=lim|—=| = Ccé6
£o Y(t) =t (K (t) toh C(t) “ (€6)

At this point, in the dynamic system represented by equation (13), there is ‘;—k =0.

k
® MO _ 1-8 —

However, llm (k c )) co and o= 5 [brd(S)S — 8] > 0. Therefore, the model represents
an asymptotic path (AP) equilibrium, rather than a steady-state (SS) equilibrium or a balanced
growth path (BGP) equilibrium.

In the third step, when § > 0 and S, = 0, the model has another asymptotic path (AP)
equilibrium.

When S;, = 0, substituting this into the dynamic system represented by equation (13)

yields M/M = ——6 < 0. By substituting M = M(0)exp (——St) and S, = 0 into the
k/k function from equation (13), we obtain the following equation (C7):

1-p
k/k: M(O)eXp(—TSt)_C _1_[))
fk)/k B

bip(S)s  (€7)

Since M/M < 0, it follows that tlim k/k < 0, which implies tlim k = 0. Given that € >

1, we have llm k(E=1/¢ = 0. As long as $¢(0) < oo, it follows that glm l;ki)((;) a yy)v k(E-D/E <
—oo by

1. Since we already have S, = 0, it follows that z—k = 0. Therefore, S} = 0 is an asymptotic path
k

(AP) equilibrium.

Substituting tlimk(g‘l)/s = 0 into (B1) yields

YO _ i (M © , KO Mt)) = lim <N(t)> 1B es)s -6 (o)

yo - B\ o TkO O NO)” B

From r(t) = B(1 —y)M(t) [yk(t = +(1- y)] , we can obtain the following
equation:

r(t) M) 1 k(t)

ICRECRN AR O

(€9)

25



e-1
Substituting gim k¢ = 0 into (C9) we can obtain the following equation

r(t) M(@) 1k(t)
lim lim(——--——= 1
o (1) r(t) i <M () ek(t) (€10)
Substituting (C10) into Euler equation yields
c(®) 1 1-p 1k(t)
lim = li -5 - 11
lim == 0 = lim > r(0)exp 3 o o) t—p (€11)
[ 1B o 1k(®) e _ 1B 1k
If th—>n; 3 6 S %O > 0, then Lll—glo o= > Conversely, if hm [ 6 gk(t)] <
0, then thm CE; %p < 0, leading to limC(t) = 0. Given that 0 < C(t) < Y(t) and
tlim % - B [b;d(S)S — 8] < oo, it follows that 0 < thm CE ; < . Therefore, we must
have 11m [ hs_ 1:% 0. Substituting it into equation (C11) yields
li —C(t) ! 0 C12
—_ — - = (0e]
imTo 6,(r( )—p)=gc< (C12)
and
k()  1-p
lim - = 1
t—>ook(t) 3 &6 = gy (C13)
Substituting (C13) into (C9) yields
- K@®) _1-8 Y (1)
tll_)lglom = T[ 1 P(S)S — e8] < tll_)rglom (C14)
From lim RG) _ lim 22 = 1-F [b;d(S)S — 6] we can obtain the following equation:
t—oo K(t) t—oo K(t) B L ’
K(¢t) I®
lim lim — 1
(WK (D) tow (D) (€15)
_ K(®) 40 40 Y(t)
From C(t) + I(t) = Y(t) and hm o < tl_)00 o We can obtain tll—>r2> ) > tl_)oo o

Combining with (C14), we obtain the following chain of inequalities:

K@) Y@ . c@®
L!l—wo m < tl—>oo Y (t) < tl—>oo C(t) (€16)

Since < = @—@, it follows that lim<> 0. Therefore, in the dynamic system
c c(t) K() t—>oo C

represented by equation (13), while i—k = 0, the other three equations—%, % and %—are all non-
k
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zero. Thus, although the distribution of scientists has reached a steady state, the model itself has
not, which is why Acemoglu refers to it as an asymptotic path (AP) equilibrium. It is certainly
not a balanced growth path (BGP) equilibrium.

In summary, Proposition A2 is proven, which confirms the main part of Proposition 2 in

the paper.

Appendix D: Proof of Proposition A3
Proposition A3: For ¢ = 1, the model has a unique asymptotic path (AP) equilibrium,
which is also a balanced growth path (BGP) equilibrium.

Proof.
When ¢ = 1, the production function is no longer a CES function but a Cobb-Douglas (C-
D) function, namely:
Y() = [MOK®OIVINOL®I (P1)

m(OVi(t) _ rt)K()

Since A(t) = n(OV(t)  w(t)L(t)

V(t), for a Cobb-Douglas function, the relative income

shares of the factors are given by:
r(K@®) 11—y

Ox = = D2
“EWOLO T 2)
At this point, the dynamic equation i—k becomes:
k
S bed(S) (1—y)V
k _ k®(Sk)  ( Y) (D3)

Se |bidS =S ¥
When “;—kz 0, it determines %z %[bkq)(Sk)Sk — 6] ; thus, % is no longer an
k

independent dynamic equation. On the other hand, we need to redefine k(t) =

K(t)
M(O1A-N/YN@)L()

. k .
resulting in the new - function as follows:

ko 1-B/[1—y 5
£ =7 — e ([T bebS0s + b 506~ 50 ) 0
: — K () L C .
Using k(t) = T PN OLED to yield - function as follows:
¢ (BA—-y)—0 p
R e S A 2 [ e
- ( ok ) ( 5 c) (D5)

(D3), (D4), and (D5) form a new dynamic system involving the three variables Sy, k and

¢, which describes the dynamic behavior of the model.
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. . Ry k ;
If there exists a finite T < oo such that fort > T, S—k = = g = 0, we have:
k

( bred(Sk) (1—V)V=

G —50 v
1-y)—8
<<E£——7}l——-k-V)-(§-c)==0 (D6)
_ 1-B1—-vy _
|k y—C—T<Tgm+gn> =0

It can be derived from (D6) that:

[ &S _ by
G —5)  b(1—y)V*
C*:g_ﬁﬂ—yl—9< p (1—RW<1—V

0 o B—p) BEA-p\ y
Ny _ P (1-p)0 (1—y
" =55 B

Substituting S, " into the innovation function yields:

gmf4-gn*)> (D7)

Im t 9n>

Im = m = b p(Sk)S, — 6

i (D8)
n" = n = bid(S — SIS —S) =6
From % = 0, the following results can be obtained:
K 1-B/1-y
fe—=— —|— g * D9
Ik K B ( ” Im t gn ) (D9)
From production function (D1), we can derive the following results:
Y 1-8 (1 -y )
== (g g * D10
g=Ey=—F 7 9m ton (D10)
From E = 0, we can derive the following results:
C K 1-B/1-y
e —gn" * D11

Substituting (D11) into Euler equation yields
r'=60g"+p (D12)
From equation (18) in the paper, we have w = y[M()K(&)]* Y [N(©)]Y[L(t)]Y~L. This

leads to g,,(w) = g*. From (D12), we obtain g,.(w) = 0. Substituting g,, (w), g, (w), gm(w),
In(w), gx(w), g (w) and r* = 6g* + p into V(t) yields:
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_ e[ 11 -0)g" — gn—p —8ldwldy _ (1-0)g"—gn—p =&
ftoo exp[ftv[(l —0)g*—gn—p—8)ldw]dv (1-0)g"—gm—p—96

*

(D13)

Although if S* = S results in —£280_AV o 1 e still have 2% = 0, there is only one
bid(S-SK) v Sk

brd(Sr) (1-y)V
bid(S-Sk)

equilibrium at S, = S. Similarly, if S, = 0 leads to < 1, we also have z—k =0,
k

but again, there is only one equilibrium at S;,* = 0. Furthermore, the preceding solution process

is identical, and the model’s results remain the same.
Although% = % gm” > 0, since the production function is a Cobb-Douglas function

* * . . . C _ —
and r* = 0g* + p is a constant, we haveZ:E:_:ﬁ(l—y
Y K Cc B 14

gm” + gn*). Therefore, the
unique steady state (SS) equilibrium of the model is still the balanced growth path (BGP)
equilibrium.

In summary, Proposition A3 is proved. Propositions A2 and A3 together indicate the

validity of Proposition 2 in the paper.

Appendix E: Proof of Proposition B

Proposition B: If | = 0, the model has asymptotic path (APs) equilibrium and a steady-
state (SS) equilibrium, but no balanced growth path (BGP) equilibrium. When ¢ < 1, the model
has a unique SS equilibrium; when € > 1, the model has three AP equilibria, one of which is an
SS equilibrium and the other two are non-stationary AP equilibria. When € = 1, the model

typically has only an SS equilibrium.

Proof.
For equation (14), if there exists a finite T < oo such that fort > T, i—k = % = 0, we have:
k
bk(l)('sk) (1 B )/)Vk(s_l)/g -0
bid(S — Si) 14
1-p (E1)
5 [bred(Si)Sk — bip(S — S (S — SK)] =0
The unique solution can be derived as follows:
* bl(b(s - Sk*)
Sk = 7 7 S
bed(Sk™) + bip(S — Si”) (E2)

bid(S — S )y
N (e-1)/e — !
) beb(S I~ NV

Substituting S, into equation % = 0 yields
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Im" = gn" = b (SIS — 6 (E3)
From production function in equation (23) of the paper, the result in the following equation

can be derived:

Y 1-
o= Bd(OS - 0) (E4)

Since /=0, we have C=Y, leading to the following result:

*

g

cC Y 1-
v P b (S:)S," — ] (E5)

*

dc

From the equilibrium prices of capital and labor at profit maximization, we can obtain the

following results:
gw = 9r = T[bkd)(sk )Si” — 6] (E6)
Substituting g,, (@), gr(w), gm (W), gn(w), gx(w), g, (w) and r* = Hg* + p into V(t)
yields

B ftoo exp[ftv[gr — gm]dw — ftv(r(t)exp[ftw gr du] + 8)dw|dv _

== =1 (E7)
17 expl [, lgw = gnldw = [ r@®exp[[;” g- du] + 8)dw]dv
Substituting (E7) into (E1) yields
(k") (E=D/e = bld)(S*— Sy (E8)
b (S )1 —v)
Substituting (E8) into the relative income share yields
bid(S — Si” S’
bS50 _ S )

0, - * - *
T bhd(S) S-Sk
Since fort > T, i—" = % =, the model achieves a steady-state (SS) equilibrium. However,
k
¢ v om K . . , "
because Ty y=9 > 0 and == 0, it does not satisfy Acemoglu’s definition of a balanced

growth path (BGP) equilibrium.

When ¢ < 1,if S, (t) > S;”, then% > 0, causing k to increase. This leads to a decrease in

kE=1/¢ which reduces ;—k, ultimately bringing Sy (t) back to Sy *. Conversely, if S, (t) < S;”, a
k

similar opposite process occurs, also resulting in Sy (t) back to S, *. Thus, the model has a

unique steady-state equilibrium.
When € > 1,if 5 (t) = S, then% = % [brd(S)S] > 0. Thus, tli_)rgk(g‘l)/g = oo, leading

to lim 228 ANV (e-1)/¢

lim S > 1. However, since S, = S, we have S 0. Therefore, S;(t)

k
S represents an AP equilibrium.
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Substituting tlimk(g'l)/ € = oo into (B1) yields

T = lim e = Jim <N(t) +k(t)) 2l hosis—a1 @10)

Yo T B v - e \vo o) T B

where llm N(E) =_Lhs limwzﬂ[bkd)(S)S].

t—oo N(t) B * t—o0 k(b)
YO _ o MO _1-8 NE) _ 1B K@® _
Although llm s tll_)rg o = B [brd(S)S — §]and hm N = g &, with —= X =

L . . .
% = 0, all variables are constants. However, since there isno T < oo such that fort > T, :Z—" =
Y(t) M (t)

v~ M@
t2T  t2T

equilibrium, not a SS equilibrium. This distinguishes SS equilibrium from AP equilibrium.

%— 0, and there is no —= = %[bkq)(S)S — 6], this equilibrium is merely an AP

Similarly, when S;, = 0, it is also an AP equilibrium, not a SS equilibrium.

When € = 1, the dynamic equation (14) of the model becomes

Sk _ I bed(Sk) (1 —-p)V
J 5" ﬁlcb(s =S50 ¥ (E11)
LE ' [bk(Si)Sk = bip(S = Si) (S — Si)]

. S k . . . .
Since S—" = 0 and e 0 are two independent equations regarding Sy, there is generally no
k
solution, meaning a SS equilibrium typically does not exist. However, there must exist Sy (t) =

Si" such that i—" = 0, indicating the presence of an AP equilibrium.
k

The Proposition B is proven.

Appendix F: Proof of the Revised Proposition 5

Revised Proposition 5: When I>0, the model’s BGP equilibrium is saddle-stable
regardless of whether e < 1 ore > 1.

Proof.

Linearizing equation (13) around the BGP yields the dynamic equation (F1):

(C
E = acc(c - C*) + ack(k - k*) + acm(M - M*)

k .
P axc(c —c*) + ag(k — k™) + agm(M — M*) + ays(Sg — Sk™)

' (F1)
= ams(sk - Sk*)

M
M
S *
kS - ask(k k* )+ ass(sk Sk )
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where ag = G'. b (1-V)V k—d) (Si)P(S=Si)+d(SE) D’ (S—Sk)
by v [d(S—SK)]?

<0 s aSk:

r €-1 brd(SK) (1- Y)Vk
T bid(S-SK) v

¢ the sign of which depends on the value of substitution elasticity &,

1-8
Agm = Asc =0 5 amsszkq)(Sk)>0 s Amm = Ame = A =05 a,s =0, agy =

(g kfk(k) fik)) the sign of which is unknown, a.. = 1, as, = M( f"(k) — M) the

sign of which is also is unknown; a;s = % (bkcb(Sk) + b (S — Sk)) >0, agm = f(k) >0,

M kf' ()= f (k)

=JB <.

Agc = —-1< O,akk =

The characteristic equation is as follows:

Ace — A Ack Aem 0
QAgc g — A Qg s | _
det 0 0 _2 an. |~ 0 (F2)
0 Agx 0 ax—4

Expanding of the characteristic equation yields:
=23 (ass +1+ akk) +A° (ass t+ AssQpr + Qg + Qe — askaks)

+ A(_assack — QssUgg + AspArs — askamsakm) + Asi Qs (akm + acm)

=0 (F3)
From the Vieta theorem:
/11/12&3/14 = askams(akm + acm) (F4)
_ &=1 bpd(SK) (1-v) [>’ kf (k)
When & > 1, age = — S h0GS) 7 k= > 0, ams >0, (agm+acm) = — >

0, therefore A;A,A3A, > 0. Equation (F4) shows that the characteristic equation must have 4
positive roots, or 4 negative roots, or two positive and two negative roots. If there are 4 positive
roots, the steady state is unstable. If there are 4 negative roots, then the steady state is locally
stable, if there are two positive and two negative roots, then the steady state is locally saddle-
path stable. Therefore, as long as we can rule out the case of four positive roots, the equilibrium
growth path is at least saddle-path stable.
We prove by contradiction that not all four roots can be positive. That is, provided € > 1,
claiming that equation (F3) has four positive roots results in a contradiction.
Use the Vieta theorem to obtain:
MtA+ A3+, =ag + 1+ ag (F5)
If equation (F3) has 4 positive roots, then from equation (F5) we can obtain 1, + A, +
Az + A4 = (ags + 1 + ag) > 0, implying that 1 + ay, > —ags > 0. From the Vieta theorem
also the following equation holds:
My + 13 + Mg + QA3 + Apdy + A3A4 = ass(1 + age) + (ki + Ack) — asrars (F6)
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Owing to ag <0, if 14+a >0, then ag(1+a) <0; and agg +ac =

MEf gy <o %ﬁﬁfamm%Hm@G—&n>o, but when £>1 , ag =
G'. %%(1;—” k_Tl > 0. It follows that —agrags < 0. Therefore, the RHS of equation (F6)
is less than 0. However, if all four roots are positive, then the RHS of equation (F6) should be
greater than zero. Therefore, equation (F3) cannot possess four positive roots, and can either
have two positive roots and two negative roots, or four negative roots. In the former case, the
steady-state equilibrium is locally saddle-path stable. In the latter case, the steady-state
equilibrium is locally stable. In summary, the steady-state equilibrium is at least saddle-path

stable.

_ o E71 bpd(Sp) (-y), 2 _
When e<1, ag =G T h0GS) 7 ke <0, anus>0 and (ay,+ acn) =

kf' : .
g ! k(k) > 0 then A 2,234 = agrams(@xm + acm) < 0, so the equation must have negative

roots and the steady-state equilibrium is also saddle-path stable. Whether there is just one or
three negative roots, the equilibrium growth path is saddle-path stable.

Therefore, the model’s BGP equilibrium is saddle-stable regardless of whether ¢ < 1 or
e> 1.

Appendix G: Proof of Revised Proposition 6

Revised Proposition 6: When € < 1, the steady state is locally stable, and when € > 1,
it is locally saddle-path stable.

Proof.

Linearizing equations (16) near the equilibrium point yields:

Sk . .
S_ = ags(Sk — Sk ) + agm(M — M™)
." (G1)
M *
M = Qs (Sk — Sk )
e b 1=V 0 EL 0 (S-S + (5P (5=5k) i
= Sk — r 2TV = k —Sk)* k >k = Sk _
where ag = 35, G S k(M) - B G_SOT? <0, am=5,=
i
;=1 brd(Sp) (1-p)V L dk - - =_M _
0G5 7 k(M) e v the sign of which depends on the value of €, and a,,,3 = Frot

ZLhd(S0) > 0

The characteristic equation of the model is given by:

9 The sign of these coefficients holds under all circumstances, not just in the steady state.
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det Y 0, (G2)
leading to:
1 — Aass — AsmAms = 0, (G3)
By using the Vieta theorem we obtain:
My = —Agnms
{/11 + /12 = Qg <0 (64)

When e <1, ag, < 0andapg > 0,sothat —agy,an,s > 0. Equation (G4) shows that equation
(G3) must have two negative roots, A; < 0 and A, < 0. In this case, the steady-state equilibrium
of the model is locally stable.

When € > 1, then ag,, > 0 and a3 > 0 Since AA; = —agpams < 0, and there must be
one positive root and one negative root, so the steady-state equilibrium of the model is locally
saddle-path stable.*®

Therefore, the proposition is proved.
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