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Abstract

We present a new axiomatization of the proportional Shapley value. Our study is based on
three axioms: efficiency, which ensures that the total worth of the grand coalition is fully
distributed among the players; the disjointly productive players property, which states that
removing a player who has no cooperative interactions with another player does not affect
that player’s payoff; and a new axiom that makes the difference to the classical Shapley
value. This axiom, the coalitional substitution of players property, involves a scenario in
which a player’s cooperative contribution to one coalition is replaced by that of a group of
new players whose combined individual worths match that of the original player. The key
point is that the payoffs to the remaining players remain unaffected.

Keywords Cooperative game - Proportional Shapley value - Disjointly productive play-

ers - Coalitional substitution of players - Patronage refunds

1 Introduction

Although the Shapley value (Shapley, 1953) is widely regarded as the best-known coop-
erative solution concept, profits or surpluses are usually distributed proportionally among
investors based on their contribution or participation in the respective cooperative coalition.

From a game-theoretical perspective, the proportional rule (Moriarity, 1975) should tra-
ditionally have been the most important method here. Zou et al. (2021) axiomatized
this solution as proportional division value. One of Amer et al.’s (2007) main criticisms
of the proportional rule is that it is designed in such a way that it simply ignores most
marginal contributions. Instead, they propose the Shapley value for “Utility Sharing in
Joint Business.”

A solution concept that combines advantages of both solution concepts is the proportional
Shapley value (Besner, 2016; Béal et al., 2018). While the Shapley value distributes the
Harsanyi dividends®(Harsanyi, 1959) generated by the different coalitions equally among
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IThe Harsanyi dividend of a singleton is equal to its worth, while the dividends of all other coalitions reflect
the additional contribution made by the coalition above the cumulated dividends of its subcoalitions.
Therefore, dividends can be seen as “the pure contribution of cooperation” (see Billot and Thisse (2005)).



its members, the proportional Shapley value distributes them proportionally to the worths
of the singletons of the individual players. For two-player games or when the marginal
contributions of the players other than the singletons and the grand coalition (the coalition
of all players) are reduced to the worths of the singletons, the proportional rule and the
proportional Shapley value coincide.

Overall, and especially compared to the meanwhile nearly countless axiomatizations of
the Shapley value (see, e.g., Lipovetsky (2020)), the number of axiomatizations of the
proportional Shapley value is still quite modest (see Béal et al., 2018; Besner, 2019; Besner,
2022b).

Besner (2022a) axiomatized the Shapley value by three axioms: efficiency, the disjointly
productive players property? and the split game property. The first two axioms are also
applied here in our characterization of the proportional Shapley value. A solution concept
that does not satisfy efficiency is unlikely to make much sense for the applications if, for
example, investors want to collect their patronage refunds. Paying out less than the total
proceeds would not be accepted, and more is simply not possible. The disjointly productive
players property would also be reasonable from the investors’ point of view. Why should
removing a player affect my payoff if that player has contributed nothing to the investments
I am involved in?

With the split game property, however, some investors may not be quite so enthusiastic
about it. By this property, a player is split into two disjointly productive players, which
means, in particular, that the Harsanyi dividends are zero for all coalitions containing
both players. Therefore, investors who consider the standalone worth of a player to be the
decisive factor in allocating a cooperation benefit might perceive this as unfair since the
standalone worth of one of the new players is generally different from that of the split player
in the relevant coalitions. The fact that the payoff to the other players should not change
due to this axiom if the worth of all coalitions containing both new players is equal to the
worth of the old coalitions with the split player does not change the fact that investors may
not perceive the payoff as equitable.

Our new axiom, the coalitional substitution of players property®, indeed points in the
same direction. This time, a player is not split into two new players but a group of new
players replaces the marginal contribution of another player within an arbitrary coalition
of at least two players. Here, the sum of the standalone worths of the new players equals
the standalone worth of the substituted player, which satisfies the other investors’ sense of
fairness if their payoff remains unchanged as required.

The paper is organized as follows. Section 2 contains some preliminaries. In Section 3,
we introduce the scenario of a coalitional substitution of players game with an additional
short example of cooperative investments, the coalitional substitution of players property,
our new axiomatization of the proportional Shapley value, and all the proofs. Section 4
gives a short conclusion, and the Appendix (Section 5) shows the logical independence of
the axioms in the axiomatization.

2In Casajus and Tido Takeng (2024), this axiom is called the second-order null player property.

3Certainly, this axiom is related in some way to the player splitting property in Besner (2019). The gap
lies in the differences between the split player game and the coalitional substitution of players game.
In the split player game, a player in all coalitions is completely replaced by two other new players, in
the coalitional substitution of players game, a player’s contribution to a single coalition that exceeds his
singleton worth is only replaced by the contribution of a set of new players in one coalition, the old player
is still part of the player set. Neither the coalitional substitution of players property implies the split
player property, nor does it apply the other way around.



2 Preliminaries

We denote the real numbers with R, the rational numbers with Q, and the natural numbers
with N. Let the countably infinite set 4 be the universe of players. We denote by N
the set of all non-empty and finite subsets of 4{. A cooperative game with transferable
utility (TU-game) is a pair (IV,v) such that N € N and v is a coalition function, i.e.,
v: 2NV — R, v(0) = 0. The subsets S C N are called coalitions and v(S) is called the
worth of the coalition S. If S contains only one player ¢ € N, S is called a singleton. |S|
denotes the cardinality of the coalition S and Q° denotes the set of all nonempty subsets
of S, (S,v) is the restriction of (IV,v) to the player set S € QY.

The set of all TU-games (N, v) is denoted by V(INV), the set of all TU-games (N, v) such
that v({i}) > 0 for all i € N or v({i}) < 0 for all ¢ € N is denoted by V,(V), and if
the worths of the singletons must all be positive rational numbers or must all be negative
rational numbers, we denote this set of TU-games by Vq,(N).

The Harsanyi dividends A,(7T") (Harsanyi, 1959), are defined inductively by

Ju(T) =Yg AY(S), T € QN and
Aul(T) = { 0, ) if 7' = 0.

Let N € N, (N,v) € V(IV). We call a coalition S C N essential in (N,v) if A,(S) # 0.
The marginal contribution MCY(S) of a player ¢ € N to a coalition S C N\{i} is given
by MCY(S) := v(SU{i})—v(S). We call two players i,j € N, i # j, symmetric in (N, v) if
for all S C N\{i, 5}, we have v(SU{i}) = v(SU{j}), they are called disjointly productive
in (N,v) if, for all S C N\{4,j}, we have v(SU{i,5}) —v(SU{j}) =v(SU{i}) —v(9),
which is equivalent, by Lemma 3.3 in Besner (2022a), to

Ay(SU{i,j}) =0. (1)

For all N € N/, a TU-value or solution ¢ is an operator that assigns to any (N, v) €
V(N) a payoff vector ¢(N,v) € RY. The Shapley value Sh (Shapley, 1953) is given by

Ay(S)

for all 7 € N.
S|

Shi(N,v) := Z

SCN, S3i

While the Shapley value distributes the Harsanyi dividends evenly among all members
of a coalition, the following value distributes the dividends proportionally to the singleton
worths among the respective players. For all N € N, (N,v) € Vo(N), the proportional
Shapley value Sh? (Besner, 2016; Béal et al., 2018) is given by

Sh (v Z Z

= A,(5) forall i e N. (2)
SCN,S>i jes ¥ {]})

We make use of the following axioms for TU-values.
Efficiency, E. For all N € N, (N,v) € V(N), we have >, y @i(N,v) = v(N).

This axiom means that the worth of the grand coalition must be completely shared between
the players.

Symmetry, S. For all N € N, (N,v) € V(N), and 4,j € N such that i and j are sym-
metric in (N, v), we have ¢;(N,v) = ¢;(N,v).



The symmetry axiom assures that equals should also be treated equally.

Disjointly productive players, DP (Besner, 2022a). For all N € N, (N,v) € V(N),
and 7, j € N such that ¢ and j are disjointly productive players in (N, v), we have ¢;(N,v) =

wi(N\{j},v).

By this axiom, a player’s payoff does not change when another player, disjointly productive
in relation to that player, leaves the game.

In the case of using a subdomain in the following part, an axiom is required to hold
whenever a game belongs to the subdomain.

3 Coalitional substitution of players

For a player i € N , a player’s marginal contribution MCY?(S) describes the additional
value or benefit that the player ¢ brings to a coalition S C N\{i} when joining it. However,
in the the case that MC?(S) = v({i}), there is still no additional cooperation between the
player ¢ and the coalition S of players. So there is no incentive to form the coalition at all
and, as such, the marginal contribution should be viewed more indirectly as a measure of
the cooperation that arises. Only when we subtract the standalone worth of the joining
player from the marginal contribution do we obtain a direct measure of a cooperation gain.
For a player i € N to a coalition S C N\{i}, the marginal surplus MS/(S) :=
v({SU{i}}) —v(S) —v({i}) = MC?(S) — v({i}) is therefore a suitable substitute for
the marginal contribution MCY(S) (see Li et al., 2022), especially with respect to the
cooperation gain: the marginal surplus can be regarded as the revenue resulting from the
union of the singleton {i} with the coalition S. The following definition concerns games
that result from the substitution of the player’s ¢ marginal surplus to a coalition S by the
impact of a set of new players who are disjointly productive to the substituted player.

Definition 3.1. Let N € N, (N,v) € V(N),i € SC N,|S| >2,Q e N, QNN =0, and
NQ:= NUQ. A TU-game (N?,v>?) € V(N9) is called o coalitional substitution of
players game corresponding to (N,v) if Uf’Q 15 such that

S U =),

v(R), if SZ RC N,

pSQ(R) = § VU — MSI(S), i SC RC N,

Z ve (R\Q)+v({z})+MS”( ), if [(S\{i}) UQ] C R C N,
f (R\Q)—i‘zeR ; ({j}) otherwise.

Remark 3.2. Under the same preconditions, Definition 3.1 is equivalent to the following
statements:

> oAb =v({i).
Ay(R), if RCN,R+#S,
Ay(S) ~ MSP(S), if R =5,

MS?(S), if R = (S\{i}) U@
0, otherwise if R # {j},j € Q.

Asae(R) =



We see that in a coalitional substitution of players game the Harsanyi dividend of the
decisive coalition is reduced by the marginal surplus of the substituted player, the coalition
in which the new players replace the old player has a dividend equal to the marginal surplus
of the substituted player, all other old coalitions in both games have the same dividend,
the sum of the worths of the singletons of the new players has the worth of the singleton
of the substituted player, and all other coalitions have a dividend of zero.

To illustrate our model, we give an example: Let us look to a group of investors and
companies (our players) which collaborate to fund and develop various renewable energy
projects. They form multiple coalitions to invest in different projects, such as wind farms,
solar power plants, and hydroelectric dams. Each investor contributes capital, influencing
the success of these projects. These are the worths of the singletons of the different players.*

At some point, one investor decides to withdraw from investment into one
project /coalition for some reasons. This could be, e.g., a policy shift of the company.

Now, to maintain the viability of this project, new investors must step in to replace the old
investor while ensuring the same level of impact, meaning that the new investors contribute
equivalent capital as the exiting investor. This says in our model that the singleton worths
of the new investors should together sum up to the singleton worth of the withdrawing
investor and the worth of the coalition which represents the respective investment proceeds
should be the same as before. On the structure of the complete setup there should be no
other change.

Decisive for the old investors would be that their payoff would be in the new setup the
same as in the old one. This property is captured by the following new axiom.

Coalitional substitution of players, CSP. For all N € N, (N,v) € V(N), and a coali-
tional substitution of players game (N2, v>%) € V(N?) corresponding to (N, v), we have

0 (N9, v79) = ;(N,v) for all j € N\{i}.
Our focus is also on the payoffs to the other players. By Definition 3.1, we have
0] U(N?) = o(N) + v({i}).
Therefore, we get a result which is easy to verify.

Remark 3.3. Let N € N, (N,v) € V(N), and (N9, v7?) € V(N®) be a coalitional sub-
stitution of players game corresponding to (N,v). If ¢ is a TU-value that satisfies E and
CSP, we have,

(N, 0) = (N9, 059) ¢ {Z% (N9, 059) ] o).
JjeQ

The statement from this remark can be extended to multiple consecutive substitutions of
the same player for more then one coalition.

Remark 3.4. Let N € N, (N,v) e V(N),|N| >2,i € N, and T; :={T C N :T > ,|T| >
2} be the set which contains all subsets of N that contain the player i, except the singleton.

4Another valid scenario could be, for example, that the singleton worths represent the payoffs for the
individual players that they could achieve on their own if all players without cooperation would have the
same percentage terms for their invested capital. In general, all coalition functions in which the singleton
worths of the individuals reflect the contribution or ability of each participant and in which the worths of
the coalitions are correspondingly influenced by these participants are well suited.



We denote by (N9 vf’Qm)) the TU-game derived from (N, v) by a successively coalitional
substitution of the player i in all coalitions T € T; accordingly to Definition 3.1, starting
with the coalitions with two players, where Q(T;) denotes the set containing all players that
substitute the player i in the successively derived coalitional substitutions in the coalitions

T € T;. If ¢ satisfies CSP, we have
i (NOTD o [FUT)y = (N, v) for all j € N\{i}.
We have |T;| = 2= — 1. It follows, by Definition 3.1,
o ST NOTY) = o(N) + (27 = Dyo({i}),

If ¢ is a TU-value that satisfies E and CSP, we have,

901(N7 U) :SOZ(NQ(FH%UZ;Q(?;)) + |: Z (;Oj(NQ(ﬂ)a UZ;Q(’E)) - (2‘N|_1 - 1)U({Z}) (3)
JEQ(T)

The singleton {i} is the only essential coalition in (NQ(m,vZ—“Q(m) containing player 1.
Therefore, if ¢ also satisfies DP, we obtain

i (NQT) TR0y = ({3}, (4)
and, by (3),
mN,v):[ S (VO TR | (V1 gy (g, (5)
JEQ(T:)

Now, as an intermediate step, we can formulate a Lemma.
Lemma 3.5. If a TU-value ¢ satisfies E, DP, and CSP, then ¢ also satisfies S.

Proof. Let N € N, (N,v) € V(N), and 4,7 € N be two symmetric players in (N,v), and
© be a TU-value that satisfies E, DP, and CSP.

Accordingly to Remark 3.4, we chose for each coalition 7% € 7; a new player ip: and
for each coalition 77 € T; a new player jr; where the sets 7; and T; are lexicographically
ordered by the size. Let Q(7;,7;) be the set containing all players i and jy;. Then
we denote by (N@T:7:), UZ;’E’Q(%E)) the TU-game derived from (N,v) by a successively
coalitional substitution of the players 7, j in all coalitions T € T; and T? € T; accordingly
to Definition 3.1 by the players ir: and j7; accordingly to the lexicographical order starting
by the smallest coalitons where the substitution of the players in all coalitions containing
both players takes place in “parallel”. For these coalitions, this means that player j has to
be substituted in the new coalition in which player i has already been substituted.

It follows, accordingly to Remark 3.4,

pi(Noo) = Y i, <NQ<TZ~79>,UZ;’TJ*QWJ">] — (2N —2)u({3}), and
iTi GQ(ZVT?)

T T, T3,Q(T:,T; — .
w(N,v):{ T g, (NOTT) T ”>]—<2N'1—2>v<{y}>.
jTjEQ(,Ti’IE')



Now, we perform the same procedure again for the game (N, v), but this time we substitute
the player i for each coalition 7% € 7T; with the player j;; and, analogously, the player j
for each coalition T € T; with the player iz:. Note, since the players i, j are symmetric in
(N,v), that we have v({i}) = v({j}) and both final derived games are identical. We obtain

PNy =] Y g, <NQ<7?’Tf>,vZ;”3’Q“’T”>} — 2N 2)u({5}),
jTjEQ(,Ti’IE')
- T T:,7T5,Q(T:,T; _ .
o(N) =] T g (VAT T f’)]—@'N' ' gu({i}),

and S is shown. L]

Now, we are ready to present our main result.

Theorem 3.6. Let N € N and (N,v) € Vo (N). Sh? is the unique TU-value that satisfies
E, DP, and CSP.

Proof. Let N € N, (N,v) € Vg (N).

I. Existence: It is well-known that Sh? satisfies E. By (2) and (1), it is obvious that Sh”
satisfies DP, and, by (2) and Remark 3.2, that Sh” satisfies CSP.

I1. Uniqueness: Let ¢ be a TU-value that satisfies all axioms of Theorem 3.6 and, therefore,
by Lemma 3.5, also S.

If |[N| = 1, uniqueness is given by E.

Let now |N| > 2 and, w.lo.g., be v({i}) > 0 for all i € N. We have 2Nl — 1 — |N]|
coalitions Sy C N, |Si| > 2, where, for each player i € N, 2/V1=1 — 1 coalitions contain the
player ¢. For each coalition Sk, the worth of the singleton of each player ¢ € S can be
written as a fraction. We have

Sk
Dy

v({0}) = o with pP*, g% € N.
0

We choose a main denominator ¢°* of the fractions of all players £ € Sy by ¢°F := [] tes, qf k.
. 3 S s
With 2% := p,;* - Hiesk\{g} ¢;*, we have

S
ok

v({£}) = (ka'
We substitute each player ¢ € Sy, in each coalition Sy C N, |Sk| > 2, according to Definition
3.1, by adding zf’“ many new players, starting by the coalitions Sy with |Si| = 2 for all
players £ € N and go then to the coalitions with three players and so on. The procedure is
the same as in Remark 3.4 but for all players ¢ € N in “parallel” with the same final result
where parallel has the same meaning as in the proof of Lemma 3.5 but now not only for
two players, but for all players of each coalition. Denote by (N% v%¢) € V(N@) the final

resulting coalitional substitution of players game and by @5’“ the set containing all players
that substitute the original player ¢ € N in the coalition Sy C N,|Sg| > 2, in the final
player set. By (4), we have

0o(N9,v9) = v({£}) for all £ € N,



and, by (5),

w(N,m:{ > Y pinNe, Q] )| — 2N = 2)u({£}) for all £ € N.

SKCNISKI>2, e
St I

For each S, € N, |Si| > 2, to all players j € |J,,c Sk ¥ all other players outset this set are
disjointly productive and, by DP, removing all other players does not change the payoff
for the players inside this set which are all symmetric players. Denote the restriction of the

game where all players outside (J,,,. s, @if are removed by (@S’“, UQ). We obtain

wi(N,v) :[ > Y goj(@Sk,vQ)] — (2N —2)p({£}) for all e N.  (6)

SKCN|SKI>2, ik
siot IEQ

Since all players j € @Sk are symmetric in (@Sk, va) and we have Ava(ask

Zjeésk va({j}) =wv({l}) , it follows, by S and E,

) = A, (Sk) and

S 6 (@%09) = %Avw su({e}),
JeQy* 1ok

and, therefore, by (6),

({j})
(N, v) = —— A (S)) +U({g}) Sh”(N v).

Sio4

UJ

Remark 3.7. Theorem 3.6 remains valid on (N,v) € Vo(N) if we require continuity of the
TU-value in v({i}) for all (N,v) € Vo(N) and all i € N in an additional azxiom.

4 Conclusion

In this paper, we have introduced a new axiomatization of the proportional Shapley Value
by incorporating the novel coalitional substitution of players property. This new axiom
allows us to model scenarios in which a player’s cooperative contribution to a coalition
is replaced by a group of new players whose combined individual worths are equal to
that of the original player. Importantly, this substitution ensures that the payoffs to the
remaining players remain unchanged, thereby maintaining fairness in the allocation process
and ensuring consistency.

Our results provide a theoretical foundation for applications, for example, in the areas
of cooperative investment, patronage refunds, and coalition-based decision-making where
proportional fairness is required. The marginal contributions of players to all coalitions
are taken into account. Future research could explore further generalizations of this model,
including its implications for dynamic coalition formation and real-world economic settings.



5 Appendix

Remark 5.1. The axioms in Theorem 3.6 are logically independent:

e E: The TU-value p := 2Sh? satisfies DP and CSP but not E.

o DP: We define EN) as the set of all coalitions S C N, |S| > 2, which are essential in
(N,v). Let

v(N) = > ien v({i})
v o= |EWV0)| ’
0, otherwise.

if |ENY| > 1, and

We use the convention that an empty sum evaluates to zero. Then, the TU-value ¢,
defined for all N € N, (N,v) € VY, by

@i(N,v) == v(i) + Z %7 for alli € N,

SecEWNv) §34

satisfies E and CSP but not DP.
o CSP: The Shapley value Sh satisfy E and DP but not CSP.
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