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Abstract

This paper introduces a two-step convex estimator for dynamic location—scale models. Step
1 relies on a v/T-consistent preliminary estimator. Step 2 minimizes an adaptive L'-penalized
weighted least squares (WLS) criterion, yielding a sparse estimator. The objective is con-
vex, avoiding the local-optima issues of non-convex optimizations. Consistency, asymptotic
distribution, and model-selection consistency are proven. Simulations confirm finite-sample

performance. A financial data set illustrates practical utility.
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1 Introduction

Model-selection complexity rises exponentially with the number of parameters. When the parameter
count is small (), each of the 2V possible submodels can be ranked with the Akaike information
criterion (AIC) (Akaike, 1974, 1998) or the Bayesian information criterion (BIC) (Schwarz, 1978).
Once N grows, exhaustive search becomes infeasible; for example, N = 20 already implies roughly
one million submodels. Penalized estimators embed selection in the estimation step and thus
bypass the search. The least absolute shrinkage and selection operator (LASSO) (Tibshirani,
1996) illustrates this approach and has been examined in depth by (Bunea et al., 2007; Zhang and
Huang, 2008; Chan et al., 2015; Schweikert, 2022; Bhattacharjee et al., 2023), among many others.

Time-series applications of LASSO have largely focused on Markovian settings. Least squares
(LS) LASSO has been used for autoregressive (AR) and autoregressive conditional heteroskedasticity
(ARCH) (Engle, 1982) models. In linear regression, Fu and Knight (2000) derived the asymptotics
of the LASSO estimator. Wang et al. (2007) applied LASSO to regression with AR errors
and penalized both regression and AR coefficients. Nardi and Rinaldo (2011) studied the LS
estimator for AR models whose order increases with sample size. Basu and Michailidis (2015)
extended LASSO to vector AR models. Kock (2016) proved oracle properties for the adaptive
LASSO (Zou, 2006) in non-stationary AR processes. Adamek et al. (2023) used LASSO in
high-dimensional time-series settings, and Poignard and Fermanian (2021) investigated grouped
LASSO for multivariate ARCH models. All of these techniques rely on convex quadratic LS

criteria, which simplify optimization and asymptotic analysis.



Convexity breaks down in non-Markovian models with persistence, such as autoregressive
moving average (ARMA) and generalized ARCH (GARCH) models (Bollerslev, 1986). The
conditional LS loss for ARMA models is non-convex because of recursive moving-average (MA)
terms. GARCH models are usually estimated by quasi-maximum likelihood (QML); QML is
non-convex and can face boundary-parameter problems (Francq and Thieu, 2019). Non-convexity
complicates asymptotic theory, raises computational cost, and introduces local optima (Wang
et al., 2014; Loh, 2017).

Non-convex penalized likelihood for time series was analyzed by Nielsen and Rahbek (2024), who
extended the non-concave penalties of Fan and Li (2001); Fan and Peng (2004) from independent
and identically distributed (i.i.d.) data to temporally dependent data and allowed parameters
on the boundary of the parameter space. Chan and Chen (2011) proposed a two-step adaptive
LASSO for ARMA models: residuals from an initial AR fit serve as exogenous regressors to
convexify the LS problem, and the AR order is chosen by an information criterion. Chan et al.
(2020) introduced a non-convex penalized estimator for ARMA models with unit roots. Their
iterative algorithm minimizes a non-convex loss and selects the LASSO penalty through a BIC-like
rule, but at high computational cost.

Motivated by these efforts, this paper tackles dynamic location-scale models in which standard
estimators are non-convex. The procedure is two-step. The first step relies on a v/T-consistent
estimator. The second step applies an adaptive L'-penalized WLS criterion to recover sparsity
while keeping the objective convex. Unlike Chan and Chen (2011), no auxiliary AR~order selection
is required. Unlike Nielsen and Rahbek (2024) and Chan et al. (2020), the second step remains
convex, so the global optimum is guaranteed. As shown in Section 4, computation time is markedly
shorter on real data compared to Chan et al. (2020).

The method has five advantages. First, it covers general dynamic location-scale models. Second,
it relies on a v/T-consistent preliminary estimator, eliminating auxiliary model selection and
needing only mild regularity conditions. Third, it does not require high-order moment assumptions,
which is crucial for heavy-tailed financial data. Fourth, it sidesteps boundary-parameter issues.
Finally, its convex second step allows fast computation through the least-angle-regression LASSO
(LARS-LASSO) algorithm (Efron et al., 2004).

The remainder of the paper is organized as follows. Section 2 formalizes the model and the
two-step estimator. Section 3 presents assumptions and proves consistency, asymptotic distribution,
and model-selection consistency for the location parameter estimator. Analogous results for scale
are given in Appendix I to keep the text light. Section 4 reports Monte Carlo evidence and an

empirical study with financial data. All proofs are in Appendix II.

2 Convexification of the Penalized Estimation

Let {yi,t € Z} be a real-valued process decomposed as:

Yt = Mt T €, (1)
€t = O, (2)



where {n;,t € Z} is an i.i.d. innovation process with zero mean and unit variance. The location

¢ and scale oy are defined as:

Ht = m(ﬁt_l,Et_Q, ey Yt—1,Yt—25 - - - 7Xt—17Xt—27 .. ;¢0)7 (3)
UtQ =h (et_l,et_g, e 7Ut2—170t2—27 o X1, X o, ;00) > 0, (4)

where {X,t € Z} is a vector of exogenous covariates. The parameters satisfy ¢g € & C R” and

0y € © C R”, with ® and © compact and convex. The mappings:
m:Rx®d—R, h:R*xO—~R

are measurable. We estimate ¢g and 6y separately. The procedure for ¢ is presented first and
the procedure for 6y is left to the Appendix I.
2.1 Construction of the Location Parameter Estimator

Define the auxiliary mappings:

¢ — () =m(er-1(9),et2(@) - y—1,Y1-2,- -, Xt-1,X1-2,...;9), (5)
¢ — e (P) =yt — 1t (@),
(¢,QO) = ft (¢7(p) = m(et—l (d’) ) €6—2 (¢)7 e Yt—1,Yt—25 - - - 7Xt—17Xt—2)' .. 790) . (7)

Equation (7) splits the recursion (5) in two parts: ¢ generates the lagged residuals, while ¢ is the
argument to be penalized. Let a = (¢, )" and o = (¢)),#))’. The penalized WLS criterion is:

Qr(a) = %LT (o) + Z A lejl s (8)
=1
d ] yt — fi (@) ?
Lri@) = Yue), tia) - (2L 9
=1

The weight wy = w (ye—1, Yt—2, - .-, Xt—1,X¢—2,...) > w > 0 is a measurable mapping from R* to

[w,00). The penalty sequence (Ar)pey = (A7, ..., A is deterministic with non-negative

/
VvT) )TGN
components.

Let us denote Oy = (y;, X})'. Because only a finite sample {O;,1 <t < T} is observed, we
work with truncated versions of the mappings defined previously. Let initial values Og,0_1, ...

be fixed, and set:

6 it @) =m (@1 (@) vt o Xion s Koy 38, (10)
¢~ € (D) =y — (9, (11)
ou—)ﬁ(a):m<'€t_1(¢),...,yt_l,...,g'jo,...,Xt_l,...,f(o,...;cp>, (12)

ﬁt:w(ytfl,...,170,...,th1,...,X@,...). (13)

Write Qr, Ly, and I; for the criteria obtained by substituting (10)-(13) into (8)-(9).



For many models, such as ARMA and GARCH, Ly (¢, -) is convex almost surely (a.s.). Hence,

with any consistent preliminary estimator ¢, of ¢g we keep the convexity in the second step based
onie. Lp (¢T, ) The second stage LASSO estimator of ¢ is:

pr = argmin Or (6r.¢) (14)
ped

Section 3.1 studies @p. Section 3.2 covers the adaptive version:

1 v AjT . . n
L1 (o) + T j if Vj € L...,v}, 05 0
%L (a) = T ( ) Z]_l |¢j,T| ‘SOJ| J { } o # (15)
oo otherwise,
@?L = argmin @%L <¢T,<p) , (16)

pED
where 7 is a fixed positive constant.

Example 1 (ARMAX convexification). Consider an ARMA process with exogenous components
(ARMAX):
Yt = ar,0Yt—1 + b1,0€—1 + 1,0 X111 + €, (17)

with ¢ = oy as in (2). In practice the true orders are unknown. A common tactic fixes large

integers (p, q,r) and estimates:
P q T
Yt = Z @i,0Yt—i + Z bjo€t—j + Z Sk,0 Xk, t—1 + €, (18)
=1 j=1 k=1

where most coefficients are zero at the truth. Exhaustive search over the 2PT9*+" sub-models is

infeasible. We therefore penalize. Define recursively:

p q r
G(d)=w— > ai— Y bier;($)— > wXppo1,
i=1 =1 k=1

Where¢ = (al,...,ap,bl,...,bq,q,...,gr) and ¢() = (aLo,O,...,0,[)170,0,...,0,§170,0,...,0). A

naive L'-penalized criterion is non-convex because of the MA terms:

T ptq+r
$—= > &)+ Y, Nirldl,
t=1 =1

Our two-step procedure convexifies this function as follows:
e Step 1: Obtain a consistent preliminary aT (e.g. QMLE or conditional LS).

e Step 2: Solve the convex problem

ptqg+r
o Ve —QrellP + 3 Nrled, Yr=(,....yr) €R”,
=1



Yo .- Yip €o(Or . €glOr X0 .. Xppo

yr ... Yop € (Or .. E2q|@r X1 ... X
Qr = ‘

Yr-1 ... Yr—p €r—1 (¢T) B (¢T) Xir—1 .. Xera

The objective is a standard LASSO. The y;s are regressed on their lagged values, the residuals
€ ($T) and the exogenous covariates. The residuals are considered as exogenous in this regression.
When there is no penalization (i.e. Ap = 0) the solution is explicit @p = (Q-Q7) ' QLY 7.
Otherwise, the LARS-LASSO algorithm yields the full penalty path efficiently. In this case, the

minimizer of this objective function @ is sparse in general.

Example 2 (GARCHX convexification). Consider a GARCH process with exogenous components
(GARCHX):

2 2 2
0y =wo + o106+ 51,0%71 + 771,0X1,t—17 (19)

with positive coefficients and exogenous covariates. In this example, we assume that there is no

location component (the scale process is observed). Squaring (2) gives:

2 2 2 2, 2
€ = wo + a1,06,_1 + P00, 1 +m10X11-1 + 0f (m - 1) .

The squared process e? is now a location process. Fix large orders (P, @, R) and write the expanded
model:
Q P R
2 2 2 2
of =wo+ Y o i+ > B0t i+ Y mhoXi 1,
i=1 j=1 k=1
where the true parameter is 6y = (wo, 1,0, -.,2Q,0,051,0,---,68P0,T1,0,---,TR0) With ;0 = 0,

Bjo = 0, mpo = 0 for 4,7,k > 2. Given a consistent preliminary estimator ET of 0y, compute
the fitted variances o2 (ET), and regress €2 on the lagged squares, the fitted variances, and the
exogenous terms with an L! penalty. The resulting problem is convex. The fitted variances can

also serve as weights for the regression. Detailed Monte Carlo illustrations follow in Section 4.

2.2 Construction of the Scale Parameter Estimator

Section 2.1 dealt only with the location parameter ¢q, so the first-step estimator $T was enough.
o~ Ry / .
When the scale parameter 6 is of interest, a global estimator pp := <¢T,0T> of po := (¢),0})" is

necessary. The scale parameter appears in the latent process €. Because €; is unobserved, we

€ <$T> =Yt — [t <$T) :

and use the auxiliary mappings below to complete the estimation scheme:

work with the residuals:

(¢>0)€(I)X@X®7 Ut2(¢>0):h(ft—1(¢)7"'70371(¢7
(¢707¢)€(I)X®X®’ gt(d’vov'w):h(et—1(¢)7"'70-?71(¢7 )7"'7Xt—1’~-';¢)' (21)



These functions are equivalent to (5) and (7). Since ¢ is not observed, we introduce € (¢) instead
of ¢ in the recursion (4). Set p = (¢/,8")', B = (p',9")" and By = (p}),8))". Introduce:

Or (B) = %ET B)+ Y ejr sl (22)
=1

T 2
@)=Y ae). te - (0B (23)

w
=1 t

The weight w; = w (-1, Y1—2, ..., Xt—1,X¢-2,...) > w > 0 is a measurable mapping from R>
to [w,00). The penalties (¢7)rey = ((t1,7,-- .,Ln’T)/>T€N are deterministic and non-negative.
Using the truncated counterparts (tilde notation) and the preliminary estimator p, we define the
second-step estimator of 8 as:

d7 = argmin Op (pr,?) .
IS

The adaptive version is:

1 n LiT . . ~
L (B)+ > == 0| ifVje{l,....,n},0;r#0
T =1 |g. J ’ ) s Vg,
7" (B) = 7= i
oo otherwise,
~AL ~ ~
9p = argmin O <0T,19) :
J€O

To preserve clarity and avoid overloading the notation, the same symbol 7 is used for the adaptive
—~ ~AL
power as in the previous section. Appendix I studies 97 and 9, .
~ / ~
Example 3 (ARMAX-GARCHX). Compute p; = ((]3},9}) and use ¢ as in the first example of
ARMAX model to compute @7. All the procedure of the ARMAX example remains independent

of the dynamics of ¢;. Then use ¢ (ng) instead of ¢ in the second example of GARCHX model.

The squared residuals ¢? (gAbT) can be regressed on their lagged values E%_l ($T) yees ,E?_Q (aT),
the fitted variances 7 ; (pr),...,02 p (pr), and the exogenous components. The optimization

problem becomes:

Qr

P+Q+R = = ,
Ll ||YT79T19||2+ Z Li,T|79i|, YT = (E% <¢T) ,,,,,E% <¢T)) GRTv
=1
2 (4 22 » =2 (o P b X X
€0 ¢T e El_Q ¢T ) ¢T e Ul—P ¢T 1,0 e R,0
g% ¢T “ e gg_Q ¢T &% ¢T PR a%_P ¢T X]_7]_ PR XRJ

8 (3) o Bo(@) Fa(3) . Fp(B) X - Xnro
3 Theoretical Results

This section gives the asymptotic properties of the LASSO estimator @,. It then treats the
adaptive version (p\?L, derives its limit law, and proves selection consistency. Because the scale

estimator obeys the same logic, its results are deferred to Appendix I.



Throughout, let F; be the sigma-field generated by {O,,u < t}. Write V (¢o) for a neighbor-
hood of ¢y, and V (ag) =V (¢o) X V (¢o). The interior of ® is denoted P.

3.1 LASSO Estimator

Under the following assumptions, inspired by Aknouche and Francq (2023), we show the strong

consistency of the estimator @;.

A1 The process {(y, &) .t € Z} is a solution to (1)-(4) and {(y:, e, X})',t € Z} is strictly sta-

tionary, ergodic, and F;-measurable at time t, with 7, independent of F;_;.

A2 <1+ el + sup IS (a)\) ar &5 0, with a; = sup ‘ﬁ(a) — (a)‘.
acdx P t—00 acdxP

A3 <1+y2+ sup f7 (a)) dy =% 0, with dy = |wf — w?|.
acdxd t—o0

A4 E [(;)2} < oo.

A5V () C @.

Ja

A6 The function fi is a.s. of class C! on ® x ®, and wl_1 sup on (a)H belongs to L?.

acV(¢o) X P
AT0€ D,
A8 ¢ T%; do.
A9 Vg €V (¢y), the functions I; (¢, -) and I (¢,-) are a.s. strictly convex on ®.

Assumptions A2 and A3 ensure that initial values have no impact asymptotically. These
assumptions are broadly applicable since the influence of initial values diminishes exponentially in
many models. The choice of {wy,t € Z} is guided by the Assumption A4 so that no high-order
moments of the Data Generating Process (DGP) are required. Assumption A5 places @g in C%
This interior condition is natural for WLS; it is not always satisfied by QMLEs, which may reach
the boundary. Assumption A7 keeps 0 in &) This condition ensures that the estimator belongs to

® because ® is convex and the L' penalty shrinks the estimator towards 0. Lastly, Assumption
A9 holds true in models like ARMA, GARCH, or GJR-GARCH.

Remark 3.1. If the observed process is {¢;,t € Z}, following a scale model defined by (2) and
(4), it follows that € = o7 + o7 (n7 — 1) is a location process. In that case our results apply to

the squared series provided E [nﬂ < 00.

Theorem 3.1. Assume that Ap T—> Ao < 00 component-wise. Then, under Assumptions
—00
A1-A9:

(/p\T % arg min QOO (¢07 (P) )

where Qoo (G0, ) == E [l (¢0,9)] + D_7_1 Njoo l9j| exists and is finite on @. If Aso =0, then:
Pr > o

7



Theorem 3.1 demonstrates that the estimator converges to a biased limit when Ay is non-
zero. To derive the asymptotic distribution, Ay must converge to 0 at an appropriate rate. The

asymptotic distribution of the estimator is established under the following assumptions.

A10E [(;;11)4] < .

A11 The function f; is a.s. of class C? on V (ayp), wt_1 sup

-1
w, = sup

acV(ap)

‘80‘8&, H belong to L2

A12 There is a closed and convex subset C of R” and a sequence of symmetric positive definite

v X v matrices (Jr)pcy converging a.s. to a symmetric positive definite matrix J such that:

T
VT (b~ d0) = argmin (Zr —2) Jr (Zr =) +or (1), Zr= —= > A ),

zeC

where A; is an F;_j-measurable v x k matrix for some positive integer k and v : R — RF is a
measurable function such that A; and v (1;) belong to L% E [y (n;)] =0 and V [y ()] =: T.

A13 Letting by = sup Haft aft()
acdxd
0
i s [T @)| (14l + sw m@l). a s (|9 @)
acdxd Oa acdxd acdxd Oa
b (14l + s 15 @)
acdxP

are a.s. of order O (t~") for some x > %

Assumption A12, based on Francq and Zakoian (2018), includes cases where the true parameter
¢o lies on the boundary of the domain for the first-step estimator aT. This situation arises, for
example, when the first-stage estimator is a QMLE for a GARCH model with at least one parameter
equal to zero. Our second step estimator does not have any boundary issues as discussed previously.
Additional examples can be found in Francq and Zakoian (2019) for GARCH models, Francq and
Thieu (2019) for APARCHX models, and Andrews (1999) for more general cases. Since this study
focuses on a penalized estimator, the true parameter ¢ is expected to be sparse, making boundary
issues in the first stage likely. When the first stage estimator does not have boundary issues, the
assumptions reduces to a Bahadur expansion vT' <$T — ¢0> = Zp. Assumption A13 ensures that
initial values are asymptotically irrelevant when deriving the estimator’s asymptotic distribution.

To derive the asymptotic distribution, we introduce the following functions. The truncated

)

0 ifveYr,

versions are denoted by tildes in the same way as (10)-(13):

Br@w) = Gr@) + 3 T, (}“ﬂ'w, 1o,
T T ; 3, ﬁ 7,0 7,0

Gr () = Ly ($T, T+ ¢o) Ly ($0.60) + Kr (v), Kr(v) =

oo otherwise



The function v — Lt ($T, % + (bo) is defined on Y7 := {\/T(m —¢o),x € <I>} and it is clear
that v/T (@ — ¢o) = arg min Ep (v). We extend the definition domain of the function Gy outside

veEY
Y7 with an infinite value by adding K. We show that under the previous assumptions, the

sequence (Y1)~ is an exhaustion of R”. This result ensures that G is lower semi-continuous
then we show that when vTAp T—> Ao < 00:
—00

Er -5 B

The previous convergence is to be understood in the sens of epi-convergence in distribution (see
Knight (1999)). Since (Y7)p; spans R”, the limit process is defined on R as:

Eoo (V) = Goo (V) + Z Aj,oo (Uj sign (¢;,0) Iy 020 + U5 ]Lbj,o:o) )

7j=1
w\’ 174
C ! 1 afl C
GOO (’U) = Z HQ,QV H]_721/ + 2]E P wila (ao) HQ,ZV Z 5
v v

where P (z) := za’, for some matrix or column vector &, and for an integer k, IT; j, = (Ikxk kak)

and I, 5, = (ka  Trex k) The random vector of the limit process is characterized as follows:

4 I'(¢o) R(do)
(Z) o (“’ (R’ @ = ))
a1 0f1 o1 0f1
L=V[Ay(m)]=V [Aﬂ‘m} '
The boundary issues of the estimator aT, introduced in Assumption A12, lead to the following

projection Z¢ = argmin (Z — 2)' J (Z — 2).
zeC

Remark 3.2. Note that if the components of the matrix function v (-) are even, and the distribution
of n; is symmetric then R (¢o) = 0. It is the case for the QMLE for the GARCH model with

gaussian 7.

Theorem 3.2. Assume that VT Ar T—> Ao < +00 component-wise. Then, under Assumptions
—00
A1-A3, A5-A13:

VT (@7 — o) N argmin F (V).
T—00 vERY

To study the recovery of the sparse support of the parameter ¢y, we define the sets of active

and inactive components. Without loss of generality, we assume that they have the following form:

A:{jE{17-"a1/}7¢j,07é0}:{L'-'aVO}a K:{jG{17"'7V}7¢j,0:0}:{V0+1a-"ay}'



Similarly, we define the sets of active and inactive components of the estimator @, as:

AT:{jE{l,...,V},$j7T7£O}, KT:{]'G{L...,Z/},@]"T:O}.

Al4E [P (i% (ao))] is invertible.

Proposition 3.1. Under the Assumptions of Theorem 3.2 and Assumption A1j:

limsup P[Ar = A] < 1.

T—oo

Proposition 3.1, analogue to Zou (2006), shows that the parameter selection is not consistent
with the standard LASSO estimator. In the next section, we introduce the adaptive LASSO

estimator and derive its asymptotic properties.

3.2 Adaptive LASSO Estimator

The theory for the adaptive LASSO estimator builds on a similar loss function:

v Tf\j,T

(24)

oo otherwise.

where 7 is a fixed positive constant. The truncated versions of these functions are defined following
the same logic as previously. Let A and A be the selection matrices defined by removing the rows
of I, corresponding to the inactive and the active components, respectively. In the following,
for a vector £ € R” we denote by x4 the sub-vector Az, i.e. x = (xk,xk)l. We define for any y
such that A'y € Tr:

E{f (y) = Bp" (A) .Gi () = 67" (Ay) |

with their truncated version defined following the same logic as previously. These functions
correspond to (24) with the components A constrained to be 0. To simplify the expressions we
define:

1 9f1 _ay_ (M My 1afh oh c_
(@ gm-- (8 1) e

where M7 is a vy X vy matrix, Moy is a (v — 1) X (v — 1) matrix and the other matrices are

conformable with the partitioning.

Theorem 3.3. Assume that VTAp T—> 0 and Tz Ar T—> oo, Under the Assumptions of
— 00 — 00
Theorem 3.2 and Assumption Al1j:

~ d 1.
VT (91 = o) —5 —MI (Wa+4V4),

~AL P
= — PlAr =A] — 1.
(pA’T T—o00 0’ [ T ] T—o00

Theorem 3.3 shows that the adaptive LASSO recovers the sparse support with probability

tending to one, just as in the oracle property of Fan and Li (2001). However, its asymptotic

10



law is not Gaussian in general. The extra term V in the limit reflects the projection onto the
boundary-affected set of the first-step estimator. It leads to a non-standard distribution. If the
preliminary estimator has no boundary constraints, then the limit reduces to a multivariate normal
as in the classical oracle case. In general, the boundary issues arise when some components of the

parameter ¢ are zero. Therefore, the vector V4 is gaussian in general.

3.3 Application to GARCHX Model

We now apply the two-step estimator to a GARCH model with exogenous covariates {X;,t € Z}
of dimension r. In practice, it is usual to model financial returns with one lag of persistence.
Therefore, we allow the ARCH components to be over-parametrized and we assume that the DGP
follows a GARCHX(p,1) dynamic:

€t = O, (25)
P
Ut2 =wy+ Z awef,i + boa'tzfl + §6Xt—1 > 0, (26)
i=1
where ag = (a1, -.,a,0), and ¢g = (wo,ap, bo,sh) € ® C RIFPHAT with ¢y having non-negative
components. Squaring €, = oyn; gives:
p
€& = wy + Zai,oﬁf—z’ +booiq + <X + o7 (nf —1). (27)

=1

Equation (27) defines a location model. So the framework of Section 2.1 applies with y; = €7 and

pe = of. In this case:

€2 _ 2
ft (a) = (17 62717 Tt 6?,1,, 0'1‘/271 (¢) ) :‘,—1) ®, lt (a) = <tft(a)> .

Wt

An explicit form of the weight process is given later. The following assumptions are sufficient to
prove the theorems of Section 3 in the case of GARCHX(p,1).

A15 The process {(n, X})',t € Z} is strictly stationary and ergodic such that 3s > 0, E [|| X||*] <

oo and the usual top-Lyapunov condition is satisfied.
Al16 3p > 0,Vp € @, |b| < p < 1.
A17 vz € R"\ {0}, /X is not degenerated.

As shown in Lemmas 1 and 2 of Francq and Thieu (2019), under the previous Assumptions,
there exist a unique stationary, ergodic and non-anticipative solution to (25)-(26) with a small
order moment 2s. In the following, we assume that {¢;,t € Z} is the solution. Assumption A17
suffices to ensure the condition of Assumption Al4. Under Assumption A16 and since ® is

compact, we let sup [b] := p < ¢ < 1 and define w; = 1+ >, . ¢ (€2, + || X¢—i||;). We also
bed®

assume that a first step estimator aT is available.

11



Remark 3.3. The first step estimator qAbT could be the QMLE for example. Note that the
parameter set ® used for the second-stage estimator does not coincide with the parameter set of
the QML estimation context. The QMLE is constrained whereas the WLSE is not.

Corollary 3.1. Under Assumptions A15-A16, if $T satisfies Assumption A8 then the Theorem
3.1 holds. Moreover, if E [nﬂ < o0 and $T satisfies Assumption A12 then the Theorem 3.2 holds.
Under Assumption A17 gives Theorem 3.3.

4 Tllustration Based on Financial Data and Simulations

In this section, we illustrate the two-steps method by an application to real data. We compare
the results and the execution time of the two-stage approach to Chan et al. (2020). We also
describe the tuning of the LASSO hyper-parameter. Then we study the finite-sample properties

with Monte Carlo experiments.

4.1 Monthly Interest Rate on Three-Month US Government Treasury Bills

We compare our convex penalized estimation to the non-convex iterative approach of Chan et al.
(2020) for ARMA models. We use the same data-set (length 461) of the log-differential of the
monthly interest rate on three-month government Treasury bills for the period 1950 to 1988. The
data is represented in Figure 1. In the light of Figure 2 an ARMA(7,7) can be suggested as an

Monthly interest rate on three-month US T-bills Log-differential
0.6
15.0 1
12.5 1 047
10.0 - 0.2 1
7.5 0.0
5.0 —0.2 1
2.5
_0.4 -
0-0"'llll'|""|""|""|""|""|IIII LA I B L N B L B R B B B DL B B B B BB B L B B B B
1954 1959 1964 1969 1974 1979 1984 1954 1959 1964 1969 1974 1979 1984
Date Date

Figure 1: Monthly interest rate on three-month government Treasury bills, 1950-1988.

initial over-parameterized model. This over-parameterization leads to 16384 possible sub-models.

Autocorrelation Partial Autocorrelation

1.0 1.0

0.5 0.5 1

0.0 “"I““.‘T‘ """"" Finl nlaiai rv-—-—- a- ===~ 0.0 ““I“-f“. ------ [ At i el ittt

Aol S ——. g—— _n__l__l. _____ | . fep—— R == Aol Spp— - +_l ______________ P I I ey Y Ju.
-0.5 -0.5
-1.0 11— ! ; T T T ! -1.0 1 — T . ; T T T

0 3 6 9 12 15 18 21 0 3 6 9 12 15 18 21
Lag Lag

Figure 2: ACF (left) and PACF (right) of the log-differential series.
We use our two stage procedure to perform a sparse estimation. The first-stage estimator is a
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conditional LSE, then the LARS-LASSO algorithm is computed. We use the adaptive power 7 = 2
and assume that the tuning parameter Ar is the same for all the parameters A\ = ... = s 7.
Then, to avoid tuning this hyper-parameter, we perform a post-LASSO estimation at each LARS-
LASSO step (i.e. the gray vertical lines in Figure 3). The post-LASSO calculations can be done

LARS-LASSO path

Components
AR1
AR2
0.4 1 AR3
AR4
—— AR5
—— ARG
—— AR7
MA1
MA2
—0.4 4 MA3
MA4
—0.6 1 —— MAS
— MAG
— MA7

Lasso coefficient
o
o

T T T T T
1073 107% 1077 1078 1077
Penalty (log scale, reversed)

Figure 3: LARS-LASSO path of the second-step estimator.

in parallel when it is advantageous. The best model is selected according to the BIC criterion.
The non-convex method of Chan et al. (2020) is used as described in their paper with the choice
of the hyper-parameter guided by a BIC-like information criterion. We stop the algorithm if the
1000 iteration is reached or if the error is bellow 1076, Both estimators select ARG, MA1 and
MAG coefficients. The non-convex method gives AR6 = —0.38, MA1 = 0.43 and MA6 = 0.19
whereas our convex method gives AR6 = —0.42, MA1 = 0.43 and MA6 = 0.23. The results of the
non-convex method are slightly different of the those in the original paper due to the sensitivity
to the initial conditions. The algorithm stops after reaching the maximum number of iterations.
However, the selected set of parameters is the same as our convex approach. The runtime of
our approach is 485 milliseconds whereas the non-convex approach takes 5.2 seconds to produce
the results. Our approach is more than 10 times faster. The experiment was done 100 times to
compare the average runtime of the two methods on a MacBook Pro with Apple M2 Pro processor
and 16 GB or RAM. The model selected by our method produces non-correlated residuals (see

Table 1 and Figure 4) With this comparison we show that our method produces the same results

Table 1: Ljung-Box tests of the model residuals.

Lags 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Stat  0.32 3.07 3.10 3.10 3.27 3.28 3.98 3.99 473 488 523 537 10.98 11.58 13.62 1531 20.01 20.03 21.08 25.96 26.17 26.58
PVal 096 0.55 0.68 0.80 0.86 0.92 0.91 0.95 094 096 097 098 0.75 077 069 0.64 039 046 045 025 029 0.32

as Chan et al. (2020) with minimal computational cost, leading to a valid sparse model. We also
show how our approach reduces the dimension of the selection problem: Reducing the number of
possible sub-models from 16384 to 15. Moreover, the method is designed to take advantage of
the efficiency of the LARS-LASSO algorithm and, for large models, the post-LASSO estimation
can be done in parallel leading to a shorter computational time. Here, the post-LASSO is done

sequentially.
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Residuals ACF Residuals PACF
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Figure 4: ACF and PACF of the residuals of the model estimated by the two-step method.

4.2 Monte Carlo Experiment

This section provides Monte Carlo simulations with 500 trajectories to investigate the finite sample
properties of the penalized two-stage estimator. In the following, the adaptive LASSO power is

7 = 2 for both location and scale processes.

4.2.1 ARMAX-GARCHX

We start by estimating an ARMAX(3,3)-GARCHX(2,2) model with two exogenous components
in ARMA and GARCH parts. The true DGP is a sparse ARMAX(1,2)-GARCHX(1,1) model.
The parameters of this experiment are described in Table 2. The exogenous components of the
ARMA part, denoted Y, are i.i.d. A (0,1) and the exogenous components of the GARCH part,
denoted X, are i.i.d. x? (1). The first step estimation is given by the QML. As in the previous
experiment, the tuning of the hyper-parameters A and ¢ is avoided by performing a post-LASSO.

Table 3 shows that the true sparse parameter is accurately recovered as the sample size grows.

Table 2: Non-zero simulation coefficients (all remaining AR, MA, ARCH/PERSISTENCE, Y and
X terms are zero). Coefficients marked { are not penalized.

AR1 MA1 YO0 INTERCEPT{ ARCH1{ PERSISTENCEl}{ X0
0.90 -0.80 -0.50 0.01 0.09 0.84 0.30

The accuracy is higher for the ARMAX parameters than for the GARCHX parameters. This
Monte Carlo experiment demonstrates that the finite sample performance of the procedure aligns

with theoretical expectations. The sparse support is accurately identified as the sample size grows.

4.2.2 GJR-GARCHX

We perform a second experiment on a GJR-GARCHX(2,2,1) model with 5 exogenous components.
The parameters of this experiment are described in Table 4 with the same adaptive power
7 = 2. The exogenous parameters are the squares of independent GARCH(1,1) trajectories, with
parameters estimated on the log-returns of the S&P 500 index, NASDAQ Composite, Russell 2000,
FTSE 100 and DAX 30, on the period from 2000-01-01 to 2019-01-01. All the parameters are
penalized, except the intercept. Table 5 shows the percentage of times each coefficient is picked
by BIC along the LARS-LASSO path for sample sizes T" = 500, 1000, 4000, 5000. Selection of
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Table 3: Selection rates (%) for penalized coefficients in the ARMAX-GARCHX experiment.

Parameter T—500 T —1000 T —2000 T — 4000
AR, 10000 100.00  100.00  100.00
AR, 0.00 0.00 0.00 0.00
AR 0.00 3.60 0.00 0.00
ARMA MA, 0.40 0.40 0.00 0.00
MA, 10000  100.00  100.00  100.00
MA; 0.20 0.00 0.00 0.00
Yo 10000 100.00  100.00 _ 100.00
ARMA Exogenous 4, 0.80 0.60 0.80 0.80
ARCH, 0.00 1.60 3.00 4.40
GARCH PERSISTENCE,  48.60 37.60 33.80 14.20
X, 55.00 78.40 98.00 100.00
GARCH Exogenous X 0.60 0.40 1.60 2.20

true coeflicients rises steadily with n: all active terms exceed 80% for n > 4000. False-positive
rates stay bellow 8% once n > 2000. LEVERAGE?2 is falsely selected in 30% of trajectories at
n = 1000, but this over-selection disappears as n grows. The selection of ARCH1 and X0 terms
are slower but reaches satisfactory rates for n > 4000. Overall, the probability of recovering the

correct model grows when n grows.

Table 4: Non-zero simulation coefficients for the GJR-GARCHX experiment (all other terms =
0). Coefficients marked t are not penalized.

INTERCEPTt ARCH1 LEVERAGE1 PERSISTENCE1 X0 X1
0.03 0.02 0.15 0.90 0.30 0.50

Table 5: Selection rates (%) for penalized coefficients in the GJR-GARCHX experiment.

Parameter T =500 T =1000 T =2000 7T =4000 T = 5000
INTERCEPT 100.00 10000 10000 10000  100.00
ARCH, 0.00 0.00 0.00 0.00 100.00
ARCH, 0.00 0.00 0.00 0.00 0.00
GIR-GARCH | pypRAGE, 100.00  100.00 0.00 10000 100.00
LEVERAGE, 0.00 0.00 100.00 0.00 0.00
PERSISTENCE, 100.00  100.00  100.00  100.00  100.00
X, 0.00 0.00 0.00 0.00 100.00
X 0.00  100.00 0.00 100.00  100.00
Exogenous  Xs 0.00 0.00 0.00 0.00 0.00
X, 0.00 0.00 0.00 0.00 0.00
X, 0.00 0.00 0.00 0.00 0.00

5 Conclusion

This paper develops a two-step, convex L'-penalized estimator for dynamic location-scale models.

The first step relies on a preliminary /T-consistent estimator. The second step performs a
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weighted least-squares LASSO while preserving convexity. Under mild assumptions the estimator
is consistent, and its asymptotic distribution is obtained. The adaptive version consistently
recovers the true support. Convexity lets the LARS algorithm trace the full penalty path in
milliseconds. Simulations report selection accuracy above 95 % for sample sizes typical of financial
data. On real financial data the method matches published coefficients while reducing computation
time by a factor of ten.

Future work will extend the two-step scheme to multivariate models, enabling joint estimation of

cross-asset volatility and improving portfolio-level risk metrics such as multivariate Value-at-Risk.
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Appendix

The appendix is organized in two parts: The first part presents the theoretical results for the
scale-parameter estimator @, and its adaptive version, while the second part gathers the technical

proofs and supporting lemmas.

I Theoretical Results for the Scale Parameter

In the following, write V () for a neighborhood of 8y, V (po) = V (¢o) x V (6p) and V (By) =
V (po) x V (0p). We show the strong consistency of d7 under the following assumptions.

A18 (1 +y7 +suppi (@) + sup g (B)| | ex == 0, with
¢cd BEDXOXO t—o0

er = sup |y (@) — ()] (1 + [yl +Zlelg |2t (¢)> + sup i (B) — g: (B)]-

Hcd BEDXOXO

A19 | 1+yf +suppuf (@) + sup g7 (B) | e == 0, with ¢ = |@F — wp|.
¢cd BEDPXOXO t—00

2
A20E [(;‘j) } < 0.
A21V(py) C P x O.

A22 The functions g; (-) and uq (+) are a.s. of class C! on ® x © x © and ®, respectively, and

2
wit sup . %—% (,B)H and W1_1¢ s\t}u{; H%—’g (¢)H belong to L.
BEV(p0)x6 Vi)
A230¢€0.

A24 pr 25 py.
T—o00
A25 Vp eV (poy), the functions ¢ (p,-) and A (p,-) are a.s. strictly convex on ©.

The assumptions above align with those in Section 3, but add regularity conditions on .
Because the estimator now uses the residuals € (q,')T) instead of the unobserved process €;, these

extra conditions ensure adequate control of the residual terms.

Theorem I.1. Assume that 1 T—) Lo < +00 component-wise. Then, under Assumptions Al,
—00
A18-A25:

dr =% argmin Qu, (po,d)
T—00 9O

where Qos (p0,9) := E [¢1 (po, )] + >_7_1 tjoc [V] exists and is finite on ©. If tog = 0, then:
o7 T:; %0.
4
A26 E [(U%) + n?] < oo and E [n}] = 0.

wr
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A27 The functions g; (-) and uq (+) are a.s. of class 02 on V (Boy) and V (¢y), respectively, and

kX o [|% @)
9EV(d0)

0
A P

wl_l sup
Bev

and wfl sup H% (qS)H belong to L*.

#€V(0)
A28 There is a closed and convex subset C of R¥T™ and a sequence of symmetric positive definite
(v +n) x (v +n) matrices (J 1)y converging a.s. to a symmetric positive definite matrix J
such that:

VT (pr — po) = arg fgin (Zr —2)Tr (21 —2) +o0p (1),
ze

3\

where A; is an F;_j-measurable (v +n) x k matrix for some positive integer k and & : R — R¥ is
a measurable function such that A; and & (1;) belong to L2, E[£ ()] =0 and V [£ (1,)] =: x.

A29 Letting

_ _ Opt 99t 99
Qt—ilelglut(qﬁ) ut(¢)\itelg 96 (¢)H+ﬂesggxe 98 B) — B (ﬁ)H
Opu Opu
+ <1+yt|+igg|ut <¢>|) aup |92t (0) - 5ot 0

the sequences

‘ <1+ryt\2+suprm<¢>12+ sup \gtw)r) <1+|ytr+supmt<¢>\>sup @)
ocd BEPXxOXO Pcd Pcd g

Vel sl @) s (o (B)]) g 8%)',

BedxOXO BePxOXO aﬁ

Ot Ogt

<<1+|yt!+sup!ut( )\)Zlelg 8¢(¢)H+ﬁe§38x@ %(ﬁ)">,
<1+\yt +Sup!ut()\2+ sup \gt(ﬂ)\>,

BcdPxOxO

are a.s. of order O (t7*) for some £ > 1.

In this context, we need Assumption A26 to ensure that the noise 7; is symmetric. It is needed

to derive the asymptotic distribution of the estimator 1A9T. We introduce the following functions:

- WJ;O\) :

0 if € Up,

Er () =Gr )+ 3 Tur (|2 + 6,
T T 2 T(‘ T 0

A _
Gr (%) = Lz <pT, ﬁ+oo) L1 (p0,00) + ST (), Sr () =

oo otherwise

The function ¥ — Ly </P\T, % + 90) is defined on Uy := {\/T (x — 0,z € @}. It is clear that
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VT ('5T — 00) = arg min Er (¢). The epi-limits are defined on R™ as:
PeVr

Eso () = Goo (W) + Z Ljoo (15 sign (05,0) To; o0 + [15] Tg; 0=0) »
j=1

w w

G ) = | 20| Wy (Wi + 26 [ P (20550 800+ 50 60) )| s ) | 26
v v

The random vector of the limit process is characterized as follows:
w Z(po) R (po)
~ 0
<Z> N( | (R/(Po) z ))
2_ 2
s (1 s S )]
wy ﬁ

R (on) = 28 [T (290 (50) + 5 <ﬂo>)§<m>A’] = = Vg (m)) =V [Anx”?].

Remark I.1. We can write:

R (on) = ~4E [ 2L (501 [ (1 — 1) € )] 1| — 22 | 2

O B0 E (1~ 1) € ()] A1

Depending on the parity of the components of the function £ (+), either one term or the other

vanishes.

Theorem 1.2. Assume that VTur T—> Lo < 00 component-wise. Then, under Assumptions
—00
Al, A18-A19, A21-A29:
VT <'§T — 90> 4, argmin E (¥) .

T—o0 weRn

To study the recovery of the sparse support of the parameter 8y, we define the sets of active

and inactive components. Without loss of generality, we assume that they have the following form:
B={je{l,....,n},0;,0#0}={1,....,n0}, B={je{l,....,n},0,0=0={no+1,...,n}.
Similarly, we define the sets of active and inactive components of the estimator 5T as:

By — {j c {1,...,n},3j,T7éo}, Br — {j e {1,...,n},v§jj:0}.
A30E [P (L% (8y))] is invertible,
Proposition I.1. Under the Assumptions of Theorem 1.2 and Assumption A30:

limsup P[Br = B] < 1.

T—o00

To consistently recover the sparse support of 8y, we define the following modified loss function
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to perform an adaptive LASSO:

T . . ~
L _ ( )+Z] 1‘037|" (‘\F—I—Hjo‘ |0j,0|) 1fV]€{1,...,n},0j7T750

oo otherwise.

(28)

Let B and B be the selection matrices defined by removing the rows of I,,«, corresponding to the
inactive and the active components, respectively. In the following, for a vector & € R™ we denote

by zp sub-vector Bz, i.e. £ = (xB,xf) We define for any y such that B'y € Up:

&b (y) = &4F (By), G4% (y) = G (Bly),

with their truncated version defined following the same logic as previously. These functions
correspond to (28) with the components B constrained to be 0. To simplify the expressions we
define:

E {P( 1 9g1 (,30)>] _ (ﬁ; A.AZZ) , E {é% (Bo) <26188Z1 (po) + (‘;g; (ﬁo))] Z¢ =g,

where My is a ng x ng matrix, Mg is a (n — ng) X (n — ng) matrix and the other matrices are

conformable with the partitioning.

Theorem 1.3. Assume that /Ty —> 0 and T2LT — 00, Under the Assumptions of Theorem

T—o0
1.2 and Assumption A30:
~AL d 1
(%T 9113%0) T 1 Ws+4¢s),
~AL
"9IB%T 0 IP[IBT—B] — 1.
T—o0

The proof of this Theorem is the same as that of Theorem 3.3.

IT Proofs and technical lemmas

The appendix provides the proofs of the main results. In the following, K denotes a generic
positive constant whose value can vary from line to line.
We introduce several Lemmas as a toolbox for proving all the theorems. Their notations are

independent of the rest of the paper.

Lemma II.1. Let {O,,u <t} be a strictly stationary and ergodic process and x — Fy (x) =
F (O4,0¢_1,...;x) a measurable function of the past observations, defined on an open and convex

set @ C R™. Let xy € Q and assume that sup ||F; (z)|| belongs to L' for some neighborhood
zeV(xo)

V(o) C Q of xo, then for any sequence (x%.) such that x; T& xo:
—00

T
1 ¥ a.s.
T ;Ft (@7) — E[F (z0)].
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Proof. For any x € Q the process {F; (z),t € Z} is strictly stationary and ergodic and at o,
F; (zg) belongs to L'. Therefore, by the ergodic Theorem, %Z;‘FZI F; (zo) T%O E [Fy (z0)]. Let
By, (xo) := {x € R"; ||z — z|| < 11 where z € N*. Assume that z and T are large enough such
that z7. € By, (xo) C V (z0) almost surely:

T
<7ZZZt+ Z Fl(x())]

T
Z F1 .’IIQ

WMMLﬁ:amHB@—E@MLQMmeMMM%ZLB@@—MH@MH130
Bl/z(wo) T=o0
On the other hand Z,; < sup ||F}; (z) — F; (2o)|| < 2sup ||F; (z)||. The right hand side of the

V(z‘o) V(a:o)

inequality belongs to L', then by the ergodic theorem % Zthl Zyy Tﬂ E[Z.1]. By the dominated
—00

convergence Theorem E[Z, 1] — 0. This concludes the proof. O
Z—00

The lemma below extracts the almost sure convergence part of Lemma 2.2 in Davis et al. (1992)
for convex processes. In the original proof this step is obtained via a Skorokhod representation
on the way to convergence in distribution; we present it separately here to keep the paper

self-contained.

Lemma I1.2. Let {Fr (-)} and F () be stochastic processes continuous and strictly convex on an
open convex set A C RP and suppose that for each x € A, Fr () % F (z). Let yp minimize
— 00
Fr () and y minimize F (-) such that yp,y € A. Then
a.s.
Yyr —Y.
T—o00

Proof. The strict convexity ensures the uniqueness of the argmins in the following. Using

Rockafellar (1970) Theorem 10.8, for any given compact set K C A:

sup |Fr (u) — F (u)] LEN)
ueK T—o0

For v > 0, let By = {u: ||lu —y|| = v} and suppose that |jyr —y|| > 7 for infinitely many T
Since Fr — F uniformly on B, and Fr (y) — F' (y), it follows that for infinitely many 7" and all
uc B,

Fr(u) > Fr(y) > Fr(yr).

But this contradicts the convexity of Fr by choosing u € B, such that the points u,y,yr are

collinear. O

Proof of Theorem 3.1. We will establish the following intermediate results.

(a) sup & |Lr(a)— Lr(@)| =5 0.
acEPxP T—o0

(b) Va € V (ap) X &), Qoo (@) = E [l (a)] + 375 Ajoo )] exists and is finite.

(c) or —> argmin Qu (do, ).

T—oo  ped
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(d) arg min Qo (¢o, ) = P if Ao = 0.
ped

(a) Asymptotic irrelevance of the initial values. Let a € ® x ®:

w ~ 2
L () — 1 (a)‘ _ @7 (e — fi (@) gff (yt = fi (a))

Wi Wy

(w? = @F) (e = F1 (@)” = wf (fi (@) = i @) (200 = fi (@) = fi (@)

29
Wi wy

_ di lys — fr (@) + wia ‘2% — fi(a) — ﬁ(a)’

> 2.2
Wi Wy

Under Assumption A2, for ¢ large enough we have almost surely sup ‘ft (a)’ <1+ sup |fi(a)].
acdxP acdxP

For u,v € R we have (u+v)? < 2 (u® + v?). Using these two results gives:

2d, <1+y3+ sup \f,?(a)\) 2a <1+!yt!+ sup Ift(a)!>
< acdxP + acdxP

sup_[1; (@) ~ T (a)|
acdxd

w? w?

By Assumption A3, the right hand side of the inequality goes to 0 almost surely as t goes to

infinity, therefore sup ‘lt (@) — 1 (a)‘ 2% 0. By Cesaro’s Lemma, (a) is established.
acdxd t=o0
(b) Existence of the limit loss function. We start by noting that:

I (a) = <yt_ft(a)>2 _ <Ut77t L He = i (a)>2'

wy Wt Wt

Under Assumptions A5-A6, using the mean value Theorem and the compactness of ®:

— - 0 K 0
sup ot ft (C\() S sup Ha ao” i (a) S _ sup j (a) .
o Wt o Wi ) (90( Wi o aa
acV(po)xP acV(po)xP acV (o)X P acV(¢o)xP

(29)

The last term belongs to L?. Under Assumption A4 and using the independence of 7; and F;_1
gives:

E sup 1 (a)| < oo. (30)

acV(¢o)x®

Moreover, Ay T—> Ao < 00. We obtain the existence and the finiteness of the limit loss Qo ().
— 00
(c) Convergence of the minimizers. Under Assumption A1 and using (30), the conditions of
Lemma II.1 are satisfied, and we have for ¢ € ®, Qr (aT, <p) Tﬂ Qoo (¢0,¢). Using the result of
—00
part (a) we obtain Qr ($T,<p> T& Qoo (00,9). Under Assumption A9, the functions Qr (aT, )
—00
and Qo (¢, -) are strictly convex on @, thus having unique minima. Under Assumptions A5 and

A7, these minima lie in ®. Lemma II.2 gives arg min @T (qAbT, <p> Tﬂ arg min Qo (¢o, ). Since
o —00 o

ped ped
the strict convexity ensures the uniqueness of the minima, the argmins can be taken over the
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whole compact set. The result (c) is established.

(d) Asymptotic unbiasedness under vanishing penalty. Let ¢ € V(¢y), if Asc = 0
2
then Quo (¢0,9) = E[l1 (¢o,9)] =E [(’MW) ] . Taking the derivative with respect to

we

¢ at ¢o gives Q°° () = —2E [%11(0‘0) %ﬁ (ao)} = —2E[m]E ["12 %{; (ag)} = 0. The conclusion

follows. m
Proof of Theorem 3.2. We split the proof into the following parts:

(a) (Y7)p>; is an exhaustion of R”.

(b) Vk € N*, sup
veTy

Gr (v) — Gr (v)] P, 0.

T—o0

9%
ke @] <

(c) E[ sup

acV(ap)

\/T(Z’T—¢o) T—o0 \ZC )

(e) VT (@r — o)~ argmin Ex (v).

—00  pyeRY

‘% (a)‘ﬂ < oo and E [ sup
acV(ap)

(a) Exhaustion of R” by an increasing sequence of compacta. Let p,q € N*,p < g and
z € T, then Jy € ® such that:

z:@(y—qso):f(\fw( \f>¢°_¢°>

The set ® is convex so \/gy + <1 — \/g) ¢ € ® and under Assumption A7, ¢g € @ therefore
\/%y + (1 — \/g) ¢o € ® and z € YT,. Moreover, since 0 € Ty,36 > 0,B5(0) C YT, Let

z € R¥,z # 0 then
conclusion follows.
(b) Asymptotic decrease of the effect of the initial values. Let £ € N*. Under

2||z||z € Bs (0) C T,. By taking k such that vk > ﬁ we have z € Tj. The

Assumptions A5, A8, A1l and for T large enough such that almost surely (\FQ:T_ ¢0> €V (ap)
we have the following:
1 < Ay s
s o - Gr)| <k (VT Br-a)]|+1) 53 s [B@)- h e

Under Assumption A13 and for ¢ large enough:

ol ol
b af; (@) = aioi (@)
<K sp || W IO )| g g || 2L g w ve— I (@) >gft (Q)H

acV(ap) Wi wy a acV(ap) wy a wi a

< wde (14l sw (@l +ar) swp |90 @l (1l s £ @)
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The last term is almost surely of order O (t~%) with £ > 1. Under Assumption A12,
Op (1). These two results give (b).

(c) Integrability of the suprema of the loss function’s first and second derivatives.
Under Assumption A1l and for @ € V (ap), we have % (@) = —w%g (ye — fi (@) % (). Under
Assumptions A10 and A1l and with the same arguments as in the proof of Theorem 3.1 part (b)

VI (br- )| -

with Equation (29) we obtain:

E| sup 12 (a)| < oc. (31)
acV(ap)

Cauchy-Schwartz’s inequality along with the moments given by Assumption A1l and Equation
(31) give:

ol

E| sup o (o)

acV(ap)

2
] < o0. (32)

The second derivative is 8‘2‘2(;;/ (@) = w%, [P (% (a)) — (1 — fi(e)) % (a)|. With Equations
(32) and (31) we obtain:

E| sup

acV(agp)

o] <

(d) C.L.T. for martingale increments. Under Assumption All, % (o) exists and using

the Bahadur-type expansion given by Assumption A12, we define:

U, — e (o) .
Avy (1)
On the one hand, A; and ~ (1;) are independent and belong to L?. On the other hand, using the
0
E [m] %TQ (a0)> _

AE [y (n:)]

Under Assumption A1, the process is a strictly stationary and ergodic L? martingale increments.

Equation (32) of part (c), U; belongs to L? and we have E [U|F;_1] = <_

We can apply the martingale C.L.T. of Billingsley (1961) yielding ﬁ Zthl U, Ti> (2’) . We
—00

also have J; =% J. Slutsky’s Lemma gives the joint convergence in distribution:

T—o00
1 d w
(rxee) = (7))

Given that the set C is closed and convex, the projection Proj (z, M) := argmin (2 —z)' M (2 — )
zeC
is a continuous mapping where x € R” and M is a symmetric positive definite matrix (see Rock-

afellar and Wets (2009) Theorem 1.17 for a general result or Francq and Zakoian (2019) Section
8.2 in GARCH context). Therefore, the continuous mapping Theorem gives:

1 0Lt

—=0e (a0) w
VT Oa d
(o) ()
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The components of the covariance matrix of the vector (W', Z')" are given by:

Y [22 (ao)] —E [P <n i?%ﬁ(a@)] =4E [P (Zf% gfl( o)ﬂ =1(¢0),

E [gg (ag) ' (TIt)AQ] =E {_2;7;01%2 (o) (m) A } = R (¢o),

1
VI[Ary (m)] = E [Ary () (m) Ay =E [ATA]] =V {AII‘W} -

(e) Asymptotic distribution of @;. Let v € R”. Under Assumptions A8, A1l and with T

large enough such that ( v or

cV(a ¢ have:
\/T+¢0> (O)W v

v v 2T OO/ v

GT (’U) _ (\/T (aT_¢O>>/ 1 8L ( )+<\/T (aT_¢O)>,1 82LT (OlT) (\/T <$T_¢O)> 7

where ar lies between ag and | , 7 . We can easily see that:
vr e
R 1 0Ly (ao) 1 9Ly (ao)
VT (¢T - ¢0) VT Oa 1 9Ly VT Oa
=15, — d —— =1l 9, —
( ! 20 | VT (¢ — o) | and =5 (@0) =Tz | VT (67 — o)
v v

Rewriting the previous expansion gives:

Gr (v) = (ﬁ(aT_¢0>)/< 1 OLT( )+i62LT (a7) (ﬁ(g}z—(ﬁo)))

v VT Oa 2T dada’
1 8L ! 1 9L
7 o (00 : 1 2Ly V7 e (€0
= | VT <¢T ¢0> I 5, <H1,2u + 5T dadal (ar) H2,2u> VT (¢T ¢0)
v v

Using Equation (33) and given that ap Tﬂ> apy, Lemma II.1 applies and we obtain:
— 00

1 aQLT a.s 82l1 18f1
= — E | —%— =4E |P | wy
T dada! (ar) T—00 [8a8a’ (ao)] [ < Oa (ao)ﬂ
Slutsky’s Lemma and the result of part (d) give Er (v) Ti> E (v). It follows that, using (b),
—00

Er (v) Té@ E (v). The finite dimensional convergence holds trivially using the Cramér-Wold
device. In the following, we use the concept of epi-convergence in distribution and the results
of Knight (1999). Note that by the result of part (a) the sequence (Yr);~, spans R”, therefore
the limit function F, in defined on R”. Under Assumption A9, the fun(?tions ET and F,, are
strictly convex on their domains, thus having unique argmins. Their extension on R” is convex

and lower-semicontinuous (l.s.c.) since Ky is l.s.c.. Using Theorem 5 (a) of Knight (1999) gives:

ET —> Eoo-;
T—o0

25



in the sens of epi-convergence in distribution. The same Theorem 5 (b) gives also the convergence

of the argmins and the conclusion follows. O

Proof of Proposition 3.1. We have P[Ar = A] <P [Vj € A: ;1 = 0]. By Theorem 3.2 we have

VT (@7 — o) = argmin Fo, (v). Using the portmanteau Theorem:
T—00 vERY

limsupIP’[VjEK:\/T@LT:O} SP[VjGK:v;:O].

T—oo

Since v* is the unique minimizer of the convex function Fo, then 0 € %ET“ (v*) where % is the

sub-gradient of F,. The previous equation implies that:

G (%) + Ajoosign (¢j0) = 0 if j € A,

_ (34)
|9 (v%)| < Ay i j € B
For v € R”, rewriting the function G, gives:
/
Wg / 1 afl ug
GOO ('U) - Z HQ,QV H]_721/ + 2]E P 1177 (ao) H2,2I/ Z
v ! v
(5 V() e[( ) )] )
v v L0 () 5 (00) P (L2 (a0) v
— W'z + W +22°E | P (1% (@) )| 2 +2vE | P (1% (ao)ﬂ v
w1 9] w1 0P
1 0f1 df1 c
W'E | — — zZ".
+ 4v w% 8<p (ao) a¢/ (ag):|
The derivative with respect to v is:
0G o 1 0fy 1 0f 0f1 c
= 4E |P | ——=— 4E | ——=— — A
et wr () G o

Therefore, Equation (34) becomes:

Way+4 (]E [P (w%%—ﬁ (ao)ﬂ v+ E [w%%—’; (o) gf;l, (ao)] ZC>A = —AA,00 ©8igN P4 0,
(% @)zl < Ageer

where the inequality and the absolute value are component-wise. Let us consider the event

{Vj cA: v = O}. We have v% =0 and <IE [P (w%%—ﬁ (ao))} v*)A = M v}. Therefore, under

Assumption Al4:

vi = — M (Wa + Ao osignga o +4Va),
’WK — M21Mf11 Wy + AA,oo o sign ¢A,0 +4V,) + 4VK| < /\&oo.
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Finally:
llmsupP[VJ cA: f@QT—O} <P[VjeA:v;=0]

T—o0

<P[[Wg— MaMp! (W + i osignduo +4Va) + 4V g | < 1

Theorem 3.3. We split the proof of this Theorem into three parts:

(a) 3Ap > 0, A7 = Op (1) and (Vj €A, |¢ |
3, T

(b) VT (@15 —dn0) ~5 —4MT (W, +4V,4) and $7 =5 0.

T—o0

Throughout, the cases where ggj,T = 0 for some j are not mentioned. They lead to obvious
situations.

(a) Sparsity threshold. The estimator $/:” minimizes @%L and belongs to o. T herefore,
under Assumptions A6, A8 and for T large, the function ET is differentiable on V (¢g) x &3 and
we have for j € {1,...,v}:

Ly @T,“‘L) + ‘ ‘T sign <cpjT) —Olfgp # 0,

(¢T,AAL)} < |¢JT|T otherwise.
5, T

1
T7O

Taking Ap:=1+377_, sup

acV (o)X P

oL

azt
3@

oly
&pj

)\T<1+Z Z sup

= t=1 aecV (o) x®

a.s.

— 1 E

T—o0 T2 E Supb
acV(¢o) x®

@)

It follows that Ay = Op (1). Using the result of part (b) of the proof of Theorem 3.2, the impact

of the initial values is an op (1) uniformly on V (¢g) x ®.

(b) Asymptotic distribution of the active components. Let us denote:

Y7 = arg min EAT (y) = VT (@ﬁf} - ¢A,0> .
yeRY0

For the active components, the penalty part converges almost surely to a finite limit under

Assumption A8. A slight adaptation of the proof of Theorem 3.2 with Slutsky’s Lemma gives:

d . .
yr — Y :=argmin By o (y) = argmin G « (y) .
T—o0 yCcRY0 yeR¥0

And since it is an optimum we get 0 = 8%‘;"" (y*) = Wy + 4M11y* + 4V 5. Therefore:
* 1 -1
Yy = _ZMH (WA + 4VA) . (36)

27



T5hr L, . For & > 0, using the results of

We have A\p = Op (1) and for j € A,

’JT’ ’f¢yT’ T—oo
part (a):
. 7 T a0 ~AL yr ~AL
alicas - |zt
Pr ( ) [‘PA,T \/T+¢Ao 1+ O 1>§
A . .= AjT
=P <p (y; + da, ) +H(p§LTH >¢and Vj € A M < —27—
)¢j,T
+P |||pih — (2L 27| d3j e K Ap > 29T
(pA,T 7T + <PAT >£a‘n ¥i € y AT Z— T X T
’¢j,T
~ Aj
—P|||gih - <y; ) >¢and Vj € &, \p < 2T
‘QSJ,T
~AL Yyr AAL )‘JT
+2 ||tk - (T + +HcpM > ¢&and 3j €A, My >
65|
On the one hand P [VJ €A )N < B JT’ } 7 1 giving:
]T
. R Aj
P <p:‘§,LT—(yT +¢Ao) ’+H<p 2| > gana3j eBar = 2| o
\/T ’¢j,T — 00

fA] T

|JT|

On the other hand, in the event {Vj €A < } we have @g,LT = %4—(}5&0. The conclusion

follows.
(c) Selection consistency. The results of part (b) gives QXLT T—>P ¢4,0. Therefore,
) —00

P[A C Ap] v 1. We also have for j € A:
—00

PljeAr] =P |jeArand A\p > 21| 4+ P |j €A and Ap < 21
‘ij,T ‘¢j,T
By the results of part (a )WehaveP[j € Ap and \p < ’¢ ’ ] —OandIP’[)\T< B JT’ } 2 1.
5, T ] T —00
The conclusion follows. O

Proof of Corollary 3.1. The proof of this Corollary relies on standard arguments. We only provide
a sketch of prove to show that the assumptions of the theorems of Section 3 are satisfied. For

a € & x &, under Assumptions A15-A16 we have:

Zbﬁ (w—i—Zazet i+ X g>’

jEN

2 /
Zb] 1 et 1—go- - 6t —p— jaat ](¢)7 g—l—j) 9

JjEN

aat
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ft <a> = (1763717'“761527}770'75271 (¢)7 271) p.

We show that Assumptions A2-A3 are satisfied. Since sup |b| < p < ¢ < 1, we have:
¢cd

a= s |fi(@)~ fi(@)] < psup |52, (0) — o, (@)] < K,
acdxd ped

di = |wy — wy| < K¢,

p p
TOCICIERY (ES SERRIE RIS 9771 (6 S SRR Tl
=1 =1

u
acdx jEN

The final term admits finite low-order moments, since |e;|** and || X||* belong to L'. Hence,
Assumptions A2 and A3 are fulfilled. Moreover, because ¢ > p, the same bound establishes
Assumption A4. Finally, Assumption A17 guarantees that Assumption A14 holds. Verification of

the remaining assumptions in Section 3 follows by standard arguments and is therefore omitted. [

Proof of Theorem I.1. To prove the Theorem, we will establish the following intermediate results.

(a) sup 7 |Lr B) — Lr (B)| =5 0.
BEDXxOXO T—o0

(b) VB €V (po) x O, Quc (B) = E [t (B)] + X7 tow U] excists and is finite.

(c) 97 “% argmin Qu (po, V).

T—oo  9ecO
(d) argmin Qu (po,¥) =09 if Lo = 0.
9€O

(a) Asymptotic irrelevance of the initial values. Let B € ® x © x O:

57 (2() — 9t (B))” —w? (& (6) — 5 (B))”
wie?

6(8) 1 (8)] =

2e (1+yl + 1t @)+ 2(8) |E @ -3 (B) () -9 (ﬁ))z\

= o + 2
_ 20 (L4 yi + i (9) + 97 (B))
< i
n e (D) — Bt (D)) |21 + 11 () + e (B)] (4u7 + 217 (@) + 2117 (@) + |ge (B)] + [3: (B)])
o2
N l9¢ (B) — ¢ (B)| (447 + 2u7 () + 277 (d) + lg: (B)] + [3: (B)])
o2

Under Assumption A18, for ¢ large enough we have almost surely sup | (8) < 1+
BeEDXxOXO

sup g (8)] and sup i (B)] < 1+ sup |t (B)]. Therefore:
BedPxOXxO ¢cd ¢cd

sup |6 (B) — b (B)

BeEDdXOXO
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c | 1+yf +suppt (@) +  sup g7 (B) er | 1+y7 +suppi (@) + sup g (B)]
<K ded BEDXOXO LK ded BEPXxOXO

w? w2

Under Assumption A19, the right hand side of the inequality goes to 0 almost surely as t goes to
infinity. Therefore, sup ¢ (B) — 4 (B)
BeEPxOXO
(b) Existence of the limit loss function. We start by noting that:

a.s. N .
— 0. Cesaro’s Lemma gives (a).
t—00

2 2 2 2 2
_ _ 92 _ _
4 (B) = (6'5 (é) — gt (ﬂ)) _ <(Mt e (@) 2oemy + pr — e (P)) L9 (7]1;2 B atgt(ﬁ)>
Wt Wy Wi Wt
Under Assumptions A21-A22; using the mean value Theorem and the compactness of & x O:
e — pit (P) ‘ K Opu
sup < sup (| (8)||, (37)
gpeviso) | Vi Vitgev(go) || 08
7 — K o)
sp |2 B K |12 B (38)
o Wt Wt o aﬁ
BEV(po)x© BEV(po)x©
By Assumption A20, using the independence of 7, and F;_1 gives:
E sup 41 (B)| < oc. (39)

o
€V(po)xO

Moreover, tp T:; tp < oo. We obtain the existence and the finiteness of Q, (8).

(c) Convergence of the minimizers. Under Assumption Al and Equation (39), the
conditions of Lemma II.1 are satisfied and we have for ¥ € é, Qr (pr,?9) T‘:—‘ZZ Qo (po,?). Using
(a) we obtain Qp (py,?) T%’; Qu (po,9). Under Assumption A25, the functions Or (pp,-) and
Qo (po, -) are strictly convex on O, thus having a unique minima. Under Assumption A23, these
minima lie in ©. Lemma I1.2 gives (c).

(d) Asymptotic unbiasedness under vanishing penalty. Let 9 € V (6y), if toc = 0 then
Qo (p0,?) = E[l1 (po,9)] = E {(‘MY] . Taking the derivative with respect to 9 at

Wt

o2(n2—
gives 83750 (Bo) = —2E [ ! (m2 D) % (,30)} = 0. Which concludes the proof. O
w1
Proof of Theorem I.2. We split the proof into the following parts:
(a) (¥r)p>; is an exhaustion of R™.

(b) Vk € N*, sup
LASN

Gr (%) = Gr )| =+ 0.

T—oo

< oo and E < 00.

(c) E [ﬁesy(%o) H%% (ﬂ)H2

—=9%2 (Bo) d w
/T 0B
W (ﬁ (e —P0)> o <ZC>'

s |l @)

30



(e) \/T('@T—Bg) LN argmin E (¥).

T—o0 PYER

(a) Exhaustion of R"” by an increasing sequence of compacta. The proof of this part
follows by the same arguments as the proof of Theorem 3.2 part (a).
(b) Asymptotic decrease of the effect of the initial values. Let k& € N*. Under

Assumptions A21, A24, A27 and for T large enough such that almost surely < ¥ pr ) €V (Bo)
60
we have the following:
. - ~ 0t 3Zt
sup [6r ) = Gr )| < K (|[VT (5 = p)] | +1) T, |55 6) - 5 (ﬂ)H .
Under Assumption A29 and for ¢ large enough:
aly a0y
syt |08 P 0B “”H
21 (¢ (6) — 90 (B) (e () — v0) %t (B) — %5 (8))
<2 sup 1
BeV(Bo) w
(6 (6) — 90 B)) (e (9) — 1t (6)) %t (B) — (i @) — ) (%5 (B) — % (B))]
+4 sup 3
BeV(Bo) w
sy [E@ a8 [%ﬂ 8 - % B)] l
BEV(Bo) W
(16 (9) — e (8)) (23 = it (9) — 116 (9)) — (3¢ (B) — 51 (B))) (2 e (8) — ) %5 (B) — % (B))
+ 2 sup 3
BEV(Bo) w
¢ (1 i+ s E @)+ sw g (ﬂ)l) (1 Tyl + sup | <¢>|> sw || % 9|
K $EV (o) BEV(Bo) $€V(0) $€V(d0)
< —
‘ (1 P+ sup uF(9)+ sup g (ﬂ)l) sup {|5% (8)]|
$€V(%0) BEV(Bo) BEV(Bo)
+ K o
ot (1 + lyel” + sup [ ()P +  sup g (ﬁ)l)
$ed BEDPXOXO
+ K 5
w
(1 gl )25 0]+ e [5500)] )
$cd BEOXxOXO

+ K

w?

The right hand term of the last inequality is almost surely of order O (%) with x > % Under
Assumption A28, Hﬁ(ﬁT - pg)H = Op (1). The result (a) follows.

(c) Integrability of the suprema of the loss function’s first and second derivatives.
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Under Assumption A27 and for 8 € V (By), we have:

%)= 2 (600 6) (2000) 0 2 ) - 2 )
= 5 (@) 0 8) (200 8)— = om) T (B) = 55 8)).

Under Assumptions A26-A27 and with the same arguments as in the proof of Theorem I.1 part
(b) with Equations (37)-(38) we obtain:

E[ sup 2 (ﬂ)] < 0. (40)
acV(Bo)

Cauchy-Schwartz’s inequality along with the moments given by Assumptions A26-A27 and
Equation (40) give:

ot |7
E ﬁ;l}l[;o B (B) ] < 0. (41)
And the second derivative is:
0%, 2 Ot 0g¢
g B) = 2P (200 ®) ) G 8) - 95.6))
2 o 0 pue g
+ 5 @0 -0 0) (27 (T 8)) + 200 @) ) 3555 ) - 357 (8))
2 0 0
= 2P (20u6) - - o) 2.8) - 2 9))
2 0 0? 0?
5 (@0 - 00) (27 (5 8)) + 200 0) — - o) g5bt 8) - 0 8))
With Equations (41) and (40) we obtain:
E | sup ’ 82& )H < 0. (42)
Bev(,) || OBOB’
(d) C.L.T. for martingale increments. Under Assumption A27, g—% (Bo) exists and using
Bft
the Bahadur-type expansion given by Assumption A28, we define U; = (ﬂo) . On the one
At€ (1)

hand, A; and & (1;) are independent and belong to L?. On the other hand, using the Equation
(41) of part (c), Uy belongs to L? and we have under Assumption A26, E [17?] = 0 therefore:

EUi|Fia] = <[4U?E‘[:? = %lg (Bo) = 2Ut]E[?Zt71] (ﬂO)]> =0.
AE € ()]

Under Assumption A1, the process is a strictly stationary and ergodic L? martingale increments.

T—o0

We can apply the C.L.T. of Billingsley (1961), yielding ﬁ EtT:lUt 4, (2)) We also have
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NEY Tg J . Slutsky’s Lemma gives the joint convergence in distribution:
—00

() = (2)9

: . : %%ETT (Bo) \ a (W
The continuous mapping Theorem gives % — ¢ |- The components of the
VT (b — po) ) T \2

covariance matrix are given by:

V|5 0] - 27 (6%;{7% (2055 B0+ %5 80)) )| =T (o).

% 9B 98
[ 0 0] =22 [ (3022 3+ 22 30) €0 7] = .

VAL ()] = E [A€ (m) € (m) A7) = E [AxA] = V [Aix*/?] =&,

(e) Asymptotic distribution of 97. The same arguments as Theorem 3.2 part (e) lead to

the result. Note that in this new context we have:

| 350 0] =22 | 5P (205 80 + 55 60)) |

O

Proof of Proposition I.1. We have P[Byr =B] <P {Vj €B: 1/9\]-’T = 0}. By Theorem 1.2 we have

VT ('ET — 00) —> ¥* ;= argmin E (¥). Using portmanteau Theorem:
PeRn

hmsupIP’[VjeB \/>193T—0}<IP’[V]€IEB Y —0]

T—o0

Since 9* is the unique minimizer of the convex function £ then 0 € 85{7;’ (¥*). Therefore:

(43)

Go= (%) + tjoosign (850) = 0 if j € B,
9% )

< ljoo if j e B.

For 9 € R"™, rewriting the function G, gives:

/

w P P w
)= | 2°| Wy (s 22 [ o (228 500+ 5 (00 ) [ o) | 22
v v

—W2C W4 228 | P (205 () + T (80)) | 2¢
wy op op

v | p (G 0))| v+ awe | 50 8 (20 (o0 + 5% (8 )| 2
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The derivative with respect to % is:

0Gc0 () — 1p(o9 1 99 O 991 c
oo ) = Wi | o (5 80 ) | w4 | 550 8ol (209 o)+ 52 80} 2. 4
The remaining of the proof is similar to Proposition 3.1. O
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