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Abstract

The investor, who holds his portfolio and doesn’t trade his shares, at current time can use the
time series of the market trades that were made during the averaging interval with the securities
of his portfolio to assess the current variance of the portfolio. We show how the time series of
trades with the securities of the portfolio determine the time series of trades with the portfolio
as a single market security. The time series of portfolio trades determine the return and variance
of the portfolio in the same form as the time series of trades with securities determine their
returns and variances. The description of any portfolio and any single market security is equal.
The time series of portfolio trades define the decomposition of the portfolio variance by its
securities. If the volumes of trades with all securities are assumed constant, the decomposition
of the portfolio variance coincides with Markowitz’s (1952) expression of variance. However,
the real markets expose random volumes of trades. The portfolio variance that accounts for the
randomness of trade volumes is a polynomial of the 4" degree in the variables of relative
amounts invested into securities and with the coefficients different from covariances of
securities returns. We discuss the possible origin of the latent and unintended assumption that
Markowitz (1952) made to derive his result. Our description of the portfolio variance that
accounts for the randomness of real trade volumes could help the portfolio managers and the
majors like BlackRock’s Aladdin and Asimov, JP Morgan, and the U.S. Fed to adjust their

models and forecasts to the reality of random markets.
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1. Introduction
More than seventy years ago, Markowitz (1952) described the portfolio variance O(t,7) (1.2)
as the quadratic form in variables Xj(7y) of relative amounts invested into the securities with the
coefficients equal to the covariances G;(?,¢9) (1.3) of the returns of the securities that compose
the portfolio. This result allowed Markowitz to formulate the principles of optimal selection of
the portfolio with higher returns under lower variance. Since then, portfolio theory has been
further developed by many contributions (Pogue, 1970; Markowitz, 1991; Rubinstein, 2002;
Cochrane, 2014; Elton et al., 2014; Boyd et al., 2024). However, Markowitz’s expression of
the portfolio variance @(t,ty) (1.2) remains unchanged.
We believe that Markowitz’s (1952) result is well known and needs no additional clarifications.
We follow Markowitz and consider the portfolio that was collected of j=1,.. J securities in the
past at time #p. The mean return R(%,¢9) (1.1) of the portfolio at time ¢ takes the form:
R(t, to) = X}y Ry (t, to) X;(to) (1.1)
We denote the mean return R;(t,¢y) of the security j at time ¢ with respect to time #y in the past.
The coefficients Xj(#9) in (1.1) denote the relative amounts invested into security j in the past
at time #p. All prices are adjusted to the current time 7. Markowitz (1952) derived the portfolio
variance O(t,79) (1.2) as a quadratic form in the variables of the relative amounts Xj(7y) invested
into security J:
0(t, tg) = X7 1z 0516, 1) X; (£0) X (£o) (12)
The coefficients G(t,t9) (1.3) in (1.2) denote the covariances of returns of securities j and £:
6t to) = E [(R;(ti to) — E[R; (£ to)]) (Rie(ti to) — E[R, (t t)])]  (1.3)
The expression of the portfolio variance ©(%,79) (1.2) for decades served successfully as a basis
for the optimal portfolio selection and of the portfolio theory as a whole.
The dependence of the portfolio variance on the variances of the securities that compose the
portfolio determines the key issue for the methods of optimal portfolio selection. Actually, any
valuable results in economics and finance are the consequences of particular approximations
and assumptions. We restudy Markowitz’s expression of the portfolio variance O(t,ty) (1.2)
and show that it gives the correct assessment of the portfolio variance only if the volumes of
market trades with all securities that compose the portfolio are assumed to be constant during
the averaging interval. Meanwhile, the time series of volumes of trades with the securities
reveal their high irregularity or randomness during any reasonable interval. We derive a
market-based expression of the portfolio variance @(t, ) that accounts for the impact of the

randomness of the time series of volumes of market trades with the securities. Our expression



of the portfolio variance O(t,ty) differs from (1.2) and is a polynomial of the 4™ degree in the
variables Xj(ty) of the relative amounts invested into securities.

We highlight that our description of the portfolio variance that accounts for the randomness of
trade volumes has nothing in common with numerous studies (Karpoff, 1986; Lo and Wang,
2001; Goyenko, 2024) that consider different issues of the trading volume.

It is evident that our market-based portfolio variance @(%,15), which takes into account the
randomness of the volumes of market trades with the securities of the portfolio, changes the
existing methods for optimal selection and the optimal portfolio compositions. In our paper we
don’t study this separate and complex problem. Investors and portfolio managers can use our
results to adjust their procedures of optimal portfolio selections with the randomness of the
volumes of market trades. However, we describe and explain the essence of two economic
approximations that determine two expressions of the portfolio variance. The investors should
take care of the consequences when and how they use one of these approximations.

In Section 2, we study the portfolio that was collected by the investor in the past at time 79 of
shares of j=1,2,..J securities. We assume that the investor holds his portfolio unchanged and
doesn’t trade the shares of his portfolio. To assess at current time ¢ the average return and
variance of his portfolio, the investor observes the time series of all market trades that were
performed with all securities of his portfolio during the averaging interval. We show how the
investor should transform the time series of market trades with the securities of his portfolio to
obtain the time series that describe the trades with his portfolio as a single market security. The
portfolio’s time series equally describe the return and variance of the portfolio that is composed
of many securities j=1,2,..J, J>>1, and the portfolio that is composed of a single security J=1.
In Section 3, we derive how the time series of values and volumes of trades with a single
security j of the portfolio and the time series of values and volumes of trades with the portfolio
as a single security determine their average prices, returns, and the variances of prices and
returns. In Section 4, we describe the decomposition of average price, return, and their
variances of the portfolio by the securities that compose the portfolio. The decomposition of
the portfolio variance O(t,ty) by its securities is a polynomial of the 4" degree in the variables
of the relative amounts Xj(#g) (1.1; 1.2) invested into securities, and coefficients of this
polynomial differ from the covariances 6j(t,19) (1.3). We show that when all volumes of trades
that were performed with the securities during the averaging interval are assumed constant, the
expression of the portfolio variance takes the form (1.2). In Section 5, we discuss the imaginary
hypothesis that may explain the unintended latent approximation, which led Markowitz to his

form of the portfolio variance (1.2). The conclusion is in Section 6.



We collect most calculations in Appendices A — D. In App. A, we derive the expressions of
the market-based means and variances of prices and returns of a market security. In App. B,
we derive the market-based covariances between prices and returns of two securities. In App.
C, we derive the decompositions of the market-based means and variances of prices and returns
of the portfolio by its securities. In App. D, we explain the economic sense of the distinctions
between the market-based and the frequency-based assessments of the statistical moments of

prices and returns. All prices are adjusted to the current time ¢.

2. Time series of trades with the portfolio as a single market security

We assume that at time #y in the past, the investor composed his portfolio of shares of j=1,2,..J
market securities. The investor holds his portfolio unchanged and doesn’t trade the shares of
his portfolio. Let us denote the investor’s portfolio at time #y in the past by the number Uj(%y)
and the values Cj(ty) of shares of marker securities j=1,2,..J. The prices p;(ty) per share of each
security j obey trivial equations:

Ci(to) =pij(t)Ui(te) ; j=1,..] (2.1)
The prices pj(t) and the values Cj(?) of the shares Uj(tyg) of security j can change in time #, but
the number of shares Uj(?y) of each security j in the portfolio remains constant. We denote the

value Qs(t9) and the volume Ws(ty) or the number of shares of the portfolio at time #y:
Qz(t)) =%, Gi(to) 5 Wi(to) = -, Uj(to) (22)
We define the price s(#y) (2.3) per one share of the portfolio similarly (2.1):

Uj(to)

Qs(to) = s(t)Ws(to) ; s(to) = Zf:l p;(to) x(te) ; xi(ty) = Wete)

(2.3)

We determine the portfolio at time #y in the past by its value Oxs(?y), volume Ws(ty), price s(ty),
and by the set of corresponding values Cj(ty), volumes Uj(%y), and prices pj(ty) of the securities
j=1,2,..J that compose the portfolio. Relations (2.3) decompose the price s(7y) per share of the
portfolio by the prices pj(tg) (2.1) of its securities. The coefficients x;j(#g) define the relative
numbers of the shares Uj(#y) of security j in the total number of shares Wx(#y) of the portfolio.

The investor doesn’t trade the shares of his portfolio but at the current time # is looking for the
assessments of the means and variances of the prices and returns of his portfolio. To do that,
the investor observes the time series of market trades that were performed with all securities of
his portfolio during the averaging interval. For convenience, we assume that market trades with
all securities j=1,..J that compose the portfolio occur simultaneously at the same time # with a
short time span &>() between the trades and assume that ¢ is constant and is the same for the

trades with all securities j=1,..J. For each averaging time interval 4, the number of market



trades during the interval 4 is finite i=1,..N. For the current time # we denote the time averaging

interval 4 (2.4) and consider the N terms of the time series of market trades at time # during 4.

A=[e=25t+2] 5 tua=tite €A i=1.N ; N-e=A; e>0 (24)
We assume that during 4 (2.4), N trades were performed with each security j=1,2,..J of the
portfolio. During 4 (2.4), each trade with the value C;(#;) and volume Uj(t;) at time ¢; defines
the price p;(t;) (2.5) with security j:
Ci(t) =p;tDU;(t) ; €A ;i=1,..N; j=1,.] (2.5)
The selection of the interval 4 (2.4) raises a question: what should be the duration of the
averaging interval 4 (2.4) that can provide the investor with a reliable market-based assessment
of the return and variance of his portfolio? What happens if the investor decides to sell his
portfolio soon during 4 of the same duration? The investor hopes that the return of the portfolio
after a possible sale would be close to his current assessment of the return and the variance
during the period of the portfolio’s sale would be close to the current assessment of the
variance. To get this, the sale of the portfolio as an additional volume of trades should not
disturb a lot the statistical properties of market trades with the securities during the averaging
interval 4 (2.4). To obtain that, the volumes of trades with each security j=1/,2,..J in the market
that are made during 4 (2.4) should be much more than the number of shares Uj(#y) (2.1) of
security j in the portfolio of the investor. Simply speaking, to derive the reliable assessment of
returns and variance of his portfolio, the investor should choose the averaging interval 4 that
guarantees that the numbers of shares of each security j of his portfolio are less, for example,
than 1-3 % of the total volumes of trades that were made with security j during 4 (2.4).
The investor can assess the total value Cs;(?) and volume Us;(?) of trades that were made with
security j during 4 as:
Cyi() =2 CGt) 5 Uy@® =YL, U0;(e) 5 j=1,..] (2.6)
The investor selects averaging interval 4 (2.4) so that, due to (2.2), it guarantees:
U(to) < Ug(®) 5 Wi(to) = Xj-, Uj(to) « Xh, Ug(®) = X T, U (&) (2.7)
These simple considerations highlight a rather important issue: the assessments of returns and
variance of the portfolio that is composed of shares of j=1,..J securities depend on the duration
of the averaging interval 4 (2.4). The more shares and securities in the portfolio, the longer the
averaging interval 4 (2.4) should be.
Now, let us notice that the changes of the scale 4 of the values Cj(t;) and volumes Uj(#;) of trades
at time #; with security j during 4 (2.4) don’t change the statistical properties of the price p;(t;).

Let us define the normalized values c;j(#;) and volumes u;(#;) of trades (2.8)



ci(t) =4 - G(ty) ; w;(t) = A+ Up(ty) (2.8)
The change of scale (2.8) transforms the equations (2.5) into (2.9):

ci(t) =pit) wi(t) or A-Ci(ty) =p;(t) A-U;(t;) (2.9)
It is obvious that random values Cj(?;), ¢;(t;), and volumes U;(t;), u;(t;) (2.8; 2.9) define the same
statistical properties of price pj(t;) of security j. Let us apply these useful relations, and for each

security j=1,2,..J of the portfolio, choose the scale 4;

o Uj(to)
T ug®

(2.10)

The changes of scale (2.10) for each security j=1,2,..J of the portfolio define normalized values
¢j(t;) and volumes u;(t;) (2.11):

ci(t;) =4 - (&) ; w;(t;) = 4; - U(t;) (2.11)
The relations (2.10; 2.11) guarantee that the total normalized volume u;(2) (2.12) of trades with
each security j=1,..J of the portfolio during 4 (2.4) equals the number of shares Uj(ty) of

security j that compose the investor’s portfolio:

Ui(to)
ug;(t) = XL, u(t) = U;j(:) LU = Ui(ty) (2.12)

For each security j, the time series of normalized values ¢;(z;) and volumes u;(?;) (2.8) describe
the trade of precisely Uj(ty) shares of the investor’s portfolio during 4 (2.4).
Let us consider at time ¢ the sums of the trades with all securities j=1,2,..J, which compose the
portfolio, and introduce the volumes W(t;) and values QO(#;) (2.13) of the trades with the portfolio
aa a single security:

Q(ty) = Z§=1 () ; W)= Zle u; (t;) (2.13)
The relations (2.13) replace the initial time series of the values Cj(t;) and volumes Uj(t;) (2.5)
of market trades with securities j=1,2,..J with the time series (2.13) that describe the values
O(t;) and volumes W(t;) of trades with the portfolio as a single market security. Similar to (2.5;
2.7), the equation (2.14) determines the portfolio price s(#;) at time ¢ during 4:

Q(t) =s(t) W(ty) ; tteA ; i=1,..N (2.14)
From (2.12; 2.13), obtain that the total volume of trades Wx(?) (2.15) at time ¢ during 4 is a

constant and is equal to the number of shares Wx(y) (2.2) of the portfolio at time #y:
We(t) = ZIL W(t) = X, 2w (&) = X1, Uj(to) = Wa(to) (2.15)
However, the total value Ox(?) (2.16) of trades with the portfolio at current time ¢ during 4 is

determined by current prices of the securities, and that results in:

Qx(t) =X, Q@) = Zle P ci(t) = Zle P p;(t)u;(t;) (2.16)



We remind the readers that the investor holds his portfolio unchanged and doesn’t trade its
shares. However, the observations at current time # of the trades that were performed with the
securities of the portfolio during 4 (2.4) allow us to assess the average price of the portfolio

s(t) (2.17). Similar to (2.3), obtain:

Qz(t) = s(©) Wx(®) (2.17)
The time series (2.13; 2.14) describe the values Q(%;), volumes W(t;), and prices s(?;) of the
trades of the portfolio absolutely in the same way as the time series of the values Cj(t;), volumes
Uj(t;), and prices pj(t;) describe trades of each of the market securities j=1,2,..J. The trade
volumes W(t;) (2.13) of the portfolio are formed by the normalized volumes u;(%;) (2.11) of
trades with each security j=1,2,..J of the portfolio. The total normalized volume u;(?) (2.12)
of trades with each security j equals the number of shares Uj(%y) of that security in the portfolio
at time #p. Thus, the relations (2.12; 2.13; 2.15) prove that the time series of the volumes W(%;)
(2.13) of trades of the portfolio as a single security during 4 (2.4) precisely conform to the

number of shares Uj(ty) of each security ;j in the portfolio at time #.

3. Market-based return and variance of the portfolio as a single security

In this section we show that the time series of the values Q(t;) and volumes W(t;) (2.13-2.15)
of trades with the portfolio as a single market security determine its return and variance in the
same form as the time series of the values Cj(t;) and volumes Uj(t;) (2.5; 2.6) of trades with
security j of the portfolio, or their normalized time series of values c;(#;) and volumes u;(%;)
(2.11) determine the return and variance of market security ;.

At first, let us consider the time series of normalized values c;(#;) and volumes u;(t;) (2.8) and
determine the return and variance of security j that had Uj(7y) shares in the investor’s portfolio

at time #9 in the past. The total value cs;(2) (3.1) of trades with security j during 4 (2.4) equals:

Uj(to) «n _ Uj(to)
U]g]-(t) i=1 G (t)) = = C5;(0) (3.1)

Us;j(0)
We use (2.9; 2.11; 2.12; 3.1) and define the average price p;(?) (3.2) of Uj(ty) shares of security

c5i(t) = i, (&) =

Jj at current time ¢ during 4 (2.4):

csj®)  Cy(®) 1 cj(t;1)

Czj(t) - pj(t) Us;j ® ; pj(t) - ugi(®)  Ugi(®)  ug;(®) Iivzlpj(ti) uj(ti) - u;j(t;1) (3-2)
The same expression of the average price p(z, 1) follows from (2.5; 2.6):
Czj(t) 1
p;i(t) = 1 = Lo Ui (ty) (3.3)

Usi(t)  Us;j(®)
One can easily find out that the average price p;(z) (3.2; 3.3) of Uj(ty) shares of security j during
A (2.4) takes the form of volume weighted average price (VWAP) (Berkowitz et al., 1988;



Duffie and Dworczak, 2021). In (3.2) we define average normalized value ¢;(z, 1) and volume

uj(t; 1) (3.4) of trades with Uj(%y) shares of security j during 4 (2.4).
1 1
¢(t;1) =< Ligt) 5 w1 = m i) (3.4)
The normalized number us;(?) (2.12) of shares of security j that were traded during 4 (2.4)

equals the number of its shares Uj(t) at time #p. We define the instant return R;(%;,7) (3.5) of

the trade with security j at time # with respect to time #y in the past:

p;(t;)

R;(tito) = p (o) (3.5)

We use the so-called gross return R;(%;,¢9) (3.5) instead of the usual definition of return 7;(%;,79):

_ pj(t)

1 (i, to) = Rj(t;,t0) — 1 P (to) (3.6)

The variances of both definitions of return are the same. From (3.2; 3.3), obtain the average
return R;(t,t9) of Uj(ty) shares of security j at time ¢ during 4 (2.4):

p;(®) _ pj(Oug;(t) _ czj(t) _ cxj(t) _ Uj(to) Csj(t)
pjte)  pjtusy(®)  pjtUj(to)  Cjlto)  Ug(0) Cj(to)

From (2.11; 3.2; 3.3; 3.7), obtain that the average return R;(,¢9) of security j can be expressed
as value weighted average return (3.8), which is weighted by the normalized volumes u;(%;)

(2.11) or equally by the volumes Uj(t;) (2.5; 2.6) of trades with security j:

__1 N __1 N
Ri(t, ty) = gy (0) i1 R;(t;, to) u;(t;) = U0 21 R;(t;, to) U (ty) (3.8)

We present the derivation of the market-based variances of prices and returns of a single
security in App. A. The market-based variance 6;(7,79) (3.9) of return R;(%;,t9) (3.5) of security j
that accounts for the impact of random volumes of market trades is determined by the market-
based variance ¢(t) (3.10) of its price p;(t;) (2.9).

6;(t,t) = E, [(Rj(ti, to) — Ri(¢, to))z] = :}](:;

¢;(t) = En[(p;(t:) — p;j(©)?] (3.10)
In (3.9; 3.10), E,/..] denotes market-based averaging (A.3) that accounts for the randomness

(3.9)

of volumes of trades. In App A we derive the market-based variance ¢(z) (A.16; 3.11) of prices
pi(t;) (2.9) that depends on the time series of random values Cj(t;) and volumes Uj(t;) of trades
with a security during 4 (2.4):

Ycij(®)+p; (OWy;(®)—2p(t) cov{C;(t),U;(1)}
U;(t;2)

$;(t) = (3.11)

The notions of functions in (3.11) are given in App. A. We denote the variance ¥c;(z) (3.12) of
values of trades with security j during 4 (2.4):



Yei(t) =E [(Cj(ti) - Ci(t; 1))2] = % 1 (Cj(ti) - Ci(t; 1))2 = Ci(t;2) — CA(t; 1) (3.12)

We denote the variance #y;(t) (3.13) of volumes of trades with security j during 4 (2.4):

w0 = E| () - 0 D) | = 251 (5@ - 46 D) =462 - @D G.13)
We denote covariance cov{Cj(t),U;t)} (A.8) between the time series of values Cj(#;) and
volumes Uj(t;) of trades with security j during 4 (2.4). The function Uj(t;2) denotes the average
square (A.2) of the volumes Uj(t;) of trades with security j during 4 (2.4).
The relations (3.9; 3.11) determine market-based variance 6;(%,79) (A.29; 3.14) of return R;(%;,t)
(3.5) of security j during 4 (2.4):

lI’Cj(t)+R]2-(t,to)ll’coj(t,to)—ZRj(t,to) cov{C;(t),Coj(t,to)}
Coj (t,to,‘Z)

The notations in (3.14) are given in App. A. (A.24; A.26; A.30-A.32) and index j denotes

0;(t, ty) = (3.14)

security j=1,..J of the portfolio. The relations (3.11; 3.14) describe the market-based variances
of prices and returns that account for the randomness of the volumes Uj(?;) of trades with
security j during 4 (2.4). If one assumes that the volumes Uj(t;) of trades with security j during
A (2.4) are constant, then variances of price and return of security j take the usual simple
expressions (App.A.).

If Uj(t;)=const, then the VWAP p;(t) (3.2; 3.3) takes the conventional simple form:

1 1
p;(t) = Un© M1 p;(t) Ui(t;) — pi(t) = I 1 p;(t;) (3.15)
The average return R;(%,79) (3.8) of security j during 4 (2.4) takes the form (3.16):
1 1
R;(t,to) = ) iR (i, to) Up(t) = Ri(t,ty) = 5 1Rt to) (3.16)

The variance ¢(?) (3.11) of prices pj(t;) of security j takes the form (3.17)

1 onN 2
¢; () = < Xi=1 (pj(ti) - Pj(t)) (3.17)
The variance 6;(t,19) (3.14) of return R;(t;,t9) of security j takes the form (3.18):
1 2
6;(t,to) = = X (Rt to) - Ry(6.10) ) (3.18)

We underline that the expressions of the variance ¢(?) (3.17) of prices and the variance 6;(,t)
(3.18) of return R;(%;,¢9) (3.16) of security j result from the assumption that all volumes of trades
Uj(t;)=const with security j during 4 (2.4) are constant. In App. D., we discuss in more detail
the distinctions between two approximations of a random and a constant trade volumes Uj(t;).
The goal of the above considerations of rather common definitions of average price, return,
and their variances of a particular security j was to demonstrate that they are expressed by the

time series of normalized values c;j(#;) and volumes u;(%;) or equally by the time series of values



Cj(t;) and volumes Uj(t;) of trades with security j during 4 (2.4). That presents the evidence that
the time series of the value Ox(#), volume Wx(ty), and price s(tp) (2.2; 2.3) that describe the
initial state of the portfolio at time 79 in the past and the time series of the values Q(%;), volumes
W(t;), and prices s(t;) (2.13; 2.14) at time ¢; of market trades with the portfolio as a single market
security determine the return and variance of the portfolio completely in the same form as (3.7;
3.8) and (3.11; 3.14). That is the result of the transformation of the time series of the values
Cj(t;) and volumes Uj(t;) of trades with the securities j=1,2,..J that compose the portfolio into
the time series that describe the values Q(?;) and volumes W(t;) of trades with the portfolio as a
single security.

The simple substitutions (3.18) of variables:

G(t) - Q) ; Ut)->Ww(t) ; pj(t) - sty (3.18)
give the expressions of the portfolio price, return, and their variances. From (2.17), obtain:
_ ez _ 1 N ) )
S(t) - Wz(t) - Wz(t) Zl=ls(tl) W(tl) (3'19)
_s(® _es® _ 1 N _ N . _ _ s(&)
R(t' tO) - S(to) - QZ(tO) - Wz(t) i=1R(tll tO)W(tl) )] R(tll tO) - S(tg) (3'20)

o () +s2(OWw (£)—25(t) cov{Q(D),W(1)}
w(t;2)
o) +R?(t,to)Wo, (tte)—2R(t,to) cov{Q(t),Qo(t,to)}
Qo(t,to;2)

®(t) = (3.21)

0(t, ty) = (3.22)

The above expressions describe market-based mean price s(?) (3.19), return R(z,t9) (3.20), price
variance @(t) (3.21), and return variance ©(t,t9) (3.22) of the portfolio during 4 (2.4). These
market-based expressions account for the impact of random volumes Uj(#;) of market trades
with securities j=1,2,..J that compose the portfolio. We repeat that the investor collected this
portfolio at time # in the past and holds his portfolio unchanged and doesn’t trade the shares
of his portfolio. The investor observes the time series of the values Cj(#;) and volumes Uj(t;) of
market trades with securities of his portfolio that were performed during 4. The expressions
(3.19-3.22) are the result of these observations.

It is evident that if all volumes Uj(?;) of trades with all securities that compose the portfolio are

assumed constant during 4, the expressions (3.19-3.22) take simple forms:

S0 = 5 ELasE) W(E) — s(®) = 5 EL,s(8) (3.23)
R(t, to) = ~ %, R(t;,to) (3.24)
o(t) = =3 (s(t) — s()’ (3.25)
O(t, to) =~ TIL1(R(t, to) — R(t 1))’ (3.26)
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The market-based expressions (3.19-3.22) of average price s(?), return R(t,ty), price variance
@(t), and return variance O(t,ty) of the portfolio present them in forms that coincide with the
expressions for a single security. However, the investors that are looking for the optimal
compositions of their portfolio by the set of j=1,..J securities need the expressions that describe
the decompositions of the portfolio properties by its securities. Actually, the definitions of the
time series of the values Q(t;), volumes W(t;), and prices s(#;) (2.13; 2.14) of trades with the
portfolio as a single security allow us to present the decomposition of the average price s(?)
(3.19), return R(t,t9) (3.20), price variance @(¢) (3.21), and return variance O(7,79) (3.22) of the

portfolio by its securities.

4. Decomposition of the portfolio variance by its securities

In this section we present the decompositions of the average price s(?) (3.19), return R(t,¢9)
(3.20), price variance @(2) (3.21), and return variance O(z,1y) (3.22) of the portfolio by its
securities. The derivation is based on the results of Apps. A-D, and we refer there for detail.
Let us consider the time series of the values Q(%;), volumes W(t;), and prices s(t;) (2.13; 2.14)
of trades with the portfolio as a single market security.

4.1 Decomposition of the mean price s(t):

The decomposition of the mean price s(z) (3.19) of the portfolio at time ¢ by the mean prices
pi(t) (A.3) of the securities j=1,2,..J is given in (C.2):

s() =Xjopi @ %) 5 x(k) =

The coefficients x;(zy) in (4.1) describe the relative numbers of shares of the security j in the

Uj(to)
Wi (to)

(4.1)

portfolio (2.3). We use Ex/..] to denote market-based mathematical expectation and highlight
its difference from the frequency-based mathematical expectation E/..] (see App. A; App. D).
4.2 Decomposition of the return R(t,ty):

We use (3.20) and (2.13; 2.14) and obtain the decomposition of return R(z,¢y) (C.12; C.13):

t i(6) pj(to)Uj(to)
R(t o) = s(t) 5/ pj(t) pj(to)U;(to zzleRj(t,to) X;(to) (4.2)

s(to) - j=1p].(t0) s(to)Wx(to)

The functions Xj(#y) define the relative amount invested into security j of the portfolio at time
to in the past and coincide with (1.1; 1.2):

Xj(to) _ pj(to)U;(te) _ Cj(to)

s(toWsz(ty)  Qx(to)

(4.3)

4.3 Decomposition of the variance @(t) of prices:
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The average and average square of the portfolio values Q(t;1), O(t;2) and volumes W(t, 1),
W(t;2) are determined in (A.2). We introduce coefficients of variation of the values y/?),

volumes y(?), and their normalized covariance ¢(?) (3.6) of portfolio trades:

2y = Fe® gy o Sw® _ covlo®w®)
VO = 2wy X © = w2(t;1) ©) = QW (t;1) (44)
W(t;2) =W(t; 1) + Wy (t) = W2(t; D[1 + x*(0)] (4.5)
The relations (4.4; 4.5) allow us to transform the market-based variance @(#) (3.31) into (4.6):
_PPO-20M+x*1®) -
d(t) = SETE) s4(t) (4.6)

The decomposition of the variance @(#) (3.31; 4.6) of prices s(t;) of the portfolio by the
covariances of normalized values and volumes of the securities j=/,..J that compose the

portfolio takes the form (see B.§8; B.9; C.6-C.9).

(1) = T [ Zhiema Wik (0P (OP(0) %1 (b0)x1c(80) —
—2 Zﬁ,k,l=1 @ik (£) p; (O)p(£) xj(E0)x) (Eo) X1 (o)
+ hp1 X () D, OP () X5 (80X (E0) %1 (£0) X (£0) ] (4.7)

If all trade volumes u;(?;) of all securities j=1,2,..J of the portfolio during the interval 4 (2.4)
are assumed constant, then (4.7) takes the form (4.8). The functions oj(?) (B.16) present the
covariances of prices pj(t;) and pi(t;) of two securities j and k of the portfolio during 4.

D(t) = P2(D)s2(t) = X ey 0 (6) x; () x5 () (4.8)
The derivation of (4.6-4.8) is given in App. C, (C3-C.10).
4.4 Decomposition of the variance O(t,ty) of returns:
We present the derivation of decomposition of the variance ©(,79) (4.9) of returns in App. C
(C.14-C.17). The decomposition of the variance @(t,79) (3.11) of returns of the portfolio by its

securities results from the decomposition of the variance @(?) (4.7) of prices.
Ot t0) = 1 | £ kms Wi (©) By (& to)Ric (6 ) X; (£0) Xi (o) -
-2 Zf,k,lzl @ik (&) Rj(t, to) Ry (t, to) Xj(to) Xk (o)X, (o)

+ kalle X (®) Ry(t, to) Ry (8, £0) X (o) Xk (L)X i(t0) X £ (to) ] (4.9)
The decomposition (4.9) of the variance O(t,7) (3.14) of returns of the portfolio is a polynomial
of the 4" degree in the variables of relative amounts Xj(#) invested into security j of the
portfolio. The expression (4.9) differs a lot from Markowitz’s form of the portfolio variance
O(t,ty) (1.2) as a quadratic form in variables of Xj(zy). The only cause of these distinctions is

the impact of random volumes of market trades with the securities of the portfolio. For the

approximation when all volumes of trades with all securities j=1/,2,..J during 4 (2.4) are
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assumed constant, the variance O(z,1y) (3.14; 4.9) takes the form (1.2) that was derived by
Markowitz (1952):

O(t,t) = X7, O (t, t0) X; (£0) X (to) (4.10)
The covariances 6j(t,t9) are determined in (B.17).
We underline that one should consider the variances of any portfolio in the same way as the
variances of any tradable market security. The portfolio variance of prices @(z) (3.21) and the
variance of returns ©(t,1y) (3.22) have the same expressions as the variances of prices ¢;(?)
(3.11) and returns 6;(t,¢9) (3.14) of any market security j. The decompositions of the portfolio
variances of prices @(?) (4.7) and returns O(t,¢9) (4.9) by its securities are the result of the
compositions of time series of the values Q(t;), volumes W(t;), and prices s(t;) (2.13; 2.14) of
trades with the portfolio as a single market security by the corresponding time series that
describe the values ¢;(t;), volumes u;(t;), and prices p;(t;) (2.9; 2.11) of trades of the securities
that compose the portfolio. The expressions of the portfolio variance ©(t,1)) (3.22; 4.9)
highlight that the impact of risks of securities of the portfolio on the portfolio variance or

portfolio risk has more complex dependence than was assumed by Markowitz (1.2).

5. A hypothesis that may explain the origin of Markowitz’s variance

Finally, we consider a hypothesis that may explain the emergence of the unintended
assumptions that result in Markowitz’s decomposition of the portfolio variance O(%,1y) (1.2).
We propose that at first, Markowitz derived the decomposition of the portfolio return R(7¢9)
(1.1; 4.2) by the mean returns R;(2,1y) of its securities. The expression (1.1) defines the portfolio
return R(%,79) as a linear form of the mean returns Rj(%,79) of its securities with coefficients that
equal to the relative amounts Xj(7y) invested into securities at time #9. Further, Markowitz made
a latent assumption that at time # the instant random returns R;(%; f9) of the securities define the
random return R(%,¢9) of the portfolio at time ¢ in the same form as (1.1):

R(t;, to) = Ti_y Ri(ti, to) X;(to) (5.1)
This “almost obvious” assumption (5.1) immediately results in (1.1) and (1.2). However, it is
evident that the transition from (1.1) to (5.1) hides an approximation that neglects all factors
with zero means but non-zero average squares that could significantly disturb the variance (1.2)
of the portfolio. Our market-based consideration of this problem confirms that.
The time series of the values Q(t;), volumes W(t;), and prices s(t;) (2.13; 2.14) of trades of the
portfolio as a single security reveals a more complex dependence of the random returns R(%; )
of the portfolio on random returns R;(%;,¢y) of its securities. From (2.14; C.11), obtain the instant

random return R(%,¢) as a result of trade with the portfolio at time #:
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s(t) Q) «J cj(t)  pjto)Uj(to) Wx(ty) Uj(ty)

R(ti to) = s(to)  sEW(ty) — “I=1pj(to)uj(t) s(te)ws(te) W(t) Ugj(t) 6-2)
The use (2.11; A.24) and (C.13), transforms (5.2) into (5.3):
Ws(ty) Uj(t:)
R(t;,to) = Xj_y Ry (ty, to) X; () ~22 == (53)

w(ty) Usj(t)
The average of (5.2) with the help of (3.19) and (4.1) give the same expression of the average
return R(t,19) (4.2) of the portfolio as (1.1). If one assumes that all volumes Uj(t;) of trades with

all securities j=1,..J of the portfolio during 4 (2.4) are constant, obtain:

ey = Uzi® N _ Wz(to) Ws(to) Uj(t)
Upltd === W) == = Ugj(t)_l (5.4)

In this case, the random returns R(%;,¢9) (5.3) of the portfolio take the form (5.1). That is a result
of the assumption that all volumes of trades with all securities j=/,..J of the portfolio during
the averaging interval 4 (2.4) are assumed constant. Markowitz’s expression of the portfolio
variance @(t,t9) (1.2) is a direct consequence of the (5.1). That clarifies the essence and
limitations of Markowitz’s expression of the portfolio variance @(t,ty) (1.2), which is valid only
if all trade volumes Uj(t;) during 4 (2.4) with all securities j=1,..J of the portfolio are assumed
constant.
If the investor whants assess the variance @(t,t)) of his portfolio that accounts for the
randomness of the volumes of trades with the securities of his portfolio during the averaging
interval 4 (2.4), he should consider (5.3). Let us denote the fluctuations of returns of the
portfolio OR(%;,tp) and of the securities OR;(t,ty):

SR(ti, to) = R(t;, to) — R(t,t0) 5 6R;(t;, o) = Rj(ti, o) — Ri(t,80)  (5.5)

The term IIJ]LZ)) in (5.3) has the meaning of the random share of the trade volume Uj(#;) at time
zj

t; with security j in the total volume of trades Uz;(?) during 4 (2.4). The term Wity _ Wit ;
Ws(t))  Ws(t)

(5.3) is the random share of the volume Wj(t;) of trade at time #; with the portfolio during 4 (2.4)
in the total volume Ws(#) or total number of shares W(ty) of the portfolio Ws(t)= W(ty).

If one accounts for the randomness of trade volumes, these factors significantly disturb (5.1)
and result in distinctions of the portfolio variance @(t,ty) from the expression (1.2).

Let us denote oWj(t;,t9) (5.6) as a measure of randomness of the volumes Uj(t;) of trades at time

t; with security j with respect to the volumes W(%;) of trades with the portfolio as a single security

Ws(to) Uj(t) _

SW;(t;, to) = Us; () WE (5.6)
Then, from (1.1; 5.3; 5.5; 5.6), obtain:
OR(t;, ty) = Z§=1[6Rj(ti: to) + R;j(t;, to) SW;(t;, to)] X;(to) (5.7)
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It is obvious that market-based mathematical expectation E,/...] of OR(t,t9) (5.7), which
accounts for the impact of random volumes of trades with the securities of the portfolio and
depends on the average price of the portfolio s(2)=E./s(t;)] (4.1; 4.2), equals zero:
En[6R(t;,t)] =0
However, the square of (5.7) gives:
82R(ty, t0) = X7 4mq OR; (83, to) SRy (83, £0)X; (£0) X (£0)

+2 2§,k=1 SRj(ti' tO)Rk(til tO)Xj(tO)Xk(tO)SWk(til tO) +

Zik:l R; (t;, to) Ric (£, o) X (to) Xic (€0) SW; (&, o) SW (ty, to) (5.8)

The variance @(t,19) of the portfolio is a market-based mathematical expectation of &R(%;,t):
0(t,to) = En[ 8°R(ti to)] (5.9)
The averaging of the first term of (5.8) give (5.10; 511) that coincide with Markowitz’s

expression of the variance O(t,t) (1.2):
Em [Z;}k:l OR;(t;, to) SRy (t;, t0) X (to) Xy (to)] = ij 61 (t, to) X (o) X (to) (5.10)
O (t. to) = Em[SRj(tl-, to)OR(t;, to)] (5.11)
However, the averaging of (5.8) reveals additional terms (5.12; 5.13) that significantly change

the expression of the portfolio variance @(z,1y)
2 Z;k:l Em [Ri(ti, to) Ry (81, £0) SW (84, t0) ]| X, (£0) X (£0) (5.12)

Zikzl Em [Rj (i, to) R (t;, to) SW; (t;, to) SWi (L1, t0)1X; (£0) X (o) (5.13)
We derived the portfolio variance @(t,¢9) (5.9-5.13) that accounts for the randomness of the
volumes of trades with securities of the portfolio in Section 4.
Actually, the decomposition (1.1) of the mean portfolio return R(z7y)) by the mean returns
Rj(t,t9) of its securities doesn’t cause the similar decomposition of the random returns (5.1).
That was a latent assumption of Markowitz. The impacts of random volumes of market trades
with the securities of the portfolio cause the random returns R(%;,#9) of the portfolio to have a
more complex form (5.2; 5.3), and the portfolio variance @(t,ty) takes the form (3.11; 4.9).
However, the simplicity of Markowitz’s expression of the portfolio variance @(t,¢) (1.2)

resulted in its being in use as the basis for optimal portfolio selection for more than 70 years.

6. Conclusion

The investor who holds his portfolio and doesn’t trade its shares can use the time series of
market trades with the securities of the portfolio to assess portfolio return and variance in the

same form as he assesses return and variance of any market security. The transformations of
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the time series of market trades with securities that compose the portfolio determine the time
series of trades with the portfolio as a single market security. That establishes the equality
between the description of any portfolio and any single market security.

The decomposition of the portfolio’s variance by its securities results from the dependence of
the portfolio trade time series on the time series of trades with the securities and is a polynomial
of the 4™ degree in the variables of the relative amounts Xj(#y) invested into securities. The only
cause of the distinctions from Markowitz’s expression of the portfolio variance @(,79) (1.2),
which has a quadratic form, is the impact of the random volumes of trades with the securities.
Markowitz’s decomposition of the portfolio variance @(z,1y) (1.2) is valid when all volumes of
trades with all securities of the portfolio are assumed constant during the averaging interval.
The current methods for selecting the portfolio with higher returns under lower variance that
are based on decomposition ©(%,1y) (1.2) are valid only for this approximation that neglects the
impact of random trade volumes.

The market-based portfolio selection that accounts for the influence of random volumes of
market trades is more difficult. The expression of market-based portfolio variance @(7,y) (3.11;
4.9) reveals that the dependence of the portfolio risk on the risks of the securities that compose
the portfolio is a more complex problem than it was described by Markowitz (1.2).

To forecast the portfolio variance O(z,9) (3.11; 4.9) at horizon 7, one should predict the time
series of the values and volumes of market trades with all securities of the portfolio at the same
horizon 7 during the averaging interval 4 (2.4). That significantly complicates the forecasts of
the portfolio variance and the methods for selecting optimal portfolios with lower variance and

higher return. In this paper we don’t consider these problems.
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Appendix A. Market-Based Means and Variances of a Security

This Appendix gives brief derivations of the market-based means and variances of prices and
returns of a market security that are based on the results (Olkhov, 2022-2025).
Let us consider the equation (2.5) on the values C(?;), volumes U(t;), and prices p(t;) at time
i=1,..N, of market trades with a security during 4 (2.4):

C(t) =p) Ut (A.1)
We assess the n-th statistical moments of trade values C(#;n) and volumes U(t;n) by a finite
number of N terms of time series during 4 in a generally accepted form:

C(tm) = E[C™(t)] = <Z, C™(t) 5 Utn) = E[UM(E)] = w S, U™(E) (A2)
We denote mathematical expectation £/../ of random trade values and volumes and recall that
(A.2) gives the approximations of statistical moments by a finite number N of terms. The
equation (A.1) prohibits independent definitions of statistical moments of values C(%;), volumes
U(t), and prices p(t;). We consider the trade values C(#;) and volumes U(#;) as the random
variables that determine the market-based mean price p(?) (A.3) as the ratio of the total value
Cs(t;1) to the total volume Ux(?;1) (A.4) of market trades that equals volume weighted average
price (VWAP) (Berkowitz et al., 1988; Duftie and Dworczak, 2021):

p(t) = Enlp(t)] =280 = __L_$N 5()U(t) = XV, p(tdult; 1) =

Ug(t1)  Us(t1)

c(t;1)
U(t;1)

(A3)

We note E,/..] the market-based mathematical expectation to underline the distinctions with
the generally accepted mathematical expectation £/..] (A.2) (Shiryaev, 1999; Shreve, 2004),
which we call the frequency-based. We clarify the relations between the market-based Ey/..]
and the frequency-based E/..] mathematical expectations in App. D. The total values Cx(t,1)
to total volumes Us(t,1) (A.4) of market trades takes the form:

GD=ELCE) ;U@ = XL UM (A4)
The function u(#;, 1) (A.5) in (A.3) has the meaning of the weight function.
Uty
ut; 1) = Ut Miu;1) =1 (A.5)

To derive the variance of price ¢(?) (A.6) of a market security

() = En [ (p(t) = p(0)°] = var(p(®), p(£)} (A.6)
one should consider the squares (A.7) of the equation (A.1):
C*(t) = p* (DU () (A7)

The equation (A.7) determines how the 2" statistical moments of trade values C(¢;2), volumes
U(t;2) (A.2), and their covariance cov{C(t),U(t)} (A.8) determine the variance of price ¢(2)
(A.6).
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cov{C(), UM} = E[(C(t) — C D)(UE) — U D)] =
= =T (Ct) - CED)(UE) - U D) (A.8)
The equation (A.7) determines the weight function u(#;,2) (A.9) that is similar to (A.3; A.5):

U%(t) .
Z?’:l U? (ti) ’

The average E./p’(t;)] must be consistent with the mean price p(t)= En/p(t)] (A.3) that is

u(t;2) = Liu;2)=1 (A9)

determined by the weight functions u(#;,1) (A.5). To derive En/p’(t;)] and the price variance
#(t) (A.6) that is consistent with the mean price p(z) (A.3) we define:

$(6) = Enl(p(t) = p(0)?] = 24 (p(t) = p(©)) u(t; 2) = Enlp?(t)] = p2(8) (A.10)
We highlight that the mean price p(?) (A.3) in (A.10) is determined by the weight function
w(t, 1) (A.5), but not by x(t;,2) (A.9). The definition of the price variance ¢(?) (A.10) ties up the
VWAP p(t) (A.3; A.5) and the averaging by the weight function u(#;,2) (A.9). That defines the
consistent values of the price variance ¢(¢) and E,/p’(t;)]. We refer to Olkhov (2022-2023) for
further clarifications. One can calculate (A.10) as follows:

¢ = XL, p?(t) wts 2) — 20O XL p(Edu(ts 2) +p*(1)  (A1D)
From (A.2) and (A.7; A.9), obtain

N 2(+. ; __ 1 1y 204 =C(t;2)

=P () rE52) = Ty s O ) = g (A.12)
1 1 E[C(t)U

N p(tdu(t; 2) = N C() U(ty) = HELYOl (A.13)

SN vt N U(t;2)

We denote the joint mathematical expectation E/C(?)U(t)] of the values and volumes:
E[c®U@)] = %2?21 C(tpU(t) =C(t; DU 1) + cov{C(@),U(D)} (A.14)
From (A.12-A.14), obtain

() =

C(t;2)=C2(t1)+C2 (1) -2p () C(HEDUE1D) +p? (DU (51) +p2 (D)[U(£:2) - U2 (£;1)] —2p(E) cov{C(£),U (L)}
U(t;2)
Finally, from (A.3; A.15), obtain the market-based variance ¢(?) (A.16) of price of the security:

_ Ye®)+p2(0)Wy () —2p(t) cov{c(t),U(t)}

In (A.16) we denote the variance ¥c(?) (A.17) of trade values and the variance Py(?) (A.18) of

C(£;2)-2p()C(&1DU (1) —2p () cov{C(t),U(D)}+p2(DU(8;2) _
U(t;2) -

(A.15)

(A.16)

trade volumes during 4:
wo() = E[(C(t) - €6 D)’ =22 (C(t) - c(5 1) = C(:2) - €3 1) (A17)

Wy (6) = E[(U(t) - U5 D)’ = 22X, (U) - U5 D) = U(52) - U35 1) (A18)
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The mean price p(?) (A.3) and the variance @(z) (A.16) of the price of a market security account
for the impact of random volumes U(?;) of market trades during 4 (1.4).
If one considers the approximation for which all trade volumes U(t;)=U are constant during 4
(2.4), then from (A.3) and (A.9; A.10), obtain the frequency-based approximations of the mean
price p(t) (A.19) and variance ¢(?) (A.20) of prices of a market security:

) o oy @) 1 oy U 1
lf U(tl) - U const = l’t(tl’r 1) - g\]:1 U(ti) - N ) lu(ti' 2) - Z{V=1 Uz(ti) - N
1
p(t) = Enlp(t)] = X p(t)u(t; 1) = NZ?I:1 p(t;) (A.19)

$(6) = En [(p(t) — p(0)°] = T (p(t) — p(0) "1t 2) = Z X4 (p(t) — p(8)) (A.20)
The usual frequency-based assessments (A.19; A.20) neglect the impact of random trade
volumes on the mean and variance of the price of a security. The expressions (A.19; A.20) use
only random time series of prices p(?;), i=1,..N (Shiryaev, 1999; Shreve, 2004; Elton et al.,
2014). The neglecting of the impact of random trade volumes could result in significant errors
for the assessments of the means and variances of big stakes of market securities and multi-
billion portfolios. The use of market-based means and variances of prices (A.3; A.16) that
account for the impact of random volumes of market trades is mandatory for those who design
reliable large market and macroeconomic models and forecasts. In particular, it is important
for the developers of market and macroeconomic models like BlackRock's Aladdin and
Asimov, JP Morgan, and the U.S. Fed.

The derivation of higher market-based n-#4 statistical moments that determine market-based
price probability with higher accuracy is given in Olkhov (2022).

The derivations of the market-based mean and variance of returns are given in Olkhov (2023).
However, the description of the mean and variance of returns with respect to the price of the
market security at a specific time 7y in the past when the investor has collected his portfolio is
a much simpler problem. We consider the gross return R(%;, ) of price p(t;) of a market security

at time #; with respect to its price p(y) in the past at time #y as:

(t:)
R(ty to) = 105 (A21)

The variance (A.23) of gross return R(t;,ty) (A.21) and net return r(;t9) (A.22) is the same:

(t)-p(to)
r(t;, ty) = % =R(t;, ty) — 1 (A.22)

var{r(t, to)} = E[(r(t, to) — E[r(ti t)D?] = E[(R(ti to) — E[R(t:, to)])?] = var{R(t, t)} (A.23)
The derivation of the mean and variance of returns (A.21) is much more convenient than for

(A.22). To describe return R(t;,t9) (A.21), we introduce the equation (A.24), alike to (A.1):
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C(t) = p(t) - Ut) = T8 p(te)U(t) = R(ti, t)Colti o)

C(t) = R(t, to)Co(tito) 5 Coltito) = p(E)U(L) (A.24)
The function Cy(?;,29) in (A.24) describes the value of the current trade volume U(%;) at the price
p(to) in the past at time #p. The return R(%,¢9) (A.21) at time # is the ratio of the current trade
value C(t;) of the trade volume U(%;) to its past value Co(?;,29). The use of (A.24) results in the
derivation of the market-based mean return R(7,¢y) that is averaged during 4 (2.4) in the form

that coincides with VWAP p(?) (A.3; A.19):

_ _ 1 N _ _ G
R(t' tO) - Em [R (tiJ tO)] - Z{\Izl Co(tirto) i=1 R(tl' tO)CO(tU tO) - Co(ttos1) (A25)
The average Co(t,t0,1) (A.26) is determined similar to (A.2):
1
Co(t, to; 1) =~ X Colti to) = p(to)U(t; 1) (A.26)
From (A.25), obtain:
Co(tito) _  UE) _ .
YN Coltiute) TN, U@) u(ti; 1)
The market-based mean return R(z,¢y) (A.25) takes the form (A.3; A.27):
R(t,t0) = L, R(ty, t)u(ti; 1) = 2220 = 2O (A27)

p(to)  p(to)
From (A.16) obtain the variance 0(,19) (A.28; A.29) of return of a market security:

Em|(0t0-p(®©)?]
p2(to) -

N (Rt to) — R(t £0)) u(ti 2) (A.28)

D) PeO+R2(tt0) W, (6,t0) 2R (L t) cov{C(D),Co(t,to))
p2(to) Co(t,to;2)

6(t,to) = En [(R(tis to) = R(t,£,))°] =

0(t, ty) =

(A.29)

Function Yco(t,t9) (A.30) determines the variance of the past value Cy(t,t9) and
cov{C(t),Co(t,19)} (A.31) determines the covariance of the current C(#;) and past Cy(?;t9) trade
values. The mean squares of the past values Cy(t,20;2) (A.32) are determined alike to (A.2):

1 2
We, () = 21 (Golti to) = Cot to; 1)) = Co(t,t0;2) — G (L to; 1) (A30)

1
cov{C(t), Co(t, to)} = ;Zlivﬂ(c(ti) - C(t; 1))(60 (tito) — Co(t, to; 1)) (A31)
1
Colt, t0;2) =+ XL, C3 (3, to) (A32)
The relations (A.25-A.32) determine the mean and variance of returns of a market security with
respect to its price p(?yp) in the past at time #.
If one considers the approximation for which all trade volumes U(#;) are assumed constant,

then, similar to (A.19; A.20), from (A.25-A.32), obtain the frequency-based approximations of
the mean R(7,79) (A.33) and variance 6(z,t9) (A.34) of returns of a market security:

R(t, tO) = Em[R(ti' tO)] = % Iivzl R(tir tO) (A33)
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8(t,t0) = En | (Rt to) = R(t15)) | = = EN4 (Rt to) = R(8,))” (A34)
The generally accepted frequency-based expressions of the mean R(7,79) (A.33) and variance
0(t,t)) (A.34) of return describe the approximation for which all trade volumes are assumed
constant. The frequency-based mean and variance (A.33; A.34) neglect the influence of the
random volumes of market trades. Those who manage large stakes of securities and multi-
billion portfolios should keep that in mind.
We highlight that Markowitz (1952) used the expression of the return R(%,¢)) (1.1) of the
portfolio that has absolutely the same form as VWAP p(?) (A.3) and market-based average
return R(t,tg) (A.25; A.27). From (1.1), obtain:

1
R(t, to) = XI_  Ri(t, to)X;(t)) = ——XI_  Ri(t, t)Ci(t) 5 X;(to) =
J Qx(to) J

C;j(to)
Qx(to)

(A.35)

It is obvious that the return R(7,79) (1.1; A.35) of the portfolio matches the form and the meaning
of VWARP pj(t) (A.3) and the mean return R(7,79) (A.25). We call Markowitz’s definition of the
return R(z,t9) (1.1; A.35) of the portfolio Value Weighted Average Return, or VaWAR. We
underline that there is no difference between determining the return of the portfolio R(%,1)
(A.35) via returns R;(t,t9) of its numerous securities j=1,2,...J, and determining the mean price
(A.3) or mean return R(7,79) (A.25) of a market security via its N trade values at time ¢; during
A4 (2.4). We consider that Markowitz (1952) has introduced the market-based averaging
procedure as Value Weighted Averaging and Volume Weighted Averaging almost 35 years
prior to Berkowitz et al. (1988).

Appendix B. Covariances of Prices and Returns of Securities j and &

The description of the market-based covariance aji(2) (B.1) of prices p;(t;) and pi(t;) (2.5) of
securities j and k at time ¢ during 4 (2.4) follows (Olkhov, 2025).

o (t) = COV{Pj(t)» Pk (t)} = Em[(pj(ti) - Pj(t)) (Pk (t;) — Pk(t))] (B.1)

To define the market-based mathematical expectation E,/..] in (B.1), we consider the product
(B.2) of two equations (2.5) that describe the securities j and £:

G () Ci(t) = pj(t)pi (t) Ui (t) Uy () (B.2)

The same reasons that approve the derivation of the variance ¢(#) (A.10) of prices allow

determine the covariance gjx(?) (B.3) of prices pj(t;) and pi(?;) in a similar form:

0j(t) = === T (p(t) — () (pe(t) — Pe(O) Yt (8 (B3)

Ujk(t)N =1

Uje(t) = E[U; (¢ Up (t)] = ~ 2 Uj (£ Uy (£) (B.4)
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Simple transformations of (B.3) give:

[ P 10 (€D (&) Ui (£ Ug (t;) — pi (0) < Zl 10 (DU DU () —

oj (t) = U, (t)

p; ()7 T P (e U (DU ()| + p(Opic(0)
?’:1 p; ()i (t;) Uj(ti)Uk(ti) = % L1G ()G (t) = E[C () Ci ()]

L0 DU (Ui (8) = 3 2 G (€U (8) = E[C(e)Cie(t))]
From the above, obtain the expression for the covariance gj(?):

E[C(t)Cr(t)]-pr(OE[C;(t)Uk(t)]-pj(D)E[U () Cr(t1)]
E[Uj(t)Uk(ty)]

o (t) = +pi®pe(t) (B.5)

One can present the joint mathematical expectations of values and volumes as:
E[Gt)C(t)] = (& DC(6 1) + cov{C(D), G (D)}
E[G U (t)] = C;(& DU 1) + cov{G;(8), U (D)}
E[U;(t)U,(t)] = U;(t; DU (6 1) + cov{U;(0), U ()}
cov{Gi(), U (0} = 2 ZN4[€;(t) = Gt DI[U(t) — V(&5 1) (B.6)
Simple calculations give that the sum of terms with mean values and volumes equal zero:
Ci(t; DC (6 1) = pe (O G(&6 DU (G 1) = G(& DIC (8 1) — pe (DU (5 1D] = 0
pi®U; (& DC (5 1) — pj®Opr (OU; (6 DU (5 1) = pj(OU; (& DIC (6 1) — pre (DU (5 D] = 0
Finally, obtain the covariance gj(?) (B.7) of prices pj(t;) and pi(t;) of the securities j and :

cov{C;(1),Ck(D)}—pr(£)cov{C;(D),Uk(t)}-p j(t)cov{U;(t),Cr(D)}+p j (DK (t)cov{U ;(£), Uk ()}
Uji(t)

o () = (B.7)

We underline that the market-based covariance gj(?) (B.7) of prices of securities j and k& is
determined by the covariances (B.6) of trade volumes and values of these securities.
The symmetry of terms pi(t)cov{Cj(t), Ux(t)} and p;(t)cov{U;(t),Ci(t)} allows express them:
—pi(O)cov{G; (1), Ux ()} — p;()cov{U; (), Cx ()} = —2p, (O cov{C;(1), Up ()}
We define wji(?), xi(t), and pj(?) (B.8; B.9) alike to the coefficients of variations (4.4):
Y (t) =

cov{cj(t),ck(t)} _ cov{Cj(t),Ck(t)}
cj(t:Dek(t:1)  Cj(61Ck(ED)

cov{c;(O)ur(®)}  cov{Cj(t),Ur(t)}

;o) = = : (B.8)

¢t Dug (1) Ci(t1)Uk(81)

cov{u;(t),u(t)} _ cov{U(t),Uk(t)}
ui(t D) UjEDUED)

Xjie(t) = o Upne(®) = Ui (6 DU DL+ (0] (B9)

One can present (B.7) as:

cov{C;(0).Cx (D)}

cov{C;(O),Uk(®)}
C;j(t1)Cy (t;1)

¢/ G0V D) Ci(&DUR(ED)+p; (O, ()

Uit D UE(EGD[1+x ()]

cov{Uj(t),Uk(t)}

Cj(61)Cr (1) —2pg(8) WUj(til)Uk(til)

o (t) =

Functions yji(?), yi(t), and @i(t) (B.8; B.9) describe the covariances of trade values and

volumes of securities j and k& that are normalized to unit means. The expression for Uj(?)
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follows from (B.4). The use of (B.8; B.9) and relations between mean trade values Cj(z,1),
volumes Uj(t, 1), and prices p;(t) (A.3) gives the covariance gj(?) of prices:

Yjk(O=20jk O+ k(D) P, (P () (B.10)

1+xjk(®)

oj(t) =

The expression (B.10) presents the covariance gj(?) of prices of securities j and k as covariances
of normalized to unit means trade values and volumes of securities j and k.
To derive the covariance 6(7,79) of returns of the securities j and k with respect to their prices
pi(to) and pi(tp) in the past at time ) when the investor composed his portfolio, we introduce
the equation (B.11) that has a form similar to (A.24) and (B.2) and obtain:

G () Cr(t) = R;(ty, to)Ri(ty, £0) Coj(ti, to) Cor (Li, to) (B.11)

From (B.11), obtain the covariance 6j(t,19) of returns of securities j and £:
811 (t, to) = var{R;(t, to), Re(t, to)} = Em [(Rj (£, t0) = Ri(t,t0) ) (Re(ti, to) = Rie(t, )| =

pj(ti)_pj(t)) pk(ti)—pk(t) ]: O'jk(t)
Em [( p;j(to) ( Pk (to) ) p;(to)p, (o) (B.12)

From (B.7; B.12), obtain the covariance G;(t,¢y) of returns:

cov{C;(£),C ()} =Ry (t,to)cov{C;(t),Cox (t,to)} _
Cojk(t.to)

Ojk (t,to) =

_ Ri(tto)cov{Co;(t.t0), Ck()}=R;(t,to) Ry (t,t0) cov{Coj (t,t0), Core (o)}
Cojk(tto)

(B.13)

The functions Coj(t;,tp) in (B.12) defines the past values of the current trade volume Uj(?;) at
price pj(tg) at time f9. The function Cou(t,t9) in (B.13) describes the joint mathematical

expectation (B.14) of the product of past values of securities j and & at time #y
1
Coji(t, to) = E[Co; (s to)Cor (i to)] = 11 Coj(ti, to) Cox (ts, to) (B.14)

One can present the covariance j(%,79) (B.13) in the form similar to (B.10) and (A.29):

gk (t) _ Yk (®)=2¢ j () +x jr ()
p;(t0)p, (to) T+x i (0)

0 (¢, to) = R;(t, to) R (£, to) (B.15)

The market-based covariance 6j(z,t9) (B.15) of returns of the securities j and & is determined
by the coefficients of covariances wj(?), @jr(?) (B.8), and yjx(?) (B.9).

If one considers the approximation for which all trade volumes Uj(#;) with all securities that
compose the portfolio are assumed constant during 4, then the covariance gj(z) (B.10) and the

covariance Gii(t,t9) (B.15) take the frequency-based forms. If U;(#;)=U; constant, then:
cov{Cj(t), Uk(t)} = cov{Uj(t), Ck(t)} = cov{U]-(t), Uk(t)} =0
cov{C; (1), C, (D)} = % MGt — Gt D) (Cre(ty) — Cie(t5 1)) =

_ UjUk

=Tt — pj () (i () — P (D)
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1
Upe(®) = L EiL1 UjUy = U;U

For that case, the covariance gj(?) (B.10) takes the frequency-based approximation (B.16):

o (t) = % Iiv=1(pj(ti) —p;j(0) (pr(t) — pr(0)) (B.16)
The covariance 8(t,ty) (B.13; B.15) takes the frequency-based approximation (B.17):
Ok (t,to) = % My (Rj(ti: to) — R;(t, to)) (Rie(ti to) — Ri(t, tp)) (B.17)

Appendix C. The Decompositions of Means and Variances
The decompositions of the portfolio’s mean price s(z) (2.17; 3.19) and the variance @() (3.21)
of prices and variance O(t,ty) (3.22) of returns are determined by the time series of trade values
QO(t;) and volumes W(t;) (2.13-2.17) that depend on the sums of the normalized values c;(#;) and
volumes u;(t;) (2.11) of market trades of the securities j=1,2,..J, which compose the portfolio.
The change of the order of sums defines the expressions of the decompositions.
C.1 The decomposition of the mean price s(t) of the portfolio.

We use (2.13; 2.14; 3.19), and obtain:

s() = Yot) =—=3 ¥ gt) (€D

Wx(to)
We express ¢j(t;) due to (2.10; 2.11), and change the order of sums:

1
W (to)

1
Wz (to)

Lisw(t) =

—__1 ynv _y Uld 1 G
From (A.3) and (2.10), obtain:
U;(to)
s =Zjapi (O %5t 5 xte) = A (C2)

We remind that Uj(ty) is a number of shares of the security j in the portfolio at time #). The
investor holds his portfolio and the number of shares of each security remain unchanged.
Relations (C.2) give the decomposition of the mean price s(z) (C.1) of the portfolio during the
averaging interval 4 (2.4) by the mean prices p;(t) (A.3) of the securities that compose the
portfolio. Coefficients x;(7y) in (C.2) describe the relative numbers of shares of the security j in
the portfolio.

C.2 The decomposition of the variance ®(t) of prices of the portfolio

To derive the decomposition of the variance @(z) (3.21) of prices of the portfolio by the
securities j=1,2,..J of the portfolio during 4 (2.4) we use (4.5; A.10; A.11) and substitut
variables (3.18) to obtain the variance @(?) (C.3) of prices of the portfolio:

(st) = s@®) W2t (€3)

1 1 N

¢(t) = W(t,‘Z)N i=1

25



We replace the notions (A.16-A.18) of securities by the similar notions of the portfolio:
We(t) » Wo(t) 5 Pyu@®) »Pw(®) ;5 cov{C(®),U®)} - cov{Q(t), W(t)} (C4)
p(t) »s@) ; U2)->W(t?2) (C.5)
Similar to (A.16), obtain the expression of the variance @(?) of prices of the portfolio as a
function of the variances of the portfolio’s values ¥p(?), volumes ¥ (?) and their covariance
cov{Q(t),W(t)} and as a function of the coefficients of variation of the portfolio trade values
w(t), volumes (), and their normalized covariance ¢(z) (4.4):

Wo () +s5%(t)Pw (t)—2s(t) cov{Q(t),W(t)} _ P02 p®)+x*(®) s2()

¢(1) = w(t:2) 1+x2(0)

(C.6)

The definition of the values Q(t;) and volumes W(%;) (2.13) by sums of normalized values c;(?;)
and volumes u;(#;) (2.11) help change the orders of sums and transform the variances of the
portfolio’s values ¥p(?), volumes ¥w(t) and their covariance cov{Q(t), W(t)}:
Wo () =23, (Q(t) - QD))" = Q(6:2) — Q* (6 1) ; Wy (1) = W(t;2) — W3 (t;1)
covfQ(®), W)} =~ 2, (Q(t) — (& 1)) (W(t) — W(t; 1)) = E[QtIW (t)] — (& DW (£ 1)
Q(6:2) = 13N, 02(t) = 2 L, 5 () e = Sy Bl (6 ci(8)]
E[Q(t)W (t)] = T, QAW (t) = X oy Elc; (8w (8)]
W(t2) = 2, W2 () = T ey Bl (t)we(t)]
The use of (C.4; C.5) and (B.5-B.7) give the decomposition of the variance @(?) (C.6) of prices
of the portfolio:
&(t) = @Zf’,{:l[cov{cj (), ek (O} — 2s(B)cov{c; (1), ux ()} + s2(©)cov{u; (1), ux (£)}] (C.7)
The use of functions wj(?), x(?), and @) (B.8; B.9) and (4.4; 4.5) transforms the

decomposition of the variance @(¢) (C.7) as:

P OP (O, (5) =25(E)p; (O3, (D+52 (D4, (O
1+x2(t)

() = ¥y xj(to)x(te)  (C.8)
The coefficients x;(7y) in (C.8) define the relative numbers (2.3) of the shares Uj(?y) of securities
Jj in the total number of shares Wx(ty) of the portfolio. However, the decomposition (C.8) hides
the dependence of the decomposition of the mean price s(¢) (C.2) of the portfolio. Let us
substitute (C.2) into (C.8) and obtain the final decomposition of the variance @(t) (C.9) of

prices of the portfolio:
S() = 1 [ Zhaems Y (O 2y (O () 2:(t0)xic (o) =
—2 Zf,k,l @i () p; (O (£) x; (o) 2k (E0) X1 (Eo)

+ S X (O PLOP ) ) (Eo) 11 (L)1 (E0) X (£o) | (C.9)
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The decomposition of the variance @(z) (C.9) of prices of the portfolio is a polynomial of the
4™ degree by the relative numbers x;(#g) (2.3) of the shares Uj(ty) of security j. The variance
@(1) of prices of the portfolio (C.6; C.8; C.9) accounts for the impact of random trade volumes.
For the approximation when all volumes u;(7;) of all market trades with securities j=1,2,...J,
that compose the portfolio are assumed constant during 4 (2.4), then the variance @(?) (C.S;

C.9) of prices takes the quadratic form (C.10) for gj(?) (B.16):
D(t) = ¥ ey 0 () x5 () 21 (£) (C.10)
C.3 The decomposition of the mean return R(t,ty) of the portfolio

The return R(%;t9) of the portfolio with price s(t;) (2.14) at time ¢; during 4 (2.4) with respect to
price s(?g) (2.3) of the portfolio at time 7y follows (A.21):

st ety
R(t“ tO) o S(to) - S(to)W(ti) (Cll)

The mean return R(%,1p) and its decomposition (C.12) follow the mean price s(z) (C.1) of the
portfolio and its decomposition (C.2):
®) Z] pj(©) pj(to)U;(to)

s
s(to) j=1p].(t0) s(to)Wx(to)

X;(to) =

R(t ty) =

= YI_ Rt to) X;(to) (C.12)

pj(to)U(to) _ C;j(to)
s(te)Wx(to) Qx(to)

(C.13)

We remind that p;(tg) (2.1) is the price of the security j of the portfolio at time #). The
decomposition (C.12) coincides with (1.1) and the coefficients Xj(#y) (C.13) describe the
relative amounts invested into security j=1,2,..J at time #.

C.4 The decomposition of the variance O(t,ty) of returns of the portfolio

The substitutions (C.4; C.5) define the variance @(%,t9) (C.14) of returns of the portfolio, similar
to the variance 0(t,79) (A.29) of returns of a security:

Wot)+R? (L)W, (tto)—2R(t,to) cov{Q(t),Qo(t,to)}
Qo(t,to;2)

Qo (L, to) = s(te)W(t;) (C.15)
QOo(ti,t9) (C.15) denotes the value of the current trade volume W(#;) of the portfolio in the past

o(t) _ P2()-2 ) +x2(t) R2

Ot to) = ey = 1x2(0)

(t,ty) = (C.14)

at price s(ty) at time f9. The decomposition of the variance @(t,t9) (C.16) of returns of the
portfolio by the securities that compose the portfolio is completely the same as the

decomposition of the variance @(?) (C.7) of prices of the portfolio.

o(t, ty) = mz;kﬂ[cov{q(t), Cx (t)} — 2R(t, to)cov{cj(t), cox (¢, to)} +
+R2(t, to)cov{cy;(t, to), cor (t, to)}] (C.16)

The function Qo(t,29,2) in (C.16) is determined similar to (A.32):

1 2
QO(t' to; 2) = N £V=1 Qo(ti’ tO)
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The use of (4.4; 4.5) gives the decomposition of the variance ©@(%,1y) (C.17) similar to (C.9):
T | 2 ie1 Vi (© Ry (& to)Ri (6 o) X (£0)Xi(2) -
-2 Zf,k,l ®ji () R; (&, to) Ry (t, to) X;(t0) Xk (£0) X, (Eo)
+ B X O Rit, t0)Ry (6 t0) X () Xi(t)Xi(to) X (£0) ] (C.17)

The decomposition of the variance @(z,t9) (C.17) of returns of the portfolio is a polynomial of

O(t, ty) =

the 4" degree by the relative amounts Xj(#y) (C.13) invested into the security ; at time #y. That

is rather different from the quadratic form (1.2) derived by Markowitz (1952). Such distinctions

highlight the influence of the random volumes Uj(t;) of trades with securities j=1,2,..J that

compose the portfolio. The market-based decomposition of the variance @(t,¢y) (C.17) makes

the search for higher returns under lower variance a much more complex problem.

For the approximation when all trade volumes u;(#;) with securities of the portfolio are assumed

constant during 4:

If u,(t;) — const,then : cov{cj(t), cor(t, to)} = cov{cy;(t, to), cox(t, to)} = 0

the portfolio variance O(%,79) (C.17) takes the form (1.2; C.18) that was derived by Markowitz.
0(t,to) = X1 Ok (&, to) X;(t0) X i (to) (C.18)

We repeat that the variance @(?) (C.10) of prices of the portfolio and the variance O(%,79) (1.2;

C.18) of the returns of the portfolio describe the approximation for which all volumes Uj(#;) of

trades with all securities j=1,2,..J of the portfolio are assumed constant during 4 (2.4). The

expressions (C.10; 1.2) neglect the impact of random volumes of trades with securities.

Appendix D. Market-Based and Frequency-Based Statistical Moments

In this Appendix, we briefly discuss the economic meaning of the distinctions between the
market-based and the frequency-based valuations of the statistical moments of prices and
returns of market securities and of the portfolio. One can find more details in Olkhov (2022-
2025). We use Ey/..] to distinguish the market-based mathematical expectation from the
frequency-based E/..] that is generally accepted (Shiryaev, 1999; Shreve, 2004) and denote the
market-based p(z,n) and the frequency-based z(z,n) (D.1) statistical moments of prices:

1
p(t;n) = En[p"(t)] ;o nn) =Ep™e)] = i p"E) (D)
In the main text and in the App.A-C we denoted the average price p(?), but in this App.D we

denote average price as p(t,;1) (D.1). We use a frequency-based definition to assess the n-th

statistical moments of the values C(z,n) and volumes U(t;n) (A.2; D.2) of market trades:

C(t;n) = E[C™(t)] = % et U(t;n) = E[U™(t)] = % L,U™t) (D2)
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Any averaging interval 4 (2.4) contains only a finite number N of terms of time series of trades,
and (D.1; D.2) assess the frequency-based statistical moments by N terms. The equation (A.1;
D.3) define relations between the values C(t;), volumes U(t;), and prices p(t;) of trade at time #;:

C(ty) =p(t) U(t) (D.3)
The equation (D.3) prohibits the independent definitions of the average values, volumes, and
prices. In App. A, we derived how the mean values C(z,/) and volumes U(t;1) define the
VWAP p(t;1)=p(t) (A.3), which differs from the definition of the frequency-based average
price z(t;1). However, in the approximation that all trade volumes U(#;)=U are assumed

constant during 4 (2.4), from (D.2; D.3), obtain:
C(1D) = E[C(E)] = 2N, C(t) = 2, p(t) U(t) = U S p(t) = Un(t;1) (D4)
Another representation ties up the frequency-based mean price 7(z, /) and the equation (D.3):

n(t;1) = =3, C(t) = 23, S = 23N p(r) (D.5)
The assumption that all volumes of trades are constant results in the frequency-based definition
of the average price zn(¢;1) (D.1; D.4) through C(t;1) (D.2). To derive the frequency-based n-th
statistical moment of price 7(¢;n), one should take the n-th degree (D.6) of (D.3) and again
assume U(t;)=U — const.

C™(t) =p"(tU™(t) ; n=12,.. (D.6)

From (D.2; D.6), follows:
Ctm) = E[CT(6)] = 23, CM(t) = 22N, ph(t)U™ (8) = Um S5, p™ () = Unn(t; m) (D7)
The representation (D.8) highlights the dependence of p"(t;) on (D.6) and the ratio of the n-th
degree of trade value C"(%;) to the n-th degree of trade volume U" that is determined by (D.6):

1 1 c™(ty) _ 1
U™ e CM () = ;Z’Ll = 52?21 p"(t) =

c(t;n)
Un

n(t;n) = (D.8)

To define how the n-th statistical moments of trade values C(#,n) (D.2) determine the n-th
statistical moments of price 7(#;n), one should use the set of equations (D.6) for n=1,2,.. . The
more statistical moment of price z(z,n) would be assessed, the higher the accuracy of the
approximation of price probability could be obtained (Shiryaev, 1999; Shreve, 2004). The
number m of equations (D.6) for n=1,2,..m determines the approximation of price probability
by the first m statistical moments of market trade values C(t,n) (D.2).

The frequency-based statistical moments of price z(¢;n) (D1; D.6) are generally accepted
(Shiryaev, 1999; Elton et al., 2014), but the limitations of such approximations are omitted.
We show that the n-th statistical moments of trade values C(#,n) (D.2) and equations (D.6) for

n=1,2,... determine the frequency-based n-th statistical moments of price z(¢;n) (D.1; D.6) only
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for the approximation in which all trade volumes U(#;)=U are assumed constant during 4 (2.4).
Otherwise, one should account for the impact of random trade volumes, consider the set of
equations (D.6) for n=1,2,.. , and derive the market-based statistical moments of price p(t;1)
(D.1; A.3), ¢(2), p(t;2) (D.1; A.10) (Olkhov, 2022).

The frequency-based assessments of the statistical moments of prices and returns neglect the
randomness of market trade volumes. Market-based mean (A.3) and variance (A.16) of prices
and mean (A.25) and variance (A.29) of returns of market securities account for the impact of
random volumes of market trades.

That determines the economic essence of the distinctions between the market-based and the
frequency-based descriptions of statistical moments of prices and returns. Our market-based
description takes into account the impact of random time series of volumes of trade with the
securities during the averaging interval 4. The conventional frequency-based description
neglects this effect and assumes that all trade volumes are constant during 4 (2.4). The
investors, who manage large stakes of securities and multi-billion portfolios, and the
developers of large market and macroeconomic models like BlackRock’s Aladdin and Asimov,

JP Morgan, and the U.S. Fed should keep that in mind.
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