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Abstract

This study investigates the effect of public debt on growth, interest rates, and fiscal sus-
tainability using a simple endogenous growth model with financial frictions and firm hetero-
geneity. Increases in public debt lead to higher real interest rates through financial markets,
increase the cost of repaying public debt, and reduce private investment, resulting in lower
long-run growth. Thus, large public debt is less sustainable. This study also examines the
effect of investment subsidies financed by public debt and finds that they hinder economic
growth in the long run unless the financial market is close to perfect. Therefore, increases in
investment subsidies should be financed not only by issuing public bonds, but also through

tax increases.
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1 Introduction

Public debt has increased significantly in many developed countries, raising concerns among
policymakers about how to ensure its sustainability.! Higher economic growth and lower inter-
est rates are important factors in stabilizing the debt-to-GDP ratio. However, economic growth,
interest rates, and public debt accumulation are determined by dynamic processes and are in-
terrelated, making it difficult to assess the sustainability of public debt. Indeed, no consensus
exists on what constitutes sustainable debt (e.g., D’Erasmo et al., 2016). Ramsey-type models
with representative infinitely lived agents show that public debt cannot be sustainable if the gov-
ernment violates its transversality condition (e.g., Greiner, 2007, 2011, 2012, 2015; Kamiguchi
and Tamai, 2012). Many empirical studies have tested whether the transversality condition holds
(e.g., Afonso, 2005; Bohn, 1998; Hamilton and Flavin, 1986). Meanwhile, overlapping genera-
tions (OLG) models show that the government removes this constraint and can run a Ponzi game.
Acknowledging the possibility of a public Ponzi game, many recent studies have analyzed fis-
cal sustainability in OLG models and defined fiscal sustainability as whether the ratio of public
debt to GDP (or capital) converges to a stable level in the long run (Agénor and Yilmaz, 2017;
Arai, 2011; Brauninger, 2005; Chalk, 2000; Maebayashi and Konishi, 2021; Teles and Mussolini,
2014; Yakita, 2008, 2014).

Despite this large literature, to the best of my knowledge, few studies have examined long-run
economic growth, interest rates, and the sustainability of public debt simultaneously. Moreover,
although the abovementioned studies on the sustainability of public debt employ different types
of models, they all assume that agents are homogeneous and financial markets are perfect.

This study first contributes to the literature by investigating the effect of public debt on growth,
interest rates, and sustainability using a simple endogenous growth model with financial frictions
and firm heterogeneity. Drawing on the recent literature, we also incorporate the Pareto distribu-
tion of firms’ productivity into the impact of fiscal policy on growth when firms are heterogeneous
(e.g., Arawatari et al., 2023; Jaimovich and Rebelo, 2017; Mino, 2015, 2016). Under financial
frictions and firm heterogeneity, only high-productivity firms can borrow in the financial mar-
ket. Low-productivity firms cannot borrow because of their credit constraints. Low-productivity
agents then become lenders to high-productivity entrepreneurs (borrowers). A rise in govern-
ment debt increases the issuance of government bonds and reduces the aggregate supply of credit
in the financial market, thereby raising the interest rate. This increase in the interest rate reduces
the number of firms by increasing the cost of borrowing for entrepreneurs. Public debt negatively
affects economic growth by crowding out firms and their investments.

The second contribution of this study is to examine the growth effect of investment subsidies

!One way to address this problem would be fiscal consolidation efforts, especially in the European Union (EU).
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financed by public debt. Governments offer various investment subsidies, including investment
cost subsidies, research and development (R&D) subsidies, investment tax reductions, and di-
rect investment grants (Kang, 2022). These investment subsidies are recognized as instruments
for boosting economic growth. In 2022, the government budget allocations for R&D across the
EU reached 0.74% of GDP, showing an increase of 5.4% compared with 2021 and an increase
of 49.2% compared with 2012. According to the World Bank (2023), R&D expenditure in the
United States increased from 2.67% to 3.46% of GDP between 2012 and 2021. Policy instru-
ments to support young, growing, and innovative companies are also expected to boost investment
and economic growth (European Commission, 2017). The public finances of these developed
countries have relied heavily on public debt. However, to the best of my knowledge, the growth-
enhancing effect of investment subsidy policy with heterogeneous firms has been studied only
in the case of a balanced government budget. Therefore, it is important to examine the growth
effect of investment subsidies financed by public debt. Furthermore, investigating whether the
growth-enhancing effect of investment subsidies can improve the fiscal situation is worthwhile.

Herein, I develop an OLG model with endogenous growth, firm heterogeneity, and financial
frictions. In the young period, agents earn wage income and draw productivity levels from the
Pareto distribution. Agents who draw higher (lower) productivity than the cutoff level become
entrepreneurs (lenders) and engage in (refrain from) production in old age. Additionally, the
government issues public bonds to finance investment subsidies. The cutoff level of productivity
is endogenously determined and it depends on fiscal policy.

The main findings of this study are as follows. First, an increase in public debt has two
opposite effects on economic growth. One is the negative growth effect through the crowding-out
effect of public debt on investment. The other is the positive effect stemming from an increase
in the interest rate. The interest rate rises because an increase in government debt increases
the issuance of government bonds and reduces the aggregate supply of credit in the financial
market. A rise in the interest rate increases output and wage income, enhancing growth. This is
because a rise in the interest rate heightens the cost of borrowing for entrepreneurs and reduces
the number of firms, while increasing capital intensity and the marginal productivity of capital.
The negative growth effect dominates the positive effect. Therefore, an increase in public debt
hinders economic growth.

Second, a rise in the interest rate due to an increase in public debt raises interest payments
and the growth in public debt. Meanwhile, the crowding-out effect of public debt on private
investment reduces the burden of public expenditure on investment subsidies, thereby hampering
the growth in public debt. The positive effect on the growth in public debt dominates the negative

effect when the ratio of public debt to capital is large, making public debt unsustainable.



Third, investment subsidies financed by public debt hinder economic growth in the long run,
although they have a positive impact on growth in the short run. Moreover, investment subsidies
make public debt less sustainable or increase the public debt-to-GDP ratio in the long-run steady
state. These results are robust unless the financial market is close to perfect. This is because,
first, investment subsidies lower the barrier to entrepreneurship and increase the number of less
productive firms, which decreases aggregate productivity. Second, the increase in these firms
heightens aggregate demand for credit in the financial market and leads to upward pressure on
the interest rate. A rise in the interest rate increases the cost of servicing public debt and crowds
out private investment. These two effects have a significant and negative impact on economic
growth in the short run, even though investment subsidies encourage investment. Public debt
increases due to the financing costs of subsidies and owing to a rise in the interest rate in the
financial market, thereby worsening the fiscal situation. In the long run, this rise in the interest
rate increases output and wage income, enhancing growth (crowding-in effect of debt), while it
increases public debt financing and decreases investment (crowding-out effect of debt), hindering
growth. Since financial frictions (difficulties in borrowing) decrease the demand of credit and
lowers the interest rate and economic growth, the positive long-run growth effect is weaker than
the negative effect. This advocates that increases in investment subsidies should be financed not
only by issuing public bonds but also through tax increases unless the financial market is close to
perfect. This is an important policy implication for many developed countries that have increased

investment subsidies while relying heavily on public debt for fiscal management.

Related Literature

Chalk (2000), de la Croix and Michel (2002), and Yakita (2014) examine the sustainability of
public debt in OLG models and conclude that a Ponzi game by governments is possible.? Fiscal
sustainability in OLG models is often defined as the convergence of public debt to a sustainable
level in the long run. Chalk (2000) and Maebayashi (2023) examine this issue under specific fiscal
policy rules in OLG models. Chalk (2000) employs a constant deficit rule, while Maebayashi
(2023) implements the fiscal consolidation rule based on the Stability and Growth Pact in the
EU. However, as these studies are based on exogenous growth models, they ignore the long-run
endogenous growth effect from a non-decreasing return to capital (Romer, 1986).

This study is closely related to those of Brauninger (2005), Yakita (2008), Arai and Ku-
nieda (2010), Arai (2011), Teles and Mussolini (2014), Agénor and Yilmaz (2017), Maebayashi
and Konishi (2021), and Futagami and Konishi (2023), which also investigate the sustainability

of public debt when the government plays a Ponzi game in OLG models with an endogenous

2Tirole (1985) uses Diamond’s (1965) OLG model and show that positive bubbles can exist when the economy
is dynamically inefficient. This result can also imply that the government’s Ponzi game is possible.
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growth structure.? Briuninger (2005), Arai (2011), Teles and Mussolini (2014), and Maebayashi
and Konishi (2021) find that public debt has a negative effect on long-run growth (Saint-Paul,
1992); however, they all assume a constant interest rate over time because they use the standard
AK model (Romer, 1986). Yakita (2008) and Agénor and Yilmaz (2017) include public capital
in the final production function (Futagami et al., 1993) and capture its positive external effects
on growth and interest rates. The present study differs from these previous studies because it
considers the positive growth effect of investment subsidies directly on firms and endogenous
movements of interest rates through the financial market structure. Minami and Horii (2025)
examine the growth effects of debt-financed R&D subsidies in a continuous-time OLG model
(Blanchard 1985). They show that debt-financed R&D subsidies do not enhance long-run growth
unless R&D productivity is sufficiently high. Unlike Minami and Horii (2025), this study con-
siders heterogeneous firms and financial frictions and finds that the long-run growth effect of
debt-financed investment subsidies depends on the degree of financial frictions. Although Arai
and Kunieda (2010) similarly consider financial market imperfection with heterogeneous agents,
they assume a uniform distribution of individual productivity as well as risk neutrality, and ignore
the investment subsidy policy. In contrast to Arai and Kunieda (2010), this study incorporates
more realistic growth effects under investment subsidy policies through microfoundations with
risk-averse utility and a Pareto distribution of firms’ productivity, as mentioned in the following
literature.

Recent trends in the growth theory literature incorporate the heterogeneity of individuals or
firms into endogenous growth models (e.g., Arawatari et al., 2023; Jaimovich and Rebelo, 2017;
Mino, 2015, 2016). Mino (2016), Jaimovich and Rebelo (2017), and Arawatari et al. (2023)
consider the effect of tax and fiscal policies when firms differ in their productivity under a Pareto
distribution. These studies show that the effects of such public policies on growth significantly
differ from that in the (homogeneous) representative agent economy. To the best of my knowl-
edge, studies on investment subsidy policies in this context are somewhat limited. Morimoto
(2018) studies R&D subsidy policy under heterogeneity in individual productivity and shows
that R&D subsidies increase economic growth when they are not very large. However, Mori-
moto (2018) considers a balanced budget to finance the subsidies. This study contributes to the
literature by considering the effect of investment subsidies financed by public debt and showing

that the growth effect of subsidies can be negative unless the financial market is close to perfect.

3Greiner (2007, 2011, 2012, 2015), Kamiguchi and Tamai (2012), and Miyazawa et al. (2019) investigate the
sustainability of public debt in representative infinitely lived agent models with an endogenous growth structure in
which a Ponzi game by the government is impossible (according to the transversality condition).
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2 Model

2.1 Entrepreneurial households

Consider an economy comprising two types of households living in two periods. The number of
households is normalized to one. Entrepreneurial households can invest in capital, hire young
labor, and use capital to produce goods. The production technology follows the form used in
Mino (2016):

Yir = F(Zig—1kig, i ) = A<Zi,t71k'i,t)a(ni,th)l_aa A>0 1i€l0,1], (D

where y; +, k; 1, 1+, and K denote output, capital, labor, and aggregate capital, respectively. Ag-
gregate capital has a positive external effect on production (e.g., Romer, 1986). We assume that
capital k; ; is broadly viewed to include both ICT capital (knowledge capital) related to innovation
and development (R&D) and non-ICT capital.* Here, z;; is the production efficiency of the firm
owned by the type ¢ entrepreneurial household.

In the young period, each entrepreneurial household draws z;; from a Pareto distribution

whose cumulative distribution is given by
F(z)=1-27% 1<z<oo, ¢>1. (2)

Here, a lower (higher) value of ¢ means a higher (lower) degree of heterogeneity in the production
technology. Following Itskhoki and Moll (2014), Liu and Wang (2014), and Mino (2015), we
assume that z; ; is independent and identically distributed (iid) both over time and across agents.

After realizing z;, each entrepreneurial household maximizes its lifetime utility:

Ugt =(1-p)n cftj + 5 [(1 —7)In Cftj+1 + ’yln:z:f’tﬂ} . jed{el} 3)

subject to the budget and credit constraints. Here, ¢}, ¢, , and z{,, ; represent consumption

in the young period and old age and bequests by entrepreneurial households that produce goods
(active entrepreneurs, hereafter), while c?j”tl, cftl +1»and xét 41 represent consumption by those who
do not produce goods (non-active entrepreneurs hereafter), respectively.

In the young period, active entrepreneurs supply one unit of labor inelastically, earn wage

income wy, and inherit from parents xi,t.S With this income, they can borrow from non-active

4ICT capital includes hardware, communication, and software, whereas non-ICT capital includes transport equip-
ment and non-residential construction; agricultural products, metal products, and machinery other than hardware
and communication equipment; and other products of non-residential gross fixed capital formation (see OECD,
2010).

SEven with endogenous labor supply, our main results are robust if we do not consider the bequest motive.
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entrepreneurs and invest in capital £; ;1. Here, let us denote d;; as private debt. Then, the net
worth of active entrepreneurs is a; ;41 = kjty1 — d;;. Investment k; ;. is subsidized by the
government at the rate of 0. Since total income is allocated to consumption and net worth, the

budget constraint of active entrepreneurs in the young period is represented as

el = w + Ty A opkig1 — @iy, Qi1 = ki1 — dig. 4)

Note that z; ; depends on whether parents are active or non-active entrepreneurs, as we see next.
However, this is not critical to the macroeconomy when we aggregate all agents, as we see later.°
In old age, active entrepreneurs produce final goods with the production function (1). They
hire young labor 7, ;. in generation ¢ + 1 and use capital £; ;. installed in period ¢ for produc-
tion. Profit ;. is sales y; ; minus both wage payments and private debt repayments. Active
entrepreneurs in old age allocate it into consumption cZ’fH and bequest to their children z7, ;.

Thus, the budget constraint of active entrepreneurs in old age is written as

oe e
Cita1 = Tit+1 — Ty gyqs (5

Tit+1 = Yit+1 — Wep1Mg 41 — Rt+1dz‘,t> (6)

where R;(= 1 + 1) is the gross interest rate when 7, denotes the interest rate. We assume
full capital depreciation because we consider a period to be about 30 years.” Furthermore, the
financial market is assumed to be imperfect in the following sense. Entrepreneurs face a credit

constraint such that
dip < NEjgq1. (7

If A = 1, the financial market is perfect, while no borrowing is available if A = 0, meaning that
A is the degree of (im)perfection of the financial market.
From (1), (3), (4), (5), (6), and (7), the first-order conditions (FOCs) with respect to 7 41,

SEven without the bequest motive Z;,¢, our main results remain robust. However, without z; ;, the investment
levels of all firms becomes the same, which is somewhat unrealistic. Furthermore, through bequests x; ;, public
debts held by lenders can have a crowding-in effect on investment. For these reasons, and for future reference, we
allow for the presence of the bequest motive.

"Without full capital depreciation (§ # 1), the first term on the right-hand side of (6) is replaced by v; ;1 + (1 —
0)k; 141 if we denote § € [0, 1] as capital depreciation.



di+, and k; 441 are given by

N 41, Wi = (1 - 04) zi7t+11, (8)
o
1-— 1—~R
d; s 5 _ BB )
Cit Cit41
1-06)(1—0 1—~)0om
Kiy1; ( 5>y(,e ) = el o ) dan + AMbit, (10)
Cit Cit+1 Oki 1
Wit ANkiger —dig) =0, priz >0, Akjppr —dig >0, (1T)
iy = B(1—7) O‘(yi,t+1/ki,t+1z7; (1- O'k)Rt-i-l, (12)
=0 = A Cit+1

where 1, is the Lagrangian multiplier associated with the debt constraint and represents the
investment wedge between the marginal product of capital (y;+41/k;++1) and marginal cost
(1 — o%)Ry+1 in (12). Note that (12) is derived from (9) and (10) with (1), and (6). If the credit
constraint is not binding, p; ; = 0 holds from (11). We assume that entrepreneurs produce goods
as long as their profits are not negative. Thus, from (11) and (12), the credit constraint (7) binds

when

A(Yitt1/kirs1) > (1 — op)Resq. (13)

From (1) and (8), we obtain

1— )AK,] =
Yie = Aziy ki {w} : (14)
Wy
which together with (13) yields the cutoff value of z as
1—a
- (1 — o) Rigr Wity ° (15)
oA (1 — C()AKt+1

Substituting (14) and (15) into the left-hand side (LHS) and the right-hand side (RHS) of (13)

respectively, we can rewrite (13) as
Zir > 2.

This indicates that entrepreneurs who draw z;; > z; produce and become active entrepreneurs.
They also become borrowers because the debt constraint (7) is binding. Conversely, credit con-

straints are ineffective for entrepreneurs who draw 1 < z;; < z;.3 In the competitive final good

8From (2), the minimal value of z is 1.



market, firms with z;; < z; cannot compete with those with z*. Thus, entrepreneurs who own
firms with z;;, < 2; give up production (i.e., become non-active entrepreneurs) and become
lenders. We show in Lemma 1 that the indifference between becoming borrowers and lenders
holds for agents with z; ; = 2;.

Moreover, (15) indicates that investment subsidies reduce the barriers to becoming an en-
trepreneur z* and increase the number of borrowers for given interest rates R .

Utility maximization with respect to z7, ,, yields
L5 41 = Vi1 (16)

Substituting (8) and d; ; = Ak; ;4 into (6), we obtain
Tit4+1 = OYi 41 — Rt+1)\ki,t+l- (17)

From (4), (5), (9), (12), (16), (17), and d; ; = Ak; ;+1, we obtain

s

m(wt +fL’i7t). (18)

ki,t+1 =

(18) indicates that a higher degree of financial market imperfection (a lower value of \) reduces
the investment of each firm. Conversely, a larger investment subsidy to firms increases the in-
vestment of each firm.

We move onto the case of lenders (non-active entrepreneurs). Lenders (entrepreneurs who
draw z;; < z; and do not engage in production) maximize their utility (3) subject to the following

budget constraints:

Y.l

Ciy =W+ Tig — liy — @i, (19)
0,l . 1
Cirer = Beviliv + bigr — 2444, (20)

where [; ; is the loan to active entrepreneurs, while b; ;1 is the quantity of government bonds pur-
chased and ¢ is the price of government bonds. We assume that government bonds are discount
bonds with a maturity of 1 period and a face value of 1 (Maebayashi and Tanaka, 2022). The no-
arbitrage condition between lending to active entrepreneurs and buying treasuries equates these

rates of return as

R = 1/Qt- (21)

(19) indicates that in the young period, lenders supply one unit of labor inelastically, earn wage



income wy, and inherit from parents z; ;, as active entrepreneurs do. They allocate this income
toward loans to active entrepreneurs /; ;, purchases of government bonds ¢:b; ;1 1, and consump-
tion c?tl (20) implies that the total return from lending to the private sector [?;,/;; and public
sector (1/q:)q:b; 11 in old age is divided into consumption cftl 41 and bequests @} ;.

Lenders’ FOCs with respect to l; ; + ¢:b; ;11 and xéjt 41 resultin
lit + qibisy1 = B (we + x44) (22)

Ty = V(Resalig + bigsa). (23)

We summarize the discussion so far in the following lemma.

Lemma 1. The indifference between being an active entrepreneur (borrower) and an non-active
entrepreneur (lender) holds for households whose productivity is z; (see Appendix A for this

proof). Households with z;; > z; become active entrepreneurs (borrowers) while those with

zi+ < z; become non-active entrepreneurs (lenders) in period t.

Hereafter, we omit the index ¢ for simplicity.

2.2 Government

The government owes a given amount of debt (denoted by B,) at the beginning of period ¢. It re-
pays this debt and finances investment subsidies by issuing new bonds, indicating that it is playing
a Ponzi game, as in Yakita (2014) and Maebayashi and Tanaka (2022).° This simple approach to
the government budget aims to clearly study the growth effect of investment subsidies financed by
public debt. A more comprehensive approach, including income tax revenue, is provided in Sec-
tion 7. Here, recall that investment subsidies are provided only to active entrepreneurs (2, > z;)
and government bonds are purchased by lenders (1 < 2, < z;). Thus, the government’s budget

constraint in period ¢ is given by

o0

tht+1 = Bt + O'k/ kt+1dF(Zt)7 (24)

N
2t

zf Zi_q
BtJr]_ = / bt+1dF(Zt) (Bt = / btdF(Ztl)) . (25)
1 1

9Recall that a Ponzi game by the government is possible in OLG models as noted in the Introduction. Previous
studies (e.g., Maebayashi and Tanaka, 2022; Yakita, 2014) investigate fiscal sustainability in a Ponzi game played
by the government. Maebayashi and Tanaka (2022) consider public debt finance only for the repayment of debt
(¢ B = By), while Yakita (2014) considers both the repayment of debt and net income transfers to young labor
(q:B; = By + net transfers).
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Here, let us define Bt+1 = ¢;B¢+1. Then, we obtain Btﬂ = By11/ Ry from (21). Accordingly,

(24) is transformed into

[e.9]

Bii1 = RB; + 0y, / ko1 dF(z). (26)

*
%

3 Equilibrium

Aggregate capital K, is held by active entrepreneurs (borrowers) who draw z;_; > 2/ ; in period
t — 1; therefore, it is represented by fzof ki+dF(z—1) = K; (Mino, 2015, 2016). Using (2) and

keeping in mind that z is iid, we can rewrite aggregate capital as'’

K, (: / ktdF(zt_l)) = (2} ) %k, (27)

*
t—1

where, k, is the average level of k,. Aggregating the credit constraint d, = Ak, 1, the equilibrium

condition of the financial market is represented as

/ ltdF(Zt) = / dtdF(Zt) = AKt-i—l' (28)
1 z

*
t

The labor market clears as

Ny = / ni,tdF(thl) =1, (29)

X
Zt—1

which indicates that total labor demand is equal to total labor supply, whose aggregate level is

unity ([~ 1dF(z_1) = 1).
Using (2) and (27), we can also aggregate the production function (14) as

v ( I ytdmt_l)) = [ ek [ AR = )

* *
t—1 t—1

I {(1—(1)/4[(?15
=— =% |

K. (30)
@ — 1 Wy

10Since z; is iid across agents and over time,

oo oo _
Kt = / ktdF(thl)di = / dF(thl)kt,

* *
t—1 t—1

where, k; is the average level of k;. From (2), this is reduced to (27).
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Substituting (15) into (30), we obtain

]_ _
Y, = M&Kt. G1)

a(p —1)
From (8), (29), and (31), we obtain w,N; = w; - 1 = (1 — «) f;o ydF(z-1) = (1 — )Y,
leading to

(1 — o)

EESY (1— a)R,K,. (32)

Wy =

Substituting (32) into (15), we obtain

R = (1 —ox) R .
i-(55) " () @

Here, a larger z; means a higher barrier to becoming active entrepreneurs (see below (15)), in-
dicating a decrease in the number of firms. Then, (33) shows that an increase in R, reduces
the number of firms (i.e., an increase in z;) because it increases the cost of borrowing for en-
trepreneurs. In addition, investment subsidies o lower the barrier to becoming an entrepreneur
z; and increase the number of less productive firms. This lowers aggregate productivity and
reduces both output, (31), and the wage rate, (32).

Let us continue with the aggregation of the other elements. Aggregating (18), using (27) and

(32), and keeping in mind that x; is independent of z;, we obtain

s n-p [PU -0
Kt-i—l = —(Zt) ¥ H(l — O{)Rth + Xt y (34)
where X; = [~ 2, dF (%) = 12:*1 rldF(z_1) + f:*: 2¢dF(z_,). Here, X, is derived using
(16) and (23) associating with (2), (17), (25), (27), (28), (31), and (33) as

X, =~ [90(1 - i’k)

RK, + Bt] | (35)

See Appendix B for the derivations of (34) and (35). From (34) and (35), we obtain

s

1_0k_

Ky = )\(zt*)"" [M(l —a+ay)R K + fth} . (36)

afp —1)

Through bequests X}, public debts held by lenders (B;) have a crowding-in effect on investment.

12



Aggregating (22) and using (25) and (32), we obtain

/1 ! LdF(z) = B [1— (2)7¥] {%(1 — )R K, + Xt] — @t Biy1. (37)

See Appendix B for the derivation of (37). Substituting (28) and (35) into (37), we obtain

MKy =8 [1 - (Zt*)iﬂ [%(1 —a+ay)Ri K + ’YBtl — @ Biy1. (38)
The RHS of (38) represents the aggregate supply of credit in the financial market, whereas
the LHS shows aggregate demand for it. Increases in public borrowing (public debt issuance),
q: By 1, crowd out the aggregate supply of credit. This leads to upward pressure on the interest
rate 7, in the financial market, as we see later.!!

Associating (36) and (38) with (21) and Bt—f—l = ¢q;B;11, we obtain the following asset market-

clearing condition:

~ l1—0
K1+ By = BR, il k)

(1 -a+ay)K; + ”Yét + 0 K. (39)
a(p —1)

(39) indicates that an increase in public debt BtH decreases private investment /;, ;. This is the
familiar crowding-out effect of public debt B, on private investment K ;.
From (26) and (27), we obtain

Bt+1 = RtBt + Uth+1‘ (40)

An increase in outstanding public debt increases the issuance of public bonds and worsens the

fiscal condition. This is also the case for investment subsidies oy, for a given investment /1.

"There are two types of asset holdings: lending to firms and purchasing public bonds. Following Walras’ law, we
only have to focus on one of them (financial market or public bond market). This study focuses on the financial market
and explains the findings based on it. However, we also briefly mention the public bond market. In equilibrium,
the supply of bonds ¢; B;+1 by the government equals its demand by households for a given value of AK;,;. An
increase in the issuance of bonds by the government leads to an excess supply of bonds, which lowers the price of
bonds ¢; and leads to upward pressure on the interest rate R, from (21).
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4 Dynamic system and (un)sustainable paths of the economy

In this section, we derive the dynamic system of the economy and check whether public debt is
sustainable.
Let us define 6 = B, /K as the ratio of public debt to capital. From (39) and (40), we obtain

Ky p(1 — o)

K, - R, {mﬁ(l —a+ay)—(1- 57)91:} ; (41)
B - _

Btl =R, {%5(1 —a+a7)f + (1 - okl —ﬁv)]] (42)

Here, to ensure K;,1/K; > 0, we assume the following condition:

p(1 —0p)B(l —a+ay)

<= A= 6

(43)
The last term of the RHS of (41) (—(1 — 5v)#,) indicates that the crowding-out effect of public
debts on investment (see (39)) is stronger than the crowding-in effect public debts throuth bequests
(see (41)).

From (41) and (42), we obtain

b s P1 —a+ay)or(l — o) + [1 — or(1 = 57)6:
A 2B —a+ay)(1 = ax) — (1 - By)b,

= A(Oy; 0). (44)

(44) with (43) characterizes the dynamic system of the economy. The LHS of (44) represents
the 45 degree line, while the right-hand side satisfies A(0;0;) = o > 0, A'(0;;0%) > 0, and
N'(0;0,) > 0 (A(0;0) = 0, A'(6:;0) > 0, and A”(6;;0) > 0) obviously. The RHS of (44)
intersects the LHS twice at the steady states S and U, as in Figure 1, if and only if

[1 — (1= B) = Bl — a+an)(1 - ak)r > 4(1 = B7) 525 AL — a+ a)ow(l - 0y),
(45)

Y B —a+ar)(l—op) —[L—ox(l—B7)] > 0. (46)

and _
a(p —1)

Let us denote the two stationary values of 6, as 0% at S and 0; at U. From (43) and (44), 0% <
07, < 0 is satisfied if and only if

A(B;01,) > 0. (47)

Thus, we arrive at the following lemma.
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Lemma 2. Two steady states, as represented by S and U in Figure 1, exist under (45), (46), and
(47). The steady state S is stable, while U is unstable.

[Figure 1]

Lemma 2 indicates that the ratio of public debt to capital 6, converges to the stable steady-state
value 0% as long as the initial value is 6, < 6;;. Otherwise (the case of 6y > 0};), 6, continues
to grow and eventually violates (43), making fiscal policy with debt financing unsustainable.
Therefore, 0}; represents the maximum ratio of public debt to capital to ensure the sustainability

of public debt. Thus, we obtain the following proposition.

Proposition 1. Public debt is (not) sustainable if the initial debt to capital ratio 0, is smaller

(larger) than 0f;. On sustainable transition paths, 0, converges to the stable steady-state value

0,

The definition of 8, = Bt /K, indicates that the growth in public debt (Btﬂ / Bt) is larger
(smaller) than that in private capital (K, /K;) for the fiscally unsustainable (sustainable) region
0, > 0y, (05 < 6, < 0;,). To see the intuition behind this, in the next section we examine how an

increase in 6, affects the interest rate as well as the growth in capital, GDP, and public debt.

5 Interest rates and growth in capital, GDP, and public debt

We first derive the relationships among the behavior of entrepreneurs z;, the (gross) interest rate
Ry41, and 6. Using (36) and (41) with B, = Bi/R; and 0, = Bt/Kt yields

*_
2y =

{( 8 ) sep(l—on)(1 —a+ay) + 10,
ale

/e
l—op =\ 55580 —op)(l —a+ay) —(1- 57)@} = 2" (05 0k). (48)

Substituting (48) into (33), we obtain

A <¢_1)1—a( 8 )l 251 =) (1 — a +ay) + 90, r
Ry =

©

L—or \ ¢ l—or—A P — o)1 —a+ay) — (1 - B7)0,
= R(0; 0%). (49)

Before examining the effects of 6; on 2*(6;; 0%) and R(6;; 0x), we consider the case without
1

public debt finance, for which 6; = 0 in (48) and (49). We obtain z*(0;0%) = (1 —op — ) %
l—a «

and R(0;01) = % (%) (1 — o — A)” %, both of which are constant. Furthermore, a

decrease (increase) in A\ (i.e., larger (smaller) financial friction) lowers (raises) the interest rate
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R;.1 and increases (reduces) the number of firms, i,e., a decrease (an increase) in zt*.lz This
is because a smaller (larger) A leads to a tighter (looser) credit constraint (see (7)) and makes
borrowing more difficult (easier), i.e., a decrease (increase) in the aggregate demand of credit,
in the financial market. This decreases (increases) the interest rate R;,; and reduces (raises) the
hurdles to becoming an entrepreneur z;.

Next, we examine the effect of 6; on z*(0;; o) and R(0;; o). From (48) and (49), we derive

the following lemma.
Lemma 3. 2¥(0;; 0) > 0 and R'(0;; 01) > 0.

Increases in the public debt to capital ratio 6, raise the interest rate, R'(0;; oy) > 0."* This is be-
cause an increase in government debt increases the issuance of government bonds (see (40)) and
decreases the aggregate supply of credit in the financial market (see (38)). The rise in R(0;; o)
(through an increase in 6;) reduces the number of firms (i.e., an increase in z;) because it raises
the cost of borrowing for entrepreneurs (see (33)). Thus, z*'(0;; oy) > 0. Figure 2(b) shows this
in a numerical example with the reasonable set of parameter values in Table 1 (see Appendix
C for the choice of parameter values), while Figure 2(a) reproduces the dynamic system of 6,
presented in Section 4.

Furthermore, from (44) and (49), we obtain the following relationship between 6; and the

current interest rate R;:

R'(01-1; 0%)

Ry = U(0y;01) and W'(0;;04) = N By o0)
t—1,

> 0, (50)
indicating that the current interest rate R, is increasing in ;. Figure 2(c) shows this relationship
(50) numerically. This result is different from that in previous studies on the growth effect of
public debt (e.g., Brauninger, 2005; Futagami and Konishi, 2023; Saint-Paul, 1992) because
these assume that the interest rate is constant over time because they adopt the standard AK

model without firm heterogeneity and financial frictions.
[Table 1 and Figure 2]

Next, we derive the relationship between 6; and the growth in capital, GDP, and public debt,
shown as K1/ Ky, Yii1/Yy, and By, 1/ By, respectively. Applying (50) to (41) and (42) and using

12This result is in line with Farhi and Tirole (2012), who show that a low pledgeability leads to a low interest rate.

3This result is in line with Bernanke and Gertler (1989), who show that bubbles increase the rate of return on
savings and improve borrowers’ net worth, which crowds in their future investments. Here, bubbles are similar to
an increase in government debt in the sense that they crowd out private investments.
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Yo = fe B (from (31)) and (49), we obtain

Yy Ry
Kt ]- -
= 0a o) = W) |2 =T 80— ok an) - (1= e 61
Bé—:l = gB(Gt; O'k) = W(@t; O'k) [%__10;)6(1 —a+ 057)015_1 + 1 - Uk(l - ﬁ7>:| ) (52)
Y, 1—
S = 65 on) = RiBson) | "6 - 0k an) - (1= 50)8. 53

An increase in the public debt to capital ratio 0; has two opposite effects on g% (6;; 04) and
g¥ (04; o1): (i) the negative growth effect resulting from the crowding-out effect of public debt on
investment (see (39)) and (ii) the positive growth effect owing to a rise in the interest rate. The
positive effect (ii) is called ’the balance sheet effect” by Bernanke and Gertler (1989). The in-
terest rate rises because increases in public debt lead to the greater issuance of public bonds (see
(40)) and decrease the aggregate supply of credit in the financial market (see (38)). A rise in the
interest rate increases output and wages (see (31) and (32)). This is because such an interest rate
rise increases the cost of borrowing for entrepreneurs and reduces the number of firms, which
increases capital intensity and the marginal productivity of capital. The negative effect domi-
nates the positive one in the numerical example in Figure 2(d), indicating that both g% (6;; o)
and g* (0;; o) are decreasing in ;.1

The non-monotonic relationship between the growth in the interest rate R;.;/R; and 6, cre-
ates the disparity between ¢’ (6,; o) and ¢g* (6;; 0% ). Rs.1 is convex in 6, (because so is z; from
Figure 2(b)), while R; is concave in 6; from Figure 2(c), resulting in ¢* (0;; 0%) > (<)g¥ (64; o)
for 0% < 0, < 0;(8, < 0% and 0, > 0f;).

We next examine the relationship between ¢” (04; 01) and 6;. An increase in the public debt
to capital ratio 6, also has two opposite effects on gB(Ht; oy). First, an increase in this ratio
0, raises the interest rate by decreasing the aggregate supply of credit in the financial market
(see (38)). This rise in the interest rate boosts interest payments and gB(Qt; or). Second, an
increase in public debt crowds out private investment. Therefore, the burden of public spending
on investment subsidies o K, shrinks as the ratio of public debt to capital 8, increases, leading
to a reduction in g”(6;; 01,). The negative (positive) effects on g”(6;; 0},) dominate the positive
(negative) effects on ¢ (0;; 0% ) when 0, is small (large), as Figure 2(d) shows.

We summarize these results in the following proposition.

14This result is in line with Hirano and Yanagawa (2017). They show that when the degree of pledgeability \ is
relatively high, bubbles lower growth. In contrast to Hirano and Yanagawa (2017), the positive growth effect cannot
dominate the negative one in this study even when A is relatively low. This is because the crowding-out effect of debt
is stronger in OLG models with finite-lived households than in Ramsey-type models with infinitely lived Ricardian
households. Hirano and Yanagawa (2017) uses a Ramsey-type model.
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Proposition 2. An increase in 0; increases the interest rate and decreases the growth rate of K;
and Y. The non-monotonic relationship between the growth in the interest rate Ry, /R, and 0,
creates the disparity between g™ (0;; o) and g¥ (0; 01,). An increase in 0; decreases the growth

rate of B; when 0, is small, whereas it increases the growth rate of B, when 0, is large.

Finally, we address the values of R(0;; o), 2*(01; 1), W(0;; 0%), g% (045 01.), g (0; 01), and
g2 (0;; 01,) in the stable steady state S. From (44), (48) (with Lemma 2), (49), (50), (51), (52),

and (53), we obtain the following proposition.

Proposition 3. In the steady state S, the interest rate and cutoff value of z take the constant
values of R(0%; 01)(= W (0%; o)) and 2*(0%; 01,) over time. Furthermore, K,, Y;, and B, grow

at the same rate of g(0%; 0r) = g% (0%; o) = g (0%; 01) = gB(0%; o).

Propositions 2 and 3 together with Figure 2 show the reason why fiscal policy with debt

financing is unsustainable (sustainable) for 6, > 6;; (0 < 0, < 0;).

6 Investment subsidies to firms

In this section, we examine the effects of introducing investment subsidies to firms on growth and
fiscal sustainability. In this study, as noted in the Introduction, investment subsidies are financed
through the issuance of public bonds rather than through tax finance as in previous studies (e.g.,
Morimoto, 2018).

From (44), we obtain

ON(Oy; o)

14 Pe(l —a+ay)
80’k

o4=0 [Be(l —a+ay) +alp —1)(1 — B7)6]?

> 0, (54)

indicating that A(6;; oy shifts upward in response to a marginal increase in oy, evaluated at o), =

0, as Figure 3 shows. Thus, we arrive at the following proposition.

Proposition 4. Providing an investment subsidy for entrepreneurs (a) makes public debt less

sustainable and (b) increases the ratio of public debt to capital 0% in the steady state S.
[Figure 3]

Figure 4(a) illustrates the case of an increase in o from 0.01 to 0.04, justifying that increases in
oy (i) make public debt less sustainable and (ii) increase the ratio of public debt to capital 0% in
the steady state S.

Investment subsidies to firms encourage investment by each firm ((18)) and promote eco-

nomic growth g¥ (6;; o},) for 0; as given, which we call the short-run effect of o, on g* (6;; op,).

18



However, investment subsidies also increase the issuance of public bonds and accelerate the ac-
cumulation of public debt gB(Ht; o) for 0, as given, which we call the short-run effect of oy,
on g?(6;; 01). The short-run effect of o, on gZ(6;; 0}) dominates the short-run effect of o, on
g¥ (0y; o1), shifting 0,1 = A(6;; 01) upward; hence, 0% increases, while 65, decreases. Conse-
quently, in the long run, investment subsidies to firms (i) make public debt less sustainable and

(ii) increase the public debt to capital ratio in the steady state .S.
[Figure 4]

Figure 4(b) illustrates the case of an increase in oy, from 0.01 to 0.04, justifying that the short-
run effect of o, on g¥ (6;; 0,) is smaller than the short-run effect of o}, on gZ(6;; 0}). The reason
for the smaller short-run effect of o, on gY(Ht; o) is as follows. First, investment subsidies oy,
lower the barrier to becoming an entrepreneur z* and increase the number of firms with lower
productivity, decreasing aggregate productivity ((33)). Second, the increase in these firms in-
creases aggregate demand for credit in the financial market ((38)) and leads to upward pressure
on the interest rate R, ((49)). An increase in the interest rate raises the cost of repaying public
debt and crowds out private investment ((39)). These two factors have significant negative ef-
fects on economic growth. Thus, the positive direct effect of investment subsidies on economic
growth becomes small. Conversely, the reason for the larger short-run effect of o), on gZ(6;; o},
is attributable to both a direct effect through the increase in oy K, ((40)) and an indirect effect
through the rise in the interest rate ((49)) in the financial market.

Next, we investigate the long-run growth effect of investment subsidies o, in the steady state
S. In the long run, 6% increases as oy, rises (see Proposition 4(b)). As shown in Section 5,
an increase in 6, increases the interest rate R(0%; o)) and decreases the growth rates of K; and
Y, (recall Proposition 2). Keeping this in mind, we calculate the long-run growth effect of an
increase in oy, evaluated at o, = 0. Using (53), and noting that 8% = 0 for 0, = 0 and that

dlngY (8%;0k 1 agY (0%;0%

) _ ) :
oy, |0'k:0 = 9V (0500 Do ]Ukzg, we obtain

B (5 ) + (1= B1) 5 oo 55)
or=0 ﬁj% (1?706 +’Y)

81ngy(9§; o)
80k

_ 0InR(0; o)
n (‘%k

or=0

From (44) and since 6% = 0 for o}, = 0, we obtain

* £ (l=a 4
o) __J “"‘11(;” ) > 0. (56)
00k gm0 B (F52+7) — 1

ere, note that §—2 (=2 + ) — 1 > 0 from Condition . Furthermore, from and the
H h ﬁ@‘pl =2 1 > 0 from Condition (45). Furth f (49) and th
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fact that 05 = 0 for o, = 0, we obtain

00’%
O R (0% 1 9o, 194
OmROgor)|  _ o 1 o fokl'_’;o > 0. (57)
day, 0 pl=X 0B 5 (5 +7)

Substituting (56) and (57) into (55) yields the following proposition.

Proposition 5. Introducing investment subsidies to firms increases (decreases) long-run growth
91n g¥ (0%; 01) / 00k |0y =0 > (<)0 if and only if

a 1 _ 1—57—3
pl=X B (52 +9)

—> (<)0. (58)

Investment subsidies encourage investment and increase the marginal productivity of capital
((57)). This works positively for economic growth, as shown in the first term of (58). However,
an increase in #; decreases the growth rate of gY(Hg; o) (Proposition 2), as shown in the second
term of (58). The former positive growth effect of o}, becomes stronger when the financial market
is more perfect () is larger) by (18) and (49). This is because a larger A leads to a looser credit
constraint (see (7)) and makes borrowing easier (i.e., an increase in the aggregate demand of
credit) in the financial market. This increases the interest rate R(0%; o). Accordingly, condition
(58) shows that when the financial market is close to perfect, A ~ 1, the positive growth effects
dominate the negative ones. By contrast, when the financial market is somewhat imperfect (\ is
low), the negative growth effects dominate the positive ones. This is because a smaller A\ makes
borrowing more difficult (i.e., a decrease in the aggregate demand of credit) in the financial market
and decreases the interest rate R(0%; o). Thus, investment subsidies financed by public debt oy,
decrease (increase) long-run economic growth when A is not so large (very large). Figure 5 uses
a numerical exercise to show that gY(Qg; o)) is decreasing (increasing) in oy in wide ranges of
A (in the case of 0.9), allowing us to check the result of Proposition 5. Interestingly, we find an
inverted U-shaped relationship between o, and growth when o, = 0.8, as shown on the LHS
of Figure 5, yielding the growth-maximizing subsidy rate o$'*.!> These results advocate that
investment subsidies should not be financed by public debt unless the financial market is not so

perfect.

[Figure 5]

SThis is also likely to happen when ) is around 0.80 and 0.85. Moreover, we find that when ) is larger, so is

GM
O .
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7 Investment subsidies financed through tax increases

The previous section showed that investment subsidies fully financed by public debt issuance
hinder economic growth when A is not so large (i.e., the financial market is not so perfect). The
main purpose of this section is to incorporate income tax and show that investment subsidies
financed by appropriate increases in income tax can enhance economic growth. Furthermore, we
derive numerically how large tax increases associating with a rise in the investment subsidy rate
o}, are necessary to ensure the positive growth effects of investment subsidies.

We first extend our analyses by incorporating income tax. The government issues public
bonds (¢;B;11) and collects income tax revenue (7}) to finance investment subsidies and repay
its debt. Specifically, the government imposes a flat rate of tax 7 € (0,1) on wage income,
the profits of active entrepreneurs, and the asset income of lenders. Therefore, the government

budget constraints are given by

[e.9]

@By + 1T, = By + Uk/ kip1dF (2), (59)

.
2t

tht + / 7TtdF<Zt_1) + Rt/ - (lt—l -+ qt_lbt)dF(zt_l) . (60)
z 1

*
t—1

Ti=r

Appendix D fully explains this extension of the model. We select the cases of A = 0.6,0.7 and
0.8 without changing the other parameter values and calculate a marginal increase in the tax rate
from 7 = 0 in response to a subsidy increase for each value of oy, to ensure the positive growth
effects of 0. Here, recall that the growth effect of o is always negative when A = 0.6 and 0.7,
while it exhibits an inverted U-shape when A = 0.8 if investment subsidies are financed entirely
by public debt.

The results in Table 2 show the following. Considering a marginal increase in the tax rate
from 7 = 0 in response to a subsidy increase: d7/doy, we find that the growth effect of o, turns
positive, dg¥ (0%; ok, 7)/dok|—o > 0, if and only if d7/doy|,—¢ is higher than the value in Table
2 for each value of 0. In the case of A = 0.8, a marginal increase in the tax rate in response
to a subsidy increase d7/doy|,—¢ takes negative values for low values of o}, because the growth
effects of 0, even without tax increases are already positive for these values of o, (as we have seen
previously) and no tax increases are necessary. The results here together with those presented in
Section 6 indicate that increases in investment subsidies should be financed not only by issuing
public bonds, but also through tax increases when A is not so large (i.e., the financial market is

not so perfect).

[Table 2]
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The positive effects of income tax on growth are attributed to the following (see Appendix D
for more details). In the short run, increases in income tax have a distortionary effect on growth,
while they also reduce the issuance of public bonds, decrease the crowding-out effect of public
debt on capital accumulation, and promote economic growth. The latter effects dominate the
former, resulting in an overall positive impact on growth. Additionally, increases in income tax
have a distortionary effect on capital accumulation, which decreases demand for credit in the
financial market and lowers interest rates. Lower interest rates decrease borrowing costs and
increase the number of active entrepreneurs, which decreases capital intensity and negatively
affects growth.

In the long run, increases in income tax rates boost tax revenue and can reduce the issuance
of public bonds, thereby lowering the ratio of public debt to capital 6. This reduces the costs of
repaying public debt and issuing new public bonds, which crowds in capital accumulation and
enhances economic growth. A lower 0% also decreases the interest rate 7@() because it reduces
the costs of repaying public debt and issuing new bonds, increasing the aggregate supply of credit
in the financial market. This, in turn, increases the entry of firms, decreases capital intensity, and
negatively affects economic growth.

The positive short- and long-run effects on growth outweigh the negative ones. Therefore,

the overall effect of income tax on growth is positive.

8 Conclusion

This study examines the effect of public debt on growth, interest rates, and fiscal sustainability
using a simple endogenous growth model with financial frictions and firm heterogeneity. An
increase in public debt leads to higher real interest rates through financial markets increase the
cost of repaying public debt, and reduce private investment, leading to lower long-run growth.
Thus, large public debt is less sustainable. This study also examines the effect of investment
subsidies financed by public debt and finds that they hamper economic growth in the long run
unless the credit market is close to perfect. Therefore, increases in investment subsidies should
be financed not only by issuing public bonds, but also through tax increases. This is an important
policy implication for many developed countries that have increased investment subsidies while

relying heavily on public debt for fiscal management.
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Appendices

A Proof of Uf = U} for z;; = 2;

Let us denote the items (¢, ¢;71, 21,1, %1, ki1, Yi41), and j € {e, [} of households whose pro-
ductivity is z; as (¢{”,¢;7,, &7, 1%, kiy1, Yi1), respectively. First, consider the case in which
households with z; ; = z; become entrepreneurs.

Substituting d; ; = Ak; ;41 and (18) into (4) yields
&l = (1= B)(we + 7y), (A.1)
while inserting (16) and (17) into (5) yields

ey = (1 =) (i1 — ARig1kigsr) (A.2)

1—

From (14), 3,41 = Az ke [%} o Substituting (15) into this, we obtain g, = (1 —

ak)RtH/%tH. Hence, (A.2) can be rewritten as

&t =1 =71 —or — N Ri1kigs
= B(1 = v) Ry (wy + Ty), (A.3)

where we use (18). Substituting ;41 = (1 — 01) Ry41k.41 and (17) into (16), we obtain
ii',;_l = 67Rt+1 (U)t + .i't) (A4)

Second, consider the case in which households with z;; = z; become lenders. Substituting
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(21), (22), and (23) into (19) and (20), we obtain

& = (1 B)(w, +Zy), (A.5)
&ty = B(1 =) Resi(wy + 7). (A.6)
From (22) and (23), we obtain
Ty 1 = By Re(we + 7). (A7)
Owing to & = ¢/}, &, = c{!1, and 75, = 7}, and (3), U = U/ holds for z;; = z;.

B Derivations of (34), (35), and (37)

First, (34) is derived by aggregating (18) as

/Z  hdF(2) /1 ARG = / OO dF(2) [wt /1 AR (s) + /1 N xtdF(ztl)] ,

t

and using (27) and (32), and X; = floo 2 dF(z1).
Next, we derive (35). From (16) and (17), we obtain z7,,, = Y(yiri1 — ReyiAkii1)-
Aggregating this using (27) and (31), we obtain

0 1—o0
/* TidF (20) = (% - )\) Riy1Kiq1. (B.1)

t

Next, aggregating xé,t 41 in (23) leads to
/:t* xinF(zt) =7 [RtH /:t* LdF (z) + /12: thdF(zt)} .
This, together with (2), (25), and (28), yields
/1 § 2h 1 dF (z) = (R i AK 1 + Biy). (B.2)

Associating X; = [Ca,1dF(z) = [F ol dF(z) + [2 a%,,dF(z) with (33), (B.1), and
(B.2) yields

1—0
Xey1 =7 {%Rtﬂf(tﬂ + By - (B.3)
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Thus, we obtain (35).
Finally, we derive (37). By aggregating (22) as

[/1; ztdF(zt)+/lz: qtbmdp(zt)] /100dF(zt_1)

=4 /1 CdF(z) {wt /1 dF (2i-1) + /1 xtdF(zt_l)}, (B.4)

and substituting (25), (32), and X; = floo x1dF(z_1) into (B.4), we obtain (37).

C Choice of the parameter values for the numerical example

We set 3 = 0.3 because the discount factor should be 3/(1 — 3) = 0.97%° & 0.4. The parameter
ais set to 0.4, which is near the average values of the United States (US) (o« = 0.35), the EU (o =
0.38), and Japan (o = 0.38).!® We select the value of v to satisfy v = /3 as the benchmark. The
scale parameter A = 5 yields positive plausible values for the long-run growth rates, as shown in
Figures 2, 4, and 5. We select A = 0.7 so that the degree of financial market imperfection serves
as the benchmark case. Finally, following Diamond and Saez (2011), Jaimovich and Rebelo
(2017), and Mino (2015), we set ¢ = 1.5. This choice of ¢ suggests that the right tail of the
income distribution implied by the model is the same as that estimated by Diamond and Saez
(2011) for the US economy.

D Investment subsidies financed by public debt and income tax
Entrepreneurs’ budget constraints with a constant income tax rate 7 are given by

= (1 = 1)whi + x4 + opkey1 — auya, ag1 = kg1 — dy, (D.1)

i =10 —71)m — oy, with (6). (D.2)

16See Trabandt and Uhlig (2011) for the values of the United States and the EU, and Hansen and Imrohoroglu
(2016) for the value of Japan.
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The FOC with respect to n.;1 is given by (8) and those with respect to d; and k;,, are replaced

by
1-— 1-— 1—-7)R
dt; y,eﬂ = 5( Fy)(o,e T) = + ﬂt7 (D3)
Ct Cet1
1-— l1—-0 1—9)(1—-7)0r .
b P00 POZUm ) O (D.4)
Ct Cii1 Ok 41
fiu(Akigp1 —di) =0, fiy >0, Ay —dy >0, (D.5)
iy Bl =) —7) alye+1/ki1) ;(1 - Uk)Rt—H. (D.6)
1—o0p—A Ciir

Note that (13), (14), and (15) remain unchanged. Maximizing utility with respect to z7 ; yields

Ti =1 = 7)mpa {D. 7
From (D.1), (D.2), (D.3), (D.6), (D.7), (17) and d; = Ak, 1, we obtain

p

kt+1 =
The budget constraints of lenders with a balanced budget and without public debt are

= (1= )+ x — b — @i, (D.9)
Cg_ﬁl = (1 - T) (Rt-‘rllt + bt+1) — $i+1. (DIO)

The FOCs of the lenders with respect to /; + ¢;b;.1 and xé 41 Tesultin

lt + tht+1 = /6 [(]_ — T)wt + l't] s (Dll)
lef+1 =5(1 = 7)(Rigaly + bisa). (D.12)

The equations (27) to (33) remain unchanged. Aggregating (D.8) and using (32), we obtain

B . o(1 — o)

Ky = m(%)_@ [04(90 —1)

(1—a)(1—7)RK, + X, | . (D.13)

From (D.7) and (17), we obtain x7, | = (1 — 7)[oy41 — Rep1 kiy1]. Aggregating this using
(27) and (31), we obtain

* l—0o
/* Ty dF (2) = (%7(80—_110 - )‘) (1= 7)Re1 K. (D.14)

t
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Next, aggregating xi 41 in (D.12) with (2), (25), and (28), we obtain
2y l B
/ 2 dF(2) = /(1 = 7)(Res Aot + Bisy)- (D.15)
1

Associating X, = flzt* wh dF(z) + fzoto ¢, dF (z) with (33), Biyy = @By, Riy1 = 1/qs,
(D.14), and (D.15) yields

1—0 ~
Xoor = (1 = 7)Ripa {“0( — 1’“)Kt+1 n BM} . (D.16)
From (D.13) and (D.16), we obtain
B(l—rT o 1—0 -
Kt+1 = ﬁ(%) ¥ H(l — o+ Oé’)/)Rth + rthBt . (D17)

Aggregating (D.11) and using (32), (25), Bi41 = ¢, By+1, and Ryy; = 1/¢q;, we obtain
% -« ~
/ LdF(z) = B [1— ()% {Qu —T)R K, + Xt] — Bij1. (D.18)
1 a(p —1)

Substituting (28) and (D.16) into (D.18), we obtain

1— . .
>\Kt+1 = B []. — (ZZ‘)—S@] {%(1 — o+ Oé’)/)(l - T)Rth + ’}/Bt:| - Bt+1. (D19)
From (D.17) and (D.19), we obtain
1 — . .
(1 - 0p)Kpr = B(1 — 7)R, [if((p——alk))(l —a+ayK, + »th} — By, (D.20)

Substituting (17) and (29) into (60), we obtain

T, =T [wt + Oz/ YedF(z41) — Rt)‘/ kidF (2-1)

* *
t—1 Zt—1

+ R /  L1dF(z1) + @ / - btdF(zt_l)]. (D.21)
1 1

Substituting (25) with BtJrl = tht and RtJr]_ = 1/%, (28), fol fzt_1>z* ) k@tdF(Zt,l)dZ. = Kt,
Jo Jori5es UiadF (21)di = Y; with (31), and (32) into (D.21), we obtain

p(1
a(p

O'k)

TFT{ N

R.K; + Rtét} : (D.22)
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Substituting (27) and (D.22) into (59) and using Bt+1 = ¢;By and R;; = 1/q;, we obtain

~ ~ 1
Bign=RB —71 [%Rt[(t + RtBt} + op Kyt (D.23)

From (D.20) and (D.23), we obtain

Ky p(1 —ox) p(1 — o)
=R|———pB1 —7)(1— ——(1—=7)(1—-pv)é D.24
o= R0 - ek + 72T - e, @24
B
= =R {akﬁa ~ ) {0 - a st an)g 4y} (L= o) {1 -7 - rEEer }}
t
(D.25)
To ensure the positive growth in capital K, 1/K; > 0, we assume
(1—0)
b < = o BA =)l —a+ay)+7] D.26)

(L=7)(1—=p7)
From (D.24) and (D.25), we obtain

(1—oy) (l—T)Gt—T“’((l—U’“) + o1 B(1 —71) %(1—@—1—@7)%—76@

S B0 - )1 - o+ ay) + 8 = (1= 1) (1= B)0,
e [am —7)(1—a+ay) = (1= oy + (1= 7)(1 - o + okyB)y
22 [B(1—7)(1—a+ay) +7] = (1=7)(1— B7)6;

A(6y; o3, 7). (D.27)

9t+1 =

From (D.27), we obtain the following lemma.

Lemma 4. Two steady states, S and U, as shown in Lemma 2, exist under the following condi-

tions:
(- D=l - - S0 -a ey + 1) 2
> 4(1—7)(1 - BW% [o1B8(1 —7)(1 —a+ay) — (1 — op)7], (D.28)
A —ar et} > (=D -a-p)k D)
NG (D.30)
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From (D.17) and (D.24), we obtain

z; = ( B —17) ) ﬁ(l—ak)(l—a—l—ow)_kyet /e
: L—op—A) & (31— 1)1 —a+ay)+7] — (1—7)(1— B7)0;

a(e—1)

= 2%(0y; 0%, 7). (D.31)

Substituting (D.31) into (33) yields

R aA p—1 1o B(l—T) 7
t+1_1—ak © 1—0,— A

(1= o)1 — a+av) + 16, ¢
2o [5(1 —7)(1— a +ay) +7] — (1 - 7)(1— 376,
= R(0;; 0%, 7). (D.32)

From (D.31) and (D.32), we obtain the same properties as in Lemma 3 in the benchmark model.
Lemma 5. ¥ (0;; 04, 7) > 0 and R/ (0;; 03, 7) > 0.

Substituting (D.32) into (D.24), we obtain the following growth rate of GDP at the steady

state:
Yl _ .y ( K _ g )
= 0,01, 7) | = = 05; 0k, T
Y, g (05501, 7) K, g ( §; 0k, T)
= R(0%; 0%, T) {@g((l;_”f)) Bl—1)1—a+ay)+7]— (1 —7)1—By)05]. (D.33)

Before proceeding, considering the balanced budget case that does not incorporate government
bonds (B, = 0 for any period) helps explain the effects on economic growth when investment
subsidies are funded through tax increases. Applying B, = 0 (or 6, = 0) for any ¢ > 0 induces
(D.23) and (D.24) into

1 _
PP bk, — o, (D.34)
alp —1)
K ¥
= 1— 1—-7)R D.35
Kt BO&(QD—l)( CY—l-Oé")/)( T) (2] ( )

both of which lead to

S for(l — a+ ay)
1 — oy + Box(l —a+ay)

(D.36)
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l—og

o aA o—1 - B(1 —oy) 7

Rt_R_l—%( %) > (m ’
Yi _ BA e \° l—a+ay B(1 — o) ;
Y; l—op,\p—1) 1—01-B1—-a+ay)]\1—0or—X/) ’

where we use (D.36) to derive the long-run growth rate. As ¢ > 1, (Y;41/Y;)/0ox > 0 for all

Because (D.31) isreduced to z; = 2* = (5(1 7k > , (D.32) and (D.33) become

o > 0. Therefore, investment subsidies fully financed by income tax enhance economic growth.
Even with public debt, the increase in o, with income tax financing enhances economic growth.

To see this, we return to the original topic. The total differentials of (D.33), (D.32), and
(D.27) are given by

9" () 99" (+) a9 (+) 99" (+)

Y *

dg* = s L AR + 5 ——2dt + o, doy, + a0 doy, (D.37)
. OR() IR(-) OR() .

dR = - 2 dr + o doy, + 50 oz, (D.38)
* 895

doy = 5. 47 aakdak (D.39)

Substituting (D.38) and (D.39) into (D.37), we obtain

~Y (. ~Y (. S5 (. ~Y (. * ~Y (. 5 *
o (%00 0RO i 0w 0" () R 063
or OR Ot 00 or OR 00% OT
aAY . Y (. > . AY (. 9% Y (. > 0%
(970, 97 ORE) | 95 () ovs | 95" () R oe

-~

(=)

(D.40)

.

The second term on the LHS of (D.40) is negative because we consider the case in which dg¥ (+) /do}, <
0 for dr = 0. Thus, dg* () /doy, > 0 if and only if

93¥ () | 93V () IR() §Y () 905 | 93¥ () oR 905
dr (%Uk + %7% Oo, + 89 9oy, + 8R 0% 8ok
do - 9G¥ () |, 93¥()a ( ) 3 () 00% 0" () oR 905 (D.41)
' o TR +° o7, or + 93 o5 o7

since the denominator on the RHS (the growth effects of income tax) takes a positive value for
any A numerically. (D.41) indicates that a marginal increase in the tax rate in response to a
subsidy increase d7/doy must be larger than the the value in the RHS to ensure the positive

growth effect of income tax rate. To see more, we divide the growth effects of income tax into the
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short-run effects 2 ( ) + 8gy( ) IR() and the long-run effects (through changes in 6%) 96> () 9 5 TS +

a 907
83> () aR 995
IR a0g or -
In the short run, % () > 0 from (D.43), whereas 897 () OR() < 0 from (D.42) and (D.48).

oR  Or
The reasons for this are as follows. First, increases in income tax have a distortionary effect on

growth, while they also reduce the issuance of public bonds, decrease the crowding-out effect of

public debt on capital accumulation, and promote economic growth. The latter effects dominate

AY . . . . . .
the former, leading to 898—7() > (. Second, increases in income tax have a distortionary effect

on capital accumulation, which decreases demand for credit in the financial market and lowers

interest rates. Lower interest rates decrease borrowing costs and increase the number of active

25" () 8R(
R or
< 0 from (D.45) and 2 5 < 0 numerically) and

entrepreneurs, which decreases capltal 1nten51ty and negatively affects growth 5 < 0.

99¥ (-) 095
In the long run, 0% 5= > 0( 30*

WLREE < 0 (L4 > 0 from (D.42) and (D.47), and 5= < 0 numerically). The

reasons for this are as follows. First, an increase in the income tax rate boosts tax revenue and

can reduce the issuance of public bonds, which lowers the ratio of public debt to capital 6%.
This reduction in 6% decreases the costs of repaying public debt and issuing new public bonds,
thereby crowding in capital accumulation and enhancing economic growth. Second, a lower 0%
decreases the interest rate 7@() because it reduces both the costs of repaying public debt and the
issuance of new public bonds, increasing the aggregate supply of credit in the financial market.
This increase in the supply of credit promotes the entry of firms, decreases capital intensity, and
lowers economic growth.

The positive short- and long-run effects on growth dominate the negative ones. Therefore,
the total effect of income tax on growth is positive.

The remainder of this appendix provides the partial derivatives that consist of (D.41). First,
from (D.33), we obtain

09" () _ e(1 — o)

~

oR  alp—1)

B —7)1—a+ay)+71]—(1—7)(1—pv)05 >0 by (D.26),

(D.42)

aAY R 1—

98: ) _ R(03;00,7) —i(((p _"1’“)) (1B —a+ay)+ (1 - p7)85| >0, (D43)
9aY (. .

ggi ) — _—a(¢(p— 1)73(.9;; o, T[T+ (1 —7)(1—a+ay)] <0, (D.44)

Y
99" () =(1- T)?é(eg;ak,T)(l — By) > 0. (D.45)

00%
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Second, from (D.32), we obtain

31117%(-) a Y
00 © <P((1SD Uk)) (1—a+ ay) +0%
a (1—7)(1—5v)
+ — o0 — (D.46)
e A2 [8(1—7)(1—a+ay) + 7] — (L—7)(1 - B7)05
Because of 613973 0 - % 9* ) and (D.46), we obtain

A

3RS) _ Qﬁ(eg;akﬁ) (1—op) ’
0% ® ag-n (L -t ar) +105
) (1—7)(1— By)

> (0 by (D.26).
Ao (51— r)(1 - a+a7) + 7 (1-)(1 - Wé] '

(D.47)

Similarly, we have

IR(- Qs
87(> = —;R(@S;akﬁ)
X[ - Ao (1 - B(1— o+ ay)) + (1 — B)65 ]<0by(m6)
L—7 2 31— 7)1 —a+ay)+ 7] — (1-7)(1 - $7)0%
(D.48)
. (1—0g)
: . 1 1 o (l—atay
a§(>:R(9§;ak,7)[1 _|_E1 5 O‘W(l JES? )( ) *
Ok —0r pl—op— Yo (L —a+ay) +985
T+ (1= 7)1 —a+ay)
+a¢uo) (p=1) . (D.49)
o BA=T)1—at+ay)+7]—(1-7)(1—p7)0
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Finally, from (D.27), we obtain

005  O(0%; 0%, 7) 005 Y(0g 0k, 7)
or QO%; 0, 7)  Ooy N QO%; 0k, 7)

o(1 —ox) .
alp—1) Bl—-7)1—-a+ay)+7]+(1—7)(1—p7)0

+ (=7 = ol =5y,

003017 = 05 | PL7 (1 51—t am)) £ (1 - B1)05] + 11— on(1 — B0

(D.50)

Q(e,g? Ok, T) = -

ap —1)
+ Aot 51—+ ao)]
Y3007 = — sl + (L= (L= @) + (L= 7)(1L = A6
g o) @ A — 2001 — a t
28 (- D)1= 20 (1 - )
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Table 1: The benchmark numerical settings of the parameters

Benchmark Source
o 0.4 Average velues of the US, the EU, and Japan
B 0.3 B/(1—B)=0.97%
Y 0.3 B=n~
%) 1.5 Diamond and Saez (2011), Jaimovich and Rebelo (2017), and Mino (2015)
A 0.7 Set
A 5 Set to yield positive plausible values for the long-run growth rates
oy 0.01 Set

Table 2: The magnitude of tax increases relative to investment subsidy increases for
dg¥ (+)/doy, > 0

A=0.8
o8 0 0.01 0.02 0.03 0.04 0.05
dr/dog|,—o —0.0411 —0.0282 —0.0120 0.0091 0.0375 0.0806
A=0.7
o8 0 0.01 0.02 0.03 0.04 0.05
dr /do| =0 0.0207  0.0328 0.0471 0.0646 0.0865 0.1174
A=0.6
o 0 0.01 0.02 0.03 0.04 0.05

dr /dok| =0 0.0515  0.0625  0.0750 0.0900 0.1083 0.1332
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Figure 2: 0t+1 = A(0t7 O-k), Rt = \Il(eh Jk)a Z(Qta Uk)’ gK(0t7 O-k)a gB(gta O-k)a and gy(eta O-k) in
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