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Abstract

We consider the investor who doesn’t trade shares of his portfolio. The investor only observes
the current trades made in the market with his securities to estimate the current return, variance,
and risks of his unchanged portfolio. We show how the time series of consecutive trades made
in the market with the securities of the portfolio can determine the time series that model the
trades with the portfolio as with a single security. That establishes the equal description of the
market-based variance of the securities and of the portfolio composed of these securities that
account for the fluctuations of the volumes of the consecutive trades. We show that
Markowitz’s (1952) variance describes only the approximation when all volumes of the
consecutive trades with securities are assumed constant. The market-based variance depends
on the coefficient of variation of fluctuations of volumes of trades. To emphasize this
dependence and to estimate possible deviation from Markowitz variance, we derive the Taylor
series of the market-based variance up to the 2" term by the coefficient of variation, taking
Markowitz variance as a zero approximation. We consider three limiting cases with low and
high fluctuations of the portfolio returns, and with a zero covariance of trade values and
volumes and show that the impact of the coefficient of variation of trade volume fluctuations
can cause Markowitz’s assessment to highly undervalue or overestimate the market-based
variance of the portfolio. Incorrect assessments of the variances of securities and of the
portfolio cause wrong risk estimates, disturb optimal portfolio selection, and result in
unexpected losses. The major investors, portfolio managers, and developers of macroeconomic
models like BlackRock, JP Morgan, and the U.S. Fed should use market-based variance to

adjust their predictions to the randomness of market trades.
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1. Introduction
The variances of market securities and the variance of the portfolio composed of these
securities measure the risks investors are taking. The dependence of the portfolio variance on
the variances of its securities determines the heart of the matter for optimal portfolio selection.
The accurate valuation of the portfolio variance that accounts for the randomness of current
financial markets is the main challenge for the investors and portfolio managers. This paper
investigates only the portfolio variance and doesn’t consider any portfolio selection problems.
Markowitz (1952) derived the portfolio variance Ou(%,79) (1.2) as the quadratic form in
variables Xj(ty) of relative amounts invested into the securities with the coefficients equal to
the covariances Gji(t,t9) (1.3) of securities returns. The mean return R(z,19) (1.1) at current time

t of the portfolio that was composed at time 7y in the past of j=1,.. J securities, takes the form:
R(t,t0) = T_ Ri(t, to) X;(t) (1.1)
The functions R;(t,ty) denote the average returns of the security j at current time ¢ with respect
to time #y in the past. The variables Xj(zp) in (1.1) denote the relative amounts invested into
security j at time #9. Markowitz described the variance Ou(%,19) (1.2) of the portfolio as:
Ou(t ty) = 25,;(:1 0k (t, o) Xj(to) Xy (£o) (1.2)
The functions 6j(t,19) (1.3) denote the covariance between securities j and k of the portfolio:
0jic (¢, to) = E[(R;(ti, to) — E[R;(tu, to)]) (Ri(ti to) — E[Ri(ti, t)D]  (1.3)
We reconsider the derivation of the portfolio variance and show that Markowitz variance
Ou(t,tg) (1.2) describes the approximation when all volumes of consecutive trades with all
securities of the portfolio are assumed constant during the averaging interval. The time series
of constant trade volumes have zero coefficients of variation. One should consider Markowitz
variance as an approximation valid for zero coefficient of variation of trade volumes. We recall
that the coefficient of variation equals the ratio of the standard deviation of a random variable
to its average value.
However, the financial markets reveal high fluctuations in the volumes of the consecutive
trades with market securities, and that results in a positive coefficient of variation. To account
for the impact of fluctuations of the volumes of consecutive trades with securities, we derive
the market-based portfolio variance O(%,79) and its dependence on the coefficient of variation
of the volumes of consecutive trades. That defines the difference from Markowitz variance
Ou(ttg) (1.2), which describes the case with zero coefficient of variation.
To evaluate the difference between the values of market-based variance ©(%,1y), which accounts

for the random trade volumes, and Markowitz variance Ou(t,t9) (1.2), which ignores them, we



derive the Taylor series of the market-based variance up to the 2" term by the coefficient of
variation of trade volumes and take Markowitz variance Ou(?,79) (1.2) as a zero approximation.
To describe the market-based variance of the portfolio, we consider the investor who collected
his portfolio of j=1,..J securities in the past at time 7y, and since then has held his portfolio and
not traded his shares. However, the investor is interested in current assessments of returns,
variance, and risks he takes with his portfolio. To satisfy his curiosity, the investor observes
the market trades with the securities of his portfolio that were made currently in the market
during the averaging interval. We show how the investor should transform the time series of
the observed trades that were made in the market with the securities of his portfolio to derive
the time series, which model the trades with his portfolio as with a single security. The time
series of trades with the portfolio describe its return and variance exactly the same as the time
series of trades with any security describe its return and variance. We highlight that we derive
the equal description of return and variance of any market security and of the portfolio. The
Taylor series equally describe the dependence of the market-based variance of the portfolio
and of each market security on their coefficients of variation of their trade volumes.

We show how the dependence of the time series of trades with the portfolio on the time series
of trades with its securities determine the decomposition of the portfolio variance by its
securities. We show that if one assumes that the volumes of the consecutive trades with all
securities are constant during the averaging interval, the decomposition of the portfolio
variance O(t,t9) coincides with Markowitz’s expression @p(t,tp) (1.2).

While the portfolio theory has been developed a lot since 1952 (Markowitz, 1991; Rubinstein,
2002; Boyd et al., 2024), the expression of the portfolio variance Oum(t,¢9) (1.2) remains the
same. We restudy only this particular issue and don’t consider no problems for optimal
portfolio selection. The only needed reference is Markowitz’s (1952) famous study.
However, we should mention studies (Tauchen and Pitts, 1983; Karpoft, 1986; 1987; Lo and
Wang, 2001; Goyenko et al., 2024) and references therein that investigate the price-volume
relation. We underline that our description of the market-based variance that accounts for the
impact of fluctuations of the volumes of consecutive trades has nothing in common with the
above models. We highlight this to avoid possible hasty, and wrong comments that our research
has its roots in these studies. That is not so.

In Section 2, we show how one should transform the time series of trades with the securities of
the portfolio to derive the time series, which model the trades with the portfolio as with a single
security. In Section 3, we discuss Taylor series of market-based variance. In Section 4, we

discuss three cases that display when Markowitz’s expression Ou(?,9) (1.2) can undervalue or



overestimate the market-based variance ©O(7f)) that dependend on the variance on the
coefficient of variation of the volumes of consecutive trades. The major investors, portfolio
managers, and the developers of macroeconomic models, such as BlackRock, JPMorgan, and
the U.S Fed., should keep that in mind. The Conclusion is in Section 5. App. A gives a brief
derivation of market-based variance. In App. B, we derive the Taylor series of the portfolio
variance and take Markowitz variance @u(t,79) (1.2) as a zero approximation. We consider three
cases that illustrate when Markowitz expression Ou(t,¢9) (1.2) may overvalue or underestimate
the market-based variance O(7,79). In App. C we derive the Taylor series of the decomposition

of the portfolio variance by its securities.

2. How can market trades with securities model trades with portfolio?

The time series of market trades with a security determine its return and variance. However, it
is common to believe that the investor who holds his portfolio of j=1,..J securities and doesn’t
trade his shares should know the returns and covariances of returns of all securities of his
portfolio to assess the return and the variance of his portfolio. We show that the investor can
avoid that and directly calculate the return and the variance of his portfolio using the time series
that model the current trades with his portfolio as with a single market security.
2.1 Time series of trades with securities
We consider the investor who at time 7y in the past collected his portfolio of j=1,..J securities
and since then doesn’t trade his shares. We assume that at time #y, each security j of the portfolio
had Uj(ty) shares of the value Cj(ty) and price p;(ty) that obey trivial equations:

Gi(to) =pj)U;(te) 5 j=1..] (2.1)
All prices are adjusted to current time z. We denote Wx(ty) (2.2) the total number of all shares
of all securities in the portfolio with the total value Ox(#y) (2.2) of the portfolio at time #y.

Qx(te) =%, Gi(to) 5 Wiy(to) = -, Uj(to) (22)
The total value Ox(#y) and the total number of shares Wx(%y) of the portfolio determine the price
S(tg) (2.3) per share of the portfolio at 7. From (2.2; 2.3), obtain:

Uj(to)

Qs(to) = s(t)Ws(to) ; s(to) = Zf:l p;(to) x(ty) ; xj(ty) = Weto) (2.3)

The functions x;(#9) denote the relative numbers of the shares Uj(ty) of security j in the total
number of shares Ws(ty) of the portfolio.
The investor at the current time ¢ observes the time series of trades that were made in the market

with the securities of his portfolio during the averaging interval. For each security j=1,..J, we



denote the trade volumes Uj(t;), values Cj(t;), and prices pj(t;) at time ¢; during the averaging
interval, which follow equations (2.4):

Gt) =p;i(QU;(t) 5 j=1,..] (2.4)
We recall that (2.4) describes the trades with shares of the securities j=1,../J that are currently
made in the market. However, the shares of the portfolio (2.1-2.3) are not traded, and their
numbers in the portfolio don’t change. For convenience, we assume that the trades with all
securities j of the portfolio are made at #; with a small constant time span £ between the trades,
so ti+;=tite& If so, any averaging interval A4 (2.5) at the current time ¢ contains only a finite

number N of trades with each security J:
p=le-%e+3| 5 teA s i=1L.N ; N-e=A (2.5)

2.2 Time series of trades with the portfolio

The simple equations (2.4) that define the prices pj(t;) of securities j=1,..J have the important
attribute: the changes of the scale 4 of the values Cj(#;) and volumes Uj(t;) of trades don’t change
the price pj(t;) and its statistical properties. We use this, and for each security j=1,2,..J of the
portfolio, choose the scale 4; (2.6) that equals the ratio of the number of shares Uj(zy) (2.1) of
security j in the portfolio at time #y to the current total volume of trades Uz;(z) (2.7) with security

Jj that were made in the market at current time ¢ during 4 (2.5):

L Uj(to)
T ug®

(2.6)

We denote the total value Cs;(2) and the total volume Us;(2) (2.7) of current trades with security
Jj that were made in the market during 4 (2.5).

Coi(®) =X, CGt)=N-C @) ; Ug() = XL, U;(t) =N-U; (©); j=1,..] (2.7
In (2.7), Cj(t) denotes the current average value and the average volume Uj(?) of market trades
made with security j during 4 (2.5). We define the normalized values ¢;(%;) and volumes u;(%;)

of trades at time #; with securities j

¢i(t) =4 - G(t) ; u;(t;) = 4 - U;(ty) (2.8)
The change of scales (2.8) transforms the equations (2.4) into (2.9):
¢i(ty) =p;(t) wi(t) or A+ C(t) =pj(t) 4 - Ui(t) (2.9)

It is obvious that for constant 4; (2.6), the properties of price p;(#;) of security j that are
determined by both equations (2.9) are the same. From (2.7; 2.8; 2.9), obtain that the total
normalized volumes us;(?) (2.10) and average normalized volumes u;(?) (2.10) of trades with

each security j during 4 (2.5) exactly equals its number of shares Uj(?y) (2.1) in the portfolio:



Ul Uty = Uj(ty) (2.10)

Uz () =t

usi(t) = XL, u;(t) = N-w; () =
Thus, for each security j, during 4 (2.5), the time series of the normalized values c;(#;) and
volumes uj(#;) (2.8) describe the trades with the total volumes us(z) (2.10) that are precisely
equal to the numbers Uj(?y) of shares of each security j in the portfolio. Simply speaking, for
each security j=/,..J, the time series of the normalized values c;(#;) and volumes u;(t;) (2.8) of
trades during 4 (2.5) describe the trade with exactly Uj(#p) number of shares of security j of the
portfolio. The sum of the trades for all j=1,..J securities describe the trade with exactly Wx(ty)
(2.2) shares of the portfolio. Thus, the time series of the volumes W(%;) and values Q(t;) (2.11;

2.13) during 4 (2.5), exactly describe the trades with the portfolio as with a single security:

Q) =Yi_.g&) 5 W) =X w(®) (2.11)
Alike to (2.1; 2.3; 2.4), we define the price s(t;) (2.12) of the portfolio at time #; during 4 (2.5):
Q(t) =s(t) W(ty) ; tteA ; i=1,..N (2.12)

The time series of the values Q(t;), volumes W(t;) (2.11), and prices s(t;) (2.12) describe the
trades with the portfolio as with a single security (2.1-2.3). Theses time series describe the
portfolio return and variance exactly the same as the time series of the volumes Uj(%;), values
Cj(t;), and prices pj(t;) of trades with each security j=1,..J describe their returns and variances.
We recall that the investor doesn’t trade the shares of his portfolio in the market. The time
series (2.11; 2.12) model the trades with the portfolio as with a single security.
2.3 Average price and return of the portfolio as a single security
This section describes market-based average price, return, and their variances of the portfolio
as a single market security, which account for the impact of fluctuations of the volumes of
consecutive trades with its securities and with the portfolio as a whole.
The total volume W(z) (2.13) of trades with the portfolio during 4 (2.5) is constant and equals
the total number of shares W(%y) (2.2) in the portfolio at time #.
W () = B, W(t) = Ty 2w (8) = -, Uj (k) = We(to) (2.13)

The current total value QOs(z) (2.14) of trades with the portfolio during 4 (2.5) depends on
current prices s(t;) (2.12) and defines the average price of the portfolio s(?):

Qz(®) = s®Wx(®) = XL, 0(t) = Z§=1 Y, ci(t;) = Z§=1 Y, p;j(tDu;(t)  (2.14)
The average price s(z) (2.14; 2.15) of the portfolio and the average prices p;(?) (2.16) of its
securities during 4 (2.5) take the form of volume weighted average price (VWAP) (Berkowitz
et al., 1988; Duffie and Dworczak, 2021).



Qx(t) 1
s(t) = m = ety Lis) w(t) (2.15)

cs;j(t) 1
p;(t) = u?]_(t) = Uz (20) M1 pj(t) u;(t;) = 1 p;(t) U;(t;) (2.16)

From (2.14-2.16), obtain the decomposition of VWAP s(?) of the portfolio by VWAP prices

1
Us;j(t)

pj(t) of its securities that is similar to the decomposition of the portfolio price s(7y) (2.3) by the
initial prices pj;(tg) of securities at time 7 in the past:

s(t) = X_y p;(©) x:(to) (2.17)
We recall that the investor doesn’t trade his shares. The investor uses the current time series of
trades made with securities of his portfolio in the market during 4 (2.5) to assess the current
average price s(?) (2.14; 2.15) of shares of his portfolio, return, and their variances. VWAP s(2)
(2.14; 2.15; 2.17) determines the estimate of the current return R(7,¢9) of the portfolio during 4
(2.5) with respect to its price s(#g) (2.3) at time # in the same form as the time series of trades
with securities define their returns. At time # we determine the instant return R;(%;,¢9) of security

j and the instant return R(%;,¢9) of the portfolio (2.18):

S(tl)
(to)

p](tl)

R (tlF tO) = 0)

) R(tll tO) =

(2.18)

For convenience, we use the definition of “gross return” (2.18) instead of the usual definition
of return r(t;t9)= R(t,tg)-1. Actually, the variances of both definitions are the same. The instant
return R;(%;,t9) (2.18) of security j and (2.6; 2.8; 2.16), define the average return R;(%,1y):

Dj (t) 1

](to) U):(to) l 1 ](tu to) U (t) (2.19)

The time series Q(t;), W(t;) (2.11), and s(?;) (2.12) define the average return R(7,79) (2.20) of the

Ri(t, ty) = A R;(t;, to) u;(t;) =

Us (t)

portfolio in the same form as the return R;(%,79) (2.19) of security j:

s(t) 1
S(to) W (to)

R(t,to) = Ly Rty t)W () = Xy Ry(t, t) X;(to) (2.20)

The use of (2.17) presents the decomposition of the portfolio return R(7,9) (2.20) by the returns
Rj(t,t9) (2.19) of its securities in the same form as (1.1).

2.4 Market-based variances of the portfolio as a single security

To estimate market-based variance O;(7,79) (2.21) of the returns of security j or market-based

variance O(t,t9) (2.21) of the return of the portfolio:

B[ (0 0) |
PJZ' (to)

Em|(s(t)-s(®))’]
s2(to)

@](tr tO) =

;o 0t ty) = (2.21)

the investor should calculate market-based variance ¢(?) of prices of security j and the variance

@(1) (2.22) of prices of the portfolio. We use Ey/..] to denote market-based variance ¢(?) (2.22)



of prices and the variance Oj(7,79) (2.21) of returns of security j that account for the randomness

of the volumes Uj(t;) of trades with securities during 4 (2.5).

50 =En|( @ -p©) | 5 @0 =En[sC)-s0)] @2
We present relations (2.21; 2.22) to underline once more that the time series of the values Cj(t;),
volumes Uj(t;), and prices pj(t;) of trades with securities j=1,..J assess their variances exactly
in the same form as the time series of the values Q(%;), volumes W(t;) (2.11), and prices s(t;)
(2.12) of trades with the portfolio as with a single market security. In App A, we show that the
market-based variance @(z) (A.10; 2.23) of prices and the variance O(t,¢9) (A.12; 2.24) of

returns take the form:

2_2 2
(L) = Il’H—)";jX s2(t) (2.23)
@(t) 2-2 p+x?
Ot to) = s = Ll 2 R2(t,to) (2.24)

The relations (2.23; 2.24) depend on the coefficients of variation y and y of the values Q(%;)
and volumes W(t;) of trades with the portfolio that are equal to the ratio of their standard
deviations to their averages during 4 (2.5).

2
2 - %O 2 _ ow® _ cov{Q(®),W(t)}
1/) B Q%(t;1) o w2(;1) - ot DHW(E;1) (225)

The function ¢ describes the ratio of the covariance of values Q(t;) and volumes W(t;) to their
average values Q(t;1) and W(t;1) (2.28). We omit the dependence of v, y, and @ ontime ¢. In
(2.25), o¢’ (2.26) denotes the square of the standard deviation of the values O(?;) of trades:
g =¥, (Q(t) — Q6 D) = (t:2) — Q* (& 1) (2.26)

We recall that the finite number N of trades during 4 (2.5) gives the approximations of the
average values Q(t;) and volumes W(t;). In (2.25), ow’(t) (2.27) denotes the square of the
standard deviation of the volumes W(%;) of trades.

o (®) =L, (W(t) — Wt D) =w(62) - Wi (6 1) (2.27)
The relations (2.28; 2.29) for n=1 determine the average Q(t;1), W(t; 1), and for n=2, the
averages squares Q(t;2), W(t;2):

Q) =23M, QM) Q1) =28 (2.28)
Wn) = 3L whe) 5 ws1) =20 (2:29)

cov{Q(t),W(t)} (2.30) — denotes the covariance between the time series of the values Q(t;) and

volumes W(t;) of the consecutive trades with the portfolio during 4 (2.5):



cov{Q(0), W (D)} =~ 21 (Q(t) — Q6 D)W (&) = W(t; 1) (2.30)
The variances @(t) (2.23) and O(t,t9) (2.24) define the same coefficient of variation 1y, 7, @):

_ o) _ o(tty) _ Pp*-2¢+x?
M(IPIXI (p) - Sz(t) - Rz(t,to) - 1+X2 (231)

We denote the coefficient of variation as u(w;, y, @) (2.31) to highlight its dependence on the
coefficient of variation i (2.25) of trade values Q(%;), on the coefficient of variation y (2.25) of
trade volumes W(t;), and on their covariance ¢ (2.25). The coefficient of variation (v, y, @)
(2.31) equally measures the degree of fluctuations of prices s(z;) and returns R(%;,t9) of the
portfolio. Due to (2.31) it is the same coefficient of variation of prices and returns. The
coefficient of variation (v, y, @) (2.31) presents @(t) and O(t,¢9) (2.23; 2.24) as:

o) =u@.x,9) s* () 5 0t t) =u@x, @) R2(tt))  (2.32)
If all volumes of the consecutive trades W(#;) with the portfolio are constant during 4 (2.5) and
W(t)=W(t, 1)=W, then y=0, =0, and the coefficient of variation z(y, y) (2.31) takes the usual

and simple form (2.33). The function oi°(#) denotes the square of standard deviation of prices:

a5(t) _ aZ(b) 1 2
ﬂ(lp; 0,0) = 1111(2) = QzQ(t;l) = Sz_(t) ) 0-52 (t) = Ezli\;l(s(ti) - S(t)) (233)

We denote wp the coefficient of variation (2.25) if one assumes that the volumes W(t;) are
constant and their coefficient of variation y=0. The coefficient of variation (', ¥, @) (2.31) and
hence the variances @(z) and O(t,1y) (2.32) depend on the coefficients of variation y of random
volumes W(t;) of the consecutive trades. To clarify the dependence on the coefficients of
variation y and to study the possible deviations of the the variances @(?) and O(t,¢) (2.32) due
to fluctuations of the volumes W(#;) of consecutive trades, we derive the Taylor expansion of
the coefficient of variation (v, y, @) (2.31), and hence of the portfolio variances @(z) and O(%,¢9)

(2.32) by the coefficient of variation y up to the 2¢ degree terms.

3. Taylor series of market-based variance

In this section we consider the Taylor expansions of the variance O(7,7) (2.24; 2.32) of the
portfolio by the coefficient of variation y (2.25) up to the 2" degree terms. The derivation is
given in App. B. We derive the Taylor series of the decompositions of the variance O(%,¢y)
(2.24) by securities of the portfolio in App. C.

The coefficient of variation y (2.25) of the volumes W(t;) of consecutive trades with the
portfolio is positive and less than or equal to the unit. The growth of y from 0 to 1 describes

the rise of the fluctuations of the volumes W(t;) of trades with the portfolio.



3.1 Taylor series of the variances O(tt) of returns

In App. B we show that the Taylor series of the variance @(?) (2.23) of prices and of the of the
variance O(t,ty) (2.24; 2.32) of returns of the portfolio have the same form (B.11; 3.1):

0t,to) =[5 —2a v, x + (1 -9 - 22| R:(t, to) (3.1)
In (2.31) we introduce the coefficient of variance 1y, y, ¢) and (B.2) defines u(y;0,0) in

case that the coefficient of variance y=0, and hence the covariance =0 (B.5)

6 a2 2
@00 =i =Es =50 5 o2® = (s —s©®)" (2

We use the Cauchy-Schwarz-Bunyakovskii inequality (Shiryaev, 1999, p. 123) to show that
the covariance cov{Q(t), W(t)} (2.30) is proportional to the coefficients of variation y and y
(2.25) with the coefficient proportionality a (B.5). The use of (A.19) and transform (3.1):

0(t, to) = Oy (t, to) — 2a 65/ (t,to) R(t, to) x + [R2(t,to) — Oy(t, t)l X2 (3.3)
Ou(t, to) = g - R*(t, ty) = Z§,k=1 6 (t, to) X;(to)Xk(to) (3.4)

The function Oum(t,ty) (1.2; A.19; 3.4) describes Markowitz’s expression of the portfolio
variance, which is valid if all volumes of trades with the securities of the portfolio and hence
the volumes W(t;) of trades with the portfolio as with a single security are constant and y=0.

One can use (3.2) and show that Markowitz’s approximation of the portfolio variance Ou(t,t9)

when y=0, takes the form (3.5):

2(t,t 1 2
Ou(t,to) = 522 = oh(t,t) = 7 T (R(t:, to) — R(t, ) (3.5)
If one assumes that W(t;)=W — constant, the average return R(t,¢9) (2.20) takes the form (3.6):
) 1
R(t,t)) = =5 = 2 BIL, R(t, t) (3.6)

4. How much can the coefficient of variation ) change the variance ?

We consider three extreme cases. As the first one, we consider the very high fluctuations (B.18)
of the portfolio returns R(%;,ty) during the averaging interval 4 (2.5), for which the coefficient
of variation u(,0,0)=wo~1 (2.31) is almost equals to 1. One can one can neglect (I- y’) in
(3.1; B.11) and can present Taylor series as (B.14):

Ot to)~[1—2a- x| R*(t,t)) ; Ou(t to)~R*(t,to) (3.7)
For this case (3.7; B.13; B.14), Markowitz’s assessment of the portfolio variance Op(t,ty)
almost takes its maximum value R’(%,t5). High portfolio variance relates to high risks of the
portfolio, and that should upset the investors. However, if the covariance ¢ is positive and a>0

(B.5), the impact of the coefficient of variation y can significantly reduce the value of the
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variance O(t,t9) and thus reduce the risks of the portfolio (B.15; B.16):
O(t, to)~[1—2a- x] R*(t,ty) »[1—2a]R?(t,ty) as y»>1; 0<a<1/2
0t to)~[1—2a x]R*(t,ty) 0 as x> ; a=1/2
Thus, in the case Markowitz’s estimate of the portfolio variance may vastly overvalue the real
portfolio variance and risks. The action of the coefficient of variation y can decline the portfolio
variance and risks. The investors and portfolio managers should keep this in mind.
The opposite limiting case describes very low fluctuations of the returns (B.18; B.19) with the
coefficient of variation (y;0,0)= yy <<I (2.31). For this case, Markowitz’s assessment of the
portfolio variance gives (3.8; B.1)8:
Om(t to)~PG - R*(t, to) K R*(t,to) 5 W5 <1 (3.8)
However, for any sign of the covariance ¢ (B.5), if yy<<y, the coefficient of variance can
significantly increase the portfolio variance @(t,¢y) from its minimum (3.8) to (B.20):
Ot to)~[¥§ + X’IR*(t,t0) » X’R*(t.t0), X' = 1-%§ ; o K x
The action of fluctuations of the volumes W(#;) (2.11) of trades with the portfolio as with a
single security and their coefficient of variation y can significantly increase the portfolio
variance O(t,t9) and risks. For this case Markowitz’s estimate of the portfolio variance @p(t,1y)
(3.8; 1.2), which neglects the effects of random volumes W(%;) of consecutive trades with the
portfolio, may highly undervalue the portfolio variance and risks.
The third case describes zero covariance ¢=0 (B.5), between the values and volumes of trades.
If the covariance ¢ is zero and a=0 (B.5), then the variance O(%,79) (B.21; 3.9) grows up from
its value Oum(t.to) =wo’ R’(1,tg) to its maximum value O(t,tg) = R*(t,ty), when y=1.
Ot to)~[ys + (1 —Y§) - ¥’ R*(t, to) = R*(t,tp) as x* —1 (3.9)
If yy’<<1, then (3.9) presents the case where Markowitz’s estimate of the portfolio variance
Oult,to)=w’ R’ (1,t9)<< O(t,ty) — R*(t,ty) may underestimate the portfolio variance @(t,t) (3.9)
that is determined by the coefficient of variation 3° — 1.
The above three limiting cases also describe the assessments of the variance of any market
security. The assessments of the variance that use the implicit assumption that the volumes of
consecutive trades with the security are constant may lead to overvalue or underestimate of the
variance. Both mistakes can disturb the optimal portfolio and lead to unwanted losses.
The portfolio managers and investors should keep in mind the possible effects of the
fluctuations of the volumes W(t) of trades on the portfolio variance and adjust in time
Markowitz’s approximation of the variance to market-based assessments to avoid the excess

losses due to possible overvaluation or underestimation of the variance and risks.
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5. Conclusion

We show that the time series of trades made during the averaging interval can describe the
current market-based assessments of the variances of securities and of the portfolios. Taylor
series by the coefficient of variation y assess the possible deviations from the zero
approximation by Markowitz variance Oum(t,t9) (1.2) that is valid for y=0. We consider three
limiting cases with high and low fluctuations of returns of the portfolio and with zero
covariance of trade values and volumes. We show that the impact of fluctuations of trade
volumes may cause the significant overestimation or great underestimation of the portfolio
variance by Markowitz’s expression (1.2). The same is valid for the assessments of the
variances of any tradable market securities. To avoid unexpected losses, the investors and
portfolio managers should adjust in time Markowitz variance to market-based variance that
accounts for the impact of random volumes of consecutive trades.

The explicit dependence of the market-based variance on the time series of values and volumes
of trades during the averaging interval reveals the additional complexity of predicting the
variances of securities or of the portfolio at the time horizon 7. To make such a forecast for a
particular security, one should predict the time series of the values and volumes of trades at
horizon T during the averaging interval, like 4 (2.5). To forecast the portfolio variance, one
should predict at the horizon T the time series of the values and volumes of trades with all
securities of the portfolio during interval 4 (2.5). Such forecasts are impossible without the
usage of reliable market and macroeconomic models and require huge market data and efforts
of highly qualified researchers for the development of true macroeconomic models. Perhaps
that can be implemented by the majors like BlackRock, JP Morgan, and the U.S. Fed. Most
investors and portfolio managers will probably continue to use a zero approximation, described
by Markowitz variance, which ignores the impact of trade volume fluctuations. Doing this,

they should be ready for unexpected losses.
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Appendix A. Market-based variance

One can determine the price probability by the set of statistical moments (Shiryaev, 1999;
Shreve, 2004). The market-based average price En[s(t)]=s(t) (2.15) determines the I*
statistical moment of price probability. We recall that E,/.] denotes market-based
mathematical expectation. The 2™ market-based statistical moment E,/s’(#;)] should be

consistent with the average price s(z) (2.15) and always define non-negative variance @(2):

O(t) = En | (5(t) = 5(0)°] = Emls2(t)] = s2(t) 20 (A1)
To fulfill (A.1) we define market-based variance @() (A.1) as follows:
O(6) = 55 T (s(t) = s() W2(e) 5 Wa(62) = T, W2(&) (A2)
One can present (A.2) as follows:
@(t) = ©(t;2) — 20(t; 1)s(t) + s2(t) (A.3)

We use (2.12) and define the function @(7,;2) as:

IyN o2t =22 (A4

d(t;2) = W)

N .2 2

Ws (t 2y &i=15 ) W(t) = W(t 2)N

Wx(t;2)
N

Q(:2) = =T, Q%) 5 W(L2) =
Relations (A.5) denote the average of squares of trade values Q(z,2) and volumes W(t;2). The

(A.5)

use of (2.12; 2.13) allow present the function di(t'l) as:
N 2
e (tZ)Z —1s(E) Wa(t) =
One can use (2.25; 2.26; 2.28; 2.29) and present:
Q) =Q* ) +o3(®) ;5 W2 =W +op () =W?®[1+x*] (A7)

E[Q(t) W(t)] = Q(& DW (& 1) + cov{Q(8), W (8)} (A.8)
The substitution of (A.4-A.8) into (A.3), gives:

Q% (t; 1)+ () -25()Q(HEDW (1)~ 25(8) cov{Q () W (D)} +s* (W2 (£; D) +s2(OW2(£;1) x>

o(t;1) =

LYV Q) W(ty) = HLLWEl (4 g

W(t 2) N w(t;2)

®(t) = WD ] (A.9)
Due to (2.15; 2.28; 2.29):
Q*(61D) —2s(OQEGEDHW(E D +s*(OW(51D) = [Q( 1) —s(OW (6 D]* =
We use of (2.25) and present the variance @(?) (A.9) as:
_ ag(®)=25()cov{Q(O WD)} +s* (WD) x? 1p2—2 <p+)( <2
d(t) = W GO ] — (t) (A.10)
From (A.1) obtain the 2" statistical moment E,,/s*(t;)] of price:
Enls2(t)] = @(t) +s2(t) = [1”11—"’” +1]s2(t) (A.11)

The market-based variance @(t,¢9) of returns follows from (A.10):
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o(t -2
0(t,t,) = SZ((tz) ¥ 1+"’2+X R2(t, to) (A.12)

One can find the additional justifications in (Olkhov, 2022-2025).
A.2 Decomposition of the portfolio variance O(t,ty) by its securities

In this subsection we show that if the volumes of trades with all securities of the portfolio are
constant and hence the coefficient of variation of the volumes W(t;) of the trades with the
portfolio equals zero: y=0, then the decomposition of the portfolio variance ©@(z,79) (A.12) by
its securities coincides with Markowitz’s expression of portfolio variance (1.2).

9 — Z,RZ _oé(t)ﬂ . 2 __ 2 g _0 A13
m(tto) =Yg (t,to) = 020 s2(tg) Yo =y° if x= (A.13)

Let us use (2.8; 2.9; 2.11) and present cp’(?) (2.26) as:

1N 2 IV J
GO =5, QE—ewD) =5 > (et~ O] alt) ~ )]
=1 =1 Jk=1
The change of order of the sums, gives:
09 5(t) = Z, k= 1;, Iiv=1[cj(ti) —¢i(®O)] [k (t) — e (®)] = Zik:l cov{c;(t), c, (£)} (A.14)

In (A.14) we denote covariance cov{cj(t),ci(t)} (A.15) of between two normalize values c;(?)

and ck(?) (2.6; 2.8) during 4 (2.5):
cov{c;j(t), cx ()} = % §V=1[Cj () — ¢;(O)] [ex (&) — i (B)] (A.15)
From (2.6) obtain:

Uj(to) Uy(to)
Usj(t) Ugi(t)

1 N
covle(6), (0} = 1) [6(t) = GONC(t) = ()]

Hence, the variance Oum(t,t9) (A.13), takes the form:

[Cj(t)—C; (D] [Cr(t)—Cr ()] Uj(to) Up(to) s(t)
Q1) Q1) Ugi(®) Usk(D) s%(to)

Ou(t,to) = ) pms s S, (A.16)

We recall that all trade volumes Uj(#;) =U; with securities j=1,..J of the portfolio are constant
and hence trade volumes W(t;) =W with the portfolio also constant. If so,
Ci(t) =p;t)U; ; Q(t;1) =s(OW

Oy (t, ty) = 2 1N [Pi)-piO] prtd)-pr®)] Uj(to) Ug(ty) s2(¢)
Mm\L, Lo jk=1py &i=1 s(w s(tw jYk Us;(® Usi(®) 52(20)

0, t)) =Y 1oy [P@)-p,O1p (t)-p,®] U; v, Pp;EU;(t) p,(t)U, (t)
MAS R0 Sje=1 y S=17 (1) peto) Uy Un(®  sW  sttOw

(A.17)

We use xj(ty) (2.3) that denote the relative numbers of the shares Uj(ty) of security j in the total
number of shares Wx(ty) of the portfolio. In (A.18) Xj(#9) denotes the relative investment into

security j at time #y:
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U .

1
r = 5 x(t) =

_ Uj(to)
UZj (t) N

Ws(to)

X)) = P oy =

pj(to)U;(to)
s(to)Ws(to)

(A.18)

Let us divide and multiply each term in A(1.7) by the initial price p;(ty) (2.1) of security j:

0, (tty) = 1l yn [pE)-p;®] [pk(ti)—pk(t)]]_ Pj(to)U;(to)  pr(to)Uk(to)
M\4H to L k=1 i=1 pj(to) pr(to) s(to)Ws(te)  s(to)Ws(ty)

_1on [pi@)-p;@O] [prtd)-pe@®)] _ 1 on
Bjk(t, tO) = ﬁzi=1 . pj(to)] P (to) - N i=1 (R](tu tO) - R](tl tO)) (Rk(ti; tO) - Rk(t' tO))

From above, obtain the decomposition of the portfolio variance @(z,79) (A.13) by its securities
in the form (A.19) that coincides with Markowitz’s expression Ou(t,t9) (1.2):

O (£, t0) = Y3 - R2(t, tg) = X7 ey 05 (& to) X;(t0) Xy (£) (A.19)
We underline, that we derived the decomposition of the portfolio variance @(t,79) (A.19) by its
securities using the relations (2.11-2.14) that determine the dependence of the time series of
the values Q(t;) and volumes W(t;) (2.11-2.14) of consecutive trades with the portfolio on the
time series of trades with its securities. The assumption that all volumes Uj(t;)=U; of trades
with the securities j=1,..J are constant and hence the volumes W(t;)=W of trades with the
portfolio also constant, results in zero value of the coefficient of y=0 of fluctuations of the
volumes W(t;) of the trades with the portfolio.
Hence, Markowitz portfolio variance @u(,19) (1.2) describes the approximation when all trade

volumes with the securities of the portfolio are assumed constant during 4 (2.5).

Appendix B. Taylor Series of the variance
The Taylor series of the coefficient of variation 1, y, @) (2.31) by the coefficient of variation
 determine the Taylor series of the variances @(t) and O(t,19) (2.32).

B.1 Taylor Series of the coefficient of variation u(y,y,¢) (2.31)

du@,y, 1 d*pu@x
R, 2 @) = p(h, 0,0) + IR oy 45 TEBED |y (B.1)
From (2.33):
_ 2 _ %® _otw 1 2
,u(l/): 0,0) - llj(z) - Qz(t;l) - Sz_(t) ) O-SZ(t) - Ezli\;l(s(ti) - S(t)) (Bz)
The 1 derivative of the coefficient of variation (v, 7, @) by dy at point y=0:
du@p.x, d
LD | g = =272 | o (B.3)

To calculate the derivative of ¢ (2.25) in (B.3) by the coefficient of variation y, let us consider

the Cauchy-Schwarz-Bunyakovskii inequality (B.4) (Shiryaev, 1999, p 123) that states:

lo| = cov{Q (), W ()} <

T lewywen | = (B4)

The inequality (B.4) allows present the covariance ¢ (2.25; B.4) as:

15



_covfe®w®} _ . —
= Qeowen & voxo t=a=l ©

The sign of a in (B.5) describes the positive or negative covariance between the values Q(%;)

and volumes W(t;) of market trades with the portfolio. From (B.5), obtain:

d X, d s
LD | y= 2T im0 = —2a Yo = —2a-2 (B.6)
The 2" derivative of the coefficient of variation u(y; v, @) by dy’ at point y=0:
dz u(p.y,
D | o = 21— ¥B) (B.7)

The substitution of (B.2; B.3; B.7) into (B.1) give Taylor series of the coefficient of variation

H(w, 7, @) by the coefficient of variation y:

pW . @) =vi—2a o x+ 1 —y§) - x° (B.8)
From (B.2), obtain:
ai(t)
0< ¢5=52—(t)31 (B.9)

B.2 Taylor Series of the portfolio variances ®D(t) and O(t,ty)

The relations (2.32) and (B.1-B.3; B.7) give Taylor series of the variances @(?) and O(1,¢9):
®) =[5 —2a-po-x+ (1 —95) x*]-s*(t) (B.10)
0(t,to) = [ —2a- v, x + (1 -9 - 22| R:(t. to) (B.11)

We highlight that if one assumes that the volumes Uj(#;) of trades with all securities j=1,..J of

the portfolio and the volumes W(t;) of trades with the portfolio are constant and the coefficient

of variation y=0, then the portfolio variances @(¢) and O(t,t9) O(t,ty) (B.10; B.11):

D),y = P57 () <57 5 Ou(tty) = ¥§ - R*(t to) < RP(t, to) (B.12)

In App. A we show (A.13 - A.19) that the decomposition of the portfolio variance Ou(t,t9)

(B.12) by its securities coincides with Markowitz’s expression of the variance Ou(t,¢9) (1.2).

B.3 How much can the coefficient of variation y change the variance @(t,)

Let us estimate the possible change of the value of the portfolio variance @(t,1y) (B.11) from

Markowitz’s approximation of the portfolio variance Ou(t,19) (1.2; B.12), which describes the

case with the coefficient of variation y=0. To do that we consider three extreme cases that

highlight the possible significant change on the portfolio variance @(t,¢9) (B.11) from Owm(t,t9)

(B.12) due to growth of the coefficient of variation y from O to 1.

a) Very high fluctuations of portfolio returns: yy ~I.

Let us assume that fluctuations of the portfolio returns during 4 (2.5) are very high and their

coefficient of variation u(y;0,0)= wo ~1 (2.31) is almost equals tol.
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yo~1 > 1-YPf <1 ;5 wyrx~x ; 0<xy<1 (B.13)
Due to (B.13) one can neglect (I- y’) in (B.11) and the variance @(t,ty) takes the form:
Ot to)~[1—2a-x]R*(t,ty) ; Ou(t to)~R*(t to) (B.14)
In this case, Markowitz’s approximation of the portfolio variance Ou(,tg) ~ R*(t,tg) (B.14) takes
almost maximum value. The investors and portfolio managers consider high fluctuations of
returns as extremely high risks for their portfolios.
However, if the covariance ¢ is positive and a>0 (B.5), then the action of the coefficient of
variation y can significantly decline the value of the market-based variance @(t,#9) (B.14):
O(t,to)~[1—2a-x] R*(t, ty) »[1—2alR*(t,ty) as y »1; 0<a<1/2 (B.15)
O(t, to)~[1—2a- y] R%(t,ty) >0 as y— i ; a=1/2 (B.16)
Thus, if the covariance ¢ (B.5) is positive, the impact of fluctuations of the volumes of the
consecutive trades and positive values of the coefficient of variation y can significantly decline
the portfolio variance @(t,¢y) (B.16) and portfolio risks from its almost maximum value that is
estimated by Markowitz’s expression (1.2) to almost a zero value (B.16).
In this case, Markowitz’s expression Ou(t,tg) ~ R*(1,t5) (1.2) may vastly overvalue the portfolio
variance O(t,1p) that can be much less than Oum(t,¢9) due to the impact of the coefficient of
variation y and positive covariance ¢ (B.5).
Very low fluctuations of portfolio returns: yy <<I.

Let us assume that the fluctuations of the returns are very low and their coefficient of variation

1y, 0,0)= yp <<I (2.31):

oK1 5 1-9f~1 5 ; Ot t)~P§-R*(tt)) K R?(t,t))  (B.18)
Then, one can approximate the portfolio variance @(t,1y) (B.11) as:
0t t)~[1-2a-y+y*]P§-R:(tto) ;5 y=+7 (B.19)
0

In (B.19) we introduce variable y as the ratio of the coefficients of variations of volume and
prices. In this case Markowitz’s assessment Ou(t,tg) ~ wo* R>(t,t))<<R’(t,tp) (B.18) is much
less than its maximum value. The investors and the portfolio managers probably may be happy
and consider that the risks of their portfolios are very low.

However, in this case the impact of the coefficient of variation y can significantly increase the
portfolio variance @(t,ty) and portfolio risks. If yy<<y<I, then y>>1I and one can neglect the
term 2ay for any sign of the covariance ¢ (B.5), as it is small to compare with y?, and obtain:

0(t, to)~[s + x*1-R%(t, ty) = x¥*"R*(t,ty) , ¥ > 1-Yd; YK y<1 (B.20)
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In this case (B.20), the impact of the coefficient of variation y can significantly increase the
portfolio variance ©(%,1y) and portfolio risks, for any sign of the covariance ¢ (B.5) to compare
with Markowitz’s estimate Ou(t,to)~wo’- R(1,t)) <<R’(tty) to its maximum value O(1,ty) ~
rR(tt), 7<I-y.
Thus, if the coefficient of variation wy’<<I then Markowitz’s estimate Oum(t,t0) )~ o’ - R*(,t0)
may significantly underestimate the portfolio variance ©(77y) that is determined by the
coefficient of variation y for rather high fluctuations of the trade volumes W(%,).
b) Zero covariance @, a=0 (B.5)
If the covariance @ is zero and a=0 (B.5), (B.11) takes the form:

O(t, to)~[Y§ + (1 —3) x> R*(t, to) 5 Om(t, to)~Pd - R2(t, ty) (B.21)
If wy’<<;°<I, then the covariance O(tty) (B.21) grows up with the increasing coefficient of
variation y°<I from Markowitz’s the approximation Ou(t,ty) ~w’ R’(1,ty) that describes the
case when y=0, to the

Ou(t, to)~Pd - R*(t, o) < O(t, tg) ~ x2(t) R*(t,ty) ; Y5 < x*()<1  (B22)
The relations (B.22) illustrate that in this case Markowitz’s assessment Ou(?,¢9) of the portfolio
variance can highly underestimate the variance @(%,¢y)) and risks of the portfolio that are
generated by the fluctuations of the volumes W(%;) of trades with the portfolio.
We avoid study here all possible cases and leave that for the investors and portfolio managers
who can process their market trade time series and high motivation for the correct assessment
of the market-based variance that accounts for the randomness of trade volumes, sign of the

covariance ¢ (B.5) and other factors.

Appendix C. Taylor Series of the decomposition of variances by securities

Taylor series of the decomposition of the portfolio variance ©(%,1y) of return by its securities
follow from (B.8; B.11). To obtain the decomposition of the portfolio variance @(t,¢9) (B.11)
by its securities one should use (A.19) and derive the decompositions the coefficient of
variation y of trade volumes of the portfolio, and its square 7°, by the coefficients of variation
% (C.1) of the trade volumes Uj(t;) of the portfolio’s securities j=1,...J. We define the
coefficient of variation y; (C.2) of security j alike to definition (2.25):

2 _ 95;®

NG

1
;oG () = 5 MU (&) — Uy (D] (C.1)
From the definition (2.25) of the coefficient of variation y, and (2.6; 2.9; 2.11), obtain:

o) 11 J _
Xz - ng(t;l) - Wz(t;l)ﬁ Iiv=1 Z]'kzl(uj(tl) - u’] (t))(uk(tl) - u’k(t)) -
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1
T w2(s1)

Zﬁ,kﬂ% ?Izl(uj(ti) - uj(t))(uk(ti) - uk(t)) = m%{:l cov {uj(t)vuk (t)} =

=Z] cov{uj(t),uk(t)} wi(t)  u(t) ZZJ cov{Uj(t),Uk(t)} wi(t)  u(t)
je=1 wi(6) - w () WE1) Wt 1) jk=1 Ui) - U () W1 WK 1)

From above and (2.3; 2.6; 2.7; 2.10), obtain:

cov{U (), Ur(t)}
Uj(t) - Ug(t)

cov{U;(8), U (D)} = - T, (U; (&) = Ui () (U (&) — Up (D)) (C.3)

We use Cauchy-Schwarz-Bunyakovskii inequality (Shiryaev, 1999, p 123) and present the

X% =Y e ik 5% (to) 5 Xk = (C2)

covariances (C.3) of time series of the volumes Uj(t;) and Uj(t;) of trades with securities j and

k normalized to their average values Uj(t) and Ui(?) by the coefficients of variation y; (C.1):

cov{Uj(t),U(t)}

Uj () Uy (£) = Bfk)(j "Xk 5 —1< ﬁjk <1; ﬁjj =1 (C.4)

Xjk =
Finally, obtain the decomposition of the square of the coefficient of variation z° of volumes
W(t;) of trades with the portfolio by the coefficients of variation y; (C.1) of its securities:
Xt = Z§,k=1 Bk Xj - Xk * xj(to) * xi (o) (C.5)
Taylor series of the coefficient of variation y near y;=0 is a simple exercise.

X = [Zik:l Bik Xj Xxx* x(to) - xk(to)]l/z

Ji Bjxxi xj(to)xk(to)
k=1 i xie xie(to) 2k (t0)]1/2

dx _ — J
d_Xj |){j=0,j=1,..] - Z IXj,Xk=0 - x](tO) Zk=1 ﬁ]k

We introduce coefficients £ (C.6) to obtain the decomposition of y near y;=0:

X= 2§=1 B x; xi(to) B; = Z{czl Bjk (C.6)
From (2.20) obtain the decomposition of the portfolio return R(z,29) (C.7)
R(t,t)) = T_ Ri(t, to) X;(to) (C.7)
and from (3.6; 1.2; A.13-A.19) obtain Markowitz portfolio variance @Ou(t,ty) =cr’(t.ty) (C.8):
Ou(t, to) = ot tp) = Zik:l O (£, t0) X (to) Xy (£o) (C.8)

(C.1-C.8) define Taylor series of the decomposition of the portfolio variance by y; (C.1).
0(t,to) = (W5 —2a-p - (They B, X~ 2(t0)) + (1 =5 [Ehsemr B X - Xic - X520 -
Lo 0 0 \&j=1P; X; " Xj{lo 0 jk=1P i X; " X~ Xjlto

Xk (to)]] ' Z§,k=1 R;(t, to) Ri(t, to) X;(to) Xk (to)
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